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abstract

This project is concerned with elliptic eigenvalue problem(Super linear) on a bounded
domain Ω ⊂ Rn

(
n ≥ 2

)
with smooth boundary ∂Ω. Existence result for non-trivial

solution of the problem is established.
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Notations

a.e Almost everywhere.
Ω An open subset of RN .
Ω The closure of Ω in RN .
∂Ω The boundary of Ω i.e ∂Ω = Ω\Ω.
Ω′ b Ω If Ω′ ⊂ Ω and Ω′ is compact.

∂iu uxi =
∂u

∂xi
.

|α| α1 + α2 + α3 + · · ·+ αn.

Dα ∂α1

∂xα1
1

· · · ∂
αn

∂xαn1

for α = (α1, α2, α3, . . . , αn) ∈ Nn
0 is multi-index.

Dα
w The weak derivatives.
| · | A seminorm on a Banach space, or an Euclidean norm in Rn.

Ou
(∂2u

∂x2
1

, · · · , ∂
2u

∂x2
n

)
.

∆ The laplace operator: ∆u = div(Ou) = ∂2u
∂x21

+ · · ·+ ∂2u
∂x2n

.

div The divergence of vector field i.e div(Ou) = ∂2u
∂x21

+ · · ·+ ∂2u
∂x2n

.

∆p The p-laplace operator: ∆pu = div(|Ou|p−2Ou) with p > 1.
∆p(x) The p(x)-laplace operator: ∆p(x)u = div(|Ou|p(x)−2Ou).
X∗ The topological dual of the space X.
p+ ess supx∈Ω p(x)
p− ess infx∈Ω p(x)
p′ The conjugate of p given by 1

p
+ 1

p′
= 1.

L1
loc(Ω) Locally integrable function over Ω.

suppf The support of a function f : Ω→ R is defined by

{x ∈ Ω : f(x) 6= 0}.
C∞(Ω) The space of continuous infinitely differentiable functions on Ω.
C∞0 (Ω) The space of continuous infinitely often differentiable functions with

compact support on Ω.
Lp(Ω)

{
f : Ω→ R

∣∣ ∫
Ω
|f(x)|pdx <∞

}
D(Ω) The set of all test functions.
W k,p(Ω) The Sobolev space of functions whose distributional derivatives up

to kth order belongs to Lp(Ω).
W 1,p(Ω) First order Sobolev space on Ω.

W k,p
0 (Ω) The closure of C∞0 (Ω) in W k,p(Ω).

Hk
0 (Ω) W k,2

0 (Ω).
H−1(Ω) The dual space of H1

0 (Ω).
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Introduction

The theory of partial differential equations oftentimes involves function spaces that
are defined in terms of properties of pertinent functions and their derivatives. In this
regard, Sobolev space turn out to be one with suitable settings as compered to the
classical Banach space of smooth functions Cn(Ω).

In this paper we study elliptic eigenvalue problem of the form

∆pu+ λ|Ou|p−2u = 0

where the scalar λ is an eigenvalue of the p-Laplace equation for 1 ≤ p < ∞. A non-
zero C2− function is an eigenfunction corresponding to λ.

The p-Laplace equation which is the Euler-Lagrange equation of the Dirichlet integral

J(u) =

∫
Ω

|Ou|pdx

reduces to the 2−Laplace equation for p = 2. For p 6= 2, the p-Laplace equation is non-
linear and for critical deformation (Ou = 0) it is singular in the event that 1 ≤ p < 2.
Solutions of the p-Laplace equation are named p-harmonic functions. The study of
p-Laplace equation and hence of p-harmonic functions attracted significant attention
in recent years. The 2−Laplace equation or simply Laplace’s equation is the prototype
of linear PDE of second order.

In order to determine unique solution of a PDE we need to prescribe additional condi-
tions which can either be initial, boundary or initial-boundary condition. For instance,
the following poisson’s equation with homogeneous condition on the boundary of a
domain Ω ⊂ Rn {

−∆u = f in Ω

u = 0 on ∂Ω
(1)

is the Dirichlet problem. The solution of (1) is established by using divergence theorem
for smooth functions u and f.

In the preparation of this seminar paper the following sequence of narratives are
adopted. In chapter 1, we will see description of partial differential operator using
multi-index notation followed by the notion of test functions and weak derivatives of
the functions. In chapter 2, we drive Euler-Lagrange equations for variational (Dirich-
let) integral and present formulation of boundary value problem of Dirichlet type. In
chapter 3, we take a closer look at eigenvalue problem with p-Laplace operator. In
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particular, for linear problems we show that the eigenvalue λ is real and non-negative.
Finally in chapter 4, we present weak formulation of the Dirichlet problem on bounded
domain and establish existence of non-trivial weak solution.
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Chapter 1

Overview of Function Spaces

1.1 Lebesgue Spaces

If Ω ⊂ Rn is a domain and 1 ≤ p <∞, then

Lp(Ω) =
{
f : Ω→ R

∣∣ ∫
Ω

|f(x)|pdx <∞
}

is space of p-integrable functions on Ω, while for p =∞

L∞(Ω) =
{
f : Ω −→ R

∣∣|f(x)| < M a.e on Ω, M > 0
}

is the space of essentially bounded functions on Ω. We recall, for f ∈ Lp(Ω), 1 ≤ p ≤ ∞

||f ||Lp(Ω) =

{( ∫
Ω
|f(x)|pdx

) 1
p , 1 ≤ p <∞

ess supΩ |f(x)|, p =∞

is a norm1 and
(
Lp(Ω), || · ||Lp(Ω)

)
is a normed space which is complete i.e a Banach

Space.

Definition 1.1.1. (Locally integrable functions) For 1 ≤ p < ∞, the space of locally
integrable functions on Ω,

Lploc(Ω) =
{
f : Ω→ R

∣∣ ∫
K

|f(x)|pdx <∞, K ⊂⊂ Ω
}

2

is the set of functions on Ω which are p-integrable on every K ⊂ Ω compact.

Proposition 1.1.1. For 1 ≤ p <∞, Lp(Ω) ⊂ L1
loc(Ω)

Proof. Let f ∈ Lp(Ω).

If qk =

{
1, x ∈ K
0, x /∈ K

1A norm ‖.‖ on a linear (vector) space V is a functional on V with the following properties:
i) ‖u‖ ≥ 0, ‖u‖ = 0⇔ u = 0, ∀u ∈ V
ii) ‖c.u‖ = |c|‖u‖,∀c ∈ R, ∀u ∈ V
iii) ‖u+ w‖ ≤ ‖u‖+ ‖w‖, ∀u,w ∈ V

2K⊂⊂ Ω
def
= k ⊂ Ω and k 6= Ω

3



is an indicator function of K ⊂⊂ Ω, then for 1 ≤ q <∞ with 1
p

+ 1
q

= 1, we have∫
Ω

|f(x)|pdx =

∫
Ω

qk|f(x)|pdx

≤ || qk ||Lq ||f ||Lp , (Hölder′s inequality)

< ∞

Therefore f ∈ L1
loc(Ω)

Definition 1.1.2. The support of the function f on Ω is

supp f = {x ∈ Ω : f(x) 6= 0}

Evidently, the space C0(Ω) of functions with compact support on Ω is a linear space,
that is

i. f ∈ C0(Ω) =⇒ αf ∈ C0(Ω), α ∈ R

ii. f, g ∈ C0(Ω) =⇒ f + g ∈ C0(Ω)

1.2 Multi-index and Derivatives

The use of multi-index notation for partial differential operators renders an efficient
and ultra convenient settings for description of partial differential equations.

1.2.1 Multi-index

An array α = (α1, α2, · · · , αn) ∈ Nn
0 of non-negative integers is what we call n-

dimensional multi-index. With multi-index α we associate the following scalars,

i. |α| = α1 + α2 + · · ·+ αn

ii. α! = α1!α2! · · ·αn!

The operation of addition (subtraction) on the product set Nn
0 is introduced component

wise, that is
α± β = (α1 ± β1, · · · , αn ± βn)

Proposition 1.2.1. The relation ∼ defined on Nn
0 by

α ∼ β iff αi ≤ βi ; i = 1, 2, · · · , n

is partial ordering.

Proof. i) Let α ∈ Nn
0 be arbitrary.

Since, αi ≤ αi for i = 1, 2, · · · , n
we have α ∼ α
⇒ ” ∼ ” is reflexive.

4



ii) Let α, β ∈ Nn
0 such that

α ∼ β ∧ β ∼ α
⇒ αi ≤ βi ∧ βi ≤ αi i = 1, 2, · · · , n
⇒ αi = βi ; i = 1, 2, · · · , n
⇒ α = β
⇒ ” ∼ ” is antisymmetric.

iii) Let α, β, γ ∈ Nn
0 such that

α ∼ β ∧ β ∼ γ
⇒ αi ≤ βi ∧ βi ≤ γi i = 1, 2, · · · , n
⇒ αi ≤ γi ; i = 1, 2, · · · , n
⇒ α ∼ γ
⇒ ” ∼ ” is transitive.

Consequently, ” ∼ ” is partial ordering, and (Nn
0 ,∼) is partial ordered set.

One can employ multi-indexes to describe a monomial in Rn and a polynomial of degree
k with n-independent variables, that is if x ∈ Rn and α ∈ Nn

0 then a

i) Monomial

Xα =
n∏
i=n

Xαi
i

ii) Polynomial of degree k

P (x) =
∑
|α|≤k

CαX
α

1.2.2 Derivatives and differential operators

We write Dk for the usual partial derivative with respect to the kth-independent vari-
able. As a result, the expression

D = (D1, · · · , Dn)

represents gradient.
If α = (α1, α2, · · · , αn) is n-dimensional multi-index with length |α| = k then the
expression

Dα = Dα1
1 · · ·Dαn

n =
∂|α|

∂xα1
1 · · · ∂xαnn

stands for a partial differential operator(PDO), of order k.

obviously, |α| = 0 ⇒ α = (0, 0, · · · , 0)

⇒ Dα = D0 = identity operator

|α| = 1 ⇒ α ∈
{

(1, 0, · · · , 0), (0, 1, · · · , 0), · · · , (0, · · · , 1)
}

⇒ Dα ∈
{
D1, D2, · · · , Dn

}
that is one of the n first partials.

For |α| = 2, Dα is one of the n(n+1)
2

second order partials.
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A linear partial differential operator, L of order k can now be expressed as

L :=
∑
|α|≤k

aα(x)Dα, x ∈ Rn

consequently, a linear PDE of order k in n-independent variables is given by∑
|α|≤k

aα(x)Dαu = b(x)

and the corresponding quasi-linear PDE of order k is∑
|α|≤k

aα
(
x, (Dβu)|β|≤k−1

)
Dαu = b

(
x, (Dβu)|β|≤k−1

)

1.3 Test Functions

Given a non-negative integer k, we say that a function

f : Ω ⊂ Rn → R

is k-times continuously differentiable if
i) Dαf exists on Ω

ii) Dαf is continuous

for all multi-indexes α ∈ Nn
0 with |α| ≤ k

Natation: Ck(Ω) =
{
f : Ω→ R : Dαf ∈ C(Ω), |α| ≤ k

}
For Ω ⊆ Rn a domain, the space of infinitely often continuously differentiable functions
on Ω is given by

C∞(Ω) =
{
f : Ω→ R : Dαf ∈ C(Ω), ∀α ∈ Nn

0

}
and the space of infinitely often continuously differentiable functions with compact
support on Ω is given by

C∞0 (Ω) =
{
f : Ω→ R : f ∈ C0(Ω) ∩ C∞(Ω)

}
Natation: D(Ω) := C∞0 (Ω)
The set D(Ω) as above is the set of test functions on Ω
For demonstration, consider the function

g(t) =

{
e
−1
t , t > 0

0, t ≤ 0

The fact that the exponential function f1(t) = e
−1
t (t > 0) and constant function

f2(t) = 0 (t < 0) are infinitely often differentiable with continuous derivatives is
plain. The derivative g[n](t) of any order at t=0 can also be shown to be ”0”, that is

6



g[n](t)
∣∣
t=0

= 0, ∀n ∈ N.
Here, one only needs to change variable (1

t
→ h) and then employ L’Hopitals rule.

If we set f(x) = g(a2 − ||x||2), for any a > 0 then f ∈ C∞(Rn) with

supp f =


[−a, a], n = 1

Ba(0), n > 1

That is f is test function on Rn.

1.4 Weak derivatives

In this part, we introduce the notion of weak derivatives, a situation whereby significant
weakening of the classical notion of derivatives takes place. The definition of weak
derivatives rests on the known concept of integration by parts,∫

Ω

uxiφdx = −
∫

Ω

uφxidx, φ ∈ D(Ω)

Definition 1.4.1. (Weak derivatives) Let f ∈ L1
loc(Ω) and α ∈ Nn

0 . If there is g ∈
L1
loc(Ω) such that ∫

Ω

fDαφdx = (−1)|α|
∫

Ω

gφdx, φ ∈ D(Ω)

then we say that g is the αth-weak derivative of f on Ω.

Natation: g = Dα
wf

Some of the typical properties of weak derivatives are stated in the lemma that follow.

Lemma 1.4.1. (Uniqueness )
Let f ∈ L1

loc(Ω) such that Dα
wf exists for α ∈ Nn

0 .
If g and h are αth-weak derivative of f on Ω, then g = h a.e on Ω.

Proof. By definition of weak derivatives; we have

g = Dα
wf ⇒

∫
Ω

fDαφdx = (−)|α|
∫

Ω

gφdx, ∀φ ∈ D(Ω) (1.1)

h = Dα
wf ⇒

∫
Ω

fDαφdx = (−)|α|
∫

Ω

hφdx, ∀φ ∈ D(Ω) (1.2)

From (1.1) and (1.2) we have∫
Ω
g(x)φ(x)−

∫
Ω
h(x)φ(x)dx = 0, ∀φ ∈ D(Ω)

⇒
∫

Ω
(g(x)− h(x))φ(x)dx = 0, ∀φ ∈ D(Ω)

⇒ (g(x)− h(x))φ = 0 a.e on Ω, ∀φ ∈ D(Ω)

⇒ g(x)− h(x) = 0 a.e on Ω

g ⇒ (x) = h(x) a.e on Ω

7



Lemma 1.4.2. (Linearity )
Let f, g ∈ L1

loc(Ω) and α ∈ Nn
0 . If f and g have αth-weak derivative on Ω, then so does

f + g, further more,
Dα
w(c1f + c2g) = c1D

α
wf + c2D

α
wg

Proof. Suppose h1 = Dα
wf, h2 = Dα

wg, then∫
Ω

(c1f + c2g)Dα
wφdx =

∫
Ω

c1fD
α
wφdx+

∫
Ω

c2gD
α
wφdx ∀φ ∈ D(Ω)

= c1

∫
Ω

fDα
wφdx+ c2

∫
Ω

gDα
wφdx

= c1(−1)|α|
∫

Ω

h1φdx+ c2(−1)|α|
∫

Ω

h2φdx

= (−1)|α|
∫

Ω

(c1h1 + c2h2)φdx, ∀φ ∈ D(Ω)

= c1D
α
wf + c2D

α
wg

Lemma 1.4.3. (Commutativity )
Let f ∈ L1

loc(Ω) such that Dα
wf exists for |α| = k.

If α, β ∈ Nn
0 with |α + β| = |α|+ |β| = k then

Dα(Dβf) = Dβ(Dαf)

Proof. ∫
Ω

Dα(Dβf)φdx = (−1)|α|
∫

Ω

(Dβf)(Dαφ)dx

= (−1)k
∫

Ω

fDβ(Dαφ)dx

= (−1)k
∫

Ω

fDβ+αφdx

= (−1)k
∫

Ω

fDα(Dβφ)dx

= (−1)k+|α|
∫

Ω

DαfDβφdx

= (−1)2k

∫
Ω

Dβ(Dαf)φdx

=

∫
Ω

Dβ(Dαf)φdx

Function spaces visited thus far are not adequate for indepth treatment of partial dif-
ferential equations. Treatment of the theory of partial differential equations, especially,
approximation (interior) of solutions by smooth functions requires a space with suitable
settings. Hence, the need for Sobolev Space.
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1.5 Sobolev Spaces

If Ω ⊂ Rn is a domain and k is non-negative integer, the space of functions on Ω whose
αth-weak derivative exists for various orders (up to k) is

W k(Ω) =
{
f : Ω→ R

∣∣Dα
wf exists ∀α, |α| ≤ k

}
3

The space W k(Ω) has the following properties,
i) W k(Ω) is a linear space.
ii) Ck(Ω) ⊂ W k(Ω)

Property ”i)” is an immediate consequence of the linearity property of weak derivatives
while ”ii)” follows from the fact that classical differentiability implies weak differentia-
bility.

For 1 ≤ p ≤ ∞ and ”k” a non-negative integer, the space of k-times weakly dif-
ferentiable functions with p-integrable weak derivatives on Ω,

W k,p(Ω) =
{
f ∈ W k(Ω) : Dα

wf ∈ Lp(Ω), |α| ≤ k
}

is a linear space.
We define a norm on the space W k,p(Ω) by

||f ||Wk,p(Ω) =

{(∑
|α|≤k

∫
Ω
|Dα

wf |pdx
) 1
p , 1 ≤ p <∞∑

|α|≤k ess supΩ |Dα
wf |, p =∞

We make the following observation,

i) Since |Dα
wf | ≥ 0, ∀α ∈ Nn

0

we have ||f ||Wk,p(Ω) ≥ 0 and ||f ||Wk,p(Ω) = 0 if f = 0 a.e on Ω.

ii) For any scalar, Dα
w(λf) = λDα

wf
⇒ |Dα

w(λf)| = |λ||Dα
wf |

⇒ ||λf ||Wk,p(Ω) = |λ|||f ||Wk,p(Ω)

iii) For any f, g ∈ W k,p(Ω) and 1 ≤ p <∞,

||f + g||Wk,p(Ω) =

( ∑
|α|≤k

∫
Ω

|Dα
w(f + g)|pdx

) 1
p

=

( ∑
|α|≤k

∫
Ω

|Dα
wf +Dα

wg|pdx
) 1

p

≤
( ∑
|α|≤k

(
||Dα

wf ||Lp(Ω) + ||Dα
wg||Lp(Ω)

)p) 1
p

≤
( ∑
|α|≤k

||Dα
wf ||

p
Lp(Ω)

) 1
p

+

( ∑
|α|≤k

||Dα
wg||

p
Lp(Ω)

) 1
p

= ||f ||Wk,p(Ω) + ||g||Wk,p(Ω)

3f is k-times weakly differentiable if Dα
wf exists, |α| ≤ k

9



and convinced that || · ||Wk,p(Ω) is indeed a norm
As a result, the space

(W k,p(Ω), || · ||Wk,p(Ω))

is a normed space. We proceed to show that this space is complete. To this end, let{
fn
}∞
n=1
⊆ W k,p(Ω) be a Cauchy sequence4

⇒
{
Dα
w(fn)

}∞
n=1
⊆ Lp(Ω) is a Cauchy sequence for any α with |α| ≤ k.

⇒ limn→∞D
α
w(fn) = fα ∈ Lp(Ω) (Since Lp(Ω) is complete.)

⇒ limn→∞ fn = f ∈ Lp ; (α = (0, 0, · · · , 0) = 0 Dα = identity)

It remains to show f ∈ W k,p(Ω)
Now, for φ ∈ D(Ω) fixed,∫

Ω

fDαφdx =

∫
Ω

lim
n→∞

fnD
αφdx

= lim
n→∞

∫
Ω

fnD
αφdx

= lim
n→∞

(−1)|α|
∫

Ω

Dαfnφdx

= (−1)|α|
∫

Ω

lim
n→∞

Dαfnφdx

= (−1)|α|
∫

Ω

fαφdx

⇒ Dα
wf = fα ∈ Lp(Ω)

⇒ f ∈ W k,p(Ω)

Definition 1.5.1. (Sobolev space) For 1 ≤ p ≤ ∞ and a non-negative integer k, the
Banach space of functions on Ω,

(W k,p(Ω), || · ||Wk,p(Ω))

is called a Sobolev space.

Sobolev space with k = 1 i.e W 1,p(Ω) are often called first order spaces.
For 1 ≤ p < n, the number p∗ = np

n−p is the Sobolev conjugate of p.

Since 1
p∗

= n−p
np

= 1
p
− 1

n
< 1

p
we have 1 ≤ p < p∗

4Sequence {fn}∞n=1 ∈ V is called Cauchy sequence if and only if ∀ε > 0, ∃N such that
‖fn − fm‖ < ε, ∀n,m ≥ N

10



Chapter 2

Harmonic and p-harmonic functions

2.1 The Dirichlet integral

Our aim in this section is to establish Euler-Lagrange equations for the Dirichlet inte-
gral, i.e

J(u) =

∫
Ω

|Ou|pdx

where 1 ≤ p <∞ and Ω ⊂ Rn is a domain.

2.2 Euler-Lagrange equations

The above Dirichlet integral is also referred to as the (potential) energy functional of
a hyperelastic or Cauchy-elastic material. With in the confines of the principles of
minimum potential energy we proceed to find stationary states (minimizers) of the
potential among admissible functions.

u : Ω→ R

with u ∈ C2(Ω) ∩ C(Ω) such that u satisfies prescribed condition on the boundary.
In view of this, if u is a minimizer then a oneparameter family of functions

v(x) = u(x) + αφ(x), φ ∈ D(Ω)

is admissible (α is a parameter). Thus, as based on variational principles, the stationary
integral as a function of the parameter α is expressed as

J(α) =

∫
Ω

|O(u+ αφ)|pdx

and minimality condition is given by
dJ(α)

dα

∣∣∣∣
α=0

= 0

2.3 Harmonic functions

Consider the variational integral for p = 2, i.e

J(α) =

∫
Ω

|O(u+ αφ)|2dx

11



the stationary value (minima) of J can determined from
dJ(α)

dα

∣∣∣∣
α=0

= 0

But

dJ(α)

dα
=

d

dα

∫
Ω

|O(u+ αφ)|2dx

=

∫
Ω

d

dα
|Ou+ αOφ|2dx

=

∫
Ω

d

dα

( n∑
i=1

(uxi + αφxi)
2
)
dx

=

∫
Ω

( n∑
i=1

2(uxi + αφxi)φxi
)
dx

= 2

∫
Ω

(|Ou+ αOφ|) · Oφdx

⇒ dJ(α)

dα

∣∣∣∣
α=0

= 2

∫
Ω

Ou · Oφdx

Thus,
dJ(α)

dα

∣∣∣∣
α=0

= 0⇒
∫

Ω
Ou · Oφdx = 0

Recall, Gauss theorem1 and Green’s identity2, respectively

u, v ∈ C2(Ω) ∩ C(Ω)⇒ v∆u = div(vOu)− Ou · Ov

and ∫
Ω

div(u)dx =

∫
∂Ω

u(y) · n(y)ds(y),

n(y) outward normal.

Let φ ∈ D(Ω)⇒ φ ∈ C2(Ω)∩C(Ω) we have φ∆u = div(φOu)−Ou ·Oφ, ∀φ ∈ D(Ω)∫
Ω

φ∆udx =

∫
Ω

div(φOu)dx−
∫

Ω

Ou · Oφdx

=

∫
Ω

div(φOu)dx

=

∫
∂Ω

φOu(y) · n(y)ds(y), ∀φ ∈ D(Ω)

= 0

⇒ ∆u = 0 (∆u = div(Ou)) i.e

n∑
i=1

u2
xi

= 0

1Let u : Ω→ Rn be a C1-boundary ∂Ω. Then
∫

Ω
div(u)dx =

∫
∂Ω
u(y) · n(y)ds(y)

2If Ω is bounded C1 open set in Rn and u, v ∈ C2(Ω), then
i.
∫

Ω
u∆vdx =

∫
∂Ω
u ∂v∂nds−

∫
Ω
∇u · ∇vdx

ii.
∫

Ω
u∆vdx =

∫
Ω
v∆udx+

∫
∂Ω

(
u ∂v∂n − v

∂u
∂n

)
ds

12



Therefore, harmonic(Laplace’s) equation is the Euler-Lagrange equation for the Dirich-
let integral with p = 2.

In the following subsection we will establish Euler-Lagrange equation for the Dirichlet
integral with p 6= 2.

2.4 P-Harmonic functions

Once again consider the stationary integral

J(α) =

∫
Ω

|O(u+ αφ)|pdx, p 6= 2

Since,

dJ(α)

dα
=

d

dα

∫
Ω

|O(u+ αφ)|pdx

=

∫
Ω

d

dα
|Ou+ αOφ|pdx

=

∫
Ω

d

dα

[√√√√ n∑
i=1

(uxi + αφxi)
2

]p
dx

=

∫
Ω

d

dα

(( n∑
i=1

(
uxi + αφxi

)2) 1
2

)p
dx

=

∫
Ω

d

dα

( n∑
i=1

(
uxi + αφxi

)2
) p

2

dx

=

∫
Ω

p

2

( n∑
i=1

(
uxi + αφxi

)2
) p

2
−1( n∑

i=1

2
(
uxi + αφxi

)
φxi

)
dx

= p

∫
Ω

( n∑
i=1

(
uxi + αφxi

)2
) p−2

2
( n∑

i=1

(
uxi + αφxi

)
φxi

)
dx

= p

∫
Ω

(√√√√ n∑
i=1

(
uxi + αφxi

)2
)p−2((

Ou+ αOφ
))
· Oφdx

= p

∫
Ω

|Ou+ αOφ|p−2
[
Ou+ αOφ

]
· Oφdx

dJ(α)

dα

∣∣∣∣
α=0

= p

∫
Ω

|Ou|p−2Ou · Oφdx

∴
∫

Ω
|Ou|p−2Ou · Oφdx = 0

From Green’s identity we get

φ div(|Ou|p−2Ou) = div(φ |Ou|p−2Ou)− |Ou|p−2Ou · Oφ

13



∫
Ω

φ div(|Ou|p−2Ou)dx =

∫
Ω

div(φ |Ou|p−2Ou)dx−
∫

Ω

|Ou|p−2Ou · Oφdx

=

∫
Ω

div(φ |Ou|p−2Ou)dx

=

∫
∂Ω

φ(y) |Ou(y)|p−2Ou(y) · n(y)dσ(y)

= 0

∴ div(|Ou|p−2Ou) = 0

Hence we have established the fact that the p-laplace equation, i.e

∆pu = div(|Ou|p−2Ou) = 0

is the Euler-Lagrange equation for the Dirichlet integral with p 6= 2.

To come up with the unique solution of the p-laplace equation on a bounded domain
Ω ⊂ Rn, we need to prescribe values of u on the boundary, ∂Ω.
In this regard, we mention two type of boundary conditions and hence two types of
boundary value problems, {

∆pu = 0 in Ω

u = g on ∂Ω

which is the Dirichlet problem and{
∆pu = 0 in Ω
∂u
∂n

= g on ∂Ω

the Neuman problem (∂u
∂n

= normal derivative). As we shall show for the Neuman
problem the boundary function g can not be arbitrary. We shall prove this after the
following auxiliary fact, Green’s second identity.
If u, v ∈ C2(Ω) ∩ C(Ω), then

v div(Ou) = div(vOu)− Ou · Ov

v div(Ou)− u div(Ov) = div(vOu)− div(uOv)

v∆u− u∆v = div(vOu− uOv)

Lemma 2.4.1. If ∆u = 0 in Ω, then
∫
∂Ω

∂u
∂n
dσ(y) = 0

Proof. Take v = 1 the Green’s second identity becomes

div(Ou) = ∆u = 0

⇒
∫
∂Ω

∂u
∂n
dσ(y) =

∫
∂Ω

Ou · n(y)ds(y) =
∫

Ω
div(Ou)dx = 0

Now, ∂u
∂n

= g

⇒
∫
∂Ω
g(y)ds(y) =

∫
∂Ω

∂u
∂n
ds(y) = 0

Hence, the boundary function should satisfy this constraint.

14



Chapter 3

Dirichlet Eigenvalue problem

3.1 The p-harmonic operator

The p-harmonic operator, with the corresponding p-harmonic equation is

∆pu = div(|Ou|p−2Ou) = 0

which was shown in the earlier section to the Euler-Lagrange equation of the Dirchlet
integral operator appears in variations contexts in theory of partial differential equa-
tions. We now take a close look at one such context, the notion of eigenvalue problem.
If Ω ⊂ Rn is abounded domain with smooth boundary and u ∈ C2(Ω) ∩ C1(Ω) then,

∆pu = div(|Ou|p−2Ou)

=
n∑
j=1

∂xj
(
|Ou|p−2uxj

)
=

n∑
j=1

[(
∂xj
(
|Ou|p−2

))
uxj + |Ou|p−2uxjxj

]

=
n∑
j=1

[(
∂xj

(√√√√ n∑
i=1

u2
xi

)p−2))
uxj + |Ou|p−2uxjxj

]

=
n∑
j=1

[(
∂xj
( n∑
i=1

u2
xi

) p−2
2
))
uxj + |Ou|p−2uxjxj

]

=
n∑
j=1

[(p− 2

2

n∑
i=1

u2
xi

) p−2
2
−1)( n∑

i=1

2uxiuxjuxixj
)

+ |Ou|p−2uxjxj

]

=
n∑
j=1

[
(p− 2)

( n∑
i=1

u2
xi

) p−4
2
)( n∑

i=1

uxiuxjuxixj
)

+ |Ou|p−2uxjxj

]
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=
n∑
j=1

[
(p− 2)|Ou|p−4

n∑
i=1

uxiuxjuxixj + |Ou|p−2uxjxj

]

= (p− 2)|Ou|p−4

n∑
j=1

n∑
i=1

uxiuxjuxixj + |Ou|p−2

n∑
j=1

uxjxj

= (p− 2)|Ou|p−4

n∑
j=1

n∑
i=1

uxiuxjuxixj + |Ou|p−2∆u

= |Ou|p−4

[
(p− 2)

n∑
j,i=1

uxiuxjuxixj + |Ou|2∆u

]

3.2 Eigenvalue problem

For scalar λ and 1 ≤ p <∞, the homogeneous equation,

∆pu+ λ|Ou|p−2u = 0

is called an eigenvalue problem. A non-trivial C2- function u is an eigenfunction cor-
responding to λ, if the pair {λ, u} satisfies the above partial differential equation. One
usually calls

{λ, u}

an eigenpair corresponding to an eigenvalue problem.
For p 6= 2, the PDE

−∆pu = λ|Ou|p−2u

is a non-linear eigenvalue problem while for p = 2,

−∆2u = λu

is a linear eigenvalue problem.

3.2.1 Linear Eigenvalue Problem

Given the linear eigenvalue problem as above, if one prescribes the unknown function
u on the boundary of Ω, ∂Ω then the resulting PDE,{

−∆2u = λu, in Ω

u = 0, on ∂Ω

is called Dirichlet eigenvalue problem (DEVP).

Lemma 3.2.1. Let {λ, u} and {µ, v} be eigenpairs of the DEVP.
If λ 6= µ then u is orthogonal to v.

Proof. {λ, u} and {µ, v} are eigenpairs of the DEVP.

⇒

{
−∆2u = λu

−∆2v = µv

16



⇒

{
−v∆2u = λuv

−u∆2v = µuv

⇒
(
λ− µ

)
uv = v∆u− u∆v

⇒
(
λ− µ

)
uv = div

(
v∆u− u∆v

)
(Green’s Identity)

(
λ− µ

) ∫
Ω

uv dx =

∫
Ω

div
(
vOu− uOv

)
dx

=

∫
∂Ω

(
vOu− uOv

)
· n(y) ds(y) (by divergence theorem)

=

∫
∂Ω

(
v
∂u

∂n
− u∂v

∂n

)
dσ(y)

= 0

⇒
(
λ− µ

) ∫
Ω
uv dx = 0

λ6=µ⇒
∫

Ω
uv dx = 0

∴ u is orthogonal to v.

Theorem 3.2.1. If {λ, u} is an eigenpair of the linear Dirichlet problem then λ ∈ R
and u is a real valued function.

Proof. -∆2u = λu⇒ −∆2u = λu = λu{
−u∆2u = λuu

−u∆2u = λuu(
λ− λ

)
uu = −u∆2u− u∆2u = div

(
uOu− uOu

)
(
λ− λ

) ∫
Ω

uudx =

∫
Ω

div
(
uOu− uOu

)
dx

=

∫
Ω

(
u
∂u

∂n
− u∂u

∂n

)
dx

= 0(
λ− λ

)
||u||2 = 0

λ− λ = 0

λ = λ

∴ λ ∈ R

Corollary 3.2.1. If {λ, u} is eigenpair of the linear Dirichlet problem then λ > 0.

Proof. Let {λ, u} is eigenpair of the DEVP.

−∆2u = λu in Ω

λuv = −v∆2u

17



λ

∫
Ω

uv dx = −
∫

Ω

v∆2u dx

=

∫
Ω

(
Ou · Ov − div(vOu)

)
dx

=

∫
Ω

Ou · Ov dx−
∫

Ω

div(vOu) dx

=

∫
Ω

Ou · Ov dx−
∫
∂Ω

v
∂u

∂n
dσ(y)

=

∫
Ω

Ou · Ov dx

u=v⇒ λ

∫
Ω

u2dx =

∫
Ω

(
Ou
)2
dx

⇒ λ =

∫
Ω

(
Ou
)2
dx∫

Ω
u2dx

· · · · · · · · · (∗)

For if u = constant, then Ou = 0 and hence ∆2u = 0

⇒ 0 = −∆2u = λu 6= 0. Which is a contradiction

Hence u 6= constant ⇒ Ou 6= 0

⇒
∫

Ω
u2dx and

∫
Ω

(
Ou
)2
dx are all positive

⇒ λ > 0

Definition 3.2.1. (Rayleigh Quotient) The expression in (*) is called the Rayleigh
quotient.

Definition 3.2.2. (Principal Eigenvalue) The smallest eigenvalue of the Dirichlet
eigenvalue problem is called the principal(or smallest) eigenvalue and is denoted λ1.

Lemma 3.2.2. (Rayleigh Ritz) The principal eigenvalue of the Dirichlet eigenvalue
problem {

−∆2u = λu in Ω

u = 0 on ∂Ω

is given by

λ1 = inf

∫
Ω
|Ou|2dx∫
Ω
u2dx

Proof. proceeding as in the above Corollary, we have

λ =

∫
Ω
|Ou|2dx∫
Ω
u2dx

inf

∫
Ω
|Ou|2dx∫
Ω
u2dx

≤
∫

Ω
|Ou|2dx∫
Ω
u2dx

, ∀u

λ1 = inf

∫
Ω
|Ou|2dx∫
Ω
u2dx

⇒ λ1 is the smallest.
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Chapter 4

Weak solution of Dirichlet problem

4.1 Critical points,Deformations

Hereafter H denotes a real Hilbert space, with norm || · || and inner product (, ). Let
I : H → R be non-linear functional on H.

Definition 4.1.1. We say I is differentiable at u ∈ H if there exists v ∈ H such that

I(w) = I(u) + (v, w − u) + o(||w − u||), w ∈ H

the element v, if it exists, is unique. We then write

I ′(u) = v

Definition 4.1.2. Let U ⊂ Rn be open. A function f : Rn → R is said to be Lipschits
continuous on U if and only if there exists L ∈ R such that

||f(x)− f(y)|| ≤ L||x− y||, ∀x, y ∈ U

Definition 4.1.3. We say I belongs to C1(H,R) if I ′(u) exists for each u ∈ H, and
the mapping I ′ : H → H is continuous.

Notation: i. We denotes by C the collection of functions I ∈ C1(H,R) and satisfy
I ′ : H → H is Lipschits continuous on bounded sub sets of H.
ii. If c ∈ R, we write

kc = {u ∈ H : I(u) = c, I ′(u) = 0}
Ac = {u ∈ H : I(u) ≤ c}

Definition 4.1.4. i. We say u ∈ H is critical point if I ′(u) = 0
ii. The real number c is critical value if kc 6= ∅

Definition 4.1.5. A functional I ∈ C1(H,R) satisfies the palais-smale compactness
condition if each sequence {uk}∞k=1 ⊂ H such that

i. {I(uk)}∞k=1 is bounded

ii.I ′(uk)→ 0 in H
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Lemma 4.1.1. (Deformation). Let I : H −→ R be a C1 functional satisfying palais-
smale(PS) conditions. Suppose also kc = ∅.
Then there exist an ε > 0, there exists a constant 0 < δ < ε and a continuous function
η : [0, 1]×H −→ H such that the mapping

ηt(u) = η(t, u), ∀t ∈ [0, 1], u ∈ H

satisfying the following conditions
i. η0(u) = u, ∀ u ∈ H

ii. ηt(u) = u, ∀ t ∈ [0, 1] ,u /∈ I−1
(
[c− ε, c+ ε]

)
iii. I(ηt(u)) ≤ I(u), ∀ t ∈ [0, 1], u ∈ H

iv. η1(Ac+ε) ⊂ Ac−ε

See the proof of this lemma on [1].

Remark: The above lemma shows that if c is not critical value, then the set Ac+ε
is deformed in to Ac−ε for some ε > 0.

Definition 4.1.6. Let X be a normed space. A sequence xn ∈ X is said to be weakly
converges to x ∈ X, written xn ⇀ x, if f(xn)→ f(x), ∀f ∈ X∗

Definition 4.1.7. Let X = W 1,p(Ω,Rn). A functional I : X → R is weakly lower semi-
continuous on X if for every u ∈ X and every sequence {un} is weakly convergent to
u in X such that

I(u) ≤ lim
n→∞

inf I(un)

Theorem 4.1.1. (The Mountain pass theorem) Assume I ∈ C satisfies Palais-Smale
condition. Suppose that

i.I(0) = 0

ii.There exist r, ρ > 0 such that I(u) ≥ ρ for all ‖u‖ = r

iii.There exist v ∈ H such that ‖v‖ > r

Set K = {p : [0, 1] −→ H : p(0) = 0, p(1) = v} and let

c = inf
p∈k

sup
t∈[0,1]

I(p(t)),

then c is the critical value of I.

Proof. If, by contradiction, there is no critical point at level c, then kc = ∅ if we
choose ε small enough so that 0 < δ < ε. Let p ∈ k and define the path

β : [0, 1]→ H by β(t) = η1(p(t)).
Since p(0) = 0 and p(1) = u, it follows by choice of ε, that β(0) = η1(0) = 0, β(1) =
η1(u) = u using condition (ii) of lemma.
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Now we can choose p ∈ k such that

max
t∈[0,1]

I(p(t)) < c+ ε, p(t) ∈ Ac+ε

by condition (iv) of lemma, p(t) ∈ Ac−ε.
Thus

max
t∈[0,1]

I(p(t)) ≤ c− ε.

Which is contradiction to the definition of c , Hence kc 6= ∅. Therefore c is the critical
value of I.

Definition 4.1.8. Let H be real Hilbert space.
i. B : H ×H → R is called bilinear form if

a. B(αu+ βv, w) = αB(u,w) + βB(v, w)

b. B(w, αu+ βv) = αB(w, u) + βB(w, v)

for all u, v, w ∈ H and α, β ∈ R

Theorem 4.1.2. (Lax-Milgram theorem) Let B : H ×H → R be bilinear form. Sup-
pose there exist positive constants α and β such that

i. |B(u, v)| ≤ α||u||||v||, and

ii. B(u, u) ≥ β||u||2

Then for every f ∈ H∗ there exists a unique u ∈ H such that

B(u, v) = (f, v), ∀v ∈ H

See the proof of this theorem on [1, 2].

Definition 4.1.9. We denote by H−1(Ω) the dual space to H1
0 (Ω). In other words f

belongs to H−1(Ω) provided f is bounded linear functional on H1
0 (Ω).

Notation: We will write 〈, 〉 to denote the pairing between H−1(Ω) and H1
0 (Ω).

Definition 4.1.10. If f ∈ H−1(Ω), we define the norm

||f ||H−1(Ω) = sup
{
〈f, u〉 : u ∈ H1

0 (Ω), ||u||H1
0 (Ω) ≤ 1

}
4.2 Weak formulation of Dirichlet problem

Let us consider the Dirichlet problem for the laplacian with homogeneous boundary
condition on bounded domain Ω in R,

−∆u = f in Ω (4.1)

u = 0 on ∂Ω (4.2)
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First, suppose that the boundary of Ω is smooth and u, f : Ω→ R are smooth functions.
Multiplying (4.1) by φ ∈ C∞0 (Ω), integrating the result over Ω, and using the divergence
theorem, we get ∫

Ω

Du ·Dφdx =

∫
Ω

fφdx, ∀φ ∈ D(Ω) (4.3)

The boundary term vanish because φ = 0 on the boundary. Conversely, if f and Ω are
smooth, then any smooth function u satisfying (4.3) is a solution of (4.1).

Definition 4.2.1. Let Ω be an open set in Rn and f ∈ H−1(Ω). A function u : Ω→ R
is weak solution of (4.1)− (4.2) if

i. u ∈ H1
0 (Ω)

ii.
∫

Ω
Du ·Dφdx =

∫
Ω
fφdx, ∀φ ∈ H1

0 (Ω)

4.3 Application to quasi-linear Elliptic PDE

To illustrate the utility of mountain pass theorem, let us investigate now the semi linear
boundary value problem {

−∆u = f(u) in Ω

u = 0 on ∂Ω
(4.4)

we assume f is smooth, and for some 1 < p <
n+ p

n− p
we have

|f(z)| ≤ c(1 + |z|p), |f ′(z)| ≤ c(1 + |z|p−1), z ∈ R, (4.5)

where c is constant. We will suppose also

0 ≤ F (z) ≤ γf(z)z (4.6)

for some constant γ < 1
2
, where F (z) :=

∫ z
0
fsds, z ∈ R. We hypothesize finally for

constants 0 < a ≤ A that

a|z|p+1 ≤ |F (z)| ≤ A|z|p+1, z ∈ R (4.7)

Now (4.7) implies f(0) = 0, and so that u ≡ 0 is a trivial solution of (4.4). We want
to find another.

Theorem 4.3.1. (Existence) The boundary value problem (4.4) has at least one weak
solution u 6≡ 0.

Proof. Define

I(u) :=

∫
Ω

1

2
|Du|2 − F (u)dx

for u ∈ H1
0 (Ω).

We set H = H1
0 (Ω), with the norm ||u|| =

( ∫
Ω
|Du|2

) 1
2 and inner product (u, v) =∫

Ω
Du ·Dvdx. Then

I(u) =
1

2
||u||2 −

∫
Ω

F (u)dx =: I1(u)− I2(u)
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We first claim
I belongs to C (4.8)

To see this, note first that for each u, v ∈ H

I1(w) =
1

2
||w||2 =

1

2
||u+ w − u||2 =

1

2
||u||2 + (u,w − u) +

1

2
||w − u||2

Hence I1 is differentiable at u, with I ′1(u) = u. Thus, I1 ∈ C
We must next examine the term I2. Recall from Lax-Milgram theorem that for each
v∗ ∈ H−1(Ω), the problem {

−∆u = v∗ in Ω

v = 0 on ∂Ω
(4.9)

has unique solution v ∈ H1
0 (Ω). We write v = kv∗; so that

K : H−1(Ω)→ H1
0 (Ω) is an isometry (4.10)

Note in particular that if w ∈ L
n+p
n−p (Ω), then the linear functional w∗ defined by

(w∗, u) :=

∫
Ω

wudx, u ∈ H1
0 (Ω) belongs to H−1(Ω)

Observe next that p( np
n+p

) < n+p
n−p ·

np
n+p

= p∗, and so

f(u) ∈ L
n+p
n−p (Ω) ⊂ H−1(Ω) if u ∈ H1

0 (Ω)

We know demonstrate that if u ∈ H1
0 (Ω), then

I ′2(u) = k[f(u)] (4.11)

to see this note, first that

F (a+ b) = F (a) + f(a)b+

∫ 1

0

(1− s)f ′(a+ bs)dsb2

Thus for each w ∈ H1
0 (Ω)

I2(w) =

∫
Ω

F (w)dx =

∫
Ω

F (u+ w − u)dx

=

∫
Ω

F (u)dx+ f(u)(w − u)dx+R

= I2(u) +

∫
Ω

Dk[f(u)] ·D(w − u) +R,

Where the remainder term R satisfies, according to (4.5),

|R| ≤ c

∫
Ω

(1 + |u|p−1 + |w − u|p−1)|w − u|2dx

≤ c
( ∫

Ω

|w − u|2 + |w − u|p+1)dx
)

+ c
( ∫

Ω

(|u|p+1dx
) p−1
p+1 c

( ∫
Ω

(|w − u|p+1dx
) 2
p+1
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Since p + 1 < p∗, Sobolev inequalities show R = o(||w − u||). Thus we see from (4.10)
that

I2(w) = I2(u) + (k[f(u)], w) + o(||w − u||)

as required.
Finally, we note that if u, u ∈ H1

0 (Ω) with norm ||u||, ||u|| ≤ L, then

||I ′2(u)− I ′2(u)|| = ||[f(u)]− k[f(u)]||H1
0 (Ω)

= ||f(u)− f(u)||H−1(Ω)

≤ ||f(u)− f(u)||
L
np
n+p (Ω)

But

||f(u)− f(u||
L
np
n+p (Ω)

≤ c
( ∫

Ω

(
(1 + |u|p−1 + |u|p−1)|u− u|2

) np
n+pdx

)n+p
np

≤ c
( ∫

Ω

(
(1 + |u|p−1 + |u|p−1)|u− u|2

) np
n+p
·n+p
p
) 1
n ||u− u||Lp∗ (Ω)

≤ c(L)||u− u||Lp∗ (Ω)

≤ c(L)||u− u|| where we used (4.5)

Thus I ′2 : H1
0 (Ω)→ H1

0 (Ω) is Lipschitz continuous on bounded sets. Hence I2 ∈ C.
Now we verify the Palis-Smale condition. For this purpose {uk}∞k=1 ⊂ H1

0 (Ω), with

{I(uk)}∞k=1 bounded (4.12)

and
I ′(uk)→ 0 in H1

0 (Ω) (4.13)

According to the foregoing

uk − k(f(uk))→ 0, in H1
0 (Ω) (4.14)

Thus for each ε > 0 we have

|(I ′(uk), v)| =
∣∣ ∫

Ω

Duk ·Dv − f(uk)vdx
∣∣ ≤ ε||v||, v ∈ H1

0 (Ω)

for k large enough. Let v = uk above to find∣∣∣∣ ∫
Ω

∣∣Duk∣∣2 − f(uk)ukdx

∣∣∣∣ ≤ ε||uk||

for each ε > 0 and for all k sufficiently large. For ε = 1 in particular, we see that∫
Ω

f(uk)ukdx ≤ ||uk||2 + ||uk|| (4.15)

for all k sufficiently large. But since (4.12) says

(1

2
||uk||2 −

∣∣ ∫
Ω

f(uk)dx
)
≤ c <∞
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for all k and some constant c, we deduce

||uk||2 ≤ c+ 2

∫
Ω

f(uk)dx

≤ c+ 2γ
(
||uk||2 + ||uk||

)
by (4.15) and (4.6)

Since 2γ < 1, we discover that {uk}∞k=1 is bounded in H1
0 (Ω). Hence there exists a

subsequence {uki}∞k=1 and u ∈ H1
0 (Ω), with uki ⇀ u weakly in H1

0 (Ω) and ukiu in
Lp+1(Ω), the latter assertion holds since p+ 1 < p∗.
But then f(uk)→ f(u) in H−1(Ω). Hence k[f(uk)]→ k[f(u)] in H1

0 (Ω). Consequently
(4.14) implies

ukiu

inH1
0 (Ω)We finally verify the remaining hypotheses of mountain pass theorem. Suppose

now that u ∈ H1
0 (Ω), with ||u|| = r, for r > 0. Then

I(u) = I1(u)− I2(u) =
r2

2
− I2(u) (4.16)

Now hypotheses (4.7) implies, since p+ 1 < p∗, that

∣∣I2(u)
∣∣ ≤ c

∫
Ω

|u|p+1dx ≤ c

(∫
Ω

|u|p∗dx
) p+1

p∗

≤ c||u||p+1 ≤ crp+1

In view of (4.16), then

I(u) ≥ r2

2
− crp+1 ≥ r2

4
= a > 0

provided r > 0 is small enough, since p + 1 > p. Now fix some element u ∈ H, u not
identically 0. Write v = tu for t > 0. Then

I(v) = I1(tu)− I2(tu)

= t2I1(u)−
∫

Ω

F (tu)dx

≤ t2I1(u)− atp+1

∫
Ω

|u|p+1dx by (4.7)

< 0

for t > 0 large enough.
We have at last checked all hypotheses of mountain pass theorem. There must conse-
quently exist a function u ∈ H1

0 (Ω), u is not identically 0 with

I ′(u) = u− k[f(u)] = 0

in particular for each v ∈ H1
0 (Ω) we have∫

Ω

Du ·Dvdx =

∫
Ω

f(u)vdx

Hence u is weak solution of (4.4)

25



4.4 Existence of solution via mountain pass theo-

rem

The Ordinary eigenvalue problem for p(x)-laplacian is defined as{
−∆p(x)u− λ|u|p(x)−2u = 0, in Ω

u = 0 on ∂Ω
(4.17)

The value of parameter λ ∈ R for which (4.17) has non zero solution (u 6= 0) is called
eigenvalue of (4.17) and corresponding u is called eigenfunction associated with λ.
If we consider non-linear eigenvalue problem involving p(x)-laplacian:{

−div
(
|Ou|p(x)−2Ou

)
= λf(x, u), in Ω

u = 0 on ∂Ω,
(4.18)

where Ω ⊂ Rn (n ≥ 2) is bounded domain with smooth boundary, ∂Ω, 1 < p(x) ∈
C(Ω), f ∈ C(Ω× R) is super linear.
The nontrivial solution for problem (4.18) is recognized by assuming the following
conditions:
(f0) f : Ω× R −→ R satisfies Caratheodory condition and

|f(x, t)| ≤ C1 + C2|t|α(x)−1, ∀(x, t) ∈ Ω× R,

where α(x) ∈ C+(Ω) = {h | h ∈ C(Ω), h(x) > 1} for any x ∈ Ω and α(x) < p∗(x).

(f1) There is a ∈ [0,∞) such that f(x, s)s−1 −→ a if s −→∞, uniformly in x ∈ RN.
Let G : RN × R+ −→ R be defined by

G(x, s) =
1

2
f(x, s)s− F (x, s)

where F (x, s) =
∫ s

0
f(x, t)dt.We shall also use

A = G(x, s) ≥ 0, ∀s ≥ 0, a.e x ∈ RN and ∃δ > 0 such that G(x, s) ≥ δ

(f2) f(x, t) = o
(
|t|p+−1

)
1, t→ 0 for x ∈ Ω uniformly and

α− := min
Ω
α(x) > p+.

(f3) F (x, t) ≤ c1|t|θ − c2, x ∈ Ω , t ∈ R and θ > p+

(f4) lim|t|→∞
F (x, t)

|t|p+
= +∞,uniformly a.e x ∈ Ω

(f ′4) There is C∗ > 0 such that

tf(x, t)− p−F (x, t) ≤ sf(x, s)− p+F (x, s) + C∗

for all 0 < t < s or s < t < 0.

1We write f =o(g) as x→ x0, provided limx→x0

|f(x)|
|g(x)|

= 0
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Definition 4.4.1. Let f be a function on an open subset U of Banach space X in to
the Banach space Y . We say f is Gataeux differentiable at x ∈ U if there is bounded
linear operator T : X −→ Y such that

lim
t→0

f(x+ th)− f(x)

t
= Tx(h)

for every h ∈ X.The operator T is called the Gataeux derivative of f at x.

Now we introduce the energy functional Iλ : W
1,p(x)
0 (Ω) −→ R associated with problem

(4.18), defined by

Iλ(u) =

∫
Ω

1

p(x)
|Ou(x)|p(x)dx− λ

∫
Ω

F (x, u)dx

and Gateaux derivative of Iλ is

I ′λ(u) · v =

∫
Ω

|Ou|p(x)−2Ou · Ovdx− λ
∫

Ω

f(x, u)vdx, u, v ∈ W 1,p(x)
0 (Ω)

Thus the critical points of Iλ are the weak solutions of problem (4.18)

Theorem 4.4.1. Under hypothesis (f0), (f2), (f3) and (f4) there is t0 > 0 such that

f(x, t)

tp+−1
is increasing in t ≥ t0 and decreasing in t ≤ −t0, ∀x ∈ Ω.

Moreover, f ∈ C(Ω × R),then problem (4.18) has a non-trivial weak solution, for all
λ > 0.

Lemma 4.4.1. (1) Under the condition (f3) the functional Iλ is unbounded from below.
(2) Under the condition (f0) and (f2), u = 0 is strictly local minimum for the functional
Iλ.

Proof. (1). From (f3) we have that, for all M > 0 there exists CM > 0, such that

F (x, t) ≥M |t|p+ − CM , ∀x ∈ Ω, ∀t > 0. (4.19)

Take φ ∈ W 1,p(x)
0 (Ω) with φ > 0 , from (4.19) we obtain

Iλ(tφ) ≤ tp
+

(∫
Ω

|Oφ|p(x)

p(x)
− λM

∫
Ω

|φ|p+
)

+

∫
Ω

CM

Iλ(tφ) ≤ tp
+

(∫
Ω

|Oφ|p(x)

p(x)
− λM

∫
Ω

|φ|p+
)

+ CM |Ω|

Where t ≥ 1 and |Ω| denotes the lebesgue measure of Ω. If M is large, then

lim
t→∞

Iλ(tφ) = −∞

This proves (1)
proof of (2). From f0 and f2, we have

F (x, t) ≤ ε|t|p+ + C(ε)|t|α(x), ∀(x, t) ∈ Ω× R
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Then

Iλ(u) ≥
∫

Ω

1

p+
|Ou|p+dx− ελ

∫
Ω

|u|p+dx− C(ε)λ

∫
Ω

|u|α(x)dx]

≥ 1

p+
||u||p+ − ελCp+

0 ||u||p
+ − C(ε)λ||u||α−

≥ 1

2p+
||u||p+ − λC(ε)||u||α− , when ||u|| ≤ 1,

There exist r > 0 and by (f1) there exist δ > 0 such that Iλ(u) ≥ δ > 0 for every

u ∈ W 1,p(x)
0 (Ω) and ||u|| = r. The proof is complete.

Fix 0 < λ0 < µ0. Now we can see that the geometry on Iλ works uniformly on
[λ0, µ0]. From the proof of lemma 4.4.1, we obtain

Iλ(u) ≥ 1

2p+
||u||p+ − λC(ε)||u||α− , when ||u|| ≤ 1, 0 < λ ≤ λ0

That is , there exist r > 0 and δ > 0 such that Iλ(u) ≥ δ > 0 for every u ∈ W 1,p(x)
0 (Ω),

and ||u|| = r and ∀λ ≤ µ0.

By choosing e ∈ W 1,p(x)
0 (Ω) such that Iλ0(e) < 0 , we infer that

Iλ(e)

λ
≤ Iλ0(e)

λ0

< 0, λ0 ≤ λ ≤ µ0

We also have
Iλ(u)

λ
≤ Iµ(u)

µ
, ∀u ∈ W 1,p(x)

0 (Ω), µ < λ (4.20)

Define

P =
{
γ : [0, 1] −→ W 1,p

0 (Ω) : γ is continuous and γ(0) = 0 and γ(1) = e
}
, and for λ0 ≤ λ ≤ µ0,

Let
cλ = inf

γ∈P
max
t∈[0,1]

Iλ(γ(t)).

We recall that the map c : [λ0, µ0] −→ R+ , given by c(λ) = cλ is such that cλ
λ

is
decreasing, left semi-continuous and bounded from below by cµ0 > 0.

In fact,from (4.20) follows the monotonicity. While the estimate in lemma 4.4.1 (2)
implies that cλ ≥ δ > 0.

Now, we check the left semi-continuous of cλ
λ

. Fix µ ∈ [λ0, µ0] and ε > 0. Then fix
γ ∈ P such that

cµ ≤ max
t∈[0,1]

Iµ(γ(t)) ≤ c(µ) +
εµ

4

Let R0 = maxt∈[0,1]

∫
Ω
F (x, γ(t))dx. Then , for λ > µ

2
and such that 1

λ
< 1

µ
+ ε

2µ

Iλ(γ(t)) = (Iλ(γ(t))− Iµ(γ(t))) + Iµ(γ(t))

= Iµ(γ(t)) + (µ− λ)

∫
Ω

F (x, γ(t))dx

≤ R0|λ− µ|+ c(µ) +
εµ

4
∀t ∈ [0, 1],
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that is,

cλ ≤ c(µ) +
εµ

2
, |λ− µ| < εµ

4R0

.

Hence,if µ > λ, it follows that

cµ
µ
− ε < cµ

µ
≤ cλ

λ
≤ cµ

µ
+

2ε

3
≤ cµ

µ
+ ε.

This proves the left semi-continuity of cλ
λ

and cλ.

Lemma 4.4.2. There exists d > 0, such that

||I ′µ(u)− I ′λ(u)||∗ ≤ d
(
1 + ||u||α+−1

)
|µ− λ|, ∀λ, µ > 0.

Proof. For α(x) ∈ C+(Ω), define α′(x) such that 1
α(x)

+ 1
α′(x)

= 1, ∀x ∈ Ω. From

condition (f0), we have

|f(x, t)|α′(x) = |f(x, t)|
α(x)
α(x)−1 ≤ d1 + d2|t|α(x), ∀x ∈ Ω, ∀t ∈ R,

for some constants d1, d2 > 0 and then∫
Ω

|f(x, u)|α′(x) ≤ d1|Ω|+ d2

∫
Ω

|u|α(x)dx.

Therefore, there exist positive constants d3 and d4 > 0, such that∫
Ω

|f(x, u)|α′(x) ≤ d3 + d4||u||α
+

, ∀u ∈ W 1,p(x)
0 (Ω).

Now, ∀u ∈ W 1,p(x)
0 (Ω) with ||v|| ≤ 1, we have

I ′µ(u)v − I ′λ(u)v = (λ− µ)

∫
Ω

f(x, u)vdx

Moreover, we have

|I ′µ(u)v − I ′λ(u)v| ≤ |λ− µ|
∫

Ω

|f(x, u)v|dx

≤ 2|λ− µ||f(x, u)|α′(x)|v|α(x)

≤ 2C0|λ− µ|
(
d3 + d4||u||α

+)α+−1
α+ ||v||.

So there exists constant d > 0 such that

||I ′µ(u)− I ′λ(u)||∗ ≤ d
(
1 + ||u||α+−1

)
|µ− λ|, ∀λ, µ > 0.

Lemma 4.4.3. Suppose the map c : [λ0, µ0] −→ R+, given by c(λ) = cλ, is differen-

tiable in µ, then there exist a sequence {un} ⊂ W
1,p(x)
0 (Ω) such that

Iµ(un)→ cµ, I ′µ(un)→ 0, and ||un||p
− ≤ C ′

as n→∞ and where C ′ = p+cµ + p+µ(2− c′(µ)) + on(1).
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You can see the proof of this lemma on [6]

Lemma 4.4.4. For almost all λ > 0, cλ is a critical value forIλ.

Proof. By using above lemma’s now we can proof theorem 4.4.1.
As cλ is left semi-continuous , from lemma 4.4.4 , for each µ > 0 we can fix sequence
{un} ⊂ W

1,p(x)
0 (Ω) and λn ⊂ R such that λn → µ, cλn → cµ as n→∞,

Iλn(un) = cλn and I ′λn(un) = 0.

For the proof of Theorem , it is enough to prove the sequence {un} is bounded.For

unboundedness we can define ωn = un
||un|| . With out loss of generality , ω ∈ W 1,p(x)

0 (Ω)
such that

ωn(x) ⇀ ω(x) in W
1,p(x)
0 (Ω), n→∞,

ωn(x)→ ω(x) in Lα(x)(Ω), n→∞,
ωn(x)→ ω(x) for a.e.x ∈ Ω, n→∞.

Let Ω 6= = {x ∈ Ω : ω(x) 6= 0}. If x ∈ Ω 6= , then

lim
n→∞

F (x, un(x))

|un(x)|p+
|ωn(x)|p+ =∞.

By hypothesis (f1) we have

lim
s→∞

F (x, s)

s
= a

and

lim
s→∞

F (x, s)

s2
=
a

2

Now applying the Fatous lemma and the limit

lim
n→∞

∫
Ω

F (x, un(x))

|un(x)|p+
|ωn(x)|p+ ≤ 1

µp−
.

For |Ω6=| > 0, that is ω = 0 a.e in Ω.
Let tn ∈ [0, 1] such that

Iλn(tnun) = max
t∈[0,1]

Iλn(tun).

If tn = 1, Iλn(tun) is bounded for all t ∈ [0, 1]. If tn < 1, I ′λn(tnun)un = 0. since
I ′λn(tnun)(tnun) = 0, from (f ′4), we have

Iλn(tun) ≤ Iλn(tnun)− 1

p+
I ′λn(tnun)un

=

∫
Ω

( 1

p(x)
− 1

p+

)
|Otnun|p(x)dx

+λn

∫
Ω

( 1

p(x)
tnunf(x, tnun)− F (x, tnun)

)
dx

≤
∫

Ω

( 1

p(x)
− 1

p+

)
|Oun|p(x)dx

+λn

∫
Ω

( 1

p(x)
unf(x, un)− F (x, un) +

C∗
p+

)
dx
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= cλn +
C∗λn
p+
|Ω|

For all t ∈ [0, 1].
Seeking for contradiction we assume that for all R > 1

lim
n→∞

inf Iλn(tnun) ≤ R

Now, setting R′ = (2p+R)
1
p− . Since ||ωn|| = 1, we have

Iλn(R′ωn) = 2R− λn
∫

Ω

F (x,R′ωn)dx ≥ R.

which contradicts Iλn(R′ωn) ≤ cλn + C∗λn
p+
|Ω|, for n large.

Now we have a bounded sequence {un} such that

Iλn(un) = cλn and I ′λn(un) = 0.

The proof is complete.
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Conclusion

The p(x)-laplacian processes more complicated non-linearity, for example, it is non-
homogeneous, so in the discussions some special techniques will be needed.
We will use the notations such as p− and p+ where

p− := ess inf
x∈Ω

p(x) ≤ p(x) ≤ p+ := ess sup
x∈Ω

p(x) <∞

and using variable exponent theory of Lebesgue and Sobolev spaces combined with
variable method and mountain pass theorem, we show the existence of non trivial
weak solution of problem (Iλ).
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