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                                                                       Abstract  

     A differential e quation is  th e most im portant p art o f mathematics f or 

understanding m any o f t he b asic laws o f p hysical sciences as w ell as  o ther 

sciences. Some of the laws are formulated interms of mathematical equations 

involving certain known and unknown quantities and their derivatives. 

    In this project paper we give a brief introduction to distributions, formulate 

constant and va riable coefficient boundary va lue problems and analyse their 

solution methods.  
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                                         Introduction 

         In the s tudy of phys ical phe nomena one  i s f requently una ble t o f ind di rectly t he     

laws re lating the q uantities t hat c haracterize a p henomenon, w hereas a r elationship 

between the q uantities and th eir d erivatives o r differentials c an readily b e e stablished.       

One then obtains equations containing the unknown functions or vector functions under 

the sign of the derivative or differential. 

      Equations i n w hich t he unknow n f unction or  t he ve ctor function a ppears unde r t he 

sign of the derivative or the differential are called differential equations. The finding of  

unknown functions defined by differential equations is the principal task of the theory of    

differential equations. If i n a  d ifferential e quation the unknown functions or  the vector  

functions are functions of one variable, then the differential equation is called ordinary. 

But if the unknown function appearing in the differential equation is a function of two or 

more in dependent v ariables, th e d ifferential e quation is  called a  partial d ifferential 

equation.                                                                                                                                 

       Since a  s olution of  a  di fferential e quation is no t uni que, f or a  f ull de scription of  a  

physical process we must give not only the equation that describes this process but also 

the initial state of this process (initial conditions) and the behavior on the boundary of the 

region w here t he pr ocess i s t aking place ( boundary c onditions). T herefore, t o i solate a  

particular s olution d escribing a r eal p hysical p rocess we must i mpose ad ditional 

conditions. T hese a dditional c onditions a re t he i nitial a nd bounda ry c onditions. The 

corresponding problem is called a boundary  value  problem.                                              

      In this project paper, boundary value problems and potential theory for Laplace’s and 

Poisson’s equations in space are considered.                                                                   

      In th e p aper, th e in terior o r e xterior D irichlet p roblems a nd th e in terior o r e xterior 

Neumann p roblems ar e treated with e nough e xamples. The mixed bounda ry va lue 

problems are also discussed with illustrative examples. 
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      In addition to solving different types of boundary value problems, it is also included 

the proofs of  di fferent uni queness T heorems for t he solution of  t he bounda ry va lue 

problems.                                                                                                                   

      The theories of Newtonian potentials are included in the paper to reduce the Dirichlet 

and N eumann pr oblems f or L aplace’s e quation t o F redholm i ntegral e quations with a 

polar kernel.                                                                                                             

        The first chapter deals with distributions and basic operations. In this chapter linear 

spaces, t he space o f t est f unctions, the sp ace o f g eneralized f unctions, d erivatives an d 

convolution of generalized functions and the Fourier transform of generalized functions 

of s low growth are d iscussed. The second chapter deals with boundary value problems 

for equations of elliptic type. In this chapter the Dirichlet, Neumann and mixed boundary 

value pr oblems w ith different ho mogeneous a nd i nhomogeneous bounda ry va lue 

problems are t reated. The th ird deals w ith bou ndary va lue pr oblems f or L aplace’s and 

Poisson’s equations in space. The uniqueness Theorems for the solution of the boundary 

value problems and the Newtonian potentials are treated in detail. Finally, in the fourth 

chapter parametrix, po tential t ype ope rators, one  ope rator G reen’s i dentities and 

formulation of boundary value problems are discussed in detail. 
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                                   PRELIMINARIES 

                               I.  NOTATIONS AND SYMBOLS    

 ℝ𝑛𝑛 ---An n-dimensional space and its points by 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, … , 𝑥𝑥𝑛𝑛) 

 Domain Ω----An open connected region. 

 A domain Ω in ℝ𝑛𝑛  --- An open connected subset Ω⊆ ℝ𝑛𝑛  P

  

 𝑆𝑆 = 𝜕𝜕Ω =Boundary of region Ω. 

 Ω�=The closure of region Ω. 

 〈𝑥𝑥, 𝑦𝑦〉 = 𝑥𝑥1𝑦𝑦2 + 𝑥𝑥2𝑦𝑦2 + ⋯+ 𝑥𝑥𝑛𝑛𝑦𝑦𝑛𝑛 ---The scalar product in  ℝ𝑛𝑛  . 

 |𝑥𝑥| = �〈𝑥𝑥, 𝑥𝑥〉 = �𝑥𝑥1
2 + 𝑥𝑥2

2 + 𝑥𝑥3
2 + ⋯+ 𝑥𝑥𝑛𝑛2---The length (norm) in   ℝ𝑛𝑛 . 

 |𝑥𝑥 − 𝑦𝑦|=The Euclidean distance between points x and y in   ℝ𝑛𝑛 . 

 u𝑥𝑥𝑖𝑖 = ∂u
∂xi

= Diu---The first partial derivatives of u with respect to   xi. 

 u𝑥𝑥𝑖𝑖𝑥𝑥𝑗𝑗 = 𝜕𝜕2u
𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝜕𝜕 𝑗𝑗

= 𝐷𝐷𝑖𝑖𝑖𝑖 u---The second partial derivatives of u with respect to     

𝑥𝑥𝑖𝑖  𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥𝑗𝑗 . 

 𝐷𝐷𝛼𝛼u(𝑥𝑥)=The 𝛼𝛼𝑡𝑡ℎderivative of the function u(x) of order   |𝛼𝛼| = 𝛼𝛼1 + 𝛼𝛼2 +

⋯+ 𝛼𝛼𝑛𝑛   where  𝛼𝛼 = (𝛼𝛼1,𝛼𝛼2, … ,𝛼𝛼𝑛𝑛)  is a multi-indices, 

  𝐷𝐷𝛼𝛼u(𝑥𝑥) = 𝜕𝜕 |𝛼𝛼 |u(𝑥𝑥1,𝑥𝑥2,…,𝑥𝑥𝑛𝑛 )
𝜕𝜕𝜕𝜕1

𝛼𝛼1𝜕𝜕𝜕𝜕2
𝛼𝛼2𝜕𝜕𝜕𝜕3

𝛼𝛼3 …𝜕𝜕𝑥𝑥𝑛𝑛
𝛼𝛼𝑛𝑛 ; 𝐷𝐷0u(𝑥𝑥) = u(𝑥𝑥); 𝐷𝐷 = (𝐷𝐷1,  𝐷𝐷2, … ,  𝐷𝐷𝑛𝑛), 

𝐷𝐷𝑗𝑗 = 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

 , j=1,2,…,n.   

  𝐷𝐷u = ∑ 𝜕𝜕u
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1        

 𝐷𝐷v.𝐷𝐷u = ∑ 𝜕𝜕v
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1 . 𝜕𝜕u

𝜕𝜕𝑥𝑥𝑖𝑖
                                                                                                                                                                

 Δu = u𝑥𝑥1𝑥𝑥1 + u𝑥𝑥2𝑥𝑥2 + u𝑥𝑥3𝑥𝑥3 + ⋯+ u𝑥𝑥𝑛𝑛𝑥𝑥𝑛𝑛  ---The Laplacian of u.  

 𝐶𝐶0(Ω) = C(Ω)---The set of all continuous functions in Ω. 

 𝐶𝐶0( Ω)=C(Ω)--- The set of all continuous functions on Ω. 

 𝐶𝐶1(Ω)=The set of all once continuously differentiable functions in Ω 

 𝐶𝐶2(Ω)=The set of all twice continuously differentiable functions in Ω. 
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 𝐶𝐶𝑝𝑝(Ω)=A set of (complex-valued) functions u continuous together with the                

                   derivatives  𝐷𝐷𝛼𝛼u(𝑥𝑥), |𝛼𝛼| ≤ 𝑝𝑝 (0 ≤ 𝑝𝑝 ≤ ∞) .  

 Ω+ = An open three-dimensional region of ℝ3 and  Ω− = ℝ3\Ω+���� . 

 𝑆𝑆 = 𝜕𝜕Ω+ is simply c onnected, c losed i nfinitely s mooth s urface s uch t hat 

𝑆𝑆 = 𝑆𝑆𝐷𝐷− ∩ 𝑆𝑆𝑁𝑁− where 𝑆𝑆𝐷𝐷   , 𝑆𝑆𝑁𝑁  are non -empty, non -intersecting s imply 

connected s ub-manifolds of  S  w ith i nfinitely s mooth bounda ry c urve 

ℓ: = 𝜕𝜕𝜕𝜕𝐷𝐷 = 𝜕𝜕𝜕𝜕𝑁𝑁   .                                                                                             

                                 II. DEFINITIONS AND CONCEPTS 

 Open Ball. T he s et of  poi nts x be longing t o ℝ𝑛𝑛  and s atisfying t he i nequality 

|𝑥𝑥 − 𝑥𝑥0| < 𝑅𝑅 is sai d to b e an  open b all of  r adius R  centered a t t he po int  𝑥𝑥0 and 

denoted by U (𝑥𝑥0,R). An open ball of  radius R centered at the or igin is denoted by 

U𝑅𝑅 = U(0,𝑅𝑅) . 

 A set is said to be bounded in  ℝ𝑛𝑛  if there is a ball that contains the set. 

 A point 𝑥𝑥0 is called an interior point of a set if there is a ball  𝑈𝑈(𝑥𝑥0, ε)   contained in 

this set.  

 A set is said to be open if all its points are interior. 

 A set is called simply connected if any two of its points can be joined by a piecewise 

smooth curve lying in this set. 

 A point 𝑥𝑥0 R is called a limit point of a set  A if there is a seq uence of 𝑥𝑥𝑘𝑘 , k=1, 2,… 

such that  𝑥𝑥𝑘𝑘 ∈ RA , 𝑥𝑥𝑘𝑘 → 𝑥𝑥0 R ,  𝑥𝑥𝑘𝑘 ≠ 𝑥𝑥0 R , as k→ ∞ . 

 If to set A we add all i ts limit points, we arrive at  a set  𝐴𝐴 that is  the closure of A. 

Clearly, A⊂𝐴𝐴 . 

 A set  A is said to be a linear set  if for any e lements f, g b elong to A and for any 

complex numbers 𝛼𝛼 𝑎𝑎𝑎𝑎𝑎𝑎 𝛽𝛽 , the linear combination  𝛼𝛼𝛼𝛼 + 𝛽𝛽𝛽𝛽 belongs to A. 

 If a set  coincides with its closure, we call it closed. That is, A is said to be a closed 

set if A=  𝐴𝐴 .  

 Each open set containing A is called a neighborhood of A.                                                                                                                               
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 Let Ω be a region. The points of the closure Ω  that do not belong to Ω form a closed 

set S  ca lled t he boundary of Ω, so t hat S = Ω\ Ω. For instance, t he sphere             

|𝑥𝑥 − 𝑥𝑥0| = 𝑅𝑅 is the boundary of the open ball U(𝑥𝑥0,R).        

 A bounded region Ω′  is called a sub region lying strictly in the region Ω if Ω′ ⊂  Ω 

and we write  Ω′ ⊂⊂ Ω . 

 A f unction f  i s s aid t o be  piecewise c ontinuous in ℝ𝑛𝑛  if th ere e xist a  finite o r 

denumerable num ber of  r egions Ω𝑘𝑘 , k=1,2,3,…,without c ommon poi nts a nd w ith 

piecewise s mooth bounda ries s uch that e ach ba ll is covered by a  f inite number of  

closed regions { ΩRk } and f ∈ C( ΩRk ) ,k=1,2,3,…A piecewise continuous function is 

called finite if it vanishes outside a certain ball. 

 Let  𝜑𝜑 ∈ C( ℝ𝑛𝑛). The support of the continuous function 𝜑𝜑 is the closure of the set 

of all points x where 𝜑𝜑(𝑥𝑥) ≠ 0  and denoted by s upp𝜑𝜑.  Hence, a function 𝜑𝜑(x) is 

finite if and only if supp𝜑𝜑 is bounded. 

 The delta function 𝜹𝜹(𝒙𝒙) (Dirac delta function): Strongly peaked function defined 

by 𝛿𝛿(𝑥𝑥) = �0 , 𝑥𝑥 ≠ 0
∞ , 𝑥𝑥 = 0

�    and   ∫ 𝛿𝛿(𝑥𝑥)𝑑𝑑𝑑𝑑 = 1∞
−∞       

 The Fourier Sine Series: Let f (x) be  a  pi ecewise c ontinuous f unction, 𝑥𝑥 ∈ [0, 𝑙𝑙]  

and f(x) be expressed as  𝑓𝑓(𝑥𝑥) = ∑ 𝑏𝑏𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙

∞
𝑛𝑛=1  . Then, the coefficients  𝑏𝑏𝑛𝑛  of the 

Fourier sine series is given by 𝑏𝑏𝑛𝑛 = 2
𝑙𝑙 ∫ 𝑓𝑓(𝑥𝑥)𝑙𝑙

0 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙

 ,𝑛𝑛 ∈ ℕ . 

 Let the functions f(x) and w(x) be defined in a neighborhood of a point 𝑥𝑥0 (finite or 

at in finity). We w ill w rite   f (x)=O[w(x)] o r f (x)=o[w(x)] , 𝑥𝑥 → 𝑥𝑥0 ,depending on 

whether the ratio 𝑓𝑓(𝑥𝑥)
𝑤𝑤(𝑥𝑥)

 is bounded or tends to 0 as 𝑥𝑥 → 𝑥𝑥0 ,respectively 

 For a linear operator   𝐿𝐿∗ we introduce the subspace                                              

𝐻𝐻1(Ω), 𝐻𝐻1,0(Ω, 𝐿𝐿∗) ≔ {𝑔𝑔 ∈ 𝐻𝐻1(Ω): 𝐿𝐿∗𝑔𝑔 ∈ 𝐿𝐿2(Ω)} 

endowed with the norm, ‖𝑔𝑔‖𝐻𝐻1,0(Ω ,𝐿𝐿∗): = ‖𝑔𝑔‖𝐻𝐻1 + ‖𝐿𝐿∗𝑔𝑔‖𝐿𝐿2(Ω). 

 u ∈ 𝐻𝐻1(Ω) implies �u| = 𝔯𝔯𝑆𝑆
±

𝑆𝑆
± u ∈ 𝐻𝐻1

2� (S) and 𝔯𝔯𝑆𝑆
±  is the trace operator on S from Ω± 

and u± ≔ [u]± = �u| 𝑆𝑆
± .   
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             CHAPTER 1: DISTRIBUTIONS AND BASIC OPERATIONS.              

1.1  Linear spaces and functional  

Definition. Let M and N be linear sets. An operator L transforming the elements of set M  

into elements of set N is called linear if for any elements f and g belonging to M and any 

complex numbers λ and μ ,L(λf+ μg)= λLf + μLg.                                                 

Example. 𝐿𝐿𝐿𝐿 = ∫ 𝐾𝐾(𝑥𝑥, 𝑦𝑦)𝑓𝑓(𝑦𝑦)𝑑𝑑𝑑𝑑Ω   is linear integral operator where K(x,y) is its kernel. 

Proof.  Let f and g belong to M and 𝜆𝜆, 𝜇𝜇  are complex numbers. Then, 

               𝐿𝐿(𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇) = ∫ 𝐾𝐾(𝑥𝑥,𝑦𝑦)(𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇)(𝑦𝑦)𝑑𝑑𝑑𝑑 , 𝑥𝑥 ∈ ΩΩ  

                                       = ∫ 𝐾𝐾(𝑥𝑥,𝑦𝑦)𝜆𝜆𝜆𝜆(𝑦𝑦)𝑑𝑑𝑑𝑑 Ω +  ∫ 𝐾𝐾(𝑥𝑥,𝑦𝑦)𝜇𝜇𝜇𝜇(𝑦𝑦)𝑑𝑑𝑑𝑑 , 𝑥𝑥 ∈ ΩΩ  

                                        = 𝜆𝜆 ∫ 𝐾𝐾(𝑥𝑥,𝑦𝑦)𝑓𝑓(𝑦𝑦)𝑑𝑑𝑑𝑑 Ω +  𝜇𝜇 ∫ 𝐾𝐾(𝑥𝑥,𝑦𝑦)𝑔𝑔(𝑦𝑦)𝑑𝑑𝑑𝑑 , 𝑥𝑥 ∈ ΩΩ  

                                         =𝜆𝜆𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇𝜇𝜇 

                           Hence, L is a linear integral operator.  

The set  𝑀𝑀 = 𝑀𝑀𝐿𝐿 is s aid to be  t he domain of  de finition of t he operator. F or a  l inear 

operator L  to be  continuous f rom M to N is necessary and sufficient that  𝐿𝐿𝑓𝑓𝑘𝑘 → 0  as      

k  → ∞  in N follow from 𝑓𝑓𝑘𝑘 0 as k→ ∞ in M.                                     

Definition.  If a linear operator 𝑙𝑙 transforms a s et of elements M into a set  of complex 

numbers 𝑙𝑙𝑙𝑙 with f  ∈ M, t hen 𝑙𝑙 is ca lled a linear fu nctional on M . The va lue of  t he 

functional  𝑙𝑙 on t he e lement f , t he c omplex nu mber  𝑙𝑙𝑙𝑙 , is de noted by   (𝑙𝑙, 𝑓𝑓).         

Remark  Linear functionals are a particular case of linear operators.                      

1.2   The space of test functions, D.                                                                    

           In t he case of t he d elta function w e know  that ∫ 𝛿𝛿(𝑥𝑥)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 = 𝑓𝑓(0)∞
−∞  and t he 

delta f unction i s de fined by means of  c ontinuous f unctions a s a  l inear c ontinuous 

functional. Continuous f unctions a re s aid t o b e test fu nctions for t he de lta f unction.                                         
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      A s equence of  f unctions  𝜑𝜑𝑘𝑘 ∈ 𝐷𝐷  is sai d t o converge to t he f unction                       

𝜑𝜑 ∈ 𝐷𝐷 𝑖𝑖𝑖𝑖 lim𝑘𝑘→∞ 𝜑𝜑𝑘𝑘 = 𝜑𝜑 𝑖𝑖𝑖𝑖 𝐷𝐷 .     

Definition.  A linear set D equipped with the above convergence is called the space of  

test functions, D.                                                                                                                        

1.3  The space of generalized functions, 𝐷𝐷′                                                        

Definition.  A l inear continuous functional on t he space of test functions D i s cal led a 

generalized f unction/distribution/.The s et of  a ll ge neralized f unctions i s de noted by 

𝐷𝐷′ = 𝐷𝐷′(ℝ𝑛𝑛).                                                                                                                    

The va lue of  t he functional(generalized f unction) f  on  t he t est f unction 𝜑𝜑 is written a s  

(f, 𝜑𝜑).                                                                                                                                      

      More explanation on the definition of generalized function:                  

1) A generalized function f is a functional on D. That means for each  𝜑𝜑 D there 

is associated a (complex-valued) number (f, 𝜑𝜑). 

2) A generalized function f is a linear functional on D. That means for 𝜑𝜑,𝜓𝜓 D 

and  λ ,μ  are complex numbers, then (f, λ 𝜑𝜑 + μ 𝜓𝜓)= λ(f, 𝜑𝜑) +μ(f, 𝜓𝜓). 

3) A ge neralized f unction f  i s said t o be  a continuous f unctional on D , if            

𝜑𝜑Rk 0     ( k→ ∞ ) in D, then (f, 𝜑𝜑Rk) → R0 as k→ ∞. 

Note. The set 𝐷𝐷′ is linear if we define the linear combination λf+ μg of the generalized 

functions f and g as a functional acting via the formula                                                   

(λf+ μg, 𝜑𝜑)= λ(f, 𝜑𝜑) + μ(g, 𝜑𝜑), 𝜑𝜑 D. 

Proof. We want to show that λf+ μg is a l inear and c ontinuous f unctional on D , i.e. 

belongs to 𝐷𝐷′. 

Let 𝜑𝜑 D and 𝜓𝜓 ∈D and 𝛼𝛼,𝛽𝛽 are any complex numbers. 

Then, ( λf+ μg, 𝛼𝛼𝜑𝜑 + 𝛽𝛽 𝜓𝜓)= λ(f, 𝛼𝛼𝜑𝜑 + 𝛽𝛽 𝜓𝜓)+ μ(g, 𝛼𝛼𝜑𝜑 + 𝛽𝛽 𝜓𝜓) 

                                        = 𝛼𝛼[λ(f, 𝜑𝜑) + μ(g, 𝜑𝜑)] + 𝛽𝛽[λ(f, 𝜓𝜓) + μ (g,𝜓𝜓)] 

                                      = 𝛼𝛼( λf +  μg, 𝜑𝜑) + 𝛽𝛽( λf+ μg, 𝜓𝜓) 

                Hence, λf+ μg is linear. 
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     Since the functional f and g are continuous, if  𝜑𝜑Rk→ 0R as k→ ∞ in D, then  

(λf+ μg, 𝜑𝜑Rk)= λ(f, 𝜑𝜑Rk) + μ(g, 𝜑𝜑Rk) → R0 as k→ ∞. 

      Hence, λf+ μg is continuous. Therefore, λf+ μg is a linear and continuous on D . i.e. 

λf+ μg ∈  𝐷𝐷′.                                                                                                                         

1.4 Derivatives of generalized functions and their properties. 

          Let 𝑓𝑓 ∈ 𝐶𝐶𝑝𝑝(ℝ𝑛𝑛).Then for a ll  𝛼𝛼, with |𝛼𝛼| ≤p,and  𝜑𝜑 ∈ 𝐷𝐷  we have the following  

integration- by-parts formula:                                                                   

(𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑) = ∫𝐷𝐷𝛼𝛼𝑓𝑓(𝑥𝑥)𝜑𝜑 (𝑥𝑥)𝑑𝑑𝑑𝑑 = (−1)|𝛼𝛼 | ∫𝑓𝑓(𝑥𝑥)𝐷𝐷𝛼𝛼𝜑𝜑 (𝑥𝑥)𝑑𝑑𝑑𝑑 = (−1)|𝛼𝛼|(𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑) 

Proof by induction. Let |𝛼𝛼| = 1 and  𝜑𝜑 ∈ 𝐷𝐷.  (𝐷𝐷𝐷𝐷,𝜑𝜑) = ∫ 𝐷𝐷𝐷𝐷(𝑥𝑥)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑∞
−∞   ;                             

                            Let   u= 𝜑𝜑(𝑥𝑥)  , D u=D 𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑 and D v=Df(x)dx , v =f(x).                                  

                                              (𝐷𝐷𝐷𝐷,𝜑𝜑) =𝑓𝑓(𝑥𝑥)𝜑𝜑(𝑥𝑥)⃒
∞

−∞�����������
=0

− ∫ 𝑓𝑓(𝑥𝑥)𝐷𝐷𝐷𝐷(𝑥𝑥)𝑑𝑑𝑑𝑑∞
−∞                            

                                                         =−∫ 𝑓𝑓(𝑥𝑥)𝐷𝐷𝐷𝐷(𝑥𝑥)𝑑𝑑𝑑𝑑∞
−∞ =(−1)|1|(𝑓𝑓,𝐷𝐷 𝜑𝜑)                                                  

                                     Let  |𝛼𝛼| = 2:(𝐷𝐷2𝑓𝑓,𝜑𝜑) = (𝐷𝐷(𝐷𝐷𝐷𝐷),𝜑𝜑) =  (−1)|1|(𝐷𝐷𝐷𝐷,𝐷𝐷𝜑𝜑)                 

                                                    =(−1)|1|(−1)|1|(𝑓𝑓,𝐷𝐷(𝐷𝐷𝐷𝐷))=(−1)|2|(𝑓𝑓,𝐷𝐷2𝜑𝜑)           

Assume it is  tru e f or |𝛼𝛼| =k: (𝐷𝐷𝑘𝑘𝑓𝑓,𝜑𝜑) = (−1)|𝑘𝑘|(𝑓𝑓,𝐷𝐷𝑘𝑘𝜑𝜑) , by i nduction a ssumption.          

         We want to show that it is true for  |𝛼𝛼| =k+1.                                                        

Hence,  (𝐷𝐷𝑘𝑘+1𝑓𝑓,𝜑𝜑)=(D(𝐷𝐷𝑘𝑘𝑓𝑓),𝜑𝜑)= (−1)|1|(𝐷𝐷𝑘𝑘𝑓𝑓,𝐷𝐷𝐷𝐷)= (−1)|1|((−1)|𝑘𝑘|(𝑓𝑓,𝐷𝐷𝑘𝑘(𝐷𝐷𝐷𝐷))  

                                                                 =(−1)|𝑘𝑘+1|(𝑓𝑓,𝐷𝐷𝑘𝑘+1𝜑𝜑).Then the assertion is true.     

      We ha ve t his e quation for t he de finition of  a  (generalized) de rivative 𝐷𝐷𝛼𝛼𝑓𝑓  of t he 

generalized function  𝑓𝑓 ∈ 𝐷𝐷′:   (𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑) = (−1)|𝛼𝛼|(𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑),𝜑𝜑 ∈ 𝐷𝐷                    (*).                  

     Let us see whether  𝐷𝐷𝛼𝛼𝑓𝑓 ∈ 𝐷𝐷′.                                                                           

Indeed, since  𝑓𝑓 ∈ 𝐷𝐷′, the functional 𝐷𝐷𝛼𝛼𝑓𝑓  defined by the right-hand side of (*) is linear, 

                         (𝐷𝐷𝛼𝛼𝑓𝑓, 𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇) = (−1)|𝛼𝛼 |(𝑓𝑓,𝐷𝐷𝛼𝛼(𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇)) 

                           = (−1)|𝛼𝛼 |(𝑓𝑓, 𝜆𝜆𝐷𝐷𝛼𝛼𝜑𝜑 + 𝜇𝜇𝐷𝐷𝛼𝛼𝜓𝜓) = 𝜆𝜆(−1)|𝛼𝛼 |(𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑) + 𝜇𝜇(−1)|𝛼𝛼 |(𝑓𝑓,𝐷𝐷𝛼𝛼𝜓𝜓) 

                                                        =𝜆𝜆(𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑) + 𝜇𝜇(𝐷𝐷𝛼𝛼𝑓𝑓,𝜓𝜓)                                    
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and  continuous, (𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑𝑘𝑘) = (−1)|𝛼𝛼 |(𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑𝑘𝑘) → 0 ,𝑘𝑘 → ∞, 𝑓𝑓𝑓𝑓𝑓𝑓 𝜑𝜑𝑘𝑘 → 0 𝑎𝑎𝑎𝑎 𝑘𝑘 →

∞ 𝑖𝑖𝑖𝑖 𝐷𝐷, it follows that  𝐷𝐷𝛼𝛼𝜑𝜑𝑘𝑘 → 0 ,𝑘𝑘 → ∞ 𝑖𝑖𝑖𝑖 𝐷𝐷.                                                                                                       

In particular, when f=δ, equation (*) takes the form (𝐷𝐷𝛼𝛼δ,𝜑𝜑) = (−1)|𝛼𝛼 |𝐷𝐷𝛼𝛼𝜑𝜑(0), 𝜑𝜑 ∈ 𝐷𝐷.               

The following properties of the operation of differentiation of generalized functions hold 

true.                                                                                                                                     

 a)  The operation of  di fferentiation 𝐷𝐷𝛼𝛼  is l inear a nd c ontinuous f rom 𝐷𝐷′
P

 into 𝐷𝐷′:   

      𝐷𝐷𝛼𝛼(𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇) = 𝜆𝜆𝐷𝐷𝛼𝛼𝑓𝑓 + 𝜇𝜇𝐷𝐷𝛼𝛼𝑔𝑔, 𝑓𝑓,𝑔𝑔 ∈ 𝐷𝐷′  ; 𝐷𝐷𝛼𝛼𝑓𝑓𝑘𝑘 → 0 ,𝑘𝑘 → ∞ 𝑖𝑖𝑖𝑖 𝐷𝐷′ 𝑖𝑖𝑖𝑖 𝑓𝑓𝑘𝑘 →   0 ,𝑘𝑘 →

∞ 𝑖𝑖𝑖𝑖 𝐷𝐷′ . 

Proof. By the definition of a derivative, for all 𝜑𝜑 ∈D we have  

           (𝐷𝐷𝛼𝛼𝑓𝑓𝑘𝑘 ,𝜑𝜑) = (−1)|𝛼𝛼 |(𝑓𝑓𝑘𝑘 ,𝐷𝐷𝛼𝛼𝜑𝜑) → 0 ,𝑘𝑘 → ∞ 

 This signifies that 𝐷𝐷𝛼𝛼𝑓𝑓𝑘𝑘 → 0 ,𝑘𝑘 → ∞ in 𝐷𝐷′. Hence, 𝐷𝐷𝛼𝛼  is continuous.  

       Let 𝜆𝜆, 𝜇𝜇  be complex numbers, 𝜑𝜑 ∈ 𝐷𝐷 and  𝑓𝑓,𝑔𝑔 ∈ 𝐷𝐷′. 

 Then, (𝐷𝐷𝛼𝛼(𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇),𝜑𝜑) = (−1)|𝛼𝛼 |(𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇),𝐷𝐷𝛼𝛼𝜑𝜑),𝑓𝑓𝑓𝑓𝑓𝑓 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝛼𝛼 

                                               =(−1)|𝛼𝛼 |[(𝜆𝜆𝜆𝜆,𝐷𝐷𝛼𝛼𝜑𝜑) + (𝜇𝜇𝜇𝜇,𝐷𝐷𝛼𝛼𝜑𝜑)]  

                                                =(−1)|𝛼𝛼 |[𝜆𝜆(𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑) + 𝜇𝜇(𝑔𝑔,𝐷𝐷𝛼𝛼𝜑𝜑)] 

                                                 = 𝜆𝜆(−1)|𝛼𝛼 |(𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑) + 𝜇𝜇(−1)|𝛼𝛼 |(𝑔𝑔,𝐷𝐷𝛼𝛼𝜑𝜑) 

                                                  =𝜆𝜆(𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑) + 𝜇𝜇(𝐷𝐷𝛼𝛼 ,𝜑𝜑)                                         

                             Hence, 𝐷𝐷𝛼𝛼   is linear.                                                                                            

  b) Any generalized function is infinitely differentiable. 

Indeed, if   𝑓𝑓 ∈ 𝐷𝐷′ , then    𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

∈ 𝐷𝐷′ ; in turn, 𝜕𝜕(𝜕𝜕𝜕𝜕 𝜕𝜕𝑥𝑥𝑖𝑖⁄ )
𝜕𝜕𝑥𝑥𝑗𝑗

∈ 𝐷𝐷′, and so on.                                 

c) The r esult of  di fferentiation doe s not  de pend on t he or der of  di fferentiation.            

That is ,𝐷𝐷1(𝐷𝐷2𝑓𝑓) = 𝐷𝐷2(𝐷𝐷1𝑓𝑓) = 𝐷𝐷(1,1)𝑓𝑓 ,𝑓𝑓 ∈ 𝐷𝐷′.                                                                  

In general, 𝐷𝐷𝛼𝛼+𝛽𝛽𝑓𝑓 = 𝐷𝐷𝛼𝛼�𝐷𝐷𝛽𝛽𝑓𝑓� =  𝐷𝐷𝛽𝛽(𝐷𝐷𝛼𝛼𝑓𝑓).                                                                                                                                             

d) If t he ge neralized f unction f =0,𝑥𝑥 ∈ Ω, then al so 𝐷𝐷𝛼𝛼𝑓𝑓 = 0 for   𝑥𝑥 ∈ Ω, so t hat 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝐷𝐷𝛼𝛼𝑓𝑓 ⊂ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠.                                                                                                   

Indeed, if   𝜑𝜑 ∈ 𝐷𝐷(Ω), then  𝐷𝐷𝛼𝛼𝜑𝜑 ∈ 𝐷𝐷(Ω).                                                                     

Thus, (𝐷𝐷𝛼𝛼𝑓𝑓,𝜑𝜑) = (−1)|𝛼𝛼 |(𝑓𝑓,𝐷𝐷𝛼𝛼𝜑𝜑) = 0,   𝜑𝜑 ∈ 𝐷𝐷(Ω) . Hence,  𝐷𝐷𝛼𝛼𝑓𝑓 = 0, 𝑥𝑥 ∈ Ω . 
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1.5  The convolution of Generalized Functions and its properties. 

Definition. Let f  a nd g be  l ocally integrable f unctions in ℝ𝑛𝑛 .If th e in tegral    

∫𝑓𝑓(𝑦𝑦)𝑔𝑔(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑 exists for almost all x∈ ℝP

n  and defines a locally summable  function 

in ℝP

n  ,then it is  called the convolution of the functions f and g and is denoted by f∗g so 

that ℎ(𝑥𝑥) = (𝑓𝑓 ∗ 𝑔𝑔)(𝑥𝑥) = ∫𝑓𝑓(𝑦𝑦)𝑔𝑔(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑.                                                            

Note that 𝑓𝑓 ∗ 𝑔𝑔 = 𝑔𝑔 ∗ 𝑓𝑓                                                                                                  

Proof.  From the definition we have (f g)(x)=∫𝑓𝑓(𝑦𝑦)𝑔𝑔(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑                                                

Then, let t=x-y. This implies y=x-t and dy=-dt. 

              (f g)(x)=∫𝑓𝑓(𝑥𝑥 − 𝑡𝑡)𝑔𝑔(𝑡𝑡)(−𝑑𝑑𝑑𝑑)= ∫𝑔𝑔(𝑡𝑡)𝑓𝑓(𝑥𝑥 − 𝑡𝑡)(−𝑑𝑑𝑑𝑑)=(g f)(x)                   

The following are some properties of convolution.                                                              

a)  Linearity of the convolution.                                                                                          

The c onvolution f g i s a l inear o peration f rom 𝐷𝐷′ into 𝐷𝐷′
P

 with r espect to f  a nd g 

separately, e.g.(λf+ μf1) ∗g=λ(f∗g) +μ(f1 ∗g) ,f,f1,g ∈ 𝐷𝐷′, provided that the convolutions 

f∗g and f1 ∗g exist.                                                                                                                    

b) Differentiating the convolution.                                                                                                                                                 

If the convolution f g exists, then so also does the convolutions 𝐷𝐷𝛼𝛼𝑓𝑓 ∗ 𝑔𝑔 and 𝑓𝑓 ∗ 𝐷𝐷𝛼𝛼𝑔𝑔 , 

with   𝐷𝐷𝛼𝛼𝑓𝑓 ∗ 𝑔𝑔 = 𝐷𝐷𝛼𝛼(𝑓𝑓 ∗ 𝑔𝑔) = 𝑓𝑓 ∗ 𝐷𝐷𝛼𝛼𝑔𝑔 .                                                                            

c)  Convolution with the delta function.                                                                                   

The convolution of any generalized function f in 𝐷𝐷′P

 with the δ function exists and is equal 

to f:  f∗ δ = δ ∗ 𝑓𝑓 = 𝑓𝑓. 

Proof.  (f ∗ δ)(x) = ∫ f(y)δ(x − y)dy = ∫ δ(y)f(x − y)dy = f(x). 

        Note that the meaning of f= f∗ δ is that any generalized function f may be expanded 

interms of delta functions and written as f(x)= ∫𝑓𝑓(𝑦𝑦)δ(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑. 

Remark.  The f irst a nd ba sic ope ration t o w hich D irac sought t o s ubject 𝛿𝛿(𝑥𝑥) is t he 

integral  ∫ 𝛿𝛿(𝑥𝑥)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑∞
−∞ , w here f (x) i s a ny c ontinuous f unction. T his i ntegral c an be  

“evaluated” by the following argument: 
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       Since 𝛿𝛿(𝑥𝑥) is zer o f or   𝑥𝑥 ≠ 0 , t he l imit of  i ntegration may be  changed t o  

– 𝜀𝜀 𝑡𝑡𝑡𝑡 + 𝜀𝜀 , where 𝜀𝜀 is a small positive number. Moreover, since f(x) is continuous at 

x=0, i ts va lue w ithin the i nterval (– 𝜀𝜀 , +𝜀𝜀) will no di ffer much f (0) a nd we can  

claim, approximately, that ∫ 𝛿𝛿(𝑥𝑥)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑∞
−∞ = ∫ 𝛿𝛿(𝑥𝑥)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑𝜀𝜀

−𝜀𝜀   

    ⟹ ∫ 𝛿𝛿(𝑥𝑥)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 ≅ 𝑓𝑓(0)∞
−∞ ∫ 𝛿𝛿(𝑥𝑥)𝑑𝑑𝑑𝑑𝜀𝜀

−𝜀𝜀  ,with t he a pproximation i mproving a s 𝜀𝜀 

approaches to zero. 

  However,  ∫ 𝛿𝛿(𝑥𝑥)𝑑𝑑𝑑𝑑𝜀𝜀
−𝜀𝜀 = 1…for all values of 𝜀𝜀 , because 𝛿𝛿(𝑥𝑥) = 0 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 ≠ 0  , and 

𝛿𝛿(𝑥𝑥) is normalized. Now, letting  𝜀𝜀 → ∞, we have exactly  ∫ 𝛿𝛿(𝑥𝑥)𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 = 𝑓𝑓(0)∞
−∞ . 

 1.6. Generalized Functions of Slow Growth.                                                           

The space of Basic Functions and Generalized Functions of Slow Growth  

Definition. The set of all functions infinitely differentiable in ℝ𝑛𝑛  that decrease together 

with all their derivatives, as  |𝑥𝑥| → ∞, faster than any power of |𝑥𝑥|−1  is called the set of 

basic f unction, de noted by  𝑆𝑆 = 𝑆𝑆(ℝ𝑛𝑛). T his set t ogether w ith t he convergence/as w e 

defined in test function/ is the space of basic function.                                                                   

Definition.  A generalized function of slow growth is any continuous linear functional on 

the space S of basic functions and denoted by 𝑆𝑆 ′
P

  =  𝑆𝑆 ′( ℝ𝑛𝑛 ).                                                           

1.7  The Structure of Generalized Functions with point support.           

Theorem If the support of  a  generalized function f  i s the point {0},  then i t i s uniquely 

representable in the form 𝑓𝑓(𝑥𝑥) = ∑ 𝐶𝐶𝛼𝛼𝐷𝐷𝛼𝛼𝛿𝛿(𝑥𝑥)𝑚𝑚
|𝛼𝛼|=0  .                                                       (1) 

1.8  The Fourier Transform of Generalized Functions of Slow Growth.

                   The Fourier Transform of Test Functions belonging to S. 

    Since t est f unctions 𝜑𝜑(x) be longing t o S  a re a bsolutely i ntegrable on  ℝ𝑛𝑛  , the    

operation  of t he Fourier t ransform is de fined by  ℱ[𝜑𝜑](𝜉𝜉)=∫𝜑𝜑(𝑥𝑥)𝑒𝑒𝑖𝑖(𝜉𝜉 ,𝑥𝑥) 𝑑𝑑𝑑𝑑 , 𝜑𝜑 ∈S.     

    Note that, the function [𝜑𝜑](𝜉𝜉) i s bounded  a nd continuous in  ℝ𝑛𝑛 . A basic function 

𝜑𝜑(x) decreases at infinity faster than any power of  |𝑥𝑥|−1. Therefore, its Fourier transform 

is differentiable under the integral sign to any number of times: 

       𝐷𝐷𝛼𝛼ℱ[𝜑𝜑](𝜉𝜉)=∫(𝑖𝑖𝑖𝑖)𝛼𝛼𝜑𝜑(𝑥𝑥)𝑒𝑒𝑖𝑖(𝜉𝜉 ,𝑥𝑥)𝑑𝑑𝑑𝑑=ℱ[(𝑖𝑖𝑖𝑖)𝛼𝛼𝜑𝜑](𝜉𝜉)                                                    (2) 
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      Whence it f ollows that [𝜑𝜑]∈ 𝐶𝐶∞(ℝ𝑛𝑛).Further, every derivative  𝐷𝐷𝛼𝛼𝜑𝜑 has the same 

property ,and so     [𝐷𝐷𝛼𝛼𝜑𝜑]( 𝜉𝜉)= ∫𝐷𝐷𝛼𝛼𝜑𝜑(𝑥𝑥)𝑒𝑒𝑖𝑖(𝜉𝜉 ,𝑥𝑥)𝑑𝑑𝑑𝑑=(−𝑖𝑖𝑖𝑖)𝛼𝛼ℱ[𝜑𝜑](𝜉𝜉)                            (3) 

 Finally, from Equations (2) and (3) it follows that 

     𝜉𝜉𝛽𝛽𝐷𝐷𝛼𝛼ℱ[𝜑𝜑](𝜉𝜉)= 𝜉𝜉𝛽𝛽  ℱ[(𝑖𝑖𝑖𝑖)𝛼𝛼𝜑𝜑](𝜉𝜉)=𝑖𝑖|𝛼𝛼 |+|𝛽𝛽 |ℱ[𝐷𝐷𝛽𝛽(𝑥𝑥𝛼𝛼𝜑𝜑)]𝜉𝜉                                          (4) 

The Fourier Transform of Generalized Functions belonging to 𝑺𝑺′  

     First let f(x) be an (absolutely) integrable function on ℝ𝑛𝑛   .Then its Fourier transform 

is de fined by  [𝑓𝑓](𝜉𝜉)= ∫𝑓𝑓(𝑥𝑥)𝑒𝑒𝑖𝑖(𝜉𝜉 ,𝑥𝑥) 𝑑𝑑𝑑𝑑. O bserve t hat |ℱ[𝑓𝑓](𝜉𝜉)| ≤ ∫|𝑓𝑓(𝑥𝑥)| < ∞.    

Hence is a continuous bounded function in ℝ𝑛𝑛   and, consequently defines a generalized 

function from 𝑆𝑆′ :( ℱ[𝑓𝑓],𝜑𝜑)=∫ℱ[𝑓𝑓](𝜉𝜉)φ(ξ)dξ,φ ∈ S. 

  Using F ubini’s T heorem on t he change of  or der of  i ntegration, we t ransform t he l ast 

integral thus:                

∫ℱ[𝑓𝑓](𝜉𝜉)φ(ξ)dξ=∫[∫𝑓𝑓(𝑥𝑥)𝑒𝑒𝑖𝑖(𝜉𝜉 ,𝑥𝑥) 𝑑𝑑𝑑𝑑]𝜑𝜑(𝜉𝜉)𝑑𝑑𝑑𝑑=∫𝑓𝑓(𝑥𝑥)∫𝜑𝜑(𝜉𝜉)𝑒𝑒𝑖𝑖(𝜉𝜉 ,𝑥𝑥)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  =

    ∫𝑓𝑓(𝑥𝑥)  ℱ[𝜑𝜑](x)dx, i.e. ( ℱ[𝑓𝑓],𝜑𝜑)=(f, ℱ[𝜑𝜑]) , φ ∈ S.                                                                                                                                                             

We w ill ta ke this equation a s the de finition of t he Fourier tr ansform [𝑓𝑓] of  a ny 

generalized function of slow growth f: ( ℱ[𝑓𝑓],𝜑𝜑)=(f, ℱ[𝜑𝜑]),𝑓𝑓 ∈ 𝑆𝑆′ , φ ∈ S                     (5) 

 Properties of the Fourier Transform 

a) Differentiating the Fourier Transform. 

  If 𝑓𝑓 ∈ 𝑆𝑆′ , t hen    𝐷𝐷𝛼𝛼ℱ[𝑓𝑓] =  ℱ[(𝑖𝑖𝑖𝑖)𝛼𝛼𝑓𝑓]                                                (6)                           

Indeed, using (3), we obtain for all φ ∈ S , 

(𝐷𝐷𝛼𝛼ℱ[𝑓𝑓], φ)=(−1)|𝛼𝛼|(ℱ[𝑓𝑓], 𝐷𝐷𝛼𝛼φ)= (−1)|𝛼𝛼 |(f, ℱ[𝐷𝐷𝛼𝛼φ])= (−1)|𝛼𝛼 |(𝑓𝑓, (−𝑖𝑖𝑖𝑖)𝛼𝛼 [φ])             

                                                                 =( (𝑖𝑖𝑖𝑖)𝛼𝛼𝑓𝑓,ℱ[𝜑𝜑]) 

                                                 = ( ℱ[(𝑖𝑖𝑖𝑖)𝛼𝛼𝑓𝑓],φ),from which Equation(6) follows. 

     b)  The Fourier transform of a derivative. 

         If 𝑓𝑓 ∈ 𝑆𝑆′ , then ℱ[𝐷𝐷𝛼𝛼𝑓𝑓]  =(−𝑖𝑖𝑖𝑖)𝛼𝛼ℱ[f]                                                                      (7) 
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Indeed, using (2), we obtain  for all φ ∈ S the following: 

(ℱ[𝐷𝐷𝛼𝛼𝑓𝑓], φ)=( 𝐷𝐷𝛼𝛼𝑓𝑓,ℱ[𝜑𝜑])= (−1)|𝛼𝛼 |(𝑓𝑓,𝐷𝐷𝛼𝛼ℱ[φ])= (−1)|𝛼𝛼 |(𝑓𝑓,ℱ[(𝑖𝑖𝑖𝑖)𝛼𝛼𝜑𝜑])

                     = (−1)|𝛼𝛼 |[(ℱ[𝑓𝑓], (𝑖𝑖𝑖𝑖)𝛼𝛼φ) 

                               =((−𝑖𝑖𝑖𝑖)𝛼𝛼ℱ[𝑓𝑓], φ), from which Equation(7) follows. 

    CHAPTER-2  BOUNDARY VALUE PROBLEMS FOR EQUATIONS OF          

ELLIPTIC TYPE. 

        In this chapter we will study boundary value problems for equations of elliptic type; 

in p articular w e w ill s tudy p otential th eory f or L aplace’s a nd P oisson’s e quations in  

space.                                                                                                                                       

Note. If not  stated otherwise, the region Ω is considered bounded and its boundary S a 

piecewise s mooth surface. W e will de note t he e xterior of  Ω� by Ω1 (i.e. Ω1=ℝ𝑛𝑛 \Ω�)                            

 2.1  The Basic Equations of Typical physical Problems.                                                  

     A mathematical description of many physical processes leads to linear differential and 

integral e quations o r e ven in tegrodifferential equations. A br oad c lass of  phy sical 

problems i s d escribed b y l inear seco nd-order di fferential e quations of t he f orm                                                                                                                                              

∑ 𝑎𝑎𝑖𝑖𝑖𝑖𝑛𝑛
𝑖𝑖 ,𝑗𝑗=1 (𝑥𝑥) 𝜕𝜕2u

𝜕𝜕𝑥𝑥𝑖𝑖𝜕𝜕𝑥𝑥𝑗𝑗
 +∑ 𝑏𝑏𝑖𝑖𝑛𝑛

𝑖𝑖=1 (𝑥𝑥) 𝜕𝜕u
𝜕𝜕𝑥𝑥𝑖𝑖

 +c(x)u=F(x)                            (8)                                             

     In th is s ection w e w ill c onsider typical p hysical p roblems th at l ead to  th e v arious 

boundary value problems (for short form, BVP) for differential equations.                       

   2.1.1  The Vibration Equation 

Many pr oblems o f mechanics ( vibration of  s trings, r ods, membranes, and three 

dimensional volumes) and of physics (electromagnetic waves) leads to an equation of the 

form   𝜌𝜌 𝜕𝜕2u
𝜕𝜕𝑡𝑡2=div( pgradu)-qu + F (x,t)                                  (9)                                                

where t he unknown function u (x,t) depends on n  spatial coordinates x=(𝑥𝑥1,𝑥𝑥2,𝑥𝑥3)  and 

time t , the coefficients 𝜌𝜌,p,and q a re determined by t he properties of the medium where 

the vibration takes place ,and the forcing function F(x,t) gives the intensity of the external 

perturbation , di sturbance. In e quation (9), in a greement w ith the d efinitions o f th e 

operators divergence (div) and gradient (grad), div(pgradu)= ∑ 𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

(p 𝜕𝜕u
𝜕𝜕𝜕𝜕 𝑖𝑖

𝑛𝑛
𝑖𝑖=1 ).                       
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  2.1.2 The Diffusion Equation                                                                                 

Heat di ffusion or  t he di ffusion of  p articles i n a  m edium i s described by t he f ollowing 

diffusion e quation:  𝜌𝜌 𝜕𝜕u
𝜕𝜕𝜕𝜕

= di v( pgradu)-qu +  F (x,t)                           (10)                         

2.1.3 The Steady State Equation                                                                                     

For a  st eady state process F(x,t)=F(x),u(x,t)=u(x), and both the wave Equation (9) and 

the diffusion Equation (10) assume the form   - div( pgradu)+qu=F(x)                (11)      

When p=const and q=0, Equation (11) is called Poisson’s equation                               

∆u=-f,  where  f=F/p                                                                                                               (12) 

Verification: - div( pgradu)+qu=F(x) -p div( gradu)=F(x) ,since p=const and q=0 

           div(gradu)= −F/p ⇒  ∑ 𝜕𝜕
𝜕𝜕𝜕𝜕𝑖𝑖

( 𝜕𝜕
𝜕𝜕𝜕𝜕 𝑖𝑖

u)𝑛𝑛
𝑖𝑖=1 =−F/p ⇒ ∑ 𝜕𝜕2

𝜕𝜕𝜕𝜕 𝑖𝑖
2 u𝑛𝑛

𝑖𝑖=1 = −F/p                   

               ∴   ∆u=−F/p .   Hence, ∆u=−𝑓𝑓  where f= F/p.                                                           

When f=0, Equation (12) is called Laplace’s equation  

2.2 The Boundary Value Problem for Equations of Elliptic Type in ℝ𝟐𝟐  

    The boundary va lue problem f or E quation (11) (e lliptic ty pe) c onsists of f inding a  

function u (x) o f class  𝐶𝐶2(Ω) ∩ C1(Ω�) satisfying , in the r egion  , Equation (11) and a  

boundary c ondition on  S  of  t he f orm  𝛼𝛼u  +𝛽𝛽 𝜕𝜕u
𝜕𝜕𝐧𝐧 𝑆𝑆

=𝜈𝜈                      (13)                          

where 𝛼𝛼,𝛽𝛽,𝑎𝑎𝑎𝑎𝑎𝑎 𝜈𝜈 are given c ontinuous functions on S , w ith 𝛼𝛼 𝑎𝑎𝑎𝑎𝑎𝑎 𝛽𝛽 nonnegative a nd 

𝛼𝛼 + 𝛽𝛽 positive.                                                                                                                       

Boundary c ondition of  t he f irst kind ( 𝛼𝛼 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝛽𝛽 = 0): u
𝑆𝑆
=u0       (14)                         

Boundary c ondition of  t he s econd ki nd ( 𝛼𝛼 = 0𝑎𝑎𝑎𝑎𝑎𝑎 𝛽𝛽 = 1):  𝜕𝜕u
𝜕𝜕𝐧𝐧 𝑆𝑆

= u1        (15)           

Boundary c ondition of  t he third kind ( 𝛼𝛼 ≥ 0𝑎𝑎𝑎𝑎𝑎𝑎 𝛽𝛽 = 1): 𝜕𝜕u
𝜕𝜕𝐧𝐧

 +𝛼𝛼u
𝑆𝑆
=u2     (16)             

     The corresponding boundary value p roblems ar e ca lled boundary v alue pr oblems of 

the first, second, and third kind.                                                                                                    

For Laplace’s equation the boundary value problem of the first kind   �Δu = 0 𝑖𝑖𝑖𝑖 Ω
u = u0 𝑜𝑜𝑜𝑜 𝑆𝑆

�    (17) 

is called Dirichlet’s  problem ;                                                                                                       
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the boundary value problem of t he s econd kind        �
Δu = 0 𝑖𝑖𝑖𝑖 Ω
𝜕𝜕u
𝜕𝜕𝐧𝐧

= u1 𝑜𝑜𝑜𝑜 𝑆𝑆
�                (18)             

is   called Neumann’s problem. 

For Poisson’s equation the boundary value problem of the first kind �Δu = −𝑓𝑓 𝑖𝑖𝑖𝑖 Ω
u = u0 𝑜𝑜𝑜𝑜 𝑆𝑆

�   (19) 

is called Dirichlet’s  problem ;                                                                                                       

the boundary value pr oblem of t he s econd ki nd      �
Δu = −𝑓𝑓𝑓𝑓𝑓𝑓 Ω
𝜕𝜕u
𝜕𝜕𝐧𝐧

= u1 𝑜𝑜𝑜𝑜 𝑆𝑆
�                 (20)                          

is called Neumann’s problem. 

 Homogeneous equation and Boundary conditions 

   Consider the boundary-value problem  �
u𝑡𝑡 − 𝛼𝛼2u𝑥𝑥𝑥𝑥 = 0, 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0

u(𝑥𝑥, 0) = 𝜑𝜑(𝑥𝑥), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
u(0, 𝑡𝑡) = u(𝑙𝑙, 𝑡𝑡) = 0 , 𝑡𝑡 ≥ 0

�             (21) 

Solution. Our goa l i s t o f ind t he s olution of  ( 21) us ing t he m ethod of s eparation of 

variables or Fourier method.                                                                                                         

A separable solution is a solution of the form u(x,t)=X(x)T(t)  to the problem            

�u𝑡𝑡 − 𝛼𝛼2u𝑥𝑥𝑥𝑥 = 0, 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0
u(0, t) = u(𝑙𝑙, t) = 0 , 𝑡𝑡 ≥ 0

�                                                                                (22) 

Substituting u(x,t) into equation (22), we get                

𝑋𝑋(𝑥𝑥)𝑇𝑇′(𝑡𝑡) − 𝛼𝛼2𝑋𝑋"(𝑥𝑥)𝑇𝑇(𝑡𝑡) = 0 𝑜𝑜𝑜𝑜  𝑇𝑇′ (𝑡𝑡)
𝛼𝛼2𝑇𝑇(𝑡𝑡)

= 𝑋𝑋"(𝑥𝑥)
𝑋𝑋(𝑥𝑥)

.                                                       (23)                                                                                                                                   

In order for the re lation (23) to be an equality each side must be identically equal to a    

constant:   𝑇𝑇
′ (𝑡𝑡)

𝛼𝛼2𝑇𝑇(𝑡𝑡)
= 𝑋𝑋"(𝑥𝑥)

𝑋𝑋(𝑥𝑥)
= 𝜆𝜆                                                                                         (24)                                                              

By t he b oundary c onditions u(0,t)=X(0)T(t)=0, u (𝑙𝑙, 𝑡𝑡) =X(𝑙𝑙)T(t)=0 i t follows           

X(0)= X(𝑙𝑙)=0 so that X(x) satisfies the following eigenvalue problem       

�𝑋𝑋"(𝑥𝑥) = 𝜆𝜆𝜆𝜆(𝑥𝑥), 0 < 𝑥𝑥 < 𝑙𝑙,
X(0) =  X(𝑙𝑙) = 0,

�                                                                                         (25)                                                                                                

while T(t) satisfies the equation  𝑇𝑇′ (t)-𝜆𝜆𝛼𝛼2T(t)=0                                                        (26)                                               

     We a re l ooking f or t he va lues of  𝜆𝜆 which l ead to nont rivial s olutions. Consider t he 

following three cases.                                                                                                                     
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i) Let  𝜆𝜆 = 𝛽𝛽2 > 0,𝛽𝛽 > 0. Then the equation (25) has the general solution             

  𝑋𝑋(𝑥𝑥) = 𝑐𝑐1𝑒𝑒𝛽𝛽𝛽𝛽 + 𝑐𝑐2𝑒𝑒−𝛽𝛽𝛽𝛽 . 

 By the boundary conditions it follows  �
𝑐𝑐1 + 𝑐𝑐2 = 0

𝑐𝑐1𝑒𝑒𝛽𝛽𝛽𝛽 + 𝑐𝑐2𝑒𝑒−𝛽𝛽𝛽𝛽 = 0
�  and 𝑐𝑐1 = 𝑐𝑐2 = 0 because      

∆= � 1 1
𝑒𝑒𝛽𝛽𝛽𝛽 𝑒𝑒−𝛽𝛽𝛽𝛽 � = 𝑒𝑒−𝛽𝛽𝛽𝛽 − 𝑒𝑒𝛽𝛽𝛽𝛽 ≠ 0. 

ii) If   𝜆𝜆 = 0, X (x) ha s t he f orm   𝑋𝑋(𝑥𝑥) = 𝑐𝑐1𝑥𝑥 + 𝑐𝑐2. I t f ollows a gain   𝑐𝑐1 = 𝑐𝑐2 = 0.                     

So in the first two cases the problem (25) admits the trivial solution only. 

iii) If 𝜆𝜆 = −𝛽𝛽2 < 0,𝛽𝛽 > 0, then the equation (25) has the general solution                          

𝑋𝑋(𝑥𝑥) = 𝑐𝑐1 cos𝛽𝛽𝛽𝛽 + 𝑐𝑐2 sin𝛽𝛽𝛽𝛽. 

By the boundary conditions it follows that for a nontrivial solution                                

𝑐𝑐1 = 0 and sin𝛽𝛽𝛽𝛽 = 0.                                                                                                                                                    

Then,  𝛽𝛽𝛽𝛽 = 𝑛𝑛𝑛𝑛,𝑛𝑛 ∈ ℤ. So the only nontrivial solution of (25) appears when                      

𝜆𝜆 = 𝜆𝜆𝑛𝑛 = −�𝑛𝑛𝑛𝑛
𝑙𝑙
�

2
, n∈ ℕ and has the form 𝑋𝑋𝑛𝑛(𝑥𝑥) = 𝑎𝑎𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
 , n ∈ ℕ .                                                  

Solving (26) with  𝜆𝜆 = 𝜆𝜆𝑛𝑛  , we obtain 𝑇𝑇𝑛𝑛(𝑡𝑡) = 𝑏𝑏𝑛𝑛𝑒𝑒
−�𝑛𝑛𝑛𝑛𝑛𝑛𝑙𝑙 �

2
𝑡𝑡 .                                                  

Therefore functions of the form  u𝑛𝑛(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴𝑛𝑛𝑒𝑒
−�𝑛𝑛𝑛𝑛𝑛𝑛𝑙𝑙 �

2
𝑡𝑡 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
 , n ∈ ℕ ,                    (27)   

are solutions of the problem (22).                                                                                                 

In or der t o f ind t he s olution of  ( 21) w e t ake a  s uperposition of  u𝑛𝑛(𝑥𝑥, 𝑡𝑡). T hen,                  

u(x, t) = ∑ 𝐴𝐴𝑛𝑛e−�
𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙 �

2
𝑡𝑡 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
 ,∞

𝑛𝑛=1                                                       (28)                                        

is the solution of (21) provided that 𝜑𝜑(x) = ∑ 𝐴𝐴n sin nπx
𝑙𝑙

 ,∞
𝑛𝑛=1 0 ≤ x ≤ 𝑙𝑙.                                  

     Note that 𝐴𝐴𝑛𝑛  are the Fourier sine coefficients of φ(x), i.e.                          

 𝐴𝐴𝑛𝑛 = 2
𝑙𝑙 ∫ φ(x)𝑙𝑙

0 sin nπx
𝑙𝑙
𝑑𝑑x , n=1,2,…                                                                  (29)  

So the formal solution of (21) is the function (28) with coefficients 𝐴𝐴𝑛𝑛determined by (29)   

Remark. The values 𝜆𝜆𝑛𝑛  are called eigenvalues and the functions 𝑋𝑋𝑛𝑛(𝑥𝑥) eigenfunctions. 
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 Inhomogeneous Equation and Boundary Conditions                                              

Let us consider the boundary-value problem for the inhomogeneous diffusion equation 

     �
ut − α2uxx = f(x, t), 0 < 𝑥𝑥 < 𝑙𝑙 , t > 0

u(x, 0) = φ(x), 0 ≤ x ≤ 𝑙𝑙,
u(0, t) = u(𝑙𝑙, t) = 0 , t > 0

�                                                                    (30) 

Proof. To solve (30) we apply the method of variation of constants (parameters) looking 

for a solution of the form  u(𝑥𝑥, 𝑡𝑡) = ∑ 𝐴𝐴𝑛𝑛(𝑡𝑡)𝑒𝑒−�
𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙 �

2
𝑡𝑡 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
  ∞

𝑛𝑛=1  .                                

Substituting formally u(x,t) into the equation u𝑡𝑡 − 𝛼𝛼2u𝑥𝑥𝑥𝑥 = 𝑓𝑓(𝑥𝑥, 𝑡𝑡),                                      

we obt ain ∑ 𝐴𝐴′𝑛𝑛(𝑡𝑡)𝑒𝑒−�
𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙 �

2
𝑡𝑡 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
=  ∑ 𝑓𝑓𝑛𝑛(𝑡𝑡) sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
  ∞

𝑛𝑛=1  ∞
𝑛𝑛=1 ,                (31)                   

where    𝑓𝑓(𝑥𝑥, 𝑡𝑡) = ∑ 𝑓𝑓𝑛𝑛(𝑡𝑡) sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙

  ∞
𝑛𝑛=1  ; 𝑓𝑓𝑛𝑛(𝑡𝑡) = 2

𝑙𝑙 ∫ 𝑓𝑓(𝑥𝑥, 𝑡𝑡)𝑙𝑙
0 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
𝑑𝑑𝑑𝑑.                                                       

Then equating coefficients in (31), we obtain                                                                  

𝐴𝐴′𝑛𝑛(𝑡𝑡) = 𝑒𝑒�
𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙 �

2
𝑡𝑡𝑓𝑓𝑛𝑛(𝑡𝑡)  or    𝐴𝐴𝑛𝑛(𝑡𝑡) = 𝐴𝐴𝑛𝑛(0) + ∫ 𝑒𝑒�

𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙 �

2
𝑠𝑠𝑙𝑙

0 𝑓𝑓𝑛𝑛(𝑠𝑠)𝑑𝑑𝑑𝑑. 

    In or der to cal culate 𝐴𝐴𝑛𝑛(0) observe t hat  u(𝑥𝑥, 0) = ∑ 𝐴𝐴𝑛𝑛(0) sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙

  ∞
𝑛𝑛=1 = 𝜑𝜑(𝑥𝑥) and 

therefore  𝐴𝐴𝑛𝑛(0) = 2
𝑙𝑙 ∫ 𝜑𝜑(𝑥𝑥)𝑙𝑙

0 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙
𝑑𝑑𝑑𝑑.                                                                                  

Then the solution of (30) is                                                 

u(𝑥𝑥, 𝑡𝑡) = ∑ (𝑎𝑎𝑛𝑛𝑒𝑒
−�𝑛𝑛𝑛𝑛𝑛𝑛𝑙𝑙 �

2
𝑡𝑡 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
  ∞

𝑛𝑛=1 + ∫ 𝑒𝑒�
𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙 �

2
(𝑠𝑠−𝑡𝑡)𝑙𝑙

0 𝑓𝑓𝑛𝑛(𝑠𝑠)𝑑𝑑𝑑𝑑) sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙

   , where   

𝑓𝑓𝑛𝑛(𝑠𝑠) = 2
𝑙𝑙 ∫ 𝑓𝑓(𝑥𝑥, 𝑠𝑠)𝑙𝑙

0 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙
𝑑𝑑𝑑𝑑 ; 𝑎𝑎𝑛𝑛 = 2

𝑙𝑙 ∫ 𝜑𝜑(𝑥𝑥)𝑙𝑙
0 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
𝑑𝑑𝑑𝑑 . 

      Let us  c onsider the case of  i nhomogeneous bounda ry c onditions f or t he di ffusion 

equation with sources at both endpoints                             

                 �
u𝑡𝑡 − 𝛼𝛼2u𝑥𝑥𝑥𝑥 = 0, 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0

u(𝑥𝑥, 0) = 0, 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
u(0, 𝑡𝑡) = 𝑝𝑝(𝑡𝑡), u(𝑙𝑙, 𝑡𝑡) = 𝑞𝑞(𝑡𝑡) , 𝑡𝑡 ≥ 0

�                     (32)                                            

To solve the problem, we use the method of  shifting the data.                                           

Problem (32) can be reduced to a problem (30) by subtracting from u any known function 

satisfying the boundary conditions u(0, 𝑡𝑡) = 𝑝𝑝(𝑡𝑡), u(𝑙𝑙, 𝑡𝑡) = 𝑞𝑞(𝑡𝑡).                                   

The l inear c ombination S (x,t)=(1−𝑥𝑥
𝑙𝑙
)p(t)+ 𝑥𝑥

𝑙𝑙
q(t), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙 satisfies t he bounda ry 
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conditions. Consider now v(x,t)=u(x,t)-S(x,t).                                                                                

      Then, as 𝑆𝑆𝑡𝑡 = (1 − 𝑥𝑥
𝑙𝑙
)p′(t) +  𝑥𝑥

𝑙𝑙
q′(t),  and 𝑆𝑆𝑥𝑥𝑥𝑥 = 0 , the function v(x,t) satisfies  the 

problem (30) 

     

⎩
⎨

⎧v𝑡𝑡 − 𝛼𝛼2v𝑥𝑥𝑥𝑥 = −�1 − 𝑥𝑥
𝑙𝑙
�p′(t) −  𝑥𝑥

𝑙𝑙
q′(t), 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0

v(𝑥𝑥, 0) = −�1 − 𝑥𝑥
𝑙𝑙
�p(0) −  𝑥𝑥

𝑙𝑙
q(0), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,

v(0, 𝑡𝑡) = 0, v(𝑙𝑙, 𝑡𝑡) = 0 , 𝑡𝑡 > 0

�     which ha s be en 

considered before. 

 Finally, if we have an inhomogeneous equation and inhomogeneous boundary conditions 

              �
u𝑡𝑡 − 𝛼𝛼2u𝑥𝑥𝑥𝑥 = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0

u(𝑥𝑥, 0) = 𝜑𝜑(𝑥𝑥), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
u(0, 𝑡𝑡) = 𝑝𝑝(𝑡𝑡), u(𝑙𝑙, 𝑡𝑡) = 𝑞𝑞(𝑡𝑡) , 𝑡𝑡 ≥ 0

�                                                        (33) 

We can split it into two problems   �
v𝑡𝑡 − 𝛼𝛼2v𝑥𝑥𝑥𝑥 = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0

v(𝑥𝑥, 0) = 𝜑𝜑(𝑥𝑥), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
v(0, 𝑡𝑡) = v(𝑙𝑙, 𝑡𝑡) = 0 , 𝑡𝑡 ≥ 0

�              (34) 

                                       and        �
w𝑡𝑡 − 𝛼𝛼2𝑤𝑤𝑥𝑥𝑥𝑥 = 0, 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0

w(𝑥𝑥, 0) = 0, 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
w(0, 𝑡𝑡) = 𝑝𝑝(𝑡𝑡), w(𝑙𝑙, 𝑡𝑡) = 𝑞𝑞(𝑡𝑡) , 𝑡𝑡 ≥ 0

�                     (35) 

       Solving (34) and (35) by previous procedures we obtain that u(x,t)=v(x,t)+w(x,t) is a 

solution of (33).                                                                                                                  

2.2.1  ”Mixed”   Boundary Value Problems   

         In this problem of Dirichlet and Neumann the function u or its normal derivative  𝜕𝜕u
𝜕𝜕𝐧𝐧

 

or a  linear combination of  t hem i s pr escribed over t he e ntire surface S boundi ng t he 

region Ω in which Δu = 0.In ”mixed” boundary value problems conditions of  di fferent 

types are satisfied at various regions of S.                                                                             

In this problem we have to determine a function u which satisfies �
∆u = 0 𝑖𝑖𝑖𝑖 Ω
u = 𝑓𝑓 𝑜𝑜𝑜𝑜 𝑆𝑆1
𝜕𝜕u
𝜕𝜕𝐧𝐧

= 𝑔𝑔 𝑜𝑜𝑜𝑜 𝑆𝑆2

�       

where 𝑆𝑆1+𝑆𝑆2=S, the boundary of S, and the functions f and g are prescribed. 
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 Homogeneous equation and Boundary conditions                                               

Let us  c onsider t he D irichlet bounda ry va lue pr oblem for t he hom ogeneous w ave 

equation                                                                         

                  

⎩
⎨

⎧u𝑡𝑡𝑡𝑡 − 𝑐𝑐2u𝑥𝑥𝑥𝑥 = 0, 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0
u(𝑥𝑥, 0) = 𝜑𝜑(𝑥𝑥), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
u𝑡𝑡(𝑥𝑥, 0) = 𝜓𝜓(𝑥𝑥), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
u(0, 𝑡𝑡) = u(𝑙𝑙, 𝑡𝑡) = 0 , 𝑡𝑡 > 0

�                                                              (36) 

which describes the motion of the vibrating string.                                                         

Solution. Our goal is to find the solution of (36) using the Fourier method. A separable 

solution of the form u(x,t)=X(x)T(t)  to the problem      

                   �u𝑡𝑡𝑡𝑡 − 𝑐𝑐2u𝑥𝑥𝑥𝑥 = 0, 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0
u(0, 𝑡𝑡) = u(𝑙𝑙, 𝑡𝑡) = 0 , 𝑡𝑡 > 0

�                                                             (37)                                                      

Substituting u(x,t) into equation (37) , we get                                

𝑋𝑋(𝑥𝑥)𝑇𝑇"(t)-c2X"(𝑥𝑥)𝑇𝑇(𝑡𝑡) = 0 𝑜𝑜𝑜𝑜 𝑇𝑇"(𝑡𝑡)
𝑐𝑐2𝑇𝑇(𝑡𝑡)

= 𝑋𝑋"(𝑥𝑥)
𝑋𝑋(𝑥𝑥)

= 𝜆𝜆                                                       (38)                                                                                                       

By the boundary conditions u(0,t)=X(0)T(t)=0, u(𝑙𝑙,t)=X(𝑙𝑙)T(t)=0 it follows               

                                                      X(0)= X(𝑙𝑙)=0                                                                  (39)                                                                                                  

So X(x) satisfies the problem   �𝑋𝑋"(𝑥𝑥) − 𝜆𝜆𝜆𝜆(𝑥𝑥) = 0, 0 < 𝑥𝑥 < 𝑙𝑙,
X(0) =  X(𝑙𝑙) = 0,

�                                  (40)                      

Then, pr oblem ( 40) h as n ontrivial s olutions  𝑋𝑋𝑛𝑛(𝑥𝑥) = 𝑎𝑎𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙

 , n=1,2,3,… 

corresponding to  𝜆𝜆 = 𝜆𝜆𝑛𝑛 = −�𝑛𝑛𝑛𝑛
𝑙𝑙
�

2
 , n=1, 2, 3, ….                                                      (41)                   

Substituting (41) into (38), we obtain the ODE 𝑇𝑇"(t)+ �𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙
�

2
T(t)=0 with general solution              

   𝑇𝑇𝑛𝑛(𝑡𝑡) = 𝑏𝑏𝑛𝑛 cos 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙
𝑡𝑡 + 𝑐𝑐𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
𝑡𝑡, n ∈ ℕ. Therefore functions of the form           

  u𝑛𝑛(𝑥𝑥, 𝑡𝑡) = (𝐴𝐴𝑛𝑛 cos 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙
𝑡𝑡 + 𝐵𝐵𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
𝑡𝑡) sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
 , n ∈ ℕ  are s olutions of  t he problem 

(37). In order to find   a solution of (36) we take a superposition of  u𝑛𝑛(𝑥𝑥, 𝑡𝑡) . Then, the 

solution has the form  u(𝑥𝑥, 𝑡𝑡) = ∑ (𝐴𝐴𝑛𝑛 cos 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙
𝑡𝑡 + 𝐵𝐵𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
𝑡𝑡) sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
 , ∞

𝑛𝑛=1           (42) 

Formally the function u(x,t) satisfies the initial conditions if                                

 u(𝑥𝑥, 0) = 𝜑𝜑(𝑥𝑥) = ∑ 𝐴𝐴𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙

 ,   ∞
𝑛𝑛=1 u𝑡𝑡(𝑥𝑥, 0) = 𝜓𝜓(𝑥𝑥) =  ∑ 𝐵𝐵𝑛𝑛(𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
) sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
  ∞

𝑛𝑛=1            

    Using the Fourier sine series for 𝜑𝜑(𝑥𝑥) and 𝜓𝜓(𝑥𝑥) we obtain    

𝐴𝐴𝑛𝑛 = 2
𝑙𝑙 ∫ 𝜑𝜑(𝑥𝑥)𝑙𝑙

0 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙
𝑑𝑑𝑑𝑑, n ∈ ℕ   and   𝐵𝐵𝑛𝑛 = 2

𝑛𝑛𝑛𝑛𝑛𝑛 ∫ 𝜓𝜓(𝑥𝑥)𝑙𝑙
0 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑙𝑙
𝑑𝑑𝑑𝑑, n ∈ ℕ               (43) 
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    Then, the function (42), where the coefficients 𝐴𝐴𝑛𝑛  and 𝐵𝐵𝑛𝑛  are determined by ( 43), is  

the unique solution of the Problem (36). 

 Inhomogeneous equation and Boundary conditions                                              

Let us consider the mixed boundary value problem for the homogeneous wave equation: 

       

⎩
⎨

⎧u𝑡𝑡𝑡𝑡 − 𝑐𝑐2u𝑥𝑥𝑥𝑥 = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0
u(𝑥𝑥, 0) = 𝜑𝜑(𝑥𝑥), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
u𝑡𝑡(𝑥𝑥, 0) = 𝜓𝜓(𝑥𝑥), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
u(0, 𝑡𝑡) = u(𝑙𝑙, 𝑡𝑡) = 0 , 𝑡𝑡 > 0

�                                                              (44) 

   Solution. The solution of (44) can be constructed by superposing the unique solution of 

boundary value problem for the homogeneous wave equation with the unique solution of 

the pr oblem     

⎩
⎨

⎧v𝑡𝑡𝑡𝑡 − 𝑐𝑐2v𝑥𝑥𝑥𝑥 = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0
v(𝑥𝑥, 0) = 0, 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
v𝑡𝑡(𝑥𝑥, 0) = 0, 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,

v(0, 𝑡𝑡) = v(𝑙𝑙, 𝑡𝑡) = 0 , 𝑡𝑡 > 0

�                 (45)                                

This problem can be solved by expanding f(x,t) in the Fourier sine series               

𝑓𝑓(𝑥𝑥, 𝑡𝑡) = ∑ 𝑓𝑓𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙

 ,∞
𝑛𝑛=1 0 < 𝑥𝑥 < 𝑙𝑙 ,  where                                                           

𝑓𝑓𝑛𝑛(𝑡𝑡) = 2
𝑙𝑙 ∫ 𝑓𝑓(𝑥𝑥, 𝑡𝑡)𝑙𝑙

0 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙
𝑑𝑑𝑑𝑑 , n ∈ ℕ                      (46)                                                                

Let us  t ry to f ind a  s olution v (x,t) of t he fo rm v(𝑥𝑥, 𝑡𝑡) = ∑ v𝑛𝑛 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙

 ,∞
𝑛𝑛=1       (47)                  

                                                                 where v𝑛𝑛(0) = v′𝑛𝑛(0) = 0                       (48)   

Formally, substituting (47) into equation (45) , w e get  v"𝑛𝑛(𝑡𝑡) + �𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙
�

2
v𝑛𝑛(𝑡𝑡) = 𝑓𝑓𝑛𝑛(𝑡𝑡) .      

This l inear seco nd-order ODE w ith in itial conditions ( 48) ha s t he uni que s olution                 

                          v𝑛𝑛(𝑡𝑡) = 𝑙𝑙
𝑛𝑛𝑛𝑛𝑛𝑛 ∫ 𝑓𝑓𝑛𝑛(𝜏𝜏)𝑡𝑡

0 sin(𝑛𝑛𝑛𝑛𝑛𝑛
𝑙𝑙

(𝑡𝑡 − 𝜏𝜏))𝑑𝑑𝑑𝑑  .               (49)                              

The solution of (45) is (47), where 𝑓𝑓𝑛𝑛(𝑡𝑡) and   v𝑛𝑛(𝑡𝑡)  are determined by ( 46) and (49).    

Finally, let us consider the case of inhomogeneous boundary conditions           

          

⎩
⎨

⎧u𝑡𝑡𝑡𝑡 − 𝑐𝑐2u𝑥𝑥𝑥𝑥 = 𝑓𝑓(𝑥𝑥, 𝑡𝑡), 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0
u(𝑥𝑥, 0) = 𝜑𝜑(𝑥𝑥), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
u𝑡𝑡(𝑥𝑥, 0) = 𝜓𝜓(𝑥𝑥), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,

u(0, 𝑡𝑡) = 𝑔𝑔(𝑡𝑡), u(𝑙𝑙, 𝑡𝑡) = ℎ(𝑡𝑡) , 𝑡𝑡 > 0

�                        (50)                                     

     The solution of problem (50) can be found by superposing the solution of the problem 

(44) with the solution w of the problem with zero initial data and source  
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⎩
⎨

⎧ w𝑡𝑡𝑡𝑡 − 𝑐𝑐2w𝑥𝑥𝑥𝑥 = 0, 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0
w(𝑥𝑥, 0) = 0, 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,

w𝑡𝑡(𝑥𝑥, 0) = 0, 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
w(0, 𝑡𝑡) = 𝑔𝑔(𝑡𝑡), w(𝑙𝑙, 𝑡𝑡) = ℎ(𝑡𝑡) , 𝑡𝑡 > 0

�                              (51)                                              

In order to solve (51), we use method of shifting the data.                                                      

    Now, considering w(x,t)= 𝑙𝑙 w(x,t)-(( 𝑙𝑙 -x)g(t)+xh(t))  we reduce (51) again to a problem 

of the type (44):                

     

⎩
⎨

⎧w𝑡𝑡𝑡𝑡 − 𝑐𝑐2w𝑥𝑥𝑥𝑥 = −(( 𝑙𝑙 − x)g"(t) + xh"(t)), 0 < 𝑥𝑥 < 𝑙𝑙 , 𝑡𝑡 > 0
w(𝑥𝑥, 0) = −(( 𝑙𝑙 − x)g(0) + xh(0) ), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,
w𝑡𝑡(𝑥𝑥, 0) = (( 𝑙𝑙 − x)g′(t) + xh′(t)), 0 ≤ 𝑥𝑥 ≤ 𝑙𝑙,

w(0, 𝑡𝑡) = w(𝑙𝑙, 𝑡𝑡) = 0 , 𝑡𝑡 > 0

�                            

which can be solved by the previous methods. 

    Boundary value problems for the Laplace equation in a Rectangle                       

Let us consider the Laplace equation u𝑥𝑥𝑥𝑥 + u𝑦𝑦𝑦𝑦 = 0 𝑖𝑖𝑖𝑖 Ω                                            (52)                       

where Ω = {(x, y): 0 < 𝑥𝑥 < 𝑎𝑎, 0 < 𝑦𝑦 < 𝑏𝑏}  is a  rectangle in a p lane. On each side of  

we assume that ei ther Dirichlet or Neumann boundary conditions are prescribed. These 

problems can be solved by the method of separation of variables.                                        

Now, solve u𝑥𝑥𝑥𝑥 + u𝑦𝑦𝑦𝑦 = 0 𝑖𝑖𝑖𝑖 Ω, with the boundary conditions  

           u(x,0)=0, u(x,b)=0, 0≤x≤a; u(0,y)=g(y), u𝑥𝑥 (a,y)=h(y), 0≤y≤b . 

Proof. The solution of the problem has a form u = u1 + u2 , where  u1 𝑎𝑎𝑎𝑎𝑎𝑎 u2  satisfy 

(52) respectively with the boundary conditions   

                        � u1(𝑥𝑥, 0) = u1(𝑥𝑥, 𝑏𝑏) = 0, 0 ≤ x ≤ a ,
u1(0,𝑦𝑦) = 𝑔𝑔(𝑦𝑦), u1𝑥𝑥(𝑎𝑎, 𝑦𝑦) = 0, 0 ≤ y ≤ b

�                                             (53) 

                     � u2(𝑥𝑥, 0) = u2(𝑥𝑥, 𝑏𝑏) = 0, 0 ≤ x ≤ a ,
u2(0,𝑦𝑦) = 𝑔𝑔(𝑦𝑦), u2𝑥𝑥(𝑎𝑎,𝑦𝑦) = ℎ(𝑦𝑦), 0 ≤ y ≤ b.

�                                     (54) 

We f ind e ach one  of   u1 𝑎𝑎𝑎𝑎𝑎𝑎 u2 by t he F ourier m ethod .S eparating va riables f or 

u1(𝑥𝑥,𝑦𝑦) = 𝑋𝑋(𝑥𝑥)𝑌𝑌(𝑦𝑦) we have   𝑋𝑋"(𝑥𝑥)
𝑋𝑋(𝑥𝑥)

+ 𝑌𝑌"(𝑦𝑦)
𝑌𝑌(𝑦𝑦)

= 0 𝑖𝑖𝑖𝑖 Ω .                                                                  

 This implies that 𝑋𝑋"(x)+𝜆𝜆X(x)=0,  0 < 𝑥𝑥 < 𝑎𝑎 ,                                                             (55) 

                            𝑌𝑌"(y)-𝜆𝜆Y(y) =0,  0 < 𝑥𝑥 < 𝑏𝑏,                                                               (56) 
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for a constant 𝜆𝜆 . Since the function u1 satisfies (53) we should have Y(0)=Y(b)=0     (57)                                                                                                               

                                                                                                                              𝑋𝑋′(a)=0              (58) 

Nontrivial solutions of (56), (57) are  𝑌𝑌𝑛𝑛(𝑦𝑦) = sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑏𝑏

  corresponding to    

𝜆𝜆 = 𝜆𝜆𝑛𝑛 = −�𝑛𝑛𝑛𝑛
𝑏𝑏
�

2
, n∈ ℕ .                                                                                                                                        

The differential equation for X(x), 𝑋𝑋"(x) −�𝑛𝑛𝑛𝑛
𝑏𝑏
�

2
X(x)=0 implies that                      

𝑋𝑋(𝑥𝑥) = 𝑐𝑐1 cosh 𝑛𝑛𝑛𝑛
𝑏𝑏
𝑥𝑥 + 𝑐𝑐2 sinh 𝑛𝑛𝑛𝑛

𝑏𝑏
𝑥𝑥.                                                                                                      

The condition (58) is satisfied if   𝑐𝑐2
𝑐𝑐1

= − tanh 𝑛𝑛𝑛𝑛𝑛𝑛
𝑏𝑏

.                                                                                                            

Then X(x) has the form  𝑋𝑋𝑛𝑛(𝑥𝑥) = 𝑎𝑎𝑛𝑛(cosh 𝑛𝑛𝑛𝑛𝑛𝑛
𝑏𝑏
− tanh 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
sinh 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
) .                                        

We are looking for a solution u1of the form                       

u1(𝑥𝑥,𝑦𝑦) = ∑ 𝑎𝑎𝑛𝑛∞
𝑛𝑛=1 (cosh 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
− tanh 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
sinh 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
) sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
                                           (59)                                                              

It satisfies the boundary condition  u1(0,𝑦𝑦) = 𝑔𝑔(𝑦𝑦), 0 ≤ y ≤ b , when  

∑ 𝑎𝑎𝑛𝑛∞
𝑛𝑛=1 sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
  = 𝑔𝑔(𝑦𝑦), 0 ≤ y ≤ b , which implies that                     𝑎𝑎𝑛𝑛 =

2
𝑏𝑏 ∫ 𝑔𝑔(𝑦𝑦)𝑏𝑏

0 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑏𝑏
𝑑𝑑𝑑𝑑                                                                                      (60)                                                                                  

       Suppose now  u2(𝑥𝑥,𝑦𝑦) = 𝑋𝑋(𝑥𝑥)𝑌𝑌(𝑦𝑦) satisfies (52) and boundary condition (54). As 

before, w e have t he   equations ( 55) a nd ( 56) f or X (x) a nd Y (y) w ith t he bounda ry 

conditions Y(0)=Y(b)=0 and X(0)=0.                                                                                         

Then, 𝑌𝑌𝑛𝑛(𝑦𝑦) = sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑏𝑏

  corresponding to  𝜆𝜆 = 𝜆𝜆𝑛𝑛 = −�𝑛𝑛𝑛𝑛
𝑏𝑏
�

2
, n∈ ℕ.                                        

For X (x), 𝑋𝑋"(x) −�𝑛𝑛𝑛𝑛
𝑏𝑏
�

2
X(x)=0, X (0)=0 ,which implies  𝑋𝑋𝑛𝑛(𝑥𝑥) = 𝑏𝑏𝑛𝑛 sinh 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
 , n ∈ ℕ .                                                                                                                                

    Looking for  u2(𝑥𝑥, 𝑦𝑦) in t he form u2(𝑥𝑥,𝑦𝑦) = ∑ 𝑏𝑏𝑛𝑛∞
𝑛𝑛=1 sinh 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
sin 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
   the c ondition 

u2𝑥𝑥(𝑎𝑎,𝑦𝑦) = ℎ(𝑦𝑦) , should be satisfied, which yields      

        𝑏𝑏𝑛𝑛 = 2
𝑛𝑛𝑛𝑛

1
cosh 𝑛𝑛𝑛𝑛𝑛𝑛

𝑏𝑏
∫ ℎ(𝑦𝑦)𝑏𝑏

0 sin 𝑛𝑛𝑛𝑛𝑛𝑛
𝑏𝑏
𝑑𝑑𝑑𝑑                                                                         (61)                                                                               

Finally the solution is  u(𝑥𝑥,𝑦𝑦) = u1(𝑥𝑥,𝑦𝑦) + u2(𝑥𝑥,𝑦𝑦) , where 𝑎𝑎𝑛𝑛  and 𝑏𝑏𝑛𝑛  are determined 

by (60) and (61). 
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 2.2.2   Green’s Formulas                                                                                               

    Green’s First Formula 

         If u ∈ 𝐶𝐶2(Ω) ∩ 𝐶𝐶1( Ω), then Green’s First Formula is valid, namely 

     ∫ v𝐿𝐿u𝑑𝑑𝑑𝑑Ω = −∫ p∑ 𝜕𝜕v
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω . 𝜕𝜕u

𝜕𝜕𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑 + ∫ pv 𝜕𝜕u

𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑 + ∫ 𝑞𝑞uv𝑑𝑑𝑑𝑑Ω                             (62)        

     where 𝐿𝐿 = 𝑑𝑑𝑑𝑑𝑑𝑑(p𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔) + 𝑞𝑞  is a  d ifferential o perator f or l inear hom ogeneous 

boundary value equations of elliptic type –𝑑𝑑𝑑𝑑𝑑𝑑(p𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔u) + 𝑞𝑞u = 𝐹𝐹(𝑥𝑥)                                                                                 

                                                                                              𝛼𝛼u + 𝛽𝛽 𝜕𝜕u
𝜕𝜕𝐧𝐧 𝑆𝑆

= 0                                                  

                𝜕𝜕u
 𝜕𝜕𝐧𝐧

=  The regular normal derivative on S.                                                        

Proof. Take an arbitrary region Ω′  with a piecewise boundary 𝑆𝑆′  lying strictly inside Ω.   

 

 

 

 

       Since u∈ 𝐶𝐶2(Ω), we conclude that u∈ 𝐶𝐶2 �Ω′� and consequently,             

                     ∫ v𝐿𝐿u𝑑𝑑𝑑𝑑 = ∫ v[−𝑑𝑑𝑑𝑑𝑑𝑑(p𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔u) + 𝑞𝑞u]𝑑𝑑𝑑𝑑Ω′Ω′                         

                                 =    −∫ 𝑑𝑑𝑑𝑑𝑑𝑑(pv𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔u)𝑑𝑑𝑑𝑑 + ∫ p∑ 𝜕𝜕v
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω′Ω′ . 𝜕𝜕u

𝜕𝜕𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑 + ∫ 𝑞𝑞uv𝑑𝑑𝑑𝑑Ω .              

Employing the divergence theorem, we obtain                                         

∫ v𝐿𝐿u𝑑𝑑𝑑𝑑 = −∫ p∑ 𝜕𝜕v
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω′Ω′ . 𝜕𝜕u

𝜕𝜕𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑 + ∫ pv 𝜕𝜕u

𝜕𝜕𝐧𝐧′𝑆𝑆′ 𝑑𝑑𝑆𝑆′ + ∫ 𝑞𝑞uv𝑑𝑑𝑑𝑑.Ω′                              

       Allowing Ω′ to tend to  in this formula and using the fact that both u and v belong to 

𝐶𝐶1(Ω) ,we conclude that the limit of the right-hand side exists and ,consequently ,so does 

the limit of the left-hand side ,which proves the validity of the formula.                                                                                                                            

Remark. The integral on the left-hand side of (62) must be understood to be improper. 

 Green’s Second Formula 

  If both u and v belong to   𝐶𝐶2(Ω) ∩ 𝐶𝐶1(Ω), then Green’s Second formula is valid: 

𝑆𝑆 
Ω′ 

n’ 

S’ 
Ω 

n 

Fig. 1 
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   ∫ (v𝐿𝐿u − u𝐿𝐿v)𝑑𝑑𝑑𝑑Ω =∫ p(u 𝜕𝜕V
𝜕𝜕𝐧𝐧𝑆𝑆 − v 𝜕𝜕u

𝜕𝜕𝐧𝐧
)𝑑𝑑𝑑𝑑                                                                    (63) 

Proof.   Let us interchange u and v in Green’s first formula (62), 

∫ v𝐿𝐿u𝑑𝑑𝑑𝑑Ω = −∫ p∑ 𝜕𝜕v
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω . 𝜕𝜕u

𝜕𝜕𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑 + ∫ pv 𝜕𝜕u

𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑 + ∫ 𝑞𝑞uv𝑑𝑑𝑑𝑑Ω  , 

∫ u𝐿𝐿v𝑑𝑑𝑑𝑑Ω = −∫ p∑ 𝜕𝜕u
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω

𝜕𝜕v
𝜕𝜕𝑥𝑥𝑖𝑖

𝑑𝑑𝑑𝑑 + ∫ pu 𝜕𝜕v
𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑 + ∫ 𝑞𝑞uv𝑑𝑑𝑑𝑑Ω                                                 

Then, subtracting the second equation from the first equation, we get                          

∫ (v𝐿𝐿u − u𝐿𝐿v)𝑑𝑑𝑑𝑑Ω  =∫ p(u 𝜕𝜕v
𝜕𝜕𝐧𝐧𝑆𝑆 − V 𝜕𝜕u

𝜕𝜕𝐧𝐧
)𝑑𝑑𝑑𝑑.                                                                    

Remark: In particular, when p=1 and q=0 , Green’s formula (62) and (63) transform into 

the following formulas:                                                                                            

 ∫ vΔu𝑑𝑑𝑑𝑑Ω = −∫ ∑ 𝜕𝜕v
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω . 𝜕𝜕u

𝜕𝜕𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑 + ∫ v 𝜕𝜕u

𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑                            (64)        

                             ∫ (vΔu − uΔv)𝑑𝑑𝑑𝑑Ω  =∫ (v 𝜕𝜕u
𝜕𝜕𝐧𝐧𝑆𝑆 − u 𝜕𝜕v

𝜕𝜕𝐧𝐧
)𝑑𝑑𝑑𝑑                                               (65)                              

2.2.3 Harmonic Functions                                                                                   

Definition. A real-valued function u(x) of the class 𝐶𝐶2(Ω) is called harmonic in a region  

Ω if it satisfies the Laplace equation Δu=0 in Ω.                                                                           

      For n=1 harmonic functions are simply l inear functions and are of no i nterest to the 

theory. For this reason we will always assume that n≥2.                                       

Examples                                                                                                                                   

1) Let 𝑎𝑎 ∈ ℝ𝑛𝑛  𝑎𝑎𝑎𝑎𝑎𝑎 u(𝑥𝑥) = 𝑎𝑎. 𝑥𝑥 ,𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥 ∈ ℝ𝑛𝑛 . 

Solution.   u(𝑥𝑥) = 𝑎𝑎. 𝑥𝑥 = 𝑎𝑎1𝑥𝑥1 + 𝑎𝑎2𝑥𝑥2 + 𝑎𝑎3𝑥𝑥3 + ⋯+ ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛 .                                     

        Then , u𝑥𝑥𝑖𝑖(𝑥𝑥) = 𝑎𝑎𝑖𝑖 ,𝑎𝑎𝑎𝑎𝑎𝑎 u𝑥𝑥𝑖𝑖𝑥𝑥𝑖𝑖(𝑥𝑥) = 0.                                                        

Therefore, Δu(𝑥𝑥) = ∑ u𝑥𝑥𝑖𝑖𝑥𝑥𝑖𝑖
𝑛𝑛
𝑖𝑖=1 (𝑥𝑥) = 0. Hence u is a harmonic function. 

2) Let u(x)=𝑒𝑒𝑥𝑥1  +𝑥𝑥2+⋯+𝑥𝑥𝑛𝑛−1  sin(√𝑛𝑛 − 1 𝑥𝑥𝑛𝑛) .Show that u is harmonic. 

Proof.     u𝒙𝒙𝒊𝒊 = 𝑒𝑒𝑥𝑥1  +𝑥𝑥2+⋯+𝑥𝑥𝑛𝑛−1  sin(√𝑛𝑛 − 1 𝑥𝑥𝑛𝑛) , for i=1,2,…,n-1 

   u𝒙𝒙𝒊𝒊𝒙𝒙𝒊𝒊 = 𝑒𝑒𝑥𝑥1  +𝑥𝑥2+⋯+𝑥𝑥𝑛𝑛−1  sin(√𝑛𝑛 − 1 𝑥𝑥𝑛𝑛) , for i=1,2,…,n-1 

   u𝒙𝒙𝒏𝒏 = √𝑛𝑛 − 1𝑒𝑒𝑥𝑥1  +𝑥𝑥2+⋯+𝑥𝑥𝑛𝑛−1  cos(√𝑛𝑛 − 1 𝑥𝑥𝑛𝑛) 
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   u𝒙𝒙𝒏𝒏𝒙𝒙𝒏𝒏 = −(𝑛𝑛 − 1)𝑒𝑒𝑥𝑥1  +𝑥𝑥2+⋯+𝑥𝑥𝑛𝑛−1  sin(√𝑛𝑛 − 1 𝑥𝑥𝑛𝑛) 

 Then, Δu(𝑥𝑥) = ∑ u𝒙𝒙𝒊𝒊𝒙𝒙𝒊𝒊 =𝑛𝑛
𝑖𝑖=1 ∑ u𝒙𝒙𝒊𝒊𝒙𝒙𝒊𝒊

𝑛𝑛−1
𝑖𝑖=1 + u𝒙𝒙𝒏𝒏𝒙𝒙𝒏𝒏 

= (𝑛𝑛 − 1)𝑒𝑒𝑥𝑥1  +𝑥𝑥2+⋯+𝑥𝑥𝑛𝑛−1  sin(√𝑛𝑛 − 1 𝑥𝑥𝑛𝑛)−(𝑛𝑛 − 1)𝑒𝑒𝑥𝑥1  +𝑥𝑥2+⋯+𝑥𝑥𝑛𝑛−1  sin(√𝑛𝑛 − 1 𝑥𝑥𝑛𝑛) = 0     

Hence, u is harmonic in ℝ𝑛𝑛 .                                                                                                          

Remark. Let an elliptic type of boundary value problem is given. Then, the solution of 

the problem can be stated as shown below.    

      If u∈ 𝐶𝐶2(Ω) and u (x) = 0, 𝑥𝑥 ∉  Ω , t hen for 𝑥𝑥 ∉ 𝑆𝑆 we h ave G reen’s f ormula :          

u(x) = 1
(𝑛𝑛−2)𝜎𝜎𝑛𝑛

∫ Δu(y)
|x−y|n−2Ω 𝑑𝑑𝑑𝑑 + 1

(𝑛𝑛−2)𝜎𝜎𝑛𝑛
∫ [ 1

|𝑥𝑥−𝑦𝑦 |𝑛𝑛−2𝑆𝑆
𝜕𝜕u(𝑦𝑦)
𝜕𝜕𝐧𝐧

− u(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦

1
|𝑥𝑥−𝑦𝑦 |𝑛𝑛−2]𝑑𝑑𝑑𝑑 ,𝑛𝑛 ≥ 3;              

u(x)=−1
2Π ∫ Δu(𝑦𝑦)𝑙𝑙𝑙𝑙 1

|𝑥𝑥−𝑦𝑦 |
𝑑𝑑𝑑𝑑 + 1

2ΠΩ ∫ [𝑙𝑙𝑙𝑙 1
|𝑥𝑥−𝑦𝑦 |𝑆𝑆

𝜕𝜕u(𝑦𝑦)
𝜕𝜕𝐧𝐧

− u(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦

𝑙𝑙𝑙𝑙 1
|𝑥𝑥−𝑦𝑦 |

]𝑑𝑑𝑆𝑆𝑦𝑦  ,𝑛𝑛 = 2    (66) 

     where 𝜎𝜎𝑛𝑛  is the surface area of a unit sphere in ℝ𝑛𝑛 :  𝜎𝜎𝑛𝑛 = ∫ 𝑑𝑑𝑑𝑑 = 2𝜋𝜋
𝑛𝑛

2�

Γ(𝑛𝑛 2 � )𝑆𝑆1
  is an 

Eulerian integral of first kind and Γ(𝑧𝑧) = ∫ 𝑒𝑒−𝑡𝑡𝑡𝑡𝑧𝑧−1𝑑𝑑𝑑𝑑∞
0  is the gamma function.                                                                                                      

       For a  f unction u  belonging t o 𝐶𝐶1(Ω) that i s ha rmonic i n Ω, Green’s f ormula ( 66) 

transforms to                                                                                                                              

            u(x)= 1
(𝑛𝑛−2)𝜎𝜎𝑛𝑛

∫ [ 1
|𝑥𝑥−𝑦𝑦 |𝑛𝑛−2𝑆𝑆

𝜕𝜕u(𝑦𝑦)
𝜕𝜕𝐧𝐧

− u(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦

1
|𝑥𝑥−𝑦𝑦 |𝑛𝑛−2]𝑑𝑑𝑆𝑆𝑦𝑦  ,𝑛𝑛 ≥ 3 ;                    

           u(x) = 1
2Π ∫ 𝑙𝑙𝑙𝑙 1

|𝑥𝑥−𝑦𝑦 |
𝜕𝜕u(𝑦𝑦)
𝜕𝜕𝐧𝐧𝑆𝑆 − u(𝑦𝑦) 𝜕𝜕

𝜕𝜕𝐧𝐧𝑦𝑦
𝑙𝑙𝑙𝑙 1

|𝑥𝑥−𝑦𝑦 |
]𝑑𝑑𝑆𝑆𝑦𝑦  ,𝑛𝑛 = 2                                ( 67)

                                                                  The Theorem of the Mean Value                                                                                 

We will first prove the following proposition:                                                                                                               

Proposition. If a  f unction u  is harmonic in  a  region Ω belongs t o 𝐶𝐶1(Ω ), t hen 

                          ∫ 𝜕𝜕u
𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑 = 0                                                                                           (68)                                                                                            

Proof.  Consider the Green’s First Formula (64):                                                  

 ∫ vΔu𝑑𝑑𝑑𝑑Ω  = −∫ ∑ 𝜕𝜕v
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω . 𝜕𝜕u

𝜕𝜕𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑 +∫ v 𝜕𝜕u

𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑  at v=1.                                                                                                 

Then, ∫ 1.Δu𝑑𝑑𝑑𝑑Ω  =−∫ ∑ 𝜕𝜕1
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω . 𝜕𝜕u

𝜕𝜕𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑 +∫ 1. 𝜕𝜕u

𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑                                                 
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⇒ 0=∫ 𝜕𝜕u
𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑 , since Δu = 0 in  Ω  and 𝜕𝜕1

𝜕𝜕𝑥𝑥𝑖𝑖
= 0.                                                              

Therefore,  ∫ 𝜕𝜕u
𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑 = 0. 

Mean Value Theorem If a function u(x) is harmonic in the ball  U𝑅𝑅   and continuous on  

U𝑅𝑅 , then its value at the center of the ball is its mean value over the sphere  𝑆𝑆𝑅𝑅 , given by    

u(0)= 1
𝜎𝜎𝑛𝑛𝑅𝑅𝑛𝑛−1 ∫ u(𝑦𝑦)𝑑𝑑𝑑𝑑𝑆𝑆𝑅𝑅

                                                                                                   (69) 

Proof.  Let us  a pply Green’s formula ( 67) a t t he poi nt x= 0 t o an a rbitrary ba ll           

                 |𝑥𝑥| < 𝜌𝜌 ,𝜌𝜌 < 𝑅𝑅 , 𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛 ≥ 3. 

 u(x)= 1
(𝑛𝑛−2)𝜎𝜎𝑛𝑛

∫ [ 1
|𝑥𝑥−𝑦𝑦 |𝑛𝑛−2𝑆𝑆

𝜕𝜕u(𝑦𝑦)
𝜕𝜕𝐧𝐧

− u(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦

1
|𝑥𝑥−𝑦𝑦 |𝑛𝑛−2]𝑑𝑑𝑆𝑆𝑦𝑦  ,𝑛𝑛 ≥ 3. 

Then, u(0) = 1
(𝑛𝑛−2)𝜎𝜎𝑛𝑛

∫ [ 1
𝜌𝜌𝑛𝑛−2𝑆𝑆𝜌𝜌

𝜕𝜕u(𝑦𝑦)
𝜕𝜕𝐧𝐧

− u(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦

1
|𝑦𝑦 |𝑛𝑛−2]𝑑𝑑𝑆𝑆𝑦𝑦   ,𝑛𝑛 ≥ 3  , since  |𝑦𝑦| = 𝜌𝜌 < 𝑅𝑅. 

                      = 1
(𝑛𝑛−2)𝜎𝜎𝑛𝑛

[ 1
𝜌𝜌𝑛𝑛−2 ∫

𝜕𝜕u(𝑦𝑦)
𝜕𝜕𝐧𝐧𝑆𝑆𝜌𝜌

𝑑𝑑𝑆𝑆𝑦𝑦  − ∫ u(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦

1
|𝑦𝑦 |𝑛𝑛−2]𝑑𝑑𝑆𝑆𝑦𝑦  𝑆𝑆𝜌𝜌

] 

                        = −1
(𝑛𝑛−2)𝜎𝜎𝑛𝑛

∫ u(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦

1
|𝑦𝑦 |𝑛𝑛−2 𝑑𝑑𝑆𝑆𝑦𝑦  𝑆𝑆𝜌𝜌

  , by equation (68) 

                         =   −1
(𝑛𝑛−2)𝜎𝜎𝑛𝑛

 ∫ u(𝑦𝑦).𝐷𝐷𝑦𝑦 |𝑦𝑦|2−𝑛𝑛 .𝐧𝐧𝑦𝑦𝑑𝑑𝑆𝑆𝑦𝑦  𝑆𝑆𝜌𝜌
 , by divergence Theorem. 

                          =  −1
(𝑛𝑛−2)𝜎𝜎𝑛𝑛

 ∫ u(𝑦𝑦). (2 − 𝑛𝑛)|𝑦𝑦|1−𝑛𝑛 . 𝑦𝑦
|𝑦𝑦 |

. 𝑦𝑦
|𝑦𝑦 |

𝑑𝑑𝑆𝑆𝑦𝑦  𝑆𝑆𝜌𝜌
 , since  𝐧𝐧𝑦𝑦 = 𝑦𝑦

|𝑦𝑦 |
 

                         = −1
(𝑛𝑛−2)𝜎𝜎𝑛𝑛

 ∫ u(𝑦𝑦). (2 − 𝑛𝑛) |𝑦𝑦 |1−𝑛𝑛

|𝑦𝑦 |2 . |𝑦𝑦|2𝑑𝑑𝑆𝑆𝑦𝑦  𝑆𝑆𝜌𝜌
 

                         =  1
𝜎𝜎𝑛𝑛

 ∫ u(𝑦𝑦). 1
|𝑦𝑦 |𝑛𝑛−1 𝑑𝑑𝑆𝑆𝑦𝑦  𝑆𝑆𝜌𝜌

 

                           =  1
𝜎𝜎𝑛𝑛𝜌𝜌𝑛𝑛−1

 ∫ u(𝑦𝑦)𝑑𝑑𝑆𝑆𝑦𝑦  𝑆𝑆𝜌𝜌
 , since  |𝑦𝑦| = 𝜌𝜌 

  Since u(x) is continuous on the closed ball  U𝑅𝑅 , the equation is valid as  𝜌𝜌 → 𝑅𝑅.  Hence, 

u(0) =  1
𝜎𝜎𝑛𝑛𝑅𝑅𝑛𝑛−1 ∫ u(𝑦𝑦)𝑑𝑑𝑑𝑑𝑆𝑆𝑅𝑅

. The case with n=2 can be considered in a similar   manner. 
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 The Maximum Principle                                                                                         

Theorem If u(x) is no n-constant harmonic function in a  bounde d region Ω and 

continuous on  Ω , then it c annot assu me i ts m inimum and m aximum i n  Ω , 

i.e.min𝑥𝑥∈𝑆𝑆 u(𝑥𝑥) < u(𝑥𝑥) < max𝑥𝑥∈𝑆𝑆 u(𝑥𝑥) , 𝑥𝑥 ∈  Ω                                                           (70) 

Proof 

                                                                                                                                    

 

                                                                                                                                                                    

 

                                                                                               

Assume u(x) assumes its maximum value at a certain point  𝑥𝑥0 ∈ Ω :                                      

                 𝑀𝑀 = u(𝑥𝑥0) = max𝑥𝑥∈Ω� u(𝑥𝑥)                           (71)                                                      

Since 𝑥𝑥0 is an interior point of Ω, there is a ball U(𝑥𝑥0, 𝑟𝑟0) of largest radius 𝑟𝑟0 contained in 

Ω We w ill p rove that u (X)≡ 𝑀𝑀 , 𝑥𝑥 ∈ U(𝑥𝑥0, 𝑟𝑟0)                     (72)                                                       

It f ollows f rom (7 1) th at u(𝑥𝑥) ≤ 𝑀𝑀 = u(𝑥𝑥0), 𝑥𝑥 ∈  U(𝑥𝑥0, 𝑟𝑟0)          (73)                                              

If a t a point 𝑥𝑥′ ∈ U(𝑥𝑥0, 𝑟𝑟0) we were to f ind that u(𝑥𝑥′) < 𝑀𝑀, then due to continuity, we 

would ha ve u(x) < M i n a  neighborhood u𝑥𝑥′  of poi nt x′ . But t hen, a pplying t he mean 

value f ormula (69) to t he s phere  𝑆𝑆(𝑥𝑥0,𝜌𝜌),with 𝜌𝜌 = |𝑥𝑥′ − 𝑥𝑥0|, and us ing t he inequality 

(73) and the fact that u(x) <M when x∈ u𝑥𝑥′  ,we obtain                                       

u(𝑥𝑥0) = 1
𝜎𝜎𝑛𝑛𝜌𝜌𝑛𝑛−1

∫ u(𝑥𝑥)𝑑𝑑𝑑𝑑 < 𝑀𝑀
𝜎𝜎𝑛𝑛𝜌𝜌𝑛𝑛−1𝑆𝑆(𝑥𝑥0,,𝜌𝜌) ∫ 𝑑𝑑𝑑𝑑 = 𝑀𝑀𝑆𝑆(𝑥𝑥0,𝜌𝜌) , which contradicts ( 71).This 

proves the validity of (72). 

      Let us  now t ake a n a rbitrary point 𝑥𝑥1 ∈ Ω lying on t he b oundary of  t he ba ll 

U(𝑥𝑥0, 𝑟𝑟0).By what has been proved, u (𝑥𝑥1) =M. Applying the previous agreements to the  

𝑥𝑥1 , we conclude that u(x)  ≡M in the largest ball  U(𝑥𝑥1, 𝑟𝑟1) ⊂ Ω , and so on. By virtue of 

the H eine-Borel le mma, the e ntire region Ω will be t hus e xhausted in n o m ore t han a 

finite num ber of  s teps a nd, he nce, u(x) ≡M,x∈ Ω,contrary t o t he a ssumption.                

 

 

 

 

 

 

Ω 
𝑥𝑥1 

𝑟𝑟1 

𝜌𝜌 

𝑟𝑟0 

𝑥𝑥0 

x’ 

𝑢𝑢𝑥𝑥′  

S 

Fig. 2 
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     This c ontradiction s hows t hat our  or iginal s upposition is  invalid –the f unction u (x) 

cannot assume its maximum value in Ω. Replacing u by –u, we conclude that u(x) cannot 

assume its minimal value in Ω.                                                                                 

Remark. It f ollows f rom th is T heorem t hat a  ha rmonic f unction c an ha ve no  l ocal 

maxima or  m inima i nside a  r egion. 

                                                                       Corollaries of the Maximum 

Principle                                                                             a) If the function u ∈ 𝐶𝐶(Ω) 

is harmonic in    , then                                             |u(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆|u(𝑥𝑥)|, 

x∈ Ω                                                                                (74)                                                                                     

For one, if u=0 on S, then u(x) ≡ 0,  𝑥𝑥 ∈ Ω.                                                                       

Proof.  From (70), we have min𝑥𝑥∈𝑆𝑆 u(𝑥𝑥) < u(𝑥𝑥) < max𝑥𝑥∈𝑆𝑆 u(𝑥𝑥) , 𝑥𝑥 ∈  Ω.       

Then,±u(𝑥𝑥) ≤ max𝑥𝑥∈𝑆𝑆 ±u(𝑥𝑥) ≤ max𝑥𝑥∈𝑆𝑆|u(𝑥𝑥)|, x∈ Ω.                                         

Hence,|u(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆|u(𝑥𝑥)|, x∈ Ω.                                                                                        

    Note that we say that a(generalized)function u(x) is continuous at infinity and assumes 

the value a t here, u(∞) = 𝑎𝑎,if it is continuous outside a ball and tends to a as |𝑥𝑥| → ∞.   

b) I f t he f unction u ∈ 𝐶𝐶(Ω1) is ha rmonic i n Ω1 = ℝ𝑛𝑛 ∖ Ω and   u(∞) = 0 , then                                                 

|u(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆|u(𝑥𝑥)|, x∈ Ω1                                                                                     (75)                                                                       

For one, if u=0 on S and   u(∞) = 0, then u(x) ≡ 0, x∈ Ω1 

            Proof 

 

 

                                                                                                                                                                          

Let the ball 𝑈𝑈𝑅𝑅 contain   Ω. Then   𝑆𝑆 ∪ 𝑆𝑆𝑅𝑅  is the boundary of the region  𝑄𝑄𝑅𝑅 = Ω1 ∩ 𝑈𝑈𝑅𝑅 . 

Applying (74) to this, we find that   

 |u(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆∪𝑆𝑆𝑅𝑅 |u(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆|u(𝑥𝑥)| + max𝑥𝑥∈𝑆𝑆𝑅𝑅 |u(𝑥𝑥)| , 𝑥𝑥 ∈ 𝑄𝑄𝑅𝑅 .                                                                                                                   

Since by assumption   u(∞) = 0, we find that   max𝑥𝑥∈𝑆𝑆𝑅𝑅 |u(𝑥𝑥)| → 0 𝑎𝑎𝑎𝑎 𝑅𝑅 → ∞.   

Therefore, |u(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆|u(𝑥𝑥)|  , x∈ Ω1.                                                                                 

c) I f the f unctions u1, u2, …that a re h armonic in a  r egion Ω and c ontinuous on  Ω  

O 

Ω 

n 

S 

𝑈𝑈𝑅𝑅  

R 
𝑄𝑄𝑅𝑅  

Ω1 𝑆𝑆𝑅𝑅  

Fig. 3 
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constitute a sequence that is uniformly convergent on t he boundary S, i t also converges 

uniformly on   Ω.                                                                                                                       

Proof   From (74) we have   |u(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆|u(𝑥𝑥)|,   x∈ Ω.                                              

Then, �u𝑝𝑝(𝑥𝑥) − u𝑞𝑞(𝑥𝑥)� ≤ max𝑥𝑥∈𝑠𝑠�u𝑝𝑝(𝑥𝑥) − u𝑞𝑞(𝑥𝑥)� → 0 , 𝑝𝑝, 𝑞𝑞 → ∞, 𝑥𝑥 ∈ Ω                   (76) 

 UGeneralized Harmonic Functions                                                           

Definition. The real-valued continuous function u(x) is said to be generalized harmonic 

in a region Ω if it satisfies Laplace’s equation in the region, i.e.                     

(∆u,𝜑𝜑) = ∫ u(𝑥𝑥)Δ𝜑𝜑𝜑𝜑𝜑𝜑 = 0 ,𝜑𝜑 ∈ 𝐷𝐷(Ω)                                                                         (77)                                         

 UAn Analog of Liouville’s Theorem                                                                      

The following Theorem, which is similar to Liouville’s Theorem for analytic functions, is 

valid for harmonic functions in the entire space   ℝ𝑛𝑛 .                                                      

Theorem: If u ∈ 𝑆𝑆′ satisfies Laplace’s equation in the entire space   ℝ𝑛𝑛  , then u is a  

polynomial.                                                                                                                             

Proof.  Applying the Fourier transform of a derivative (7) to the equation  ∆u = 0 , we 

obtain the following:                                                                                                      

ℱ[∆u](𝜉𝜉) = (−𝑖𝑖𝑖𝑖)2ℱ[u](𝜉𝜉) = 𝑖𝑖2(𝜉𝜉)2ℱ[u](𝜉𝜉) = −|𝜉𝜉|2ℱ[u](𝜉𝜉) = 0. 

     ⟹ℱ[u] = 0 , 𝜉𝜉 ≠ 0 ,i.e. either ℱ[u] = 0 or supp ℱ[u] is point {0}.                                      

But, by using equation (1) , ℱ[u] can be represented by the expansion                                                             

ℱ[u](𝜉𝜉) = ∑ 𝐶𝐶𝛼𝛼𝐷𝐷𝛼𝛼𝛿𝛿(𝜉𝜉)𝑚𝑚
|𝛼𝛼|=0                                                                                          (78)                                                            

from w hich it f ollows th at u  is a  p olynomial.  

                                                                   The Behavior of a Harmonic function 

at Infinity                                                  Theorem Suppose t hat t he function u(x) is  

harmonic outside the ball   U𝑅𝑅  and, as   |𝑥𝑥| → ∞  , u (x) = o ( 1) (𝑛𝑛 ≥ 3) or 

u(x)=O(1) (n=2).Then       𝐷𝐷𝛼𝛼u(𝑥𝑥) = 𝑂𝑂 � 1
|𝑥𝑥|𝑛𝑛−2+|𝛼𝛼 |� , |𝑥𝑥| → ∞ , 𝑖𝑖𝑖𝑖𝑖𝑖 ≥ 3                            

(79)                                        But, i f n=2, then l imu(x)=a ,  |𝑥𝑥| → ∞, 𝐷𝐷𝛼𝛼u(𝑥𝑥) =

𝑂𝑂 � 1
|𝑥𝑥|1+|𝛼𝛼 |� , |𝑥𝑥| → ∞ , (|𝛼𝛼| ≥ 1). 
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 CHAPTER-3: BOUNDARY VALUE PROBLEMS FOR ELLIPTIC 

 EQUATION WITH CONSTANT COEFFICIENT IN  ℝ𝟑𝟑   . 

     3.1: STATEMENT OF THE MAIN BOUNDARY VALUE PROBLEMS 

        Laplace’s equation, ∆u = 0, which  is the elliptic e quation oc curring m ost 

frequently in physical problem. It is also called as the potential equation.                                       

       We w ill s tudy t he f ollowing f our boundary va lue problems of  t he f irst a nd s econd 

kinds for the three-dimensional Laplace’s equation and Poisson’s equation and we will 

take a region Ω such that Ω1 = ℝ3\Ω  is a    region. 

a) The interior Dirichlet  problem: To find a function u ∈ 𝐶𝐶(Ω) that is harmonic in 

Ω and  assumes prescribed (continuous) values u0
− on S  ,we denote as               

                                (IDP):   �Δu = 0 𝑖𝑖𝑖𝑖 Ω
u = u0

− 𝑜𝑜𝑜𝑜𝑜𝑜
�                 

b) The exterior Dirichlet problem: To find a function u ∈ 𝐶𝐶(Ω1)  that is harmonic 

in  Ω1 and assumes p rescribed (continuous) v alues u0
+ on S a nd va nishes a t 

infinity, we denote as  (EDP): �
Δu = 0 𝑖𝑖𝑖𝑖 Ω1
u = u0

+ 𝑜𝑜𝑜𝑜𝑜𝑜
�                                                                                

Example                                                                                                                          

The problem of finding the distribution of temperature within a body in the steady 

state when each point of its surface is kept at a prescribed steady temperature is an 

interior Dirichlet problem ,while that of determining the distribution of potential 

outside a b ody w hose su rface p otential i s p rescribed i s a n exterior D irichlet 

problem. 

c) The interior Neumann problem: To find a function u ∈ 𝐶𝐶(Ω) that is harmonic 

in  and which has a prescribed (continuous) regular normal derivative   u1
− on S, 

we denote by  (INP): �
Δu = 0 𝑖𝑖𝑖𝑖 Ω
𝜕𝜕u
𝜕𝜕𝐧𝐧

= u1
− 𝑜𝑜𝑜𝑜𝑜𝑜

� 

d) The exterior Neumann problem:  To find a function u ∈ 𝐶𝐶(Ω1) that is harmonic 

in Ω1and which has a prescribed (continuous) regular normal derivative   u1
+      
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(an inward normal) and vanishes at infinity , we denote by                    

                             (ENP):      �
Δu = 0 𝑖𝑖𝑖𝑖 Ω1
𝜕𝜕u
𝜕𝜕𝐧𝐧

= u1
+ 𝑜𝑜𝑜𝑜𝑜𝑜

� 

            In a similar way, we can formulate the following four boundary value problems  

of the first and second kinds for the three-dimensional Poisson’s equation Δu = −𝑓𝑓. 

a) The interior Dirichlet  problem: To f ind a  function u ∈ 𝐶𝐶2(Ω) ∩ 𝐶𝐶(Ω) that is  

Δu = −𝑓𝑓 𝑖𝑖𝑖𝑖 Ω   and which assumes prescribed (continuous) values u0
− on S (the 

boundary of Ω). 

b) The exterior Dirichlet problem: To find a function u ∈ 𝐶𝐶2(Ω1) ∩ 𝐶𝐶(Ω1)  that is 

Δu = −𝑓𝑓  in  Ω1 and which assumes prescribed (continuous) values u0
+ on S and 

vanishes at infinity. i.e.u(∞) = 0. 

c) The interior Neumann problem: To f ind a  function u ∈ 𝐶𝐶2(Ω) ∩ 𝐶𝐶(Ω) that is  

Δu = −𝑓𝑓 𝑖𝑖𝑖𝑖 Ω  and which has a prescribed (continuous) regular normal derivative   

u1
− on S . 

d) The exterior Neumann problem:  To find a function u ∈ 𝐶𝐶2(Ω1) ∩ 𝐶𝐶(Ω1)  that 

is Δu = −𝑓𝑓  in  Ω1 and which has a prescribed (continuous) regular normal derivative   

u1
+ on S(an inward normal) and vanishes at infinity. 

    3.2:Uniqueness Theorems for the Solution of the Boundary Value Problems. 

      Let us  pr ove f our uni queness theorems f or t he s olution of  t he boundary va lue 

problems formulated in sec.3.1. 

Theorem 1 The s olution of  P oisson’s e quation i s uni que i n t he c lass of  ge neralized 

functions that vanish at infinity.                                                                                             

Proof.   Let u be the solution of the Poisson’s equation. It is sufficient to establish that 

Laplace’s equation has a zero solution in the class of generalized functions that vanish at 

infinity. By the analog of Liouville’s Theorem (78), if u∈S’ satisfies Laplace’s equation 

in t he entire sp ace  ℝ𝑛𝑛 , then u  is a  polynomial. A nd, since t he g eneralized f unction 

vanishes at infinity, the Poisson’s equation becomes the Laplace’s equation Δu = 0 .Then 

,u is unique ,since a polynomial has a unique solution. 
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 Theorem 2 The s olution of  t he interior ( exterior) D irichlet pr oblem i s uni que a nd 

depends continuously on the boundary value   u0
−(u0

+)  in the following sense:                  

if �u0
± − u0

±�� ≤ 𝜀𝜀 on S , then t he c orresponding s olutions u and u�  satisfy t he est imate 

    |u(𝑥𝑥) − u�(𝑥𝑥)| ≤ 𝜀𝜀 , 𝑥𝑥 ∈ Ω  (𝑥𝑥 ∈ Ω1)                                                                           (80) 

Proof . Applying the inequality (74):  |u(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆|u(𝑥𝑥)|, x∈ Ω  and (75):    

|u(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆|u(𝑥𝑥)|, x∈ Ω1 ,to the harmonic function u − u�  ,we obtain the following                                                                                                                            

|u(𝑥𝑥) − u�(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆 �u0
∓(𝑥𝑥) − u0

∓�(𝑥𝑥)�  , 𝑥𝑥 ∈ Ω  (𝑥𝑥 ∈ Ω1) .That is,                         

since if   �u0
± − u0

±�� ≤ 𝜀𝜀  on S, we have                                                                

|u(𝑥𝑥) − u�(𝑥𝑥)| ≤ max𝑥𝑥∈𝑆𝑆 �u0
∓(𝑥𝑥) − u0

∓�(𝑥𝑥)� ≤ 𝜀𝜀  , 𝑥𝑥 ∈ Ω  (𝑥𝑥 ∈ Ω1).                           

Hence,  |u(𝑥𝑥) − u�(𝑥𝑥)| ≤ 𝜀𝜀, 𝑥𝑥 ∈ Ω  (𝑥𝑥 ∈ Ω1). 

Theorem 3 If S  i s a  s ufficiently s mooth s urface, t he solution of  t he interior N eumann 

problem is defined to within an arbitrary constant term. The necessary condition for the 

solvability of this problem is   ∫ u−𝑆𝑆 (𝑥𝑥)𝑑𝑑𝑑𝑑 + ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 = 0Ω                                      (81) 

Proof. If u  and u�  are t wo s olutions of  t he interior N eumann pr oblem, its d ifference 

𝜂𝜂 ∈ 𝐶𝐶(Ω�)  is a  ha rmonic function i n Ω and h as a  z ero r egular nor mal de rivative on S.  

Applying G reen’s f ormula ( 64) : ∫ vΔu𝑑𝑑𝑑𝑑Ω  = −∫ ∑ 𝜕𝜕v
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω . 𝜕𝜕u

𝜕𝜕𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑 +∫ v 𝜕𝜕u

𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑  for 

u=v=𝜂𝜂 , we obtain  ∫ 𝜂𝜂Δ𝜂𝜂𝜂𝜂𝜂𝜂 =Ω − ∫ ∑ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω . 𝜕𝜕𝜕𝜕

𝜕𝜕𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑 +∫ 𝜂𝜂 𝜕𝜕𝜕𝜕

𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑 

⟹ 0 = −∫ ∑ �𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖
�

2
𝑛𝑛
𝑖𝑖=1Ω + ∫ 𝜂𝜂 𝜕𝜕𝜕𝜕

𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑 , since  𝜂𝜂 is harmonic in Ω i.e. Δ𝜂𝜂 = 0                

⟹ ∫ |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|2
Ω 𝑑𝑑𝑑𝑑 = ∫ 𝜂𝜂 𝜕𝜕𝜕𝜕

𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑 , since ∑ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1 = 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔                                                   

⟹ ∫ |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|2
Ω 𝑑𝑑𝑑𝑑 = 0 , since  𝜂𝜂 has a  z ero r egular nor mal de rivative o n S .                          

⟹ 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 = 0 , 𝑥𝑥 ∈ Ω. Hence,     𝜂𝜂= u − u�  =const.                                                            

        The necessity condition for the solvability of the interior Neumann problem follows 

from the formula (65):   ∫ (vΔu − uΔv)𝑑𝑑𝑑𝑑Ω  =∫ (v 𝜕𝜕u
𝜕𝜕𝐧𝐧𝑆𝑆 − u 𝜕𝜕v

𝜕𝜕𝜕𝜕
)𝑑𝑑𝑑𝑑  for v=1.                   

Thus, ∫ Δu𝑑𝑑𝑑𝑑 = ∫ 𝜕𝜕u
𝜕𝜕𝐧𝐧𝑆𝑆Ω 𝑑𝑑𝑑𝑑.                                                                                                 
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If u is the solution of this problem, we have  ∫ −𝑓𝑓𝑓𝑓𝑓𝑓 = ∫ u1
−

𝑆𝑆Ω 𝑑𝑑𝑑𝑑   by equation (20) and 

definition of the interior Neumann problem.                                                                         

Hence,∫ u−𝑆𝑆 (𝑥𝑥)𝑑𝑑𝑑𝑑 + ∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 = 0Ω , (since u−(𝑥𝑥) = u1
−(𝑥𝑥)  on S. ) 

Theorem 4 If S  i s a  sufficiently smooth s urface t he s olution of  exterior N eumann 

problem is unique. 

Proof. Let u  and u�  be t wo s olutions of  t he exterior N eumann pr oblem. T hen t heir 

difference 𝜂𝜂 ∈ 𝐶𝐶(Ω1����)  is a harmonic function in Ω1����  , has a zero regular normal derivative 

on S, and vanishes at infinity.                                                                                                     

By Theorem (79)  𝜂𝜂 satisfies the following inequalities:                         

                    |𝜂𝜂(𝑥𝑥)| < 𝑐𝑐
|𝑥𝑥|

 , |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥)| < 𝑐𝑐1
|𝑥𝑥|2  , 𝑥𝑥 → ∞                                          (82) 

Applying G reen’s f ormula ( 64): ∫ vΔu𝑑𝑑𝑑𝑑Ω  = −∫ ∑ 𝜕𝜕v
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1Ω . 𝜕𝜕u

𝜕𝜕𝑥𝑥𝑖𝑖
𝑑𝑑𝑑𝑑 +∫ v 𝜕𝜕u

𝜕𝜕𝐧𝐧𝑆𝑆 𝑑𝑑𝑑𝑑  for 

u=v=𝜂𝜂 to the region 𝑄𝑄𝑅𝑅=Ω1 ∩ 𝑈𝑈𝑅𝑅   , we obtain            

∫ 𝜂𝜂Δ𝜂𝜂𝜂𝜂𝜂𝜂 = −∫ ∑ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑛𝑛
𝑖𝑖=1𝑄𝑄𝑅𝑅𝑄𝑄𝑅𝑅

. 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑑𝑑𝑑𝑑 + ∫ 𝜂𝜂 𝜕𝜕𝜕𝜕
𝜕𝜕𝐧𝐧𝑇𝑇 𝑑𝑑𝑑𝑑 , w here  𝑇𝑇 = 𝑆𝑆 ∪ 𝑆𝑆𝑅𝑅  , is t he boundary 

of region 𝑄𝑄𝑅𝑅                                                     

⟹ 0 = −∫ ∑ �𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖
�

2
𝑛𝑛
𝑖𝑖=1𝑄𝑄𝑅𝑅

𝑑𝑑𝑑𝑑 + ∫ 𝜂𝜂 𝜕𝜕𝜕𝜕
𝜕𝜕𝐧𝐧𝑇𝑇 𝑑𝑑𝑑𝑑   , since   𝜂𝜂 is harmonic in  Ω1  i.e. Δ𝜂𝜂 = 0.                             

⟹ ∫ |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|2
𝑄𝑄𝑅𝑅

𝑑𝑑𝑑𝑑 = ∫ 𝜂𝜂 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝑆𝑆 𝑑𝑑𝑑𝑑 + ∫ 𝜂𝜂 𝜕𝜕𝜕𝜕

𝜕𝜕𝐧𝐧𝑆𝑆𝑅𝑅
𝑑𝑑𝑑𝑑 , 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∑ 𝜕𝜕𝜕𝜕

𝜕𝜕𝑥𝑥𝑖𝑖
𝑛𝑛
𝑖𝑖=1 = 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 𝑎𝑎𝑎𝑎𝑎𝑎 𝑇𝑇 = 𝑆𝑆 ∪

𝑆𝑆𝑅𝑅 . 

⟹ ∫ |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|2
𝑄𝑄𝑅𝑅

𝑑𝑑𝑑𝑑 = ∫ 𝜂𝜂 𝜕𝜕𝜕𝜕
𝜕𝜕𝐧𝐧𝑆𝑆𝑅𝑅
𝑑𝑑𝑑𝑑, since 𝜂𝜂 has a zero regular normal derivative on S  (83)                                                            

But,  �∫ 𝜂𝜂 𝜕𝜕𝜕𝜕
𝜕𝜕𝐧𝐧𝑆𝑆𝑅𝑅
𝑑𝑑𝑑𝑑� ≤ ∫ |𝜂𝜂|𝑆𝑆𝑅𝑅

�𝜕𝜕𝜕𝜕
𝜕𝜕𝐧𝐧
� 𝑑𝑑𝑑𝑑 ≤ ∫ |𝜂𝜂|𝑆𝑆𝑅𝑅

|𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|𝑑𝑑𝑑𝑑. 

  ⟹ �∫ 𝜂𝜂 𝜕𝜕𝜕𝜕
𝜕𝜕𝐧𝐧𝑆𝑆𝑅𝑅
𝑑𝑑𝑑𝑑� ≤ ∫ |𝜂𝜂|𝑆𝑆𝑅𝑅

|𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|𝑑𝑑𝑑𝑑                                                                           (84) 

  From (82) it follows that, as R→ ∞ ,|𝜂𝜂(𝑥𝑥)||𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔(𝑥𝑥)| < 𝑐𝑐
|𝑥𝑥|

. 𝑐𝑐1
|𝑥𝑥|2 = 𝑐𝑐𝑐𝑐1

|𝑥𝑥|3                               

⟹ ∫ |𝜂𝜂|𝑆𝑆𝑅𝑅
|𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|𝑑𝑑𝑑𝑑 < ∫ 𝑐𝑐𝑐𝑐1

|𝑥𝑥|3𝑆𝑆𝑅𝑅
𝑑𝑑𝑑𝑑 ---integrating both sides of the inequality.                       

⟹ ∫ |𝜂𝜂|𝑆𝑆𝑅𝑅
|𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|𝑑𝑑𝑑𝑑 < 𝑐𝑐𝑐𝑐1

|𝑥𝑥|3 ∫ 𝑑𝑑𝑑𝑑𝑆𝑆𝑅𝑅
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⟹ ∫ |𝜂𝜂|𝑆𝑆𝑅𝑅
|𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|𝑑𝑑𝑑𝑑 < 𝑐𝑐𝑐𝑐1

𝑅𝑅3 ∫ 𝑑𝑑𝑑𝑑𝑆𝑆𝑅𝑅
  , R→ ∞                                                                   (85)                                             

From (84) and (85), we get:                                                                                                       

⟹ �∫ 𝜂𝜂 𝜕𝜕𝜕𝜕
𝜕𝜕𝐧𝐧𝑆𝑆𝑅𝑅
𝑑𝑑𝑑𝑑� ≤ ∫ |𝜂𝜂|𝑆𝑆𝑅𝑅

|𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|𝑑𝑑𝑑𝑑 < 𝑐𝑐𝑐𝑐1
𝑅𝑅3 ∫ 𝑑𝑑𝑑𝑑𝑆𝑆𝑅𝑅

= 𝑐𝑐𝑐𝑐1
𝑅𝑅3 . 4Π𝑅𝑅2 = 4Π𝑐𝑐𝑐𝑐1

𝑅𝑅
 , 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∫ 𝑑𝑑𝑑𝑑 =𝑆𝑆𝑅𝑅

4Π𝑅𝑅2---surface area of a sphere 𝑆𝑆𝑅𝑅 .                                                                                            

⟹ �∫ 𝜂𝜂 𝜕𝜕𝜕𝜕
𝜕𝜕𝐧𝐧𝑆𝑆𝑅𝑅
𝑑𝑑𝑑𝑑� < 4Π𝑐𝑐𝑐𝑐1

𝑅𝑅
                                                                                                 (86)                                                       

Therefore, sending R→ ∞  in (83) ,we obtain ∫ |𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔|2
Ω1

𝑑𝑑𝑑𝑑 = 0.                                   

Hence, grad 𝜂𝜂 =0 i.e. 𝜂𝜂(𝑥𝑥) = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , 𝑥𝑥 ∈ Ω1.Since  𝜂𝜂(∞) = 0 , we conclude                  

𝜂𝜂 =  u − u� ≡ 0 , 𝑥𝑥 ∈ Ω1.                                                                                                        

That is, u=u�  showing that the solution of the exterior Neumann problem is unique. 

        Before di scussing Reducing B oundary V alue P roblems t o i ntegral e quations a nd 

Investigation of  t he i ntegral equations of  pot ential t ype, we s hall study t he f ollowing 

basic co ncepts a bout I ntegral e quations in r elation t o F redholm’s T heorems a nd t he 

Newtonian Potentials in detail as follows:                                                                              

3.3 Integral Equations                                                                                       

Definition. Equations t hat c ontain t he unkn own f unction unde r the integral s ign a re 

known as Integral Equations.                                                                                                     

       Many problems can be reduced to linear integral equations of the type:               

                    ∫ 𝒦𝒦(𝑥𝑥,𝑦𝑦)𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑 = 𝑓𝑓(𝑥𝑥)Ω                                                                           (87) 

             𝜑𝜑(𝑥𝑥) = 𝜆𝜆 ∫ 𝒦𝒦(𝑥𝑥, 𝑦𝑦)𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑 + 𝑓𝑓(𝑥𝑥)Ω                                                                (88) 

w.r.t the unknow n f unction 𝜑𝜑(𝑥𝑥) in a  r egion  Ω ⊂ ℝ𝑛𝑛 . Equations ( 87) a nd ( 88) are 

commonly know n a s Fredholm’s i ntegral equations of t he f irst a nd t he s econd k ind, 

respectively. The know n f unctions 𝒦𝒦(𝑥𝑥, 𝑦𝑦) and f (x) ar e cal led t he kernel and t he 

inhomogeneous t erm of th e in tegral e quation; 𝜆𝜆 is a co mplex p arameter.                                        

The i ntegral e quations ( 88) w ith f=0 i .e. 𝜑𝜑(𝑥𝑥) = 𝜆𝜆 ∫ 𝒦𝒦(𝑥𝑥,𝑦𝑦)𝜑𝜑(𝑦𝑦)𝑑𝑑𝑑𝑑Ω        (89)                        

is known a s the homogeneous Fredholm integral e quation of  t he s econd ki nd 

corresponding to equation (88).  
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 The Fredholm integral equations of the second kind                                      

𝜓𝜓(𝑥𝑥) = 𝜆̅𝜆 ∫ 𝒦𝒦∗(𝑥𝑥,𝑦𝑦)𝜓𝜓(𝑦𝑦)𝑑𝑑𝑑𝑑 + 𝑔𝑔(𝑥𝑥),Ω                                                                         (90)                                          

𝜓𝜓(𝑥𝑥) = 𝜆̅𝜆 ∫ 𝒦𝒦∗(𝑥𝑥,𝑦𝑦)𝜓𝜓(𝑦𝑦)𝑑𝑑𝑑𝑑Ω                                                                                       (91)                                                    

where  𝒦𝒦∗(𝑥𝑥, 𝑦𝑦) = 𝒦𝒦�(𝑦𝑦, 𝑥𝑥) ,are sai d t o be  adjoint to e quations ( 88) a nd ( 89) , 

respectively .The kernel 𝒦𝒦∗(𝑥𝑥,𝑦𝑦) is known as the hermitian  c onjugate (adjoint) kernel 

of the kernel 𝒦𝒦(𝑥𝑥,𝑦𝑦).                                                                                                                      

     We will write the integral equations (88) through (91) in abbreviated fashion by using 

the operator notation:  𝜑𝜑 = 𝜆𝜆𝜆𝜆𝜆𝜆 + 𝑓𝑓,𝜑𝜑 = 𝜆𝜆𝜆𝜆𝜆𝜆 ,𝜓𝜓 =  𝜆𝜆�𝐾𝐾∗𝜓𝜓 + 𝑔𝑔 ,𝜓𝜓 = 𝜆̅𝜆𝐾𝐾∗𝜓𝜓 ,where the 

integral o perators 𝐾𝐾 and 𝐾𝐾∗ are d etermined v ia t he k ernels  𝒦𝒦(𝑥𝑥,𝑦𝑦) and  𝒦𝒦∗(𝑥𝑥,𝑦𝑦) , 

respectively :                                                                                

(Kf)(x)= ∫ 𝒦𝒦(𝑥𝑥, 𝑦𝑦)𝑓𝑓(𝑦𝑦)𝑑𝑑𝑑𝑑Ω  , and ((𝐾𝐾∗𝑓𝑓)(𝑥𝑥) = ∫ 𝒦𝒦∗(𝑥𝑥, 𝑦𝑦)𝑓𝑓(𝑦𝑦)𝑑𝑑𝑑𝑑Ω  .                    

Remarks.                                                                                                                                   

1) A complex value of 𝜆𝜆 for which the homogeneous integral equation (89) has non-zero 

solutions belonging to 𝐿𝐿2(Ω) is said to be eigenvalue(characteristic number) of the kernel  

𝒦𝒦(𝑥𝑥, 𝑦𝑦) , a nd the c orresponding s olutions a re c alled eigenfunctions(characteristic 

functions) of this kernel. Thus, the eigenvalues of the kernel  𝒦𝒦(𝑥𝑥,𝑦𝑦) and those of  the 

operator K are mutually inverse and the eigenfunctions of the kernel  𝒦𝒦 and the operator 

K coincide.                                                                                                                            

2) Let us assume that the region  in the integral equation (88) is bounded in ℝ𝑛𝑛  , the 

function f is continuous on the closed region Ω , and  the kernel  𝒦𝒦(𝑥𝑥, 𝑦𝑦) is continuous on 

Ω ×

Ω                                                                                                                                         Fr

edholm’s Theorems 

  In this section we will state Fredholm’s solvability theorems for the Fredholm integral 

equation   𝜑𝜑 = 𝜆𝜆𝜆𝜆𝜆𝜆 + 𝑓𝑓                                       (92)                                                                 

with a continuous kernel  𝒦𝒦(𝑥𝑥,𝑦𝑦) and the adjoint equation   𝜓𝜓 = 𝜆𝜆𝜆𝜆∗𝜓𝜓 + 𝑔𝑔               (93) 
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 Fredholm’s First Theorem: If the integral equation (92) with a continuous kernel has a 

solution in C(Ω) for any inhomogeneous t erm f∈ C(Ω) ,t he adjoint equation (93) has a  

solution in C(Ω) for any inhomogeneous term  g∈ C(Ω), and these solutions are unique. 

Fredholm’s Second Theorem: If the integral equation (92) has a solution in C(Ω)  only 

for s ome i nhomogeneous t erm f , then t he ho mogeneous equations c orresponding t o 

equation (92) and (93) have an equal(finite) number of linearly independent solutions. 

 Fredholm’s Third Theorem: If the integral equation (92) has a solution in C(Ω)  only 

for some inhomogeneous term f, then for equation (92) to have a solution it is necessary 

and sufficient that the inhomogeneous term f be orthogonal to each solution of the adjoint 

homogeneous equation corresponding to equation (93).                                                                  

 3.4 The Newtonian Potential                                                                                    

In t his section w e w ill s tudy t he pr operties of  t he N ewtonian Potential in  three- 

dimensional space.                                                                                                            

Definition.  The N ewtonian Potential is de fined a s t he c onvolution of a  ge neralized 

function 𝜌𝜌 (called t he density) w ith t he f unction  |𝑥𝑥|−1 :𝑉𝑉 = 1
|𝑥𝑥|
∗ 𝜌𝜌 = −4Πℰ3 ∗

𝜌𝜌                           The Volume Potential                                                                                                

If 𝜌𝜌 is an (absolutely) integrable function on Ω and 𝜌𝜌(𝑥𝑥) = 0 when 𝑥𝑥 ∈ Ω1 = ℝ3\Ω� ,then 

the Newtonian potential V ,known as the volume potential , is defined by                

𝑉𝑉(𝑥𝑥) = ∫ 𝜌𝜌(𝑦𝑦)
|𝑥𝑥−𝑦𝑦 |

𝑑𝑑𝑑𝑑Ω                                                                                                          (94)                                                                                                                 

and is a function locally integrable   in ℝ𝑛𝑛  . 

Remark. Let 𝜌𝜌(y) be  ( absolutely) integrable on  a  bounde d region Ω ⊂ ℝ𝑛𝑛  and va nish 

outside Ω . T he i ntegral Ι(𝑥𝑥) = ∫ 𝜌𝜌(𝑦𝑦)
|𝑥𝑥−𝑦𝑦 |𝛼𝛼

𝑑𝑑𝑑𝑑Ω  ,0 < 𝛼𝛼 < 𝑛𝑛 is c alled a n integral of  the 

potential type.                                                                                                                               

If 𝜌𝜌 belongs to 𝐶𝐶(Ω) and  is a bounded region, then the volume potential V belongs to 

the class 𝐶𝐶1(ℝ3)     , is harmonic in  Ω1 , and   𝑉𝑉(𝑥𝑥) = 𝑂𝑂 � 1
|𝑥𝑥|
� , |𝑥𝑥| → ∞ .                      

Remark A simple layer on a surface is a generalization of the delta function.                      

     Suppose t hat S  i s a p iecewise sm ooth su rface an d 𝜇𝜇(𝑥𝑥) is a  c ontinuous function 
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defined on S . We introduce a g eneralized function  𝜇𝜇𝛿𝛿𝑠𝑠  acting a ccording t o t he rule   

(𝜇𝜇𝛿𝛿𝑠𝑠 ,𝜑𝜑) = ∫ 𝜇𝜇(𝑥𝑥)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑 ,𝜑𝜑 ∈ 𝐷𝐷𝑆𝑆 . The generalized function  𝜇𝜇𝛿𝛿𝑠𝑠 is a simple layer on 

the surface S with density  𝜇𝜇.   

 Remark: A g eneralization o f −𝛿𝛿′(𝑥𝑥) is t he doubl e l ayer on a  su rface.                                    

       Let S be a piecewise smooth two-sided surface, n a normal to S (see fig.),and 𝜐𝜐(𝑥𝑥) a 

continuous function on  S.                                                                                                    

We introduce the generalized function −𝜕𝜕(𝜐𝜐𝛿𝛿𝑠𝑠)
𝜕𝜕𝐧𝐧

 ,                                                                   

which operates via the rule  

      (−𝜕𝜕(𝜐𝜐𝛿𝛿𝑠𝑠)
𝜕𝜕𝐧𝐧

,𝜑𝜑) = ∫ 𝜐𝜐(𝑥𝑥) 𝜕𝜕𝜕𝜕 (𝑥𝑥)
𝜕𝜕𝐧𝐧

𝑑𝑑𝑑𝑑,𝜑𝜑 ∈ 𝐷𝐷𝑆𝑆 . 

     The generalized function −𝜕𝜕(𝜐𝜐𝛿𝛿𝑠𝑠)
𝜕𝜕𝐧𝐧

 is called the double layer on S with a density 𝜐𝜐(𝑥𝑥).          

If 𝜌𝜌 is a  f inite (a bsolutely) in tegrable f unction o n ℝ𝑛𝑛  , t he c orresponding  

Newtonian(logarithmic) potential Vn  is called the volume(surface) potential.                                 

The vol ume potential  Vn  , a  l ocally i ntegrable function i n  ℝ𝑛𝑛 , is expressed thus:    

𝑉𝑉𝑛𝑛(𝑥𝑥) = ∫ 𝜌𝜌(𝑦𝑦)
|𝑥𝑥−𝑦𝑦 |𝑛𝑛−2 𝑑𝑑𝑑𝑑 ,𝑛𝑛 ≥ 3   ; and  𝑉𝑉2(𝑥𝑥) = ∫𝜌𝜌(𝑦𝑦)𝑙𝑙𝑙𝑙 1

|𝑥𝑥−𝑦𝑦 |
𝑑𝑑𝑑𝑑 ,𝑛𝑛 = 2 .                             

The N ewtonian potentials ge nerated by t he l ayers 𝜇𝜇𝛿𝛿𝑠𝑠 and −𝜕𝜕(𝜐𝜐𝛿𝛿𝑠𝑠)
𝜕𝜕𝒏𝒏

 on S  w ith s urface  

densities 𝜇𝜇 and 𝜐𝜐 , respectively, are                                                   

𝑉𝑉𝑛𝑛
(0) = �

1
|𝑥𝑥|𝑛𝑛−2 ∗ 𝜇𝜇𝛿𝛿𝑠𝑠    ,𝑛𝑛 ≥ 3

𝑙𝑙𝑙𝑙 1
|𝑥𝑥|
𝜇𝜇𝛿𝛿𝑠𝑠   ,𝑛𝑛 = 2

�       ; 𝑉𝑉𝑛𝑛
(1) = �

− 1
|𝑥𝑥|𝑛𝑛−2 ∗

𝜕𝜕
𝜕𝜕𝐧𝐧

(𝜈𝜈𝛿𝛿𝑠𝑠)  ,𝑛𝑛 ≥ 3

−𝑙𝑙𝑙𝑙 1
|𝑥𝑥|
∗ 𝜕𝜕
𝜕𝜕𝐧𝐧

(𝜐𝜐𝛿𝛿𝑠𝑠) ,𝑛𝑛 = 2
� 

 and  are called, respectively , the surface potentials of a simple layer and a double layer 

with densities 𝜇𝜇 𝑎𝑎𝑎𝑎𝑎𝑎 𝜈𝜈. 

+
 

  

S x
 

  

+
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The surface potentials   𝑉𝑉𝑛𝑛
(0) and  𝑉𝑉𝑛𝑛

(1) are functions that are locally integrable in ℝ𝑛𝑛  and 

are expressed by the formulas: 𝑉𝑉𝑛𝑛
(0)(𝑥𝑥) = �

∫ 𝜇𝜇(𝑦𝑦)
|𝑥𝑥−𝑦𝑦 |𝑛𝑛−2 𝑑𝑑𝑆𝑆𝑦𝑦   ,𝑛𝑛 ≥ 3𝑆𝑆

∫ 𝜇𝜇(𝑦𝑦)𝑆𝑆 𝑙𝑙𝑙𝑙 1
|𝑥𝑥−𝑦𝑦 |

𝑑𝑑𝑆𝑆𝑦𝑦  ,𝑛𝑛 = 2
�  ;              

𝑉𝑉𝑛𝑛
(1)(𝑥𝑥) = �

∫ 𝜈𝜈(𝑦𝑦)𝑠𝑠
𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦

1
|𝑥𝑥−𝑦𝑦 |𝑛𝑛−2  𝑑𝑑𝑆𝑆𝑦𝑦  ,𝑛𝑛 ≥ 3

∫ 𝜈𝜈(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦𝑆𝑆 𝑙𝑙𝑙𝑙 1

|𝑥𝑥−𝑦𝑦 |
𝑑𝑑𝑆𝑆𝑦𝑦  ,𝑛𝑛 = 2

� 

The Potentials of a Simple and a Double layer 

       Let S be a bounded two-sided piecewise smooth surface, n its outward normal , and 

𝜇𝜇 𝑎𝑎𝑎𝑎𝑎𝑎 𝜈𝜈 functions c ontinuous o n S . The N ewtonian po tentials   𝑉𝑉(0) = 1
|𝑥𝑥|

∗ 𝜇𝜇𝛿𝛿𝑠𝑠   and  

 𝑉𝑉(1) = − 1
|𝑥𝑥|

∗ 𝜕𝜕
𝜕𝜕𝐧𝐧

(𝜈𝜈𝛿𝛿𝑠𝑠) , which a re s aid to be  the pot entials of  a  s imple a nd a  double 

layer, respectively, are expressed in terms of integrals:                                                    

            𝑉𝑉(0)(𝑥𝑥) = ∫ 𝜇𝜇 (𝑦𝑦)
|𝑥𝑥−𝑦𝑦 |

𝑑𝑑𝑆𝑆𝑦𝑦   𝑆𝑆                                                                                     (95) 

                                                                    

           𝑉𝑉(1)(𝑥𝑥) =  ∫ 𝜈𝜈(𝑦𝑦)𝑠𝑠
𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦

1
|𝑥𝑥−𝑦𝑦 |

 𝑑𝑑𝑆𝑆𝑦𝑦                                                                       (96)                                                                       

and are locally integrable functions in ℝ3.                                                                                       

We w ill f ix a  p oint 𝑥𝑥0 on S  a nd l et 𝐧𝐧0 be t he out ward normal t o S  at th is p oint. 

Differentiating (95) for 𝑥𝑥 ∉ 𝑆𝑆 along 𝐧𝐧0  and using the equation                    
𝜕𝜕
𝜕𝜕𝐧𝐧0

1
|𝑥𝑥−𝑦𝑦 |

= ∑ cos⁡(𝐧𝐧0
3
𝑖𝑖=1 𝑥𝑥𝑖𝑖)

𝑦𝑦𝑖𝑖−𝑥𝑥𝑖𝑖
|𝑥𝑥−𝑦𝑦 |3 = 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2                                                                   (97)                                                       

Where  𝜓𝜓𝑥𝑥𝑥𝑥  is the angle between the vector y-x and  𝐧𝐧0 , (fig. 5) 
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+++ 
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n 

y 
S 

𝜑𝜑𝑥𝑥𝑥𝑥  
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|𝑥𝑥 − 𝑦𝑦| 
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 we obt ain an e xpression f or t he nor mal de rivative of  t he s imple l ayer po tential:  

𝜕𝜕𝑉𝑉(0)(𝑥𝑥)

𝜕𝜕𝐧𝐧0
=  ∫ 𝜇𝜇(𝑦𝑦)𝑠𝑠

𝜕𝜕
𝜕𝜕𝐧𝐧0

1
|𝑥𝑥−𝑦𝑦 |

 𝑑𝑑𝑆𝑆𝑦𝑦 = ∫ 𝜇𝜇(𝑦𝑦)𝑆𝑆
𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦  , 𝑥𝑥 ∉ 𝑆𝑆      (98)                           

Similarly, by vi rtue of  t he e quation 𝜕𝜕
𝜕𝜕𝐧𝐧𝑦𝑦

1
|𝑥𝑥−𝑦𝑦 |

= ∑ cos⁡(𝐧𝐧3
𝑖𝑖=1 𝑥𝑥𝑖𝑖)

𝑥𝑥𝑖𝑖−𝑦𝑦𝑖𝑖
|𝑥𝑥−𝑦𝑦 |3 = 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2   ,  (99)  

where 𝜑𝜑𝑥𝑥𝑥𝑥  is t he angle between t he vector x -y and n ,(figure 5) ,e quation ( 96) for the 

double l ayer pot ential 𝑉𝑉(1) takes t he f orm 𝑉𝑉(1)(𝑥𝑥) = ∫ 𝜈𝜈(𝑦𝑦)𝑠𝑠
𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦         (100)               

The potentials   𝑉𝑉(0) and  𝑉𝑉(1) are harmonic functions outside the surface S, 𝑉𝑉(0) belongs 

to C(ℝ3) ,and 𝑉𝑉(0)(𝑥𝑥) = 𝑂𝑂( 1
|𝑥𝑥|

) , 𝑉𝑉(1)(𝑥𝑥) = 𝑂𝑂 � 1
|𝑥𝑥|2� , 𝑥𝑥 → ∞ .                                                   

Proposition: Prove that the double layer potential 𝑉𝑉(1)(𝑥𝑥), with a density 𝜈𝜈 =1 is equal to  

                           ∫𝑠𝑠
𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦 = �

−4Π , 𝑥𝑥 ∈ Ω  ;
0  , 𝑥𝑥 ∈ Ω1 = ℝ3\Ω �  ,�                                             

provided t hat S  i s t he bounda ry of  .  

                                                                                  The Physical Meaning of 

Newtonian Potentials                                                                      The potential  

𝑉𝑉 = 1
|𝑥𝑥|
∗ 𝜌𝜌 with an arbitrary (finite) density 𝜌𝜌 satisfies Poisson’s equation Δ𝑉𝑉 = −4Π𝜌𝜌. 

Therefore, V i s t he N ewtonian or  Coulomb pot ential created by t he masses o r c harges 

distributed in space with the density 𝜌𝜌. For one , a  continuous di stribution of  masses o r 

charges c reates a v olume p otential; but i f t he masses o r ch arges ar e co ncentrated o n a 

surface, they c reate a  ( Newtonian or  C oulomb) pot ential of a  s imple l ayer, while i f 

electric dipoles are concentrated on a surface, they produce a Coulomb potential that is  

the potential of a double layer.                                               Lyapunov’s  Surfaces  

                                                                                           Definition. A c losed 

bounded surface S is said to be a Lyapunov surface if at each point x S there is a normal 

𝐧𝐧𝑥𝑥  that is H𝑜̈𝑜lder continuous on S, i.e. there are numbers                    𝑐𝑐 > 0 𝑎𝑎𝑎𝑎𝑎𝑎 0 < 𝛼𝛼 ≤

1 such that  �𝐧𝐧𝑥𝑥 − 𝐧𝐧𝑦𝑦� ≤ 𝑐𝑐|𝑥𝑥 − 𝑦𝑦|𝛼𝛼  , 𝑥𝑥, 𝑦𝑦 ∈ 𝑆𝑆                             (101)                                    

Remark Lyapunov’s surface belong to the class of surfaces  𝐶𝐶1 ; on the other hand, each 

bounded closed surface of the class  𝐶𝐶2 is a  Lyapunov surface (at 𝛼𝛼 = 1). 

 Lemma 1 If S is a Lyapunov surface, then    �𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥 � ≤ 3𝑐𝑐|𝑥𝑥 − 𝑦𝑦|𝛼𝛼  , 𝑥𝑥, 𝑦𝑦 ∈ 𝑆𝑆        (102) 
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                                     �𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥′𝑦𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥′𝑦𝑦 � ≤ 3𝑐𝑐|𝑥𝑥′ − 𝑦𝑦|𝛼𝛼  𝑥𝑥,𝑦𝑦 ∈ 𝑆𝑆 , 𝑥𝑥′ ∈ 𝐧𝐧𝑥𝑥  ,        (103)             

where c is the constant of (101).                                                                                         

Lemma 2 If S  i s a Lyapunov s urface, then t here i s a  c onstant k  s uch t hat                         

                                 ∫
𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥′ 𝑦𝑦
|𝑥𝑥′−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠 ≤ 𝑘𝑘 , 𝑥𝑥′  ℝ3                              

(104)                                  Properties of the Potentials of a Simple and a Double Layer 

on a Surface 

    Assuming the boundary S  of  a  region  to be a  Lyapunov surface, we can  establish 

some properties of the   potentials   𝑉𝑉(0) and  𝑉𝑉(1) on S.                                     

Proposition.  Prove that ∫
𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠 =�

−4Π  , 𝑥𝑥 ∈ Ω ;
−2Π , 𝑥𝑥 ∈ 𝑆𝑆 ;

0  , 𝑥𝑥 ∈ Ω1

�                                              (105)                                                

Remarks 1) T he pot ential of  a  do uble l ayer, 𝑉𝑉(1)(𝑥𝑥) , is a  c ontinuous f unction on S .               

                  2)The function 
𝜕𝜕𝑉𝑉(0)(𝑥𝑥)

𝜕𝜕𝐧𝐧
  is said to be the direct value of the normal derivative of 

                      the simple layer potential on a surface S and it is continuous on S.                                                 

                  3) T he s imple la yer p otential 𝑉𝑉(0)(𝑥𝑥)  is c ontinuous f unction on S , s ince   

                         𝑉𝑉(0) ∈ 𝐶𝐶(ℝ3) 

                                                                                                     Discontinuity of 

the Double Layer Potential                                                      Theorem  If S i s a  

Lyapunov s urface a nd 𝜈𝜈 ∈ 𝐶𝐶(𝑆𝑆)  , t hen t he doubl e l ayer pot ential 𝑉𝑉(1) belongs to  

𝐶𝐶(Ω�)𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡𝑡𝑡 𝐶𝐶(Ω1����) , and its limiting values 𝑉𝑉+
(1) 𝑎𝑎𝑎𝑎𝑎𝑎 𝑉𝑉−(1)  on S from outside and inside 

of S are                                                                                                               

𝑉𝑉+
(1)(𝑥𝑥) = 2𝜋𝜋𝜋𝜋(𝑥𝑥) + 𝑉𝑉(1)(𝑥𝑥) = 2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜈𝜈(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠  ,                                 (106)           

𝑉𝑉−(1)(𝑥𝑥) = −2𝜋𝜋𝜋𝜋(𝑥𝑥) + 𝑉𝑉(1)(𝑥𝑥) = −2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜈𝜈(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠  ,                           (107) 

Proof  Let us introduce the function               

w(𝑥𝑥′ , 𝑥𝑥) = ∫ [𝜈𝜈(𝑦𝑦) − 𝜈𝜈(𝑥𝑥)] 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥′ 𝑦𝑦
|𝑥𝑥′−𝑦𝑦|2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠  , 𝑥𝑥 ∈ ℝ3 , 𝑥𝑥 ∈ 𝑆𝑆.                                                  
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In view of (105), this function for x′=x∈ 𝑆𝑆 is           

w(𝑥𝑥, 𝑥𝑥) = ∫ 𝜈𝜈(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠 + 2𝜋𝜋𝜋𝜋(𝑥𝑥) = 2𝜋𝜋𝜋𝜋(𝑥𝑥) + 𝑉𝑉+

(1)(𝑥𝑥)                                   (108) 

The latter is continuous on S, in view of the fact that both the density 𝜈𝜈 and the potential 

𝑉𝑉(1) are continuous on S.                                                                                                    

Let us prove that w(𝑥𝑥′ , 𝑥𝑥)
𝑥𝑥∈𝑆𝑆
��  w(𝑥𝑥, 𝑥𝑥), 𝑥𝑥′ → 𝑥𝑥 ∈ 𝑆𝑆                                                      (109) 

We take a p ositive   𝜀𝜀. Since the function 𝜈𝜈 is uniformly continuous on S , there exists a 

number 𝛿𝛿 = 𝛿𝛿𝜀𝜀 > 0 such that for all 𝑥𝑥 ∈ 𝑆𝑆 we have                                                       

   |𝜈𝜈(𝑦𝑦) − 𝜈𝜈(𝑥𝑥)| < 𝜀𝜀
4𝑘𝑘

 , 𝑦𝑦 ∈ 𝑈𝑈𝑥𝑥 = 𝑆𝑆 ∩ 𝑈𝑈(𝑥𝑥, 𝛿𝛿)                              (110)                        

where k is the number in (104).                                                                                 

Let us estimate                            

|w(𝑥𝑥′ , 𝑥𝑥) − w(𝑥𝑥, 𝑥𝑥)| ≤ �∫𝑈𝑈𝑥𝑥 + ∫𝑆𝑆\𝑈𝑈𝑥𝑥
� |𝜈𝜈(𝑦𝑦) − 𝜈𝜈(𝑥𝑥)| �𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥′ 𝑦𝑦

|𝑥𝑥′−𝑦𝑦 |2 −
𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 � 𝑑𝑑𝑠𝑠𝑦𝑦        (111) 

 In view of (110) and (104), the first integral on the right-hand side of (111) does not 

exceed 𝜀𝜀 2�  : 

 ∫ |𝜈𝜈(𝑦𝑦) − 𝜈𝜈(𝑥𝑥)|𝑈𝑈𝑥𝑥
�𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥′ 𝑦𝑦

|𝑥𝑥′−𝑦𝑦|2 −
𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 � 𝑑𝑑𝑠𝑠𝑦𝑦 ≤

𝜀𝜀
4𝑘𝑘 ∫ ��𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥′ 𝑦𝑦 �

|𝑥𝑥′−𝑦𝑦 |2 + �𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥 �
|𝑥𝑥−𝑦𝑦 |2 �𝑆𝑆 𝑑𝑑𝑠𝑠𝑦𝑦  ≤

𝜀𝜀
4𝑘𝑘

2𝑘𝑘 = 𝜀𝜀
2�  . 

      Next, t he i ntegrand in ( 111) i s uni formly c ontinuous f unction i n ( x, x′ ,y) f or 

|𝑥𝑥 − 𝑥𝑥′| ≤ 𝛿𝛿
2�  , 𝑥𝑥 ∈ 𝑆𝑆 ,𝑎𝑎𝑎𝑎𝑎𝑎   𝑦𝑦 ∈ 𝑆𝑆\𝑈𝑈𝑥𝑥  and v anishes at  x′=x. T herefore, there is a  

number 𝛿𝛿′ ≤ 𝛿𝛿 2�  such that for all x′ ∈ 𝑈𝑈(x, 𝛿𝛿′) the second integral on the right-hand 

side of (111) is less than  𝜀𝜀 2�  . Consequently,                                              

|w(𝑥𝑥′ , 𝑥𝑥) − w(𝑥𝑥, 𝑥𝑥)| < 𝜀𝜀
2� + 𝜀𝜀

2� = 𝜀𝜀 , 𝑥𝑥′ ∈ 𝑈𝑈(𝑥𝑥, 𝛿𝛿′), 𝑥𝑥 ∈ 𝑆𝑆  ,which proves t he 

limiting relation (108).                                                                                          

Taking x′ ∈ Ω1  and us ing ( 105), we can  w rite t he p otential 𝑉𝑉(1)(𝑥𝑥′) in t he 

following: 𝑉𝑉(1)(x′) = ∫ [𝜈𝜈(𝑦𝑦) − 𝜈𝜈(𝑥𝑥)] 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥′ 𝑦𝑦
|𝑥𝑥′−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠 + w(x′ , 𝑥𝑥)                          (112)             

Proceeding to the limit in  last equation as  𝑥𝑥′ →  𝑥𝑥 ∈ 𝑆𝑆, 𝑥𝑥′ ∈ Ω1 , and a llowing for 

the limiting relation (109), we obtain 𝑉𝑉(1)(𝑥𝑥′)
𝑥𝑥∈𝑆𝑆
�� w(𝑥𝑥, 𝑥𝑥) = 𝑉𝑉+

(1)(𝑥𝑥) , 𝑥𝑥 ∈ 𝑆𝑆 , which 
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implies th at 𝑉𝑉(1) belongs t o 𝐶𝐶(Ω1����) and t hat ,i n vi ew of  ( 108) , e quation ( 106) is 

valid. The other case can be proved along similar lines.                                                                            

From ( 106) a nd ( 107) i t fo llows t hat   4𝜋𝜋𝜋𝜋(𝑥𝑥) = 𝑉𝑉+
(1)(𝑥𝑥) − 𝑉𝑉−(1)(𝑥𝑥), 𝑥𝑥 ∈ 𝑆𝑆     

(113).       Discontinuity of the Normal Derivative of the Simple Layer Potential     

  Theorem If S  i s a  Lyapunov surface and 𝜇𝜇 ∈ 𝐶𝐶(𝑆𝑆)  ,the simple l ayer potential 

𝑉𝑉(0) has regular normal derivative  �𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�

+
 and �𝜕𝜕𝑉𝑉

(0)

𝜕𝜕𝐧𝐧
�
−

  on S from the outside and 

inside of S, with    

�𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�

+
(𝑥𝑥) = −2𝜋𝜋𝜋𝜋(𝑥𝑥) + 𝜕𝜕𝑉𝑉(0)(𝑥𝑥)

𝜕𝜕𝐧𝐧
= −2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜇𝜇(𝑦𝑦)𝑆𝑆

𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦               (114)         

�𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�
−

(𝑥𝑥) = 2𝜋𝜋𝜋𝜋(𝑥𝑥) + 𝜕𝜕𝑉𝑉(0)(𝑥𝑥)
𝜕𝜕𝐧𝐧

= 2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜇𝜇(𝑦𝑦)𝑆𝑆
𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦        (115)      

Proof.  Let 𝑉𝑉(1) be the double layer potential on S with a density 𝜇𝜇.                                 

We introduce the function w1(𝑥𝑥′ , 𝑥𝑥) = 𝜕𝜕𝑉𝑉(0)(𝑥𝑥′ )
𝜕𝜕𝐧𝐧𝑥𝑥

+ 𝑉𝑉(1)(𝑥𝑥′), 𝑥𝑥′ ∉ 𝑆𝑆, 𝑥𝑥 ∈ 𝑆𝑆 ,and              

wish to prove that, as 𝑥𝑥′ → 𝑥𝑥 ∈ 𝑆𝑆 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥′ ∈ 𝐧𝐧𝑥𝑥 ,                                                            

w1(𝑥𝑥′ , 𝑥𝑥)
𝑥𝑥∈𝑆𝑆 
��� W1(𝑥𝑥, 𝑥𝑥) = 𝜕𝜕𝑉𝑉(0)(𝑥𝑥)

𝜕𝜕𝐧𝐧
+ 𝑉𝑉(1)(𝑥𝑥)                                                     (116) 

    By properties of the potentials of a simple and a double layer on a surface, w1(𝑥𝑥′ , 𝑥𝑥) is 

a c ontinuous f unction o n S . Employing ( 98) a nd ( 100), we can  w rite w1(𝑥𝑥′ , 𝑥𝑥) in th e 

form of an integral: w1(𝑥𝑥′ , 𝑥𝑥) = ∫ 𝜇𝜇(𝑦𝑦)𝑆𝑆

𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥′ 𝑦𝑦+𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥′ 𝑦𝑦
|𝑥𝑥′ −𝑦𝑦 |2 𝑑𝑑𝑆𝑆𝑦𝑦 . 

     Let u s take an  𝜀𝜀 > 0 .We est imate t he d ifference |w1(𝑥𝑥′ , 𝑥𝑥) − w1(𝑥𝑥, 𝑥𝑥)| ≤

�∫𝑈𝑈𝑥𝑥 + ∫𝑆𝑆\𝑈𝑈𝑥𝑥
� |𝜇𝜇(𝑦𝑦)| �

𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥′ 𝑦𝑦+𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥′ 𝑦𝑦
|𝑥𝑥′−𝑦𝑦 |2 − 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥 +𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2 � 𝑑𝑑𝑠𝑠𝑦𝑦  ,𝑈𝑈𝑥𝑥 = 𝑆𝑆 ∩ 𝑈𝑈(𝑥𝑥, 𝛿𝛿)  (117) 

        In view of the estimate (102) and (103), the first integral on the right-hand side of 

(117) does not exceed the (absolutely) convergent in integral             

∫ |𝜇𝜇(𝑦𝑦)| � 3𝑐𝑐
|𝑥𝑥′ −𝑦𝑦 |2−𝛼𝛼 + 6𝑐𝑐

|𝑥𝑥−𝑦𝑦 |2−𝛼𝛼�𝑈𝑈𝑥𝑥
 𝑑𝑑𝑠𝑠𝑦𝑦 , and therefore can  m ade l ess t han 𝜀𝜀 2�  for a  

sufficiently small 𝛿𝛿 = 𝛿𝛿𝑥𝑥  . Moreover, t he i ntegrand i n (117) i s a  uni formly c ontinuous 

function in the variables   (x′ ,x ,y) for |𝑥𝑥′ − 𝑥𝑥| ≤ 𝛿𝛿
3

 , 𝑥𝑥 ∈ 𝑆𝑆  , and 𝑦𝑦 ∈  𝑆𝑆\𝑈𝑈𝑥𝑥  and vanishes 

at x′=x. T herefore, t here is a  num ber 𝛿𝛿′ ≤ 𝛿𝛿
3
 such th at f or a ll 𝑥𝑥′ ∈ 𝑈𝑈(𝑥𝑥, 𝛿𝛿′) the s econd 
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integral on the right-hand side of (117) is always less than  𝜀𝜀 2�  .                                                                                  

Hence, |w1(𝑥𝑥′ , 𝑥𝑥) − w(𝑥𝑥, 𝑥𝑥)| < 𝜀𝜀 , 𝑥𝑥′ ∈ 𝑈𝑈(𝑥𝑥, 𝛿𝛿′), 𝑥𝑥′ ∈ 𝐧𝐧𝑥𝑥  , 𝑥𝑥 ∈ 𝑆𝑆,  which proves t he  

limiting relation (116).                                                                                                           

       By the Theorem of discontinuity of the double layer potential  , 𝑉𝑉(1) belongs to 𝐶𝐶(Ω�) 

and 𝑉𝑉+
(1)(𝑥𝑥) = 2𝜋𝜋𝜋𝜋(𝑥𝑥) + 𝑉𝑉(1)(𝑥𝑥) .Whence, the limiting relation (116), as                    

𝑥𝑥′ → 𝑥𝑥 ∈ 𝑆𝑆 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥′ ∈ 𝐧𝐧𝑥𝑥  ,takes the form                                                                                        

𝜕𝜕𝑉𝑉(0)(𝑥𝑥′ )
𝜕𝜕𝐧𝐧𝑥𝑥

𝑥𝑥∈𝑆𝑆 
��� − 𝑉𝑉+

(1)(𝑥𝑥) + w1(𝑥𝑥, 𝑥𝑥) = −2𝜋𝜋𝜋𝜋(𝑥𝑥) + 𝜕𝜕𝑉𝑉(0)(𝑥𝑥)
𝜕𝜕𝐧𝐧𝑥𝑥

  ,from which we conclude that 

the regular normal derivative  �𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�

+
 on S from the outside exists and, since          

𝜕𝜕𝑉𝑉(0)

𝜕𝜕𝐧𝐧
= ∫ 𝜇𝜇(𝑦𝑦)𝑆𝑆

𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦 = ∫ 𝜇𝜇(𝑦𝑦) 𝜕𝜕

𝜕𝜕𝐧𝐧𝑥𝑥𝑆𝑆
1

|𝑥𝑥−𝑦𝑦 |
𝑑𝑑𝑆𝑆𝑦𝑦  , 𝑥𝑥 ∈ 𝑆𝑆 , i s expressed by e quations 

(114). The other case can be considered similarly.  

  Combining (114) and (115), we find that                                                       

       4𝜋𝜋𝜋𝜋(𝑥𝑥) = �𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�
−

(𝑥𝑥) − �𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�

+
(𝑥𝑥), 𝑥𝑥 ∈ 𝑆𝑆                                                      (118)              

3.5 Reducing Boundary Value Problems to Boundary Integral Equations                         

     If w e us e t he t heory o f t he N ewtonian pot ential, w e c an r educe the D irichlet a nd 

Neumann problems for Laplace’s equation to Fredholm integral equations with a  polar 

kernel.                                                                                                                                         

Let S be a sufficiently smooth surface. Now, let us consider the interior Dirichlet problem 

(IDP):   �Δu = 0 𝑖𝑖𝑖𝑖 Ω
u = u0

− 𝑜𝑜𝑜𝑜 𝑆𝑆
�   and t he e xterior Dirichlet p roblem (EDP) :  �

Δu = 0 𝑖𝑖𝑖𝑖 Ω1
u = u0

+ 𝑜𝑜𝑜𝑜 𝑆𝑆
� .  

Then, we w ill find the solutions of t hese Dirichlet problems in t he f orm o f t he double 

layer potential 𝑉𝑉(1)(𝑥𝑥) = ∫ 𝜈𝜈(𝑦𝑦)𝑠𝑠
𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦  , where 𝜈𝜈 is an unknown density continuous 

on S . T he f unction 𝑉𝑉(1) is ha rmonic i n bot h  Ω 𝑎𝑎𝑎𝑎𝑎𝑎 Ω1, belongs t o t he cl asses 

𝐶𝐶(Ω�), C(Ω1���� ), and C(S) , a nd va nishes a t i nfinity. T herefore, 𝑉𝑉(1) is th e s olution o f the 

interior or exterior Dirichlet problem iff 𝑉𝑉∓
(1)(𝑥𝑥) = u0

∓(𝑥𝑥),   𝑥𝑥 ∈ 𝑆𝑆 ,                           (119)                                                                   

where 𝑉𝑉∓
(1)(𝑥𝑥) are th e lim iting v alues o f  𝑉𝑉(1) from t he i nside a nd out side o f S .                    

     By t he T heorem o f t he di scontinuity of  t he do uble L ayer pot ential, equations ( 119) 
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take t he form   ∓2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜈𝜈(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦 = u0

∓(𝑥𝑥) , 𝑥𝑥 ∈ 𝑆𝑆𝑠𝑠  ,                   (120)                 

These are Fredholm integral equations in the unknown density  𝜈𝜈 .                                        

Hence, the interior or exterior Dirichlet problems, respectively, are given by               

u0
− = −2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜈𝜈(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦 , 𝑥𝑥 ∈ 𝑆𝑆𝑠𝑠 and u0
+ = 2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜈𝜈(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦  , 𝑥𝑥 ∈𝑠𝑠

𝑆𝑆.If we introduce a real parameter 𝜆𝜆 and the kernel  𝒦𝒦(𝑥𝑥, 𝑦𝑦) = 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
2𝜋𝜋|𝑥𝑥−𝑦𝑦 |2                 (121) 

 we can write the integral equations (120) in the single form  

 𝜈𝜈(𝑥𝑥) = 𝜆𝜆 ∫ 𝒦𝒦(𝑥𝑥,𝑦𝑦)𝜈𝜈(𝑦𝑦)𝑑𝑑𝑠𝑠𝑦𝑦  + 𝑓𝑓(𝑥𝑥), 𝑥𝑥 ∈ 𝑆𝑆𝑠𝑠                                                   (122)                                               

For the interior Dirichlet problem  𝜆𝜆 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓 = − u0
−

2𝜋𝜋
 , while for the exterior Dirichlet  

problem    𝜆𝜆 = −1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓 = u0
+

2𝜋𝜋
 .   

       Again, let us consider the interior Neumann problem                                                              

(INP):  �
Δu = 0 𝑖𝑖𝑖𝑖 Ω
𝜕𝜕u
𝜕𝜕𝐧𝐧

= u1
− 𝑜𝑜𝑜𝑜 𝑆𝑆

�   and  the exterior Neumann problem (ENP):  �
Δu = 0 𝑖𝑖𝑖𝑖 Ω1
𝜕𝜕u
𝜕𝜕𝐧𝐧

= u1
+ 𝑜𝑜𝑜𝑜 𝑆𝑆

�          

         Then, w e will f ind the s olutions of t hese N eumann pr oblems in t he f orm o f t he 

simple l ayer p otential  𝑉𝑉(0)(𝑥𝑥) = ∫ 𝜇𝜇 (𝑦𝑦)
|𝑥𝑥−𝑦𝑦 |𝑆𝑆 𝑑𝑑𝑆𝑆𝑦𝑦  , w here 𝜇𝜇 is a n unknow n de nsity 

continuous on S. The function 𝑉𝑉(0) is harmonic in both  Ω 𝑎𝑎𝑎𝑎𝑎𝑎 Ω1   and continuous in ℝ3 

, has r egular normal d erivatives�𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧∓
�  on S  f rom t he i nside a nd outside of  S  , a nd 

vanishes at infinity .Therefore, 𝑉𝑉(0) is the solution of  the in terior o r exterior Neumann 

problem iff   �𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�
∓

(𝑥𝑥) = u1
∓(𝑥𝑥)  𝑥𝑥 ∈ 𝑆𝑆                                                                    (123)                                                    

      By t he T heorem o f t he di scontinuity of  t he nor mal de rivative of  t he s imple L ayer 

Potential, equations (123) transform into Fredholm integral equations                          

±2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜇𝜇(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦 = u1

∓(𝑥𝑥) , 𝑥𝑥 ∈ 𝑆𝑆𝑠𝑠                                                         (124)                                             

in the unknown density 𝜇𝜇.                                                                                                        

Hence, the interior or exterior Neumann problems, respectively, are given by                          

u1
− = 2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜇𝜇(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦  , 𝑥𝑥 ∈ 𝑆𝑆𝑠𝑠   and 
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u1
+ = −2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜇𝜇(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦  , 𝑥𝑥 ∈ 𝑆𝑆𝑠𝑠 . From t he f act t hat 𝜓𝜓𝑥𝑥𝑥𝑥 = 𝜑𝜑𝑦𝑦𝑦𝑦  when 

𝑥𝑥,𝑦𝑦 ∈ 𝑆𝑆 and f rom (121) i t f ollows th at th e k ernel of  t he i ntegral e quations (124) is   

𝒦𝒦(𝑦𝑦, 𝑥𝑥) = 𝒦𝒦∗(𝑥𝑥, 𝑦𝑦) , so that equations (120) and (124) are adjoint to each other.                                                                                                        

    Introducing the parameter  𝜆𝜆 , we can write the integral equations (124) in the single 

form  𝜇𝜇(𝑥𝑥) = 𝜆𝜆 ∫ 𝒦𝒦∗(𝑥𝑥,𝑦𝑦)𝜇𝜇(𝑦𝑦)𝑑𝑑𝑠𝑠𝑦𝑦  + 𝑔𝑔(𝑥𝑥), 𝑥𝑥 ∈ 𝑆𝑆𝑠𝑠  ,                                                (125) 

    For t he i nterior N eumann pr oblem   𝜆𝜆 = −1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔 = − u1
−

2𝜋𝜋
 , w hile f or th e e xterior 

Neumann problem  𝜆𝜆 = 1 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔 = − u1
+

2𝜋𝜋
 .   

 3.6 Investigation of the Boundary Integral Equations of Potential Theory   

Theorem 1 The interior Dirichlet problem and exterior Neumann problems are solvable 

for any continuous data u0
−  and   u1

+, and their solutions are the double and simple layer 

potentials, respectively. 

Proof. First w e w ill p rove th at 𝜆𝜆 = 1 is not  a n e igenvalue of  t he ke rnel 𝒦𝒦∗(𝑥𝑥,𝑦𝑦). 

Assume the contrary, i.e. let 𝜆𝜆 = 1 be an eigenvalue of this kernel and the corresponding 

eigenfunction  𝜇𝜇∗(𝑥𝑥) = ∫ 𝒦𝒦∗(𝑥𝑥,𝑦𝑦)𝜇𝜇∗(𝑦𝑦)𝑑𝑑𝑠𝑠𝑦𝑦 = 1
2𝜋𝜋𝑠𝑠 ∫ 𝜇𝜇∗(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠  ,          (126)  

The eigenfunction 𝜇𝜇∗ belongs to C(S). We construct the simple layer potential 𝑉𝑉(0)  with 

a density 𝜇𝜇∗.The function 𝑉𝑉(0)  is harmonic outside S and continuous on ℝ3 and vanishes 

at infinity.                                                                                                                            

Moreover, by formula (114):                                                                           

 �𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�

+
(𝑥𝑥) = −2𝜋𝜋𝜋𝜋(𝑥𝑥) + 𝜕𝜕𝑉𝑉(0)(𝑥𝑥)

𝜕𝜕𝐧𝐧
= −2𝜋𝜋𝜋𝜋(𝑥𝑥) + ∫ 𝜇𝜇(𝑦𝑦)𝑆𝑆

𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦  and equation  

(126), its regular normal derivative on S from the outside of S is zero. That is,                                  

 �𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�

+
(𝑥𝑥) = −2𝜋𝜋 � 1

2𝜋𝜋 ∫ 𝜇𝜇∗(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠 � + ∫ 𝜇𝜇∗(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠  

                         = −∫ 𝜇𝜇∗(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦 +𝑠𝑠 ∫ 𝜇𝜇∗(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜓𝜓𝑥𝑥𝑥𝑥

|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦𝑠𝑠 = 0                                               

 �𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�

+
(𝑥𝑥) = 0 
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      From this, by T heorem 4 of  sec.3.2 concerning the uniqueness of the solution of the 

exterior N eumann pr oblem, w e c onclude that 𝑉𝑉(0)(𝑥𝑥) ≡ 0  when 𝑥𝑥 ∈ Ω1���� and, f or one , 

𝑉𝑉(0) = 0 on S.                                                                                                                           

But t hen, by T heorem 2 of  s ec.3.2 on t he uni queness of  t he s olution of  t he i nterior 

Dirichlet p roblem,  𝑉𝑉(0)(𝑥𝑥) ≡ 0   ,𝑥𝑥 ∈ Ω� .Thus, 𝑉𝑉(0)(𝑥𝑥) ≡ 0   when  𝑥𝑥 ∈ ℝ3 .     

Therefore, us ing the formula ( 118): 4𝜋𝜋𝜋𝜋(𝑥𝑥) = �𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�
−

(𝑥𝑥) − �𝜕𝜕𝑉𝑉
(0)

𝜕𝜕𝐧𝐧
�

+
(𝑥𝑥), 𝑥𝑥 ∈ 𝑆𝑆, we 

conclude that  𝜇𝜇∗(𝑥𝑥) ≡ 0  𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑥𝑥 ∈ 𝑆𝑆  . 

     Thus, 𝜆𝜆 = 1 , is not  an eigenvalue of the kernel 𝒦𝒦∗(𝑥𝑥,𝑦𝑦) .From this ,by F redholm’s  

second t heorem,   𝜆𝜆 = 1 is ne ither a n e igenvalue of  𝒦𝒦∗(𝑥𝑥,𝑦𝑦) .But t hen, a ccording t o 

Fredholm’s third and first Theorems, the integral equations (122) and (125) with , 𝜆𝜆 = 1 

are uniquely solvable for all continuous u0
−  and   u1

+ ,and hence the assertion follows.                                                                                                             

Theorem 2  The exterior Dirichlet problem is solvable for any continuous function   u0
+, 

and i ts solution is g iven by t he s um o f t he d ouble l ayer pot ential a nd t he po tential   
1

|𝑥𝑥|∫  u0
+𝜇𝜇0(𝑥𝑥)𝑠𝑠 𝑑𝑑𝑑𝑑 .                                                                                                             

Proof. We w ill assume t hat  0 ∈ Ω. We s eek the solution o f th e e xterior D irichlet 

problem in the form of the double layer potential 𝑉𝑉(1) with an unknown density 𝜈𝜈 on S 

and t he N ewtonian potential  𝛼𝛼
|𝑥𝑥|

  produced by a c hange a t t he po int x =0 of  unknow n 

magnitude 𝛼𝛼 :  u(x)= 𝑉𝑉(1)(𝑥𝑥) + 𝛼𝛼
|𝑥𝑥|

 =∫ 𝜈𝜈(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦 + 𝛼𝛼

|𝑥𝑥|𝑠𝑠                  (127)                        

The corresponding integral equation (122) is                           

𝜈𝜈(𝑥𝑥) = −∫ 𝒦𝒦(𝑥𝑥,𝑦𝑦)𝜈𝜈(𝑦𝑦)𝑑𝑑𝑠𝑠𝑦𝑦  + u0
+(𝑥𝑥)
2𝜋𝜋𝑠𝑠 − 𝛼𝛼

2𝜋𝜋|𝑥𝑥|
                                      (128)                                                                                                           

By what has been proved, the integral equation (128) is solvable iff                   
1

2𝜋𝜋 ∫ [ u0
+(𝑥𝑥) − 𝛼𝛼

|𝑥𝑥|
]𝜇𝜇0(𝑥𝑥)𝑠𝑠 𝑑𝑑𝑑𝑑 = 0                                                 (129)                                                                          

Since 0 ∈ Ω , and normalizing the eigenfunction 𝜇𝜇0 we have                                 

∫ 𝜇𝜇0(𝑦𝑦)
|𝑦𝑦 |𝑆𝑆 𝑑𝑑𝑑𝑑 = 𝑉𝑉(0)(0) = 1, 𝑥𝑥 ∈ Ω�  , due to which the solvability condition (129) takes the 

form   𝛼𝛼 = ∫  u0
+(𝑥𝑥)𝜇𝜇0(𝑥𝑥)𝑠𝑠 𝑑𝑑𝑑𝑑                                                                                    (130)                                                                                

That is,     ∫  u0
+(𝑥𝑥)𝜇𝜇0(𝑥𝑥)𝑠𝑠 𝑑𝑑𝑑𝑑  =    ∫  𝛼𝛼

|𝑥𝑥|
𝜇𝜇0(𝑥𝑥)𝑠𝑠 𝑑𝑑𝑑𝑑   ,      from (129)    
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                                                  =    ∫ 𝛼𝛼. 𝜇𝜇0(𝑥𝑥)
|𝑥𝑥|𝑠𝑠 𝑑𝑑𝑑𝑑   = 𝛼𝛼 ∫  𝜇𝜇0(𝑥𝑥)

|𝑥𝑥|𝑠𝑠�������
=1

𝑑𝑑𝑑𝑑 = 𝛼𝛼              

Hence, 𝛼𝛼 = ∫  u0
+(𝑥𝑥)𝜇𝜇0(𝑥𝑥)𝑠𝑠 𝑑𝑑𝑑𝑑 .                                                                                   

Therefore, the exterior Dirichlet problem is solvable for any continuous function   u0
+,and 

its solution is given by u(x) = 𝑉𝑉(1)(𝑥𝑥) + 𝛼𝛼
|𝑥𝑥|

 =    ∫ 𝜈𝜈(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦 + ∫  u0

+(𝑥𝑥)𝜇𝜇0(𝑥𝑥)𝑠𝑠 𝑑𝑑𝑑𝑑
|𝑥𝑥|𝑠𝑠   

                                                  = ∫ 𝜈𝜈(𝑦𝑦) 𝑐𝑐𝑐𝑐𝑐𝑐𝜑𝜑𝑥𝑥𝑥𝑥
|𝑥𝑥−𝑦𝑦 |2 𝑑𝑑𝑠𝑠𝑦𝑦 + 1

|𝑥𝑥|𝑠𝑠 ∫  u0
+(𝑥𝑥)𝜇𝜇0(𝑥𝑥)𝑠𝑠 𝑑𝑑𝑑𝑑 . 

CHAPTER 4: BOUNDARY VALUE PROBLEMS FOR ELLIPTIC        

                                     UEQUATIONS WITH VARIABLE COEFFICIENT IN  ℝ𝟑𝟑  

4.1   Parametrix, Potential Type Operators and One-Operator Green’s Identities 

      A f undamental s olution i s ge nerally no t a vailable i f t he c oefficients of  t he or iginal 

partial differential are not constants. Then we use a p arametrix (Levi function) in Green 

formulae a llows t he r eduction of  a  boundary v alue p roblem t o one  ope rator bou ndary 

domain integral equations.                                                                                                    

 UScalar Elliptic Differential Operator  

          𝐿𝐿𝑎𝑎 : = 𝐿𝐿𝑎𝑎(𝑥𝑥,𝜕𝜕𝑥𝑥) ≔ ∑ 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

3
𝑖𝑖=1 (𝑎𝑎(𝑥𝑥) 𝜕𝜕

𝜕𝜕𝑥𝑥𝑖𝑖
)                                                                (131) 

           𝐸𝐸𝑎𝑎(u, v) ≔ ∑ 𝑎𝑎(𝑥𝑥) 𝜕𝜕u(𝑥𝑥)
𝜕𝜕𝑥𝑥𝑖𝑖

3
𝑖𝑖=1 . 𝜕𝜕v(𝑥𝑥)

𝜕𝜕𝑥𝑥𝑖𝑖
= 𝑎𝑎(𝑥𝑥)∇u(𝑥𝑥)∇v(𝑥𝑥)                                     (132) 

Verification:Since ∑ 𝑎𝑎(𝑥𝑥) 𝜕𝜕u(𝑥𝑥)
𝜕𝜕𝑥𝑥𝑖𝑖

3
𝑖𝑖=1 . 𝜕𝜕v(𝑥𝑥)

𝜕𝜕𝑥𝑥𝑖𝑖
= 𝑎𝑎(𝑥𝑥){ 𝜕𝜕

𝜕𝜕𝑥𝑥1
u(𝑥𝑥) 𝜕𝜕

𝜕𝜕𝑥𝑥1
v(𝑥𝑥) + 𝜕𝜕

𝜕𝜕𝑥𝑥2
u(𝑥𝑥) 𝜕𝜕

𝜕𝜕𝑥𝑥2
v(𝑥𝑥) +

                                                                                  𝜕𝜕
𝜕𝜕𝑥𝑥3

u(𝑥𝑥) 𝜕𝜕
𝜕𝜕𝑥𝑥3

v(𝑥𝑥)}                                                                                          

                            =𝑎𝑎(𝑥𝑥)� 𝜕𝜕
𝜕𝜕𝑥𝑥1

u(𝑥𝑥), 𝜕𝜕
𝜕𝜕𝑥𝑥2

u(𝑥𝑥), 𝜕𝜕
𝜕𝜕𝑥𝑥3

u(𝑥𝑥)� .� 𝜕𝜕
𝜕𝜕𝑥𝑥1

v(𝑥𝑥), 𝜕𝜕
𝜕𝜕𝑥𝑥2

v(𝑥𝑥), 𝜕𝜕
𝜕𝜕𝑥𝑥3

v(𝑥𝑥)� 

                        

= 𝑎𝑎(𝑥𝑥)∇u(𝑥𝑥)∇v(𝑥𝑥)                                                                            Classical Co-normal 

Derivative Operator 
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          𝑇𝑇𝑎𝑎±(𝑥𝑥,𝐧𝐧(𝑥𝑥),𝜕𝜕𝑥𝑥) ≔ ∑ 𝑎𝑎(𝑥𝑥)𝐧𝐧𝑖𝑖(𝑥𝑥) � 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖
�

±
3
𝑖𝑖=1 = 𝑎𝑎(𝑥𝑥) � 𝜕𝜕

𝜕𝜕𝐧𝐧(𝑥𝑥)
�

±
                              (133) 

Verification: Let 𝑇𝑇𝑎𝑎±(𝑥𝑥,𝐧𝐧(𝑥𝑥),𝜕𝜕𝑥𝑥)u(𝑥𝑥) ≔ ∑ 𝑎𝑎(𝑥𝑥)𝐧𝐧𝑖𝑖(𝑥𝑥) � 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

u(𝑥𝑥)�3
𝑖𝑖=1                                                                                  

                                            =a(x){ 𝐧𝐧1(𝑥𝑥) 𝜕𝜕
𝜕𝜕𝑥𝑥1

u(𝑥𝑥) + 𝐧𝐧2(𝑥𝑥) 𝜕𝜕
𝜕𝜕𝑥𝑥2

u(𝑥𝑥)+𝐧𝐧3(𝑥𝑥) 𝜕𝜕
𝜕𝜕𝑥𝑥3

u(𝑥𝑥)} 

                                    = 𝑎𝑎(𝑥𝑥)(𝐧𝐧1(𝑥𝑥),𝐧𝐧2(𝑥𝑥),𝐧𝐧3(𝑥𝑥)).  ( 𝜕𝜕
𝜕𝜕𝑥𝑥1

u(𝑥𝑥), 𝜕𝜕
𝜕𝜕𝑥𝑥2

u(𝑥𝑥), 𝜕𝜕
𝜕𝜕𝑥𝑥3

u(𝑥𝑥)) 

                                     =a(x) 𝜕𝜕
𝜕𝜕𝐧𝐧(𝑥𝑥)

u(𝑥𝑥) , (which is the directional derivative of u(x) in the 

direction of the uni t normal ve ctor n(x).) w here n(x) is  t he exterior to  Ω unit nor mal 

vector a t t he poi nt 𝑥𝑥 ∈ 𝑆𝑆 

                                                                                                         Weak Co-

normal Derivative 

     〈𝑇𝑇𝑎𝑎±u, v〉𝑆𝑆 ≔ ±∫ [v𝐿𝐿𝑎𝑎u + 𝐸𝐸𝑎𝑎(u, v)]𝑑𝑑Ω(𝑥𝑥),∀v ∈ 𝐻𝐻1(Ω)Ω±                       (134)             

For simplicity:                                                                                                 

      ∫ v(𝑥𝑥)𝑇𝑇𝑎𝑎u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥) = ∫ {v(𝑥𝑥)𝐿𝐿𝑎𝑎Ω𝑆𝑆 u(𝑥𝑥) + 𝑎𝑎(𝑥𝑥)∇v(𝑥𝑥)∇u(𝑥𝑥)}𝑑𝑑Ω(𝑥𝑥)    

Verification:∫ [v𝐿𝐿𝑎𝑎u + 𝐸𝐸𝑎𝑎  (u, v)]𝑑𝑑Ω(𝑥𝑥) = ∫ {v(𝑥𝑥)[∇𝑎𝑎(𝑥𝑥).∇u(𝑥𝑥) + 𝑎𝑎(𝑥𝑥)∆u(𝑥𝑥)ΩΩ ] +

                                                                                          𝑎𝑎(𝑥𝑥)∇v(𝑥𝑥)∇u(𝑥𝑥)}𝑑𝑑Ω(𝑥𝑥).   

              =∫ {𝑎𝑎(𝑥𝑥)Ω v(𝑥𝑥)Δu(𝑥𝑥) + [∇𝑎𝑎(𝑥𝑥)v(𝑥𝑥) + 𝑎𝑎(𝑥𝑥)∇v(𝑥𝑥)]∇u(𝑥𝑥)}𝑑𝑑Ω(𝑥𝑥)   

                                       = ∫ ∇[a(x)v(x)∇u(𝑥𝑥)]𝑑𝑑ΩΩ                             

                                       = ∫ v(x)a(x)∇u(𝑥𝑥).𝐧𝐧(𝑥𝑥)𝑑𝑑Ω Γ , by divergence Theorem.   

〈𝑇𝑇𝑎𝑎 u, v〉𝑆𝑆 ≔ ∫ v(𝑥𝑥)𝑇𝑇𝑎𝑎u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥) = ∫ {v(𝑥𝑥)𝐿𝐿𝑎𝑎Ω𝑆𝑆 u(𝑥𝑥) + 𝑎𝑎(𝑥𝑥)∇v(𝑥𝑥)∇u(𝑥𝑥)}𝑑𝑑Ω(𝑥𝑥)                                                                      

which is the First   Green Identity.                                                                                      

4.2  Formulation of Boundary Value Problems                                                                

       In m any i nstance, solutions of di fferential e quation m ust be  f ound w hich s atisfy 

certain conditions. T hese c onditions w hich may a rise quite n aturally a s i n p hysical 

problem are often referred to as initial or boundary condition depending on whether they 

are specified at one or more than one point. The corresponding problem of finding such a 
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solution are then collectively called boundary value problem.                                                  

      The equation that represents those boundary conditions may involve u itself at points 

on the boundary, in addition, some conditions on the continuity of u and derivative within 

the domain and on the boundary may be required. Such a set of requirement constitute a 

boundary v alue pr oblem i n t he f unction u.  We us e t he t erminology w henever t he 

differential equation is accompanied by some boundary condition.                                                                                                                                     

      Let u denotes t he de pendent va riable in a b oundary pr oblem. A  c ondition that 

prescribes the value of u itself a long a  por tion of the boundary is known as a  Dirichlet 

condition, and also a Neumann condition prescribes the value of normal derivatives   𝜕𝜕u
𝜕𝜕𝐧𝐧

  

on a part of the boundary.  

Now, let us formulate the following mixed boundary value problem as shown below. 

                              𝐿𝐿𝑎𝑎u(𝑥𝑥) = 𝑓𝑓(𝑥𝑥) 𝑖𝑖𝑖𝑖 Ω+                                                                    (135)                                   

                                         u+ = 𝜑𝜑0  𝑜𝑜𝑜𝑜 𝑆𝑆𝐷𝐷                                                                        (136)                                     

                                𝑇𝑇𝑎𝑎u(𝑥𝑥) = 𝜓𝜓0  𝑜𝑜𝑜𝑜 𝑠𝑠𝑁𝑁                                                                           (137)  

       where 𝜑𝜑0 ∈ 𝐻𝐻
1

2� (𝑆𝑆𝐷𝐷), 𝜓𝜓0 ∈ 𝐻𝐻
−1

2� (𝑆𝑆𝑁𝑁)  and 𝑓𝑓 ∈ 𝐿𝐿2(Ω+).                                                   

Equation (135) is understood in distributional sense, condition (136) is understood in the 

trace sense while condition (137) is understood in the functional sense.                                  

4.3 Parametrix                                                                                                    

Definition.  A function 𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦) of two variables 𝑥𝑥,𝑦𝑦 ∈ Ω is a parametrix (Levi function) 

for t he ope rator 𝐿𝐿𝑎𝑎(𝑥𝑥,𝜕𝜕𝑥𝑥) 𝑖𝑖𝑖𝑖 ℝ3 if  𝐿𝐿𝑎𝑎(𝑥𝑥,𝜕𝜕𝑥𝑥)𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) + 𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦)  where 

𝛿𝛿(𝑥𝑥 − 𝑦𝑦) is Dirac delta function defined by    𝛿𝛿(𝑥𝑥 − 𝑦𝑦) = 0 𝑖𝑖𝑖𝑖 𝑥𝑥 ≠ 𝑦𝑦 and                 

∫ 𝛿𝛿(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑 = 1 and  𝑅𝑅𝑎𝑎(𝑥𝑥, 𝑦𝑦)  is t he r emainder w hich p osses a w eak ( integrable) 

singularity at x=y.                                                                                                                 

In pa rticular, t he f unction   𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦) = −1
4𝜋𝜋𝜋𝜋 (𝑦𝑦)|𝑥𝑥−𝑦𝑦 |

, 𝑥𝑥, 𝑦𝑦 ∈ ℝ3 is a p arametrix an d the 

corresponding weakly singular remainder is                                    𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦) =

∑ 𝑥𝑥𝑖𝑖−𝑦𝑦𝑖𝑖
4𝜋𝜋𝜋𝜋 (𝑦𝑦)|𝑥𝑥−𝑦𝑦 |3

3
𝑖𝑖=1 . 𝜕𝜕𝜕𝜕 (𝑥𝑥)

𝜕𝜕𝑥𝑥𝑖𝑖
  , 𝑥𝑥,𝑦𝑦 ∈ ℝ3                                                                                                                                  

Definition. A function 𝐹𝐹𝑎𝑎(𝑥𝑥, 𝑦𝑦) is a fundamental solution for the operator 𝐿𝐿𝑎𝑎(𝑥𝑥, 𝜕𝜕𝑥𝑥) 𝑖𝑖𝑖𝑖 ℝ3 

if    𝐿𝐿𝑎𝑎(𝑥𝑥, 𝜕𝜕𝑥𝑥)𝐹𝐹𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦). 
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 Remark. If the parametrix is a fundamental solution of the linear operator  𝐿𝐿𝑎𝑎  , that is, 

𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝐹𝐹𝑎𝑎(𝑥𝑥,𝑦𝑦) , then 𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦) = 0 

Proof     𝐿𝐿𝑎𝑎(𝑥𝑥,𝜕𝜕𝑥𝑥)𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦) + 𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦) , since 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) is a parametrix. 

                        𝐿𝐿𝑎𝑎(𝑥𝑥,𝜕𝜕𝑥𝑥)𝐹𝐹𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝛿𝛿(𝑥𝑥 − 𝑦𝑦)   , since  𝐹𝐹𝑎𝑎(𝑥𝑥,𝑦𝑦)  is a fundamental solution. 

                       𝐿𝐿𝑎𝑎(𝑥𝑥,𝜕𝜕𝑥𝑥)𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦) − 𝐿𝐿𝑎𝑎(𝑥𝑥,𝜕𝜕𝑥𝑥)𝐹𝐹𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦)  . 

                       But, 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝐹𝐹𝑎𝑎(𝑥𝑥,𝑦𝑦).                       𝑅𝑅𝑎𝑎(𝑥𝑥, 𝑦𝑦) = 0. 

 

4.4 Potential Type Operators                                                                                         

      Let us  f irst i ntroduce the s ingle a nd doubl e layer su rface p otential o perators an d 

remainder vol ume pot ential ope rators. 

                                                                                 Volume Potentials                                                                                                           

   The p arametrix-based Newtonian and t he r emainder vol ume pot entials ar e g iven, 

respectively, by:       

𝒫𝒫𝑎𝑎𝑔𝑔(𝑦𝑦): = ∫ 𝑃𝑃𝑎𝑎Ω (𝑥𝑥,𝑦𝑦)𝑔𝑔(𝑥𝑥)𝑑𝑑𝑑𝑑  𝑎𝑎𝑎𝑎𝑎𝑎 ℛ𝑎𝑎𝑔𝑔(𝑦𝑦): = ∫ 𝑅𝑅𝑎𝑎Ω (𝑥𝑥,𝑦𝑦)𝑔𝑔(𝑥𝑥)𝑑𝑑𝑑𝑑                        (138) 

Remark.  𝒫𝒫𝑎𝑎𝑔𝑔 = 1
𝑎𝑎
𝒫𝒫Δ𝑔𝑔  𝑎𝑎𝑎𝑎𝑎𝑎 ℛ𝑎𝑎𝑔𝑔 = −1

𝑎𝑎
∑ 𝜕𝜕𝑗𝑗3
𝑖𝑖=1 𝒫𝒫Δ[𝑔𝑔�𝜕𝜕𝑗𝑗 𝑎𝑎�] where              

𝒫𝒫Δℎ(𝑦𝑦) ≔ −1
4𝜋𝜋 ∫

ℎ(𝑥𝑥)
|𝑥𝑥−𝑦𝑦 |

𝑑𝑑𝑑𝑑Ω  is th e Newtonian potential corresponding t o the f undamental 

solution of the Laplacian .                                                                                                                     

Proof.      𝒫𝒫𝑎𝑎𝑔𝑔: = ∫ 𝑃𝑃𝑎𝑎Ω (𝑥𝑥,𝑦𝑦)𝑔𝑔(𝑥𝑥)𝑑𝑑𝑑𝑑                                                                                    

                        = ∫ −1
4𝜋𝜋𝜋𝜋 (𝑦𝑦)|𝑥𝑥−𝑦𝑦 |

𝑔𝑔(𝑥𝑥)𝑑𝑑𝑑𝑑Ω  , since  𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = −1
4𝜋𝜋𝜋𝜋 (𝑦𝑦)|𝑥𝑥−𝑦𝑦 |

 

                       =   1
𝑎𝑎(𝑦𝑦)

[−1
4𝜋𝜋 ∫

𝑔𝑔(𝑥𝑥)
|𝑥𝑥−𝑦𝑦 |Ω 𝑑𝑑𝑑𝑑] 

                       =  1
𝑎𝑎
𝒫𝒫Δ𝑔𝑔    , by the given condition above. 

           ℛ𝑎𝑎𝑔𝑔: = ∫ 𝑅𝑅𝑎𝑎Ω (𝑥𝑥,𝑦𝑦)𝑔𝑔(𝑥𝑥)𝑑𝑑𝑑𝑑 
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                      =  ∫ ∑ 𝑥𝑥𝑖𝑖−𝑦𝑦𝑖𝑖
4𝜋𝜋𝜋𝜋 (𝑦𝑦)|𝑥𝑥−𝑦𝑦 |3

3
𝑖𝑖=1 . 𝜕𝜕𝜕𝜕 (𝑥𝑥)

𝜕𝜕𝑥𝑥𝑖𝑖
𝑔𝑔(𝑥𝑥)𝑑𝑑𝑑𝑑Ω  , since  𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦) is given above. 

                       = −1
𝑎𝑎(𝑦𝑦)

[−1
4𝜋𝜋

 ∫ ∑ [ 𝑥𝑥𝑖𝑖−𝑦𝑦𝑖𝑖
|𝑥𝑥−𝑦𝑦 |3

3 
𝑖𝑖=1 . 𝜕𝜕𝜕𝜕 (𝑥𝑥)

𝜕𝜕𝑥𝑥𝑖𝑖
]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑑𝑑Ω ] 

                        = −1
𝑎𝑎(𝑦𝑦)

[−1
4𝜋𝜋

 ∫ ∑ [ 𝜕𝜕
𝜕𝜕𝑦𝑦𝑖𝑖

3 
𝑖𝑖=1 ( 1

|𝑥𝑥−𝑦𝑦 |
) 𝜕𝜕𝜕𝜕 (𝑥𝑥)

𝜕𝜕𝑥𝑥𝑖𝑖
]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑑𝑑Ω ]  

                        =  −1
𝑎𝑎(𝑦𝑦)

∑ 𝜕𝜕𝑗𝑗3
𝑗𝑗=1 𝒫𝒫Δ[𝑔𝑔�𝜕𝜕𝑗𝑗 𝑎𝑎�]   

 

  Surface Potentials                                                                                                             

     Single and double layer surface potential operators are, respectively, given by: 

        𝑉𝑉𝑎𝑎𝑔𝑔(𝑦𝑦): = −∫ 𝑃𝑃𝑎𝑎S (𝑥𝑥, 𝑦𝑦)𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  , 𝑦𝑦 ∉ 𝑆𝑆                                                            (139) 

         𝑊𝑊𝑎𝑎𝑔𝑔(𝑦𝑦): = −∫ [𝑇𝑇𝑎𝑎S (𝑥𝑥,𝐧𝐧(𝑥𝑥),𝜕𝜕𝑥𝑥)𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  ,𝑦𝑦 ∉ 𝑆𝑆                               (140)

                                     Pseudo-Differential Operators                                                                                        

    The bounda ry i ntegral (pseudo-differential) o perators o f direct v alue s imple la yer 

potential 𝒱𝒱𝑎𝑎  and the double layer potential 𝒲𝒲𝑎𝑎   are, respectively, given by: 

          𝒱𝒱𝑎𝑎𝑔𝑔(𝑦𝑦): = −∫ 𝑃𝑃𝑎𝑎S (𝑥𝑥,𝑦𝑦)𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  ,𝑦𝑦 ∈ 𝑆𝑆                                                          (141) 

             𝒲𝒲𝑎𝑎𝑔𝑔(𝑦𝑦): = −∫ [𝑇𝑇𝑎𝑎S (𝑥𝑥,𝐧𝐧(𝑥𝑥),𝜕𝜕𝑥𝑥)𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥 ,𝑦𝑦 ∈ 𝑆𝑆                            (142) 

              𝒲𝒲′𝑎𝑎𝑔𝑔(𝑦𝑦): = −∫ [𝑇𝑇𝑎𝑎S �𝑦𝑦,𝐧𝐧(𝑦𝑦),𝜕𝜕𝑦𝑦�𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥 ,𝑦𝑦 ∈ 𝑆𝑆                         (143) 

               ℒ𝑎𝑎±𝑔𝑔(𝑦𝑦): = [𝑇𝑇𝑎𝑎±�𝑦𝑦,𝐧𝐧(𝑦𝑦), 𝜕𝜕𝑦𝑦�𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)]𝑊𝑊𝑎𝑎𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥 ,𝑦𝑦 ∈ 𝑆𝑆                             (144) 

      where  ℒ𝑎𝑎±𝑔𝑔(𝑦𝑦) is t he co-normal de rivative of  dou ble layer a nd  𝒲𝒲′𝑎𝑎𝑔𝑔(𝑦𝑦)  is t he 

direct value associated with the co-normal derivative of single layer. 

    From equations138-144 we deduce the representation of the parametrix based surface 

potentials boundary operators in-terms of their counter parts for a=1. 
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                       𝑉𝑉𝑎𝑎𝑔𝑔 =   1
𝑎𝑎
𝑉𝑉Δ𝑔𝑔    ,   𝑊𝑊𝑎𝑎𝑔𝑔 = 1

𝑎𝑎
𝑊𝑊Δ(𝑎𝑎𝑎𝑎)                                                      (145) 

                        𝒱𝒱𝑎𝑎𝑔𝑔 =   1
𝑎𝑎
𝒱𝒱Δ𝑔𝑔    ,   𝒲𝒲𝑎𝑎𝑔𝑔 = 1

𝑎𝑎
𝒲𝒲Δ(𝑎𝑎𝑎𝑎)                                                  (146) 

                        𝒲𝒲′𝑎𝑎𝑔𝑔 = 𝒲𝒲′Δ𝑔𝑔 + [𝑎𝑎 𝜕𝜕
𝜕𝜕𝐧𝐧
�1
𝑎𝑎
�] 𝒱𝒱Δ𝑔𝑔                                                          (147)                         

                             ℒ𝑎𝑎±𝑔𝑔 = ℒΔ
±(𝑎𝑎𝑎𝑎) + �𝑎𝑎 𝜕𝜕

𝜕𝜕𝐧𝐧
�1
𝑎𝑎
��𝑊𝑊Δ

±(𝑎𝑎𝑎𝑎)                                                (148) 

Proof.  Consider   𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦) = −1
4𝜋𝜋𝜋𝜋 (𝑦𝑦)|𝑥𝑥−𝑦𝑦 |

= 1
𝑎𝑎(𝑦𝑦)

� −1
4𝜋𝜋|𝑥𝑥−𝑦𝑦 |

� = 𝑃𝑃Δ (𝑥𝑥 ,𝑦𝑦)
𝑎𝑎(𝑦𝑦)

                                 

where 𝑃𝑃Δ(𝑥𝑥,𝑦𝑦) = −1
4𝜋𝜋|𝑥𝑥−𝑦𝑦 |

 , to verify the relations as follows.  

Proof (145).  

 𝑉𝑉𝑎𝑎𝑔𝑔(𝑦𝑦): = −∫ 𝑃𝑃𝑎𝑎S (𝑥𝑥, 𝑦𝑦)𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  , 𝑦𝑦 ∉ 𝑆𝑆  

                                 = −∫ 𝑃𝑃Δ (𝑥𝑥 ,𝑦𝑦)
𝑎𝑎(𝑦𝑦)S 𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  

                                    = −1
𝑎𝑎(𝑦𝑦)∫ 𝑃𝑃Δ(𝑥𝑥,𝑦𝑦)S 𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥 = 1

𝑎𝑎
𝑉𝑉Δ𝑔𝑔             𝑉𝑉𝑎𝑎𝑔𝑔 = 1

𝑎𝑎
𝑉𝑉Δ𝑔𝑔     

 𝑊𝑊𝑎𝑎𝑔𝑔(𝑦𝑦): = −∫ [𝑇𝑇𝑎𝑎S (𝑥𝑥,𝐧𝐧(𝑥𝑥),𝜕𝜕𝑥𝑥)𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  ,𝑦𝑦 ∉ 𝑆𝑆 

                =    ∫ [∑ 𝑎𝑎(𝑥𝑥)3
𝑖𝑖=1𝑆𝑆 𝐧𝐧𝑖𝑖(𝑥𝑥) 𝜕𝜕

𝜕𝜕𝑥𝑥𝑖𝑖
𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  ,𝑦𝑦 ∉ 𝑆𝑆 

                 = −1
𝑎𝑎(𝑦𝑦)∫ ∑ 𝐧𝐧𝑖𝑖(𝑥𝑥) 𝜕𝜕𝑃𝑃Δ (𝑥𝑥 ,𝑦𝑦)

𝜕𝜕𝑥𝑥𝑖𝑖
3
𝑖𝑖=1𝑆𝑆 (𝑎𝑎𝑎𝑎)(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥= 1

𝑎𝑎
𝑊𝑊Δ(𝑎𝑎𝑎𝑎)                             

Proof (146).         

 𝒱𝒱𝑎𝑎𝑔𝑔(𝑦𝑦): = −∫ 𝑃𝑃𝑎𝑎S (𝑥𝑥,𝑦𝑦)𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  ,𝑦𝑦 ∈ 𝑆𝑆 

                 =  −∫ 𝑃𝑃Δ (𝑥𝑥 ,𝑦𝑦)
𝑎𝑎(𝑦𝑦)S 𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  

                                     =      −1
𝑎𝑎(𝑦𝑦)∫ 𝑃𝑃Δ(𝑥𝑥,𝑦𝑦)S 𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥=  1

𝑎𝑎
𝒱𝒱Δ𝑔𝑔     

 𝒲𝒲𝑎𝑎𝑔𝑔(𝑦𝑦): = −∫ [𝑇𝑇𝑎𝑎S (𝑥𝑥,𝐧𝐧(𝑥𝑥),𝜕𝜕𝑥𝑥)𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥 ,𝑦𝑦 ∈ 𝑆𝑆 

                   = −∫ [∑ 𝑎𝑎(𝑥𝑥)3
𝑖𝑖=1𝑆𝑆 𝐧𝐧𝑖𝑖(𝑥𝑥) 𝜕𝜕

𝜕𝜕𝑥𝑥𝑖𝑖
𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  
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                                            = −1
𝑎𝑎(𝑦𝑦)∫ ∑ 𝐧𝐧𝑖𝑖(𝑥𝑥) 𝜕𝜕𝑃𝑃Δ (𝑥𝑥 ,𝑦𝑦)

𝜕𝜕𝑥𝑥𝑖𝑖
3
𝑖𝑖=1𝑆𝑆 (𝑎𝑎𝑎𝑎)(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥=1

𝑎𝑎
𝒲𝒲Δ(𝑎𝑎𝑎𝑎)                   

Proof (147). 

 𝒲𝒲′𝑎𝑎𝑔𝑔: = −∫ [𝑇𝑇𝑎𝑎S �𝑦𝑦,𝐧𝐧(𝑦𝑦), 𝜕𝜕𝑦𝑦�𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥 , 𝑦𝑦 ∈ 𝑆𝑆 

              = −∫ [𝑇𝑇𝑎𝑎S �𝑦𝑦,𝐧𝐧(𝑦𝑦),𝜕𝜕𝑦𝑦�
−1

4𝜋𝜋𝜋𝜋 (𝑦𝑦)|𝑥𝑥−𝑦𝑦 |
]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥 , 𝑦𝑦 ∈ 𝑆𝑆 

              =  −∫ [∑ 𝑎𝑎(𝑦𝑦)3
𝑖𝑖=1𝑆𝑆 𝐧𝐧𝑖𝑖(𝑦𝑦) 𝜕𝜕

𝜕𝜕𝜕𝜕
[ −1

4𝜋𝜋𝜋𝜋 (𝑦𝑦)|𝑥𝑥−𝑦𝑦 |
]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  

              =  −∫ [∑ 𝑎𝑎2(𝑦𝑦)3
𝑖𝑖=1𝑆𝑆 𝐧𝐧𝑖𝑖(𝑦𝑦) 𝜕𝜕

𝜕𝜕𝜕𝜕
𝑃𝑃Δ (𝑥𝑥 ,𝑦𝑦)
𝑎𝑎2(𝑦𝑦)

]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥    +  

                    ∫ ∑
𝑎𝑎(𝑦𝑦)𝐧𝐧𝑖𝑖(𝑦𝑦)𝑃𝑃Δ (𝑥𝑥 ,𝑦𝑦)𝜕𝜕𝜕𝜕 (𝑦𝑦)

𝜕𝜕𝜕𝜕

𝑎𝑎2(𝑦𝑦)
3
𝑖𝑖=1𝑆𝑆 𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  

                               =  𝒲𝒲′Δ𝑔𝑔 + ∑
𝐧𝐧𝑖𝑖(𝑦𝑦)𝜕𝜕𝜕𝜕 (𝑦𝑦 )

𝜕𝜕𝜕𝜕

𝑎𝑎(𝑦𝑦)
3
𝑖𝑖=1 ∫ 𝑃𝑃Δ(𝑥𝑥,𝑦𝑦)S 𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  

               =  𝒲𝒲′Δ𝑔𝑔 + [−𝑎𝑎(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝜕𝜕

(1
𝑎𝑎

)(−𝒱𝒱Δ𝑔𝑔 )    

                            = 𝒲𝒲′Δ𝑔𝑔 + [𝑎𝑎 𝜕𝜕
𝜕𝜕𝐧𝐧
�1
𝑎𝑎
�] 𝒱𝒱Δ𝑔𝑔                                                                             

Proof (148).           

 ℒ𝑎𝑎+𝑔𝑔 ≔ [𝑇𝑇𝑎𝑎 �𝑦𝑦,𝐧𝐧(𝑦𝑦),𝜕𝜕𝑦𝑦�𝑊𝑊𝑎𝑎𝑔𝑔(𝑦𝑦)]+ 

           = ∑ [𝑎𝑎(𝑦𝑦)𝐧𝐧𝑖𝑖(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝜕𝜕

3
𝑖𝑖=1 𝑊𝑊𝑎𝑎𝑔𝑔(𝑦𝑦)] 

           = −∑ [𝑎𝑎(𝑦𝑦)𝐧𝐧𝑖𝑖(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝜕𝜕

3
𝑖𝑖=1 ∫ [𝑇𝑇𝑎𝑎S (𝑥𝑥,𝐧𝐧(𝑥𝑥), 𝜕𝜕𝑥𝑥)𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥] 

                             = ∑ 𝑎𝑎(𝑦𝑦)𝐧𝐧𝑖𝑖(𝑦𝑦) 𝜕𝜕
𝜕𝜕𝜕𝜕

3
𝑖𝑖=1 . [−∫ [∑ 𝑎𝑎(𝑥𝑥)3

𝑖𝑖=1𝑆𝑆 𝐧𝐧𝑖𝑖(𝑥𝑥) 𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  

                               =  −∑ 𝑎𝑎(𝑦𝑦)𝐧𝐧𝑖𝑖(𝑦𝑦)3
𝑖𝑖=1 ∫ [∑ 𝑎𝑎(𝑥𝑥)3

𝑖𝑖=1𝑆𝑆 𝐧𝐧𝑖𝑖(𝑥𝑥) 𝜕𝜕
𝜕𝜕𝑦𝑦𝑖𝑖

(
𝜕𝜕
𝜕𝜕𝑥𝑥𝑖𝑖

𝒫𝒫Δ (𝑥𝑥 ,𝑦𝑦)

𝑎𝑎(𝑦𝑦)
)𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  

                            =−∑ 𝑎𝑎(𝑦𝑦)𝐧𝐧𝑖𝑖(𝑦𝑦)3
𝑖𝑖=1 ∫ [∑ 𝑎𝑎(𝑥𝑥)3

𝑖𝑖=1𝑆𝑆 𝐧𝐧𝑖𝑖(𝑥𝑥)[ 𝜕𝜕
𝜕𝜕𝑦𝑦𝑖𝑖

�𝜕𝜕   𝒫𝒫Δ (𝑥𝑥 ,𝑦𝑦)
𝜕𝜕𝑥𝑥𝑖𝑖

� 𝑎𝑎(𝑦𝑦) −

                                       𝜕𝜕   𝒫𝒫Δ (𝑥𝑥 ,𝑦𝑦)
𝜕𝜕𝑥𝑥𝑖𝑖

𝜕𝜕
𝜕𝜕𝑦𝑦𝑖𝑖

𝑎𝑎(𝑦𝑦)]𝑔𝑔(𝑥𝑥)𝑑𝑑𝑆𝑆𝑥𝑥  
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                                 = ℒΔ+(𝑎𝑎𝑎𝑎) + �𝑎𝑎 𝜕𝜕
𝜕𝜕𝐧𝐧
�1
𝑎𝑎
��𝑊𝑊Δ

+(𝑎𝑎𝑎𝑎)                                                            

4.5   One Operator Green Identities                                                                        

       By considering the weak co-normal derivative (134), we write the one operator first 

Green’s identities for operator 𝐿𝐿𝑎𝑎  as:                                  

 ∫ v(𝑥𝑥)𝐿𝐿𝑎𝑎Ω u(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥) = ∫ v(𝑥𝑥)𝑇𝑇𝑎𝑎𝑆𝑆 u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥) − ∫ 𝐸𝐸𝑎𝑎Ω (u, v)𝑑𝑑Ω                (149) 

    And one-operator second Green identities as:  

∫ [u(𝑥𝑥)𝐿𝐿𝑎𝑎Ω v(𝑥𝑥) − v(𝑥𝑥)𝐿𝐿𝑎𝑎u(𝑥𝑥)]𝑑𝑑Ω(𝑥𝑥) =  ∫ [u(𝑥𝑥)𝑇𝑇𝑎𝑎S v(𝑥𝑥) − v(𝑥𝑥)𝑇𝑇𝑎𝑎u(𝑥𝑥)]𝑑𝑑Γ(𝑥𝑥)   (150)  

Proof. Let  ∫ v(𝑥𝑥)𝐿𝐿𝑎𝑎Ω u(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥) = ∫ v(𝑥𝑥)𝑇𝑇𝑎𝑎𝑆𝑆 u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥) − ∫ 𝐸𝐸𝑎𝑎Ω (u, v)𝑑𝑑Ω  and                   

                   ∫ u(𝑥𝑥)𝐿𝐿𝑎𝑎Ω v(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥) = ∫ u(𝑥𝑥)𝑇𝑇𝑎𝑎𝑆𝑆 v(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥) − ∫ 𝐸𝐸𝑎𝑎Ω (u, v)𝑑𝑑Ω   from  

 first Green identity and take their difference, then we get  

       ∫ [u(𝑥𝑥)𝐿𝐿𝑎𝑎Ω v(𝑥𝑥) − v(𝑥𝑥)𝐿𝐿𝑎𝑎u(𝑥𝑥)]𝑑𝑑Ω(𝑥𝑥) =  ∫ [u(𝑥𝑥)𝑇𝑇𝑎𝑎S v(𝑥𝑥) − v(𝑥𝑥)𝑇𝑇𝑎𝑎u(𝑥𝑥)]𝑑𝑑Γ(𝑥𝑥). 

        Assume u is a solution of partial differential equation (135) and use the parametrix  

𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)  as v(x) in the   one-operator second Green identity (150).                                   

Then, we obtain linear one-operator third Green identity                                                   

u(𝑦𝑦) − ∫ u(𝑥𝑥)𝑆𝑆 𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑑𝑑Γ(𝑥𝑥) + ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑇𝑇𝑎𝑎u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥)𝑆𝑆 +

∫ 𝑅𝑅𝑎𝑎Ω (𝑥𝑥,𝑦𝑦)u(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥) = ∫ 𝑃𝑃𝑎𝑎Ω (𝑥𝑥, 𝑦𝑦)𝑓𝑓(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥)                                                    (151) 

Proof.    From one-operator second Green identity, we have 

    ∫ {u(𝑥𝑥)𝐿𝐿𝑎𝑎Ω v(𝑥𝑥) − v(𝑥𝑥)𝐿𝐿𝑎𝑎u(𝑥𝑥)}𝑑𝑑Ω(𝑥𝑥) =  ∫ {u(𝑥𝑥)𝑇𝑇𝑎𝑎S v(𝑥𝑥) − v(𝑥𝑥)𝑇𝑇𝑎𝑎u(𝑥𝑥)}𝑑𝑑Γ(𝑥𝑥) 

                     Let v(x) =  𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦) .                                                                                       

⟹ ∫ {u(𝑥𝑥)𝐿𝐿𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)Ω − 𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝐿𝐿𝑎𝑎u(𝑥𝑥)}𝑑𝑑Ω(𝑥𝑥) =    ∫ {u(𝑥𝑥)𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)S −

                                                                                𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑇𝑇𝑎𝑎u(𝑥𝑥)}𝑑𝑑Γ(𝑥𝑥)     

⟹ ∫ u(𝑥𝑥)𝐿𝐿𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)Ω 𝑑𝑑Ω(𝑥𝑥) − ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝐿𝐿𝑎𝑎u(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥)Ω =

                                      ∫ u(𝑥𝑥)𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)S 𝑑𝑑Γ(𝑥𝑥) −   ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑇𝑇𝑎𝑎u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥)S  
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   Since u is a solution and 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) is a parametrix of (135),                                          

⟹ ∫ u(𝑥𝑥){𝛿𝛿(𝑥𝑥 − 𝑦𝑦) + 𝑅𝑅𝑎𝑎(𝑥𝑥, 𝑦𝑦)}Ω 𝑑𝑑Ω(𝑥𝑥) − ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑓𝑓(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥)Ω =

                                           ∫ u(𝑥𝑥)𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)S 𝑑𝑑Γ(𝑥𝑥) − ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑇𝑇𝑎𝑎u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥)S                      

  ⟹ ∫ u(𝑥𝑥)𝛿𝛿(𝑥𝑥 − 𝑦𝑦)Ω 𝑑𝑑Ω(𝑥𝑥) + ∫ u(𝑥𝑥)𝑅𝑅𝑎𝑎(𝑥𝑥, 𝑦𝑦)Ω 𝑑𝑑Ω(𝑥𝑥) − ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝑓𝑓(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥)Ω =

                                                          ∫ u(𝑥𝑥)𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)S 𝑑𝑑Γ(𝑥𝑥) −  ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝑇𝑇𝑎𝑎u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥)S        

    ⟹ u(𝑦𝑦) + ∫ u(𝑥𝑥)𝑅𝑅𝑎𝑎(𝑥𝑥, 𝑦𝑦)Ω 𝑑𝑑Ω(𝑥𝑥) − ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝑓𝑓(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥)Ω =

                                                          ∫ u(𝑥𝑥)𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)S 𝑑𝑑Γ(𝑥𝑥) −  ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝑇𝑇𝑎𝑎u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥)S              

  ⟹              u(𝑦𝑦) − ∫ u(𝑥𝑥)𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)S 𝑑𝑑Γ(𝑥𝑥) + ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑇𝑇𝑎𝑎u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥)S +

                                              ∫ 𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦)u(𝑥𝑥)Ω 𝑑𝑑Ω(𝑥𝑥) = ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)𝑓𝑓(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥)Ω      

 

Remark. If the parametrix is a fundamental solution of the linear operator  𝐿𝐿𝑎𝑎 , (i.e.   

     if  𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦) = 𝐹𝐹𝑎𝑎(𝑥𝑥,𝑦𝑦) , then 𝑅𝑅𝑎𝑎(𝑥𝑥,𝑦𝑦) = 0.), then                                  

⟹ u(𝑦𝑦) − ∫ u(𝑥𝑥)𝑇𝑇𝑎𝑎𝑃𝑃𝑎𝑎(𝑥𝑥,𝑦𝑦)S 𝑑𝑑Γ(𝑥𝑥) + ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝑇𝑇𝑎𝑎u(𝑥𝑥)𝑑𝑑Γ(𝑥𝑥)S =

                                                                                      ∫ 𝑃𝑃𝑎𝑎(𝑥𝑥, 𝑦𝑦)𝑓𝑓(𝑥𝑥)𝑑𝑑Ω(𝑥𝑥)Ω  

     From t he one -operator t hird G reen i dentity ( 151), w e c an f ormulate t he boun dary 

domain integral equation as:  u + 𝑅𝑅𝑎𝑎u − V𝑎𝑎𝑇𝑇𝑎𝑎+u + 𝑊𝑊𝑎𝑎u+ = 𝑃𝑃𝑎𝑎𝐿𝐿𝑎𝑎u 𝑖𝑖𝑖𝑖 Ω. 
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