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Symmetries play a vital role in physics. If interactions
are not known precisely, the underlying symmetries reflected in
the phenomenology, provide valuable information on the interactions,
even when interactions are known symmetries continue to remain a

great asset,

4

We concentrate on continuous symmetries. Associated with
these are their Lie groups and algebras. We take up the study of
such algebras following the very elegant approach due to Schwinger
starting from the bilinear products of fermion or boson creation
operators a wide variety of Lie algebras can he generated., That,
such algebras are relevant to physics follows from the simple fact
that such bilinear products figure-frequently in physical problens.

Qur aim is:

a) to study the general classification of such algebras,
b) to study their broad general characterstics,

¢) to apply them to physical problems.

The applications we choose to study are principally from
elementary particle and nuclear physics and many body theories,
The accidental degeneracies encountered in guantum mechanics are
easily understood in this algebraic framework. Our brincipal
objective is to grasp the essentials without recourse to unwarran-
ted mathematics and to learn to use these technigques in physical

problems,
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CHAPTER 1

INYRODUCTION

In Physics, the lack of the exact knowledge of the intex-
action Hamiltonian is a common experience, Well known exawples
are the strong and weak nuclear forces, However, phenomenology
often Shggests underlying symmetries holding exactly or ap§r0~
ximately in the real world. A lot can be learnt by studying

these symmetries,

The present thesis conslders continuous symmetriles, Asso-
clated with these symunetries are their Lie groups and Lie alge-
bras, We study here, these Lie algebras using a method employed
by Schwingerl)‘for the treatment of angular momehtum and exten-

2)

ded to various other groups by Lipkin®’., The method is originally

3)

due to Wignexr”', The attractive feature of this line of approach
ig ilts intuitive physical character avoiding mnwaxranted. mathe-
matical complexitles, We shall find that in these studies an
cangular momentum like algebra (guagi~spin algebra) figures again
and again and hence the angular.momentum machinery can be explo-
ited to great-advantage, Though we are principally interested

in high energy physics phenomena we shall take this opportunity
to point out where and how such algegras become useful in a
variety ofﬁbranches of physics, Thus, in summary, we aim to

acquire a'good working knowledge of the rich variety of algebras

whose clagsification we shall obtain in our studies,




w Do
~Let us first talk briefly about symmetry groups in quantum
: MQchanics,'and introduce the terminology we shall need cons-

tanﬁly‘in what follows in this study,.

We have noted that a satisfactoxy theory o0f strong iﬁterw
actions is not yet known, Hénce, the study of the genexal sym-
metry properties of strong interactlions assumes a special role.
In fact, it allows one to obtain a satisfactory classiflcation
of hadrong and to derive a number of verifiable quantitative

relations,

We know very well lthat all hadrons are divided into small
familles-isomnltiplets, which can be agsigned definite values
of the isosgpin T. The members of a éiven multiplet differ in
the isospin projection T, which determines the value of the
electric charge and when the electromagnetic interaction is
"switched offf {a sensible apprbximation under certain condi-
tiona) they have satrilctly tﬁe same mass, In strong interactions

the quantum numbers T and Ty are conserved.

A parallel situation is a common place experience in non-
relativistic cquantum mechanlcs, qu example, when a non-rela-
tivistic particle moves in a central field its allowed states
are also grouped into different sets characterized by different
values of the total angular momentum J, The wave functions
belonging to one given set are distinguished by the values of
the angular momentum component J, and correspond tb one and the
same energy i.e, they form a degenerate leyel, The particle

motion is such that J and J4 axe constants of motion,




S
The invaviance of a theory with respect to a definlte
‘”élass of trénsformations in a real or In a certain abstract
space ié characteristic of all gimilar cases. The set of trans-
formétions is clogsed, there is an identity or unit transfor-
mation and to each transformation there corresponds an inverse
transformation, Such invariance (symmetry) transformationé are
sald to form a group, Its elements will be written as g and
the successive application.of two transformations gy followed
by gy will be written as go9q+ AS an example,all space rota-
tions form .a group~ a three dimensional rotation group denoted

by 0(3) or Ry

the invériance of a theory with resgpect to a given group
of transformations involves two aspects: definite transforma-
tion propexties of the wave function ¥ and definite transforma-
tion properties of the Hamiltonian H, With resgpect to a éroup
of transformation g the entire Hilbert gpace of the wave funce
tions breaks up into subspaces, i.e. there are sets of wave-
functions which transform under the action of the group elenents

only into each other as

¥ = Ulg) ¥ (1.1)

¢

To the product g291'there corresponds the product of the

operators U(g):

We say that U(g) form a xepresentation of the given group,

The dimensionality of space (the maximum number of linearly
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1ndependent wavefunctions) in which these operators act is
'said to be the dimension 6f the given repregentation. Tf the
.invariant subgpace does not contain any invariant subspaccs:
of ‘lower dimension then one says that the representation is
irreducible. We shall call the set of wavefunctions transform-
ing accovding to an lrreducible repregentation of a symmetry
group a multiplet, Thus, the spherical harmonics Yﬂm(e’¢) form
a (28+1) dimensional multiplet of the rotation group in three

dimensions,

It is easily established that the invariance of a theory

under the transformatlions of a group implies,
[0, v@)] = o (1.3)

4)

We now cowe to Lie Groups ', Their elements are single
valuedg differentiable functions of a finite number of real
parameters. These are chogen such that the identity element
corresponds to all parameters having a value gzero, Thus, for.a

Lie ‘Yyroup

(_}“"“ g(o:l.rwetasr Un), C_}(O;,a,',O)f‘I & (]rd)

The number n of all independent real parameters of the Lie
Group 1is said to bhe its dimension. Any group element can be
connected contiﬁuously to the identitf element. The group
characteristics can be obtained by studylng elements close to
the identity) i.e, for which the group parameters are infini-

tesimal so thatj




, , ’ n Aglaysers, 0yl
 g(a;,..w,mn) 2 4 kil ukmww"ﬂﬁa;f““”“wmlf, L0 =0
P T AR oy L e (1.5)
The qgantities;
b = =4 ggk Loy o =0 , | (1.6)

called dgroup generators, represent square matrices whoge
dimension equals the dimension of the space in which the group
transformations act, Thus, the rotation group generators are

3 %x 3 matrices.
~ Clearly we alsoc have,
U(g) = U(a‘}pelapal,l); U(O,;.,O) = I . (-l-t"?)

The N dimensional representation operators corresponding

to infinitesimal transformations have the formm,

( ) aU(O:l' LI 2] rOln) n
Ulg) = T +7 gy — e o E DAL oo L, (1.8)
) k aak l@lr. R ‘::.Cjil‘l;.:(_‘) =] kTk
. ", oy
with | P - P sy =m0y
k B(}k C’-l"'e [ n-“Ci.an [ (1.9)
L.  ~are called representation generators and arxe NXN

matriceg, For the rotation group these are, to within multipli-
cative factors, the operators T JY and J, of the angulax
momentum components. It ls obvious that for a finite transfor-

/

mation




U(y) = exp(ifayln ). (1,10)

Physics demands that the U's be unitary, This means that the

L, must be hermitian, The condition (egn, l.3) transforms into

EHr Lgl = 0=. LT (1.3a)

The closure property of the group forces the representation

generators to satisfy}

Ehi' ij = ﬁ Cijk Ly (1,11}

This is known as the Lie algebra of the group. The entire
structure of the group is determined by the constants Ciik which

are appropfilately called the gtructure constants of the group.

We shall be specificaliy concerned with SU(N) groups,
SU(N) is a group of unitary unimodular NXN matrices. The uni-
modularity conditlon iz immediately s=een to imply (from eqgua=-

tion 1.10} that

Trace Ly, = 0 , k= 1, vu4 n, (1.12)

_ Before we come to the end of this very short summary let
ug note down the following facts which underline the importance

of studying symmetry groups in quantum mechanics:

‘1. There exist mutuvally commuting functions of the repre-
sentation genexators which commute with them. They are
called invarlant or Casimir operators. They have the

same value for a given multiplet and are thus like the




multiplet of the identity operator acting on a given

muitiplet {shur's Lemma)., This means that the wave
functions of one multiplet ave eigen-functions of
any Casimir operator with the same elgen value, Thus ,
a natural set of guantum numberg arises equal in
number to the invariant operators characterizing the
multiplet as a whole, The rotation group has one

2 b 2 2 2

Cagimir operator J7az Jx + Jy + Jy‘ so that each

multiplet 1lg characterized by the value of the angular

~momentum J.

Among the repregentation generators there may exist
gseveral mutually commuting generators. Their number is
determined by the properties of the group and is said
to he its rank. The basis functions of a multiplet can
be chosen to be simultaneous eigenfunctions of these

generators, The corresponding eigenvalues are the

gquantum numbers c¢lassifying the wave functions belong-

ing to a glven multipiet, In the rotation group there
are no mutually commuting generators, hence it is a
group of%fénk one, Thus, the wave functions with a
given J can be characterized by just one more cquantum

number which we usually take to be the value of J,.

The generators and invarjiant operators are Hermitian

and commute with the Hamiltonilan, Hence, to them

correspond conserved and physically measurable quanti-
L

ties,
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Tt follows that if the wave function of the initial
state of a system bhelongs to a certain multiplet
then as a result of a yeactlion the system will make
a transition to a new state belonging to the same
multiplet. This establishes definite selection rules
for the reactions. Thus, under the action of a rota-
tionally invariant interaction a state of angular
momentum J will go into a state of total angular

momentum J only.

From eqn, 1.3a and Shur's Lamsa it follows that the
eligenvalues of the Hamiltonian{(the values of energy
or mags of the elementary particles) are the same
for thé wave functions of a given multiplet, This
aﬁcounts for the presence of degenaracy and allows
cone to establish the multiplicity which ié agual to

the dimension of the multiplet.

Turning the argument around, if the observed multip-
licity is higher than that expected from the symmetry
group we are motivated to examine more closely the
structure of the Hamiltonian .to see 1Lf it has more
symmetry than is appavent., The well known problew of

the excess degeneracy of the hydrogen atom and the

isotropic oscillator were understood this way.




Armed with the relevant fundamentals of symnetry groups
we move on to the Schwinéer approach to the theory of angular
mdmentum. After getting eqguipped with this mnethod we shall see
how it can be applied to the varlous SU(N) groups and how it
naturélly suggests some entifely new algebras which do find

applications in physics. ‘
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CHAPTER 2

THE TIARMORNLL OSCILLATOR MODEL FOR ANGULAR MOMENTUM

Schwingerl) has given a fascinating formalism of the guan-
tum theory of angular momentum using two lodependent one.di@
mensional harmonic ogelllators, Various quantities assoclated
with the angular momentum theory are obhtalnable with great
ease uslng this approach. We present below the essentials of
this approach and record thé derivation of rotation matrices

so as to illustrate the simplicity and elegance of this method,

A one dimensional oscillator with mass p and angular fre-
quency o and described by the canonical variables b,q has

the Hamiltonian {(with h = 1)

p* 1o 2.2
H = 0 + e gt . (2.1)
.}_ . . #
moolaa + k) (2.2)
where 'ajﬁgfﬁgfq + 22y ana At - EQ(Q‘“QQ) L (2.3)
i 4 1) ‘ 20 pwt °
The operators a and &f satisfy,
[a, a'] =1 . (2,4)
Clearly) [u, a+élm 0. (2.5)

N

Thus, H and a+a share common eigen vectors, The eigen values
of ata arve integers n(=0,1,2,,.), Thus, the oscillator elgen-
functions ¥, ohey

7

a‘"aq:n = | (2.6)
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It ig easlly checked that a wn and awﬁ are also elgen-
.l‘ L - -‘ . N . A[‘ ,
‘sates of the numbey operator N = a a with elgenvalues n+l)
and (n-1) vespectively. 'hus, ot and a  can be identified as

number raiging and lowering operators, respactively,

The normalized eigenstate of N with eigenvalue n is,-

o @h™ 1o
/¥

n> (2,7)

where |O» represents the ground state of the oscillator with

no quanta,

Now consider two independent oscillators described by the

3

;) and (am, aI) regpectively, The "+" operators

S

pairs {a,, a

commute with the "«" operators and

[%+{ ai} = Zﬁﬂ, aij = 1, (2.8}

The normalized eigenstates of the combined system can be

written In self evident notation as

n n
¥ + ) -
- (a,) = (a))
n,n> = e e |O>, (2.9)
‘. W v n i

Where |0> ds the state with n, =n_ = 0 .
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We now introduce the following hermitian operators,

- v )
I 8% laja +aa) ) (2.10a)
J = % (ﬁ%a - ata ) (2,10b)

y = 5y a,a, S8yt : »
.%_ ..{‘,
J, 2 5 laya, - a’a) | (2.10c)

It ig trival to check that the Jig satisfy’

EJX,Jme i, LJy,JZ'jﬂ Wy 9,00, 1, (2,11)
Thus, Tyt Jy and J, obey the angular momentum commutation

rules. ALl the results that follow from these commutation
relations.would also follow from the two ozcillator model

embodied in eqgns. 2.10(a,b,c).

Defining JzszX2+ Jy2+ J?z one findg in a straight for-
ward way that,

N . .
(‘;‘,‘ 401y, (2.12)

N '
where, N = a,a, +'aiaa is the total number operator., Thus, the
eigenvalues of J? ave % (% + 1) or i + 1) with

j = g =0, %, 1 .,.. Farther,

. N AU U
I lngn > = Sy ngn > (2,13)
n, = n,
Intrvoducing m = R S the state {n$nﬂb can be alternatively

denoted as |jm> with J?|ju> = §(j+1)|jm> and Jy[jm>: m)jm>. If
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. 1’1_;_ + n;

N ig fixed then the allowed values of m are

"

24 - 2n .

-

el j=n_, Where n_ runs from O to 23 in unilt steps,

A e

Thus, the allowed values of m arve +Jj, J~1, .... ~J ¢ as desired.

We can also introduoce the usual ralging and lowering

operators , J, T J_ii JY with

+ . +
48, and T = a_a

fa, (2,1.4)

Eqn.(2¢13)‘makes it clear that each "+' quantum contributes +%
to the m value and each "-" guantum contributes ~%. Eqgn.(2.14)
tells us that J, is an operator which destroys ~% unit of m
value and creates % unit there by increasing the m value by

one unit without changing the j value, since n,+ n, + 1 and

N s

n, > n_~ 1 so that n, + n_ vemain unchanged. In other words

J, commutes with the total number operator and hence with J2%,

In the same manner the expected action of J_ can be understood.
Egn. (2.9} can be rewvitten asg
Joo g o4 o e
{a+)3fm O A

[y e e [ O (2,15)
v (54m) v (3

) !

This, then, is the expliclt fofm of the angulayr momentum elgen-
states in thils formalism. Let us calculate the matrix elements
~of J, using this formalismf

(j‘.}‘[ _jm;. = aia4| 1 -

Jdo '.}. + -5 iy
(a ) 3™ (a)
+ +7 : v
= a"ha b e e b o Ao e A AL IO Y

S § Gt

i




Y

+y JAmerl +y g
(a )2 g (e ) IT o

N e
: /4w L (Gem) ! °

Using the identity [A, B"] = nfa, ElBﬁﬁl one gets

a_ @™ (Gem) (@I 4 @) I M

since a_{®= 0, we have ,
| ‘ (ai)j+m+l _(jum)(aj}mewi
vy i dmo.,om et ||
+ Y (4m) | Y {jem) I

o G () by Pk, Femel g
Y Gy T B (a.) lo> | (2.16)

From egn. (2.15) we have ,
kG Ame +, frme-1

(a+)] mi-1 (aﬂ)j m~1

_ Rapi ~ o> , (2.17)

[ Jm+dy = et
Y {(54m31) T (mm=1) }

Combining egns. (2.16) and (2.17) we get
’ (2,18)

J+|jm>‘héu¢%jlm)(j+m+l) [ 3t 1

Similarilly we can show that
(2.19)

I_13me = 4m) Gemed)  [dmels
Vo

S0 far we have considerved bilinear products of operators desc-

ribing the ovscillators, that do not change the number of quanta

(that is how Tyt Jy’ J,, commute with J* in this model),
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However, the model naturally suggests number changing (and

hence 1§ changing) billineoar products, These are,

EN 4
k, = a_;_ a_ and k., = aa_ (2,20)

-

From our previous discussion it follows immediately that K,
increases the 4 wvalue by one unlt and k  decreases the |
value by one unit., They do not affect the m value, Proceeding

exactly ag above we can check that,

k+ljm> =% J7515;17T5:5;13 |j+l,m> ’ (2.21a)
k_|dgm = Jfggmf(jwﬁj.ljml,m> . (2,21b)

We shall come back to these number changing operators in a
Latter chapter. ?1nally, we record the deridvation of rotation
matrices using this approach, To appreciate the elegance affor-
ded by this method one should compare this with the standard

6)

derivation of these matrices"’ .

The ovperator representing the rotations ¢,0,¢ (Euler angles)

Falty

R(p,0,0) = ¢ 14Tn o 100y ooldd,

The matrix elements of the rotatlon matrix ave,

Do 0,0, 5<im]e" 902 o 0Ty oM s (2,22

= e M I gt e 0y g s, (2.23)
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Thus,; the non-tyrivial parvt that need be evaluated isg,

r e 1 AOT,
A (0) = <Imle VY et (2.24)

Using eqgn, (2,15) and its conjugate we have,

8,44
- , 2 |:i'~r = < ! !"(
<O] m,J o, 5 {28 a. a})( )j{m (a m} m!- !

al ; (o) = N S - —w~--*=;~ IO"(‘Z 23)
! VGAm) L (5em) | Vr(J-Tnl) (3-ml) !

Bgn.(2.25) is the expectation value of a product of lots of
+ o, . AL _ N ‘
a, and a, in the ground state lor , Tt is evaluated easily
; o /
by introducing a generating function, Given the parvameters X,

and X let ng define,

St e
Xj +Hat L m' j o
e AL c%nnx’ (&)
GlXyp X)) F I o i e
m (3rm? Yy (jemt) !

< by P 4 e ] - v
1_;_]] “n Y‘j m <j1n| a ieljy ,jlﬂ':"

3 n i et G i e e s 27 2

! J?J4nﬂ T(j~m')

Sioay, G alyI
POy e O (2.26)
! (3vﬂ1 )i (j~n1').

= <gm|e

(X,a, *+ x aty?

Y e los (2.27)
(2331

+ +

=igg

« <jmje

In the last step we have used the binomial theorem

g

. .t :
explolting the comwutativity of a, -~ and a

. Nowi
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o H00y (x0T b x_any a0 (x al 4 2 aDyetTYO e 2028)

i

and e Hy® [o> = |o> (2,29)

Hencve, to evaluate G(X,, X ) we need the behaviour of

(X+ai + Xmaj) under rotation arvound the y-axis. We explolt the

identity,

N R Y

to get
e , \ ,
o100y At &MY sl cos () + al sin (3) (2,30)
Using egqns. (28-30) we get ;
G(X,,3.)= (%3) ,4;ﬁn[]X+(ai:coa g‘%Aai gin %J+Xh(ajcos g~=aisin %)}23[O>,

(2.31)

Using the binowmlal theorem in peverse order we get,

A

. , NN \ [ +m?
G(%,,%x.) = % <im|la, (X, cos %-m ¥ sin %}[j n

ey s i X

(4+m") }

3 e j =1 1
|a] (X_ cos 5 + X, sin x|
o MLy TR o oy (2.32)
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f:ﬁ Using(£he orthogonality of [jm> it s clear that only one

term on the right hand side conkributes. Thus,

{X UL % ~- X sip ﬁ)j+m(x Cos 8% X sjng)Jmm .
G(X,X ) = “mmwf:rﬁmvﬂw-l“w~w~m~wuw%y»mwwuu*mmmwu«m o {2,.33)

/r(1Tnﬁ : t/(j*Jn}! =

Using the defining equation fox G(X+,X*) and taking

X+ = - Siﬁ% cos% and X =t o= coszg we get upon equating

the two results for G(X,,X )

|'\‘_ l‘,
¥ o(-)dim (sin Ccos 6 Fm" (t~cos” § J- m. %m,(a}

m it e e s e s
e T k-4 ‘

\/(j'ﬂ!’l") i (G-m") Y

. (2.34)

To extyract @%mt(Q} from the above equation we should arxnage

‘matters so that only one term with m"=m survives on the left
hand gide. For this purpose we differentiate eqn,. (2.34) (ﬁmm')
times with respect to t and finally set & = cos % ¢ we then
find that o

i st oy AT L;fm')' RTPTIRS s LSRN N =Y
dmn* (0)‘( ) (}"‘m) T (j m) ¥ (j“il'l')‘! (saiﬂ:?) (CX}S?)
Jm oy Jem
di Lt g I}, . {m?g

Tm
o (“)j 1] (sing)n1 an( g)ﬂﬁﬁl

3 va’rﬂkm'ti JAm ke (1}
{1~1) L {t (1-t) }Evaog L

,. L
This is the degired result, (2,35)
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In a leter chepter we shall.see how the spherical tensors
can aigo be written in a convenlent form in the Schwingewx
formulation. Before we conclude this chapter let us note ﬁhat
using the number congerving bilinear prodgcts of boson creatlon
and annihilation operators oﬁe hag been agle to generate a Lie
algebra, It is easily established that & slwmilar algebra can
be generated by using bilinear products of fermion operators
even though the single operatorg in that case gatiafy anticom-

mutation relations.

The fexmion operators will find a natural inlet when we

talk about isospin and unitary symmetry in the report to follow.
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CHAPTER 3

~

THE TSOSPIN SYMMETRY (8U(2))

HMotivation

We now come to the first example where an angular momen-
tum like algebra becomes relevant to physics, This is
the example of isospin symmetry which figure%\in nuclear

physaics and hadron spectroscopy.

Nuclear physics phenomenology tells us that the proton

(b) and neutron (n) are essentially the same particles,
Their masses are nearly egual and they have the sane

spin and parity, The strong interactions between-ﬁwpr~ﬁnr
protons, two neutrons and a-Qroton and a neutron ére the
same in the same space-spin states, Such similarity in
behaviour holds for mesons and hyperons also. Tt is elec~
tromagnetism that distinguishes between mewmbers of a.
glven group of particles behaving identically undex strong
forces, Electromagnetism corresponds to a much weaker
force compaved to the styxong force (within the domain it
is operational), Tt is, therefore, sensible to ignore
electromagnetlsm compaved to strong interactions in the
Tirst approximation, Under such a situation, no dlstince
tion seems to be left between P and n, They correspond to
degeneyrate levels of a quantum ééchanical system, Experi-
ence tells ug that degeneracy silgnalg an underlylng sgmme“
try of the aSSOGiatéd (gtrong interaction) Hamiltonlan.

Since it ls the n-p deégeneracy we want Lo understand, the




E %
simplest syimetry one can think of should corraespond to
trangformations in a 2-dimensjional complex vector space
VP{C) which leaves the Hamiltonian unchanged. We can
then think of a single entity-ihe Nucleon which appgars

in {wo states n and b,

The parvallelism with a spin-% mtaté in a rotationaily
symoaetric world is obvious. When elecéromagnetism is
"gwitched on' it defines a direction in this V?(§) and
breaks the symmetry just as a wmagnetic fileld singles out
a divection In ordinary space and breaks the rotational.
gymmetry , Zeeman Splitting the otherwise doubly degenerate
spin-% sates, In our case the doubly degenerate nucleon
state gplite into a proton and a neutron state. This
symmetsry is the SU(2) Symmetry.which we shall éiscuss
here, Recalling the discussilon of Chapter one we know that
the hadrzong should fall into multiplets of particles

degenerate in mass in the absence of electromagnetism.

This expectation is fully borne out in practice, Hadronsg
do divide into multiplets of SU(2) group. The members of
each multiplet have small~mas5wdif£efences which of course
have to be there since there is no "switching off" of

)

electromagnetism in the real world.

Before we take up the SU(2) group along the lines of the
previoug chapter let us note down a few general facts

about this group.



- Rudiments of SU(2)

By the group SU0(2) 1is meant the set of all unitary unimo-

dular 2x2 matrices,

For a simple geometvical interpretation we consider the

gpace V() of vectors x written in columm form,

e " . .
% i (313 with 5' = (Xip Xg) & (Xlrxz

2 ), (3‘2)

In this space we consilder lineay trangformations
x' = gx or x! = gix {3.3)
= 1 i)

(Suéergcript nuwbers the column and the subscript the
rows, they rmun over the values 1,2 and repeated indices
inply symmation) ., 2x2 unitary matrices correspond to
trangformatlon matrviceg (eqn,3,3) which do not change the

cquadratic form (length of x)}

“*‘ - 1 R . K w,

Following Chapter, 1 we have, for infinitesimal trangforma-

tiong }

g = 1+ d e, ) (3.5)

whare T, are the generators of 8SU(Z2) and €, are its
parametys whose nuwmber n defines the diwmension of the
group, T, are traceless hermitian 2x2 matrices, The
elght real elements of 1, obey five conditionsj

. _

MR Py = 3,6
Ty Cy and lrlq 0 ) (3,6)




A

e

3 -
 thus, there ave three independent such matrices, Hence,
n = 3 for 8U0{(2). A well known get of matrices fulifile

'

ling the bill are the Baulil matrices,

. (0] L 0~ 10 ,
T-L - (l O) ¥ '1? - {i. O) ¥ ES B (O"l) (3'])
These determine the algebra of 8U(2) to be}
[Tif Tj] == i gijk Tkr i'j’k = 112,3 » (338)

(Repeated indices are to be summed over and Eijk is

the usual Levi-Cevita symbol) .

This 18 a group of rank one and the Casimilyr operator is

R T 2
A R T (3.9)

Generalizing from here the SU{2) algebra is)

(240 F. (3,1.0)

j] = Eiijk

@
“fere; the Ft's are the general vepresentation generators,
The fundamental representationi ls two-dimensional fowr

which the generators are Paull matrices. The regular

7ad

representation is three-dimensional (for n = 3) and the
s for these are calculahle in.terms. of the structure

congtnats,

Finally, the algebras of SU{(2) 1s clearly identiical to the
angular nmomentum algebra., However, the operations are

performed in V?(g) and not in V°(R).




Generation of the Lie Algebra Uslng Schwinger Approach,

e 2 4 o

Ta obtain the Lie,ﬁlgebra in the pregent context we start
éith the (n,p) multiplet,which should transform accords
ing to a two dimensional ixredvcible representation of
the Lie group. We ilgnovre the gpace-~spin part which can be
ﬁfivially included as we shall see_}ater. Thus, ouf
system has sinply two quantum gtates a%ailable to lt, We
introduce two pairs of opexators (ag; ap) and (a;, an}
which create and destroy a proton and a neutron regpecti-
vely. We can form four number conserving bilineax pro-

+

. N + 3 L
1 ‘tu P 2 - 3 - - . . - J. 1es
ducts db Byt P dp, dp ap and a, a, The first two

seem to have the actions of 1, = Ty, R iry and the

remajining are number operators. We also introduce a total

] + - o .
nuber operator B = ap ab +- ag a, whicihh counts the

nuomber of particles and hence the baryon number in the

present context,

We group these operatorg as follows:

1

-
B = a a, + oa ¢
1§? tb ana

EdS S

‘ 4+ . L+
f_};,:; ap a ; T i3 dI’l (3.11)

a.)

v = R = i s
DO{”P?)) = ‘lz(dk a.l d - ri R

> P

Incidently)To =g o=~k B‘) where Q 1is the charge operator

(ag'ap) for the (n,p) system.
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Naturvally, B commutes with T+ié

., these being number
¥

congerving operators, This can be expliclily checked
gquite easlly from the definitions., (eqn.3.11), The

operators T , ¥ , T satlsfy the expected algebra of

o
su(2),
ey, ] =+, [T, own] o= 2w (3.12)
As an illustration let us check the relation [T, , T ]= 2m
_ S S S S S S
L.H.S, = Lapan, apanl= aja ana, ~ apa asa

+

e * =
N :1_: . + ey > ey
a ap( a,a, 1} dnan(l ap

p ap)

- + . + Y
- apap Apdn © zro

The four operators (egn.3.ll) generate the algebra of the
Full U(Z) group with Ti,o‘ generating a sub algebra
(egn,3,13) of the group 8U(2). The group transformations
{e,g, g = l+€(T++-T“)) mix the n and the p states, pro-
ducing rotationsg in v?(C). Clearly, there is no physically
meaningful Vj(R) we could agsociate with these transfor-
mations. We have obtained an angular momentum algebra and
hence all aﬁgular momentum resulis which follow from the
commutation relationg also apply to this case. The lsospin
oparators defined by egqn. (3,11) can be easily generalized
by adding the index K everywhere and summing over K, The
index K deseribes the gpace and spin degrees of freedon.
The commutation rules (egqn.3.12) remain valid, for bilinea

produets corresponding to two different guantum states K
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and K', commute, Thug, each K actg independently in the
commutator. Chviously, we can continue to use the gimple
notation of egn, (3.11) and take care of K at any stage

we choose to.,

In analogy to angular momentum we can introduce the ‘total
isospin operator T with %= ¢{r+1), Any-state can be writ-
ten as |[T,%> and to a given T, a multiplet would contain
2741 members, Thus, T = 0,%,1..... for gsinglets, doublets,
triplets,.... The proton and heutron belong Lo the doub=
let with T#%, Using the defining egn. for ¢ it is clear
that, QP> = |P> and 9Qln> = 0, as required, with
[ee=l%,% and  |n>2|%74> , The pions can be grouped into

‘a triplet with T = 1, with T§|H+> = |[uts, T%Tﬁab = 0,

T o R R
LA NI D

Since B = 0 for pilons, the charge operator here 1s the

W
Same as T? .

Other wultiplets e.g., (K'm K°), (X7, K.}y ) ete.

i

can be gimllanly Fformed,

In what follows we shall have uge Lox the isospin states
for a plion-nucleon system, The problem is mathematically
identical to that of constructing the total angular momen=
tum states of a system consisting of states of angular

momen tum jlm% and j?wl§ We introduce the notation

T g . Qur aim is to construct the states IT,T3> £rom

,151\'!)? T‘I-\I) o |,14§) i_&gﬂ

the states 3

-

I@nh fg},
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Anqular momentum theory tells us that,

ER R ]nggﬁ <1,%,T§,T§[1,%,T,T3>', (3.13)
- f 1] “ ) 'l]'q i ) )
T, .

where the clebsch Gordon co-efficlents are given by (nhote

that 7T = ﬁ oF %)’

2

R (3,14}
, . Ty
<1,%,T ”%,ﬁ%’ 1,%,%,T3 - m'+\1%+ g

Using eqn. (3.14) repeatedly we find,

[%,%§ = ]n+b>,|%,%> = %|H+n> + \\§|Hb§> ,
(3,15)
E%“%»~¢{Hf“i\flnnb fgémﬁin>
and
5, % > &:J%Hﬁn>raﬁgﬁﬁﬁb ,
(3,16)

| %, il flﬂneﬁ,/HI .

The ahove relations can be inverted dirvectly or by using

the properties of Clebsch Gordon co-efficients to get,

2.3 1011
l?;) £ !Hoi‘)f" == ‘[—"l—“,‘%—> - J‘é’* 2 2>

s - ,/3|3 e At @17

aﬂm

0> = Jél?, =y /&]?, 53 [n >-l2, 57

i

i b

!

fhns =
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Physilcally if the pion and nucleon are in a state

|%,%> ; for‘example, then we do not know whether we have
é H+ or 1" or a neutron or proton, The probability amp:
litude for having a I'n is ggj and that for 1P iSfJ%v‘
All other amplitudes, for example for a H+b, are zero,

All our results can be interpreted in a similar way.

In the next secition we come to the relevance of all this

formalism to physics,

The 8U(2) Group and Physics

We talked about the ildentical behaviour of the prdtons and
neutrons when nucleatr forces-alone are consildered, Conven-
tionally thig is described as the charge-independence of
nuclear forces, Isospln glves us the simp;e and elegant
degeription of this property, Chargevindependence BAYSE
that the proton-proton, neutron-neutron, and the neutron-
proton forces in the same gpatlial-spin states are ldentil-~
cél, Thug, 1f the two nucleons are in an lgotviplet state
(symmetric) then the gpace-gpin function is antisymmetyic,
If the y=n system is an isosinglet_then the remalning func~
tion is symmetric. This nmeans that the iIntersction between

two nucleong in states ['0,7T.> = [11> , 10> and |1,-1> aze

3
the same, other thingsg belng eqgual . The interaction in the

state |00 is different,

The proton and the neutron form a bound state called the

deuteron whose ground state coordinate function is symme-
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trdc and go ls the spin part (the ground state is BS])@
Thus, it must be an iso-singlet, If the deuteron were
in the ISO state 1t would be an iso~vector, No such

bound state exists.

Thus, under the agsumption of charge-independence nuclear
forces arve determined by the total isospin T vather than
by T3¢ Hence, the nuclear Hamiltonian must be a function

only of the Casimir operator T? which ig

sz (E{.l,{,EZ) 2. Tmz,)., T!TZ]Z‘;_ 22&},22 , (3,18)

where T! and T2 are the relevant isospin operators for
the two nucleons. Clearly, the igospin dependence of the

interaction Hamiltonlan is of the form,

Hint = A& + B{P! 9% ) , (3.19)
It ls easily checked that,

[Bine, 1w, o] = 0= (g, 1] . (3.20)

Thug, not only the third component of isospin ig congerved
{chaxge cmngervation) but the total isospin is also con-

gerved. The interaction hamiltonlan is an jsoscalar. It is

here, that the physics is brougﬁt'in, Thus, in a strong
interaction process an initlal state belonging to a given
nultiplet can go over into a final state belonging to the
same multiplet with the same value of T,. We have the
selection rule AT = O, for a purely strong interaction

process. ''his result has profound physical consequences
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for scattering and decay procesgsges goingrvia strong

- interactions. We will iliustrate this with several exam~
ples. Let us consider nucleon-nucleon and nucleonmp%OH
scattering, Other hadronic scattering processes can he

consldered along the same lines.
Conslder a general reaction,

a, +'b

L by vo, v (3.21)

1 1,

where all particles of the type a,b,¢ and d belonyg to one
and the sane multiplet,'The scattering amplitude iy

proportional to the nmatyrix element,

i b
M" 2 <e,d, | oabs (3,22)

lfilz defines the diffevential scattering cross-section
for the process. Asgume that the iniltial state has the
wave function IT,T3> +  Ignoring the Cou;omb effect,
charge~independence tells us that isospin is conserved in

the processg, i.e.,

co STPIL T Par = 0 for ThE T, (3.23)

i.e., the final state wave function is of the type |T T4>.
Furthermore, the strong lnteractlion matrix element could
depend only on T and not on T

3¢ 8O that,

n A = T) '
<T Py | T Ty = o | (3,24)

We will now see that the matrix element of any real process

of the type (3.21) can be expressed in terms of a few o
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(often two), Por thig we expand [aibi> and }cidi> in
terms of wavefunctions |T Tar gsubgtitute thege expan-
glong in eqgn. (3.22) and use edns, (3,23) and (3,24). We
can then establish a number of relations between the
crogsg~gections for different processes corresponding to

the same initial .and same final spatial-spin states of

the particles involved in the scattering,

Examples:

1. cConsider pp and pn scattering, Following the proce-

dure of the last paragraph we write,

[prpYs = |1,+1> , [n'pis = )/%:(llo% |oory, (3.25)
[p'n¥s =  =(]10> + [o0®),

Thug for p'Hp" - pr+b" we have,

1

PP n eprpt | prprs = SLAL ] s = M (3,26)

Tn the np scattering two processes are possible,
The ordinary elagtic scattering,
n l.;,.i;_. s op L"t)- n
[ERPRS ¥ SR
and charge-exchange sgcattering,

- 'nl‘l.bu Fe b?r}.n"

for the filrst of these,

.
MO o ocntpv [ ntpis =y (aen®), (3.27)

and for the second,

MOP @R i [ pip s =k (i (3,28)
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rom thegse we have,

%EP . IMllz ' g;e 5 ;i]i_%_ML:J,)_,rf_im;I z (3.29)
ggfh,exﬁ %|Mwﬁﬂi“|2 ,
Thus, §§j?_b ) IMG)IE
da | '
%gf? . ggil+ %gfh,ex; %[Mllz N %IMO[Z (3.30)

Since the angular dependence of ﬁD

and H% can be diiferent,
then, ingpite of charge-independence the behaviour of the
proton-proton and proton-neutron scattering cross-gections
ag functions of the angular vaviables can be different,
Thisg 48 borne out experimentally. In the energy range
300-500 Mév in the centre-of-mass system the first crossg-
gection 18 almost indpendent of the scattering-angle
whereas the gsecond haz a ninlimm at € = g increasing
sharply in the backward divectlon and wmore slowly in the

forward direction.

2, Consider p +p = d + 1
n 4+ p d-i-_?rO v

We noted that deuteron is an isogealar,

ce Jutas = |3, , |wtas = 1,0 >

, (3,31)

and  MPP o« Jitalpps = <l 41[ipd> = !




R ) , 1.1
MPe cp®dlnp> = E<10[100 - |00s| = in (3.32)
|np> = ~f<30] loo>| = -
: pp
£ e dé\,_...’\/dﬁ i 2 (3033)

a&"'? rao

This checks experimentally,

3. Consider the reactionu:

p o wep , wHp e THp , B ip o A%

3

Now, M = <itplutp > =2 % g l 3 3 3/2

.:_“ ,_2. o il ;

W ool ey wff i s IB DR

M(%) T ;Z-M(") (3.54,)
W9 gty <[ it MDD
A OB Jy ﬂ&)
Thus 3 2 {34) w;‘i)iz'; Zﬂ»ﬁf‘?{% zri?)!({ {3.35)
st b g V1 IR

At high energies the scattering takes place predominantly
i

in the T = 3/2, $=1, j=3/2 channel., 8o we can neglect M2

aompayed, to V4.

e R
ERaE e e . g e

In this case the ratios are 9:l1:2.
For an energy. of 120 MeV of the incldent plon the expani-

mental crogs~sections ave in the ratio 93:11:22 which 1s
roughly 9:1:2 , Thus, the scattering in the state T = 3/2
is dominating in thls range. Other interesting vresultis
follow in other limits such ag if ﬁg/ﬁ Q or if ﬂj/? =0,
Comparlson with experiments tells ug under what conditions

guch gituationg may obtain,
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4., We have to often deal with vertices involving the
virtual production and abgorption uf*piﬂns and nuge
leong, If these ave strong interaction vertices thay
are lsosgpln conserving. They can be related to éach
cother by unging the €.G. machinery. Thus, for example,
we can relate the various plon-nucleon coupling cong-
tfants as,

1
V2

(Jé)v

v
e

our™ * Tppu® * Jane® 1

We shall omit the detalls,

Having discussed the consgequences of exact isospln symme-
try, let us finally not forget, that isospin is aftexr all-
a broken gywmetry, The neutron and the proton are not
exactly the same in the real world., We do this in the

final gection.

Symmetyy Breaking Bffecty

Isogpin 1s a broken symmetry, However, 1f the synmetry
breaking paﬁthhaa well defined transformation properties
and can be congldered a small correctlon then pexturbae
tion theory can-be applied to deduce mpeaningful results.
Looking at the propertlies of physlcal protong and neutrons
ox membexrg of any glven jlsomultiplet of hadrons one can
conglude that the gymmetry breakling corrections should be
small (see comments later), Hence, perturbation theory

should woxk, Further, the Alnteraction Hamiltonlan fox the




electromagnetic cage also geemg Lo have very simple tenw

' “ A &
gorial behaviour under jgospln, We know that H?%?s%jﬂ’ﬂﬁ

where Au is the fouwr=-potentlal of the electromagnetic
£leld and _ff'm Ls the hadronic el‘eci:romagnetic cugrent, \
Now the space integral of jo is the charuge operatdf

Qﬁ#To + ¥ B for nucleons) . B 1is an lsgozscalar and T0 is the
thir& component of an lsovector. Thus, iiiﬁ?‘ behaves as
the sum of an igoscaiarvﬁs) and the third component of

an isovector { V) . With this assumption we can make defi-

nite predlctions and compare them with experimenks. We

Cgive two examples.

1. Consglder the magnetic moment operator W which 1s linear
in the current and hence should be of the form SV,
Thus, exploiting the Wigner-Bokart theorem for angular

kS

momentin we can writaf

H

e = s T ple™e

Tz

o
<
~

b

A RS TS S (3.36

.,
3
4

p(e?).z <2tulet> = s,

where the matrix elements ofjvo have been calculated
interms of the thoge of T in accordence with the

Wigner-Eckart theorem,

Eliminating the two unknowns, $§ and v, we get the gum

rule,

. S ety .
n{5®) = Eq(}wlugml{f_&). ] (3.37)
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2. As a second axample we can congider the photosproduc-
| t£on of plons from nuclecns v + ¥ - I + N , Treating
the electromagnetic intevaction to lowest ordexr glves
a matrix elemwent of the forn, 4HN|S+VO[N> » Tha--gea-
lar pazxt copservegaisospin while the vector part can
change the lisospin, We thus have three reduced matrix

- elementg (Bnknowns ) .
allsile o By e, <ullvile .
But thege describe four charge state reactlons,

Yrprpt®,  |ytpentl |, yineprl”  and yinendl®, we thus

have one relationship between the four processes. Now
it Lg kaown that in the low energy region the gcatter-

ing is dominated by the 3=3 résonance with T = § = % .

In this case only one amplitude is effective and we

|
need to keep only <3f|v||%> . Hence, the four proces~
sey are expressed in terms of only one unknown, Thelw

ratlog arelfixed,

a2 P

Finally, REliitively, 4t is clear that at enexgles much

largex than“th? mags differences within isomultiplets

lgogpin symmetﬁy should be a good gymmetry., Let us also
note down the %eaﬁon for assuming that the mass-dlfferences

within isgmult#plets should ke electromagnetic In origin.
|
The fractionalLdeviaticns AM/M f£rom the average M of a

maltiplet ave ©f the same order of magnltude as the fine-

|
structure conskant (Which enters into simple theoretical

i
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_sstimates of ({ AM/M). Whence the balief that departures
from perfect 8 2) ‘can be completely ascribed to electxo-

magnetism. There ave, however, no universally acceptable

calculations of these effects but no better ideag arg

available elther,

Summary -
In this example of isosgpin we have seen how a Lie algebra

c@n-be-geﬁéféted from bilinéar_pxoducts off creation and annihila-
tion\opg:atofé, We have noted further how physics can be incorpo-
rated by demandin§ the invariance.of the strong interaction
f{amiltonian.unéer isospin rotations and by ascribing simple ten-
sariailbehaviour.tc electromagnetic  interaction under lsospin,
Further, we bave profited greatly from the fact that the associ-
aﬁéd algebfai%i&ﬁﬂﬁﬁgﬁlto the angular momantum‘algebraéfHawaver,
as the high energy physics phenowenology grew richer it became
éradually clear that the isosﬁin group was too restricted to

_ accommodate all the data and the need for bigger groups became a
- physical néaessityg in the next chapter we move on to thls new

higher gymmetry, namely SIU{ 3 ) or wltary symuetyry.
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A 50(3) multiplet groups together several isospin multip-
lets of differvent strandeness (or hypercharge) . However,
unlike g0{2}, s6{3} is not an exactrsymmetry of stronyg in-
teractions because the particles in a multiplet have large
masg~differences. Here, we have an example where a baﬁly
broken symmetry provides meaningful regults. Since two
gquantumn numbers T3 and ¥ are needed to sgpecify the location

of a particle within a.multiplet we need a two-dimensional

plot {weight diagram) with Ty and ¥ as the coordinate axes,

Budinents of SU{3)

Su{3}) dis the group of all unitary unimodular 3x3 matrices
which correspond to linear transformations in V?(C) conser=-

. -+ 1 * e A
tice form 2.X = X x,= -
ving the quadratic form x.x = % X X %y b XXy b XgXg

The generators A, are 3x3 traceless hermitian matrices,

+ .
A, = &, and Tri = 0. (4.1)

The eidhiecen yveal parameters obey nine conditions of hermi-
ticity and one of tracelegsnesgs. Thus, there are eight
independent matyices with the above propertie$. T™his speciw
fies the dimension of ‘the group, Among A\« there are two
mutvally conmuting ones (SU(3) ls a rank 2 group) . 'I'hesei
can be simaltaneously dlagonalized. Conventionally A3 and

8),

ﬁa are chosen diagonal .p camonly used set is
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wag subgequently discovered at the expected mass

CHAPTER 4
W

THI UNITARY SYMUIERY AND ELEMFNTARY PARUICLES

Matlyation
Aftaxr the digcovery of sptrange particles the framevork of
igosplin symmatry proved to be too narrow to describe the

ewerging phenomenclogy., SU(2) is a group of rank one and

it glves only one conserved additive guantum nunber (T3)

by which members of an lsomultiplet can be clasgified, Tt
was found that hadrons arve chavacterized by an additional
éﬁ&iﬁive guantum purber called atrangeness (8) or equlva-
lently by the hypercharge (¥). So, one needed a group of
rank 2. The group 5U0(3) was found to be the most suiltable
for this purpose. The hadrons of .a glven gpin, parity and
baryon nunber con be grouped into multiplets transforiming
as the lrreducible representations of SU(3). This was
c¢alled the eigatfold way by Gelleann7) becaugse the %+

baryons and 0 pseudoscalar mesong belonged to the eight-

dimensional representation of thils group.

At -the time Gell-Mann and Neeman proposed the SU(3) aymmet-

r ere were several gaps in the mua etd, esa v
y th aral gaps in Ll ltiplets. These wvere

obvious preﬂictiogg of the theory, I'n particular a particle

Q" with§ = -3 and spln » 5 was predicted at 1675 MeV and
8)5 Tt was
this evidence that ultimately settled the battle in favour

of the group 8U(3).

[ RSO Y

w

Only a limited account will be presented here.
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O 1 0O O i 0O L o 0 o o 1\

A=l 1 0 0= 1 0 0 )A3x 0«1 0 }xés 0 0 0
j .
0O 0 0 0o 0 0 0 0 O 10 0
T (4,2)

0 © -i 0O 0 0 0 0 0 1.0 O

}\b== O O 0 ’}l6‘” O 0O 1 A-;«“:- O 0O «i )}‘Bx;é 0 1 0
}
1 0 0 o 1 0 0 i 0O O O «2

If all parameters e, of SU(3) except for the fidst fhree

are set equal to zero then we obtain the group SU(Zi.

A typical SU(3} transformation 1s given by,

U= explys ie  A). - (4.3)

The 8U(3) algebra is obtained by working out theicoﬁmutam

tors of the A matrvices. It is,
L - '
[%li, 2A§] LE s O | (4.4)

where f1jk are the totally antisymmettic structuke congtants
which we shall not list here. The matrices aiso obey anti-

comutation relationsJ

D
,[%A.,_%Ajlku 5 aij+qijk(%ak) [ (4.5}

1

where djjk are symmetric under the interchanderoﬁ 1:48 k.

Finally, the general SU{3) algebra is,

oy 75) =1 25, P S (4.6)
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A full study of 8U(3) then consists of finding NxN matxlces

Fi which trnsform the N-dimensional gtates by,

¢ o e (X4 ey ¥l (4.7)

O

These states form N dimenéional-multiplets of SU(3), The
SU(3) Casimir operators can be written down but we shall
not find any direct use for them here. The multiplets can
be characterised by two numbers as we shall see laterxr. A
Clebsch ~ Gordon machinexy can be set up for the group
SU(B)Q) but we shall exploit the gubgroups of SU(3) =o that

the angular momentum machinery would suffice here,

The Lie Algebra

To get the Lie algebra using the method agreed upon, we

start with three quantum states, A convenient example
(though obsolete) is the Sakata model, which is the natural
generalilzation of the SU(2) model uged previously, in which
the {n,p) multiplet is enlarged to include the A hyperon
with zero isospin and strangeness'= ~l. We add two more
operators az',"a; to the earlier four. We can construct
nine numbex congerving bilihear products, As'before these
break up into (1+8) oSperators with the baryon number

+ +

- _ T '
operator B = apap +oaga + a5 a8,y gonmuting with the rest

which do not change the baryon number, We write these nine

operators in the following convenient form:




- * o +
B - apa o % C}anlll '3]" a)\ ax 4
el - ‘{ m = +
Tk}‘ d}? n I i) - anap 7
. +
U = L ot e 83
To = dlaga, Andy)
(4,8)
B, = apaA s B_ = 8 ay
c, = a c_ = ar
e T oagay, [ ay p !
- 1, + . 4+ . 1
M= §4apap toaa, deak) = 3B+ .,

These operators generate linear unitary transformations in
a proton-neutron-lambda Hilbert space, The baryon number
operator ¢generates trivial phase transformation, and the
remaining eight genevate the algebra of SU(3). Inspeation
of the operators(ean. 4.8) shows that the eight operators
form a Lie dlgebra of rank 2. The two operators T, and N
commute with one another and there is none which commutes

with both of them. The action of these operators is mani=-

fest in the defining equations. The remaining slx operators

are typical gteop operators shifting the eigenvalues of To
and N, Many of the commutators can be read off directly
from the manifest action of the operators. For example B,
creates a proton and annihilates a lambda, thus raising T0
by +% so that [T ,B,] = % B, . In this way we can directly

write down the following commutation relations.

[fgr Td= 2 0,, [2]= 0, [2,8,] = £ % B,

i

(4.9)
WO'CJ"

i
[+

%ci,[N,Bi]x B+}[N, cj:‘] =« C

R e




4
2
-

T

. ‘i“g

=3

N,

T

T T
S
S

..W,rm.z ..?E.r
f
i

5

&
i
M.: T mm, .me
[AX m i | :
.U.... m Sl
E #m i ™
] 3
H
7
I
. :
- ;
T 2 w, N
Y ,._ 7
» m _‘;
iy m e
?
i
| i
{
) ~e
< T
H



. 45 -
should ceocur in the same £U(3) multiplet. They should

appear altervaately with increaslng valueg of N,

Let us considax soha glmple examples of SU(3) multiplets.
The n-p=~A and n-p-A triplets form multlplets, since the
elght SU{3) operators simply twransform these into each
other. These ave shown in #ig, (4.2), Conslder now the
states resulting from a combination of one gakaton (p ox

i or A) and one antiaa%aton. These gtates are generated
fyom the vacuum by a product of a sakaton crestion and a
sakaton anbihilation onerator, thelr SU(3) properties are
identical to those of the operators of egn.4.8, Thus, the
states will break up into a singlet and octet, They are
shown in ¥ig.4.3 {incidently we have proved the rule 3 x 3%=
1 4 8). Naturally, the octet looks very much like the dlag-

ram(ﬁig.4¢9 of the group dgenerators.

The octét reveals a ney element compared with an angular
momentum multiplet. At N = O, T3 = 0 we have two points,
Thig shows that ths eigenvalueg of N and Ty may not uniguely
specify a state*within a multiplet. An additional gquantum
number 1g necessary which 1ls not determined by the 80(3)
algebra. For our problem the valug of the Caslmir operator
of the lsogpin suobgroup namely that of T? does the job. The
four W = 0 gtates split lnbo an dsotriplet and an 1sosfnglet‘

We now recoxd some important facts mostly without proof:
1. The welght diagrams have a convex boundary.

2. The ghape and the size of the multiplets can be fixed

in termg of two parameters A and p with A = 2T atN=N




= 46 -
& A}
P W ke LT SITE R ¢ TR, u»-y.!,v.-—w-,m-uﬁ,--u'p |

K 4 P 1 ey

Fig a3 sigled

) IPJ

=

i
Tttt et e e i et st et OB e e i sB -2 st « e Jm.-mm;es&{zm#,

| . A “.i . i Tagi["g

Fig 456 (ndst,




A and

P

~ A7 =

po= 27 at N = Nmin‘

. Thug, X and ¥ arve integers, The two triplets

RN

are‘(l,é) and (0,1} respectively and the octet s (L,1).

The number of states In a (A,1) multiplet is

E(A+1) (ptl) (Aee2) . Thus, the octet is made up of elght

gtates,

3.

The weight dilagrams have to be symmetric abbut the
N-~axle and to the lines inclined at 120° to the hori-
zontal, This follows from the equivalence of p,n and X

states in the sakata model,

The conjugate veprosentation of (A,u) is (ﬁ,k). Thisg
corresponds to the fact that charge conjugatlon amounts

to Inversion through the origin,

Cagimlr operators are functiong of ) and ﬁ « Thusg,
labelling with A, u is simpler. This happens for angu~
lar momentim alse where the Casiwmit operator bhas

valuep J(Ji+1) but labelling ilndex is j.

All integral values of A and u give multiplets with

- the following rules for deciding how many states thexe
R ALY T

are for each lattice point:

’

1) The outer . ring of lattlce points is always singleo

il) Each successive inney ring has one state moxé at
each lattica point than the previous one until we

reach a trilangle or a point,

i11) The number of states within the triangle lg the game

as on the perimeter of the triangle. The diagram fox

the octet 1lllustrates thege features,
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' L
Yhe elgenvalues of the operator N3 B+S) ave of the

£oiem 0, n + %', n w_% « A gilven multiplet is obyilously

of one of thesa types, fox BU(3) operations change N
by + 1 or zero. The three types of multiplets corrés-
'p@né o % (-1} integral, integral i_% regpectively,
Thus, the octet containg N = l{ O, -

e

1 and is n-type,

8. Combining £U(3) multiplets: sgince N, is additive, for
4. systen of several parts, the total N ig the sum of

individual N's. 8o, when multiplets are combined one

hasg,
(n)+ {s1} +n . (I‘z:f;%‘v) 11 - n%, (n.,Lv%,) ;. (n‘a%‘,} 0,

-

Rules anslogous o the cage of angular womentum can be
developed which are not zasy to remember wunlike the
angular momentom rule. A coupling of great significance

ig the coupling of two actets,

(1,1) (;) (30 = (0,005 (1, 1)+(2,2)4(3,0)+(0,3) +(1,1) ,

Like with tha conpling of-j1w1 and j2=1 in angulax

momontrn S e mnnle, we can ask for the syimecry pro-
perties of thé nulitinlets with regpact to the inter-
change of the two pavts. A slmple and quick recipe Ffor

such couplings ls the Young Tableaux techniquez'4)e
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Ceneralization to any SU(3) Algebra

We 'have obtained the Lie algebra of SU(3) using the Sakata
model., Irregpective of the validity of the Sakata model
the algebra remains valid., And, in fact, the Sakata model
i3 not supporxrted by experimental evidené@, Phenomenolégy
suggests that the elght %+ baryons should bs grouped into

an octet but Sakata model groups p,n and A already dnto a

'triﬁlet leaving the other five members for other multiplets.

It turng out that the ¥ hyperon must he plaééd at least In
a sektet which includeg 8 nucleon like particle and a par-
ticle with ¥ = 2, T = O which must have spin %+, guch par-
ticles have nevexr been found, The ¥ goes ét leasgt in a 15~
plet with latge number of unoccupiled places and the @ can-
not be included in any lower multiplets. Such a classifica~

tion is obviously most uagatisfactory,

Whenevexr a get of eilght operators satisfying commutation
relations like those of the operators (egns.4.9 and 4,10)
arige In any physical problem we know they constitute the
Lie‘algebra of8U(3) . rhese operators can be used to charac-—
terize the gtates of the associated' quantum mechanical
system and group them into multiplets which are alréady
known from the Sakata model, 0f course, a glven wodel may
not lead to some multiplets, For example, the angular
momentum algebra can be obtained from orbital angular
momentﬁm but then the multiplets with half integral j would

have been migased,
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6 .

che Eightfold Way''

Coésider the two dimensioqai (T3MY) plots of - well known
stable ¥ bavyons, 07 pseudoscalar mesons and 17 vectow
meson resonances. (Fig.4.4). These diagrams immediatei§
suggest octet multipl@ts.of SU{3) with an additional sging~
let vector meson... The mnegon octets ave what we expect
from the Sakata model., But an octet is suggested fox %+
baryons as well, in contrast to the p-n-A triplet of the
Sakata model, This classification of elementaiy paxrticles

ig é¢alled the eightfold way or the octet model,

Tolfoxmulate the problem mathematically we need eight ope-
rators satisfying thg baglc commutation relations, The
three isospin operators we define in the usual mannew, The
baryon octet tells ve that N sheould be identified with the
hyperchargg ¥Y=B45 rather than with % B+S as in the Sakata

model, Now the operstors T and N are in hand, the rest

+,0
are uniguely spacified by the commutation relations. They

are the ones chenging T by + % and ¥ by & 1. Eqn.4.9 glves
the commutation relationsg anongst the step operators them-

selves. The miitiplet structure has already been given by
the Sakata model. Thug, the matrix elements of these opea-
rators can be calculated between any two states of a multd-

plet. This 1s avalogous to the angular momentum casge where

~given the commutation relatilons amongst J+,J3 and glven

the multiplet structure all matrix elements of these ope-

rators in a given multiplet are calculable,
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We have identified ¥ with ¥ which we require te be integval,

. i \ . , 1, .
Hence, only those wultiplets ocour for which g(Kwu) i85 an

integer. The simplest of these are the singlet (0,0), octet

(1,1}, decuplets (3,0} and (0,3) and the 27-plet (2,2}.

Now, wvhoen we talked about isospln we had a physical prin-
ciple wnich we were trying to expxess,iﬁ mathematical langu-
age, It was the charge-independence of nuclear forces and
the mathematical expression was the lnvariance of the gltrong
inteyaction Hamiltonian under the SU(2)} transfoxmations, Do
we-have such a physical basls for the elghtfold way? In the
Bakata model we did have, namely the equivalence of n,p and

A interactlons. We do not have any obvious basis here, We
. have not even talked about the fundamental repraegentation.

And the properties of the fundamental triplet in this model
are stavtling. Since we have put ¥ = N = B¥S orx barvon
number for. the triplet is one-third of that defined by

egn.4.8. Thus, the triplet would have B = % « The hypei~

J i 1 . ’
charge 1g thus % ;5 and - % and the charges would be %, %
and -~ % ¢ Fow Ty o= ok % and ¥4 = O respectively, These

peculiay objects are called gquarks and go far none of
these fﬁacti;géily charged objects haye been fouﬁd expert~
mentally. Perhaps they do not exigt in free unbound states,
If these are the %undamenﬁéijobjecté the generalizétion off
charge—-independence would be the equlvalence of the inter-
action between any two of these. 0f course, one can belleve
that tﬁe quarks are more than just a mnemonic and lnstead

hypothesize that they arve the entities out of which the

mesons and baryons ave physically congtructed, In the mid




3

»ey

[8)

st

igéeig ona f@lt_that quarks were just a mnemonic devoid
af_phyﬁiqal meaniing ., Today we tend to belleve that quérks
age physical entities that eve dynamically confiined within
mesons and baryons, The obsewved multiplet structure ;nd
approximate SU(N) syimetry of pavticle physiles then has

its oxidgin in N flavours (types) of quarksfilling the |
fundamental representation off SU(N) and the composlite
Quatk syatems yvield the hadvon spectroscopy. Unfortunately,
th@sé excéiiing now developments are not the subject matter

of ‘this work and we better stop before we go astray.

¥inally, fox the sake of completeness let us review the

successes of the bypothesis of approximate lnvariance of

the strong interaction with zespect to the group SU(3).
2,7,10,11,12

These arse numerons and imﬁresgivez’j' Q'Ll’l?}@

L. ALl stable hadrons and low lylng resonanceg axe digtri-

buted ovor SU(3) mulitiplets of low dimensions,

[
S

The guark model, vhich makeg 1t possible to construct
all hadrons fxom three fundamental particles and thelr
antlparticles 1s very attvactive,

[t
r

3, Differe&t‘maSSNfonmulaerhave been obtalned fox <1 gomul.-
tiplets within unitar&ﬁﬁ%ltipleta pased on educated
guesgod on the nature of SU(3) breaking strong lntexr-
action Hamiltonian, These are in good agreement with

data.

4, A number of relatlons bhetwean the coupling congtants of

baryons and wesons hove heen established,
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5. Vawious scatlering and decay processes could be rela-
ted; {'"he ceneral procedure followed for all these
ltems diw exactly analégous to that degeribed in the
previouvs chaptary on SU{(2}), )

6, Taking iato aceosunt the electromagnetic interactilon

magsformilae havae been obtalned for individual‘memw

ters of imowvlitiplets of a glven 80U(3) multiplet. Thus,

=i

one Ffinds fov exsmple,

(mn . 1:-,11)) - (mﬁg - ) = (m:- - mzn .

(3]
—

Thig is uvsed o predict the gign of the maga~difference

(Myo = My ) and chocks experimentally.

7. Tha velations between magnetlc moments of the baryons

a given nultiplet were derived. Thus, one finds,

Mo, o Hyer Slge= Ype y £ 24 - 2uga

Yo appendid A the SU(2) subgroups of SU{(3) are digcunssed.
Thepe will be cxplolited to derive the relatilons meuntloned

in tha last two itams,

We conclude this chapiter with the Qgservation that the gréup
theoretic method contains no element of dynamics which must
come from a itheory of elementary particles. However, having
agreed that there is an underlylng symmetry the group theo-

retle method supplies o wealth of information.
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- CHAPTER 5

APPLICATIONS OF 5U(3) TO OTHER BRANCHES OF PHYSICS

The Three-Dimensicnal Tsgotropic Oscillator

The harmonic oscilllator ﬁroblem f£indg many applications in
physics. It is-a subject that deserves a treatise by iltsell.
In the harmonlc oscillator shell model, a number of pavti~
cles are assunmed to move independently in a harmonic oscll-—
lator potential. This is the problem we shall discuss here,
We first addvess ourselves to the problem of a three-~dimen-

sional isotropic oscillator,

The energy spectrum of guch a guantum sysﬁem was perplexing,
fhe only manifest symwmetry of the Hamiltonlan is the wota-
tional symmetry. Thus, the characterisgtic angular momentum
degenexacy‘is to be expected. But, as is well known, the
degeneracy is far greater, with sets of sgtates of angular
momenta dlifering by two unilts turning out to be degenerate.
Since the cause of such a degeneracy was not understood, it

N
was termed accidental dggenezacy. However, the approach we

Lt -FE A

are adopting here reveals at a glance that there is nothing -
ac¢idental abbﬁé-this dageneracy, fér the symmetyy q? the
Hamiltonian is thaékof gu(3), so thét degenerate levels
corzrespond to multiplets of SU(3) and not just to those of
angular momentum, This example (along with the other famous
example of the ldeal hydrogen atom;the Kepler problem, actu-
ally) emphasize in no uncertain terms the beauty and power

of symmetry arguments.
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Before giving a detalled treatment paralleling the Sakata
model , 1et us see how the degeneracy 1s such an obviods

rasult.

A three~dimensional oscillator is nothing but the sum of
three independent equal mass, equal gpring constant oscll-

lators. Its hamlltonian 1s simply,

H = w(g__*-’a + %) ’ (5,1)

N——

+ .
where a, a are vectors with components,

Lo B, o, L b o[EE . b
A 'J 27 "u 4{2mwﬁbu r 8y 7 *y ﬁgiﬂﬁ d (5.2)
where n = 1,2,3, coxregpond to the creatibn and annihila~

tion operators in the three directions. Thus, H is essen-

tially given byfthe length of a complex three-dimensional

o

vector, Rctationéxin the agsociated v®(C) do not change the
length of the vector, Thﬁs, H is invariant under rotations
in V¥ (C), The previous chapters tell us that the symmetry
of H is that of U(3) and the multiplets correspond to SU(3).
The generators of this symmetry group are the (148) bilinear
produéts-of tﬁé$;§pe a+a

v’ |
connecting states of the game pafity, Thug, a degenérate

Thege are even parity 0perators

level contains ataéés-with angular momentum £, 4+2, 4+4,,..
A little later, we shall come to the occupancy number of a
given level, We note that the nine bilinear products break
up into groups of one, three and five operators transform=

ing irreducibly awongst each other. Thig has to be, fox
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given two vectors a and a' we can foxm the scalar product
§-g+ . the vector product g>§§§¥ and a symmetrlc gecond
rank tensgor, The vector product coxresponds to the angulayx
nmomentum operator and the tensor corrvespond to the quadru~
pole monent tensor. Witﬁ all the expectations made expli-
it and plausible let us now approach the probiemralong

the lines of the previous chapter,
' The operators a and g% gatlsfy the commutation relatlons,
o . T .
[au, avj] = 8y [an, a = [_au, ag) =0, (5.3)
The Hamiltonilan i1s,

3 4
He=ol i @ a)+3) . (5.4)
p=r P

The angular momentum operators are given by,

2= - - s " 'jﬁm 'JL 1{ £
guv X Py " Py ¥y i(auav avan), woE oy, (5,5}

We have nine bilinear products of the type a:av commuting
with H. Except that they are hoson operators, they look the
same as the 8U(3) generators of the previous chapter, Like

the operator B of SU(3) we have the combination Ea;aﬁ

commuting with the remaining eight.

Now we can draw the exact correspondence between the opera-
tors of egn.5.2 and those of the Sakata model, There, we
made use of the lsospin subgroup by singling out the A~

direction in the n-p-2 Hilbert space., S0,we noy chooge the
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xgndirection as a preferred dJdlrection and look at the

SU(2) sﬁbgréup associated with the two-dimensional oseile

“Jator in the x,-x%, plane, Use of cylindrical coordinates
i 2 l 4

is immediately sudgested and e define,

ai = (ax + iay)/ 2, 8, = ay (5,.6a)
so that,
ay = (ab ¥ la)/ /2, ab = a, . (5.6b)

Intexms . of these operators,

_ + L + 3 .
H=uwla,a, +aa o+ aga, + ) . (5.7a)
We alsgo define,
T - + .
Ay Faja =t g s Sala, ~ a’a_) = %050 (5.7D)

The operators a, and a_ are now analogous to the p and n

operators and Ay s A Ao axe analogous to T, , T_ and T,

PO O

Thug, A, e A, Ao are the operators of the SU(2) group of

the two-dimensional oscillator in the ®q ~ X, plane. Inciden-

3
tly, Ay = %%, + hence its eigenvalues are 0,%,1,% cev  For

our.quasil-spin operators we have the Cagimin operatox,

AP = AL - ALY AE (5.8)

&

-

’ The remaining five operators of the algebra can be written

down in direct analogy to the Sakata model asg:

+ . . Lk
a_}_ac} ¥ B_‘ - awao, C‘{‘ = doa“ F C“w = aoa‘{‘ I

H#

B

4-

(5.9)

]

R T S LT P S SR 5
N  *§(a+a+ oa_a_ 2a0a01w§(alalwd2a2 2a584) .




we n@& have a set of elght operators ln one-to=one corvep«
ponﬂencé with those of the Sakata model. Hence, they gene-~
rate a 8U(3) algebra and the Hamiltonian, which commutes
with all these operators, has the invariance of SU(3). The
energy levels corresponding to this Hamiltonian fall into
muitiplets arising out of the Sakata model. They can Qe
plotted on a N - AO plot. The physical meaning of N follows
from its definltion. It is one-~third the difference between

the sum of the guanta in the x, and X, directions and twlce

L
thése in the Xj-direction. Thus, N = 0 if the average nun-
ber of quanté in the XqRo direction eguals that in Xy
direction, N > 0 if %y=%, average exceaeds the occupation
pumber in the xéadirecticn and N <0 in.the raverse situ-
ation. N is thus a measure of departure from spherical

symmetry which makes its association with a guadrupole:

tensor clear.

The ground state of the oscillator in non-~degenerate and is
the 8U(3) minglet (0,0}). The Ffirst excited state isg three.
fold degenerate. We can put one ogcillator quantum in any
one of the thyeg directions. This is the (1,0) multiplet

of the Sakata model. The nth oscillator state corresponds
to a totally‘symmegric n=gakaton stéte. Tts Young diagram
is a row of n boxes so that it ds the multiplet (n,0). The
degeneracy follows from the general SU(3) formula, However,
it can be written down dirvectly by obsexving that the probe
lem is one of distributing n oscillator quanta among the

three ogeilllator directlons, i1.e,, by finding all poggible
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. combinations of n., n,, ny such that n = ny; + n, + ny and

nl,;ng, ny = 0, 1L, 2 ....n, Thig number is aimply
%(n+l}(n+2), This is the known degencvacysy of the Osc%}lam
tor in-the ath stace. Thue, the (n,0) lavel exhausts the
degeneracy of the nth 1@%@1, At in the case of the Sakata
model the states of the (n,0) wmultiplet can be classified
into quasi~spin multiplets having all possible values of

the total quasi-spin, X from O to % n.

The Angular Momentum Classification

The quasi=-spin claggiflication of the previous secltion was
ugeful to undergtand the degenercay problem, In actual use,
we should be more lnterxested in the angular momentun classi-
fication of the ogceillator staes. We solve the osclllator
probiem in elther carteslan or spherical coovdinates, In the
lattex case we use orbital angular eilgenfunctions, The energy
of the oscillator is, B = (nég}w where the integexr n and the
orbital angulay momentum £ are related ag, n = 2Kk + § where
k=0,L,2.0, Thus, if n i even § = ,2,4...,n, and 1f n

is odd 8, = l,g,g.$&,ne The gtates in the quasi-apin clagsl-
fication ave iélateﬂ to the sﬁates;inAthe angular momentun
classification (juét as the faospin and U-apin claﬂgification
are related), In both cases fy 1 a good quantum ﬁumber, 1£
A 1s integral then 23 is,e%en, if A is half integral, 23 is
odd. Consider the nth aycited state of the osclllator, We
have the (n,0) nultiplet. The two largest guasi-spin nultie
plets (A = %n and A = ﬁ%i) Just contain all the eigenvalues

of £3 appearing in the & = n angular momentum multiplet,
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éontinuing in thig manney, we get the one-to-one corregpon-
depce between the elgenvalves of &, arising in the two

ciassifications. Thug, For example,. for the (3,0) multiplet
the two largest guasi-spin multlplets ave A = % and A = 1
containing 7 states and corresponding to the seven angutay
momentum gstates for § = 3, The rgmainiﬁg quasiéspin}multiw

plets with A = % and A = 0 contain the three states with

z3rﬁ + .1, 0 making ap the angular momentum % = 1 states,

In the quasi~spin ¢lassification we had the operator N
which commutes with all the quasi-gpin operators, Thus, the
sﬁatea conld he plotted on a N “ Ao Plot. In the angular
momentum case there is no such operaﬁor avallable, Thusg,
there is 1o slmple way of defining another gquantum numbex

to classify the states In conjuction with 2% and g, . For
a single osclllator there 13 no problem for 2% and g,

1ike A? aﬁd KO are enough to classify the states of (n,0)
multiplet and N is redundant. However, when we deal with a
system of geveral osclllators we get several states having
the same quasi-spin with different values of N, But, slnce
in the anguié;hﬁomentum case an Nelike opevator Ls not
available we do vot know how to display the several states
wilth the ssme anjﬁlar-momentum, We notlce here;‘hd}- Al Lo
rences ecan axise botween SU(2) and Ry based classifications.
The Lie aigebra Ly the game ih both cases but the geometri-
cal and physlcal gignlficance of the two groups ls dlfferent,
Por SU(2) we work in ¥*{C} which 48 a subspace of V¥ (C) in
which the 8U(3) transfommations are defined., Ry la a group

of real rotationg in the whole of v?(C),
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In using the angular momentum classification of haxmonic

"ﬁff' oscilllator states the Following combinationsg are more

snitable.

[ = 1 %'_ . i
'}‘0 = (ak}_ah%_ - a a ) = QAO ,
- L s A - ‘
e n G RR - i ; o ; . -
by V2 (dodi a:ﬁ 10) & v (Ci B:};) ’
4 - o5 4" - e o )
g 12’ v m_‘l_ja . = V6 n:i , | (5.10)
I S o
A V3 (a oy T 28 y = F Y3 .t B
. = ?aJ‘d'l . +, . ,‘a EN
o 7 2858 7 ERy .8, .

[ﬁ+ po ] o= 2, a Al = Mgy

o 7 “m

[ gi i ‘3.{]“] =1 \[ Gem (1) q.mr w1
[qo ’ q+1] = 1+ % /g 2+ ’ (5,11)

[ql ' qﬂlj = 320 i

lag + af = 62,

We also went to wrilte down one of the Casgimir opeﬁatokﬂ
which commutes with all the elght operators here, Thus, the
operator must be a gcalay undew rotation and we expect it
to be guadratlc in these operators (in analogy to the angua-~

lar momentwm Caslmiy operator £°), We have two such opewa-
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tors available, namely, &% and the sqguare of the quadrupole
moment. Stavting with a linear conblonation of thege twe and

commuting thew with the operatorsg of the given sst we find

the combinatlion to be;

" :
. . L G o 15
C LI 3 91 2 R (_\‘-ﬁ) {{]ﬂ <':ik‘4:ﬂ’l (5 ¢ ..-l.(‘_'» )
s =2
. 1
Conventilonally, C = 3% CV  As employed,

In the nuclear shell model a number of particles are agsumed
o move independently in a harmonitc omoillator potential.
The above treatment can be trxivially generalized to cover
the situation, We thy have to define the osclllator opexaw
“torg Ffor each particle and define the operators of the Lie
algebra ag the sum over all tndependent panticle operators,
th

Let Xui

particle aid a, and a;d be the covresponding annihilation

and Py g he the canonical variables of the '}

and creatlon opervators. Let gj . %, and a, be the quasgle
: SO A i A

gpin, angular aomentom and guadrupole tensor OpEraALOrs regpecs

tl

tively, for the i*" pavticle. The Lie algebra for the systen

is defined by-the followlny operstors,

I = 5‘, & i 7 A = X ?" i f Qm’ = R o i;’m f

and (5.13)
R A P FITR -
C= 4% (36 + 5 () Oy val

Hl

The operatoxrs B, , C, and N are similayly defined appropri-

ately. The particles being all independent, the commutation

relations obyvlously remaln unchanged,
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Bach individual parvticle belongs to some SU(2) multiplet,

“The state of the whole systom is oblained by conbining
¥ Y :

8U(3) multiplets just sg one comblnes a nuwber of angular
mcméntum states to obtaln the popsible total angnlar momen-
tum states,. Suppose, for example, that we have the lowest
sﬁgh@il #11lled and a nuwber of partlcles ave in the next
peghell, The three dégeﬂerate states of each particle coryeg-
Qané.té‘the gakaton triplet (1,0}, We have to combine n
ﬁﬁcB £wiple§5 and ﬁinﬁ.out.Sggiﬁggi +u e (n factors), Not
all, the&é would be allowed when the generalized Fgoli prine
ciplé de invékeﬁ, The gecond exclted level of the osclllatox
. hag six states avéilable; 7t As the (2,0) multiplet which
corrésponds to L= 2 and 6L = 0, We have the particles in
the g=d shell. I we bhave Four particles here with the two
lower ghells Full then we have to comblne four (2,0} multl-
plets, Paull principle tells us that cloged shells belong
to the (0,0) wultliplet just as the closed electronic shells

carry zexoe angular momentim,

5.3 The Flliot Hodel™

i relevﬁnﬁ quas?ioﬂ now arxlsges, What has one galned by
Cgolng thyengh this 5U(3) clagglfication? For a single oscll=
lator we did gain something concvete, Namely, we uneaythed
the pxéd;selsymmetry of the ogalllatox Hamiltonian; We ‘know
the full gquantum mechanical description of the oscillator.
The principal quantum nuwber and the angulaxr mopentum fully

clasaifly the states, However, in the case of many particles
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in an ogecillator potential several states with the gsame
angulary nomentum appear, Additi@ﬂal'quantum numbers ave
then xegquired for a complete specification of the states

and the SU{3) clasgification may become rvolevant,

An Jllustration of such a gituation ig the Elliot model

in which some of the degenervacy is Lifted by adding a twoe

bhody Jinteraction of the gquadrupole-type to the oscillator

‘Hami Ltontan, hus,

I‘ = { e ; (\-‘4 m *§
i Iosc V’ij(_) Ui qwmj (5.148)
- Y ey D .
Home ,V W) Oy Qe (5,14b)
.or’
Hos Moo~ 36CV o+ 3yL” (5,14¢)

Here, ﬁosc repregents the Hamiltonjan for the particles
moving independently 1in the oscillator potential, The re-
maining texm is a two-body idnteraction which might be cone-
sidercd as the gunadrupole term in the expansion of a general

two~bhody interaction ib spherical haemonics.

At this point we arxe obliged to make a digression so as to
appreciate tﬁe phillosophy behind wfiting down a Hamiltonlan
like the above one. Let us discuss the symmetry group we

have in hand, namely, SU(3)~generated by three angulay momen-
tuy and five components of the guadrupole tensox operators.
What. has this group to do with a real nucleug? L and @

form a closed algebra but this group is not a true gymmetry
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of real nuclei. The guadrupole components are not really
congtants of motion, i.e.,

' J.
Lﬂreal’ Qm] oo, )

8till the group is vaaful.. We have a nonw-conserved symmetry
which gilves useful yesults. Tf the observed properxties of
the nucleug are angulay momentum and guadriupole moment

this Qroup may be releyant. This may not be true for chér
nuelel; e.qg., those wi?h»spherical symmetry, So, one iy
trylng to use a group that is at least lwportant for cer-

taln nuclel, Thers ave two possible scenarlod,

Flratly, nqu} may almogst cowmute wlth the @ so that gua-
. s IR

“1
drupole moments are approximately conserved and SU(3)} is

an approximate symwetwy. Secondly, one may say that one 1s
not worwfed whether symmetry breaking is large or swnall
Cbut Hreal mugt he a funétion off ¥, and ¢, 80 that L — hag
mateix elements only within a glven mutliplet, The multip-
lets are then gplit bub not mixed by the Hamlltonlan,. The
pregent model s a pimple model where this kind of approach
is followed, Weé sec that the Quadrupale interaction is
juat the sumgof a term proportional to the Casimlr operator
¢ and a tewm propoirtional to L7, Tﬂug, the eigenfunﬁtiohﬂ
of H are those llnear combinatlons oif the degenerate osclile
lator functions which are aimultancons elgenfunctions of

¢ and L. The states of a given 8U(3) multiplet are all
elgenfunctions of C, The required ejgenfunctions ave obtal-

ned firgt by classifying the states into SU(3) multiplets
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énd then choosing the states within the multiplets to be
elgenfunctions of 1.7, What kind of splitting should one
exﬁect?' Firstly, theve iz a aplittlng bhebween the maltle
plets because C varvies from mulbtdplet to multiplet and then
thexe 4s » splitting within a smlilplet due to the 1.7 term,
Each 8U(3) multiplet constlitutes a rotational band of
"moment of dnertia” 1 gilven by g%-m 3V. The Elliot Model
has met with reasonable success in the range 16 <A < 40,

Finally, a word more about the tewwm E(ﬁ)m Qm 0 it is

~a ©
invariant under Ry but not under the full SU{3) group, It

represents a long vange abttractive interaction indicating
that every pair of pariicles idnteracts malnly through the
effact of nucieax ghape as a whola, Thus, 4f particle one
bulges in a given directlon then particle two would try

to do the sawe. Such a term would encourage cooperative
quadrupole digtortions and wmust be present in the real
cage, But thips may not ba the only texm,., The other way
this term could be justified ig to say that the forxce hag
a ﬁuadrupolewquaarupole component which dominates over the

rest which can bence be ignored.

We have thus learnt that the 5U(3):moﬂel can demonstrate
how collective features such an Yrotational bands" tan be
understood within an independent pawvtilcle shell model, If
the interaction not included above is somehow small it can
be treated as alperturbaﬁion, The states to be used for
thig purpose aive those classified and labelled by 8U(3)

guantun numbers, However, aince the interaction does not
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w0 commtte with 8U(3) genevators the cholee of the bhasis
S functilons has to be such that . and one other angulaxr

morﬁenttﬁﬁ operator have to be chosen diagonal. The wowne
convenlent guasi-spin claszilflicatlion can not be u&edwﬁﬁ
We have learnt here a very vital means of exploiting
syrmetry  considerations In which the Hamiltonilan 1
chogen to be a function of the group genervators so that
symnetry can be used to iabel the states and no multdp-

let mixing Lg allowed. Such conslderations have glven

valuable results, both in nuclear and particle physics,

Finally, we would like to vestress the fact that the
collective behaviour resultling fron an independent parti-
cle model obtalned hexre has a deeper root, Thls problem

will be digecusged in greater details in Appendix B,
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THE GENERAL ALGEREA OF BILANEAR PRODUCTS

The Cage of Yyo Feimion Oparator

PYEV S PRSP

8o far, we have examlned thoe algebra of bilinear products

of number congerving boson and ferxmion operators, We would
now lLike to include the

vemaining bilinear products which

create or annlhilate a particle - pailv. Let us go back to

the cage of two fermion opervators and look at all the

left out operstorg, namely,

P L & _
By apan P .

(6.1}

the four introduced in the case of SU(2)
arve all the distinct bhilinear products we have, In the
hogonic cagse thore

are a total of four exbra ones, since

Pauli principle is not operatjonal in that cage.

A proton-neutron pair in the same guantu state has lsospl

zoero, Hence, £, commute with the isospin operators. The

full set of cowmuntation relation is:

v ]

= 2']_"0

and where,

1).
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We have the direch product of two angular momentum like
algebyrag, The waltiplet styucturves and the matrix ele-
ments of all the operators Follow from angular momentum

theory .

The additlon or removallwf a proton-neutron palr in the
same quanium state has no phygieal relevance, But the
algebra 1is valid for any two fermion guantum states, Huch
palrs are of great physical significance in studying paixe
correlations in manymferhion systems., Congider two guantum
gtates denoted. by +kK and ~k which might, for example, be
two states wilth equal and opposgite monentum +k, #We define,

the quasi-spin operatoxsy,

ok o - R T b
S‘]‘. A'_‘ nﬁ.kdmk’, = h {dkdk d""ka"“k} (6@3)

S | S T
ST R

Thase guasi-gpin operators correspond physglcally to the
addition o¥ removal from the system of a pair of particles
having equal and opposite momantum, They can describe the
ereation oy amihilation of a Coopar palir, for example,
Without affecting the algebra, we can generalize the above
definitlons fo¥ any nuber of values of k. Thus, the gene-
ralizgd guasl-spin opervators ave,

Sm 82 i Sik ' 5= %L 8 . (6.4)
To see thelyr wtility, congider a simple two-body palring

interaciion,

o 1 + e d‘ _}- 5 a2
“] o e= (:J }4 . r}ka”"l}, (}tvak‘_’ d.kl P (6*5)
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where the sum iy over a partloular seb of stateg k. Such
an Interaction is uvzed, for example, in the theory of

suparconductivity ., Wow,

T . Y ) 4 e 1 ‘(?- “12

Vo= o= G :D"F&": =oee G LT 5‘30 + SO} ¢ (é‘ (3)
wvhere ag vgual,

(67)

[ea]
>
it
NJ‘"
—
w
02
-+
N
(%
"
=
s
N

is the Casinmir operator. Thus, the states IS,SO> are elgen-
states of such an intervaction, V is sluwply a dlagonal ope-
rator with clganvaluesg WG{S($+1) = Sg + SO) with sg run-
ning from +8 to -5 in unlt steps, Lf the paiving interaction
is the domlnant force, il.e., Lf the "strong coupling Lbalt"
‘applies we have a complete solution Lo the pairing problem,

In gsuch a problem the number congernyving operators have no

divect physical siguificance,

liet us now try to identlify the Lie algebra - a direct pro-

duct of two angular momentum algebras,. Group theory tells us
that this is the K, algebra. We see this as follows. (slnce
the angwer g known, we Follow a procedure which lg jugt the

aconverse of whal one necds for showing that R4 has the same

algebra as 33 % Ry). : .
befinea,
. SRR 3 . ok
Yl:ap+ap, 'zzml(anap), YoZa, toa, vym il a ), (6.8)
One has, \
YE = T and [Yi’ inl+ = zyij ; (6.9)

wherea,



six indepandent
L, o =
11

hij savialy,

By

Thase represent the natuvral extension of the angulaxr mon

T e

bilinear products are simply,

fand
S
e

CERERE TR
Dpd 7 Ty @ gy o Ak R
1 = 0, if no two indices

are equal.

Fum commutation relatlons o four dimensions.

Generalization of these vesults to the case of an arbiia
“nuyber of oreatlon and annthilation oporators

forward, First. consider the genvalization to the cage q
; ¥

the case of three

duce the operstors

- 1.
atales,

for the additlonal state

(6

\—(6

(6

s stralgh

E,i}\

and a
A

We then define,

and vy

- = ..}‘ PR
fﬁ.R 6 o] ,L {dA d;\) ]

The operators Lii arve similarly defioed with 1,3, runnj,

from 1 ko 6. We now get the algebra of the rotatlon gro

in six dimensions whose genevators awve the 15 independe

4.

f - A
opErators Lij’

Now, the general result for the set of fermlon operator

e

. JLO}

. .Ll’t),)

JL1D)

eIl

ary
i

3

As in the Sakata model we intgo=

As

1y
ap

nt

&8

e

a, and ay for n wvalues of k (these may either be n dLLf
Y 13 r . -
rent kinds of feomlons orx o different states of the game

fermion) iz c¢lesr. The set of

ducts of these operatorsg ls &

all popsgible bilinear prd

got of n{2n - 1) operatol

-
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éhi&h constitute the Lle algebra of the notatlion group
in Zn dimensiohamﬁgn‘ Tha subser of these making up the
nunben conserving bilinsar products s a set of n? oper
rators qongtituting the group U(n) . One bilinear combina-
tion of these operators is the total number operator
which coimmubas with the vemaivning n? - 1 ogeratarsk Thus,

Uin) = ﬁULn)(%)U(l), The U(n), s0(n) and U(1) ave sgub-

grovwys ol R,

Ry
The Senloxity Classificatlion

in section §.L, we could find bwo anumber changing Lsoscalar

opevatar fov the n = 2 case, namely, S+ and S . This

cenapled us Lo separate the Ré'algabra into two commuting

SUA2) algobras, Tor u = 3, Thds procedure will not work,
for, combining two sakatonsg we get a triplet and a sextet
oif SUL3) byt no siuglet. We have no operators creating a
pals o sskatons and cowmuling with all the SU(3) opera-
toxs, Baltt vhenever n ls even we can always define‘opéxa&
s ol the type 8, of ew, (62). Such gnagi-spin operators
ave upelul o Conskder the classification of nuclear states
in the 4 coupllng nuclear shell model, Consider the set: of
(2331 opeesrors %gm (hence forth weitten ag a;) creating

a Iermion in a 32&%@ of angulaxr momentum |jm> . These operar
bors transioot anvagst themsalveg ag the components of an
irreducible tengor of rank j undexr rotationsg. This is
obvicus, for, acting on the singlet vacuum state |0» 3 “hey

give us the 2341 gtates |jmw> which form an irreducible
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r&preseﬂtatinn of (22+1) dimeusions. The previous section
tellﬁ s that the set of all bilinear products of am.'and
a; generate the Lic algebra of the zotatlon group in h
2(29+1} dimensions. Consider the mnitiplety cozrespmpding
to this aluebra, ueeded for the claggification of states
of any numbar of femmiong digtributed among these (2j+i)
~single fermlon states. ALl the many-fermion states should
Fall into tyo wultiplets. One should contain the states
having an odd aumber of particles and the other an even
mmdber of particles. This must be go, for the Lie Algebra
involves bilinear products which can change parﬁicle n-
bers in multiplas of two unly; Thus, it does not wmix

gtates belonglng to an odd and an even number of particles.

The number conserving bilineawr producits generate the alyeby

of SU,. ayg per the previous gectlon. Thuz, all possible

141

states of a given pumber of particles in a j-shell should
belong o a single miltiplet of the group SUZj%l' Like

before, let un defline goasl-gpin operators as,

8 =L Y (- e ko o =oat !
c:)_i — ¥l 1 ( } ) .djﬂa““fﬂ, L?;"\ i _%_g' S() - ﬁ

/

[8,,5.] (6.12)

The factor % takés care of double counting in m and.the
factor ()7 55 conventional. Oux knowledye of sphe?iCalf
tensor tells um lmnedlately that these quasi-sping are
scalayvs under rotallon, We can check this explicitly by
verifying the S%,O comyite with the éngulam moméntum

operators. Lebt ug consider one guch example. Let ug show

that, [0, 8.1 = 0o . (6.,13)
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In the second term we have changed the

from m to

the C'%.‘ 3

jfll e - -'L

=0, For (=)

5 is therefove

an oparator

cles in a atate of

siwilarly creates such a pair.

quantum

a , ‘The

astataes
G o

of this

spin multiplats, Ve

collectively rapresents all

guagi-spin oneg, 8§ and oo

,';-' TR x = .y o .
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L Xk "
R {am m

"ﬁ,am] = J}{j ?3~m(mfyjdm+l
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J m‘Jj(j¥1)~m{mri} a

which degtroys
total anvular momentun zeno,
This

numpers corvesponding to the
syptem can be

t1ahel the states

. The operator S, is
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summation index

=m.and usad the antlcommutatlon relation amongst

_ oy 2T
] Py (A (20D

a pailr of parti-

while S,

algebra defines two

eigenvalues of 8% and

;

classifled into quasi-

as |8,5_,0% where «

gquantum aumbers other than the

]

given by,

L

}

(6.14
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xg?rom.ﬁﬁis the eilgenvalue 80 is simply given by,

5. = %(n+n - {273+1) ) :-%{nmj*%) ’ (6.15)
so0 that, the total number of particles,

n o= ZSO + 3+ %, {6.16)

The paiticle number cen vary between O and 2j + 1 sé that
85 variég'between the limits ﬁ_%(Zj *+ 1)._Since~each value
of éo‘occurs only once in a quasi~spin multiplet, these “
multiplets consist of atates each having a different num-
ber of particles. For a multiplet of & given total Qu&si"-

I

apin 8, SO varies from + 8§ to -8 and n varies frﬁm}

Roin 8y = =8) = () +% ~28) = v (6.17)
to
Ny (8, = #8) = J4% + 26 = 28 + l-v.. (6,18}

Hexe, v is the minimum number of particles OGéuring in &
given guasi-gpin miltiplet and ls called the senlority
number., We caﬁ”ﬁbw Labgd I8, Sy 0% equivalently aa lnfv;a>."‘
Now we are in a pcsiuion to builld up thesge multipi&tq, W@
start with the state with the minimum number of partiales
i.e., the state [n = v,v,0> for which 5o = ~8, Hence,'
Hl!v v gk = S‘__‘!S; =8 gr = 0 (6t19)
The entire multiplet can now be built by repeated applica-

tion of 5, to this state, Bach application of 8, adds a




pavticles coupled to total angular momentum zero,
The state lv v o> has no sach palrs ctherwise 5 would
not give zero acting ou Lhis state. Thas, an arvbltrary
atate contains v particles having no palyrs coupled to
angular wmomentum zero plus an arbitrary number % (0 - v)
palrs coupled to angular mementma zevo, The ntiiity of
this clagsification becowes obvious when woe have Lo con-

gider a pairing internction, 2 simple example fu the

a2 ' & a R (6, 20)

o BE o
= e 0558 s e 3G - 5.,(‘ +% Y. {6,210
ER = $ ‘

V ois alwvoady Jdisgonal in the guasi-gpin or bhe senjovity
clasgiiication and tha problem is trivially solved. In the

seniovity classilfication the cigenvalues of V ave,
On o~ owd {2+ 3 - o o owy o, (6,272

if-the pairing intovactlon reopregents the dominant term the

seniocity classification s clearly very ngeful ., The situa-
) e i

tion is anologous ko Dhe vtility of S0(3) Sleation

when the guadrupole interaction s dominant.

3

We knrow the angulav womentum behaviour of the opervatovs o

+ . : . . .
am . Lelt ug now shudy thelr guasi-spin behaviour, Thage

follow frow the commutation relations for fermionic operva-

£ kY

tors and bthe fact bhat m takes half odd dtobearal values

only . We find,




- . T

Phe conbtent of

o

s e

pilineay producta of

spin scalar (3)

wirdnten down

| eyt |4

Yaf

blicse

Like two-component gp

and & guasl-spin

thogs one

i

B :_.5
= iy

el -

relations

s

Wit hent any work by

problem of coupling twe gpbs

guagi~a2nin spac

Himaet

Vodm,mitle
C

, i
V%(mim‘}m R

V o {m,m?)==

),

i

o
—
e

A
£

. _
wom ' g

23memt
£

{1}

[l

STERRY

5 Ty
l-” r =

A
cqp !

Loy R

1a

iners 1

2hOrs

e
Tnien
e
=
[

oL

N
S !

and (-~} M

~1oar 'l"’
olLearn. an 2

e

gquagi-spin spaca. Thug,
wonld yvield a guasi-

voectar (V). These can be

Ereating 1t like the

objects to yield a spin

the spin--up state and

siabe

{applied o the

Lhene are what they will genervate in thoe

we can thus wrlite,

ok 1Y A
('n } i _ﬂ.a o i

hﬁ) £

17
~H

{6.24a)




Iy R 5 L L. 4 2k . S 1 . (A
That, this is a corveol asscovion con be vertiiod by oheok-

ing that,

L
~ .
iy

-~
-~
»
e
-
=

"~
-
=

~
—
[ —
;
I
o
~

-

-

-

J—

H

e I / \k] —
rﬂmrJ(mim I S

(6,240

Yo aha 1l et s o ) o
We shall dwell morve on the implication of the cowvutation

o

relationy  eqn, (6.24) in a latres seotion, For the prescnt
. A, — £ y A N 4

note that any function of the soalar operaters s diagonal

in the guasi-spin: classificatlon, Fovr m = m', Lhe vactor

vanishoes,
We bave slrepady discussed the rotationsl behoviour of a_ and
m

b
- e g 5 ol " P T T T T Sy, B oy - . £ 7}
A, « What about theiv Lilincox products? The angular momentun

i - - cipv e d 1 N R . N t
Lheory  prascribes how Lo construct irredunible tensors o

ol these bilinear producta,

Thues,
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are examples of two lrreducible tensors of degrea ¥ owe can
80 construct,. These tensors are obviously combinations of
quasil-apin acalars and vaectors, These are sioply two  dif o
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ésbtiCie fermlonlc operators, (egag, (6.24a) and (6.25)
are both invertible). The total number of indepondent |
téﬂﬁ@r cdmponents would also be the same as the numbern of
distincet bilinaar products and this would bhe the same ajp
the number of indep@ndenﬁ scalar aand vectox componets, It
i8 like saying that 1f we have a system of two spin %
'_abjegtﬁ we would need four basls states to descoribe Lt
whatever basis we choose. Thus the bilinear products can
e expanded in spherical tensorswhich can be expressed as
combinations of guasi-apin acalars and vectors, We can be
a little more specific about what to expect, The tensor T,
contains only creation - ' operators, Hence, it can bhe a
component of a quagl-spin vector only, The Clebgch Gordon

corafificlents obey the gymmetzy welation,

shdmn? frgy = (T i kg (5,.26)
Hence,

3mdmt o> = <Pimtulkar gk is odd (29 g odd)
and '

Jimmt {rge = ~<pimtmlkar o, LF k s even,

2 TR
+oa . a
! it

- L. .!. -
Thaesge, conpled with the relation - a - a -~

D m 1

;

that qu for odd k vanisghes idenitically. The same conside-

= ) ' s mpl ¥

Cration talls us the T1F
£An

conaglat;, of paris of tarms for
cglven m and m' which are quasi-spin scalavs 1f k is odd
aﬁd yactors if E: ds even, Thus, all odd tensors ave guani~
gpin gealavs., Hence,uoﬁd tensors aro diagonal in the guasio-

spin classlflicatlon, An inteyaction conslsting of odd

tengors only ig trdvially solyable in the senlonity classi-




fleation, Yhuz, 1Y we arve dealing with paiving Interactions
or odd tenscor interactions thils classification is valuable.

If we have to deal with mnlitipole expansions l.e,, expan-—

gions interms of Ypm‘s the contvibution of the odd multil-

poles ls trangparent,

tie Groups

the operators S(m,m') constitute a Lie algebra, Thls is so,
Because they commute with the guasl-spin operators, Hence,
their commutators also vommube with the guasi-spin operators
and so must be a linecar combination of tha members of this
set, This algebra iz included in 5621¢1 whiich dnclndes all
bilinecar praoducts of nuwber covsecving operators, The total

*

nunber of independent oparatow. Slm,m') is just H{23+1) (2142)

gince m,m' take 27+1 values cach and S(n,m') and &(m!,n} axe

not independent, Tt turps out that the associated gronp ig
the sympiectic group in 23+1 dimensions whose basle prope)e

tles can be easdly analysed,

The oparators S0u,m') of egn, {(6,24) commnte with the uasl-
gpin operators of egn, (6,12) . We can think of these as

+ 2 . d 4
‘ Areae a :
a, wheve a  and a

generating linear transformations oon = ot

m’

can be regarded as vectors in a (24+1) diwenslonal sgpace.

These transformations leave gome peculilar bdlincar produchts

of these vectors invariant, These are precizely the quasl-

spin oparators, We have thug strongly motivated the fact

that one is digcovssing transforuation in a space of (23+1)
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diﬂenaions and that the group involved is not the rotation
group in (2j+1) dimensions for that would have left the
lengths of a and a” invariant. Let us now examine this
peculiar invariaﬁt vector product, From egn.{6.,12) we see
that the components of each wector are classified into
pairs denoted by +m and ~-m and the product comprises terms
in which the 4m component of one vector is multiplied by
the ~m component of the second, This is alsotrue for S, since
a annihilates angular momentum +m and thus transformsg like

m
at . The product is antisymmetric under the interchange of

™
two vectorg or of the members of all the conjugate palr 4m
and -m., The general product of two vectors contains the
combination XYom — Xandn - The symplectlc group is defined
only in vector spaces of even dimenslons and they leave
Invariant an antisymmetric product of two vectors requiring

the clasgification of dimensions of the space into conjugate

palrs,

Let us now go back to the example of jj coupling shell model.
For half integral j, 2j+1 is even and the necessary requiren
ment for defining a symplectic group is satisfied, How do
the operators act on a given multi~particle state? They
commute with S and hence they affect neither n nor v,

+,0
The seniority classification 1ls preserved by our operators,

They c¢an only change the states of the v particles not
coupled to angular momentum zero., They leave invariant a

two paxrticle state with angular momentum zero. This classi-
fication is thus complementary to the quasi-gpin classifica-
tion where the number of zero angular momentum pairs can be

altered but not v.
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Now the ¢uasi~spin operators themselves have a Lie algebra
for which the symplectic group Spi 1s the most natural
assignment. We have noted that (a% ’ (—)3"ma_m) behave as
quasgi-spin spinors and the invarliant object is S(m,m')-the
typical antisymmetric invariant product we could associate
with a sz algebra,

The gyuwplectic group in nmdimehsions is denoted as Sﬂi'spz
has the same algebra as that of SU(2). We again run into a
Lie algebra of rank one which is the same as that of angular
monentuwn. We would like to note that both neutrons and
protons in the game j shell can be simultaneously treated by
enlarging ﬁhe group to SR#. We‘have 2(2j+1l) single fermion
states, The full algebra is that of the rotation group in
4(23j+1l) dimensions with the number conserving bilineax
products generating the U(2(2j+1)) algebra. Details ean be

obtéined from reference 2,

The Full Lie Algebra of Boson Operatoxrs

Consider now the numbexr changing kosonic bilinear products.
First,consider a single oscillator with operators a and at
describing a single boson state, We define the convenient

hermitian combinations as follows,

t, = % (ata®s aa) ,

£, = = 54 (atat- aa), (6.27)
2 ]

t3 = %r(a+a + aa+).
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Experience tells us that a rank one algebra should result.
However, the commutators show a non~trival sign difference

compared to the angular momentum algebra. One finds,

[tl,tz] = ~itg, [tz,t3] = it,, [_tB,tl] = 1it, (6,28)

HH

Introducing anti~hermitian operators jl it, and j2 = itz,

one gets the angular momentum algebra.

[jlrjzj = ij3![j2rj3] = ijlr[j3rj1] = ij2

where ' (6.29)

Thus, the results following from angular momentum)commuta*
tion relations are still valid but those depending on the
hermiticity of the operators would change, We get interest~
ing differences. We define the "total angular momentum

operator" 1.e,, the Casimir operator for this algebra as,

12 - 4 : 2 12 o312 . $2 g2
32 23] + 35+ i =t - t] - €], (6.30)

=

Our algebra provides two gquantum numbers - the eigenvalues

of 3% and j4+ which we call j* , m. The eigenvalues of j*
are less than those of jg in a given state. Like in the

angular momentum casge we define step operators,

Jy = JpHd, with §) = - §_ . (6.,31)
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Clearly, the action of the step operators on jj; is

going to be different, Let us work this out, Let,
jiljm> = Filjrmil>-

Hence,
; . o F *
<m|(3)°7 = <jwilir. .,

P

From thié we find that,

<iml (3,07 (3 gme = [1,02
on

2
Tl = = <im lji Jpldy> = = mmal)),

Following, the angular momentum phase convention we have,

I, =/mmtl)-3*, so that, j, |3*m> =/mm+l)-3%]3% mil> .

o

Since j? is bounded by m? the sign reversal was to be
expected, The j? under the gquare root stands for the
eigenyalue of the operator j? , We follow the angular momen-
tum argument with the roles of 42 and j, reversed, Since

m?> j? there must be a minimum value of m? for a given j2% .,
The co-efficient under the square root must vanish at the

end of the multiplet so as to prevent the creation of states

beyond the end. We must have a mmin such that,
(] — -
32 = qm g w10 (6.32)

It is convenient to define a number j such that the eilgen~
values of j% are j(j~1) with ]mminln j . Hence, the allowed

values of m run from +j to + o and ~j to -~ « in unit steps,
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No restriction on j is obtained (from the algebra) which
can even continuous. However, the definition of t, pases
restrictions. Its eigenvalue spectrum is simply m = %(2n+1)

with n = 0,1,2....., So, the aloowed values of m are

F

' %: ¢ +.... Tncidently, this fixes the operator j? to

] L

be a mere complex number equal to %% . This can be checked

directly from the definition of 3’ interms of a and a’ .

Since, 3?2 = j(j~1}) = =3 we have j = 1 or 3 With j = 1

’ S ¥ A S B G I 4
_1 5 9 . _ 3 .3 7 11

one has m = A L A and with 3 = YR S T SRR

These are the oscillator states with even and odd parity

respectively, or even and odd numbers of guanta,

The generalization to the case of n oscillators is straight-
forward. This corresponds to a system of particles in an
oscillator potential or to a multi-dimensional oscillator,
We define the operators ék and a; for the kth oscillator,

construct operators like ty, t and tq and sum over k., Intro-

k
i

5

ducing the symbols Ti = i t (4 = 1,2,3,...) we find,

{ry,7,] = a7y, [1,,14] = a7, [7y,7] = iT, (6.33)

and we define J°? T% - Ti = Tg . Repitition of the procedure
of the previous paragraph veveals that the eigenvalues of J?
are of the form J{(J-1}) where J = % with n = ¢,1,2.,.. For
each J an infinite dimensional multiplet obtains as before
starting at J3 = J, A very interesting physical application

ig reviewed in Appendix B,
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We now lock into the group associéted with the angular
momentum algebra with one wrong sign, Experience with
special relativity tells us that we are dealing with a

‘Minkowisky type space which preserves the combination
2 2 2

X3'—Xl°'}{2

No such physical space relevant to this problem (like the
2wgpace, l-time dimension in relativity) suggests itself.
So, we would try and look for a VZ(c), We notice that
(ai;ak) behave as the components of a vector in a two-
dimensional gpace mixing with each other under the txansg-=

formations generated by ty, ty, t3. Morever, these opera~

tors preserve the antisymmetric product of two vectors a;
a;ak‘ - aka;‘ . Thus, the natural choice is sz, The transg—
formations are symplectic transformations rather than
rotatlons or Lorentz transformations, It is not the SPZ
group of the seniority scheme, We need not forget the

wrong gign in one of the commutators, Finally, the multi~
plets all contain an infinite number of states, We say, we
have a non-compact group,., The reason for infinite dimensional
miltiplets 1s transparent, With our two bason creation
operators we can act on a gilven state as often as we please,
For bosons there is no principle to terminate this process.
For fermions the procedure of adding pair of particles must
of neccessity come to an end, if there are only a finite
number nf ghtatea available. For the number conserving opera-

tors, we have only a finite number of states for the many
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particle system and the multiplets must be finite which-

evaer be the case.

The full algebra of all bosonic bilinear products can now
be classified. The total number of bilinear products with-
out the Paull principle is n{2n+l), Either the rotation

group in (2n+l) dimension or the symplectic group Sp is
2n

suggested. The n = 1 case indicates that Sp is the
Zn

correct assignment. Finally, we can classify the Lie alge-~

hra of all bilinear products as shown in the tabe below.

Number of Number  of

Statistics particles giiéﬁgzz Lie algebra Compact
fermions  unchanged n? U, yes
fermions changed n{2n-1) Ran ves
bosons unchanged n? U, ves
basons changed n{2n+l1) s no

Pon

This concludes the present programme of studies, However,
we are deeply aware of one classic omission. This is the

Wigner Supermultiplet Theorqu)

of light nuclei based on
the group SU0(4). Limitation of space here has been the
principal factor behind this. Even then, a few words are
in order., Thisg theory considered the equivalence of the

four spin and isospin states of the nucleon which can be
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denoted by p% , pt , nt , nt ., An algebra of SU(4) will
be obtained in the, by now, routine manner. The four states
can be divided into pairs in a variety of ways, each with
some physical significance, However,; no combination of a
triplet and singlet is suggested. Sc, no SU(3) subgroup
would be phygically relevant. The most natural SU(2)xS8U(2)
subgroup forxr this case is the dlrect product of spin and.
isospin, The four basils states are a spin and an isospin
doublet and constitute a (2,2) multiplet of sU(2)xsu(2), 1f
nuclear interactions are spin and igospin independent then
this clagsification would be of physical importance., How-
ever, the 8SU(4) breaking part of the nuclear force is a
good fraction of the SU(4) congerving part. That is why this
theory neyver became popular, But, the successes of SU(3)
have told us that even in the presence of large symmetxry
breaking pieces, a symmetry can give meaningful results. The
success of the 8U(3) mass formulae can hardly be ignored.
We would not go into further details of the Wigner scheme.
Incidently, SU(4) has acquired a new relevance, since the
discovery of the charmed guark, There are other symmetries
like SU(6) and other agpects of symmetries to which we
could aslo do no justice at all, But, we have learnt so
often (to our advantage} in this modest compilation thét the

operations have to terminate somewhere, their overaction

only produces zeros!
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~ Appendix A

The SU(Z) Subgroups of SU(3) and the Physical

Application of Unitary Symmetry

We do not wish to go into the C.G. wachinery of SU(3). VWe
now show that it is not necessary. For this we look at the iso-
spin~like subgroups of SU(3) and first convince ourselves (in
the Sakata model) that the simultaneous invariance under two of

these implies full unitary symmetry.

In the Sakdta model the equivalence of p, n and » gives us
SU{3) symmetry. The equivalence of p and n on the other hand
implies SG(Z) symmetry. Let us now examine the equivalence of
n and ) ignoring the proton, just as we ignored A in examining
isospin. It is obvious that the algebra of the number conserving
bilinear products again leads to an SU(Z) algebra analogous to
isospin., This algebra mixes n and A states. Thus it can be
characterized by an “equivalent angular momentum' similar to
isospin. We call it U-spin. Clearly U-spin can be treated like
angular momentum,e.g., we can classify states into U-spin multi-
plets and examine the consequences of U-spin conservation. Simul-
taneous holding of isospin and U-spin symmetfies impliées equi-~
valence of p, n and A in this model and hence full SU(3) symmetry.
Thus all consequences of unitary symmetry follow from the simul-
taneous consideration of isospin and U-spin conservation which-

need just the angular womentum machinery.




~93..

Next let us look at the U-spin classification. The n<> 2
transformations change strangeness and conserve charge. The
ﬁultiplet members have the same charge but variable strangeness.
From eqn {4.8) the relevant operators are B_ and C_ causing
motion along a line at 120° to the horizontal isospin operators,
Both in the Sakata and octet models this direction(lzoo to the
horizontal) corrvesponds to lines of constant charge. We now
- write down the U-spin algebra without reference to any model.

We want B_ and C, as generators. Since,

(B, C,] = $(3N-2T), (A.1)

we define U-spin operators as,

U, =B, U_=C,, U = §(3N-2T,). (A.2)
Thus (U,,U1 = 2u,, [U,,U,] = ¢ U a.3)
Also, oés J,U_+0U,) + U, : (A.4)
and (w?, v, ol=o. (A.5)

Since B_ and C, move one state into another along a line of con-

stant } N + To ve define

Q = iN-FTo . (A.ba)
and note that [U,, Q1 = [U,,Q] = 0. {A.6b)

The operators V,_ =C_, V_ =B, and V, B~ (3N+2T ) define another
SU(2) group called V-spin, This is physically not very interest-
ing. Q for U-spin is the analogue of N for isospin., It causes

motion in a direction perpendicular to that indicated by U-spin

operators.,




In the octét model N = ¥ and Q is just the charge operator.
In the Sakata model N = Y-%B, so that Q differs from the charge
by a function of the baryon number which is fixed for a multi-
plet. Thus in both models same Q implies same charge and U-spin
transdormations are charge conserving transformations. Thus
U~spin multiplets contain states of equal charge and variable
strangeness. we’can plot U-spin multiplets on a UO—Q plot which
is nothing but a 120° votation of the previous TouN plots., HWe
know that a 120° rotation leaves the shape unchanged. Thus the
new diagrams have the same shape as before except that states
along a horizontal line form U-spin multiplets and not isospin

multiplets.

For SU(3) multiplets like (1,0), (0,1), (3,0) and (0,3).
There is no difficulty in the transformation to U-spin for
there is only one state to each point in the diagram. Just as
each point has definite T and TO so it has definite U and Uo‘
But in multiplets like {(1,1) or (2,2) there are certain vaiues
of N and TO (or Q and UO) where more than one state occur, We
are familiar with two states at the origin in the (1,1) case,
One has T = 1 and the other has T = 0, Similarly in the U-spin
classification one must belong to U = 1 triplet and the other

2 and Uz are

to a U-spin singlet. However, the eigenstates of T
not the same, for these operators do not commute with one another.
When there is only one state {for given N and To’ this state must
be a simultaneous eigenfunction of 12 and u? since both commute

with N and T . If there is only one state with given'TO and N




then the operators T2 and g cannot mix in other states. But
. . . . 2
if there is more than one state for given N and T _ then T% and
U2 do not have the same cigenfunctions.
Let us consider the two states at the centre of the haryon
. . . . L8] .
octet and determine the linear combinations of A and :° which

belong to the singlet and triplet states,
Let U =1, U =05 = o3 +8 2>, (A.7)

Now the neutron is a member of the same U-spin triplet with

UO = +1, Hence,

U fn> = J?{a]20> fB[A>} (A.8)
and T,U_|n> = 2a2’s . (A.9)
But LH.S. = U T {ns = U _|p> =]5"> (A.10)
so that a = 1, {(A.11})
From normalization, g = jﬁg-, (A.12)

We take sto be positive. Thus,

lU=1, U =0>= 11{5% + /3| m] . (A.13)

Apart from a phasc factor the singlet is obtained by the ortho-

gonality requirement to be,

[U=0, U_=0>= 3] /3]5% -|3s}, (A.14)
Incidently we have proved explicitly that two states are nceded
at the centre. If there were only one state it would be a trip~

tet in both isospin and U-spin and eqns. (A.9) and (A.10) would

be inconsistent.,
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We now present a few sélected examples to illustrate the
use of isospin and U-spin to get predictions of SU(3) symmetry.
Consider the decay of a baryon resonance in the {3.0) dCCUplét
(N*,Y*, #*,0 ) into a %+ baryon and 0  meson, the products being
hoth in ovtets. Assume the interaction to be SUAL3} symmetric.
We will consider all decays conserving isospin and strangeness
without regard to physical masses of the particles. We thus
include decays such as N*~>3K disallowed by energy conscrvation
(these may still be physically relevant). Since mass diffcrences
are not considered, corrections such as due to phasc spacce should
be separately included. To be definite consider the decays of
(N*7,Y* ", 5* 7,0 ) into a negative bafyon and a neutral meson
(Ko,ﬂo,n, RO). The above resonances form a U = % multipicts,
(27,87) form a U=} Joublet and the O  neutral mesons form a U=l
triplet and o U=0 singlet. The U-spin singlet cannot contribute
to the devays for we cannot get U=% by coupling U=0 and U=},
Thus only the particulay linear combination of 5 and n which
has U = 1 contributes. Wigner Eckart theorem tells us that all
amplitudes can be cxpressed in terms of just one parvameter A,
the co-efficient being those of the coupling of spin } to spin 1

L .3,
and gilving spin 5. The results are:

N TR0 = <g131 (Y Yo M
<YUTEKCs = <31311%2 4 A,
<Y Ty = 1<1130]%2 1 > A,
<Y* 7 |np > = ﬁg<%1%0|$§5”A,

n
<71 K <313-11%,-4> A, (AL135)

L

<57 [Tn% = 1 <41-30]3/2-5>A,
<1—ﬁ*'{‘ n > :@2<%1—%O|3/2-‘%>A’

i

< Tk > =< g1-5-1|%2-3, > A,




We can similarly write down the eight amplitudes when the 0 is
negative and the baryon neutral. Here again all processes
involve one parameter B. Here, the neutral baryon has U=1 and
the mesons have Usi., An illustrative example is,

- | 7 20

<pTIKE® > = <41-3-1]5 - 5B (A.16)

Now A and B are not independent but are related by isospin con-
siderations. @ has T=0 and gocs into opposite members of two
isospin doublets, |K ' > and |K° & > . The combination

[K"5% + |R°&"> has T=1. Hence <0 JKE2+K° & > =0, This implies

A = "'B-

Thus the sixteen processes are expressed in terms of a single
parameter. We next come to symmetry breaking interactions.

SU(3) is broken by at least two interactions.

1. Electromagnetic interaction,

2. Strong interaction which produces mass splitting
between members of a multiplet.

If we are given the transformation properties of these
breaking terms, several predictions can be made. We can conve-
niently employ the isospin and U-spin behaviour of these terms
$0 as to get away with simple angular momentum calculations only.
Stronginteractipns conserve isospin. Thus the mass breaking
SU{3) term must be an isoscalar. The charge operator commutes
with all U-spin operators and hence the clectromagnetic inter-

action which transforms like the charge operator must be a U-spin
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scalar. Thus electromagnetic interaction conserves U-spin to
all orders and the photon may be regarded as a U=0 object. The
electromagnetic interaction is a sum of an isoscalar and an
isovector as we have noted before, The mass splitting operator
is an isoscalar and hence not a U-spin scalar (otherwise it will
be a SU(3) scalar'which cannot be. The mass Splitting inter-
action is assumed to be a U=0 plus a U=l object. The electro-
magnetic interaction being like the charge operator is a member
of the octet. The mass splitting operator transforms like the
hypercharge and hence is also a member of the octet. We can
novw use the octet co-efficients to write down the following
isospin and U~spin behaviour of the'electromagnetic interaction

(E} and the mass splitting operator (M),

BRU = /3T <1 T, | (A.17a)
(U= § T+ ,/jgj"rs) , (A 17D)
MzT = f?U\; -1, (A.18a)
(r) = U{;-#%’t ull . (A.18b)

We wrote down these relations directly from those for the parti-
cular linear combinations of isoscalar % and isovector zo which

are a U~scalar and a U-vector.

Consider now an example of a relation following from the
U-spin property of E. Let us look at the electromagneic decays
of n and 7°. Since U=0 for photons, only a U=0 state can deccay

into two photons. The linear combination I%ﬂ°+f§11>5|0n1>.




<xlBlas =-—J3 <x{U s 41 <A U {a> (A.25a)
s v A T 3

0ip1.0 3 0 0 1 .0 . : N
<x B >=—»/3-<)‘. [UVIZ. > by IUS|LO>. (A.25b)
Since E & US we find,
N =_/3.“ Yy
<x[Efas <A (U I _ (A.20a)
and <>:°|ﬁ{>:°>=-,f§<§;0|Uv|§;°> . (A.20b)
But, 2> = Alus1]> -3|u=0> , (A.27a)
X ST SRR
[%7 > = ")TIU"1> + v 5 (U=0> (A.27h)
and < U=3AIU0=0!UV|U=1, U =0 »= <U"—~0[UV]U=0> =0, (A.28)
Thus, lor example, we find
T T I (A.30)

From eqns (A.27a,b) we also find that,

: 3 1 2
<AE[A > =g<U=1{U_|U=1> +F <U=0|U_|U=0> . (A.31a)
, 1 3
and <17 |B|5%> =p <U=1{U [U=1> + 3 <U=0]U_{U=0> . (A.31b)

Whence,
<U=1|U |U=1> = -<U=0JU [u=0> = 2 [E]x> . (A.32)

Now, the ncutron belongs to the U-spin triplet to which the lin-

ear combination of A and »° belongs, Thus we immediately have,

i

<niEns>= 2<x |Efarx., (A.33)

It

and in particular, ¥ 2y (A.34)

n AT

Finally, we would like to end up with the remarkable success of
SU(3) theory iIn predicting the mass splittings within SU(3) multi-

plets. First order degenerate perturbation theory 1s used giving




a large cffect with no explanation why higher order efflects

should

be small. Over the years this has remained a mystery.

Further, for bosons the formula works if squares of the masses

are used. No real explanation cxists cven for this. Anyhow,

since the formulac work remervkably, let us sce at least how

they are derived.

ii)

1)

- I+
'be masses of 5 barvon resonance:

Consider the U-spin quariet o, =%, Y* | N*7, with

3 1l 1 3 .
Uy= 5 55 and -5 respectively.  het us calculate the

expectation value of M in this U-spin multiplet. We
immediately find the formula w = u+bi&). We have {our
equispaced energy levels. It is this formula which

predicted'mq— & 1680 Mev.

The baryon octet:

Consider the neutral members of the U-spin triplet,

I

(=2, 5(20+/§A), n), which arc states with U=1 and
U0=—1, O and *+ 1, respectively., Again Ug gives a
constant term 5 to the mass, The vector part contributes

a term proportional to UO. We thus find

<=9 M| 5% = §-v {A.35a)
<n{M|n> = SV (A.35b)
<-§x°+f§;|ﬁ[~52°+/§k> = 8 (A.35¢)

But M conserves isospin, hence it cannot conncct a T= 0 to a

aIt

1 state. Thus eqn.(A.35b)} becones,




%.<}:0|§\}l73()>+§.(A l;\[! A= 5, (AL 30)

From these cquations we casity {ind the relation

m}. o+3m\
mY owmoo = e At (AL37)

¥

The SUH{3) couplings are the same for any octet.  The results
for the O octet ¢an be read off directly from cqn (A.57),  How-
ever, the formula works only if mass squares are uascd rnstcead

of the mass itscil. The formula is,

c o= } (mg + 3nf ) . : (AL38)
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Appendix B

We report here, on the work of Goshen and Lipkié% In this
work symmetries are used to explain the collective behaviour of
independent particle systems via a model calculation. The under-
lying group structure is respomsible for this behaviour. In this
work, a simple classical picture is presented showing the equival-
ence of the two descriptions. Then, collective coordinates are
defined explicitly and the independent particle Hamiltonian is
transformed into the standard format of the collective model.

The collective states are classified using a naturally occuring

group structure.

Consider a system of particles in a one-dimensional oscil-

lator well, described by the hamiltonian,
Pf me? x%
Hai(m+-2——-). (B.1)

Classically it is easy to see¢ how collective motion can arise
in this independent particle system. At t = O, let all particles
be at the origin and be released with arbitrary initial velocities.
Bach particle excutes a simple harmonic motion of the same fre-
quency. All particles move in phase. Hence, their motions are
stronfly correlated. An observer will see them 1eave-the origin
together and return to the origin together. He will see a
""collective dilational oscillation" of the particles pulsating

with twice the oscillator-frequency.

Thus the same motion is describable as independent particle

motion and collective motion. The reason behind this is the
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special symmetry of the oscillator potential in which all possi-
ble motions have the same frequency (energy levels are equally
spaced). Any initial correlation persists for ever, This leads
us to expect that the existence of symmetries in the independent
particle Hemiltonian allows a correlated motion of the particles
to be created by a proper choice of initial conditions. In
quantum mechenics this implies choosing an appropriate linear
combination of degenerate states. Let us try to be more quanti-
tative now. We should be able to separate H into a collective
part described by collective canonical variables (Q, P) and

another part describing other degrees of freedom (i.e., in the

collective model form),

e H gt B (B.2)

with, [H',P]= [H',Q]= O. (B.3)

We look for an object describing the “degree of dilation" of the
system, The deviation from the mean of the one~dimensional
quadrupole moucnt zxi - <2X§> is the only natural condidate.
Since the mcan Yinetic energy equals the mean potential energy
and their sum is always the total energy we can reduce the above

form to a o7 =seful form given by,

T, = § (p? - mzmzxi}/4mﬁw . (B.4)
introducing alsc, the operators,
T2 = g(xipi+pixi)/4ﬁ (B.5)
Y22 ,2 H
and T, = (pi+m wzxi)/4th==§ﬁa—. (B.6)

1




These are just the operators TI’TZ’TS of Chapter 0. tilence, we

find,

[T),T,]= = iT,, [T,,T5]= iT, and [T4,T 1= iT,. (B.7)
Or, [J[,J,l= iJy,[d,,d51= iJ; and [J;,3,1= iJ, , (8.8)
where, J1= iTl: J2= iT2 and JSnTS. (B.Q?

We have learnt all about this algebra. We have a Casimir opera-
tor J defined through, .
2, 42

a2
J(J—l)aﬁ+J2+J3 . (8.10)

The eigenvalues M of J3 are integers, half integers and quarter
integers and so are those of J. For a given J we have an infinite

set of states having M = J, J+1, ... with energies,

By = 2Mho . (B111)

JM

The states of the system divide into '"bands'. Cach J value gives
one band and containing an infinite number of states with the

energy spectrum running from ZJhe to « in steps of 2Zhw. This is
precisely the spectrum we need for our 'double frequcncy collec-
tive vibration'. Now P+i2wQ create or destroy one quantum which
is the same as the change in M value of one unit brought about

by the step operators J,. Thus P#i2¢Q can be cxpresscd as func-
tion of J, respectively"as shown in ref. (15) and ar¢ ecxplicitly

canonical variables. Finally, one finds that,
N X R 15 W (B.12)

so that, 1 (PP +40%Q% )+ (20-1)hu = 20 ho = H. (5. 13)
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Thus, H has the desired form with,

H

It

(ZJ-1)h

and (A, P1= [H',Q] = O (B.15)

Eqn (B.15) follows from the fact that J commutes with Jos J3

and with any funcgions of these and hence with P and Q.

Finally, let us digest carefully what has been suggested
by this simple example. An independent particle model with some,
symmetry properties was considered. One aspect of this was the
existence of a group of operators which can be used to classify
the states. The Hamiltonian transforms simply under this group
(like J3). Thus the group quantum numbers still classify the
states but the states of an irreducible representation are no

longer degenerate.

The band of states (irreducible representation of a given
J) are classified by the quantum number M. the eigenvalue of
one of the degree of freedom of the system separable from the
rest. The states within a band differ only in the motion of
this particular degrees of freedom. Since the group operators
cannect states only within one band and do not connect different
bands they may be considered dynamical variables associated with
this degree of freedom. Hence, this degree of freedom can be
considered collective, for the group operators operate on all

particles in a symmetric way.
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Generalizing, we might expect to find an alternative collec-
tive description in any independent particle model possessing
symmetrics which allows the states to be classified according
to the irreducible representationsof a group. The states with-
in a given representation would constitute a band, the group
quantum numbers would characterize collective degrees of freedom
and the group operators would be collective dynamical variables.
Proper sets of canonical collective variables can then be
constructed. The Ellict model in Chapter 5 is another illustra-

tion of the phenomenon discussed here.




