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ABSTRACT

Usually the conventional theories considern
the low temperature plasma as a system containing mobile
charged particles and neutral atoms or molecules., 1In
this thesis the theory of some collective properties of
"dipole plasma" that consists of charged particles and
polar molecules with constant dipole moment as the neutral
component is developed.

In such a plasma the dipoles interact with the
charged particles and the self-consistent fields that arise
in the non~equilibrium state of the plasma. The inter-
actlons with the electrons and positive ions result in some
correction terms in the thermodynamic functions of plasma;
whereas, the dipole interactionsg with the self-~consistent

fields lead to some new physical effects such as the

shifting of plasma frequencies, and appearance of additional
damping plasma waves and a new branch of elgen-vibration
which we call the "dipole-acoustic wave".

Thegse phenomena in dipole plasma are investigated with the
help of a colliéionleés kinetic equation derived for the
rotational degrees of freedom of the dipoles.

The dlelectric tensor is calculated from a perturbation

analysis on the distribution function of the dipole plasma.
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CHAPTER I

INTRODUCTEON

1. The Plaéma State

A plasma is a guasineutral gas of charged and
neutral particles which exhibts collective behaviour (2).
By collective behaviour we mean motions that depend not
only on local conditions but on the state of the plasma in
remote regions as well.

Plasmas are composed of a very large numbexr of
particles, N ~ 10%%, all moving and interacting together.
We can not ever hope to follow them all around their
respective paths, even if we would obtain the exact equations
to be solved., A statistical treatment is needed, for we
can not predict the exact behaviour of every particle in
the plasma.

The statistical method ensble us to predict what happens
to a collective of particles, on the average, subject to
certain conditions.

The statistical method uses a kinetle description
based on the velocity distribution function, f(§,$,t), for
each type of particles and the product f(§,§,t)dgr a’v
represents the number of particles in the phase volume
d®*r3d v. ‘The number of particles in the elemental phase
volume, when summed up for all possible velocities give the

[

total number of particles (density number) iIn the entire




phase space.
That is,

W) = FEES,0d (i.l,l)

SN

In any event, it is important to know the form of the
distribution function, both from the viewpoint of
determining the plasma temperature and also for developing
theories on the nature of plasma behaviour under non-
equilibrium conditions.

For any physical gquantity, g(?,%), we may

determine its mean value to be

<g(F > = wte g gf (F,0,8) @ (1.1.2)

where f  is the distribution function,
The velocity distribution function satisfies

an equation known as the Boltzmann equation:

3f + wv. 3f + F, af of

e 1 e } e = (_ )

ot 3r m oV, at
i i

coll {(1.1.3)

This equation is the law governing the variation of the
distribution function with time.
The first term in eq. (1.1.3) is the local variation of

the distribution function. The term Vi azr is the
£
1

variation of the distribution function resulting from
molecules streaming in and out of a given volume element.

This term relaltes to the description of diffusion. The




third term is the variastion of the distribution function
resulting from the external forces, Fi, acting on the
particles. The velocity distribution function will also
vary as the result of collisions between the molecules
of the gas. This variation is included in the collision
term on the right-hand side of eq. (1.1.3).

A number of important plasma phenomena can he
studied by treating the plasma as a whole or any of its
constituents as a fluid characterized by a certain number
of macroscopic variables such as the mass density, the
average velocity, the kinetic pressure and the temperature.
A set of moments of the Boltzmann equation appropriately
truncated and suitably completed by an assumption on the
highest velocity moment of the distribution function enables
the determination of the eguations governing these macro-
scopic variables. The electrons and ions form conducting
fluids with the result there are also macrogscopic electro-
magnetic variables such as the charge density, the current
density, the electric field, and the magnetic flux density.
Thease electrémagnetic Variagles are governed by Maxwell's
equations., The behaviour of the plasma can thus be analyzed

interms of the hydrodynamlcal and Maxwell's equations.

1.2 Bagic Properties of Plagsma.
A fundamental property of plasma is lts tendency
to preserve its macroscopic electrical neutrality. The

plasma ig gaid to be quasineutval; that is, neutral enough




that one can take the density o positive charges to be
approximately egual to the density of negative chavdgers
{electrons) , but not so neutral that all the interesting
electromagnetic forces vanish,

When the electrical neutrality of plasma is
digsturbed, the electrons break into collective, high-
frequency osicllations and the relatively heavy positive
ions remain immobile and provide the necessary neutral-
izing background. On an average, over the time period
of these high-frequency oscillations, the macroscopic
electrical neutrality is maintained.

If an electric field due to & test charge is
imposed on a plasma, the plasma particles redistribute
themselves around the test gharge in such a manner as to
shield its influence from a msjor portion of the plasma.
If the dimensions L of a plasia system are much lardexr

‘than the bebye's length,

then whenever local concentrations of charge arise or
external potentials are introduced into the system, these
are screened out in a distance sho?t compared with L ,
leaving the bulk of the plasma free of large electrosgtatic
potentials or fields., Thus, a criterion for an ionized
gas to be a plasma is that it be dense enough that £h is

miich smaller than L. The picture of Debye shielding is

valid only if there avre enougnh particles in the charge cloud,




L

Clearly, if there are only one or two particles in the
sheath region, Debye shielding would not he a
statistically valid concept.

The number, ND’ of particles in a "Debye sphere" is:

S T

N, = 3
n 5

A
— (1&211)
b 3
where n  is the plasma density.
Thus in addition to r_ << I, collective behaviour

reguires ND >» 1,

We have dgiven two conditions that an ionized
gas must satisfy to be called a plasma. A third
condition has to do with cb)lisions. If » is the
frequency of typical plasma oscillations and T, is the
mean time between collisions with neutral pavticles, we
require' wr > 1 for the gas to behave like a plasma
rather than a neutral gas,

From the fundamental length v and the basic

b
Tk '
speed, v = = ) we congtruct a fundamental
frequency, :
4rne s
. AL 1.2.2
W (=) ( )

Thig is the so-called Langmiir plasma frequency.

The plasma frequency is such fundamental importance that
the plasma density is frequently described by the
quantity mp rather than by n itself. |

We may also define the ion plasma frequency
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this frequency is mach lower than mpv since the ions

have mch greater nass (mi),

Although plaswa may be regarded as a special form
of gaseous mixture, there are many important physical
properties in which it differs from an ordinary gas
containing only neutral particles. These differences are
egspeclially evident in the beﬁaviour of plasma in electric
and magnetic fields, An electric field - even a very
weak one - gives rise to an electric current in the plasma.
In a magnetic field, the plasma behaves as a diamagnetic
material. It also exhibts a very strong interaction with
electromagnetic waves.

?he specific properties which are exhibited by
plasma in its interaction with electric and magnetic
fields sexrve as the basis for many scientific and

technologlcal applications of plasma.

1.3 The Dipole Plasma

The dipole plasma consists of electrons, positive
ions, and polaxr nﬁlecules with constant dipole moment d as
the neutral cowponent. These dipoleg rotate with angular

frequency
™ok
W {-wlz : (L.3.1)

where T is the temperature in energy units, and I is the




moment of

with the self-consistent {lelds that arise in non—equilibrium

b

inertia of the dipole molecule.

Lt is evident that the dipole wolecules interact

state and with the charged particles of the plasma., The

latter interaction lead to the contribpution of dipoles to

the thermodynamic functions of the plasma. The interaction

with the self-consistent {ields result in new physilcal

effects such as, digplacement or shifting of plasma frequency,

appearance of additional damping plasma waves, and new

collective vibration which we may call the "Dipole-acoustic

wave" - analogous to the ion-acoustic waves in the

electron~ion plasma.

These phenomena in dipole plasma will be studied with the

help of:

s

i) thermodynamic description, which gives the thermo-

dynamic functions of the dipole plaswa; {he heat of

solution; and the equation of state of the dipole

plasma in equilibrium state.

ii) kinetic description using the set of Boltzmann

eguations for the electrons, positive ions, and

for the rotational degrees of freedom of the

dipoles in the collisioniess case, with Maxwell's

equations and the field sources permit the study

of some collective propertles of the dipole plasma,

iii) perturbation analysis on the distribution function

of dipole plaswa, the dielectric tensor, additional

damping coefficient and the "Dipole-acoustic wave"

are obtained,.




As indicated at the outset, the main concern
will be the study of collective properties of the dipole
plasma. TIn the subsequent chapters we will develop the
theoretical method and use 1t to investigate the above

mentioned physical phenomena.
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THERMODYNAMIC DESCRIPTTON OF DIPOLLE PLASMA

2.1 The Electric Field of Lipole in plasma,

The method of calculation of thermodynamic
functions for non-ideal gases of neutral particles is in-
valid for plasma -~ a gas characterized by the Coulomb
interaction between pérticles, since due to the long-range
nature of the coulomb forces, the group integrals in the
viral expansion are divergent.

Physically, howver, the fields of individual dipoles are
efféctively screened by the statistical distribution of
other particles.

Let us consider a field in the naighbourhood
of a dipole with dipole moment d in dipole plasma. For
the sake of‘simplicity we agssume the dipole to be located
at the origin of coordinates.

The potential of the electric field salbisfles the
Poisson's equation

| LY = =dqp ' (2.1,1)
where i is the potential of the electrostatic field,

and p is the charge density given by,
- N )
p= e[nniw n, j - div p , (2.1.2)

where e is the electronic charge, z is the atomic

nunber, “i and n@ are concentrations of positive lons

and electrons respectively, and div describes the




- ]O -

induced charge associated with {he volarized dipolesg

with the polarization,
A -.} N N a
P =n, <dz>, n, heing the concentration

cf dipoles.
Substituting for p in eq. {2.1.1) and using the

relation

>

5 "
N ;oaexp(Eyqo a*r
< d s o= - R S J—
+ 3T
d.E
xp o (-==) 4n
[ oexp (535 (2.1.3)
for the case where
+ >
§%§ << 1, we obtain,
A o= .Lﬂ_f_.? (Zl’l = Il ) (2 i 4}
A o= WC i e L.
] B drn, d? . oy
where ¢ =1+ ~""d = is the Langevin's expression
ar

ror the dielectric constant,

According to the Bolitzmann distribution, the

densities of particles in plasma are given by

I
n=un exp { - Yy

[+] ux
where T is the temperature in energy units. By the
quasineutrality condition the concentration when the
potential (ey) is zero, ig the same for the electrons

and positive iong, that is




I
Thus,
. 4w r ey o -
AY =~ —— en, (2 exp {- Em)w exp(;w)] (2.1.5)
£ :

we shall limit ourselves to the consideration of weakly
ionized plasma in which the energy of the Coulomb
interaction is gsmall compared to the mean kinetic energy,
that is, /T << 1.

Thercfore, we can expand the exponentials in eg. (2.1.5)
into a series in powers of ey/T and limit ourselves to

the first two terme of the expansion.

tp,u .
Then AWY = o? (2.1.6)
D
Eg. {(2.1.6) has solution of the form ( 4 )
5 -
wlx,?) = ﬂi% (2 + oy exp (- £ } _
- ) LN (2.1.7})

which satisfies the necegsary boundary conditions,

that is o
‘ ¥




which is the "bDebye's length" 4n dipole plasma.
In the electron-ion plasaa ¢ = 1,
Lxpanding the exponential in eq. (2.1.7)

into a power series in r, we get

EON
" - 2
po= S e I e D Eyp e )
¥ ! Ty 3y

from which the electric Field

3 S
B 4, 4 (dr) x
3r5 2rré 2r3ré (2.1.8)

2.2 Energy of Dipole in Plasma.
The energy of a dipole of constant molecular
>

dipole moment d as a function of its orientation and

.9. N
position in the field & is given by, ( 8

> .
W= - d.E (2.2.1)

Using eq. (2.1.8),

W o= a2 + gfﬂ-Lgpﬁgiﬂl
-3 2 4 j,?.
3y *

the energy of the dipole is obtained when 6 + & , 7.

2
Then, W o= B

BIB (2.2.2)

It is interesting to compare this expression with the

energy of a test charge g in plasma, namely

W - oql
T




The energy of dipole (2.2.2) gilves a positive conbtribution
to potential energy of the vplasma, thereby increasing its
enerqgy as compared with the plasma without dipele component

(electron ~ ion plasma).

2.3 Thermodynamic Functions of Dipole Plasma,.

Compared wilth the expression for the internal
energy of an ideal gas, the formuia for the internal energy
of dipole plasma contaings additional terms assoclated with
the exisgtence of Couvlomb interactions hetween the charged
particles and the potential energy of the dipole component.

Therefore, the internal energy of dipole plasma is

given by
B = Bioeal ¥ Beoutomb T Edipole (2.3.1)
where
B s 2 (N N+ N T (2.3.2)
ideal 2 3! i d £
N N

et Ny and Nd being the number of electrons, vogitive
iong, and dipole molecules in dipole plasma.
The Coulomb interaction of the charged particles

in plasma is ( 5 )

B o ke (n

el
coul. . . JF#n )V (2.3.3)

where V 1s the volume occupied by plasma.
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The dipole potential enevgy,

E .. :‘:l; dz nd
dip.” 3 T

3r3
D

\

2
since d. ng

- 3
o << 1 in gas, one can expand ¢ % in

eq. (2.3.3) using the Langevin expression for the

dielectric constant and gets

i 3 Al

nl — 3 “_:LL_._ A ' 2 /2 }”znd ‘gd

Booul., =& G 7 (Mgt 2 N (1 o) (2.3.4)
Using the expression for rp we get,

2 3 3
Eqy = iszﬁﬁmi E*)% (Nt sziyﬁ (2.3.5)
pe 30T VT

Thus, the correction for the internal energy of
dipole plasma bhecomes

' e e® (T %+ 2ty YR 1o Ngd?

Eoorr.® 7@ Gp)® (N 27Ny) (l"~§w e (2,3.6)

vT

We now turn to the description of the
thermodynamic properties of plasma with the aid of the
thermodynamic function in variables 7T and V, namely,

free energy.



\
Let us use for this purpose the Gibbs -

Helmoholtz equation and the relation following from
it:

Fo= 0 f Y ar 4 TE(V) (2.3.7)

where f£(V) is an arbitrary function of volume,
Expression (2.3.1) including the internal energy of
an ideal gas can not be extrapolated to covex the
region T =+ 0 and the Nerngt theorem can not be used
to determine £(V).

Integration of eq. (2.3.7) leads to the expression

S Foorr ™ T £v)  (2.3.8)

The Ffunction £(V} can be defined with the aid of passing
the limit as V »« at T = Constant, since for very
rarefied plasma the expressgion “ClenT+ T £(V) must
coincide with that of the free energy of an ideal gas.

Consequently from eq. (2,3.8) we obtain

- nl . _8_-‘3 Il }2 /? - d
F = Eideal 39 (‘{‘]“T‘) (N + 2 N ) (1 “'--«v’;f—*-—m} (2.3-9)

as the free energy of dipole plasma.

Using the thermodynamic relation P = = (£X)
we get the equation of state

2N .42
. ms-/?(—-«-)z N+ 22 h, )A (145 ) (2.3.10)

= P,
ideal o7
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Formula (2.3.10) shows that the dipole component gives

positive contribution to the pressure in dipole plasma

which can be explained by the predominance of repulsive
forces between the dipole molecules.

The entropy.,

6

VY

&‘:3

d2
* Sigeal " I )

S d

Lk a2 (1
() ® g 2

(2.3.11}
and differentiating this yields the heat

capacity

= R 3 2.0mN ,d*
v = Cigeatlv Y& (¥ (n v 22y (1 8
27 VT e v

C

(2,3.12)

2.4 The Heat of Solution of Dipole Plasma.

We now consider the dipole plasma as a solutilon
with a single solute and find expregsions for its Gibb's
free energy and the heat function whose change determines
the heat liberated or absorbed depending on the type of
melecules used as solvent,

In eq. (2.3.9) the correction term in the
free energy agseciated with the Coulomb interaction
between the charged particles and the energy of dipole
molecules is small., Hence, one can simply use the
equation of state for an ideal gas to get the Gibb's free

enerqgy from (2.3.9).
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Thus,

) L 2%N 4Pd?
- d
G = G- 26t (" (N_+ 27N, )”{1a7;«mnm»mm_}
37 Ne+Nerd e (N %Nina
where P is the pressure. (2,4.1)

First we investlgate the case when dipole molecules are

used as solvent in the solution. That is, N.>> Ne’ N

d i

and the thermodynamic potential has the form

3 3 2ud?p N,+ N

G Ggeal ™ 2¢ Egﬁi(me+ zzNiyéﬂ(ln - A2y
a 3T Ny 2 T2 2N

(2.4.2)

The heat function (enthalpy) of the solution

is then given by

3 : 3 AN 4qd*Pp
H = Hideal e -é-?— (_'If_g_}% (Ne.} ZZNJ. )A’Z (3."" NE_, 1 ; ; )
ar Ng - My T
(2.4.3)

From eq. (2.4.3) one can find the so-called heat of
solution, that is released if a very large gquantity of
solvent is addgd {(so that the concentration tends to zero}.
The heat reléased in thls process is given by the change
in the heat function.

Thus, from (2.4.3), the heat of solution,

. 3 Nyt Ny 4wd’P
Q = - 4e (32)% (N, + zzN.)/2 (1~ - 777) 2.4.4
3T Ng € . N * (2.4.4)

d

The condition for the applicability of the formule obtained



above is that the concentration be suificiently small.
Now we can consider the opposite case in which

Ne, Ni s Nd’ that is, plasma as a golvent, |

Then the Gibb's potential of the solution becomes

J7a 3 i 3 N
28T BT (PN - S )

37 N+ Ny 2(Ne+ Ni)

G =@

ideal =

(2.4.5)

where Gideal is the potential of ideal gas, and that of

the pure golvent (Nd + 0,

3 L 3
e - 280 (B k2N (2.4.6)

G :
ideal ,
3T Ne+ Ni

solv,

The heat function in this case is

3 ' 3 N
Ho= Hy o) - de” (B % (0, + z%@fi)/2 (1 o e )
RYA Ne+Ni 2(Ne+ Ni)
(2,4.7)
and that of the pure solvent,
H . =n L S oy g
solv, ideal 3¢ "y 4w, ‘e i
e i
(2.4.8)
The change in the heat function gives the heat
of solution,
0 = 28Iy (e 2N (e (2.4.9)

37 Ne+Ni Ne+ Ni



which is absorbed during the process,

The result obtained in this section, for the
case Nd >> N, Ni ; Justifies the positive contribution

of dipole component to the energy of dipole plasma.



CHAPPER TITX
THE KINETIC DESCRIPTION OF DIPOLE PLASHMA

(A Linear-ApproxXimation)

3.1 Viasov's Bquation,

Let us consider the fully ionized plaswma that
consists o0f electrons of charge (~e) and positive ilons of
charge (ze), where z is the atomic number. The kinetic
description 1s based on the velocity distribution
function f(;,é,t) for each speciesg and i£ represents
the number of particles in the phase volume d’xr d3v.

If the number of particles contained in the elemental phase
volume is summed up for all possible velocities, the result
is the total number of particles in the entire phase sgpace.

Therefore, it follows that
> +
n(r,t) = [ f(r,v,t)d*v (3.1.1)

The densities of positive ions and electrons are
given by
> +
ng e, t) = (r,v,0}d v (3.1.2)

- . 5
ne(r,t) :J‘xe(r,v,t)d v

where fi and fe' are distribution functions of ions and

electrons respectively.

The fundamental equation that the distribution
function has to satisfy is the Boltzmann equation. Thus,

for the two component plasma the Boltzmann eguations
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are
af - " . L, oL
e s £ 1 & .
P N Py — n Jd0 o e A2 _L + 1’ .
ot 1 V'Vie T (& C vV x B) 3% e el
and
aF 5 " ) AF,
i e 1l > > i
o b VUVE, = (B O+ R i m 4
g b VLVE, b (B EV X B) s 11t e

(3.1.3)
where fe and f, are the distribution
functionsg of electrons and ions respectively;
E(?,t) and E(?,t) are self-consistent electric and
magnetic flelds; m and M are mass of electron and ions;

I

et Iii' and Iie are electron-electron, ilon-ion, and

electron-ion collision terms respectively.
The self-consistent fields are described

by Maxwell's equations:

SN : A
VxR = 5 céﬁ". ] V.E = 4!TD
-+ >
oL Ar o L 5 VB =0
Uxl = & 31 ta T
{(3.1.4)
where the field sources
- g
plr,t) = T e [ £, av
o
and (3,1.5)
- -+ &
jlr,t) = L e, i) v, fu dv

&1
are the charge and current densitles. (o stands for

the type of charye).
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Collisions between plasma particies may be
neglected if one considers physical processes for which
the freguency o >» v {the collisilon frequency) and

the Boltzmann equations assume the form

of > o > 4 9f
e e 1
s 4 f o - N —————
sp v. © o " (E 4 c V x B) " 6]
and {3.1.6)
i, of
i e 2 12 vy 1= 0
vy + V. Vfi + W (B + G Vv x B) '5%

for the.electrons and ions respectively.

Egs. (3.1.4), (3.1.5) and (3.1.6) represent
the gset of equations called Vlasov's eguations which
simultaneously determine the distribution functions f@

T e
and fi and the self-consistent fields ﬁ(r,t) and B(r,t}.

3.2 Kinetic Equation for the Rotational Degrees of
Freedom of the Dipole.

Now we develop the kinetic equation in the
collisionless case for the rotational degrees of freedom
of the dipoles (which ave the neutral component of dipole
?lasma) in the self-congistent fields, which is analogous
to Valasov's equation in the electron-ion plasma,

The dipole molecules havé angular frequency

)i o= (L)

1] o, ( - .
m 2
me? (3.2.1)

-t

where 1 is the temperature, I the moment of inertia, and
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mooand  r, . are the mass and length or size of the
molecule vespectively. ‘The thermal or heat velocity

of the dipole is

i 1

RS
Vg o~ () (3.2.2)

Thus, the average lineaxr distance covered by the

dipole 1s obtained from the above two equations
¢ 3.2.3
Qop { )

that means in the high-fregquency region, that is

W T one can neglect the translational motion of

T
‘the dipole since 1 << X, v In the low-frequency region,
that 1lg, w << Wy One can consider the mean dipole
moment ,
+ at
€A > e T (3.2.4)

3T

and hence, the potentilial energy of the dipole

W o B? (3.2.5)
Eq. (3.2.5) leads to a non-linear approximation,
fherefore, from egs. (3.2.3) and (3.2.5) it is legitimate
to neglect the translational degrees of freedom of the
dipole,
It is also possible to show that the vibrational degrees
of Ereedom of dipoles can be neglected based on the

following arguments.



Assume the dipole molecules as point spheres
+ “*
with dipole moment d,
The classical Hamiltonian for such a dipole is

given by

2 >

- 1 . p” "
Ho= e (Pye Py ad.m (3.2.9)

where the first term in (3.2.9) represents the
rotational kinetic energy, and the gecond is the
potential enexgy of the dipole,

The angular momenta Py and p$ are related to the

moment of inertia,

Py = 16 and p, = Iy (3.2.10)

d.B5 = d (SinﬂcoswEx + sinesinwa + cosGEZ)

Then the kinetic eguation in collisionless cage

becones:

..c.!.'ji'_ B Q;f.. + éﬁé 4 _@_'!1;‘;) 4 .E.:E. }-‘38 + §£ }jj = (O (3.2.11)

!
at o ae W 9pg op, "
where the distrxibution function of dipoles

s o= £ (8, ¢, Par P 7 £}

U

Using Hamilton's equations, the kinetic equation takes



i
ANy
o]

Lhe non-equilibrium pavt of distribution function,

that is,

v > 1 > )
E (r,t) = «w [ BE(w) exp (~int) dw
2
and
f (B,0,p,. :p,:t) = LI du ex (wiwt)"§ £ {0 p.,p w)gw
(0P rby i 6D ol o oXpURAoR) L ul® PorPy,
(3.3.3)
the kinetic egquation hecomes:
oo I.J p - 1
5 (=ioy £ -+ im W + pg EE}E A
- I X m T 59
m= =
afy am, 3t of
= dE?sine 5 ﬁ-aﬁf' {isind 57; ~ cosf §ep) 13} iy
: Pg Py Pg
’ Bf afn . .
dE (ising — + cos0 ~m‘)elw
- - op ap
5y Y 5]
(3.3.4)

Eq. (3.3.4}) shows that the non-edquilibrium
part of the distribution function can be written
as the sum of three parts:

£ iy =iy

1xfmn:0f%%m:=ue +fmnﬂwne

(3.3.5)
which are obtained by solving edq. (3.3.4)
by the method of variation of parameters fox

m= 0, m=1, and m = -~}
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Together with eq, (3.2.14) the above three
parts of the perturbation gilve the “non-equilibiium
distribution function of the dipole plasma.

The two Bolizmann eguations (3.1,3) for the
electron aﬁd ion components, the kinetic equation for
“the dipoles (3.,2.13), Maxwell's equations with the
field sources for the description of the self-consistent
fields, and the two relations

B . and aivB = - (3.3.9)

ot : :
fthere E is the ﬁolarization yvector) are the complete
set of equations for the kinetic description of dipole

plasna,



3.4 contribution of the Dipole Component to the

Dielectric Tensor of the Dipole Plasma.

The dielectric tensor containg essentially
all the information about the electrgmagnetic
properties of plasma; it is determined from the
calculation of the polarization vector p, which 1s

linearly xelated to the electric field Ej’ That 1is,

P, = @,. B, ) (3.4,1)

where Wy is called the polarizability.

The electric displacement,

D, = H, + 4P,
1 1 1
ox
2 ] = fij L’Jj
wnere f:ij = (S j.j ke 431‘@13- (31402)

is called the dielectyic tensor. Thus, knowledge of

aij Frowm (3.4.1) enables usg to calculate the dielectric

tensor using (3.4.2)

The z-component of the polarization vector

<p,r = f dZ f;mmo)de dy sind dpedpw (3.4.3)
substitution for f“nso)from (3.3.6) and performing the

integrations over 6, P, and P¢ yield
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e I e T
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where Wy, is the rotational frequency of dipole, and
Ez 18 the elechyic field component.

The change of variable

2
P
7?2 = %é‘ .
iT gives
dznd - -
\.}DZ:“ = '"‘““3‘;;’“ L 1 4+ P (X)‘] EZ (3'4-5)
where

‘y/ﬂ - 03 A = ¥ (3:4;6)

B () = e f explez’)dz

and

comparing eg. (3.4.5) with eq. (3.4.1), we get the

polarizability

a‘ n, r . ]
o e .._,H..-,.,.,_@ 1 + 3 (K)J (3 .4. 7)

Similarly, introducing the relations

<Py v m <py > H<p, >

for the polarization vector components and

o d,> = <dx> + 1 o<d_» for the componentg of the

Y



dipole moment, opne can get s and Uy That 1s;

<p.> = f df fum:ﬁiljdg i sinbd dpg dpw

(3.4.8)
%, . ¥
substituting the expressions for the non-equilibrium

distributlion functions and using the variable change$

PB - P$ = p and Py * By, = 253

and (3.4.9)
P
% = /2T

eg. (3.4.8) becomes

i

a% n -~
d (I} i)
p = o 3 L SN i ( .____,,_w.)' E
< Far L 2¢m W 2w I (3.4.10)

or letting y = 56;
az nd - .
£ Pi> = -w;;_m L 1L+ Fy) ] Ei (3.4.11)

Bg. (3.4.11) yields the polarizabilities

6L, = 0O, = dng )
X Yy oo [ 1+ F{y)J

- 3t - ‘ (3.,4.12)

The expressions for the polarizabilities glven above

reduce to the Langevin's formula,

in the limit w -+ O,



CHAPTER BV
DIELBECYRIC TENSOR AND COLLECTIVE PROPERTIES

OF COLLISTONLESS DIPOLE PLASMA

4.1 Longitudinal Waves {(w >> kVT@’ mT)

The frequencies of interest are sufficiently
high with the result that the relatively heavy positive
ions are assumed to be immobile but they provide the
necessary positive neutralizing background for the mobile
electrons.

In the linear-approximation theoxy the dielectyric tensor
of collisionless dipole plasma can be represented as the
sum that contains the contributions from the electrons,
positive dons, and dipole molecules, (some properties of
dipole media and dipole plasma have been treated in ( 1 )

and ( 6 1Y), That is,

eij(k,w) = Eij(k’m) + Eij(w} (4.1.1)

plasma Dipole
where k- is the wave number, and the dielectiric tensor in

general is given by

k.k. k.k.
e (Kom) = e, o+ e (6, - —d) (4.1.2)
i) £ ) 2 t i) 2
€y and £t being the longitudinal and transversal

dielectric functions (73 ).



The lengitudinal waves can propagate in
collisionless plasna duc to a spatial dispertion.

i

The dispertion equation may be determined f£from the
relation
ao(mfk) E{k,w}) = O and has a

nontrivial solution if

gk(k,w) = 0 (4.1.3)

The longitudinal dielectric function of

an electron-ion plasma ig given by, (7 ),

g (0, k) = 1+ ot R .
. /-
(6 spe)* | 2 K Vg
1 - . W
#oemFeee L 4 R (e | (4.1.9)
(k xps?™ | Y2k Vg

where k is the wave vector, rDe and rDi are bDebye's

length for the electrons and ions, V

e and VTi are

thermal velocities of the electrons and ions respectively,

and the function

» @ . o 2y
R e = = L T (4.1.5)
where X - -T»QMmmm ‘ Vma being the thermal velocity
Y2k Vg, +

(%)

see appendix Tor the evaluation of this integral.



In high-frequency Liwit, that is

i

W FE oW, uw o> kv

P e it is legitmate to icgnore the

motion of the positive jong and expanding (4.1.5) in

powers of x,

3, 3 2
W g B [ SR S S, '_ /o 3 ) B
Po(x) 1 o e ivin x exp(-x°)

{x »>>» 1) (4,1.6)
This permits to write the limiting expression

for the dielectric function

54 3k Vi
£y {w,k) =1 ~ s ( 1 + ———==)
I 03 (JJ?'
B ] 2 2
+ i L) fﬁﬁm , exp (- ww?n;m
2 (kVTe) 2k Vite (4.17)
2 1
where Qe = (Eﬁfmﬁﬁ)’ is the Langmuir frequency.

i
e

The system is isotropic; we may ayxbitrarly
choose the z-~axis in the direction of the wave vector
and making use of the polarizability oy {(3.4.7) the
dipole contribution to the longitudinal dielectric

function is obtained as

41d* n
«l

3T

(L + F(y)) (4.1.8)



where

(4.1.9)

Expansion of (4.1.9), keeping only the leading term, in

powers of y gives the result

2
el = 0Lk 0 2d e (- -
® 2 w0 e
{(4.1.10)
(0 >> wg)
where Qg = fﬁfﬁfﬂ
3T

Thus, the longitudinal dielectxic funcition of the

collisionless dipole plasma becomes

: Q2
A el e exp(m 2
272
(kv )3 2KV,
- Te
Q4 w?
+ -, €Xp (- ﬂmm?%)
wT ZMT

(4.1.11)
Now, using the condition given by eq. (4.1.3)
we can get the longitudinal waves of dipole plasma in the

high~frequency limit.



In the limit o »> kV, . ., the exponentials in

Y™

ag. (4.1,11) could be neglected and we obtain the

relation
. n -
1 g .
6= 0 14k 4 (4.1.12)
@ & Ng g
vhere n, . my and Ngr My are concentracion and mass

of electron and dipole respectively.
Fg. {4.1.12) represents undamped high-

frequency osc¢illation in dipole plasma for the case

o= Qe b Qd'

It is also independent of the propagation coefificient k,
thus it follows that the oscillations are statlionary in
character. The particle velocity and the electric field
assocliated with the plasma oscillations are in the saﬁe
direction; there is also no magnetic field with this
oscillation. Therefore, thése oscillations are longitudinal,
electrostatic and stationary.

We' now seek a solution in the form of a

complex frequency

w = o by (4.1.13)
whare w, . is the real part andy, the imaginary paxt

“of the freguency, and
ly /o, | << 1

Introducing W, 7 Qe + o, where o << Qe is a first-order

small quantity, we compute the fivst order correction to w.
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That is,

‘I 1 ng Mg
2o lox De )? 4 - Y Le
2 n m

@ d _

(4.1,14)
The filrst two terms represent the well=known result in
the electron~ion plasma, whercas the third texm gives
the shifting in plasma frequency due to the interaction
of the dipole component with the charged particles and
the self-consistent fields.

The imaginary part of the frequency 1s obtained

after substituting the assumed solution (4.1.13) into

eqg. (4.1.11) and equate it to zero. That is

ToE w? 1 w?
¥ o= (....) ot i exp(u Rl S,
Q : 3 212 y?
8 o | (}\]‘:De) 2k ]Te
s 4rd*n, 3 o )
Gt AR
Qd 37 2&\,]'-.,

. (4.1,15)
and describes the damping (where o is as given
by eqg. (4.1.14)
The first term in eq., (4.1:15} is tﬁe well-known Landau
damping coefficient in electron-lon plasma, whereas the
second is the contribution of the dipoles. In the

frequency Llimit w »> kVTe and w ~ W s
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(4.1..16)
that means, the dawping is essentially due to the
interaction of the dipole conponent.

The appearance of the negative imaginary éart
implies that the plasma oscillation can not live forever,.
This damping phenonmena can be explained interms of the
resonant coupling between the waves and those particles
which are moving with approximately the same velocitles

0]

as the phase velocity, Vp R of the wave (1§ ).

If the amplitude of the wave is small but £inite,

particles moving slightly faster than the wave will
decrease thelr average velocity to Vp through the resonance
interaction, transferring their extra kinetic energy to the
wave; particles moving slightly slower than the wave will
be accelerated and absorb enexgy from the wave. Therefore,
if the distribution function decreases with increasing
velocity, as.is the case with the Maxwellian, damping takes
place, since there will be more slow particles to absorb.

energy than fast particles to transfer energy to the wave.



)

4.2 Longitudinal Waves (kv"f‘c 9w < ow

e
In this frequency domain we may use the small
argument expansions of F(x) and F(y) (see appendix )
in egs, (4.1.4) and (4.1.8) and neglect the small
imaginary parts of the dielectric functions for the
electrons and dipoles. The contribution of ilons in this
freguency limit can totally be ignored; thus the

dielectric function of the dipole plasma becomes

g 4wn4d”
ep(m,k) O R S (4,2.1)
! { 2 3T
Using the dispersion relation, Eg(m,k) = 0, we find
' 2.1 .
- (ﬂﬂﬁgﬁh? (4.2,2)
I, € .

where & is the Langevin's dieleciric constant.

BEg. (4.2.2) shows that the high-freguency plasma
ogcillation is modified. In the frequency domain under
discussion the dipoles are playing the role of a medium
for plasma with dielectric constant . It is also
evident that, due to the presence of dipole component the
gelf-~consistent field decreases by a factor =,

In concluding this section we shall consider

the ion-acoustic waves in dipole plasma.



In the Irequency domain, kaj < om o< kVTe' the dispersion

roelation takes the form

0% i
I
) (krD‘)
or
02
w? = S S (4.2.3)
1
£ b
(krDe)

In the long-wavelength limit, i.e., ke, < 1

TL'I

. ek
o v WKIp, =k (m‘) (4.2.4)
1

This shows that the dipoles have no coontribution in this

frequency domain.

4.3 The Dipole~Acoustic Wave

Debye screening and plasma oscillation are basic
features associated with a single-system. The presence of
the ions and dipoles, however, makes it possible to look
for an additional frequency domain, in which the imaginary
part of the dielectric function may take on small values.
This possibility is offered especially because of the large
mass ratios, mj/me and mg/mg (where me, mj and mg are mass
of electron, ion and dipole). We may thus invegtigate an

intermediate-frequency domain such that

kv < 0

- < < kVTe (4.3.1)

T



The longitudinal diclectric function for ithe

threc~component system may be written as

£y (00 k) = 1 + (.“j;mm? IS N L)
(kxDe)‘ i /szTe |
U R S -
n 2
(k1 Di) v 2vai
4nn a7 N
PR S B (m;ii’mm
3 B V2 wT I

(4.3.2)

where F{(x) in general 1is given by eq. (4.1.5),
In the frequency domain of (4.3.1) we may use
the small argument expansion for the electrons and the

large arvgument expansion for the ions and dipoleg for the

function F(x) in eg. (4.3.2) (ses appendix )i we have
i a4 2 (4.3.3)
69 {{u'k) o l B S, , " ;'. A% e
g . 3 . 2
{k rDe) s W

The properties of the collective mode nay be investigated
through the dipersion relation (4.1.3); with the aid of

(4.3.3), we have

In the long-wavelength limit such that krD << L, we get

&



ook : Yoo (et BdTE
l my 300w (4.3.4)

If one considers light dipoles with high density in

plasma (4.3.4) reduces to

[t

=
|
|
|
:

o
3n Mg (4.3.5)

where n 1is the electron~ion plasma density.

Eg. (4.3.4) expressed interms of the moment of inertia
() and the dipole moment (3) gives the collective
mode which we may call the "Dipole-Acoustic Wave",

i.e.,

. - 5
T, & ng )%
Wy & K g
31 &% n

(4.3.6)
The dipdleaacoustic wave 1s essentially the collectilve

mode associated with the dipoles.
These waves exist only in the dipole plasma due to the
interaction of the dipole component with the self-
consistent fields.
Below we shall prove that damping of these waves ig
comparatively small.

The damping associated with the dipole-acoustic
wave is obtailned by following the procedure of section (4.1)

Bg. (4.3.2), keeping the exponential term for the electrons,
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De e

(4,3.7)
We seek a solution of this eguation in the form of

a complex frequency
W =, Ty (4.3.8)
where w, .represents the real part given by (4.3.6)-

Introducing one more asgumption

|y /owy [re L (4.3.9)
eq. {(4.3.7) may be solved for the small imaginary part of

the fredgquency as

(& X M 1 Me Mg ;

wow (2)7 ] a2 2 e MRV

v 5 A, e (4.3.10)
- L ad -

or foxr the case,
re e 4
m mg n d

m n
Ty 1 e d : )
o {H Z el koY 4.3,11¢
Ll (8} 3 md 43 “Te (

Exprgssing v intexms of w, .from eq. {4.3.6),

gives the dampling rate

Vo | = (Mel lay
d m, 24 B .

which proves the assunption (4,3.9).



4,4 Transverse Waves

The dielectric tensor a(?,m) for an isotropic
medimn contains only one element of directional
dependence through {hat of the wave vector ;; the tensor
character of e(K,») must be determined from a general
conglderation g0 as to reflect this dependence.
The dielectyic tensor can be expressed by eq., (4.1.2)

xd k k, k k.‘
£ (k ’f.l)) = C,‘? (k;{l}) rh-ﬂ-‘;l—;..,_,,.;k].. + g i (}"im) ( &, . - “‘:Lm J )
g ) T i

k J k?

where the function st(k,w) is calculated as

et(k,m) = % [:Tr S(E;N) - Eg(k,m{J . (4.4.1)

and Tr means the summation over the diagonal elementsg.

~ -3
Using the expressions for ¢,(k,w) and Tr e(k,w)
for the three plasma components, the transverse dielectric

funct.ion

923 [ Q?E u
e, (k@)= 1 + == F (B ) 4 Ll i
: /
LW JQkVTe w kaVTi
4an.,d? ©
+ .:._.x,.m._f};cm, P (MMW.,,,.‘._)
T 2 Oy (4.4.2)

where the function F(x) in general is as given by

ea. (3.4.6).
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The propagation wmode we are interested in
should noit have appreciable damping. We thus look for
frequency domain in which the imaginary part of F(x)
is small; two such domains exist:

w »> kv

(4.4.3)

[

Te 7 7T

kv << @ <4 w {(4.4.4)

Te T
In the frequency domain (4.4.3) only electrons and dipoles
give the main contribution, thus we may use the large

argument expansion for F(x); hence

Y5 (k v,)° ! 2
ep(kpw) = 1 = % |1y --~-m%~é 1) S exp (- )
@ w wkrDe 2k Vg
4ﬂd2nd i~ 4mzq: 4ﬂd2nd w?
e B N e e R L ﬁgw exp (=~ ~m?w)
' - o X7 2
31 we 3w ”UT 4(1}T
(4.4.5)

Clearly, Re . < 1; it follows from the dispertlon
relation
e (k,0) = (St (4.4.6)
that Jjw/k| > ¢, the light velocity in vacuum,
This result is consistent with the original assumption ‘

(4.4.3).



The imaginary part of Et(k,m} in the expression (4.4.5)
should then be set equal to zeroe, for it physically
represents the effects of resonant coupling between wave
and particles; no particles may exist with velocities
greater than ¢ (valid for nonrelativistic situation).
Then,

Qé 4nd’ng

£, {k,m) = b e et e e
t w? 3

and from (4.4.6) we get

2.2 ,n2
k*c ﬁ{?e

m2 = ““*Miri;;=
3% Ne
Boo (et (4.4.7)
37
4ﬁd2nd
Since - e is a small gunantity this eqguation
37

essentially describes the propagation of an electro-
magnetic wave in the plasma as in the case of the

electron-ion plasma ( 3 }; l.e.,

m2 o= kz 02

n
e

, :
Qe (4.4.8)

We may similarly examine the dielectric function
and the dispersion relation starting from (4.4.4),., It will
then be found that the resulits of the solution so obtalned
are the game as that given by (4.4.,8)

The above two results show that the contributilion of dipoles
to the transverse dilelectric function is comparatively

small,



CHAPTER Y

CONCLUSTONS .

In this work some collective properties of
collisionless dipole plasmas-media that consist of
electrons, positive lons and polar molecules have been
studied. Such media occur in nature and could be
produced under laboratory conditions, as for example,
with the help of electrical breakdown in a polar gas.

Some important results have been obtailned due
to interactions of dipole with plasma. From the thermo-
dynanic description, eqs. (2.2.2) and (2.3.10) show that
the dipole component give positive contributions to the
enexgy and pressure respectively, that wmeansg, the
internal energy and pressure of the dipole plasma is
increased as compared with that of the eleétronwion plasma.

In the collisionless approximation, in the
freguency domain w < Wy, p the high-frequency electron
oscillation is suppressed, for the dipoles act as a

dlelectric medium with
dqn a2
g:::l»}-um.,if
3T
The collisionless approximation, that is, the case where
the characteristic frequency « must be larger than the

collision freguency v is valid if the following relation

holds, ITn the high-frequency limit ¢ = mp,



FVALUATION AND SBERIBE EXPANSTONS

OF THE FUNCTION F(X)

In Chapter ITII we have Llntroduced a

function

F(x) = e f ook el (3.1}

Tf x lies on the contour of integration, a limiting
process must be used, since the integral will "blow up"

as it crosses the singularity.
We will define the Cauchy Principal Value of the

integral to be

( co. e
p <F~§iﬁl~ dz = lim 5%ﬁiiil az
</

z = X § o Z =X

(A.2)

where f£(z) = exp(- z?%).

The symbol P appears in front of ﬁhe integral to note
that it is a privcipal value integral. The contour
required for this integral is shown in the figure below
in an expanded view,

§ is the radius of the path around the point x,

{%?? is the original closed contour integral except for

the small semicircular part of radius 8 at the singularvity
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Integrating, we get

Fx) = =2n% ...+ ivw x , X << 1 {h.5)
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