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PREFACE

This seminar report has two parts. In the first part we prove that
C(X,Y), the set of all continuous functions from a topology X to a
complete metric space Y is complete in the uniform topology. As a

consequence we prove the famous peano space - Filling curve.

In the second part we shall prove a classical revsion of Ascolis
Theorem. We also define three topologies on C(X,Y) namely, the
point-open topology, the topology of compact convergence and the
compact-open topology and we study their inclusion relation. We complete
this report defining the notion of compactly generated spaces and

showing that the evaluation map is continuous.



Definition 1.1: Let (X,d) be a metric space A sequeuce {xn) of points of

X is said to be a Cauchy-sequence, if for each € > 0 there is a natural
number N such that

d(x ,x ) <€ , ¥n, m=N
n'm

The metric space (X,d) is said to be complete if every Cauchy

sequence in X converges.

Lemma 1.2: Let (X,d) be a metric space and Let (xn) be a sequence of

points of X.
Then, (1) "I (xn] converges then {xn) is a cauchy sequence.
(11) 1If (xn] is a cauchy-sequence and it has a convergent
subsequence (xn ) , that converges to a point x € X , then
k

the sequence (xn) it self converges to x.
(11100 If (xn) is Cauchy then the set A = {xn : n e N is
bounded.

Proof': (%)) Let xeX : d{xn.x) —0 and let € > 0
Then, there is NelN such that d{xn,x] < €/2, ¥n = N and hence

d(x _,x ) = d(x _,x) + d(x_,x) < e/2 + €/2 = €, ¥n,m = N
n'm n m

(ii) Let € > 0. Choose Nlem : d{xn.xml < €/2 , ¥n,m N1 (1)

(using the fact that [xn) is a Cauchy-sequence)

Then using the fact that d(xn ,x) — 0 choose N_eN such that

k 2
k— o
d{® X} < e/2 'Y n = N2 put N = max {Nl,Nz}
then from (1) we get: d(xn.xN} < €2, ¥n =N and from (2)

we get d{xN,x] < | er2.
d(xn,x) = d(xn,xN) F d[xN.x) <e€e ,vYnz=N

Therefore, the Cauchy-sequence (xn} converges to x.



(iii) Let (xn] be a Cauchy-sequence in X.

choose NelN : d(xn,xm) <1, ¥n,m=N. (We need to show that
{xn : neN} < Bd{x,M} for some xeX and M >0). Let xeX be fixed.
Since |d(x ,x) - d(x_,x) | = d(x ,x ) we have:
n m n"m
d(xn,x} <1+ d(xm,x) , Yn,m =2 N and hence d(xn,x) <1 + d{xN,x) , Yvn =z N

Set M:= max {d[xl.x}.d(xz.x},....d(x _1.x).d(xN,x} +1}

N
then, d(xn,x) =M, VneN
and hence X, € Bd(x,M) , VYnelN

Remarks 1.3 By the above lemma a metric space X is complete iff every
Cauchy-sequence in X has a convergent subsepuence. This criterion we

are going to use it several times in the next proofs.

(2) It is easy to prove but important to observe that any closed subset

A of a complete metric space (X,d) is necessarily complete.
To see this, Let (xn} be a Cauchy-sequence in A. Then {xn) is a
Cauchy-sequence in X whence it converges to a point xeX. Because A is a

closed subset of X, the point x must lie in A.

Theorem 1.4: Consider the Euclidean space Rk,keﬂ and let d be the

Fuclidean metric on Rk. Let p be the square metric on Rk. Then the
spaces (Nk,d) and (Rk.p} are both complete.
Proof: To show first that (Rk,p) is complete. Let (xn) be a

Cauchy-sequence in [Rk.p]. By Lemma 1.2 (iii) the set {xn : neN} is a

bounded subset of (Rk.p}. Hence, 3 M > O : p(xn,O} = M, VnelN.

_ [.(n) _(n) (n) -z Il
Let x_ = [xl Ky aee s Xy ]. Then p(xn,D) = max {|xi o 1,...,k}
Therefore, |x§n}| = M, VneN and Vi = 1,2,...,k



So -M = x!n) = M or x{

: DY o p M Vel it V- =E14 ok.

Thus X € I-M.H]k , ¥neN.

So all the points of the sequence [x ) lie in the cube [-M, Ml in other
words , (x ) is a sequence of points of the set [-M, M] which is compact
(and hence sequentlally compact ). Therefore, [x ) has a convergent
subsequence and hence [R ,p) is complete, by Lemma 1 2
To show that (R ,d) is complete , note that
p(x,y) = d(x,y) = vk  p(x,y) , VxeRK.

Hence d and p give the same topology on Rk (the product topology) and
so, they are equivalent metrics.

Since (Rk,p) is complete, the space (Rk.d) is also complete.

Remarks 1.5: Let (X.d) be a metric space

Define, d(x,y) := min {d{x,y).l} (standard bounded metric). Then the
metrics d and d are equivalent since d and d induce the same topology on
X. To see this let € > 0 and put 8 = min {e, 1}
then, Bd(x,e) < B (x,€) and -

BH (x,8) < Bd(x,e)

Hence if X is complete with regard to metric d then X is complete with
regard to the standard bounded metric d corresponding to d, and

conversely.

EXAMPLE 1: Let X be any set and d be the discrete metric i.e
d(x,y)
d(x,y) =0 if x=y

Then the metric space (X,d) is complete since any Cauchy-sequence in X

1 if x=2y

is a constant sequence except for finitely many terms.

Example 2: Let Q be the set of rational numbers in the usual metric
d(x,y) = |x-y]|.

n
Consider the sequence xn = [1 + %] , nelN



Clearly, {xn) is a Cauchy sequence of rationals and X, — e ¢ Q.

Hence Q is noncomplete.

Example 3: Another noncomplete space is the open interval (-1,1) of R,
in the usual metric d(x,y) = |x - y|.

Consider the sequence (xn) with % o= 1 - % it is a Cauchy sequence in
(-1,1) but x —> 1 ¢(-1,1)

In this example we can see that completeness is not a topological
property (it is not preserved by homeomorphisms) since the interval

(-1,1) is homeomorphic to R and R is complete in the above metric.

Definition 1.6 Let (Y,d) be a mertic space and let d be the standard

bounded metric on Y corresponding to d. Given an arbitrary index set J,
consider the set Y’ of all functions f:J—Y. Define p: v x v R by

p(f,g) = sup {E(f(a).g{a}) : aeJ}.

Then p is a metric ; it is called the uniform metric on YJ .
corresponding to the metric d on Y. It is easy to check that p is a
metric:

1. Clearly; pif:g) 20, V£ ge¥.

2. p(f,g) =0 = d(f(a),g(a)) s 0, VaeJ
and since d(f(a),g(a)) = 0 VaeJ we have
d(f(a),gla)) = 0 , Vaedo f(a) = g(a), Vael & f = g.

3. d(f(a),gl(a)) = d(f(a),h(a)) + d(h(a),g(a)) = p(f,h) + p(h,g)

Hence , 2:3 {d(f(a),g(a)} = p(f,h) + p(h,g)

» pl(f,g) = p(f,h) + p(h,f)

The metric p induces the uniform topology on Yx

Theorem 1.7: Let (Y,d) be a metric space. If Y is complete then
(YJ.E) is complete.
Proof': Let (fnlneN be a Cauchy-sequence in (YJ,E)
Then for each ael.
d(f (a),f (a)) = p(f ,f ) holds



Hence, the sequence {fn(a)}new is a cauchy sequence in (Y,d). Therefore
{Fn{a)} is also a cauchy sequence in (Y,d)

Since (Y,d) is complete {fn{a]} converges in Y, say to a point Y€ Y.
Define,
f.J— Y by f(a) = ‘4

We claim that £ — f under P

Given € > 0 choose N : E(fn.fmj < €/2, ¥Yn,m = N
then E(fn(a), f (a)) <e2, ¥nmzN, Vael. (1)

For fixed aeJ and neN taking the limit of (1), for m — ©. we get:
atfn(a}, f(a)) s e/2 (2)
The above inequality holds for all ae J and for all n = N.

Therefore, E(fn,f} = sup {é(fn[a].f(a}}: aEJ} =e/2<e€ , Ynzam

Remarks 1.8(1) For Y = R and J = N we get that the space RY is
complete in the uniform topology (induced by p). R in the box topology

can not be complete since it is not metrizable space. In the product

pe E(xi,yi)
topology R is metrizable. Consider the metric: D(x,y) = sup ———

The metric D induces the product topology on R”
where d(a,b) = min {Ia—b|,1}. R” is complete under D.

To show this , let (xn} be a Cauchy-sequence of R” under D, where

x_ = [ai“).aénJ....,agnl,...]e RY, Let i be fixed for the moment.

<[, () (m) i e i
Since, d[ki Ay ] > | D(xn,xm) holds, the sequence {ii }nEN s a

Cauchy-sequence in (R,d). Therefore it converges to a real number say @, .

Let a = (a,)

3 5 e Rw. We claim that x — «.
i"ieN n




Let U be a basis element of the product topology on R“:such that aeU.
Then, U = T U1 where Ui = R except for finitely manyt ihdices 1.

Therefore, =R for all i > m , where m is the maximum value of i such

Yy
that U, =+ R

if i sm, choose N e N (using the fact that Ai“}

A:"] €U, ¥n=N Put N=max (N, i =1,2,...,m then Ai“) € U

— ai) such that

Vn =N, Vi = 1,2,...m. Since A;n)e U =R, Vn eN and Vi > m ve get

X

n

(n) (n) N
[A1 § AZ ,...] e Il Ui =U, ¥ynz N

Since U was an arbitrary n.b.d of «, X, —«

Remark 2: Clearly Theorem 1.7. holds for J = X where X is a topological
space. In this case consider the subset C(X,Y) of v* , consisting of all
continuous functions f: X—Y. We shall show that C(X,Y) is closed in y*

and hence C(X,Y) is complete, provided of course that Y is complete.

Theorem 1.9.: Let X be a topological space and Let (Y,d) be a metric
space. The set C(X,Y) is closed in Y* under the uniform metric p.

Therefore if Y is complete, C(X,Y) is complete under p.

Proof: Let f € Y be a limit point of C(X,Y). Then there is a sequence

[fn} of continuous functions fn: X —Y such that fn —>5 f under p.

Hence, given € > 0 3 N: E{fn,f) < e ¥nz=N
since, J[fn(x).f(x]) s E{fn,f]. ¥V x eX
we get that E(fn(x),f{x)J < € V¥n =N and for all x € X. Therefore, f ——f

uniformly (under d). By the uniform 1limit theorem (p.130-Munkres),
f € C(X,Y). By Remark 1.3 C(X,Y) is complete under p.//

Lemma 1.11: Let X be a topological space. The set B(X,R) is complete

under p (sup-metric).



Proof: It suffices to show that B(X,R) is a closed subset of R® Let f
be a limit point of B(X,R). Then there is a sequence of bounded
function f :X——R, such that £ —f under p, or E(fn.f}——ao.

Choose N such that Effn.f} <1, ¥n 2 N. In particular we have E[fN,f] < 1.
Hence, affN{x).f(x}} < 1, ¥xeX , where a(fN{x},f(xJ) =

min {|fy(x)=f(x)],1}
Then, |FN{x) - f(x)| < 1 ¥xeX and so, |[f(x)| < 1 + |fN(x}|. Vx
But fN € B(X,R).

This implies that 3M > 0: [f (x)| = M, VxeX

So, |f(x)| =1+ M, vxeX. i.e fe B(X,R). Since f:X —R was an
arbitrary limit point of B(X,R), B(X,R) contains all its limit points.
Therefore B(X,R) is closed under p.

Theorem 1.12: Let (X,d) be a metric space. There is an isometric

imbedding of X into a complete metric space.

Proof': Let B(X,R) be the set of all bounded functions mapping X into R.

It is a complete metric space under the sup metric p. Let xoeX be a fixed
point For each aeX ,define ¢, X — R by: wa{x) = d(x,a) - d{x.xo).

Then |pa(x)| = |d(x,a) - d{x.x0}| = d(a.x0):= Ma >0

Hence ¢, € B(X,R) , V aeX.

Define , ®: X — B(x,R) by ¢(a) = .

we claim that & is an isometric imbedding of (X,d) into the complete
space (B(X,R),p). We need to show d(a,b) = p(wa,¢b).

Observe that |¢a{x) = wb{x]| = |d(x,a) - d(x.xo} - d(x,b) + d(x.x0)|

= |d(x,a) - d(x,b)| Vx. Using the quadrangle inequality we get that
|d(x,a) - d(x,b)| = d(x,x) + d(a,b) = d(a,b). So [g (x) - ¢ (x)] =
d(a,b) , V¥xeX.



Hence, p(wa.wb) = sup{|¢a(x} - wb(x}|} =< d(a,b). But since aeX we have
xeX

d(a,b) = |¢_(a) - ¢ (a)| = Ple, . ¢)

Therefore, d(a,b) = p[qa,qb] and hence the proof of the theorem is

completed.
2: A space-Filling Curve

As an application of the completeness of the space C(X,Y) in the
uniform metric when Y is complete, we shall construct the famous "Peano

space-filling curve".

Theorem: Let I = [0,1]). There exists a continnous map f: I — 12 which

is surjective.

Our aim is to construct a sequence of continuous functions (fn),
fn: I — 12. n 0,1,... which is a Cauchy sequence of C(I.Iz) If fn —

f then f: I — 12 is continuous.

Step 1: Let [a,b] be a closed interval in the real line and let H,be

any square in the plane with sides parallel to the coordinate axes.
into
Then always we can define a triagular path g (continuous) , g:[a,b] —

H. in particular for I = [0,1] consider a triagular path g: I —

12. Since g always connect two adjacent corners of the square I2 there

are four possible ways to define a such that g

1 ] (a)

(b)

H_.l_




I { (c)

222 { i (d)
0

Fig. 1
Step 2: Consider the map g’:[0,1]—> 12 pictured in Figure 2.

i 1

o
=

Fig.2
It is made up of forur triagular paths such that
Each one is half of the size of g
2 Each one lies in a sub-square of I2 (The lenght of the side of
each sub-square is half the lengtht of the side of 12}
3 The end points of each triagular path) are adjacent cornens of

the corresponding sub-square.

Clearly, each one of them has been defined on Step 1.

g’ is a continuous map of I = [0,1] into 12 = [0,1] x [0,1] Note that,
if a path g is given (from step. 1) we can always define a path g’ with
the above properties and such that g and g’ have the same end points.
Keeping all these in mind there are four possible ways to "replace" a

given g. with g’

N

/\ ' (a)
/ _ L

> %, (b)




(c)

(d)

Figure 3
Step. 3 Now we define a sequence of functions fn : I—l for

N =0T,

o
(=
p=d
-

I

0o~ & (see Fig.1,a)

g, (see Fig.3,a) where fl consists from 4 = 41 triagular paths.

L
I

The next function fz is the function obtained by "replacing" each of the

four triagular paths of f, with four triagular paths using step 2. Then

1

fz consists of 42 = 16 triagular paths, each one lies in a square of
edge Legth 1/22. And so on! At the general step, fn is a continuous
map, fn 3 I———)I2 made up of s triagular paths of the type considered in
step 1, each one lying in a square of edge-length 1/2“. We obtain the
function fn+1 by applying the operation of step 2 to each of the 4"
triagular paths of fn , replacing each one by four smaller triagular
paths.

Step 4: For the needs of the proof Let d denote the square metric on Rz.

d(X,Y) = max {le = ¥ils IX2 = y2|}

Where, x = (xl,xz). y = {yl.yzl. Let p denote the corresponding sup

sup

SUP fa(r(v),g(t))} since 1% = [0,1] x [0,1]

metric on C(I.Iz}, plf,g) =

is a compact subset of RZ. it is closed, and since R2 is complete 12 is

also complete in the square metric d. Therefore, C(I,Izi is complete in

the uniform metric p and hence C(I,Iz] is complete under p.

10



We claim now that the sequence (fn} defined in step 3 is a Cauchy

sequence under p. Observe that each small triagular path in fn lies in a
1

square of edgc-length — we construct the function fn+1 using the
2
step 2. i.e we replace each triagular path of fn by four triagular
paths that lie in the same square Therefore d(fn[t]'fn+l(t]}s —lﬁ , Vtel.
2
- 1
So p(fn,fn+1} = '—n-—
2
Si :
ince pl( " fn+m} = p{fn,fn+1} + p{fn+1,fn+2J + "'*p(fn+m—l'fn+m}
1 1 1 1
we have: p(f ,£. )is —:% ... -
n’ n+m o 2n+1 P 1 SN*m 1
1 @
= _%— [1 + % e zm—l] = _lE Z ; = _EH , for all n,m
2 27 =02 2

Hence (fn] is a Cauchy sequence in C[I,IZJ. Since 12 = [0,1] x [0,1] € R

is compact (finite product of compact spaces), C(I,IZJ is complete and

S0 (fn] converges to a continuous function f‘:I—rIz.

Now we need to show that f is surjective, it suffices to show Lhat
2

I < f(1) observe that f(I) is a compact subset of 12 (cont inuous image

of a compact set) and hence f(1) is closed. So if we show that 12 c f(1)

then we are done.

Let er2 and neN. By the prerious considerations fn is made up of 4"

triagular paths each lying in a square, say Ii of edge-length ‘lﬁ-
2

Since erz. x lies in one of those Iﬁs. At the same square there is

(also) a triagular path. The distance (in the square metric) between x

and any point f(t) of this triagular path is at most _lﬁ‘ Therefore

2
there exist t_. el:d(x,f (t.)) = 23 , for all nelN. (1)
0 . 0 2n
Hence, given € > 0 choose N such that 'lﬁ < €/2 and p[fN,f] < €/2. Then
2
1
by (1) d(x,fN(to)) = —2—N < €/2 and d{rN{tO} : f(toll s p[fN.f‘) < €/2

So, d(x,f(toll = d(x,fN(tO}} + d(fN(to},f{to)) < €, Hence, F(tO} &
Bd{x,e}nf(I) = Bd[x,el n f(I) # o. Since € > 0 was arbitrary xef(I).
Since erz was arbitrary Izs f(I). The proof is completed.//

11



3. Compactness - Completeness in Metr. Spaces.

Definition 3.1: A metric space (X,d) is said to be totally bounded if

for every € > 0 there is a finite covering of X by e-balls.
Note: Since in the metric topology the bases elements are e-balls, any
covering of any space X is a collection of e-balls. Observe that total

boundedness implies boundedness. To show this let € > 0. Since X is

n
P X a X € X: X =121 Bd[xi.el. Then for

of X each one of them lies in some of the above

totally bounded there are x

any two points o0,
€-balls. If M:= max {d(xi,xJ] FEow g 8ad w12, .0 then
d(al.azl =M+ 2e.

But the converge does not hold. Under the metric d(x,y) = min {|x-y|[,1}

the real line is bounded but not totally bounded (for € < 1).

Theorem 3.2: Let (X,d) be a metric space. Then the following
statements are equivalent.

(a) X is compact

(b) X is complete and totally bounded.

(c) X is sequentially compact.

Proof: By Theorem 7.4 (p.181- Munkres) (a) and (c) are equivalent.

(a) = (b) Let X be compact. Then X is a sequentially compact
space. Hence every Cauchy sequence converges in X. Therefore X is
complete.

On the other hand given € > 0 a covering of X by e-balls has a finite

sub-covering that means X is totally bounded.

(b) = (c) Let (xn} be a sequence in X. We shall construct a Cauchy
subsequence of (xn). Using the fact that X is totally bounded cover X
by finitely many balls of radius 1. These 1-balls cover (also) the
infinite set: {xn: neN}. Necessarily, at least one of then constains

infinitely many terms of the sequence (xn) Let B1 be this 1-ball, and

12



Let J1 = {nem: anBl} choose an arbitrary point in J1 » say n, € Jl Next

cover X by finitely many balls of radius %— and consider the set
{xn : neJl}. Since it is an infinite set and it is covered by the above

1
5~ balls, at least one of them, say B., contains X for infinitely many

values of n(nel = : :
(n 1) Let J2 {neJ1 DX € Bz}. Choose nzer. n, > n, In

general given an infinite set Jk,(Jk < N) and nkeJk cover X by finitely

1
many balls of radius BT and consider the (infinite) set {xn: nEJk}; some

1
of the above —— - balls , say B contains infinitely many elements

k+1 k+1’

of the set {x :neJ } Let J . be the infinite subset of J_such that

Since J is infinite we can choose

J = {neJk: anBk+1}' Gt

k+1

Byes1S9ke1 Pleay > My

Consider the subsequence {xn ) iof (xn). For i,j =2 k we have n;e Ji and
k

njeJJ. Since Jk 2 Jk+1 , YkeN (by construction). Then J1 < Jk and

JJ < Jk hence, nl,nje Jk Hence xn;xnjare both contained in Bk
That means d(xn X ) < % 8o, Jet"e > 0. Choose keN: % < € ; then

L =3
d(xni,xnj] Cem YoId® k. TBince (xn ) is Cauchy and X is complete it
k

converges. Therefore, since (xn} was an arbitrary sequence in X the

space X is sequentially compact.

Corollary 3.4: Let (X,d) be a metric space and Let Y € X Then Y is

compact if and only if it is complete and totally bounded,

Proposition 3.5: Let (X,d) be a metric space Let Y € X be a compact

subset of X. Then Y is closed and bounded in X.

Proof: Since X is a metric space and hence a Hausdorff space, every
compact set is closed (Th.5 5.3, p. 166. Mankres). To show now that Y is
bounded. Observe that the collection {Bd[x,n): neN} is an open coreving
of Y (because for yeY there is neN such that d(x,y) < n, i.e yEBd(x.n}}.

13



Since Y is compact, there is a finite sub-collection which covers Y.

Therefore there is M > 0: Y ¢ Bd[x,M) and so Y is bounded.

Remarks: Let X = R". A subset Y of R" is compact if and only if it is

closed and bounded (in the euclidean metric or in the square metric).

Consider now the function space C(X,R") in the uniform topology. Let X

be a compact space and let d denote either the euchidean or the square

metric on R". Since the set {d(f(x),g(x)): xeX} is bounded for all f,ge
C(X,R") we can define the sup metric p(f,g) = sup {d(f(x),g(x)):xeX} on
C(X,R").

The space C(X,Rn} is complete under p and p. Let F be a subset of

C(X,Rn). We say that F is uniformly bounded if F is bounded under p.

We say that F is pointwise bounded if for each xeX the set F ={f(x): feF}

is a bounded subset of R". Now we show that if F is uniformly bounded,

there is a compact subset Y of R™ such that f(x)eY for all feF and all
x€X. Let fo €F be a fixed point. Since F is bounded under p 3 M > 0:
pf,f) <M, V feF. Then, d(f (x),f(x)) < M VfeF and VxeX (1). On the

other hand since fo is continuous and X is compact, fO(X] is also

compact in R". Hence fOKX} is bounded. This implies that there exists

NeN: f (X) € B.(0O,N) € R " Then f (x) € B,(0O,N) ,vxeX = d(0,f (x)) <N
o d o d 0

¥x (2).(1), (2) = d(0,f(x) = d{O,fO(xJ) + d(fo(x},f[x)) =M+ N = f(x)
€ Bd (O,M + N) , VfeF and VxeX. So f(X) < Bd (0,M+N) VfeF.

Set Y = Bdio, M+ N)

Then Y is closed and bounded subset of R" Hence Y is a compact set such
that f(x) € Y, VfeF and VYxeX. Note that since Y &€ Rn. c(X,Y) € C(X,R™)
and F is contained in C(X,Y).

Definition 3.6:Let (Y,d) be a metric space Let F € C(X,Y). The set F

is said to be equicouinuous at a point X, € X, if given € > 0 there is a

neighborhood U of X such that for all xeU and for all feF we have

d(f(x),f(x )) < e. If the set F is equicoutinuous at each point xeX then
o

F is equicoutinuous on X.
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Theorem 3.7: Let F be a subset of C(X,Y) where X is compact space and
(Y,d) is a compact metric space. Then F is equcontinuous if and only if

F is totally bounded (under p).

Proof:Let F be totally bounded under p. Let x €X be fixed, and let

€ > 0. We shall show that F is equicoutinuous at Xy First choose € 0

and €, > 0 : 2¢, + €, = €. Since F is totally bounded there is a finite

2 1 2
cover of F by S balls. Therefore, there are £ 2""‘fn € C(X,Y)
n
such that F glgl Bp{fi,el). Each function fl.l = 1,...,n is continuous;

hence it is continuous at xo. Therefore 3 Ui{n.b.d of xO] such that

d(fi(x),fitxo}) < €

5 » for all xeU . Let U= ﬁ Ui' Then U is open and

i=1

xer. Moreover d(fi(x).fiixo}} < wxeU, 1 =1,...,n (1)

2 »
We assert that if xelU and feF then d(f(x),f(x )) < € holds. Let feF be
arbitrary. then fe Bp{fi,ell for some i and so , p(fl.f) < €. Then

d[fitx],f(x]] < € vxeX ... (2)

In particular d(fi(x}.f(x)) <€ VxeU (3)

By (1),(2) and (3) we get: d(f(x),f(xo}} = d{f{x}.fi(x}) + d(fi{x}.fi(xol)

+d{fi(xo},f{xo)) s +te t+te = 2&1 te, se Conversely, let € > 0.

Since F is equicontinuous on X, for each xe€X 3 Ux (a neighborhood of x)

such that d(f(x),f(y)) < €/3 VyeU and vfeF. We have X = U Ux. That
xeX

means the collection {Ux: xeX} is an open covering of X, and since X is

k
compact there are xl,xz,...,xkex such that X = U Ux and d(f(x].f{xi}} <
i=1 "1

€/3, Verx and for all feF.
i
Now, cover Y by finitely many open sets VI,VZ,....Vm , with

diamV, < €/3, Vi = 1,2,...,m For feF and ie{1,2,...,k}, f(xi) is
J

contained in at least one of Vj's for- 5 = 1525: %M

15



J 1s the collection of all functions (PHIR G RS- SRR ) R o L L | e
Let ael; Then «(1) = Je{1,2,...,m} , Vie(1,2,...,k}. 1If there is feF

such that f(xi} € VJ 7 va(i)’ Vi take this function and denote it with

fa,faEF. Consider the collection {fa} S F. Then aeJ’SJ. Clearly J is

a finite set and hence {f“} is a finite subset of F.

Claim: Fs U B {fa.e}. Let feF. Then f(x, )eV,Vi = 1,2,...,k where
aed’ i J
. - .
J=12,...m. Choose a €J: a (i) = 3
% -
Then f(xi} € Va*{i}, Vie{1,2,...,k} and hence « €J’. We assert that
» .
fe Bp{f‘Ot ,€). Let xeX; then
there exists ie{1,2,...,k} such that xEle Therefore
d(f(x).f(xil) < €/3 VfeF and eri (1)
E 3 -
hence d(f‘Ot (x),Fu {xi) < €/3 Veri (2)
ng | * [ 3 L] *
Since f(xi) € Va (i) and fu (xi}e Vm (i) we have
*
d(foc (xi},f[xil) < €/3 (3)

(1),4(2), (3) = d(f(XJ,fa'(x}] < €. Since xeX was arbitrary,

d{f(xJ,fa‘(x)) < € VxeX. Hence p(f,f *) = max {d(f{x),fa'(x})} < €.
Therefore, f € B (f *,e) € U B (f_,e). Since feF was arbitrary
i T act’ P &
FesU B (f,.€)
aed’
Theorem 3.8: (Ascoli’'s theorem, classical version). Let X be compact

space; A subset F of C(X,Rn) is compact if and only if it is closed,

bounded and equicontinuous.

Proof: Let F be a compact subset of the metric space {C(X,Rn}. Then

F is closed and bounded under p by pr 3.5. Hence there is a compact
subset Y of Rn such that FeC(X,Y). Since F is compact, F is totally
bounded under p(Th.3.2,p.20). By Th.3.7, we get that F is equicoutiuuous.
Conversely, suppose F is closed, bounded and equicoutinuous, where FS
C(X,RnJ. Since C{X,Rn] is complete and F closed in C(X,R™), we have

that F is complete. The fact that F is bounded (under p) implies that F

16



is coutained in some subspace C(X,Y) of C(X,R"), where Y is a compact

B
subset of R". Since, F is equicontinuous in C(X,Y), it is also totally
bounded. Therefore, F is compact . g

4. Pointwise and Compact Convergence

Consider the function space v* in the product topology. Let xeX
and let U be an open subset of Y. Then u;l{U) is a typical subbasis

element. Using functional notation, u;1{U) = {f:X——aY.|f[x)eU}. Set

|
S(x,U) = LS (U).

According the text book {£€2.8,p.112-Munkres) the typical basis

element for this topology is a finite intersection of subbasis elements

S(X,U). Let erx and let Bf to be a basis element about f. Then
n

B. =n S,(x,,U.), where x .e€X and U, are open in Y. Thus B, contains all
S B i £

functions g:X—Y that are "closed" to f at finitely many points
;

V3

<~ | '

v
Vy

i

xlxz....,xn; i.e g[xile Ui VYi=1,...,n. (see Fig.1)

I 4 3
) / ’l | : :

__—4’/, X, x, Xs

Figure 1

The graph of each ger intersect the vertical intervals UI'UZ'US' where

U = {(x,,¥):1=1,2,3}.
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Theorem 4.1: A sequence (fn) of functions fn:X—>Y converges to a

function f:X—Y in the product topology if and only if for each xeX the
sequence {f (x)} of points of Y converges to the point f(x)eY.

Proof: Let fn:X——eY such that fn——af, in the product topology on Y~

Hence, glven xeX and a neighborhood U of f(x) the set S(x,U) is a
neighborhood of f. Therefore 3N: fneS(x,UJ. VnzN. Then, Fn{x]eU.VnzN.

Since U 1is an arbitarary neighborhood of f(x) |, fn[x) — f(x).

Conversely, Let S(x,U) be an arbitrary subbasis element neighborhood of f.

Since fn(x}——af[xJ there is an N:fn{x]eU for all n =2 N. This implies

fne S(x,U), ¥n = N Therefore, fn——af.

Remarks 4.2 By theorem 4.1 the convergence in the product topology on
Y* is equivalent with the pointwise convergence. That is the reason we
call the product topology, topology of poiutwise convergence. (or

point-open topology).

Example 1: In the space IRI, where I = [0,1] the sequence [f‘n) of

continuous functions given by, fn(xJ = x" converges in the topology of

0, 0=x<1
pointwise convergence to the function f:I——R defined by f(x) = {1 x=1

clearly f is not a continuous function. In the uniform topology the

sequence (f ) does not converge. This example shows that the subspace
n

C(I,R) is not closed in RI in the product topology.

Definition 4.3: Let (Y,d) be a metric space; let X be a topological
Given f:X——Y , a compact subsed C of X and a number € > 0, let

space.
B (f,e) denote the set of all those elements g eY® for which
c

sup {d(f(x)'g[x}):xeC} < €. The sets Bc{f.e} form a basis for a

topology on v*. It is called the topology of compact convergence.

18



Remarks 4.4: 1) Compering the pointwise convergence topology and the
compact convergence topology the typical basis element B (f,e) contains
c

all function that are "closed" to f not juct at finitely many points, but
at all points of a compact set C.

2) Note also that if ge Bc{f,E} then there is & > 0 :Bc(g.ajcsc{f.e)

where 8 = € - sup {dff(x).s(x)]:XeC}. The sets BC(g,a) form a basis
for this topology.

Theorem 4.5: A sequence fn:X——eY of functions converges to the
function f in the compact convergence topology, if and only if for each

compact subset C of X the sequence fn|C converges uniformuly to f|C.

Proof': Suppose that (fn} converges to f in the topology of compact
convergence. Let C be an arbitrary compact subset of X and let € > 0.

Then Bc(f.el j&ia nyb.dtor f. Therefore there is an N:such that

fneBC[f,e], Yn=N. Then d[fn(x),f(x}] < € , ¥nzN and VxeC. So rn

converges uniformly to f on C ; i.e fn|C converges uniformly to f|C.

Conversely, let C be any compact set in X and let € > 0. Since
{f|C} converges uniformly to £|C there is an N such that d(f |C,f|C) <

€/2 ¥n =z N or d(fn[x].f(x)} < €/2, ¥n = N and YxeC,.

Hence sup {d[fu[x),f{x)]:xec} < g,¥n =z N. This implies fneBc(f.e) Yn =
Since B (f,e) is an arbitrary n.b.d of f in the topology of compact
c

convergence, fn converges to f.

Definition 6.6: A space X is said to be compactly generated if it

satisfies the following cond

if AnC is open in C, for each compact set C in X.
t a set B is closed in X if and only if BnC is

ition: A set A € X is open in X if and only
The above condition

is equivalent to say tha

closed in C for any compact set C.
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Lemna 4.7: If a topological space X is locally compact or if X satisfles
the first countability axiom, then X is compactly generated.

Proof:  Let X be a locally compact space. Let ASX such that AnC is

open in C for every compact set C. We show that A is open in X. Let

xeA ; since X is locally compact some neighborhood U of x is contained
in some compact set C. Hence xeUSC. Since ANC is open in C and USC
AnU = (AnC)nU is open in U (consider U as a subspace of C).

Since AnU is open in U and U is open in X we get that AnU is open
in X. Clearly xeAnUSA so AnU is a neighborhood of x contained in A.
Therefore , A is open in X.

Let X be a space which satisfies the first countability axiom. If
BAC is closed in C for all compact subsets C of X we need to show that B
is closed in X. Let xeB ; since X has a countable basis at the point x
there is a sequence {xn) of elements of B converging to x. Let V be a
neighborhood of x. Then there is a positive integer N: xneV , ¥Yn = N.
Since infinitely many points of the sequence (an lie in V (xeV) the set
C:= {x}u{xn: neN} is compact , so BnC is closed in C. Clearly xneBnC.,
¥nelN. So we have a sequence in BnC which converges to x€C. Then xeBnC.
Therefore xeB. Since x was an arbitrary limit point of B, the set B

contains all its limit points and hence it is closed in X. //

Theorem 4.8: If X is a compactly generated space and (Y,d) is a metric
space, then C(X,Y) is closed in Y® in the topology of compact

convergence.

Proof: Let erx be a limit point of C(X,Y); we need to show that f is

continuous. Let C be an arbitrary compact subset of X.

the ball B (f,1/n) is a neighborhood of f. Since f is a limit point of
© Let f e C(X,Y) such

For each neN ,

C(X,Y) we get that Bc(f,l/n) n C(X,Y) # @ , VneN.

that f € B (f,1/n) Let € > 0 and choose NeN such that 1/N < €. Then
n et Y )
vnzN. Since f € Bc{f,l/n} we get that sup {d{f[x).fn(x))} <

1/n < € et
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1/n. Therefore }s{:g {d(f(x}.f‘n[x]}} <€, VnzN This implies that f e

Bc(f,eJ ,¥n = N that means the sequence (f‘n} of points of C(X,Y)
convergences to f in the topology of compact convergence. By Theorem
4.5, f,|C converges unifornly to £|C. By the uniform limit theorem f|C

iscontinuous. Let now V be an open set in Y. We want to show that
Loy 4
f “(V) is open in X.

Obverve that f'_lt\’) n it = {f]CJ_'l[V]. where f|C:C—Y and C is any
subset of X. Since f‘[C is continuous (f‘|C)}_l[V) is open in C ; i.e
f‘_l(\’) n C is open in C. Considering C as a compact subspace of X and
using the fact that X is compactly generated we get that f—l(V) is open
in X. 7/

Corclary 4.9: Let X be a compactly generated space and let Y be a
metric space with metric d. If a sequence of continuous functions
f‘n:){—)‘{ converges to a function f:X—Y in the topology of compact

convergence, then f is continuous.

Proof: Let (fn] be a sequence of continuous functions, I‘n:X—rY: i.e
an C(X,Y) s v*,  Assume that fn—if, feY® in the topology of compact
convergence. By Theorem 4.8, C(X,Y) is closed in v* in the topology

of compact convergence. Hence fe C(X,Y).

Theorem 4.10: Let X be a topologyical space and let Y be a metric space

with metric d. On the function space Y® we have define three topologies.

the topology of compact convergence and the
(pointwise convergence)

The uniform topology,

topclogy of pointwise convergence. Then,

c(compact convergence)c (uniform convergence) If X is compact , the

last two coinside, and if X is discrete the first two coinside.

Let J.,J. and J3 denote the pointwise convergence topology,

EE
the compact convergence topology and uniform topology respectively

= t :
Let £ = (f(x}]xex be any point of e

Proof:

L. we need to show J1 C J2.
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11 that Y* =1 v
Rech v Yy » where Y =Y, VxeX: Let B be a basis element

about f in the topology of pointwise convergence J1 (product topology)

X
on Y7. Let x;,%,,...,x eX be the indices for which U Y ThenB=1U

Since Y is a metric space each U, is a ball Bd(f(xi),el}. We need to
i
show that there is & > 0 and a compact subset C of X such that

Bc[f,éch & qux » Where Bc{f.ﬁ) is a basis element about f in the
Xe

topology of compact convergence. Let C:= {xl.xz.....x } and
n
3 := min{el,...,en}. Then C is a compact set Let ge B,(f,8); then we

have that sup {d(f[x].g(x)]:xec} = max{d(f(x),g(x)) :x€C} < &,  So,
d{f(xi},g(xil} <3 = € Vi =1,...,n. Therefore g{xl]e Bd“‘{xi}'eij

=U_.;i.e ge MU_ =B
X1 Xi

2. J,cd, .Let feY* , € > 0 and C compact in X. Set & := min {1,€};: we

claim that B_(f,8/2) c B (f,€). Let ge B_(f,8/2), then
P - P
sup{d(f(x),g(x)):xeX} < 8/2. So we get d(f(x),g(x)) < &/2 , VxeX.

Clearly this implies d(f(x), g(x)) < e/2, ¥xeX, therefore
sup{d(f(x), g(x)):xeC} = sup{d(f(x), g(x):xeX} = €/2 < €. Then
ge Bc(f'.e).

Note that if ge Bc(f,e) then Bc(g,al ¢ Bc[f.e)'...(ll where

& := & - sup{d(f(x),g(x)):xeC}.

X
Let X be compact; it remains to show that J3 = Jz. Let feY and € > 0 it

suffices to show: B (f,€) ¢ B (f,€). Let ge B (f,€); then
p

sup{d(f(x),g(x)):xeX} < €. Since d(f(x),g(x)) = d(f(x),g(x)) , we get

that sup{d(f(x),g(x)):xeX} < € which means that p(f,g) < € o ge Batf.el.

Then a subset C of X is compact if and only if C
Let B (f,€) be an arbitrary basis element
y ¢

Now let X be discrete.
is finite. We show .I2 € JI

t
about f in the topology of compact convergence J2. where C is a compac

subset of X and € > O.
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Then G = {KI'XZ”"'xn} € X. Consider the following basis element

Bf(about f) in the topology of pointwise convergence: Bg:= MV _, where

¢
Vx=Y for all x = xi » 1 =1,2,...,n and Vx & Bd(f{xi)'e}' He claim

i
that Bf (e Bc(f.E]. Let ge Bf ; then g{xij € Bd{f{xi)'e) , Vi =

1,2,...,n Hence d(f(x,),g(x,)) < e for all i = 1,2,...,n. sup
{d(£0x;). g0xy i x eCh = max{d(f(x ), g(x )):x,eC} < € » ge B (f,€). 7/

5. The Compact Open Topology

Defining the topology of compact convergence on the function space Yx we
considered the space Y as a metric space, with metric d. But a topology
on a2 space can be induced by different metrics. So, the question is
whether the above topology depends only on the topology of Y rather that
on the particular metric d. We can answer if our space is C(X,Y) S Y

for this space the topology of compact convergence is independent of the

metrics which generate the topology of Y.

Definition 5.1: Let X and Y be topological spaces. Let C be a
compact subset of X and U be an open set in, Y. Define,
S(C,U) := {feC(X,Y): f(C) c U}. The sets s(c,U), form a subbasis for a

topology on C(X,Y). We call this topology, the compact-open topology.
Clearly, if C is one-point set it is compact and S(C,U) = S(x,U) , where
S(x,U) is a subbasis element for the point-open topology.

Note that the compact-open topology is defined without assuming a metric
on Y. Let now d be a metric on Y which generates the topology of Y.

b
Then we can define the topology of compact convergence of Y and hence

on C(X,Y). If we show that this topology concides with the compact-open

topology then the topology of compact convergence is independent of the

particular metric chosen for ¥
Theorem 5.2: Let X be a space and let (Y,d) be a metric space consider
the function space C(X,Y) and
topology and the topology of ¢

J1=J2.

let Jl and J2 denote the compact-open

ompact convergence (on C(X,Y)). Then
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Proof: Step 1. For each Subset A of Y and for each € > 0 we can

define U(A,g) :=
sfine Uil agA Bd(a'E)' The set U(A,e) is called "e-neighborhood"

of A. If: A is compact and V is an open set in Y containing A then we
can show that there is &> 0 'such that U(A.e). ¢ Vi Since dc V , for
each a€ A choose 8(a) > o such that B,(a,8(a)) ¢ V. Note that since A

s compact the collection {Bd(a.I/Q 8(a)) : aeA} contain a finite

covering of A , s
g ay Bd(al, l/za{all.....B (an.l/zatan)}. Set

d
€:= min-{l/zaiai}} and let aeA. Then beB,(a,€) implies d(a,b) < e,
n

Note that since ae A and A ¢ U B
ci=1 d(al,l/z d(ail} , A € Bd[ak.l/zd{ak}l.

for some k= n. Hence d(ak,a) < 1/2 d(akl. Then d(ak.b) = d(ak.a} ‘.
d(a,b). So d(ak.b) < 1/2 élak) + €= 1/2 5(ak] + 1/2 a(ak) = 6(akJ

> be Bd(ak,atak}). Therefore, Bd(a.e) c Bd(ak.a{akl} ¢ V. Since aeA

was arbitrary Bd(a,e} c V, VaeA ; that means U(A,e) = U Bd(a.e} c V.
aeA
So , we proved that for each compact subset A of Y with AcV (where V is

an open set) there is € > 0 such that U(A,e) c V.

Step 2. Claim ch J2' Let S(C,U) be any subbasis element for
Jl[compact—Open topology) on C(X,Y) and let feS(C,U). Then f(C) c U.
Since C is compact and f is continuous f(C) is a compact subset of Y.
By step 1 there is € > 0 such that the e-neighborhood of f(C) lies in U.
Then Bc(f,e) is a basis element for the topology of compact convergence

JE' We want to show: Bc{f,e} ¢ S(C,U). Let ge BC{f.E); then d(f(x),g(x))

< &, VxeC = g(x)e Bd(f(x},e} , ¥xeC » g(C) ¢ U Bd(f(x}.e) c U. Since
ceC

g(C) ¢ U, ges(c,U).

Step 3. Claim Jz c Jl' Let fe C(X,Y) , let C be a compact set in X

and let € > 0. Then B_(f,€) is a basis element for J, on C(X,Y) ,

neighborhood of f.
and lies in Bc(f,el-

We shall find a basis element of J1 that contains f
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Using the fact that f ig continuous at each point xeC we can choose a
e Vi such that f(Vx) ¢ B (f(x),e/m). We claim that

f( '-Jx} c Bd(f(x).e/:}) ; 1t suffices to show f‘{_Vx) - Bdif‘fx).eﬂl).

Let yef(V ) ; then y = f(xol . xoer. Note that ye Bd(rixi.efnl 1f and

only if every neighborhood of y = f(xol intersects Bd(f[x}.efdl. Let

Bd(f{xol.a} be a neighborhood of y ; set A:= r_lle(f'(x ),8)] n V_.
O b 4

Since X, € Vx » A # @ and f(A) c Bd[f{xoj.al n f(Vx) c Bd[f(xn).éi n

Bd(f‘[x],e/4} # @. Hence ye Bdif‘fxi,e/tﬂ.

Since the collection {Vx:xeC} is an open covering of C and C is

compact, C has a finite subcovering, say V. ,...,V. . Set C =V n C.
y *n i,
Then each Cx is compact in X. If Ux:= Bd(f(x}.e/ZB} we claim that
i

s(€.,U. J n..asici e B If.e). Let ge s(C_,U ) n ... N
%% X)X, c X%y

S(C ’Ux ) and xeC. Then xevx and hence x € Cx for some 1. Then
n n i i

f(x)e Ux therefore d(f(x}.f(xil} < €E/3: On the other hand g

i
eS(Cx 'Ux ), hence g(x) € Ux = d(f‘(xi).g{x}) < €/3. Then d(f(x),g(x))
i i i
= d(f(x),£(x,)) + d(f(x,),8(x)) < 2¢/3 So , Sup {d(f(x),g(x))} < € and
xel

so ge Bc(f,e}. //

Theorem 5.3 Let X be a locally compact Hausdorff space and consider
the set C(X,Y) in the compact open topology. Then the map e:Xx
C(X,Y)—Y given by e(x,f) := f(x) is a continuous map. It is called

the evaluation map.

Given a point (x,f)e Xx C(X,Y) and an arbitrary open set V in
= f(x) we need to find a

Proof:
Y, neighborhood of the image point e(x,f)
neighborhood of (x,f) that e maps into V.

is an open set in X, neighborhood of x.
we can find a neighborhood U of X with compact closure such that
Then S(U,V) is a basis element for the

Since f is continuous f_l(V)

Since X is locally compact at x

Uc e lv) or £(0) ¢ V.
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——

‘ompact-open topol.

pology on X,Y) and since £(0) ¢ v w get that
S(U, V) Ubserve that the get U S(U, V) i pen in X X.Y) and |t
nelghborhood of (x,f). It remains t how that £/ (x’)e for every
b, P ) g U % S(U, V).

£) X S(U,V) ; then x'eU ¢ U ang
1) & v Hence f'(x') e V.
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