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Abstract

In this project we study various solution techniques of Hermite differential equations, properties
of Hermite polynomials and physical application of Hermite equations and Hermite polynomials
to quantum harmonic oscillator.
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Introduction

This project consists of two chapters, each one divided into several sections .In the chapter one
we present an introduction to second order homogeneous differential equations. In this chapter
we consider basic definition and concepts, series solution of ordinary differential equations and

some examples are also considered.

In the second chapter we give the definition and solution method of Hermite differential equation
includes power series solution and Hermite polynomial. It also includes some properties of
Hermite polynomial and their proof. Such as generating function, recurrence relation,

ortho-normality and Rodrigues formulae.

Finally an application of Hermite differential equation to quantum harmonic oscillator is
included.



CHAPTER 1
PRELIMINARIES
1.1 Basic definition and concepts

Definition 1.1: An equation containing the derivatives of one or more dependent variables, with

respect to one or more independent variables, is said to be a differential equation (DE).

)L 4 ()Tt 4 0, () 2+ ag(D)y = g (%) (L1)

Examples: 1.y" —2y"+y=0

Classification of differential equations

(i) Ordinary differential equation: A differential equation which involves derivatives with
respect to a single independent variables.

(i1) Partial differential equations: A differential equation which contains two or more
independent variables and partial derivatives with respect to them.(PDE)

1.2 Series solutions of ordinary differential equations

1.2.1 Second —order linear ordinary Differential equations

Any homogeneous second order linear ODE can be written in the form
y'+p)y +q)y =0, (1.2)
Where, p(x) and g(x) are given functions of x.
The most general
solution to Eq.(1.2) is
y(x) = c1y1(x) + ¢y, (%),
where y; (x)and y,(x) are linearly independet Solutions of Eg.(1.2), and c; and c, are

constants. Their linear independence may be verified by the evaluation of the Wronskian

V1 Y2

W=l

=y, — ¥y, (1.3)

If W (x) # 0 in a given interval, then y,; and y, are linearly independent in that interval.



1.2.2 Ordinary and singular points of an ODE
Definition 1.2: If x= x,, is singularity of equation (1.2) and if (x- x)P(x) and

(x — x¢)?Q(x) result in functions, each of which is analytic at x=x,, then the point x=x, is called

a regular singular point of (1.2).
Definition 1.3: If x=x, is singularity of equation (1.2) and if (x- xo) P(X) and (x — x¢)?Q(X)
result in functions, one or both of which are not analytic at x=x, , then the point x=x, is called

an irregular point of (1.2)

Theorem 1.2.2 If x=0 is an ordinary point of the equation (1.2), then the general solution in an

interval containing this point has the form
Y = Xn=0Qn X"

Where a, and a, are arbitrary constants
and y, (x) and y,(x) are linearly independent functions analytic at x =0

Consider the second-order linear homogeneous ODE

y" +pXy’ +q(2)y =0, (1.4)
where the functions are complex functions of a complex variable z. If at some point z = z, the

functions p(z) and q(z) are finite, and can be expressed as complex power series

PO =D pa—z) 4@ =) 4=z,
n=0 n=0

then p(z) and p(z) are said to be analytic at z = z, and this point is called an ordinary point of
the ODE.

Even if an ODE is singular at a given point z = z,, it may still possess a non- singular (finite)
solution at that point. The necessary and sufficient condition for such a solution to exist is that
(z — z9)p(2) and (z — zy)?q(z) are both analytic at z = z,. Singular points that have this
property are regular singular points, where as any singular point not satisfying both of these

criteria is termed an irregular or essential singularity.

Series solutions about an ordinary point



If z=2,. is an ordinary point of Eq. (1.4), then every solution y(z) of the equation is also
analytic at z = z,. We shall take z, as the origin. If this is not the case, then a substitution

Z = z — zy will make it so. Then y(z) can be written as
y(2) = Xn=oanz" (1.5)
Such a power series converges for |z| < R, where R is the radius of convergence.

Since every solution of Eq. (1.4) is analytic at an ordinary point, it is always possible to obtain

two independent solutions of the form, Eq. (1.5)

The derivatives of y with respect to z are given by

y' =Xpeonanz" Tt =X (n+ Day 2" (1.6)
y" = Znmon(n — Dayz"? =37 ,(n + 2)(n + Dapy,z" 1.7

By substituting Egs.(1.5) — (1.6) Into the ODE Eq.(1.4), And requiring that the coefficients of
each power of z sum to zero, we obtain a recurrence relation expressing a,, as a function of the

previous a,(0 <r <n-—1).

Example

Find the series solutions, about z = 0, of
y"+y=0.

Solution

Z=0 is an ordinary point of the equation, and so we may obtain two independent solutions by

making the substitution
Y = Xn=o Anz"

using Eq.(1.2) and (1.4), We find

Z[(n +2)(n+ Day+a,]z" =0

n=0
For this equation to be satisfied, we require that the coefficient of each power of z vanishes
separately, and so we obtain the two —term recurrence relation

2 = T )+ 1)

forn=0

4



Two independent solutions of the ODE may be obtained by setting either a, = 0 or a;=0. If we
first set a; = 0 and choose a, = 1, then we obtain the solution

B z? z* B - D" .
n@=1-G o=y
=0

n

However, if we set a, = 0 and chose a; = 1, we obtain a second

independent solution

Z3 ZS *© (_1)n
-, 2 42 .= _v ) 2n+1
v2(2) =z -3+ s 2n+ D)
n=

Recognizing these two series as cos z and sin z, we can write the general solution as
y(z) = ¢, cos z + c¢,8inz

Where ¢, and c, are arbitrary constants
Example 2
y' =2xy
Assume the series solutions as
y=ag+ax+a, x> +azx3+-+a, x"+ =¥ oa, x" (1.5)
We would like to find a value for constant a.
We differentiate the series once
y =a;+2a,x+3az;x*+ -+ na, x4+ = ¥ na, x"1 (1.6)

Substitute Equ.(1.5) and Equ.(1.6) in to the given equations. We have

a, + 2a,x + 3az x? + -+ = 2ay + 2a;x + 2a, x* + -+
By collecting x in term, we get a; =0 a, = ag
az = %al a, = %az
) 0, oddn
Or in general na, =2a,_, Ay = {% a,_, evenn

Putting n= 2m, since only even term exists, we get

2 1 1 1 1

= ——0Uym-2 = ;az-m__z Zaz.rn_z == ;az_zl,:...:.ﬁ ag... (17)

a
2m m

Substituting Equ.(1.7) in to Equ.(1.5), we get the assumed solutions.

xzm

— 2 1 4 1 2m — %)
Y = Qg+ aox® + Zapx .. —apx®" +...=a, Zmzoﬁ...

5



CHAPTER 2
HERMITE DIFFERENTIAL EQUATION AND ITS APPLICATIONS
2.1 HERMITE DIFFERENTIAL EQUATIONS
The Hermite equation is the second order differential equation of the form

y"' —=2xy'+2py =0 (2.8)
where, the constant p can be any real number. This differential equation can be compared with
the homogeneous second order linear differential equation

y'+PX)y' +Qx)y =0 (2.9)
Where p(x) = —2x and Q(x) = 2p

Both p(x) and Q(x) are analytic at x € R, there are no singular points. To find an ordinary
point, we check for same at x= 0

lim,_o(x — 0) p(x) =lim,_x (—2x) = 0 = Finite
And lim,_,,(x — 0)2Q(x) = lim,_,o x?2p = 0 = Finite (2.10)

Therefore x=0 is an ordinary point of the differential equation. We can find the power series
solutions centered at x = 0 that converges for all |x| < o

2.2 Power series solution
We assume the solution is in the form of
Y= e 0 AmX™ = Qg a1X + ayx? + azx3... + apx™ +...

And differentiate it to find y’ and y'’ , then substituting the series in to (2.8) leads

1= Z (M + Dapmex™ = aq + 2a,x + 3azx% + - + ma,,,m-1

m=0

—1a,,x™? = z (m+1D(m+ 2)a,x™

ﬁMS ﬁMS

m=0
= 2a, + 6asx ... + m(m — Da,,x™?
We get the following expression for the individual terms on the left sides of the equation.
y" = Zm=amin — Dayx™?
—2xy' = =2x Yo _imay, x™ !

2py = 2p Xm=0 Amx™
Which implies that y" — 2xy’ + 2py =0 leads to



z (m)(m—-1Da,,x™? —2x z (m)a,x™ 1 +2p 2 A x™ =
m=2 m=1 m=0

Z (m+2 )M+ 1Dayx™—2 z (m) ayx™ + 2p Z Apx™ =0
m=0 m=1 m=0

S o(m A2 Y+ D ox™ + T 2P Gyx™ = Ty 2Mamx™ = 0 (2.11)

[Z (m+2)m+ Dayx™+ Z 2p amxm] — 2 2ma,x™ =
m=0 m=0 m=1

We separate out the x° terms and collect the coefficients of higher x™ to get

(0+2)(0+ Da, + 2pay + z [(m+2)(m+ 1) ay2x™ + 2pa,x™ — 2ma,x™] =0

m=1
2(a, + pay) + Z [((m+2)(m+ Day, +2(p — m)ay,]x™ =0
m=1

Thus we have, a, = —pay&

2(m-p)
Am+2 = Gy dm  vm=12,. (212)

This recurrence formula also written as in the form of (using m-2 in place of m) to get

_ 2(m-p-2)

Am = m(m-1) Am-2 fOT' m =2 (2.13)
“ =31 %

_—2(p—-1)

=3, @
_—2(p-2)  2*p(p-2)

=Ty 27T T

And also as = ‘ZEP;3) a; = 22(19—;)(19—3) )
_=2(p=4) =2’p(p-2)(p-4)
s = 65 4= el a, and so on



Inserting these coefficient in to the power series

co
y = Z a,x™, weobtain

m=0
Y= ag + a1 x + azx? + azx® + ax*t + ag,s + agx® +...

2p 2(p—1) zz(p 2) 4

Hence, y=a,+ a;x — Zaoxz -5 3+ ——ayx
22(p—1 -3 23 -2 -4
LEe -V )ale-— plp—2)(@ )a0x64—~-
5! 6!
y = ag [1 —px? + p(p 2 p(p_z)o(p_‘l')x6 + ]

+a1[x—

(P—l)x3 n (p—l)(p—3)x5 n ]
3 30

p(p —2) 4 p(p—z)()(p—4)x6+___

And y,(odd) = x — %ﬂx3+%x5+---

Suppose y,(even) = 1 — px? + —=

We have, y = a,Y; + a,Y, is the general solution of the Hermite differential equations.

Hence y, and y, are our solutions of the Hermite equation. When p is not an integer, each series
in bracket has a radius of converges R=1

This is most easily seen by using the recursion formula

For the first series this formula with m replaced by 2m.

2m+2

—2(p —2m)
2m+2)2m+1)

lim
m — oo

Aom+2X
aZmXZm

lim ||

=1lim2|x|? =0
x-0

Thus both series converges for all x.
Note: For p=n, where n is an integer, we find that Hermite differential equation becomes

y'=2xy'+2ny =0 (2.18)



2.3 HERMITE POLYNOMIAL

The Hermite polynomial of order n is denoted and defined by

Ha () —Z( 1 e

n/z,ifn is even

Where [5] =1 ,°
[2] nTl,ifnis odd

The solutions of Hermites differential equations are often referred to as Hermite polynomials
H,(x).
From equation.(1.6),the recurrence relation can be written for p=n as

—-2(n—-m)

Utz = @ (2.9)

(m+2)(m+1) ™

for m = 0,1,2.3 ...This then implies

. -2n
Since m=0, a, = T"O = —ng,
-2(n-1) -n+1
m=1, a3 =735 17 321 1
m=2
-2(n-2)
4 = S A2
(2+2)(2+1)
m=n-1, An+1 =G, -1
~2(0
For m=n, Apiz = 20 5 =0

m+2)(n+1) "

As m increases taking the integral value up to m=n we find the coefficients a,,., = 0. Due to the
recurrence relation it follows that all a,,, 4, = a,4+¢ = a,+g = -+ = 0.This means that the series
terminates after a,,. An odd value of the parameter n, will lead to the termination of the odd
series while if n is even then series will terminate i.e., depending on n the terminating solution
will be either one of the linearly independent solutions Yeven OMVoda-

This means that the terminating series will be called the Hermite polynomial H,, (x).

We recall that the two linearly independents solution had the form.



Yeven = Qo [1 + 2252 Zag4 p O646 4 +ﬁxn] And
Ao Ao ag

Qo
as as a; a,
Yoaa = a1x |1 + =03+ 2x5 4+ L x7 e — N
al a1 al a1

Therefore y=ayH,,(x) + a,y,,(x) is the general solution. We must remember that out of the two
lineally in depended solution if one solution is terminating, then the other solution we will be
non-terminating.

The non-terminating solution is the Hermite polynomial of second kind which we represent as
Yn ()

Now, let’s have a look at the Hermite polynomial
Hy(x) = apx™ + ap_pX™ 2 + apoaXx™ 4 o4 apprx™2"
From equation (2.31), we have

A2 (2.20)

If n is the last non vanishing term putting m=n-2, n-4,..+ n-2r in Equ.(2.20)

_ (m+2)(m+1)
m = _2(m-m)

—(n-1n -n(n-1)a,
We get n-2 = J—nspy I = 2.2
—(n—-2)(n-23) (-1D?n(n— 1M -2)(n—-23)
dp_g4 = An_o = a
4T 2(n—n44) M 22 (42) ™
_ —(n-4)(n-5) _ (-1%n(m-1)(n-2)(n-3)(n—4)(n-5)
dn-6 = 2(n-n+6) ‘D74 T 23 (6.42) N

And so on thus in general we can write
D' -1D)(n—-2)..(n—2r+1)
Gn-2r = 2 (2r) .. 42 n
D' -1D)(n—-2)..(n—2r+1)

a,_ a
n-2r 22r r.. 4.1 n

Multiply by (n — 2r)! in the numerator and denominator

_ (-1)"'n(n-1)(n-2)..(n-2r+1)(n-2r)!

We get An-2r = 22r r!(n-2r)! n
It can be
(-1)"n/
Hn-2r = ar(n — 2r)1r1 1
Assuming

a, = 2"

n/’

—(_1\Tron-2r
An—2r _( 1) 2 (n=2r)'r!

10



We can now reach the form of the Hermite polynomials as

Hn(x) =a,x" + an_zx"_z +.._+an_2rxn—2r + ...

n/zorn—l n/zorn—l
— n-2r ron-—-2r ! n—2r
Hn(x) - Z) An—2rX Z ( 1) 2 ( ZT) /T/
H(x) = z/ Ty o (20" (2.21)

The summation fromr=0tor zg for n even and from r = 0 to nT_l for n odd

Now depending on n being even or odd we find the Hermite polynomial using equation (2.21)

Hy(x) =1
Hi(x) = (2x)' = 2x
HZ(X) = (ZX)Z + (—1)&(49@2_2 =4x? -2
Hi(x) = (2x)3 + (—1)(—2,)/1/(2903 2 =8x3 —12x
/ /
Hy(x) = (2x)* + (—1)(4—2),1,(296) + (=1 (4—4),2,(295)
=16x* — 48x2% + 12
! 4
Hs(x) = (2x)° + (—1)m(zx)5 Zm(zx)s

= 32x% — 160x3 + 60x

11



Hermite (physicists') Polynomials

] T T T

s [ e [ o Mo |
o nnn

NEWNREO

Example: Solve the differential equation
y'—2xy' +6y(x) =0 (2.22)
Stepl: We compose the given equation with the Hermite —-DE

y'"(x) — 2xy'(x) + 2ny(x) = 0. In this example the parameter n= 3 and we find that x=0 is an
ordinary point. The DE thus admits a Frobeninus series solution .

y(x) = Xm=o amx™ (2.23)

Step 2; since the parameter n is odd, we expect the Hermite polynomial solution to be a
polynomial of odd power. The recurrence relation equation.(2.7)yields

2(3+2—-m) -2(5-m)
m = L m-2 = m) Am-2 (2-24)

We get an in finite series for m= even as

m(m-1) m(m-1

1 2
az = _3a0 a4, = _gaz a6 = E(M
While a finite polynomial for m= odd as
-2 -2.0 2.2
az =— a4 a5=3a3=0 a7=Ra5=0 (2.25)

Since the finite solution is that of the Hermite polynomial we write it as

2
Hy(x) = a x (1 + Z—ixz + O) = a;x (1 - gxz) (2.26)
Step 3; we can determine directly in the polynomial form of

12



H,, (x) by putting n=3

Hy(x) = X725(-1)"

(22)°7% = Xroo(-1)" (2x)>7%"

|

(32)!! (32)||

(250 + (—1)' —— (22)

= Hy() = D gy, —

Hs(x) = 8x% — 12x = —12x(1 — 2/5x2) (2.27)
on comparing equation (2.38) and equation (3.39),we find that the arbitrary coefficient
a1 = _12

2.4 PROPERTIES OF HERMITE POLYNOMIAL

2.4.1 The generating function

The function G (x, t) = e2*~t* = y®_ H"(x)t is known as the generating function of all

the Hermite polynomials.

Proof

We prove this starting from Theorem 2.4.1and expand the expontial function as

p2tx—t? _ p2tx —t? _ [Zoo (th) l [ (- tz) ]
o205t _ EZl(Zmr( tz)l

r=0s=
20t = 32 B, [Sa e ]

The above relation suggests that t can take powers from 0 to oo, so if we introduce another
variable n= 2s+r for powers of t and on replacing r by n-2s in equation (2.4.1), we get

p2tx—t? _ =¥ 0{ (G0N (2x)" Zstn]}

(n—2s)!s!

Note that this would restrict s to a maximum value of "/2 foreven value of n

and®=2
2

for odd value of. this is required as thevariable x would assume negative powers
(-1fS
(n—2s)!s!

n/zorn—l

p2tx—t? _ Z Z l(n(_ZS?)S' '(2x)n_25tnl

:Z‘;?:O tTl {Zsizoor 2 ( 1) ( )Tl 25]}

(n—2s)!s!

and a minimum of 0 for the coefficient to be well defined. Thus

Companying with the form of the Hermite polynomial which we have read as

13



"fp0r ==
n! 2r
TNC T Y S eSS
2(0) O G 3
r=0
We note that, we can write

p2tr—t? — g0 ¢ {Hn_OO} (2.28)

n

Thus the function e2tx~t* generates all the Hermite polynomials and hence is called the
generating functions of Hermite polynomial.

2.4.2 The Recurrence Relation of the Hermite polynomials

The generating function for the Hermite polynomials yields some interesting relations among the
polynomials and their derivatives. They are known as the recurrence relation of the polynomials.

Theorem 2.4.2

() H%(x) =2nH, 1(x)(n = 1)
(i) Hpya(x) = 2xHy (x) = 2nHy 1 (x)(n 2 1);

Proof
Q) Let’s see how to get this from the generating function Gy(x,t) of Hermite

polynomials

g2tx—t? =y 'H (x) (2.29)

Differentiating with respect x, we get
2 o th
e el 2t = z —H',(x)
n!
n=0

2te?te = 32 D H () (2.30)

Since e2t*~t* js generating function we use (2.29) in (2.30) to get

2t ) —Ha(x) = ) — (H'n(x)
n=0 n=0

= Zn O2 H (X) = Zn 0 H,n(x) (231)

Displacing the dummy count n by n-1 on the left hand sides

14



LHS—nZOZ D H,_1(X) = ZZ n—1(x)

But since the contribution of the above summation for n=0 is zero we can rewrite out of brevity

that

LHS = Ynz02 ——Hn—1(X)

( D/
Thus equation (2.4.23) can be rewritten as

iz 00 = Z Hn()
=

n—1=0

Comparing the coefficient of t™ we can written in general

2H,_1(x)  H'p(x)
(n-1!  n!

Which when simplified yields the recurrence relation
H’n(x) = Zan—l(x)

e Dbetween the polynomial them selves

(2.32)

(2.33)

2xH, (x) = 2nH,_,(x) + H,.1(x), Again from the generating function G (x, t) of the

Hermite polynomials we have

g2t t? _
x Zn 0

Differentiating with respect to t

2tx—t? nt"!
e x(2x — 2t) = TH”(X)

n=0

20x — e = 52 " H, (x)

n!

Since e?'*~t2 is the generating function we use (2.4.26) in (2.4.27) to get

® tTl tTl—l
2(x—t)x2—=z Hy, (x)
n! !
n=0 n=0
n ® tn—l tn—l
D S 2xH, () = ) 2 () = ) e Ha(0)
n=0 n=0 ) n=0

(2.34)

(2.35)



Y=o %Hn(x)] t"tl —y% [% Hn(x)] thl—¥>, [% Hn(x)] t"h~1 =0

Displacing the dummy count n by n-1 in the 2" term and dummy count n by n+1 in the 3" term,
we rewrite

o)

i[ H (x)] Z [( — 7 Hn- 1(x)] i Z[(nill)' n+1(x)] =

n=0 n=0

there fore, Z [ _2 H,_;(x) — (n+1) Hn“(x)l 0

! (n+1)!
) 5 HM] e
n=0

Equation the coefficient of t" to zero we get

2x 2 (n+1)
EHn(x) (n-— 1)!H”_1(x) “(n+1)!

Multiply by n! Throughout, we get

Hpy(x) =0

2n! (n+1)
T S ]

Zan(x) - Zan—l(x) - Hn+1(x) =0

2xH,(x) — Hpy1(x) =0

2xH, (x) = 2nH,_1(x) + Hp 11 (x) (2.36)

Using the first two recurrence relations to get a relation between the polynomials and its
derivative;

H'y(x) = 2xHp (x) — Hpyq ()

We rewrite the previous two recurrence relations as

H'y(x) = 2nHp4 (x)
And 2xH,(x) = 2nHp_1(x) — Hypq (%) + Hpyq (%)
Replacing 2nH,_;(x) in(2.4.28) by H',(x)in(2.4.25)
We get a new recurrence relation

H'n(x) = 2xHy (x) — Hpy (%) (2.37)

16



Example: the Hermite equation y" — 2xy’ + 2ny = 0 has Hermite polynomials as its solution.
They themselves satisfy a recurrence relation. Establish it as

H",(x) —2xH',(x) + 2nH,(x) =0
Stepl: the third recurrence relation is
H',(x) = 2xH, (x) — H,,;,(x) From (2.37)
Step 2: differentiating w.r.t. X, we get
H"(x) = {2xH"(x) + 2Hp(x) — Hp41(x)
Step3: using the first two recurrence relation after replacing n by n+1, we get

H", (x) = {2xH',(x) + 2H,(x)} — 2(n + D H, (%)}

H",(x) = {2xH', (%)} — {2nH, (x)}
Step 4: on rearrangement. We get
H"(x) —2xH',,(x) + 2nH,(x) =0
2.4.3 The Rodrigues formula for Hermite polynomials

Theorem 2.4.3

n

d
Hy(x) = (-D)"e™ ——e™

2

Let’s see how to get this from the generating function again which we re-express

o)

GH(x,t) = e2tx~t* = z

n=0

Hy (x) n
n!

And expanding the summation we get

Ho(x) , Hi(x) |, Hy(x) , Hs(x) , H, (x)

GH(x,t) = ol t° + T tt + T t* + T t +---.+Tt”+~--
Differentiating partially GH (x, t)with respect to t once

0 Hi(x) Hp(x) Hy(x) .,  He(®) Ho ()t

aGH(x,t)— T + ol 2t + 30 3t + 7l 4t +"'..+T+

At t=0 its values is

0
== GH(x, )]z = Hy (1)

Differentiating partially GH (x, t) with respect to t twice

02 H, H
9 GHG o) = 1(!x) 4 32(!x)

52 2t
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Ha®) o, Ho®)

31 (n_l)l(n—l)t“‘2+... att =0 itsvalueis

2
ot 2
Likewise if we differentiate for some n times and then substitute t=0 we get

— GH(x,t)|,= 0 = H,(x)

n

d
Py —— GH(x)|t=0 = Hp(x)

Now, we get

n

6
H,(x) == GH (x,t)
aTL
~atn

o" o"

. _ atn{ e2tx— tzlt . _atn{ 2tx—t%—x? +x}

{e—(t —x)2+x2 | Hn(x) — [ prn {e—(t x)z}]

t=0

Therefore by substituting y = x-t, we find

Hy(y +1t) = [e(y”)Z

o
d(=y)"
Hy(3) = (~1rev? ~—e?
n y dyn
This differential form of the Hermite polynomials is called the Rodrigues formula

Example: determine the Hermite polynomials from the Rodrigues formula

n

d
— (— n yz_ _yz
H,(y) = (=1)"e i e

Stepl: we verify the correctness of this formula by taking different values of n
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Hy(y) = 4y* -2
2.4.4 Ortho-normality of the Hermite polynomials
The Hermite polynomials are orthonormal to each other making a complete orthonormal set.
Theorem 2.4.4
f_oooo H, (x)H,,(x) e *%dx = 2"nINmo,,, .
Where a,,,, is the Kronecker delta function ¢,,,,= 1 V,,=mM,0,,;, = OV, 21
Proof
To prove this we start with the fact that all the Hermite polynomials satisfy the equation
H",(x) —2xH',(x) + 2nH,(x) =0
If we multiply throughout by e=** and rearranging subsequently we get

e‘sz”n(x) — 2xe‘x2H’n(x) + Zne‘szn(x) =0

d
e *?H" (x) + H’n(x)ae_"2 + 2ne™**2nH,(x) = 0

d
a{e‘sz'n(x)} + 2ne **H,(x) = 0

If we take two Hermite polynomials of order n & m, then for both

d
E{e‘sz’n(x)} + Zne"‘an(x) =0

d
a{e‘sz’m(x)} + Zme‘szm(x) =0
And up on multiplication by H,,(x) and H, (x) respectively we get

Hm(x)%{e‘sz’n(x)} +2ne **H',,(x)H,(x) = 0

d —x2771 —x2
Hn(x)a{e **H m(x)} + 2me*“H,(x)H,,(x) =0
Subtracting one from the other
d d
Hp, (x) a{e"‘zH’n(x)} - Hn(x)a{e"‘ZH’m(x) +2(n —m)e ™ Hy (x)Hp (x) = 0

Which we rewrite as
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d
[ (e 10} = e H GO} m )| -

d
| (e H (0} = fe ™ H O} ()]
+2(n —m)e **H, (x)H,,(x) =0

[ (e H () — Ho ()™ H' (0] + 20— m)e™* Hy () Hyy () = 0

= j—x{e_xz[Hm(x) —H' ()]} +

2(n —m)e **H, (x)H,(x) = 0

Now integrating the above over the limits —oo to co we find

f dx < [Hn(OH'n () = HyCOH'm ()]}
+ foo 2(n — m)e** H,(x)H,,(x)dx =0

{e ™ [Hp () H' n(x) — Hy)H' ]} —0® + f ) 2(n — m)e™? H,(x)Hyp (x)dx = 0

There fore
0+ j 2(n — m)e ** H,(x)H,,(x)dx =0

(n—m) j me-x2 H, (x)Hp,(x)dx =0

If n # m, then we must have

[ Hy(O)Hp(x)e ™*2dx = 0 (2.38)

Which is the orthogonally conditions

Now from the generating function of the Hermite polynomials we can white

o

H, (x)t"
_ L 2tx—t? _ n
Gu(xt) =€ - Z n/
n=0
> H (x)s™
_ 2tx—s? _ n
m=0
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Multiplying the above two together along with the function e™** we get

—x2 —t2
xBtht

e e

2ex-52 _ 4-x2 z Hy () o m(x)

n/ m/
n=0 m=0

jooe—xz eth—tZeZSx—szdx — foo [Z z e~ x2 H (X)H (X) S dx
—© n/’/ m/

— 00

Taking the summations out we write

jme—xz e2tx— t2 @25x— -s2 dx = Z Z joo x2 Hn(jc) HTn(jC) ]tnsm

Separating the RHS for n=m and n+ m we get

[ee]

—x2 _$2 _c2
j e X eth tBZSx de
—00

SRR

0 [0e]

+ Z nlmlj e Hyy (x) Hyn (x) }dxt"s™

n=0,m=0
n+m

The second summation on the RHS vanishes by virtue of orthogonally and therefore we rewrite.

i U-w o~ *2 (H’;l(jc)f dx] e
n=0L" 7% ’

[ee] [ee]
— 2 _+2 _c2 a2 _ 2
=j X2 g2tx—t® 52sx—s dx:f e2tx—x?+2sx=s% j,.
[ee]

—00

o8] (°9)

. 2
Q| (57 o Lot

n=0 —0
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o)

_t2 _y2
:Ze t ezt(y+s) y

— 00

Where we have put Xx=y +s

o 00 2 [o'e) (o]
Z [J. e—x? <HT;(:C)> dx] tn = eztsf e—t2+2ty+—y2dy — eztsf e—(y—t)zdy = e2t5\/n
n=0L"~% ’ -®

— 00

Now expanding the exponential term in the RHS we find

i U_o:o o—X2 <Hnn_(jc)>2 dx] g = 1 [Z (2::,)2

n=0
[ee] Zn
-3 e
n/!
n=0

Thus equating the coefficients of t™ s™ on both sides

[T (2 - )

2 e~ [Hy(0)]2dx = 2"nA/m (2.39)

e

Combining the Equ.(2.4.41) and the Equ.(2.4.42) we can rewrite them as.

J e_xZHn(x) Hm(x)dx = Z”n/\/ESnm
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2.5 APPLICATION

2.5.1 Quantum Harmonic Oscillator
The quantum harmonic oscillator is quantum mechanical analog of the classic harmonic.

A diatomic molecule vibrates somewhat like too masses on a spring with potential energy that
depends up on the square of the displacement from equilibrium. But the energy levels are
quantized at equally spaced values.

Petential energy
of form Energy

Internuclear separation X

X= 0 represents the equilibrium separation between the nuclei.

The energy level of the quantum molecule the natural frequency of the form

Angular frequency (w) = sz k= bond of force constant and m, =reduced mass

Where the reduced mass is given by m, = "2
m1+ my

This form of the frequency is the same as that for the classical simple harmonic oscillator.

The most surprising difference for the quantum case is so called “zero- point vibration” of the
n=0 ground state. This implies that molecules are not completely at rest. Even at absolute zero
temperature.

The quantum harmonic oscillator has implications far beyond the simple diatomic molecule.

The connection of Hermite polynomial with quantum Harmonic oscillator. First of all, the
analogue of the classical Harmonic oscillator in quantum mechanics is described by the
Schrodinger equation

Y+ (E—v»)Y =0 (2.40)

Where 1 is the state of a particles of mass M in the potential v(y), with energy E .we will
suppose that the potential has the form v(y) = y?, and therefore .we consider the following
equation;

2M

P+ B(E -y =0 (2.41)
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In order to simplify this equation, we make a change of variable y=k x equation is transformed

) 2Mk? 5 2M
tO, l/)” —TX l/) = —?Elp

Where the differentiation is now with respect to the new variable the constant k appropriately our
equation becomes;

P —x*p = By (2.42)
Where g = — zh—IZWE

Equation (2.5.12) is a second order differential equation with variable coefficients. To solve this
—x2

equation, we first notice the 1,y = e 2z is a solution of the differential equation
Y" — x%Pp = — . Using the method of variation of parameters,

Un) = Y (0 H (2.43)
Here 1, ,is the solution defined above, and H(x) is a function to be determined.
To find the form of H (x), We substitute y,,(, given by (2.43) in to equation (2.42);
H"—2xH'+ (8 —1)H =0 (2.44)

Setting f —1 =2n & B = 2n + 1in (2.44), we obtain none other than the Hermite
differential equation (2.11) whose solution are H(x) =H,,(x) the polynomials.
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SUMMARY
A homogenous second order linear differential equation of the type
y' —=2xy"+2py=0
Where, the constant p can be any real number is known as Hermite differential equation. This
differential equation has x= 0 as ordinary point and the series solution for it is

oo

v =Y aer

n=0
2(m-p-2)

The recursive relation is a, =
m(m-1)

Apm—2 form=2,3,4,5,.

Thus solution to the Hermite DE is
Y = QgYeven + A1Voaa »With linearly independent solutions

Yeven = 1 +a—0x +a0x +a0 o4 ...
y —x(1+ R e P P A T

odd a; a, a;

The form of the Hermite polynomial (p=n)
n
/2 or2=2
n/
= — 7‘— n—-2r
Hn(x) - Z) ( ) ( —or ),r,(ZX)
r=

The recurrence Relations of the Hermite polynomials are
e Between the polynomial and its derivative ;H' ),y = 2nHy,_1 ()
e Between polynomial themselves; 2xH, ) = 2nHy_1(x) + Hpy1(x)
e Using the first two recurrence relation to get a relation between the polynomial and its
derivative ; H'yy ) = 2xHy () — Hpy1(x)

The Rodrigues Formula for Hermite polynomials has the form

n

d
H,(x) = (—1)"e x? I —e™”

The Hermite polynomials are orthonormal to each other making a complete orthonormal set

f H,(X)H,,(x) e *2dx = 2"n!Vro,,

2

Where a,,,, is the Kronecker delta function a,,,,=1 V,,=m &0,,,, = 0 V,, 2,
The Hermite differential equations have applications in solving quantum harmonic oscillator
problems.
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