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abstract

This project is concerned with elliptic eigenvalue problem(Super linear) on a bounded
domain 2 C R" (n > 2) with smooth boundary 0f). Existence result for non-trivial
solution of the problem is established.
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Notations
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Q
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Qe

L,.(2)
suppf

C(Q)
oo ()

LP(Q)
D(9)
Who(Q)

Almost everywhere.

An open subset of RV,

The closure of € in RV,

The boundary of Q ie 90 = Q\Q.
If O C Q and € is compact.

ou
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041+052+Oé3+"'+0én.
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The weak derivatives.
A seminorm on a Banach space, or an Euclidean norm in R".
0%u 0%u
(ax%"” ’ 0x%)
The laplace operator: Au = div(Vu) = % +- 4 g:ﬁ—g.
The divergence of vector field i.e div(Vu) = % +- 4 g:ﬁ—%
The p-laplace operator: Ayu = div(|Vul[P~?Vu) with p > 1.
The p(x)-laplace operator: A, u = div(|Vu[P®~2vuy).
The topological dual of the space X.
€55 5UD, 0 p()
essinf,cq p(x)
The conjugate of p given by i + ]% =1.
Locally integrable function over 2.
The support of a function f : Q2 — R is defined by
{r eQ: f(z) #0}.
The space of continuous infinitely differentiable functions on €2.
The space of continuous infinitely often differentiable functions with
compact support on €2.
{f:Q=R]|[,|f(x)Pdr < oo}
The set of all test functions.
The Sobolev space of functions whose distributional derivatives up
to k' order belongs to LP(€).
First order Sobolev space on §2.
The closure of C§°(£2) in WHP(Q).
Wy*(9).
The dual space of HJ ().

for @ = (a1, 9, 3, ..., ) € N is multi-index.
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Introduction

The theory of partial differential equations oftentimes involves function spaces that
are defined in terms of properties of pertinent functions and their derivatives. In this
regard, Sobolev space turn out to be one with suitable settings as compered to the
classical Banach space of smooth functions C™(£2).

In this paper we study elliptic eigenvalue problem of the form
Ayu+ A vulP?u =0

where the scalar A is an eigenvalue of the p-Laplace equation for 1 < p < oco. A non-
zero C?— function is an eigenfunction corresponding to .

The p-Laplace equation which is the Euler-Lagrange equation of the Dirichlet integral

() = /Q ulPdz

reduces to the 2—Laplace equation for p = 2. For p # 2, the p-Laplace equation is non-
linear and for critical deformation (Vu = 0) it is singular in the event that 1 < p < 2.
Solutions of the p-Laplace equation are named p-harmonic functions. The study of
p-Laplace equation and hence of p-harmonic functions attracted significant attention
in recent years. The 2—Laplace equation or simply Laplace’s equation is the prototype
of linear PDE of second order.

In order to determine unique solution of a PDE we need to prescribe additional condi-

tions which can either be initial, boundary or initial-boundary condition. For instance,

the following poisson’s equation with homogeneous condition on the boundary of a

domain 2 C R”

{ éu f inQ (1)
u=20 on 092

is the Dirichlet problem. The solution of (1) is established by using divergence theorem
for smooth functions u and f.

In the preparation of this seminar paper the following sequence of narratives are
adopted. In chapter 1, we will see description of partial differential operator using
multi-index notation followed by the notion of test functions and weak derivatives of
the functions. In chapter 2, we drive Euler-Lagrange equations for variational (Dirich-
let) integral and present formulation of boundary value problem of Dirichlet type. In
chapter 3, we take a closer look at eigenvalue problem with p-Laplace operator. In



particular, for linear problems we show that the eigenvalue A is real and non-negative.
Finally in chapter 4, we present weak formulation of the Dirichlet problem on bounded
domain and establish existence of non-trivial weak solution.



Chapter 1

Overview of Function Spaces

1.1 Lebesgue Spaces
If Q C R" is a domain and 1 < p < oo, then
Q) ={f: Q>R / F(@)Pdz < 00}
Q
is space of p-integrable functions on €2, while for p = oo
L¥(Q)={f:Q—R||f(z)| < M aeonQ, M >0}
is the space of essentially bounded functions on 2. We recall, for f € LP(Q),1 <p < o0
1
Pdx)?, 1 <p<
Al = { a7 )7, 1< p < oc
esssupq | f(z)], p =00

is a norm' and (LP(2),]| - ||r(n)) is a normed space which is complete i.e a Banach
Space.

Definition 1.1.1. (Locally integrable functions) For 1 < p < oo, the space of locally

integrable functions on €2,

(@) ={f:0-E| /K F@)Pde < 00, K CC Q)2

15 the set of functions on ) which are p-integrable on every K C €2 compact.

Proposition 1.1.1. For 1 <p < oo, LP(Q) C L} (Q)

loc

Proof. Let f € LP(Q).

1, e K
If Mpy=<"
0, x¢ K
'A norm ||.|| on a linear (vector) space V is a functional on V with the following properties:

i) |lu| >0,lul=0=u=0, VueV
i) |lc.u|| = |e||lull, Ve € R, Vu e V
i) flu+w| < [[ull + [[w]], Yu,w eV

dKeeQ Y TcQ and E£Q



is an indicator function of K CC €2, then for 1 < ¢ < oo with % + % =1, we have

[1@ra = [ wis@pd

|| Ty ||zal|flle, (Holder's inequality)

< o0

IN

Therefore f € L, .(Q) O

loc

Definition 1.1.2. The support of the function f on €1 is

supp [ ={z € f(z) # 0}

Evidently, the space Cy(S2) of functions with compact support on € is a linear space,
that 1s

i. fe€CH(Q) = afeCyQ), aeR

. f,g S Co(Q) — f +g€ C()(Q)

1.2 Multi-index and Derivatives

The use of multi-index notation for partial differential operators renders an efficient
and ultra convenient settings for description of partial differential equations.

1.2.1 Multi-index

An array a = (o, 0, -+, ) € N of non-negative integers is what we call n-
dimensional multi-index. With multi-index o we associate the following scalars,

Llal=a1+as+--+a,
i, ol = aqlag! -y,

The operation of addition (subtraction) on the product set Ny is introduced component
wise, that is
Oé:l:ﬁz (Oél:l:ﬂh'” 7Oén:|:6n)

Proposition 1.2.1. The relation ~ defined on Ny by
CKNﬁ fo O‘lgﬁla Z:172a y
1$ partial ordering.

Proof. i) Let a € Ny be arbitrary.
Since, a; < oy for i=1,2,---,n
we have o ~ «

= 7 ~7 is reflexive.



ii) Let o, 8 € N such that
a~p N B~a

:>az§61 A Bzgaz 7::1,2,“‘,77/
:>O41:Bl7 i:1727"'7n
=a=p

= 7 ~ 7 is antisymmetric.

iii) Let «, 8,7 € Nj such that
a~f N By
=0 <fB AN i<y i=12-,n

:>041§%, 221727 ,
= o~y
= 7 ~ 7 is transitive.

R

Consequently, ” ~ 7 is partial ordering, and (Nj, ~) is partial ordered set. O

One can employ multi-indexes to describe a monomial in R™ and a polynomial of degree
k with n-independent variables, that is if z € R” and o € Njj then a

i) Monomial

ii) Polynomial of degree k

P(z) =) CoX°

1.2.2 Derivatives and differential operators

We write D), for the usual partial derivative with respect to the k*-independent vari-
able. As a result, the expression

D:(Dlv"' 7Dn)

represents gradient.
If « = (1,09, -+ ,,) is n-dimensional multi-index with length |a| = k then the
expression

Doz Da1 Da alal
stands for a partial differential operator(PDO), of order k.
obviously, || =0 = a=(0,0,---,0)

= D = DY = identity operator

o] =1 =ac {(1,0’... ,0),(0,1,---,0),---,(0,--- 71)}

= D" e {Dl, Dy, - ,Dn} that is one of the n first partials.

For |a| =2, D* is one of the @ second order partials.



A linear partial differential operator, L of order k& can now be expressed as

L:= Z ao(x)D*, e R"

la|<k

consequently, a linear PDE of order k in n-independent variables is given by

Z ao(x) D% = b(x)

lal <k

and the corresponding quasi-linear PDE of order k is

Z (o (x, (Dﬁu)|5|§k_1)Dau = b(m, (Dﬁu)wgk_l)

la|<k

1.3 Test Functions
Given a non-negative integer k, we say that a function
f:QCR"—=R

is k-times continuously differentiable if
i) D™ f exists on {2

ii) D*f is continuous
for all multi-indexes o € Njj with |a] < k

Natation: C*(Q) = {f: Q= R:D*f € C(Q), |o| <k}
For Q) C R™ a domain, the space of infinitely often continuously differentiable functions
on € is given by

C*Q)={f:Q—=>R:Df € C(Q), Yo e N}

and the space of infinitely often continuously differentiable functions with compact
support on € is given by

C() ={f: Q= R: feC(QNCQ)}

Natation: D(Q2) := C5°(92)
The set D(£2) as above is the set of test functions on €
For demonstration, consider the function

-1
et, t>0
g(f)Z{

0, £<0
The fact that the exponential function fi(t) = e® (t > 0) and constant function
fo(t) = 0 (t < 0) are infinitely often differentiable with continuous derivatives is

plain. The derivative gi"l(t) of any order at t=0 can also be shown to be 707, that is

6



gl (t)‘t:O =0, VneN.
Here, one only needs to change variable (% — h) and then employ L’Hopitals rule.
If we set f(x) = g(a® — ||x|[?), for any @ > 0 then f € C*°(R") with

[—a,a], n=1
supp f =
B,(0), n>1

That is f is test function on R"™.

1.4 Weak derivatives

In this part, we introduce the notion of weak derivatives, a situation whereby significant
weakening of the classical notion of derivatives takes place. The definition of weak
derivatives rests on the known concept of integration by parts,

/quicﬁda: = —/ngbxidx, ¢ € D(Q)

Definition 1.4.1. (Weak derivatives) Let f € L}, (Q) and o € Npj. If there is g €
L .(Q) such that

/fD%bdx:(—m'/ggbdx, b € D(Q)
Q Q

then we say that g is the ot-weak derivative of f on €.

Natation: g = D_ f
Some of the typical properties of weak derivatives are stated in the lemma that follow.

Lemma 1.4.1. (Uniqueness )
Let f € L}, .(Q) such that D% f exists for o € Ny.
If g and h are o'"-weak derivative of f on ), then g = h a.e on .

Proof. By definition of weak derivatives; we have
g=Dif = [ £D0ds = (=) [ gode, ¥o € D) (1)
Q Q

h=Dof :>/fDangdx:(—)|"‘|/hgzﬁdx, Vo € D(Q) (1.2)
Q Q
From (1.1) and (1.2) we have

[ 9(@)p(x) — [, h(z)d(z)de =0, Yo € D(Q)
= Jolg(x) = h(z))p(z)dz =0, V¢ € D(Q)
= (g(z) — h(z))¢ =0 a.e on Q, Vo€ D(Q)
= g(z) — h(z) =0a.e on Q

g= (z)=h(z)ae on Q



Lemma 1.4.2. (Linearity )
Let f,g € L} () and o € N7 If f and g have o' -weak derivative on Q, then so does

f + g, further more,
Dy (eif +cag) = 1Dy f 4+ c2aDyyg

Proof. Suppose hy = D f, he = DS g, then

[(er+agpiots = [ arpiodss [ copiods vo e D@
Q Q Q

= cl/ng¢dz+02/ng¢dx
Q Q
— —1)led _1)lel
c(—1) /thgbd:v—l—@( 1) /thgbdx

= (_1)|a| /Q(Clhl + coho)pdx, Vo € D(Q)

= Cngf‘i‘Cngg
Lemma 1.4.3. (Commutativity )
Let f € Li,.(Q) such that D2 f exists for |a| = k.
If o, B € N} with |a + 5| = |a| + |8] = k then
D*(D°f) = D*(D*f)
Proof.
[ 0o nede = (1) [ (0000
Q 0
= (=1 [ fD°(D*¢)d
0" [ 1DA Dot
= (=1 [ fD""¢d
(1" [ £D7 o
= (=% | fD*(D’¢)d
(1" | $D7(D%6)ds
- (—1 k4o D Dﬁ d
(vl [ Do
= (=1 [ D*(D“f)¢pd
(-1 [ DHD" o
~ [ DA pss
v

]

Function spaces visited thus far are not adequate for indepth treatment of partial dif-
ferential equations. Treatment of the theory of partial differential equations, especially,
approximation (interior) of solutions by smooth functions requires a space with suitable
settings. Hence, the need for Sobolev Space.



1.5 Sobolev Spaces

If Q C R™ is a domain and k is non-negative integer, the space of functions on €2 whose

ath-weak derivative exists for various orders (up to k) is

WHQ) ={f:Q— R|DS f exists Vo, |a] < k}?

The space W*(Q) has the following properties,

i) Wk(Q) is a linear space.

ii) C*(Q) Cc WHQ)
Property ”1)” is an immediate consequence of the linearity property of weak derivatives
while ”ii)” follows from the fact that classical differentiability implies weak differentia-
bility.

For 1 < p < oo and "k” a non-negative integer, the space of k-times weakly dif-
ferentiable functions with p-integrable weak derivatives on €2,

WHEP(Q) = {f e WF(Q) : DSf € LP(Q), |a| <k}

is a linear space.
We define a norm on the space W*?(Q) by

1
_ (Z|a|§k Jo | Dg flPdz)?, 1 <p<oo
I Flhwesiey = i
> laj<k €S8P [Dy f[, p = o0

We make the following observation,

i) Since |DSf| >0, Va e N
we have || f[|y.n( )>0and||f||Wkp =0if f=0a.eon .

ii) For any scalar, DS (Af) = ADS f
= [DyAf)] = DG /]
= [|Mllwrr) = (M fllwee @)

iii) For any f,g € W*P(Q) and 1 < p < o0,

Z/ID“ f+9) |pdw)

la|<k

(
_ (lgk/waﬂD |pd:x>
(2

(1102 fll ey + HszgHmm)p)

1f + gllwer) =

1

D=

la|<k
< (Zummw) (X 1Dl )
la|<k la|<k

= [fllwrr) + llgllwrr)

3f is k-times weakly differentiable if DO f ewxists, || <k

9



and convinced that || - ||k is indeed a norm
As a result, the space

(Wk’p(Q)y || - ||Wk,p(sz))

is a normed space. We proceed to show that this space is complete. To this end, let
{fn}zozl C W*P(Q) be a Cauchy sequence®

= {Df,j(fn)}zo:l C L*(9) is a Cauchy sequence for any a with |a| < k.
= lim,, oo DS (fn) = fo € LP(2) (Since LP(Q2) is complete.)
= limy oo fn=f € L ;(a=(0,0,---,0) =0 D* = identity)

It remains to show f € W"?(Q)
Now, for ¢ € D(Q) fixed,

n—oo

(AfD%Mx-—.AlmlhD%Mx

n—00

= lim | f,D%pdx
Q
n—oo

- hm(—D“{/[Wﬁﬂdx
Q

n—o0

— (~pe /Q fadda

zmwémmmm

= Dif = fa € LP(Q)

= f e Wh?(Q)

Definition 1.5.1. (Sobolev space) For 1 < p < oo and a non-negative integer k, the
Banach space of functions on €2,

(Wk’p(9)> || - HW’W(Q))

1s called a Sobolev space.

Sobolev space with k =1 i.e W'P(Q) are often called first order spaces.

For 1 < p < n, the number p* = n"Tpp 15 the Sobolev conjugate of p.
Since &+ =22 =1_1 1yephoel <p<p*
p np D n p

4Sequence {fn}2°, € V is called Cauchy sequence if and only if Ye > 0, IN such that
| fn — fmll <€ Vn,m>N

10



Chapter 2

Harmonic and p-harmonic functions

2.1 The Dirichlet integral

Our aim in this section is to establish Euler-Lagrange equations for the Dirichlet inte-
gral, i.e

J(u) = /Q VulPdz

where 1 < p < oo and 2 C R" is a domain.

2.2 Euler-Lagrange equations

The above Dirichlet integral is also referred to as the (potential) energy functional of
a hyperelastic or Cauchy-elastic material. With in the confines of the principles of
minimum potential energy we proceed to find stationary states (minimizers) of the
potential among admissible functions.

u: Q=R

with v € C?(Q) N C(Q) such that u satisfies prescribed condition on the boundary.
In view of this, if u is a minimizer then a oneparameter family of functions

v(z) =u(x) +agp(x), ¢ e D)

is admissible (« is a parameter). Thus, as based on variational principles, the stationary
integral as a function of the parameter « is expressed as

J(a) = / 9(u + ag)Pda

dJ(«)

=0
da

a=0

and minimality condition is given by

2.3 Harmonic functions

Consider the variational integral for p = 2, i.e
J@) = [ [9(u-+ag)fds
)

11



dJ(«)

the stationary value (minima) of J can determined from - =0
But o
dJ(«a) d 9
= — d
. da/Q|V(u+ozgz§)| x
d
_ /—|Vu+av¢|2da:
QO do
N / i(i(urz +agy,)’)dz
o do i3
= / (Z 2(ug; + O‘¢xz)¢xz)dx
Q=
= 2/(|Vu+ ave|) - Vodx
Q
d
= J(a) = 2/ Vu - Vodx
dOé a=0 Q
dJ
Thus, (@) =0= [, Vu-Vodr =0
do a=0

Recall, Gauss theorem! and Green’s identity?, respectively
u,v € C*(Q) N C(N) = vAu = div(vVu) — Vu - Vo

and

/de'v(u)dac = /69 u(y) - n(y)ds(y),

n(y) outward normal.

Let ¢ € D(Q2) = ¢ € C?(Q) N C(Q) we have pAu = div(¢pVu) — Vu- Ve, Vo € D(Q)

/Q oAudr =

v(pVu)dr — / Vu - Vodx
Q
v(pVu)d

(y)ds(y), Vo € D(Q)

Il
O\\\

= Au=0 (Au=div(Vu))ie

'Let u: @ — R™ be a C'-boundary 9. Then [, div(u)dz = [, u(y) - n(y)ds(y)
2Tf Q is bounded C! open set in R™ and u,v € C?(Q), then

i [quAvdr = [,ou 8” ds — [, Vu - Vodz

i, [quAvde = [ vAudz + [y, (ug 8“ UgZ)dS

12



Therefore, harmonic(Laplace’s) equation is the Euler-Lagrange equation for the Dirich-

let integral with p = 2.

In the following subsection we will establish Euler-Lagrange equation for the Dirichlet

integral with p # 2.

2.4 P-Harmonic functions

Once again consider the stationary integral

Since,

dJ(«)

J(a
dov

do

)

a=0

=/Q|v<u+a¢>|pdx, P2

& 1wt

|Vu + avelPde

TL

da
d
da

p
umi + a¢$i)2:| dx

d 1\?
(s

(Z uxz—i-agzﬁxl ) dx
i=1

[5(32 van) )“(
P/Q(zn: (Uz; + ;) ) (zn: “m*‘a%i)%i)dw

=1
n

p/ﬁ( Z(Uxi‘f—aqui)) ((Vu+av¢)) - Voda

i=1

J,i
J
J
Jria

Q

ZQ Uy, + OOy, )qﬁxz)d:c

=1

p/ [Vu+ avelP?[Vu+ ave] - Vode
Q

p/ |VulP~2vu - Vod
0

Jo [VulP=2vu - vVodr =0

From Green’s identity we get

¢ div(|VulP~2vu) = div(¢ |VulP2Vu) — [VulP > Vu - Ve

13



/ ¢ div(|VulP2vu)dr = div(¢ |VulP~?vu)dz — / |VulP~?vu - Vodw
Q Q

div(¢ |Vu|P~2Vu)dz

S— 5—

= | 6@) [7u)l*vu(y) - n(y)do(y)

|
@]
I~

oo div(|VuPT?vu) = 0
Hence we have established the fact that the p-laplace equation, i.e
Ayu = div(|VulP~2vu) = 0
is the Euler-Lagrange equation for the Dirichlet integral with p # 2.
To come up with the unique solution of the p-laplace equation on a bounded domain
Q) C R", we need to prescribe values of u on the boundary, 0f2.

In this regard, we mention two type of boundary conditions and hence two types of
boundary value problems,

{Apu =0 1wm Q

u=g on 0S)
which is the Dirichlet problem and

{Apu =0 in Q

g—z =g on 0f)

the Neuman problem (% = normal derivative). As we shall show for the Neuman

problem the boundary function g can not be arbitrary. We shall prove this after the
following auxiliary fact, Green’s second identity.
If u,v € C%*(Q) N C(Q), then

v div(Vu) = div(vVu) — Vu - Vo
v div(Vu) — u div(Vo) = div(vVu) — div(uVo)
vAu — uAv = div(vVu — uVv)

Lemma 2.4.1. If Au=0 in €, then [, %%do(y) =0
Proof. Take v =1 the Green’s second identity becomes
div(Vu) = Au =0
= [oo Pdo(y) = [y, Vu-n(y)ds(y) = [, div(Vu)dr =0

Now, % =g

= fon0W)ds(y) =[50 Feds(y) =0

Hence, the boundary function should satisfy this constraint. O]

14



Chapter 3

Dirichlet Eigenvalue problem

3.1 The p-harmonic operator
The p-harmonic operator, with the corresponding p-harmonic equation is
Ayu = div(|VulP~2vu) = 0

which was shown in the earlier section to the Fuler-Lagrange equation of the Dirchlet
integral operator appears in variations contexts in theory of partial differential equa-
tions. We now take a close look at one such context, the notion of eigenvalue problem.
If Q C R” is abounded domain with smooth boundary and u € C%(2) N C*(Q) then,

Ayu = div(|VulP 2 vu)

- Z <]%2 Zui)zﬁ_l)(i:QU%U%U%%) + |vu‘p2u1ﬂj]

1= i=1 =1

n r n p—d n
= 3 [0 D0 ) (X ) 90
- =1

=1

15



n
= |:p 2 |VU|p 4Zuxluxgux iTj + ’vu‘p 2usz.7:|

]:1 =1

— =T Y S, + 19

]111

=T E S ety + 17U A

j=1 i=1

= 1T (=2 Y it s, + 902

jii=1

3.2 Eigenvalue problem
For scalar A and 1 < p < oo, the homogeneous equation,
Ayu+ A|VulP~?u =0

is called an eigenvalue problem. A non-trivial C?- function u is an eigenfunction cor-
responding to A, if the pair {\, u} satisfies the above partial differential equation. One
usually calls

{Au}

an eigenpair corresponding to an eigenvalue problem.
For p # 2, the PDE
—Ayu = \vulPu

is a non-linear eigenvalue problem while for p = 2,
—Aou = Au
is a linear eigenvalue problem.

3.2.1 Linear Eigenvalue Problem

Given the linear eigenvalue problem as above, if one prescribes the unknown function
u on the boundary of 2, 92 then the resulting PDE,

—Aou = Au, in
u=0, on 0f)

is called Dirichlet eigenvalue problem (DEVP).
Lemma 3.2.1. Let {\,u} and {p,v} be eigenpairs of the DEVP.

If X # u then u is orthogonal to v.
Proof. {\,u} and {u,v} are eigenpairs of the DEVP.
—Aqu = du
=
—Agv = pw
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{ —vAou = Auv
=

—ulgv = puv

= ()\ — u)uv = vAu — ulv
= (A — p)uv = div(vAu — uAv) (Green’s Identity)

(/\ = ,u) / uv dr = /div(vVu — qu) dx
Q

= / (vVu — uvv) - n(y) ds(y) (by divergence theorem)

o9
ou
= — —u—) d
/39 Yon uan) o)

= 0
= (A—p) [quvdz =0
Az fQ uv dr =0

u is orthogonal to v. O

Theorem 3.2.1. If {\,u} is an eigenpair of the linear Dirichlet problem then A € R
and u is a real valued function.

Proof. -Nyu = Mu = —N\yli = \u = \T

—TAsu = \Tu
—uNoT = \uu

()\ — X)ﬂu = —ulNyu — ulsu = div (ﬂVu — uVﬂ)

(A—X)/Eudw = /div(ﬂVu—uVﬂ)dx
0 0

0
Corollary 3.2.1. If {\ u} is eigenpair of the linear Dirichlet problem then A > 0.

Proof. Let {\ u} is eigenpair of the DEVP.

—Noyu = du in €

Auv = —vAsqu
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)\/uvdx = —/vAgudx
Q Q

= / (Vu- Vo — div(vVu)) dz
Q
= / Vu - Vo dr — / div(vVu) dx
Q Q
ou
= Vu-Vvdx—/ v—do(y
/Q oo On )
= / Vu - Vv dz
)
= )\/ wide = / (Vu)zdx
Q Q
2
Vu)“d
i )\ — fQ —( u) x ......... (*)
Jq udz
For if u = constant, then Vu = 0 and hence Ayu = 0
= 0= —Asu = Mu # 0. Which is a contradiction
Hence u # constant = Vu # 0
= [yu’dr and [, (Vu) ?dx are all positive
= A>0 ]

Definition 3.2.1. (Rayleigh Quotient) The expression in (*) is called the Rayleigh
quotient.

Definition 3.2.2. (Principal Eigenvalue) The smallest eigenvalue of the Dirichlet
eigenvalue problem is called the principal(or smallest) eigenvalue and is denoted ;.

Lemma 3.2.2. (Rayleigh Ritz) The principal eigenvalue of the Dirichlet eigenvalue
problem

{—Agu =\u in €

u=0 on 0N
15 given by
Vul?d
A = inf fQ|—126|lE
Jq udx
Proof. proceeding as in the above Corollary, we have
\ Jo |VulPdzx
- [yudde
g Jo [Vul*dz - Jo IVul*dz
Jourde = [ uldx
M = intlolVuldz
! Jo uidz
= \; is the smallest. O

18



Chapter 4

Weak solution of Dirichlet problem

4.1 Critical points,Deformations

Hereafter H denotes a real Hilbert space, with norm || - || and inner product (,). Let
I: H — R be non-linear functional on H.

Definition 4.1.1. We say I is differentiable at uw € H if there exists v € H such that
I(w) =I{u) + (v,w —u) +o(||lw—ul|]), weH
the element v, if it exists, is unique. We then write
I'(u) = v

Definition 4.1.2. Let U C R" be open. A function f :R™ — R is said to be Lipschits
continuous on U if and only if there exists L € R such that

1f (@) = FWIl < Llle —yll, Vo,yeU

Definition 4.1.3. We say I belongs to C*'(H,R) if I'(u) exists for each u € H, and
the mapping I' : H — H is continuous.

Notation: i. We denotes by C the collection of functions I € C*(H,R) and satisfy
I' - H — H is Lipschits continuous on bounded sub sets of H.
ii. If ¢ € R, we write

ke = {ue H:1I(u)=cI'(u)=0}
A, = {ueH:I(u) <c}

Definition 4.1.4. i. We say u € H is critical point if I'(u) =0
ii. The real number ¢ is critical value if k. # ()

Definition 4.1.5. A functional I € C'(H,R) satisfies the palais-smale compactness
condition if each sequence {ux}3>, C H such that

i {1 (ug)}32, is bounded

it.I'(ug) — 0 in H
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Lemma 4.1.1. (Deformation). Let I : H — R be a C' functional satisfying palais-
smale(PS) conditions. Suppose also k. = ().
Then there exist an € > 0, there exists a constant 0 < § < € and a continuous function
n:[0,1] x H — H such that the mapping

n(u) =n(t,u), vtel0,1], ue H

satisfying the following conditions
i. no(u) =u, YueH

i. pe(u) =u, Vte[0,1] u¢ I ([c—ec+e)
iii. I(ny(w)) < I(u), Vtel0,1],ue H
. M (Acre) C Aee

See the proof of this lemma on [1].

Remark: The above lemma shows that if ¢ is not critical value, then the set A. .
is deformed in to A._. for some € > 0.

Definition 4.1.6. Let X be a normed space. A sequence x, € X is said to be weakly
converges to x € X, written x,, — z, if f(z,) = f(x), Vf e X*

Definition 4.1.7. Let X = W'(Q,R"). A functional I : X — R is weakly lower semi-
continuous on X if for every u € X and every sequence {u,} is weakly convergent to
u wn X such that

I(u) < lim inf I'(u,)

n—oo

Theorem 4.1.1. (The Mountain pass theorem) Assume I € C satisfies Palais-Smale
condition. Suppose that

i.1(0) =0
ii. There exist r,p > 0 such that I(u) > p for all ||u| =r
iti. There exist v € H such that ||v| > r

Set K ={p:1[0,1] — H: p(0) =0,p(1) = v} and let

¢ =inf sup I(p(t)),
Pek (0,1

then c is the critical value of I.

Proof. 1f, by contradiction, there is no critical point at level ¢, then k. = () if we
choose € small enough so that 0 < § < €. Let p € k and define the path

B:[0,1] — H by B(t) = m(p(t)).
Since p(0) = 0 and p(1) = u, it follows by choice of €, that (0) = n,(0) =0, B(1) =
n1(u) = u using condition (ii) of lemma.
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Now we can choose p € k such that

max I(p(t)) < c+e€, p(t) € Acre
t€(0,1]

by condition (iv) of lemma, p(t) € A._..

Thus
I(p(t)) <c—e.
max I(p(t) < c—e
Which is contradiction to the definition of ¢ , Hence k. # (). Therefore ¢ is the critical
value of [I. O

Definition 4.1.8. Let H be real Hilbert space.
i. B: Hx H — R is called bilinear form if

a. Blau+ pv,w) = aB(u,w) + fB(v,w)
b. B(w,au+ fv) = aB(w,u) + fB(w,v)

for allu,v,w € H and o, f € R

Theorem 4.1.2. (Laz-Milgram theorem) Let B : H x H — R be bilinear form. Sup-
pose there exist positive constants o and [ such that

i | B(u, v)| < affulll|v]], and
ii. B(u,u) > B||ul|?
Then for every f € H* there exists a unique uw € H such that
B(u,v) = (f,v), Yve H

See the proof of this theorem on [1,2].

Definition 4.1.9. We denote by H='(Q) the dual space to H}(Q). In other words f
belongs to H=1(Q) provided f is bounded linear functional on H}(S2).
Notation: We will write {,) to denote the pairing between H(Q) and H} ().

Definition 4.1.10. If f € H '(Q), we define the norm

1f1lz-1) = sup {{f,u) - u € Hy(Q), [[ullmy) < 1}

4.2 Weak formulation of Dirichlet problem

Let us consider the Dirichlet problem for the laplacian with homogeneous boundary
condition on bounded domain €2 in R,

—Au=f inQ (4.1)

u=20 on o) (4.2)
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First, suppose that the boundary of € is smooth and u, f : @ — R are smooth functions.
Multiplying (4.1) by ¢ € C5°(€2), integrating the result over €2, and using the divergence
theorem, we get

/Du-Dqﬁdx = /fgbd:v, Vo € D(Q) (4.3)
Q Q

The boundary term vanish because ¢ = 0 on the boundary. Conversely, if f and () are
smooth, then any smooth function u satisfying (4.3) is a solution of (4.1).

Definition 4.2.1. Let Q be an open set in R™ and f € H (). A functionu : Q — R
is weak solution of (4.1) — (4.2) if

i. u € HNQ)

i.[o, Du- Dodx = [, fodr, Yo € Hy()

4.3 Application to quasi-linear Elliptic PDE

To illustrate the utility of mountain pass theorem, let us investigate now the semi linear
boundary value problem

[ e o
we assume f is smooth, and for some 1 < p < - _i we have
[FE <@+ [27), ()] <c(l+]"7), z€R, (4.5)
where ¢ is constant. We will suppose also
0< F(z) < 7f(2)z (4.6)

for some constant 7 < %, where F(z) := foz fsds, z € R. We hypothesize finally for

constants 0 < a < A that
alz|PTt < |F(2)] < AlzfP™, z€R (4.7)

Now (4.7) implies f(0) = 0, and so that v = 0 is a trivial solution of (4.4). We want
to find another.

Theorem 4.3.1. (Ezistence) The boundary value problem (4.4) has at least one weak
solution u # 0.

Proof. Define
1
T(u) = / L pul? = Pu)dz
Q2
for u € H} ().

We set H = H{(2), with the norm |[u|| = ( [, |Dul?)
Jo Du - Dvdz. Then

N

and inner product (u,v) =

1

I) = 3llull = [ Plds = R = R
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We first claim
I belongs to C (4.8)

To see this, note first that for each u,v € H
2 2 1 2 1 2
Lw) = gllwll® = Sllu+w —ul]” = Sllull” + (v, w —u) + Sflw -l

Hence [ is differentiable at w, with I](u) = u. Thus, I € C
We must next examine the term I5. Recall from Lax-Milgram theorem that for each
v* € HY(Q), the problem

—Ay =v* in (4.9)
v=0 on 0N
has unique solution v € Hy(2). We write v = kv*; so that
K : H_l(Q) — H&(Q) is an isometry (4.10)

Note in particular that if w € L%(Q), then the linear functional w* defined by
(w*,u) == / wudz, u € H(Q) belongs to H(Q)
Q
Observe next that p(;2F) < Z—J_ri oty =P, and so
flu) € Lvs(Q) € HY(Q) if u e HY(Q)
We know demonstrate that if u € HJ (), then

Ly(u) = k[f (w)] (4.11)

to see this note, first that
F(a+b)=F(a)+ f(a)b+ /1(1 — 8)f'(a + bs)dsb?
0
Thus for each w € H}(Q)
Iw) = /F@Mmz/FW+w—mw
Q Q
= /QF(u)dx + f(u)(w —u)dr + R
= Iy(u)+ /Q Dk[f(u)] - D(w —u) + R,
Where the remainder term R satisfies, according to (4.5),
RIS e [ (™ + lw—aP ™o = ufde

—1 2

< c(/ lw —ul® + |w — ufP*)dz) +c(/(|u]p+1da:)z“c(/(]w—u]p“da:)”“
Q Q Q
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Since p + 1 < p*, Sobolev inequalities show R = o(||w — ul|). Thus we see from (4.10)
that

L(w) = L(u) + (k[f (u)], w) + of[|w — ul])

as required.
Finally, we note that if u,u € Hj () with norm ||u||, |[u|| < L, then

115 (w) = L@ = |ILf (w)] = k[f @]l @
= |[lf(u) = F@)lla-1 @)
< lf(uw) = f

@, 22 0

But

|1 (u) = f(ul|

IN

_np_
Lntp (Q)

Q

n+p

o [ (Ul 4 =) )

c(L)[|u =l o)
c(L)||u —a|| where we used (4.5)

3=

IN

l[u = Tl[ Lo (o

IAINA

Thus I} : HY () — HJ(2) is Lipschitz continuous on bounded sets. Hence I, € C.
Now we verify the Palis-Smale condition. For this purpose {u;}32, C H}(Q), with

{I(ug)}r2y bounded (4.12)
and
I'(ug) — 0 in Hy () (4.13)
According to the foregoing
up — k(f(ug)) — 0, in Hy(Q) (4.14)

Thus for each € > 0 we have
|(I'(ug),v)| = |/Duk - Dv — f(up)vdz| < el|v]], ve Hy(Q)
Q

for k large enough. Let v = uy above to find

2
‘ / |Duk‘ — flug)urdz| < el||ug|
Q
for each € > 0 and for all k sufficiently large. For ¢ = 1 in particular, we see that

/Q F(uryurdz < [fug? + g | (4.15)

for all k sufficiently large. But since (4.12) says

1
_ 2 _ d
(2||Uk|| ‘/Qf(uk) x) <c< o
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for all £ and some constant ¢, we deduce

lul? < c+2 / F(ug)dz
c+ 27(||uk||2 + Huk||) by (4.15) and (4.6)

N

Since 2y < 1, we discover that {u;}3°, is bounded in H} (). Hence there exists a
subsequence {uy,}22, and u € H}(Q), with u, — u weakly in H}(Q) and uy,u in
LP(Q), the latter assertion holds since p + 1 < p*.
But then f(ug) — f(u) in H~1(Q). Hence k[f(ur)] — k[f(w)] in H} (). Consequently
(4.14) implies

Uk, U

in H} (Q)We finally verify the remaining hypotheses of mountain pass theorem. Suppose
now that w € H}(Q), with ||u|| = r, for r > 0. Then

7a2

I(u) = L) = {u) = 5 - L) (4.16)

Now hypotheses (4.7) implies, since p + 1 < p*, that
p+1

|L(u)| < C/Q|u]p+1dx < c(/ﬂ\u|p*da:> ’

< [Pt < erPtt

In view of (4.16), then

2 2
I(u)>3—crp+1zzza>0

provided r > 0 is small enough, since p + 1 > p. Now fix some element u € H, u not
identically 0. Write v = tu for ¢t > 0. Then

I(v) = ©Li(tu) — Is(tu)
:ﬁum—émmm
< i (u) — atpH/ lulPtdx by (4.7)
< 0 )

for t > 0 large enough.
We have at last checked all hypotheses of mountain pass theorem. There must conse-
quently exist a function u € H}(£2), u is not identically 0 with

I'(u) = u—k[f(u)] =0

) we have

(Q
/QDu - Dvdz = /Qf(u)vdx

Hence u is weak solution of (4.4) O

in particular for each v € H;
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4.4 Existence of solution via mountain pass theo-
rem

The Ordinary eigenvalue problem for p(x)-laplacian is defined as

(4.17)

—Ap(x)u — )\|u|p(x)’2u = 0, mn €2
u=0o0n 0f)

The value of parameter A € R for which (4.17) has non zero solution (u # 0) is called
eigenvalue of (4.17) and corresponding u is called eigenfunction associated with .
If we consider non-linear eigenvalue problem involving p(x)-laplacian:

{—dwuvm—?vu) = M@w), in® (1.18)

u=0 on 09,

where 2 C R™ (n > 2) is bounded domain with smooth boundary, 92, 1 < p(x) €
C(Q), f € C(Q x R) is super linear.

The nontrivial solution for problem (4.18) is recognized by assuming the following
conditions:

(fo) f: QxR — R satisfies Caratheodory condition and

(0] < Cu+ ColtP®1 (a1 € @ x R,
where a(r) € CL(Q) ={h|h e C(Q),h(z) > 1} for any z € Q and a(z) < p*(z).

(f1) There is a € [0, 00) such that f(z,s)s™' — a if s — 0o, uniformly in z € RN,
Let G : RN x Rt — R be defined by

G(z,s) = %f(x, s)s — F(z,s)
where F(z,s) fo x,t)dt.We shall also use
A=G(x,5) >0, Vs>0, aexcRY and 36 > 0 such that G(z,s) >0
(f2) f(z,t) =o([t["" 1), t— 0 for z € Q uniformly and

a” :=mina(r) > pt.

Q

(f3) F(z,t) <ci|t)? —co, z€Q,t€Rand > p*

F(z,t)

|75|T = +4o0,uniformly a.e x € 2

(fy) There is C, > 0 such that

tf(z,t) —p F(z,t) < sf(x,s) —p"F(x,s) + C,

forall 0<it<s or s<t<O.

|f ()|

@) =0

'We write f =o(g) as x— g, provided lim,_,,,
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Definition 4.4.1. Let f be a function on an open subset U of Banach space X in to
the Banach space Y. We say f is Gataeux differentiable at x € U if there is bounded
linear operator T': X — 'Y such that
th) —
i L@ = 1)

t—0 t

for every h € X.The operator T is called the Gataeuzr derivative of f at x.

Now we introduce the energy functional 7 : VVO1 P (x)(Q) — R associated with problem
(4.18), defined by

I\(u) = /Q L|Vu(:v)|p(m)d:v - )\/ F(x,u)dx

p(x) Q

and Gateaux derivative of I, is
I(u)-v = / |VU|P(x)—ZVu - Vodx — )\/ fz,u)vdr, wu,v € Wol’p(gﬁ)(Q)
& Q

Thus the critical points of I, are the weak solutions of problem (4.18)

Theorem 4.4.1. Under hypothesis (fo), (f2), (f3) and (fs) there is to > 0 such that
f(=,1)

7

is increasing int > ty and decreasing in t < —ty, Va € (L.
Moreover, f € C(Q x R),then problem (4.18) has a non-trivial weak solution, for all
A>0.

Lemma 4.4.1. (1) Under the condition (f3) the functional I is unbounded from below.
(2) Under the condition (fo) and (f2), u = 0 is strictly local minimum for the functional
I,.

Proof. (1). From (f;) we have that, for all M > 0 there exists Cj; > 0, such that

F(x,t) > Mt — Cy, Vo eQ, Vt > 0. (4.19)
Take ¢ € Wy P™(Q) with ¢ > 0 , from (4.19) we obtain

N p(z) N
ey <o ([ 555 = fler”) + [ ew

N (@) N
<o ([ 25 )

Where ¢ > 1 and || denotes the lebesgue measure of €. If M is large, then

lim I)(t¢) = —oc0
t—o0

This proves (1)
proof of (2). From fy and f,, we have

F(z,t) < elt]’" + C(e)|t|*®, V(z,t) e QxR
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Then

1
L) > /—+|Vu\p+dx—e)\/ \u|p+d:c—0(e))\/ [u]*®)dz]
Qb Q

Q

v

1 + o
p—+||u||”+ = ACE [[ull”" — C(e)A[Jul

v

1 "
g U = AC(ul[* when [lul] < 1,

There exist 7 > 0 and by (f;) there exist 6 > 0 such that Iy(u) > § > 0 for every
u € Wol’p(m)(Q) and ||u|| = r. The proof is complete.

Fix 0 < Ag < po. Now we can see that the geometry on I, works uniformly on
[Xo, tto]. From the proof of lemma 4.4.1, we obtain

1 -
(w) 2 o llull”” = ACE@ul[™ when [Jull < 1,0 <A < A

That is , there exist 7 > 0 and § > 0 such that I(u) > § > 0 for every u € Wol’p(m)(ﬂ),
and |Jul| =7 and VA < po.
By choosing e € W™ () such that I,,(e) < 0 , we infer that

L) _ Ile)
A

<0, M< A<

0

We also have

I
< “(u>, Yu € WiP(Q), p< A (4.20)

Define
P={y:00,1] — Wy (Q) : v is continuous and ¥(0) = 0 and ~(1) = e}, and for Ao <\ < po,

Let

= inf max [ .
ex = Inf max A(v(1))

We recall that the map c : [Ao, o] — Ry , given by ¢(\) = cy is such that % is
decreasing, left semi-continuous and bounded from below by ¢,, > 0.
In fact,from (4.20) follows the monotonicity. While the estimate in lemma 4.4.1 (2)
implies that ¢y, > > 0.
Now, we check the left semi-continuous of §. Fix p € [Ag, pio) and € > 0. Then fix
v € P such that
€fl

Cu < Imax L(v(t)) < e(p) +

Let Ry = maxycjo fo, F(x,7(t))dx. Then , for A > & and such that § < % + 2
L) = (1) = L(y(@))) + Lu(v(t))
= LOO)+ (=) [ Faao)

RolA = | + () + = ¥t € [0,1],

IN
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that is,
en < elu) + L

Hence,if p > A, it follows that

C—”—6<—“< SC—M—F%SC—#—I—E.
p I S

This proves the left semi-continuity of § and cj. m

Lemma 4.4.2. There exists d > 0, such that
1,(w) = ()] < d(1+ Jul|* 1) | = Al, YA, 1> 0.

Proof. For a(z) € C4(Q), define o/(z) such that — x) + a,(m) =1, Vz € Q. From
condition (fy), we have

F@, )@ = | fo, 5T < dy + ol Vo e, Ve R,

for some constants d;,d, > 0 and then

/ ‘f($7u)|a/(x) < dq|Q| +d2/ u|“®) dg:
@ Q

Therefore, there exist positive constants dz and ds > 0, such that

/Q ()@ < dy + da[ul|*”, Yu e WP (Q).

Now, Yu € Wy () with [|v]| < 1, we have

Moreover, we have

IN

Iwyo — I(we] < A —pl / (@ w)oldz

< 20X = plf (@, )]0 (@) V] ae)

+_

al—-1
< 200|A — il (ds + da[u||*T) = [[o]].

A

So there exists constant d > 0 such that
1T/,(u) = Th(u)]]« < d(1+ [[u]|*" ") | — AL, YA, > 0.
O]

Lemma 4.4.3. Suppose the map ¢ : [N, o] —> Ry, given by c¢(\) = ¢y, is differen-
tiable in p, then there exist a sequence {u,} C Wol’p(x)(Q) such that
I (un) = ¢, IL(un) — 0, and ||u,|lP <’

as n — oo and where C" =pte, +pTu(2 —(w)) + o,(1).
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You can see the proof of this lemma on [6]
Lemma 4.4.4. For almost all A\ > 0, cy is a critical value forl,.

Proof. By using above lemma’s now we can proof theorem 4.4.1.

As ¢, is left semi-continuous , from lemma 4.4.4 | for each y > 0 we can fix sequence

{u,} C Wol’p(x)(ﬂ) and A\, C R such that \, = p, c), — ¢, as n — oo,

I, (un) = cx, and I3, (u,) =0.

For the proof of Theorem , it is enough to prove the sequence {u,} is bounded.For

unboundedness we can define w,, = Tl nH With out loss of generality , w € VV1 P (x)(Q)

such that
wa (1) = w(z) in WeP™(Q), n — oo,

wn(x) = w(z) in L@(Q), n — oo,
wp(x) = w(z) foraex e, n— .
Let Oy ={x € Q:w(z) #0}. If z € Q. , then
Fu(@)

o0 ’u ( )‘p-ﬁ- | n($)|p = 0.

By hypothesis (f;) we have

F

lim —(:13,5) =
S$—00 S

and
i £ _
5—00 S 2

Now applying the Fatous lemma and the limit

hm/w| wn(@) " < b

n—oo Jo o |u, ()P ~ up

For 2| > 0, that is w = 0 a.e in (.
Let t,, € [0, 1] such that

I, (thu,) = tgl[ﬁa}f} I, (tuy).

Ift I, (tu,) is bounded for all t € [0,1]. If ¢, < 1, I} (thun)us,

Iy (tn un)(t un) = 0, from (f}), we have

1 !
I, (tu,) < IAn(tnun)—F]/\n(tnun)un

+
>
3
S~
— ~—
R‘
) —
3
<
3
=
8
~
3
<
N
g
IS
~
3
2
3
Nt
QU
S

1
_ _+) |Vun|p(x)dx

A
io\
—

=
=~

= (). since



Cuhn
2]

er

For all ¢ € [0, 1].
Seeking for contradiction we assume that for all R > 1

lim inf I, (t,u,) < R
n— oo

1

Now, setting R = (2p™ R)»~ . Since ||w,|| = 1, we have

I, (R'w,) = 2R — )\n/ F(z, Rw,)dz > R.
0

which contradicts I, (R'w,) < ¢y, + C;;\" 12|, for n large.

Now we have a bounded sequence {u, } such that
I, (un) = cx, and I3, (u,) =0.

The proof is complete.
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Conclusion

The p(x)-laplacian processes more complicated non-linearity, for example, it is non-
homogeneous, so in the discussions some special techniques will be needed.
We will use the notations such as p~ and p* where

p~ =essinf p(r) < p(z) < p" = esssupp(zr) < 0o
e zEQ

and using variable exponent theory of Lebesgue and Sobolev spaces combined with
variable method and mountain pass theorem, we show the existence of non trivial

weak solution of problem (7).
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