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Preface 

The increasing desire for numerical solutions to mathematical problems 
are more difficult or impossible to solve explicitly has become the present 
day scientific research. This time it sounds more appropriate to find an 
approximate solution to a more complicated model of a physical problem 
than to find an exact solution of a simplified model. It is clear that numerical 
methods can give approximate solutions in an efficient manner. when 
ordinary analytical methods fail. for example in finding the roots of 
transcendental equations or in solving non-linear differential equations one 
of such methods is solving definite integrals of some functions. Numerical 
eval uation of integrals to find numerical solutions provides the basis for 
studding various problems which include problems of heat transfer. fluid 
flows and many others. In this report a discussion about the numerical 
solutions of definite integrals which can not be evaluated analytically is 
made. Various recent methods for the numerical solutions of the definite 
integral are sketched. The methods have been well illustrated by suitable 
examples with detailed solutions. 

I would like to say thanks to God for his immeasurable help. Finally. I would 
like to thanks my advisor Dr.Adinew Alemayehu for suggesting me the topic 
and for his constant and supportive guidance which made this report 
fruitful. 
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1.1 Introduction to numerical integration 

Definition I : An integrable function w(x)defincd on an in terval fa, b] such that fo r 

all x e la, hi W(X) 2:0 and w(x) >0 on any subinterval of [a, b'l is called a weight func tion. 

The purpose of a weight function is to assign vary ing degrees of importance to 

approximat ions on a certain portions orthe interva l. For example the weight function 

lI'(x) = h places less emphasis ncar the cenler of the interval (. ], I) and morc 
l _ x2 

emphasis when Ixl ncar I. 

The gene ral problem or numerica l integrat ion is to find an approximate va lue or the 

integral 

1(/) = l",(x) f(x)dx (1.1 I) 

since some limes it may be difficult to find the ant i- derivative offunc lions analyt icall y. 

The limits of integration in (1.11) may be finite , semi finite or infi ni te and also since the 

intcgral operator is linear the integral is approximated by a finite linear combi nations of 

values of I( x) in the form 

, . 
1(/) = f",(x ) f(x) dx ~ L )..1. .. , ( 1.1 2) 

" 

where x. ' s k =0, 1" .. , 11 are ca ll ed the nodes di stributed in [a, b1 and }'t' s k=O, I ,2 , .. . ,n 

arc ca lled the weights of the integration or the quadrature formu la (1.12).The error 

approximation is givcn by 

, . 
R. = f w(x)f(x)dx - L A.I. .. , ( 1.13) 

" 

where f. = f(x.) and k=O, l ,2, ... ,n. 

Definition2: An integration method of the form ( 1.1 2) is said to be of 

order p ifi t produces exact results (R" == 0) for all polynomials of degree less than 

or equal to p. 



In (1.12) if we have 2n+2 unknowns (n+ 1) nodes and (n+ 1) we ights and the method can 

be exact fo r po lynomials o f degree less or equal to 2n+ I 

Thus the method of the form ( 1.1 2) can have a max imum of order 2n+ I . 

1.2 Numerical integration (quadrature) based on 

Interpolation 

Given the n+ 1 nodes and the corresponding funct ional va lues J. = f(x.) where 

k=O, I", " n then the Lagrange in terpolating polynomial fitt ing the data (xt .f.) is 

given by 

• 
P. (x) = I '-, (x)J. .. , 

where L. ( x) is the Lagrange fundamental polynomial 

given by 

n .. ,(x) 
L. (x) = ( I)' 

(x - x, )n (x,) 
-"" 

n (x) = (x - x, )(x - x,) .... (x - x. ) .. , 
and 

nlll 
(x, ) is the first derivative of n (x) at 

,,· 1 ".1 

x. then 

. n .. ,(x)f('·"(~) 
f(x) = I '-, (x) f( x, ) + ,x, <~ < x • 

• _0 (11 + I)! 
( 1.21 ) 

now replace f(x) in equation (1. 11 ) and integrate in the given limits of integration 

then we have that 

• [w(x) n (x)f(""(~) 
/ (/) = [ w(X)f(x)d, = Ii [w(X)L,(x)dx ]J. + ' --'.="'.c.' ,--,----
'._0 (n+ I)! 

( 1.22) 
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Where 

A, = f.w(x)L, (x)clT ( \.23) 

and 

f.n (x)w(x)J" ' '' (~)dx 
R = "., 

.. (n+ I)! 
( 1.24 ) 

1.2.1 Determination of the error term 

Now 1 = f w(x)/(x)dx = :t Ak /~ + R" from equation (1.22) and from equation (1.24) , .. 
the error term is 

R. = I f.n (x)w(x)j" " ) (~)clT 
(n + I)! ' ,. . , 

( \.25) 

If n lt. ,(x) docs not change sign in La, b] and Ji"" )(x) is continuous in La , bJ then by 

the meH n val ue theorem of integral ca lculus we can write the error of the approx imation in 

the form 

j "''' ( ) 
R" = ' f n (x)W(X)dT ,E [a,b] 

(11+ I)! " 
( 1.26) 

If n .. o' (x) change sign in ra, b] then we can obtain jR,,1 from equati on (1.25) as 

IR.I s I lin (x)w(x)IJ"''' (~)ldx s M •• , lin (x)w(x)~h 
(n + I)! J,I ". , (/I + 1)1 11 ... , r-' 

Where M"t! = max[lcn· l)(x)l . 
as~sh 

Alternativcty the error term can also be obtained in the fo llowing way si nce we can make 

the method is exact for polynomials of degree less than or equal to n and we have 

R,,= Owhen I(x) = x' where i =O, I, ... ,nand R,,;t;O when l(x) = x .. · I
• 

Thus the error term is in the form 

R. = C j "''' (,) 
(n + I)' 

(1.27) 
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where q E [a ,b I and 

c = .r w( x)x ... ·l dx - f. Akx;·1 ... 
is ca lled the error constant. 

If C iszerofor f (x ) = xn
'

l then we take the next term f(x) = xn
•

2
• 

1.2.2 Newton-Cotes quadrature methods 

When w(x) = I and given (n+ I ) nodes which are equi-spaccd with 

(b - a) 
Xo = a,x" = b,and, 1I = on [a, bl then the methods 

n . " 
Jf(x)dp LA,!. ... 

are called the Newton-Cotes integrati on (Quadrature) methods where the error is 

neglecting and the weight s Ai' s are call ed Cote' s numbers. 

Now setting x = Xo + sII in ( 1.2 1) above we obtain that 

( 1.28) 

n () = / '"" '.( ._ ) ( - ) l () = (-I)'"-" S(S - I) ... (S - k + I)(s - k - I) ... (S - n) x 1 .~.'i 1 ... S n .~. x 
n·1 k!~ - k) ! 

(- 1)'"-') " 
A, = r* - I) ... (s - k + I)(s - k-I) ... (s - n)ds 

k!(n - k)! 
( 1.29) 

1.2.2. 1 Trapezo idal rule 

For n= J in (1.29) we ha ve Xo = a,xl = b and h = b - a 

I " I h Ao = - 11 ,1(s - l)ds ='2 A, = 11 ,1 sds ='2 and we get the method 

I f(X)dx = !:[f(a) + f(b) 1 = (b - a)[f(a) + f(b) ] 
2 2 

( 1.30) 
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which is called the trapezoidal rul e. Geometri call y it is the area of the trapezoid with 

width (b - 0 ) and ord inates l(o), /(b) which is the area under the curve y = I(x) above 

the x axis and the ordinates x = a and x = b . 

Error term: 

Now the error constant is given by 

. f. 2 ~ 2 b
3 

0 ) 2 l I J J 1 2 2 C ~ x dx - L" A,x, ~---- A,x" - A, x, ~- (b - 0 )-- (b - o)(b + 0 ) 
, hO 3 3 3 2 

Then the error term is given by 

I , 
~-- (b - a) . 

6 

R ~ C / (2' (I) => R ~ - (b - o)' 1 "' ( ) ~_ h' 1 ''' (1) 
' 2! 7 , 12 ~ 12 I 

Where '1 E lo,bl 

1.2.2.2 Simpson's-rule 

SIMPSON'S .!. RULE 
3 

. (b - (I) o+b 
For n=2 In (1.29) we have 11 = , Xo = 0' X1 = (--)&X2 = b then we get 

2 2 

h r h {' 411 II r h A, ~- (s - I )(s - 2)ds ~ - , A, ~-h s(s- 2)d,~ - ,A,~ - s(s - I )ds ~-
2 3 3 2 3 

we obtain the method 

and 

'f b - a o +b _ 
I (f) ~ I (x)dx ~ - 6- lf(0) + 4/(- 2- ) + I(b)] (1.3 1) 

" 

which is called the Simpson's 

SIMPSON 'S 2 RULE 
8 

I 
- rule . 
3 

For n=3 we obta in Au =~ h, A, = 2h, ~ = 211, ~ = ~ h and the method is given by 
8 8 8 8 
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[ 
3" / (x)"x = S [/(xo) + 3/(x,) + 3/ (x , ) + 3/(.,,)J ( 1.32) 

which is cal led Simpson's 2 - rule. 
8 

Error term: 

Determine the error term in Simpson's ..!. rule. 
3 

Solution: Given 11=2 then since the methods arc exact for po lynomials of 

degree 5 2 '>\le have 

C [
) ~ , ) I b 4 (b - a ) ) J 1 I 4 4 I 4 

= ., «, - L., A, X, = - ( - a) - 12a +(a +b) +2b = - (b - a ) - - (b - a) =0 
1 k_O 4 4 4 4 

Ihis shows thallhc method is exact for polynomial of degree three also hence the error 

term becomes 

Cj"' ( ) 
R = > re [ab] z 4! " , 

where 

C = [ x'dx _ (b - a) la' + 4{" + b), + b' l = _ (b - a)' 
6 2 120 

hence the error term becomes 

R =_ (b - a)' /" ' ( ) =_£/',,( ). 
, 2880 > 90 > 

1.2.2.3 Newton-Cotes closed type methods 

The method 

f / (x)d, ~ i: ..\.1, , .. 
which dose include the end points Xo = a , x" = b are ca lled the Newton-Cotes closed 

methods 
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Exa mples: The trapezoidal and Simpson's rule given in (1.30) and in (1.3 1) arc 

Newton·Cotes closed type methods. 

1.2.2.4 Newton-Cotes open type methods 

The methods 

r I(x)"x ~ I )·.!. 
• • 0 

whieh dose include the end points Xo = a and XII = b are called the Newton·Cotes open 

type methods. 

Examples: 

(1).M id-llO int r ule 

When n=2 then we have Xo = a, xo + h, Xo + 2h = b then the method is given by 

Where a < ~ <b 

(2) .Two-poinl rul e 

r II ' 
I(x),l, = Yif(x, + II) +"3 1'2) (~) 

When n=3 Xo = a,xo + h,xo + 2h,xo + 3h = b then the method given by 

r M . ~ , 
I(x)d, = - [/(x, + II) + I(x, + 211)J+ - I' ) (~) 

2 4 

where a< ~ <b. 

(3).T hrce-point rule 

( 1.33) 

( 1.34) 

When n=4 we have Xo = a,xo + " ,xo + 2h,xo + 3h,xo +411 = b then the method is given by 

[ 
411 1411' (4) 

I(x)dx = - 12/(x, + 11) - I(x, + 211) + 2/(x, + 311»)+- 1 (~) 
3 ~ 

where a< ~ < b . 

Exa mple1: Find Ihe approximate value of 1 = i d e using: 
x+ l 

(a).TRAPEZOIDAL RULE. 

( 1.35) 
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(b).sIMPSON'S RULE (!). 
3 

Solut ions: 

( ) U · 'I' 'd 1 I ' I <I, 1 a. smg rapcZOI a ru eglYen 1= 1-- then f(x) =-- ,It'(x) = 1 for al! 
l + x l + x 

" " x e fa,b]and hence J = - olld' = - hence . ~ 2 ~ 2 

I = ~[f(o)+ /(b)] = (b - a)[f(o)+ /(b)] 
2 2 

where a=O and b= 1 then I = .!.[f(0) + /(1)1 = .!. [l + .!.) = 0.75 . 
222 

(b). Using Simpson's.!. rule we have 
3 

I = (b - 0) (f(o) + 4/t + b) + /(b)] = '!' Jl + ~ +.!.] = 0.694444 
6 2 6 3 2 

now the exact value of I = In 2 =0.693 147 correct to six dec imal places hence compari ng 

(a) and (b) Simpson's rule is the best approximation method. 

Examplc2: Find the approxi mate value of I = ! Sill;X) ely. using 

(a). MID-POINT RULE 

(b).TWO-POINT OPEN TYPE RU LE 

. 'd . I I I (b - o) I h Solution: (a).Usmg ml -POlllt fll C we lU YC 1 = = - enee 
2 2 

I 2 
Xo = 0,x1 =-, x2 =- and 

2 3 

I 311 
1= 1 /(x)dx = '2[f(x, + II) + /(x, + 211)1 

= .!. I/ (!) + /( 3.)J = .!. [3sin(!) + 2sin(3.)) = 0.9546 
2332323 
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1.3 Numerical integration (quadrature) based on 

Undetermined Coefficients 

Now consider the quadrature fo rmula given by 

r w(x)J(x)d" i: ,t.J. 
• • 0 

( 1.36) 

then we can make the method exact for po lynomials of degree less than or equal to n if alllhc 

nodes arc given or less than or equal 10 2n+ I i r all the nodes arc not given. 

If aillhe nodes arc given and the weights arc to be determined by making the methods exac t 

for polynomia ls of degree less than or equal to n then thc methods arc called methods of 

undetermined coefficients that means all the nodes x" s arc given and al l the weights A! '.\" for 

k = 0, I" .. ,n are 10 be determined. 

If all the nodes are not given and al l the weigh ts arc to be determined by making tbe methods 

exact for polynomials of degree less than or equal to 2n+1 then thc methods are called methods 

of undetermined coefficients. 

1.3 . 1 Determination of the error term 

The error term can be obtained in the following way since we can make the method exact for 

polynomials of degree less than or equal to n if all the nodes arc given and we have 

R" = Owhen !(x)=x' where i =O, I, ... ,nand Rn ~O when !(x) = x
no l

. 

Thus the error term is in the fonn 

and 

R = C J'.'''(,) where, E [a,b] 
• ("+ 1)' 

• 
C = f lI'(x)x"~' dx - L A* X;ol 

, . -0 

( 1.3 7) 

(1.38) 
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1'5 ca lled the error constant If C 1'5 zero C f() .. , h k . . lor x = x I en we ta c the next term 

f(x) = x·" . 

If al l the nodes are not given then by making the methods exact for polynomials of degree less 

than or equal to 2n+ I and we have Rn = 0 when f(x) = x' where i = 0,1 •... ,211 + I and R" ~ 0 

when f(x) = X
2ltd .Thus the error term is given by 

1.3.2 Newton-Cotes quadrature methods 

Given the n+ l nodes which are equally spaced then the Newton-Cotes methods derived in the 

interpolation method can also be obtained using the approach of methods of undetermined 

:ocfficicnts. 

fhe Newton-Cotes methods are given by 

f f(x)dp I,..J. ... 
",here all the nodes x

t
' s are given and all the weights 4. ' s for k =0, 1" .. ,n afC to be determined by 

nak ing the method exact for polynomials of degree tess than or equal to n. 

1.3.2.1 Trapezoidal rule 

When n= 1 Xo = (I,XI = b,h = Xl - Xo we have that 

ff(x)dx = r: f(x)dx = A,,/(x, ) + Vex,) 

then making the method exact for polynomials of degree less than or equal to \. 

For f(x) = 1 j;;1 d, = x - x = h = .l +.l ... (1) 
" '0100 1 
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2 2 
x - x 

I 

=> - 11 ( 2xO + 11) = AOxO + AI (xO + 11) = (A + A)X + A " (2) 
2 0 I 0 I 

then solving ( I) and (2) we gel Ao = A, =!!.. .Hence the method becomes 
2 

[' /(x )dx = !'.[f(x, ) + /(x,)] = (b - a) [f(a ) + /(b)1 
• 2 2 

which is called the trapezoidal rule. 

Error term : Now the error constant is given by 

and the truncation error becomes 

C 11 ' 
R, =- / "'(;) =- - / "'(; ) for x, <;<x,. 

2! 12 

1.3 .2.2 Simpson's rule 

b - a 
Forn=2 we have.\'o = o,x, = xo +h,x1 = xo +2h= b.h= - 2- then we have 

t / (x)dx = ",/(X, )+ ,1,/(x, ) + ).,/(x, ) 

then the rule can be made exact for polynomials of degree up to two. 

For l ex) = l,x,x2 then we gcl the fo ll owing systems of equations. 

For [ (x ) = I f;2dx = x - x = A +A +A2 
' 0 2 0 0 I 

( I) 

II 



2 2 
x (x2 - Xo ) 

For J(x ) = x, IX
0
2 xdx = ---''------''- A A ' 

= OxO + IXI + "2 x2 (2) 
2 

3 3 
2 x 2 (x2 - Xo ) 2 2 

for J(x) = x , lxOI x dx = = ,\ x + ,\ x A 
3 0 0 I I + '2

x
2 

2 
(3) 

Then from equation (I) we get 2h = A, +,1, +.<, ... (1' ). 

I 
2"(x2 - XO)(x2 +xo) = Aoxo + A,XI + ~X2 

From equat ion (2) we get h(2x, + 2h) = 2hx, + (,1, + 2.<,)h. 

2h =,1, + 2.<, .. . (2'). 

From equation (3) above we gel that 

~(X03 + 6x/ h + 12xol1 2 +8h3 -xoJ)=Aoxo2 +.1, (X02 +2xoh + h 2 ) +~ (X02 + 4xolI + 411 2) 
> 

,hell, ~ h = ,1, + 4.<, ... (3'), 
> 

Then solving (1'),(2')and(3') 

hence we get the method 

. II 411 II 
simultaneously we get that Ao = - . A, = - , ~ = -

3 3 3 

r J(x)dx = f J(x)dx = ~[J(X') +4J(x, ) + J(x, )] 

which is called Simpson's ~ ru le. 
3 

E 
(b-a)' 4h' 

rror term: Now from (I 2.2 .2 ) given above we have that C = - = - - and the 
. 1M 5 

truncation error is given by 

C h' 
R, =-J(')(~)=_-J("(~) where ~ E [a.bJ. 

4! 90 

Now the method of undeterm ined coefficients can be used to deri ve quadrature fannulas of a 

given type. 

Example: Determine a, b and c such that the fonnula 

12 



r f(x)dx = h[af(O) +bf(!'.) + cf("») 
3 

is exact for polynomials of as high degree as possible and dClcmlinc the order of the 

truncation error. 

Solut ion: Now mak ing the method exact for polynomials of degree up 10 2 then we obtain 

For f( x) = 1, h = h(a + b + c) or a + b + c = 1 (1) 

2 
h h bh 1 1 

For f( x) = x,loxdx = - = h(-+ ch) or - b+ c = - (2) 
2 3 3 2 

3 2 
2 h 2 h bh 2 1 1 

f( x) = x ,lox dx = - = h(- + eh ) or - b+c= - (3) 
3 9 9 3 

r Of 

3 1 
Then solving equations (1), (2) and (3) we get that a=O,b= 4 and c='4 hellce the 

quadrature method is given by 

r 3 h 1 
f(x)dx = -f(-)+ - f (") 

4 3 4 

and the truncation error is given by 

and 

bhJ. . h4 
c= f x'dx-h[--+ch' J=--

27 36 

I-Icnee the error lenn is given by 

h' "'() R =-- fry· 
l 216 
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1.3.2.3 Comparison of Newton-Cotes Quadrature by 

Interpolation and by undetermined coefficients 

A convenient method for determining the coefficients in the NC\,.1on-Cotcs formulas is 

the method of undetermined coefficients. 

In Newton-Cotes formula by interpolation the weights arc independent of Ihe interval 

limits a and b and the function f in fact the weights only depend on the relati ve 

di stribution of the support points on the interval [a, b] 

Each Newton-Cotes quadrature formu la by interpolation and undetermined cocrticicnts 

" " L A.I. satisfies L A .. = b - a since its degree of exactness is at least n ;Z: 0 and hence 
h * _0 

i: ~, = ldx =b-a for /(x) = I. ... 
Ncv,!{o n-cotes quadrature fonnulas by interpolation yield good approximations 10 the 

integra l in question only over short interval fa, bJ that is b - a « I.Hence for large It 

ewton-Cotes quadrature formulas by undetermined coefficients is beller. 

1.3.3 Gaussian quadrature (integration) methods 

In the in tegration method 

" r w(x)/(x)dx. L: ~.J. 
' oO 

the nodes xi- ' s and the we ights J..' s for k=O, I , ... ,n can also be obtained by making the 

method exact for polynomials of degree up to m. When the nodes arc known that is m=n 

the corresponding methods are called Newton-cotes quadrature methods 

with w(x) = tV'x E [a ,b]. 

When the nodes arc also to be determined we have m=2n+ I and such a quadrature 

methods are called Gaussian quadrature (integration) methods 

14 



Now since any finite interval [a, b1 can always be transfonncd to 1.1, I J using the 

transformation 

(b-o)/ (b+a) 
X= +_ 

2 2 

where x E [a ,b}, / E [- 1,11 then we have 

L w(x)f(x)dn i: A.f. ( 1.39) . .., 
where w(x) ~ 0 V'x E [- 1,1] is the weight function and It = I(x.). 

1.3 .3. 1 Gauss-Legendre quadrature (integration) method 

Let the we ight function be w(x) = 1 then the integration method given by 

[/(X)d., i: A.f. ( 1.40) 
"0 

is called Gauss-Legendre quadrature methods. In this case all nodes xk ' s and we ights 

..t. ' s for k=O, 1, ... ,n are unknown. 

Examples: 

(a). One-point rule 0=0. 

Then the fonnula is given by t /(x)dx = 201(xo) and the method has two unknown 's 

2o,xo .Then making the method exaet for polynomials I(x) = I,x we get 

For fI x) = I I I l dx =2=A - 0 
(I) 

For f Ix) = x [rdx =0 = A"xo Xo = 0 since A" ~ 0 (2) 

'·Ience by equation ( I) and (2) the method is given by 

[ /(x)dx =2f(0) 

whi ch is ca ll ed one po int rule. 
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(b). Two-Pont Rule (Formula) n=l. 

The formula is given by 

L f(x)dx = A"f(x,) + J.,f(x,). 

The method has four unknowns xo. x"Ao.~ then making the method exact for 

polynomials I(x) = l,x,x 2 ,x ' . 

For f(x)= 1 we have L dx=2=A,,+J., (I). 

For fIx) = x we have L xdx = 0 = A"x, + J.,x, (2). 

For fIx) = x2 we have i 2d 2 J 2 2 f x="]=.,x, +J.,x, (3). 

For I(x)= x l we have L xldt=O=AoxoJ +A,Xrl (4) 

Then eliminating Au from equation (2) and(4) we get A,Xrl - A,XrXo2 = 0 or 

A,X1(X1 -XO)(xl + xo) = 0 since ~ *O,xo :;t XI we get or XI = - xo.Notc that if XI = 0 

from equat ion (2) we get Xo = 0 since ~ *" 0 hence XI *" 0 substituting in (2) we gel that 

Ao = A, and substituting in (1) we get that Ao = A, = 1 using (3) we gel Xo 
1 = ~ or 

Xo = ± ~ and XI = + ~ .Hence the two po int Gauss-Legendre formula is given by 

C. Three-Point Formula n=2.The fannula is given by 

L f(x)dx = A"f(x,) + J.,f(x,) + ).,f(x,) 

there are six unknowns in the method and it can be exact fo r polynomials of degree up to 

fi ve. 

For I(x) =x' ,i = O,I, ... ,n we get the system of equations as follows:· 

For f(x)=1 we have l, dx=2=A,,+J.,+).,=2 (I). 

For fIx) = x we have l,xdx =0 = A"x, + J.,x, + ).,x, (2). 
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For I(x)=x' we have I x'dx=3.= 1 x' + 1 ' 1 , 
11 3 ' ''0 0 "IX] + '''2-'"2 (3) 

(4) 

For 
(5) 

For 
(6) 

Then solving the equations given above we get that Xo = ±H 
x,= '!' II X,= Ol =.? 1 =~ 1 =.? Vs "'0 9'''' 9''''2 9' 

Hence the three point Gauss·Legendre quadrature method is given by 

i l(x)dx=.!.[5/(- ~+8/(0)+5/( II)] 
, 9 VS' Vs 

2 2x 
Evaluate the integral 1= f 4 dx using: 

', + x 

Example: 

(a). The Gauss-Legendre I-Point method 

(b). The Gauss-Legendre 2-Point method 

(c). The Gauss-Legendre 3-Point Quadrature Method and compare with the exact 

Solution 1 = tan -'(4)- 1f =0.5406. 
4 

Solution: First to use the Gauss-Legendre methods the interval [1 ,2J is to be reduced 

(b-a) (b-a) ,+3 
to the interval [- II] by x=-- '+-- where 1I = I,b= 2 then we gel x=-

, 2 2 2 

and hence the integral is changed in to the form 

I d I 8(, + 3) d 
1,1(') , = 1'16 +(,+3)' ,. 

(24) 
(a). Using I -point rule we have that I = 2/(0) = 2

16 
+ 81 = 0.4948 . 

I I 
(b) . Using 2-point rule we have that I = 1(--./3)+ 1(./3) = 0.3842+0.1592 = 0.5434 . 
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I 

(c). Using 3-point rule we have that I = ~[5J(-H) + 8J(0) + 5J( %)) = 0.5406. 

But the exact solution is 1= lan -I (4) - " - 0 5404 . 4- . nowcompanng the solutions in Ihe 

above Gauss-Legendre rules with the exact solutions the 3-point rule is the best 
approximation. 

) .3.3.2 Gauss-Chebyshev integration methods 

Let the weight function be w(x) = k and x E (-1 ,1) then the methods given by 
I -x 

is called the Gauss-Chebyshev integration methods with nodes xt ' s and we ights A.
t

' s for 

k = O,I, .. ,n arc all unknowns. 

Error ana lysis of the methods: 

Now since we can make the method exact for polynomials of degree less than or equal 10 

211+ I then there is an error at the next polynomials of degree at least 211+2 then we can drive 

the error constant C by 

and the error is given by 

cr(l'-" ( ) 
R = 1 ~ .~E (- I , I ). 

211+ 2 (2n + 2)! 
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Examples: 

(a). One-point rule (method) for 0=0: The formu la is given by 

I [(x) dx -
1,~ -<,[. 

noW the method has two unknowns Ao.xo. 

Then making the method exact for polynomials f(x) = It x we get: 

For [(x)= 1 we have Lh =<, or sin-'(x) I' =<, =rr 
I -x - I 

For [(x)= x we have I h dx ='x or O='xor 1' 1 2 "00 1"0 0 -x 

Hence the method is given by 

I [ (x) dx = 7rf(0). 
1,~ 

Error: Now the error constant is given by 

Xo = 0 since Ao *0 

c= i h dx =2 1 h dX =2&sin l (O)dO=!!.. 
I 1- x2 1 1- x2 1 2 

hence the error term is given by 

R, = Cf(~:(~) =: !''' (~) _ I < ~ < I. 

(b). Two-point rule (method) for 0=1: The fannula is given by 

i [(x) .J dx=<,[(x. )+V(x,). 
I 1- x 2 

The method has four unknowns xo, x1.Ao.A, then mak ing the method exact for 

polynomials f (x) = l,x, x2 
,Xl we obtain: 

For [(x) = I we have i h =<,+A, or <, +A, =rr 
I 1_ x2 

For I (x) = x we have r x dx = ..loxo + A,x) or ..loxo + A,XI = 0 
I , .JI _ x' 

For I (x) = x 2 we have 

(I) 

(2) 

(3) 
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) 

For I(x) = Xl we have L ~l~ x2 dx = ~x~ + ;"X;I or ~x~ + ;"x~ = 0 

Now eliminating Ao from equation (2) and (4) above we gel 1 Xl - ), X x2 
- Oor " 11 '110-

A, XI(XI- XO)(Xl+XO)=O since A,;t O and xj:;txo we get ,'(1+ ,'('0= 0 orx1= - xO' 

If XI = 0 then from equation (2) above we get Xo = 0 since }"O ~ 0 we have 

(4) 

XI ;t 0 .Substituti ng in equation (2) above we get Ao = A, and substituting in equation ( I) 

, " . , I I above we get Ao = ''1 = - usmg (3) we get 2xo :: 1 or Xo = ± r::; and XI = :;: r::; .Hence 

the method is given by 

2 v2 v2 

I /(x) dx = " [/( - _I ) + / (_1 )]. 
l,~ 2 fi fi 

Error: The error constant is given by 

• 
1 x " 22 1r c= dx --[x +x ) = -
,~ 2 ° 1 40 v' l - x-

hence the error is given by 

R = c /''' (~) =..!:.-/'· ) (~).- I < ~ < I . 
• 4' 960 

(e) .T hree-poinl rule (formula) for n=2.The method is given by 

1 h dx = A-,/(Xo)+-',/(X' )+)"/(-', ) 
I l _x2 

the method has six unknowns xo. XI'X2'Ao,A,,~ then we can make the method exact 

, 'I I ' I . I /(x) - 1 X x 2 Xl X4 XS Then we get the rollowing systems or lor 10 owmg po ynomla s - ., , , , . 

equations: -
( I ). 

For /(x) = I 

(2). 

, , " 
1

X ,2J 2+).X= -
For f(x) = X l we have _~dx = l'''Oxo + ,,,XI "2 2 2 

I v1-x-

(3). 
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For I(x) = x3 we have i x' 
. .,Jt:;idx = Aox~ + A,x~ + ~x~ = 0 (4) . 

For I(x) = X4 we have (5). 

For lex) = X
S we have (6) 

Then solving the above six equations we get 

Hence the three points Gauss-Chebyshev quadrature fo rmula is given by 

i f(x) dx=!C[f(- .fj)+f(O)+f(.fj)] . 
I .,Jt:;i 3 2 2 

The error constant is given by 

f X 6 1C 27 27 
C= dx- - l-+O+-] 

I .,Jt:;i 3 64 64 

then using trigonometric substitution x = sinO we get 

C= E'in' (O)dO -
9

>r =!!.... f 32 32 

Hence the error is given by 

Cf(6) (~) tr/(6) (~) 
R = = .-I<~ < 1. 
, 61 23040 

, 
Example: _ Evaluate the integral 11(1- Xl )l cosxdx using: 

(a) . Gauss-Chebyshev one point rule: 

(b). Gauss-Chebyshev two-point rule: 

(c). Gauss-Chebyshev three-po int rule: 

, (I 2)2 2 
(I_X2)l COS X= _-psx now put !(x)=(I - x )cosx 

1- x · 
Solutions: Given 

Then 

(a). using the Gauss-Chebyshev one point fonnula we have 
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, 
1, (1- X' )2 co,xdx = 7rf(0) = ,,(1- O')co,O =" 

(b).using the Gauss-Chebyshev two-point formula we have 
, 

~ (l -x2 )2cosxdx= ~ (I_X1}2COSX 
1, 1, ~ dx = 

vl - x2 

,, [ / __ 1 I " I I 
2 (.fi)+ /(.fi)]=- [2(- )co,(- )]=059709 

224.fi' , 

(c).using Gauss-Chebyshev three-rule we have 
, 

I, (I -X2)'icosxdx= t, (I _X
2
)2C05X 1 1 I d, = 

vl - x2 

",f3 ,f3" I ,f3 
-3 [1(--2 )+ /(0)+ /(-2 )] =-[2(- )co'(- )+ 1I = I 13200 2 16 2 ' , 

1.3.3.3 Determination of nodes and weights through 

Orthogonal polynomials 

Now consider the quadrature formula 

1= r w(x)/(x)dx = t A.!. ( I AI ) ... 
Definition3: For a given weight function w ;[a,hl --t (0,00) let 

(p,q) = [ P(x)q(x)w(x)d" 

, 
Ilpll = (p, p)2 for p,q E n the mapping (",); n x n --t R defines an inner product on the 

space of all rea l polynomials n where in practice (.,.) is linear with respect to its 

arguments and (p,p» O forO ;tpe n . 

Definition4: Two polynomials p,q E n are caJled orthogonal with respect to the 

weight func tion if (p,q) = o. 

22 



Theorem: If x. ' s arc the zeros oran orthogon I I . a po ynomlal orthogonal with respect 

10 the weight function w(x) over [a, b) then the fa I (I 3 rmu a . 9) has degree of cxoctncss 

less than or equal to 2n+ I.Further A > 0 for k ::: 0 1 • • '···t n. 

Proo f: Let I (x) be a polynomial of degree less than or equal to 2n+ I. 

Let qn (x) be the Lagrange interpolating polynomial of degree less than or equal to 

n interpolating the data (x. ' I. ) for k = 0,1, ... , n 

• 
q.(x) = L: L,(x)f(x, ) 

.. 0 

with 

L ()= n .. ,(x) 
k x n (1) 

(x-x' )I I. ., (x,) 

The polynomial [f(x ) - q. (x)j has zeros al x. , x, , ... , x • . 

Hence it can be written as 

f (x) - q. (x) = P .. ,(x),. (x) (1.42) 

Where rn(x ) is a polynomial of degree at most n and P~.l (X. ) = 0 for k=O, 1 .. " n. 

Integrating (1.42) we get 

r w(x)[f(x) - q. (x)]dx = r w(x)P." (x) ,. (x)dx => r .. {x)f(x)dx = r w(x)q. (x)tl<+ r ",(x)" •. , (x),. (x ) 

Now the integral f ll'(x)p"' 1 (x)r.(x)dx =O if Pn+1 (x) is orthogonal polynolllini wilb respect 

to the weight funct ion to all polynomials of degree less than or equal to n .Then we have 

r w(x)f(x)dx = r w(x)q. (x)dx = i ! .J, 
, .0 

Where Ai = r w(x)L
k 
(x)dx hence (1.41) has degree of accuracy 2n+ I 

Observe that L~ (x) is a polynomial of degree less than or equal to 2n. Choosing 

I (x) = L~ (x ) and substituting in (1.41) we have 

(1.43) 
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1.3.3.3. 1 Gauss-Legendre formulas 

Now the Legendre polynomials can be obtained by using the Rodriguez's formula 

I d" 
P (x) = _ _ (x ' - I)" 

n n!2n dxn 

E I · (3x ' - I) (5x ' - lx) xamp es. Po (x) = I,p,(x) = x,p,(x) = , p, (x) = ctc .. . nre the 
2 2 

Gauss-Legendre polynomial s. The Nodes are the zeros of the Legendre polynomial s. 

(a). Two-point formula for n=2 

(3x' - I) 
Then we have P2(X) = hence setting 

2 

(3x' - I) I I 
p,(x) = O=> 2 = O=>x' =-fj ,x'= Jj ' 

. x - x, _,fj I 
The Lagrange fundamental po lynomials are I., (x) = -- - --2 (x - "'l::')' 

L,(x) = x - x, = fj (x+ _1 ) 
x,- x, 2 fj 

therefore 

The two-point fonnu la is given by 

Xo - X I ... Jj 
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I f(x)dx = /(--' )+f( , ) , Ii 1i 
(b). Three-poill/formula/or II ::::] 

In thi s case the nodes are the zeros of the Legendre' . , .>:(5::x--:' :--",lx:<) po ynomlil Pl(X) =-
2 

Setting P3(X) = 0 we obtain Xo = - II x = 0 x - {3 -,~ L f 'Is' 1 • 2 - 'Is ' lie agmngc undamcil lal 

Polynomials are 

A, = 1 L,,(x)dr =~ I x(x- lI)dx=~'3.=~ 
, 6 1, 'Is 6 l 9 

A, = 1 L,(x)dx = _2 I (x ' - ~)dx = _2(L~) = ~ 
, l 1, 5 l l 5 9 

A., = 1 L,(x)dx = ~ I x(x + lI)dx = 2. 
, 6 1 , 'Is 9 

Then the three-point Gauss-Legendre fo rmula is given by 

I f(x)dx=.!. [5f(_II)+ 8f( O) +5f( II)] 
1, 9 'Is 'Is 

now in general using the Rodri guez's formula we can obtain the zeros of the Legendre 

polynomial Pn{x) and also we can drive the correspondi ng Gauss-Legendre fannula. 

The weights of an (n+ I) po int-fonnula arc given by 

A - I p",(X) dr 
k - I (X-Xk )P~~)I(X!) 

where k = O,l •...• n. 
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1.3,3 ,3,2 Gauss-Chebyshev formulas 

The nodes oran (n+ l) Gauss·Chebyshev fonnula arc the foots oflhc Chebyshev 

I)olynomial 

T.",(x) = eos[(n + I)eos' xl = 0 

. , k" , (2k + I) =:>(n+ l)cos x. = (2 + 1)- ::::;) C05· x
t 

= It 
2 2(,,+ 1) 

hence 

(2k + I)" 
x. = eos[ I,k = 0,1, .. " " 

2(n + I) 

and the weights are given by 

I T."(x)d, ' k _ 0 I 
A. = l 'Jl - x1 )(x -x

t
)T:::(x

t
) Jor - " ... ,11. 

Example: 

(a). Two-poin t Gauss-Chebyshev formula for n=1 :-Now we have Ihm 

I I , h 'b )' (x) = 0 = 2X 2 - 1:::::) x = -- and x = ----r= and the wClg Is arc given y , , .fi ',;2 

T(x) I (2x' - I) I 
A" - i ' dx = 1 I 'x 

- ' ,.!I - x' (x-x,)T,"' (x, ) 'p(x+ .fi)(- 2 2) 

1 
__ 1 (x- .fi)dx =!.. 1 dx ='!.., 
-.fi 1,~ 2 1,P 2 

I T(x) I (2x' - I) 'Ix 
,1, - 1 ' dX= 1 1 ' 

- 'JI-x' (x-x,)T,"' (x,) 'P(.'-"J2)(2.fi) 

1 
_ 1 (x+ .fi)dx - !.. dx ='!.., 
- .fi 1, ~ - 2 l, J I-x' 2 

, Ch b h fann ula is given by Hence the two-pomt Gauss- e ys ev 

I /(x) x="[f(- ~)+/(~)I, 
J1 I _X l 2 ..;2 v2 
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1.3.3.3.3 Gauss-Lagueree Integration Methods 

Let lI'(x) = e-
x 

for x e [0,00) be the weight function then the integration methods orlne 

from 

/ ; [ e-' f(x)dx - i; )..f, 
, -0 

( I A4) 

arc called the Gauss-Laguerre Integration Methods.-The nodes X
t 

IS for k = 0,1,,,.,11 arc 

the roots of the Laguerre polynomials 

d n•
, 

L () ( I)'" , ( -, .. ') 
".1 x = - e dX"" e x . 

The Laguerre polynomials L,. (x) arc orthogonal with respect 10 Ihc weight function 

lI'(x) = e-.r on [0,00) that is r e-" LIII (x) L~ (x)dt = 0 for m ~ 11 

and the weight s are obtained from the relation 

[ 
eO, £".I X) 'I 

At = (I) .x 
(x - x, )L .. , (x, ) 

( l AS) 

Erro r tcrm:-The method in (1.42) given above is exact for polynomial s of degree up to 

2n+ I from ( 1.3.1) above the error tefm is given by 

Cr"""(' ) R = :J ., where O <~ <<<> 
, .. , (2n + 2)! 

and 
, 

C [ -' ''''dx ,, ). x "" = e x - t..,. t. ,., 
( I A6) 

is the error constant. 
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Derivation of Some Gauss-Laguerre Integration Methods 

(a). One-poinl Gauss-Laguerre formula for 0=0: Then L, (x) = 0 gives the node 

Xo = I and the corresponding weight is 

),,= r e"' dx = 1 

.Hence the one-point Gauss-Laguerre formula is give by 

r e"' f (x)dx = f( I). 

Erro r term: The formula is exact for polynomials of degree less than or equal 10 1 then 

by (1 .44) above the error constant is given by 

c= r x'e"' dx- )"x; = 1'(3) - 1 = 2'-1 = 2- 1 = 1 

hence the error term in the one-point fannula is given by 

R, = C!'~'i~) = ~ f'2) (~) 

where 0 < ~ <., by ( 1.45) above. 

(b).Two-poinl Gauss-Laguerre formul a fo r n=I:- The nodes arc the roots of 

L
2
{x) = x2 - 4x + 2 = 0 then solving thi s quadratic equation we get 

Xo = 2 - ./2, x, = 2 + fl, L
2
(x) = (x - xo)(x - Xl) and the corresponding we igh ts aTC given 

by 

)" = r e"' L, (x) dx= r e"'(X-X')dx= __ I_ le"' (x - x,)-e"'J!; = 2+ 
(x-xo)L,(I)(xo) (xo -x,) 2.fi 4 

2 
and 

_ r e"' 1-,(x) dx = r e"'(X-XO)dx= 2-.fi. 

A, - (xo - x,)L," '(x) (x , - xo) 4 

Hence the two-point Gauss-Lagueree fo rmula is given by 

r e"' f(X)dx =~[(2+.fi)f(2 -.fi)+(2 - 2)f(2 + 2)1· 

Erro r term : The formula is exact for po lynomials of degree 
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Jess than or equal to 3 then b (I 44) bo 
Y . a vc the crror conStant is given by 

C r -' -'d ( , , 1 , I = x e x- A,X, +.,x, ) = 24 -4"[4 '68 - 2J2 '48J21= 4. 

Hence the error term is given by 

Cj"'(') I 
R, = ' =_ ''''(') , 4! 6)" , o r O < ~ <oo. 

-, 
EXlllnpJc: Eva luate 1= f -' A •• us· Ih I . G 

~ Lng c wa-polnt auss-Lagucrrc fo rmula. 

Solution: Given f(x) = -I I 2 then using two-point formula given above we 
+x 

have r--,x~ - [(2+J2) J2 , +(2 - J2) I I ~ O . 64706 . e-' I { I } { } 
, I +x 4 1+ (2 - 2t 1+(2+ Ji)' 

1.3.3.3.4 Gauss-Hermite Integration Methods. 

, 
Lei w(x) = e-.r fo r x E (-«I,co) be the weight funclion then the integration methods of 

the form 

are called Gauss-Hermite integration methods. In thi s method the nodes x. 's for 

k = O,l , ... ,n are the roots of the Hermite po lynomials 

I '" ~ 
1)"'1 xl ( ( -,, ) 

H •• , (x) = (- e dr'" e 

Examples we have H, (x) = 2x, H,(x) = 2(2x' - I), H,(x) = 4(2x' - 3x) ele ... 

Now the Hermite polynomials arc orthogonal with respect to the weight function 

w(x) = e-.r1 on (-00,00) that is [e -Sl H., (x) H,, (x)dt =O rorm :;t.lI . 

The we ights are determined by 

( 1.47) 
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( 1.48) 

Error tcrm:- The method is exact for polynomials of degree up to 2n+1 hence the 

error tenn of the above method is given by 

R _ Cf""' '' (~) 
2n.2 - (2" + 2)! 

where -00 < ~ <00 and 

Derivation of Some Gauss-Hermite Formulas Expli ci tl y 

(a). O ne-point Gauss-Hermite formula for n=O:- We have " I(X) = O gives the node us 

Xo = 0 and the corresponding weight is given by 

Hence the one-point Gauss-Hermite fo rmula is given by 

Error term : The fonnu la is exact for polynomial s of degree less than or equal to I and 

hence the error constant is given by 

C = f .,x,2e-X1dt -lox; = 2 r x 2 e-~ l dx - O = 2 r x2e-,ldx since the integrand xle-·
l 

IS 

even now using substitution x2 = I we get the error constant as 

C = r/~e -' dl = r(~) = ..r,; (*) then the error term is given by 
2 2 

R = Cf(l) (~) = j; J(l)W for -<>O<~ <<>0. 
2 2! 4 

(b). Two-point Gauss-Hermite formula for n=I:- The nodes arc the roots or the 

d H ,(x) = (x - ", )(x - x,) .The corresponding weights arc given 
Hennitc polynomial an 

by 
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" An - [e- 4(x-x,)(x-x,) I , 
- ~ (x - x,)[4(x, - x,)] dx = - .fi (e-' (x - x,)d, = -*1 (' -"xdx _ x, 

and v2 
-" dx l - tr . --

2 

l _ [e-" 4(x-x,)(x _ x) I 
"1 - J dr - [ -, , ( tr 

• (x x, )[4(x,- x,) ] . -72 ~ e x -., , )d' =T 

Hence the two point Gauss-Hermite formu la' . b IS given y 

( -,,[( ) ,f; . I I e xdx =-t[( __ )+[( )1 
2 .fi 12 

Example: Evaluate 
-,' 

I = .c X l : x + ,dx using Gauss-Hermite two-point fOnlwla and 

determine the error term. 

S I . . I 
o utlOn . We have f(x) = 2 then using two-point fannula we get 

x +x+l 

I JJJ.5 Convergence of Gaussian Quadrature 

Methods 

In contrast to the Newton-cotes formula if I(x) is continuous and w(x) is any non 

negative integrable weight function on la, bJ then any desired degree of accuracy is 

obtained by using a sufficiently high order Gaussian quadrature formula. 

PrOD f: Let & > 0 be given and let p{x) be a polynomial of degree N such that 

Vex) -p(x)/ < c on (a, b] where p(x) ex ists by the Weierstrass approximation theorem . 

Now from t w(x)f(x)dx = I;'.f(x.) + R~ givcn above in (1.23) we havc 
J, h(l 
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R. = r w(x)f (x)dx - 't A, f(x , ) put E = R. then we have ,.., 

lEI = r w(x)f(x)dx-'t A.!, ,.., 

51! w(x) [J(x) - P(x)]d+ r ", x)p(x)d, - 't;,.l.i+ 't A. iP(X, ) - I. J .. (' ) 
hO 1-0 ~ 

If 211 + 1 ~ N thcn the second term on the ri ght side of (' ) is zero since it is exact for 

polynomials of degree less than or equal to 2,, + I .Then since the sum of the weights in 

any formula is the integral of the weight function over thc given interval by tnking 

I (x) = I and also since all the Gaussian we ights arc positive from ("') we have 

1£15 c [ w(x)dx + E f wex)dx = 21: r w(x)dr ... (") which proves the convergence of the 

method since E is arbitrarily small. Therefore using sequence of Gaussian formulns wi th 

increasing n wi ll lead to a convergent sequence of approximations. 

1.4 Composite Newton-Cotes Integrations Methods 

As the order of integration method 1= r f (x)dT ~ t Ak i , is increased the order of the . .., 
derivati ve in the error term in the methods also increases. 

For any numerical quadrature method to produce a meaningful results thesc highcr ordcr 

derivative remain cont inuous in the integral of integration. 

An alternative to obtain accurate results wh ile using lower order mcthods is the use of 

composite integration methods. - By subdividing the given intcrval [a,b J in to a number of 

subintervals and evaluate the integral in each subinterval by a part icular method. 
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1.4.1 The Composite Trapezoidal Rule 

Di vide the interval [a, bJ in to N subintervals each of length 11 = b - a then denote the 
N 

Where Xo = a,x~ = b and x, = xo+ ih for i =,I •..• n- 1 hence 

[ I (x )dx = [ 1 (X)dH f' / (x)dx + ... + f I(x)dx , . , 

then evaluat ing each of the integrals in (14.1) by trapezoidal rul e then we gel 

1= [ I (x )dx = ~[(fo + J, ) +(J, + 1, )+ ... (1.., + 1.)1 

( 1.49) 

(1.50) 

Where .r. = I (x}) fo r k = 0,1, .. .• n. The error in the integration method (14.2) becomes 

R, = _ !C [f"' (~,) + 1(2 ' (~, )+ ... + 112) (~.)J 
12 ( 1. 51) 

where -"",_I S ~, 5 x, for i = 1,2, ... , n .Now if j( 2) (X) is constunl for all x e /o,b] or i f 

I"' (~) = max 11(2) (x)l, a < ~ <b we can write (1.49) as IH,I S "II' I"' (~) since 
uSxg, 12 

,, = b - a we have IR,ls (b -~)' I"' (~) = (b - ;)"! 1(2) (~), ~ e 1(I,b l. 
n 12n I 

1.4.2 Composite Simpson's Rule 

In using the Simpson's rule of integration we need three nodes. Divide the interva l la, bl 

in to an even number of subintervals of equal length giving an odd num ber of nodes. If 

b - (I 
we divide the in terval [a,b} in to 2n sub interval s each of length II = ~ then we gCI 

- b x - x + ill i = I 2, ... ,211 - 1. Then 2n+1 nodes XO ,XI, . .. , X2~'XO = a, x2~ - , , - 0 ' , 
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1 = r I(x)dx = f /(x)dx+ £:1(X)'l, + ... + r:.'/(X)dx (1.52) 

Then evaluating each of the integrals on the ri ght hand side of(l.44) by Simpson's rule 

we gel 

1= r /(x)dX =~3[(f,+ 4.t;+I, ) +(f, + 4['+I,)+ .. . +(/ +4/ +/)1 
2 ~-1 2,,· 1 }" 

( 1.53) 

Hence the method in (1.53) is ca lled Simpson 's composite method (rule) and the error in 

the integration method in (1.51) becomes 

R - ii ' [I ") ") ( I -4) '- - 90 (~» )+ ···+I (~. ) I ... . ) 

where x2,. ! <~, < x2, for i = 1,2 •.. . ,n using / (4 )(1]) = ma.1( lf(~ ) (x)l. a < '1 <b we can ." .. 
wri te ( 1.46) in the 

form IR,I S nil' I" ) (~) = (b - a)' I': ) (~) = (b - a)' ii ' 1"' (" ), ,, E la ,b I. 
90 2880n 180 

Now since the number ofrequircd function calls for the composite Simpson's ru le is 

twice as high as for the composite Trapezoidal rule. However, for sufficiently smooth 

functions f the composite Simpson's rule is to be preferred since compared to the 

composite Trapezoidal rule, the accuracy is squared. 

1.5 Comparison of Newton-Cotes and Gaussian 

Quadrature Methods 

In Newton-Cotes integration methods: The negati ve weights occur when II C!: 8 thi s 

contradicts the idea that the integral is a limit or a sum or runctional values whose 

weights are only positive in value and the sum orthe absolute values orthe we ights 

exceeds the value b -a and thi s leads to an amplilication or round orr errors hence the 

Newton-Cotes formulas are used only for small values or n. 
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The nodes should be equall y spaced in the given interval (limit of integration). 

The weight Function is 1. 

In Gauss Quadrature Methods: Gauss derived a formula which uses the same number 

of funct ion va lues but with different spacing and gives better accuracy. 

The weights and the nodes of the Gauss·quadrature fonnula are symmetrical with respect 

to the middle point of the given interval. 

Gauss·Quadrature formulas were seldom used in practice before the advent of digita l 

computers. 

In Gauss·Quadrature formulas the nodes may not be equally spaced hence we re lax thi s 

restriction and try to choose the nodes as well as the we igh ts so as to maximize the order 

of integration method that is to maximize the degree for wh ich all polynomials arc 

exacll y inlegraled by /(/) = r w(x)f(x)d, ~ I .!.f(x.). 
' oO 

Al1 lhe we ights are positive. 

If a single quadrature formula of high order is to be used the case for using some 

Gaussian formula is very good the reason for this is that the Gaussian fOOllUlas achieve 

higher accuracy with the use of fewer nodes than Ncwton·Cotes methods. 
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Exam pie: Table of comparison of accuracy of Gaussian Quadrature and 

Cotes Quadrature (Closed) Formulas. 

ewton-

Order of Gauss-Legendre Newton-Cotes 

accuracy n Fonnula(Quadrature) Formula(Quadrature) 

3 

5 

7 

9 

Number of Error Number of Error 
nodes coeffic ients 

nodes coefficicllts 

2 I 3 I - --135 90 

3 I 5 I -- ---
15,701 15,120 

4 I 7 I -
3,472,875 3,06 1,800 

5 8.08 * 1 0-10 9 - 1.21+ 10-' 

Finally as Conclusion we have:-By comparing the integration 

rules of Newton-Cotes and Gaussian methods we find that computational efforts 

being equal but Gaussian Quadrature Methods yields the llloSI accurate results. 
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