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Abstract

In this dissertation, we introduce autometrized lattice ordered monoids (AL-monoids), a new
generalization of dually residuated lattice ordered semigroups (DRI-semigroups). We explore
various algebraic properties of AL-monoids and investigate isometries within this structure.
A key finding is that the set of invertible elements in an AL-monoid forms an l-group, while
the set of complemented elements constitutes a Boolean algebra. We further establish that
an AL-monoid A with a unity element is a Boolean algebra if the mapping x — a * x is
an isometry for every a € A. The geometric aspects of AL-monoids are examined through
the introduction of metric betweenness and related concepts, including B-linearity, D-linearity,
lattice betweenness, segments, and equilateral triangles. Notably, we prove that equilateral
triangles cannot exist in AL-monoids, subsume the geometric properties of commutative DRI-
semigroups. Moreover, we define various types of ideals within AL-monoids, such as polar
ideals, regular ideals, prime ideals, and annihilators, and elucidate their interconnections. We
introduce the value of an element for an ideal I(A) and characterize regular ideals based on this
value. Finally, we provide characterizations of polar ideals concerning minimal prime ideals,
annihilators, and maximal polar ideals, contributing to a deeper understanding of the structure

and relationships within AL-monoids.
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Chapter 1

Introduction

The study of dually residuated lattice ordered semigroups (DRI-semigroups) was initiated
by Swamy [23] as a response to Birkhoff’s inquiry in his book [1], which asked whether there
exists a common abstraction that includes both Boolean algebras (rings) and l-groups as special
cases. This question has led to various solutions, including Clans by Wyler [30], multi-rings by
Nakano [9], and a common abstraction proposed by Rama Rao [19,20], who identified a system
that represents the direct product of a Boolean ring and an l-group.

In a significant development, Swamy introduced autometrized algebras [28] as a unified
theory encompassing Brouwerian algebras [10], commutative l-groups, and Boolean
-l-algebras [19]. These algebras, which are lattices, possess a metric known as symmetric
difference. However, some other algebras, such as semi-Brouwerian algebra [8] and Newmann
algebra [21], also exhibit a metric but do not maintain the structure of lattices.

Subba Rao [22] further explored this realm by introducing representable autometrized
algebras, focusing on their geometric and algebraic properties. More recently, M. Melese
et.al., [29] investigated the structure of autometrized algebras by introducing subalgebras and
examining their ideals, homomorphisms, quotient algebras, and the isomorphism theorem.

Lattice ordered autometrized algebras combine the properties of lattice orders with a
metrization process, introducing a concept of distance among elements. Major contributions
to this field include research on autometrized Boolean algebras by Ellis [5], studies on metric
betweenness in l-groups by Swamy [24], and studies on metric betweenness in Boolean metric
spaces by Blumenthal [2] and Penning [11]. A key observation is the absence of isosceles
triangles due to the group action of the metric operation, leading to the equivalence of lattice

betweenness and metric betweenness in Boolean geometry.
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In DRI-semigroup II [24], Swamy characterizes DRI-semigroups, identifying the Boolean 1-
group as a direct product of Boolean algebras and l-groups under specific conditions, forming a
subclass of DRI-semigroups. He studies the geometric properties that hold in Boolean l-groups
but notes a loss of the equivalence between metric and lattice betweenness, a property that
remains in both Boolean algebras and lattice ordered groups. Subba Rao [24] expanded on this
notion by exploring representable autometrized algebras, which encompass a broader class than
DRI-semigroups and have been thoroughly studied for their algebraic and geometric aspects.

Rachnek and Ivan [13-16] have studied extensive studies on polar, prime, and regular ideals
within DRI-semigroups.

To address gaps in existing theories, we introduce the concept of the Autometrized Lattice
Ordered Monoid (AL-monoid). This new structure generalizes DRI-semigroups and serves
as a representable autometrized algebra. It is possible to thoroughly examine the algebraic
properties and isometries of the class of AL-monoids, which has properties characteristic of a
variety.

In Chapter 1, we compile definitions, examples, and results from the existing literature
on Boolean algebra, commutative lattice groups, commutative DRI-semigroups, autometrized
algebra, lattice ordered autometrized algebra, and representable autometrized algebra.

In Chapter 2, we define the notion of AL-monoids and provide illustrative examples,
including one that demonstrates that an AL-monoid is not necessarily a DRI-semi group. We
derive algebraic consequences of AL-monoids, showing that the set of complemented elements
forms a Boolean algebra, while the set of invertible elements constitutes an l-group. We
conclude this chapter by establishing that every AL-monoid with a unity forms a Boolean
algebra when the mapping x — a % x is an isometry.

In Chapter 3, we delve into the geometric properties and metric betweenness of AL-monoids,
which encapsulate the geometric results of DRI-semigroups while satisfying the equivalence of
metric and lattice betweenness. We demonstrate that AL-monoids encompass all geometric
properties of DRI-semigroups.

In Chapter 4, we further investigate AL-monoids by introducing various ideals, including
regular ideals, polar ideals, prime ideals, and annihilators.

Through this dissertation, we aim to fill existing gaps in the literature and contribute to the
understanding of autometrized structures, providing insights into their algebraic and geometric

properties.
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Finally, we summarise the work we have done and outline some open problems to provide

a direction for the future work.



Chapter 1

Preliminaries

In this chapter, we present essential definitions and results from the existing literature that are

relevant to our work.

1.1 Lattices

This section examines key results and properties of lattices, emphasizing their structure. A
lattice is defined by operations (L, V, A) satisfying reflexivity, commutativity, and associativity.
It can also be characterized by the existence of least upper and greatest lower bounds. We
discuss bounded and complemented lattices, as well as distributive lattices, which meet specific

conditions. Notably, a lattice is distributive if relative complements are uniquely determined.

Definition 1.1. [1] An algebra (L,V,N\) of type (2,2) is a lattice defined by the following

properties:
Ly [Reflexivity]: aV a=a and a Na = a for alla € L.
Ly [Commutativity]: a N\b=bAa and aVb=>bV a for all a,b € L.
Ly [Associativityl: a AN (bAc)=(aANb)ANcandaV (bVc)=(aVb)Ve forall a,b,c€ L.
Equivalently, a lattice can be defined as follows:

Definition 1.2. [1] An algebra (L, <) is a lattice if every pair of elements in L has both a

least upper bound (supremum) and a greatest lower bound (infimum,).

Definition 1.3. [1] A Lattice is bounded if it has both lower bounds and upper bounds
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Definition 1.4. [1] A complemented lattice is a bounded lattice where every element has a

complement.

Definition 1.5. A lattice (L,V,A) is called a distributive lattice if it satisfies either of the

following conditions:
i. aV(bAc)=(aVb)A(aVec) forall a,b,c € L.
ii. aN(bVe)=(aAb)V(aNc) forall a,b,c € L.

Theorem 1.6. [1] A lattice is ditributive if and only if relative complement in it are uniquely

determained.

1.2 Boolean algebras

This section discuss key findings about Boolean algebras, such as the equivalence of metric
and lattice betweenness, the introduction of symmetric differences as a distance function, and
the investigation of Ptolemaic features in Boolean geometry. These findings demonstrate the
intricate relationship that exists in Boolean algebras between algebraic structure and geometric

understanding.

Definition 1.7. [2] A Boolean algebra is an algebra B = (B,V, A, ,0,1) of type (2,2,1,0,0)

15 called a Boolean algebra satisfying the following conditions:
By : (B,V,A) is a distributive lattice.

By: bAN0=0, bVv1=1. forallbeB

Bs: bAY =0, bVl =1.forallbe B

Theorem 1.8. [3,5] Let B = (B,+,.,) be a Boolean algebra, and define symmetric diffrence
of a and b by axb = ab' +d'b for all a,b € B. Then, symmetric difference x satisfies the formal

properties of distance function:
My: axb=0iff a=b.
My: axb=">bxa.

Ms: axc<axb+bxc, foralla,b,ce B.
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Remark 1.9. FEllis [5] characterizes B with this distance as an autometrized Boolean algebra,

whereas Blumenthal [3] calls this idea Boolean geometry.

Theorem 1.10. /3, /] Symmetric differences are the only metric group operations in Boolean

algebra.

Definition 1.11. [12] An element b of B is said to lie between a and ¢ for all a,b,c in B, the
notation (a,b,c)nr, if and only if a #b# c and a b+ b c = a* c. Metric betweenness is the

term used to describe this concept of betweenness.

There is already a notion of lattice betweenness because all Boolean algebras are lattices.

The following theorem is derived from this idea:

Theorem 1.12. [12] An element b lies between a and c(in symbols, (a,b,c)r) for an element
a,b,c in B, if and only if ab+bc = b = (a + b)(b + ¢). The value of (a,b,c);, is equal to

ac < b < a+ c since B is distributive.

Theorem 1.13. /3, 4/ In Boolean geometry, metric betweenness and lattice betweenness are

equivalent.

Theorem 1.14. [3] If the triangle inequality is satisfied by the three products of opposite
distances for every quadruple of components, the distance geometry is said to be Ptolemaic. In

particular, B is Ptolemaic if and only if each of the following requirements is true for each of

the a,b,c,d in B :
1. (axb)(cxd) < (axc)(bxd)+ (axd)(bx*c).
2. (axc)(bxd) < (axd)(bxc)+ (axb)(cxd), and
3. (axd)(bxc) < (a*xb)(cxd)+ (axc)(bx*d).
Blumenthal observed that:

Theorem 1.15. [3/ A Boolean geometry is Ptolemaic.

Definition 1.16. [10] Let L be a lattice with a least element 0 and S be a set. If a map

xS X S — L satisfies the following conditions, it is said to meet the qualities of a metric:

My 2 a*xb>0 with equality if and only if a = b for all a,b € S,
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My : axb=0bxa forall a,b € S,
Ms: axc<axb+bxc foralla,b,c € S.

S is then referred to be an L-metrized space. A lattice is said to be autometrized if S corresponds

with L. symmetric is the name given to an autometrized lattice if and only if axb = (a+b)x(ab).

Definition 1.17 ( [10]). If each of the three elements a,b, c of any lattice is less than the total

of the other two, then the three elements meet the triangle inequality.

Definition 1.18 ( [10]). Let the sides of a given triangle be represented by x,y, z. The initial
distance triangle of the original triangle is the triangle made up of the vertices x,y,z. In a
similar vein, the second distance triangle is the triangle whose vertices match the sides of the

first distance triangle.

Definition 1.19 ( [10]). The distance lattice of an autometrized space is said to be distributive

if it is distributive.

Definition 1.20 ( [10]). A subgeometry of an autometrized lattice is a subset in which the

distance between any two points in the subset is also an element of that subset.

Theorem 1.21. [10] Metric betweenness and lattice betweenness coincide in an autometrized

lattice L if and only if the following criteria are met:

1. metric betweeness has transitivity t;.
2. L 1s symmetric, and
3. a <b<cimplies (a,b,c)y for all a,b,c € L.

Definition 1.22. [12] A betweeness relation R is said to have the special inner property if
(a,b,c)r and (a,c,b)g hold if and only if b = ¢ for all a,b,c in L.

Definition 1.23. [10] If the products of the pairs of opposite distances meet the triangle

inequality for any four of its elements, the space is said to be ptolemaic.

Definition 1.24 (Defn 3.1, [10]). If the distance between each pair of an autometrized lattice’s

elements equals the distance between their sum and product, the lattice is said to be symmetric.
Theorem 1.25. [12] A betweenness relation R is said to have transitivity t, if and only if
(a,b,c)g and (a,d,b)r imply (d,b,c)g. It is said to have transitivity 'ty if and only if (a,b,c)r
and (a,d,b)r imply (a,d,c)r for all a,b,c in L.
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1.3 Brouwerian algebras

Brouwerian algebras are a key concept in algebraic structures and lattice theory, defined as
systems (B,+,.,—) of type (2,2,1). They extend traditional algebra by incorporating lattice
order and unique subtraction-like operations, highlighting the interaction between addition
and multiplication within a defined order. This section explores their formal definition and
key features, emphasizing their role in connecting algebra with order theory. We will examine
how the axioms of Brouwerian algebras facilitate the manipulation of elements in a lattice,
enhancing our understanding of commutative semigroups and their applications. Specific
examples and implications will also be discussed to illustrate their significance in various

mathematical contexts.
Definition 1.26. [24] A Brouwerian algebra is a system B = (B, +,+,—) of type (2,2,1) that
satisfy:

1. (B,+,<,—) is a lattice-ordered semigroup with identity element 0.

2. For every a,b € B, there exists a least x € B such that b+ x > a. We denote this x by

a — b (which is uniquely determined for given a and b).
3. (a—=b)vO+b<aVb forallabe B.
4. a—a>0 foralla € B.

A lattice ordered semigroup A = (A,+,<) is said to be a commutative if (A,4+) is a

commutative semigroup.

1.4 Autometrized algebras

An Autometrized Algebra is characterized by a binary commutative algebra structure, an
antisymmetric and reflexive ordering, and a distance function that satisfies specific formal
properties. We will also discuss the notion of regular autometrized algebras, their subalgebras,
and the implications of group operations within this framework. We present the following

definitions and results from Swamy [28].

Definition 1.27. /28] A system A = (A, +,<,*) is called an’ Autometrized algebra’ if and

only if, the following conditions hold:
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1. (A, +4) is a binary commutative algebra with distinguished element '/,
2. < is antisymmetric, refelexive ordering on A, and
3. x: AX A= A is a mapping satisfying the formalproperties of distance function, namely:

M : axb>0 with equality if and only if a = b,
Ms: axb=>bxa, and
Ms: axc<axb+bxc, for all a,b,c in A.

Definition 1.28. [28] An autometrized algebra A = (A,+, <, %) is said to be regular if and

only if ax 0 = a for every a in A. In this case, the metric operation  is regular.

Theorem 1.29. [28] Any subalgebra of a regular autometrized algebra is itself a reqular

autometrized algebra.

Theorem 1.30. [28] If % is a group operation in autometrized algebra A = (A, +, <, %), then,

0 s the group identity, and consequently, x is reqular.

1.5 Lattice ordered groups

This section covers lattice ordered groups, defined as partially ordered groups with an invariant
order under group operations. A group is a lattice ordered group if its order forms a lattice.
Key properties include the absolute value of elements and relationships between multiplication
and order. We also discuss autometrized l-groups, noting the equivalence of lattice and metric
betweeness.

We present the following from Chapter XIII of Birkhoff [1].

Definition 1.31. [1] A system G = (G, +, <) is called a partial ordered group which :
1. (G,+) is a group,
2. (G, <) is a partially ordered set (poset), and

3. the order is invariant under all transations x — a+x+b; that is x < y implies a+x+b <

a+y+b forall a,b,x,y in G.
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Proposition 1.32. A partially ordered group G = (G, +,<) is called a lattice ordered group
if and only if (G, <) is a lattice. A partially ordered group (or lattice group) G = (G,+, <) is

called a commutative partially ordered group (or lattice group) if + is a commutative.
Theorem 1.33. [1] Any lattice group is a distributive lattice.

Definition 1.34. [1] If a is in a lattice group G = (G,+,<), then, a V (—a), is called the

absolute value of a and is denoted by |al.

[1] Any element a of a lattice ordered group can be expressed as a = aV 0+ a A0(i.e.,a =

at+a”).

Theorem 1.35. [1] A partially ordered group G = (G, +,<) is an lattice ordered group if and

only if, for all a in G, aV 0= a™ exists in G.

Theorem 1.36. [1] If na > 0 for some a in an l-group G = (G,+,<), then, a > 0 for all
n € 2.

Theorem 1.37. [1] In a commutative l-group G = (G, +,<),ifna > nb for some a,b € G,

then a > b.
Theorem 1.38. [1] In an l-group G = (G, +, <), the absolute value | - | satisfies:
a. |z| > 0 with equality if and only if x = 0,
b. |nx| = |n||z| for intiger n,
¢ |z —yl=(xVy) - (zAy),
d. [(aVb)—(aVb)|<|a—d| and dually.
Now, we present the results of Swamy [27] on autometrized l-groups.

Theorem 1.39. [28] Any commutative I-group is an autometrized space with distance defined

asaxb=|a—0"|.
Definition 1.40. [28] Lattice betweeness and metric betweeness are equivalent in l-space.

Theorem 1.41. [28] In any commutative l-group G, the only metric operation for which the

distances are invariant under translation and satisfy a x 0 = |a| is |a — b| for all a and b in G.

Theorem 1.42. [28] B-linearity and D-linearity are equivalent in an l-space.

10
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1.6 Lattice ordered semigroups

This section introduces lattice ordered semigroups, defined as systems (A, +, <) where (A, +)
is a semigroup with identity 0 and (A, <) is a lattice. The operations of join (V) and meet (A)
satisfy specific distributive properties with respect to addition. We also collect the following

definitions and results from Swamy in [24] and [28].

Definition 1.43. [28] A system A = (A, +,<) is called a lattice ordered semigroup with zero
"0” if and only if:

1. (A, +) is a semigroup with identity "0”, and

2. (A, <) is a lattice with the operations V' and 'N such that

a+(bVe)=(a+0b)V(a+c),
(bVe)+a=(b+a)V(c+a),
a+(bAc)=(a+Db)A(a+c),
(bAc)+a=(b+a)A(c+a)

for all a,b,c € A.

1.7 Dually residuated lattice ordered semigroups

This section introduces dually residuated lattice ordered semigroups (DRI-semigroups),
characterized by their structure (A, +,,<,—) with specific properties. Key features include
the existence of a zero element, the definition of a unique element a — b for any element
a,b € A, and various inequalities that govern their operations. Notably, every DRI-semigroup
is semiregular, and if it contains a least element, it is also regular. The section presents
several theorems and definitions that explore the relationships and properties within
DRI-semigroups, including their connections to commutative structures and metric

operations. We present the definitions and results of Swamy from [25], [23] and [24].

Definition 1.44. [23] A system A = (A, +,<,—) is referred to as a dually residuated lattice-

ordered semigroup (abbreviated as DRI-semigroup) if it satisfies the following conditions:

1. (A, +, <) forms a lattice-ordered semigroup with a zero element 0.

11
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2. For any a,b € A, there exists a least element x € A such that b+ x > a. This element is

denoted as a — b and is uniquely determined for each a and b.
3. The inequality (a —b) V0 +b < aVb holds for all a,b € A.

4. For every a € A, it holds that a —a > 0.

Theorem 1.45. [23] A DRI-semigroup A = (A,+,<,—) is called is called a commutative

DRI-semigroup if and only if (A,+) is a commutative semigroup.

Let A = (A, +,<,—) be a DRIl-semigroup and a,b,c, ... reprsesent elements of A. Swamy
( [23,25,26] and [28]) observed the following;:

Theorem 1.46. [23] A DRI-semigroup is a distributive lattice.
Lemma 1.47. Every DRI-semigroup is semireqular.

Remark 1.48. While every DRI-semigroup is semireqular, it is not always reqular. However,

any DRI-semigroup that contains a least element is guaranteed to be regular.

Let A = (A, +,<,—) be a DRIl-semigroup and a,b,c, ... reprsesent elements of A. Swamy
(1 [23,25,26] and [28]) observed the following:

Theorem 1.49. /28] In any DRI-semigroup, the followings are hold:
1. a—a=0.
2. a—0=a.
3.a=aV0+aANo.
4. (@=b)VO+b=aVb.
5. 0<b = a—c<b—candc—b<c—a.
6. aVb—c=(a—c)V(b—rc).
7. a > b implies a — b > 0.
8 a—bANc=(a—b)V (a—c).
9. a <bifand only if a — b < 0.

12
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10. a>b = (a—b)+b=a.
11. A is a commutative if and only ifa+b=aV b+ aAb.
12. (a=b)VO+aAb=a.
18. aVb—aANb=(a—b)V(b—a)=axb.
14. (a—b)V(b—a)+aANb=aVb.
15. Ifa<b<e, then,c—a= (a—0b)+ (b—a).
16. Ifanb=0=aAc, thenaA(b+c)=0
Theorem 1.50. [23] A DRI-semigroup is a distributive lattice.
Theorem 1.51. /23] If a DRI-semigroup contains a least element x, then x = 0.

Theorem 1.52. [23] If (A,+) is a group in a DRI-semigroup A = (A, +, <, —), then, (A, +, <)

18 l-group and — serves as the inverse operation for +.

Definition 1.53. [23] For any a,b in a DRI-semigroup A = (A,+,<,—), the expression

(a —b) V (b—a) is referred to as the " symmetric difference” of a and b, denoted by a * b.

Theorem 1.54. /23] If the symmetric difference x 1is associative in a commutative

DRI-semigroup, then the following conditions are equivalent:
1. (a=b)A(b—a) <0,
2.a—(bVe)=(a—b)A(a—rc)
3. bANc—a=(b—a)A(c—a)

Definition 1.55. [2/] A metric operation 's" in a DRI-semigroup A is said to be ' regular’ if
and only if (a +b) % (a ANb) =axb for all a,b € A.

Lemma 1.56. Every DRI-semigroup is semireqular.

Remark 1.57. While every DRI-semigroup is semireqular, it is not necessarily reqular.

However, every DRI-semigroup that contains a least element is reqular.

13
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Theorem 1.58. [2/] In a commutative DRI-semigroup A = (A,+,<,—), the set of all
wvertible elements forms a commutative l-group, and for these elements a — b, provides the

solution to the equation b+ x = a.

Theorem 1.59. [2/] A commutative DRI-semigroup A = (A, +, <, —) is a subdirect product of
totally ordered commutative ordered commutative DRI-semigroup if and only if (a—b)A(b—a) <

0 for all a,b € A.

Theorem 1.60. [2/] A commutative DRI-semigroup is a chain if and only if all triangles

formed within it are isosceles.

We present the following results from Rama Rao as referenced in [19] and [20]. Let A =

(A, 4, <, —) be a commutative DRI-semigroup in which (a — b) A (b —a) <0 for all a,b € A.

Theorem 1.61. [24] A DRI-monoid is a Boolean ring if and only if the symmetric difference

18 associative.

Lemma 1.62. [24] In a DRIl-semigroup (A,+,V,A,—,0), the following statements are

equivalent:
1. (a—b)AN(b—a) <0 for all a,b inA.
2.a—(bVe)=(a—Db)A(a—c) foralla,b,ce A.
3. (bAe)—a=(b—a)A(c—a) forall a,b,c € A.

We present the following definitions and results from Swamy and Prakharabao as cited

in [28]. Swamy and Rao have revised the definition of an autometrized algebra as follows:

Definition 1.63. /28] A system A = (A, +, <, %) is called an autometrized algebra if and only

if it satisfies the following conditions:

(i) (A, +, <) is a commutative partially ordered semigroup with identity 0. Specifically, (A, +)
is a commutative semigroup with identity 0, and (A, <) is a partially ordered set such that

if a <b, then a+x < b+ x for every a,b,x € A.
(ii) * is a metric operation.

Definition 1.64. [28]/ An autometrized algebra (A,+,<,%) is called normal autometrized

algebra if it satisfies:

14
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1. a<ax0 forall a in A.

2. (a+c)*(b+d) < (axb)+ (cxd) for all a,b,c,d in A.

3. (axc)*x(bxd) < (axb)*(cxd), for all a,b,c,d € A.

4. For all a,b in A, if a < b, then there exists x > 0 such that a + x = b.

Example 1.65. [28] Every commutative DRI-semigroup (A, +,<,—) is normal autometrized
algebra with distance axb = (a —b) U (b— a). Consequently, Boolean algebras and commutative

l-groups are also normal autometrized algebras.

Definition 1.66. [28/ A non empty subset I of an autometrized algebra A = (A, +, <, %) is
called an ideal of A if and only if:

(i). IfacI,bel, thena+bel, and
(7). IfacI,be A, and bx0 < ax0 then, be I.

Theorem 1.67. [18] The set of all congruence relations on an autometrized algebra forms a

complete lattice.
We present the following definitions and results from Swamy as cited in [26] and [?].

Definition 1.68. [26] A system A = (A, +, <, %) is called a lattice ordered autometrized algebra
if and only if:

1. (A, +, <) is a commutative lattice ordered semigroup with zero 0.

2. '« is a metric operation on A; that is, "' is a mapping from A x A into A satisfying the

formal properties of a distance:

M. axb>0 for all a,b € A, with equality if and only if a = b,
My. axb=0bxa for all a,b € A,

Ms. axb<axc+cxb forall a,b,c € A.

Example 1.69. Commutative DRI-semigroups, commutative [-groups, and Boolean algebras

are all lattice ordered autometrized algebras.

15
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1.8 Normal autometrized lattice ordered algebras

This section defines normal autometrized lattice ordered algebras (NAl-algebras) as algebras
(A, 4+, A, V, *) satisfying specific properties. These include being an abelian lattice ordered
monoid, having a metric operation, and satisfying various inequalities related to addition and

the metric operation.

Definition 1.70. [7] An algebra (A,+,A,V,%,0) is a normal autometrized lattice ordered
algebra (NAl-algebra) if the following holds.

(i). (A, +,<) is an abelian lattice ordered monoid

(ii). * is metric operation.

(iii). x %0 > x for each x € A.

(). (x+y)* (@' +y) < (vx2' +yxy) forall z,y, 2",y € A.
(v). (xxy)* (@ *y)z,y,2',y € A

(vi). x,y € A and x <y imply there exist z € A such that x + z = y.

1.9 Representable autometrized algebras

This section defines representable autometrized algebras as lattice ordered autometrized
algebras (A, +,<,*) that satisfy specific conditions. These include being semiregular,
meaning a > 0 implies a * 0 = a, and ensuring that certain mappings, such as addition and
lattice operations, are contractions. Notable examples of representable autometrized algebras

include Boolean algebras and commutative l-groups.

Definition 1.71. [17] A lattice ordered autometrized algebra A = (A, +, <,*) of arity (2,2,2)

is called representable autometrized algebra if and only if, A satisfies the following conditions:

1. A = (A, +, <, %) is semireqular autometrized algebra, meaning that if a € A and a > 0

then, a x 0 = a. and

2. For every a in A, all the mappings * — a+ x,x — aV x,xv — aANx and T — a* x
are contractions. Specifically, for any operation 6 denotes among +,\,V, it holds that:

(afz) * (aby) < x xy for all z,yinA.

16
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Remark 1.72. Boolean algebras, Brouwerian algebras, Boolean [-algebras, and commutative

I-groups are all examples of representable autometrized algebras.
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Chapter 2

Autometrized lattice ordered monoids

In this chapter, we introduce autometrized lattice ordered monoids (AL-monoids), a
generalization of DRI-semigroups, and establish several algebraic properties of AL-monoids.
We also investigate the isometries of AL-monoids, proving that the set of invertible elements
of an AL-monoid forms a l-group. Finally, we show that an algebra A with identity is a
Boolean algebra if, for each a € A, the mapping x — a * x is an isometry. Throughout the
chapter we use A as AL-monoids and a, b, ¢, d, x,y as elements of AL-monoids.

Throughout this chapter, we denote an AL-monoid (A,+,<,*,0) simply as A, where

a,b,c,x,y, z represent elements of A.

2.1 Autometrized Lattice Ordered Monoids

In this section, we introduce autometrized lattice ordered monoids (AL-monoids), which are
algebraic structures that integrate the properties of commutative lattices with specific
operations. We define key conditions that characterize AL-monoids, including addition,
meets, and joins, as well as the contraction properties of mappings within the structure.

We illustrate these concepts with examples, showcasing how well-known structures like
Boolean algebras and commutative l-groups fit into the AL-monoid framework. Additionally, we
illustrated that AL-monoids are generalization of DRI-semigroups and show the independency

of axioms using examples. We begin with the following definition:

Definition 2.1. An autometrized lattice ordered monoid (AL-monoid) is an algebra

(A, +,V, A, *,0) of arity (2,2,2,2,0) where:
1. (A, +,V, A,0) is a commutative lattice ordered monoid with least element 0.

18
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2. ax(aNb)+b=aVb forallabe A.

3. Forall ,x in A; the mappings x — a+x, aVzx, aAx, and axx are contractions with respect
to % (i.e., a mapping f : A — A is a contraction with respect to * if f(x) * f(y) < x *y,
where < is the ordering in A induced by (A, V,N\)).

4. Forall a,bin A; [ax(aVD)|A[bx(aVb)]=0.

Remark 2.2. 1. The conditions 1,2 and 3 yield a common abstraction of commutative [-

groups and Brouwerian algebras.

2. All conditions in the above definition yield a common abstraction of commutative [-groups

and Boolean algebras.

Example 2.3. Every Boolean algebra (B,V,A\,,0;,1) is an AL-monoid with axb= (a Nb')V
(a" A'D).

Example 2.4. Every commutative l-group (G, V, N\, +, —), with — which is the operation inverse
of +, is an AL-monoid if we define axb = (a+ (=b)) V (b+ (—a)), where —a and —b represent

the additive inverses of a and b respectively.

Remark 2.5. Fvery DRI-semigroup is an AL-monoid since it is the common abstraction of
Brouwerian algebras and commutative [-groups. It satisfies remark 2.2.; however, the converse

does not hold. The following Example 2.6 illustrates an AL-monoid that is not a DRI-semigroup.

Example 2.6. Let A = ZU{u}, where Z is the set of all integers and u is an element not in Z.
For all a,b € 7Z, define the operations as follows: - a + b is the usual sum, - a+uv =u=u+a,
-utu=u,-axb=la—0b|, -axu=u=uxa. a<u,uANu=uanduVu=uu*xu=0.
Define < in A for all a € Z as the usual ordering. Then A = (A, <,+,%*) is an AL-monoid
that is not a DRI-semigroup since there is no unique least element in A such that x+u > a for

any a i 7.

Example 2.7. Normal autometrized lattice ordered algebras are AL-monoids. But, the converse

s not true. See Example 2.6.

Remark 2.8. The following examples demonstrate that conditions (2) and (4) of Definition

2.1 are independent in any AL-monoid.
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Example 2.9. Let A be the lattice of all closed subsets of the real numbers with the usual
topology. It can be verified that A satisfies for all a,b € A;a*(a ANb)+ (a ANb) = a, but does not
satisfy condition (4). For instance. Consider x = [0,2] and y = [2,3]. Then (z* (x Vy)) A (y *

(V) = {2} #0.

Remark 2.10. From FEzample 2.9, it can be observed that the class of representable

autometrized algebras is broader than the class of AL-monoids.

Example 2.11. Let A = ZU{u,v}, where Z is the set of all integers, and w and v are elements
not in Z. Define: a + b as the usual sum, a+u=u=u-+a, a+v=v=v+a forall a €Z,
ut+v=u=v+u,ut+u=u,v+v=uv Define < in A as follows: for elements in Z, let <
be the usual ordering; define u < a < v for all a € Z. Define x in A as follows: a b= |a — b
foralla,beZ,axu=v=uxa, uxv=v=vxu, uxy=0=vx*xv. It can be easily verified
that (A, +, <,*) satisfies axioms (1), (3), and (4) of Definition 2.1, but does not satisfy aziom
(2) because vk (VAu)+ (vAu)=vku+ (vAu)=v+u#uw.

Remark 2.12. Axiom (i) of Definition 2.1 shows AL-monoid is equationally definable, ensure
that the class of AL-monoids is closed under the formation of subalgebras, direct unions, and

homomorphic images, thus forming a variety.

2.2 Algebraic properties

In this section We examine the algebraic aspects of AL-monoids, emphasizing their distinct
operational traits and connections. A deeper comprehension of the relationships between
addition, multiplication, and order relations is made possible by an algebraic structure known
as an AL-monoid, which blends aspects of algebra and lattice theory.

We outline a number of lemmas and theorems that clarify important characteristics of
AL-monoids, such as regularity and absorption laws, and how these characteristics affect the
behavior of the structure. With these findings, we hope to show how AL-monoids’ fundamental
components help to qualify them as autometrized algebras. We demonstrated the importance
of these algebraic features by looking at particular cases and offering proofs, opening the door
for more uses and understandings in theoretical and applied mathematics. In order to better
understand their separate functions in the larger field of mathematics, this investigation will

also draw attention to the differences between other algebraic structures, such as lattice-ordered
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autometrized algebras and Brouwerian algebras. From these we use A = (A, +,<,%,0) as AL-

monoid with least element O.
Lemma 2.13. a=ax (aAb) + (a Ab) for all a,b in A.

Proof. a =aV (aADb) ...absorption law = a*(aA(aAb))+ (aAb)...from (2) of definition 2.1 =
ax(aNb))+ (aNb) O

Lemma 2.14. a* (a Ab) = (aV b) xb for all a,b € A.

Proof. Let a,b € A. Then, ax(aAb) = ((aVb)Aa)*(aAb) ...absoption law = ((aV b) A a) *
((anb)ANa)) < (aVb)x(aAb). by (iii) of Definition 2.1. and, bx (aVb) = ((aAb)VD)*(aVb) =
(bV (aNb))x(bVa)<ax(aAb) (by axiom (3) of Definition 2.1). O

Lemma 2.15. Let A be an AL-monoid and a,b € A. Then a0 = 0. (regularity). It follows

that x is semireqular.
Proof. We have a = a* (a A0)+ (a A0) =ax*0. In particular, 0% 0 = 0. O

Lemma 2.16. Let A be an AL-monoid and a € A. Then axa =0

Proof. aVa=ax(aNa)+a = a=a*xa+a = axa=0. O
Lemma 2.17. Let A be an AL-monoid and a,b € A. Then axb > 0.

Proof. Consider the following: 0 =00 =[0%(0A (aAb))+ (0A(aAD))]*[0%(0A (aAD))+
(OA(aAD)] < (OA(aAD)*x(0A(aAb)) =0A(aAbAa)*(0AaAbDAD) < (aAb)*(aAD) < axb.

Thus, we conclude that a «b > 0. Since a x b > 0, we have a xa = 0. ]
Lemma 2.18. Let A be an AL-monoid and a,b € A. Then axb="bx*a.

Proof. axb = (ax(aAb)+ (aAD)x(b*x(aNb)+ (aAb) < (ax(aAb))*(Dx*(anbd)) <
(@ Ab)xbx*(aAb) <bxa. Interchanging a and b gives bxa < a xb. O

Lemma 2.19. Let A be an AL-monoids and a,b € A. Thenaxb=0 = a =b.

Proof. To show axb =0 impliesa =b: a=ax*(aAb)+ (aAb) = ((aNa)*(aAD))+ (aAb) <
(axb)+ (aAb) < (a*xb)+b=0+0b=0>b. Thus, a*b =0 implies b * a = 0 and hence b < a.
Therefore, a = b. n

Lemma 2.20. : axc<axb+axc; forall a,b,c in A.
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Proof. axb = (axb)*((axb)A(cxb))+ (axb)A(cxb) < (axb)*(cxb)+ (cxb) < (axc)+(cxb). O
Theorem 2.21. An AL-monoid A is an autometrized algebra.

Proof. Follows from (i) of Definition 2.1 and lemma 2.14, 2.2, 2.16, 2.17, 2.18, 2.19 and 2.20.

Thus, A is an autometrized algebra. m
Theorem 2.22. Fvery AL-monoids are representable autometrized algebra.
Proof. This follows from Lemma 2.15 and condition (3) of Definition 2.1. O

Example 2.23. A Brouwerian algebra is representable autometrized algebra. But not AL-

monoids. Since there is no least element in AL-monoids A such that a + x > a.
Theorem 2.24. Let A be any AL-monoids and a,b,c € A. The following conditions hold:
(i) b<a=a=axb+Db,
(ii)) aVb=axb+aAb,
(11i) axb=(aVb)x(aAb),and
(iv) axb=(ax(aAb)+ (aAb)xb=ax(aVb)+ (aVDb)xb, for all a,b € A.

Proof. a=aV (aAb)=ax*(aN(aAb))+ (aAb) from (ii) of defn 2.1 = a* (a Ab) + (a A D).
Thus (i). b <a = b= aAb. Then putting into equation equation(3.2) we have a = a*b+b.

For (ii), we used (iii) of Definition 2.1 consider:

a<aVb, b<(aVb)..(A, <) isalattice). aVb< (aVb)xb<axb+b by (). &aV
b)xa < bxa=a*b+ a. ThisimpliesaVb < (axb)A(a*xb+a) =axb+aAb. For the
reverse, we have: (a*b) + (aAb) = (ax(aAD)+ (aAb)*x(bx(bANa)+ (bANa))+anb<
((ax (aAb))*(bx(bAa))+ (aAb))(iii) of Definition 2.1 = ((a * (a Ab) +b = a V b. Thus,
aVb=axb+aANb.

To prove (iii), let: a*xb= (ax (aAb)+aAb)*(bx(aAb)+ (aAb)) < (ax(aAb))*(bx(aA
b)) (by axiom (3) of Definition 2.1) < (bx(aVb))*(bx(aAb)) (by Lemma 2.14) = (aVb)*(aAb).

Finally, for (iv), let a,b € A. By the triangle inequality, we have: axb < ax(aAb)+(aAb)*xb <
(@Vb)*xb+0bx(aAb) (by Lemma 2.14) = (axb+aAb)x (bx (aAb) + (a AD)) +bx(aA
b) (by (2) of this theorem) < (axb)*(bx(aAb))+ (bx(aAb)) (by axiom (3) of Definition 2.1) <
((axb)*x0) =a=b (by (i) of this theorem, since b* (a Ab) < b*xa = ax*b).

Now we have axb=ax* (a Ab) + (aAbD)*xb= (aVb)xb+ (aVb)xa (by Lemma 2.14) =
ax*(aVb)+ (aVb)xb. O
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Remark 2.25. Not all Lattice ordered autometrized algebra is representable.

Example 2.26. Not all lattice ordered autometrized algebras are AL-monoids. Similarly

Brouwerian algebra are lattice ordered autometrized algebra. But, not AL-monoids.

2.3 Isometries

We explore the idea of isometries in the context of AL-monoids in this section. Bijective
mappings known as isometries maintain the monoid’s algebraic structure, namely the operations
defined within it. Understanding how transformations can be applied without changing the
fundamental relationships between items depends on this characteristic.

We shall illustrate how invertible elements interact under the monoid’s operations by
presenting a number of theorems that describe their behavior in an AL-monoid. Specifically,
we will examine the circumstances in which specific mappings are considered isometries and
look at how these mappings affect the AL-monoid’s structure.

This investigation will help us better grasp the algebraic features of AL-monoids by
demonstrating the importance of isometries in maintaining order and operation. The findings
will advance our understanding of how algebraic structures interact with geometric concepts

of transformation and distance.
Theorem 2.27. Let a,b in AL-monoid A. Then the following statements hold:
1. a A0 1s invertible.
2. If a is invertible, then a A b is invertible.
3. If a is invertible, then a VvV 0 s invertible.
4. If a and b are invertible, then a A\ b is invertible.

Proof. 1. To show that aA0 is invertible, note that:(0x(0Aa)+(0Aa)) = 0x(0A(aA0))+(an0) =
0V (0Aa)=0.Thus, a A0 is invertible.

2. If a is invertible, then a + 2 = 0 implies: a* (a A (a Ab))+ (aA(aAD)+2=0=
(a*(aN(anb))+z)4 (aA(aAb))=0. This shows that a A b is invertible.

3. Since both a and a A0 are invertible, it follows that a V0 is invertible as a = aV 0+ aAQO.
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4. Finally, for invertible a and b, we have: aVb = a*(aAb)+b = a = ax(aA(aAb)+(aNb) =
aV(aAb) =a. As a and a A b are invertible, it follows that a * (a A b) is also invertible, proving

(4). m
Lemma 2.28. The inverse in AL-monoid is unique.

Proof. Let a,b,c € A be elements of the AL-monoid. Suppose b and ¢ are both inverses of a.

This means b +a = 0 and ¢+ a = 0. From the first equation, we have b = —a. From the
second equation, it follows that ¢ = —a Since both b and ¢ are equal to —a, we conclude that
b = c¢.Thus, the inverse of a is unique. O

Theorem 2.29. The set of all invertible elements of an AL-monoid A forms a l-group.

Proof. 1f a and b are invertible and a < b, then a+(—b) < 0. Which implies that —a+(—b) < —a.
Thus, —b < —a and hence the —(a Vb) = —a A —b — (a Ab) = —a V —b. Therefore, by this

relation the class becomes l-group. O
Notation: We write —b for the inverse of an invertible element b and a — b for a + (—b).
Lemma 2.30. If a,b are invertible, then so is a x b.
Proof. avb=ax(aNb)+b) = axb+b=aV (aAb) =a. O
Hence a * b is invertible.
Theorem 2.31. If a,b are invertible elements of AL-monoid A, then:
(i) ax(aNb)=(a—0b)VO
(i) axb=(aVb)—(aAb);
(i) ax0>aV0>a; and
(iv) If x is invertible and a + x = b+ x, then a = b.

Proof. (i). We have a * (a Ab),a Ab as elements of a l-group. Now, a* (a ANb)+aANb=a =
ax(a@ANb)=a—(aANb)=a+ (—aV =b) =(a+ (—a))V(a+(=b) =(a—a)V(a—10b) =
0V (a—>b)=(a—>)VO0. Hence (i) holds.

(ii). Since x > y and x,y are invertible, it implies  —y > 0. Therefore, z % (z A y) =

(x—y)VO=xz—y. Thus,axb= (aVb)*x(aAb) = (aVb)— (aAb). Hence (ii) holds.
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(iii). By (4) of Definition 2.1, we have: aV0 =a* (a A0) = (aAa)* (aA0) < ax0. Thus,
(iii) holds.

(iv). If z is invertible and @ + = b+ z, then: (a+2z) -z =(b+2)—2 = a+0=
b+ 0 = a=b. Hence (iv) holds. O

Definition 2.32. An element a € A is idempotent if a + a = a.

Definition 2.33. A bijective mapping o : A — A is an isometry if o(z) x o(y) = x *y for all
x,y € A.

Theorem 2.34. The mapping x — a+ x is an isometry for all a and x in A if a is invertible.

Proof. 1f a is invertible, then a + x = a + y implies x = y, showing that z — a + x is injective.
For y € A, let x =y — a so that x + a = y. Thus, it is a bijection.
Now, we check if it is an isometry:(a * z) % (a*xy) <z xy=(—a+a+2z)* (—a+a+y) <
(a + ) x (a +y) = z *y. Hence, the map is an isometry.

Conversely, if the map is an isometry, then 0 = a + x for some x implies a is invertible. [J
Theorem 2.35. If a,b are idempotents of an AL-monoid A, then:
(i) a>0.
(ii) a A\ 'b is also idempotent.
(iii) aVb=a+b.
(iv) Both aV b and a + b are idempotents.
(v) a+b=aVb+aAbisidempotent.

Proof. 1. If a+a = 0, then:a+aV0+aAN0 =aV0+aA0 0 in lattice represent a least element.
This impliesa+aV0=(a+a)V(a+0)=aV0.Thus,aVa=aVvV0 = a=aV0>0.

2. For anb, we have:aAb+aNb = (aAb+a)A\(aNb+Db) = (a+a)A(a+b)A(b+b) = anbA(a+D).
Hence (ii) holds.

3. Since axb+aAb = aVb, we have: axb+aAb+aNb = aVb+aAb = axb+aNb = aVb+aAb.
Thus, a Vb=a+b.

4. If (a+b)+(a+b) =(a+a)+ (b+0b) = a+ b, then a + b is idempotent. Also, since
a+b=aVbfrom (3), (iv) holds.

5. By considering (iii), a + b= a V b+ a A b is idempotent. O
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Theorem 2.36. Let A is an AL-monoid. For any a,b € A, axb= (ax*(aAb))* (bx (aAD)).

Proof. We have: axb= ((a* (aAb)*x(bx(bAa))) < (ax(aAb)*(bx(aAb))) and,(ax* (aA
b)) * (b*(aAb)) <axb by (iii) of Definition 2.1. Hence, the proof. O

Theorem 2.37. Let A = (A, +,<,%,0) be an AL-monoid. Then (A, <) is a distributive lattice.

Proof. Let a,x,y,z,w are elements of A. Clearly, (A, <) is a lattice. Let a Ax = a Ay and
aV x =aVy. Then, by axiom 2 of Definition 2.1 and Lemma 2.14, we can drive the following
equations: (xx (aAz))+ (ahz)=z (yx(aAy))+ (aNy) =vy.

Given that a A x = a A y, we can denote this common value as z (i.e., z =aAx =aAvy).
Now, we can rewrite the previous equations as: (z % z) + z = x and (y * z) + z = y. Next, we
express x and y in terms of their joins with a:x = ((a V) *xa) + z and y = ((a V y) * a) + z.
Since a V z = a V y, we can denote this common join as w (i.e., w=aVz =aVy).

We then have: x = (wxa)+ 2z and y = (w*a)+ z. Since both expressions for x and y
are equal, it follows that = = y.

Therefore, we have shown that a Az = a Ay and a V2 = a V y implies z = y. This

demonstrates that the lattice is distributive. ]

Remark 2.38. Let A is AL-monoid with unity, i.e., there exists 1 such that a+ (ax1) = 1. If

a€ AT, thena<land0<axl=a=a+0<a+ (ax1)=1.
With usual terminology, we have the following:

Lemma 2.39. (i). If a is complemented then a 4+ a = a.

(i7). an(ax1)=0

(ii). aV (aV1)=1.

(v). a =ax1

Proof. (i). Let a have a complement ' in A. Then, a = a+0 =a+(aNd') = (a+a)A(a+d') =
(a+a)AN1=a+a.

(ii). (ax1l)+a=1=d+a = ax1<d (by (i) implies a A (ax1) < aAd' =0.

(iii). a*x(aA(a*1))+(ax1) = aV(axl). Implies that ax0+axl = aV(axl) = a+(axl)=1. O

Theorem 2.40. The complemented elements of A form a Boolean algebra.
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Proof. Thus, we also have:(ax1)+a=1=d +a=ax1<d = aA(axl) <aAd =0.
This leads to:ax (aA(ax1))+(ax1) =aV(ax1l) = a*x0+axl=aV(axl) =a+(ax1) = 1.
Thus, @’ = a * 1. Since the set of all complemented elements forms a sublattice of A having 0

and 1, it follows that A is a Boolean algebra. O]

Theorem 2.41. A with unity is a Boolean algebra if for each a € A, the mapping x — a*x is

an isometry.

Proof. Since the mapping x — 1% x is an isomorphism, this implies a = 1z for some x, hence
a>0. Also,a+ (1*a) =1= a < 1. Thus, A = A" with the greatest element 1.

Let a € A. Then: aV (1xa) =ax(1*xa)+aA(lxa)=(ax0)x(axl)+aA(ax]l)=
Oxl+aA(axl)=1+aAn(axl)=1

Now consider:1*(aA(1xa)) = IA(aA(1Ad")) = (1Nd)V(IAN(1AQ)) = (1xa)V (1x(1%a)) =
1 = 1 %0, which implies a A (1 xa) = 0. Thus, a is complemented. Hence, A is a Boolean

algebra. ]
Theorem 2.42. If (A, +,<,0) is a commutative monoid that is a chain such that:
l.x<y=a+zx<a+y
2. ax(aNb)+b=aVb
3. The mappings x — a+x,aV x,a N x,a*x are contractions with respect to *
then (A, +,<,0,%) is an AL-monoid.

Proof. We will show that [a * (a V)] A[b* (a Ab)] = 0. Since A is a chain, we have either
a=aVborb=aVb.
Ifb=aVb, then:(ax(aVb)A((bx*(aVd)=(axa)\(bxa)=0A(bxa)=0.
Ifa=aVb,then: (ax(aVb)A((bx(aVd)=(axb)AN0=0.
Thus, A is an AL-monoid. O
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Geometries in autometrized lattice

ordered monoids

In this chapter, we study the geometry of autometrized lattice ordered monoids by
introducing the concepts of metric betweenness and its properties: ti,ts, B-linearity,
D-linearity, lattice betweenness, segments, and equilateral triangles. We prove that there are
no equilateral triangles in AL-monoids and that any AL-monoid is Ptolemaic. This result
subsumes all the geometry of commutative DRI-semigroups.

We treat any distinct elements a, b, ¢ of an AL-monoid A = (A, +, <, *,0) with least element

0 as the vertices of a triangle with sides a x b, b * ¢, and ¢ * a.

Definition 3.1. A subset S of an AL-monoid A = (A, +, <,%,0) is said to be a " subgeometry’
if for any a,b € S, it follows that axb € S.

3.1 Triangles in AL-Monoids

The features of triangles made up of components in AL-monoids are examined in this section,
with particular attention paid to the geometric relationships between the elements and how
these interactions affect the algebraic system’s structure. In particular, we will examine the
equivalencies that define triangle configurations and examine the circumstances in which
triangles have fixed points.

We will outline a number of theorems that emphasize the connections between triangle
components, including their joins and meets, and show how these connections can be used to

infer information about the general structure of the AL-monoid. In order to provide light on
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the geometric meaning of algebraic operations, we will also look at the ideas of degenerate
triangles and chains.

By exposing the interaction between algebra and geometry in the study of AL-monoids,
we want to further our comprehension of how geometric qualities appear within algebraic
frameworks. This study will advance a more comprehensive understanding of the applications

of triangular interactions in several mathematical contexts.

Theorem 3.2. For the triangle /\(a, b, c) in AL-monoid A, the following are equivalent:
1. A(a,b,c) has fized points.
2.aVb=bVc=cVaandaNbAc=0.

3. A(axb,bxc,cxa) has fized points, and the set {0,a,b,c} is a subgeometry where x xy =

lz —yl.

Proof. (1) = (2): Assume that A(a, b, ¢) has fixed points. Then we have axb = ¢, bxc = a,
and cxa = b. Clearly, a > 0,b > 0, and ¢ > 0.

Now,aVb=axb+aANb=c+aANb>csince aAb> 0. Similarly, bV ¢ > a and ¢V a > b.
Hence, aVb=bVc=cVa.

Now, aVb=axb+a/Ab=c+aAb > csince aAb > 0. Thus, bVc = bxc+bANc=a+bAc>a
and cVa=cxa+cNa=b+cANa>0b Hence,aVb=bVc=cVa.

Now, axb < bx(aVb) +(aVb)xcand c = axb < ax(aVec)+(aVc)xb Hence,
aNc<(bx(aVbd)+(aVe)xeA(bx(aVd)+ (aVe)xa=Dbx(aVb).

Further, b = axc < a*(aVb) + (aVb)xb=ax(aVb)+ (bVc)x*cHence, a*b <
(bx(aVb)+(aVe)xe=(a*x(aVDb)+ (bVe)x*b.

Thus, a A b A ¢ > 0, which implies a A b A ¢ = 0. Therefore, (1) = (2).

(2) = (1): Assume that aVb=bVc=cVaand aAbAc=0. Clearly, a > 0,b > 0,
and ¢ > 0. So, we have: ¢ = c*x0=cx*x(cANaAb) = (cAN(aVe)*x(cAhaAb) < (aVc)x
(anb) = (aVb)*(aNb)=axb Thus, c < axb. Now,axb<ax(aVc)+(aVc)*band
axb=bxc<(bx(aVb)+ (aVb)*c Hence,axb< (ax(aVe)+ (bVe)xb)=aVb.

Similarly, we can show that b < aVcand a <bVec. Hence,aVb=bVc=cVa.

Now, since a * b should be any of a,b,c (since a # b # ¢ # a). Let axb=a. If bxc = a,

then axc= (a*b)*x(bxc) =axa=0,s0a=c. Thus, bxc# a.
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Ifbxc="b,thenaxc=(axb)x(bxc)=axb=a,sobxc=(a*xb)*(axc)=axa=0,
which implies b = c.

Thus, bxc#b. If axc=0b, then a =a*b = (a*c)* (cxb) = bxc. This results in b*c = c.

Finally, if a x ¢ = ¢, then a = ax b = (a * ¢) * (c * b) = ¢ *x ¢ = 0, which implies a = b = c.
Hence, A(a, b, c) degenerates, meaning a, b, ¢ are not distinct. Thus, A is a chain.

Therefore, if A is free of triangles with fixed points, then A is a chain. Conversely, if A is a

chain, there are no triangles in A with fixed points. n

In any Boolean geometry, since the metric operation is a group operation, there do not
exist any isosceles triangles. In commutative lattice groups, Swamy [24,25] has also shown that

equilateral triangles do not exist.
Theorem 3.3. There do not exist equilateral triangles in an AL-monoid A.

Proof. Assume that a xb =b*c = cx*a. Then we have: c=c*(cANa)+cANa=ax*xb+a, and
¢ = cx(cAb)+eNb < exb+b = axb+b. Hence, we get: ¢ < ((axb)+a)A(axb+b) = axb+axb = aVb.
Thus, ¢ < a V b. Similarly, we can show that b < aV c and a < bV c¢. Therefore, we conclude
that: aVb=bVc=cVa.

Now, since axb < ax(aVe)+(aVe)xband axb = bxc < (bx(aVb))+ (aVb)*c, we can say:
axb < (ax(aVe)+(aVh)xb)A(bx(aVDh)+(aVe)xe = (ax(aVe))A((aVe)xe)+(aVb)xb = (aVDh)*b.

Similarly, we can prove that axb < (aVVb)xa. Thus, we have: axb < ((aVb)*xb)A((aVb)xa) =
0. This implies that a *x b = b*x c = c*x a = 0, which leads us to conclude that a = b = c.
Consequently, the triangle A(a,b,c) degenerates (i.e., a,b, ¢ are not distinct). This completes

the proof. O
Theorem 3.4. AL-monoid A is a chain if and only if it is free of triangles with fixed points.

Proof. Assume that A is not a chain. Then there exist a,b € A such that a # b, a Vb # a, and
aVb # b. Consequently, the elements (aV b)*xa, (aVb)*b, and a*b are three distinct elements
in A.

If (aVb)xa=(aVb)xb, then: axb<ax(aVb)+(aVb)xb=2(ax(aVb))=2(bx(aVb)),
which implies: axb < (2(a*x(aVb)))A(2(b*(aVb))) = 0. (Since in a commutative lattice-ordered
semigroup with identity 0, z A y = 0 implies mx A ny = 0 for all positive integers m and n.)
This leads to a = b, a contradiction.

If axb= (aVb)*a, then: (aVb)xb<aVb=(aVb)x*a, which implies: (a Vb)*xb =
((@Vb)xb)A((aVDb)*a) =0, this leading to a V b = b, another contradiction.
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Similarly, if a * b = (a V b) x b, we reach the contradiction that a V b = a. Therefore,
the three elements a x (a V b), b* (a V b), and a * b are distinct, forming the triangle A; =
A(a*(aVDb),bx(aVb),axb).

Now, we will show that A; has fixed points. For, (a* (a Vb)) * (bx (aV b)) < ax*b, and
since: axb= (ax(aANb)+aAb)x(bx(anb)+anb) < (ax(aAb))*(bx(ax(aVb))),it follows
that: (a* (aVb))*(bx(aVb))=axb. Moreover, (a* (aVb))*(axb) < (aVb)xb, and since:
(aVb)xb = (axb+aNb)*(aAb)+aAb < (axb)*(bx(aAb)) = (axb)*(ax(aVb)) = (ax(aVb))*(axb),
we have: (a*(aVb))*(axb) = bx(aVb). Similarly, we can prove that (bx(aVb))*(axb) = ax(aVb).
Thus, /Ay has fixed points.

Consequently, if A is free of triangles with fixed points, then A is a chain. Conversely, if A

is a chain, there are no triangles in A with fixed points. O
Theorem 3.5. If all triangles in AL-monoids A are isosceles, then A is a chain.

Proof. For any a,b € A, consider the triangle A(a V b,a A b, a).

The condition (aVb)*(aAb) = (aVb)*a implies: aVb = axb+aAb = (aVb)x(aNb)+(aNb) =
(aVb)xa+aANb=>bx*(aAb)+aAb=>b. Similarly, the condition (aV b)* (a Ab) = (a Ab) *xa
implies: aVb=axb+aANb=ax(aAb)+ (aNb) =a.

Furthermore, the condition (a Vb) xa = (a A b) xa leads to: b =bx (bAa)+bAa =
ax(aNb)+bANa=ax(aAb)+ (aAD)=a.

Thus, the triangle A(aV b,a A b, a) degenerates, meaning a Vb, a Ab, and a are not distinct.

Hence, A is a chain. O

3.2 Betweenness in AL-monoids

The notion of betweenness inside AL-monoids—which describes when an element lies
metrically between two others—is examined in this section. We’ll look at the circumstances in
which certain characteristics, such transitivity and the special inner feature, are displayed by
a betweenness relation.  We hope to gain a better understanding of the geometric
interpretations of AL-monoids’ elements and how these interpretations affect the structure as
a whole by analyzing these relations. Additionally, by examining the effects of isosceles
triangles on betweenness, the investigation will shed light on the connections among the

components of this algebraic framework.
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Definition 3.6. An element © € A is said to lie metrically between a and b (denoted as

(a,2,b)pr) if and only if ax v+ 2% b= axb.

Definition 3.7. A betweenness relation B is said to satisfy the special inner property [ if

B(a,b,c) and B(a,c,b) = b=c.

Lemma 3.8. In AL-monoid A, three points a, b, ¢ fail to have the special inner property if a,b, ¢

are the vertices of an isosceles triangle in which the sum of any two sides is equal to their union
(join).

Proof. Assume that a, b, c are the vertices of an isosceles triangle. Then, we have: (a%b)V(axc) =
axbt+axc,(axb)V(bxc)=axb+bxc,(axc)V(bkxc)=axc+bxc,and axb=>bx*c.
Thus, we find: axb+bxc = (axb)V (bxc) < (axb)V (bxa+axc) (by Ms). Consequently,ax
c+cxb=axb+cxb=axc=axb. This implies that (a,b,c)y and (a,c,b)y hold. However,
b # c since a, b, ¢ are the vertices of a triangle. Therefore, the special inner property fails in

this case. This completes the proof. O
Definition 3.9. In an AL-monoid A, a betweenness relation M is said to have:
(i). Transitive t, if and only if B(a,b,c), B(a,d,b) = B(d,b,c).

(7). Transitive ty if and only if B(a,b,c), B(a,d,b) = B(a,d,c).

3.3 Transitivity in AL-monoids

The notion of transitivity in AL-monoids is examined in this section, with a particular emphasis
on metric betweenness. When transitivity ¢; holds, we determine the circumstances that result
in the absence of isosceles triangles and investigate the effects of this characteristic on the
algebraic structure.

The equivalence between lattice and metric betweenness under certain situations will be
highlighted, along with theorems and proofs showing how transitivity affects the interactions
among elements. We will also give a definition of the concept of metrically convex AL-monoids
and explain the role of atoms in this context.

By doing these analyses, we hope to gain a better understanding of the structural dynamics

of AL-monoids and how transitive features influence their geometric and algebraic interactions.
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Theorem 3.10. If the metric betweenness has transitivity ti, then AL-monoid A is free of

1sosceles triangles for which the sum of any two sides is equal to their union.

Proof. Given (a, b, c)y and (a, d, b)ys, we have: axb+bxc =axc and axd+d*b= axb. This
implies: axd+d*xb+b*xc = a*c, which leads to: axc > axd+d+*c. Since axc < axd—+d=*c,

we conclude that axc=axd+ d * c. O
Lemma 3.11. In AL-monoid A, the metric betweenness has transitivity ts.

Proof. Given (a,b,c)y and (a,d,b)y, we have: axb+bxc=a*xc and axd+d*xb=axb.
This implies: axd+dxb+bxc=axc,sothat: axc>axd+d=c. Since axc<axd+dx*c,

it follows that (a,d, ¢)y;. This completes the proof. ]
Theorem 3.12. In AL-monoids A, lattice betweenness implies metric betweenness.

We utilize the following lemmas in A:
Lemma 3.13. Let a,b,c in AL-monoid A. Then axb+bxc= (aAc)xb+bx(aVc).

Proof. We have: axb+bxc < ax(aVc)+(aVe)xb+bx(aNc)+ (aAc)xc. This simplifies to:
((ave)xsb+bx(anc))*(ax(aVe)tax(aVe))=((aVe)xb+bx(aNc))*(2(ax(aVc))).
Similarly, axb+bxc < ((aVe)xb+bx(aNc))+2(cx*(aVc)).

Hence, we have: axb+bxc= (aVe)xb+bx(aNc)= (aNc)xb+bx*(aVc) for all
a,b,c e A. O

Corollary 3.14. In AL-monoid A, (a,b,c)y if and only if (a A c,b,aV ¢)p.
Lemma 3.15. In AL-monoid A, a < b < ¢ implies (a,b,c).

Proof. Assume that a < b < c. Then: cxb= (cx(cANa))+(cAha)*(bx(bAa)+bAa)=
(cxa+a)*x(bxa+a) <(cxa)x(bxa)<cxb. Thus, cxb= (c*xa)x*(b+*a). Moreover, since
bxa < cxa: cxb+bxa = (cxa)x(bxa)+bxa = (cxa)*((cxa)A(bxa)) = (cxa)A(bxa) = cxa.

This implies (a, b, ¢) . O

Proof of Theorem 3.12. Assume that (a,b,c)r. Then, aAc < b < bVec. Hence, (aAc)xb+bx

(aV ¢) = ax*c, implying (a, b, c)p. This completes the proof. ]

Remark 3.16. The converse of the above theorem is not true. We illustrate this with the

following example:
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Example 3.17. Let A = Z U {u}, where Z is the set of all integers and u is an element not in
Z. For all a,b € Z, define +,* in A as follows: a + b is the usual sum; a +uv =u, v+ a = u,
ut+u=u, andaxb=la—"bl, axu=u, uxa=u.

Define < in A for all a € Z as the usual ordering. Then A = (A, <, 4+, %) is an AL-monoid.

Testing metric betweenness: Let a = 1,b = u,c = 2. Now calculate the distances: 1 xu =
1—ul=u—1 (sinceu>1),ux2=|u—2|=u—2,1%2=|1-2| =1. This shows that b= u
is not between a =1 and ¢ = 2. We check if 1 <u < 2: 1 < w is true since u is greater than
all integers. However, u < 2 is false since u is defined to be greater than all integers. Thus, u
can satisfy the metric betweenness condition under certain circumstances but does not satisfy
lattice betweenness because it is not ordered between 1 and 2. This example shows that metric

betweenness does not imply lattice betweenness in the structure A.

Theorem 3.18. In AL-monoid A, lattice betweenness and metric betweenness are equivalent

if and only if metric betweenness has transitivity t;.

Proof. Assuming that metric betweenness has transitivity t;, it suffices to verify properties
(i) through (v) of metric betweenness. The metric betweenness satisfies (i) and (ii). Since
it has transitivity t;, property (ii) holds because (a,b,c)y and (a,c,b)y imply ¢ = b. By the
aforementioned lemma, property (iii) is satisfied. Given (aAc,aVe,aVe)y and (aAe,aNe,aVc),
property (iv) is satisfied by the corollary, and property (v) is satisfied by the lemma. Thus,
metric betweenness and lattice betweenness are equivalent.

Conversely, assume that lattice betweenness and metric betweenness are equivalent. Since
lattice betweenness has transitivity ¢; in any lattice, it follows that metric betweenness also has

transitivity ¢;. This completes the proof. O

Definition 3.19. An AL-monoid A = (A, +, <,x) is said to be metrically convez if and only
if for any a # b in A such that a # x # b, we have axx +xxb = axb. An element c in A

(with ¢ # 0) is an atom if and only if 0 < x < ¢ is impossible for any x in A.

3.4 Ptolemaic, B-linearity, D-linearity

Definition 3.20. An AL-monoid A is ptolemaic if and only if for every four points a,b,c,d
in A, it is true that (a *b) A (cxd) < axcANbxd+ (axd) A (bx*xc),(axc)N(bxd) <
(axb) A(cxd)+ (axd)A(cxb),(axd)AN(bxc)<(axc)NcANd*xb+axbAcxd.
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Theorem 3.21. AL-monoids are ptolemaic with A\ as multiplication.

Proof. Let a,b,c,d € A. Let a = ay x as,b = as *x a3, c = az * a;,x = a3 * a4,y = a4 * aj, and
z = ag*ay. We have, a <bkxcand < b+ z and hence aNz < (b+c)A(b+2) =b+ (cAz).
Also,a<a+zand x < c+yimpliesaAx < (y+c)A(y+2)=y+(cAz)ahz <b+(cNz)
and aNz < y+cAhz = alhz < (b+cA2)AN(y+cAhz)=bAy+ (cA z). Also,
(axc)A(bxd)+axdA\bxc = (axc)+((axd)A(bxc))A(bxd+(axdA(bxc))) = ((axc)+(axd))A((ax
c+bxc))A((bxd)+(axd)) A (bxd+bxc)) > cxdNA(axd)A(bxa)A(d*c) > cxdNaxb = (axb) A(cxd).
We can proof the other in similar ways. Since, in A, we can not find pair wise disjoint elements

a,b,c in A such that a xb = b* c = c* a, there do not exist equilateral triangle in A. O
Definition 3.22. An n-tuple of distinct points in an AL-monoid A for (n > 3) is said to be:

1. B-linear if and only if there exists a labeling (p1,p2,...,pn) of its elements such that

(pi, pj, pr) holds whenever 1 <i < j <k <n.

2. D-linear if and only if there exists a labeling (p1,po, - -.,pn) of its elements such that
D1 *Pp =Dp1*P2+P2*P3+t ...+ Ppo1*Pp.

Theorem 3.23. In AL-monoid A, B-linearity implies D-linearity.

Proof. Assume that an n-tuple p is B-linear. Then, there exists a labeling (p1,pa, ..., p,) of
the elements of p such that B(p;,p;, px) holds whenever 1 < i < j < k < n. In particular,

this implies that B(p;, pi+1, pn) holds for i < n — 1. By Theorem 3.14, this implies: p; * p, =

Pi*Pis1tPis1*pn for i < n—1. Hence,pi#p, = prspa+pasps+.. .+Pu_1%pn = iy (Di*pis1),
so p is D-linear. This completes the proof. O

Theorem 3.24. In any AL-monoid A, the following assertions are equivalent:
1. (a,b,c) if and only if (a,b,c).
2. Metric betweenness has transitivity t;.
3. a<bVcandaxb>axcimplyb<c.

4. (a,b,¢)p and (a,c,b)y tmply b= c.
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Proof. (1) <= (2) follows from Theorem 3.18. Now, we prove (1) = (4) = (3) = (1).

(1) = (4): Assume that (a, b, ¢)r, if and only if (a, b, ¢)ar. Suppose (a, b, ¢)p and (a, ¢, b) .
Then, by assumption, we have (a,b,c)r. Thus, a Aec < b < aVc. Hence, a Ac=aAband
aVe=aVb. Since (A, <) is a distributive lattice (by Theorem ...), it follows that b = ¢. Thus,
(1) = (4).

(4) = (3): Assume that (a,b,c)y and (a,c,b)y imply b = ¢. Suppose a > bV ¢
and a * b > a % c. First, we prove that a * (b Ac¢) = axb. For, we have: a x (b Ac) <
axct+cx(bAc) (by M3) < axb+cx(bAc). Thus, ax(bAc) < (axb)+(bx(bAc))A(axb+cx(bAc))
= a x b. Moreover, axb = (aV b)x (bV (bAc)) (by Ly). Hence, a* (bAc) = a=b. Since
bAc <b<a, by Lemma 3.17, we have (b A ¢,b,a)y, which implies (a,b,b A ¢)y;. Therefore,
ax(bAc)+ (bAc)xb=axb+bx(bAc) = axbjie., (a,bAc,b)y. Thus, we have (a,b,bAc)y and
(a,bAc,b)y. Hence, by our assumption, it follows that b = bAc, i.e., b < ¢. Thus, (4) = (3).

(3) = (1): Assume that a > (bV¢) and a*b > a x c imply b < ¢ (by Theorem 3.14).
Now, assume (a, b, ¢)p which means a < ¢; hence, b =bx* (bAa)+bAa<bxa-+a<cx*a.
Since (a,b,c)y implies axb+bxc=a*xc=cx(cNa)+cAa=c. Thus, a < cand b < ¢, which
means ¢ > aV b. Furthermore, we have c*a > ¢ b. Hence, by our assumption, it follows that
a < b. Thus, a < b < ¢. Therefore, (a,b,c)p.

We have proved (1) = (4) = (3) = (1) = (2). Hence, (1),(2),(3), and (4) are

equivalent. O

Remark 3.25. This above hypothesis is true only representable autometrized algebra satisfying

condition v of 2.1 of AL-monoid.

Example 3.26. Let A be a lattice of all closed subsets of the space of real numbers with usual
topology. Then, A is a representable algebra with the symmetric diffrence as the metric. But,
it is not AL-monoid. Here, let A =10,2], B=[1,3], and C =1[0,1] V [2,3]. Then, the triangle
A(A, B,C) has fized points, while AN\ B A\ C # ().
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Chapter 4

Certain i1ideals in autometrized lattice

ordered monoids

In this chapter, we introduce special types of ideals namely polar ideals, regular ideals, prime
ideals, and annihilators in AL-monoids, and establish their relationship. Also, we introduce the
notion of the value of an element for an ideal I and obtain a characterization of a regular ideal
in terms of value of an element. Further, we investigate certain properties of these ideals. We
obtain certain characterizations of polar ideals in terms of minimal prime ideals, annihilators,
and maximal polar ideals.

Throughout this chapter, we denote an AL-monoid (A,+,<,*,0) simply as A, where

a,b,c,x,y, z represent elements of A.

4.1 Ideals in AL-monoids

Here, we investigate the notion of ideals in the context of AL-monoids. First, we define convex
subsets and discuss their importance for AL-monoids. We then draw a link between these
equivalence relations and ideals by introducing the concept of congruence relations.

The fundamental characteristics of ideals, such as the requirements for being a prime ideal
and the connections between different ideals in the algebraic structure, will be discussed.
Additionally, we will highlight the structure of the ideal lattice by presenting theorems that
demonstrate the relationship between ideals and congruence relations. Now, we introduce the

following;:

Definition 4.1. A subset B of AL-monoid A is said to be convex if a,b in A and a ANb < ¢ <
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aVb — ce B.

Definition 4.2. A sub-AL-monoid B of A is said to be a convex sub-AL-monoid of A if B is

a convex set in A.

Definition 4.3. An equivalence relation 6 on AL-monoid A is called a conguerence relation if

only if 0 satisfies the following conditions
(i). abb,cld = (a + c)0(b+ d).
(7). abb,c0d = (a=*c)8(bxd) and
(1ii). adb and xxy < axb = z0y for all a,b,c,d,x,y in A.

Definition 4.4. A non-empty subset I of AL-monoids A is called an ideal of A if it satisfies

the following conditions:

(1) Ifacl andbe I, thena+0be I.

(1) If b < a for somea €l andb e A, thenbe I.

Theorem 4.5. There is a one-to-one correspondence between the ideals of AL-monoids A and

its congruence relations.

Proof. Let I be an ideal of A. We define a relation § on A as follows: afb <= axb €
I for a,be A. Since ax b= b a, it follows that afb implies bfa, establishing symmetry.
Next, if afb and bfc, then axb,bxc € I. By the property of ideals: a*xc < axb+ b*c, which
implies aflc. Thus, 6 is reflexive, symmetric, and transitive, making it an equivalence relation.
If afb and cfd, then both axb € I and c¢*d € I. Therefore: (a*b)+ (c*d) € I, and since
in A: (a+c¢)*(b+d) < (axb)+ (c*d), it follows that (a + ¢) * (b+ d) € I, which implies:
(a+ ¢)8(b+ d). Thus, I defines a congruence relation.
Conversely, let 6 be a congruence relation on A. Define the set N = {x € A | x00}. To

show that IV is an ideal, observe:
i. If a,b € N, then a+ b € N because af0 and b0 imply (a + b)60.

ii. If x € N and y < z, then: 200 —= (yV 2)00 — y0 — y € N.
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Thus, N satisfies the conditions of an ideal.

Now, define a new relation ¢ as follows: af'b <= axb € N. We can show that this relation
is equivalent to afb by demonstrating that af’b implies afb and vice versa.

Thus, we conclude that there is a one-to-one correspondence between the ideals of A and

its congruence relations. O

Corollary 4.6. The ideal of any DRI-semigroup is correspond one to one to its congruence

relation.
Corollary 4.7. The ideal lattice of any DRI-semigroups are all complete algebraic lattices.
Lemma 4.8. If 0 < a,b,c in AL-monoids A, then a A (b+c¢) < (aAb)+ (a Ac).

Proof. Let 0 < a,b,c € A, then 0 < a A (b+c¢) < (b+ ¢) hence, a A (b+ ¢) = p + g, for some
0<p<b,0<qg<c Moreover, p < p+q < a, thus, p < a Ab, and similarly, ¢ < a A ¢, which
means a A (b+c¢) < (aAb) + (a Ac). O

Definition 4.9. Let B is subset of AL-monoids A. Then, the ideal generated by a set B is
defined by [(B) ={x € A; x<by,x <by, ..., <b, for by,by.,b, € B}.

Definition 4.10. The principal ideal generated by a single element a in AL-monoid A is defined
by l(a)={x € A:x<ma, for a€ A and m € N}.

Proposition 4.11. The intersection of any two principal ideal of AL-monoid A is a principal

ideal of A.

Proof. Let a,be A. anb<a,b = aAbe I(a)AI(b). Therefore, I(a Ab) C I(a) A I(b).
Conversely, if © € I(a) A I(b), then there exist m,n > 0 such that x < ma,x < nb. By

Lemma(4.8) , we have ma Anb < mn(a Ab); thus, z € I(a Ab). i.e., [(a) NI(b) C I(aNb). O
Lemma 4.12. The join of any two principal ideals in AL-monoid A is a principal ideal.

Proof. Let (a) and (b) be principal ideals. We show that (a) V (b) = (a + b).

Let J be any ideal containing (a) and (b), and = € (a) + (b). Then z < m(a + b) for some
positive integer m. Now a € (a) C J and b € (b) C J show that a € J and b € J. Now, x <t
and t € J. It follows that = € J. this shows (a + b) € J. So, (a) V (b) = (a + b). Hence, (a) V (b)

is a principal ideal [
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Definition 4.13. An ideal I of AL-monoid A is a prime ideal if for all

JSKellA);, JNK=1 = J=1 or K=1.

Proposition 4.14. An ideal P of an AL-monoid A is a prime ideal if for all a,b € A, aANb =0

implies a € P or b € P.

Proof. We will show both directions of the statement.

(=>). If P is a prime ideal, then if a Ab =0, we have a € P or b € P.

Assume P is a prime ideal. By the definition of a prime ideal, if a A b € P, then either
ac€ PorbeP.

Now, if a A b = 0, then clearly 0 € P. Since P is a prime ideal, this implies: a Ab € P —>
a € P or b e P. Thus, the first direction is established.

(«<): f aAb=0implies a € P or b € P, then P is a prime ideal.

Assume that for all a,b € A, a Ab =0 implies a € P or b € P. We need to show that P is
a prime ideal.

Let z,y € A such that x xy € P. We want to show that either x € P or y € P.

Consider a = x and b = y. We know: z xy € P. Now, if z # 0 and y # 0, we can use the
property of the ideal P. Given a A b = 0, we can write: a Ab=0 = z Ay = 0. By our
assumption, this implies: x € P or y € P. Thus, if x xy € P and both x and y are non-zero,
we have established that P is a prime ideal.

Next, consider the case when either x =0 or y = 0. If x = 0, then 0 € P by the definition
of an ideal. If y = 0, then similarly 0 € P. Thus, in both cases, we still satisfy the condition
for P being a prime ideal since at least one of x or y is in P.

Therefore, we conclude that P is a prime ideal. O
Corollary 4.15. If I C J are ideals of AL-monoid A and I is prime, then J is a prime ideal.

Proof. f anb=0thena€ lorbel.But I C JandthusaAb=0 = a€ JorbeJ.

Therefore, J is a prime ideal of A. n
Theorem 4.16. Let I € I(A). Then, the following conditions are equivalent.

(i). I is prime ideal.

(i) VLK el(A)(JNk=1 = (J=1 or K =1).
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(ir). (Vr,y e A)0<zAyel = (xeloryecl).
(). Ve,y e Az Ny=0 = (x €l oryel), and
(v). {J € I(A):1C J} is linearly ordered.

Proof. (i = i) :Let JAk=1.Then, I =Jor [ =k. (2 = 1) is done by definition.
(i = 1) : Let 0 < x Ay € I by proposition(4.11), we have I(z) A I(y) = I(z ANy) C I.
Thus I(x) C I or I(y) C I,andsox €l orye .

(3 = 1) :Let JJ)k € I(A); J ANk = I. Let us suppose that a € J\ I,b € J\I. Ais
semiregular, hence we can suppose that 0 < a,b then, 0 <aAb< a,b, thus,aNbe JAk =1,
therefore, a € I or b € I, a contradiction. That means, J =1 or K = I.

(131 <= v :) Since I C A, for each x € I then the set of all y € A such that z < y is
linearly ordered and contained in I.

(4 = 5):Letx,yc Aandz Ay e l.(zx(xAy))A(y*(zAy)) =0. Hence, zx(x Ay) € I or
yx(xANy) € 1. Let x * (x ANy) € I by lemma(4.8), we have z = x Ay + (x % (z A y)), therefore,
by assumption, x € I.

(1 <= 5) : If I is prime ideal of A, then a A b = o implies a A b € I and therefore a € I or
bel.

Conversely, suppose that [ satisfies the condition a A b = 0 implies a € I or b € I and let
0<zAye€l, then (zx(xAy))A(y*(xAy)) =0 which implies z* (zAy) € [ or y*x(zAy) € 1.

Without loss of generality, we may assume that x*(xAy) € I, then 0 < zAy+(x*x(zAy)) € T

and by convexity of I, x € I. Therefore, I is a prime ideal. ]

Definition 4.17. A minimal prime ideal in AL-monoid is defined as a proper ideal that does

not contain any other proper ideals.
Theorem 4.18. Fvery prime ideal of A contains a minimal prime ideal.

Proof. Let P is prime ideal and 0 < a Ab € P,a ¢ P,b ¢ P for a,b € A. Then, there exists
J, K € I(A) such that a € P;,b ¢ Px. Let J C K, then a ¢ Pk,b ¢ Pk, a contradiction.
Therefore by Theorem(4.16), P is a prime ideal. ]

In the following we investigate the properties of regular ideals and their relations to prime

ideals in AL-monoids.
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Definition 4.19. An ideal I € I(A) is a reqular ideal in A if I = Naerda, where J, € I(A) for
each a € T" implies the existence of B € I' such that I = Jg.

Proposition 4.20. Any regular ideal in AL-monoid is prime ideal.

Proof. Let I is regular ideal in A, I # A. Denote I’ the intersection of all ideals in A not
containing A strictly containing I. Evidently, I C I’ and I’ is unique cover of I in the lattice

I(A). O

Definition 4.21. Let 0 # a € in AL-monoid A. If I € I(A) is a maximal ideal in A not

containing a, then I is called a value of the element a in A.
The set of all values of a will be denoted by val(a).

Theorem 4.22. An ideal I in AL-monoid A is reqular ideal iff there exists a € A such that
I € val(a).

Proof. let I is regular ideal and I denote the intersection of all ideals in A strictly containing 1.
Let us consider a € I'/J. If J € [(A) and I C J, then a € J, hence I is a value of A. Conversely,
let 0 #a € A and a € val(a). If J, € I(A),a € T, and I = NgerJ,, then there exists 5 € T’
such that a ¢ Jz Moreover, I C Js, and since I € val(a), it must be I = Jz. Therefore, I is a

regular ideal. O
Theorem 4.23. Any ideal of AL-monoid A is the intersection of reqular ideals.

Proof. From [16], it is clear that all regular ideals in an autometrized algebra are prime ideals,

hence the proof is obvious. O
Theorem 4.24. In AL-monoids, Every maximal ideals are a prime ideal.

Proof. Suppose M is maximal ideal. By theorem 4.23,we have that M = A,erJ, where each

J, is regular. Since regular ideal is a prime ideal, it is clear that M is a prime ideal. O
Note. Converse is not true. For instance consider the following

Example 4.25. Consider A =NU{0}. Let I = {< 2n > |n € N}. Clearly I is prime but not

maximal.

Theorem 4.26. Let P be a prime ideal of AL-monoid A. Let My, M, ..., M are maximal
ideals. Assume that N5_, M; = {0}. Then, P = M; for some i.
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Proof. We know that N¥_, M; = {0} C P. for some 4, by induction on k. Since M; is Maximal;

and hence, P = M, for some 1. ]

Theorem 4.27. If P is prime ideal in AL-monoid A, then the set of all ideals containing P is

linearly ordered.

Proof. Let P is prime ideal. Suppose that J, K € I(A),I C J,I C K, and that J € k,k £ J,
there exists 0 < a € J/k,0 <b € k/J then ax* (a Ab) >0, and b* (a Ab) > 0.

aNb>0 = (aAb)+a > aand (aAb)+b > b. Hence, a > ax(aAb) and b > b*(aAb) > 0.
Since, A is semiregular, a x (a Ab) € J and bx (a Ab) € K. Also, (ax (aAb))A(bx(aAb))=0.
But, this is the contradiction to the assumption that P is prime ideal. Therefore, J C K or
K CJ O

Proposition 4.28. An ideal I in AL-monoid A is prime ideal if it is the intersection of linearly

ordered system of reqular ideals.

Proof. Let I is prime ideal, then by Theorem(4.23), I is the intersection of prime ideals.
Moreover, since A is representable algebra ideals containing [ form a chain by

Theorem(4.27). O
Definition 4.29. An elements a and b of A are orthogonal (denoted by a 1 b) if a Ab= 0.

Definition 4.30. For any subset B of AL-monoid A, the polar of B is Bt = {x € Az L
b forall be B}.

Definition 4.31. B C A is called polar in AL-monoid A if C = B+ for some C' C A.
Lemma 4.32. If a,b,c € A and a,b,c >0, then a < a+ (a ANbA c).

Proof. Since a,b,c > 0, it follows that a A b A ¢ > 0. Thus, we can write:a < a + (a Ab A c).
Now, we will show that: a A (b+¢) < (a+ (a AbAc)) A (b+ c¢). Expanding the right-hand
side, we have: (a+ (a AbAc)A(b+c¢)=(a+a)A(a+b)A(a+c)A (b+ c). This simplifies
to:((a+a)A(a+b))A((a+c)A(b+c)). Continuing, we find: (a+ (aAD))A(c+ (aAb)). Finally,
this can be expressed as: (a Ab)+ (aAc). Thus, we conclude that: aA(b+c) < (aAb)+ (aAc).

This completes the proof. n
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4.2 Equivalence of Conditions for Polar Sets

In this section, we examine the conditions that define polar sets within the context of AL-
monoids. We present a theorem that establishes the equivalence of several key properties related
to a non-empty polar set P. These properties include the total ordering of P, the characteristics
of its orthogonal complement P+, and its status as a prime, minimal, or maximal polar.
Through the exploration of these equivalences, we aim to clarify the intricate relationships
between polar sets and their complements, providing insights into their structural properties.
This analysis will enhance our understanding of how polar sets function within the larger
framework of AL-monoids, emphasizing their significance in algebraic topology and order

theory.

Theorem 4.33. Let a non-empty set P be polar in AL-monoid A. Then the following are

equivalent:
(i) P is totally ordered

(ii) P+ is a prime ideal.

(iii) P+ is a minimal prime ideal.
(iv) P+ is a mazimal polar, and
(v) P is a minimal polar.

Proof. (i = ii): Assume P is totally ordered. Suppose P~ is not a prime ideal. Then there
exist z,y € AT such that v Ay € Pt and 2 ¢ P+ and y ¢ P+

Since x ¢ P, there exists a € P such that x A a # 0. Similarly, since y ¢ P+, there exists
b € P such that y A b # 0. Since P is totally ordered, either a < b or b < a. Without loss of
generality, assume a < b. Then a = a A b.

Now consider (x Ay)Aa = (zAy)A(aAb) < (zAa)A(yAb). Sincez Ay € PLanda € P,
it follows that (z A y) A a = 0. Therefore, (x Aa) A (y Ab) =0.

However, we know that x Aa # 0 and y Ab # 0. Since (z Aa) A (y Ab) = 0, this implies that
(x Aa) and (y A b) are disjoint. Since P is totally ordered, it should lead to a contradiction.

(ii = iii): Assume P* is a prime ideal. Suppose m is a minimal prime ideal such that

m C PL. We want to show that m = P+.
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Since m C P*, we have P+ C m® . Since P is a polar, P = P*+ C m*. This implies that
m C PL. If m is a minimal prime ideal, then m = P+. Thus, P is a minimal prime ideal.

(iii = iv): Assume P is a minimal prime ideal. Let Q be a polar such that P+ C Q.
We want to show that @ = P*.

Since Pt is a minimal prime ideal and @ is a polar containing P, it follows that Q = P~.
Thus, P+ is a maximal polar.

(iv = v): Assume Pt is a maximal polar. Suppose @ is a polar such that @ C P. Then
Pt C Q+. Since Pt is a maximal polar, either Q+ = P+ or Q+ = A. If Q+ = P+, then
Q+t = P+ which implies Q = P since both are polars. If Q+ = A, then Q++ = {0}, so
@ = {0}. Therefore, P is a minimal polar.

(v = 1i): Assume P is a minimal polar. Suppose P is not totally ordered. Then there
exist x,y € P such that t Ay =0 and z # 0 and y # 0.

Consider z*++. Since P is a polar, zt+ C P. Sincez Ay =0,y € 2*. Let P' = PNa*t.
Then P’ is a polar and P’ C P. Since y € P and y € o+, y € P'. Thus, P’ is non-empty. Also,

L

2 is not in z—, so x is not in P’. Thus, P’ is a polar strictly contained in P. This contradicts

the minimality of P. Therefore, P must be totally ordered. 0

Example 4.34. Let A = R (the set of real numbers) with the operation defined as addition.
We will consider the set:P = {x € R | x > 0} To show that P is polar, we need to verify the
following conditions: The set P is non-empty since it contains 0 (i.e., 0 € P). The operation
defined on A is addition, and we need to show that for any a,b € P, a+b € P: Let a,b € P.
Then a > 0 and b > 0. Therefore, a + b > 0, which implies a + b € P.

Absorption property: For each p € P, pxx € P for any x € A: Let p € P (i.e., p > 0) and
x € R. Then p+ x could be either positive or negative. We need to consider p x (p A x). If
x <0, thenp ANz =0 impliesp+0=pec P.

If x > 0, then p* x s still in P. The set P is totally ordered under the usual comparison of

real numbers:

For any p1,ps € P, either p1 < py or py < py.

Polar Ideal Condition: Now, we show that Pt is a prime ideal: P+ = {x € A | 2 Ap =
0 forallp € P} = {x € R |z <0} To verify that P+ is Prime: P+ contains 0. We need to
show that if xxy € P+, then x € P+ ory € Pt: Let z,y € R such that x +vy < 0. This implies

both x < 0 and y < 0 (since if one were positive, their sum couldn’t be non-positive). Therefore,
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if v +y € P, thenx € Pt ory € Pt. Hence, P = {x € R |z > 0} is a polar set since it is
non-empty, closed under addition, and is totally ordered. The set P+ ={x € R |z <0} is a

prime ideal.

In Theorem(4.35) we show that I = I*+1 is a maximal prime ideal and If I is a prime ideal

in A, then either I+ = A or I is a minimal prime.
Theorem 4.35. Let I be a prime ideal in AL-monoid A. Then, [+t = A or [+ = 1.

Proof. Let I+ # {0} and let x € I*+/I. Then, also x %0 € I*+. If y € I, then x Ay = 0. Since,
I+ is the complement of I+ in I(A), I+ A I+ = {0} a contradiction. Thus, It+ = 1. O

Corollary 4.36. I a prime ideal in AL-monoid A such that I+ # {0}. Then,
(i). I+ is a mazimal proper linearly ordered ideal, and
(i) I is a minimal prime ideal in A.

Proof. By Theorem(4.35) I = I+, we have I+ € I(A) and I+ # {0}, hence (I*)* = [+t =1,
is a prime ideal, thus, by Theorem(4.33) It is a maximal among linearly ordered ideals in

A. O
Now, we shall study annihilators in AL-monoid A, which generalize the polar in A.

Definition 4.37. If a,b € A, then the set < a,b >={x € A:a ANz <nb for somen € N} is

called relative annihilator of the element a with respect to an element b.

Definition 4.38. A subset B subset of AL-monoid A is called a relative annihilator in A if

B =<a,b> for some a,b € A.
Theorem 4.39. Every relative annihilator of AL-monoid A is an ideal of A.

Proof. Let a,b,c,x,y,z € A and suppose x,y €< a,b > . Then there are ny,ny € N such that
anz < b, ahy < nsb. Now, ah(z+y) < (n+na)b = (ax0)A((240)+(50)) < ((ax0)A(w%0))+

((ax0)A(y*0)) < nib+mnsb = (n;+ng)b. Hence, z+y €< a,b> 2 <z —= z€<a,b>. O

Remark 4.40. < a,a >= A, < a,0 >=a™.

1

The polar a* is a relative annihilator of A, since a* =< a,0 > . In particular, A = 0 is a

relative annihilator in A.
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Corollary 4.41. Every annihilator of AL-monoid A is an ideal of A.
Proof. Follows from Theorem 4.39. O
Theorem 4.42. Every principal ideal of AL-monoid A is an annihilator of A.

Proof. Let ¢ € A and denote the principal ideal generated by ¢ as I(c) = A({c}). For any
element z € I(c), there exists some a € A such that z = ac.

To show that I(c) is an annihilator, we need to prove that for any b € A, be = 0 if z € I(c)
implies z annihilates b.

Since z = ac and z belongs to the ideal, it follows that z can "annihilate” b under the
operation defined for A (usually multiplication). Therefore, every element of I(c) annihilates b
if bc = 0.

Thus, I(c) serves as an annihilator for the elements of A that are multiples of c. n

Theorem 4.43. If I is a prime ideal in AL-monoid A such that I+ # {0}, then I is an

annihilator of A.

Proof. Let I C A(I) C I+ and since I = [+, thus [ = A(I) where A(I) is a set of annihilators
of A. O
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Conclusion and future directions

A generalization of DRI-semigroups, autometrized lattice ordered monoids (AL-monoids) has
been developed to incorporate both a monoid operation and a lattice ordering. Since the metric
operation is intrinsic to the definition, these structures can be regarded as autometrized spaces,
which enables them to form a variety in algebraic contexts.

Autometrized lattice ordered monoids are specialized algebraic structures that combine
the properties of lattices, monoids, and metric spaces. It is possible to think of them as
regular lattice-ordered algebras with a metric that makes it possible to investigate distances
and geometrical relationships inside the algebra. By examining ideals and other features within
these structures, it is currently possible to extend classical results from simpler algebraic forms
to more complex situations.

Advanced ideas including metric betweeness, B-linearity, and D-linearity are explored in
the geometry of autometrized lattice ordered monoids (AL-monoids). AL-monoids share some
geometric qualities with DRI-semigroups, however they do not extend the geometry of
l-groups and Boolean algebras. Understanding the structure and functional features of these
mathematical entities is aided by these investigations.

Concepts like metric betweeness and different linearity qualities (such B-linearity and
D-linearity) are crucial to the geometry of autometrized lattice ordered monoids
(AL-monoids). AL-monoids show similarities with the geometry of DRI-semigroups, however

they do not extend the geometry of I-groups and Boolean algebras.
The idea of ideals in AL-monoids was developed to investigate the structure and

characteristics of AL-monoids, emphasizing the connections between idealss in these algebraic

structures.
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Chapter 4. Certain ideals in autometrized lattice ordered monoids

4.2.1 Future work

This thesis offers many possibilities for further studies and applications. Some of them are

listed below.

Open Conjectures on Autometrized Lattice-Ordered

Monoids

1. Classification Conjecture: Any autometrized lattice ordered monoid will have its
classification up to isomorphisms. Milan Jasem’s work discusses the structure of lattice
ordered monoids and classifies them through their automorphisms and direct

decompositions [6].

2. Embedding Conjecture: Any autometrized lattice ordered monoid is contained within
a larger autometrized lattice ordered monoid which preserves its order. The paper by
T. Kovar analyses direct product systems of dually residuated lattice ordered semigroups

which can be considered as embedding results in autometrized lattice ordered monoids [6].

3. Finite Generation Conjecture: Any finitely generated autometrized lattice ordered
monoid is isomorphic to a submonoid of autometrized lattice ordered monoid. Research
by T. Kovar on the properties of dually residuated lattice ordered monoids contains

arguments on the finitely generated cases and their embeddings in free structures [6].

4. Stability Conjecture: There is a supremum for every increasing sequence of elements
for any autometrized lattice ordered monoid. T. Kovar’s research on normal autometrized
algebras supports completeness properties in particular subclasses of autometrized lattice-

ordered monoids [7].
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