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Abstract

We analyze a degenerate three-level laser driven by coherent light and coupled to a
vacuum reservoir via a port-mirror. Employing the solutions of the c-number Langevin
equations we have determined the mean photon number, variance of the photon number
and quadrature variance of the cavity radiation.The mean photon number would be zero
when there is no driving light and all atoms are initially in the bottom level, and the most
intense light is produced when all atoms are initially in the upper level. We observed that
the more atoms are injected into the cavity at a time, the more the degree of the squeezing

of the cavity radiation would be.
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Chapter 1

Introduction

In recent years the interaction of three-level atoms with a radiation has attracted a
great deal of interest [1-12]. According to [1-7] the atomic coherence can be induced in a
three-level atom by coupling the levels between which direct transition is dipole forbidden
by an external radiation or by preparing the atom initially in a coherent superposition of
these two levels [9, 10, 11]. It is found that the cavity radiation exhibits squeezing under
certain conditions for both cases [6, 8, 11, 12].

In a three-level atom the top, intermediate, and bottom levels are denoted by |a), |b),
and |c) in which a direct transition between levels |a) and |c) is dipole forbidden. When
the three-level atom decays from |a) to |¢) via the level |b) two photons are generated.
If the two photons have identical frequency, then the three-level atom is referred to as a
degenerate. Hence we define a degenerate three-level laser as a quantum optical system
in which degenerate three-level atoms initially prepared in a coherent superposition of
the top and bottom levels are injected at a constant rate into a cavity. These atoms are
removed from the cavity after some time. We hence realize that, a degenerate three-level
laser is a two photon device in which squeezing properties are expected to occur due to
the correlation between these two photons [4, 6].

We consider a degenerate three-level laser coupled to a vacuum reservoir via a single-
port mirror and the bottom level of the atom on the other hand is coupled to the top level
by an external resonant coherent light as shown in Fig. 1.1. Some authors have already
studied such a scheme in which the atomic coherence is induced by an external radiation

and when initially the atoms are prepared in a coherent superposition of the top level and



bottom level [6, 7, 12]. They found that the three-level laser in these cases resemble the
parametric oscillator for a strong radiation. Moreover, recently Saavedra [3] studied the
A three-level laser when the atoms are initially prepared in a coherent superposition and
the forbidden transition is induced by driving with strong external radiation.

In this project, we calculate the mean photon number, the variance of the photon
number, and we also study the squeezing properties of the cavity radiation produced by
degenerate three level laser using the c-number Langevin equations associated with the
normal ordering. In particular, we calculate the mean photon number and the quadrature

variance for cases when the atoms are initially prepared to be in the top and bottom levels.

T a)
Wa i
() -
‘ b)
wa a

Figure 1.1: Schematic representation of a coherently driven degenerate three-level atom.
The transitions from |a) to |b) and |b) to |c) at frequency w, each are taken to be resonant
with the cavity. The transition from |a) to |¢) is dipole forbidden and can be induced by
driving the atom externally with resonant radiation of frequency 2wj,.



Chapter 2

Master Equation

In this chapter we obtain the master equation describing the cavity radiation of the driven
degenerate three-level laser coupled to a vacuum reservoir.
The interaction of a degenerate three-level atom with a single-mode light can be described

in the rotating- wave and electric dipole approximations by the Hamiltonian [1]
Hag = gla(]a)(b] + [b){c]) — (|b){al +[c) {bl)a'], (2.1)

where AR stands for atom-radiation interaction, g is the coupling constant, which is taken
to be the same for both transitions, and a is the annihilation operator for the cavity mode,
la)(b| and |b)(c| are atomic operators. On the other hand, the three-level atom for which
its bottom level is coupled to the top level by a resonant coherent light can be expressed

in the rotating-wave approximation by the Hamiltonian [1]

e =15 (16 (o] ~ laye] (2.2

where C stands for coupling, and €2 is a real-positive constant proportional to the am-
plitude of the coherent driving radiation. Hence on the basis of Eqs. (2.1) and (2.2)
the interaction of a coherently driven three-level atom with the cavity radiation can be

represented in the rotating-wave approximation by the Hamiltonian,

H = 1gla(|a) {b] + [)(c]) — ([b){al + [c)(Bl)a'] + Z%HCWI = la)(c]. (2.3)

We can write the initial state of a three-level atom whose top and bottom levels are

coupled by resonant driving coherent light as [1]
[©4(0)) = Ca(0)]a) + Ce(0)]c), (2.4)

3



where C,(0) = (a|®4(0)) and C.(0) = (c|P4(0)) are probability amplitudes for the atom
to be in the top and bottom levels, respectively. This corresponds to the fact that the
three-level atom is initially prepared to be in a coherent superposition of the top and
bottom levels. Hence the initial density operator for the atom described by the quantum

state Eq. (2.4) would be

pa(0) = |24(0))(P4(0)],
= (Ca(0)]a) + Cc(0)[e))(C5(0){al + CZ(0)(c]),
= |Ca(0)Pla){al + Ca(0)C; (0)|a)(c| + Cc(0)C; (0)]e)(al + |Ce(0)*[e){cl,
= paa(0)[a)(al + pac(0)]a)(c| + pea(0)[c){al + pec(0)|c)(c], (2.5)
where
pap(0) = C1(0)C5(0), (2.6)

with o, 8 = a, b, c.

It proves to be convenient to introduce a new parameter n defined by [2]

L—n
paal0) = ——. (2.7)
Using the fact that
Paa(0) + pec(0) = 1, (2.8)
along with
19ac(0)[* = paa(0)pec(0), (2.9)
one easily finds
1+n
pec0) = ——, (2.10)
and
1
|pac(0)| = § \% 1- 772a (211)



with —1 <n < 1.
We note that the parameter 1 describes the initial preparation of a three-level atom. Upon

setting
PaC(O) = ’paC(O)‘ew> (2'12)

the expression given by Eq. (2.5) can be put in the form

T\ay(al + = w —Pelay(c| + = m—ne*ﬂ )al + 1 "|c><c|. (2.13)

Suppose par(t,t;) is the density operator for a single atom plus the cavity mode at time

pa(0) =

t, with the atom injected at time ¢;, such that (t — 7) <t; <t¢. The density operator for

all atoms in the cavity plus the cavity mode at time t can then be written as [2]
par(t) =rq Z'OAR t,t)) (2.14)

where r,At; represents the number of atoms injected into the cavity in a time At;. As-
suming that the atoms are continuously injected into the cavity and taking the limit that
At; — 0, the summation over j can be converted into integration with respect to t’, we

have
t
pAAR(t) == Ta/ ﬁAR(t, t/)dt/. (2.15)
t—1
From the Leinbnitz rule

d '@ dv(x)
@ /. f(ww) = flz,v)—-

du(z) [ 0 N
— flz,u) I +/J(z) %f(x,x)dx, (2.16)

there follows

d
dt

t
. R 0

—Par(t) = ra(par(t,t) — par(t,t — 7)) + Ta/ atpAR(t th)dt'. (2.17)

We notice that pag(t,t) represents the density operator for an atom plus the cavity

radiation at a time when the atom is injected into the cavity, whereas pag(t,t — 7)

represents the density operator when the atom is removed from the cavity. Since the

atomic and radiation variables are not correlated at the instant the atoms are injected

into or removed from the cavity[2],

par(t,t) = pa(0)p(t) (2.18)

ot



and
(2.19)

par(t,t —7) = pa(t —7)

(t),

>

where, p4(0) = pa(t).

With 5(t) being the density operator for the cavity mode alone can be obtained by

tracing the atom-radiation density operator over atomic variables

Now in view of Eq. (2.18) and (2.19), one can write Eq. (2.17)

< pan(t) = 1u(7al0) = palt = 7)ott) + 7 | gipAR<tt>dt (2.20)

In the absence of the damping of the cavity mode by vacuum reservoir, the density
operator pag(t,t') evolves in time according to[1,2]

0 PN
[H7 pAR<t7 t/>]7

atﬂAR(t t) = (2.21)

so that using Eq. (2.21) and taking in to account Eq. (2.15), one can put Eq. (2.20)

the form
 pan(t) = ra(pa(0) = palt = 1)(t) ~ [ par(t)] (222)

Furthermore, tracing over the atomic variables, we have

TG Pa0(0) = Tra (72 (52(0) = e = ))0) 1. (0]
B0 (Trapalt) + Trapat) (5 (5(0)) = raTra(5a(0) = Falt — 7))p(1) — TraGlA. par(t),
0+ (p(1)) = 71 = D(8) = TraGlH, pan(t),
L (5(6) = 0~ TraGlH. pan(t)]).
L 5(6) = ~Tralf. pan(t)] (223)
where Tr, denotes trace over atomic variables and we have used the fact

(2.24)

TT‘ﬁA(t) = TTﬁA(t — 7') =1.

The master equation associated with the interactions described by the Hamiltonian Eq

(2.3) can be put in the form

%ﬁ(zﬁ) = —1Tr 4 [eg(a(|a)(b] + [b){c|)

la){cl), par(t)].

— ([b){al + |e)(pl)al) + @%(ICMa! =
(2.25)



70 = Tra( (o@labtl + 1)(ch — (8) el + 1) 0D) + (1 al — a}e)) antt)

Q

= par(®) (g((la) (0] + b){c)a — (1b)(al + [e)(b)a") + 5 (|e){al - Ia><6|))),

. . R . Q Q |
= g(a(pba + pcb) —al (pab + pbe) - (pbzz + pcb)a + (pab + pbe)aT) + §(pac - pea) - E(pac — Pea
= 9(@pva + a@pey — Prall — pebit — @l pay — @' pye + pata’ + pucal), (2.26)
in which the matrix element p,g is defined by
Pap = (a|parl|B), (2.27)

with o, 8 = a, b, c.
We next proceed to determine the matrix elements p,g, by using Eq. (2.22). In the

relation

d d
JpPaB = (a@ﬁAR(t)W)- (2.28)

It then follows that

d

g3Pas = Ta((alpa(0)]8) — (alpa(t — 7)8))A(t) — 1(al[H, par()]|8) = Vhas,  (2:29)

where the last term is included to account for the decay of the atoms due to spontaneous
emission. Here -, considered to be the same for both transitions |a) — |b) and |b) — |c) is
the atomic decay constant. We assume that the atoms are removed from the cavity after

they have decayed to a level other than the middle or bottom level. We then see that

(alpa(t —7)|B) =0, (2.30)
and Eq.(2.29) becomes
%Paﬁ = 1a((alpa(0)|8))(t) — 1({al[H, par(DIIB) = VPap- (2.31)

Applying this equation and taking into account (2.3) and (2.5), we obtain

d . . ) Q

Eﬂab - g(apbb — Paa@ + pacaT> - Epcb — YPab) (232)
d A . R Q

2P = 9(apec — apac — pra) + 5 Pba = VPoe; (2.33)



d

P 9(ape — @' pap — Pl + pacd’) — VP, (2.34)
d . . At Q
apaa = Tapaa(o)p(t) + g(apba + Pab@ ) - §(pca + pao) = YPaas (2'35)
d . . ) Q
%pcc - TapCC(O)IO(t) - g(apbc - pcba) + §(pac + pca) — ¥ Pce, (2'36)
d ) R o Q
%pac = Tapaa(o)p(t) + g(apbc - paba) - E(pcc - Paa> — YPac- (2-37)

We confine ourselves to linear analysis and this can be achieved by dropping the g terms

in Egs. (2.34), (2.35), (2.36), and (2.37). We then see that

d
— = — 2.38
dtpbb Y Pob, ( )
d R Q
—Paa = Tapaa(())[)(t) - _(pca + pae) — YPaas (2'39)
dt 2
d R Q
Epcc = Tapee(o)p(t) + E(pac + pca) — YPccs (2'40)
d R Q
Epac = TapPac(0)p(t) — 5(/700 ~ Paa) = VPac- (2.41)

In addition, imposing the good cavity limit (x < 7) in which the atomic variables reach
steady state in a relatively short period of y~!, we can take the time derivatives of such
variables to be zero, while keeping the zero order atomic and cavity mode variables at time
t. This procedure may be referred as adiabatic approximation scheme. Thus applying the

adiabatic approximation scheme, we get from Eqs. (2.38), (2.39), (2.40), and (2.41) that

Pbvb = 0, (2.42)

Ta

Q
Paa = —Paa Oﬁt — = (Pea + Pac); 2.43
S (0)a(t) 27( ) (2.43)



Ta . Q
Pec = 7,0@(0);0(?5) + _<,0ac + pca>7 (244)

2y

Ta . Q
ac — ~ Pac 0 t) — — Pec — Paa)- 2.45
Pac = P (0)p(t) 27( ) (2.45)

Upon setting pu.(0) = pea(0), we see from Eq. (2.45) that

pac(t) = pca(t)' (246)

By subtracting Eq.(2.43) from Eq.(2.44) and by taking in to account Eq. (2.46)

Tq

. Tq . Q
Pce = Paa = —pcc(O)p(t) - 7paa(0)p(t) + 25(10&0 + pca)v

T e (0)(8) + 2%<pac>. (2.47)

By substituting Eq. (2.47) in to Eq. (2.45), we get

Ta Q ra -~ TCL ~ 2Q
ac:_acOAt___cco Zf__aao t)+— ac
poc = 7 Pac(0)p(t) = o (pec(0)P(8) = —paa(0)0(1) + —=(puc))

0?2 Ta A Qr, . Qr, .
1+ 55) = 00090 = T2 0)0(0) + 52050
Ta

Pac = mﬁ(t) (Q(paa(o) - pcc(o)) + 2’7pac(0)) (248)

By substituting Eq.(2.48) in to Eqgs.(2.43) and (2.44), and by taking in to account Eq.(2.46),

we see that
Tq R Q
Paa = 7paa<0)p(t) - %(pca + pac)7
- %paa<0)ﬁ(t) - g(ﬂac)a
= " paa(0)p(1) ~ Q(T—aﬁ(t)(Q(p (0) = pee(0)) + 27p (0)))
ry aa ’y 2(,}/2 + Q2> aa cC ac )
_ rap(t) 2 2 2 9
= W@(V + 0%)04a(0) = Q%04 (0) + Q% pee(0) — 2Q27p,(0)),
raﬁ(t) 2 2 2
= izt ) (27 T )Paa(0) = 20900e(0) + pec(0)), (2.49)



T, R Q
Pec = 7pcc(0)p(t) + _(pca + PaC)a

2y

= 0)5(0) + (),
=T 0)i() + (Lﬁ(t) (paa(0) = pec(0)) + 27p (0)))

y e vy 2(72 + Qz) aa cc ac ,

Taﬁ(t) 2 2 ) 9

— m@('y + Q%) pee(0) + Q% paa(0) — Q%pee(0) + 2Q7p4c(0)),
_ Tap(t) 9 ) )
= W(Q paa(O) + QQ’ypac(O) + (27 + 0 )pcc<0))_ (2.50)

Now making use of Eqgs.(2.32), (2.33), (2.42), (2.49) and (2.50), we have

Pab = (472 +g§§;)ﬁ((§)2 + QQ) [d[<4'72 + QQ)paa(O) - G’YQPGC(O) + 3Q2PCC(O)]

ral -2 0) + 207 - 27)00) + o), )
Pecb = (42 +9£;§3<(§)2 +02) [&[_9(477 e )paa(o) - 2(2/72 - Qz)paC(O)
—M/)CC(O)] + @302 040 (0) + 627p4c(0) + (22 + 49%) pe(0)]], (2.52)

By substituting Eqs. (2.51 ) and (2.52) in to Eq. (2.26)

d . AC o s
—A(t) = S [2apa — aalp — paa]
AD
+§[2dﬁ€ﬂ —a'ap — pa'al
AFE o o
—i—ﬁ[fﬂﬁcﬁ —a?p — pa'® + apal
AF P
—i—ﬁ[&Tﬁ&T —a'?p — pa* + apal, (2.53)
where
2 2
A= T’azg : (2.54)
v
is the linear gain coefficient,
02 02
B=01+—=)1+— 2.55
(14 5)0+ 1) (2.55)
02 30 302
= Paa 1 - o) = Pac a_ cc X 2.56
C = pua 01+ ) = pucl0) 5=+ pe0) (2.56)



302 3Q 0?
aa ac o cc YA 2.
a0 5 + o) 5 + 00N+ ) (257)
Q 0?2 02
E=— —(1—- =) - - —
QQ
cc - 1 - o) 2
0=+ ) (259)
2 QQ
F=— —(1+-—) - 1-—
Q 02
ee(0)—(1 — =—). 2.
The general master equation for a system coupled to a reservoir is given by
b o S o
= = ~UHs, pO)] = l{Hsr)r, p(t = h)] = h[{Hsr)r, [Hs, 7]
—hTrp(H2R)p — hpTrr(RH2,) + 2hTrr(HsppRHgg), (2.60)

where Trg is tracing over the reservoir, H sgr 1s the Hamiltonian describes the interaction
of the system with the reservoir, and H is the Hamiltonian describes the interaction of
the system.
If we assume a thermal reservoir the hamiltonian describing the interaction of cavity mode
and reservoir mode is

Hsp = i\atay, —al a), (2.61)
where A is coupling constant, a;, is the annihilation operator for the reservoir mode, and
a is the annihilation operator for the cavity mode.

(Hsr) = Trr(RHsg),
= Trp(Red(atas, —al a),

= N Trp(Ragy) — aTrg(Ral ), (2.62)

= 0. (2.63)

11



Similarly, one can verify that (a! Yz =0, (a2,)r = 0, (al?)z = 0.
Therefore Eq. (2.62) becomes

(Hsg)r = 0. (2.64)

Using the Hamiltonian Eq. (2.61), we see that

WTrr(H2oR)p = hTrrliNaas, — al a)l(@a, — al a)Rp),
.I_

= —NhTrglatamalanRp — dlamal aRp — al aaa,Rp+ al aal aRp),
— —N2n[a"pTrgp(a2 R) — Try(amal, R)atap — aatpTrp(al aqmR) + a*pTrr(al’R)),

= —X\h[0 — Trglamal, R)atap — aal pTrr(al amR) + 0],

= Nh((n 4+ 1)a'ap + naa'p),
R Atan L —aatoa
= 5((7’1 + 1)a'ap + naa'p). (2.65)

Similarly one can verify that

hpTrp(RHZ,) = g((ﬁ +1)pata + npaal), (2.66)

hTrp(HsppRHsp) = g(ﬁ&Tﬁd + (7 + Dagah), (2.67)

where (4] d;) = 7, (amal ) = 14 1, and k = 2h\? is cavity dumping constant. By

substituting Eq. (2.64), (2.65), (2.66) and (2.67) in to Eq. (2.60), we have

d

"t = i), o)+ 0 D 955

5 [2apat —a'ap—pa'a)+ —[2a'pa—aatp—paa']. (2.68)
On the other hand, the time evolution of the density operator for a single-mode cavity

radiation coupled to a vacuum reservoir via a single-port mirror is found
[2apal — a'ap — pa'al. (2.69)

In over case the deriving coherent light couples the top and bottom levels of the atom.That
is, the cavity mode is not driven(pumped) by the coherent light. consequently, we set

Hy; = 0 in Eq. (2.69). With the aid of Eqs. (2.53) and (2.69), the master equation

describing the cavity radiation of the driven degenerate three-level laser coupled to a

12



vacuun reservoir turns out to be

Pt = ﬁ[%ﬁ oa — aa'p — paal]
%(AFD k)[2apat — a'ap — patal
+§—§[d*ﬁd* —a®p — pa® + apal
%[a*ﬁ —a'?p — pa’ + apa)

13

(2.70)



Chapter 3

c-number Langevin Equations

In this Chapter we obtain the c-number Langevin equations, their solutions associated

with normal ordering and correlation properties of the noise force. Employing the master

equation along with the relation @ = TT(%?), we see that
%(a@)) _ TT(%&),
— ’s_gmza*ﬁa? —aa'pa — paa'al
n %(AFD + r)Tr[2apata — a'apa — pata’]
+ ’g—gﬂ[a*ﬁam —a’pa — pa'a + apa’]
- %Tr[amafa —a"pa — pa’ + apa®), (3.1)
or
d,.
@) =Ti+ Ty + Ty + T, (3.2)
in which
T, = %TTD&T pa* — aa'pa — paa'al,
T, = %(AFD +w)Tr[2apata — alapa — pata?),
T; = s—gﬂ[a* pata — a*pa — pat*a + apa’),
T, = s—gma’rmm —a%pa — pa’ + apa’] (3.3)

14



The above traces can be simplified taking in to account the cyclic property and the

commutation relation [a,a’] = 1. It then follows that

AC

T, = ——=Tr[2pa’al — pa*a’ — paa'al,

2B
AC
= ﬁw[ pa(ata + 1) — paa'a

AC
= ﬁTT[P al,

AC |
= ﬁ@%

1 AD

= (= + r)Tr[pa'a® — p(1 + a'a)a),

2° B

By substituting Eqs. (3.4), (3.5), (3.6) and (3.7) in to Eq.(3.2) we have

d AC 1 AD AFE

Salt) = S @) — S (- + @) + S ) -

1 A
2B
L a(t) + Blal 1)),

2B

15

D~ C)+ m){@) + 2= (E — F)(al),

(3.5)

(3.7)

(3.8)



where

Furthermore, we note that

or

where

p=—2(D—=C)+x, (3.9)
A
f=5(E—F) (3.10)
d 42 dp .o
— T
(@ (t) = Tr(=a%),
AC
= ﬁTr[Z&Tﬁd?’ —aa'pa® — paa'a®),
1 AD
+ 5(? + r)Tr[2apata® — a'apa® — pa'a’),
AE
+ ﬁTT[ pata? — a*pa® — pat?a® + apa’),
AF
+ ﬁTr[ a'pata® — apa® — pat + apa’), (3.11)
d ~9
%(a () =51+ 82+ 53+ 54 (3.12)

AC
Sy = ﬁTT[QdTﬁdg — aa'pa® — paa’a?),

1 AD
Sy = (- + r)Tr[2apa'a® — a'apa® — pa'a®),

2' B
Sg = ’g—gﬂ[ Thata® — a’pa® — paa® + apa’),
Sy = ’;—gﬂ[ a'pata® — atpa® — pat + apa®). (3.13)
Sy = s—gTT[Z/}A?’AT — patal — paata?),
= %Tr[paﬁaf - pa'a + 1)a?,
= 2 el
— %m (3.14)
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Sy =5(5 + k)Tr(2pata® — pa*a’a — pa'a®],
1 AD
=5(F+ ®)Tr[pata® — pa(l + ata)a),
1 AD
=55+ w)Tr[pata® — pa* — p(1 + a'a)a?,
1,AD
=55+ k) Tr[=2pa%),
AD
= _(F + H) <&2>, (315)
AE
Sy = ﬁTT[ﬁdT&Q&T — pa* — pat*a® + pa’l,
AE
= ﬁTr[ﬁaﬂa(l +a'a) — pat?a?),
AE
= ﬁw[peﬁa +pat(1+a'a) — pata?),
AE
= ﬁTT[Qﬁde],
AE
AF
Sy = ﬁTr[ﬁaﬁ a?al — pa’at® — pat + patl,
AF
= ﬁTr[ﬁdT&(l +a'a) — pa(1 +a'a)al,
AF
= ﬁTr[f)aﬁ a+patata— paat — paataal),
AF oot 1 4 ataVa — (14 aTa) — 51+ ata) (14 6+ d
= ﬁTr[pa a+pa'(1+a'a)a—p(l+a'a) —p(l+a'a)(l1+ata),
AF
— ﬁTr[f)eﬁa + pata + pat?a® — p— pata — p(1 + 2aa t +a'aa’a)],
AF
= ﬁTr[ﬁdT& + pa'a + pa'?a® — p— p—2pata — pa’(1 +a'a)a
AF
= —Tr[—2p—2pala
5 Lrl=2p —2palal,
AF .
= —2(ﬁ)[1 + (a'a)]. (3.17)
By substituting Eqgs. (3.14), (3.15), (3.16) and (3.17) in to (3.12) we have
d,. AC . AD o AE .. AF .
%@Q(t» = ﬁ<a2> - (F +R)(a®) + f(@T@ - 2(ﬁ)TT[1 + (a'a)),
AC AD ) AE AF AF
= (= — (=~ 0%y 4 2(== — ——)(ala) — 2=
AF
= —p{a*(1)) + 28(a' (t)a(t)) — I (3.18)
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Following similar procedure, it can be verified that

d
dt
where p and (3 are given in Egs. (3.9) and (3.10).

AC

(ala) = —p(ala) + pl(a™) + (@*)] + —-, (3.19)

The operators in Egs. (3.8), (3.18), and (3.19) are in the normal order. Hence we can
express these equations in terms of the c-number variables associated with the normal

ordering as

“{alt) = (o) + 5ta" (1), (3:20)
D020 = —plo?(1)) + 280" a0 — - (3.21)
ot (a(e) = —pfo* Ba(0) + Gl (W) + @) + 5 (3:22)
On the basis of Egs. (3.20), it is possible to write
Calt) = ~Ra(t) + for (1) + F(1) (3.23)

where F(t) is the corresponding noise force the properties of which remain to be deter-
mined. Correlation properties of noise force can be written as the expectation value of
Eq. (3.23)

d " )
Zla®) = =5 (a®) + B (1) + (F(2)). (3.24)

By comparing Egs. (3.20) and (3.24) we get
(F'(t)) = 0. (3.25)

By using Eq. (3.23) together with the relation 4 (a?(t)) = (au(t) 92Dy 4 (9D ) (1)) e see
that

C02(1)) = (a(t)(~Ba(t) + B (1) + F() + (~Ea(t) + fa* (1) + F(1)a(0)

dt
= —pu(a®(t)) +26(a” (t)a(t)) + () F (1)) + (F(t)o(t)) (3.26)

18



Comparison of this with Eq. (3.21) indicates that

(a)F(E)) + (F(t)alt)) = ——F%- (3.27)
The solution of Eq. (3.23) is
a(t) = a(0)e ' + fe 2! / te%t’a*(t')dt'+e%” / te%t'F(t’)dt’. (3.28)

Multiplying this by F(t) from right and taking the expectation value of the resulting

expression, we obtain

t t

(a(t)F(t)) = (a(0)F(t))e 2t + Be =t / eSU (o () F(t))dt + e / ez (F(t')F(t))dt'.
0 0

(3.29)

Multiplying Eq(3.28) by F(t) from left and taking the expectation value of the resulting

expression, we get

t t

(F()a(t)) = (F(t)a(0))e 2t + Be= ! / e (F(t)or(t'))dt + et / eV (F(t)F(t))dt'
0 0

(3.30)

On account of Eq. (3.25) along with the fact that the noise operator F(t) at some

time t should not affect system variables at an earlier times, we can write

— 0. (3.31)

—~
L
—~
-
~—
=
—~
~+
~—
~
I
[
s
-~

/ SRV F ()t (3.32)
and t

(F(t)a(t)) =e2"! /0 e (F()F('))dt'. (3.33)
By substituting Eqs. (3.32) and (3.33) in to Eq.(3.27) and assuming (F(¢')F(t)) =
(F(t)F(t)), we have

1 AF

/0 R R =~ (3.34)
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Now on the basis of the relation
t

/ e VG dE = C, (3.35)
0

it can be expressed as
(F(t"G(t)) =2C6(t —t'), (3.36)
with a being a constant. Therefore, in view of Egs. (3.34), (3.35) and (3.36), we get

AF

(F(t"F(t)) = —F(S(t —t). (3.37)
The complex conjugate of Eq. (3.23) is
%a*(t) = Lot (t) + Balt) + F*(1). (3.38)

Moreover, applying Egs. (3.23) and (3.38) along with the relation 4 (a* (t)au(t)) = (do‘;t(t)oz(t»—i-

<oz*(t)d6:l—§t)), we see that

2l (t)alt)) = —g@*(t)a(t)) +B(a’(t)) + (F*(t)a(t)) — g(a*(t)a(t)> +B{a™(1) + (" () F (1))

dt
= —pl{a’(t)a(t)) + B’ (t)) + (a™(1))) + (F"(t)a(t)) + (" () F(1)).
(3.39)
By comparing Eq. (3.39) with Eq. (3.22) we get
(F*(t)a(t)) + (™ () F(t)) = % (3.40)

Multiplying Eq. (3.28) from left by F*(t) and its complex conjugate from right by F(t)

and taking the expectation value in both cases, we have

(F*(t)a(t)) = (F*(t)a(0))e 2 +Fe /0 SV (F*(t)ar () dt +e7 ! /0 eV (F*()F(t))dt’

(3.41)

and
(a*()F (1)) = (a*(0)F(t))e 2" + Be 2 ! /O e (a(t')F(t))dt +e7 " /0 3V (F*(t")F(t))dt'.
(3.42)
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On account of Eq. (3.25) along with the fact that the noise operators F(t) and F*(t) at

time t should not affect system variables at an earlier times, we have

= 0. (3.43)
According to Eq. (3.43), we can put Egs. (3.41) and (3.42) in the form
¢
(F*(t)a(t)) = e;t/ e2! (F*(t)F(t"))dt’ (3.44)
0

and

(a*()F(t)) = e /0 eSV (F*(t')F(t))dt'. (3.45)
By substituting Eqs. (3.44) and (3.45) in to Eq. (3.40) and assuming (F*(t)F(t')) =
(F*(t")F(t)), we have

t
o / ARt = 2 A (3.46)
; 2 B
and taking Eq. (3.35) and (3.36) into account, we obtain
(F*(t)F(t")) = %(5(15 —t). (3.47)

We notice that Eqs. (3.25), (3.37), and (3.47) represent the correlation properties of the
noise force.
We now proceed to obtain the solution of the c-number Langevin equations. Adding Egs.

(3.23) and (3.38) results in

0 (1) + alt) = (0" (1) + a(t)) + H0" (1) + olt)) + (1) + F(1)
Con(t) = 5= 2W)on () + PO+ F(H), (349

and subtracting Eq. (3.23) from Eq. (3.38) we get

%@ (t) = —%(u +28)a_(t) + F*(t) — F(t) (3.49)



On the basis of Eq. (3.48) and (3.49), we see that

A+

Jou(t) = —Faw(t) + F* (1) £ F(1), (3-50)
where
as(t) = a*(t) £ a(t), (3.51)
and
Ar = pu T 205 (3.52)

The solution of Eq. (3.50) is expressible as

t
as(t) = as(0)e 2t + / e~ F O () dt + / e F O P e, (3.53)
0
It then follows that
t
ap(t) = ay +/ e~ 7 O ar’ +/ ~SF O R, (3.54)
0 0
and
Ay t Ay /
o (t) = a_(0)e 5 / e F 0 (g — / e F ) P ay. (3.55)
0 0

Now using Eq. (3.51), we have

() +at) =a"(0)e 2 +a(0)e 2" +e 2 /Ot e%t’(F* )+ F))dt',  (3.56)

P(F*(t) — F(t'))dt'  (3.57)
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or

a(t) = ar(t)a(0) + a_(t)a™(0) + E_(t) + E (1), (3.59)

in which
as(t) = %(eV LY, (3.60)
Ba(t) = % /0 L ) £ P (3.61)

We observe that a well-behaved solution of Eq. (3.54) exists at steady state for A_ > 0.
As a result, p = 20 is designated as a threshold condition. It may worth mentioning that
photon statistics as well as the quadrature variance of the cavity radiation can be studied

making use of Eq. (3.59).
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Chapter 4

Photon Statistics

4.1 Mean photon number

In this chapter we calculate the mean and variance of the photon number for the cavity
light produced by the degenerate three-level laser coupled to a vacuum reservoir.

The mean photon number of the cavity radiation is
n = (a"(t)a(t)). (4.1)

By using the solution of the c-number Langevin equation written in Eq. (3.59), the mean

photon number can be written as

a’(0) + E_(t) + E (1)),

= al (1){a"(0)a(0)) + a (t)a—(t){a” (0)> +ar(O)(a(0)E-(1) + ar(t)(a”(0) EL (1))

I
—~
—~
Q
+
—~
~
~—
Q
*
—~
(a)
~—
+
Q
—~
~
~—
—~
@)
~—
+
&
| *
—~
~—
+
Dj
*
A
~—
~—
—~
IS
+
—~
~
~—
—~
@)
~—
+
IS
—~
~
~—

+a-(t)ay (t)(a?(0)) + a2 (t)(a(0)a(0)) + a—(){a(0) E_(t)) + a—(t){a(0) E+(t))
+ai (t)(EZ(t)a(0)) + a— () (EZ(t)a"(0)) + (EZ (1) E- (1)) + (EZ (1) E (1))
+ay (t)(EL(1)a(0)) + a- () (EL(1)a"(0)) + (EL () E_(1)) + (EL (1) E4 (1)) (4.2)
At steady state, Eq. (3.60) becomes
as(t) = %(e—ﬁ‘t I (4.3)

On account of Eq. (3.25) along with the fact that the noise forces F(t) and F*(t) at time

t should not affect system variables at earlier times and for the cavity mode assumed
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initially to be in a vacuum state, Eq. (4.2) can be expressed as

n=(a"(t)a(t)) =

(EZ(t)E-(1))

+(EZ(H)EL (1)) +

(BL(H)E- (1)) +

(EL()E (1))

(4.4)

Employing Eq. (3.61) and considering the correlation of properties of the noise forces,

* ]' ! —M * ! / / 1 ! —M " * 1! /!
EOF-0) = (G [ 5T - P [ e TR - Fejan),
1 At ! At ! Apt” . " " ! At % (2I\ Tk (40! "
i +/Oe ; [/Oe P () F () dt —/Oe P () P () dt
t N t N
_ / e~z (F(t)F(")dt" + / T (F(E)F*("))dt")dt’
0
t t i t w7
_}Le—m /0 = ABC 0 (1 — it — () /O 55t — 1) dt
t W
_( ABF)/ e>\+2 5( // dt//_'_ / //)dtll]d
_i il QAF 246, / = / (t —t")dt"dt’
1 AF AC’ At Mt
= 2[ 5 5 le /0 e tdt’,
1. AF AC At 1 Aot
=35 +5l A+(6 1),
A _
= 3B [F+ C)(1 — e, (4.5)
and
* 1 ! >‘+(t ) % (4l / / 1 ! w " * (4l "
(EZ®)E- (1) = (5 i e [ () = F())dt) (5 o [F(t") + F=(")]dt")),
T e ! gt/ Lo % () " " ! At % ([ pI\ Tk (M "
:Ze 2 e 2 /062 [/Oe = (F*(tF(t"))dt +/Oe = (F*(t)F*(t"))dt
t PN t At
—/ e 2 <F(t’)F(t”)>dt”—/ ez (F(t)F*(t"))dt"|dt’
0 0
oLt —at t + o t M
_ie 2+ e A2 / eA+ [ABC/ 6A2 5(t/—t//)dt//+(—A—BF)/ ekz 5(t/—t“)dt//
0 0 0
AF ¢ Ait” ! 1! " AC ¢ Ait” ! 1! 1! !
=0, (4.6)
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(ELOR-0) = (G [ 50 + PG [ 50 P - prear)

1 2t —x;t

t o t w t o
— e e / ¢ / 5 (FH (Y F (")) dt" — / e (FH () F* (1)) dt”
0 0 0

t " t ¢
4 / 5 (F(E)F(¢)) i — / 5 (F(E)F* (¢))dt")dt
0 0
1 “a_t -yt t L A t w AF t i
= Ze >\2 6)\2-‘—/0 @%[?C/OV €>\+2 5(t/ _ t”)dt// o (_?)/0 6)\_; 5(t/ . t//)dt//
AF t W A t w
+(——)/ e 5(t’—t”)dt”——0/ S — ¢")dt")dt
0 B 0
— 0, (4.7)

_/\,(t—t”)

EOR0) = (5 [ TR+ FONG [ TR+ Penjar)

_1 —A_t Lo Lo *( 4/ " " Lo * 4/ Py "
=€ ez [[ ez (F*("F({")dt"+ | ez (F*(t")F*(t"))dt
0 0 0

t w7 t o
+ / T (F(U)F(H")dt" + / T (F(O)F*(1))dt"]dt,

0 0
_ 1 —A_t ! '\;t/ AC /t At / " " AF /t At / " "
=€ /062[3062(5(15 t")dt" + ( 3)062(5(15 t")dt

AF t _t” A t _t"
+(__)/ e 6(t’—t”)dt”+—c/ e ot —¢"ydt"|dt’,
0 0

B B
1 24F 2A Eoase [ty
:Zek_t[—T—i—TC]/ e /€A2 o(t' —t")dt"dt’,
0 0
1. AF A t
— 5[—F + BC]e )\_t/ eA_t dt,
0
1. AF AC 1
R W
A —A_t

By substituting Eqs. (4.5), (4.6), (4.7) and (4.8) in to Eq. (4.4) we get

[F 4 C)(1 — e + %[—F + CJ(1 — e, (4.9)

"T 9B,

At steady state this becomes

A A
s P+ €= gpy [P =01 (4.10)

n =
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In order to put Eq. (4.10) in a more convenient manner, we express the initial atomic

coherence of the top and bottom levels as

Pac(0) = |pac(0)]€”, (4.11)

where 0 is the phase factor. It can also be easily checked that

1Pac(0)] = V/ Paa(0)pec(0). (4.12)

Moreover, upon introducing a new parameter 7 defined by [2], as described in Eq. (2.7),

Eq. (2.10), Eq. (2.11), and Eq. (2.12),

paal0) = ——, (4.13)
with —1 < n < 1,we see that
1+n
Pec(0) = 9 (4.14)
1— 2
puc(0) = Y——e. (4.15)

Therefore, on the basis of Eqs.(2.55), (2.56), (2.57), (2.58), (2.59), (3.9), (3.10), (3.52),
(4.13), (4.14), and Eq. (4.15), finally for the case § = 0, the form

BA: = B(u ¥ 20),

= BS(D~ C)) + 5 F 25~ F),
= Br+ A(D - C) F A(E — F). (4.16)
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D — C = paa(0) 12 + Pac( )% + pec(0)(1 + ﬁ)

~ (01 + 455) = O+ p0) ),

= 0na(0) = p0) + (1 ) (7c0) = a0 + 2005

= 2pua0) = 1)+ (1 1)1 = 200a(0) + 200)

= 2paa(0)i—if - i—gz +(1+ 49—;) — 204a(0)(1 + 49—;) + 2pac(0)¥,

R L R L R O L Ve

30?2 2 30
=Tttt et —n2§,
=(1—29—,;)77+ 1—7722—9, (4.17)
B F = —pul0g (1~ 55) ~ pu0)(1~ 51) #0211+ 1
~ 20+ ) = 01 = 55) +pul0)3 (1= 5,
= —%(1 - 29—22)(0%(0) + pec(0)) + %(1 + é(paa(o) + pec(0)),
Q 02 Q 02

T Ry
Q A VR O &

AR

Q o

“ 2y Ty

Q 02

By substituting Eqs. (2.55), (4.17), and (4.18) in to Eq.(4.16), we have

X+ = B)\:F
2 QZ

Q 02 02 30 Q
=k(l+ =5)1+-—)+ A1 - — 1—-n—F—(1+— 4.1
K1+ )+ ) + A= g+ VI= P F ()l (19
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and also

Q 02 02 Q 02
= —Paa —(1 -5 ) Pac 1—-— cc —(1—-=—=
F£C = ~pu0)-(1+ 1) = 01 = 35 + pul0)- (1= 5)
02 3Q 302
+ 1 D) o cc A
03 02
= 2_<_2paa(0) + pcc<0)) F(paa(o) + pcc(())) pac(o)( - 2_,72)
02 302 302 3Q
+ aa aa 0 aa 9 ac 0 )
(p (0)+p()42+472 p()472 pac(0)5)
Q 02 02
- (1 L _ e
2fy( 30aa(0) 2,)/2) Pac(0)( 272)
02 30?2 3Q
+ (0aa(0) = paal )2 5+ W Pac( )a)u
0 1—n O T2,
=—(1-3 - 53) (1-57)
2y 2 2y 2 2y
i(l—n 1—-n Q% 302 1—77239)
2 2 292 442 2 2y7
_Q2=skm @ Jiop @
2y 2 272 2 22

292 2 2y
0 —1+3n 22) L=y, 92)
27y 2 2 272
L—n+352+n) /1-P
; - 7). (4.20)

By substituting Eqgs.(4.19) and (4.20) in to Eq.(4.10), at steady state we get

A [Q<—1+3n—2—§) View, oo

" o 2y 2 - U-33)
2 2
+(1—n+2%(2+77)_~/1—772% A Q—1+3n—§—2)_ /71_772(1_9_2>
2 2 2x4 2 2 2 272
2
L—n+322+n) V1-7*F
(4.21)
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AR =3n) + 35— (1=n+ 35(2+n)]

n=—
4x,
A\/l (55 —1—
4)(,
+AEH1—3W+5%+%1—H+§%2+WH
Ax+
AV -1+ 3
: (4.22)
4X+
in which
2 2 0?2 30 Q 02
=rk(l+ =5)(1+—)+ A1 - — 1—-n?—F—>1+—=)] 4.2
In the absence of deriving coherent light(©2 = 0), Eq. (4.22) reduces to
Al —
g Al=n) (4.24)
2(An + k)

which is the same as the result obtained by Fesseha [8] in the absence of the driving
radiation. We see from Eq. (4.24) that the mean photon number would be zero when
there is no driving light and all atoms are initially in the bottom level. Moreover one
gets the most intense light when all atoms are initially in the upper level (n = —1) as
expected.

We clearly see from Fig. (4.1) that the mean photon number decreases when the
amplitude of the driven coherent light increases.

In addition, when the atoms are initially in the lower level (n = 1), Eq. (4.22) takes the

form 93 302 392
Al—= —|— 53 — 5.7 Al—= —|— +
= — = 2r7) + 3+ 5 ], (4.25)
4x7 AX
with
/ 0? Q2 92 Q 0?2
=kr(l+—)(1 All —(1+—)]. 4.2

For the atoms initially in the upper level (n=—1), Eq. (4.22) reduces to

3 2 3 2
Ap2+2%+%y—&ﬂ+Ap+2%+§g+%ﬂ

— 2
with
p 0? 0? 0? Q 0?
=k(l4+ —=)(14+ — A-1+ —7F —(1+ —)|. 4.28
=R ) )+ AT+ g F o (1 )] (1.25)
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1=0
— — —0=005
........... =01

Figure 4.1: Plots of the mean photon number of the cavity radiation at steady state for
[Eq. (4.22)] for k =0.2,60 = 0,7 =1, A = 3, and different values of (.

As indicated in Fig. (4.2), the intensity of the light subsequently decreases if we keep
on increasing the strength of the driving light.
On the other hand, for n = 0, we readily get from Eq. (4.22) that

A2e2+%-2)) A2(—2+%+2)+9

— 2y Y Y
n = — 77 + 1" 9 429)
4x Axy (
in which
02 02 30 _Q, 0
=k(l4+ —=)(14+ — Al— 7 — (1 + —)]. 4.
K=t )0 )+ Al F o (1) (4:30)
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Figure 4.2: Plots of the mean photon number of the cavity radiation at steady state for
[Eq. (4.25)] for k = 0.2,0 = 0,7 = 1, and different values of A.

We clearly see from Figs. (4.2) and (4.3) that the mean photon number increases with

the linear gain coefficient.
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Figure 4.3: Plots of the mean photon number of the cavity radiation at steady state [Eq.
(4.27)] for k = 0.2,0 = 0, = 0, and different values of A.

4.2 Variance of the photon number

The variance of the photon number is defined as

(An)* = (2%) — (7)™

If a(t) is Guassian variable with a vanishing mean,
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Furthermore, by taking Eq. (3.59) we can find

(o (1)) =a% (t){e*(0)) + ax.(t)a—(t){a(0)a(0)) + ar(t)(a(0) E-(t)) + ar(t){a(0) E(1))
a—(t)ay(t)(a” (0)a(0)) + a2 (t){a*(0)) + a—(t){a"(0) E_(¢)) + a—(t){a"(0) B+ (1))
(O(E-()a(0)) + a—(){E-(t)a"(0)) + (EZ (1)) + (E_(t) E+ (1)) + a4 () (4 (t)a(0))
+ar (t)(EL()a"(0)) + (B () E-(1)) + (B (1)) (4.34)

+CL+

On account of Eq. (3.25) along with the fact that the noise forces F(t) and F*(t) at time
t should not affect system variables at earlier times and for the cavity mode assumed

initially to be in a vacuum state, we obtain

(@2(0) = (E2(0) + (B-(0E (1) + (B (E-(0) + (B2(0).  (435)
According to Egs. (3.37), (3.47) and (3.61) we have
(B2(0) = (E_()B_(1)
= [ R0 - Fwlan [ me - )

"

L [f [ ey payavar - [ [ A+Tt(F( ) F (1)) dt"dt
= ¢ i e i e (t e )
U t
_/ . /\2+ €A+2 <F*(/)F // dt”dt _'_/ /
0 0
t / t W ! o
i / e [ s — tyat"dt — / =5 / )t dt’
B 0 0

1
4
A t ¢ t// Y
__O/e 3+ / ¢St — ¢")dt" +—/ =5 /
0

( //)>dt//dt/]

= t")dt" dt']
le “hat| —2AF/0 At gy ZAC’ 0 M g
231 [F+ C)(1 — e ). (4.36)
In a similar manner, one can establish that
(B2(0)) = 5 [F = CJ(1 = ), (4.37
2BA_
and
(E-(1)EL () = (E4(H)E_(t)) = 0. (4.38)
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By substituting Eqs. (4.36), (4.37) and (4.38) in to Eq. (4.35) we get

—A —A

(a?(t)) = 2B

2BA_
Which at steady state become

A F+C F-C
2 [
<Oé (t)>55 - QB( >\+ + )\_ )7

and
A F+C F-C
*2 _

Therefore by substituting Eqs. (4.40) and (4.41) in to Eq. (4.33) we get

From this we observe that

[F 4 C)(1 — e ™™ + ——[F — C](1 —e 1.

(4.39)

(4.40)

(4.41)

(4.42)

(4.43)

This means the photon statistics is super-Poissonian for the degenerate three level laser.
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Chapter 5

Quadrature Variance

In this chapter we discuss the variance of the quadrature operators and quadrature squeez-

ing of the cavity light. The quadrature operators of a single-mode cavity radiation are

defined as

and

~

a_ =(a" — a).
The variance of the plus and minus quadrature operators is
(Aa+)2 = <&i> - <d+>2’

and

(Aa_)* = (a?) — (a-)".

By substituting Eq.(5.1) in to Eq.(5.3) we have

(Aay)® = ((@" +a)(a" +a)) — (@' +a))*/
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(5.2)

(5.3)

(5.4)

(5.5)



By substituting Eq.(5.2) in to Eq.(5.4) we have

I
|
—
Q>
pafy
[\
|
—_
|
[\
Q>
pify
Q>
+
Q>
)
S~
+
—
—~
IS
pafy
S~
V)
|
—
Q>
-
~
—~
Q>
S~
|
—~
Q>
S~
—
Q>
pafy
S~
+
—
Q>
S~
[\
S~—

=1+2(a'a) — (a™) — (a*) + (a")* + (a)* — 2(a')(a). (5.6)
Therefore Eq.(5.5) and Eq.(5.6) can be written as
(Aas)? =1+ 2(aa) = () + (@) F (a')* F (a)” - 2(a")(a). (5.7)

The variance of these quadrature operators can be expressed in terms of the corresponding

c-number variables associated with the normal ordering as

(Aai)2 =1+4+2(a"a) + <a*2) + <a2> T <a*>2 F <a>2 — 2(a"){v), (5.8)
(Aar)® =1+ (£2(a*a) + (™) + (®)) F ((a*)? + (a)* £ 2(a*){a)), (5.9)
(Aax)® =14 (a3 (1)) F {ax(t))?. (5.10)

Next we proceed to evaluate various correlations involved in Eq. (5.10). We see from Eq.

(3.59) that
(a(0)) = 0+ (O(a() +a_()a*(0)) + (B (1) + (B, (0). 5.11)
From Eq.(3.61) and taking in to account Eq.(3.25) we get
B0} =5 [ =R = E @ =0 (512
and for the cavity mode initially in a vacuum state,

(a(0)) = Tr(pa)
= Tr(|0)(0la)
= (0al0)
=0, (5.13)
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and

(a'(0)) = 0. (5.14)

This means for the cavity mode initially in a vacuum state,
{7(0)) =0, (5.15)

and

(a(0)) = 0. (5.16)

(a(t)) =0, (5.17)

and

(a" (1)) = 0. (5.18)
Therefore, from oy (t) = a*(t) & a(t) and Egs. (5.17) and (5.18), we note that
{o(t)) = 0, (5.19)
as a result of which Eq. (5.10) becomes
(Aax)? =1+ {a?(t)). (5.20)
Furthermore using Eq. (3.51)

(ol (1)) = ((a" (1) £ a(t))(a"(t) £ (1)),
= (@™(1)) + (a*(1)) = 2(a” (t)a(t)),

= (a™(t)) + (a®(t)) £ 2n. (5.21)

By combining Eqgs. (4.10), (4.40), and (4.41) with Eq. (5.21) we obtain

A F+C F-C A F+C F-C A A
2\ o o .
—2A
- G lFFCl (5.22)
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From Eq. (4.20)

0 —1+377—S—§ 1 —n? 02 1—77—|—%(2+77 \/1—772%
FEC= - (- - )
v 2 2 2y 2 2
(5.23)
and using Eqgs. (4.19) and (5.23) in Eq. (5.22) we get
20— @ 21— 2 _ 2 — — 232
(02 (1) = Al (1 =3n+ %) + V1 -1 272)]{4[1 N+ 5=2+n)—1-n 272],

X+ X+
(5.24)

on account of which, Eq. (5.20) becomes

AGEO =30+ 5+ VTP §2)] AR —nt 52 ) — VTP

X+ X+

(Aas)® =1+ ,
(5.25)

where x4 is given by Eq. (4.19).

In order to study the dependence of the squeezing on the amplitude of the driving radiation

and initially injected atomic coherence closely, we consider various cases of interest. In

this respect, it is not difficult to check for 2 = 0 that

K+ Al £ /1 —n2
(Aay)? = (An e ). (5.26)

The same result has been obtained by Fesseha [8].

From Fig. (5.1), we observe that the degree of squeezing increases when the amplitude
of the driving coherent light increases and a substantial degree of squeezing is found for
small values of 7. Furthermore, we obtain the intersection point for {2 = 0 and Q2 = 0.03
is n = 0.22, and for 0 < n < 0.22 the quadrature variance for {2 = 0 is greater than for
2 = 0.03 and for 0.22 < n < 1 the quadrature variance for €2 = 0 is less than for {2 = 0.03.

We clearly see from Fig. (5.2) that the degree of squeezing increases with the linear
gain coefficient and a substantial degree of squeezing is found for small values of 7. This
indicates that the more atoms are injected into the cavity at a time the more the degree

of the squeezing of the cavity radiation would be.
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Figure 5.1: Plots of the quadrature variance (Aa_)? of the cavity radiation versus 7 at
steady state [Eq. (5.26)] for kK = 0.2,0 = 0, A = 10,y = 1, and different values of Q

A=1000

Ag?

Figure 5.2: Plots of the quadrature variance (Aa_)? of the cavity radiation versus 7 at
steady state [Eq. (5.26)] for k = 0.2,0 = 0, = 0, and different values of A.
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Chapter 6

Conclusion

In this project we have studied the statistical and squeezing properties of the light
produced by the degenerate three-level laser coupled to a vacuum reservoir via one of the
coupler mirrors and driven by an external resonant coherent radiation from the other.
Applying the solutions of the c-number Langevin equations, we have calculated the mean
photon number, the variance of the photon number and the quadrature variance. The
mean photon number would be zero when there is no driving light and all atoms are
initially in the bottom level, and the most intense light is generated when all atoms are
initially in the upper level. When all atoms are initially in the bottom level, the mean
photon number decreases if we keep on increasing the strength of the driving light. We
found the variance of the photon number is greater than the mean photon number. Hence
the photon statistics is super-Poissonian for the cavity radiation.

Driving the atoms with an external coherent radiation affects both the degree of
squeezing and intensity of the generated light. We found that the degree of squeezing
increases with the linear gain coefficient and a substantial degree of squeezing is found
for small values of n. This indicates that the more atoms are injected into the cavity at
a time the more the degree of the squeezing of the cavity radiation would be. We found

the squeezing increases as the quadrature variance decreases.
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