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A BSTR ~ C r 

Th e thr ee-dimensional I sing model (301 M) nas bee n o ne of 

t he un solved prob12ms i n phys i cs . Pol ya kov ha s 5u9 gttte d lha t 

it may be poss ibl e ~ o solve this model vi a the ~ tring t h ~ o ry 

me t hods . The 301M in the cr1t ica l regi me c a n be a s s~~ed t 

co rresp on d t o the fermio n;c s tri ng whi c h s pans a 20 world - s heet. 

The 30 1M a lso co r r es po nds to the conv en t ion a l .2 a~d .4 La gran gia 

field t heori es . It can be s hown th a t the s cali ng di me nsions of 

these two an d three-d i men s ional fields a re pro portiona l. Th1 

co ns tant of prop ortio nality 1s he ur istic ally i dent i f ied with 

the Hausdor ff d i mens i on o f t he world- s hee t . Computer ca l cula t i o .. 

of t he Ha usd orff dime nsion a nd th e s caling dimens io ns of the 3D 

~on ventional fi e l d , the r esults of which are available in the 

literature . enable numer i cal evaluation of th e critic al exponen t! 

a and R 0 1 th e- I Si ng mo de l . These agre e wel l with expe rime nt al 

re <. ul t s. • • 

• 

.. 



The ISin g model first appe a r ed i n the thesis of Erns t 

!sin~ in 1925 . Th is mo de l was , of cou rse , one dime nsi ona l dn·, 

to Is1,19 ' : di sa ppointment. did not (xh ibit a phase transit io n. 

The t wo and t hree - dim ensi on a l Isi ng mOde l s are i ndeed only two 

of stat is t ic a l mode l s which und ergo pha se t r ans i t io ns . . 

The t wo- dim en si ona l Isi ng mode l wa s f irs t con si dered by 
• 

Peierls i n 1936. I n 1941. Kramers and . Wann;'er determined t he 

c rit i cal t emperature (the trans i tion point) by assuming it s 

ex istence. The year 1944 cou l d be thou gh t of . s the be gi n' ng 

of a new e ra in t he study of t he physics of phase trans 1ti ons. 

1n th is year , L. On s8g e r pr es ente d a paper in which it has been 

shown r ig oro us l y t hdt th e two -di mensional - Is ing mode l exh i bited 

a p ha~e transiti on . 

Th e part i ti on func ti on for the t wo-dimensio nal Is 1ng model 

was obtai ned by co nverti ng the model into a syste~ of fr ee 

Ma jorana fermio ns . This s hows that t he two-diMensional I s i ng 

model i s eq uiva l ent to a f ree quant um fie ld theory of 

fermi~l, s. l ,2 

3 ",I:!t hods. 

The model is also treated by using combi nato r ial 

The t hree-di1ftension al Isi ng model · (301M) still .e .. a ins , 

one of th e probl ems i n physics f or which no exact solut ions 

hav e be en pos sib l e yet. Even if th e partition fu nction ha s ' 

not bee n f oun d t he c r it ical expo nen t s have been det erm i ne d uy 

the se r ies an d r enorma l isat ion group methods. The val ues of 
) 

the cr it i cal ~xpo ne n t s ob t a ined i n this manner have been 



~o~pared ~ it h thos e obtained exp eri me nt al l y . Recent dev e l op· , 

me nts in the str in g theo ry h ~ ve l ed t o th e ex pec t at i on t hat the 

301 M migh t be solvdble in the nn t t oo dis t an t fu t ure by 

te r hni ques th at are be i ng de velop ed cu~rently. It , howev er , 

appear s that the current l e vel of de velo pme nt ha~ not ye t 

reach ed til e stage wh ere one cou ld appl y t he st r i ng t heory to 

c al c ula te the par ti ti on fu nc tion or even the c ritic al e xpon e nt s . 

Ho we ver . as we s hall se e, by a combi nat io n of the i deas of the 

s t r in g t heo ry with t he resu l ts of renormalisation gro up studie s 

one c ould pre dict s ome of t he cr i tical exponent s . 

Th i s paper i s organi ze d as f ol l ow s : 

--Chap ter 1 i s a re view of the 30 1M and i t s poss ible 

re prese nt at i on by th e s t ri ng theo ry . Of co ur se , here. we made 

use of ana l ogy to the two- dimens i onal Ising model in der iving 

the pa rti t io n f uncti on. Polya kov's i nter pretation is menti oned . 

Cha pt er B deal s with the b"sonic string . Also , i n th i s 

c hap t er. t he s uper symmetrised f o rm of th e string - th at is to 

say t he fe rmi onic s t r i ng - is consi de red. 

Ch apt er II I is • di scus s i on of the at t empts at the 

cal c ulat io n of th i -'- va l ue s of the critical exponent . In Chapter· 

IV we ha ve a s hort di scussion of the a9plication oro the re­

norma li zat ion group t~ t he Is ing model. 

A he uris t i c applica t i on of the ideas of the string model 

is mad e to so me re su l t of the renormaliza t i on group for cal cu­

la ting t he numerical va l ue s of t he c r itic al exp on ents . Th is 

is done in Chapt er V. Finally , we disc us s ' brie fl y t he resul ts 

and the f utu r e po s s ib jli t i e ~. 



CHAP fER I 

f/l[ I S I ; ~ 10DEL 

The t wo di~pnsional Isinq mod e l . 

w~ fin d i t conveni en t to start with the two-dl~e nsi o n ~l 

Isi ng model (2 0 1M) . The part iti on fu nction for t he 20 1M 

i s g i ven by · 

z • t 
(o • 

¥ 
e XP[ 8Ir O !O ~ + 6 ] 

±1 ) lS;6 • 
( 1.1) 

whe r e ~ is a l a tt ic e site an d th e ne i ghbori ng si t e s a r e 

i ndica t ed by the unit vecto r i . 

At l ow t em pe r a t ure (large 8) t he confi gur a t i on of t he 

t wo- dimen s i onal l at tic e is s uch t ha t al l s pin s are 

mutually ~ara l 1el . Whe n the te mp erat ure is increa sed 

slo wl y "d rop" f luc tu ! ions (i.e .. domain flu ct uat i o ns ) 

wi l l a ppe ar he re a nd t he r e . Al l s'r i ns i n a drop have a rever sed 

di r ec ti on a nd hen ce we ge t ant i par al lel spi n pairs alo ng 

th e per ip her y o f th e dro p. I t i s o bviou s fr om eoj . ( 1. 1 ) 

t ha t t he r e is e ne r gy l os s only alo ng t he pe r iph e r y of 

a drop : 

I a a -
x x~ (drop ) - - -

1: (J (J +6 
(g round ) !! t -

state 

we thus write z. r e -28L 
(drops) 

.. -2l • ( 1. 2) 

( I 3 ) 

* See Appe ndix A for a br i e f re vi ew of the a l geb ra i c 

me thods . 



- 4 -

where L is the peri pher a l 1~n9th and the summat i on i s 

ov er all pos s i ble dro l) s. 

In the above s um, eq . { I. 3). are included d i OP '; wh ich 

touc h ea ch ot he r at a point l i ke t hos e shown in the 

f i gure below. 

Supp ose we iden t i fy an ' i n t e r s e ct io n
3 

a s s hown in fig . 1a 
, 

The a bove fi gure i s th en e qui val e nt to a se t of t hr ee 

c los ed pa ths wh ic h coul d be t ra ce d pie cewi se cont inuou sly 

Wi th ea c h pa t h is a ssoci a t ed a weig ht in g f ac t o r 

( -1 ) "Q of i nt e r s ections 

+ - -+-- + + + + 
1 1 + 1 1 

" £(1) 

9J DO en % 
{J,} 

Fi g. 1. An i nt e r s ectio n poi nt and a gr a phi ca l r e pre se nta t i 
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~OW r if the re are v(p} inte r sect i on s in a c lo sed pa th. P, 

then we take into account th e we i ght (- 1 )v ( p) in 

eq. ( 1. 3) . Th e pa r tit i on f un ction th en become s 

Z • E e- Z8l (P)(_1 )v( p ) . 
(p ) 

whe re p labels a c l osed curve . 

Wit h t his brie f acc ount of the 201M we now pas s to 

th e 30 1M. 

1. 2. The t hree-dime nsio na l ISin g model . 

( I. 4) 

The drops in th e t hree -d imensio nal case a re bounded by 

t wo-dimensio nal s ur f ac e s . By goi ng thro ugh simi lar 

argume nt s as in the case of the 201M , one ha s the 

f ollowin g ex pres s ion for t he partition fun ction of th e 

301M: 

( 1. 5 ) 

1" which S l abels a clos ed surface who se a r ea i s A(S); 

I( S) is the total le ng th of the se lf -i nt e rs ec t ion l in e 

for t he surfac e S i n units of th e l atti ce parame ter . 

Eq . (1.5) h'a s ' bee n i nterpreted by Poly a koy in t er ms o f 

the string - theory l angua ge . An or dinary bosonic st ri ng 

cou l d be visualfzed as a coll ec tio n of f ree bosonic 

partons. Th ese partons are joi ned t ogether an d mov e 

tra nsversally to the s tr ing . On e parton gi ve s a 
- l co ntribu tion e LO t he par tition fun cti on whereas t he 

coll ection as a whole contributes e- A 
Her e Lis 
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identlficd a s thp l~, g th of a path tra ced out by ~ 

p~rto ~ n .no ti on. The motion of t he "colle ctio n" 

IS of c our~e the maticn of t he stri ng an d A is t he 

urea of the surface s pa nn ed by the stri ng' s motion . I n 

ge nera l . we could ha ve a swarm of st r i ng s , the i r mo t i on 

de scr i bi ng t opolog ic al s ur f ac e s . Suppos e no w t he 

par t on s c a rry s pin. Thi s gi ve s t hem f e r mion ic chara c t er 

a nd we may a ss i g n a f act o r ( ~l) v f rom e a ch pa r to n wher ea s 

th e s tr i ng , whic h is now e ndowe d wi th s pi n s tru c ture. 

acq ui res th e f a cto r ( - 1 )1 , On th e othe r ha nd , a s we 

s ha ll se e in the ne xt ch ap t e r, t he modes of t he fe r mi oni c 

st ring c arry a s pi n J. 

The se are t he r ea sons to be l ieve t ha t t he fer mioni c 

st r i ng theo ry de sc ri be s t he 301M. 
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CIi APlER II 

IHE STRIN G lH EO RY 

Among ext e nded obje c s which a re en do wed wi th some 

i nt erna l s truct ure one i s t he s t ri ng . A st r i ng co uld 

be visuali zed as a one- dimens io nal exte nde d re l a t i vist i c 

obj ect . It is poss ibl e to ima gi ne t he mo t i on of th is 

one - d i me ns i ona l e xte nded ob j ect in a Q- di mensi on a l 

spec e ti me . One then def in e s a f un c t i on a l in te gra l 

( t he act i on ) a nd s tu d i s th e dyn ami cs of the s t rin g. 

We begin with th e Namb u-Go t o a c t i on. 

11. 1 . The Namb u-Go to act i on 

let uS first say a fe w wor ds ab out a r e l a tiv i s ti c {f re e } 

poin t pa r ti c l e. A f ree po in t pa r t i cle mo vi ng i n 

s pdce time t r aces out a ti me -l i ke c ur e whic h i s kn own as 

a wor ld - l i ne. A s i ngl e var i abl e . say T , c oul d se r ve a s 

a pa rame t er of t he wor ld -l i ne and hen ce th e eq uat io n 

(1 1 . 1 ) 

desc r i be s the pos i tio n of t he par t i c l e on t he wor l d- li ne 

for e ac h sp e c if i ed va l ue of. . The rela t i vistic ac t i on 

is th en ta ken t o be pro porti ona l to th e len gth of t he 

path tr ave r se d bet ween g iven i nit ial a nd f inal val ue s of 

T . Tha t i s , 

( I I. ?) 
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wnere ( dX/d.t) 2 sta nd s for 

dX' 

CiT 
dX 
--' d, 

The Nambu - Goto act io n4 
15 a natura l generaliza t io n of 

t he ac t i on (1 1.2) to the one - dimensiona l exten ded 

object - the st r i ng . Co nsi de r a fi xed background spaceti me 

with coor dinates X~. ~ = 1, 2 , • • 4 • 0.0 being the space -

time d ime nsio n (we do not re str ic t ourselve s to t he 

Mi nkowski space) . A st r ing wh ich move s in this s pacetime 

swee ps out a bidime nsional su rface . As usual. we para­

metrize the bi dimen s ional s urface by , a 2 (T , a) . a • 0.1 . 

We call the bidimensional s urfac e a wor ld - sheet . 

let G be a me t ric for the background s pac et i me and 

'" let hab be th e world - shee t met ri c . The s e two metr ics , 

wh ich are second-rank tenso rs , a r e re la ted by the 

fa miliar transfo rmati on rule for tensors , i . e., 

h b cn = a x'a b xv G (X (,)) (1 1. 3) 
a a \J v 

The two~d i men s iona l s urfa ce spa nned between the i ni tial 

a nd final s hapes of the stri ng ha s the area 

(1 1.4 ) 

i n which h = det hab ' The Nam bu- Go to actio n i s tlle n 

pr oport ional t o th is 
4 

area : 

1 Jd2, Ai (II . 5a ) \ = -'!ilii' 
1 fd2t / _( l!)2(l!)2« l! a~ (II . 5b) = -~I 

3 i 30 aT 30 
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I n eq . ( II .5 b ) we made use of t hp tra ns for ma t ion ru le 

(IL 3 ) . 

Usi ng t he n o ta ti on~ 

ax • X ax • X' • 
aT 110 

we r ew r ite eq . ( 11.5b ) a s 

1 fd2~f ' 2' 2 SN • Tria' ( XX )2 -x x + ( 11 . 5e) 

The const ant T = 
1 1nQ. i s know n as t he stri ng t ens i on. 

The geomet r i cal constr uc tion of t hi s act i on i s respons i bl e 

for i nv a riance under repa rame t r i zation of t he worl d- s heet . 4 

The equ a t ion s of mot i on fo l l ow f r om t he act i on SN by 

usi ng the prin c i pl e of le a s t action . It t urn s ou t th a t 

a di ff e r ent s t ring ac t i on . whi c h we cons ider i n th e 

fol lowi ng sec t io n, give s th e sa me eq ua ti ons of mot ion . 

11 . 2. Po ly a kov ' s ac ti on an d qua nt i zation 

Quan t i zatio n become s manageable i f we use th e follo wi ng acti on 

5 - 1 f d 2 ,r:o ab G a XVa XV 
p ' ~ ~ 9 9 VV a b (1 1. 6) 

The me t ri c te ns or gab i n Po l yako y' s ac t io n is taken 

t o be an i nd e pendent dynamic a l var i ab l e. Th e co nform a l 

ga uge 

gab (~ ) • e~(~) ( ) 
ha b ~ • ( 1 1. 7) 
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whe re ~ i s arbitrary, connects the two metrics hab an d 

I n the litera tu re t he ba c kground metr i c G i s "V 
re~t ricted to the flat Minko wsk i me t r ic , G - n \.1,,- \.1\1 

the sa ke o f simpl ic i ty . 

f o r 

The discussion up t o now is true for a boso nic stri ng . 

A pa rticularly i nt eres t i ng class of s tring theorie s 

arise when the string i s endo wed with spi n structure. 

the s t r uc tur e of the string is e nri ched by the polari zation 

in fo rm at ion ca r ried by t he sp in s . As already mentioned 

such a st r i ng is bel ie ved to represent the 301M. 

For the moment. however , we proceed with the bo so nic 

str ing as gi ven by th e Polyakov action . eq . {Il . 6) . Th e 

pr oblem before calc ul ating the partition fun cti on was 

the quantization of t he ac t io n. The eq ua tion s of mo t jon 

wh ich foll ow from th e act l on ( 11 . 6) are see n to be 

invar i ant unde r t he tra nsformat i on g +e·g . This i s a 

co nformal ; nva ri an ce which i s c r ucia l in st ring theo ry . 

Th is s ymm~try mak es it poss ibl e for one to work in a 

par ti cul ar conformal ga uge. namely 

(1 1. 8) 

The poss i bil ity of this gauge ca n als o be see n from 

a we l l -k now theorem in diffe ren tial geometry w ~ic r 

sta tes tha t fo r a 20 r eal mani f ol d th e above gauge is 

permissible. Polyakov 5 perfo rmed t he qu a ntizatio n of 



the actlon ( I I . 6, by using the con f ormdl g~ugP JT 8) and 

illtegrat in g out Xu . His result was 

26·0 
48n + 2 2t] "e . 

( 11. 9) 

In eq ( IJ.9 ) u 1S a constant . The secon d t'!r/'ll is known 

to reoresent the l iou vi lle mode which is an aadition to 

the free mode. Thus we have a two ~dimensional qua ntum 

field theory with t he l i ou ville mode whic h nas not yet 

Dep. n solv ed . 

In order to be able t o use the string theory for our 

pur pose one need s to do the followings: 

( i) solve the Lio uvi l l e theo ry whi c h is twod i men s ional 

and renormalisable. 

(i i ) convert t he pur e ly bosonic theory. menti one d above . 

in~o a fermionic s tring the ory . 

Both of the above pr ocedure s are , of course , among the 

most re ce nt aspects of re search i n stri ng theory. 

We shall briefly i ndicate them in the follo wi ng. 

It is see n f rom eq. (II . 9) that the effect i ve actio n 

is nonze r o for 0 ! 26. For the Isi ng probl em we are 

now consideri ng 0 : 3 , so one has to find a way of 

treat i ng the l iouville mode. A r ecent proposal ha s 

been to attack the problem of the two dime nsional field 

theory with liouville mod e by casting it in a form 

th a t bars strong resemblan ce t o the two~d i mensional 

.. 
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Wess - Zumi no mode 16 . Th is mode l has alr eady been solved 

a nd the c r itical e xpo nent y was ca l cul a ted by this met hod 

fo r ce r tai n values of O. 

Th e problem i n do i ng th i s kind of calcu l a t ion wlth a 

f e rmioni c th eo ry is co ns i dera bl y mor e compl i ca t ed th an 

th a t wfth a bo son ic f i eld t heory, Sin ce t he 30 1M i s 

beli e ved t o be t he s ame as th e fermion i c th eory i t is 

ne ce s sary to co nver t the bo son i c th eo ry i ntQ th e 

f e r mioni c theory , and of cours e , t hi s conve r si on ha s 

al re ady bee n ca r r ie d out 7• The analyt ic pro ce dur e 

in vo l ved i n t he conver sio n i s wha t i s kn own as s uper -

symme t r is atio n and by thi s pr oce dur e t he eq uat i on for 

fe rm i ons corres po ndi ng t o eq{ II 9) ha s bee n fo und . Th e 

t heo ry e xpounde d in re f.7 ha s gi ven t he foll owing 

re su l t fo r t he s t ri nq c rit ic~l exp onent: 

y( O) = 
0- li / O - 0 )(9- 0) 

4 

I t is eas i l y se en that t he abo ve ex press ion gives a 

no nse nsic a l r es ult fo r our cas e , 0 = 3. For t he time 

be i ng . we si mply commen t t hat wi th subst an t ial mOdi fi­

cation of th i s a pp r oach we may ye t us e t hi s an a l ytic 

me t hod for ca l c'ulatin g t he cr iti cal ex pone nts of t he 

30 1M. 
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CH APTER III 

TH E MODEL OF TRIA NGULATED SUR FA CES 

In our d iscuss i on in chapter I we ha ve mentlon ed , when 

the te mperature is in crea se d from it s value T = 0 , that 

thr ee -dimen s io nal "dr ops " a ppea r in the spin sys tem. 

The su rf ac es of these drop s ca n be ap prox i mated by 

tria ngul ated ran do m su rface s . The model of t ri ang ulated 

r an dom s urfa ces may be def i nd as the co l le c tion of 

r an doml y co ns t ructed nei ghboring t r iangle s embedded in 

a D- d i men s ional eucli dean sp ace . We have ment io ned i n 

t he Introductio n that for re gula r l att ic e s the re is 

equiva l ence betwee n t he ISing model and Ma jorana ferm i on 

mode l ( r efs . 1, 2) - It ha s bee n conje ctu r ed that an 

equi va l ence relation between the two models wi th some 

prope r def i nitions occurs for an arbitrary s urf ace 

The tri angulated rand om s urfa ce model can be viewed 

5 as a sui tab le re pr ese nta t ion of Polyakov's strlng 



~ I udel where the integration over me tri cs is replaced 

by summation ov e r t rian gul ations . This summatlon has 

been car r ie d out by a combination of anal ytic and 

nume rica l me th ods and ha s been confi ned to "p urely" 

bo~onic surfaces . That i s no ac co un t has been taken 

of the ISing spins on the lattice . The problem with 

these boso ni c surfaces has been that the wor1dsheet 

be come s e xtre mel y r oug h a nd t he Ha usdorff di men s ion 

dF of t he surfa ce s pann ed by t he s tri ng has been fou nd 

t o t end infinity i n s ome ea rly work. 

Two app r oache s hav e bee n mad e to ove r co me t his difficu lty 

i n the mo del of tri an gula ted ra ndo m s urf ace . 9 • IO , ll 

The approa ch of r efs. 9 and 10 is to ta ke into account 

t he ext r i ns i c cur va t ur e of t he s urface . It a ppears that 

the incl usion of t he extr i ns i c curvatu r e t e rm improves 

the path o logical f ea t ures of a bosonic s urface In refs . 

11 a nd 12 th e model of triangu l ated r andom sur f ace end owe d 

wi th fer m i o~i c deg r ees of fr eedom has been di scussed Tn 

r ~f . 11 t he part i t i on f uncti on of the triangulated s ur face 

co nt a i ns I s in g va r ia bles whc ih now reside a t the vertices 

of t he triangulat ed s urface . In the same paper the author s 

ha ve don e numeric a l work to ca l cul a te the critical par amete rs 

A study of t abl e 1 of ref . 11 for th e t hree - dimensio nal ca se 

can giv e us some i dea of 6 , y a nd dF for t his model. Here S 

an d y ar e t he usua l c rit ical expo nents and dF is t he 

Hausdo r ff di men sion of the su r face . The val ues of 

e and ya re no t i n good ag reeme nt wi t h the va l ue s 
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sno~n in our table 1 (Chap t~r V). 

The numerical evaluation of the Ila usdortf dimension d F 

)lVeS us a handle to eval uate th e critical ~~ponents 

lndependently by using res u lts from renormalisdlion 

gro up cal cu l ations and he uristic notions about th e s tring 

theo r y . 
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CHAPTeR IV 

IHE R[ N ORMALI~ATIO N GROUP 

11ll' reI 'J rm ,l li Sdtion grC'lup theory 15 applicdblt> to Ivn 

ar eas of physic s as the relativistlc field theory Jlld 

tr"tlie al phenomena in statis ti cal mechanics . Ind eed, 

in s tat is tical mechanics th e theory ha s bpen eminently 

s ucc essful in calculati ng n ume r ica ll y the c r itical 

exponen t s by Inak in q use ot the sca ling ideas . 11 Also. 

in its field theory i nca r na t ion . the renormalisation 
14 

grouD ha s been used t o st udy t ritl ea l phenompna It 

wa s early pointed out by K. lh IsDn, \,Iho ildVdflc ed tne 

re nor malisation group theory , that hoth the ~2 a nd 

tneories ca n be used to rep r e se nt the J ~ 1ng mode l in 

thp con tinu um l imit. St r ong a rgument s hav e been given 

w hic~ i ndi cat e that the l ong-di stan ce pr ope rties of 

physica l sys t ens ~uc h as ferromagnets . f lui ds , bindry 

l ~i x tur e s in the nr i qh borhoad of a s eco nd orde r phose 

tr an s ition can b e described by a co ~ti nuou s Euclldean 

field theory 

Systems whi ch we meet both i n stat isti ca l mechanics dnd 

quan tu m fie ld the or y consist of infinite degre e s of 

freedom This 1S un derstood be ca use in the former case 

systems like the Ising model are tre a ted in the 

t he rmodynam ic li mi t where th e ir s i ze is very l arg'> . 

and in th e lalt el the fieldS o(x) assume val ues at each 

~pa(e time point so that even in a very small regi on of 



_ 17 _ 

~ p ac et'm c t here are i nfi nite degre es of f r r ed on . In 

both C ase ~ ~ tdn d ar d tecnni que s o f Gr ee n f', nclio n, 

Fe ynman Jiagldms e t c ar e used Th e~ e te c hn l ques m~y 

be del' ived f r om fUncti onal integr a l 'S with weight eX ,:l ( i S) 

in qua ntum field theory and exp ( - ~ H) in s tatisti cal 

mechanics. Fo r inst ance . consid e r a scalar field the ory 

described by the lagrangian de rlsi ty 

L ( , ) 
4 

~ , !" ~)2 + V( ~) 
\l = I \1 

( I V I) 

One can see that Feynman rule s can be derived from the 

positive \~ ei9ht 

exp { - \d
4

x( t ~. " w $)2 + V($))} . 

" ~ 1 

Sr> vc ra i properties of quan tum field theory may be 

u~derstoo d through this con nection , bu t i t is near 

(IV.2 ) 

the cri t ical point that we e xp ect the similarities t o 

be more apparent. Let us co nsider a periodic latti ce 

wlth lattice spacing a . At each lattice site U we have 

o dis c rete variable Sn 

(In Cha pte r I we have indicated Lattice site s by ~ 

Here we prefer to use ~) A spi n at a given sit e int e r act~. 

wi th its immediate neighbors. The ran ge of correla t i on 

bet ween spins i ncreases when we approach the c r i t ic a l 

point . (Mathematically . the criti ca l regime is c h a ra c t e r' z~ 

by the sing ularitie s o f th e th e rmodyna mic f un ct i ons such 

a~ specific heat dn d magneti c s uc ce ptib i lity ) . In f act . 
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a sy5tem a t til p cril i ed! pOlnt has 10 lnflnite ro .. rt- 0' iJn 

I('ngth . a fact " upport ed by the ... ca ling hypath sis . ,'-led' 

the cr i tical point the correlation length, denoter! hy T, 

is not i nfin i tp bllt is much much larg er tl,a n the latti~e 

sr dc ing . In thi s ca se dptailed mic r oscopic i n teldction" 

whose sca le i s of the o rd e r of the l atti ce s pa ci nq, orf 

irreleva nt in a co r r ec t exp l a nat i on of critical phe nomena . 

and we ca n re pl ace the discre t e va r iab l es by con ti nu ous 

one s (the equiva l ent of a f i e ld. in OFT) by Averag ing o~~r 

reg i ons wh ose s i ze i s ve ry sm all co mpar ed to t but s till 

la r ge wi th respect to the lattice s pacing b. 

It has been pOl nted ou t that t he obse r ved c ri tical 

c har~ c t e r s are large scale ph en ome na This mean s th at 

the flu ct uation s near the c r iti ca l poi n t involve wav e -

len~ths which a r e at lea s t of th e or der of a. To pu t 

it i n a dif f e r e nt way , one nee ds to co nsider onl y th ose 

spin f l uct uat i on s S(~) whos e wave num ber k i s less than 

a certai n cu t -off value A. 
- 1 The min im um l engt h ~ is a 

bas i c eleme nt o f t he re nor ma li sat io n gr oup. 

~e star t fr om the ~ 4 theor y and se e how the cu t- off A i: 

introduced in t he re norma li sa t io n proc ed ur e . 

As al r ea dy me nti oned we ca n re pr ese nt the Isi ng mode l 
2 4 

in the critica l regi me by the. an d ~ theory. In 

eq . (IV. 1) we c an write the fun ct io n V(t ) expli ci tly an d 

L 0 

2 
(a .( x)) 

" 
2 2 _lmt(x) -

4 
, ~ (x) . 
4! 

( IV. 3) 
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where the coupli ng constant \ describes t he sell-

intira rtior. . " t • , e ry to underst~nd how the renorm~ ltdtion 

proteau r e I S applie d via th e rpynman rIJ1~c; . 

In qua ntum f iel d theory the Green fun e ion in c"ordindlP 

SPdce is given by the vacuum e xpe c tation value of the tlm( 

order ed prod uc t of fie ld ope r ato r s t(x} 

tra ns for m of th i s Gr ee n functi on i s 

The rouriet 

( I V . 4 ) 

where the p ' s are momen ta of particl es involved in t~e 

in t erac t io n . 

If G{n } i::. expand e d in pO~/er s of the co u~ llng cons ta nt 

A. the rul e is to wr it e down all possible con nected 9ra ph ~ 

with n e xter nal l i ne s and a ny number of in t er nal lines , 

called pr opagato r s , joined togethe r by (our- ;.oint vert ice 

The various lines have momenta assigned to them by lettin 

t he exte rn a l line s ca rry th e mome nta Pl and insisting 

that momentum be conserved at each ve rtex. This leaves 

a certai n nu mbe r of i nte r nal l oop momenta whi ch must be 

integ ra t ed ove r Furthe r the i n t eg ration over i nt er nal 

momenta mu st !o ver only true ly independent co nf iguration( 

Belo w are give n ~raphic al eleme nts and t hei r ma t hematical 

eq ui valent acc or ding to Feynm an rules 

Pro,J agator: i 

+ 1 c 
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Ve rte x: - i } 

lo op inte gration: 

It is convenie n t to int r oduce the notion of d o ne-pa r t.i 1(> 

Green funetlan r{ o ) corresponding t o G{n ) by thr owi ng 

aw ay all gra~hs which decompose into t wo disconne c ted 

pieces on c ult in g one interna l propagator and then 

r emov i ng th e e xt ern a l pr op agator fro m what remaln s . 

We t ry to understa nd wh y some r enormalisation procedure 

is ne e de d t o m~kc sen s e of ttle above rules let a 

par ti c ul a r gr ap h of r (o ) ha ve n external line s , r Intern a l 

lines an d p vertices. Then the number of lnd~pendent 

in t e rnal mo me n t a, K; . ~/ h ich must be inte~rated over i s 

(I V. S ) 

One th en writes the general form of r(o) as 

fr (>-_ '-m-2-, -i-' ) 
J . f J 

I I V 6 ) 

I n eq ( I V 6) each ' j is 

exter nal mome nta and the 

a li near combination of th e 

lo op mome nta . The naive over-all 

degree of divergence of this integral i s 

D(I )" 4L-21 ( I V i) 



It has been sh own t hat this inte gral or its subin eg ral 

diverges f or n = 2. 4 . The problem is to make 

so me sense of these diverge nt int egral~. 

In 
4 ~ t heory it is kno wn that the o v er~dll degre e of 

divergence of r (n) ;s posit i ve fo r fin ite n and i s a 

fu nc t i on of the exte r na l lines an d not of the ord e r 1n 

~ . The spaceti me di men sio na l i t y of a theory al so 

determine s wh ethe r th e th eory i s re normalisable or not. 

In orde r t o obta i n t he r e normali s ation gro up equat io n 

we hav e t o l earn how t o de fi ne th e ren ormalization point s , 

t he po i nt s whe re t he diverge nces are s ubtracted out. 

One metho d is the so called mult i plica ive renormalisation 

Here one pr oc eeds in two steps 
First , the propagator s 

are modified so as to make them van i sh so rapidly at 

i nflnity so that al l loop integrations are expl ic itly 

conve r gent . For inst an ce . one might make the replacement 

1 -, 
2 2 r - m 

2 
(p -

~ , the dlvergent expression for tne 
In the limit II 
Feynman graph is recovered. On the ot her hand. it is 

a rgu ed that since the divergence s are associa t p.d wit h 
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just a finite number of Green functio ns in 
4 

~ theory, 

they might be re moved by adding cou nter terms t o t ne 

at"igi nal lagrangian density. i e., 

lt l + 6l , 

where l is gi ven by eq IV. ) and 

61 

2 

( I V A J 

It is i mag i ned th a t oZ, 6m, oA al l diverge as A ~ - in 

such a way that t he divergence s due to loop i ntegrations 

are pr ecise l y cance lled . Si nce l t 6 L ha s t he sa me form 

as l t he divergence analy s is remai ns the sa me. We expect 

the di ve r ge nce ca ncellation schemp to be self co nsistent 

If we combi ne like t erm s in eqs (tV 3) and ( IV. S) and 

re sca l e t~e field we get 

~ R12 <>0
2 

" 0 

), 0 41 4 

4! 0 

(I V.9) 

We note here t ha t an y ar bitrary r esc al in g of th e f ie ld 

<> i n the ki ne t ic t e rm i s i nCOn Se qu en t ial . The quantities 

.0' mo an d '0 ace cefe r r ed to as t he bace fje l d , bare ma ss 

a nd bare co upl in g constant . r e spectively 

gi ven by 

m~ ~ (m2 + 6m
2

)1 . 

'0 ~ (l + 6,)1
2

, 

They are 



• = .Z-l 
'0 

The Green functions 

calcu l ated from t he lagrangia n (:v 9) are related to the 

finite Green funct i ons 

Of fini te parameter s by 

(IV 10) 

We omi t ted the momenta p for simplicity. 

We no W introduce the cut-of f h expl i c itly. Of cour se, 

the bare pa ramete rs A and m as well a s th e parameter Z 
o 0 

are A- dependent and diverge when II ~ cD , The finite 

parame t ers a re preciSely defined in theo ry . 

Eq. ( IV. 10) ca n be r ewritten expl i citly as 

. (n)(, 
o · 

, ) ,( n ) 
• 0 

(lV.l1 ) p . v) . 

where, for s implicity, we ig nor e the renormali s atlO
n 

Of 

mass. The new pa ra me t er \.I introduced in eq. (IV.ll) . is 

cal led th e r e normal i sation point. The coupling constant 

~ depends on the renormalizatiOn point: 



, 
I 

, 
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WIlen th e limit ft ~ ~ i s take n, l is s up posed a appro!Ch 

" func t i on of 

COrls t ant l(joI} 

al one whic h is called the run I lng coupling 

The enti r e con t ent of eq.(IV.l1) rf>sts 'JII 

the c hoice of argument s in the variou s functions Jn d the 

a~sert ;on that r( n) and A. m approa ch finite limits ~s 

A • ~ wh ile r( n) Z and ! • • 0 • 
m may diverg e.'Wc not(' that 

o 

t he right-ha nd s id e of eq . (IV . ") does not dppend on the 

pa r ame ter u . and taking the derivative wit h r e spect 0 II 

g iv es 

or 

dZ _ In ) 
- r 
d" 

+ ~ 15,( n))zn/1 • 0 
3 1.1 H 

wh ic h, af ter multiplyin g by u and ca ncelling Z" /2 , 

becomes 

n d a 
( Z u ~ lnZ + u~ + • 0 

We introduce two dimen sio nle s s factor s B and ~ via 

the definilions 

(IV . 12) 

We no w write the renormalisation group eq ua ti on in terms 

of ~ an d A: 



, 

- , ~ -

'J + + 
n - In) 1 'I) .. (" q .0 (rv.13) 

f he i n f r a -red zero of A i s de f i re d by 

and w. t he exponent t ha t govern s th e leading co rrec ti on 

to scaling theory . ls rle fined by 

a IT 8(» 1 = w 
~ ::: ), * 

By furthe r an a ly s is ,n umeri ca l and other wi se. t he c riti ca l , , 
e xp one nts have bee n cal cu lated for ~ and. th eor ies . 

We howe ve r re str ic t our selve s in th e followi ng to an 

i nve s tigati on o f how by u s ing' t he i dea s o f stri ng the 

wi t h s ome inpu t f r om t he re normali sati on grou p the c ri t i c al 

e xp onent s ca n be ca l cu lated. 
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CHAPTfR 'I 

CAL CUI AnO N OF CR ITICAL EXPONENTS 

We hav e seen i n Chapt e r I I thal fo r 0:3 the cri t ica l 

expo nents can not be cal culate d at the present level 

of de vel opment of th e st r in g theory . As mention ed i n 

Chapter I I I the inc l usion of the extrinsi c cur va tur e 

t e r m in the fermion;c st ring theory is possibly on e way 

t o proc eed in th is ma t ter . We s hall. ho wev e r, content 

oUrS el ve s by doing ca l culations l ess rig orou sl y an d by 

apply in g heur i stic ally id eas fr om the previous chapters . 

Befo re we go di rect l y t o t he cal cula tio ns , we f ind it 

approp r iate to r e view so me im porta nt aspects of c r itica l 

be havior We do t his i n the f ol lowing sect ion. 

V. l. Revie w of cr it ica l phenomena and scaling hypothe s i s , 

There a r e many mater i al s wh ose s tati stica l fe a ture can 

be expl ained by studying the Isi ng model . let us , f or 

in s tanCe, cons ider a ferrom agne tic s ample At a parti~ 

cular temperature T=Tc ' ca lled the c ri tica l temperatur e . 

the s ample und e rgoe s a pha Se tra ns it i on , i . e., it s s t at e 

ch anges f r om f e rr omagnetic to pa ra magne i c or vice v e r ~a 

ac cordi ng as T is be l ow or above Tc · Below Tc t he r e 

is a spontaneou s mag netiz ati on , but abov e Tc ther e i s 

not Ps men tioned i n Chapter IV. t he phase tran sitio n is 

character i zed by th e sing ular itie s of some observab l e 
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thermo dynami c quant i t l es at th~ criti cal t Pmp PI'a t ,lrp 

All di ve r ge nce s oCLuri ng a t T=T are crit ' ca ' behavI ors c 

and are ex p la I ned by the t heo ry of critical phenome na 

The amount of or deri ng wh ich i~ buil t up 1n the regime 

of T=Tc is mea su re d by t he order parameter whi ch . iri the 

case of fer rom agnets . i s the sp ontaneou s magn e tizati on 

Very near the c r itical point Mo( T) behaves like 

as t .. 0 

where t -' T - Te . dB ' f th . t' 1 t = an 1S one 0 e crl lea ex po nen s' ,-
e 

SuCh a power ·l aw behavior s t ems from the idea of scaling 

Let uS see the critical beha vio r s of some other quantiti es . 

The ma 0netic suscept i bility 

x( t ) = aM(H .Tll 
aR H = 0 

0+ as t .... 

as t .... 0 

the prime over y distingu is heS exponent s bel ow and abov e 

Tc ' Similar l y , the critical exponent Q cha r ac teri zes 

the specific heat at con s tant volume near Tc: 

as t .... 0+ 
C (T) v as t .... 0 

A very important quantity in critical phenomena i s the 

co rrelation length ~( T). Its criti cal behavior is 

governed by the cri tic al exponent v . i.e ,. 
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«(T ) ,C:,-V' as t .. 0 

(We have alread y s een the symb o, ~ as w orld-s~ e ~ 

parameter . The d ~ ffe r ence is und er s t ood.) 

In ad di ti on to the above cr iti ca l expo nents we have two 

more , " amel y t he cri t ica l expo nent s for magne tizati on ~ , 

an d fo r correlati on fun c tion ~ To tal ly . th ere are nine 

c ri ti ca l ex pon en ts . These exp onent s are not all ind epen -

de nt: the scaling hy po thesis predi c ts certa in re latio ns 

bet ween t hem. We Si mpl y write do wn the sc aling pred i c-

tions . (F or the derivation see Appendix B) 

y : 8 ( &-1 ) y 'y 
, 

2 , a + 28 + 
, 

Y , a , , 
a , 

(2-n) v , , , 
y , v v , 

Ov : 2- a . 

where D is th e di mensi onal i ty of th e sy s tem . 

V. 2 . Ca lculations 

Bilal and Gervais'S tried to con nect critical behav io r s 

I n two and th ree d imen sio ns . He r e th eir approa c h i s of 

hel p to us . As be fo re we consider a two-dimensiona l 

world - s heet embedded in a three-dimensional s pace , Then , 

th e basic idea in this appro ach ;s that. due t o quantum 

fl uctuations of th e string position operator s x ~ , the 

corre s pondi ng two-dimen s ion al world- sheet embedded in 

t he t hre e-dimensional sp ace is cer tainly very ir regu l a r 



tor t he mos t importan t string c onf ~ gura tions. Such an 

irr~g u la r s tr in g surf ac e may po ssibily hav e a nont r ivia l 

Hau sdorff di nlension i n th e l arge di ~ tance limit. Now 

i magin e mea s uri ng the di s tanc e between two poi nt s in the 

worl d-she e t . The th r ee-dimensional distance an d t he 

para mete r- space distance are rel ated t hrough tile gen e,"a l 

form 

I 

3 [ " <E X (,,) -

, -
',) J r.r,: ( V 1 ) 

\J :: 1 

whe~" tl and '2a r e th e parameter s of the world- s heet , 

d
F 

the Hausdor f f dimension of t he wo r ld-sheet. The lef t ­

hand side of eq . (V.l) is th e square of the e uclidean 

norm i n three dimensions . The fluctuation s have been 

smoothed out by t ak i ng some qua nt um average over the 

X _ field ~ Similarly , t he righ t-han d side co ntains t~ e 

square of the t wo- dimension a l euclidean no rm. Hereaf te r, 

we shall denote the no rms s im ply by verti cal bars 

Let us consider the critical featu re s of the 301M i n t e rm 
, of the 41 field th eory i n th r ee dimen s ion s . ie , we 

take the fie l d operato r s 

where XIJ is a poi nt in the three-dimensio nal euclidean 

space . 
We now take the follow i ng la r ge distanCe beha vi ol 

_, d 

, l(X, i.P(X , ) > - iX, - X,i 
( V • 2 ) 
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.... here d is defined to be the Wilson scaling dimension 

ot" ,P which ari!! the sea ing operators of the thr ee ­

dilllen sioua l th£ory. and p. appea ring on the left-hand 

$iJe. i s an integer. Th three-dime nsional fermionic 

string the ory may be regarded fo rmall y as def ining an 

emb eddlng of the tw o-dime nsional worl d- she e t i nto the 

three - dim en s ional s pa ce. tha t i s . we ha ve the mapping 

We ha ve me nti oned ¢p(x) as th e sc aling ope rators in 

three-dimensional theory. The inverse of th e mapping 

just men ti oned may be assume d to co nvert these oper a to rs 

into pr im ary fie l ds in t he world - s hee t. Thus unde r t his 

as sump t ion ~p(~) is as much a field i n th e two -dimensional 

wo rld -sheet as X ( ( ) is I f 

and fur th er i f ~p«) are 

i n two dimensiona l quantUM 

have 

th;S ass umption i s correct 

conside red as primary f iel ds 

fie 1 d theo ry. t hen 

-2 6 
'·1 ( -( 1 1 2 

we a 1 so 

(V 3 ) 

where 6 ;s by definiti on one of the sca ling dimensions of 

the two _dimensional fie l d t heo ry . Bj co mbi nin g eqs 

(i . 1) . (V. 2) and ( V.3 ) we get 
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As merlt"oled in Chapter Il l, t he value of the Hau sdo rff 

dimenslon dF for the fermionic surf acp calCula ted 

numerical l y is in the range 7.3 t 0 2 to 8. 3 ± 0 . 4, 

Since t he Hau s do r ff dime nsio n for a pu re l y boso nic 

s ur fa c e has be en fo und to be 8 . 3 ± 0 I , i t appea r s 

pr obab l e that the ac tu a l dF fo r t he fe rmio nic sur f ace 

is clo ser to 7.3 tha n t o 8 . 3 For calculat i ng the 

crt tical ex ponents we prefer to tak e dr :: 7 3 \~e also 

have the va l ues of d , t he Wi l son scali ng d i me ns i on , 

calculated 16 for th e ~2 a nd ~ 4 t heo r ies by Br ez in a nd 

14 Coworke r s • 

1 
= 0 - - • 

v 
(V 5 ) 

for a ge ne r a l spac e time dimens i on O. He re w gi ve s t he 

co r rection t o sca l in g and v i s a c ri tical expo ne nt . 

Nume r ic a l ca lcul a ti ons for 0 = 3 by the same me thods giv2 

w = 0.B 1 and v = 0 . 631. 

Us in g these values in eqs . (V . S) . t ogelher with 0 = 3 , 

we obta in 

( 4 ) 3 81 d(,2), 1.41 5 d. ' .. . (V . 6 ) 

No w usi ng eq. (V. 4) we ob t ai n two values of 6 fo r 
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1

= 1. 410 

62 = 0.5237 
( V. 7) 

AS ~e have alre ad y menti one d 6 and 6 b' . • 1 2 can e ldent 1 fied 

with th e scali ng dImen s i ons of the t d' . wo- lmen s l onal 

con f or Mal quantum field theory . It;s interesting tha t 

the a l most heuristic ar gument s given above enables us 

t o obtain from the three-diMensional scal i ng dime nsion s 

t he two -d i mens i onal scaling dimensions via the string 

pi ctu r e . 

We use no w the standa r d scaling relations 16 , 17 

(V. 3) D 2 6 1 B = • = 
D 

In the above relat ions Q and S are, respectively , t he 

specif ic heat and sp ontaneou s magne ti zat i on cr iti ca l 

exponents 

In th e o r igi nal work ' of F is her 16 0 , and 62 a re, re s pec t i "~­

t he s caling , dimens i on s of the energy density and magn e t i -

z at ion fields . In e q . (V .l) above we have derive d 6, and 

02 as the sca lin g dimensions of the 20 *4_ and *2 - f ield 

theories re specti vely . By this i nden t ificat io n we have 

ta c it l y assumed t he .4 and .2 theories to correspond to 

the en ergy density and magn etizati on fields. res pec tiv el y. 

In the discussions that were given by Wil son
13 

re gafd inS 

the correspondence betw ee n the Isi ng mod el ancl the lagranglarl 

fie ld theories . 2 _ f i eld was identified wit h t he Isi ng 



model i n the continuum 1 imit At a hi gne r le vel of app r ox-
4 

imat i on ¢I - the ory was als o identified with t he ISi ng model. 

I t i s . however. obvio us tha t wh i le ~2 _ th ~ eory co nta in s only 

the Ki ne tic e ne rg y term , the ~4 _ theory co ntain s a self-

i nteract i on t e r m. Thu s an "d t"f" " 2 I 1 e n 1 l ca tlon of t he ~ - theo rJ 

with onl y the ma gn etiz a t i on field and of t he .4 _ t heory wi t~ 

the e ne r gy de nsity fie l d ap pe ar s phy s ica lly re as ona ble . Thi'. 

is wha t we have done in ca lc ul at i ng a and 6 by us ing eqs . 

(V.7) and ( V .B) 

0= 0 . 113 , a = 0 . 329 

Ye have a l so calc ulated the values of Q an d S using 

d
F 

= 8.3 j us t f or t he sa ke of compa r iso n . As we have 

me nt io ned be f ore i n Chapter III ea r l y work on the bo soni c 

su rfa ce gave ve ry l a r ge Hausdorff di men sio ns whil e th e 

lat e s t work ( ref .l l) gave th e above valu e o f dF' Of the 

t wo set s of r esul t s available for the fermi onic surf ace 

i n ref . 11 t he hi ghe r one coincides wit h the above va lua 

while t he lo wer on e i s 7 . 3 . Co ns id ering t hi s c i rc um::t an re 

a nd in agreeme nt with t he gener al belief th at t he Haus dor( r 

di me nsion o f t he fe r mio ni c su rf ac e sho uld be less t han 

t ha t boso nic su rf ac e , we e xp ect 7.3 t o be th e more cor re ct 

va l ue a nd of i nt e res t to us. 

The va l ues o f a a nd S calculoteJ ~l th dF = 8 3 ar e 

Q: = 0 . 212, a = 0. 293. As show n i n Table th e agr eene nt 

'wi th othe r kno wn val ues i s le s s satisfac to ry t han t hat 

wi th d F = 7.3 " 



The table bel ow compa res our re su l t s with re s ul t s obt ai ned by 

othe r methods . 

Tab le 1 

~~itica l Ex pt . 301 M . 4 mode l Ou r resu l ts 
ex po nen t 

se rie s RG 0 ~ 3 dF ~ 7 . 3 dF ~ 8 .3 
ex p -

, 0 - 0 . 2 0 . 125 0 . 08 O. 1 7 0 . 113 0 212 

S 0.3 - 0 . 4 0 , 313 0 .34 0 . 33 0 . 329 o 193 
I 

Source : H Ey r i ng , St atis ti ca l Mec hani cs and dy nam i cs , 

Wil ey Int e rscience . Ne w York. 1982 

2d ed , 
P. 475 . 

L.E . P. eic hl , A Mo de rn Co urs e i n Stat i st i cal Physics . Un iv er s ity 
o f Te xas Pre ss , Aust in , 1980 , P 344. 

The oth e r e xponent s co uld be ca l cul at ed by usin g t he sca l i ng 

re l atio ns men t io ne d previ ous ly . 

In conc lusi on , we hav e ca l culated t he c ritic al exponent s a and 
S by usi ng h e u r i ~ ti noti ons of t he st ri ng t heory . Of course, 

these expone nts have bee n calcu l ated be f ore by ot her me thod s 
wi t h grea t accu racy , eq ., se ries e xp an s io n and re normal i sation 

gr oup . However , th e se me t hods are not capabl e of cal culati ng 

t he free e nerg y . The re; s a ho pe t hat the free en er gy can 
ev en t ua lly be c al cu late d by t he s tr i ng th eory ap proa ch If that 
be comes poss ibl e, i t will be a great achie ve men t of this th eory 

. 



- j!) -

AP PENDIX A 

THE TWO-DIMENSIO NAL ISING MODE L 

In tlli s app e ndix we briefly review the a nal yti c method s 

u3ed t o so l ve the 201M in the a bse nce of an e~ternal mag neti c 

f i el d . 

(a) The par tition func t ion in terms of the I s ing vari ables . 

con s ider an N X M sq uare latti ce At each latti ce site 

we hav e an ISi ng spin interacting wi th its ne arest 

neighbors Th e Ham il tonian of the sp i n system is the n 

H('II . " NM) = -J I ,· • I • nm n+ , m -J roo 2 nm n . m+l , (A. I ) 

where t he 0nm's are the ISing variabl es each taking the 

value s ±l . J l and J 2 are , re s pect i vely, the vert ical an d 

horizontal interaction s trength s. ~e now write the 

parti tio n fun c t io n: 

Z = r 
'11 = ±1 

• •• 1: 
= ± I 

expl - SH(· II, · · · "NM ) ) 

( b) Tr ansformation to Paul i sp in ma tri ces 

( A. 2 ) 

A vit al observation shows t hat the partition function 

( A.2 ) i s the t ra ce of t he Nth power of a l ran sf!r matrix 

V. The t ran s fer matrix can convenient l y be expres sed i n 

te r ms of Pau li spin matri ces : t X,TY,t
Z an d the unit 

matr ix I. There are 2M possi ble co nfiguration s in a 

"t t" s M sp,"ns We need , t herefore . glven row as 1 con 31n . 



• • 

a 2M X 2M ma tr ix to de scr ibe thi s sta t e of affa irs. 

We define 

z I X •• • X I X 
z 

= , X I X • X I • . 
' m (A.3 

x I X • • • X I X 
X , = , X I X X I . 

m 

In te r~S of the se direct-produ ct mat rices we can wr ite 

the generalized .atrices V1 and V2 as 

(A. 4 

z z V
2 

2 exp K2[" , 
1ft m+ • 

• where K1 s 8J
1

, K
2

: 8J 2 and K1 i s de f i ned by 

• ta nh K, = ex p ( - ZK ,) . 

The partition fu nc t i on i s t hen 

(A 5 

(c) Int r oduction of f e r.; n oper ators through th e Jorda n-Wig 

tra nsformation. 

The direct-product .aFr ices t m obey the same commu t ation 

relations as the Paul li matri ce s One then co nstr ucts 
! 

'ra i sin g' and ' loweri ng' operators, t m' in t he usual 

manner: 

A. ( 

These s pin r aising a nd lo weri ng operators obey mixed 

cO.llutation-anticolI.u tat i on ru l es wh ich are ne t her ba s 
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But his is not a seri ou S 
nor fermio nic in charac t er 

problem as one could i nt ro du ce a transformat1o n I cal1e~ 
the Jord a n - ~i9ner t ~ansfo rma t i o n J to fe rmi on operators 

whi c)1 obey anticommutation rules only Denoting the 

f ermio n ope rators by em fo r t he mtn s ite i n a given roW. 

we wr i te the JW tr ansformation as 

m- l 
em : (exp( ~ i , 

t: 1 

c;= {exp( ni 

and the ant icommut at i on rul es ar e 

I e e J • ( e+ e+J· 0 m. n m' n • 

The number operat or Hm is giv en by 

N : e+e 
m m m 

+ , T m Ill , 

( A.8 ) 

wi th eigenvalu e s 0 or 1 . 

Aft e r cons idera ble algeb r a . the matrice s VI and V2 in 

eq uation ( A.4 ) can be expre ss ed in terms of the fer mio n 

opera t or s e e . (The i nt e r es ted reader may co ns ult + 
m. m 

re f s . 1 and 2) . 

The par ti t i on fu nct i on is calculated by c la s sify i ng the 

states of the System acc ord i ng to the e i genvalues of 
+ 

the t o t al numbe r opera tor N : , C e Vl a r e bil in ea r m m m 

in th e fe r mio n ope rator s and s tates of eve n or od d n 



Ilk! be conside red separately 

d) Eigenvl.ilues of the Uansfer matrix 

The next st! p is to diagonal ize the tran~fer ma t rix V One might 

think. of a lineal" t ransformation to new fermio n operat6r s of the tyPf-

(q = ~(AqmCm + Bqm C~) 

such tha t V attains the s implest form 

+ V "" exp(- r £: (t +- const ) 
q q q q 

where c
q 

are the s ing le - fermion ' energies ' and a re defi ned by 

• • 
Cosh 'q = Cosh 1~ Cos h 1K1 - si nh 1~ sinh 1K1 Cos q 

(A 9) 

ThiS could be achieved by introducing runni ng wave operators whi ch 1~ 

permiss i bl e due to t r anslational synmetry . (Agai n one can see the 

detail s in ref 1) 

The thermodynamic propert ies of the 201M are a' 1 contained in t~c 

parti tion funct i on is just the Nth power of the largest eigenvalue 

of V in the limit M, N ..... . 

This eigenvalue i s given by 

M/2 M fn 1K1) eXP(4"n ' qdq). 
-n 

A = (1 sinh 
max 

(A . l' 

The f ree ener gy pe r sp; n i s 

F = _KBT 1nZ . as M, N ....... 
MN n 

= -KBT Qn (2 s inh 2K1)! +4* f 'qd~ (A 11) 

-n 

wh i ch i s the final resul t . 
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In tht purely combinatoric method Kac and Ward devi sed a method to 

write t he partitlon function as a sum over closed di rected paths . 

"ee refere nce 3. 



APPEND IX B 

THE CR1 I ICAL EXPONENT RELATIONS 

Th~ f ree energy per spin can he decomposed i nto two pa rts: the 

regul ar part Fr{T, 6} , and he si ngul ar part Fs (t , Bj Th'! si ogu1ar 

part i s responsible for the observed cri ti cal beha vior of the sys t~~ 

as the system's temperature approaches the transi ti on point . We writ 

~her. t = (T-\)/Tc and B i s t he e xte rnal ma gneti c fi e ld. 

The si ngular part ;0 eq . (B. l ) is assumed to be a homogeneous 

functi on of the parameters t and B. i .e . , 

(B. I ) 

(B. 2) 

Different iate eq. (8. 2) • • r . t . B and se t A • (- t f
l /p 

and B • O. 

The result is 

. M(t,O ) = (_t) (l-q) / P 14(- 1,0 ) . 

But near T M(t ,O) ~ (_ t )6 ; 
c 

I - a 
B::: ~ · 

P 

Thus , we see that 

To determine o ... . differenti ate eq .{ B. 2) w. r. t . 8 and then put 

t • 0 , A = 8 - I / q to get 

M(O , B) = B lH q) / q M(O, I ) • 

Compa ring thi s to the power- law behavi or 

~(O , B ) ~ 81/ 6 

(B . l, 

(8 .4 



'II~ get 

I .~ ! Q (6.5) 

Different i ati ng eq (8.2) twice w.r.t . B gives the lilagnet lc su .... "'pt t; ilH 

If we out, • t- lip and B ' 0 .. have 

But 'lie know the power-l aw behavior fo r X (page 27) . Compdrison .)'illd~ 

y , 

simi larly , 

29 - .1 
P 

The exoonent a is determi ned by exactly si mflar arguments: 

a = Z 1. a' ,. a . 
p 

Combining eqs . (B.4-7) we get 

y .• y' • a ( ~ - I) 

2 "" (J, t 28 + y 

(B. 6 ) 

Ne~. r the critical poin t the magneti c suscept ibil ity and the correlatlon 

length are related by (see ref. IS) 

2 - n 
X '" f; • 

Compari ng this with the power l aws for x'and ( (pages 27. 28) we!e 

that 

Simi l ar argument give the other relations between the cri tical 

ref. 18 and the fir st source mentioned under See . for example. 
on page 34 

expor· .1 .. 

Tabl.: " 
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