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A BS'l.'RACT 
----~--

symmetries playa vital role in physics. If interactions 

are not knolm precisely, the underlying symmetries reflected in 

the phenomenology, provide valuable i.nformation on the interactions, 

even when interactions are knOlm symmetries continue to remain a 

great asset. 

We concentrate on continuous symmetries. Associated with 

these are their Lie groups and algebras. \'Ie take up the study of 

such algebras following the very elegant approach due to Schl'linger 

starting from the bilinear products of fermion or boson creation 

operators a wide variety of Lie algebras can be generated. That, 

such algebras are relevant to physics follows from the simple fact 

that such bilinear products figure frequently in physical problems. 

Our aim is: 

a) to study the general classification of such algebras, 

b) to study their broad general characterstics, 

c) to apply them to physical problems. 

The applications vie choose to study are principally from 

elementary particle and nuclear physics and many body theories. 

The accidental degeneracies encountered in quantum mechanics are 

easily understood in this algebraic framework. Our principal 

objective is to grasp the essentials I'lithout recourse to Ul1\'larran­

ted mathematics and to learn to use these techniques in physical 

problems. 
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eHAP'l'ER 1 

In Physics, the lack of the exact knowledge of the lnter-

action Ham3.ltonian is a o01\1l1\on experience, Nell knO\·m examples 

are the strong and ~Ieak nuclear forces. HO~lOver, phenomenology 

often s'ug~ests underlying symmetries holding exactly or appro­

ximately in the real ~lOrld. A lot can be learnt by studying 

these symmetries. 

'fhe present thesis t~onsiders continuous symmetries. Asso-

ciated \~ith these symmetries are their Lie ~roups and Lie 41ge-

bras. \~e study here, these Lie algebras using a method employed 

by Schwingerl ), for the treatment of angular momehtum and exten­

ded to various other groups by Lipkin2). 'fhe method is originall~ 

due to l'Iigner3 ). 'l'he attractive feature of this line of approach 

is its intuitive physical characte:e avoiding unvlarraut:ed, makhe-

matical complexities. We shall find that in these studies an 

. angular momentum like algebra (quasi-spin algebra) figures again 

and again and hence the angular ,momentum machlnery can be explo-

ited to great -advantage. Though ~le are principally interested 

in h1gh energy physlcs phenomena \~e shall take this opportun1ty 

to point out \~here and how such algebras become useful in a 

varfety of branches of physics. 'l'hus, In SlUi1rr\ary, l'Ie aim to 

acqufre a good workfng kno~lledge of, the rich variety of algebras 

whose classification vie shall obtafn 1n our studies. 
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, Let us first talk briefly about symmetry groups in quantum 

mechanics,' and introduce the t:erm1.nology ~18 shall need cons-

tantly, in \,hat follov/S in thls study. 

We have noted that a satisfact.ory theory of strong lnter .. 

actions is not yet known. Hence, the study of the general sym~' 

metry propertles of strong interactions assumes a special role. 

In fact, it allows one to obtain a satisfactory classification 

of hadrons and to derive a number of verifiable quantitative 

relations. 

We know vexy \'lell that all hadrons are divided into small 

families-:\.somllltiplets, which can be aBsigned definite values 

of the isospin T. 'l'he members of a given multIplet differ in 

the :l,sosp;i.n projection ~.'3 \'1h:l.ch determines the value of the 

electriG charge and when the electl'omagnet!c interaction is 

"switched off" (a sensible approximat.l.on under certa.l.n Gondi·­

tiona) they have strictly the SlIme m",-ss. In st.rong interactlons 

the qus.ntum numbers T and 'r3 are conserved. 

A parallel situation is a common plaGe experience in non­

relat:l.vistic quantluu meGhanics. FC(l' example, when a non-J:ela­

tivistic pal'ticlernoves in a central field i ts allo~/ed states 

m:e also grouped into different sets characterized by different 

values of the total angular momentum .:r. 'rhe wave functions 

belonging to one given set are distinguished by the values of 

the angular momentum Gomponent J 3 and correspond to one and the 

same energy i.e. they forro " degenerate level. The pa;t'ticle 

motion is such.that J and J3 are constants of motion. 
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The inva:d.anceof a theory vlith respect to a definite 

class of t:tansformations in a real or :l.n a c(~rta.in abstract 

space is characteristic of all similar cases. 'l'he set of trans-

formations is closed, there is an identity or unit transfor-

mation and to each transformation there corresponds an i.nverse 

transformation, Such l.nvari.ance (symmetry) transformations are 

said to form a group, Its element:s \'lil1 be written as 9 and 

the successive application of t\,IO transformations gl followed 

by g2 will be written as g2g1' As an example, all space ro·ta­

tions forJ1\C\ group- a three dimensional rotation group denoted 

by 0(3) or R3 , 

'Phe invar:l,ance of a theory \1ith respect to a glven group 

of transformations involves two aspects: definite transforma-

tion prope.rtles of the vlave functlon '1' and definite transforma-' 

tion propert.i.es of the Hamilton.i.an H. With respect t.O a group 

of transfonma.tj,on g the entire Hilbert space of the \'lave func­

tions breakl3 up j,nto subspaces. .1. e. there are sets of wave­

functions which tX£\nsform under the action of the group elements 

only into each othe~: as 

.. - ~--, 

'1'1 '" U(g) 'l' (1,1) • 
, . 

To t.lle product g2g 1 there corresponds the product of the 

operatorB U(g): 

(1.2) 

We say that U(g) form a representation of the given group, 

'l'lle dimensionality of space (the muximum number of linearly 
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independent vlaVGfunctions) in which these operators act if' 

said to be ·th,'! dimension of the given representa:tion. If the 

:I.nvilriimt subspace does not coni.:cd.n any invariant subsPfloeBJ 

of lovler dimens.i.on then Olle says that the representa1:ion is 

irreducible. We shall ca.11 the set of wavefunct.ions transform-

ing according to an lrreducible representation of a syrrunetry 

group a multiplet. 'rhus, the sphe:d.caJ. harmonics Y Q (e 1 q,) form 
"nl 

a (2P-+l) dimensional multlplet: of the rotat.ion group i.n three 

dimensions. 

It i.s easlly est.ablif3hed that the invariance of a theory 

under the transformations of a group troplles) 

[Hr U(g)] • 
(1.3) .~ 0 

We now come to Lie Gl:OUpS 4). 'I'heir.· elements are single 

valued differentiable functions of a fini.te humber of real 

parameters, Th~se are chosen such that UW ldenti ty element 

corresponds to all pal'ameters having a value zero, Thus, for a 

Lie 'group 

, (1.4) 

, 
The ntmlber n of all .independent real parameters of the JJie 

Group is said to bEl its dinJ~msion. Any gl'(>UP element can be 

connected continuously to the ldentlty element. 'rhe group 

characteristlcs can be obtained by studylng elements close to 

the identity) i ,e, for \'Ihich the group parameters are infinl~' 

tesimal so that, 
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~g(al"" ,el ll ) 

('k _o_·-·-·-~lik_o---·--·I (1'1"" . ,"'an "'0 

(1,5) 

The quantities) 

, (1. 6) 

called group generators, represent square 111atrices whose 

dimension equals the dimension of the space in which the group 

transforlllCltlons act, 'l'hus I the rotation group generators are 

3 x 3 matrices. 

Clearly we also have, 

(1. 7) 

The N d:lmensional representi'\i:ion oparat,ors co:t'1'esponding 

to infinltesimal transformations have the form, 

n 
U(g) eo I + i r. (lkLj • 

k"'l ( 
(1,8) 

~', .1-'-

11ith (1. 9) 

Lk " are Called representatton gene:t'ators and are N X N 

matrices, For the rotation group these are, to 11ith1n mult:i.pli-

cat:i.ve factors I the operators J x ' J y and .J z of the angular 

momentum components. It . .is obvious that: for a f1nlte trans:Eor" 

mat:ion I 
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(1.10) 

Physics demands that the U I S be uui tary. 1'hls Ineans that the 

Lk must be hel:mitian. The conditlon (eq~~ 1.3) transfonns into 
,-t, 

t. (1. 3et) 

'rhe closure property of l:he group forces the representation 

generators to satisfy 
) 

(1.11) 

'rhis is known as the Ide .algebr.a of the group. The entir:e 

structure of the group is detexmined by the const.ants Ci:jk which 

are approP1:riat,!i)ly called the s1'::ructure constants of the group. 

We shall be specifically concerned I'll th SU (N) groups. 

SU (N) is a group of unJtary unJ-moduli1r NXN mab:ices. 'l'he un 1'" 

modular!ty couditlou is immediately seen to imply (from equa-

tion 1.10) thi'lt 

(1. 12) 

Before we come to the end of this very short SUlffi)lary let 

us note down the fo1101'l1ng facts ~Ihlch underline the tmportance 

of studylng SYJllIlletry groups !n quantuH)' l11echallics: 

1. There exist mutually cOlIDllnting functions pf the repre'· 

sentat:t.on generators whioh COll]l1)Ut<~ wtth them. 'l'hey are 

called invariant or Casimir operators. 'rhey have the 

sa,me value for a gj,ven lllul tiplet and are thus ltke the 
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multiplet of the id(~ntit:y operator acting' on a given 

multiplet (Shur I s IJell1llla). This means that the wave 

funcU,ons of one multiplet: are eigen'~functions of 

any Castmlr opeJ::ator ~IJth the same eigen value" 'l'hus, 

a natural set of quant:lill\ numbers arises equal in 

number to the invariant operators characterizing the 

multip.1et as a whole. 'fhe rotation group has one 

Casimir operator _,J 2 "", J 2 + J 2 + J:>' so that each x y z 

multiplet Js characterized by the value of the angular 

momentum J. 

2. Among the representation generators there may exi.st 

several mutually commuting generators. 'l'hei:r. number is 

determined by the properties of ,the group and is said 

to be its rank. The basis functions of a multiplet can 

be chosen to be simultaneous eigenfunctions of these 

generators. '1'he corresponding eigenvalues are the 

,quanttilll numbers classifying the I'lave fUllc'tions belong-

ing to a glven multiplet, In the rotation group there 

are no mutually commuting generators, hence lt is a 

group o:{O rank one. 'i'hus f the wave functions with a 

given J C1'\n be charact,erized by just one mO~'e quantum 

number whlch ;:,e usually take to be the va lue of J z ' 

3. ~'he generators and inval:lant operators are Hermitian 

and commute ~lith the Hamiltonian. Hence, to them 

correspond conserved and physj.cally measurable quanti-

ties. 



4. It follows that if the wave function of the initial 

state of a system belongs to a certain multlplet 

t:hen as a result of a reactlon,.the system will lll}lke 

a trans:ltion to a new state belonging to the same 

multiplet. 'Phis establishes defini t.e selection rules 

for the reactions. 'rhus f under the action of 11 rota-

;:ionally invariant interaction a state of angular 

momentum J 11111 go in(:o a state of total angular 

momentum J only. 

5. .From eqn, 1.3<1 and Shu!' I s Lermna it fol10\,18 that the 

eigenvalues of the Harn1ltord.D.n (the values of. energy 

or mass of the elementary pnrticles) are the same 

for the wave functions of a given multiplet.. This 

acconn'cs for the presenoe of degeneraoy and allows 

olle t.o establish the mnH:ipllcl. ty which is equal to 

the dimension of the llluH::l,plet. 

6. Turning the argument around f if the observed !\luI tip" 

liclty is higher than tha'c. expected from t.he symmetry 
- + .' ~j 

group \'10 are motivated to examine more closely the 

struoture of the Ham.lltonian ,to see if .it has more 

symmetry thall is apparent. 7.'he \'lell known problem of 

the excess degeneracy of the hydrogen atom and the 

isotropic oscillator \'Iere lIndccrstoodthis I'lay. 



Armed ylith the relevant fU!lClamen~talfJ of sYJ1Unetry groups 
< 

we moVe on to the Schwlnger approach teo Lhe theory of angular 

momentum. After getting equipped 11ith this method \<If!; shall see 

how it can be applied to ~the vad~ou8 SU (N) g:c6\1p.fJ and hO~1 it 

naturally suggests some enti:t'ely ne\-1 algebras which do find 

applications in phynics. 
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CHAP'rcn 2 

Schvli.nger. l ) has g:l.ven 1l. :f:ase;i,nating formalism of t,he gnaw" 

tum theory of angular. momentum us :Lng 1:wo lndependent one ell·, 

mensional harrnon;,c ofJc:lllai.:ors. Varlous quantities assoclaU~d 

\-,ith the angular nlomontum theory are obtainable w:U:h great 

ease using thls approach. vie present below the essentlals of: 

this approach and record the derivation of 'cota1:1011 matrices 

so as to :l.llustr.ate the simplid.'<:y and elegance of this method. 

A one dimenslonal oseillat,01: with roasfci lJ. ilnd anguJ ill' 1'1'e"-

queney OJ and desc:r.j,bed by 1;lw canonical variables p ,CJ has 

H 

+ C~ (J) (a a + ~) , 

whey:c j 

'rhe oper.ators a and a~: satisfy i 

Clearly 
) 

(2.1 ) 

(2 .2) 

(2.3) 

(2 .4) 

(2 .5) 

Thus, H and a,+a h' " t 'PI I 1 '13 S are common e;"gen vee "ors •. 1e e:,gen VQ, U(,,,' 

of a + a are integers n (~O, 1,2 •.• ). 'l'hus I the oscLllat,o;c ej,gen'-

functj,ons o/n obey 
I 

+ 
a <14'n (2 .6) 



.~ J.l ... 

+ It is easily checked that a ~n 

states of the numbet" opeeato:(' 

and are also e:Lgen·· 

and (n.:l) :t'NlprclctivElly. '1'hus t a+ and a can be ident:Lfled as 

number raising and lowerinq opnratorn} nespE\ctbrely. 

The normalized eigenstate of N with eigenvalue niB, 

In> _. (Q,:) n 10) 
tnt 

) (2.7) 

,qhere 10> represents the ground state of the oscillator ,·d.th 

no quanta. 

Nm·" conB:Ld(~r two independent oscillators described by the 

pairs \ a.}., a!) and ( am' a~) respect! vely. 'l'he "+" operators 

conunute with the 11,,11 operators C1nd 

1. , (2.8) 

'1'he norm",J.i,zed eiqenatates of. the comb.i.nec1 sysi:em can be 

vlrl tten j,n self evident notaU.on e,a 
I 

(2.9) 
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We now introduce the follovli.ng hermitian operators, 

+ + (a,a -} ad,) 
... ~-~ ~:-r 

(2.lOa) 

(2.l0b) 

(2.lOc) 

It ls t1:ivi'l.1 to check that tiw J' s satisfy , 

(2.11) 

Thus I J x ' "y and J z obey the angular momenturn commutation 

rules. All the results that follow from these conmmtatlon 

relations would also foll011 f:eom the two oscillat.or model 

embodied j,n eqna. 2.10 (a,h ,c) • 

Defining J2 " J 2 + J ? + J 2 
X Y z one flnds in a straight for-

ward \ojay that, 

(2.12) 

elgenva1ues of or' j (:i + 1) vlith 

... ~ . ~'urthe1.' , 

J In+n > z -
(2,13) 

n+ - n .• 
Introducing m '" ---2-- I the stat.e I n+I1_> can be alternatively 
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i.s fixed then the allowed values of In are 

2j -. 2n 
·~·-;C~·"··· .- j ~ n " l'Ihe:ce n :cuns fl:om 0 to 2j in un:l.t steps. 

Thus, the aJ.10l'led values of mare +j I j-'l, ..... "j /ns.dos.ired. 

We can also introduce the usual :eaising and IO\·lerj.ng 

J ~ .;. 
I-

a a -I- .~ 
and .J (2 .14) 

gqn. (2.J.3) makes :It ch"u: that. each "+,, quantum oonh:ibutes +!;, 

to the nl value and each " ... " quantum contr:tbutes ... %. Eqn, (2.14) 

tells us that J+ is an operator which destroys -I:< unit of nl 

value and cX'8ates +!~ \In.ii: the:,e by .increasj.ng the m value by 

one un.i t I'Tithout changing the j value, s.ince n .,. II + 1. + + and 

n .,. n '.). ,'30 that n. + II remain unchanged. In other \'lords 
'c 

J + cOl1llTlutes <,dth the total number opera to}: and hence with J 2
• 

In the same. manner ·the expected act.:i.on of J can be understood. 

Eqn. (2.9) can be rewl:ltten (J.s; 

I jm> • 
(2 ,15) 

Thls, then, is the expli.d. t fo:i:m of the angular :momentulIl eigen-

states in thi.s formalism. Let U8 calculat.e the matrix elements 

of J+ using this formaltsm • 
. {- . 

~r+1 jm > ~ a+a.~1 J1n >-
-:- j+m + ·j"·m 

-I- (a+) . Ca,)" 
-.. a+a~ i(ri-~lYf-~(:r:;:;ifT-' 10> 
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.; (j +m)! (j ~m) ! 

I· nl Using the :tden'dJ:y .11, B C" one get" 
) 

'J~I jm > 

-)- J' +ro+l (a ) 
+ ..... -<-..~.-~-

.; (j+m) ! 
10> 

(2.16) 

From eqn. (2,15) \'Ie have) 

I jm+l> (2 .17 ) 

Combining eqns. (2.16) and (2,17) we 981: ) 

J.I jm> -" ;;'/(j~~)(j~~:;:;;1~1) 1 jm+l> 
',' (2.18) 

Similarily we can show that 

(2.19 ) 

So far we have considered bilinei'\:i: products of operators desc.· 

ribing -the oscillators, -chat: do not change the number of quanta 

(that is hm1 J , ,T ,.J commute \'lith .1 2 j.n this model) • x y z 



HOvlever f the modoI llul:l1rally :3uggests number changing (and 

hence j chunging) bilinear pro~uctB. These are, 

k '" + 
+ + 

0+ R and k (2.20) 

l"rom our previOlH3 discuSjl;\Qi1,:I. t follows ill110(ediately that k.} 

increases the :i value by one unlt and 11: decremles the :J . ,. 

value by one unit. 'l'hey do not affect the m value. Proceeding 

exactly at> ubove vie call check tha.t; I 

C2.21al 

(2.2lb) 

We shall corne baok to these !lumber. changlng oper:atOrf3 1n a 

latter chaptE,r. }.'lnal.11' , \'1e recol'd the derivat:ion of rota'cion 

matrices uslng thiB approach, ',Po appreciate the elegance affor'-

ded by this method one should compare thj'[l wj,th t.he standard 

derivat:lon of ther,e matr.i.ce"f») • 

'rhe operator l'epresentinCf the J:otat::Lons tp ,6,<1> (Eule): angles) 

'l'he mc\td.x (~lements of the r.'(J't<lt..i.on mat:t::lx a:l.'e, 



'Elms, the non··td.vlal PclX!: that neod be evaluclt:ed is, 

(2.24 ) 

Us:l.ng eqn, (2.15) and its conjngate ':18 ho.ve, 

(8) '" 

Eqn.(2.?5) 1s t.he expectation Vi.llue of a. product of lots of 

and in the ground Btate lo~ ":It 1B evaluated easily 
J 

by intc:coduGing a generating function. (;i ven the parameters X+ 

and X" let 1}S define, 

G (X.j-I X ) .- l:, 
m (j +m I ) t (j<·m I ) ! 

0> 

In the last step 1'18 have used the b:l.nomial theorem 

l~x)?lo;l_ting the cOll\llJut.ad.vi.l:y of + 
0., . and .. 

(2.26) 

(2.27) 
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(2.28) 

10> , (2.29 ) 

Hence, to evaluate G (X" X ) \'/0 need the bohcwiour of. -. ,~ 

+ + (x+a+ + X_a,) under rotation ar.ound the y···axis. We explo;l.t the 

identity, 

t.o get I 

e -iG,T" fl': ~.i,Jy8_ + e 
J ~c ,. .. "+ cos (2) 

Using eqns. (28-30) vie gel: I 

\ 
+ + no> sin e H 2 

Using the binondal theorl'm in 1'(~vel:se order.' \,/e get. I 

m I ~"+j 
); 

m'~-:j 
(j+m')~ 

sin (l I j+rn' - .. ) 
2 

(2.30) 

(2.31) 

(2.32 ) 
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Using the ort.hogona1i ty of I :jm> it. is clear that only one 

term on the right hand side conb:·ibutes. Thus, 

(2.33) 

Using t.he definj.ng equation [or. G (X+ IX .. ) and taki.ng 

e 0 20 x+ = - sin2 cos'2 and X .. ~ t '" cos 2" we get upon equa,tj.ng 

the two results for G(X+,x.) 

• (2.34 ) 

To extract c1:l (0) fr.om the above ec.!uat1on we should ar~('nage mIll' 

·matters so that only one term \'11th rn",om survives on t.he left 

\ 

hand side. For this purpose \'Ie tlifferenU.ate eqn. (2.34) (j-ml) 

ti.mes with respE,ct to t and finally GC'L t '" cos; I we then 

find that 

This is the desired result, ( 2.35) 



In 8 lQ.tm: choptc;; 'Ire ghaiLsee howl:h~ spherical tensors 

can alRo be 'Vn:i tten in a conven:lent: fo:em In the Schvf.i.nger 

fo:cmulation. l3efore \-/e concJude 'chis chap1;er let us note that 

using the number consel'ving bilinear products of boson creation 
- :~'; 

and annihilation ope:cators one has been able to generate a Lie 

algebra. It is easily entablished that a Bim~lat aJgebra can 

be generated by using bilimlfu: p:coc1ucts of fermion operators 

even though the 0:1,ng1e operators in that case satisfy anticornp 

mutaU,on re1at:lons. 

The fermion operators l'Ii1'l find a Q<ltural 1111et when ,<,e 

talk about isospin and unii;il}l¥ f5ymmeb:y J.n the report. to fo110\'1. 
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Cf![I,!:,~ER ,J. , 

1 l4oti'Vation 
w __ ~ L~_' _ .~, __ , ,'~_~ _~_ 

\18 nOVl come to the firnt exarnple where an anqular Jnornen" 

tum like algebra hecOlnes l~eleVilnt tb physics. 'rhis is 

the example of isospin sYlHmcb:y which flqures, in nuclear 

physj.cs and hadron spectroscopy. 

Nuclear physic!) phenoJnenol09Y tells us that the proton 

(t» and neutron (n) al'e essenU.i11ly the same particles. 

'I'heir l1]flBSeS are noarly equal and they have the same 

spin ".nd parity. '1'he strong inter-actions betvleell -tiwp: .'-" --

protolls, tvTO neutrons and a proton and a neutron are the 

same in .~h~~san~ec~sl)-',lg.~,:·gJ?L~~§-,ca:I;.(';,~. Such slmHari ty in 

behRviou;r: holds for mesons and hyperons also. It is elec-

tJ::oxnagnet'isl1\ that d:lEltingufB1H~H between members of a. 

givml group of particleG behavi.ng tdentically under strong 

forces, Elect:romagne'd.sl1] corresponds to a much \~eaker 

[on'o cOlllpl'U'ed to t:he wb:ong force (\"i thin the domain it 

;ls ope:tf~t:lonni). It is I the;eefO):e I serw:i.ble to ignore 

electrOHlCt(Jnet:lslll compared to strong interactions in the 

f;lrst l1PpX'Ox.trnatton, Under sllch a sj.tuation, no cUst:l.rtc­

t;i.on seems i:o be left bet~l8en P and n, 'l'hey correspond to 
/ 

degene:l'ate levels of a quantum mechanical system, Exper:l.-

ence 1:'.811s us that degenerclcy Hignals an tmderlying symme·· 

try of the assoc:tated (strong interaction) Ha,milton;i.an. 

S;ince t t ;t8 1:ho n·-p degeneracy \'Ie want to understand, the 



fJimplest sYHlmeLcy (),w eiln think of should correspond to 

transfonnatlol1s in a 2·'{Llfl1(~ns1,on<ll complex vect:or spcwe 

.v' (e) l</h1cll leaves the Hamiltonlan unchanged. We can 

then think of a single (mtit:y~the Nucleon "hich appears 

in hl0 s·tal-.es nand t>. 

~'he pilxalle.U SIn \'1:\.1:.11 a Bpin·~~ s·tate 1n a rotatlonally 

symmetric Horid is obvious. When electromagnetism is 

"switched on" it defines a direction in this V2 ((i) and 

breaks the symrileb:y just as a magnetlc f:i.c'lld singles out 

a direct.:lon in ordtnary space and b:ceaks the rotational. 

symmetry I Zeem/in spU.tting the othexwise doubly degenerate 

spin"% sab'!s. In onr cas,,, 1:he doubly degenerate nucleon 

state splits into a proton and a neutron state. This 

syn1fnet,ry j,s the SU (2) <lyrnmet:cy \'Ihj,ch ,ye shall discuss 

here, Reci'\ll1.l1q the disCllss:lon of Chapter one we knovl that 

the had:;;ofll3 should fall 5.n1:0 mnlUplets of particles 

degenen\te in mass in l:he absence of electromaCjnetisrn. 

'l'hls expectation in fully bornEo out :Ln pract:Lce. Hac1rons 

do c1iv~.d(~ ;l.nt:o 11lultipl.eb, of SO (2) group. '1'he members of 

each TIlult;lPtwc llil.Vtc! sn)iJ.ll JllGws",cUfferences whi,ch of course 

helVe to be there slnce i:I1Oro :l,s no "sw:L1:chlng off" of 

electronlagnetislli 1n the r,eal \'70rld. 

Before we take up the SU(2) group along the lines of the 

p:r.evj,on8 chapter let un note dowl1 a fc:m general facts 

about this gronp, 



By t.he group SO (2) is meant -r.he set of all uni,tnry unlrno" 

+ + 9 g - 99 m I dcetg '" 1 • (3.1 ) 

For a simple Cj00metrJci11 in'terp:cet~\tion we conside:c the 

Bpace V? (c) of vector}} ~ wrjJ~ten in column fonn. 

+ ( '" *) _. (1 2) (3,2) - xl' x2 = x,x • ~li 'eh x 

In this space we cons:Lc1er U.near transformations) 

;K 1 ,~ gx or (3.3) 

(Snperscd,pl: ntmlbe:es the column and the 8ul)script the 

rows/ they nm OVE'1" the vallle~1 1,2 and repeated indices 

imply symmaU.on). 2x2 unitary matrices correspond to 

transformatlofL mat1:ices (eqn. 3.:5) \vh:tch do not change the 

quadratic form (lenCjth of x) , 

(3.4) 

Follo~Ting Chapter, 1 \'/e have} for infinitesimal transforma-­

tions) 

cJ"l+;i.eT , (J, (J, ) 
(3,5) 

whc):e'C ar:e the gen01"ators of SU (2) and E: are its 
. 0: (j, 

pax'amotrs ~Ihose number n defines the cUrnension of the 

group, T aret:caceleBS hermitian 2x2 matrices. The 
0. 

olght real elements of To: obey :Eive conditions, 

+ 
T '" 'C 

0. a and '1' T 
);' 0. '"' 0 (3,6) 
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'l'hus, the):e ar.e three. i.ndepcndent. sueh mat)::l.ees, Hence, 

n a 3 for 8U(2). A well known Bet of matrices fulfil" 

Itng the bill are ,the RauU. male.rices J 

(3.7) 

'l'hese determine the algebra of SU (2) t~ be J 

(3.8) 
• 

(Hepeated indices are to be summed over and E: ijk :1.8 

the usual Levi.-Cevi.ta symbol) • 

Th.i.s is <1: group of rank one and thv) Casimir operator is 

.<[2. :-., ..... 2 .,! ..... 2 J ,2 - , . '2, T 'l 1 .' 3 (3.9) 

Generalizing f.l:On1 here the SU (2) algebra is 
) 

['1'., )~.J 
• J. J (3.10) 

• 

-,llere , the F'" are t.he general. representation generators. 

The fnnc1ameni:al representationi i.s tl1o-·dimensional for 

\'Ih:I.0h the generators are PauLI. matrices, '1'he regular 

rBpresentaiJ(;n i.s three ~di.mensiona.l (foX' n ~ 3) and the 

Ii' I H fen! these are calculable· in, ter-m,sc. of the structure 

const:no.tn, 

)3'ino.lly, the algebras of SU(2) is clearly identiica.l to the 

angular nJO)l)entml) algebra. HO~Teve:t', the opera.tI;ons are 
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To obtain the Lie ,;i1geb1'a :In the present context we start 

~lith the (n,p) multipletl,<lhich should transform accord,· 

i119 to a hlO cUmensiomd, irreducible representation 'of 

the I,j.e 9rouP. ,qe ignore the space~spin part vlh:\.ch can be 

tri vially lncluded as Ive [lhall see .later. Thus, our 

system has si.mpl¥ hlo quantum states available to it. We 

+ + introduce hlo pail:s of operators (at)' ap) and (an' an) 

which create and destroy a proton and a neutron x'espect;l.-

vely. Vie can form four m111wer conservinq b:U.inear pro-

and The flrst hlo 

seem to have the act:lons of and the 

remid.ning , are number opern tors. We also introduce a total 

nunwer ope:cator B" a; ap + a~ an \·/ll.i.ch count:s the 

number of particles and hence the baryon num.ber in the 

pr:esent conU~xt. 

,ve group these operators as follOWS: 

.\ <n '1' I 0,.. a h 
t~ .J 

'J. + 
"" 1;, ("1\ a < r·, an a}J. ? p • 

(3.11 ) 

InCidently) '1'0 '" Q - ~; B) 11here Q is the ch"1rge operator 

+ (ap ap) for the (n,p) system. 
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Natura.lly, B commutes \,/l.,l.,h 'r . .~ "±;b'l these be:l.ng nun)ber 

,conGel.'vtnq opeY_'v.t.ors ~ 'rhi.B can be expl1.c:tt.ly checked 

qui t<~ easi 1y from tlw defird. tion8. (eqn. 3.11). 'rhe" 

operators 'l'o ~:atisfy the expected algebra of 

SU(2), 

(3.1.2) 

As an illustxation let UB check the relation 

+ + + + 
o~ a a ("a a +J) - anal,(l~apap) p p n n . , 

2'1' 
() 

2~ 
! 

i 

'r.he four oper.(),tors (eqn. 3.11) genera te the algebra of the 

full U (2) (PC-OUP witch '1'+ 0 
, ~. I " 

generating a sub algebra 

(oqn.3,1.3) of the; group SU (2). 'I'he group transformations 

(".9. 9 ~ l+e('1'++ 'T_») mix the n and the p states, pro­

c1uc:Ln(j y.ot,ntlons in V2 (C). Clearly, there is no physically 

m"an:tngful V3 (R) \"'" could associ.ate wi. th these transfor-

mations. No have obta1.ned an angular momentum algebra and 

hence al.l angular momen tum res1.11'ts l'lhich fo110\1 from the 

commnt.atlon relati.ons also apply to this case. 'fhe :J.sospj,n 

operator;s defined by eqn.(3.1l) can be easily generallzed 

by adding the .i.ndex K everYNhe:re and summing over K, The 

index K descri.bes t.he spnce and sp.i.n degrees of freedom. 

'['he cormnni:ation rules (egll.3, 12) remain valid, for bj,linea 

p;:oduet:s (!o:erespnnding to tNO diffe;:ent. quantum st.ates 1< 
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and K', c01mnute. ~'hU8, oach K acts independently in t:he 

commutator, Obv:!.ot1s1y, 'lIe can continue to USE! the ~3imp'le 

llotaU.on of ("qn. (3.11) and take care of K at any stage 

\10 choose to. 

In anoJ.ogy to "ngu1il): mOlOcni:wn \<1e can inb:oduce thetota.1 

iSOflP:tn operal:m: 'r \>lith T2"" '1'('1'+1). Any' state can be \~:clt­

t.en as IT,'l'3> and to a given 'r, a multiplet ~10uld cont:aln 

'.!.'h'I'" I 'II -. () 1 1 '-'-" 121 O&~,,~ for singlets, doub1e-l:s, 

t:d,ph~ts, , , •. 'rhe prot:Oll and l1e11t.:;:on belong to the doub" 

let with T=~. Using the defining eqn. for Q it is clear 

th"t:, (lIp> '" Ip> and Qln} ~ 0, as required, l'l:Lth 

11'>= I}, f~:> and I n>" I ~i ;l;> • '1'ho pionr3 Cali he grouped into 

. a triplet \-If th 'J.' ,~ l, vii th 

s:l.nce B .'- '0 for pions r the cha:C9 Q operator here 1.8 the 

",1T 
same as '3 ' 

can be sim:U.cu:ly formed • 
. - ;, 

In \"hat J:ollovlfJ \'l(" shall have 116efo1' the :Lsospin st:ates 

fox: a pioll"nncleon synh~m. The probl(~m is mathematically 

idt!ntlcf~l to that of const:ruGting the total angular mOlllel1-

tum sto,tell of a system cons;!.sting of st:ates of angular 

momentulO j 1'''1;; and j2"'1, We int:r.oduce the notation 

''''''l,.'IT·,mN • ()llr al'l~ 1'S t t t"'l '- tiT 'I' ~ f .!.~ r... _" .0 cons rue' ,.1e 6 ... a:es , 3/ . l:om 

the f:lto,tes I '1m), '1'~;) , 'fN) rolNl :> " I ,lIT) ..\N) ::-
3 / &3 - 3 13 • 



1I11<]u1ar moment.um theory tells n8 that, 

I 'f '" >,~ ", 't,t 3 '-, I 

rpTf II,N 
3 :3 

(3,13) 

whe)"£') the clebsch Gor(ion co"eff:lcients aBe given by (note 

that 

'r > 3 

Us1n9 eqn, (3.14) repeatedly \"e LLnd, 

and 

3 3 1-" ~-> 2'2 

and 

(3.14) 

I 

(3.15) 

\ -' 
(3.16) 

'l'he above :eelaU,ol1:> ean be' inverted directly or by using 

the p:r:op(~r'tj.es Of Clebsch Gordon co"-efficlents to get, 

In+i» ~, I~,'~> , InOt» ,~ Ijl?t~> 

I Jl~h R If I ~'I "~> " /'j I ~, .-~:> , 

/
1111 - '3:.r 2'> 

(3,17) 
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Physically if t:he pion <\ncl nucleon are :l.n a state 

11" l:/> , for example I then Ive do not kno\-, whether we have 

a n+ OJ:' JIo OJ:' a neU\:l:'on O.t' p}:oton. 'fhe probability amp" 

lituoe foJ:' having a n+11 is 1#,: and that for nO!? is-If • 

All other amplit.udes I for example for a n+p, are zero. 

All our r.esults can be interpreted :tn « sim:tlar \'I·ay. 

In the next section vie come to the relevance of all this 

formalism to phynicn, 

We talked about. t.he :l.dent.ic<'\l behaviour of t.he p:r6t.ons and 

neutrons when nuclear foroes alone are considered. Conven-

tionally this is described as the chcu:ge'-independcnce of 

nuclear forces. Isosp.i,n gives us the simple and elegClnt 

descript:lon of this property, Churge-i.ndependence says 

th"t the proton-proton, neutron-neutron, and the neutron-

proton forces in the same spat,LCI],-spin states are ,Ldenti .. 

c"l. '.rhus, if the tvlO nucleons are ln an isotrlplet state 

(symmetd.c) then the space-spin function is anti.synunetric. 

J:f the [fl1.system is 1\11 isosinglet then the remaj,nlng func-

tion is symmet.r:i.c·, This means that the interaction between 

tl'lonucleons in states I 'f', T 3> "' Ill> , 110> and 11,-1> are 

the san)e, other things being equal. 'I'he interaction in the 

state 100> is different. 

The proton and the neutron form a bound state called the 

deuteron i'lhose ground stil.te coordj,nate functlon is syrrune-



3 
tric and so 1,6 the spin pi'\rt (the ground st0,te is Sl)' 

Thus 1 it: must be an lso-singlet. If the Cleute:ron were 
, J 
in the·S state tt \<lould b(:1 an iso"~vcctor, No such o 

bound Bt:ate exist.s. 

'J'hufl, under the am,unJption oJ: charge-independence nuclear 

forcefl are determlned by Uw total iBospin T rather than 

by 'r 3' nenc(~ 1 the nuclear Hamiltonian must be a function 

only of the Cas:l.mir· operator '1,2 \"hich is 

, (3,18) 

l'lhere Tl and T2 are the relevnnt isospin operators for 

the tl'lO nucleons. Clearly, the isospin. dependence of the 

interaction Hamiltonian is of the form, 

(3.19 ) 

It is easlly chec)ked that, 

(3.20) 

~'hufl, not only the third component of isospin ifl conserved 

(charge cl)J)l><i\l:va.tion) but the total isosr)in is also COrl-

served. 'rhe inhJ:t'action h010il tonian is an isoscalar. It is 
~--~"~~'-~~,,--~ -'~-~-~-'-~'~~~~--~---" -------

he:i:'8, that the physics 1B brought in. ThuB, i.n a strong 

lnterac'cion process an i.nitial state belonging to a given 

multiplet can go over .into a final state belonging t:o the 

same Jllul tlplet \'1.1. th the saroe value of '1'3' ~Ie have the 

selection rule 11'1' '" 0, for a purely strong interaction 

process. '.l'hifl result has profound physical consequences 



for acatte:r.ing and decay pl'ocess8f; going via st:t:ong 

p1es. Let ns conside): nucleon-nucleon and nUGl~30n~pion 

scattering. Other hadronic scatted.ng processes can be 

eons.i.derec1 along the sanlC l.ines. 

consider a gene:r.al reaction, 

a i +b, + c + d 
.!. ' J. J. , (3.21) 

where a.ll part1c1es of the type a,b,c ,:md d belong to one 

and the same multiplet. The scattering amplitude £1 is 

p:t'opo:t:t;lonal ,to the matrix element, 

(3.22) 
• 

Iril2 defines the d;lfferential scattering cross-section 

for the process. Assume that the 1nitia1 state has the 

\qave function I 'r I '1'3 >. Xgno:d.,ng the Coulomb ef.fect, 

charge"independence tells us that 1sospln is conserved in 

the process, L e. , 

(3,23) 

Le., the final state wave funct::tOll is of t:he type IT '1'3>' 
'" 

Flu:thermore, the str.ong inte}:action matrix element: could 

depend only on T and not, on T 3' so that, 

(3,24) 

Wt~ ~li11 now see that the matrix element of: any real process 

of the type (3.21) can be expressed in terms of a fe\'l MT! 



(often 1:\'/0), :l?(Yr. 'ch:l.s ~/e expand I <libi> and I c i eli> ;i.n 

terms of l'Ia,vefunctions I T ~'3> , snlmtH:nte thefJe expan~ 

.,Jions in eqn. (3.22) and tlSH {)qns. (3,23) and (3.24), We 

can then est.ablish a number of relati.ortfJ between the 

cross-sections for (U~fol:'ent procesBHs cO:t'responding to 

the same init.ialand same final Bpatlal~spin states of 

the particles involved in the scattering. 

1. ConsidHr 1)1) and pn . scatte:dng, FolloVli.ng the pl.'oce-

dure of the last p[lL'agraph VIC wloi te, 

11?'l;l"> '" 11,+1> I In'!?"> '" .! <110>- 100» , 
12 

(3,25) 

It)'n"> 
1 . 

100» • ~ h( 110> + 
2 

Thus for !? I +t,,, -, pI +p" we have f 

(3,26) 

In the np scatteri.ng two pl:oceBses are poss:l.blc, 

'J:'he ordinary elast:ic scat.tering, 

n J +j? II .. } n f +p " 
.' . I~ 

and charge .. exchange scattering, 

n'+p"'" p'+n" 

For the first of thene, 

(3.27) 

and for the second, 

Meh . ex ", <pIn" I n'p" > « lz(~PtMd) (3.28) 
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I":l:om these \<le have, 

Thus, 

., 
'1 ,,-~eJ. c.o 
d~l" 

d8ch ,ex 
alT" ,. 

(3.29 ) 

(3.30) 

Since the angular dependence of HIl} and r.lO) can be d:l.ffe:cent, 

then, inspi-ce of chargc··inc1ependenco the behavi.our of t.he 

proton"proton and prot.on~·neutron ,;cutte:cing cross-sections 

as functions of the an~r\lla:c vari.ablcs can be different. 

'rilis is borne out exped.wilntally. In the energy range 

300-500 HeV in the centre-of"'mass system the first: cross-

sect:ion is almost indpendent of the scattering<>'angle 

'tIhe:ceaB the fleconc1 has a min:LmuTil at 

sharply 1.n the back\.,,,rc1 (j1.rectJ.on and rno:.:e slo\.,ly in the 

forward d1.rec)tlon. 

2. Cons1.der + d + + p cP .,. .11 I 

n + p .,. d + lf
O 

We noted that d~)lJteron J.s an lsoscalar, 

. ., (3,31) 
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2 

'rh:Ls checKs expo::LmentaJ.ly, 

3. Conslder the reactlom3 t 

Thu~, 

* +- -11 +p + n +p r' rr +p -> II +p 

d;;'I, ;J15", 
(01. J:ii. 

(3.32) 

(3,33) 

rr +p -, nO+n 

r 3· 3,f) 

At high energieH the scattm:lnq t,ikos place preClom:ln«ntly 

in the 'r ,Co 3/2, 9,'" l, 

comptlr!'Jd, to, M?/2" ,,' 

j~3/2 channel. So . l" can neglect ~1 

. - --.' . " ~ ... , " - -' ~ -" 

In thi.s cas(o'i:l1e ratios axe <): 1: 2, 

Por an energy of 120 !1eV of the :Lnci.den'c p:Lon tho expHr.i·, 

rnental cross-sections are in tho rat:lo 93:11:22 which is 

roughly 9: l: 2 • 'J.'hus f the scatted.ng in the wcate 'J' "" 3/2 

is dOl1)inat:lng in thj,s :range. Other inter'osting resul t8 

(3/'> ~" ) l3/2> follO\~ in otherlimi t8 such as if M Ll '" M i 0): j,f J.1 - '" o. 

Cornpar.:Lson ~Ti th experJ.lllents tells us under what conditions 

such situations may obtain. 



4. We have to often deal w;l, th vertj,ccs tnvol v:lng the 

virtual producti_on and absorptj,on of plO1'w emd n\lC~ 

leons. If 1:hC)S8 !).J:'~ strong :lnteraction ve;;:U.ces they 

are lsospin conBervtng. ~['hey can be relai:ed to each 

. other by using the C. G. rnachtne:ry. 'rhus, for example, 

we can relate t!l~) various pton~nuqleon coupling cons-

-tan t:s as, 

We shall omU: thE, detatln. 

1 
( .;""--) . 

2 

Having disetH1sed the consequences of exact lBosp.tn symmo v , 

try, let us finally not forget, that isospin is after all· 

a broken sYJlunet:cy. 'rh0 neutron and the proton cl):e not 

exactly ,oho seune in the real I'lor.ld. Ne do tllls :Ln the 

final section. 

Xsosp:tn ;\'$ a hx-okert 8ynm)etxy. HCMEOV8J.', if the symmetry 

breaktng par-t'hafJ \-,e1]. defined transfor-mation pX'operties 

€Ind can be oOnFJidered a small cOX')!:6ction then perturba~ 

1:ion theory can,·be appl:Led to deducel)leatlingfui results. 

Looking at the propert;f.8S 0;1' phys~,cal prot.ons /J,nd neut:;cons 

Or members 0;1' any given isoll)ultlplet of hadxol18 one Can 

conolude that the symmetJ,'y b.l:eaJd,ng correeU.ons should be 

I'm)all (see comments lat01:). Hence, perturbation theory 

should woxk. ll'm:theJ.' I the interi'\ct1.on HaJl1i 1 toni an f.or the 
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<;!lectromagnettc case also secnm to have very si:mple ten" 

$oria1 behaviour under iSQflpin. \'1(" know t.hat 

\'lhere Aj1 i8 the fom:-potenU.<'Il of the electromagnet:tc 

field and je.m is the had1'on1c (~lectrornagnetic curr:ent • 
. )1 

NOi'1 the space integral of jo ts the charge opEll:ator 

Q(. ,;,'f 0 + ~ 13. . fo.\: lUICleol1(3) ,13 18 an lsoscalar and 'f 0 is the 

third component of ElH :l.sovect:ol.'. 'I'hus I H ~ • ItT!, behaves as _n 

the sum of an isoscalar C S) and the th1.rd component of 

an iSOVect0l7' V) • l'1i t.h thls assumption \1e can make defi-

n:lte pxccUctions and cOfllpare them l'li t.h exper:!.fIlencs. We 

. 9,f,ve tvo example,,!;. 

L Cons;l,der the ma9net .. i.c moment operat.or j1 which is linear 

in the Clll:';I'Cnt and lwncc should be of t.he form S+V 0 • 

Thus I G:zp1.oi ting tlw I'li~fnel;~Eckm;t theorem for angular 

:nIOJl1en'tllm \.,e can \1,,:t t.e ! 

,. 
'" 

( 3.36) 

where the matr:Lx elemHntn of ;V 0 have been calculated 

inte:rmr, of the those of T :in accordance with the o 

El:l,lll.ina t:in~J the \:1'10 unknowns, S and v 1 we get the sum 

rule, 

C3 .37 } 
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As a seoolldl example \'Ie e;;.n cons;i,der the phot.o"'produc"< 

tibh . of .,~J.~rHl from ,nUGJ.eo'fW y + N -> If + N , 'l'reo;t;l.ng 

the eled,ropldgnetiG j.nterac·t:l.on to 101'10st O1:der gives 

a matd.x el~ment of the fann, <JlNls+voIN> • The ',sca­

lar part ca~sel:'ves. j.sospj.n I'1hi1e the vector part can 
I 

change the ii.SaSP:ln. We thus have three reduced'matrix 

elements (lTkno\,Il1S ) 

<~.ill~II\> f <~'llv()II~> I <\IIVII"> 

I 
But these 18scrlbe four charg(~ state react~,ons I 

0+ - 0 y+p+p+l1 r y+p+n+l! r y+n+p+n and y+n->n+ll • 'ire thus 

I 
have one re1atioil[lhip between the four processes. NO"l 

1t 1s knov/n. that. in the 10\'1 (me:cgy region the scatter'-

3 lng is dom:l.nated by the 3.,3 resonance wi t.h '1' '" j '" 2' 

In tlj;ts case only one ampli:tude is effective and ~le 
~ 

need to keep only < ~II V II ~> • H el1ce I 'che four proces-

ses arE) expressed in t.m:.ms of only .one unknO\'111. 'l'heir 

rattos are l.t:l.xed. 

! 
l!'inaJ.ly I :lntllJ.~::I.vely I j,t l~, cleiJ.r that at energiefJ much 

large;!;' tha.n ·.tht TOi.WS difference<l ,wi thin isornul tJ.plets 

:l.aosp:ln sy.nUl)et1~Y should be a good symmetry. Let us also 

note do\"n the J"eason :e01;' s.fJsum;ln9 that the 111aSs~d1:efeX'ences 
w:l.th:ln ;!.somult1.plets should be electromagnetic ;!.n origin. 

I 
The :fractional I d(wis.t:l,ons l\14/N from the average 11 of E\ 

ll)ultiJ?let ar.e pf. the same order of magn:l. tude as the fj.ne­
! , 

structure cons~ant (~lhj,Gh enters into s:l.Tnple theoret:l,caJ. 
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e13i:imates of (11M/H), >,ihenoe the b,'!U.ef that departures 

from perfect SU{ 2) 'can be completely cwcr:tbed to e1ectro-

llll'lgnetism. '1'hore al:e I hO\;lever I no nniversally acceptable 

calculations of theso effects but no better ideas a:r.~_ 

available either. 

pumnw.I'y 

:tn t-lds exnmple of t8081'in \'Ie have IJCEm hml a Ide algebl:a 

can be generat.ed from bil:lnear pr.oducts of creation <lnd ann:th:l.la--

I:ion opol:ators. We have not_cd fUl:'ther hol'l' physios ean be incorpo­

rated by demand:l.ng t:he inva:eianee· of the strong interaction 

H amiltonj.an under iflospin rotatlons and by ased.bing $,i,rnple ten­

sorial· behav:Lour . to electr.omagnet,;lc· J.ntel'actlon undm, :I.808pin. 

F'urther I we have proft tt"d gre,"rHy from the fact that the assocj,-

Cited algebra l:s.td.<'lkcrjj;'ictil to the ungular momeni;u1n algebra. !H()~'/Elver I 

as the high energy physles phenomenology grel'l :d.chel: :I, t became 

gradually ole<lr that the iSQspln group was t,QO resi:rJ.cted to 

accolilmodate allt.he data and the need for. b1gger groups bec<~me a 

physical nece$slty. in the next: chapt.<~r Ne move on 'l:O t.his nel1 

higher synuuetr.y, namely H 0: 3) or llni tary !3Ylnn~3try. 
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A SU (3) ln11tiplet groups together several isospin mUlti~)­

let:s of different ",:trangenesf~ (or hypel:charg'e). However, 

unlike f;U( 2), S u(3) 1s not an exact symmetry of stron!"f il'1-

l:eractiollS because the' p.urU,cles 1n a multiplet have large 

If.1Ss-differences. II ere I vIC have un example \'Ihere a badly 

broken symrr .. )try provides Jll(~anJngful result:s. Since hlo 

quantmu numbers T3 and Yare needed to specify the location 

of a par.t:icle within a multiplet: ~Ie need a two-d:l.mensional 

plot (weight. diagram) \·d,tl1 '['3 and Y. as the coordinate axes, 

4.2 Rudiments of SU(3} 

SU(3) is the. group of all unitary nniTIcdular3x3 'matrices 

whicll con:espond to linear transformations in V3 (C) conaer~ 

ving the qtladrat:ic form 

The generators A are 3x3 trac<dess hermitian matrices, co 

.\ + _. A and Tr A = o. 
(t rY. a (4.1) 

The eighteen real p<u:-ametel:s obey nl.ne conditions of herm;;-

t.icH::y and one, of tr8.celeBsness. ~'hus, there <Ire eight: 

independentmatricel> '1'.1 til the above propertl.e$. This sped.-

fies the dimension of -the group, Among \~ ther.e. are hlo 

mutually commuting ones (s U ( 3) is a x:ank 2 group) • These 

can be simult.aneously dlagonalized. Conventionally "3 and 

A8 are chosen diagonal vA qGlluronly used set is 8 ) : 
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Arte:c the difWQVe:cy of :')b:',~nge Pll,;tU,cles the fra1lJe\10:l,'k of 

isospin symTI<"t::ey provE;« -[:0 be 1;00 narrow to dGacl.'ibo' the 

emerging phenomenology. S U ( 2) ts a group of rank one and 

it gtves only one cOllafYeved adcU tive quantum number (T 3) 

by which llJemhers of atl iso:mul!:;lplet can be cla~jstfiod. :et 

l'laS found that hadronB are cha:t:act;e:clzed by an additional 

,additive quimtum number called s'trangeness (S) or equtva-· 

lently by the hyperchm:ge (y). So I on0 needed a group of 

rank 2. The groupSU(3) waH found to be the most suitable 

for th1s pU17pose. '1'he hadrons of ,a glven gpi.n I parity and 

baJ:yoll nU1Iber can be grouped j,nto Ioul tlplets trcU1sfor:mlng 

as the irreducH)l('. representa't:ions of GU ( 3 ). 'l'h'Ls was 

called the' ei<Jl1tfold I-JaY by Gel1 N Ncnm7 ) because the 1<+ 
2 

baxyonfl and o~ PS(w(JofJCa1arJ1K1S0nf; belonqed to the eight~ 

dhoensional rep:.:eGollt:i\tlon of this ~rr.oup. 

At ,the thue Gell'"Nann and N081l1an Pl:OpOf1ed t.he g O( 3) symmet-
!.1, 

ry there ,'lei,e Beveral qi;\PS in trw mlll tiplets. 'rhese \-!ere . 
obvious predictions of the theory. In particular a particle 

fl"' wlthS '" .":3 and spin ~, ~ ',W,S pl?edicted at, 1675 NaV and 

was subsequently cUscove:ced a·t the expected mass8 ), It waS 

thts evi.dence that ult.1.1Tl".ltely settled the battle in favour 

of the group Su( 3) . 

~"- -~-~--''-'>--'-~~'' 

* Only i'\ l;l;ml,t:ed i\Gcounl: wj,ll be pre1')entecl h(~l:e. 
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0 1 0 

,"{ 
"";1. 

0) (' 
0 :)/4{ 0 

:1 A '" 1 0 0 0 ~ /3'" : ""1 0 1 

0 0 0 0 0 o 1 0 

(4.2) 

(: 
0 

-'\ C 
0 

l,' 
0 0 0) 1 0 0 

A5~ 0 : /6" : 0 0 0 ··i /a"'$ 0 ·1 0 

0 1 0 i o 0 0 ~2 

If all parameters E:a of SU (3) except for the fi:rlst i:hree 

are set equal to zero then \-le obtain the group SU (2 j • 

A typical SU(3) transformation is given by, 

(4.3) 

'l'he SU (3) algebra is obtained by working out the' cOll/JllUta-

tors of the A matrices. It is, 

(4.4) 

~lhere f are the totally antisYJllmet:i:1c structul:e constants :I.jk 
which ~le shall not list here. The matrices aiso bbey: anti-

commutation relations J ,. 

(4 .5) 

, 
where d ijk are syminetd.c under the interchange oJ! i, ii ,k. 

Finally, the general SU(3) algebra is, 

(4.6) 
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A full study of SU (3) then consists of finding NxN matx;l.ce/l 

Fi I1hlch trnsform the N-dlmensional states by, 

(4;7 ) 

These states form N dimenslonal mult;l.plets of SU(3). The 

SU(3) Casimir operators can be written dOI1l1 but we shall 

not find any direct use for them here. The multiplets can 

be characterhled by t'l'lO numbers as we shall see later. A 

Clebsch - Gordon machinery can be set up for the group 

SU(3)9) but \1e shall exploit the subgroups of SU(3) so that 

the an9ular momentum machlnery would sufflee here. 

4.3 The Lie A~ebr~ 

'1'0 get the Lie algebra using the method agreed upon, ,.,e 

start with three quantum states. A conven.ient example 

(though obsolete) is the Sakata model, ~,hich is the natural 

general:J.zation of the SU (2) model used previously, in wh;l,eh 

the (n,p) mult:iplet is en1arged to include the A hyperon 

with zero isospin and strangeness ~ -:1. We add t'l'lO more 

operators a~', 'a~' to the earlier four. We can construct 

nine number conserving billnear products. As before these 

break up into (1+8) operators ~'ith the baryon number 

+ + + + operator B == apnp anan + a A a;\ 'fonnnuting with the rest 

"'hich do not change the baryon number. We 11rit:e these nine 

operators in the fol1owin9 convenient form: 
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B + I-
+ + + - a a a a aXaX , 

p p n n 

+ + 
T+ -- a pan '1' - anap '" 

T k' + + 
<. 2 \a a - <tnan ) , 

0 p -p 

+ + 
(1i.8) 

B -- ap<lA 13 - ana" , + " 

+ + 
C+ - a:\an C -- aAap -

1 + + -I- 113+s N -. 3 (apap + anan - 2aAa X) ~ 

3 

These operators g-enerate linear unitary transformations in 

a proton-neutron-lambda Hilbert space. The baryon mtmber 

operator generates trivial phase transformation, and the 

remaining eight generate the algebra of SU(3). Inspection 

of the opel:ators(eqn. 4,8) shows that the eight operators 

form a Lie algebra of rank 2. The two operators To and N 

conunute \'11th one another and there is none .,hich conunutes 

with both of them. 'I'he action of these operators is mani-

fest in the defining equations. The remaining six operators 

are 1;yplcal. stop operators shift:l_ng the eigenvalues of To 

and N. Many of·the commutators can be read off directly 

from the IMnifest action of the operators. For example B+ 

creates a proton and annihilates a lambda, thus raising To 

by +~ so that [TOIB+] "" ~ B+ • In this ",ay ",e can directly 

write dm·m the follo",lng conunutation relations. 

['1'0' TJ ~ + T +' eN,'r +1 "' 0, ['1'o,B ... ] '" + ~ B+ 
(4.9) 

[T , CJ ~ + l:!C+, [N ,B+J '" B+ [N, c+l = - c -0 
--) + 

w-
I , 
, 

P) 

, 
I 
I 

! 

~ve 
I 
I 

) 

s 
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should "COUl: ln the saHle DU (3) ·rnult:lplet. They shou1d 

apw~(\r alternately vd:1:h i.ncJ~enl!,:ln~; values of N. 

Let un comd.dm: som<, simple examples of SU (3) n1ul t:l.plets. 

The n'-p"A and D~'i;':\ t1':l.pJ.etf; form mul tiplets, since the 

e1.ght SU (3) 0peJ:atm:s simply t::i:ansform these into each 

ot:her. 'I'luwe 111:e shown in I"ig. (4.2). Consider no\q the 

sta'ces result:l.ng from a combination of one sakaton (p or 

n or A) and one antll3C\kal:on. 1'he8e states are generl1'1:ed 

from the- vacuum by a pl:oduct of a sakaton cre8.t.1on and a 

sakaton annih:i..1.atinn o!:,erator, their SU(3} properties are 

identical to those of the operators of eqn.4.8. Thus, the 

states w'ill b:r,oak up into a singlet and octet. 'I'hey axe 

* sho~m in J?ig, l\ ,3 (tnd.dently \'/8 have proved the rule 3 x 3 =, 

1 + 8). Ni'lt1.lral1y r thE' octet looks very much l1.ke the diag­

l:am (F':l.g. 4, J) of the group generatorfl. 

'l'he OC1:et l'evna18 a nCM element compared Iqith an angular 

momentUJO multiplet. At N '" 0, '1'3 '" 0 WE; have t~70 points. 

This sho~m t.hal: the (~igonvalues of Nand 'r 3 may not uniquely 

specif.y 11. st"lbO' ,'rHJdn a multiplet, lin additional quantum 

number ls necessaxy I'lhleh i.s not doo;texmlnec1 by the SV (3) 

algebxa. :For our problem the value of the Casim:l.r operator 

of i~he j,sosp~.n flllbg:r.oup nmuely that of ~1'2 does the job. '1'he 
';\ 

four N ~ 0 states spJ it J.ni)o an .isotl:1.plet and an isosinglet. 

We now reco:;:d somG :Lmportan·t facts mostly ~l1.thol1t proof: 

1. ThG 1'1Oighl= dla9rams have a convex boundaJ:Y. 

:I.n tenus of t'\'j'() purameterH P. and )1 wi-t:h A "" 2T 
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and 

> tl7 .~ 

jl ~ 2'1' at N '" Nmin . 

'rhUEl', j, and )1 are integers. 'rhe tlolO triplets 
. 

" ", are' (1,0) and (0,1) respect:l.vely al1d the octet :l.s (1,1). 
, 

The number. of statefJ in a (A, ll) , mul t:l.plet is '; 

~ (A+l) (f1+1) (A+p+2). Thus, the octet is made up of ei9\11:" 

state.'3. 

3. 'l'11e ~Iei(lht diag:cams have to be' symmetr:l.o abbut the 

N··axis und to the lines inclined at 1200 to the hori·· 

zontal. '1'h18 follo~l.p~:r.om the equivalence of p,n and A 

states in the sakata' model. 

4. The conjug<1tc n"p'~csclltat1.on of (A,It) is (V,A). This 

correspondfJ to th'3 fac't that charge conjugation amounts 

t.O :l.nversion through the origin, 

5. Casiro:l.r oper.at:ors tlre functions of A and p • Thus, 

labell:tng \'lith A, \1 is sitopler. This happens for angu­

lar mOlnentLUn also \·/here the Casimir operator has 

valueu j (j+1) but: labelH,n9 index is j. 

6. All integxal values of A v.ntl V 9ive multiplets \<lith 

th(~ folJol'ling rules for deciding 110\1 many states there 
_". _ .1_' 

are for each lattice po:l.nt: 

i) 1'he outet·.,.ring of latt1ce pOints is always single • 

• H) Each i11J.ccessive inner ring has one state more at 

each 1att106 po1.l1t than the previous one unt:!.l we 

reach <\ tr:l.angle or 11 point. 

:1.:1.:1) 'rhe number of states wit.hin the triangle is the same 

as on the per1mete:c of the tr~.angle. The diagram for 

the octelc :lJ.luatrates these features. 



7. The e;Lgonvaluos 

fO:-CHl 1'1 r, n -}- 1 . ·3 ; 

of the opeX'ato)~ N (?§: B+S) <'Ire of the 
1 

n ., 3" • l\ given multlplet ~.s obviously 

of one of ;;;1<')80 typoo, fmc IOU (3) opera'l:iOll$ ch<\nge N 

by +' 1 O.L' zero c 'file three types of multiplets coxX'iifs-

pond t:o 1 p. '"\1) l.nte~fra.l , :tntegral + 1 
respect::!.vely. 3 :3 

'rhus, U1'." ()ct:e.,: cont.':dns N = 1, 0, ~ 1 and is no.type. 

8. Combintng GU(3) mulU.plots: s:!.nce N. is additive, for 

u system of se'veral pm:ts r the total N 1s the sum of 

ind:lv.iaua.l N'B. so, \'ihen mnltlplets are comb1ned one 

has, 

(n) + (n) .,. n r 

Hule:3 anoloqoUf' -('0 tiw cuse of angUlar TIlomeni.:um G1:\n be 

developed 1.1hich are Hot easy to }:E'mlember nnl:\,ke the 

angnlm: 1I\r)luentum ·l:·ulc~. A coupl1ng of: (;p~eat sign:lficance 

is t.bo coupling of -[.\'10 oct.ets 9 

(11 1 ) (;0. (l,ll ,~ (O,O)+(l,1)+(2,2)+(3,O)+(O,3)+(l,1). '-. 

in angulnr 

perti8fJ o:cthe ronl tlplc";;s vii th respect to the inter-. , 

chan<.)e ofth(~ hw pm:t:s, A s:tmple c:nd qulck recip'il for 

such coupl:!.n9s :lsthe Young Tableaux technj.que 2 ,4) , 
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We 'have obtained the Lj,e algebx'a of SU (3) using the Sakata 

model. Irrespeci.::lve of the val:ldity of the Sakata 1l1ode"1 

the algebra rema:J.ns valld. And, ,:tn fact, the Sakata luodel 

is not supported by experimental ev~,dence. Phenomenology 

suggests that the eight ~+ baryons should be grouped into 

an octet but Sakata model groups p,n and A already' into a 

t:dplet leaving the other five members for other multiplett'!o 

It turns out that the E hyperon must be placed at least in . 

a sextet ~lhi.ch includes a nucleon like particle and a par­

ticle ~'lith Yo., 2, T ,~ 0 which must have spin % +. Such pa:c-

ticles have never been found. The E goes at least in a 15-

plet with large l1lunber of unoccupied places and the Q can­

not be included in any lower multiplets. Such a class:l.fica-

tion ls obv;iously most unsatisfactory. 

V/henevm: a Get of eight operators satisfying cOJTJI1\utatlon 

relatlons li,ke those of the opex:ators (eqns .4. 9 and 4.10) 

arise :Ln any physico.1 problem we know theycol1stj,tute the 

Lie algebra of"~U (3). 'fhese operators can be used to charac-

terize the states of the assoGiated' quantum mechanical . , , 

system and group them into roul tiplet.s ~lhich are already 

knO'l'lll from the Sakata model. of course i a given model may 

not lead to some multiplets. For example, the angular 

momentum nlgebra can be obtained f.rom orbital angular 

momentum but then the multiplets with half integral j '\'lOuld 
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Consl.der the tv)O dimei1s:tol~al ('r3~y.) pIo·ts of well known 

stable ~ + baryons f 0" pseuclosculm~ 'mesons and I"' vector 

meson :resonances. (Fig. 4, -1), 'rheso diagrams imftJed;l.ately 

suggest octet multiph)ts 0;( SU (3) with an Il.dditional ~ing-

let vector meBoni .... 'rile meson octets arc what ,qe (-'!xpect 

from 'ehe Sakata model. But. an octet: is suggested for ~ + 

baryons ,w ~lell, in contrast to the p··n-A t:rlplet of the 

Sakata model. '1'hi8 classifj.cation of elementary particles 

is called the eightfold ~my or the octet model. 

To formulate thE' problem mathematicully \'Ie need eight ope-

rators satlsfying the bas1.c commutat.ion re1at1on8. The 

three tsosp:ln oper.ators \~e def tna in the usual lnanner. The 

baryon octet: tells us t.hat N should be identlfied \,lith the 

1 hypercharge Y~B+S rath(~r ·than \'11th '3 B~-S as in i:he Sakata 

model. Now the operv.tors T + ,0 and N are in hand t the rest 

al:e unlque1y specified by the co.rmnutai-. .1.on relations. 'l'hey 

are t:he one,) changtng '1'0' by ± ~ and Y. by :!:. 1. Eqn.4, 9 gives 

the commutation relations amongst the step operato17s them­

selver;. The mu}:tiplet strnctm:e has already been given by 

the Sakata model. 'l'hus, the matrix elements of these o1'e-

rators can be calculated betl'leen any blO states, of 'iJ. multi-

plet. Th1s is ana logons to the angular momentum case \.,here 

glven the commutation relations amongst J -I-,J 3 and g:tven 

the multiplet structure all matr:tx elements of; these ope-

rators in a given mult:iplet are calculable. 
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HencG, only thoGO 1tlulttplets OCOllr Eor \·/hich 

to be ;i.ntegrul. 

~ (/, "'rl) :1, S <J.n 
-> 

111te g e :;;-. 'rhe simplont of thene are the singlet:' (0,0), octet 

n,l) t decnplcts (3,0) find (0,3) and the 27·'plet (.2,2'). 

NOyl f Vlh\~n we talked about isosp:ln \';0 had a physica,l prin-

c1ple \1hich \'Ie 'o'lere t:ryln9 to express in rne,thGluatical lang\!-

<19(3. :n: I'lail the cha1:~ie'",1.11dopondellce of: nuclear forces and 

the mathemat:lcal oxpro;3sion was the invariance of the strong 

lnt:eraction Hamiltonian' under the SU (2) transfoY.i.rnations. Do 

11e ,have suoh n phys:lcal basis for the eightfold I·my? In the 

Sakata model we cUd have I namely the egui valence of n, p and 

A 1nter<:;ot1.ons. We do not have any obvious basis here. We 

h<,ve not evc,n talked about the fundamental repreflentation. 

And the propertles of the fundanlental triplet in this luodeJ. 

are stm:t;11ng. Since \'16 have put Y ~o N "' B+S Olll:' ba:ryon 

numbt~r :em:. the b:tplet ,it; one-thLcd of that defined by 

eqn.4 .8. 'l'hus r the t:d.plet 

charge l.s t.hU8 5- 1 } 

\~ould have B '" 1. 
3 • '.Phe hyper-

'md '" 1 "0" 'r c. "3'/.I • .!· 3--

peculiar object~ 
.>-. of:· 

and ~ ~. and the charges would be 3 

+ ~ and 

(JaIled 

'1'3 ~ 0 resp6cU.vely. These 

quarks and so far none of 

2 1 
:3" '3 

these Il:act:lonally eharg(~d objeets have been found experi­

mentally. Pe:ehapsthey do ,not ex:J.st :In free unbound states. 
" -' .. , 

If. these are the tundamenta,l/objeots the generalization of. 

oharge":lndependellce '1ould be 'tile egutvalence of 'ehe il1ter-

aet:lon bet.ween any two of these. Of course, one call believe 

that, the quarks are more than just a mnemonic and instead 

hypothesize ,that they are the p.ntities out of wh:J.oh the 

mesons and baryons axe phys:l.cally constructed. In the mid 
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1960's on(~ felt .that qua):'ks ~le,~e just a mnemon~.c devoid 

of phYf3ical rneaning. 'rOdHY We tend to believe that qtw.rks 

are phYllieal cllt:U::.i"", tha'c 01:e dynamicaLly conf.ined ~1~;th;l,n 

mesons and baryons. ~.'he observed multiplet st1:'llchu;e and 

approxinnte SU (N) E.ymmeb:y of part:J.cle phyf5:les then \:las 

i1:s o:dgin :i.n N flavours (typeG) of qnarks fill~~ng the 

£nndamental rc~p.resento.tion of SU (N) and the composite 

quark syntcms y5.eld the l1ac1',:on flpectroscopv. Unfortunately, 

theile exciting nOH J.ev0J.opments are not: the subject l1)o.tter 

of ,this \'Iork and we better si:op before \-le go astray. 

))';l.n<'\11y, fo:!:' the sake of completeness let us rev:!,evl the 

BuCCeSselJ oj' the hypothesis 0.1; approximate imrariance of 

the tlt.i'ong int:e:,:action I'llth :ceg;pect to the group SU (3) • 

2 '7 10 11 12) 'llheDE:1 u:ee nUInl'?lrOnS and jJnp:re~i::d. ve If, f 1 - ~ 

1. lUl Btnble 'lEId:cOlW and 101'1 lying :c(~sonances are d~.str:l.~ 

bnted OVOl: SF (3) l)lI1lt.iplets 0:1; lOVl d.inwns:lons. 

2" Irhe qurtl.'k model, Nhi.ch'makes :1.'(: poso:tble to cons·truct 

all hndrons from t.lu:eo fundamental particlefJ and the:!,r 

Cl.nLl.pa);'t:i.cles is V01:y atb:act:ive, 

, 
,"-, 1 

tipl(~b; 1d.1:hil1 Ul1j:tM.'Y fl1td,t1,plets based on educated 

gnef;sos on the nai:u:r:e of SU (3) breaking st:l;'ong inte:c-

action Hi'.im:Utoni,an. 'l'hf:Hle m:e in good agJ:eelnent with 

data. 

4. A numbc~r of xelations bet\·/een the cOllpl:l.ng COl1ldtant,f) of 
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5, VaY;;i,'.m:'; w:ut\:cn:Jng a.nd clevE\Y procefmes could be xe1a" 

t.ed, ('J'h,c SEJr,c}:al p:l:ocechu:e foll oVled for a11. '.::hese 

:t-t:f~mf1 lH '-':)~_(-l.ctJ.y Z-H1D.log(Y.1H to t:hat degc:eibed J.l1 the 

.':exs of :i.f101nultiplots 0:C a gi.ven SU (3) 111ul t:l.plet., Thus I 

n'-'~ 'Fjl(~{' _C, , "x"r--"'/, O. G _~ ,1 .. H ., I.e)).: {-~ ~Ulp,.f;:., 

(rn- IH ) - (m~,.o ". nl_,,") ~. (m", " - nl,," ) n -P t!. _ t /.d 

'l'h.is ;i.n nsnd_ 'i:o pxed:lct the fJ;Lgn of. tl1(~ mass~difference 

(m .. , 0 "fOE" and. ChCWKS expel'.i.loontalJ.y, 

'7, 'rhe ',:elationfJ het:vlGen magnettc mOl11enbl of the baryons 

P 'J 

I'() c'ppclld:,i:< A th" ;m(?) subgroups of SO(3) are difJCnssec1. 

'l'l1er,(' ~i.tn be expl(J),t.nd 1:0 derive the rc~latcions mentioned 

\'Ie conclude thJ.i3 chaptm: with the obseJ:vation that the group 

theo}:(~U.c method contains no element of dynamics I'lrdell must 

comn f:com a Uwory of elementa:cy partJcles. HO\1EWer, having 

ag:eecd that ,t.here .i.s <>n underly.i.ng fymmet:r.y ,t.he group theo-

n~t:l.c method Bupplh,s a wealth of .information, 
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The ha~'monic oscillator problem finds many appl:l.cat;lol;ls in 

physics. It .1.s a subject that deserves a treatise by ;l tself. 

In the ha:cmonJ.c oscJ.llator shell model, a nmnber of parti-

cles are assum(~d t.o move independently in a harmon.i.c 08ci1-· 

la-tor potential. 'l'hls J.s· the problem we shall discuss here. 

We f·irst addr(~ss ourselves to the problem of a three-d1.rnen·· 

sional isotropic oscillator. 

The energy spectnilll of such a quantum system WMl perplexing. 

'l'he only manifest symmetry of t.he Hamiltonian J.s the rota .. 

tiona I symmetry. '1'hu8, the characteristic angular momentum 

degeneracy :I.s to be expected. But, as :i.s well known, the 

degeneracy is far greater, with sets of states of angular 

momenta d:lffering by t~IO units turn.1.ng out to be degenerate. 

Since the cause of such a degeneracy ,'las not understood, it 

~/aS termed accidental d~~eneracy. HO~lever, the approach we 
.. f.- -t-f, 

ar.e adopid.ng here reveals at a $llance that there is nothing 

accidental abOut thls degeneracy, f6r tho symmetry of the , 
Ha,mj,ltonian ls that of SU (3) I so that degenerate levels 

correspond to n1lllt.iplets of SU (3) and not just to 'I:hose of 

angulcl): mornentum. This example (along ",ith the other. famous 

example of. the ideal hydrogen atom-the Kepler problem, actu­

ally) emphas:l.ze' in no uncert,d,n terms the beauty and pOI'ler 

of symt1)etry arguments. 



- 56 .. 

Before gtving a de·tailed tl'eatrllent parallel.ing the SaKata 

model, let. VB see how the degeneracy :ls such <1n obvious 

rosult. 

A t:lll:ee-d:lmensionai 08c:l.11ator is nothing but the sum 0;1; 

three independent equal mass, equal spring.constant 0'8c;l.1-

lators, I·ts hamiltonian is simply, 

+ 3) H ~ w(,!!,,!! .j. 
'2 , (5.1) 

\'lhere + vectors' \-lith components, ~f a are 

(5.2) 

\'lhere ~( '" l, 2, 3, correspond to· the creation and 8,nnihi la­

'd.on opera'cors .tn the thr.ee dir.ections. Thus, H is essen-

tially given by.the length of a cOlllplex three-dimenslon.al 
'. "- -.-~, 

vector. I(otattonsin the associated V3 (e) do not change the 

length of the vectox', Thus, H .is invariant under ro·tations 

in Va eel. The previous chapters tell us that the symmetry 

0:(: H ,is that of U (3) and the multipJ.et.s eorrespond to sU (3) . 

'fhegenerators of thj.s symmetry group are the (1+8) bilinear 

products of the type 

connecting states of 

a;av ' These are even parity operators 

the same parity. Thus, a degenerate , 

level contains states I'lith angular momentum 9" 9,+2 f 9,+4, •• , 

1\ little 1M:er I 'tie shall COlUe to the occupancy number of a 

given level. We note that the n:l.ne bilinear products break 

Up into groups of one, three and [j,ve operators transfo:r.m~ 

in9 irreducibly amongst each other. This has to be, for 
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+ gi ven t;\'IO vectors a and a \'16 can i'O).'J1l the scalar product 

+ + !'!. '!'!. I the vector product!'!. x.?': and a syrnrnetr.;l.c second 

rank tensor. ~.'he vector product corresponds to the angu1a1' 

mOlllentum operator and the tensor co);respond to the quad1'u~ 

pole moment tenS01". With 0.11 the eXpHct.aU.ons ll1ade e:l>pl~,-

cit and plausible let us now approach the problem along 

the lines of the previous chapter. 

+ . 'rhe operators!'!. and a sat:isfy the cornmutatlon relat1,ons, 

The Hamiltonian is, 

3 
H = W( l: 

]1~1 

+ 3) (" a) +-1) ]12 

'I'he angular momentum operators are given by, 

(5.3) 

(5.4) 

(5,5) 

<} 
We have nine bilinear products of. the type aJl<\' commut:l.ng 

Iqlth H. Except that they are bOSOI1 operators, they look the 
-'.' -'}.'-

same as the SU(3) generators of the previous chapter. Idke 

+ . the operator B of SU (3) yle have the combinatlon E all all 
, 

commuting lqith the remaintng etght. 

No,", we can draw the exact correspondence between the opera­

t.ors of eqn. 5.2 and those of the Sakata model. Thexe, ~qe 

made use of the :Lsospin subgroup by sJ.ngling out the A­

direction in the n-p-;\ Hilbert:. space. So, \qe noVl choose the 
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x3-d:lrection as a preferl:ed d:t>:eet1.on and look at t:he 

c: SU (2) s'ubgroup assoc1.ated w.i.th th," t.\'lo-d:l.mensional oscj.l-' 

lator in t.he x l ""X2 plane, Use of: cyl1.ndr:tcal coordinC>.tes 

is :tmmediah~ly sugg(~sted and \Ie defj.n~" 

a - (a + :lay )/ /2 , '\) - a 3 , + x (5. 6a) 

so that. , 

+ +- + ia~;) / /2 + a+ -- (ax ao 
.- 1)'3 (5.6b) 

Interms of these operators, 

H + 1· -I- 3 '" w (a+<l..,c + a""" 8'1'9 + aoao + Zl (S.7a) 

We also derine, 

(5,7b) 

The operators a+ and a arB nO~1 analog'ous ·to the p and 11 

operators and A+ , A , 1..0 are ana.logolis to 1'+ , T and ':Po " .. 
~ 

Thus, A+- , A , 1..0 a:ee the operators of the SU (2) group of 

the t~lo-d.i.mensional oscillat:m: :Ln the xl. " x
2 

plane. Inctden-
., 

tly, AO ~ ~13 ,hence its eigenvalues are o,~,l.i ... For 

our quasi "'spin op(~ra to:r:s \'Ie have the Casimir operat:or I 
.~ -}" 

(5.8) 

'rhe remaining five operators of the algebra can be \'r.t'itt.ell 

dOl'm ill direct allalogy to the Sakata model as: 

N + a a 

(5.9) 



:' . 

- 59 ,-

I'Te nov have a set of eigl11: operat:ol:s in one,·to~one COl:r(~:3~ 

" pondenc8 \'lith thoBe of the Sakatc1. C11K)del. Henc(~, t.hcy g~me-
.. 

rate a sU (3) algebra and the Hamil t.ol11.an, \qhich commut:es 

.lith all these operato);s, has the invariance of SU (3) ,''i'he 

energy levelB corresponding t.o 'ch1.s Hamilton:l.an fall into 

multj,plets ar:lging out of the Sakata model. 'rhey can be 

plotted on a N - '\0 plot. The phys:lcal meaning of 1"1 fo110\'1s 

from its def:lnition. :rt is one-third the differencE! between 

the sum of the quan·ta in the xl and x 2 di:l:ections and twlce 

those in tile x 3-direction. Thus, N ,~ 0 if the average nun)·' 

bel' of quant.a in the .lt
1

"X2 direction equals th11t in x3'" 

direction, N > 0 if xl -x
2 

average exceeds the occupatton 

number in the x3 -direct:lon and N < 0 in the reve:r:se situ­

ation. N is thus a measure of departure from spherical 

symmetry which makes H:s assoc:i.atloll with a quadrupole 

tensor clear. 

The ground stat.e of the oscillateo!: in non-degenerate and is 

the SU (3) s.inglet (0,0). ~'h<) first excited state is three_ 

fold degenerah'. We can put one ofJcillator quantum ;!.n any 

one 'of the th:t,'.E1@, direc1:ions, 'rl1is is the (l,0) multiplet. 

of the Sakata model. The n'ch oscillato):' state cor:r.esponds 

to a totally synmletrJ,c n-sukaton state. Its Young dj,agram 

is a row of. n boxes so that :I.t ;,s thG !nul tiplet en, 0). The 

degeneracy follOl'w froll) the general SU (3) formula. However, 

it can be ~I:t'it:ten dowl1 direct:ly by observinq 'chat U10 p1:ob~ 

lem is one of distribut:ing n oscillator quanta among thG 

three oscillator d:l.rections I .i. e. I by :f'ind:lng all poss:lble 



'. 60 " 

c01l1bfnat;ions of ill' n 2 , n3 such that n ~ HI + n 2 + 113 and 

rt1 ,,.11 2 , n3 '''' 0, 1, 2 •... n. This Hllmber to :3imply 

~ (n+l) (11+2). '1'h1s is lh,) known dr"q(mCl}.~ac.v·, of the oHcilla'" 

tor in the nth state. 'l'hus, the (n,O) level exhausts the 

degenm:lloy of the 11th lev(.,1. As :i.n the CMle of the Sakata 

model the s{:ates of the (n,O) Hm1t:f.plet 0an be classtfied 

tnto quasi-spin multiplets having all possible values of 

the total quasi -api.n I I; from 0 to ~; n. 

The quas~.-sp:l.11 classif,tcatlon OJ' the previous seaU.on ~/aS 

usefUl to understand the degenercay problem, In ao·tunl use, 

we should benlore !I.n·tenested ~n the nn9u1ar 1110mentum c1assi-' 

problem in e;l. ther caX'tG~1:1an ox spheJ:':l,{~al coord;l.nat<~s. In ·the 

latte;r. case ,'le use orbH:"l cmgulaX' eigenf;ullct;Lonn. 'rhe energy 

of the osc~J,1.nto:r. is, E = (n+~ 1 (0) where the inh1ger n and the 

orbital an$jular rnomentum R. are :relat:ed as, n·~ 2), + R. where 

k ~0,1!2 •••• Thus, if; n ;1.& even R. = O,2,4 ••• n, and if 11 

is odd ~.= 1,3,5 " .n. 1'be states '.n the quaf5:l."sp':Ln cJ.<HHJ:l.~ 

f;Loat;Lon are related to the states' j,n the angulC\:cl1lomerd;um 

class:i.x;l.cat;l,on (juHt as t:he isosp:tn and U~spin clamd,f;loat;!.ol1 

are re1a.t.ed) • In both onsea 9'3 j.s a good quantum nUl1)ber, :I,f 

A ls ;Lntegral then R.3 j,s ,eVen" if A :ts hnlf integral, R.3 is 

odd. Consider the nth exc:li:ed state of t:he osc:1.11ator. We· 

have the (n,O) multiplet. 'l'he hiD largos,: quUS:!.e'Sf>:!.n mult:i-

plets (). . n-l 
,~ ~in and A ~ -'2<') just contldn n11 the eigenvalues 

of R.3 appear:J,ng in tho ~. '" n an9u1QJ: fl10mentulll 111Ultc:lpl,et, 
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Continuing in this manner, \1e get the one··t.o-one oorrespon·· 

dence between the eigenvcllues of. 9,,3 ariBj.n,] 1n the t.wO 

classLUcations. 'I'huH, fox: eXi'lmple,. for the (3,0) mul'c1plet 

3 the hlo largest qU1\si e·spin mnH:iplets anl A ~':2 and J. "" ]. 

containing '] states and' (jo:c;n~Hponding tl) the sevml L\l1gulm." 

n)oxnentuTIl states f01: 9, ~, 3. The remainhl9 quas:i.:,spj.n rnu1 ti~ 

plets ,·i.i.th A ~ " and A'" 0 conta.in the three s'cates w:J;th 

9'3'" t..1; Omak:lng up the angular momentum 9, "" J. states. 

In the <;luasj,"sphl dlass:lf:l.ct\tion \~e had the operator N 

wh;l,ch COnIDlutes with all the quas:l-spin ope~,ators. 'rl'ms I the 

stu. tes could be plotted on aN" I>. 0 plot. In t:he angular 

mOIllent:um case the:n1 1s no >luch operator available, 'rhus, 

there :ts no simplH way of! def;in:lng al1o'i:he)~ qu<,\ntum number 

to classify l~he states in conjuot:lon I'l:lth 9,2 and ,9,3 • ;t'0J: 

a s.i.ngle osc:lllatoX' there l.S nn problem for 9" 2 and ~1 

1:l.ke 1>.2 and \, are .mough to clctss:Uy the stateH of (n,O) 

multi.pIe': and 1'1 is rednndani:. HO\>love:c I I'lhen \·re deEI1 \,l~.th /'1. 

syste.rn of Severed oscil.lators we get: sev61;al states having 

the same qnafJi"spln ,·d.t.h dif'f.errmt Vi'l.lues of 1'1, But I s:l.nce 

ava:UahJ.e we do' not knO\1 11.0\'/ to (H~lplay the severnl stat(~s 
, 

\~;l t:h the salUe 8.ngul.a:t: 1110!l)Elnturn. We nod.eEl hm:e I hoI'[ d;l:ffe'" 

retIC8s ci'\n uJ:ise botwoon SU (2) nnu R3 based CliU;s;lficcrt~,onl'l. 

The L:!.e algebra ifJ the Si;\lne ~,n both cases but the geol!let;;:i·' 

ca.l and physioal. significance of the 1;1'/0 gxoups :!.s d;lf.ferent, 

For $U(2) \1e ~1O:ck :!.n V 2 lC) whj.ch :I.r~ Q subsp<\co of V 3 (C) ;1.)1 

wh.i.ch the SU (.3) transfo:l:'JllatJ.ons <1.;;:0 d.efj,ned. 1<3 :ls l't "peOU)? 

oJ; renl :r.ota.t:i.ons :i.n the whole of; V3 (C) • 



Tn using thQ anqular women tum cla.ss:Lflcation of haxmonJ.c 

<,:,' oscl11a:tor states the follo~IJng combinations are lHm,'e ; ... 

suitable. 

;J~ + + 
2i\0 ,~ (n ~}.'8-1- ,," a a .,~ 

0 

I? (a+a " 
,~ 

12 ,~ .. ~ a'a ) .~ + (C B+) + o "' ,- 0 + + {-

(5,10) 

q'~J '" 1:1 + + /] (C+ 13+) + «\ )11 + ElJa ) ~ .. + + 
'. ( .. .. 0 

+ 
+ + + 3N go " 2a a a a 11. 11 ... 
o () -1- + , .. ~ 

~'heir conunnta 1:ton ru.les aXle f 

(p, p,) .~ + ~, I '0 -~ . .)' 

[ .t , 7" ] .~> 2X. , 
-I- ~ 0 

[p, 
0 I qm1 .. mcr . rn r 

[9,+ gm] .~. J6 :";I~ (~~.ti)· (fm+J. 

['Io q+l] + 3 /;;' p~+ (5.11) .~ '2 , 

rq , q-l] .. - 3~·0 . 1 
_<. _ • ~ i 

[c.1 2 
, (LiJ ... 6P-o 

[g, q:;:]] .. + 37,,+ [go 'C(+2J '" [q+~ ,'I+2J "" 0 . 
" .. 

We alllo \~a.nt to \-,d.te down one of. the Cash):!.r ope:r:atox$ 

whj.ch cOIl\n!Utes with all the eight opuxators h(~re. 'l'hns I the 

opexa,toJ? I1mst: be a scn].a;r: llnde1! Y.'otat~,ol1 and VIe expect: ~,i: 

to be qUi3.dr.at~,(1 ~.n th(!!3€) operi3.torfl U.n analoqy t:o ,the ang-u" 

lar momentum Cas:J.m:lr oper<1tol; _~ 2). 110 have t\vO ~11lch ope:rH'~ 
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tors available, namely, .~2 cHId the 8Cjl1<U'e of the quadrupole 

moment. Start:ing vl:Lt~h a l:l.ne,u~ oomblrw.1: ion of t.he so tW) c\1ld 

the co)ub:Lnat;lon to be F 

ConventJ.onally, c J. •.. 
]'6 

'2 
+ l: (n) 1\1 q <" 

-Jtl "'Ill 
Ill'" ---2 

c I :I.e enlployed. 

(5.12) 

In the nucl.ea~e t;hell 1110del a munbm: of pa:et:1clcw; are tlHf3UllJed 

t6 move independelltly ;\.n a !lRYmonJ,c omJ:U1Llf.oJ: potent,iA.l. 

'rho above treatment can be b:iv:J.al'.y generaU,zed to cover 

the I'll tuat::l.on. Ne only have to defiJle t:lle osc1.11utm; opert,>' 

''cors for each parU.clo and d"flnc) the opm;at~on; oJ the Lj.e 

Let x " 
tl" 

p<lY.'t:icle 

p , 
]11. 

mid i1 i 
jt 

tIl be ":l1e mHlon;tual v(U'iub1.es of the ;I, 

imd 
~. 

" • bC-l tJw cOl;');ec1)Jolli.!,ing i'u)H,1,h:l.1ut,1.on 
p ~. 

and m:e<lt:l.on o'[xn:o;toX's. I,Eli:: 'f " ":I. f 1, •. J. 

spi.o, angula:c moment.um and (I'.H:J.dnlpole tm.t{Q): opGr.ato:r.s renpeu~ 

ti.vely, for the; :i. th P.'ll:U.cle. 'I'hf" :G:i.e algebra ;f.o:.: 'dm SY~ltBm 

:l.s de,Ulloo bx" ·the follov/.i,ng ope:<::'Q.toJ:s I 

i1no (5,13 ) 

~~he opm.'utors !3 .... , C,. und N axe 1'1:l,m~,,1,(u:ly def:.i.ned uPl?):opJ::f,'· , . 
atBly. l'h8 part.i.cJ.EnJ be.ing <~ll :!.ndepelldc,nl:, the commutation 

relat.1.ons obvtoll.sly J:ellli1:ln nllchmlged, 
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E,wh :!.ndivldl1al pm:tlcJ.e belon~!s to some Hll (3) loul U.plet. 

SU (3) Xlml t:lplet:;ol jus t IW (lYle: comb:lnef; " nl1rnl.>oJ:' o:f anguJJlr 

momentum sta.tes t.o obLn:l.n t.he p0i'wibl0 total angular. I!lornen'-

tum sta'cerl, Suppose f fOle .exnmple I that: we have the lOI"/Gst 

pond to the suka ton td.plet (1.,0), No have to cOlllb;J.ne n 

such t.x;/,plct;icl emu f:J.nd out:; (?:'J 3 ~D 3 •••• (n j;o,ctoX',,). Not 

all the~,e would ;'lCl 'iJJ.OI'lCld \~hen the g(mol:nUzed <ctult r.:t':ln~ 

ciple ;l,s invoked, '1'he:> }lC!cond o;c:U:ed lovel of the osc:lllat:o): 

h<1,S .s~,x stntcf; avcd.lable. ~~t :l~l t.he (2,0) multiplet wh;l.ch 

lo\qe:r shellrJ f.ull 'l:llOn \'/8 hnVD to comb:Lne ;e01U: (2 (0) mul.t~.'· 

pl.ata. Paul! pr;l.nc:Lple tB1IB us that closcd shells belong 

'" ".-~ . 

go~,ng thX'ou~h t.h~~s ,!"U (J) c:Lasp:I,;e,i,c<rt~,on'? 1'0); (), PI,Tl91,e oac;I,J,~' 

lat.Q;!? lII0.d;!,d ga:Ln somethhlg COI1CJ,'el:e, Nevaely, vie une4X't;lwd 

the pl'ed;l.se. fflYJl)lljet;.:y o:t;t.he ollc;l.llut.o)'; Hamj,J,ton,i,f.\fi. We ·know 

the fll:U Slt)<'lntllm loechan),cc,l dCllcr:lpl:;!,OIl of the osc~,114tO;t.'. 

'l'h0 p;t;';Ln()~,pl;',:t quant,un! number nnc1 the <'WgnL3.:r lllOll)entUll) ;t;'u:u.y 
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," .. ' , in an oscillat.or poLenU.al f3evG:t:D.l wtatt~s \q;lth the sanJo 
,;:.:·/Y· 
r:r···' ·,-1 -,i' angular momentum app',")X, 1\0<11 LI,Ollf, 1 quantum HWllbE)l: H a:;;:e 

An lL1.usb:a'cion of such '1\ Hi hlixl:Jon i.8 the El1:lotmodol 

:I.n I'lh:i,ch Home of tIll' deCfenm:c\cy ;l.s l;l.f:ted by adding a two'" 

body ;tn'ceracl;io)1 ()f.the quadrupo).e'-tYPt1 to the OIlCjJ.leltO)'.' 

lla,lf):!,ltc>n:l.an. 'l'hus I 

ox, 

II -.. g., 3GCV + :l\il,2 ose 

(5, Hal 

(5 ,JAb) 

(5,1.4c) 

Hexe, Hose rOl))":cJSEmtll the l!ntll~.H:Qn;i.('\n for the partj,cl(o>f; 

roovj,ng tndependent.ly .i.n l:he osc.i,l.la'cm: poten'c.l.<l,l, 'rho re" 

ma;i,n:!,ng te);lll j.8 n i::wo~· body in t:erl1ctc:!,on which might. be con'­

s~,dered I'.!s the qnac1nlpol~, Ve.nn in iche expans:\.on of a general 

two~·bcdy :LntGxact1.oll in spherical ha:cmonics. 
t.' -,' 

At this potnt \'Ie m:e obl;l.ged to 11lake a d~.g:t'ess~.on [lO as to 

appreoiate the phL1.osophy behj,nc1 vlr.:l'd.ng down a Ha.nl:!J.t:on~.an 

like the ahove one. Lf)t; llS cliscnsf'l the symmetry group we 

have in hund, namely, SU (3) ~gellm:flte(1 by three a.ngulCl:t: 1110lnen-

tum and five componontll of "tim guad:rupole tensol: opexfltOl:s. 

What has t.h,1.s gJ:oup to do l1i th " xenl nucleus? I. and Q 

f;OXl11 a closed 1l.1gebril but. this cp:onp if! not. a true syrrunetry 



oJ: real nuclei. '1'he quadrupole component.s a:rc not: reully 

const:ai'li.:s of motion, :1. e. , 

Still the ~J1;OUp is u8el'ul. \'10 have a non,·,col1se:cved HY~lmct}:y 

wh:Lch g;tves useful resulb;. Tf the obse:rv~~d properU.es of 

the nucl.eus ax'o IU1\Julax '11)Omcntull) <\nd quadrupole moment: 

this group nw.y be relevant, 'l'hls llW.y not be true fm: othoX' 

nucle:!., (~, g" those wl ~h. spho:cteal "lYll1l'llct::ry. So ,one :;'s 

i.::t'y:l.ng t:o mw a ,]:t'onp -l:hat :1,8 at l<~C\>Jt :lJllPol'tr~n1: for. Gel''' 

taln n11010;t. 'l'he~:e <,,:'e i:wo POflHtb:to sconar.:l.oFJ. 

Fixstlv H lnay alli)o'lt comnmto w;i,th the Q"1 80 that. qua-
. .. ,.. f reo.l" .u 

drupolo mOme!ltsare f.lppro:x:tmat.("ly conr>erved and SU (3) ~.s 

an apprOJ{J.lnate flYlflrne1::r:y, f;econdly, one may say that one ;1.$ 

hut H;ceal must. be a i~unG t;l.on of r, and Q. [;0 that Hreal has 

rnatrtx elomentci.l only vi:l.t:hJn a. g),ven Iflutl:tple't, 1'1\e mult.1.p­

lets aro thEm spLLt but. notm:l.x(,d by t:ho Hand.lton~<a.n. ~'he 

present JHodel :l.s ('\ s:i.mp),e 'lHodel who):e this kind of approach 

is followed • We' see that:l:ho quacll:upole int:eracti,on is 

of. H are those :u.nea:r comb;l,nat:JOrtfci of the d,?gene~;&.te osc:Ll-

1n tor £unct:;lons \"hich a:t'(~ s;tmu1.t:(IHeOl1S e:lgenfunct:;!.ons oJ! 

C and T"2. '.Phe state" of t1 g~.ven SO (3) lllUlt::tplet ;;u'e all 

elgenf;unctlons 0): C. 'I'ho ;i:eC{uj.n~d e:J.5)'cnfnl1utions a:.:e obt~\i'-

ned fj.;l:nt by cla81dfying i:hc states :I.nto SU (3) luuli:iplets 



." 6'} .• 

and then choosing the stat.PG wlthin the multJplets to be 

e:lqenhincj:ioXlf! of 1/, VlllaC kJnd of spl ttt.in" should aile 

t.h0X0 j.G a spU.Uclng wi.'ch:l.n i1 nlUltJ.pJ.et due t.O the r; terro, 

Bach SU (3) roult::l.plet connt:!.tlltr~s a :cotat:lonal bi~nd of 

"mOll)ent of :I.neTti-a" 1 gJ.vEln by .~\c .~ 3V. 'l'he Ell:lot: 110del 

ha~l met: \·/.i.th reaGonable succeHS :1.n Ule range 16 -< 1\ -< 40, 

Flnal1y, f~ \'I<.J;rd more about: th(, ie.!?..:'!!; t: (~) m Oro (/"'11)' It 113 

invar:i.ant l1nde:t: R3 but' not. undE',]: the full SU(3) group, It 

repreSeli.ts a lonq X'flnqe ;:d:t.xact::tve int:E.l1~action indieai":.:i.ng 

that. every pair of parU.elen :tnb)):'uct:s mrdnly tlu:ough t:h(l 

eff.eci: of nuclear t~hape an i), tdhole ~ 'rhus f if part;tcle one 

bu1geS .In a given c1i1:ecl:l.on then part;I.Gle t\'IO vlould try 

to do the same, ['!nch a term would mlCOtlr!J.C5P cooperativ(~ 

quadnupole d~,stco:i,'t.ion'l <J,nil JllUGt be pXGtlent j.n the real 

c<\se. But th.:J.f3I1my not be 1:118 onJ.y "t.erm. 'rhe othe:c vlay 

tlils t:8;1.'I1) could he just:i.:\,;l.ed 1~~ to Bay that. "tehe foxce has 

a quqd,;npole·-qu!J.,'h:upole componen t wh:lch do)ninat:es oven the 

~1e have t.hWl leru:nt t:hat the f;U (3) model can demonstrate 

understood \'1;lthin au jmdependent pa;(''c:i,cle shel.l model, 1:f 

the inter.action not: Jncludoo abovfl if) Homehoy, small ;tt: can 

be trent:ed HS a pe:t'tnrbat .. i.on, ~'he stat:es t:o be u,sed for 

thifl ))u:cposo wee UlOflO CliH~;1;l.j;;l(,d Q.nd labelled by SO (3) 

qU<1nturn numbers. I!ovmve:c, since tl10 J.nten~ct:l.ol1 does not 



, ~ , COHt!llut:e w1th SU (3) 9e.lleJ~>ab_)l'B th(:~ cho:tc(":~ of the basls 
., ,) 

£unctJons haH -/:.0 bQ nuch tha't L Elnd 01'lf:'! ot:h(;;X' an<)'uJar 

Gonven:lE~nt qUEu:-d.·~'spin cla;:-;sJflca.tion can not be llsed~ 

syrflrnetx'y con s1dcrR t.:I.(»'lI3 1n which tl){~ Hand. 1 ton;lnn is 

chopen to be n funct-.I.on (If the 'Troup genera.tol'S flO t.hat 

SYlfunet.:cy can bee) twed to lHbol. the stat:es and nonwlt1,p-

valui'\ble X'ef!Ults I both :In nuclea:c a.nd pa:ct:Lcle phYR;\,CS. 

F;lnally, Vie would l:l.ke to T"'c,tre»s ·the fact: that the 

. eollect:l,ve beh<1VJ.OU1' resull:;l.n'j fX'om [J.n lndependen'c partl'-

ele model obt:aJned he:('<?- hiW i'\ dec.ppJ: root. '1'1118 pxobleJn 

IdJ.1. bE' discusnecl :tn <F"ateJ: det<d.ls :1.<1 Append:J.x B, 
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6.1 

oJ: number conrmrvtng boson and fexm:loJl operutors. We would 

now llke [;0 i.nclude tho reIl)Dln1.ng b:!.lJ.near product.}3 whlch 

crOQ't0 tYt' annthilate a pa.1"'t1,cle "'" pH:Ll' ~ Let. UB go back to 

the case of t\·/oJ'ermi.on opm:<1i:o:c8 ilnd look at all the 

left out opora:tortl, ni'llilElly I 

+ + a a 
p n ' 

[; ::::.'= a a 1 
.~ P n 

(6, l) 

'1'hesG, along \'lith the fOln: lnt.roduced .tn the case of 8U(2) 

are all t:he distinct bllilloar products we have. In the 

boson;i,c ease th(~'.ce a~(>(~ a total ox four ext:tCt ones I slnce 

Pauli pr:lnelple J B not opero.t,1,onal :tn thai: Ca$8 $ 

A pJ70lon,··neutx:on pa.i.l: j.n ;;h8 same q1.wnt.um ,,·tate has 1 folOSp;J.l 

zeJ:o, Hence r G+ COli)YiHlte \'I:.i.\:h u,(~ j.SOf\pJ.n operutors. ~rrle 

J;u:U. set: of cormnutc:<.t:\.Oll :cel"t:i.on l.n, 

~I' '., 
'1' J .. - + 'f+ ['1' +, '1' ] ... 2'r 

.. 0' "'- .. 0 

[So' <, '1 -.- + SJ [<, 8J . .. 28
0 d+ ... ,- f ~) +' 

~',' 

(6.2) 

rl.' l' ",. 1 .ok .. - 0, J, k ". 1 .. 2,3 ilnd ,·,here, 

S ~ 
+ + % (B 1) .. (i'\)ilp 

.. anan ) ... ~ . 
0 
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We have the dLCt~cf: ]woduct: of hiO anqulcU: mOlHEo)ntum l:l.ke 
" 

t.heory 0 

'rho add;ltion 0).' l:ernoval of a pnli:on»'nuutron pair 1.n 'l:he 

al~Jobxa. in vaJ,ld for any two £onn:l.on quanbul1 stater'l. SlJch 

coxrelations in many··f0xnrl.on ~ystemfl, ConHidm; t:wo quantum 

states c1enot;od.· by +l<. and ".J,. \'illj.chnd.ght, fo:c exalllple I be 

two stattls w.1.t:h equa:! dnd oppo~d.t:e 'lnoj1J{~ntum +k.Y/(·} dof:tnc, 

the quasi-spin operators, 

(6,3) 

These qUClst--spln opCL'atol:s corxe,lpond phyr;ically 1:0 the 

havinq nqual and oppo,d.i~" mom",,, (:.ur".. 1'hcy can deser lbe the 

creation or am1ihj,lat::Lon oj' " Coop ',n' pab:, for eXflJ\iple. 

w:t thout: affeGtlng tell<' algC!b1.'it! ';/12. Ciln 'JOI1Cl1:nLl.ze l:he above 

def.i.nlt.1.ot)fi fol~ ilny ).111m\x,:o:' oX vnlu('ll of k. ~'hus I t:he gene-

ralized quasi~Sl?in operators are,. 
, 

(6.4) 

To see t.he:lr ut::ilH:Y I cOlHlidm: il. BiH)ple two-body paJx:lng 

.in i:eraci:i.on I 

(6.5) 



Hherc-:. the Bum i:,~ ove~l. a pa:cttcula:c sot. of 8tat:.(~S ]< i' Such 

an 1nter2H:tlon in uHed, to:c example, :In the 1:heory of 

superconc1nct.i v:l ty. Now, 

v '" ~3 S + .'< 
~ .. , .... G ( ,.~ ~. , .• ? + S ) ,,1 ,jo 0' 

where leW usnal, 

~(SIS + S S ) + S~ 
"r-- ~".+ }o 

((,·1 ) 

113 the CaB.l;f\lir opera t.Ol'. ~'hlW I the 8t.at08 Is, So> are ~l;lgen­

statef1 of 'inch an j,ntc:,j-:'action. V 115 si.1l1ply a diagoHtll ope~ 

rator with eigenvalues -G(SIS+ll l'Iit.h s€.· run'· 

nj,ng :Crn)1) +S to ·~S in DId. t fJtE'p8. If the pail:j,ng .i,nte:eact;i.on 

is the d01ll:l.nallt :foree, Le. f ;1,£ the "s{:rong coupling l;imtl:" 

appltns \1" have a complet.e solut;;,on to t.he pa;i.r :I.ng p:roblom, 

;Cn "uch i'. rn:obJolll the lH11\lbel: conSe17v;l.ng operat.ol:fl hnve llO 

direct pl1ysj.ca] sj_gnifJ.~ance, 

l''''t. us nO\-I try to idnntLey the 1,).e algebra ~ a ct;lrect pr.o,.. 

duct of '1;\'10 ,UlglllH~c momentum alqe))l:as, Group 'cheory tell s· us 

t.hat th:!.,; :1" the H4 alC/eb);n, \'1e SOC t.his a.s follO\~s. ls;lnce 

t.he anSWG,t' j.B l<.nol'lrt f I'/e fol10'll <'I procedm:e vThtch .ts just. the 

converse of I'lhat: one needs fOT sllo\'l:lng that R4 hus t.he same 

algebra as R~ x H,) • . , ) 

DO£.1.11O , 

J • 
. , . (. ) 

Y,,-·--::.'-], (J,p~~~)._ I 
h . P 

(G.8) 

One has, 

16,9 } 

I-There, 
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fI'he s:L({ :lnQopenderd: b.i.1 i11eat' product~;; cu~e simply, 

l'"j :1. j + :l (6.La) 

'rh" -, .. ~ -'lj 

(6.d.a) 

[Li.j 1 L
kl

) _. (], :Lf nocI'iO indices 

aX'f;! (~qUi\1. to 

(6.11b) 

'1'h68(' ):epr(3Sent. 'c:he na;t.ural extension of the angular mon en"' 

l:Ull\ nOl1l1uutat:i.on J:elHtJO)'lS to rom: d1.melltli6!l[L. 

Gerw:r:al;i,z{1tion 0;[; theaeresult::; to the CafJe of (.In [t.):bii::1 a:ry 

t.he CH,Sf! ox -t:hxce <;i:,o.i.:es" A~3 1n th(~ Sakuta raodel "''If!. int' .lot'< 

c1nce 1:he ope:L'8.to:cs for UK! addit1.onal state A , 

~'he Opel'<li:01.'S X':!.:J ale'e :cd.mllM.'ly def:L:o.ed \·I.H:h i I j ( runn;t'lg 

fl:om 1 to 6. We nOI', geL t:he algebl:a of t.he rotation gr.o .1P 

:l.n fJ:tx d;lmeJ:-lsiol1S \,,11080 9cnel:atOX"H al't~ the 15 ;tndepende nt 

NOVI, U10 general rcwult £(n: the Get. of rerm:Lon opera,tor s 

+ '\:Rm~ ttk for n va 111('8 oJ: k (t.hof5e Jony e:U:her be n d;lff e~ 

rent ktnds of xe:cH!1.onr1 en:' n dj.J:fe~:ent. state" of U10 SaT!'! 

fenl)iOnl. is Ule';J.:' '1'hn Sf'.l.: 0); all pOl3S1b1e bilinear Pl:'Cf'-. 
duet:s of theBe ()p(~:t"ai:Ol:H Js .::t set: of n (2n ~, 1) opel~().·tol ~ 
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in 2ft d:l1lK~_(1rd.oJ·1 :-3'-'~H,)_ • fl'ho f:~1J.bf3fd: oS: t",h{~~SE~ makj,ng IIp the 
1_ J) 

nDi{lbt.:.~::~ conG(~<CI:Lnq biJ :Ln-<::::(;\J~ px'U(iuclH :Lf{' a sr.::!-i:. of n 2 ope'~ 

rato:!.'", coni3citul::Lng Uw 91"OU1' U (n), One b.U,lnci3.:t' co.mb;l.nw> 

tion of UH'S(c~ opec', hn:8 1>3 i:he 1:.01:.<1 J l1l1mber opera 1:0:1': 

!Jell)'" ~mlj)(;~)U(1). 'rhe U(n), f3U(n) and U(l) are sub~ 

OY)~r'I·I,· .. (·l.l.c, r(,,'," {T}.10 J1 - ') -':':>(:.0."1 l'~1'161y C • nd <, l~ \:'.'" - .~ '- '-'" "-.... - -' ;:. { ... (..to",:. f h.,I..::. __ , i l.).t .. d . I:)~~ .. Thi:':1 

"'\) (") ,)1(,,·'·"',· '1"'" , t..J .f", ~'_::J-_:l __ d.u:'. ' ... ,U ..... 1 ---

i'0i~, (,olnh:i.nJ.ng t\·lO G21kdtOllS \'18 get a t:d.plet: and f\ sextet 

of so (3) bl}1C no Hi.nglet. We have no opey.'ators Cl:8"t:ing a 

t~vp~ S . , .'- +1< of eqn, (6~n. 

a:t.'c~ l"I.f'}C,::v.'J" ConB,hfi.e;; tJ)e Cl",1fJB:i.tJerd:.1.on of nuclear states 
" ,." 

,;,l\ U"'~ :)j conp1 Jn9 nuclem: shell model, Consider 'the set: of 

V;j-j'l) lFlP','" h))"' " '1+ (h01W(,l i'm:t:h ~Il:t t.ten as i'll+) c:cea t;L(lg' J;" .-".\ • • \.> {--'jm l} ,~ , 

<~ :l'eJ;II):i,on in ,'I, '3t:D.t:E.! of ang'lllal;' momentum I jm> • 'rhese opera,.. 

i):red\~cJble i:mwor.- of rank j under rot:at::tolw. 'J.'hj,s i.8 

obvioUf; I tor, acting on the oinglet vaouum stat.e 10> )- they 



~."r.-'--~J'';;'--'''lc>n t- "".l., ,r (llOl 'o"I~ .~.,~ •.. ,-,LJ •. 0 

• 0, 1 ) (,! 10 ,' .. d:trn~11E,JonB " 

tr~11,; lW Uw'c thE' SPt: of ,,}1 bili.n'~a:r;'pl~·odtw'cs of: am 0 °and 

a~~! gene:('i'.l1:-l.:1 t:h(~ Lie al~fGb_/_-a of -Lhe roi:.at:l.oYl group in 

O'(2"'J') E. ~. JY - I dtmelwtOH:3. CODH:lck):' the !nul t:l.pletH cOX'};0spond;lng 

of: any 111!f:lhm: oJ' fe:,:mions d:Lstr:l.buted amonq these (2j+l) 

s~ln9'le fo:m:loll flt.at:efJ. All the nlnnY'~£erl1l:lon st:ates should 

£ed,l into tviO .multiplctrl, One flhcmld con·ta:i.n t.he states 

hi).v;tn~1 an odd number bf pcu:t;l.o1er; and the other an ,,-,ven 

number ot' particle,,;, 'J.'hln must. be ,10 I for the J,1e i\lgebra 

involVCH bJ,JJilC:,:\i; pl:odul't:S ~Ihich can Change pal:tic10 m:un~ 

bfll:S in TIlul tlpJ.(!8 of t,,;o only, l'hus I :t t dOGS not mix 

sJ;"i:0.[< belorlCfin'J to fin odd and t'U1 even number of particles, 

'i'he nn\l]ber COlHj(~J_'v:tn9 b:ll:tnci'n: productFl g(~ne;r.ate t.\1e algelY.c 

of SUz . _L' as pe~c the pievtous section. 'fhus, all poss~.ble 
"J ' 0' 

bBlonq to a sLn<jlemultlp1<?t of th,,, gj':oup SU2j+1 , L;l.ke 

before " 1,,1;. lW dof:LlIe qUcHd"'~jpj,rl ope:c'u.tors as, 
- -. -;-, 

(6.12) 

'fhe fDetor. \ t.akes care of double countin~J in m and the 

factor ( .. ) j "In if, GOllvent:LonnL Our kno~11edge of flphef:tcal' 

tenso;r 1:8118 us ;l.Inmc(Hately that these guasl"sp~,ns are 

scalEo:s unde}; J'otaL:l.on. vie Can check this 8xp1;l.c;ltly by 

ve'C :Lfy 1. ng 'UK' G~:, 0 COr[)lirnte \'Ii th the angular. nl0J1len·tum 

opera tors. Let lW consider one such example. I.et us show 

that, (6.13 ) 



:i (:i'cl) '''m (m+l) 

an'" m+l ""'m 

from m to "'1l1. anel. uBod 1:he <Il1tiC01lllnut.at:lon x'elation amongst 

tho 8, 1 8\ 

clef{· in a stnte of total art9u1cu: ll\omentmn zero, ~lh.U.E' S+ 

quantum nUftlh?p;r;S C<,1.t'1.'e8ponding to -\:.11e E'~igenvaluet~ of S2 and 

8
0

, 'rIle ,,'l:atol3 of t.h:tfJ sy,;·tem Gan be clcwsifted int:() qua~;J. .. 

spin mnH:.i.pl$)l:s., I'/G label the St.,;tE'"; as I S I So ,e;> Vlhe:ce 0; 

collectJvely j:ep:t'8flell'l:s all quanhml nUIl11)l~rs ot.her than the 

quasl"spin ones) Sand S • ThG oJ?m:'<.~tol:· S is given by, o 0 

[ ) 
1~1 + -{-

f',O " \; 8'}., c'.. - ..... I (,", ~ «," ~ ) 
• • ' .. ':> - 'i' -mvTn '· .. ·mu-m 

(6.14 

+ +8. a ~]) 
"'m "'m .. 
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.Prom this the e.~genvalue So is simply given by, 

(6.15) 
-.,. . 

so that, the total nU1nbe~ of: parttcles, 

n = 28
0 

+ j + ~ • (6.16 ) 

The particle nUffl.ber cO.n vary 

So "arten between the limits 

between 0 and 2j + 1 So th<\t 
. 1 

:t 4(2j + 1). Since ·each value 

of So occurs only once 111 a quas:t~spin nmlt:tp1et, these 

multiple!:'", consist of states each having a different nUlll­

ber of part;tcles. For. a Illu1'dpJ.et of a given tota1 quas:l.~ 

sp;l.n S, So vll.ries from + S to ",S and 11 varies frOn)) 

(6.1'7) 

to 

n (8 _. +3) "" j+'- + 28 = 2S + I-v... (6.18) Inaxo·-· ? 

Here, v is the minimml1 number of particles occur;lng in a 

g;lY8n ql1."s.i,··spln 11111 Uplet and :ls called the sentori ty 

number.. We cab' "hb'w lc1b~¥ Is f So' 0;> equivalently e.a I n,'V ,(:/,> 

NoVi ,10 a.re ;I.n a pos~.tion to bu:l.ld up these multtplets, We 

staxt i'T;I,th the stat.e with the 1nin:Lmum nUl1)ber of part;l,cles 

Le., the state In ,~ v,v,o;> f.or i'lh:l.ch So "" -So Hence, 

(6.19) 

The entir.e m,lltiplet CLln nOi'l be buj,lt by repeated applica~ 

tion of. S + to this flt.at.e. Euch app1;lcation of S + adds a 
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pal.'!-' of pa:r:i-::JcJ8:') coupluc\ to t~ot_8.1 nnguJ.i.11.' :mo.rn(~nt:.uxn Z{~rCi, 

..:\n9\I:t,:-1.-r -Inolof:nttlfll 7.C.t'() plD!-i an arbl tr;):ry nll!llbc-=.!l:' ~ (n ,.~ v) 

po tP.H t iaJ. f 

\
. .i.. 
i'··ir e 

mmf 

« ,- (' 
_.J ,~) +- ",-' <,2+". ) .'0 U o 

(G , :;0) 

(6,21 \ 

clasf:;i.£i(!at.Lnn ,)lld "{".h(--; [JJ.'oblc->:m :i_s 1:1'Jvia11V S()l\lc:d ~ In the 

v .~ .. L c: (n .. 4 . v) (;?j +.l··n·· .. ') 

vie kno\') t.:h(--: anqul<.1T mOHK~ntnm behiJ,viour' of tJ1C operat.Ot'f; C\nf 

+ a ~ L.e-t: ns nO\'1 stndy Lhc~:lr fJu':H~i'''spi.n }-H~lv~v:Lou.c f ThE::f~e ro 

folJow .ft"'om t:h(~ COlmnntat .. lon r-elil1:j,oDH fox' :tE.> . .'cm:toJl,i,c op(C"!ra''" 



f 1-1 S r Cl. ~,': 
'. -I- ra-

I e' 1 ,:, a 
_ -). f m I 

Ie 
I <-I r -0 

, , 
. hI 

-} 
() (." b -1' c C; \- ,-1 

:1"1 

71) 

I 1'1 I " ') " '.' -. l ~ -111 

I,' ·':)0 ! 

j " ,'--' 

iG .LJke 

( 

( .' 
, -j '''1\1 , -1 
J c"'_WJ 

(6.23) 

-I-a ana 
HI 

( --lj"'f[l 
_. c o. 

Spill -up stn.tp and 

(app:Iied to the 

'=-m 

Wo call t:!ltlS wrlt"e, 

V., (m , l1\ ' ) 0, 

( .,,) J·'.In;J a l \ 
--m ml! 



.tng LI1':lt'.1 

[ C' L'IT n' )'J ' ').-:- I ~.> : t ! _I . '-. 0 t 

v ] , 1 l~~ v r c- ,,. I, V I :~; r '\t ,. .-") I t --- C + '+ '.j. '0' -I-

I <' .V:rl /2 _0.}:.-, , ' V 
() 

\'Jt~ shD.ll dw(~IJ more 011 the :lmplicat.lon of the cowmnt:aLiorl 

not.c,: !.:hn t (:lny fU.n.ct .tOl) of tho GC('l.:I,aJ~ {)PCI: a te:(';~ 1. ~i d .1,(_-t9'OrIal 

~'le haVG (-):1:r!:-~,;v1y dJ.SCl1G:H~~d tl)!;~ )~[)'Lil.tlo.nd:t b(:~hn.vJnl.n: of rim and 

+ 
i) • WhAt aboul~ t.hcdr t:'ilj.flc'nf' r)'roduel:.~;;·~1 'f.'h(-? ~n1f'J111aJ'- momentum III 

]-1. <jjrmn' I l< (J + + ,. >- , ) a 
m r k.q w 

U1<>2S) 
rr I ., <j:imrn' I kq " ( " ) 

j '--lH I 
a-} d 1 kcr 'm "Ii\ 
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pai:1;:1.cle f:ol:m:l.on:lc or)(~:C'ato:cB, (egus. (6,24<1) i'l.nd (6,25) 

~);'e botch invexttblo), ~.'h,,' total mlillbe;c of :tnctepondent 

ten~\Q:r.' components wonld alHo be" Uw ~nU!le as the numbe): of; 

d:tGt;lnot bi.1JnN\:t' prodnO'l:'B and tiltH \·;ould he tlw Siune <lel 

the nurl).bor oi :tndepDndent flced.ax an<1 veetol' cOlllponetr,. It 

tel JJ,ke iJay;l,ng that. if: \'10 have a Bystelll of t\'lO np1.n .-J, 

object.s \'te .. muld HH(~c! four ba~;;lH f3t<\tcs t:o desm:;!.he tt 

~lh<\ t.eve;!; bi\S:l.S \~() choose. 'rhUH til", b,i.:Unem: products can 

a l;tttJ,e JI)OX~' flpeoJfic ilbout: \'Ihat to oxpect, ~l'he '[:'0)1£'01: ':Ck .q 

contains only creation : operal:o;t.?s, n(~nGG,. .i.t ca.n he a 

componen"!:. of .a qunsi '~'s'p;ln vecto);' only, 'rh~) Clelmch Go:r:don 

<;1 :ln~ll' I kq> 

and 

These I (Jol1plf,d ':1J til the re latio.\l 

that T
kq 

for odd k yan:i.f)h(~fl .i.dentj,calJ.y, 'Ph(', Harne ()()nstc!e~ 

I 
:r.atj,on h~lls llfl the T

j 
con,Jj.st;. of pacts of t~(Jnlls XOT ,q 

g;Lven Tn and lll! \'Ih:l.ch a:t'B quasi··sp:l.n scala)Js, 1.f: ).; l.S odd 

sp.in scalars. 1I,~nce todd tenso:rs ayo d.iJIgonal ill the qunsl ,. 

sl?;!,n class;lfj,(JI'It.i,oll, 1\n ;l.nte':i1,cU,on conrltsting oj' o(ld 
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s lonsl n te:C111fJ the con !r:U:mt;l.on of tn" odd lIlult:l.~ 

and f.~O :.InUf)t. be a 1 in(~rAt' cornblilu 1":.:1 on. of the JUon)bfJr.· S of th,i, s 

set, Thls algebra is incl\lded jn ~U2jll which includes all 

hi l;l,ne(.tl~ p.r:odnc t.s 0-.( nUi'(Jbc;r CCh);JC·CV J ng opn:cn.i:():t'S ~ ':'-'he t.otal 

not: j,ndE:p(~ndent-. ~ It: ttlY!)!:'; ()ni.:. t.hnt th(~ as[joc:L(),i:f~d, group ;i.B 

'rho ope,'r,cd:orn r;(m,rn') or (Xli), ((,,~4) commute ",J.t:h the quasl-

spj,n oper~torB of egn,(6,12). We can think of tl18s8 as 
.1. + 

gene,17'::rt;lng l;iJ.1(?cu: t.:(DI"Hd:ox·mnLlollB on r.t 1 a ~ whexe a and anI 
TIl 10 .TIl 

can b(~ :ce9ardeil [w vect:ors :til .'\ (2j+l) rHlflenslonal space, 

',rhese t;eansfol:mationn leilvc flome peculi1u: bL1Jll('aX pl'oducts 

oX these vectors inval:ia,'t. Tll(~Se arc ryecl~ely the qnaoi-

spJn ope;:ratoxf:l, Ne I1n.ve thus ~3·t .. t:·on~fly motJvated t.he fact. 
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dimensions and that the group involved is not the rotation 

group in (2j+l) dimensions for that would have left the 

lengths of a and a + invariant. Let us nO~l examine this 

peculiar invariant vector product. From eqn.(6.12) we see 

that the components of each vector are classified into 

pairs denote9 by +m and -m and the product comprises terms 

in which the +m component of one vector is multiplied by 

the ~m component of the second. 'Ibis is also true for So since 

am annihilates angular momentum +m and thus transforms like 

a~m • The product is anti symmetric under the interchange of 

two vectors or of the members of all the conjugate pair +m 

and ~m. The general product of .two vectors contains the 

combination XmY-m - X-mYm • The symplectic group is de.Uned 
only in vector spaces of even dimensions and they leave 

invariant an anti symmetric product of two vectors requiring 

the classification of dimensions of the space into conjugate 

pairs. 

Let us now go back to the example of jj coupling shell model. 

For half integral j, 2j+l is even and the necessary require­

ment for defining a symplectic group is satisfied. How do 

the operators act on a given multi-particle state? They 

commute with S+ 0 and hence they affect neither n nor v. 
-' The seniority classification is p~eserved by our operators. 

They can only change the states of the v particles not 

coupled to angular momentum zero. They leave invariant a 

two particle state with angular momentum zero. This classi-

fication is thus complementary to the quasi-spin classifica-

tion where the number of zero angular momentum pairs can be 

altered but not v. 
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Now the quasi-spin operators themselves have a Lie algebra 

s . 
P1. 

for which the symplectic group 

assignment. We have noted that (a~ , 

is the most natural 

(_)j-ma ) behave as 
-m 

quasi-spin spinors and the invariant object is S(m,m')-the 

typical anti symmetric invariant product we could associate 

with a sp algebra. 
2. 

The synlplectic group in n-dimensions is denoted as SIYl' SPz. 

has the same algebra as that of SU(2). We again run into a 

Lie algebra of rank one which is the same as that of angular 

momentum. We would like to note that both neutrons and 

protons in the same j shell can be simultaneously t~eated by 

enlarging the group to S .• 
P4 

We have 2 (2j+l) single fermion 

states. The full algebra is that of the rotation group in 

4 (2j+l) dimensions ~li th the number conserving bilinear 

products generating the U (2 (2j+l) ) algebra. Details aan be 

obtained from reference 2. 

6.4 The Full Lie Algebra of Boson Operators 

Consider now the number changing r090nicbilinear products. 

First} consider a single oscillator vlith operators a and a + 

describing a single boson state, We define the convenient 

hermitian combinations as follows, 

tl 
1 -I- + - "4 (a a -I- aal, 

t2 
1 + + aa), (6.27) - - '4i (a a -

t3 
1 + + 

- '4 (a a + aa ). 
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mxperience tells us tha. a rank one algebra should result. 

However, the commutators show a non-trival sign difference 

compared to the angular momentum algebra. One finds, 

(6.28) 

Introducing anti-hermitian operators jl - it, and j2 - it2 , 

one gets the angular momentum algebra. 

where (6.29) 

j 3 - t3 • 

Thus, the results following from angular momentum commuta-

tion relations are still valid but those depending on the 

hermiticity of the operators would ehange. We get interest-

ing differences. We define the "total angular momentum 

operator" Le" the Casimir operator for this algebra as, 

(6.30 ) 

Our algebra provides two quantum numbers - the eigenvalues 

of j2 and j3' which we call j2 , m. The eigenvalues of j2 

are less than those of j1 in a given state. Like in the 

angular momentum case ~/e define step operators, 

J' '+i' -ith j++ m - J'_ • + :::. J 1- J 2 n 
(6.31) 
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Clearly, the action of the step operators on jj3 is 

going to be different. Let us work this out. Let, 

Hence, 

From this we find that, 

or 

Following, the angular momentum phase convention we have, 

Since j2 is bounded by m2 the sign reversal was to be 

expected, The j2 under the square root stands for the 

eigenvalue of the operator j2 • We follow the angular momen­

tum argument ''lith the roles of j2 and· j3 reversed. Since 

m2 > j2 there must be a minimum value of m2 for a given j2 • 

The co-efficient under the square root must vanish at the 

end of the multiplet so as to prevent the creation of states 

beyond the end. We must have a mmin such that, 

(6.32 ) 

It is convenient to define a number j such that the eigen­

values of j2 are j(j-l) with Imminl= j • Hence, the allowed 

values of m run from +j to + ~ and -j to - 00 in unit steps, 
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No restriction on j is obtained (from the algebra) which 

can even continuous. However, the definition of t3 pases 

restrictions. Its eigenvalue spectrum is simply m = l(2n+1) 

with n = 0,1,2 .•... So, the aloowed values of mare 

135 2 i' i' i' ..... Incidently, this fixes the operator j' to 

be a mere complex number equal to -3 T6 . 'Phis can be checked 

directly fronl the definition of j2 interms of a and a+ 

Since, j2 j (j -- 1) -3 have j 1 3 With j 
I 

= ~ 

1"6 I we ., 

4" or i • = i 

has 1 5 9 
and with j 

3 3 7 11 one m = 4' 4' 4' ... .' i' m ~ 4' i' T .... , , 

These are the oscillator states with even and odd parity 

respecti vely I or even and odd nwnbers of quanta. 

The generalization to the case 'of n oscillators is straight-

forward. This corresponds to a system of particles in an 

oscillator potential or to a multi-dimensional oscillator. 

Ive define the operators a
k 

and a~ for the kth oscillator, 

construct operators 1 ike t l' t2 and t 3 and stun over k. Intro­

ducing the symbols '1\ . k tt (i = 1,2,3 .... ) we find, 

and we define J2 

i'r 1 
f''l' T] - ''P 
L 3' 1 - 1..2 (6.33) 

Repitition of the procedure 

of the previous paragraph reveals that t,he eigenvalues of J2 

are of the form J(J-l) where J = ~ with n = 0,1,2 .... l"or 

each J an infinite dimensional multiplet obtains as before 

starting at J 3 ~ .}. A very interesting physical application 

is reviewed in Appendix B. 
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We now look into the group associated with the angular 

momentum algebra \1ith one wrong sign. Experience with 

special relativity tells us that we are dealing with a 

Minkowisky type space which preserves the combination 
2 2 2 

X3 - Xl - x 2 • 

No such physLcal space relevant to this problem (like the 

2-space, I-time dimension in relativity) suggests itself. 

So, we would try and look for a V2 (c). \~e notice that 

+ (ak,ak) behave as the components of a vector in a two-

d;!.1i)ensional space mixing with each other under the txans­

form<'ltions.generated by tIl t 2 , t3' Morever, these opera-

tors preserve the anti symmetriC' product of two vectors a~ 
+ + akak , - akak , • Thus, the natural choice is Sp2' The trans-

formations are symplectic transformations rather than 

rotations or Lorentz transformations. It is not the Sp2 

group of the seniority scheme. We need not forget the 

wrong sign in one of the commutators. Finally, the nJul ti­

plets all contain <'In infinite number of states. We say, we 

have a non-compact group, The reason for infinite d;!.1i)ensional 

mi}ltiplets is transparent. lVith our two bason creation 

oper<'ltors we can act on a given state as often as \qe please. 

For bosons there is no principle to terminate this process. 

For fermions the procedure of adding pair of particles must 

of neccessity come to an end, if there are only a finite 

nnwh",· of. s-/:"'tea available. For the number conserving opera-

tors, we have only a finite number of states for the many 
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particle system and the multiplets must be finite \·,hich-

ever be the case. 

The full algebra of all bosonic bilinear products can now 

be classified. The total number of bilinear products with­

out the Pauli principle is n(2n+1), Either the rotation 

group in (2n+l) dimension or the symplectic group S is 
P2n 

suggested. The n = 1 case indicates that S is the 
P2n 

correct assigl1ffient. Finally, we can classify the Lie alge-

bra of all bilinear products as shoYll1 in the tabe belo"'l. 

Number of Number of 
Statistics bilinear Lie algebra Compact particles products 

fendons unchanged n 2 U yes n 

fermions changed n(2n-l) R2n yes 

bosons unchanged n 2 
Un yes 

bosons changed n(2n+1) S no 
P2n 

This concludes the present programme of studies, BOliever I 

we are deeply mqare of one classic omission, 'rhis is the 

Wigner Supermultiplet Theory14) of light nuclei based on 

the group SU(4). Limitation of space here has been the 

principal factor behind this, Even then, a few words are 

in order. This theory considered the equivalence of the 

four spin and isospin states of the nucleon which can be 
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denoted by pot , p+ , nt , n+ • An algebra of 8U(4) will 

be obtained in the, by now, routine manner. The four states 

can be divided into pairs in a variety of ways, each with 

some physical significance. However, no combination of a 

triplet and singlet is suggested. So, no SU(3) subgroup 

~lould be physically relevant. The Jllost natural SU(2)xSU(2) 

subgroup for this case is the direct product of spin and 

isospin, The four basis states are a spin and an isospin 

doublet and constitute a (2,2) multiplet of SU(2)x8U(2). rf 

nuclear interactions are spin and isospin independent then 

this classification would be of phyaical importance. How­

ever, the SU (4) breE\king part o'f the nuclear force is a 

good fraction of the SU(4) conserving part. That is why this 

theory never became popular. But, the successes of 8U(3) 

have told us that even in the presence of large symmetry 

breaking pieces, a symmetry can give meaningful results. The 

success of the 8U(3) mass formulE\e can hardly be ignored. 

~'I'e would not go into further details of the Wigner scheme. 

Incidently, 8U(4) has acquired a new relevance, since the 

discovery of the charmed quark. There are other symmetries 

like SU (6) and other aspects of symmetries to which Ive 

could aslo do no justice at all. But, Ive have learnt sO 

often (to our advantage) in this modest compilat:lon that the 

operations have to terminate somewhere, their overaction 

only produces zeros! 
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Appendix A 

The SU (2) Subgroups of SU (3) and the Phys ical 

Application of Unitary Symmetry 

We do not wish to go into the C.G. Imchinery of SU(3). We 

now show that it is not necessary. FOT this we look at the iso­

spin-like subgroups of SU(3) and first convince ourselves (in 

the Sakata model) that the simultaneous invariance under two of 

these implies full unitary symmetry. 

In the Sak&ta model the equivalence of p, nand 1 gives us 

SU(3) symmetry. The equivalence of'p and n on the other hand 

implies SU(2) symmetry. Let us now examine the equivalence of 

nand 1 ignoring the proton, just as we ignored 1 in examining 

isospin. It is obvious that the algebra of the number conserving 

bilinear products again leads to an SU(2) algebra analogous to 

isospin. This algebra mixes nand 1 states. Thus it can be 

characterized by an "equivalent angular momentum" similar to 

isospin. We call it U-spin. Clearly U-spin can be treated like 

angular momentum, e.g. , we can classify states into U-spin multi­

plets and examine the consequences of U-spin conservation. Simul­

taneous holding of isospin and U-spin symmetries implies equi­

valence of p, nand 1 in this model and hence full SU(3) symmetry. 

Thus all consequences of unitary symmetry follow from the simul­

taneous consideration of isospin and U-spin conservation which 

need just the angular momentum machinery. 



Next let us look at the U-spin classification. The n <-> A 

transformations change strangeness and conserve charge. The 

multiplet members have the same charge but variable strangeness. 

From eqn (4.8) the relevant operators are B_ and C+ causing 

motion along a line at 1200 to the horizontal isospin operators. 

Both in the Sakata and octet models this direction(1200 to the 

horizontal) corresponds to lines of constant charge. We now 

write down the U-spin algebra without reference to any model. 

We want B. and C+ as generators. Since, 

we define U-spin operators as, 

Thus 

Also, 

and 

U+ EB • U "C+, U " J (3N-2T ). -·00 

[U+,U.J 0: 2Uo ' [Uo,U+J : ! Ut • 

U2 = !(U U +U U ) + U2 
+ - - + 0' 

[U
2
,U:I:,oJ"'0. 

(A. 1 ) 

(A. 2) 

~A. 3) 

(A.4 ) 

CA·S) 

Since Band C+ move one state into another along a line of con­

stant ~ N + To we define 

(A.6a) 

and note that (A. 6b ) 

The operators V+ ~C_. V_ EB+ and Vo E-!(3N+2To ) define another 

SU(2) group called V-spin. This is physically not very interest­

ing. Q for U-spin is the analogue of N for isospin. It causes 

motion in a direction perpendicular to that indicated by U-spin 

operators. 



In the octet model N ~ Y and Q is just the charge operator. 

In the Sakata model N z Y - ~B so that Q differs from the charge 
3 ' , 

by a function of the baryon number which is fixed for a multi-

plet. Thus in both models same Q implies same charge and U-spin 

transformations arc charge conserving transformations. Thus 

U-spin multiplets contain states of equal charge and variable 

strangeness. We can plot U-spin multiplets on a Uo-Q plot which 

is nothing but a 1200 rotation of the previous T -N plots. We o 

know that a 1200 rotation leaves the shape unchanged. Thus the 

new diagrams have the same shape as before except that states 

along a horizontal line form U-spln multiplets and not isospin 

multiplri!ts. 

For SU(3) multiplets like (1,0), (0,1), (3,0) and (0,3). 

There is no difficulty in the transformation to U-spin for 

there is only one state to each point in the diagram. Just as 

each point has definite T and To so it has definite U and Uo ' 

But in multiplets like (1,1) or a,2) there are certain values 

of Nand T (or Q and U ) where more than one state occur. We o 0 

are familiar with two states at tIle origin in the (1,1) case, 

One has T ~ 1 and the other ha~ l' = O. Similarly in the U-spin 

classification one must belong to lJ '" 1 triplet and the other 

to a lJ-spin singlet. However, the eigenstates of 1'2 and U2 are 

not the same,for these operators do not com~ute with oue another. 

When 

be a 

there is only one state for given Nand T , this state must o 
simultaneous eigenfunction of 1'2 and u2 since both commute 

with Nand T If there is on1}' one state with given T and N 
0' 0 



then the operators '1'2 and U2 cannot mix in other states. But 

if there is more than one st.ate for given N and T then ']'2 and 
0 

u2 
do not have tile same eigenfunctions. 

Let us consider tile two states at the centre of the haryon 

octet and determine the linear combinatiolls of A and EO which 

helong to the sin&let and triplet states. 

Let I u ~ 1, U 0 "0 > ~ Cl 1 ): 0 > + Il I A> (A. 7) 

Now the neutron is a memher of tile same V-spin triplet with 

u = + I Hence, o ' 

UJn>= '!z[etIEo> +13 IA>] 

and T+U-'n> 2etll: 
+ 

~ > 

L.II. S. U Tin> But = 
- + 

so that 

From normal iza tion, 3 s = +1:..­- 2 

We take ato be positive. Thus, 

= U_lp> 

(A.8 ) 

(A. 9) 

=IE 
+ > (A .10) 

(A.11 ) 

(A. 1 2 ) 

(A. 13) 

Apart from a phase factor the Singlet is obtained by the ortho-

gonality requirement to be, 

(A. 14 ) 

Incidently we have proved explicitly that two states are needed 

at the centre. If there were only one state it would be a trip~ 

let in both isospin and U-spin and egn!. (A.9) and (A.IO) would 

be inconsistent. 
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\Ie nOI~ present H few selected examples to illustrate the 

use of isospin and lJ-spin to get predictions of SlJ (3) symulet ry. 

Consider the decll)' of a baryon resonance in the [3.0) dCCllplet 

+ (N',Y', ,.:*,g-) into a 1 baryon and 0- meson, the products being 

botll ill octet5. Assume the interaction to be SUA3) symmetric. 

We will consider nil decays conserving isospin and strallgeness 

Idthollt regard to physical masses of the particles. \\c thus 

include decays such as N*->EK disallowed by energy conservation 

(thesc 1IIi1)' sti] 1 he physically relevant). Since lIIass tli [ference's 

arc not cOllsidcred, corrections such as due to ph'lsc SpllCC sllould 

be separately included. To be definite consider the decays of 

(N*-,Y'-, ;"-,(1) into a negative baryon and a neutral IIIcson 

(KO,lIO,)), RO). The above resonances form aU: ~ lIIultiplets, 

(E-, 3-) form a u~ 1 doublet and the 0- neutral mesons form II lJ=l 

triplet and II lJ~O "i nglet. The U-spin 

3 
U"'Z by 

singlet CUJlllot cont dilute 

to tile de~ays for ~e cannot get coupling U-O 311d lJa1. 

Thus only the part intlar linear combination of 11
0 and n which 

has U a J cOlltriblttl~S. Wigner Eckart theorem tells us that all 

au~litltdos CIIII Ill' expressed in terms of just one Ilarametor A, 

thL' co-efficient he'ing those of the coupling of spin ~ to spin J 

d 
.. . 3 

an glV1Ilg spIn ~. rhe results are: 
~ 

< N * - I ): - KO > '" < !I P 1
3/2 ~2 > A, 

< Y*-I ,-K
o

> '" < !lil1 3/z ~ > A, 

< y.- i ):-rro> '" ~ <~nO 13/21> A, 

<Y*-I)-o> '" I¥<PIOI~2 !>A, 

< ", - Ii -KO 
> '" < 11 1-11 ~2 - ! > A, 

<E'-:-no> '" !<p-~013/2-!>A, 
-.*- I hfJ 3 <" I" 11 > '" y.:rZ < p - ~ 0 I ¥z -1 > A, 

q] - i ,- K > '" < P -1-1 I :V2 - ~2 > A. 

(A.IS) 



We can similarly write dONn the eight amplitudes when the 0 is 

negative and the baryon neutral. Here again all processes 

involve one parameter B. Here, the neutral baryon has U-l and 

the mesons have U-I. An illustrative example is, 

-1-0 133 
< fl K E > - < P -!-1 I - 2> B • (A .16) 

Now A and 8 are not independent but are related by isospin con­

siderations. n has 1'-0 and goes into opposite members of two 

isospin doublets. The combination 

A - -8. 

Thus the sixteen processes are expressed in terms of a single 

parameter. We next come to symmetry breaking interactions. 

SU(3) is broken by at least two interactions. 

1. Electromagnetic interaction, 

2. Strong interaction which produces mass splitting 
between members of a multiplet. 

If we are given the transformation properties of these 

breaking terms, several predictions can be made. We can conve-

niently employ the isospin and U-spin behaviour of these terms 

so as to get away with simple angular momentum calculations only. 

Strong interactions conserve isospin. Thus the mass breaking 

SU (3) term must be an isoscalar. The charge operator commutes 

with all U-spin operators and hence the electromagnetic inter­

action which transforms like the charge operator must be aU-spin 



scalar. Thus electromagnetic interaction conserves U-spin to 

all orders and the photon may be regarded as a U-O object. The 

electromagnetic interaction is a sum of an isoscalar and an 

isovector as we have noted before. The mass splitting operator 

is an isoscalar and hence not a U-spin scalar (otherwise it will 

be a SU (3) scalar' which cannot be. The mass splitting inter­

action is assumed to be a U-O plus a U-l object. The electro­

magnetic interaction being like the charge operator is a member 

of the octet. The mass splitting operator transforms like th~ 

hypercharge and hence is also a member of the octet. We can 

now use the octet co-efficients to write down the following 

isospin and U-spin behaviour of the electromagnetic interaction 

(E) and the mass splitting operator (M), 

E"U ., /'I T _ 1 T 
s 2 v,z s (A .17a) 

(U=lT+/1T) • v v 2 s 
(A.17b) 

M =T '''' / l-u' - J U' -s 2 v 2 s' (A.18a) 

(T' - ! U'+ /'1 U') v z v 2 s (A .18b) 

We wrote down these relations directly from those for the parti­

cular linear combinations of isoscalar A and isovector EO which 

are a U-scalar and aU-vector. 

Consider now an example of a relation following from the 

U-spin property of E. Let us look at the electromagneic decays 

of " and nO. Since u-o for photons, only a u-o state can decay 

into two photons. The li~ear combination Il'iT°+/~" >" IU=I> • 



< A I E I A > ~ - "f <" I U v I A > +} <A IUs 1 ,\ > , 

< EO IE I EO> = -,I~- < EO IU v IrO> +}<EO IUs 1);0 >. 

Since E 5 Us we find, 

and 

But, 

and 

Thus, 

From 

and 

<A lElA> =-,Ir<A III II. > .) v 

<):0 IEI);o> =-.rJ qOlll Iro> 
, v 

I;>.> = 11:IU=ll> -}IU=O> , 

I LO>= tI U: 1> + ,I i- jU=(l> , 

< U=1I uo =0I uv IU=1, uo"'o >= <u=oluvIU"O> =0. 

for example, we find 

~>. = - ~ EO . 
eqns (II. 27 H • b ) we also find that, 

<AIEIA >=f<U=lIUsIU=l> +} <U=OIUslll=o> 

<Lo IJJIr,°> =} <lI=llu s Ill:l> + ~- <U=OIUs!U=O> 

Whence, 

<lJ = 1 IUs III = 1 > = - < U =0 IUs III =(l> = 2 <A 1131 A> 

(1I.25a) 

(A.25b) 

(1I.26H) 

(A.26b) 

(A. 27 H) 

(1I.27b) 

(1\ • 2 8 ) 

(II .30 ) 

(A.31a) 

(A.31h) 

(11.32 ) 

Now, the neutron helongs to the I)-spin triplet to which tIle lin­

ear combination of A and 1.0 belongs. Thus we iliUllediately have, 

< n I Ii In > = 2 <A lEI ),> (11.33 ) 

and in particular, (;\ • 34 ) 

Finally, we would like to end up with the remarkahle Sllccess of 

Sll(3) theory :in predicting the llIass splittings within SU (3) multi-

plets. First order degenerate perturbatioll theory is used giving 



a large effect Idt.h no explanation I\'hy higher order effects 

should be small. Over the years this has remained a mystery. 

Further, for bosons the formuJa Ivorks if squares of the masses 

are used. No real explanation exists even for this. Anyhow, 

since the formulae work remarkably, let \IS sec at least how 

they are derived. 

i) 1* The masses of r baryon reSOllance: 

Consider the U-spin quarlet u-, y* N*- 1;1' th " , 
3 1 1 , :; 

Uo" r ' 2'- r anu .- r respectively. Let us calculate the 

expectation value of N in tills U-spin multiplet. We 

immediately find the formula III " a +b lJ • o We have four 

equispaced energy levels. [t is this formula which 

predictedmg - m Ib80 Mev. 

ii) The baryon octet: 

Consider the neutral members of the U-spin triplet, 

Uo=-l, 0 and + 1, respectiVely. Again Us gives a 

constant term S to the mass. The vector part contributes 

a term proportional to Uo ' We thus find 

< EO I~ti ,,0> = S-v 

<nIMln> ~ S+V 

<-~);o+,rTAIMI-1):o+/3A> ~ S - Z • Z 

(A. 3Sa) 

(A.3Sb) 

(A. 35c) 

But M conserves isospin, hence it cannot connect 11 '1'= 0 to a 

T '" 1 state. Thus eqn.(A.3Sb) hecomes, 



1'1'0111 these equations IH' easily find the relation 

m + HI .,0 :::; 
II 

1H .. o+:)m, 
).. .:\ 

lA.:ill ) 

(A • 37 ) 

Tilt' SLi(3) couplings arc tile sallie for all)' octet, The l'l'slilts 

for the 0 octet ran he read off directly from (''Ill (.'\,:>7). 

('vcr, thl' formula works only if mass squares arc lIsed instead 

of tile llIilSS itse[ f, The rorlllu! a is, 

.~ 2 
+ ,)1Il J, 

Ii 
(1\,38) 



Appendix B 

15) 
We report here, on the work of Goshen and Lipkin. In this 

work symmetries are used to explain the collective behaviour of 

independent particle systems via a model calculation. The under­

lying group structure is responsible for this behaviour. In this 
, 

work, a simple classical picture is presented showing the equival-

ence of the two descriptions. Then, collective coordinates are 

defined explicitly and the independent particle Hamiltonian is 

transformed into the standard format of the collective model. 

The collective states are classified using a naturally occuring 

group structure. 

Consider a system 6f particles in a one-dimensional oscil-

lator well, described by the hamiltonian, 
2 p. 

H"1:(l+ 2m i 

mw 2 x? 
2 1). (B.I) 

Classically it is easy to see how collective motion can arise 

in this independent particle system. At t • 0, let all particles 

be at the origin and be released with arbitrary initial velocities. 

Each particle excutes a simple harnlonic motion of the same fre­

quency. All particles move in phase. Hence, their motions are 

stronkly correlated. An observer will see them leave the origin 

together and return to the origin together. He will see a 

"collective dilational oscillation" of the particles pulsating 

with twice the oscillator-frequency. 

Thus the same motion ,is describable as independent particle 

motion and collective motion. The reason behind this is the 



special symmetry of the oscillator potential in which all possi-

ble motions have the same frequency (energy levelS are equally 

spaced). Any initial correlation persists for ever. This leads 

us to expect that the existence of symmetries in the independent 

particle Hamiltoni:m allows a correlated motion of the particles 
, 

to be created by a proper choice of initial conditions. In 

quantum mechcnic9 this implies choosing an appropriate linear 

combination of degenerate states. Lot us try to be more quanti-

ta ti ve now. 1'k should be abi e to separa to H into a collect i ve 

part described by collective canonical variables (Q, P) and 

another part describing other degrees of freedom (i.e~ in the 

collective model form), 

Ii '" H + II' colI ' (B.2 ) 

with, I I 
[H , P]" [H ,Q]" o. (B. 3) 

We look for an object describing the "degree of dilation" of the 

system. The deviation from the mean of the one-dimensional 

quadrupole c~=:nt EX? - <EX? > is the only natural condidate. 
1 1 

Since the m~J~ ~inetic energy equals the mean potential energy 

and their sum is always the total energy we can reduce the above 

form to a C~=) ~~e~ul form given by, 

Z 2 (B.4 ) TI = E (p. - III w2xi)/4m'hw 
i 1 

introducing also, the operators, 

Tz " 1: (x.p. +p. x. ) / 411 eB. 5) 
.1111 

and T3 
122 2 H 

(B. 6) = (p.+1ll w2x.)/41l1hw=ln' .11 w 
1 



These are just the operators T1'T 2 ,1'3 of Chapter o. ilcnce, we 

find, 

(B. 7 ) 

(B. 8) 

where, (Il. 9 ) 

lVe have learnt all about this algebra. We have a Casimir opera-

tor J defined through, 

(lL 1 0) 

The eigenvalues M of J
3 

are integers', half integers :lilt! "l!art,'!' 

integers and so are those of J. For a given J we hov. lin infinite 

set of states having M • J, J+l, ... with energies, 

E J M = 2Mhoo • (HI I I ) 

The states of the system divide into "bands". Each ,I value give:; 

one band and containing an infinite number of states with tile 

energy spectrum running from 2Jhoo to - in steps of 2hw. This is 

precisely the spectrum we need for our "double frequl'llcy collec-

tive vibration". Now P:i2ooQ create or destroy one quantum I<hich 

is the same as the change in M value of one unit brollght about 

by the step operators J+. Thus P+i2ooQ can be expressed as fUllc-- . 

tion of J± respectiVely as shown in ref. (IS) and ar? l'xplicitly 

canonical variables. Finally, one finds that, 

222 P +400 Q = (2J3-2J+l)hoo , (B.12 ) 

so that, . 2 2 2 
~ (P +400 Q )+ (2J-l )tlUl = 2J 3t1Ul= H. (lL 1 3 ) 



Thus, H has the desired form with, 

, 
H = (2J-l)11 

and [H', P] = [H', Q 1 = 0 (B.15) 

Eqn (B. IS) follolVs from the fact that J commutes with J+, J 3 
and with any functions of these and hence with P and Q. 

Finally, let us digest carefully what has been suggested 

by this simple example. An independent particle model with some, 

synunetry properties was considered. One aspect of this was the 

existence of a group of operators which can be used to classify 

the states. The Hamiltonian transforms simply under this group 

(like J 3 ). Thus the group quantum numbers still classify the 

states but the states of an irreducible representation are no 

longer degenera te. 

The band of states (irreducible representation of a given 

J) are classified by the quantum number M. the eigenvalue of 

one of the degree of freedom of the system separable from the 

rest. The states within a band differ only in the motion of 

this particular degrees of freedom. Since the group operators 

connect states only within one band and do not connect different 

bands they may be considered dynamical variables associated with 

this degree of freedom. Hence, this degree of freedom can be 

considered collective, for the group operators operate on all 

particles in a symmetric way. 



-HYI-

Generalizing, we might expect to find an alternative collec­

tive description in any independent particle model possessing 

symmetries which allows the states to be classified according 

to the irreducible representations of a group. The states with­

in a given representation would constitute a band, the group 
, 

quantum numbers 110uld characterize collective degrees of freedom 

and the group operators would be collective dynamical variables. 

Proper sets of canonical collective variables can then be 

constructed. The Elliot model in Chapter 5 is another illustra-

tion of the phenomenon discussed here. 


