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Preface

Systems of linear equations arise in large number of areas, both directly in
modeling physical situation and indirectly in the numerical solution of some
mathematical models.

These applications occur in virtually all areas of the physical, biological and social
sciences. Because of the wide spread importance of linear systems, much researcher has
been devoted to their numerical solutions. Hence, the main objective of this report is to
discuss some numerical methods in finding the numerical solution of a large systems of
linear equations, which arises in the application of difference methods or finite method to
approximate the solution of boundary value problem in partial differential equation.

In this report a three chapter discussion has been made.

The first chapter deals with some mathematical preliminary, iterative developments and
the core theorem of this report (convergence theorem). The second chapters consists
some numerical methods such as Jacobi, Gauss-Seidel, Relaxation and Conjugate
gradients Method.

In last chapter we discuss the application of difference method, Block iterative method to

practical problem.

I wish to express my deepest indebtedness to my advisor, Professor Dr.S.N. MURTHY,
for the enormous help rendered to me in imparting the basic mathematical knowledge
necessary for the realization of this seminar.

Many thanks are also due to my family, friends and classmates for their

special assistance and encouragement.

Genanew Gofe
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Iterative Methods for the solution of large systems of linear equations

Chapter — one
ITERATIVE METHOD

1.1. Introduction

Many problems in practice require the solution of large system of linear equation

Ax=b

Where A=matrix (sparse matrix)
Systems of this type arise frequently in numerical solution of boundary-value problems
and partial differential equations.
The u sual-elimination m ethods c annot normally be applied here, since without special
precaution they tend to lead to the formulation of more less dense intermediate matrices,
making the methods of operation necessary for the solution much too large, even for
present computer not to fit in to the usually available computer memory. For these
reasons, researchers have long since move to iterative methods for solving such system of
equations.
Further more, because they are economical in their use of computer memory, iterative
methods are a particular advantageous for the very large system of linear equations.
Iterative methods consists in guessing an initial approximation vector

x =(:\c|0 ,xzo : o ,xno )T, then one generate a sequence of vector.

X" »X' 5X*— ....which converges toward the desired solution X. In practice, iterative
methods are seldom used for solving linear system of small dimension, since the time
required for sufficient accuracy exceeds that required for direct methods such as Gauss-
elimination. So, in general for large systems with a high percentage of zero entries,

however, these methods are efficient in terms of computer storage and time requirements.
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1.2. Norms of Matrices and Vectors

Before considering iterative methods for solving linear system, it is necessary to
determine a method for quantitatively measuring the distance between vectors in K" and
matrixes in K™", the set of all column vectors, in order to determine where the sequence
of vectors, which results from an iterative method, converges to the solution of system.
Note: Here K" represents either R" or C"

Definition 1: A vector norm (usually in R" ), the collection of all n-dimension column
vectors with real components, is a function, || . ||, from K" in to K with the following
properties

i) |IX]|[=0 for all xeK"

i) [X|[=0 if and only if X=(0,..., 0)'=0

iii)  [jecX|[=[ec| ||IX]| for all ce K, xe K"

iv)  |IX+Y| L IX|[+H[Y]| for all x,y € K"

For example the vector

Xe=| , will generally be written X =(x1, X2,...,Xn)"

xﬂ

The ” ” ,and ” ||00 for the vector X =(x;,xa,.. .,xn)T are defined by

n
Xla= (3] an | |, =
i=1

Definition 2: A sequence {x*'}7, of vector in K" is said to converge to x with

respect to the norm || . |, if given any € > 0, there exists an integer N(g) such that

Ix® — x|| < € for all k > N(g).
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Example: Let x™ & R" be defined by
x® =Y, x,®, %3, x,®)" = (1,2+1/k,3/k% e *sink)"

some typical members of the sequence are

1 1 1
L0 3 o _ 2.1 N 2.1

3 0.03 0.03

sinl/e sin10/e" -2.5x107°
and
1 1
o) 2.01 - 2.01
3x10™ Tl 3x10™
sin100/e'® =1 B8l

It appears that the vector x given by x = (1,2,0,0)" is the limit of {x*'}7_,, since all

component of the sequence converges to the component of x.
To establish this fact note that x® —x = (0,1/k,3/k*,e™sink)". Expanding e in
second degree Taylor polynomial about zero, we see that
¢t 21+k+—k > Lp?
2 2
It follows that fork = 3

05|e"‘sink|$%|sink|$%$l
k k* k

Hence, fork > 3

1. 3 1

® _ x|, =max{|0|,|—,|—=|,| e sink |} =—

Il x e {l IIkazH 1} :
given ¢ > 0, let N be any integer greater than both 3 and 1l/e . If

k=N, then| x* —x||, = <e and {x*}7, converges to x.

L
kTN
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Definition 3: A matrix norm on the set of all nxn matrices is a function, ||.|| defined on
this set, satisfying for nxn matrices A and B and all real number oc:

i) |Al= 0

i) [[A||=0, if and only if A is the matrix with all zero component

i) [JoAll= ol [|A]l

iv)  [[A+B[|<[|A[1+]B]

v)  [ABI=[All[B]

If we define a norm on K", then the mapping norm of A is given by ||A” = SupHAx”
[+t

Since all matrix norms are equivalent, we can use the three norms. For all norms of
the convergence of the sequence of matrix (A);;is equivalent to the component wise

convergence.

n n
Usual matrix norms: ||A]|; = max Y| a; |, (column sum norm)
J=1 i=l

1A]l2 = (§|aj,i )2 | (square sum norm)
Jst

n n
IA|l o= max 2| a; |, (row sum norm)
=1 j=l

Definition 4: If A is an nxn matrix, the polynomial defined by

P(\)=det(A-AI) is called the characteristic polynomial of A. Here P is an ne-
degree polynomial with real coefficients and consequently, has at most n-distinct
zeros, some of which may complex. If A is a zero of P then, since det (A-AD)=0,
implies that the linear system defined by (A-AI) X =0 has a solution other than the
identically zero solution.
Definition S: If P is the characteristic polynomial of the matrix A, the zeros of P are
called Eigenvalue of A. If A is an eigenvalue of A and x # 0 has the property that

(A-AI) X =0, then X 1s called the eigenvector of corresponding to the eigenvalue of A.
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1 0 1
Ex:letA=| 2 2 1
-1 0 0

To compute the eigenvalue of A consider P(L)= det (A-AI) (2-A)(A*-A+1)

The eigenvalue of A are the solution of P(L)=0,A; =2, A, =1/2 +(+/3/2 ),

M=1/2 (372 )i.

The spectra radius ¢ (A) of a matrix A is defined by o (A) = max|A|,

where A is an eigenvalue of A. Here the spectra radius o (A) of the above example is
o (A) =Max {ui], [Aal, [Asl} =2

Theorem 1.1: If A is an nxn matrix, then o (A)<||A|| for any norm.

Proof’ suppose A is an eigenvalue of A, with eigenvector x# 0
We have, Ax = Ax

= |l = |4

This implies |2[fx] = x| < 4[|
I =<[IAl

=0 (A) =Max A< |A. //
Hence in general from the theorem, we have o (A) <||Al|, using the convergence
theorem a sufficient condition for convergence is that ||A||< 1. This is because if
o (A)<||Al|£1, theno (A)< 1.
In studying iterative methods of a linear system of equation, it is of particular
importance to know when power of matrix become small; that is when all of the

entries approach to zero. Matrices of this type are called convergent.
Now we call an (nxn) matrix A is convergent if ; lim (Ak ) =0

Fori=1,2,...n,j=1,2,...n
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T2 o
&'MA“[WL 1/2}

1/4 0}’A3:[1/8 0

i . 2 .
Computing power of, we obtain A [l /4 1/4 3/16 1 /8} and in general

k
Ak=[l(€1//22,2+] 1/%"}’ since lim_ (1/2%)=0 and ,lim__ (k/2%*) =0

Therefore A is a convergent matrix.

Theorem 1. 2: The following statements are equivalent:

i) A is a convergent matrix
iy  glim_ || 4" =0, for somenorm || |

iii) o(A)<I1.
Proof: i)=ii) suppose (i) is true

=3 li_I_nwAk =0, by definition

= lim 4% |=0 = ,lim_ || A* ||= 0, Since limit of a matrix is continuous

ii=iii) by definition o (A) = , Jim,, || 4" ||'*

o (A)=, Lim, || A* ||"* <1,/
Lemma 1: If the spectra radius o (A) satisfies o (A)<lthen (I-A)' exists
and (I-A) '=I+A+A +...
Proof: For any eigenvalue A of A, 1-A is an eigenvalue of I-A.
Since |A|<c (A) <l, it follows that no eigenvalue of I-A could be zero and,

consequently, I-A is non-singular.

Let Sm-I+A+A*+.. . +A™. Then (I-A) S,=I-A™" and since A is convergent, by Theorem 2
Wlim, (T = 4)S,, = lim (7 -4"")=T.

Thus, ,lim_S, =(I-A)".
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1.3. Principle of successive Iterative methods and Convergence theorem

Let A be a non-singular nxn matrix.

Consider the solution of the matrix equation

Ax =D (1)
Suppose we split the matrix A as A =M — N, the matrix equation will becomes
(M-N) X =b
MX=NX+b (2)

The iterative methods associated to this equation in (1) consists the sequence

X', X2,.... X" of approximation vectors in the following manner:
X' =M"Nx’+M7'b |
x*=M"'Nx'+M™'b

g €)

' =M Nx* +M b
Now, with an initial guess X, the following can represent the above equality iterative
relation. X' =TX*+V, k=0,1,2... Where T=M'N, V=M (4)
Note: The matrix T and the vector V are independent of the index K.Thus if we proceed
with an iterative methods of the above from the solution of the matrix (1), then it remains
to study the convergence of the method.
The iterative methods considerd in (3) produce from each initial vector X° a sequence of
vector {Xi}i=0,1,2,. ...We like to know whether X**! will converges to the exact solution
X =A" b. In order to answer this question, we proceed as follows.
Let us define the error vector, ¢ =X*-X, associated to the k™ iteration.
By definition, X and X" will satisfies the equation
i.e X=TX+V and X*= TX*" + V respectively.
Now, subtracting one equation from the other , we obtain
=X  X= TR =T X)=Te* | firk=12.....
Thus e' =Te" , e’= Te', e = Te*  This implies e =Te* =T2%%=, =T’ .
Since the initial approximation X’ is arbitrary and therefore, for any initial vector ¢°, the

convergence of the above process is assured if
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" k . .
lime* =0 ie lim T*e’ = 0, for any vector ¢’
k—0 k—w

This is equivalent to saying i}im TF =0 , where 0 is null matrix. Therefore regarding to
—®

the convergence of the iterative method of the form (4), we can state the convergence
theorem as follows.
Theoreml.3: (convergence theorem)
For any initial vector ¥ Kt , the sequence {Xk}k:f0 defined
by X*=TX"'+V, for each K>1and V=0 *)
Converges to the unique solution for X=TX + V if and only if & (T) <1.
Proof: Form equation (¥) X*=TX"'+V

=T(TX"?+V)+V

=T2X"2+(T+) V

=T + V(T + T2+, + T+])
(=) Assuming o (T) <1, we can use theorem (1.2) and Lemma (1)

lim XX = fim 7* x 04 AMEEHTY
k—w k—o0

=0.X"+(@-T)' v=1T)'V
lim X% =(-T)' vV = X . But X= TX+ V =X=(-T)" V.

k—»o0

(<) To prove the converse, let {Xk} converges to X for any vector X° from equation (*),
it follows that, X =TX + V, so for each k
X-X* =T (X-Xk'l) =,.=T (X—XO). Hence for any vector x*

lim T* (X - XO) = i}im (X - Xk) =0, Since x"is arbitrary we obtain.
-0

k—w

Therefore ¢ (T) <1. //
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Corollary 1: If for any matrix norm ||T||< 1, then the sequence {(X*}=o™ in
equation X* =TX"! + V, converges, for any X’ e K", to a vector X and the following
error bonds holds.

X-X|< 1T X

17

X" - x|
=7

and hence, |[X-X| <

1 .4. Decomposition of the matrix A
Let a non —singular (nxn) matrix A be given, and the system of linear equations Ax = b,
with exact solution X= A" b. For iterative methods of the form X*"' = TX* +V, k=0,1,2,
..., it is clear that we should choose a matrix T which confirms the convergence and at
the same time TX + V is not difficult to calculate. Therefore we will find certain
decomposition of the matrix A of the form M — N in a manner that M can be invertible
and satisfy the condition o(M'N)<1 or it is sufficient to verify the condition |[M'N||<1
Let define the matrix D = (d;}) , L = (1j) and U = (uy)
Such that d;; = a;; foralli= 1,2 ,... and D is a diagonal matrix
1= {—aij,for..i >
0....., for.i < j
- {— a;,.for.j>i
DigenicnsfOPoes] B

i.e L is strictly lower triangular matrix and U is strictly upper triangular matrix
From the above definition we can easily verify that A=D-L-U
Now, with different choice of the splitting matrices M and N the following three types of
methods are defined.

1) Jacobi-method: For this method, the splitting matrices M and N are defined as

M=Dand N=L+U sothat A=M-N=D-L-U
2) Gauss-Seidel method: For this method, the splitting matrices M and N are defined
as M=D-LandN=Usothat A=M-N =D-L-U
3) Relaxation Method: In this method, the splitting matrices M and N are chosen as
M=D/w -L,N=(1-w )/ @ *D +U
Sothat A=M-N =D/w -L ((1-@ ) @)D+ U)
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CHAPTER-TWO

NUMERICAL METHODS

As was mentioned in the introduction, many linear systems are too large to
be solved by direct methods based on Gaussian elimination. For these systems,
iterative methods are often the only possible method of solution as well as being
faster than elimination in many cases. The large area for the application of iterative
method is to the linear systems arising in the numerical solution of partial differential
equations.

Besides being large, the linear systems to be solved Ax=b; usually have several other
important properties. They are usually sparse, which means that only small
percentages of the coefficients are non-zero. The non-zero coefficients generally have

special pattern in the way they occur in A.

2.1. Jacobi —Method

2.1.1. principle of the method

As we have already seen, in this method the matrix A is decomposed in to
A =M-N =D- (L+U)

and hence the matrix equation Ax =b will become

Dx=(L+U)x+b

Now following the iterative procedure explained in section (1.3) the Jacobi method
will be written as
DX = (L+U)X*+b,k=0,1,2 ... this implies

X =D Y(L+U)X*+ Db (1)

The matrix (1) is equivalent to the following system of equations:

w0 L=
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K Kk Kk K

X1 =(b1—aix2 —aizXs - ...-ainXa )/ag
K+ k K k

Xy =(ba—anx; —a3X3 - ...- anXn )an
k+1 k k k

Xn" =(b) —anX; —anX2 - ...- &1n1%n )am

Here, we assume the diagonal elements are different from zero. But if it has zero and
since A is non-singular matrix, then by permuting rows and columns it is possible to
get a non-singular matrix. It is suggested that the equations be arranged so that a;; is
as large as possible in order to speed the convergence.
Example: Solve the linear system Ax =b given by
10x] — %2 +2%3 =6
X1+ 11x, — X3+ 3x4 =25
2x1 — % +10x3 — x4 =-11
3%, — X3 + 8x4 =15, has solution x = (1,2,—1,1)T
To convert Ax = b to the form x = Tx + V, solve each equation for x;, for each
i=1,2,3,4 to obtain
X, = (1/10)x2 —(1/5)x3 + 3/5
Xo=(1/11)x; + (1/11)x3 — (3/11)x4 + 25/11
X3 =(-1/5)x; + (1/10)x3 + (1/10)x4 — 11/10
X = (-3/8)x2 +(1/8)x5 + 15/8

Here, we have

[a—

RN
1 g J =8 =

L T TR P e !
= = 0 = 10

10 10

15

0__31 )
L 8§ 8 | -

For an initial approximation let x” =(0,0,0,0)" and generated x" by

o |
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X = (110, - (1/5)x: + 3/5 = 0.6000
XM = /11)x,? + (1/11)x? + 25/11 = 2.2727
X" = (-1/5)x,? + (1/10)x,” - 11/10 = -1.1000

Xa' = (-3/8)x,” + (1/8)x5” + 15/8 = 1.8750

XM = (0.6000,2.2727,-1.1000,1.8750)

Additional iterates, x® = (xl(k), %™, x3® X4(k))T, are generated in a similar manner

and are presented in the following:

k 2 3 4 5 6 7 8 9 10

X, ™ 11.0473 09326 |1.0152 |0.9890 |1.0032 |0.9981 | 1.0006 |0.9999 | 1.0001

Xz(k) 1.7159 |{2.0533 | 1.9537 |2.0114 |1.9922 |2.0023 | 1.9987 | 2.0004 | 1.9998

X;“‘) -0.8052 | -1.0493 | -0.9681 | -1.0103 | -0.9945 | -1.0020 | -0.9990 | -1.0004 | -0.9998

X 10.8852 | 1.1309 [ 0.9739 | 1.0214 |0.9944 | 1.0036 | 0.9989 | 1.0006 |0.9998
Table (1)

2.1.2. Condition on the termination of iterations

Suppose we denote the residue vector r as r* = b- AX*

i =bi- ),
[Eall]

iteration is

condition used for the relative improvement for x is stated as

ka _xk+1”

“xk+l

vl

1ol

<&

a.x*), for i=1,2,...,n . Then the standard criterion for termination of the

< g, where & is arbitrary small. Another standard termination

Practically these two conditions are equivalent.

In conclusion the Jacobin iterative algorithm can be stated as in the following

manner, by assigning an arbitrary initial approximation vector x

o1 s

0)
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Jacobin iterative Algorithm
To solve Ax=b given an initial approximation x"

INPUT: The number of equations and unknown n: the entries ajj, 1<i,j<n of the
matrix A; the entire b; , 1 <i < n of the term b, the entries Xqj;1 <i < n of x©@: tolerance
£,; maximum number of iterations N

OUTPUT: The approximate solution xy,x7,...,x,

Step 1. Set k=1

Step2.While (k < n) do step 3-6

- Z ax, + b,
j=I

J#l

Step 3: for i =1,2,...,n set x;=
a:;

Step 4: If ||x-xo|| < &,, then out put (X, X2, . X») (procedure completed successfully)
STOP
Step 5 : set k=k+1
Setp 6: For i=1,2,...,n, set X, =X;
Step 7: Out put (Maximum number of iterations exceeded)
(Procedure-completed unsuccessfully)

STOP

Theorem: 2.1. A sufficient condition for the convergence of Jacobi method is that the
matrix A of the linear system Ax =b is diagonally dominant.
Proof : we know that the Jacobi iterative method will be written as
X! =D'@+U*+D b, k=0,1,2,...
Let X*"'=T; X"+ V (1)
Now, to assure the convergence of the iteration method (1) we must have

o(7;) <1. Since the calculation of (7 ) <1 is often very complicated, one should be

satisfied with sufficient conditions like ||Tj||<l.Now if Tj = (t;j), 1< i, j <n.

TR
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n
=7 [l,<1ifand only if >#; <1, forall i=1,2,...,n and since
j=l

Tj= D™ (L+U), this implies »_|[; +u; |</d, | , for all i
J=1
Therefore, by definition of D, L and U the sufficient conditions for convergence of the
Jacobi iteration method to solve Ax =b willbeas ¥ |a; |<[ay |, foralli=1,2,...,n
J=j#i

Hence the theorem.//

2.2. Gauss-seidel method

2.2.1. principle of Gauss-seidel method

Let us assume that the matrix A be decomposed as
A=M-N=D-L)-U
Now, in a manner of X*V=TX®+v k=172, ...
The Gauss iterative methods can be defined as
x® = D-Ly1ux®+ (-L)'b (1)

Since the inverse of (D —L) is complicated to compute, equation (1) will be rewritten in
the following manner.
(D -L)X*D = yx® +p

= DX®= 1 X6 L yx® 4

= X&D =p1 1 x&D 11 yx® +plp 2)
using this vectorial recurrence relation, we obtain the following formula
X% = 1~ a2 ® -ap X ® - .. - aan(k))/an
X = (- an X Y -2 X ® - - 22 X )y

()

1 k+1 k
Xa ol = (bn— an1 X1 WA an2 XZ( ¥ . «ev = Anpn-l Xn-1 (kﬂ))/ann

ny .
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Gauss- Seidel Algorithm

Gauss-Seidel Algorithm for Ax =b
To solve Ax =b given an initial approximation x*
INPUT: The number of equations and unknown; the entries ajj, 1<.4 j<n of the matrix

A: the entries by, 1<.<n of the inhomogeneous term b; the entries xo0;, 1 <.i<n of x(o);

tolerance £1; maximum number of iterations N.

OUTPUT: The approximation solution X;X,....x, or message that the number of
iterations was exceeded.
Step1 Setk=1
Step2 While (k < N) do Step 3-6
Step3 For i=1,2,...,n
i-1

n
— glang'— ‘_Z-]-lagx@j'i'bi
Xi — .]_ .]'_'I

a;;
Setp 4: If ||x — X,|| < &,, then out put (X;,X2,...,Xp)
(procedure completed successfully)
STOP
Setp5: set k =k+1
Step 6: Fori=1,2,...,n set X0; = X;
Setp 7: OUTPUT (maximum number of iterations exceeded)

(Procedure completed unsuccessfully)
STOP

% 18w
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2.2.2. Condition on the convergence of Gauss-seidel Method

The iterative formula (1) for the Gauss-seidel method allows one to define the matrix Tgg
and the vector Vgs by

Tos=(D-L)' U, Ves=(D-L)"'b
As we have explained for the Jacobi Method, the Gauss-Seidel Method will converge if

| Tgs || < 1; which will reduces to the condition

n
Dl | <lai| fori=1,2, ... ,n
J=1

J#i
That is the above condition will ensure the convergence of the Gauss-Seidel Method,
more precisely the method will converge if the matrix A is diagonally dominant.
Remark: 1. A single permutation of the row can be transforming the
Convergence in to divergence and vice-versa.
2. In the Gauss-Seidel Method, once X;*"Vis computed, the value
of X;® is no more necessary for latter calculations and,
therefore, for successive iteration it is sufficient to have a single

one-dimensional array to store the values of the approximate
vector.

Each new component X;**" is immediately used in the computation of the next
component. This is convenient for computer calculations, since the new value can be
immediately stored in the calculation that held the old value; this minimize the

number of necessary storage location.

Definition: Let A be Hermitian matrix of order n. It is called positive definite if and
only if (Ax, x) > 0 for all x=0in C".

n n
where (AX, X) =) > a;x;x;
i=1j=1

- 16~
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Theorem 1: If the matrix A is positive definite, the Gauss-Seidel
Method
X&=D-L)'UX® +(D-L)"b converges
independently of the initial vector.
Proof: we write A=-L+D —LT, since A is symmetric. The Tgg is then
Tgs =D —-L)'LT
Let - A and x be respectively, an eigenvalue and eigenvector of Tgs . Then
(D -T'LT% =<%
This implies L"x =-A (D — L)x
Even though A is postive definte, the eigenvalue of Tgs may still be complex. We
have
X' R=X" MD-I)X (1)
where X" denotes the conjugate transpose of X.

Adding X' (D -L) X to both side
We get X AX=(1+2 )X (D-L)X, Q)
Since A is real and symmetric, the conjugate transpose of the left hand side of (1)

leaves this quantity unchanged. Therefore,

(1+3,) X (O -L)' X =(1+1)X (D - L)X
=(1+2)(X DX - X"LX)

=(1+2)[X'DX +), X" (D +L)'X]
The last line following from use of conjugate transpose of (1). Rearranging the terms,

we have

(1-[A P)X'(D - L)™X = (1+2)X'DX 3)

N
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Multiplying both sides Eq.(3) by (H)_L) and then using the conjugate transpose of
(2), we get

(1-] A |)X"AX = |1+ PX DX
since A is positive definite, so is D; More over, no eigenvalue of - A of Tgs can equal

to one. Therefore, we must have 1-|A |2 > (0,which means the eigenvalue of Tgg lie

with in the unit circle .

This implies

6 (Tgs) <1.//

Note: The difference between the Jacobi and Gauss-Seidel Method is that in the later as
each component of XD g computed, we use immediately in the iteration. For this
reason the Gauss-Seidel Method is sometimes called the method of successive
displacement.
The Jacobi-Method as we have presented it here is seldom used. This is largely because
the Gauss-Seidel Method almost always converges when the Jacobi Method does, may
converge when the Jacobi Method does not, and generally converges faster than Jacobi
Method. Further more, the implementation of the Gauss-Seidel Method on computer is
more efficient than that of the Jacobi Method.
Obviously, solving problem with minimum memory storage is very important. It is often
unnecessary to store A explicitly, so we note that in the case of Jacobi-Method it requires
3n memory places where as the Gauss-Seidel Method requires only 2n memory places.
Finally, note that the Gauss-Seidel differs from the Jacobi Method in substituting the
newly computed values of X;*"" in place of X;® at the (k+1)™ iteration, and this is
possible because in the expression of X;**" all the Xj(kﬂ) terms with j < i have been
already evaluated. And also, asinthe case ofthe Jacobi M ethod, we assume that the

pivot aj; are non-zero.

« 18 =
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Definition: If x° €R" is an approximation to the solution of linear system
defined by Ax = b, the residual vector for x with respect to this
system is defined by r=b — Ax",
In procedures such as the Jacobi or the Gauss-Seidel Methods, a residual vector is

associated with each calculation of an approximate component to the solution vector. If

we let
ri(k+1) - (I‘]i(k+l), r2i(k+l),- ) _,rni(k+l))T
denote the residual vector for the Gauss-Seidel method corresponding to the approximate

solution vector (x;%"™ x,® ), xi1®x®,...,x,®)T, the m" component of 1;* is

i-
(k+1)  _ D (k)
Foni - Z QX j Z X j

(k+1 k k -
Za ) — Za © —q,x,  foreachm=12,..,n

mj J mj _o'
J=1 J=i+l

In particular, the i"™ component of ;¥ is

(k+l) (k+1) (k) _ (k)
b Za‘} J Zau j u t

Jj=i+l

So
+® 4 r”‘*” _ Za,x(}”l) Zau j.’c) (1)

u J
J=i+]

Recall, however, that in the Gauss-Seidel method

i—1
(k) (k+1) (k)
X - Z agx; Z Gyky
Jj=1

aﬁ =i+l

So, Eq.(1), can be written as

(k) (k+1) (k+1)
a;X; +I" = 4yX;

(k+1)

7
oF xi(k+l) =x[.(k) ¥ ii
a

i
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2.3. Relaxation Method

Since the rate of convergence of stationary iterative process depends on the spectra radius
of T, any modification of the matrix T that will reduce the spectra radius will increase the
rate of convergence. Now, we consider a method of accelerating the convergence of

iterative process.

The result of the previous section suggest looking for simple matrices T for
which, the iterative method
X% =Tx® + vV, K=0,1,2,...
Converges perhaps still faster than the Gauss-Seidel. More generally, one can consider
classes of suitable matrices T(®) depending on parameter ® and try to choose the
parameter © in an “optimal” way.

So that o (T ) as a function of ® becomes as small as possible.

T(0) = %D(!—wL) (1)

2.3.1. Principle of the Method

In this section, we present an iterative method, which has the same advantageous as those
of the Gauss-Seidel, method, but it converges more rapidly. For this we introduce a
parameter o # 0, and suppose for (k+1) ™ approximation X ®*" we already know the

component X; ¥, k=1,2,..., n.

As in the Gauss-Seidel Method, we then define an auxiliary quantity X;“*" by

- i-1 n

J=1 J=i+l
X; ®1 is obtained by certain averaging of X ;“*" and X;®

Xi (k+1) = (l-a))X,(k)+ ) Xi(k-rl) (3)

=30
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If @ =1, then it is clear that the approximation scheme will reduce the Gauss-Seidel. For
@ > 1 it is called an over-relaxation Method or successive over-relaxation (SOR)
Method and @ <1, 1t is known as under relaxation Method.

Now by substituting (2) in (3), we obtain:

i-1 n
X0 Xo4ofl0- 0,50 Yagh) /)
=1 ii

@
for i=1,2,...n
This implies that
(k+1) k - R k k
X=X m{[bi—%:aﬁxj _J-:Zp,:]ainj Yax, ]Ai} ,fori=1,2,...n
Finally, adding the last two terms in the above equation we obatin
o i-1 n
X&) =X (b~ ¥ a;x =) 2, xfori=l,2,...,n) )
ii =1 J=i

B w
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Relaxation Algorithm
©

To solve Ax =b given the parameter @ and an initial approximation x
INPUT: The number of equations and unknowns; the entries a;, 1 </, j<n of the matrix
A; the entries b;, 1 <i<n of b; the entries x,;, 1 <i,j<n of x© , the parameter @ ;
tolerance &, ; maximum number of iterations N.
_OUTPUT: The approximate solution x;,X»,...,X, or message that the number of iterations
was exceeded

Step 1: Setk=1

Step 2: While (k < N) do steps 3 —6

Setp 3: Fori=1,2,...,n

i=1
a)(—Za,jxj - Za,.jxoj +b,)
Set xi=(1- @)xp + = (6)

a;

Setp 4: If |[x — X|| < &,, then out put (x1,X2,...,Xn)

(Procedure completed successfully)
STOP

Setp5: set k =k+1

Step 6: Fori=1,2,...,n set x0; =X;

Setp 7: OUTPUT (maximum number of iterations exceeded)
(Procedure completed unsuccessfully)

STOP

The number o f m emory p osition required to store the matrix A and the vector X;* is
identical to that of Gauss-Seidel Method namely, 2n memory position without

considering A.

S o L
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We represent relaxation method in matrix form as follows

Writing Eq (5) in the form

=1
(k+1) (k+1)
a, X, +(DE a;X;
=1

n

(k) k (k)

=a,;X; —a,;0x; "DZainj +ob;, (7)
J=itl

will lead to the matrix equation
(D- wL)X* = {1- @)D+ o U}XP+ @b (8)
Since (D - @ L) is non-singular for all choices of @ and if we define

E=D"'L and F =D"'U, then equation (8) becomes

(1-wBEX*V= {1- o)1+ F}X¥+ o Db 9)
and the relation iterative method is rewritten as
XY =1 o By {(1-0)+oF}X¥ + @ -0 E)'D'b ©9)

Suppose we write Eq(10) in the following iterative form

x®) = 7 x®p (11)
where T, = (1- @ E)'{(1-®)I +@ F}
Ve, =w(-wE)'D'b

Now, we can see that Eq (10) is a stationary iterative method. In fact, a relaxation

method is a particular case of large set of acceleration method of iterative method.

2.3.2. Termination Criteria for Gauss-Seidel and Relaxation

Method

We know that the Gauss-Seidel Method is a particular case of relaxation method with
@ =1. Also, note that the relaxation Algorithm does not calculate explicitly the residual

vector r* = b-AX®

- 28
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Thus, we cannot construct a termination criterion depending on this vector r.

However, it is linked to the vector r* whose i component is defined by
o, za,x(*m Zay x® (12)

Now putting this Eq (12) in algorithm (6), we get

xrgk+1) (k)_{ )(k) (13)

l
Writing Eq (12), in vector form

r=b - Lx®_x ®_Dx® (14)
But the residual vector r is defined by

r(k+1):b - Lx(k+l)_ UX (k+1) _Dx(k+l) (15)

(k+1)

therefore, using Eqs (14) and (15), the vector r'*" “can be written as

—(k) "
r®=r 1 Ux® Ux*V4Dx WDy kD

(k+l) _(D+L)(x(k+l) (!c)) (16)
Substituting Eq (13) in to Eq (16), we get
r = (U + DyoD 7"

o (17)
FE(1 - )~ wUD™ I

From relations (13) and (17), we see that if @ is not very close to zero then a test type
)

[

Or equivalent to the type of

2.3.3. Condition on the convergence of Relaxation Method
Now, consider Eq (10)

x* D ~(1-0E) (1 - o) [+oF}x®) +o(I —0E) " Db

X&) = T X004 v

o .
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From this method, the rate of convergence, therefore is determined by the spectra radius
of the matrix 7,
We begin by listing, a few qualitative results about &(7,,)in order to
discuss the convergence of the relaxation methods.
The following theorem shows that in relaxation methods only parameters @ with

0 <@ < 2 at best, leads to convergent method. Now, before going to see the

Theorems, let us consider a simple example.

Example: The linear system Ax =b given by

4x, +3x, =24
3x; +4x;—x3=30
Xy t4x; = -24

has the solution (3,4,-5)". Gauss-Seidel and SOR method with (0 = 1.25 will be used to

© _

solve this system, using x (1, 1, 1)" for both methods. The equations for the gauss-

seidel method are
#0 =—0.7524" £6,
2 =—0.75x %" +0.25xP + 7.5
x* =0.25x*M -6, foreachk=1,2, ...
and the equations for the relaxation method with @ = 1.25 are
% =-0.25x"* - 0.9375x," + 7.5
%, =—0.9375x %" - 0252, +031252,™ 49.375

7Y = 031255, 7" ~0.25x.% =75

-25.-
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The first seven iterates for each method are listed in the following Tables.

k 01 2 3 4 5 6 7

x 01| 5.250000 | 3.1406250 | 3.0878906 | 3.0549316 | 3.0343323 | 3.0214577 | 3.0134110
X" 011 -3.81250 | 3.8828125 | 3.9267578 | 3.9542236 | 3.9713898 | 3.9821186 | 3.9888241
X301 -5.04687 | -5.029297 | -5.018312 | -5.011444 | -5.007153 | -5.004470 |-5.002794

Table (2): Gauss-Seidel method

K 01 2 3 4 5 6 7

" 1116312500 |2.6223140 | 3.1333027 | 2.9570512 | 3.0037211 | 2.9963276 | 3.0000498
D11 3.5195313 | 3.9585266 | 4.0102646 | 4.0074838 | 4.0029250 | 4.0009262 | 4.0002586
X3 0 11]-6.650146 | -4.600238 | -5.096686 | -4.973489 | -5.005713 | -4.998282 | -5.0003486

Table (3): Relaxation method

In order for the iterates to be accurate to seven decimal places the Gauss-Seidel method

34 iterations, as opposed to 14 iterations for the relaxation method with @ =1.25.

The obvious question to ask is how the appropriate value of @ is chosen. Although no

complete answer to this question for nxn linear system, the following results can be used

in certain situations.

Theorem 3.1: For arbitrary matrices A one has 6(7,, )2 &1 |

Proof: I- @ L is a lower triangular matrix with 1 as diagonal elements, so that

detI-wL) =1, for all @

For the characteristic polynomial P(1) of T, it follows that

P(A) = det( AI-T,)) = det((I- wL)(AI-T,))

=det(( A + o—1)I— wAL- 0U)

-26 -
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The constant term P(0) of P( 4 ) is equal to the product of the eigenvalues

lf(Tw) i
ﬁ 2,(T, )=P(0)= det((w — 1) — U )= a~1)"

Thus P(7, }=max;| 4;.(T,) B(e—1)
Note: For matrices A with L > 0,U > 0, only relaxation can give faster than Gauss-Seidel
Method.

Theorem3.2: For a positive definite matrices A one has 6(7,)<1, for 0 <w < 2.

In particular, the Gauss-Seidel method (@ = 1) converges for
definite matrices.

Proof: Let O<w<2, and A is positive definite. Then U =L", in the
compositionof A=D —-L-U of A.

For matrix 7,=T in (1)

One T =i D—L , and the matrix

()
T4 4= p1+L D U-(D-L-U)
a w
1 1
= — D-L+—D-U~AD-L-U)
[ [0
-1
w

is positive definite, since the diagonal elements of positive definite matrix A are positive
2

and (—-1>0.
@

We first show that the eigenvalues A of A'(2T — A) all lie in the interior of the right half
plane, Re 4 >0.
Indeed, if x is an eigenvector for A ,then A"(2T ~A)x = A x
XP@2T -A)x = 1 x"Ax
Taking the conjugate complex of the last relation, gives because A = A"

T - k)x = AP A

W
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By definition, it follows that
XHT +T" -A)x =Re A x"Ax

But now, A and T + T" —A are postive definite and thus Re A >0. For the matrix

Q:=A"'(2T-A)=2A"'T —Tone has (Q-I)(Q +I)' = T,

Here, we observe that T is non-singular matrix and therefore T and (Q +1)" exists.
g

Now, if x is an eigenvalue of 7, and x is the corresponding eigenvector, then from

(Q-DQ+)'x=T,x= ux
It follows, for the vector y:=(Q +I)"'x #0, that (Q —I)y = x (Q +D)y,
(1- x)Qy=(1+ u)y,sincey # 0, we must have g #0

Qy :i-'-—‘uy ie 2;1—}——’“ is an eigenvalue of Q = A (2T — A)
= —H

A-1 = .
Hence p=m For |,u|2=;1y , one obtains

2 1-2Re {2

- and since Re A >0, for O<w<2
1+Re AH4|

|4

This implies [z <I.

Therefore, 6(7T,)) < 1.

Definition: A matrix A which, relative to the decomposition (A =D —-L —U)
Where E=D"'L, F=D"'U, J=E + F and T: = (1-E)'F, assuming a;; # 0
fori =1,2,...,n.
A =D(I - E - F), has the property that the eigenvalues of the matrices
Ja)= aE+a’'F
For e # 0 are independent of « , is called consistently ordered.

Theorem 3.3: Let A be a consistently ordered and @#o0 . Then:
a) With u, also - i is an eigenvalue of J =E + F
b) If u is an eigenvalue of J and
(A+o-1)? = ho’p?

then A is an eigenvalue of 7,

= I8 .-

(1)
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Proof:
a) Since A is consistently ordered, the matrix J(-1) = -E —F = -J has the same
eigenvalueas J(1)=E+F
b) Because det(I- w E) =1, for all @, one has
det(A1-Tp)=detfI-@E) A1-Tw)]
=detfAl- AwE-(l-w)l- oF]
=det((A + w-1)I- AwE- 0F) (2)
Now, let 2 be an eigenvalue of ] =E + F and A be the solution of (1). Then
At+teo-1= ﬁaw or A +w-1= - \/Za)p . Because of (a), we can assume with out
loss of generality that
Atw-1= \/Za),u
If A =0, then @ =1, so that by (2), det (0.1 - T,) =det (- F) = 0.
i.e, A isan eigenvalue of T . If 20, it follows from (2) that
1

NEY

= (VAo )" det [yl-(ﬁﬁ+-j7F)]

= (VAo ) det[u1-(E+F)]=0
1

Nn

an eigenvalue of J. Therefore, det (A1-T»)=0,and A is an eigenvalue of T . //

det (A1-Tw)=det[(A + @- DI- VAo (JAE+—=F)]

Since the matrix J(\/Z) = (\/IE+ F) has the same eigenvalue as J=E + F and p is

To obtain the Optimal @ Value for a relaxation method, we proceed as follows

Suppose A is a block tri-diagonal matrix of order n. Assume that A is written as

Dy U !
Ly Dy U
Ly Ds
A:
Upi
L D
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Where each D; is a diagonal sub-matrix of order n; such that

n, = n. Then 6(Tg) = 52(TJ), where Tg, and T; are the block

P
i
=1

i

matrices obtained by decomposing the matrix A for Gauss-Seidel and Jacobi method

respectively.

Theorem 3.4: If A is a block, tri-diagonal and if all the eigenvalues of the matrix

corresponding to Jacobi method are real then Jacobi and relaxation method ( O<w<2 ) for
block matrices converge if the value of @ that minimizes 6(7,) is
2

2
1+1-8(Tg,))  (1+,1-8%(T,))

it can be verified that the variation of the spectra radius of the matrix T as the function

and &(T,) = o-1

of @ will be look like the following.

G

W
=

Fig (1) spectra radius of Ty,

Proof: The eigenvalue y; of the matrix T, by assumption are real, and
=O(T,)spu,<6(T,)<1.
For fixed w € (0,2) [by Theorem (3.1) it suffices to consider this domain] to each g,

there belong two eigenvalues A (@, u,),A (@, u,) of T,, which are obtained by solving

=30 -
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the quadratic equation (1) in the Theorem (3.3) in 1. Geometrically, A(@), 2?(®) are

obtained as abscissae of the points of intersection of the straight line

A+w-1
g,(A)=——

with the parabola m, (1) = Jh 4,. The line g, (4) has the slop = and passes through
@

the point (1,1).

If it does not intersect the parabola m,(1),then A, ,A] are conjugate complex number

with modulus |co—1| , as obtained immediately from (1) of Theorem (3.4). Thus,

2 ()

2 (@))) = max((2 ()|,

k)

8(T,) =max (4(@)

the 1'(w),A’ () being obtained by intersection of g (A) with m(1) = ++/Au, where
g y o H

u=06(J)= max|yf|. By solving the quadratic equation (1) of Theorem (3.3), with

# =0d(J) . Then the optimal value of wis become

2
5
(1+4/1-8%(T,))
/\ Uw (h)
1 [ Gy )
mih)

Figure (2): Determination of @
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Example: The linear system Ax =b given by
4x; +3x; =24
3x; + 4% —x3 =30
Xy t4xy = -24

Now the matrix A is given by

4 3 0
A=1[3 4 -1
0 -1 4

This matrix is positive definite and tri-diagonal, so we apply the above theorem

~ Since Ty = DL+ U)

I_]_ T
— 0 0
4 . 0 -3 0 0 -0.75 0
T, = 1|0 " 0-3 0 1| = |-=0.75 0 0.25
10 1 0 0 0.25 0
0O 0 —
L 4 |
We have
- A —-0.75 0
T,-A = |-075 -4 025

0 025 -4

Sodet (T;-A1) = —1(12—0.625)
Thus,

S(T,) = +/0.625

2 2
and @ = = = 1.24
1+41-6%(T)) 14+4/1-0.625
This explains the comparatively rapid convergence by using @ = 1.25

2.3.4. Number of Iterations Necessary in Reducing the Error by a

Factor of ¢

Here it 1s necessary to see the speed of convergence,

« 3%
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Let x be the exact solution of the matrix equation Ax =b. We know then that the error at

the k™ iteration is given by

eF=x"x

k
Now let define the quantity & such that a*=H (1)
e

Since we know that e* = T*¢", and therefore, taking the norm on both sides we get
kx|, 0
Je* I le”) @
From equations (1) and (2), it follows immediately that ”T"" is an upper bounds of a*.

ie a* sﬂT"” 3)

And taking the k™ root on both sides we obtain the inequality
1
a<(T*[%)
1
let us define the number R(k,T) = - — ln(HT" ”" )

as the average rate of convergence in k iterations

In order to reduce the error by & , we find the number k of iterations such that

a* < g . For this eq (3), it is sufficient to choose k satisfying the inequality IIT k ” <g

—In(e)  -In(g)

This is provided that k> =
R(k,T)

)
Note that for any arbitrary matrix A the calculation of the denominator will be very
clumsy. Finally, we know that for Hermitian matrix | ,=5(7). using this result we can
easily verify that R(k,T) =-Ind&(7")

And we call this the asymptotic rate of convergence.
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2. 4. Conjugate Gradient Method

Let us first see, how to find solution by optimization method.

Consider the linear system of equations Ax = b, where A is symmetric and positive
definite matrix and x~ is the exact solution vector. Note that if A is not positive definite
then we can make it to be a symmetric and positive definite matrix by pre-multiplying by

A" and solve the new matrix equation

ATAx = A"b
Define the quadratic form E(.) by
E(x) = %xx)"Ax-x") = (1/2)x"Ax - x"b + (1/2)(x")"Ax" )

Since the residue vector r is given by r = b — Ax and x_is the solution of the matrix
equation Ax =b, we getx = A'(b-r)and x~ = A'b. This implies E(x) = (1/2)rTA"r.
The quadratic functional E(x) associated to a symmetric and positive definite matrix
A has a unique minimum value and it is obtained by making the gradient of E(x) to zero.
But from Eq.(1), we obtain the gradient to be
OE(x) OE(x) OE(x)
ox, x, 7 ox

n

VE(x) = ( )' = —(b-4x) = -r 2)

2

Thus, the minimum of the quadratic functional E(x) corresponds to the point x such that
Ax — b = 0. In other words, the exact solution x" of the system Ax = b corresponds to the
vector minimizing the quadratic functional E(x). That is the solution of the matrix
equation Ax = b is equivalent to the minimization of the quadratic functional

E(x) = (I/2)r'Ar.

Suppose E(x) is continuous and continuously differentiable function in a

neighborhood of x* & R". Consider the Taylor series expansion of E(x) at x'*, namely:
E(x® +Ax) = EG@®)+AxVEx™)+ O(|ax]) (3)
If |Ax| is very small, then we can neglect the higher order terms.
Suppose the criterion
Ax.VEx™) < 0 (4)
is satisfied. Then from Eq. (3), we obtain E(x® +Av) < E(x®). .~ ludas .

= 34 =
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Definition: A direction Ax satisfying the condition (4) is called a descent direction for
the function E(x) at the point x™.
The general form of a descent methods defined by
X6 = 50 4 g ® H® (5)

(k)

where p(k) is a search direction at the point x* for E(x) and «® is a scalar whose value

remains to be defined.
In fact, the value of the step «*’ is chosen such that the minimum of E(x(k”))
is attained at &* in the descent direction p™. Now from Eq.(1), we obtain
Ex*) = 1/2)(x® +a®p® —x")TAE® +a®p® -x")  (6)
As a function of ™, E(x(kﬂ)) will attain a minimum if

oE
oo™

ie (p™) (Ax¥- b + Aa®P¥) = 0

this implies ( pM)T(«® + Aa®p®) =0

(x(k+l)) = (p(k))TA(x(k) +a(k)p(k) _x‘) = 0

The value of ™ is chosen such that it satisfies the condition (Eg%) =0, and
o

hence gives the minimum value in the direction of p*. Thus, we obtain
k) ¥z
- KNT 4, (k
( p( )) Ap( )

The general formula o f'the d escent m ethod for the solution of the m atrix

(7)

(24

equation Ax = b will be written as

(K)NT (k)
r
PO RN ) I (p™)

() Ap®
where 1 = p® — Ax®

" ®)

2.4.1. Gradient Method

Suppose we choose the search direction p¥ as, p®¥ = —VEx®), i.e we choose p®

the most rapidely descending direction in a neighbourhood of x*. Then from Eq. (2), we
see that p(k) is the same as the vector 1, and the Eq.(8) can be written in the following

form

-35.-
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Gradient algorithm (Method of steepest descent) for Ax = b

(ONT (k)
(R () () .r (k)
(I"(“)(k) Ar® '
wherer® = b— Ax®
Ter min ate the direction if ’ )

-

e &

]

k = 012,..kmax

The algorithm (9) is an iterative method leading to the solution of the linear system

Ax = b. The gradient will converge but its convergence is slow. The optimal local

stratege of finding the steepest direrction is not a good one to search the global minimum.
In the conjugate gradient method, we take the orthogonal directions in the sense

of the matrix. i.e we choose the search directions as A-conjugate directions.

2.4.2, Choice of conjugate direction

Definition: The direction p™",p®,... are called A- conjugate if they satisfy the condition
(™) Ap* " =0, for all k (10)
we search the vector p(k) in the plane formed by the direction vectors p(k'l) and r™ which
are orthogonal. Then by definition, the search direction p™ is taken as
p(k) = ® 4 ﬂ(k) p(k-l) (11)

and the scalar % is chosen, in which it minimizes E(x*""). Substituting Eq.(11) in to

Eq.(6), and differentiating with respect to A we obtain

aE k+1 k (k=1)\T k k k k) . (k-1
(x( )) — a()( )) Alx® —x + )(I’()+ ( ))]
p® p [ BYp 12)

= —qW(pEDYT LB L B (DY g B () o g Dy
Since the value of A%, minimizing E(x**") should satisfy the equation

oF

op® ) =0
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This implies
(N B 4 g @ (pEDYT g6 G0 gE (HGDYT gD
But (p*")'t® =0, and ,therefore, the optimal value of * should be

g - __(p(kfl))TAr(k) 13
4 (P AP =

Also, from Eq. (13)
AP @ENT AP + e*T + A% = 0 implies
E*D)TAGY + g0 kD) =
Now, by Eq.(11), we see that
@®*")'Ap® = 0 (14)

which means the vectors is A-conjugate. Since r* and p™*™

are orthogonal from (11),
)M = ()T 4 g )T D

implies (™))", p(k) = ()T ®

Conjugate Gradient Algorithm for the solution of Ax=b

~

1.let A, b, kmax, x and ¢ be given

2.r® = p—Ax®, p©®=,O
3 a® = (P(k)r)-r(k)
= (™) Ap®
x(fc+!) - x(k) +a(fr)_p(k)
r& = p— Ax®D k= 0,1,2,...,Kmax (15)

2% (r(k+l))?‘.r(k+l)
g = T ®

and p(k-ﬂ) L= rUf+1) +ﬂ(#).p(k)

4. Ter minate the iteration process

o I

if <€

Jel J

w5
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The conjugate algorithm applied to solve a matrix equation Ax = b of the order n
converges in at the most n iterations. However, because of rounding errors in the

calculation of conjugate directions, we do not obtain the exact solution in n iteration.
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Chapter 3

Application to difference methods

In order to illustrate how the iterative methods describe can be applied, we consider the
Dirichlet boundary value problem.

= Uyx—Uyy=f(x,¥) 0 <x,y< 1
U(x,y)= Ofor(x,y)eal

(1)

for the unit square (::={x,y|0 <x, y< 1}cR *with boundary a.Q

We assume f(x,y) continuous on Qo). Since the various methods for the solution of

boundary-value problems are compared on this problem (1) is also called the Model

problem. To solve (1) by means of difference method, one covers (A2 with grid size

Qh wh'

Q,={(x;, ;)i j4,2,...N}
aQ}; ':{(xg'!o): (x,' 71)!(0: yj )7 (1! yj jl,‘] =0y1’21---yN + 1}
where x; =i1h, y; =jh, 1j=10,1,2,...,N+1

h: =1/(N+1) , N > 0 an integer.

AN

Yj

X1 Xi 1

Figure (1) : The grid size Q,
With the further abbreviation : Uj; = U(x,y)), 1,j =0,1,2,...,N+1
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The differential operator :
-Uxx-Uyy can be replaced for all (x,y;) € € by the difference operator .

(4Uj = Uit — Uinj = Uigar = Ujgur )/ (2)
Up to the error Jj;
The unknowns Uj; , 1 <i,j <N [because of the boundary conditions the Uj; = 0 are known
for (xi,y;) € af)j, ]therefore obey a system of linear equations of the form .

4U;; — Uiy — Uiy — Ujja = Uige = 026 + 075, (xy) € oy 3)
with fij; = f(x;,y;).Here the errors Jj; of course depends on the mesh size h. Under
approximate differentiability assumptions for the exact solution U, it is easy to see that J;
= o(hz). For sufficiently small h one can expect that the solution Z;;, i,j =1,2,...,N of the
linear system of equations

4Zi— Zinj—Zinj— Zija— Zign =0’ ,ij=1,2,... N

Zoj =Znn1j= Zio = Zine1 =0 forij =0,1,...,N+1 4)
Obtained from (3) by omitting the error Jjj, agrees approximately with Uj; .
To every grid point (x;,y;) of Q, there belongs exactly one component Z;; of the right-
hand sides hzﬂj row-wise (see figure 1) in to vectors.
Z = [Z11,Z215++ »ZN1,Z125+ + yZN2,+ s Z1 N3+ »ZNN] ©
b =0[fi1, ooty oo finee o fin]
then equation (4) is equivalent to a system of linear equations of the form

Az =b , with the N>xN? matrix
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[4 -1 -1 |
-1
s =1 =i
-t -1 4
4 i
=!
4o . s o 5 . .
= : w1 =1 ©)
-1 4
=
4 =]
= =S|
S |
i 1 -1 4|
All A12 o 0 0 i
Ay 0
0
0
A:
0
- : An-1,§
0 . . . 00 Ayy_g Aw

A is partitioned in a natural way in to blocks A; of order N, which are induced by

partitioning of the point (x;,y;) of € in to horizontal rows (X1,Y;j), (X2,¥;), -+ » (Xn:Y;) -
The matrix A is quite sparse. In each row, at most five elements are different from

zero. For this reason, in the execution of an iteration step Z — Z™" of, say the Jacobi

method or the Gauss-Seidel method one requires only about 5N* operations

[1 operation = 1 multiplication or division + 1 addition], but if the matrix A were dense

N* operations per iteration step would be required. Let compare this expenditure with that

of direct method for solving Az=b .

4 -



[terative Methods for the solution of large systems of linear equations

If we compute a triangular decomposition
A = LL" of A, say cholesky method, then L would be an N*xN* lower

triangular matrix of the form .

> i@l A4 o
. p (':;‘E;l" lef] &

* *

The computation of L alone requires approximation (“)N? operations. Since the Jacobi
method requires approximately (N+1)” iterations[over relaxation method : N+1 iterations]
in order to obtain a result accurate to 2 decimal places, the cholesky method would be
less expensive than Jacobi method. The main difficult with cholesky method, however,
lies in fact today’s memory capacities the storage of the approximately N° non-vanishing
elements of L requires too much spaces. Here lies the advantage of iterative methods.

Their storage requirement is only of the order of magnitude N2,

3.1. Block Iterative Method

As, the example of the previous section shows, the matrices A arising in the application
of difference methods to partial differential equations often exhibit a natural block

structure.

Ay o o A

Where A;; are square matrices. If, in addition, all A;; are non-singular, it seems natural to

introduce block iterative methods relative to the given partition « of A, in the following

way. e,
a0 TP & N

. (&
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Let consider the decomposition
A = D(x = Eaf = Fa
Lg:=(Dg)'Eg and, Uy = (Dg)'Fo.

(4, 8 & : @ | E R . 0]
0 A, . 4, 0

Da = . Ea = =
' 0 . ; ;
I I | g (Nl . . Ay, O
o A, Ay |

Fo = -

AN,N—]

0 0 |

Now, we obtain the block Jacobi method (block total- step method) for the solution of
Ax = bbychoosingM = Dg and N = Eg+Fg

Thus the iteration algorithm

Dgx*V = (Bg+Fg)x®

This implies Aix®™? =bi- > 4,x¥, k=01,... i=12,..,N (1)

gy
J#i

Here, the vector x®, be are of course partitioned similar to A. In each step
x® —x® of the method ,we must solve n systems of linear equations of the form
Ajz = y, 1 = 12,.,N. This is accomplished by first obtaining, a triangular
decomposition A;; = LiU; of the A, and the reducing A;z = y to the solution of two
triangular systems of equations

Lw =y, Uz =w.
For the efficiency of the method it is essential that the A;; be simply structured matrices
for which the triangular decomposition is easily carried out. This is the case,e.g.,for the
matrix A in (5) of (3.1) of the model problem. Hence, A;; are positive definite tri-diagonal

NxN matrices.
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4 —1
]

-1 4

The rate of convergence of (1) determined by the spectra radius of & (J ¢ ) of the matrix
Joa =D Eg + Fg) =Lg + Ug
Similarly, we can define, a block Gauss-Seidel Method
(block single-step method),through the choice
M=Dg-Eg and N = Fg
Or explicitly

Ax®D = p - ZA i ZA x® i=12,..,N, k=0,12,.. (2)

i Tl i
J=l J=i+l

Here, again systems of equation with the matrices A;; need to be solved in each iteration
step.

As, in section (2.3), we can also introduce block relaxation methods through the
choice

M = (I/Q))Da(l- a)La)

Let x, " be the solution of (2); then

—(k+1)
(ks)  _ ( ) 0o _
X, = @(Ed ~x)exT0 = 12N

Now, of course

Ta(w) = (J-oLg)'[(1- )+ 0Uqg]

One expects intuitively that the block methods will converge faster with increasing
coarseness of the block partition a of A.

For the coarsest partition « of A in to a single Block, e.g., the iterative method
converges after just one step. It is then equivalent to direct method. The reduction in the
number of iterations is compensated, to certain extent, by larger computational work for

each individual iteration step.

7.
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For the most common partitions, in which A is block tri-diagonal and the diagonal
blocks usually tri-diagonal, however, the computational work involved in block methods
is equal to that in ordinary methods. In these cases, block methods bring real advantages

3.2. Applications

Example 1: Study of heat distribution on sides of an oven and solve by
Gauss-Seidel Algorithm.

Statements of the Problem: Let us consider the domain of the problem to be the vertical

cross-section of an oven as shown in the Fig.(1) . Let Fe and l“e denote the

interior and exterior sides of the oven respectively. Then, for any point (x,y) in the
domain of the problem, the temperature T(x,y) at this point in the continuous system

satisfies the Laplace equation.

*T(xy) | 9°T(x,Y)
82 oy2

along with the following boundary conditions:

T(x,y) = ee onFe and
Tixy) = Bi onl"i

1) Write an algorithm to calculate the temperature T (x, y) at all the interior grids points
corresponding to sub-division of the oven as shown in Fig.(2). Assume that the length of

sides of the region is L, L,, Ls, and L4

; P

N

PR S —

|
[
z
|
i
|

g

P AE—— "
T
(9]

L
“

Fig. (1) vertical crass-section of an aoven
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h

Fig. (2) The domainwith 26 interior grid points

Method of the solution:
Let us consider the continuous Problem ( P,) defined by: Find T(x,y) such that

8% T(x,y) i 2T (x,y) -0 (1)
ox 2 ay?

Satisfying the bounder conditions

T(x,y) = Ge onFe and

T(x:y) = 0, onl:

Now, corresponding to the above subdivisition Fig.(2) of the domain with 26 interior

points, the problem (P;) can be approximated by a discrete problem (P,), leading to the

solution of the following systems

Ty ¥ Ty = oy + Ly * T o
= a " = S = 0, for all (,j)eN. (2)
Tj=6,onT, and T, = 6, on T,

Where N denotes the set of interior points. i.e { (i,j) | (i,j) €(Te,[;)}

And from (2) we obtain the following systems of equations, namely
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T3y + Ta3 — 4Ty +T2 + T2 =0, when i=2,j=2
T3z +Tag -4Ty3 +Tap+ T13=0, when i=2, j=3
T4+ Tsz - 4T3y + T3 + Ty =0, when i=3,j=2
Ts3+ Tiq- 4T33 + T3+ Ta3 =0, when i=3,j=3

Tog + Tg7- 4Tz + Teo + Tsg = 0, when i:6,j:8
Note that Ty; = T2 =Tz =T3=... =T = 98
And T34= T35 = T44 =...=T55= Bii

Rewriting the above equations in matrix for, we get

[4 <t =1 B ,  « O] 20, ]
=1 4 0 =1 @ . 0 || 7 0,
-1 0 4 -1 0 -1 0T, 0,
g <1 -1 4 @ ~] Ol 0.
33 = ] (3)
(0 0 0 0 . . -1 4|T,] 26,

Now, we can compute the temperature by using the following in put values

6, = 50,6, = 1150, L, = 60, L, = 80, Ly=L, = 20

e

In summary, the continuous problem (p,) defined by (1) is approximated by the discrete
problem (p;) defined by the system (2)

For the subdivision as shown in Fig.(2) the approximated linear system (2) leads to the
matrix equation (3), and one should solve a matrix equation of order 26. While solving
(2) (or(3)) by Gauss-seidel method. Note that at each row, one of the variables is a
function of the other. During calculation, if we separate the central point at each of the
molecule then the Gauss-seidel method will lead to the following simple algorithm.

Ty = (Tin1§ +Tiaj + Tijrr + Tiga Y4 4)

k'
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Remark: It is important to note that in algorithm (4) it is not necessary to
remember explicitly the matrix equation (3). It is sufficient to
store the temperature T;; at each of the grid points.

Finally, we remark that the values of the indices corresponding
to the sides of the domain are determined from Fig. (3)

0 m1 mz2 m

Zall
ni

n2

Fig.@3): determination of values of the indices corresponding to the sides of the domain.

—_
~

Conclusions:

The method converges in 34 iterations for the initial arbitrary guess ¢ =100 at the
interior points of the domain (Fig.(2)). A better choice of the initial guess will lead to

reduction in the number of iteration.

Example 2: Calculation of the deflection of a plate under loading by

Gauss-Seidel method.

Statement of the problem:
Consider a square plate simple supported on the boundary under the load function

g (%, y). Fig.(4)
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L
0 =
Eo o = == CORtOUR [~
=
N, Fig.(4): Calculation of the deflection of a plate under loading

It can be verified that the moment w(x,y) and the displacement u(x,y) along the axis OZ
perpendicular to the XOY plane satisfy the poisson equation.

ow(x,y) , O W(x,)

P P = gx,y)/D (1)
with w(x,y)=0on T and,
0%u(x, 0%u(x,
20 T2~ ) @

such that u(x,y) = 0 on I
Where D = Et* /(12(1-v?)), it is rigidy of the plate.
t = thickness of the plate (mm)
v = 0.3, the poisson coefficients (dimensionless)
E = the young’s modulus (d, .N/mmz)
L = length of the plate (mm)
g = load function (d,N)

1) Write the algorithm to evaluate the deflection U and the moment w at each grid
point of the following subdivision in Fig.(5)
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1 2 3 4 n .
Y
i
5 X
3 7
4 RAY
n {' LY
JAY

iVy  we
Method of the solution:
Let (x;,y;) be the grid points of the domain (see Fig.(4)). Then x; = (i-1)h, and y; = (i-1)h,
forall i=1,2,....n.
Let us denote wj; = W(Xi,y;)

gi = g(xiy;)

uij = u(xi,y;)
Then, corresponding to Eq.(1) and (2) are approximated as
(Wijn + Wig1 - 4wy + Wigg+ wing)/h® = gy/D (3)

wij = Oon I forallij=2,3,..,n-1
(uijr1 + wija - 4uy +upggt ui+|,j)/h2 = Wijj (4)
u; = OonT forallij=23,...n-1
The solution of Egs.(1) and (2) at the grid point (x;,y;) (see Fig.(4)) are approximated by
solving successively the linear systems (3) and (4) .
The algorithm for the solution of (3) by Gauss-Seidel method will be written as

w D = Yl W+ w50+ w5+ W™y -h? g)/D ]

for all i,j = 2,3,...,n-1
Wij = Oon I’
Similarly, for the solution of (4) the algorithm will become
u™ = 1780 + u®™Dn +u®™+ u® - hiwy)
forall i,j = 2,3,...,n-1

u; =on I’
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CONCLUSION ON ITERATIVE METHODS

Iterative methods are generally preferred for large systems of linear equations defined by
Ax = b, where the matrix A is sparse, because they do not modify the matrix A and,
indeed, in a number of applications A is sparse. More precisely the matrix A appears with
certain structure like tri diagonal, pent diagonal, etc which allows us not to store
explicitly A but assures practical convergence.

For problems of small size, the Gauss-Seidel method is preferred over Jacobi method
because it needs less memory size and often converges rapidly.

Generally, the convergence of relaxation method is faster than that of Gauss-Seidel

method even if the optimal factor @ is adjusted experimentally.
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