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Abstract

In this thesis we study the statistical and squeezing properties of the output light from
a degenerate three-level laser and a coherently driven cavity mode coupled to a vacuum
reservoir. Applying the propagator method [1], we first obtain the Q function for the cavity
coherent light as well as the light generated by the three-level laser. We then determine the
Q function for the superposition of the two light beams. Applying the input-output relation,
we determine the QQ function for the output light.

Employing the Q function for the output light, we have calculated the mean photon
number, the variance of the photon number, the quadrature variance, and the squeezing
spectrum. It is found that the mean photon number we have obtained is greater than the
mean photon number obtained using the Q function derived from a single master equation
for the cavity mode (i.e when the cavity coherent photons are interacting with the three-level
atoms). However, this interaction doesn’t affect the quadrature variance and the squeezing

spectrum of the output light.
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1 Introduction

There has been a considerable interest in the analysis of the squeezing and statistical
properties of the light generated by a three-level laser and a coherently driven cavity mode
[ 2,5, 8]. A three-level laser may be defined as a quantum optical system in which three-
level atoms in a cascade configuration, initially prepared in a coherent superposition of the
top and bottom levels, are injected into a cavity coupled to a vacuum reservoir via a single
port-mirror. When a three-level atom in a cascade configuration makes a transition from
the top to the bottom level via the intermediate level, two photons are generated. If the
two photons have same frequency, then the three-level atom is called degenerate three-level
atom otherwise it is called non degenerate.

The squeezing and the statistical properties of the light produced by a degenerate three-
level laser has been studied by different authors [2, 5, 8]. These studies show that the degen-
erate three-level laser can generate squeezed light under certain conditions. Using c-number
Langevin equation Fesseha K. [ 5 | has shown that the light produced by a degenerate three-
level laser is in a squeezed state when the probability for the injected atom to be in the
bottom level is greater than that of the upper level and the degree of squeezing increases
with the linear gain coefficient. Using the master equation for the cavity mode of a coher-
ently driven degenerate three-level laser, Misrak G. | 8 | has shown that the coherent light
has no effect on the quadrature variance.

In this thesis we study the statistical and squeezing properties of the output light from a
three-level laser and a coherently driven cavity mode coupled to a vacuum reservoir. In our
system, we let the driving coherent light into the cavity in such a way that it has no direct
interaction with the three-level atoms, this can be possible if the driving coherent light strike
the inside part of the port-mirror along perpendicular direction while the three-level atoms
enter and leave the cavity, at a constant rate, along one part of the cavity box, as it is shown
in the Fig. 1.1. Using the propagator method of solving a Fokker-Planck equation [ 1 |, we
first obtain the ) function for the cavity coherent light as well as the light produced by the
degenerate three-level laser. We then determine the ) function for the superposition of the

two light beams. Applying the resulting Q function and using the input-output relation, we



Fig. 1.1: Schematic representation of a degenerate three-level laser (black)

and a driving coherent light (red).

find the Q function representing the output light from a three-level laser and a coherently
driven cavity mode.
Employing the Q function for the output light, we calculate the mean photon number,

the variance of the photon number, the quadrature variance, and the squeezing spectrum.



2 The Q function

2.1 The Q function for a coherently driven cavity mode

The quantum dynamics of a cavity mode driven by coherent light and coupled to a
vacuum reservoir via a single-port mirror can be described by Fokker-Planck equation for
the Q function. The interaction between the cavity mode and the driving light, treated

classically, can be described by

~

H, =ie(a' — a), (2.1)

where a is the annihilation operator for the cavity mode and ¢ is proportional to the am-
plitude of the driving light. Hence the Master equation for a coherently driven cavity mode

coupled to a vacuum reservoir is given by [ 5 |

—p=—elap—a'p— pa+pa') + =(2apa’ — a'ap — pa‘a). (2.2)

N}

The Fokker-Planck equation for the @ function corresponding to the master equation (2.2)

can be constructed by putting all operators in the normal-order. Thus using the relations

~ At 0 ...
a, (@', )] = 5= f (@', a), (2.3)
[dT,f(dT,d)]z—% (¥, a), (2.4)

One easily gets
i _Op  Op

ap —atp— pa+ pat = er 25
@p—a'p—pa+pa’ = o5 + o7, (2.5)
0*p  dalp)  d(pa)
sant _atas | asts
2apa’ — a'ap — pa'a = 28dT8d + o + % (2.6)
Now applying Eq.(2.5) and (2.6), we can put Eq.(2.2) in the form

d 0p _Op\ w [, Pp _0@lp) . o)
—p=— — (2 . 2.7
ar’ E(aaf * aa> T3 < 9ai0a ~ oal | 4 (2.7)

in which p = p(af, a) is assumed to be in the normal-order. Upon replacing af,a and p(af, a)

by o*, @ and Q(a*, a, t), there emerges the Fokker-Planck equation for the Q function

a . o 9\ k[, & o . 9 .
EQ(OZ ,Oé,t) = |:—€ (aa* + %> + 5 <2m + aa*Oé + a—aC()} Q(CY ,Oé,t). (28)




Introducing Cartesian coordinate defined by

a =+ 1y, (2.9)
of =z — iy, (2.10)
we have
a% _ % <% _ i@%) , (2.11)
gfzé<£g+%z—w%m+§;), (2.12)
2 2 > 2
% - i (683:2 N %afay N aay?) ’ (2.13)
2 2 2
0048*804 - i (% * aa_y?> ’ (2:14)
aZ* - % <(% " ia%) | (215)
ai* af = % (%;E - i%y + zaﬁx + 8_y) (2.16)
Therefore on substituting Eqgs. (2.11), (2.12), (2.14), (2.15) and (2.16) into (2.8), we obtain

K

Kk 02 Kk 02 Kk 0 2e Kk O

Upon setting

2
P = (2.18)
K
and
y =y, (2.19)
Eq.(2.17) becomes
kO kO kO Kk 0
Q(‘T y t) ZaIlQ +§8_ , Ea_y, ' Q(IL‘/,y/,t). (220)

Upon replacing %, 8%,, 2y, QY t) by Py, iy, z |Q(t)). We can transform the dif-

ferential equation (2.20) into a Schrodinger type equation of the form

d .
i) = HIQ(), (221)
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where
- K K K. ~ K. -
H:_._A2/_-_A2/__A$/ " ZHo. 2.99
iqP — gDy = 5Pet’ = Shyy (2.22)
The formal solution of Eq. (2.21) is
Q(t)) = e7Q(0)). (2.23)

Now multiplying Eq. (2.23) by (2’,4/| on both sides, we get

@y 1Q() = (2,4 |~ Q(0)), (2.24)

and introducing the completeness relation for the two-dimensional position eigenstates, one

can write
(@', y1Q(t)) = / da"dy" (2!, y/ ey ) (@, 4| Q(0)), (2.25)
or
Q' y' 1) = /dﬂf”y”@(x', Yt ", 0)Qo(2”, y"). (2.26)
in which
Q' 1) = (', ¥'|Q(1)), (2.27)
and
Q' o/ tla"y,0) = (o /ey 2, (2.28)

is the Q function propagator and

Qo(z",y") = (=", y"1Q(0)), (2.29)

is the initial Q function.
According to Fesseha [1], the propagator associated with a quadratic Hamiltonian in one-
dimension

H(#,p,) = ap? + b(t)poi + c(t)i?, (2.30)

is expressible in the form

. 8255 1/2 1 t
K(z,t|2',0) = (i@x’@x) exp {—5/0 b(t) +Z'SC} : (2.31)
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where S, is the classical action.

By writing Eq. (2.22) as

H = a,p% + ayp? + bypoa’ + bypyy, (2.32)
where
KR
e =ay = —i—, 2.33
g =y = —i7 (2.33)
by = b, = —g, (2.34)

and employing the two-dimensional forms of Eqgs. (2.30) and (2.31), the Q function propa-
gator associated with the Hamiltonian in Eq. (2.32) is expressible as

. 1/2 . 2 1/2
oot "o _ L 0280 L 0 Sc
Q(I Y ,t|l‘ Y 70) - (271' ax//ax/) (27‘(‘ ay//ay/

1 [ I
exp {—5/ bx(t’)dt’—i/ by(t’)dt/—l—iSc}.
0 0

(2.35)
The classical Lagrangian corresponding to the Hamiltonian in Eq. (2.32) is
L= 1}/]?3;/ + y,py’ - H, (236)
or
L = 2'py + y'py — awp? — ay/pz, — bypwrx’ — bypyy'. (2.37)
Applying Hamilton’s equation
0OH :
=/, (2.38)
apx’
and
OH
= —p, 2.39
5 = P (2.39)
one can find that
T — by
o= Ll 2.40
p 20, (2.40)
and ‘
y — by
) =7 2.41
Upon substituting Eqgs. (2.40) and (2.41) into Eq. (2.37), we get
1 . . 1 . .
L=— <:z:’2 — 2b,a" % + bixQ) + — (y’2 - Qbmy’Qy/ + bin) , (2.42)
4a, 4a,
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or

L=t (& + fx’)2+ u (v + Ey’)Q.
K 2 K

Applying Euler-Lagrange equations

one easily obtains

On accounting of the solution of these equations
I,(t) = A1€gt + Ble_%t,

and

y'(t) = Ciezt + Dje 2t

the classical lagrangian (2.43) takes the form

L = ire™(A] + C}).

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

Using the boundary condition 2'(T) = 2, y/(T) = y"',2'(0) = 2” and y/(0) = y”, we obtain

5 _k
x/”:A162T—i—Ble 2T7

l’” = Al —+ Bl.

It then follows that
<$// _ eng///)

A = —
G

Moreover

3 _E
y/// — 0162T+D16 QT’

y” = Cl +D17

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)
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leads to
(y// _ e—gTy///)
C, = — 2.56
1 (GKT _ 1) ( )
Therefore using Eq. (2.50) the classical action S, becomes
T T
S, = / L(t)dt = ir(A? + Cf)/ edt (2.57)
0 0
After carrying out the integration we found that
Se =i(A] + CP)(e" - 1), (2.58)
where A; and C are given by (2.53) and (2.56).
Upon replacing (2", y",T) by (2,1, t), the classical action can be put in the form
[ (! _ o= 5th\2 R PAVE
| (e — 1) _
or
[ (o= 5tp!! _ 11\2 —Sto 02T
g =i [l m 2+ (€ YY) (2.60)
I (1—er) ]
We see from the above expression that
9%S. —2je 2t
= 2.61
ox"dor’ (1 —e"t)’ (2:61)
028, —2je" 2!
- (2.62)

ay//ay/ (1 _ e—nt)'
Therefore on account of Egs. (2.60), (2.61), and (2.62), the Q function propagator (2.35)

becomes

1 (e—gtx// . JZ’)Q (e—gt "o y/>2
S — — . 2.
(1 — e *t) P (1 —e"t) (1 —e"t) (2.63)

Q(I/,yl,ﬂx/l,y”,O) —

Taking the Q function satisfying the initial condition

Qula”,y") =~ expl~(a" — ab)” ~ (g ~ ") (2.64)

along with the help of Eq. (2.63), we see that Eq. (2.26) takes the form

K

Q= gt ([ e [ - )
(/ dy" exp {—(y” —Y0)* — %D :

(2.65)
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Upon setting
1
A= —— 2.66
1— e—nt’ ( )

B=e¢2", (2.67)

the first integral of Eq. (2.65) can be written as
I = /dw" exp|[—(2" — x})* — A(Bx" — 2')?], (2.68)

or

I, = /dx” exp[—a2" + 2xha" — x> — AB*2"? + 2ABx'2" — Ax', (2.69)

One can see from the above expression that

I, = exp|[—z)* — Az /dx" exp[—(1+ AB*)2"* + 2(x), + ABz')z". (2.70)
Using the relation
/(1l776_‘“72+b77 = \/EebQ/"‘“, (2.71)
a
for a > 0, we find that
T (xy + ABx')?
L = —_— —p? — A~ 2.72
! (1+AB2)eXp{ %o v (1+ AB?) |’ (2.72)
or
L = S — exp _—A(x’2 — 2Bxpr’ + B*z)?) (2.73)
! 1+ AB? (1+ AB?) 0 071" '

or simply we can put the above expression as

I = (ﬁ) exp {ﬁ(gf - Bxé)ﬂ . (2.74)

In a similar manner applying Eq. (2.71) to the second integral in Eq. (2.65), there follows

I = (ﬁ) exp {ﬁ(y' - By{))Q} . (2.75)

Using Egs. (2.66), (2.67), (2.74), and (2.75), we write Eq.(2.65) as

1 A
Q' y'\t) = — (¢ — Bap)* —

T(1+AB%) P {‘m (v - Byéﬂ . (2.76)

(1+ AB?)
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Taking into account Eqs. (2.18) and (2.19), we have

o= e (s (- 5) -2 (o 5)] -0 w)

(2.77)
1 A A o oy de
A 9, o9 o Ade 4e? :
(2.78)
or
1 A A 4€?
H= - = A [ RBye
Q. 91) 7 (1 + AB?) eXp[ (1+ AB?) (/# (1-B) )}
exp |——A 2?4 — 21 = B)z — 2B(zz0 + yw0)
A 9, o 9 4e
exp { D) <B (x5 + ) + EB(l B)xo)} :
(2.79)
We note that
1
x = E(a +a”), (2.80)
y=5la—a), (2.81)
i ;1(052 + a*? + 2aa*), (2.82)
y? = _T(a2 + a*? — 2aa*), (2.83)
1
To.T = Z(O{[)Oé + apa” + g + aja’), (2.84)
—1 * * * %
Yoy = T(aoa — ap” — aja+ aga’t). (2.85)

Now employing these relations, the Q function in Eq. (2.79) can be expressible in terms of
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complex variables as

1 A

Qa*,a,t) = (T ABY) exp | —

X exp {_(L (a*a - (%(1 — B) + Bag)a — (%(1 - B) + Bao)a*)]

1+ AB?)
A . 2e 2¢ .
X exp [—m (BQOJOCYO + EB(l — B)Od(] + ;B(l — B)Cko):| .
(2.86)
Using Egs. (2.66) and (2.67), one can easily see that
4 ) efm‘/
1 B =14+ —— 2.87
+ gyl (2.87)
which leads to
1
1+ AB* = ——— = A 2.88
+ 1—ent ( )
Using Eqgs. (2.66), (2.67), and (2.88), Eq.(2.86) takes the form
* 1 2e -£ ’ —Kt % 2e —L£¢ —£¢ *
Qo aut) =—exp|—|=(1—e2")) —e " agag— —e 2" (1 —e 2") (ap+ )
T K K
2 K K 2 K
X exp [—a*a - (—6(1 —e 2 + e_2ta’6) o+ (—6(1 —e 2 + e_“/Ztao) a*} :
K K
(2.89)
or
Qa*, a,t) = —=exp[—a*a+ C(t)a" + C*(t)a], (2.90)
T
where
2
2€ _E¢ “kt % 2e _ Ky £y *
A(t) = exp [— (—(1 —e )) e Magag — —e 2 (1 —e 2% (ap+ o) | (2.91)
and
2e _ny _ny
Clt)==(1—-e2") +e 2'a. (2.92)
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2.2 The Q function for a three-level laser

In this section we find the QQ function for a three-level laser using the pertinent Fokker-
Planck equation. The three-level laser in which degenerate three-level atoms in a cascade
configuration and initially prepared in a coherent superposition of the top and bottom levels
are injected at a constant rate r, into a cavity coupled to a vacuum reservoir via a single-port
mirror and removed from the cavity after a certain time 7. We denote the top, middle and
bottom levels by |a), |b) and |c) respectively. In addition, we assume the cavity mode to be
at resonance with the two transitions |a) — |b) and |b) — |c), with direct transition between
levels |a) and |c) to be electric-dipole forbidden. The interaction of a three-level atom with

the cavity mode can be described by the Hamiltonian
H = ig [(Ja)(b] + [b)(c]) @ — a' (|b)(al + ) (B])] (2.93)

where a is the annihilation operator for the cavity mode and ¢ is the coupling constant.
Thus applying the adiabatic approximation scheme and in the linear analysis [ 5 |, we obtain

the master equation for the three-level laser to take the form

d 1 1
P = —§Ap53> la'pa — paa’ — aa'p) + §(Ap$fg> + &) [2apa’ — pa'a — a'ap]
1 1
+§Apg? [pat? +ap — 2a"pal] + §A,0£2) [pa® + a*p — 2apal

(2.94)

where
2r0g?
A= ol (2.95)

is the linear gain coefficient and v and x are the atomic decay and the cavity damping
constants respectively.

The Fokker-Planck equation for the Q function corresponding to the master equation
(2.94) can be constructed by putting all operators in the normal-order. Thus using the

relations (2.3) and (2.4), one easily gets

a'pa — paa’ —aatp = — 5 " oar (2.96)
?p  Oa'p)  d(pa)
aoat — pata — atap =
2apa’ — pa'a —a'ap = 28€LT8€L + 5at + 9% (2.97)
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0?p
sot2 4 at25  gatsst 2.98
pal” +ap—2alpa’ = -5, (2.98)
9%p
ArD D A Aan
pac + a°p — 2apa = EREh (2.99)

Now applying Eqgs. (2.96), (2.97), (2.98) and (2.99), we can put Eq. (2.94) in the form

AN /\T/\ 2/\ /\T/\ AA
L0 _9(pa) 9(a'p) +1(Ap£2>+ﬁ) o Op , 0@'p) | 9(pa)

d.
=

5aa | " "9a T oat | T2 9aioa T ot T oa
1 (9 p 1 0?p
A 34 ©

+2 pac a2 + Pea dat2

(2.100)

in which p = p(a', a) is assumed to be in the normal order. Upon replacing a', a and p(a', a)

by a*, a and Q(a*, a, t), there emerges the Fokker-Planck equation for the @ function

0 1 0 0
e * _ - o{_ = . * *
8tQ(a ,a,t) 2A,0aa [ 0% " B ] Qa™, a,t)

0? o , 0 .
S da (7 —a +a—aa} Qa*, a,t)

1 0 0% o
+§Apac Do 2Q(Oé o t) + Apca da* Q(a ,Oé,t).

1
+5 (Apf2) + 1) [2

(2.101)
Using the fact that
P+ =1, (2.102)
and
phd = Pl (2.103)

we can write Eq.(2.101) as

0 * (0) * 82 *
a@(a sont) = Apy) |—mma— —at — Qo™ a,t)

(2.104)
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Applying the relations (2.12), (2.13), (2.14) along with their conjugates, one can write the
Fokker-Planck equation (2.104) in Cartesian system as

1 o? o2
Q) = (A~ + 1) oy (A 2 ) 5 ) | @t

0
+% [(A(l 208)) + 1) (%a: + (AL = 2p()) + ) a—yy} Qz,y.t),

(2.105)
One can also write the above equation as
0 a 0> b o> puo TG,
— H=|—"——+—-———+=— e t 2.106
) = [T+ Gt bt ha] Qe @100)
where
a' = AL = pl) + o)) + &, (2.107)
V= A1 —pl2) = pi2)) + &, (2.108)
= A1 —2p9) + k. (2.109)

Upon replacing 2 e ay X, v, Q(x,y,t) by Py, ipy, T, y, |Q(t)), we can transform this differential

equation into a Schrodinger type equation of the form

d R
Z@l@(t» = H|Q(1)), (2.110)

where
| L L S P Py (2.111)

The formal solution of Eq. (2.110) is
Q) = e M1Q(). (2112)
Now multiplying Eq. (2.112) by (x,y| on the both side, we get
(2.91Q(1) = (z.yle”™1Q(0)), (2.113)

and introducing the completeness relation for the two-dimensional position eigenstates as we

do on Eq. (2.25), we arrive at

cw@wzfmwwMW%wwMMMW, (2.114)
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or
Qopnt) = [ ey Qe tle' . Q' ) (2.115)
in which
Qz.y,1) = (z.yQ(t)), (2.116)
and
Q. .ty 0) = (z,yle™ M)y o), (2.117)

is the Q function propagator and

Qo(«,y') = (2, ¥'1Q(0)), (2.118)

is the initial Q function.
According to Egs. (2.30) and (2.31), The Q function propagator associated with Eq. (2.111)
is expressible as

i 2SN\ (i 92S.\"? [
'y 0) = —=— — —=t+i 2.11
Q(z,y,t|2',y',0) (27rax/aa:) <2W6y’8y) eXp[ 2t+zSc], (2.119)

where S, is the classical action.

The classical Lagrangian corresponding to the hamiltonian (2.111) is
L = ip, +iyp, — H. (2.120)
Applying Hamilton equation’s (2.38) and (2.39), one can see that

i w2 Q. pu\?
L:E<x+§x> +y<y+§y), (2.121)

and with the aid of Euler-Lagrange equations

% (%L) — %L =0, (2.122)
% (%L) — %L =0, (2.123)
one easily obtains
T — %x =0 (2.124)
y — gy =0 (2.125)



21

On accounting of the solution of these equations
z(t) = Aje2' + Bye 2, (2.126)

and

y(t) = Che' + Dye™ 2", (2.127)

the classical lagrangian Eq. (2.121) takes the form
A2 2
L =ip? ( - c; ) e, (2.128)

Using the boundary condition z(7") = 2", y(T') = vy”, (0) = 2’ and y(0) = ¢/, we obtain

i = Aje?T 4+ Bie 27, (2.129)
= A+ By, (2.130)
It then follows that
(:L’ _ eng//)
Al=———— 2 2.131
1 (e“T — 1) ( )
Moreover
y" = Cre?" + Diem2", (2.132)
y/ = Ol + D17 (2133)
leads to

O _ <y — e 2Ty//)
(e

Therefore using Eq. (2.128), the classical action S, becomes

T 2 2
Sc:/ L(t)dt = ip? (A +%)/ erdt. (2.135)
0

After carrying out the integration, we arrive at

S, =iu (A2 + (z/j) (e’ —1) (2.136)

where A; and C are given by Eqgs. (2.131) and (2.134) respectively.

(2.134)

Upon replacing (z”,y”,T) by (x, y, t), the classical action can be put in the form

¢ _. [ﬁ (¢ —e2'a)*  p(y — e'fty)q
¢ a (et —1) b (ert —1)
_ [ﬁ (el —x)®  ple 2y — y)2]
a (1—ent) (1 —e )

(2.137)
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We see that
028, —2ipe” st
= 2.138
0r'0x (1 —ent)’ ( )
028, —2ipe 3!
= : 2.139
oy dy V(1 —ert) ( )
Using Eqgs. (2.137), (2.138), (2.139), the Q function propagator (2.119) becomes
1 ple s'a —a)®  ple 'y —y)’
tla',y,0) = —* - = 2.140
Q(Z',y, ‘x 7y 9 ) 7T(1 o 6_'“t) (a,b,>1/2 eXp CL’(l . e_ut) b/(l _ 6_'“t) ? ( )
Taking the Q function satisfying the initial condition
1
Qo(2',y) = - exp [—(m' —x0)? — (y — yO)Q} , (2.141)

and making use of Eqgs. (2.140) and (2.141), Eq. (2.115) takes the form
_ 1 M / / 2 M (6—%753:/ - 33)2
@z, y.t) = 72(1 — e~Ht) (a'l/)1/2 (/ du exp {—(z ~T0)” a (1 —e—nt)
/ / 2 I (eigty, B y)2
(/dy exp {—(y — %) — od—enm) |)

(2.142)
Upon setting
0
B=e 2 (2.144)
1
C = Vi — e*#t)’ (2.145)
then one can see that
W 1
((a’b’)l/Q) = =V AC. (2.146)

Using Eqgs. (2.143), (2.144), (2.145), and (2.146), the two integral inside the bracket of Eq.
(2.142) can be written as
[ =11, (2.147)

where

/dm exp[— (2’ — x0)? — A(B2' — x)?], (2.148)

and

/ dy' expl—(y — 0)? — ABy — y)?). (2.149)
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But one can see that
I = exp[—xp — Az?] /d:c’ exp[—(1 + AB*)z" + 2(z¢ + ABx)2]. (2.150)

Using the relation (2.71), we find that

B m o 4o (@ + ABx)?
L = (—1+AB2>GXP{ xy — Ax +—(1—|—AB2)
T —A 2 2,2
— (T 2 (> 9B B
(1+A82)exp |:(1+AB2)(£L' Tox + xo)},
(2.151)
or simply
T —A

= _— ——(z — Bxg)?| . 2.152
= (1+A32>6Xp{(1+1432)(“’ 9“"0)] (2.152)

In a similar manner applying Eq. (2.71) to the second integral in Eq. (2.149), there follows

L= (ﬁ) exp {ﬁ@ - By0)2} . (2.153)

Using Eqgs. (2.142), (2.147), (2.152) and (2.153) along with Eqgs. (2.80), (2.81), (2.82), (2.83),

(2.84) and (2.85), we can express the Q function in terms of complex variables as

Q(a*, a,t) = Ailt) exp [—Bl (H)a* o+ Dy(t)a” + Di(t)a + %((f + a*Z)} : (2.154)
where
Ai(t) =1/ (B? + C})exp E(t), (2.155)
1 W W
t) == 2.1
B0 = 3 | e (2.156)
1 p _ 7
() = 2 {b’ +(p—b)eH a+ (u— a’)e—ﬂt} ’ (2.157)
Dl(t) = 6_%t (BlOéo — Claf;) N (2158)
and
1
E(t) =" (—Blaoaz‘) + 501((1(2) + aSQ)) . (2.159)

Moreover, a', b, i is given by Eqgs. (2.107), (2.108) and (2.109) respectively.
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2.3 The Q function for the superposition of Laser and Cavity coherent light

We know from sections (2.1) and (2.2) that the Q function for a coherently driven cavity
mode is given by

QB B,t) =

Ai”emﬂ—ﬁv%+mﬂﬁ*+b%oﬁL (2.160)

A (t) = exp (— {%(1 — e;t)] — e BBy — ;e 31— e 2 (B + 6{;)) . (2.161)

b(t) = =(1 —e 2") +e 23, (2.162)

and also the Q function for the three level laser is

. Ao(t . . b .
QMY 1, t) = 2(t) exp [—al(t)v v 4 ety + )y + 51(72 + 2)] , (2.163)
where
Ay(t) = \/a} + b exp E(t), (2.164)
1 p I
t)=5 2.1
“l) 2L’Hu—dkwf+y+m—upw4’ (2.165)
1 © Iz
bi(t) = = - 2.1
1(t) 2 {b’—i— (w—="0)ert a +(p—a)e” “t} ’ (2.166)
at) = e 2 (a0 — i) (2.167)
and
1
E(t) =e™ (—awwé +350 (% + 732)> : (2.168)

It is clear to see that a/, V', u in the above expression refers to Eqs. (2.107), (2.108), and
(2.109) respectively. One can write the Q function representing the superposition of the two

light beams in the form [5]

0
Qa", a,t) /dQﬂdQO(ﬂ B4+ ﬁ )Q(v e *t>
Xexp[—a'a— B -y y+a B+ a’y+ oy — 3y — 6y,
(2.169)
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Using Eqs. (2.160) and (2.163), it is clear to see that

Q5+ )= e a0+ )] 217
and
. o . At
Q<7 Y+ a_’}/*7t) - T X
by . a b 0
exp {—aﬂ YHar iy + (7 )+ (cay by + Vo * 507*2]
(2.171)
Using Egs. (2.170) and (2.171), Eq.(2.169) becomes
* _ é 2 * i
QS at) = /d 1Q(Y*, v + oo )
0
/—exp[ FB+UOF +E @+ (=5 + )55
x exp[—a'a — ="y +a" b+ "y +ay" — By — By,
(2.172)
One can also rewrite Eq. (2.172) as
Qa*, a,t) / Q —,t)exp[—aa — ¥y + o’y + ay’]
0
X/Texp {—ﬁ*ﬁ—l—bﬁ* + b6+ (=" +b*)8ﬁ
xexp[=f"6 + (a" =7")8 + (a = )57
(2.173)
Let the second integral be
2
I /?expl ﬂ*ﬁ+bﬂ*+b*6+(—6"+b*)a%*
xexp[=f7f + (a” =7")B + (a —7)57].
(2.174)

Applying the relation
0
exp [agr | £ = fla ), (2.175)
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we easily see that
1= expl (0= )] [ 2 expl-570 + b(1)3" + (o — 7)) (2.176)
In view of the relation
d? 1
/ ?77 exp [—an™n + bn + +en’| = Eebc/a, (2.177)
for a > 0, one easily gets
Iy = exp[f*(a = 7) + b(a” —77)]. (2.178)

Therefore, making use of Eq. (2.178), Eq.(2.173) turns out to be
A1 Ay

Qla*, a,t) = exp[—a*a + ba* + b a] x I, (2.179)
where
dQ’Y * * * bl % « 8 bl 82
L, = —exp [—alfy Y+ay gy + 5(72 + 9 + (—ary* + blwq)ﬁ_fy* + 20,
X exp[—7"y +(a" = b")y + (= b)),
(2.180)
and the integrand can be written as
B 2
exp[y(a” — b")]exp |a' + b’ e + 5y expld'~*], (2.181)
where
r * * * bl 2 *2
@ =—ayy+ay +y+ 07 +7),
V=—a1v*+biy+¢,
d = b
2 Y
d=a—b—r.
(2.182)

Considering a differential operator A satisfying an eigenvalue equation
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and using power series one can easily see that

eAf(n) = e f(n).

Using this result, we see that

_'_ / 82 d/ *
s | Pl Y]

exply(a” =) exp o+

= expld’ + bd + d?*] expld'y* + y(a* —b*)].

(2.183)
Now using Eqs. (2.182) and (2.183), we can put Eq. (2.180) in the form
T o * * bl 2
2  =exp cla—clb+§(a—b)
d’ ey b
77 exp {—7*7 +(@ =)+ (a+ 1 —a)(a=b)y" + 317 ‘|
(2.184)
Applying the relation
dQT] * * 2 %2 1 abetde? +eb?
7 exp [—an n + b?] + +C77 + dn + en } = me a2 —4de , (2185)

for a > 0, we readily obtain

I, = exp|cia — ¢jb+ %(Oz —b)?]exp [(a* —b)(e1+(1—a)(a—0))+ %( *— b*)Q} .

In view of this results and Eq. (2.179), the Q function for the superposition of a coherently

driven cavity mode and the laser turns out to be

Q0.0 = 2 exp |-paa + e+ alva” + e+ 2150
where

As(t) = AL(t)Ax(t) exp {—(bci + ;) + %(b2 +0*%) + (1 — al)b*bl : (2.187)

pi(t) = ar(t), (2.188)

q1(t) = c1(t) + ar(t)b(t) — by (t)b*(2), (2.189)

i (t) = by (t), (2.190)
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in which A;, Ay, ay, b1, ¢; and b are given by Egs. (2.161), (2.164), (2.165), (2.166), (2.167)
and (2.162) respectively.
Applying the well known input-output relation

Qout = VEQ, (2.191)

and associating the initial condition with the Q function for the three-level laser, the normal-
ized Q function for the output light from a three-level laser and a coherently driven cavity

mode take the form

Qa*, a,t) = @ exp {—p(t)a*a + ¢ (t)a + q(t)a™ + ?(a2 + a*Q)] : (2.192)
where
At =Yg [—pa;;ao # o) - | Za - et ]
exp |=(006E(0) + 7 (Oea() + "0 +52(0) + (L) 0000)|.
(2.193)
N 1 1
p(t) = o la’ P g b,)e_m} , (2.194)
_ 1 _ 1
r(t) = K {b’ +(p—=0b)e o+ (u— a’)e—“t} ’ (2.195)
q(t) = cr(t) + p(t)b(t) — r()b*(1), (2.196)
e (t) = e 2t [p(t)ag — r(t)ay] (2.197)
b(t) = %(1 — e, (2.198)
a' = A1 = pl) + pi) + &, (2.199)
b= Al —pl) — p) + &, (2:200)
1= A1 —2p9) + &, (2.201)

where k is the damping constant of the cavity and also € and A are the amplitude of the

coherent driving light and the linear gain coefficient of the three-level laser respectively.
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3 Photon Statistics

The statistical property of the light generated from a three-level laser and a coherently
driven cavity mode is described by the mean and the normally-ordered variance of the pho-
ton number. In this section we apply the Q function for the output light of a three-level laser
and a coherently driven cavity mode to calculate the mean and the variance of the photon

number.
3.1 The mean photon number

The mean photon number of the output light, resulted from a three-level laser and a
coherently driven cavity mode, can be calculated using the Q function. In view of the well

known input-output relation (2.191) and making use of the relation

() =~ [ Eads(a’ BlalBP A ), (3.202)

to find the expectation value of the operator A, in which A, (0%, ) is a c-number corre-
sponding to the operator Ain normal-ordering, we observe that the mean photon number

of the output light can be expressed as
a=2 / d*ad®BQ(a*, B) exp|—ac*a — aB* B + aaB* + afa’| A (57, a). (3.203)
0
where a = % and
A, (0 ) = Ba, (3.204)

is c-number corresponding to the number operator in normal-ordering, and

Qa”, B8,1) = @ exp [—p(t)oz*ﬁ +q* ()3 + q(t)a* + @(BQ +a*?)|. (3.205)

Therefore, one can see that

d?o d?
n = Aa/ %76 exp|—pa* B+ ¢ 0 + qa* + 2(62 + a*?)]

x exp[—aa”a — af*f + ac” B + a7 e,
(3.206)
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or

a
n = Aa | — exp|—aata + qa* + a*?]a
™

2
< ( / T exp [~adB+ (0 — p)o” + ') + a0 + L] 6*) .
(3.207)

One can see that the second integral in the bracket can be written as
[ L exp (<ag5+ [(a = pa’ + 0713 + aas" + 55%) 5

0 d?
= Blan) Tﬁ exp (—a' 3+ [(a —p)a” +¢]3 + B’ + gﬁ2> o (3.208)

applying Eq. (2.185) to integrate the above relation and carrying out the differentiation, one

readily obtains

d2
T2 exp (~apf+ [(a — o +4')3 + aagr + L52)
— <q* tra —;2(@ — p)a*) exp [(a —plafa+ g a+ goﬂ : (3.209)

Therefore Eq. (3.207) take the form

3 A d’a % % * T, 9 %2 * * 2
A= [ Thexp | —patatga’ 4 gat 50’ +a”)] x [(a-platatgiatre’],
(3.210)
or
T_L:[1+IQ+[3, (3211)
where
A [d?
I =— e exp [—poz*oz +qo" +q'a+ g(GQ + 04*2)} (a —p)a‘a, (3.212)
a T
A [d?
L=2 2% xp [—poz*oz + g + ¢ a+ g(oz2 + 04*2)} q a, (3.213)
a T
A [ d?
Ii== [ “lexp|-patatga” +q7a+ L(a* +a™)] ra? (3.214)
a T
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But we know that

0? A’ —pa*a + ga* + ¢ +7"( 2 4 0*)]
— exp|—pa*a + qo a+=(a® 4+«
0q0q* T PP a 1 2

(@—p) s L [pad + 50 + %)
Yoo \ V= T o

_azp|_p  (patrd (pgtrg
a p2—T2 p2—T2 pQ—TQ ’

L =—(a—p)

2l o

(3.215)

A0 dQOé * * * T 9 *2
L, =—— —exp[—pa a+qa" +eg"a+ —(a" +a )]
a Oe T 2

A0 ( 1 {epqq* + 5(¢* + 6261*2)D
= exp

e=1

Tdo\ P2

7 {pq+ rq*}

e=1

a p2_r2

(3.216)

and

I, = =% exp

B ﬁ 0? d’o [
a 0g*? T

.
—pa*a+qat + ¢fa+ 5(042 - 04*2)}

_Ar L [pag £ 50 + a7
a aq*Q pg — 2 b p2 — 2

_r L pg + g\’
T a p? — 72 p? — 12 )

On account of Egs. (3.215), (3.216), (3.217) and (3.211), and taking into consideration that

(3.217)

initially the cavity is in a vacuum state, one easily see that

po e, (vetra) (3.218)
a p2 _ 7»2 p2 _ 7"2 ’ '
With the help of Egs. (2.194), (2.195), (2.196), (2.197), (2.198), (2.199), (2.200), (2.201),

the mean photon number of the output light from a three-level laser and a coherently driven

cavity mode take the form

Apld) 4¢?
REP (1 — ety 4 25 (1 — ert2) (3.219)
i K

n =
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The above expression tells that the mean photon number of the output light is just the sum
of the mean photon number of transmitted cavity coherent light and three-level laser.

At steady state Eq. (3.219) turns out to be

Apud | 4e?
A= P 2 (3.220)
1 K
Introducing a new parameter defined by
1—
Pad = —5— 1 (3.221)
and in view of the fact that
pl) + ) =1, (3.222)
and
PP = pS Pl (3.223)
one easily finds
1
w-tin a2
and
1
pud = 5 (1 =" (3.225)

One can use the above result to see that the mean photon number in Eq. (3.220) also be
expressible as a function of the initial condition 7 as

kAl —n)  4e?
_ ] 22
" 2(An + k) T (3:226)

where 1 = pgg) — ,0((1((]1)-

As it is seen from the above expression and Fig. 3.1, the mean photon number of the
output light increases with the linear gain coefficient and with the amplitude of the driving
light. Applying the Q function obtained using a single master equation, Misrak G. [ 8 ], has
found the mean photon number of a coherently driven degenerate three-level laser (in which

the cavity coherent photons interact with the three-level atoms ) is given by

kAl —n) 4e?k
T3 Antr) (At (3:227)

3

Comparison of this result with Eq. (3.226) shows that the mean photon number is decreased

when the cavity coherent photons interact with the three-level atoms. This must be due to
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Fig 3.1 Plots of the mean photon number n at steady state versus 7 for x = 0.8,

e = 0.2, and for different values of the linear gain coefficient.

the absorption of cavity coherent photons followed by spontaneous emission by the three-level
atoms.

We now proceed to consider some special cases, first we consider the case in which the
cavity mode is not driven by coherent light (i.e ¢ = 0), then Eq. (3.226) turns to be

kAl —n)

A TR’ (3.228)

n =

which is the mean photon number of the output light from the three-level laser, this result
is the same as that obtained in [ 5, 8 |.
We next consider the case in which there is no three-level laser in the cavity, thus upon
setting A =0 in Eq. (3.226), we get ,

4e

n= 3.229
n== (3229

which is the mean photon number of the output light from a coherently driven cavity mode,

this result agrees with that obtained in [ 5 |.
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3.2 The normally-ordered variance of the photon number

The normally-ordered variance of the photon number is defined by
(An)? . ={(n%) —n?
= (a?a®) — n®.
(3.230)
where :: represents normal-ordering of operators under consideration.

One can also use Eq. (3.202) along with the input-output relation and express the first term

in terms of c-number variables associated with the normal-ordering as

(a™a?) = % /d2ad2ﬂQ(a*, B) exp[—aa*a — af*B + aa* B + aa B F2a?, (3.231)
where a = % Applying Eq. (3.205) into Eq. (3.231), we obtain
@t = o [ TU o [pat g5 gt 55 0]
x exp [—aa*a — aB* B + ac* B + aa ] 32’
= Aa dQTQ exp[—aa*a + ga* + %o’

2
< ([ L [am s+ = + 13-+ aa + L] 57)

(3.232)
The second integral can be written as
dZB * * * * T 22 *2
I = [Slew[-as0+ (- p)a’ + 15+ (aa+ 0"+ 157] 5
e=0
82 dQB * * * * L)
=50 | o [-eF O+ la—pat+ 15+ (@at 9p 455 |

(3.233)

By applying Eq. (2.185) and carrying out the differentiation and finally putting € = 0, one
gets

1
I = E[r + (a —p)a* + ¢ + raj® exp [(a —p)da+qga+ goﬂ} : (3.234)

Therefore, Eq.(3.232) takes the form

A [ P« r

AT2 _ bl o * * * T2 *2

(a a>—a2 - exp[ pata+ qo —|—qa—|—2(a +a )}

x[ra® 4+ (a — p)?a*?a® + r’a + 2r(a — p)a*a® + ¢?a® + 2¢*(a — p)aa® + 2¢*"a?),

(3.235)
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or
(a2a®y =L + I+ I3+ I, + Is + Ig + I7. (3.236)
where
I = % dg?a exp [—pa*a +qa* + ¢fa+ g(OzQ + a*2)] a?, (3.237)
I, = %(a —p)? dQ?a exp [—pa*a +qa" +q'a+ g(a2 + 04*2)] o’a*?, (3.238)
I3 = 11—7;2 dQTa exp [—pa*a +qa* + ¢*a + g(OéQ + a*z)} at, (3.239)
I, = %(a —p) dzTa exp [—poz*oz +qa" + ¢ a+ g(oz2 + 04*2)} afa?, (3.240)
Is = A;]Z*Q d27& exp [—pa*a +ga" +q¢a+ 2(042 + 04*2)} a?, (3.241)
Is = 21:261* (a —p) d27a exp [—pa*a +qa" +q'a+ g(OzQ + a*2)} a*a?, (3.242)
I; = ZiZ*T dQ?Oé exp [—pa*a +qa" +q'a+ g(QQ + 04*2)} o, (3.243)

Applying the technique to integrate the above seven integrals along with the relation in Eq.

(2.185), one readily obtains

)
r r pq + rq
Il:?[pQ—r2+<p2—r2>]’ (3.244)
oo _la=p?| dp (pitrg ? or  (pg*+rqg\?  2p?
2 - a2 p2—1r2 \ p?— g2 +p2—r2 P2 — 12 +p2—r2
(a—p)* | o pg +rq\’
+ a2 ]92_702+ P2 — 12 )
r? T 2 or pq + rq* 2 pq* +rq 4
o2 ) e () s ()| e
;. _Zrla—p)| 3p r 3p  (pg+re\’ 3r (pg+rgt’
4 - a2 p2—r2p2—r2+p2—r2 P2 — 2 +p2—r2 P2 — 2

2r(a—p) | (pa" +rq\"
+ (12 p2 _ T2 )
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A I VRN (3.248)
T2 p? — 72 P2 — 12 ) )
2q*<a B p) 2p youl + Tq* T pq* —+ rq Pq + ,r.q* 3
Is = a2 P2 — 12 \ p2 — 12 + 22—z \ p2_ g2 + W . (3.249)
2¢'r | _3r  (patrq pq+rg\’
= a? [pQ — 72 ( p? —r? * P22 : (3.250)
Using Eq. (3.218) one can write the square of the mean photon number as
b2 L ap pg+rg\]’
2 __
! _ELDQ—TQ_l—i_a(pQ_TQ ) (3.251)

With the aid of Egs. (3.236) and (3.251), we can put the normally-ordered variance of the

photon number as

(M) = (LA L+ L+ L+ I+ I+ 1)
1 ap pg+rq\1°
_ﬁ pz_T2_1+a P2 — 2 )

In view of Eqs. (4.244), (4.245), (4.246), (4.247), (4.248), (4.249), (4.250), (4.252), and
(2.194), (2.195), (2.196), (2.197), (2.198), the normally-ordered variance of the photon num-

(3.252)

ber is expressible as
8Ac?K?

L
2

+2R_Ma ([ + (1 = a)e ™™ PP+ [/ + (= V)e ™) — &%,

ke 2ArK? _
(P2 + pO) (1 — e7"1/2) — Tﬂfﬁ? (1—e ")

(An)?

(3.253)

where @', b’ and p are given by Egs. (2.199), (2.200) and (2.201) respectively.
As it is introduced in Egs. (3.221), (3.224), and (3.225), one can also describe the normally-
ordered variance of the photon number in terms of the initial condition n = pé? — pESB

as

C(An)? = (1 — e~ (Antrb)y

EESIEUETE ) 2(L - e 02) — AR¥(1 1)
An+k

a — Cle—(Aan)t 2 N y — d/e—(AnJm)t 2
An+k An+k

2

+/{
2

(3.254)
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where
A
a = 3 [(1+n)+ (1 —n)"?] +r, (3.255)
¥ = S [n) — (=) s (3.256)
, A
=7 [(1—n)+ (1 —nH)"?], (3.257)
., A
d = - [(1 =) — (1=, (3.258)
and at steady state Eq. (3.254) turns out to be
4ASR[(1 =) + (1 —n*)"?] = AR*(1 — 1)
An+k
K { (1+n)(A+ 2k) + 2k } e
3 (An + k)2 '

(3.259)

When A = 0, : (An)? := 0, this is the normally-ordered variance of the photon number of
the cavity coherent light.

We observe from Fig. 3.2 that the increase in the normally-ordered variance of the pho-
ton number with the driving coherent light shows the fluctuations in the number of output
photons increase as the result of the superposition of the two different light beams. The
increase in the fluctuations of the photon number must be due to the increase in the mean

photon number of the output light with the driving coherent light.
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Fig 3.2 Plots of the normally-ordered variance of the photon number

at steady state versus n when ¢ = 10 (green) and when ¢ =0 (red)

: (An)?
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4 Quadrature squeezing

In the previous chapter with the aid of the Q function for the output light generated
from a three-level laser and a coherently driven cavity mode we study the statistical prop-
erty of the output light. In this chapter we apply the Q function to study the squeezing
property of the output light. The squeezing property of the light is described by calculating

the quadrature variance and the squeezing spectrum of the light mode under consideration.

4.1 Quadrature variance

The normally-ordered variance of the output quadratures represented by the operators

a, =a'+a, (4.260)
a_ =i(a' —a), (4.261)

can be expressed as
S(Nas)? =+ (@' +a)?:) F (@' +a))?, (4.262)

where : : represents normal-ordering of operators under consideration. And the two Hermi-
tian quadrature operators satisfy the commutation relation [a,,a_] = 2i.

One can also express the above quadrature variance in normal-ordering as
S(Nax)? = {04 a? +2a0)) F (@ +a)%)> (4.263)

In view of the well known input-output relation (2.191) and making use of the relation

(Ay=— / PadBQ(a", B)|{0]B) FAu(5", ). (4.264)

to find the expectation value of the operator A, in which A, (8* a) is a c-number corre-

sponding to the operator A in normal order, we easily put Eq. (4.263) as
a * *
(Gaps = |2 [ Earaoan Bl n (o)

_ [%/andQﬁQ(a*,ﬁ)KCXW) 3utf4n2(ﬁ*’a)r’
(4.265)
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where
* A * * r 2 *2
Q(Oé 75) - ;exp[—poz ﬁ+q ﬁ—i_ 5(6 + o )]’
(@l B)[5u = exp [~aa’a — af* B + aa” B + aa 3],
Anl(ﬁ*a Oé) = 5*2 + &2 + Zﬁ*a7
An?(ﬁ*v O{) = ﬂ* + «,
(4.266)
and a = ;.
Hence one can use the above expressions and put Eq. (4.265) as
C(DNay)? =1 - I3, (4.267)
in which
d2
I, =Aa aa exp [—aa*a + qa” + ga”]
T

2
X /%exp (—aﬁ*ﬁ +[(a — p)a* + ¢*]B + aaB* + gﬁQ) (5 + o + 26%)

(4.268)
where a = % After carrying out the integration, we arrive at
I = |k(40* — 2) + 2 (4.269)
p—r
and
d2
I, =Aa o exp[—ac*a + ga* + a*?]
T
d2ﬁ * * * * r 2 *
x [ —exp <—aﬁ B+ [(a—p)a*+q*]6 + aap +§ﬂ ) (8" + ).
(4.270)
Similarly after carrying out the integration, we obtain
2
L =" (4.271)

VE

Therefore applying Eqs. (4.269) and (4.271) into Eq. (4.267), one easily gets

D(Aay)? = {p 3 pie 2/@-] : (4.272)
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Using Egs. (2.194), (2.195), we also see that

a —

1

(Day)? =2k { “] (1— e M), (4.273)

where o’ and p are given by Egs. (2.199) and (2.201). And similarly we see from Eqs. (4.262)

and (4.264), the minus quadrature variance takes the form

d?o d?
(Aa)?: = —Aa / —aTﬁ exp [—pa*ﬂ + 4B+ qa”* + g(ﬁz + a*2)}

T
X exp [—aa* o — af* [ + aa” f + a3 (5*2 +a? — Qﬁ*a) .

After carrying out the integration, we obtain

S (Aa_)? = {2/@— ( 2 )} , (4.274)

p—r

Using Egs. (2.194) and (2.195), we see that

L (Aal)? =2 {“ ; b/} (1—e M), (4.275)

where b' and p are given by Eqgs. (2.200) and (2.201) respectively.
In general, making use of Eqs. (4.273) and (4.275) along with (2.199), (2.200) and (2.201),
the normally-ordered quadrature variance of the output light from a three-level laser and a

coherently driven cavity mode take the form

2A/€ (0)

S (Aax)? = j:T(p + pO) (1 — e7H). (4.276)

ac aa

At steady state, we see that

© 4 0
(Aag)? =+ 2An(puc (f]t) Pac) (4.277)
A(l = 2pga) + K

As it is seen from the above expression, the squeezing occurs on the minus quadrature and
the probability for the injected atom to be in the bottom level is larger than the probability

for the atom to be in the upper level [i.e (p£2> > plo)

) and P <05 ]. As it is seen from Fig.
4.1, the squeezing of the output light increases exponentially as time progresses and reach
at steady state (maximum squeezing) after some time.

Using the parameter, describing the initial condition of the three-level atoms, defined by

o _1-m

= 4.2
paa 2 ? ( 78)
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Fig 4.1 Plots of the normally-ordered quadrature variance : (Aa)? :

state versus time ¢ for kK = 0.8, A = 1.

and in view of the fact that

o =1

PO = plp0)]

one easily finds

1+7n

and

1
o0 = S

Hence

1
o0 0 = L) (L)),

at steady

(4.279)

(4.280)

(4.281)

(4.282)

(4.283)

Using Eqs. (4.278), (4.283), along with (4.276), the normally-ordered quadrature variance

can be expressed in terms of the initial condition n = pﬁ‘? — p((l(,)l) in the form

Ak
An+k

S (Aaw)? =+ [(1- )2+ (1 - n)] (1 - e~ ARty

(4.284)
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Fig. 4.2: Plots of the normally-ordered quadrature variance : (Aa_)? : at steady

state versus 7 for x = 0.8 and for different values of the linear gain coefficient.

This result is exactly the same as the one obtained using the Q function derived from a single
master equation for the cavity mode [ 8 ], therefore we assert that the interaction between the
cavity coherent photons and the three-level atoms have no effect on the quadrature variance.

As it is seen from Fig. 4.2 the light mode is in the squeezed state (the squeezing occurs in
the minus quadrature) for all values of 77 between zero and one, and the degree of squeezing
increases with the linear gain coefficient. One can also see from the same graph, almost
perfect squeezing can be obtained for large values of A and for small values of 7 close to zero
(but different from zero). In other word, the more the squeezing occurs when the probability
for the injected atoms to be in the bottom level is slightly larger than the probability for the
atoms to be in the upper level for an increasing value of the linear gain coefficient.

We also noticed from Eq. (4.284), the cavity coherent light has no effect on the degree
of squeezing.

We note that the noise in the minus quadrature is below the coherent-state level at the

expense of enhanced noise in the plus quadrature, hence, our system satisfies the uncertainty
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principle Aa;Aa_ > 1.
4.2 Squeezing spectrum

We next seek to obtain the spectrum of quadrature fluctuations (squeezing spectrum) of
the output light from a three-level laser and a coherently driven cavity mode. To this end,

we define the squeezing spectrum of the output light with central frequency w, by [5]

1 > ;
Siut(w) — 7_TR€/O dTez(w—wo)T<: di(t), di(t + 7—) ;>SS7 (4285)

where G, and a_ are the output quadrature operators defined by Eqs. (4.260) and (4.261)

respectively, and the subscript ”ss” stands for steady state and also

(o, B) = (afB) — {a)(D). (4.286)

Upon integrating both sides of the expression (4.285) over w, we readily get

/00 S (W)dw =: (Nax)? : . (4.287)

On the basis of this relation, we note that S¢*

(w)dw is the normally-ordered quadrature
variance of the output light in the interval between w and w + dw.
One can also express the normally-ordered squeezing spectrum in terms of c-number variables

associated with the normal ordering as

S (w) = :I:%Re /OO dre@ ) (q (1), as (t+ 7)) (4.288)
Using Eq. (4.286), we see that
(ax(t),ax(t+7))ss = (@ ()" (t + 7)) + (a(t)alt + 7)) £ (" (H)alt + 7))
Ha(t)o (t+ 7)) — (o’ (1) £ (a(t)) (o (t + 7)) £ {alt + 7)),

(4.289)
but one can apply Schrodinger picture and write as

(a(t+71)) =Tr(a(T)p(t)), (4.290)
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Upon expanding the density operator in normal order and introducing the identity relation

1= [T ayal,

™

the above expression can be put in the form

[e.e]

(a(t+71)) = / d27a Z Cim(£)Tr (d(7)|a><a‘d“(0)dm(0)) .

Now using the relation

a(0)]er) = ),

and applying the identity

we have
(a(t+71)) = / d27a é@m(t)a*l (a + %)mTr(d(Tﬂa)(a\),
) (a(t+71)) = /d2aQ (a, a+ %,t) Tr (a(r)|a){al) .

We note that
in which

Therefore one can write
Tr(a(r)laal) = [ Qe & e
where at 7 = 0, Q(£*, €, 7) reduce to
Q(E,0) = ~ expl-¢ — af’).

Thus substitution of Eq. (4.299) into Eq. (4.296) leads to

0
(alt+7)) = [ PadeQar,at 5 0Q(E &)

(4.291)

(4.292)

(4.293)

(4.294)

(4.295)

(4.296)

(4.297)

(4.298)

(4.299)

(4.300)

(4.301)
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Now replacing (a*, a, af, ag, t) by (€%, &, a*, a,7) in the Q function (2.192), we have

T exp |-priee e+ /e +

Q&) =

G +5*2>] L 302)

where A’ p/, ¢, ¢* and " are described by expressions (2.193), (2.194), (2.195), (2.196),
(2.197), (2.198) with (of, ao,t) replaced by (o, a, 7). It then follows that

d2 /
[P ene=a0) [ Cew i@+ doe + e e 6
(4.303)
or
) d2 /
[P ene= gratn) [ o | v e dme + T e )|
q ™
(4.304)
In view of the relation (2.185), we find that
. a A/ p/q/q/* + (q + ql*2)7,//2 p q + r/q/*
/d2£Q(§ L T)E = o0 \/}mexp [ P PR (4.305)

with the help of Eqs. (4.299) and (2.194), (2.195), (2.196), (2.197), (2.198), we readily
obtains

Tr(a(m)]a)(a]) = 2—5(1 P (4.306)

Putting Eq. (4.306) into Eq. (4.296), one easily see that
2 8 25 A B
(a(t+71)) = daQ(a,a—i-ﬁ,t) —(1—e2")4+e2"a]. (4.307)
a K
on account of the identity (4.294), we readily see that

(A = / T at 8‘9*, DA, (a*a), (4.308)

where A, (a*a) is the c-number equivalent to A(af,a) for the normal-ordering,

With the help of Eq. (4.308), Eq. (4.307) can be put as

(alt + 7)) = %(1 _ e 5Ty 4 e (alb),. (4.309)

Similarly one can see that

(@ (t+ 7)) = Z2(1 — e 37) + e (a* (1)) (4.310)
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Applying the quantum regression theorem to the above expressions, we readily find that

(" () (t +7)) = %(1 —e B (1) + e 2T {a™(1), (4.311)
{a()a”(t +7)) = 2—5(1 —e 2 (a(®) + e T’ (1)), (4.312)
(o (alt + 1)) = 2—5(1 — e 5 QM (1)) + e T (" (t)a(t)), (4.313)
(a(t)ar(t+ 1)) = 1—5(1 — e 2T){a(t)) + e 2 T{a"(t)a(t)). (4.314)

Using the above expressions, one can write Eq. (4.289) as
(as(t),ap(t +7))gs = 27 (£((a* £)®) F((a" £ a))?). (4.315)

Using the fact that the normally-ordered quadrature variance of the output mode is defined

by the c-number variable as

(Bax)? = £( (0" £a) ) F (0" £a))?, (4.316)
one easily put Eq. (4.315) as

(s (t), n(t+ 7)) = £e2 7 (2 (Dax)? ). (4.317)

Therefore the normally-ordered squeezing spectrum in Eq. (4.288) becomes
out 1 2 > —[5 —i(w—wo)]T
SP*(w) =+=(: (Dax)?:) Re dre'2 N7, (4.318)
T 0
Upon carrying out the integration, we finally arrive at the squeezing spectrum to take the

form

S () =1 (Aas)? {(m)? i/ (25 - WO)Q} | (4.319)

We can see from the above result that the cavity coherent light has no effect on the squeezing
spectrum, this result agrees with the one obtained using the QQ function derived from a single
master equation for the cavity mode [ 5, 8 ]. Therefore, we can assert that the interaction
between the cavity coherent photons and the three-level atoms do not change the squeezing
spectrum.

As it is seen from Fig. 4.3 like the quadrature variance, the spectrum of quadrature
fluctuations of the output light increased as the linear gain coefficient of the three-level laser

increased.
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We can see from Egs. (4.319) and (4.284), at steady state and for n = 0.2, A = 100, and
k = 0.8 there is a 50% squeezing of the output light in the interval between (w —wg) = —10
and (w — wp) = 10, there is a 64% squeezing of the output light in the interval between
(w—wp) = —100 and (w — wp) = 100, but it is clearly seen from Eq. (4.284) the maximum
squeezing obtained is 69% below the coherent-state level, Hence we observe that most of the
squeezing is concentrated in the vicinity of the central frequency. This assertion agrees with

the observation from Fig. 4.4 .
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Fig. 4.3: Plots of the normally-ordered squeezing spectrum : S°(w,) : at steady

state and at resonance versus 7 for x = 0.8 and for different values of the linear

gain coefficient.

Fig. 4.4: Plots of the normally-ordered squeezing spectrum : S°“(w) : versus w

for n =0.2, A =100, and k = 0.8.
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5 Conclusion

In this thesis we have studied the statistical and squeezing properties of the output light
generated from a three-level laser and a coherently driven cavity mode coupled to a vacuum
reservoir. Using the propagator method [1], we have obtained the Q function for the cavity
coherent light as well as the light produced by a degenerate three level laser, we have then
obtained the Q function for the superposition. Applying the Q function for the output light,
we have calculated the mean photon number and the variance of the photon number.

It is found that the mean photon number of the output light increased when the three-
level atoms do not interact with the cavity coherent photons. The absorption of the coherent
cavity photons followed by spontaneous emission by the three-level atoms must be the reason
for the decrease in the mean photon number when the coherent cavity photons and the three-
level atoms are interacting. We have also seen that the linear gain coefficient and the driving
coherent light enhance the mean photon number. We also observe that the fluctuations in the
mean number of the output photons (the normally-ordered variance of the photon number)
increased as the result of the driving coherent light, this is because of the increase in the
mean photon number as the result the cavity coherent light.

Employing the Q function for the output light, We also have determined the quadrature
variance and the squeezing spectrum of the light. The output light generated from a three-
level laser and a coherently driven cavity mode is in a squeezed state and the squeezing
property is unaffected by the interaction of the cavity coherent photons with the three-level
atoms. And the squeezing occurs when the probability for the injected three-level atom to
be in the bottom level is larger than the probability for the atom to be in the upper level

(p£2) > pggi)), and better squeezed light is obtained for an increasing value of the linear gain

SBB. We have also seen that most of the

coefficient and when ,0,(;2) is slightly larger than p
squeezing (i.e quadrature variance) is concentrated in the vicinity of the central frequency.

Although the cavity coherent light enhance the brightness of the output light, it has no
effect on the degree of squeezing.

In general, using the quantum optical system under consideration we can obtain a bright

and highly squeezed light.
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