SOFT X-RAY PRODUCTION BY PHOTON
SCATTERING FROM AN ACCRETING
NEUTRON STARS

A thesis submitted to the School of Graduate Studies
Addis Ababa University

In partial Fulfilment of the Requirements for the

Degree of Master of Science in Physics

By
CHEMEDA TADESE

Addis Ababa, Ethiopia
July 2007



ADDIS ABABA UNIVERSITY
FACULTY OF SCIENCE
DEPARTMENT OF PHYSICS

The undersigned hereby certify that they have read and recommended
to the Faculty of Science School of Graduate Studies for acceptance a
thesis entitled “SOFT X-RAY PRODUCTION BY PHOTON
SCATTERING FROM AN ACCRETING NEUTRON STARS”
by CHEMEDA TADESE in partial fulfillment of the requirements for

the degree of Master of Science in Physics.

Name Signature

Dr. Legesse Wetro, Advisor

Dr.Ramanand Jha , Examiner

Prof. P. Singh, Examiner

il



To my parents.

il



Acknowledgements

I would like to thank my supervisor, LEGESSE WETRO(PhD), who has
helped me at all stages of this thesis work. I am also thankful to my friends(Samuel,
Mekuanint, Rumudin and Getachew) for their support, useful discussions and con-
structive criticism. My thanks also goes to all those who have been directly and
indirectly giving me constructive ideas and suggestions towards the betterment of my

work.

Addis Ababa, Ethiopia Chemeda Tadese

v



Abstract

We have calculated Compton scattering in strong magnetic fields and obtained a
full expression of the scattering cross-section(o) of a particle, or the total area of the
scatterer as seen by the incident photons. This Scattering Cross-section is valid only
for the scattering of a low-frequency photon with non-relativistic electrons. We have
made a plot of scattering cross-section versus incident photon frequency and tried to
see the relationship the two parameters have got with respect to each other. The
comparison of the incident and the scattered photon frequencies and the relationship
between the two is also shown. That is, we have tried to show that as our mechanism
of soft x-ray production is compton scattering, the photon frequency after scattering
is less than its incident value. This tells us the fact that low photon frequencies are
obtained and this inturn implies the production of soft X-rays at the surface of the
neutron stars. Therefore, there exists a mechanism as a source of soft(E; < 10kev)
radiation in binary neutron stars, in the form of photon scattering with both the
initial and final electrons on the ground magnetic states. This mechanism provides
a copious source of soft photons which can be redistributed to higher frequencies by

inverse Comptonization.
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Introduction

Soft X-rays from neutron stars is of different origin. These origins can be grossly
divided into thermal and non-thermal sources. Most X-ray emitting Isolated Neu-
tron stars are radio pulsars. Their X-ray radiation may be generated by relativistic
particles in the pulsar magnetosphere (non thermal radiation) or it may be emitted
from the NS surface if its temperature is high enough [1]. So far, more than 30 radio
pulsars have been detected in X-rays. It is believed that at least 4 of them (PSR
B0656+14, PSR B1055-52, the Vela pulsar PSR 0833-45, and Geminga, whose radio
pulsations have been discovered only recently) are thermal emitters (their radiation
comes from the NS surface layers or atmospheres). In general, X-rays from isolated
(non-accreting) neutron stars are not entirely pulsed, and sometimes no pulsed frac-
tion has been detected at all, i.e there is a significant fraction in the X-ray luminosity,
which is not of magnetospheric origin. The spectrum of this radiation is of thermal
nature. During the stellar collapse phase at a supernova explosion, the temperature of
the forming compact remnant reaches several 100 Billion degrees, which then rapidly
(within hours and a few days) cools down by a factor of more than 100 through neu-
trino emission. Depending on neutron star cooling models the neutron star surface
will stay above temperatures of a few million degrees for about 10° years during which

it cools down by mostly emitting X-rays. Cooling via neutrino emission is restricted



mostly to the first 103 years. The four above-mentioned pulsars are in their adolescent
age. The youngest, Vela pulsar, is only 10,000 years old, and the oldest, PSR B1055-
52, is 500,000 years old. Most radio pulsars are much older and colder objects, with
temperatures less than 100,000 K, so that their thermal radiation is extremely faint
in the X-ray range, although they can be observed in the UV /optical range. However,
a small fraction of their surfaces near the magnetic poles, so-called polar caps, may
be hot enough to emit detectable X-rays. Even very old millisecond pulsars, whose

typical ages are of the order of a few billion years, may have hot polar caps.

There exist a class of NSs which are not truly isolated but may display themselves
as INSs during long time intervals. These NSs are components of binary systems
which show transient behavior in which long periods of quiescence are interrupted
by powerful X-ray bursts caused by accretion of stellar material from the secondary
companion. The energy released during these accretion episodes heats the NS crust,
and this heat is further radiated from the NS surface during quiescence. Soft X-rays
can also be produced by photon scattering at the surface of the neutron stars. In this
paper our main focus is on the production of soft X-rays by photon scattering at the

surface of the neutron stars.

In binary systems, the radiation from strong X-ray sources is generally believed to be
due to accretion onto a neutron star from a binary companion star [2]. The occurrence
of pulsation in some X-ray sources is attributed to a strong magnetic field associated
with the neutron star which channels the captured matter onto the polar regions of the
star. Near the surface of the neutron star, photon densities can arise that are greater
than the atmospheric particle densities. Such a situation is conducive to emission by

compton scattering, which becomes an important source of soft radiation [3]. The



process involves compton scattering in which the electron’s initial and final states are
both in the magnetic ground state. Charged particles on higher Landau levels have
a very short lifetime 7 < 107%s due to the cyclotron radiation in strong magnetic
fields [4]. It is therefore reasonable to assume that electrons either before or after the
magnetic scattering should be on the ground Landau level. That is to say an electron
can only occupy a higher Landau level in its intermediate states. This mechanism
provides a new source of soft photons which can be redistributed to higher frequencies
by inverse Comptonization. Some general idea about Neutron stars, X-ray binaries
and accretion is briefly discussed in the first chapter of this paper. As is the case
in almost all isolated neutron stars, the only mechanism of soft X-ray production
is through thermal processes, thermal emission of soft X-rays from cooling neutron
stars is outlined in the the second chapter of this thesis. The full expression for the
scattering cross-section is calculated in the third chapter, which is in fact Herold’s
scattering cross-section . The interpretation of the results obtained from production

of soft X-rays by compton scattering is discussed.



Chapter 1

Neutron Stars

1.1 Introduction

A cloud in space collapses due to gravity. In a normal star the particles 'feel’gravity
as well but do not collapse because gravity is balanced by the radiation pressure and
the temperature dependent gas pressure. For a massive star, the radiation pressure is
produced by successive fusion of the elements of iron. If the temperature is below the
fusion temperature of an available element, little contraction can raise the tempera-
ture to ignition level. A star which has no fuel left for fusion in its core, collapses to
either a white dwarf, a neutron star or a black hole depending on its mass. In a white
dwarf, the gravity is balanced by the degenerate-electron pressure which prevents
further gravitational collapse. For a massive predecessor, the degenerate electron
pressure is not sufficient to prevent a further collapse. Such a massive star will col-
lapse to a neutron star in which degenerate-neutron pressure balances gravity.If the
star is to too massive for that, the star collapses to become a black hole. This event,

the collapse of a massive star to a neutron star produces a supernova explosion.A



typical neutron star has a mass of 1.4 — 10M and a radius of about10km(The pre-
decessor could have a radius upto 10°) [5]. White dwarfs, neutron stars and black

holes are in general referred to as compact objects, and they are extremely dense.

1.2 Accretion in Neutron Stars

By accretion, we mean the accumulation of diffuse gas or matter onto some object
under the influence of gravity. The extraction of gravitational potential energy from
material which accrete onto a gravitating body is known to be the principal source
of power in several types of close binary systems(as will be treated in the following
section), and is widely believed to provide the power supply in active galactic nuclei,
and quasars. Thus, the new role for gravity arises because accretion on to compact
objects is natural and powerful mechanism for the production of high energy radiation.
Some simple order of magnitude estimate will show how this works. For a body of

mass M, and radius Ry, the gravitational potential energy released by the accretion

GMoAM

of a mass AM on its surface is AE = B

. If the accreting body is neutron star
with radius Ry = 10km and M, = Mg, then the yield AE is about 1.3 x 10¥erg
per accreted gram. This radiation is expected to be released mainly in the form
of electromagnetic radiation [6]. For comparison, we refer to the energy released
to the Hydrogen burning in which Hydrogen atoms fuse to produce Helium atoms:
AE,,. = 6x10%rgg—'. Therefore, we can see that AE,,. < AE. At high luminosity,
the accretion rate may itself be controlled by an outward momentum transferred by
scattering and absorption. It might seem as though we could generate arbitrarily

large luminosities by allowing material to fall at a sufficiently great rate onto a star.

However, there is a limit to this luminosity, since if the luminosity is too great,



radiation pressure will blowaway the infalling matter. This limiting luminosity, which
is known as the Eddington luminosity, is found by balancing inward force of gravity

against the outward pressure of the radiation [7].

1.3 The Efficiency of the Accretion Process

Consider the accretion of matter onto a star of mass M and radius R. If matter
of mass AM falls onto the star in free-fall from infinity, it acquires kinetic energy
as its gravitational potential energy becomes more and more negative. Considering

a proton falling in from infinity, we can write %mpl/?f = Gﬂimp, where vy is the

velocity of free-fall. Assuming all the matter accumulates on the surface of the star,
the kinetic energy of the free-fall has to be radiated away as heat which is available
to power X-ray source. If the rate at which mass is accreted on to the star is m, then
the rate at which kinetic energy is dissipated at the surface of the star is%r’nyj% s> and
hence the luminosity of the source is

L = giiwj, = S

3 . Introducing the Schwarzschild radius of a star of mass M as

rg =2 we find GM = 02; ¢ Thus, L = 2rc?(%). Therefore, the luminosity

can be written as L = &mc?, where ¢ is the efficiency of conversion of the rest mass
energy of the accreted matter into heat. ¢ = %(%9) For a neutron star of mass
M = Mg and R = 15km,§ = 0.1. Thus, accretion on to a neutron stars is a
remarkably powerful source of energy. The largest release of nuclear binding energy
occurs in the conversion of hydrogen into helium for which & ~ 7 x 1072, Thus,

accretion on to neutron stars is an order of magnitude more efficient as an energy

source as compared with nuclear energy generation.



1.4 X-ray Binaries

X-ray binaries belong to the system in which a compact object and a stellar com-
panion orbit each other at a distance small enough to enable mass transfer from
the companion star(secondary or donor) onto the compact object(primary or accre-
tor) [8]. X-ray binaries containing a neutron star or a black hole can be divided
into two classes based on the mass of the companion star: high mass X-ray bina-
ries(HMXBs) having a stellar companion usually more massive than 10M, and low
mass X-ray binaries(LMXBs)having a stellar companion with a mass around 1M or
less. In HMXBs mass transfer is caused by the stellar wind of the compact star(see
Fig.), while in LMXBs mass is accreted by Roche lobe overflow from a low mass star
to a neutron star(see below). Neutron stars in X-ray binaries are relatively young and
theoretically estimated to have a strong magnetic field of the strength 1012 —10"G [9].
The Roche model makes use of gravitational equipotential surfaces. The equipoten-
tial surface through L1, the point where the gravitational forces of the companion and
the compact object and the centrifugal force cancel, consists of two lobes called the
Roche lobes. When, due to its evolutionary phase of expansion, the companion fills
its Roche lobe, matter will stream through L; to the compact object. This process is
called Roche lobe overflow. Because both binary components orbit each other, and
because of conservation of angular momentum, the transferred mass is not able to
fall straight to the compact object and and therefore forms a disk from which mat-
ter spirals inwards following the magnetic field lines. The gas in the accretion disk
also transports angular momentum outwards by friction and viscosity. The flow from
the companion star causes a "hot spot” at the p-oint where it reaches the accretion

disk. Due to the large amounts of gravitational energy(up to several 10%%erg/s) that



are released by this accretion,matter is heated up to ~ 107K which is high enough
for thermal X-ray emission. X-ray binaries are the brightest X-ray sources in the
sky(after the sun).In the case of neutron stars, the X-ray emission originates from
both the accretion disk and the neutron star surface, whereas in black holes the X-
ray emission only comes from the accretion disk because black holes do not have a

solid surface.



10

Figure 1.1: Binary system of a compact object and a companion star.Accreting gas
forms a disk around the compact object.



Figure 1.2: a LMXB system and its typical length length scales.
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Chapter 2

Thermal Emission of soft X-rays
from Cooling Neutron stars

A neutron star is created in the aftermath of the gravitational collapse of the core of
a massive star(~ 8 — 20M )at the end of its life. Such stars have core temperatures
of T, = 10°K [10]prior to collapse. Following collapse, it is expected that the neutron
star forms with central temperature 7. ~ 10" K [11]. At the moment of a neutron
star’s birth, the star cools off very quickly by neutrino emission, so that within a
couple of seconds the temperature is below 10" K and falling fast [12]. The cooling
is realized via two channels, by neutrino emission from the entire stellar body and by
heat conduction from internal layers to the surface resulting in thermal emission of
photons(i.e.,soft X-rays)[13]. While the powerful neutrino quickly cools the core,
the crust stays hot. The heat gradually flows inward on a conduction time-scale,
and the whole process can be thought as a cooling wave propagation from the centre
towards the surface. During this thermal relaxation, the effective temperature stays
almost constant at about 250eV. When the cooling wave reaches the surface, the
effective temperature drops sharply by as much as an order of magnitude in the fast-

cooling scenario, and by a factor of 2-3 in the slow cooling scenario. The duration
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Figure 2.2: Cooling curves for neutron star models with 1.1,1.2..., 1.7Mg

of the relaxtion epoch depends on the heat capacity and thermal conductivity of
the inner crust [14]. Fig 2.1 above shows some cooling models of neutron stars with
different masses. In the low-mass models, M < 1.44M,, the stars follow the standard
cooling scenario and the cooling curves are almost independent of M. The higher-mass
models go through the fast-cooling scenario and demonstrate a spectacular drop in
surface temperature at the ends of the thermal relaxation epoch, t ~ 50yr, as a
result of the emergence of the cooling wave on the surface. The same, although much
less pronounced, effect takes place in the case of slow cooling. For high-mass stars

(M > 1.44Mg), the cooling curves again depend weakly on the mass. The change
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of the slope of the cooling curves att ~ 10° — 10y manifests the transition from the
neutrino to the photon cooling stage. From the above cooling curve, we see that at
a temperature of about 2 x 108, corresponding to a neutron star of mass 1.4Mg, the
energy is below the soft X-ray range. That is, neutron stars of age around the order

of 10%yr are even do not produce soft X-rays thermally.



Chapter 3

SOFT X-RAY PRODUCTION BY
COMPTON SCATTERING

3.1 Introduction

Since Herold’s study of the compton scattering in strong magnetic fields in the elec-
tron rest frame(ERF) [15], his expression of cross-section has been widely used in
astrophysical calculations. This cross-section is valid only for the scattering of a
low-frequency photon with nonrelativistic electrons, and is applicable for the produc-
tion of Soft X-rays by compton scattering at the surface of the neutron stars. We
will first derive the cross-section in laboratory frame and then arrive at the desired

cross-section in the electron’s rest frame.

3.2 Cross-section in laboratory frame

Taking into account the fact that the ground Landau level is not degenerate due to

the spinor uy o(z1, k) = 0, the initial and final states of an electron-photon scattering

17
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system can be represented by:

|f:ts) = co (pr. tr)ax, (ky,4)|0) (3.2.2)
where, ¢j = ¢3 is the electron creation operator, a} is the photon creation operator
and p;(y) denotes the incident(outgoing) electron momentum. We stress here that the
operators in these two expressions are Heisenberg ones, not the free ones, meaning

that interaction have been considered.

3.2.1 Derivation of the magnetic Feynman propagator

Consider the Dirac equation in the form,

[i0 — eA(x) — m]Y(z,t) =0 (3.2.3)
in which e > 0 is assumed and the asymmetry gauge is taken, i.e.A(x) = (0, Bx1,0).

The solution of(2.1.5)with positive energy is:

+ (377 t) _ Nusm(xl?p)e[fiEn(ps)tJrinwszsxs} s=1,2 (3_24)

ERD)

where FE,indicates the Landau energy of an electron and N is a normalization

constant.
En(p3) +m
Balps) = (i + 5+ 20eB) 2, N = (BB E Rz (g
The spinors uy ,(z1,p),u2n(x1, p) are given by:
In—l<x1ap2)
0
Uy n(1,p) = (3.2.6)
EgrmAn-1(x1, p2)
i %In(wlap2) |




0

L, (3517292)

uz,n(xup) = 7“/ml
En(p3)+m n=1(z1,p2)

| By In (%1, P2) |

in which 7,,(z1,p2) is the harmonic oscillator wave function,

o) = W2 ) 2P (2

obeying the orthogonal condition

/dxl[n(xlaPQ)[m(xpr) - 5nm

whereA™! = v/eB. The solution of (2.1.5) with negative energy is

W) (z) = N, (27, p)elifn@s)itiverativsasl g — 1 9

S,n

with the spinors vy, (1, p) vo, (21, p)given by

m]n 1(21,p2)

E;(pz?if@] (21, p2)

[n—l(xlap2)
0

5n(§:)efmln l(xl p2>

En(§§)+mln(x17p2)

0
[n(5’317p2)

Ul,n(xbp) =

'Ug7n(l'1,p) =

19

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)

(3.2.11)

(3.2.12)

It is clear that the spinors ws,(z1,p),vsn(21,p),s=1,2 form a complete and or-

thogonalized basis in the four-dimensional vector space. Therefore the Dirac field

operators can be expanded as:

0o 2

= Z% D [Con(p t)tsn(w1,p) + AL, (p, t)vgp (@, p)]elP2mHsm) - (3.2.13)

n=0 s=1 p2,p3
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00 2
1 . .
@) = D030 7 Sl o 0 @1,0) + e, )0 (g, )

n=0 s=1  p2,p3

(3.2.14)

We know that the Feynman propagator of an electron is given by:

Se(x,y) = —i{0| T (x)b(y)]|0) = —i{0l(x)w* (y)7°]0), (3.2.15)

for t, > t,

= Sp(r,y) = ~il0] 33" 75 S Aleanlp unloa,p) + 475, n(p, Do, p)]

n=0 s=1 p2,p3

X [Cin(p7 t>u:—,n<y17 p) + dS,TL(p7 t>v;":n(y17 p)]} (3216)

w  eP2(z2—y2+ip3(z3—y3) ’YO | 0>

= Sp(ey) = 01303 7y S lewnlp. e, D)k o, sl ()]

n=0 s=1 p2,P3
+ [Cs,n(pa t)us,n(mla p)ds,n(pa t)”::n(yla p)]

+ [dTs,n(p, )vsu(zr, p)et, (0. ) ud, (1, p)] (3.2.17)

+ [dTs,n(p, )vs (1, p)den(p, )0 (Y1, p)]} x eP2E27v2HPa(E37ys) 10| 0)

From the anti-commutation relations between the annihilation and destruction oper-

ators,we have
Cs,n<p17 t)C:m(p% t) + C::m(p% t)cs,n (pa t) = 557"5nm5p1p2 (3218)

ds,n(pb t)d;tm(p% t) + d;«tm(p% t)ds,n(plu t) - 6sr6nm5p1p2 (3219)

Therefore,

<0|Cs7n(p17 t)dtm(p?? t)|0> = 68T6ﬂm5p1p2

and
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<0|d8,n(p1?t)d;tm(p%t)m) - 6 5 6171:027
from the properties of raising and lowering operators.

Using these two identities in(2.1.19), we will have

Se(,y) = ~il013 D" 75 3 lean(p, (s, el (b, 31, )]

n=0 s=1 D2,P3
% eP2(w2—y2tips(z3 *yS)fyO ‘ ())

(3.2.20)

= Sr(z,y) ZZ D gy, phul, (yr, p)e™? 2y islsmisla 0 (3.9 91)

n=0 s=1 p2,p3

— = i - ips(z3—
= ﬁ Z Z{ul,n(xlvp)uin(ylap) + u2,n<xlap)u;:n(ylap)}eZpQ(I2 v2)+ipa(es yB)PYO}

n=0 p2,p3
(3.2.22)

L1 (21, p2)

0
Ull,n<x1>p>ufn(ylap) = p3
m]n 1(71,p2)

| Tt n(@1,p2) |

x [[nfl(yl>p2) 0 Mfﬁ[nq(yl,pz) iEn(ifom[ (y1,p2)

[ __Dp3 iV2neB
In—lln—l 0 En(p;)+m]”_1jn—1 (p3)+m] 1_[n
0 0 0 0
- 3.2.23)
__n VZneB (
En(f?)ﬂ]" thh-1 0 (En(ijZIn—lln—l D3 7 () )2 In—11n-1

iv2neB IV/2neB oneB

| Bonrm il 0 @t fnda Ttz Indn |



i} 0 ]
‘[ (5517]72)
Uon (T, P)us, (Y1,0) = | L o
En ﬁfn 1(1’17]72)
| moomm In(r1p2) |
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X 0 I(y1,p2) %In 1(y1, p2) %In(ylypﬂ]
[0 0 0 0 ]
z\/m —p3
= 0 [nly (p3)+ml In- En(p3)+m]”[” (3.2.24)
—iv2neB 2neB i 2neB
0 Bls)emIn—1In G Gpg)rmyz In- 11" ! (En<p3>+m>2ln—1]
—zp3\/2neB
0 Eanmiedn G nlt Egeme ndn
Summing (2.1.26)and (2.1.28), we will obtain:
i i 2neB T
L1 0 En(;;ﬁ[n—lln—l En (p3)+mIn 11
iV2neB —P3
0 Inly (gngm)g;n nln—1 En(p3)+m]"[" (3.2.25)
J2 —ivV2neB p3t2ne
En(pgf)—i-m[" 1[n 1 En(p3)+m["*1[” (En(p3)+m)2jn71]n71 (2 O
ivV2neB —p p3+2neB)
| En (p3)+m1 In- En(p:s;rmI”I” 0 (Ens(Jos)er)2 I"I”_
We know that
E.(ps3) = (m2+p§+2neB)% = p2+2neB = E%(p3) —m? = (E,(p3) —m)(E,(ps3) +
m)

After inserting this relation into (2.1.29) and multiplying

will have the form:

1‘1,341 p)
(w+i€)(E, +m)

r(z,y) X e

Y [

Pp2,P3

by ~Y, the propagator

[—iw(tz—ty)+ip2 (T2 —y2)+ips(r3—y3)]

(3.2.26)
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where,
(B, +m) 11, 0 —psloily i2neBl, 1, |
S, (20 0.p) = 0 (En(ps) +m)  —iV2neBI, 0y pslaly
psln I, —iv2neBI, I, —(E, —m)l, I, 0
I iv2neBI,I,_; —psI 1, 0 (B —m) 1,1,

3.2.2 Calculation of the scattering amplitude

=ZZ Z D) (21, P) + dan(p, )05, (20, p)|e 72727575 (3.2.27)

<O’TCO(pf7tf> (Th )|O> = <O|CO(pf7tf)1z<7’17t)|0>7tf_>OO

= <0|Co(pfatf)¢+(7’1, £)7°10)

- ZZ Z (Olco(py, tr)et, (. t)ul, (1, p)7°|0)

n=0 s=1 p2,P3

+ {(0]co (pf,tf)dsn(p,) o (21, 9)7°]0)] x e P2ratpsrs)

- ZZ S 10lco(pss tr)eh (s D)t (w1, p)7]0)] x ¢ iPeratpas)

n=0 s=1 ~ p2,p3

1 —i(pa2x 3T
= = > 10lco(py, t)cEo(p (e, p)yJ0)] x e et

pz »P3

= 7 Z (1, py)e P2eetrats) (3.2.28)

p2,p3

The incident (outgoing) electron momentum can be expressed as p;ry = (0, ai(s), i),
meaning the incident(outgoing) electron momentum along the direction of the mag-
netic field(taken as the Z direction) is p;y) and the centre of the Landau orbit
iS—Na;(p)

= (01T eolpg, t)0(rs, D]0) = To(ar, pr)el~Fsts=pramiomiBit) - (3.290)

similarly,

1 1 . . -
(OFTay, (ky ) 473, |0 = —m—pe el ettt =i (3.2.30)
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but,ik_}.ﬁ = ikfle + z'k:fyyl + ik:fzzl,

where ks, = kycosty

- 1 L O\ (it jieo by —ik pus ik gy y1 ik pcosd
(O[T ax, (kg tp) Auri, 1)[0) = —= €M) e(iwsty gt =ik pom—ik gy —ikycosbyz)
\/5 A /2Wf
(3.2.31)
54 1 1Bt +ipizo+iaiy2—iE;
(OIT (73, t)eg (pi, 11)]0) = Fuo(wa, py)elt st ipeeiameifit) (3.2.32)
(O1Ta, (ks 1) Au (1%, 1)[0) = % e ittt (3.2.33)
1 w/]/

1 1 , : , , ,
<O‘Ta;\i-z (k“ tz)Alu, (7,,—]‘-’ t) ’0> _ ()\i)e(lwiti—’Lwitz+ZkizI2+lkiyy2+lkiCOSQiZ2) (3234)

V2o

The scattering matrix can be generally expressed by:

Spi= lim  (0|T[co(py, ty)an, (kg tr)cy (pi, ti)ay, (ki t:)]]0) (3.2.35)

t;——00,t f—00

Introducing the incoming interaction picture and making perturbation expansions,

one then obtains under the Born approximation:

Sp = lim 62/d4x1d4x2(O]Tco(pf,tf)w(xl)]m

t;——00,t f—00

X 01T (1) () 0},
% [{0[Tax, (ks t) Au@0) 0)OITaS, (ki t) A [0) (3.2.36)
(O[T ax, (kg t) A, (2)|0){0[Tas, (ki, 1) Ay (21)|0)]

x (0] T (x2)cg (pi, 1:)|0)



= lim

+ [exp—i(Bsty — Ept) —i(prz + agyn)es !

lim € / d*rid*zy %dg (21, py)e " Ertr=Ert)=ipszitasy)

VO[T (21)1p (22)[0) v,

1 1 ‘ 4 . . .
6}(}f)e(fzchthrwatlf'kale7zkfyy1 —ikfcosfyz1)
\/5 wa
1 1 E()\i)e(iwiti_iwit2+ikizx2+ikiyy2+iki0059i2’2)
VV V2w "
1 1 6()‘]”)e—i(w'ftf—Wftz)—ikfz$2—’ikfyyz—ikfcosefZQ
v
\/5 ZWf
( 1 1 E(Ai)ei(witifiwitl)+ikmzl+ikiyy1+ik¢6030iz1)
V2w *
1 . ,
(Bt —Eita)+i(piza+aiyz
L, pi)e BB i

1

—F—€X
t;——00,t—00 L2V /4(«%

p /d $1d $2U0(1E1,pf)7

d x1, To,
x L2Z/ qozq —E; 2+)Z€
X expliqo(ta — t1) +1q,(y1 — y2) +1iqz(21 — 22)]7
X {|exp[—i(Est; — Efty) —i(psz1 + afyl)]efff)
X exp[—i(wsty —wyity) — thppxr — ik — ikycosfrz]

X GI(,Ai) exp[z(wztz — witg) + kal'g + Z'k?iyyg + lkz COS 9222]]

)

X exp|—i(wsty — wyty) — ik — ikyyys — ik cos 0r2]
X e()‘ Vexpli(wit; — wit1) + ikipxy + ikiyyr + ik; cos ;21]] }

X ug(z2, pi) expli(Eit; — Eite) + i(pize + a;y2)]
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(3.2.37)

(3.2.38)
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(210)° 4 _
= sz = 2V * 2\/w_wfz 12 Z/ le'ld %2/d(]0U0(£1,pf)

n=0 dy,qz
x [¢ Sn(21, 22, q)
f(EZ + w¢)2 — Eﬁ(qz) + i€

X Q(S(u)f + Ef — QQ)(;(QO — Wi — Ez)

X O(kiy + a; — qy)0(qy — Ky — ay)0(q- — kg cos by — py)
Sp(r1,72,q)

X (ki cosb; + pi — q.) exp(—ik 21 + ikiyz2) + €
X €0(wy — Ei 4+ q0)o(Ey — wi — qo)

X O(kiy —ap + qy)0(a;i — kpy — qy)0(q. + ki cos 0; — py)
X 0(p; — kpcosOf — q.) exp(ikizx1 — ik pp2)uo (22, pi)

X lim  exp[—i(Ef +wp)ty +i(E; —w;)ty]

tij——00,t f—00

after substituting all the expressions given from(2.1.33)t0(2.1.39) into(2.1.40),
wheree; = eff‘f )yu,éi = e,([\i)%.

The phase factor at the end of(2.1.42)can be ignored, since the cross-section~

|St4])?. The spinors g(x1, py),uo(z2, p;) can be expressed as:

_ Er4+m 1
(1, ps) = | J;Ef 12 Io(1, ap)iz (py) (3.2.40)
E;+m._1
ug(xg,pi):[ Y0 E ]0(5E2,az) iT(pi), (3.2.41)
where
“_f(pf):<0 10 Ef_{m) (3.2.42)

uiT(pi)z(o 10 *Pi) (3.2.43)

E;+m

(Ei —wp)® = Ef(gz) +ic



(2IT)° exp(2 (Ef+m)(E; +m),1
S’L —= 2
! L2v /Aww; Z L? 2| AEE, ]

qy,9=

X /d4I1d4$2/qulo((L’l,CLf)’L_Lf(pf)Io(Z‘Q,CLZ‘)Ui(pZ')

x {€ Sn(x1,22,q)
f(Ei +w;)? — E%(q.) + ie

X O(kiy + ai — qy)0(ay — kpy — ay)d(qz — kycosfy —py)

X 0(k;cosO; + p; — q.) exp(—ikyx1 + tkiys)

‘. Sn($1,$27Q)
‘ (El + wi)2 — Eﬁ(qz) + i€
X €50(ws — Ei +qo)d(Ef —w; — qo)

X O(kiy —ar + qy)0(a; — ky — q,)0(q. + ki cos0; — py)

X 0(p; + kpcosOr — q.) exp(ikizx1 — ikppx2)}

—€0(wyp + By — q0)d(qo — wi — Ei)
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(3.2.44)

Let I} = fd4x1d4x2 exp(—iksyx1)lo(z1, ar)Sn(z1, T2, q) exp(ikizxe)lo(z2, a;),and

= [ d*axid* sy exp(—ikpx1) Lo (21, ap)Sn(1, 22, q) exp(ikizx2) lo (22, a;)

With the help of the integral:

[ deH (&) exp[—(€ — @)?] = VII(2a)™, these two integrals yield values,

(/\2k?+]€ )(n 1)
21

1 1
X expliX}(agk sy + Shrakisy) = iN(aki, + 5 kiakiy)];

)\2
L A, e:x;p[—z(ki2 sin® 0; + k7 sin® )]

where k" = kip £ ikiy and kf = kg, + ik, and A, is defined by

2n(qo + m) 0 —2nq, —2nk;
A - 0 (g0 +m)Nkfk; —2nk; RN
2nq. —2nk; —2n(qy — m) 0

2nkf —@ Nk Tk} 0 —(g0 — m)Nkfk;

(3.2.45)

(3.2.46)
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Similarly,
(AQk;k;)(n_l) Ny 2 .2
I, = Qn—n[B"eXp[_Z(ki sin” 0; + k7 sin” 0)]
1 1
x exp[—i\*(arki, — 5k:,;ggk;iy) + iX*(aik e + §k;fzk;fy)], (3.2.47)

with the matrix B,, given by

2n{go +m) 0 —2ng, 2nk;
0 +m)N2k kT oInkt kT kS
B, = (g0 +m) ki : Nk k; (3.2.48)
214 —2nk; —2n(qo —m) 0
k0 e
. ° exp(2 (E; +m)(Ef +m),1
sz LQV /4w Wy Z L2 (g AR, Ef ]2
Nk k) 32
% % exp|— - (k7 sin®6; + k7 sin” 6)]

{ uy(py)€r Anéiui(pi)
(Br + 0.)? — B2(q.) 1 ic

1 1
X exp[z’)\2(afkfx + §k’ka’fy) — z)\Q(alk‘m + 5]{7196]{3@)]

X /dqm;((,df + Ef — q0)5(qo — W; — El)é(k?ly +a; — qy)

X 0(qy — kgy —as)o(q. — kycosty — py)o(k; cos; — p; — qz)

s (ps)éiBrerui(pi)
(Bi —wyp)? — E2(q.) + i€

1 1
X exp[—i)\Q(afk;w — §kmk,y) + i)\Q(aik;fx + §kka‘fy)]

X /dQO5(Wf — Ei + qo0)0(Ef — wi — q0)d(kiy — ay + qy)

X 0(a; —kfy — qy)0(pi — kpcosOf — q.)0(q. + kicost; —ps)} (3.2.49)
But,

Z /dqoé(wf—i-Ef—qo)é(qO—wi—Ei)é(kiy—i-ai—qy)é(qy—kfy—af)é(qz—kf cos Oy —py)

Qy 7qz
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%0 (k; cos 0;—pi—q.) = 0(ws+Er—w;—E;)d(kiy+ai—ky—ayr)d(k; cos 0;+p,—kg cos 8 r—py)
Similarly,

Z dqod(wr—Ei+qo)0(Er—w;—qo)0 (kiy—as+qy,) X 6(a;—kpy—qy )0 (pi—kf cos 8 —q.)

qy 7(12

%0 (ki cos 0;+q.—py) = 0(ws+Er—w;—E;)6(kiy+a;i—kpy—ay)o(k; cos 0;+p;—ky cos Oy —py)

(2I)3 exp(2) = 1 (Ei+m)(E;+m). 1
=Sy = —
i EoL J2

LQV VAwwy AEE;

Nk k) 32
el i+ i)
x { !

(Ei +wi)? — EX(q:) + ie
1 1
X eXp[Z'/\2(af]{3fgJ + §kfzkfy) — Z/\2(CLZ]{ZZ$ + ékzzkzyﬂ

1%
(Ei —wp)® = Ef(gz) +ic

1 1
< expl—iNagkis — Shiky) N (akps + Skpsks,))
X O(wy+ By —w; — E)o(kiy + a; — kyy — ay)

X (k;cosb; +p; — kpcosby —py), (3.2.50)

_ a A A _ RN - A

where Py = uy(py)erAnéui(p;) andPs = uy(py)éBucrui(pi), whereer = €,’v,
7€i = 6;)1\,1.7#

These two scalar matrix products(i.e.PiandP;) for all combinations of 7, y2, 3

will have the form:

(qo +m) PPy

P = 2 B + -
1 n[(Ez‘ +m)(Ey +m) + (00 —m)leze;
Py P, N L
+ 2n[Ef+m + Ei+m](ki€f€iz+kf€fz€i +q.cf€;)
)\2/€+/{2~ (QO b _ 251
+ f z[(Ei+m)(Ef+m)+(qO m)+Ef+m+Ei+m]ef 3 )
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(qo +m) PPy
(E; +m)(Ef+m

Py b + - -+ + -
Er+m + FE; —l—m](kl €f Gz + kf €i €2 T 06 ef)

(qo +m)P Py
(E; +m)(Ef +m)

P2 = 277/[

7t (q0 —m)]e;" €y

— 2n|

P B
Qf+q

Nk kT
+ f i | Eir+m  E;+m

+ (g0 —m) +

Jer€3.2.52)
Evaluating expliX*(asky, + $krakpy) — iN*(aikiz + kiokiy)] and exp|—iA*(aski, —
skickiy) +iX(aikpe — 5kyokyy)]
at the value ay = k;y, + a; — kyy:
o 1 9 1
expliA“(afk s, + §kkafy) — i (aikip + §kmkw)]

1 1
= eXp[Z'A2<kJiykfx + aik:fx — k)kafy + Ekkafy) — Z/\2((lzkw + ikmkzy)]
1
2
1 1
= eXp(’L)\Q(kflyk'fJ;)) exp[z)\Q(—§k:fmk:fy — 5]{3“3]{?”/) + Z)\2(a7,]€fx — azkzw)]

1
= exp[z’)\Z(kiykfx + CLik'fx — ]i]ka’fy) — z)\z(azk’m + §]€2xl€1y)]

)2

. A .
= eXp<Z/\2(kiykfa:)) eXp[_T(kixkiy + kkafy) - 2)‘2ai<kiw - kfw)]
Similarly

1 1
exp[—z’)\Q(afk:m - Ek'mkfly) + 2)\2((1116]% - Ekka'fy)]

iz

= eXp(Z)\Z(kmk’fy)) eXp[—T(k:wkzy + k’ka’fy) — z)\Qal(k‘m - k’fx)]

and substituting it back into the original equation together with P, and P, the full

expression for the Sy; will be:

(2I)* exp(2) (Ei+ m)(Ey +m).1 Ny 2 i 2
Sf,b = L2V \/m 4E1Ef ]2 eXp[_Z(w’ Sin 97, + Wf S1n ef)]
)\2

X O(Ei+w; — Ef —wys)d(p; + kjcosB; —pr — kycosby)

X 5((1Z — kiy —Qf — kfy) (3253)
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where w; and wy are frequencies of the incident and scattered photons ,E; and
Ey represent the energies of the incident and scattered electrons, respectively,d;(6y)
denotes the angle between the incoming(outgoing)photon. X is given by the following

expression as follows:

> 1 Nk kf X X
X = —_— ! " I\2 3
Z nl [( 9 ) exp(z)\ kzykfx)( (Ez + Wz‘)Q _ Ei2n+1 + (EZ + Wi)2 — EZQn)
n=0 ’ 7
)\2l€i_k+ . X’ X,
() exp(iNhinks, ) 1 + eyl

(Bi —wp)?—=FEf,., (Bi—wp)?—E7,

in which k" = kig £ ikiy, kf = ko £ ikyy,

B}, =m?+ (pi + w; cos0;)* + 2neB (3.2.54)

B2, =m?+ (p; — wycos0y)? + 2neB (3.2.55)
and X;, X;,i = 1,2, are given by

(E; +w; +m)p;(pi + w; cosl; —wy cosby)

o= (B, +m)(By +m)

+ (B; + w; —m)]e; e}

+ ( Di pi+WiCOSQi_WfCOSGf)
X [kfepe; + ki ene; — (pi+wicosbi)ese;] (3.2.56)
x [(Ei+wi+m)pi(pi+wicosﬁi — wycosby)
2 pu—

(Ei +m)(Ef +m)
Di +pi+wiCOSQi—waOS(9f>
EZ’ +m Ef +m
X (pi +wicosty) + (E; +w; —m)]esze. (3.2.57)

+
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(E; —wyp +m)pi(pi + w; cos6; —wy cosby)

X, = B, —w; — teo
o Di p¢+wiCOSQi—wfcosé’f)
Ei—i—m Ef—l—m
x [k ei.e; +kyepel + (pi — wycosby)efe;] (3.2.58)
' (E; — wy 4+ m)p;(pi + w; cosb; — wy cos by)
Xy = + (B —ws—m
> = | (E; + m)(E; +m) (Bi =y =m)
Di pi + w; cos 0; — wy cos by
+ (Eier B +m )(pi — wycosby)leier.  ( )

where e; and ey are polarizations of the incident and scattered photons and ez?t =
iz T 1€4y, e}t = ey, = Tieypy.

(QI)° exp(d) (B +m)(Ey +m), X, |
1Sl* = V2 dio; [ 4E-E; ] exp[—;(mi2 sin® 0; + w} sin® 0]

X exp[—z2)\2az(k5w — kf:c) — ’L)\2(k’wk5w + ]fka’fy)”XlQ

x 0B +w; — By —wy)8*(p; + kicos0; — py — kycosfy)

X 52(6Li - kiy —ay — l{?fy) (3260)

In the expressions for X1,X;,X», and X, putting p; + w; cos6; — wrcosby = py, we

get the following.
X1 ={[A = B(pi +wicosby)ese; + B(kjes.e; + ki e.er) By + m) (B +m)7,
Xy ={[A+ B(p; + w; cosb;)ey.e;. } (Ef + m) Y E; +m)7 !,
X, = {[A' = B(pi—wy cosfy)le; ;."—B(k;]?efzef—|—ki+eize]7)}(Ef+m)_1(Ei+m)_1and

X, = {[A" + B(p; — wy cosby))es.e. }(Ey +m) " (E; + m) ™!



In the above two expressions the coefficients A, A", B are defined by

A= (E+w, +m)pips + (E; +w; —m)(E; + m)(Ey +m)

/

A = (E;, —wp+m)pips + (E; —wp —m)(E; + m)(Ey +m)

B = pi(Ey +m) + ps(E; +m)

respectively.

Substituting these results back into the expression for X:

[e.e]

LoAMTRE
X = Zm[( 5 L) exp(iNkiyks.)

n=0
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(3.2.61)

(3.2.62)

(3.2.63)

[A — B(pi +wicosb;)lee; + B(kyeg.e; + ki ei.ep)(Ep +m)~ (B +m)~

X
( (B +wi)? — B},
[A+ B(p; + wicost)epei.(Er +m) (B + m)_l)

)\Qk;rk:]? . 9
5 )" exp(iXN“Kigkyy)

+ (

[A" — B(p;i — wy cos 0p)lese; — B(krep.e; + ki ever)(Ep+m) ' (E; +m)™!

X
( (Ei —wy)? — Ejz‘,nﬂ
[A" + B(p; — wycosOp)|es.ei.(Ep +m)~ (B + m)_l)}
(El - wf)z - E]%,n

(3.2.64)
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o0 . 0 . 9
Z l wzwf S111 U5 S1n f —i(¢; ¢>f)) z)\lewf sin 0; sin 05 cos ¢ 5 sin ¢;
n! 2

y ([A— B(pi +wicosby)leje; + B(kjep.e; + ki ei.ef)(Ep +m) (B +m)~!

(EZ + wl) E12n+1
N [A+ B(p; + w; cos ei)]efzeiz(Ef +m) Y E;+m)” 1)
+ ()\ wiWys Slne Slnef i(pi qbf))”ei)\QwiwfSineisinefsinqﬁfcosqﬁi
2

([A' — B(pi —wycosty)lesef — B(kyep.ef + ki eier)(Ep+m) (B +m)~"
X

(E’l - wf)z - E]%n—i—l
[A" + B(p; — wycosOp)|es.ei.(Ep +m)~ (B + m)*l)]

+
(El - wf)Q - E]%,n

(3.2.65)

Letting

1 )\ w;wy sin 6; Slnﬁf B
Y — 4 i(¢i— ¢f)
! ; n‘< 2
y [[A — B(pi +wicosty)lese; + B(kjer.e; + ki eief)
(Ez + wi)Q — Ei2,n+1
[A+ B(p; + w; cos Gi)]efzeiz]
(EZ + wl-)2 - Ez2,n

)" exp(iX*wiwy sin 6; sin 0 cos ¢ sin ¢;)

1, Nw; 0; sin 0 n . . . .
Y, = Z ( wiwr sin f; sin f il ¢f)) exp(i\2w;wy sin 6; sin 0 sin ¢ cos ¢;)

— n! 2
y [[A/ — B(p; — wy cos Qf)]e;ef — BQ(k:]?efze;|r + k;reize;)
(EZ - Wf)Q - Ef,n—i—l

+

[A/ + B(p; — wy cos Hf)]efzeiz}
(EZ - wf)z - E/%,n

=Y =Y1+Ys) = X(Ef+m)(E; +m)

_ Y
= X = (Er+m)(Eitm)

Y2 :
Substituting | X |* = W in [Syl?
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(2I1)¢ exp(4) . (E; + m)(E; +m) 2 ) )
]Sf¢|2 = Tae T, [ 4EZ-E; ] exp[—?(wi2 sin? 6, + wj% sin? 6r)]

Y]?
(Ey + m)(Es + m)?
x 0B+ w; — Ey — wf)52(pi + ki cos6; — py — kgcosby)

X exp[—i2X\°a;(kiy — kpi) — iN (Kickiy + kpokpy)]

X 0%(ai = kiy —ay — k) (3.2.66)
Taking the final states of the scattered photon and electron to be % d ‘(/Zd%ogf
u}2 3

and ‘(/;ssjsf = V(2’£[d)?f ,and also using e! = 1611?m?r?

ENE (2I0)° 16I%m?r . 1 Ao 2 2
T B LAV? dwwy 4E¢Ef] eXp[—?(wi sin” 0 + wrs ef)]
x exp|—i2X\%a;(kiy — kfo) — iN (Kickiy + kpokpy)]
Y| T L1
y Y] L 6%(a; — Ky — ag — ky,) (3.2.67)

(Ef +m)(E; +m) 201 2I1T
where we have used
(52(E12 +u)i — Ef — u)f) = %(5(EZ + W; — Ef — wf),

62(p; + kicosb; —py — kpcosfy) = %5(}% + ki cost; —py — kg cosfy). Dividing this

. s . . (E;—p;cosb;) .
result by the relative incident flux density, "/’—E
|l VE (21)° m?rg 1 Aoy 2 i 2
T (B proosd) = ey Ty EZ’Ef] eXp[—?(wi sin® 0; + wy sin” 0]
X exp[—iQ)\zai(km - ]{fo) — Z>\2(k?mkly + ]fkafy)]
Y2 V E;
X

(Ef +m)(E; +m) (E; — p; cos 6;)
x  6%(a; — kiy —ay — kyy) (3.2.68)
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Summing over the final states of the scattered photon and electron:

2
do = (2‘/H2) Z}z:’; [;f] Xp[—%(w sin” 6; + w7 sin® 0 )]
x  exp[—i2X\%a;(kiy — kpo) — iN (Kigkiy + kpokpy)]
y Y[? L VwjdQy V',
(Ef+m)(E; +m) (E; — p;cosb;) (2I1)3 (2I1)3
x  6%(a; — kiy —ay — kyy) (3.2.69)
do - riwr m”
dSdy 4 w; (Ef +m)(E; +m)(E; — p;cosb;

2
X exp[—)\g(w.2 sin® 0; + wi sin® 0;)][Y]?

X 52((11' — kiy —af — k:fy)d3pf} (3270)

But,

1
[Ef — (pi + wi cosb; — wy cosBy) cos Gf]

{— exp|—i2X\%a; (kix — k) — iN*(kickiy + krakpy)]

X 52(6% — kiy —ap — kp)d’py}

Therefore,
do rjwy m?
dQ; 4w (E-+m)(Ef+m)
0; + 20,)]|Y |2
y exp[=5- (w2 sin? w7 sin® 0y)]|Y'| a2

(E; — picos 91)[Ef — (p; + w; cosB; — wy cos by) cos by]

in which ryis the classical electron radius
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The above result is performed by letting:
k; = w;(sin 0; cos ¢;, sin 0; sin ¢;, cos 0;), and k; = wy(sin by cos ¢y, sin by sin gy, cos by)
Therefore,
A2 A2

(7]9;/‘??)” = [7(«%‘&)/“ sin 0, sin efe*i(¢i*¢f)]n

and

A2 22 '
(GH k)" = [Grwiwy sinf sin e @]

using k; ky = (kiz — ikiy) (kg + ikpy)

3.2.3 Cross-section in the Electron rest frame

To simplify calculations, we choose the coordinate system with ¢; = 0. Denoting

¢f = ¢, we can write
ki = w;(sinb;,0,cos6;), ky = wg(sin by cos ¢y, sin @ sin ¢, cos ¢) (3.2.72)

Taking into account the fact that photons have only two transversal polarizations,

the polarizations of incident and scattered photons can be chosen as

81(1) = (_ cos 02'7 Oa sin 01)7 62('2) = (07 _17 0) (3273)
6;1) = (—cosf cos ¢, — cos O sin ¢, sin by); 6;2) = (sin ¢, — cos ¢, 0). (3.2.74)

The above choice is not unique but is convenient for calculations. Now we define

reduced quantities
Wo

A=A =N =20 (3.2.75)
m m m
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where wy = % is the cyclotron frequency. We denote the reduced Doppler fre-

quencies by

Ny =9(1 = Beost)ANi; Ay = v(1 — Beosbp) Ay (3.2.76)

Averaging over the polarizations of incident photons and summing over those of scat-
tered photons, the total differential cross section will be:

2
do 1 2 i(wl2 sin? 9i+wl2, sin? 0;)|Y|?

2
_ 2t Z ToWys m e 2
aQly 2 o o o dw; E;i+m (Ef+m)(E; — Pycos0;)[Ef — (P 4+ w; cos 0; — wy cosby) cos O]

(3.2.77)

where Y =Y, + Y5
Note that:w; = Apm.w; = Aym and E;+m = m(% +1) = m(y+ 1)and in similar
wayEy+m=E;+w; —wp+m=m(Z + % -2 4 1) =m(l+~+A; — Af) and

w? = A?m? = Nw? = N2A?m? = B2 A2 Similarly:

)\ij% = )\QAfme = %A? and E; — P;cost; = E;(1— % cos ;) = E;(1— [ cosb;) =

m~y(1 — Bcosb;)
E¢ — (P, + w;cost; —wyscosby)costy = Ey — P, cos B + w; cos; cos O + wy 0089?
(3.2.78)

Using the usual trigonometric relationcos?§; = 1 — sin*0;and E; = E; — w; — wy

E; — w; — wp — Picosf; + w; cos b; cos O + wy cos® O (3.2.79)
E; + w;i(1 — cosf;cos ;) — Pycos 0 + wy(cos® 0y — 1) (3.2.80)
E; — P,cos0; + wi(1 — cosB; cos ;) — wysin® by (3.2.81)

This gives = E;(1 — Bcosfy) + mA;(1 — cosb; cos ;) — mAsin® 0

and this will reduce to:m[y(1 — Bcos ) + A;(1 — cosb; cos ) — Agsin® 0]
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Using all this back in the expression ddTUf gives

do 1 r2 Af e _zgc (A? sin? 05 +A? sin? 0;)
— E 0

9,

Y
2 b o m? Ay (Y + D +7+ A = Ay)

1
3.2.82
8 [v(1 — Beosby) + Ai(1 — cosO; cos0y) — Ay sin® ] ( )

Where A;, = (1 — Bcosb;)A; Now

do r2 Af e _2]';0 (A? sin? @+ Delta? sin? 0;)
0
9

SAA+NA+7+A; — Ay) 8 [v(1 — BcosBy) + Ay(1 — cosB;cos ) — Ay sin® 6]

vP
2.

651) ,e;l) ,67(;2) ,6}2)

X

Y|? . .
Yoo @ M Where Y = Y + Y, is given by:
€ €p € ey M

, 1 : 1 : 1 .
V(1 — LI+ 1Y (i — 2f)* + V(2 — L) + V(2 — 2f)f?

Where A\; — Ar, Aiy) = Li), 2i(y) represents the scattering from the polarization
/\i to )\f

Y (1 = 1p)| = Vi(l — 1) + Y5(1i — 1f)]
¢i=0,¢0; = ¢ and

Nwwysinb;sinf; B,
2 - 2B

AZA]@ sin 91 sin ef = 5
and 672'(¢>¢7¢f) — ei¢ and 6[i)\2wiwf sin@; sin 05 cos ¢ ¢ sin ¢p;] _ 60 =1
1 B 1
(B +wi)? = E}, 4 CE? +w? +2Bw; — m? — P? — w?cos? 0; — 2Pw; cos0; — 2(n + 1)eB’
(3.2.83)
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using E7, ., = m? + (P, + w;cos6;)*> + 2(n + 1)eB

1

3.2.84
E? + 2FB;w; — m? — P? — 2Pw; cosf; — 2(n + 1)eB + w? sin? ; ( )
_ ! (3.2.85)

 2Bw; — 2Pw; cos 0; — 2neB + w?sin® 6; o
_ ! (3.2.86)

©2mymA; — 2myBmA; cos B; — 2nm2 A + m2A2 sin? 6 o

1
= 3.2.87
m2[2(As — o) + A? sin® 6] ( )
1
_ ﬁsi,nﬂ (3.2.88)
Similarly in Y5 :
1 1

_ (3.2.89)

(Bi —wp)? = B, m?[2(Ap +nlo) — A} sin? 0]

)\2 . in@; sin @ . .
= LSy 41 and LTI — Be AN psin 6, sin 6y = € and

Z(QS1 bf) — e—z(b e[z)\ wiwy sin @; sin O ¢ sin ¢ cos ;] _ ez CA;Aypsinf;sinfpsing _ ezZﬁsmqﬁ _ em
where 1 = 2£ sin ¢
Therefore, Y = Y] 4+ Y5 will be:

— - - - 1 nl in
Y| = {[A—B(P, +wicosti)leje; + B(K/es.e; + K; eize;{)}zaf ﬁsi,nﬂe ¢
n=0
+ [A+ B(P, +wjcosb;)]es.e; ilgn L iné
3 [ fztiz par nl m2

+ {[A’_B(P,-—wfcosﬁf)]e;ej—B(K erel + K €i€} }Z 5 _an+1e—zn¢+i7l

i *m¢+in
2

= 1
A"+ B(P, — 0r)les.ein —&"
+ [A"+ B(P; — wycosby)ley.e; ;nlg -

(3.2.90)
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To calculate |Y(1; — 1y)|, we use the polarization components: eV = (cos 6;,0,sin6;)

) 6;1) = (_ COSs Qf cos ¢7 — CO8 ef sin ¢’ sin ef) and

K; = w;(sin6;,0, cos0;), Ky = wy(sin Oy cos ¢, sin Oy sin ¢, cos ¢)

Therefore:

—_ + o . . _ . .
€re; = €fpCiy T €fyCiy — 1€pyCig + 1€ fy€5 = COS 0; cos 0y cos ¢ — 1 cos 0 cos Oy sin ¢

e;{e; = cos 0; cos 0 cos ¢ + i cos 0; cos O sin ¢

K]Tefzei_ + Ki_eize;{ = (Kjpliz + Kpyeiy + iKpyein — iKpreiy)ess

+ (Kmefx + Kiyefy + iKmefy - iKiyefx)el-Z (3291)

K}refze; + K{eize? = (—wysinf; cos ¢ cosb; — iwysin by sin ¢ cos §;) sin by
+ (—w;sin®; cos ¢ cosby — iw; sinb; sin ¢ cos Oy) sin b;
€f.€i, = sinf; sin
and
Kf’efzef + K;reize; = (—wysinfycos ¢ cosb; + iwysin by sin ¢ cos 0;) sin by
+ (—w;sinb; cos ¢ cos by + iw; sin B; sin ¢ cos ) sin )
The first term in the curly bracket of (3.2.94),
{[A— B(Pi +wicosb;)lese; + B(Kjep.e; + K ei.ef)}
= Al(Ei + wi + m)PiPy + (E; + w; — m)(E; + m)(Ey +m)]
— [(P(Ef +m) + Py(E; + m))(P; + w; cos 6;)] }cos 0; cos 67 cos ¢ + i cos b; cos B sin @]
+ [Pi(E;+m) + Pr(E; + m)][—w; sin® 0 cos ¢ cos 0; — iw; sin® 0 sin ¢ cos 0;

—  w; sin?6; cos ¢ cos 0 —iw; sin? 6; sin ¢ cos 0] (3.2.92)
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= m3[(By(1+~v+ A)(By + Ajcost; — Apcosfp) + (v — 1T+ A1+ 9)(1+ A — Ap))
— By +7+Ai = Ap) + (By+ Ajcost; — Apcostp)(1+7))(By + A, cosb;)] cos 0
— By +v+ A = Ap) + (By+ Ajcosb; — Agcos ;) (1 +7)Aysin® ;) cos b,

— By + v+ A = Ap) + (By+ Ajcost; — Ajcos ) (1 + v)A; sin? ;) cos 0] (3.2.93)

The second square bracket, [A 4+ B(P; + w; cos6;)|es.e;,

= {l(E +wi + m)PiPy + (E; + wi — m)(E; + m)(Ef +m))]
+ [(P(Ef+m)+ Pr(E; +m))(P; + wicos 6;)] }(sin 0, sin 66;)]

=m?[a+ b(By + A, cosb;)] sinb; sin 0
The third curly bracket, {[A’ — B(P; —wycosby)le;ef — B(Kep.ef + K eief)}

= (B —wr + m)PPy + (E; = wp —m)(E; +m)(Ey +m)]
— [Pi(E; +m)+ Pr(E; +m)|(P; — wy cos ) }(cos 0; cos O cos ¢ — i cos B; cos O sin ¢)
— [Pi(Ef +m) + Pr(E; + m)](—wy sin® 0 cos ¢ cos 6; + iw; sin® O sin ¢ cos ;

—  w; sin?#6; cos ¢ cos 0 +iw; sin? @, sin ¢ cos 6r) (3.2.94)

= e mP([(By(L+ 7 = Ap)(By + Ajcost — Apcosty) + (v = 1= Ap)(L+7)(1+ A; — Ay))
— By + v+ A — Ap) + (By+ Ajcost; — Aycos ) (14 7))(8y — Afsin ;)] Afsin® §; cos 6,

+ Byl 4+ Ay — Ap) + (By + Ajcosb; — Ay cos ;) (1 + ) A sin® 6; cos 6)] (3.2.95)
and the fourth square bracket can be solved as:

[A"+ B(P; — wycosby)]ep.ei. = [[(Ei —wy+m)PiPr+ (B — wp —m)(E; +m)(Ey + m)]

+ (BPi(Ef+m)+ Pr(E; +m))(P; — wycos ;)] sinb; sin b



=m?[a’ + b(By — Ay cos )] sinb; sin 6

Thus substituting this back in to |Y|gives Y (1i — 1f) thus:

Y(1; = 1) = m*{{(A_cosf; — By)cost); — By cos 0] Z 5”51 L pilnt1)

2
m
n= 0

- 1 Sfm 1 —il(n —
- [(A” cosﬁf—i—Bl)cost-—i—Bgcos@f]ZmT;e [(n+1)¢—nn]
n=0

+ sinf;sindy A+Z 5” Sin et — Al ngnsf” —ine—my

m2 m2

Where Ay = a4+ b(By + AA;cosb;, A, = a’ £ b(By — Ajcosfy), by = bA;sin® b

in which
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a=P0v1+v+A)(By+A;cos0; —Apcosty) + (v —14+A)(1+v)(1+v+ A —Ay)

a' = Py(1+7=Ap)(By+Aicosty— Apcostp) + (v =L+ Ap) (1+7)(1+7+ A = Ay)

b=0v1+~v+A; —Ap)(By+ A;jcos0; — Apcosbr)(1+7)

which can be written again as:
Y(li - 1f) = mD Z —,fnsi,nﬂez(nﬂm
n!
— mD, Z _'gngf,n+16—1[(n+1)¢—n]
n!
n=0

00
1 .
+ msin@isinef[A+E —‘§"Si,nem¢
n.
n=0

[e.9]

1 n —i(ng—
- mA;ZEg S pe  memm)] (3.2.96)

n=0

Following similar procedures for Y (1, — 2¢),Y(2; — 17)andY (2; — 2;), that is using

the respective polarization components:
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= 1 .
Y(l; > 2f) = mi(A_cosf; — By) Y ("D
n:

n=0

) =1 . .
+ mi[A cost; + By] Y Bgnsf,nﬂe—’(”“)@ﬁ“" (3.2.97)
n=0

=1 ,
Y(2,—1;) = —mi(A_cosb; — By) Z —'C"Simﬂel(nﬂ)(b
n!
n=0
/ =1 . .
—mi - —i(n+1)¢-+in
+ —mi[A_cosff + By Z@ n!C Stntie (3.2.98)

For n = 0:

Y(2; —25) = mA_ Z ECnSi,nHel(nHW
n=0

Ry n —i(n i
- mA_ E EC Spnire” DO (3.2.99)
n=0

TrLleS'Me"‘;s — ngSf,le_i(‘t’_") +msing,; sin0r[AsS; o — A}Sﬁoe""]
mi(A_ cos0; — By)S; 1" +mi( A cosb; + B2)Sf’1€*i(¢*n)
—mi(A_cosfy — By)S; " —mi(A" cosff + By)Sy e ¢

mA_S; e — A" S;ye @M (3.2.100)
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+
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{D%Sﬁle%qb + D%S]%Je_%("b_") + sin” 6; sin® 0

[AySio — A/ Spoe?

2(D18ivle’¢ — Dgvale_"(‘z’_")) sin @, sin 6

[AyS;0— A'LSfoe™

2D1D58;1€"S7 1670} 4 | — (A cosb; — By)*S;ye*
(A" cosb; + Bg)QSﬁjle_Qi(d’_”) —2(A_cost; — By)

(A" cosb; 4+ By)S; 1Sy e~

| — (A_cos Oy — By)?S7e*? — (AL cos O + By)?S} e 2@
2(A_cosOf — By) (A cosO; + By)S;1Sp,e e )

|A2.S? e + APST e7207) — 24 A’ S; 1€ Sy e (3.2.101)

taking the magnitude of |Y]? leads to:

Y
m2

= [Di

+ (A_cosf; — By)? + (A_cosf; — By)* + A%]S? e*?
! )

+ [D3+ (A_cosO; + By)* + (A" cosf; + By)* + A’_Q]Sile—%(cﬁ—n)

+ Sin2 ‘91 Sil’l2 9f [A+SZ',0 — A;Sf’oem]Q

+ 2[(A_cosb; — By)(A_ cosb; + By) + (A_cosf — By)(A_ cosf; + By)

— D1D2 — A,A/_]ewe*i(‘z’*")Sme,l

+ 2(D15i,1ei¢ — DQSfJG_i((b_n)) sin Qz sin Qf [A_;,_Si’g — A/JFSf,(ﬁm] (32102)

Letting [D? 4+ (A- cos6; — By)*+ (A_cosf; — B1)*+ A%] = C, and [D3 + (A_ cosb; +
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By)? + (AL cosb; + By)? + A% = Cy

Y]?

= OS5+ G877 sin’ ;sin 0

X [ATS7)+ ATS; 0¥ —2AL AL S; 05 0e"]

+ 2[(A_cosb;)(A_ cosbs + Bs)

+ (A_cosff — By)(A_ cosf; — By)

— DDy — A_A Je?e7 NS, 1S,

+ 2[(=DyALS; S50 — Dy AL S; Sy e )

+ D1A+Si’1si70€i¢ + DgAﬁrSfJSf,oe_i(‘b_")ei”] (32103)

Now integrating over ¢ the above equation gives the following:

Y]?
m2

= C1S% / e*?d¢ + C257 | / e 207 4 sin® 0, sin® 0,[AL 57, + AZST, / e*"de
— 2AL A S50 / e"dg] + 2[(A_ cos0; — By) (A" cosb; + Bs) + (A_cosf; — By)
X (AL COS ef + Bl) — D1D2 — A_AL]Sl-JSfJ / 6i¢€_i(¢_n)d¢ — 2(D1A/+SZ'715]070 / €i(¢+n)d¢
+ D2A+Si705f,1 /G_i(¢_n)) sin 01 sin Hf + 2(D1A+S¢715i70 / 6i¢d¢ + DQA,_,'_SfJSf7O / e—i(qb—n):
Since [ €*?dp = fe_zi(d’_”)dgb = [e*1d¢ = 2IT and [ ™ = 211

Introducing the Bessel functions J,(—¢§) = % 02H do cos[ng — Esin(¢)],n =0,1,2
Jo(—€) = 2m5- fo% d¢ cos(—E sinr)

[e®e @M dp = 27 Jy(—E)

Let Q = [(A_cosb; — By)(A" cosb; + By) + (A_cosby — By)(A”cosby + By) —
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DDy — A_A"]
E—f = 2nC1S7, + 2mCa 57, +sin® 0;sin® 052w A% S7 ) — 24, A, S; 055,027 Jo ()

+ 24, A S;0Ss02m — 241 A’ S; 05} 021]]
= 2[QSi15512mJ2(=E)]
— 2[D, AL S; 155 02m 1 (=€) + Do ALS; 0512w J1 (=€) sin 6, sin 6
+ 2[D1A;S;18:02m + Dy AL Sy1S;027) (3.2.104)

Y[* 2 2 2p 2 / 2 /

S C1S7, + CoS% | + sin® 0; sin® 04[(A4 Sio — A Spo)® + 241 A/ Si0S10(1 — Jo(€))]

+ 2@51‘718]0,1;]2(5') - 2[D1A,+Si,18f70 + DQAJ'_SZ"OS]!‘J] sin QZ sin ijl(_f)

+ 2[D1A+Sz’715¢70 -+ DQA/_i_Sﬁle’()] (32105)

= C18% + CoS2, + (A Sig — A, Sp0)? +2(1 = Jo(€)) A A, S0 70l (sin 6 sin 0)?
+ 2(@);]2(—5)51‘,15]071 - Q[DlAl.;.Si,ISf,O + D2A+Si703f’1] sin 91 sin Qle(—g)(32106)

Now substituting back the value of ) we will get
_vP

2mm?

Y, = C157 4 C257 1 + [(A+Sio — AL S0)” + 2(1 — Jo(€)) AL A S 0570 (sin 6; sin )
+ 2[(A_cost; — Bs)(A” cosb; + By) + (A_cosf; — By)(A_ cosOf + By)

— DDy — A_A" ] J5(—€)S;15¢1 — 2[D1 Al S;1Sr0 + DaALS;i0Ssq]sinb; sin 0 J; (=€)
The differential cross-section(3.2.83) can be reduced to

do = o0(A;,0;,7,0f)sin0rdby, (3.2.107)

where

HT% Af
exp(5oe A% sin® 0;)Y,

25 (3.2.108)
[y(1 = Beosby) + A;(1 — cosb; cosf;) — Aysin® ]

O—(Aiaeiaf% ef) =

X
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By noting that J;(—¢) and Jo(—¢) are negligible for A; < 1, the above expression

can be simplified to:

Y;ﬂ = 015'21 + CQS]%J + [<A+Si70 — Al_i_Sf’())P(Sin 61 sin 9f)2
+ [2(1 = Jo(€) AL A S;0S 0] (sin 6, sin 0)* (3.2.109)

The above approximation can be justified by considering the nonrelativistic limit in

I

the EFF(y = 1,8 = 0).Under the Thomson limit(A; ~ A; < 1) and A_ = —A_ ~
4A;, By = By ~0,A, = _A/+ ~ 4A; and Jy(§) ~ 1 Therefore,
D, = (A_cosf;— B;)cosb; — Bycosby

= 4A;cost;cosly

C, = Di+(A_cost; — By)* + (A_cosf; — By)* + A%
= D]+ (4A;cos6;)* + (44, cos ;) + (44A;)?

= (4A;cos0;cos0;)* + (44 cos ;) + (4A; cos 0;)* + (4A,)?

Dy = (A'_cosef+Bl)0059i+BQCOSGf

= —4A;cosb;cosl;

Cy = D2+ A cost; + By)? + (A cosO; + By)? + A2
f

= (—4A;cos0;cos0;)? + (—4A; cos 0;)* + (—4A; cos 07)* + (—4A,;)?
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Y, = C1S? +CoS7, + [(AySip — AL Spo))*(sinf; sin ;)
+ [2(1 - JO(C))A+A;SZ‘7osf’0](SiH 91 sin 0f)2

= 01521 + 025%1 + [(A+SZ'70 — A,_,'_Sﬁo)]Q(Sin 6’1 sin 0f)2
1
_ ' ‘ 204N N2 , 2 N2 2
= [(4A;cosB;cosbf)*(4A; cos ;) + (4A; cosbf)” + (4A)) ](Z(Ai — AO))
1
+ [(—4A; cosb;cosb)* + (—4A, cosb;)* + (—4A; cos0f)* + (—4Ai)2](m)2

+ [(4A)(21A) (—4Ai)(i)2(81n9is1n9f)2

1 1
(A — Ap)? - (A + Ao)z]

= 4A?[cos® 0; cos® O + cos® ; + cos® 0, + 1]]

+ 16sin? 6, sin? 0
2 2
(A; — Ag)? (A + Ao)
A2 A2
(A — Ag)? - (A; + AO)Q]

= 4[cos® 0;(cos® 0; + 1) + 1(cos® 6; + 1)][ =] + 16sin” ; sin® 0;

= 16sin®6;sin® 0 + 4(1 + cos® 6;)(1 + cos 0;)|

Ir2Y,
U(Ai79i79f) - 10 47‘
. A2 A?
— r0{16sm 0; sin® 0 + 4(1 + cos® 0;)(1 + cos® 9f)[(A. _ZAO)2 + (A +ZA0)2]}
U(Ai,9i79f) : ; 1 A% A?
g sin® 0 sin® 07 + - (1 + cos™ 6;) (1 + cos’ ef)[@i “A (A AOP]’

which is just Herold’s nonrelativistic result.



Chapter 4

Results and Discussion

In binary systems, the radiation from strong X-ray sources is generally believed to
be due to accretion onto a neutron star from a binary companion star. Due to
this, near the surface of the neutron star, photon densities can arise that are greater
than the atmospheric particle densities. Such a situation is conducive to emission by
compton scattering. That is, these photons undergo scattering at the surface of the
neutron stars and the net result is the production of soft X-rays. We have calculated
the scattering cross-section of compton scattering in strong magnetic fields, which is
Herold’s nonrelativistic result. This cross-section is obtained under the consideration
of the non relativistic limit in the ERF(y = l,or § = 0). This cross-section is

applicable for the particular case cited above.

4.1 The scattering cross-section and incident pho-
ton frequency

The scattering cross-section we derived earlier,

o(A,0:,05)
Hr%

2 2
— Sin2 92 Sin2 Qf + }1(1 + COS2 91)<1 + C082 ef)[(AszAo)Q + (AzﬁlAO)Q]

20
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can be written in units of Thomson’s cross-sectionfor = (%)r¢] as
Z = {sin®0;sin* 05 + (1 4 cos” 0;)(1 + cos” Hf)(ﬁé)Q[(%l_l)z + (%lﬂ)g]}
0 0
or = 2{sin*#; sin® ; + (1 + cos® 6;)(1 + cos Hf)(;"—é)Q[(ﬂl_l)Q + (ﬁil)Q]}
«o w0

Since 3t < 1, the total cross-section is a function of w?(in units of the resonance
frequency). The plot of total cross-section versus incident photon frequency is given

below.
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Figure 4.1: Cross-section versus =t

As can be seen from diagram (4.1) above, the scattering cross-section increases
as the incident photon frequency increases for a given incident photon angle to some
maximum value, and then it starts to decrease for some values of the incident photon
frequency . This means that as the incident photon frequency approaches a resonance

frequency, the cross-section become very low.
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4.2 The incident and the scattered photon frequen-
cies

From the conservation of energy and momentum along the z-direction:
Piz + ki = pp. + ko = pi + k;jcos0; = py + kycosby, and
Ef4w; = Ei+w; = wi+(m2+p2+2NeB)z = w; + (m2+pfc+2N'eB)% . Thus,

for N = N' = 0, the energy of the scattered photon is given by:

{m + w;(1 — cos 0; cos 07) — [m? + 2mw; cos B (cos O — cos ;) + w?(cos B — cos §;)%]2 }
wf = : 29
sin” 05
(4.2.1)
This replaces the well-known Compton formula without magnetic field where the
electron motion is not restricted to ”one dimension”. From the above expression for
the final photon frequency, we can draw the relationship between the incident and
the scattered photon frequencies.
From the plot of wyversus w;, we can draw some conclusions:
The final photon frequency decreases as the the incident photon frequency of a
given range increases. This is in a good agreement with the fact that the final photon
frequency should be less than the initial photon frequency in compton scattering,

which is a good indication of the production of Soft X-rays at the surface of the

neutron stars.



0,=30° \ |
6,=60°

6,=00° 4

Figure

18

4.2: Scattered photon frequency versus Incident photon frequency
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Chapter 5

Conclusion

From the plot of the scattered photon frequency versus the incident photon frequency,
it is evident that the final photon frequency is less than the initial. The source for the
relatively hard X-ray photons is expected to be infalling accreted matter. Therefore,
after scattering, low photon frequencies are obtained which is obviously the indication
of the production of soft x-rays at the surface of the neutron stars, this being due to
photon densities at the surface of the neutron stars undergoing scattering. Therefore,
there exists a mechanism as a source of soft(Fy < 10kev) radiation in binary neutron
stars, in the form of photon scattering with both the initial and final electrons on the
ground magnetic states. This mechanism provides a source of soft photons which can
be redistributed to higher frequencies by inverse Comptonization. We know that in
young neutron stars, soft x-ray emission is found to be of thermal origin and being
a relic of the initial heat content from their birth. Since the surface temperatures of
the neutron stars decrease as their ages increase, old neutron stars are no more be
able to produce soft x-rays by thermal emissions. For such neutron stars, compton
scattering is the dominant mechanism of the production of soft x-rays at their surfaces.

Therefore, soft X-rays are are not the inherent properties of the neutron stars.
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