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PRE F A C E 

This seminar r eport has t wo parts. In the first part we prove t ha t 

C(X,Y), the set of all c o ntinuous functions from a topology X to a 

complete metric space Y i s comple t e in t he uniform topology. 

c o ns e quence we prove t he famous peano s pace - Filling curve. 

As a 

In the second part we s hall prove a classica l revs ion of Asco] is 

Theorem. We also define t hree t opologies o n C( X, Y) name l y, the 

po i nt-open topa I ogy, the topology of compact convergence and the 

compact-open topology and we st udy their Inclus i o n r e lati on. We comp lete 

this report defining the no tio n of co mpactl y ge ne rated s paces a nd 

showing that the evaluation map i s continuo us. 
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Definition 1. 1: Let (X,d) be a metric s pace A sequeuce (x ) of points of 
n 

X is said to be a Cauchy-sequence, if for each E ) 0 there Is a natural 

number N such that 

d{x ,x ) < E ,Vn, m ~ N n m 

The metric space (X,d) i s sai d to be comp l ete if every Cauchy 

s equence in X conve r ges . 

Leama 1. 2: Let (X,d) be a metric space and Let (Xn) be a s equence of 

pol nts of X. 

Then, (1) If {xnl converges then (xn) is a cauchy sequence. 

( i i ) If (x ) is a cauchy-sequence and it has a convergent 
n 

subsequence (x 1 , that converges to a point x EX, then 
n

k 
the sequence (x ) it se lf converges to x. 

n 
( i i i ) If (xn) is Cauchy then the se t A = {xn : n e IN} is 

bounded. 

Proof: (i) Let xeX : d(xn, xl --*' and let e ) 0 

Then, there is NElN such that d{xn , x) < e/2 . Vn ~ N and hence 

d(x ,x ) s d(x ,xl + d(x ,x) < e/2 + e/2 = e, Vn,m ~ N 
n m n m 

(i i ) Let E > O. Choose NIElN : d(x ,x ) < e/2 , Vn,m ~ Nl n m 
(usi ng the fact that (x ) 

n 
is a Cauchy-sequence) 

Then usi ng the fact that d(xnk,xl ~ 0 choose 
k----> • 

d(x , x) < e/2 nk 
, V nk ~ N2 put N = max {N

1
,N

2
i 

then f rom (1) we get: d(xn,xN) < e/2 , Vn > N and from 

we ge t d{xN,x) < e/2. 

d(xn,x) ~ d(xn,x
N

) + d(xN,x) < e Vn ~ N 

Therefore, the Cauchy-sequence (x ) converges to x. 
n 

N
2

eIN 

(1) 

such 

(2 ) 

that 



(1 i i ) Let (x
n

) be a Cauchy-sequence in X. 

c hoose NelN d(x n, xm 
) < 1 , \In,m ;!: N. (\ole need to show that 

j x , nE~f < Bd{x,M) 
n 

for some xeX and M >0) . Let xeX be fixed. 

Since Id(x ,x) - d{x , x) I :s d{x ,x ) we have: 
n • n • 

d{xn,x) < 1 + d(xm,x) , \In,m ~ N and hence d(xn,x) < 1 + d{xN,x) , \In ~ N 

Set M:= max ~d {xl , xl.d(x2'xl. ... ,d(xN_1,xl.d{xN,x) .q 
then, d( x ,x) :s M , \lnelN 

n 
and hence xn e Bd(x,M) , VnelN 

Remarks 1 .3 By the above lemma a met r ic s pace X Is complete iff every 

Cauchy-sequence in X has a conver gent s ubsepuence . This c ri terlon we 

are going to use it several times in the next proo fs. 

(2) It Is easy to prove but important to observe that any closed subset 

A of a complete metri c space (X,d) is necessar i l y complete. 

To see this, Let (x ) be a Cauchy-sequence in A. 
n 

Cauchy-sequence in X whence It converges to a point xeX. 

c losed subset of X, the point x must 1 Ie in A. 

Then (x ) i s a 
n 

Because A I s a 

Theor em 1 . 4 : 
k 

Consl del' the Eucl idean space R ,kelN and d be the 

Then the Eucl idean metri c on IRk. Let p be the square metri c on 
k k 

spaces (IR ,d) and (IR ,p) are both complete. 

k 
Let (x

n
) be Proof: To s how first t hat (IR ,p) 10 complete. • 

k 
(! ii) j x nE~ f is Cauchy-sequence in (0 ,pl. By Lemma 1.2 the set a 

n 
k p(x ,0) Vnetl. bounded s ubset o f (IR ,p l. Hence, 3 M > 0 , s M , 

n 

Let Then p(xn,O) = max 

Therefore, 

2 



So -M • In) 
x, :S M or In) 

x, e (-M.MI Vne~ and VI = 1 • .. " k. 

Thus x e (-M.M l k . VnelN. n 

So all the points of the s equence (x ) lie In the cube i-M,M)k in othe r 

words , (x ) i s a 
n 

n k 
sequence of points of the se t I-M,M] whi c h i s compac t 

(and hence sequentially compact), Ther efore, (x) 
k n 

has a convergent 

s ubs equence and hence (~ ,p) is complete, by Lemma 1.2 
k To s how that (~ ,d) Is complete, note t hat 

p(x,y) :S d{x,y) :s ~ p(x,y) 
k 

\t'xelR . 

Hence d and p give the s ame topology on Rk (the product topo l ogy) and 

s o, they are equivalent metrics . 

Si nce (~k, p ) i s comple t e, t he s pace (Rk,d) i s al s o comp l e te. 

Remarks 1. 5: Let (X. d) be a met r ic space 

Define, d(x,y) := min ~ d(x.yl.l ~ (standard bounded metric) . Then the 

me trl cs d and d a r e equivalent s ince d and d induce the s ame t opol ogy on 

X. To s ee thi s let E > 0 and put 0 :::: min {e, I} 

then, Bd(x,e) ~ Bd (x,e) 

Sd (x,o) ~ Bd(x,e) 

and 
I • ) 

Hence if X is complete with r egard to metri c d then X i s comple t e with 

regard to the s tandar d bounded metric d corresponding to d, and 

conver sely. 

EXAMPLE 1 : Let X be any s e t and d be t he discrete met r ic i.e 

dlx.y) = 1 

d(x,y) :::: 0 

if x '" y 

if x :::: y 

Then the metri c space (X,d) Is complete s ince any Cauchy-sequence in X 

is a constant s equence except f or finitely many t e rms . 

Example 2: Let Q be the set of rational numbers in the usual metri c 

d(x.y) = Ix-y l . 

Cons ider the s equence xn :::: (1 + k) n,ne~ 
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Clearly, (x
n

) Is a Cauchy sequence o f J'ationals and xn ---t e ~ Q. 

Hence Q is noncomplete. 

Exampl e 3 : Another noncomplele space is the open interva l (-1,1) of IR, 

in t he usual metric d(x,y) = Ix - yl. 

Consider the sequence (x ) with x 
n n 

1 - 1 I" Chi ;= - ... I S a auc y sequence n 
n 

(-1 ,1) but x -----+ 1~H - 1,1) 
n 

In this exampl e we can see that completeness is not a topological 

property (i tis not preserved by homeomorph isms) s ince the Interval 

(-1,1) I s homeomorphi c to IR and IR I s complete in the above metric. 

Defini ti on 1. 6 Let (Y,d) be a merlic space and let d be the standard 

bounded metric on Y corresponding to d. Given 

consider the se t yJ o f all functions f;J--)Y. 

an arbitrary index set J, 

Defl - yJ yJ . 0 bv ne p ; X -----..n oJ 

p(f,g) '" sup { d(f(a),g{a» : aeJ} . 

Then p is a metric it is called the un i form met r i c on 

correspondi ng to the metric d on V. 

metric: 

It Is easy t o c hec k that p is a 

1. Cl early, p{r,g) ~ 0, V f, g e yJ . 

2. p(f,g) '" O. d(f(a),g(a» ~ 0 , VaeJ 

and s ince d(f(al,g(a» ~ 0 VaeJ we have 

d{f(al,g{al) '" 0 , VaeJ~ f{a) = g(a), VaeJ ~ f = g. 

3. d(f(a),g(a» ~ d(f(a),h{a» + d(h(a),g{a» ~ p(f,h) + p(h,g) 

Hence, :~j ~ d{f(a),g{a) ~ ~ p(f,h) + p(h,g) 

• p(f,g) ~ p(f,h) + p(h,f) 
- x The metric p Induces the uniform topology on V 

Theor em 1. 1: Let (V,d) be a metri c s pace. If Y is complete then 
J -(Y ,p ) is complete. 

Proof : Let 

Then for 

J -(f )ne~ be a Cauchy-sequence in (V ,p) 
n 

each aeJ. 

d(f (a),f (a» ~ pef ,f) holds 
n m n m 
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Hence, the sequence ~f (a) ~ ~I is a cauchy sequence in (V,dl, Therefore 
n ne~. 

{r (a)~ is also a cauchy sequence In (V,d) 
n 

Since (V,d) i s compl ete {fn(al } converges in V, say to a point YaE y, 

Define, 

f.J~ Y by rea) = y 
a 

We claim that fn ~ f under p 

Give n E > 0 choose N p(r ,f ) < E/2, ~n,m ~ N 
n m 

then dec (al, f (al) < e/2 , 'do,m ~ N , VaeJ. 
n m III 

For fixed aeJ a nd nE~ taking the l imit of (1), for m ~ 00. we get: 

d(r (a>. rea»~ .:s e/2 
n 

12 J 

The above inequal ity holds for all ae J and for all n O!:. N. 

Therefore, p(fn,f) :: s up { nfn(a),f(a»; aeJ} .:s e/2 < E ,'In ~ m. 

Remarks 1. B( 1) For Y = IR and J = N we get that 
w the s pace ~ is 

compl ete i n t he uniform topology (induced by pl, IRw in the box topology 

can not be complete s ince it is not melrlzable s pace. In the product 

= sup { dIX\;Y\J } topology ~w is metrtzable. Cons ider t he metri c: D{x,y) 

The metric D induces the product topology on ~w 

where d{a,bl = min { Ia-b l ,t} . ~w is complete unde r D. 

To show thi s 

Since , 

1 t I J b C h of Rw d D h e x e a auc y-sequence un er • w ere 
n 

D{x ,x ) holds, 
n m { InJ} the sequence Ai neIN is a 

Cauchy-sequence in (R,d). Therefore il converges to a real number say at· 

L t I J • e .w. e a = at ielN ,,,,, 11\ We c laim t hat x ~ u. 
n 
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w Let U be a basis element of the product topology on ~ :such tha t aeU. 

Then, U = IT Vi where VI = IR except for finitely manyt Ihdices I. 

Therefore, Vi = R fo r all i > m , where m Is the maximum value of I such 

that Vi = ~ IR 

',r,' h N "I h ... { n ) ) htht S m , c cose leu. usi ng the fact t at ~ i ~ a l s ue a 

;\~n) E Vi,vn ~ Nt Pul N = max {Nt, i:::: 1,2 .... ,m} then i\~n) E Vi 

'do 1!: N. 'Vi '" 1,2, ... m. Since ;\,(n) 
i e Vi = R , Vn E~ and 'VI > m we get 

5 1 nee U was an al'bi trary n. b. d of «, xn -) « 

Remark 2: Clearl y Theorem 1.7. holds for J = X wher e X Is a topological 

s pace. In th is case consider the s ubset C(X , Y) of yX , consis ting of all 

conti nuous functions f: X----i'Y. We shall show that C(X, y) Is closed In yX 

and hence C{X,V) Is complete, prov ided of course t hat Y Is complete. 

Theor em 1. 9.: Let X be a t opological space and Let (Y,d) be a met l'lc 

s pace . The set C(X, Y) Is c l osed in yX under t he uniform met r ic p. 
Therefo l'e if Y is complete , C(X, Y) is complete under p. 

Proof: Let f e yX be a limit point of C(X, Y). Then there is a sequence 

(f ) of conti nuous functions f: X ~Y such t hat f ~ f under p. 
n n n 

Hence, given E > 0 3 N, plf ,r) < e, Yn > N 
n 

s ince , dlf IX),flx)) :sp(fn,f), Y x eX 
n 

we get that d(f (x),f{x)) < e, Yn > Nand for all x € X. Therefore, r ---.;f 
n n 

uniformly (under cD. By the uniform llmit theorem (p. 130-Munkres), 

f E C{X, Y). By Remark 1.3 C(X,Y) is complete under p. 11 

Lenvna 1 . 11 : Let X be a topological space. The set B{X,R) is complete 

under p (sup-metric) . 

6 



Proof: I t suffi ces to sho w that B(X,R) I s a closed s ubse t of ~x Let f 

be a limit point o f B(X, iO. Then there i s a sequence o f bounded 

Choose N s uc h that p(f
n

,£) < 1, \in ~ N. In particular we have p(fN'£) < 1. 

Hence , d(fN(X),f(x)) < 1 , \ixeX , wher e d(fN(x),f(x)) : 

mIn { lfN(xl - f(xl l , q 

Then, I fN(X) - f(x) 1 < 1 VxeX and so , If(x) 1 < 1 + I f
N

(x) l , Vx 

But fN e B(X,lR). 

This implies that 3M > 0; jfN(x)1 .:5 M, \ixeX 

So , l [(x) I.:5 1 + M, VxeX. i.e fe B(X,IO. Si nce f;X --)!R was an 

arbitrar y limit point of B(X,lR), B(X,lR) contains all I t s lim i t points. 

Therefore B(X.lR) i s c l osed under p . 

Theorem 1. 12: Let (X, d) be a metri c s pace. 

imbedding of X into a co mp l e t e metl'ic space. 

There is an I sometri c 

Proof: Let B(X,R) be lhe set of all bounded functi ons mapping X into lR. 

It is a complete met ri c s pace under the s up metri c p. Let XOEX be a fixed 

point For eac h ae X ,define ~ : X ~ (R by; ~ (xl: d(x,a) - d(x,xO" 
a • 

Then l ~a(x) 1 : Id(x,a) - d(x,xo) 1 .:5 d(a, x
O

): : Ma > 0 

Hence <p e B(X,(R) , \i aeX . • 
Define. *: X ~ B(x,R) by ~( a) : <p 

a 

we c l aim that * is an isometri c imbedding of (X,d) Inlo the compl ete 

s pace (B(X,(R).p). We need t o s how d(a,b) : P ( ~a,IPb )' 

Observe that IIPa{xl - ~b(xl l : Id(x,a) - d(X,x
O

) - d(x,b) + d(x,xo1 1 

: Id(x , al - d{x.bl I \ix. Us ing the quadrangle inequality we get t hat 

Id(x,., - d (x, bl l • d (x,xl + d(.,bl = d(.,b l. So I_.(xl - -b(xl l • 

dCa, b) , VxeX. 
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Hence , = s uP{ I_a IX) - -bl x )l } - d la,b) . 
xeX 

But s i nce aEX we have 

dla,b) = I- ala) - _b la ) I - pl - a' - b) 

The r e f ore, d (a,b ) = P(qa ,qb1 and hence the pr oof of t he t heor em is 

compl e t ed . 

2. A s pace-Fi ll ing Cur ve 

As an appli ca ti on o f t he comp let eness o f t he s pace C(X, Y) In the 

unifor m metri c when Y I s compl e t e , we sha l l const r uc t the f amous " Peano 

s pace-fi 11 i ng c urve " . 

Theorem: Le t 1 = 10 ,1 1. 
2 

Ther e exi s t s a conUnnOllS map f : I ~ I wh ich 

i s s ur jec ti ve . 

Our aim i s t o cons truc t a sequence o f continuous f unctions (f ) , 
n 

n 0 ,1, . wh i ch I s a Cauc hy sequence o f C( 1, 12 ) If f 
n 

f the n f: I ~ 12 i s continuous. 

St e p 1: Let [a,bl be a c los ed Inte r va l In t he r eal line a nd l e t H, be 

a ny s qua r e in the p l a ne wit h s ides pa r a ll e l t o the coordi na t e axes. 
Inlo 

Then a l ways we can define a t r lagul a r pat h g (conti nuous) , g: [a, b J -----t 

H. i n parti cu la r for I = [0 ,1 J cons ide r a triagula r path g: -----+ 

, 2 . Since g always connec t two adjacent corne r s of the s qua r e 12 t he r e 

are f our poss ib le ways t o define a s uch t ha t g 

la ) 

o 1 

I b ) 

o 1 

B 



( c ) 
o 

I ( d) 
o 

Fi g . 

S t e p 2: 2 Cons ider the map g': [0 , 11~ r pi c ture d in Figure 2 . 

o 

FI g . 2 

It i s made up of forur tri agulal' paths s uch that 

1. Eac h one i s half o f the s ize of g 

2 . Each one li es in a s ub-s quare of } 2 (The Jenght o f the s ide of 

each s ub-square Is ha l r the l e ngtht o f the s ide of 12 ) 

3. The end poi nts of each trlagul a r path ) a r e adjacent cornens o f 

the c orl'esponding s ub- square . 

Clearly, eac h one o f them has been de fine d o n Step 1 . 

g ' i s a continuous map of I = 10 ,IJ inlo 12 = 10,11 x [ O,lJ Note t ha t , 

if a path g i s give n (from s tep. 1) we c an always de fine a path g' with 

the above properti es and such that g and g' have the same end points. 

Keeping all these in mind there are f our poss ibl e ways to "re place" a 

gi yen g. wi th g' 

(a) 

, 

( b ) 
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St e p. 3 

(c I 

(d I 

F'I gure 3 

Now we defl ne a sequence of funct I cns f n 

n ::: 0,1, ... 

put f
O

'" g. (see Fig.l,a) 

1 
f l = g. (see Flg.3.a) where fl consis ts from 4 ::: 4 trlagular paths. 

The next function f2 Is the function o btained by "replac ing" each of the 

four trlagular paths of fl with four triagular paths usi ng step 2. Then 

f2 consists of 4
2 = 

edge Legth 1/22 

16 trlagular paths , each one lies in a square of 

And so on ! At the ge neral s t e p, f 
n 

Is a cont i nuaus 

map, f : I --?12 made up of 4" trlagular pat hs of the type consi dered \n 
n 

n 
s tep 1, each o ne lying in a s qua l'e of edge-length 112. \.Ie obtain the 

function f 1 by applying the operation of step 2 to each of the 4" 
n+ 

triagular paths of f' replacing each o ne by four s mall er lriagulal' 
n 

paths. 

Step 4 : 

Where, 

metric 

For the needs of the proof Let d denote t he square metric on R2. 

d(X,YI = max j lx , - ',I, IX2 - '21 f 
x = (x

1
,x

2
), Y = (Y1, Y

2
). Let P denote the corresponding sup 

2 sup 2 
on e( I, ! I , p(f,gl = tel jd (f (tl,g(tll f si nce I = [0,11 x [O,lJ 

is a compact subset of 1R2, it is c losed, and s ince jR2 is complete }2 is 

also compl ete in the squar e met r ic d. Therefore, C(I,1 2 ) is complete In 
- 2 the uniform metric p and hence C( I,1 ) is compl ete under p. 
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We claim now that the sequence (f ) de fined in step 3 is a Cauchy 
n 

sequenc e under p. Observe that 

s quare of edgc- l ength _ 1_ we 

2n 

each s mall triagular pat h in f lies i n a 
n 

construc t the func ti o n f I n+ 

step 2. i . e we I'epl ace each tl'iagular path of f n by f o ur 

paths t hat l i e In t he same square The l'e f o r e d ( f (t ),f l (t»!S n n+ 
I 

So p ( f ,f I) S -. 
n n+ 2 n 

have: plf ,f ) we 
n n+m 

[ I 
I = + 2' + ... + 

2
n 

S 
I + 
2

n 

I 

2m- I ] S 

I 
2 n+1 

+ + = 
2 n+m I 2n+m I 

~ 

J o 

I 2 f or all 
T = n,m 

2
n 

2
n 

using the 

trlagu l ar 
I 

, 'Vt e l . 
2n 

He nce (fn) 

is co mpact 

i s a Cauc hy sequence in C{I,12). Si nce 12 = 10, lJ x la, 11 ~ R2 

(fi nite prod uct o f compact s paces) , C(I,1 2 ) Is compl e t e a nd 

so (f ) conve r ges to a continuo us f unction f : 1-----+ 12 
n 

Now we need t o s how that f is s urjec tive, It s uffi ces t o s ho w t hat 
2 

I ~ f(l) observe that f(I) i s a compac t s ubse t o f 12 (conti nuo us Image 

of a compact set) a nd he nce f{I) is closed . So if we s ho w tha t ,2 ~ fTTT 
t hen we are done . 

Let xe1 2 and nelN. By the pre ri o us co ns iderati o ns 

tri agular paths each lying i n a s qua r e, say l~ 

n 
f i s made up o f 4 

n 
of e dge-length _1-

2n 

Since xe1 2 , x lies in one of 
2 

t hose 1 s. 
n 

At t he same s quare the r e i s 

( al so ) a triagular path. The di stance (in the s quare me t r i c) between x 
I 

and any point f(t) of thi s triagular pat h i s at mos t --. The r efor e 
2

n 

I I ) t here ex ist to ei:d(x,f (to)) , _ 1- , 
n 2n 

f o r all nelN . 

I 
Hence, g ive n e > 0 c hoose N s uc h that ~ < e/2 and p (fN, f) < e/2. 

I 2 
by ( 1 ) d(x,fN{t

O
» !S ~ < e/2 and d(fN{lO) , f(lO» !S p ( fN,f ) < e/2 

2 
So , d(x,f(to»:!> d(x,fN(lO» + d(fN(tO),f (t

O
» < e. He nce , 

Bd{ x, e)/"\f(I) .. Bd (x,e) n f(I) ~ 0. Si nce e > 0 was arbitra r y 

S ince xeI 2 was arbitrary 1 2~ fTTT. The pr oof Is compl eted. II 

I I 

Then 



3. Compac tness - Completeness In Hetr . Spaces. 

Defi nition 3 . 1 : A met r ic s pace (X,d) i s sai d to be totally bounded if 

for every E > 0 ther e I s a fi n1 te cover i ng of X by E-balls. 

Note: Since in the metri c topology the bases elemenlS ar'e E-bal l s , any 

cover i ng of any s pace X i s a co l l ecllon o f E-balls. Observe lhat lotal 

boundedness impli es boundedness. To s how lhls l e t E > O. Since X i s 
n 

totally bounded t her e al'e x1,x2 ' ... ,x EX: X'" U 
n !::: 1 

Then fOl' 

any two 

E-ba ll s. 

po I nts aI' a
2 

If M;::: max 

of X each one o f l hem lies In some of the above 

'$ J, I,J E 1. 2 , ... ,n~ then 

d(a
t
,a

2
) ~ M + 2E . 

But t he converge does no t ho ld . Under the melrlc d(x,y) ::: min { Ix-y l , 1 ~ 

lhe r ea l line i s bounded but not totally bounded (for E < 1). 

Theorem 3.2 : Le t (X,d) be a me tr i c s pace. Then the foll owing 

s tatements are equ ivalent. 

( a) X i s compac t 

( b ) X I s compl ete and total I y bounded. 

(c) X i s sequentially compact. 

Proof : 8y Theor em 7.4 (p. 181- Munkres) (a) and (cl ar e equ i va l ent. 

(a) ... (b) Le t X be compact. Then X I s a sequentially compact 

s pace. Hence every Cauchy sequence conve rges tn X. Ther efore X i s 

compl e te. 

On the other hand given E > 0 a cove r i ng o f X by E-ball s has a finite 

s ub-coveri ng t hat means X I s t otally bounded. 

(b) 9 (c) Let (x ) be a sequence tn X. 
n 

We shall construct a Cauc hy 

s ubsequence of ( x ). Using t he fact t hat X I s t o tally bounded co ver X 
n 

by fi n i t ely many balls of radius I. These I-ball s cover (also) t he 

I nfi nile set: ~ xn; nEIN ~ . Necessarily, at l east one o f then cons tai ns 

Infinitely many terms o f t he sequence (x
n

) Le t 8
1 

be this I-bal l , and 
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Le t J
1 

= jne~, XneBl ~ choose an arbitrar y point In J
1 

say n
1

eJ
1 

Next , 

cover X by finitely many ball s o f radius 1 and cons ider lhe sel 2 
j x , neJ

1 
~. Since it i s an infinite set and Il I s cove l'ed by t he above n 

1 
2- ba ll s , at leas t one o f them, say B

2
, con ta ins x n f or Infinite l y many 

va lues of n (neJ 1 ) Let J2 :; ineJ 1 : xne B2 ~ ' Choose n
2

eJ
2

: n
2 

> n
1 

In 

general given an Infinite se t Jk,(J
k 

~ N) and nkeJ
k 

cover X by fin itely 

many balls of 1 
radius k+l and cons ider the (infinite) set { xn: neJk~; some 

of the 1 
above k+l - ball s say Bk+

1
, contai ns Inf'lnite l y many e l ements 

o f t he se t {xn : neJk ~ ' Let J
k

+
1 

be the infinite s ubset o f J
k 

s uc h that 

= Since Jk+1 
Is Infinite we can c hoose 

Cons ider the subsequence o f (x ). 
n 

Si nce J k 2 J k+
1 

' 'rikelN (by cons t l' uction) . Then J
I 
~ J

k 
and 

That means d(x ,x ) 
n l nj 

d(xni,xn
J

) < e , V i , j 

conver ges. Therefore, 

s pace X I s sequent iall y 

Hence 

1 
< k So, 

x ,x ar e bot h contai ned In B
k n l nj 

I 
l e t e > O. Choose keN: k < E ; then 

• •• Since Ix ) I s Cauchy and X I s comp l ete it 
n. 

s ince (x
n

) was an arb l trary sequence ;n X lhe 

compact. 

Corollary 3. 4: Let (X,d) be a metri c s pace and Let Y ~ X Then Y Is 

compact If and only if I t I s compl e t e and totally bounded. 

Proposition 3.5: Let (X, d) be a metri c space Le t Y ~ X be a compact 

subset of X. Then Y I s c losed and bounded In X. 

Proof: Since X I s a metr ic s pace and hence a Hausdorff s pace , ever y 

compact set I s c losed (Th.5 5 . 3, p . 166. Mankresl. To show now that Y Is 

bounded. Observe that lhe co llection i Bd(x,n): ne~ ~ i s an open corevlng 

o f Y (because f or yeY there is ne~ s uc h t hat d(x,y) < n. I.e YEBd (x,n». 

13 



Si nce Y i s compac t , ther e is a finite s ub-co llec ll on whi c h covers Y. 

Ther ef or e ther e i s M > 0 : Y ~ Bd ( x , M) and so Y i s bounded. 

Remarks: Le t X = ~n . A s ubse t Y o f Rn is compact I f and onl y if it is 

c l osed and bounded (l.n the euc lidean metr i c or in the squar e met r ic). 

Cons i der now t he f unction space C( X,lRn ) i n t he uniform topology. Let X 

be a compact s pace and l e t d deno te e i t her t he euc h idean or the squar e 

met ri c on [Rn. Since t he se t ~ d ( f{x ) , g( x » : xe X} is bounded fo r a ll f,ge 
n 

C( X, IR ) we can define the s up me t r i c p ( f, g) = s up ~ d ( f (x ) ,g(x»:xeX ~ on 
n C( X, . ). 

n 
The s pace C{ X, IR ) I s comp l e t e under p and p. Let IF be a s ubset of 

n 
C( X, IR ) . We say t hat r i s un iform l y bounded i f r i s bounded under p. 

We say t ha t IF 1s pointwi se bounded if f or each xeX the set IF -~r (x): feF ~ 
x n 

is a bounded s ubset o f ~. Now we s how t hat if F is un iformly bounded, 

ther e is a compac t s ubse t Y o f IR
n 

s uc h that f{ x) eY fo r a l l felF and all 

xeX. Le t f 0 elf be a f ixed 

p(f , f ) < M , V felF. Then , 
o 

po int . Si nce F is bounded under p 3 M > 0: 

d ( f (x) ,f ( x » < M Vf er and VxeX ( 1 ). On t he 
o 

other hand since f is conti nuous and X i s compact, f (X) I s a l so 
o 0 

t 1 • n . compac n Hence f o (X) is bounded . Th is imp l i es that ther e exists 

NeN: f o {X ) ~ Bd (O , Nl ~ IR ~ Then f o(x) e Bd {O. Nl , VxeX • d ( O, f o(x» < N 

"tIx ( 2) . ( 1), (2l • d {O,f{x ) !S d (O, f ( x » + d( f (x ) ,f{x » S M + N • f(x) 
o 0 

E Bd (D, M + N) , VfelF and VxeX . So f{Xl ~ Bd (O , M+N ) VfelF. 

Se t Y = Bd (D, M + N) 

Then V i s c l osed and bounded subse t o f IR
n 

Hence Y is a compact se t s uc h 

t hat f ( x ) e Y, VfelF and VxeX . Note t hat si nce Y ~ IR
n

, C{X, Yl ~ C(X,~n) 

and F i s con ta i ned i n C{ X, YJ. 

Definiti on 3. 6 : Let ( V, d ) be a metri c space Let IF ~ C(X.Y). The set IF 

is sai d to be equ icou inuous at a po i n t Xo e X, i f given e > ° there Is a 

neighborhood U of x s uc h t hat f or al1 xeU and for all fef we have 
0 

d( f{ x ) , f(xol l < e . If the set IF is equ icout l nuous at each point xeX t hen 

• is equl.couti nuous on X. 
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Theorem 3 . 7 : Let F be a subset of C(X,V) where X i s compac l space and 

( V.dl is a compact metric space. Then f i s equcontinuous if and onl y if 

f i s total l y bounded (under pl. 

Proof :Let IF be totally bounded under p. Let x EX be fi xed. and l e t 
o 

E > O. We shall sho w that f is equicoutinuous a t xo' Firs t c hoose E} > 0 

and E2 > 0 : 2E} + E2 :5 E. Since F is totally bounded lhe,'e I s a flnll e 

cover of IF by El - balls. 

n 

Therefore, there are f
1
,f

2 
... . ,f

n 
E [(X,V ) 

such that IF ~IU1 8 (f , E 1. = p j 1 Each function f I' I ;;; }, .. . , n I s c onti nuous : 

hence It is continuous at x . 
o 

Therefore 3 U
I 
(n. b. d of x ) s uc h that 

o 
n 

Let U • n UI · Then U ! s open and 
1=1 

XOEU. Moreover d(f i (x),fi{x
o

» < E2 ' VXEU, I. = }, ... ,n ( I ) 

We assert t hat if xeU and felF then d {f(x).f(x » < e holds. Le t f ef be 
o 

arb! trar y. then fE Bp (fl,E}l fo r some i and so, p(f"f) < EI · Then 

d{ f i (x), f(x») < El VXEX ... ( 2 ) 

In particu lar d(fl(x),f(x» < E} VxeU (3 ) 

By (l) , {2) and (31 we ge t : d(f(x),f(x
o
» .:s d(f(x),f\(x» + d(f\(X),f,(xo» 

+d ( f
i 
(xo),f{x

o
» .:s e} + E2 + e} :: 2e

1 
+ e2 :5 E Conversely, l e t E > O. 

Sinc e IF 15 equ !contlnuo us on X, for each XEX 3 U (a ne I ghbo,' hood of x ) 
x 

s uch t hat d(f(x ) ,f(y)) < e/3 VyeU and VfeF. We have X • U U . That 
x xeX x 

means t he collection { U : 
x 

xeX~ is an open cover i ng of X, and s ince X I s 

k 
compact ther e are x

1
,x

2
' ... ,xkcX such that X = U U and d(f(x),f(X

I
) ) < 

I=} xi 

e/ 3, VXEU and for all fEF. 
Xl 

Now, cover V by finitely many open se t s VI' V2 '··· · Vm with 

diamV. < E/3, 
J 

• 1,2, ... ,m For fer and le{1, 2 , .. . ,kl. 

contained In at least one of VJ's for j = 1, 2 , ... ,m. 
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J Is the co l l ec ti o n o f a ll functions «:{1, 2 , ... , k}--.; {t. 2 .. .. ,m} . 

Le t o:eJ ; Then a ( l ) :::: Je(I ,2 , .. . } U ( ,m , vie 1, 2 , ... , k} . I f t her e I s f elF 

suc h t hat f(x i ) E Vj :::: Vo: (I) ' Vi l ake th i s f unc ti on and deno t e it wll h 

f a , f(tEIF. Co ns ide r the co l lec tion {fa} S; f. Then «eJ ' !;;J. Cl eal' l y J is 

a f in i t e set and hence { f } Is a f i nite s ubse t of F . • 
Cl a im: FS;; U Bp ( f .,el. Let f elF . Then f(xl}eVJ ,VI = 1. 2 , ... . k wher e 

aeJ' 
• J = 1,2 . ... m. Choose 0: eJ : 0: (1 ) = j 

• Then r(x
t

) E Vrx.,- <i ), Vte{1, 2 , ... , k } and hence 0: eJ' . We assert t ha t 

there 

hence 

exi s t s ie{ t . 2 •... ,k} s uch 

d(f ( x ) ,f( x
j

» < e/3 

d( f - ( x), f " ( x.) < e /3 . ., 
t ha t xeUX

j 
Therefor e 

Vfef and xeU
j 

VXEU
j 

Si nce r (x . ) E V - ( i ) and f · (x )e V " ( i ) we have 
1 IX 0:1« 

d(f - (x.l,r(x!» < e /3 . , 
( 1) , (2) , (3) 9 d ( f ( X) ,f " (x » < E. S inc e xeX was arbi trary, • 
d( f ( x) ,f - (x )) < e VxeX . • 

( I } 

(2} 

( 3 } 

The r e f ore , < U B (f ,e ) . 
oceJ ' p a 

Since f ef was ar bit r ar y 

• < U B (f ,e ) 
aeJ ' p a 

Theorem 3.8 : ( Asco! i' s t heorem, c l ass i ca l ve l's i on ) . Let X be compac t 
n 

s pace ; A s ubset F o f C(X,R ) i s compac t if and on ly if it i s c l osed , 

bounded and equ icontlnuous . 

Pr oof : 
n 

Let F be a co mpact s ubse t of the me t ri c space ( C( X, IR). Then 

F I S c l osed and bounded under p by 

s ubse t Y of IRn suc h that rS;;C (X , Yl. 

pr 3.5 . Hence ther e i s a compac t 

Since F i s co mpact , F i s t o tally 

bounded under p (Th.3 . 2 ,p. 20) . By Th . 3.7, we ge t t hat F i s equicoutluuous. 

Conve r se ly, s uppose F I s c l osed , bounded and equl cout l nuous , where FS;; 

n n ( n ) C( X, IR). Since C(X, R ) I s compl ete and F c l osed in C X, IR , we have 

that F I s complete. The fac t t hat F i s bounded (under p ) impli es t hat F 
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I s co utalned in some subspace C(X,Y) of C(X,~n), where Y i s a com pa c t 

s ubset of [Rn. Since, F' i s equl continuous In C(X,Y). It is a l so t otally 

bounded. Therefor e, F' i s co mpact . • 

4 . Po intwise and Compac t Convergence 

Co nsi der the function space 

and let U be an ope n s ubse t of Y. 

yX in the product topo l ogy. 

The n n- 1( U) Is a t ypi ca l 
x 

elemen t . 

S(x,U) = 

Us ing functional notation, 

-1 
1fx (U). 

n- 1( U) 
x 

Let XEX 

s ubbas\ s 

Set 

According the t ext book {~2.8,p . 11 2-Munkres) the typi ca l basis 

eleme nt for this topology Is a finit e intersec ti o n o f s ubbas i s e l e ments 

S(X ,U). 
X 

Let feY and let B
f 

to be a basis e l e me nt about f. The n 
n 

B
f 

'" n Si( xi,U,), whe r e X\EX a nd U
i 

are open In Y. Thus Bf contains a ll 
1= 1 1 

func tions g:X--:,v that are "c losed" t o f at fin i tely many points 

x
1

x
2

,· .. ,x
n

; i.e g(Xi)E U
i 

Vi=I , ... ,no (see Fig.]) 

Ii, f 
V, 

Fi gure 1 

The graph of each gEBr intersect the vertica l intervals U1,U2 'U3 ' where 
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Theorem 4 . 1: A s eque nce (f ) o f funct Io ns f : X---tY co nve r ges to a 
n n 

func tion f:X~Y in the produc t t o pol ogy I f and only i f f o r each xeX t he 

sequenc e ~fn(x) ~ of pOi nt s o f Y converges t o t he poi nt f (x)eY . 

Proof: Le t f :X~Y s uc h t ha t f ~f 
n n ' 

Hence , given xeX and a neighborhood U 

x in t he pr oduc t t opol ogy o n Y . 

o f f ix) t he se l Six . U) Is a 
nei ghbo rhood of f. Theref or e 3N: fne S( x,U), 'Vni!: N. Then, f (x)e U. 'Vni!:N. 

n 

Since U i s an arbi tara ry ne i ghborhood of fix) f (x l ----. f(x ) . 
n 

Conve rsely, Le t S( x,U ) be an a r bitra ry subbas l s e l e me nt ne i g hbo r hood o f f. 

S ince f (x )~f (x) t here i s a n N: f ( x )eU f o r a ll n i!: N. 
n n Thi s Imp l i e s 

f E S ( x,U) , Yn ~ N The r e f ore, f ~f . 
n n 

Re mar ks 4 .2 By theo r e m 4.1 the co nve r ge nce i n t he pl'oduc t t opo l ogy o n 

yX i s equivalent with the po intwi se conve r ge nce . That i s the I'cason we 

cal l t he product t opo l ogy, topol ogy of po l ut wl s e cOllVe l'ge nce. (o r 

po i nt-open t opology). 

Example 1 : In the s pace 1R
1

, whe r e I = 10.1 J the seq ue nce ( f ) of 
n 

n 
conti nuous func ti ons g ive n by , f (x ) = x conve r ges i n t he t o pol ogy of 

n 

to. O:Sx < I 
point wi s e convergence to the funct i on f : I~ defined by r ex) = l . x= 1 

clearl y f i s not a continuous func tio n. In the unifo rm t o pol ogy t he 

seque nce ( f ) does no t conve r ge . Thi s e xa mp le s hows tha t the s ubs pace 
n 

I C( J , DO i s not closed In lR In the produc t t o pol ogy . 

Def i n ition 4 .3 : Let ( Y,d) be a me t ric s pace ; 

space . Give n f:X---tY , a compac t s ubsed C o f X 

l e t X be a t opol og i ca l 

Bc(f ,e ) de note the se t of a ll those 

sup ~d i f i x),g(x»"eq < e. The sets 

and 

eleme nt s 

a numbe r E > 0, le t 
x g e Y f o r wh i c h 

B if.e) 
c 

f orm a bas i s fo r a 

x topo logy on Y . I t i s c all ed t he t opology o f compac t conve r ge nce . 
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Remarks 4 . 4 : 1) ComperIng the po intwi se conve r ge nce topology and the 

compact convergence t opo l ogy t he typical basis e l ement Bc(f,e) contains 

all fu nction that are "c l osed" t o f not j uct at f i nitely many points, but 

at all points of a co mpac t se t C. 

2) Note also t hat if ge Bc(f,e) then there is 3 > 0 :8 (g,3kB (f,e) 
c c 

where 3 '" e - sup ~ d(f(x),g(x»:Xeq. The sets B
c

(g ,3 l f o r m a basi s 

for th i s topology. 

Theorem 4 . 5 : A seque nce f : X---?Y of 
n 

func t Ions co nverges to t he 

function f in the co mpac t convergence topol ogy, if and only If fO I" each 

compact s ubse t C of X the sequence f IC co nverges unl formuly to fie. 
n 

Pr oof : Suppose t hat (f n) converges to fin the topa I ogy of compact 

convergence. Let e be an arb ! trary compac t s ubset of X a nd 1 et E > O. 

Then B (f, e) is a n .b . d of f. 
c 

There f ol"e thc ,"e Is an N: s uch that 

Then d(f (xl, f(x» < e 
n 

"In l:.N and "IxeC. So f 
n 

conve rges uniform ly t o f on C ; i. e f IC conve rges uni f ormly to fie. 
n 

Conversely, l et C be any compact se t In X and let e > O. Since 

~ fn l c ~ converges uniformly to f lC there is an N s uc h t hat d(fn IC.f IC) < 

e/2 "In l:. N or d(f (x),f(x» < e/2 . "In l:. N and "IxeC. 
n 

Hence s up j d [f ,( x), f(x) l xee} 

Si nce Bc(f,e) is an arb! t r ary 

conve r ge nce, f 
n 

converges to f. 

< e,"In > N. 

n.b.d of f 

This impl i es f eB (f,e) "In l:. N 
n c 

in t he t opology of compact 

Defi ni t i on 6.6 : A space X is sai d t o be compact l y generated I f it 

satisfies the f ollowing conditi on: A set A ~ X Is ope n in X If a nd only 

if AAC is open in C, for each co mpact set e In X. The above cond l lion 

that a set B is closed in X if a nd only if BnC i s 
is equIvalent to say 

closed in C fo r any compact set C. 
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Lemma 4. 1 : I f a t opological s pace X Is loca lly compact or if X sat.1 s fl es 

the fi r s t countability axi om, t hen X Is compactly qene r ated . 

Proof: 

open i n 

Let X be a l ocal l y co mpact s pace. Let A~X s uc h that AnC Is 
C for e very compac t set C. We s how t hat A is ope n In X. Let 

xeA ; s ince X i s locally compac t Some ne Ighborhood U of x is contained 

in so me compact se t C. Hence xe lJS;C. 51 nce AN:, 15 open 1 n C and US;;C 

ArlU = (ArC)r.U 15 open in U (co nsi de r U as a s ubspace of C). 

Since Af"IU i s open in U a nd U is ope n I n X we get that A"U 15 open 

in X. Cl early xeArlUS;;A so ArlU Is a ne i ghborhood of x contained i n A. 

Therefo r e , A i s open in X. 

Le t X be a s pace whi c h sati sf i es t he f irs t countability axiom. If 

BrC is clos ed in C for all compac t s ubs e ts C of X we need t o s how that B 

is cl osed in X. Le t xeS s ince X has a countabl e bas i s at t he poi nt x 

there is a sequence 

neighborhood of x. 

( x ) 
n 

of e l ements of B converging to x. Let V be a 

Then the re Is a positive I nteger N: 

Since infinite ly many points 

C:= {x}v~x : ne~ ~ i s compac t 
n 

of t he seque nce (x ) lie I n 
n 

. so BnC Is c l osed I n C. 

X e V • Vn ~ 
n 

V (xeV) the set 

V'neN. So we have a sequence in BnC wh i ch converges to xeC. Then xeBnC . 

Therefo r e xeB. Si nce x was an arbitrary l imit po lnt of B. the se t B 

contains all its I imit points and he nce It Is closed in X. II 

Theore m 4. 8: If X i s a compac tly ge ne r ated s pace and (V. d) Is a me t r i c 

space , the n C{X,V) 1 d 
'
· n yX i s c ose i n t he topology of compact 

conve r ge nce. 

Proof: Le t feVx be a limIt po in t of C{X. V) : we need t o s how that f is 

continuous. Le t C be an arbitra ry co mpac t s ubset of X. For each neN . 

the ball B (f , l / n) 
c 

C(X, V) we ge t tha t 

t ha t f eB (f, lIn ) . 
n c 

i s a neighborhood of f. 

B ( f , lin ) " C(X, V) ~ 0 
c 

S ince f Is a limit poi nt of 

, Vnetl. Let f E C(X ,V ) such 
n 

Let e > 0 a nd choose Ne such that l I N < E. Then 

l I n < e , Vn~N . S ince f E n 
B ( f , lIn ) we get that s up 

c xeC 
< 
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lin . Therefor e s up ~d ( f ( x ) ,f (x» l < e U N 
n ( , v O ~ . 

XEC 
Thi s implies t hat f E 

n 

Be(f,e) , lin i:!: N t hat means t he sequence 

to f in the topology 
([n ) of points o f C(X ,V ) 

convergences of 

4.5, fnle converges uniformly t o f iC. 

co mpact convergence. 

By t he uni f or m limit 

By Theor em 

theor em f lC 

i sconti nuous . Le t no w V be an open set in Y. \.Ie want t o s ho w that 
-1 

f (V) i s o pen in X. 

Obverve tha t [-I (V) " C = ( r lc) -l ( v )' whe r e f IC;C 

subset of X. Since fie i s conti nuo us (f Je ll-t(V) Is 

Y and C I s any 

ope n in C I.e 
- 1 

f (V) Il C is open in C. 

usi ng t he fact that X is 

in X. II 

Cons idering C as a compac t subspace o f X and 

compac tl y gener ated we get t hat r - 1 ( V) I s open 

Cor-olary 4. 9: Let X be a co mpac tly ge ne r ated s pace a nd let Y be a 

metr i c space with me tric d . If a sequence of conti nuous functi ons 

f : X----?Y converges to a functi on f : X~Y in t he topology of compact 
n 

convergence , then f i s cont inuous. 

Proof : Le t (fn) be a sequence of conllnuous funcllons, f : X~Y: I.e 
n 

f E C(X, Y) S; yX. Assume that f ~f, f eYx in t he topology of compac t 
n n 

By Theor em 4. 8, C( X,Y ) is c losed in yX in the t opo logy convergence. 

of compac t convergence . Hence f e C(X,Y ). 

Theor em 4 . 10: Le t X be a topologyi cal s pace and let Y be a me tr ic s pace 

wi th metr ic d . On t he funct ion space yX we have define th r ee t opologi es. 

The unifo rm topol ogy, the t opo logy of compact convergence a nd the 

topology of pointwis e conve r gence. Then, (pointwise convergence) 

c(compac t convergence)c (unifor m convergence) If X is compact, the 

las t two coi ns ide, and if X is discret e the first t wo coi nslde. 

Proof: L t J J and J denote the poi nt wi se convergence topology, 
e l' 2 3 

the co mpac t convergence t opol ogy and un ifor m topology r espect ively 

1. we need t o s how J
1 

C J
2

. Let f = (f (X»xeX be any point of yX. 
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x Recal l that y = n y 
xeX x 

wher e Y = y V X x . xe . Le t B be a bas i s e lement 

about f 1n t he topo l ogy of po int wi se convergence J 
x 1 (pr oduc t topo l ogy ) 

on Y . Let x 1,x2 ' · ·· ,XnEX be the indi ces f or whi c h U • Y. Then B • rru 
x x 

Since Y i s a metric space each U 
"; 

is a ball Bct ( f (xt) , E
t
). Ye need t o 

show that ther e i s IS > 0 and a compact subset C o f X s uc h that 
B ( f, 0 )e8 = IT U 

C xeX x 
, wher e 8

e
(f, 0 ) I s • basi s I e e me nl about f i n the 

topol ogy of compac t convergence . 

Then C i s a compac t set Le t ge B (f . eS ); then we 
e 

have t hat s up 

d( f (x
i 
),g( x

i
» 

= Ux i ; i . e ge 

{ d(f(x),g(x)),xeq = m.x { d ( f (x ), g ( x)) "eq < o. So , 

< .s ~ Ei Vi = 1, ... ,n o Ther e for e g{Xt )E Bd ( f (x
1 

J, E, ) 

x 2 . J
2 

c J
3 

. Le t feY , E > 0 and C compact In X. Se t cS :- mi n { I , e}: we 

cl a im t ha t 8_ ( f, 012) e Bc (f,e ). Lei ge B_(f , o /2), t hen 
p p 

SUP{ l (f(x),g(x)),xeXI < 012. So we ge t d ( f {x ) . g{xl) < 612 'cfxeX . 

Clear l y t hi s i mpli es d ( f (x), g(x» < e /2 , 'dxeX, l her'c for e 

sup~ d(f( x) , g (x )): xeq.:5 sup~d ( f(x) , g(x) : xeX ~ .:s E/2 < E. Then 

gE Bc (f , e ). 

No t e that if ge Bc (f,e) 

o ,= e - supjd(f(x),g( x))"eq. 

then B (g , o) C 
e 

wher e 

L t X b I t h lh t J e J Let f eYx and e > 0 It e e compact; it rema ns 0 s ow a 3 2 ' 

suff i ces t o s ho w: 8 (f,e ) C 8 ( f,e ) . 
x -

p 

Le t ge B ( f ,e ) : t hen x 

SUP~ d( f(x),g ( X» :XEX~ < e . Since d (f( x), g(x» .:s d ( f (x), g (x») , we ge t 

t hat sup~ d(f(x),g(x»:xeX ~ < E which means that p(f ,g) < e .. ge 8_( f,e ). 
p 

Now l e t X be di scr ete. 

i s f i nite . 

abou t f in 

We s how J2 
t he topo l ogy 

s ubset of X and E > O. 

Then a subse t C of X is compac t if and only if C 

e J Le t B (f e ) be an arbi t r ary 
l' c' 

of compact convergence J 2 , wher e C 

basi s e l ement 

i s a compac t 
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Then C = ~ Xl'X2"" ' Xn~ ~ X. 

Bf(about f) in the t opology of 

Consi der the f o ll owing bas i s e l e me nl 

pointwi se whe r e 

Vx=Y for all x '* xi i = 1.2, .. . ,n and 

conve r gence: B
f
:" nv

x
' 

Vx :: Bd(f(xt ) ,E ). We clah l 
I 

that B
f 

C B (f,e). Let ge 8 
C f then g(x

t
) E Bd(f ( x

t 
) , E) VI • 

1, 2, ...• n Hence d (f(xi),g(x
t
» < e for a ll • 1. 2 • ... . n . s up 

j d(f( xi) ,g(xl), x1eC} = maxjd(f(x II 

5 . The Compact Open Topology 

Defi ning the topol ogy of compact convergence on the functi o n s pace y X we 

consi de r e d the space Y as a metri c s pace, with metri c d . But a t o pol ogy 

o n a s pace can be induced by different met ri cs. So . the questi o n Is 

whe t he r the above topology depends on ly on the topo l ogy of Y rath r t hat 

on the particular metric d. 'We can answer if our s pa ce Is C(X, y ) , yX ; 

f o r t his s pace the t opology of compact convergence Is Inde pende nl o f t he 

metrics which generate the topology of Y. 

Def i ni tion 5 .1 : Let X and Y be topological s paces. Le t C be a 

X and V 

f( C) c V}. 

be an open se l In Y. Define , 

The sets S(C, V), f o rm a s ubbas l s f o r a 

compac t s ubse t of 

S( C, V) ,= jfeC(X,Y), 

t opology on C(X, Y). We call thi s topol ogy. the compac l-o pen l opo i ogy. 

Clearly, if C i s one-point set it is compact a nd S(C.V) - S(x.V ) , whe r e 

S{ X, U) is a s ubbasis element for the point - ope n topology. 

Note that the compact-open topology is defined without assuming a melrl c 

on Y. Let now d be a metric on Y whi c h ge nerat e s the topol ogy o f Y. 
x 

Then we can define the topology of compact co nvergence of Y and he nce 

on C( X, V). If we show that this topology co nc i des wl lh the co mpac t -open 

topo logy then the topology of compact co nvergence Is Independe nt o f the 

particular metri c c hosen for Y. 

Theorem 5.2: Let X be a s pace 

the function s pace C(X, Y) and 

and let (Y.d) be a metrI c s pace cons ider 

and the t opology of compact 

and J
2 

denote the compac t-o pen 

converge nce (o n C( X. Yl). The n 
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Proof: Step 1. For each 

define U(A,e) :'" U B (n e) 
aeA d ' . 

s ubset A of Y and for each E > 0 we can 

The sel U(A,e) Is called "e-neighborhood" 

of A. If A is compac t and V I s an Open set In Y containing A then we 

can s how that there Is e > 0 s uch that U(A . e) c V: Since A c V for 

each ae A choose o(a) > 0 such that Bd(a.o(a» c V. Note that s ince A 

Is compact the co ll ection iBd(a.1/2 <'Hal) aEA~ contain a finite 

cove r ing of A 

e : = mln{1I2o(al)~ and l et ueA. Then bEBd{ a,e) Impli es d(a.b) (E. 

n 
Note that s ince ae A and A c U Bd(al , 1/2 d(n » , a E 

1=1 I 

for some k;:!; n. Hence d(~,a ) < 1/2 d( a
k

). Then d(n
k

, b) S d(~, a) + 

d(a, b). So d (ak,b) < 1/2 cS(a
k

) + E S 1/2 o(ak) + 1/2 15(a
k

) • <leak) 

was arbitrary Bd(a,e) c V, 'tiaeA ; that means U( A, e) • U Bd(n,e) c V. 
aE A 

So , we proved that for each compact subsel A o f Y wllh AcV ( whe l'e V I s 

an open set) there Is e > 0 such that U(A,e) c V. 

St ep 2. Claim JtC J
2

. 

J t (compact-open topology) 

Let S(C ,U) be any subbasl s element for 

on C( X, Y) and l e t feS(C, U). Then f (C) c u. 

Si nce C is compact and f I s continuous fCC) Is a compact subset of Y. 

By s tep 1 there is e > 0 such that the e-ne i ghborhood o f f( C) li es In U. 

Then B (f,e) is a bas is element f or the topology o f compact convergence 
c 

J
2

. We want to show: B (f,e) c S(C,U) . Le l gE B ( f,e ); then d(f{xl.g(x» 
c c 

< E, "dxeC '* g(x)e Bd(f (x),e) , VxeC .. g(C) c c u. Since 

g(C) c U , gES(C, UJ. 

Step 3, Claim J
2 

c J
1

. Let fe C(X ,Y ) , l et C be a compacl set In X 

and let e > O. Then Bc(f,e) I s a basi s e lement f or J
2 

on C(X, Y) 

neighborhood of f. 

and lies in B (f,e). 
c 

We s hall find a basi s element of J 1 that contal ns f 
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Usi ng the fact that f i s continuous at each poi nt xeC we can c hoose a 

neighborhood Vx s uc h t hat flV) x c Bd (f(x)'e/ 4 l. \.Ie c laim that 

fl Vx ) c Bd (f(x),e/3) ; it Suffi ces to h f l - ) sow Vx c B
d
(f(x).e / t1) . 

Le t yef(V ) ; then y = f(x ) 
x 0 ' X eV . 

o x Note that ye B
d

(rex),e / 4) If a nd 

onl y if every neighborhood of fl ) y = Xo intersec t s B
d

(f(x),e/ 4 ). Le t 

Bd ( f(xo ), 3) be a nei ghborhood o f y ; s et A: = f - 1I B
d

(f(X
o

l,31J ,... V
x

' 

Since Xo e Vx A ~ 121 and f(A) c B
d

(f{x
o

),6) ,... f (V
x

) c B
d

(f( x
o
l.6) ,... 

Bd ( f(x ),e/4) '" 12! . He nce ye B
d
(f(x),e/t1 J. 

Since t he collection ~V ; xeq Is a n open covering of C and C Is x 
compac t, C has a finite s ubcoveri ng , say V . ... V . Set C • Ii " C. x ' x 1 n xl xl 
Then each i s compact In X. If U

x
: : B

d
( f( x),e / 3) we c laim that 

S{ c , U ) 1"1 ••• " 
x l x l 

SIC ,U )c 
x x 

n n 
Le t gE s (C ,U ) n 

xl Xl 
n 

S(C ,U ) and xeC . 
x x Then xeV x, and he nce X e C for some I. Then 

n n x, 
f {x)e U 

xi 
therefor e d(f(x),f{x

l
» < e/3. On the ot he r hand g 

eS(C , U ), hence g{x) e U .. d ( f (xj),g{x» 
xi xi xI 

< e / 3 . Then dlflx).g l x» 

~ d(f{ xl.f(x
i

)) + d {f(xi) ,g{x)) < 2e/3 So . Sup 
XEC 

{d lflx).gl x) lf < E and 

so ge B (f,e). II 
c 

Theorem 5.3 Let X be a locally compac t Ha us dorff space and cons ide r" 

the set C{X, Y) in the compact open topol ogy. Then t he map e:Xx 

C{X,Y)~Y given by e(x,fJ := f(x) Is a continuous map. It i s called 

the evalua tion map. 

Proof: Given a point (x,fJ e Xx C( X,Y) and an arbit r ary open set V in 

Y, neighborhood of the image point e(x.f) "" f(x) we need t o find a 
- 1 

neighborhood of (x, f) that e maps Into V. Since f i s continuous f ( V) 

i s a n o pe n set in X, neighborhood o f x. Since X i s l ocally co mpac t at x 

we can find a neighborhood U of x wi t h co mpac t c l osure s uc h that 

o C f-I( V) o r flO) C V. Then s<iJ. V) Is a basi s e lement f o r the 
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compac l -open l opo l ogy o n cex, Y) a nd s ince f Ci]) c V we ge l l hal fe 

S (U,V) . Obse rve lhal lhe se l Ux seD,V) Is open In Xx Ce X,Y ) a nd I l Is a 
ne ighborhood o f ( x , fJ. 

(x' ,f') e U x s Ci], V) . 
Il remains l o s ho w lhal f' (x ' lE V , fo r e Ve r y 

lel (x'.f' ) E U x S(U,V) : l he n x ' e U cO a nd 
f(iJ) c V. Henc e f' (x') E V. 
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