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Abstract

In this project we will see the existence of periodic solution(s) to the second
order ODE of the form:

—2"(t) + a(t)2'(t) = g(t, x) = f(t, 2(1), 2/ (1))

by means of Schauders Fixed Point Theorem where a is a continuous w-
periodic function , g(t,u), f(t,u,v) are w-periodic functions in ¢ for
u = z(t), v = 2/(t) and w > 0. The method of proof is composed of
two steps, the first step is to transform the original equation into integro-
differential equation through a linear integral operator and the second step
is an application of the Schauder’s Fixed Point Theorem.

Keywords: Periodic solution; Schauder’s fixed point theorem; Fundamental
matrix.



Contents

Acknowledgement i
List of Notations and Abbreviations ii
Introduction 1
1 Periodic Functions 3
1.1 Intergral of a Periodic Function . . . . . ... ... ... ... 3
1.2 Periodic functions and Banach Spaces . . . . . . . .. .. ... 4
2 Overview of Fixed Point Theory 6
2.1 Fixed Point . . . . . . . .. 6
2.2 Completely Continuous Operator . . . . . . .. .. ... ... 7
2.3 Schauder’s fixed Point Theorems . . . . . . . .. . ... ... 10
3 ODE With Periodic Data 11
3.1 ODE with Periodic Coefficients . . . . . . . . . .. ... ... 11
3.2 ODE With Periodic Boundary Conditions(PBC) . . . . . . .. 13
4 Existence of periodic solutions for class of second order ODEs
with periodic data 16
4.1 Motivation . . . . . . .. 16
4.2 Main Theorems And Corollaries . . . . . . . . . . . . .. ... 19
4.3 Examples . . . . ... 23
4.4 Existence of Periodic solution of linear first order system of
ODES . . . 24
441 Motivation . . . . . . ... 24
4.4.2 Solution of Linear System . . . . .. .. .. ... ... 26
4.4.3 Fundamental Matrix . . . . . . .. . . ... ... ... 27
4.4.4 Necessary and Sufficient Conditions . . . . . . . . . .. 28

Bibliography 36



Acknowledgement

Foremost,I express my sincere gratitude to my advisor Dr. Tadesse Abdi to
whom I am very grateful for all his support throughout this entire process.I
also express my thanks to the department of mathematics of Addis Ababa
University and to all my friends for their unmentioned cooperation on my
project.

On top of this, my thank goes to Arba Minch University for its financial
support in attending the degree of masters of science.



(R R R R IR IRV IR R IV I IR

List of Notations and Abbreviations

N= The set of all natural numbers

R= The set of all real numbers.

R"™=n-dimensional Euclidean space

< = The usual “less than” symbol in the ordered set R

< = The usual “less than or equal to” symbol in the ordered set R
lim=limit

max=maximum

min=minimum

exp=e ~ 2.73

{zn} ={z )0l

C"(X,R)={f: X — R|f™ exists and is continuous on X for all n € N}
C"(X, X):=C"(X)={f : X = X|f™ exists and is continuous on X for

all n € N}

C(X)={f: X — R|f is continuous on X} where X is non empty set.
N = symbol for intersection of sets

U = symbol for union of sets

conv(M) = (y;cyg H whenever H is convex set.

Bs(zo)=open ball centered at x, with radius ¢

dim=dimension
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Introduction

It is truism that nothing is permanent except changing, and the primary pur-
pose of differential equation is to serve as tool for the general laws of nature
by modeling numerous problems in science, engineering, economics and other
areas in the language of Mathematics. It is the source of most of the ideas
and theories which constitute higher analysis such as power series, Fourier
series, integral equations, existence Theories and other special functions.

Ordinary differential equations serve as mathematical models for many excit-
ing real-world problems, not only in science and technology, but also in such
diverse fields as economics, psychology, defense, and demography. Particu-
larly, second order ODE used to model problems such as in physics to model
vibrational motions (Simple Harmonic motion , electrical circuits,damped
motion,forced motion) and other areas like engineering,economics etc.

The study of existence and property of periodic solutions of ordinary differ-
ential equations has already attracted the attention of many researchers in
the area. Many results are obtained by appealing to classical methods that
range from upper and lower solutions techniques to fixed point theorems,
e.g. Shauder’s fixed point theorem[10].Existence and uniqueness of periodic
solution of explicit second order ordinary differential equation

2"(t) + f(t,x(t),2'(t)) =0

With the nonlinear function f is studied among others by J.Zu.In this re-
cent paper,J.Zu discussed existence and uniqueness of periodic solutions of
this problem constructing the so called upper and lower bounderies combined
with the use of Lerar-Schauder degree theory.

In recent past, J.Robert et.al investigated the existence and non- existence of
periodic solutions of nonlinear second order ODE with p-periodic boundary
conditions

o+ fa(t) = h(t)
z(0) = x(p); 2'(0) = 2’ (p)

In their study , f is a nonlinear function of state variable x while h is a
forcing function that depends solely on the temporal variable ¢.

In this particular Project we will investigate the existence of periodic solu-
tions to

—2"(t) + a(t)2'(t) = g(t, z) — f(t,2(t), 2 (1))
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where a is a continuous w-periodic function, g¢(t,u), f(t,u,v) are w-
periodic functions in ¢ for u = x(t), v =a'(t) and w > 0. This equation
includes many important models, for example

2(t) + prsin (2(1)) = h(2),
2" (t) + cx'(t) + psin (x(t))
2(t) + f(@'(1) + g(x
2(t) + f(x(8)2'(t) + g(x
2"(t) =5+ h(t),N>0

which arise in many fields such as physics, mechanics and engineering.

This project consists four main chapters and the first three chapters are
preliminaries which are basic concepts for the main body of this Project.
A brief description of the topics covered in this project is as follows:
Periodic functions and properties of their definite integral are explained in
chapter one .Chapter two is about Schauder’s Fixed Point Theory .ODE
With Periodic Data is described in Chapter three. Chapter four deals
with the main body of this project which is existence of Periodic solutions for
class of second order ODE with Periodic Data.Periodic solution(s) of linear
system of first order ODE is also explained in this chapter.



Chapter 1

Periodic Functions

Definition 1.1. Let f : R — R be a function. Then [ is said to be
periodic function with period T (T being a nonzero constant) if

fT+z)=f(z) V.

If there exists a least positive constant T with this property, it is called the
fundamental period or basic period or simply period. A function f is
T-periodic if

fle+T)=f(z) V.

1.1 Intergral of a Periodic Function

Theorem 1.1. Let [ be T- periodic function. Then
(i) fo " f@)de = [ f(x)de
(ii) [ f(a)de = [T f(x)de =k [ fz)dz , Yk €N for all a€R.

Proof. (i) Let x =t 4 kT. Then for x = kT, we have t = 0; for z =
kKT + T, we have that t =T. Also, dx = dt. Now

/;T+T f(x)de = /OT ft+kT)dt = /OTf(t)dt = /OT f(z)dz

(i) Let F(a)= [ f(z)dz.Then
F'(a) = f(kT +a)— f(a) (by fundamental theorem of calculus)
= f(a) — f(a) (since f is T — periodic)
=0



which implies that F is constant function.Thus F(a) = F(0) for
every a € R. It follows that

kT+a kT
/ f@)de = | f@)d

0

Moreover,

T 2T

T+(k—1)T
/(k—l)T f(z)dz
= Tf(x)dx—i— Tf(x)dx+ Tf(x)dx+...+
J, Hie | i |

/0 U b@dr (k — times)
—k /0 " b

ka(x)da: = /OTf(x)d:c + /T+T f(z)dz + /THTf(a:)d:c +...+

0

Therefore,

kT+a kT T
/ fla)dx = f(z)de = k/ f(z)dz, VE €N, Y a e R.
a 0

0

1.2 Periodic functions and Banach Spaces

The purpose of the present note is to draw attention of a fundamental theo-
rem of infinite-dimensional Banach space to the topic of ordinary differential
equations.

We recall that a complete normed space is called Banach space.

Theorem 1.2. [10]
Let X ={ze€CR):x(w+t)==x(t) forall teR} with norm

= X | x(t
Il = max | (1) |

Then X is a Banach space.



Proof. Let {x,} be a Cauchy sequence in X. Then for each € > 0 there
exists an index N = N(e) such that

lzn — 2wl = m[ax] |0 (t) = 2m(t)] < € Vm,n > N(e)
te|0,w

Hence,
|2, (t) =2 ()| < € Ym,n > N(e) Vt € [0,w] (N does not depend on t) (1.1)

This implies {z,(¢)} is a Cauchy sequence in the complete space R for
Vt € [0,w] . Therefore {z,(t)} is convergent, i.e. a limit exists say

z(t) = lim z,(t)

n—oo

Then from (1.1) for V¢ € [0,w] we get

Hm |2, (t)—2,(t)] = | im [2,(t)—2,(8)]] = |[2(t) =z, (t)] < e¥m > N, Vit € [0,w]
n—00 n—0o0

(1.2)
It follows that the sequence {z,(t)} is uniformly convergent. Since {z,} is
sequence of continuous functions which is uniformly convergent the limit

function
z(t) = lim z,(t)

n—oo

is continuous. Moreover,

r(t+w) = lim z,(t+ w)

n—o0

= lim z,(t)
n—oo

= a(t)
which implies that z is w-periodic function.Then from (1.2) we get
lz(t) —xm(t)) <e Vm>N

or
|z —xn|] <e VYm > N

So we've that {z,,} convergesto x € X. Therefore, X is Banach space. [



Chapter 2

Overview of Fixed Point
Theory

2.1 Fixed Point

The development of fixed point theory is very closely linked with the study
of various problems in ordinary differential equations. Ordinary and partial
differential equations are also at the source of fixed point theory in infinite-
dimensional spaces. The method of successive approximations or iterations
for finding solutions requires the equation to be put in a fixed form. Pi-
cards systematic application of this method to various differential equations
problems led to Banach fixed point theorem for contractions ; boundary
value problems for nonlinear ordinary differential equations were motivating
Birkhoff-Kelloggs extension of Brouwer fixed point theorem to some function
spaces.

Definition 2.1. /5] Let X be nonempty set. A fized point of a mapping
T:X — X of aset X into itself is an x € X which is mapped onto itself,
that is, T'(x) = x. The image T(x) coincides with x.

Theorem 2.1. Let M C R™ be homeomorphic to the closed unit ball B®. Then
every continuous map f: M — M possesses a fized point.

Proof. Let g : M — M be a continuous map and ¢ : B* C R* — M a
homeomorphism, i.e. ¢ and ¢ ! are continuous and bijective. Since the

map defined by
f=¢'ogo¢:B*— B



is continuous, it possesses a fixed point z, € B" by Brouwer’s Fixed Point
Theorem, i.e. f(x,) = x..An application of ¢ to both sides of the equation
yields

g(¢p(x,)) = ¢(x,) which shows that y, = ¢(x,) € M is the fixed point sought
after. O]

2.2 Completely Continuous Operator

Definition 2.2. [5/Let X be metric space and Y be topological space.Also,let
T:X —Y be continuous operator.Then T : X — Y s called completely
continuous operator if and only if the image of each bounded set in X is
compact subset of Y.

Example 2.1. :The Fredholm Integral operator
Let I = la,b] be any interval and suppose that k is continuous on I X I.

Then the operator T : Cla,b] — Cla,b] defined by

b
Ta:(s):/ k(s,t)x(t)dt

for t €la,b], x € Cla,b] is completely continuous operator.

Proof. Obviously T is bounded linear operator . Let {z,} be any bounded
sequence in Cla,b] say ||lz,|| <7y Vn.Let y, =Tx,. Then

ynll = ||Tzn|| < |T)| ||2n|]- Hence {y,} is also bounded. Next we want to
show {y,} is equicontinuous. Since k is continuouson I x I and I X1 is
compact , k is uniformly continuous on [ x [.Hence, given any € > 0 there
isa 6 >0 such that for all ¢ E I and sq, sy € I satisfying [so —s1| < we
have |k(sq9,t) — k(s1,t)| < . Consequently, for sj,ss € I and every
n € N we obtain

b a)

yn(52) — pu(s1)] < | / $2.1) — k(s1, £))n (1)d]
< /|k S, t) — k(s1,t| |xn(t)|dt

< b—a)mv

= €

which implies that the sequence {y,} is equicontinuous. Therfore, by Arzela
Ascoli Theorem, T' is completely continuous operator. O



Theorem 2.2. Let X and Y be Banach spaces, M C X a nonempty,
bounded subset and T : M — Y an operator. Then the following are
equivalent:

(i) T is completely continuous operator

(ii)  For every n € N, there exists a completely continuous operators
P,: M —Y such that

sup [[T'(z) — Pu()]| <
zeM

and dim(spanP,(M)) < co (2.1)

S|

Proof. Let T be completely continuous operator. Then T'(M) is compact,
so for each n € N there exists elements y; € T(M), i =1,..., N such that

N
1
T(M) C UB%(%) = Vo € M, Jy; € T(M) : min||T(x) - yif| < ~

=1

We construct a partition of unity as follows:Define the functions
a; : M — R by

1
a;(z) = max{ﬁ —IT(x) — ], 0} for i=1,...,N,

which have the following properties:

¢ The functions a; are continuous, since 1" is continuous and the maximum

of two continuous functions are continuous.

oai(zr)>0 VreM

¢ Due to the covering property, Zf\il a;(x) >0 forall z € M.

o If @ € M such that a;(z) >0, then ||T(z)—yl| < *i.

Due to the 3@ property,we may define the functions \; : M — R as

N(z) = ]\C]LZL
Zj:l a;(z)

which is the desired partition of unity, i.e.,

¢ The functions A\;, for ¢=1,..., N, are continuous.

o0 < )\ <1 forall x € M.

o Zf\il Ai(x) =1 forall x € M.

o If @ € M such that A\;(z) >0, then ||T(z)—yl| < +.

Set M, = conv(yi,...,yn) € span{yi,...,ynv} and define the operator

P, : M — M, given by

for i=1,... N,

Bu(x) = Z i)y (2.2)



We show that P, has the desired approximation property, i.e.,

supge ||7'(2) — Pa()]] < 5.
Indeed, due to the properties of the partition of unity mentioned above, we
have

N

T (@) — Pa(@)]] = IT(@) = 37 M yz||<ZA T (@) - uil] < =

1=1

3

By definition P, (M) C span{y,...,yn}, so the image of P, lies in a finite
dimensional subspace of Y.

All that is left to show is that P, is a completely continuous operator.The
continuity of P, follows from the continuity of the partition functions A;.Let
U C M be bounded, then

1P| < 1IT(@) ~ B@I|+ 7@ < IT@) + Ve e

which implies the boundedness of P,(U) and further compact.
We now prove the converse. n € N be arbitrary but fixed.Then there exists
a 6 >0 such that for all x,y € M with ||z —y|| <0 :

IT@) - T < 1T = P@)l +11Pu(e) = Bl +1IPa0) ~ T
1P~ Pl

IN

IA
Slws3

, (2.3)

which implies the continuity of the operator 7" .To prove that T'(M) is com-
pact, we show the existence of a finite covering for 7'(M. Since M is bounded
and P, is compeletely continuous, there exists z;,...,xny € M such that

N
cUs,rn
0

i.e., for all y € M, there exists an index i € {1,..., N} with

|Pa(2:) — Pu(y)|| < £. Together with (2.3), this shows that for any y € M
, there exists an index ¢ € {1,..., N} such that

() — ()| < 2,

i.e., T(M) has a finite covering and hence T is completely continuous
operator. ]



2.3 Schauder’s fixed Point Theorems

Shauder’s Fixed Point Theorem is very important to proof existence of solu-
tion(s) for differential equations.

Theorem 2.3 (Schauder’s fixed Point Theorem). [8/ Let M be nonempty
compact and convexr subset of the Banach space X and T : M — M be
continuous. Then T has fized point in M.

Proof. The operator T is completely continuous operator since T'(M) C M is
compact. Due to Theorem (2.2) there exists completely continuous operators
P,: M — M, where M, = conv(yi,...,yn), such that
1

17(2) = Pu(2)l| = — (2.4)
The convexity of M implies that M,, C conv(T(M)) C M. Therefore,
P, =P, |m,: M, » M, is continuous. The set M, is closed and homeo-
morphic to the closed unit ball B in RY. By Theorem (2.1), there exists
a fixed poin z,, € M,, C M for each n € N with

Since M is compact, there exists an x € M and a convergent subsequence,
again denoted by {x,} C M such that z, -z as n — oo. We now show
that this x is indeed the desired fixed point.From (2.5) we obtain

T (x) = 2al| < ||T(2) = T(zn)ll + [T (2n) — Pa(zn)|] = 0 for n — oo,

due to the continuity of 7" and the approximation property (2.4) , so
T(x) ==
]

Theorem 2.4 (generalization of Schauder’s fixed point theorem).
[8] If D is nonempty closed and convex subset of the Banach space X and
T : D — D s completely continuous operator, then T has fixed point in
D.

Proof. Assume that D is nonempty closed and convex subset of the Ba-
nach space X and 7 : D — D is completely continuous operator.Then by
Mazur theorem, conv(T(D)) is compact.Furthermore, it is non-empty and
convex.Note that T (D) C D, and since D is convex, conv(T(D)) C D.

Thus, Schauders Fixed Point Theorem in (2.3) can be applied to the con-
tinuous map 71" : conv(T(D)) — conv(T(D)), and T has a fixed point in
conv(T(D)). O

10



Chapter 3
ODE With Periodic Data

Several models in Science and Engineering are described using boundary
value problems.Here, we mention the Dirichlet problem as a prototype.In
molecular dynamics whereby one simulates, bulk fluid(gasses,liquids)the per-
tinent constraint is periodic boundary condition

3.1 ODE with Periodic Coefficients

A boundary value problem for a given differential equation consists of finding
a solution of the given differential equation subject to a given set of boundary
conditions. A boundary condition is a prescription some combinations of
values of the unknown solution and its derivatives at more than one point.A
linear ODE with periodic coefficients, oftentimes admits periodic solution
provided that some suitable condition is met on the boundary.

Let I = (a,b) € R be an interval. Let p,q,f : I — R be continuous
functions. Then the equations

Y +p(x)y = f(z) (3.1)
with boundary condition y(a) = y(b)
And
y' + @)y +a(z)y = f(x) (3.2)

with boundary conditions y(a) = y(b), v'(a)=y'(b)

are respectively first and second order linear explicit ODEs with periodic
boundary conditions.For the sake of demonstration,we take a closer look
at (3.1).In this problem, if the coefficient p(x) and the function f(z) are
periodic with the same period ¢ = b — a, then the corresponding periodic
boundary value problem(PBVP)admits periodic solution as stated in the
following Theorem.

11



Theorem 3.1. [13/If p and f of (3.1) are periodic functions with period
{=b—a andif u is a solution of (3.1) with u(f) =u(0), then u is (—
periodic.

Proof. The key ingredient is the uniqueness assertion:

If w and v both satisfy (3.1) with «(0) =v(0), then wu(z)=wv(z) for
all x.

Since w is solution of (3.1) for all z, then

U@+l +plz+Ouz+0)=flx+L) YV x.
Because p and f are f(— periodic:
u(z+0) +p(z)u(z +0) = f(z) V x.
Thus, if we let v(x) :=u(z +¢), then

V(@) + p(r)v(z) = f(x)

But, since u(0) = u(¢), we have that u(0) = v(0).

Threfore, by Picard -Lindelof (Existence and uniqueness Theorem),

u(z) =v(x), thatis u(x +¢) =u(z) forall z.

This completes the Theorem. ]

The related assertion for a solution of a second order in (3.2) is essentially
identical except there we need to assume that both «(0) = u(¢), and «'(0) =
u' (), since the corresponding uniqueness assertion for second order ODEs
requires that.

Consider the Banach space X = {z € C(R) : z(w+t) = =(¢t) for all
t € R} with norm

= t
o = ma | (t) |

Let p,q € X and consider the following two differential equations
'(t) = —p(t)x(t) + q(t) (3.3)

'(t) = p(t)x(t) — q(t) (3.4)

Lemma 3.1. [10] Assume that [ p(t)dt # 0, then (3.3) has w- periodic
solution

o oxp( [ p(r)dr
= [ SO

exp(fy p(r)dr) —1

12



and (3.4) has w- periodic solution

)= [ e s

exp(fy” p(r)dr) — 1
Proof. Here we only consider (3.3) and we show that x(¢) is the periodic
solution of (3.3) . Differentiating x(t) , we obtain that

o exp( t””p(?“)d?”) oy q(t) () exp(ff ) s
I e LA oy ey il 3 (U pir o
o exp(fy ) 1 e p(t) exp ft )dT‘)

~ exp fo r)dr q(t) B exp(f(;‘) p(r)dr) — 1q(t) B /t exp fo dr) — 1q(s)ds

(
)
ex p(r)dr o exp( [ p(r)dr

eXp(f0 (r)dr exp(fowp(r)dr)—lq
R st »
= a0 -p0) [ (o)
= q(t) — p(t)=(t)
= —p(t)z(t) +q(t)
and
B t+20  exp ft+w r)dr)
r(t+w) = / i _1q(s)ds
2w ex r)dr
- / exppfj;t+ T —>1Q( Fwldlutw)
_ t+2w expﬁt ) s
N / exp(f; p( —1 a(u)d
t+w exp ft ) O
/ exp<f:p<r>dr>—1q< &
Hence, x(t) is w- periodic solution of (3.3). O

3.2 ODE With Periodic Boundary Conditions(PBC)

Explicit ODE with periodic boundary condition may admits a non-trivial
solution under some additional assumptions. Consider the explicit ODE of

13



second order
u" + f(z,u,u’) =0, 0<z<T (3.5)

where f is a Lipschitz continuous function with respect to the last two
components. If f is P-periodic with respect to the first component,

ie f(z+ Pu,u)= f(x,u,u)

and satisfies the inequality restriction

f(z,a,0) < f(z,8,0)
then the associated PBVP has a non-trivial solution as detailed in the next
Theorem.

Theorem 3.2. Suppose that there are constants « and [ such that
a<pf and

f(z,0,0) < f(z,8,0).
Then there exists Ty € (0,T] such that
fo every x € (0,Tp), the PBVP

w4+ f(z,u,u’) =0
u(0) = u(Ty) (3.6)
u'(0) = u'(To)

has a solution.

Proof. Let M = max{|al,|B|}, N >0 be given
Q = max{|f(z,u W)} 0w < T, |ul <2M, || <N
and G(z,s) be the Green’s function,

s < g<r<uw
G(:zﬁ,s):{@7 0<z<s<w

Set B = {p € CU[0,u] : |p(t)] < 2M, | (1)] < N}
Define, the operator S on B as follows,

s = [ " G, )1 (5, 0(5), ¢ (5))ds + y

0

where a <y <pj
Then

w2 w2 ’ w
WMS7Q+M§7Q+M,WW§5Q

Hence, S maps B continuously into itself,provided that

—1} (3.7)



If w >0 is chosen so that (3.7) holds, it then follows from Schauder’s Fixed
Point Theorem that (3.6) has a solution wu(x) such that
lu(z)| <2M and |u/(x)] < N. O

15



Chapter 4

Existence of periodic solutions
for class of second order ODEs
with periodic data

4.1 Motivation

The existence of periodic solutions is an important aspect in differential equa-
tions.Much work about periodic solutions for second order differential equa-
tions has been done by using various Theorems and methods of nonlinear
functional analysis. In this chapter, we investigate the existence of periodic
solutions of the following differential equation

—z"(t) +a(t)2'(t) = g(t, x) — (£, 2(t), 2'(1)) (4.1)

where a is a continuous w-periodic function, g¢(t,u), f(t,u,v) are w-
periodic functions in t for uw=xz(t), v =2'(t) and w > 0.

Recall that the generalized Schauder’s fixed point theorem that states if D
is closed and convex subset of the Banach space X and T" : D — D is
completely continuous operator, then 7" has fixed point in D which is crucial
in our arguments.

Remark: In this chapter, X stands for the Banach space
X={2zeCR):z(w+t)=ux(t) forall t€R} with norm

= t
ol = max | 2(t)|

Define an operator J on X by

t+w ep(s—t)
(Ju)(t) = / u(s)ds,u € X
t

erv —1

16



where p > 0 is constant.
Forany ve X, Jue XNCYR) and

(Ju)'(t) = =p(Ju)(t) + u(t) (4.2)
If we XNCYR) then Jue X NC%*R) and

(Ju)"(t) = —p(Ju)'(t) + ' (t) = p*(Ju)(t) — pu(t) +u'(t) (4.3)

We transform (4.1) to

p*(Ju)(t) —pult)+u'(t)—a(t)[—p(Ju) () +u(t)] = f(t, (Ju)(t), u(t)—p(Ju)(t))—
g(t, (Ju)(t)) that is

u'(t) = [a(t)+plu(t) — [p* Ju+pa(t) Ju-+g(t, Ju)— f(t, Ju, u(t) —pJu)] (4.4)

By Lemma 3.1 of equation (3.4) we obtain that if u(¢) is w-periodic solution
of (4.4), then u(t) satisfies

e () e + alr)]dr)
ult) = /t exp( [y [p + a(r)]dr) — 1
where [[p + a(t)]dt # 0 and
(Hu)(s) = p*(Ju)(s)+pa(s)(Ju)(s)+g(t, Ju)— f(s, (Ju)(s),u(s) —p(Ju)(s))

In order to put more emphasis on the above facts, we summarize them in the
following Lemma.

(Hu)(s)ds

Lemma 4.1. [10] Define an operator T on X by

t+W[

e[+ a(r)]dr)
(Tu)tt) = / (|7 p + a(rjdr) — 1

where fow[p+a(t)]dt = 0.Then the fixed point u of T on X is w-periodic
solution of (4.4) and Ju is w-periodic solution of (4.1).

Proof. Since (T'u)(t) = u(t) and

(Tu)'(t) = u'(t)
[a(t) + plu(t) — [p*Ju + pa(t)Ju + g(t, Ju) — f(t, Ju, u(t)]

(Hu)(s)ds (4.5)

we obtain that u is w-periodic solution of (4.4). In order to prove that Ju
is w- periodic solution of (4.1), we only show that Twu satisfies (4.1).
Form (4.2)-(4.4), this result follows immediately. O
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Definition 4.1 (Monotone functions). [6] Let x = (z1,x2,...,2,),y =
(y17y27 ce 7yn> - Rn Th@n

o We say that x <y if and only if x; < y; for everyi € {1,2,3,...,n}
o We say that x <y if and only if x; <y, for everyi € {1,2,3,...,n}

e The function f : R"™ — R is called nondecreasing/increasing if and
only if for every x,y € R”
x <y implies that f(z) < f(y)

e The function f :R"™ — R is called nonincreasing/decreasing if and
only if for every x,y € R”
x <y implies that f(z) > f(y)

18



4.2 Main Theorems And Corollaries

In this section, we will see the main Theorems and Corollaries of this project.

Theorem 4.1. [10] Assume that there exist constants m < M,p > 0 such
that

(A1) g € C(R x [m, M],R), and p(p + a(t))u + g(t,u) is nondecreasing in
u € [m, M].

(Ay) f € CR x [m,M]x [p(m— M),p(M —m)],R) and

g(t, M) < f(t,u,v) < g(t,m)
for any (t,u,v) € R x [m, M] x [p(m — M), p(M — m)].

Then (4.1) has at least one w- periodic solution x with m < x < M.

Proof. Let Q ={x € X :mp <z < Mp fort € [0,w]} , then Q is
convex and closed set in X. For any u € {2 we compute to obtain that
m < Ju <M and pm — pM <u—pJu < pM — pm.

Moreover, according to (A;), we have

[p*+pa(t)m+g(t,m) < [p*+pa(t)]Ju+g(t, Ju) < [p*+pa(t)|M+g(t, M) for
u € .

Using (Az), we obtain that for any u € Q

(Hu)(t) = p*(Ju)(t) + pa(t)(Ju)(t) + g(t, Ju) — f(t, (Ju)(t), u(t) — p(Ju)(t))
< [p® +pa(t)|M + g(t, M) — g(t, M)
(

= [p* + pa(t)| M

And

(Hu)(t) = p*(Ju)(t) + pa(t)(Ju)(t) + g(t, Ju) — f(t, (Ju)(t), u(t) — p(Ju)(t))
> [p* 4 pa(t)lm + g(t,m) — g(t,m)
= [p* +pa(t)]m

Which imply that
[p* +pa(t)]M > [p* + pa(t)]m
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That is
p(p+a(t))(M —m) =0
And hence
p+a(t) >0

for all ¢t € R. If p+a(t)) =0, according (A;) and (Az), we easily to
check that

g(t,u) = f(t,u,v) , V (t,u,v) € R x [m, M| x [p(m — M),p(M —m)].

Thus, any constant ¢ € [m, M| is the periodic solution of equation (4.1).
We assume that p + a(t) > 0. Now we show that T satisfies all conditions
of Lemma 4.1.

Noting

/ exp([[p + a(r)]dr)
o exp(fy e+ a(n)]dr) — 1

exp([,"“[p + a(r)]dr)
exp( [y’[p + a(r)]dr) — 1
we obtain that for any u € €,

[ e[+ o))
0 = [ S s

e exp([p + a(r)]dr)

< expf:p+a<>1 a1

o / exp([[p + a(r))dr)

exp fo p+a(7") r) —

[p+a(s)]ds =1

and

>0 for t<s<t+w

(Hu)(s)ds

[p? + Pa(s)|Mds

[P+ als))(s)ds

Also,

e exp(fp + a(r))dr)
rae = | (T + a(ldr) =
/ exp( [ [p + a(r)]dr)
L oo+ a(dr) -
. / exp([[p + a(r)]dr)

exp(fy'[p + a(r)]dr) —

T (Hu)(s)ds

[p + Pa(s)|Mds

[P+ als)](s)ds

:pm
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which imply that Tu € €, that is T'(Q2) C Q.

Next we show that 7T : Q@ — Q is completely continuous. Obviously,
T(2) is uniformly bounded set and T is continuous on £2, so it suffices
to show that T'(€2) is equicontinuous by Ascoli-Arzela Theorem. For any
u € 1, we have that

(Tw)'(t) = [a(t) +p](Tu)(t) = [p* Jutpa(t) Ju+g(t, Ju) = f(t, Ju, u(t) —pJu)]

Since, T'(2) is bounded and f,g,a are continuous, there exists p > 0 such
that
[(Tw) ()] < p, ueQ

which implies that T'(Q2) is equicontinuous. Also, since T'(£2) is equicontin-
uous ,closed and bounded, by Ascoli-Arzela Theorem,we have that T'(€2) is
compact set. So, T : € — € is completely continuous operator. By Theo-
rem (2.4) , there exists u €  with Tu = u. Moreover,

Ju € [m, M] is the periodic solution of (4.1). O

Analogously, we have the following Theorem.

Theorem 4.2. [10] Assume that there exist constants m < M,p > 0 such
that

(As3) g € C(R x [m, M],R), and p(p + a(t))u + g(t,u) is noninecreasing in
u € [m, M].

(Ay) [ €CR X [m,M]x [p(m— M),p(M—m)],R) and
g(t,m) < f(t,u,v) < g(t, M)

for any (t,u,v) € R x [m, M] x [p(m — M), p(M — m)].

Then (4.1) has at least one w- periodic solution x with m <x < M .

Corollary 4.1. [10] Let f(t,u,v) = f(t,u). Assume that there exist con-
stants m < M such that 2g, f € C(R x [m, M],R) and

g(t, M) < f(t,u) < g(t,m)

for any (t,u,) € R x [m, M].
Then (4.1) has at least one w- periodic solution = with m <z < M.

21



Corollary 4.2. [10] Assume that ¢, are constants and h is w- periodic
continuous function with ||h|| < |p|. Then

2" (t) + ca'(t) + psinz(t) = h(t) (4.6)

has at least one w- periodic solution . Further suppose that ¢ > 2+/|u| and
h # t+u. Then (4.6) has at least two w- periodic solutions .

Proof. If 1=10 then h =0 and any constant k is periodic solution. Now
we assume that p # 0. Here we have

a(t) = —c, g(u) =psinu, f(t,u,v)=h(t).

Put p; = (| +1)(|u| +1). Then py(p1 —c)u+g(u) is increasing in R and
(Ay) is fulfilled. If > 0, choosing

my = 0.5m, My = 1.57;
If u<0, choosing
my = 1.5, My =2.57

we obtain that
g(My) < h(t) < g(my), VteR

Hence, (4.6) has at least one w- periodic solution x; with m; <z < M.
Further suppose that ¢ > 24/|pu| and h # +u. Put py = $.
Then pa(p2 — c)u+ g(u) is non-increasing in R and (As) is fulfilled.

If >0, choosing
mgy = —0.5m, My = 0.57;

If w<0, choosing
mo = 0.bw, My = 1.57

we obtain that
g(mg) < h(t) < g(Ms), VteR

and hence (4.6) has at least one w- periodic solution z, with
my < 9 < M.

Since h # £p, x; # m; and z; # M;(i,j = 1,2), we have that
I 7é ZIo. ]
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4.3 Examples

Example 4.1. [10] Consider the differential equation

1
z"(t) + g(at’(t))Z — (2(t))* =sint — 1 (4.7)
We claim that (4.7) has at least one 2m-periodic solution. In fact
1
g(u) = —u?,  f(t,u,v) =sint — 1 — g(v)z, a(t) =0.

Put p=2,m=0, M =2, then since sint is 2w-periodic function ,
f s 2m-periodic function in t and

p(p+ a(t))u + glu) = 4u — u® = k(u).

Also,
p(p+a(t))u+g(u) isincreasing in [0,2] as k'(u) =4—2u >0 in (—o0,2).
For any (t,u,v) € [0,27] x [0,2] x [—4,4], we have that

g(M) = —4 < f(t,u,0) < gm) = 0.

Therefore, by Theorem (4.1), (4.7) has at least one 2m-periodic solu-
tion x with 0 <z < 2.

Example 4.2. [10] Consider the differential equation
—a"(t) + a(t)2'(t) = x“sinx(t) — f(t, z(t)) (4.8)

where a > 0, a is continuous w- periodic function, f:R xR — R s
continuous function of u and t And w- periodic function in t. We claim
that equation (4.8) has infinitely many w- periodic solutions if the following
condition 1s fulfilled:

tim SO0y

U—00 ue
with respect to t. In fact there exists p > 0 such that |f(t,u)| < u®, uw>p if
the above condition is fulfilled. Choose integer n such that 2mn > p.
Let m =27n+ 057 and M =2mn+ 1.57. Then g € C'([m, M], R)
where

g(u) =u*sinu, g(M)=-M*< f(t,u) < g(m)=m"*, (t,u) € Rx[m,M].

By Corollary (4.1), (4.8) has at least one w- periodic solution x with
m < x < M. Since n is arbitrary sufficiently large integer, (4.8) has
infinitely many w- periodic solutions.
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4.4 Existence of Periodic solution of linear
first order system of ODEs

4.4.1 Motivation

A single differential equation on one unknown function is often not enough
to describe certain physical problems. The description of a point particle
moving in space under Newton’s law of motion requires three functions of
time; the space coordinates of the particle, to describe the motion together
with three differential equations. To describe several proteins activating and
deactivating each other inside a cell also requires as many unknown functions
and equations as proteins in the system. Hence, system of first order ODE
requires to model such problems.

Now we will discuss the sufficient and necessary conditions that guarantees
the existence of periodic solutions of system of first order linear ODE having
two equations with two unknowns.

A system of first order ODEs is a set of n equations with n unknowns and
has the form of

( dx
d_tl — l(tw/rlaxZa ... 7x’n)
dx
d_t2 - fQ(tyl'laan ... 73771)
des __
dt _f3(t7xlax27"'7$n) (49)
dan _
\ dt fn(thlvx?v s 7$n)
th dy _ dy d’y dn—ty
Every n' order ODE ¥ = F(t,y(t), ¥, 5%, ..., 57=t) can be reduced
into (4.9) as follows.
o o dy o d2y o dn—2y o dn—ly
Let Ty =Y, Tg2 = qts T3 = G2 s Tpn—1 = qn=2 Ty = a1 Then we
have
(day _
a — L2
dry _
a — 3
) .
dxn_1 =7
.~ m
drn __
\ dt —F(t,l’l,xg,...,l'n)

Consider the special case where (4.9) is linear .If f; is linear, that is
filt,x1, 29, ... 1) = apnxy + appZs + ... + @i, + bi(t), 1 < i < n where
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a;; are functions of ¢ for 1 <j <mn, then (4.9) becomes the following
linear system of first order ODEs

L = ayya1(t) 4+ arpwa(t) + ... + a1z, (t) + bi(t)
L2 = 4121 () + anawa(t) + ... + a2y (t) + ba(t)

(4.10)
don — an‘lxl(t) + anaTo(t) + .+ AT (t) + by(t)
Equivalently, (4.10) can be written as matrix form as follows
X'(t) = At)X(t) + b(t) (4.11)
Where
21 (t) () ans(t) ...am(t) bi(t)
o= | 0| ag | 0 w0 e | e
2 (t) () an(t) ... am®) b (£)

Remark: If A(t) = (ai;(t))mxn, then

%A(t) _ (%aij(t))mxn and / A(#)dt = ( / 055 ()48 men

where A(t) is continuous on an interval I. If b(t) = 0, then (4.11) is
called homogeneous system otherwise nonhomogeneous system. Let %, be
any point on an interval I and

z1(to) git
X (to) = $2(.t0) X, = V2
xn('to) %
where the 7;, 1 =1,2,...,n are given constants.Then the problem
solve : X'(t) = A(t)X(t) + b(t) (4.12)

subject to: X(ty) = Xo

is an IVP on the interval.
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4.4.2 Solution of Linear System

Definition 4.2. [14] A solution of (4.11) on an interval I is any column
matriz
1(t)

Ta(l
X(t) = 2,( ) whose entries are differentiable functions satisfying (4.11) on

Tn (t)
the interval.

The methods of undetermined coefficients and variation of parameters
can both be adapted to the solution of a nonhomogeneous linear system
(4.11). Even if variation of parameters is the most power full technique, there
are few instances when the method of undetermined coefficients gives a quick
means of finding a particular solution X,.

Consider the system of first order linear ODE

X'(t) = A(D)X () + b(t) (4.13)

And the corresponding homogeneous system

X'(t) = A() X (¢) (4.14)

where
xl(t) Cbll(t) a,lg(t) Ce aln(t) bl (t)
X(t) _ .Tzz(t) ’ A(t) _ agl:(t) CLQQ:(t) Ce agn(t) ’ b(t) _ bg(t)
xp(t) ap1(t)  ana(t) ... aps(t) b, ()

Then (4.14) consists n fundamental set of solutions, that is n linearly
independent solutions.If Xy, X5, ..., X, are fundamental set of solutions
of (4.14), then by Supper Position Theorem,

Cle(t) -+ CQXQ(t) + ... + Can(Zf)

is also solution which is general solution of (4.14) where ¢; are constants
for 1 <i<nlIf X,(t) is particular solution of (4.13), that is

X, (t) = A(t) Xp(t) + b(t) and Xu(t) = a1 X1(t) + o Xo(t) + ... + caXn(t)
is the general solution of (4.14), then

X(t) = Xp(t) + Xn(t)
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is the general solution of (4.13).

Let
x11(t) x12(t) T1n(t)
Xl(t) _ 9021:(?5) ’ X2(t) _ $22:(t) . Xn(t) _ 1‘2n:(t)
T (t) Tna(t) Tn(t)

be n fundamental set of solution vectors of (4.14) on an interval I. Then
the general solution of (4.14) is given by

X(t) = Cle (t) + CQXQ(t) + ...+ Can(t)

5(711<t> CL’m(t) l’ln(t>
= ¢ Im:(t) + ¢y ‘m:(t) +..FcC xQ’f(t)
T () T () T ()

C1 xll(t) + Co l’lg(t) + ...+ ill'ln(t)
C1 T21 (t) + Co $22(t) + ...+ Cn I2n<t)

1 Tp1(t) + 2 Tpo(t) + ...+ ¢ Tpn(t)

(L’H(t) l’lg(t) ZL‘ln(t) C1
_ %21(75) .’ﬂgg(t) l’gn(t) Cy
tr(8) Ta(t) - an(®) e
= @(t)c
where
r11(t) x12(t) ... x10(t) c
T21 t T2 t ... Top t (&)
o= | O == E<> e s
Tp1(t) Zpo(t) ... xpn(t) Cn

Theorem 4.3. [14] Let the entries of the matriz A(t), b(t) be continuous
function on a common interval I that contains the point ty. Then equation
(4.12) has unique solution.

4.4.3 Fundamental Matrix

Definition 4.3. [14] The matriz ¢(t) in (4.15) is called fundamental
matriz of (4.14 )on the interval I.
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From (4.15), we can notice that if ¢(¢) is fundamental matrix of (4.14) on
the interval I and C' is n x 1 constant column matrix, then the general
solution of (4.14) on the interval I can be written as

Since by the Wronskian

z11(t) x12(t) ... x10(t)
det 6(f) = det xglz(t) $22:(t> .. x2n(t) 40
Tp1(t) Zpa(t) ... Xpn(t)

for every t € I, we have that ¢~ !(t) exists.Furthermore, to say that

Since the last equation is to hold for every ¢ € I, and every n x 1 constant
column matrix ¢, we have that

¢'(t) — o) A(t) =0 or  ¢'(t) = A(t)e(t)

If each component z;(t) of X(t), each component b;(t) of b(t) and each
component a;;(t) of A(t) are w-periodic for 1 <14, j <mn, then X(t), b(t)
and A(t) of (4.11) are said to be w-periodic.

4.4.4 Necessary and Sufficient Conditions

In this section we will focus only on the necessary and sufficient conditions
for the existence of periodic solutions of (4.14), when A(¢) is 2 X 2 matrix
as every linear second order ODE

y'(t) + ar()y' (1) + az(t)y(t) = f(t)
can equivalently written as

X'(t) = A(t)X (t) + b(t)
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where

- (20 40- (L o )0 ()

Consider the system of first order linear ODE

X'(t) = A(t) X (t) + b(t) (4.16)
And the corresponding homogeneous system

X'(t) = A() X (t) (4.17)
where
xo= (20 ) 0= (o o2 ) o= ()

Theorem 4.4. [1/] Let ¢(t) be fundamental matriz of (4.17). Then the
general solution of (4.16) is given by X(t) = ¢(t)C + [, d(t)¢~*(s)b(s)ds

where C' is constant 2 x 1 column matriz , X(t) and ¢(t) are defined
on the interval I that contains the point t.

Proof. This part will be proved using variation of parameters.

Let Xn(t) = ¢(t)c be the general solution of (4.17) and X,(t) be the
particular solution of (4.16) where ¢(t) is fundamental matrix of (4.17) de-
fined in an interval I and ¢ is constant 2 x 1 column matrix. Then
X, (t) = A(t)X,(t) + b(t) and the general solution of (4.16) is given by
X(t) = Xp(t)+X,(t) . Let X,(t) = ¢(t)U(t) where U(t) is 2x 1 column
matrix of functions. Then

X)(t) = ¢(OU() + SOV (1) = AWSOU(E) + b(t)

But, since ¢(t) is fundamental matrix of (4.17) , we have that

¢'(t) = At)o(t)

and it follows that

AU (L) + ¢()U'(t) = A()p(t)U (t) + b(t)
which implies that
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and hence t
X,(0) = ol0) [ 07 (s)b(s)ds
Therefore.
X(t) = olt)e + / 6(1)07 (5)b(s)ds
O

Theorem 4.5. [1] Let the matriz A(t) and the function b(t) be continuous
and w -periodic in R. Then the differential system (4.16) has w -periodic
solution X (t) if and only if X(0) = X(w) .

Proof. Let X(t) be w -periodic solution. Then by definition
X(0)=X(w+0)=X(w).

It remains only to show that the converse.Let X (¢) be a solution of (4.16) sat-
isfying X (0) = X (w). If V() = X(w+1), then

V') = X'(w+t)
= At +w)X(t+w)+b(t+w)
= A(t)X(t) + b(t)
= AV (t) + b(t)
That is V(t) is solution of equation (4.16).
However, since V(0) = X(w) = X(0), the uniqueness of initial value prob-

lem implies that
X(t)=V(t) = X(w+1t) and hence X(t) is w- periodic O

Corollary 4.3. [1] Let the matriz A(t) be continuous w-periodic in R.
Further, let ¢(t) is a fundamental matriz of the differential system (4.17).
Then the differential system (4.17) has a nontrivial w-periodic solution

X(t) if and only if det(p(0) — ¢(w)) = 0.

Proof. We know that the general solution of the differential (4.17) is

where ¢ is an arbitrary constant vector. Thus,by Theorem 4.5, X(t) is
w-periodic solution if and only if ¢(0)c = ¢(w)e, that is

((0) = ¢(w))c =0
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has nontrivial solution c¢. But, this system has nontrivial solution if and only
if
det(6(0) — p(w)) = 0.
O

Corollary 4.4. [1] Let the matriz A(t) and the function b(t) be continuous
and w-periodic in R.Then the differential system (4.16) has a unique w-
periodic solution X (t) if and only if the differential system (4.17) does n't
have a w-periodic solution X(t) other than the trivial one.

Proof. Let ¢(t) be a fundamental matrix of the differential system (4.17).
Then the general solution of (4.16) is given by

X(t) = é(t)e + / 6(t)6~ (3)b(s)ds

where ¢ is constant 2 x 1 column matrix , X(t) and ¢(t) are defined on
the interval [. This X(¢) is w-periodic solution if and only if

6(0)c = d(w)e + / " 5(w)d L ()b(s)ds

That is the system

(6(0) — d(w))e = / " ()6 (5)b(s)ds

has a unique solution vector c.But, this system has unique w-periodic so-
lution if and only if det(¢(0) — ¢(w)) # 0. Now the conclusion follows from
corollary (4.3) O

Example 4.3. Consider the first order linear system of ODEs

X'(t):(j f) X(t)+<_38>

Then show that
B cost +sint cost —sint
(a) (t) = < cost —sint

corresponding homogeneous part.

) is the fundamental matriz of the

(b)  X,(t) = ﬁl ) is the particular solution for the first order linear
system of ODFEs.

[ cost+sint cost —sint cy 14 .
() X(t) = cost —sint ( & > * ( 11 is the gen-
eral 2m- periodic solution of the nonhomogeneous first order linear system of

ODEs.
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Solution

(a) Let Xy(t ( cost +sint ) Xo(t) = < cost R sin > . Then since

cost —sint

j V) o xo=( 21 7)) X

we have that X;(f) and X,(t) are solutions of the homogeneous ODE

X'(t) = ( _1 ? ) X (t).Moreover,

cost +sint cost —sint \
det( cost —sint >_ L#0

It follows that X;(¢) and Xs(¢) are fundamental set of solutions and

hence gb(t) _ ( cost +sint cost —sint

. is the fundamental matrix of the
cost —sint

corresponding homogeneous ODE X'(t) = ( :i ? ) X(t). Therefore
_( cost+sint cost —sint c1
Xalt) = ( cost —sint ) ( Co )
, 12
is the general solution of X'(t) = 11 X(t).
(b) From X,(t) = ( ), we have that X/(t) = 8

o (3 2) 50 () =) s
o= (3 1) w0 (7).

Therefore, X,(t) = ( 1 ) is the particular solution for the first order linear

system of ODEs.
(¢)  The general solution of the nonhomogeneous system is given by

X () = Xn(t) + X, (1) = ( cost+sint cost —sint ) ( ¢ ) N ( 1411 )

cost —sint Co

cos(t + 2m) +sin(t + 2m)  cos(t + +2m) — sin(t + 2)
cos(t + 2m) —sin(t + 27)

14\ [ cost+sint cost—sint 1 14\
< 11 ) B ( cost —sint ) ( Co ) + ( 11 ) —X(t)7W6 have

that X(t) is 27- periodic solution of the system.

Since X (t+27) =
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Example 4.4. Consider the second linear order ODE 4" + y = cost. Then
a)  find the corresponding system of first order ODE.

b)  Show that why the system of first order ODE in (a) has not unique
periodic solution?

Solution

a) Let y(t) = z1(t), ¥ (t) = z2(t). Then we have that z|(t) =
xt), w5(t) = —x1(t) + cost and hence the corresponding first or-
der linear system becomes

=1 o) xor ()

where X(f) = ( 28 )

cost sint
—sint cost

b o= (

) is the fundamental matrix of

X'(t) = ( B > X(t)

which is 2m-periodic. Then

60 (5 ) ven=(y7)

and ¢(27) — ¢(0) = ( 00 which implies

det(¢(2m) — ¢(0)) = 0. Thus, by corollary (4.3)

X'(t) = _01 (1) ) X(t) admits nonntrivial 27-periodic solution.lIt
follows by corollary (4.17), that

X’(t):<_01 é) X(t)+(coost)

where X (t) = ( z1(t) ) has not unique 27-periodic solution

Summary
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The study of existence and property of periodic solutions of ordinary differ-
ential equations has already attracted the attention of many researchers in
the area.In this particular project, conditions are obtained which are suffi-
cient for existence of periodic solution(s) of (4.1).The periodic solution of
(4.1) is highly linked with the periodicity and other conditions of a, f and
g.The existence of fixed point for a given operator play a great role on the
existence of periodic solution(s) and One can apply Shauder’s Fixed Point
Theorem to determine the existence of periodic solution(s) of (4.1) after
transforming the original equation into integro-differential equation through
a linear integral operator.

34



Bibliography

1]

2]

3]
[4]

[5]

[10]

[11]

P. Agarwal and Donal ORegan, “An introduction to differential
equations” doi: 10.1007/978-0-387-7276-5-20,(C)springer science Busi-
ness Media,LLLc(2008).

F. Bonsall, “Lectures On Some Fixed Point Theorems Of Functional
Analysis”, Tata Institute Of Fundamental Research, Bombay (1962).

Y. Capdeboscq, “Fized point methods for nonlinear PDE”.

R.Deumlich, “Functional Analysis I text for Lecturer (math631)”, Addis
Ababa University Faculty of science( 1997).

Dugundji J., A. Gramas, “Fized Point Theory”, Department of Mathe-
matics and Computer Science,University of Warmia and Mazury Poland.

M. Kapovich, “Monotonic functions and first derivative test”, Lecture
22.Section 4.3: November 23, 2011.

E. Kreyszig , “Introductory Functional Analysis with Applications”, Uni-
versity of Windsor .

P.  Kumlin, “TMA  401/MAN 670 Functional Analysis
2003/2004” Mathematics Chalmers and GU.

W. Lindner, “Some properties of the set of discontinuity points of a
monotonic function of several variables”, Folia Mathematica Acta Uni-
versitatis Lodziensis ,Vol. 11, No. 1, pp. 5357.

Y. Luo et.al, “Periodic solutions for a class of second order differen-
tial equations”,Electronic Journal of Qualitative Theory of Differential
Equations (2013), No. 41, 1-10

A. Pinchuck “Functional Analysis Notes” Department of Mathematics
(Pure and Applied) Rhodes University,(2011)

35



[12]  G. Simmons, “Differential Equations with applications and Historical
Notes”, second edition.

[13] G. Sista, “MA 417: Ordinary Differential Equations”

[14]  G. Zill, “A first course in differential equations”, fifth Edition, Loyola
University.

36



Addis Ababa University
College Of Computational And Natural Sciences
School of Graduate Studies
Department of Mathematics

The undersigned hereby certify that they have read and recommend to the de-
partment of mathematics for acceptance of this project entitled “Existence
Of Periodic Solutions For Class Of Second Order Ordinary Differ-
ential Equations with Periodic Data” by Sahle Weldemichael in partial
fulfillment of the requirements for the degree of Master of Science in mathe-
matics.

Advisor: Dr. Tadesse Abdi

Sign. Date

Examinerl:

Sign. Date

Examiner2:

Sign. Date

By: Sahle Weldemichael Sign.

Date




