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Abstract

With the aid of c-number Langevin equations, we have calculated the Q-functions for
the two-mode coherent and subharmonic cavity light beams. Applying the input-output
relation, we have obtained the Q-functions for the two-mode coherent and subharmonic
output light beams. We have then determined the Q-function for the superposition of
these two output light beams. With the help of the pertinent Q-functions for the output
light, we determined the output photon statistics. We have calculated the mean and vari-
ance of the photon number sum and difference for the two-mode coherent output light,
the two-mode subharmonic output light, and the superposed two-mode coherent and sub-

harmonic output light beams.

We have found that photon stastics of the two-mode coherent output light is Pois-
sonian and that of the subharmonic output light is super Poissonian. And the output
signal and idler modes are separately in a chaotic states. In addition, the mean photon
number for the superposed output light turns out to be the sum of the mean photon
number of the two-mode coherent output light and that of the two-mode subharmonic

output light.
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Chapter 1

Introduction

Quantum optics deals mainly with the quantum properties of the light generated by
various optical systems such as lasers and with the effect of light on the dynamics of
atoms. The quantum properties of light are largely determined by the states of the light
mode and the well known quantum states of light are the number state, the chaotic state,
the coherent state and the squeezed state[l]. Of all states of light, the coherent states
are the most important and arise frequently in quantum optics. Not only can they be an
accurate representation of the light produced by a stabilished laser operating well above
threshold, but also many of the techniques for studying the properties of the light rely on

the properties of the coherent states [2-5]

A one-mode subharmonic generator, consisting of a non linear crystal pumped by a
coherent light, is a prototype source of a single-mode squeezed light. Squeezing like photon
antibounching or subPoissonian photon statistics is a non-classical feature of light. It is
also worth mentioning that squeezed light has potential applications in the detection of

weak signal and in low-noise communications [1-10].



A two-mode subharmonic generator is a typical source of a two-mode squeezed light.
In a two-mode subharmonic generator, a pump photons of frequency w,. is down con-

vereted into highly correlated signal and idler photons of frequency w, and wj, [1-10].

Yibeltal siyum [11] studied on the statistical properties of two-mode coherent and
subharmonic cavity light beams. His study shows that the mean photon number for the
superposed two-mode coherent and subharmonic cavity light is the sum of the mean pho-
ton number of the individual cavity light beams and the variance of the photon number
for cavity mode a is the same as that of cavity mode b. He also found that the mean of the
photon number difference vanishes. His study was on the cavity light, however, it is also
very essential to determine the cavity output which is directly accessible to experimental

observations.

Hence, in this thesis we seek to study the statistical properties of two-mode coherent
and subharmonic output light. To this end, With the aid of c-number Langevin equations,
we calculate the Q-function for the two-mode coherent and subharmonic cavity light.
Applying the input-output relation we find the Q-function for the two-mode coherent and
subharmonic output lights. We then determine the Q-function for the superposition of
these two output light beams. With the help of the pertinent Q-functions for the output
lights, we determine the output photon statistics. We calculate the mean and variance of
the photon number sum and difference for the two-mode coherent output light, the two-
mode subharmonic output light, and the superposed two-mode coherent and subharmonic

output light.



Chapter 2

Two-mode Coherent output light

2.1 c-number Langevin equations

In this section we consider a cavity mode driven by a two-mode coherent light and coupled
to a two-mode vacuum reservoir via a single port mirror. The interaction between a
two-mode cavity light and a two-mode driving coherent light, can be described by the

Hamiltonian

~

H=ie(a' —a+bf —b), (2.1.1)

~

where a(b) is the annihilation operator for the cavity mode a(b) and ¢ is proportional
to the amplitude of the driving modes. Applying Eq. (2.1.1), the master equation for
a cavity mode driven by a two-mode coherent light and coupled to a two-mode vacuum

reservor, can be written as [1]

dp S .
d—i = —elap—a'p— pa+ pat +bp— bt p— pb+ pb)
+g(2dﬁ€ﬂ _alap — pata) + g(QBﬁET —bthp — pbth). (2.1.2)
Using the relation
d . - dp -
LAy =1r(®PA 1.
9 dy =Te(P d, (219



along with Eq. (2.1.2), we have

—(a(t)) = —eTr(apa —a'pa — pa® + pata + bpa — bt pa — pba + pbla)

+-Tr(2apa‘a — atapa — pata?) + gTr(zéﬁBTa — bfbpa — pbTba).(2.1.4)

[a,a'] = [b,b1] =1, (2.1.5)
and
[a,b] = [a,b7] = [a,b] = [af, 7] = 0, (2.1.6)
we readily find
%(d(t» - —g(&(t)) te (2.1.7)

%@(m = (b)) +<, (2.1.8)

S a(t)b(0) = —w{a()h(n) +=((a(n) + (), (2.1.9)
C@(0) = —w{a(0) + 2:(a(1), (2.1.10)

Lt 0an) = —w{a (1a(0) +=(@!(0) + @(1), 2.1.11)
Lt b)) = (! (b)) +=(@h(0) + (). (2.1.12)

The c-number equations corresponding to the normally ordered operators described by

Eqs. (2.1.7), (2.1.8), (2.1.9), (2.1.10), (2.1.11), and (2.1.12) are

d K
%(a(t» = —§(a(t)> +e, (2.1.13)

d K
P =—5(B(t) +e, (2.1.14)
%(a(t)ﬁ(t» = —r{a(t)B(1)) + e((a(t)) + (6(1))), (2.1.15)
i(oﬂ(t» = —r(a®(t)) + 2&{a(t)), (2.1.16)



%(a*(t)oz(t» = —r(a"(t)a(t)) +e((a*(1)) + (a(t))),

%W(t)ﬁ(t» = —w(a" (1)) +e((a”(1)) + (B(1)))-

On the basis of Egs. (2.1.13) and (2.1.14), one can write

ia(t) = —ga(t) + e+ falt),

%5@) = —gﬁ(t) +e+ fs(t),

where f,(t) and fz(t) are noise forces associated with the normal ordering.

We next seek to determine the properties of the noise forces f,(t) and fz(¢).

(2.1.17)

(2.1.18)

(2.1.19)

(2.1.20)

We note

that Eq. (2.1.13) and the expectation value of Eq. (2.1.19) as well as Eq. (2.1.14) and

the expectation value of Eq. (2.1.20) will have the same form if

(fa(t)) = (fs(t)) = 0.

Moreover, on account of the relation

d do(t
H{aMBE) = (—=A1) + () — =),

~—

along with Eqgs. (2.1.19) and (2.1.20), we find

d

2 a)B)) = —rla()5(1)) + e({alt)) + (5(1))) + (alt) f5(t)) + (B(t) fa(t))-

Comparison of Egs. (2.1.15) and (2.1.23) indicates that

{a(t)f5(t)) + (B(t) fa(t)) = 0.

The formal solution of Eqs. (2.1.19) and (2.1.20) can be written as

t

alt) = al0)e ™+ [ e O g (eat,

0

and

B(t) = B(0)e™"* + / O 4 p@ )l
0

(2.1.21)

(2.1.22)

(2.1.23)

(2.1.24)

(2.1.25)

(2.1.26)



Then on account of Egs. (2.1.25) and (2.1.26), one readily obtains
{a(t) f5(t) = <Oé(0)fﬁ(t)>€”t/2+/0 e CORe(f5() + (fo(O fu?))dt',  (2.1.27)
and

(B(t)fa(t)>=<ﬁ(0)fa(t)>e“t/2+/0 e TOR(folt)) + (falt) fs()))at. (2.1.28)

Since a noise operator at a certain time should not affect the system operator at an earlier

time, we see that

(@(0)f5(t)) = {(0))(f5(1)) = 0, (2.1.29)
(B(0)fa(t)) = (B(0)){fa(t)) = 0. (2.1.30)
Thus on account of Egs. (2.1.21), (2.1.27), (2.1.28), (2.1.29), and (2.1.30), we get
(a(t) f5(t)) = /O e MR (fs(t) fu(t))at, (2.1.31)
B = [ R0 1) 2132
Therefore, in view of Egs. (2.1.24), (2.1.31), and (2.1.32) and assuming
(o) fa(t)) = (falt) f5(t), (2.1.33)
we arrive at
/O t e FE20f (1) f5())dt = 0. (2.1.34)
Now on the basis of the relation [1]
/ t e 2 (F () g(t))dt = b, (2.1.35)
we assert that
(f(t)g(t)) =206(t —t'), (2.1.36)

where a is a constant and b is a constant or some function of time t. We then see that

(fa(t) fa(t)) = (fa(t) f5(t)) = 0. (2.1.37)



Furthermore, using the relation

along with Eq. (2.1.19), we obtain

a
dt

Comparison of Egs. (2.1.16) and (2.1.39) shows that

{a(t) fa(t)) = 0.

In view of Eq. (2.1.25), one readily obtains

[ ey = o
0

from which follows
(fa() fa(t)) = 0.

It can be estabilished in a similar manner that

(fs(t)f5(t)) = 0.

Moreover, employing the relation

d, da*(t) oo da(t)
E(oz (H)a(t)) = ( 7t a(t)) + (o (t)7>7

along with Eq. (2.1.19) and its complex conjugate, we find

d

St (Ma(t)) = —rla”(H)alt)) +e((a”(t)) +{at) + {a(t) fa(t) + {a™(t) fa(t)).

Comparison of Egs. (2.1.17) and (2.1.45) indicates that

{(t) fa(8)) + (" (8) fa(t)) = 0.

Hence using Eq. (2.1.25) and its complex conjugate, and assuming

(fa®)fa(t)) = (f2() fa(t)),

(a?(t)) = —r{a’(t)) + 2e(a(t)) + 2(a(t) fa(t))-

(2.1.38)

(2.1.39)

(2.1.40)

(2.1.41)

(2.1.42)

(2.1.43)

(2.1.44)

(2.1.45)

(2.1.46)

(2.1.47)



we get
t
/ e MR fot) f2))dt = 0. (2.1.48)
0
Therefore on account of Eq. (2.1.35) and (2.1.36), we see that

(fa()fa(t) = (fa(®) fa(t)) = 0. (2.1.49)

It can also be estabilished in a similar manner that

(fa() f5() = (f3(0) fs()) = 0. (2.1.50)
Finally, using the relation
d, . L dat (1) L~ dp(t)
3 (OB1)) = (—=B(1) + (™ (t) =), (2.1.51)

along with Eq. (2.1.20) and the complex conjugate of Eq. (2.1.19), we get

%W(t)ﬁ(t» = —w(a" (1)) +e((a” (1)) + (B(1))) + (" (1) fo(1)) + (B() fa(1)). (2.1.52)

Comparison of Egs. (2.1.18) and (2.1.52), indicates that

(" () fs(t)) + (B(1) fa(t)) = 0. (2.1.53)

In view of Eq. (2.1.26) and the complex conjugate of Eq. (2.1.25), and assuming

(fa(®) fa()) = {fa(®) f5(t)), (2.1.54)
we get
[ e orumo e =o (2.1.55)
from which follows
(fa() fa)) = (f2(t) f5(")) = 0. (2.1.56)

It can be estabilished in a similar fashion that

(fa®)f5()) = {f5() fa(t)) = 0. (2.1.57)



We see that Eqs. (2.1.21), (2.1.37), (2.1.42), (2.1.43), (2.1.49), (2.1.50), (2.1.56), and

(2.1.57), describe the correlation properties of the noise forces f,(¢) and fz(t) associated

with the normal ordering.

Now we proceed to find the solutions of Eqgs. (2.1.19) and (2.1.20). To this end, we

introduce a new variable defined by

2 (1) = alt) £ B°(0).

Applying Eq. (2.1.19) and the complex conjugate of Eq. (2.1.20), we get

d

dt 2

The solution of this equation can be written as

t
22 (t) = 22 (0)e™™/? + / e M ke fo(t) £ f(H)]dY
0

from which we obtain
a(t) = p(t)a(0) + q(t) + Fy () + F_(2),

Bt) = p(t)A(0) + qt) + FL(t) — FZ(1),

where
p(t) o —nt/2’
2e
t - 1 —nt/2
q(t) p ( ),
and

1

Fa(t) = 5 [ R0 £ f 0t

2
Now Egs. (2.1.61) and (2.1.62) can be rewritten as

a(t) =o' (t) +q(t),

—z.(t) = —Ezi(t) +ete+ falt) £ f5(1).

(2.1.58)

(2.1.59)

(2.1.60)

(2.1.61)

(2.1.62)

(2.1.63)

(2.1.64)

(2.1.65)

(2.1.66)

(2.1.67)
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with

8y

w25 (dt (2.1.68)

—RE=2 () dt (2.1.69)

=

=
I

g~

=

=

e

+

O\ O\

[

2.2 The Q-function for a two-mode coherent output
light

We now proceed to obtain the Q-function for a two-mode coherent output light. The

Q-function for a two-mode coherent light can be expressed as

Q(Oé?ﬁvt) - %/ddeznd)a(Z?nat)exp(Z*a + U*ﬁ —za" — 775*); (221)

with the antinormally-ordered characterstic function ¢,(z,7,t) defined in the Heisenberg

picture by
Ga(z,m,t) =Tr {ﬁ(O)eZ*a(t)ez‘ﬁ(t)e"*E(t)e”i’f(t) : (2.2.2)

Employing the identity [1]

etel = eéeAe[A’B], (2.2.3)

the antinormally-ordered characterstic function can be expressed as
¢a(z,m,t) = exp(—2"z —n™'n)Tr ﬁ(O)eZ&T(t)e_z*a(t)e”wt)e_”*é(t) . (2.2.4)

Then this function can be written in terms of c-number variables associated with the

normal order as
¢a(z,m,1) = exp(—z"z — n'n){explza” — 2"+ nB* — 5" B]). (2.2.5)
Therefore, using Eqgs. (2.1.66) and (2.1.67), we have

Ga(z,m,t) = exp|—z"z — '+ (2 — 2" +n —n")ql{exp|za” — 2" +np" —n*F]). (2.2.6)
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Now we seek to show o’ and " are Gaussian variables. To this end, taking the expectation

values of Eqgs. (2.1.68), and (2.1.69), and differentiating with respect to t yields

d / Kk,

a@ (t) = —§<a (), (2.2.7)
and

d, K,

S8 0) = 5 (8'0). (228)

Which are linear equations, we then see that o/(¢) and f'(t) are Gaussian variables. In
addition, using Eqgs. (2.1.68), and (2.1.69), and assuming that the cavity mode is initially

in a two-mode vaccum state, one easily gets

(o)) = (B'(t)) = 0. (2.2.9)

Hence o/(t) and /'(t) are Gaussian variables with vanishing means. Thus employing the

relation [1]

(eapla-+ ) = cap| (e + 97| (22.10)

which holds for Gaussian variables « and 3 with vanishing mean, the antinormally-ordered

characterstics function can be put in the form

1
ba(z,mt) = exp{ — 2=+ (2 -2 +n— n*)Q] exp {§<(20/* -z +np”
—n*ﬁ’)ﬂ : (2.2.11)
which can be rewritten as
22 ) 2*2 ) 772 )
ba(z,m,t) = exp{— Fr—nn+ (2 -2 +n— n*)q] exp b(o/* ) + 7(@’ ) + 7(6’* )

*2

+772 <6/2> o Z*Z<CM/O/*> + ZT](O.//*/B,*> o Z*T]<O/5/*> _ 2’77*<0/*5,> + z*n*<o/6'>

—n*n<ﬁ’ﬁ’*>} : (2.2.12)
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With the help of Eqs. (2.1.68), we obtain

@) = (s0a+ [ 0B @) (e + [ e @) )
= D(0P(a(07) + p(0) [ a0 ol i
+p(t) / t e T2 00/(0) fo(t))dt + / t e 200 () fo(t7))dE dt" (2.2.13)

in view of the assumption that the cavity mode is initially in a two-mode vacuum state
and on account of the fact that a noise operator at a certain time should not affect the

cavity operator at an earlier time the above equation reduces to

<O/2> _ /t efn(tht’ft")/2<fa(t/)fa<t//>>dt/dt//’ (2.2.14)
0

now with the aid of Eq. (2.1.42), we get

(o) = 0. (2.2.15)
Similarly one can also show that
(%) =0, (2.2.16)
(8"%) = (87%) =0, (2.2.17)
(d/a™) = (B'8") =0, (2.2.18)
(a"p") = (a/f) = 0, (2.2.19)
('f") = (a"B') = 0. (2.2.20)

On account of the above relations, the characterstic function becomes

¢a(z,1,t) = exp { —Zz=nn+(z -2 +n- TI*>Q] : (2.2.21)

Then, introducing Eq. (2.2.21) into Eq. (2.2.1), we have

Qe 1) = - exp[—zz—nnﬂz—z +77—77)q}

exrp [z*a + 0B —za* — 775*] , (2.2.22)
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which can be rewritten as

Qla, B,t) = % / in;ZQnexp [ —2Z'z=n'n+kz+1z"+rn+sn*|, (2.2.23)
where
k=gq—a, (2.2.24)
l=—(q¢—a), (2.2.25)
r=gq-— 0%, (2.2.26)
s=—(q—pB). (2.2.27)

Furthermore, using the relation [1]
d22 % * 2 *2
—exp[—az"z + bz + cz" + Az° + Bz*]
T

1 1/2 abc + Ac* + Bb?
| 2.2.2
Lﬂ - 4AB] exp( > —4AB )’a >0, (22.28)

and performing the integration, one readily obtains

Qla, p,t) = %exp{ —a*a— B+ (a+B+a"+ 5)g— 2q2} : (2.2.29)

When calculating the expectation values of normally-ordered output operators, with the

cavity mode coupled to a vacuum reservoir, the input-output relation can be written as

aout(t) = \/EOé(t), (2230)

Bout(t) = VEB(t), (2.2.31)

from which follows
a(t) = a‘m\/%(t), (2.2.32)
a(t) = el (2.2.33)

On the basis of Egs. (2.2.32), and (2.2.33), the Q-function for a two-mode coherent output

light takes the form

]- a:utaout i B:utﬁmtt + (aout /Bout O{* :ut)q . 2q2:| '

Q(O‘outaﬁouht) = —2€l‘p — + + out +
N K K

VE  VE Ve VR
(2.2.34)
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2.3 Output photon statistics

In this section we seek to calculate the mean and variance of the photon number sum and

difference for the output modes a and b.

2.3.1 The mean of the output photon number sum and differ-

ence

Here we like to determine the mean of the output photon number sum and difference. To

this end, upon integrating Eq. (2.2.34) over S5,., we get

i ou 1 d? ou k.  Qoy ot Bou
/ ﬁ tQ(aout7 Bouta t) = - / ﬂQ ! exrp |: _ out t Boutﬁ t
K K T < -

oyt Bout Oézut B:ut
+(\/E+\/E+\/E+\/E)q_2q2}’ (2.3.1)

from which follows

1 ; ou oy :
Q(aout, t) _ _exp|: . Ofouta t + « t aout 2:| ) (232)
m

_l’_ —
p N A

We define the output photon number sum and difference by

At = R 4 pgtt, (2.3.3)

sout _ AT A sout _ 1T 7
where, N9 = Gp,00 and " = by.b

out are the photon number operators for output
mode a and output mode b. The mean of the output photon number sum and difference

is expressed as

nt = no" 4 pgt. (2.3.4)
The mean photon number for output mode a, is given in terms of the Q-function as

—out 1 / d2 Aoyt d2 Yout
7 _

* * *
« Qout Yout Yout « Yout

: Q(a:;uta f}/out>€$p _ _out _ _lout 4 out

K KR K K

™

+70u;aout1 7:utaout7 (235)
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so that on account of Eq. (2.3.2), we have

'ﬁfzut _ % d2aoutg270ut exp[ . O‘zutaout . /y;kutf)/out + ’ysutaout + azut
T K K K K VE
i *
+ \;%tq — qZ] VOt (2.3.6)
which can be rewritten as
T_LZUt _ 16_q2_ dQOéout;lQ’yout €.Tp|: o Oé;ut(]{out . V;kuﬂout + a’yzut@out + a:’;utq
Kk da T K K K NG
ﬂ}/out
+ q] , (2.3.7)
\/E a=1

so that performing the integration employing Eq. (2.2.28), one readily obtains

gt = 6_‘12%6%[6:619(@(12)](11. (2.3.8)

Thus carrying out the differentiation and applying the condition a = 1, we get

o = kg, (2.3.9)

a

so that on account of Eq. (2.1.64), there follows

4 2
pont — 45 _ ntizy2. (2.3.10)
K

We observe that at steady state the mean photon number for output mode a reduces to

 4e?

—. (2.3.11)

Following the same procedure, the mean photon number for output mode b is found to

be
4 2
At = 25 (1 — emt/2)2, (2.3.12)
K
and at steady state this takes the form
4 2
() gy = —. (2.3.13)
K

Therefore, in view of Egs. (2.3.10) and (2.3.12), we have

4e? 4e?
ﬁg:ut _ %(1 . efnt/2)2 + %(1 . efmf/Q)Z‘ (2314)
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Then the sum of the mean output photon number is found to be
not = (1 — e /22, (2.3.15)

We see that at steady state, the mean of the output photon number sum reduces to

—ou 852
(N7 s = — (2.3.16)

And the mean of the output photon number difference turns out to be

7 = 0. (2.3.17)

2.3.2 The variance of the output photon number sum and dif-

ference

We next proceed to obtain the variance of the output photon number sum and difference.

The variance of the output photon number sum and difference can be expressed as
(Ang)? = (A4)?) — (i) (2318)

Applying Eq. (2.3.3), the variance of the output photon number sum and difference can

be put in the form
(Ang)? = (Ang) + (Ang™)? £ 2((Ag3g") — ngng™).  (2319)

On the other hand, the photon number variance for output mode a can be written in the
form

(Angy? = (A")2) — (rg™)?, (2:3.20)

a a
where

((R5)?) = (@) + F{@bugtion)- (2.3.21)
Now we can write the expectation value of dzt&gut in terms of the Q-function as

<"T2 ~2 > _ 1 /d2aoutd2ﬁ)/out

Aot @ = —
t t T
out ™~ ou K2

* *
Qo Xout _ Yout Yout

K K

Q(azuta ’yout)exp[ -

+

* *
Qo Vout + P)/outOéOUt:| *2 2

2.3.22
K K outa/out? ( )
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thus on substituting the Q-function for the output mode a in to the above equation, there

follows
]‘ d2aou d2 ou a* aou . ou . aou
K T K K K
Oézu Yout *
+—\/gq+ﬁq—q2]%3ta§ut, (2.3.23)
which can be written in the form
12 & [ Ao d®Vou Ot oy >t You e
Rt = g [ Oy | - St Dot T
gy, Yout
T (23.24)
a=1

so that performing the integration using the relation given by Eq. (2.2.28), we get

12 2 g d?
(@) = 7 “2@[%1?(61(]2)](1:1' (2.3.25)

out aout

Carrying out the differentiation and applying the condition a = 1, one readily obtains

(af?,a2,,) = k¢, (2.3.26)

out&out

On the basis of Eq. (2.3.9), we see that

(af?,a2 ) = (no)?2. (2.3.27)

out aout a

Hence on account of Eqs. (2.3.20), (2.3.21), and (2.3.27) the variance of the photon

number for output mode a can be put in the form

(Ang*)? = wng"
= Kk*¢% (2.3.28)
Using Eq. (2.1.64), we have
(AnS)? = 42(1 — e~ /22 (2.3.29)

and this takes at steady state the form

(An2""?2 = 4¢°. (2.3.30)

SS
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Following a similar procedure, one can readily estabilish that the variance of the photon

number for output mode b is
(Ang")? = 4e(1 — e ™/2)?, (2.3.31)

and at steady state we see that

(Ang"h)?, = 4e”. (2.3.32)

SS

In view of Eq. (2.3.28), we observe that the variance of the output photon number is

equal to the mean output photon number for mode a, and the same holds true for mode

b.
We now proceed to find the expectation value of 72“7"  which can be written interms
of the Q-function as
 out A o td25 t * *
<7’LZUthUt> - /%Q(aouh Bout)(aoutaout - K') (5outﬁout - "{)a (2333)

where o} o — k and B3, 8ot — K are the c-number functions corresponding to the

operators n2* and ng"*. Thus on account of the Q-function (2.2.34), we have

K K

1 d? g d? 8 ol o 3G} Q 5
~ out ~ out — —9 2 / out out _ Sout out outMout out out
(g “hy™) Seep(=2¢") [ —— 5 —eap Rtk

aou ou * * *
+ \/_t + \/—t) :| ( outaoutﬁoutﬁout — ROy Qout — Hﬁoutﬁout + ff2). (2334)

One can rewrite this as

d d [ dPogud*B ol o B .3
~ out ~ out o _ 2 out out o out“out o outMout
(no“'ng™) = exp(—2q )<d db/—7r2 exp[ e b .

Qout ﬁout out ﬁ;ut ) :| d / d2 Aoyt d2 ﬁout |: Oézut Qout
+ + + + +— | ————erp| —a———
( VE  VE o VE VK 2 K

ﬂ tﬂout ( out Bout t 5 ; t) :|
b ou + + Aoy + ou
R VNN
d d2aoutd ﬁout Oé taout 6 tﬂout Aoyt Bout
Il = Fout™ Fout . ou —b ou
+ b 2 e:cp{ a - - + NG + R

a;ut ::ut 2
L Cou qD LR, (2.3.35)
\/E \/E> a=b=1
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thus carrying out the integration employing Eq. (2.2.28), one obtains

e dd. 1 7 ¢ d 1 P ¢
out » out _ —9 2 2 7 T 1 e 2 77 - 1 1
(i) = capl=2q%) [ Glpean(T + T (D D)
d 1 q2 q2
1= — 4+ = 2, 2.3.36
+rK db[abexp(a + b)] a:b:l—l—/s ( )

Differentiating and applying the condition a = b = 1, we find
(RS Ry = k2q*. (2.3.37)

On account of Eq. (2.1.64), we see that

16
<ﬁoutﬁout> — Hi

out o (1 — e m/2)%, (2.3.38)

Introducing Egs. (2.3.10), (2.3.12) and (2.3.38) into Eq. (2.3.19), we get
(An3™M)? = 2(AnS")? = 2(Ang"")2. (2.3.39)
And in view of Eq. (2.3.28), we observe that
(An3™? = 2k%¢, (2.3.40)
with the help of Eq. (2.1.64), one finally obtains
(An%)? = 8e2(1 — e~ "/2)2, (2.3.41)

From which we observe that the variance of the output photon number sum and difference
takes at steady state the form

(Ang")?, = 82 (2.3.42)

SS



Chapter 3

Two-mode subharmonic output light

3.1 c-number Langevin equations

We first obtain c-number Langevin equations associated with the normal ordering for
the signal-idler mode produced by two-mode subharmonic generator. Then using the
solutions of the resulting equations, we determine the Q-function for the output signal-
idler modes. In a two-mode subharmonic generator a pump-photon of frequency w, is
down converted into highly correlated signal and idler photons with frequency w, and wy

such that w, = w, + wy.

Figure 3.1: Two-mode subharmonic generator

The process of two-mode subharmonic generation is described by the Hamiltonian

A~

H = iX(abet — afbte), (3.1.1)

~

where a(b) is the annihilation operator for the signal(idler) mode and ¢ is the annihilation

20



21

opeartor for the pump mode, with A being the coupling constant.
With the pump mode represented by a real and constant c-number p, the Hamiltonian

can be rewritten as

A~

H = ir(ab — a'bh), (3.1.2)

with v = Ap.

Applying Eq. (3.1.2) and taking into account the interaction of the signal-idler modes
with a two-mode vacuum reservoir via a single-port mirror, the master equation for the
cavity mode can be written as [1]

dp

A7 A PN Ant? AFTE A NN A At A
i y(abp — pab + pa'bt — a'bl p) + 5(2apaT —a'ap — pa'a)

+g(25ﬁfﬁ —bthp — pbth), (3.1.3)

in which the cavity damping constant x is assumed to be the same for both the signal

and idler modes. Now employing the relation

d - dp
£<A> = TT’(%A), (3.1.4)
one readily obtains
d,. h5a — paba - satbia — aThisa) + ETr(2a5ata — atasa — sata?
E(a(t)) = ~Tr(abpa — paba + pa'db'a — a'd'pa) + =Tr(2apa’a — a'apa — pa'a®)
+gTr(2BﬁBTa — bthpa — phtba). (3.1.5)

Applying the cyclic property of the trace operation together with the commutation rela-

tions
a,al] = [b,b7] =1, (3.1.6)
and
[a,b] = [a,b'] = [a,b] = [af,bT] = 0, (3.1.7)
one gets

—Ha(t) = =3 (@) = (' (1)), (3.1.8)



It can be shown in a similar manner that

%(cﬂ(t)d(t» = —r{a'(t)a(t)) —y((@()b(t)) + (@' ()b' (1)),

%(dT(t)f?(t» = (@l (Hb(t)) = (@ (1)) + (B (t))-

22

(3.1.9)

(3.1.10)
(3.1.11)
(3.1.12)

(3.1.13)

The c-number equations corresponding to the normally-ordered operators described by

Eqs. (3.1.8), (3.1.9), (3.1.10), (3.1.11), (3.1.12), and (3.1.13) are

$(B(0) = —248(0)) — 70" (1),
L aln)B) = ~sa®BO) (0" a0 + (5 OFW) ~

%(a*(t)ﬁ(t» = —r{a"()B(1)) — y({a™(1)) + (B7(1)))-

On the basis of Egs. (3.1.14) and (3.1.15), one can write

%a(t) = —Zalt) = 8" (1) + fult),
and
%ﬁ(t) _ _gﬁ(t) —ya*(t) + fs(t),

where f,(t) and fz(t) are noise forces associated with the normal ordering.

(3.1.14)

(3.1.15)
(3.1.16)
(3.1.17)
(3.1.18)

(3.1.19)

(3.1.20)

(3.1.21)

We next seek to determine the properties of the noise forces f,(¢) and fz(t). We see that
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Eq. (3.1.14) and the expectation value of Eq. (3.1.20) as well as Eq. (3.1.15) and the

expectation value of Eq. (3.1.21) will have the same form if

(fa(t)) = (f5(t)) = 0.

Moreover, using the relation

d L da(t)
3oy = (24

along with Eqgs. (3.1.20) and (3.1.21), we find

+a(t) f5(t)) + (B(t) fa(t))-

Comparison of Egs. (3.1.16) and (3.1.24) indicates that

{alt) fs(t)) + (B(t) fa(t)) = =

The formal solutions of Egs. (3.1.20) and (3.1.21) can be written as
t
aft) = a(0)e™/? + / TR o () — 87 (X)]dt
0

and
t

B(0) = B0+ [ e O fy(¢) — g0 (¢)d.

0
In view of Egs. (3.1.26) and (3.1.27), one readily obtains

(3.1.22)

(3.1.23)

(3.1.24)

(3.1.25)

(3.1.26)

(3.1.27)

(a(t)f5(1)) = (al0) fs(t))e ™+ / e {(fﬂ(t)fa(t,»_’Y<5*(t/)fﬂ(t)>} dt', (3.1.28)

0

(Bt falt)) = (BO) falt))e 2+ /0 e [(fa(t)fa(t%—7(a*(t’)fa(t)>] dt’. (3.1.29)

Since a noise operator at a certain time should not affect the system operator at an earlier

time, we see that
(a(0)f5(t)) = ((0))(fs(t)) = 0,
(B(0)fa(t)) = (B(0)){fa(t)) =0,

(3.1.30)

(3.1.31)



(@™ (#) fa(t)) = (o™ ())(falt)) = O,
(B*(t") fs(t)) = (B*()){fs(t)) = 0.

Thus on account of Egs. (3.1.22), (3.1.30), (3.1.31), (3.1.32), and (3.1.33), Egs.

and (3.1.29) reduce to
(alt) (1)) = / e KO/ f (1) fo () .

(B(t) fa(t)) = /0 e R (1) f5 ()t

Therefore, in view of Egs. (3.1.25), (3.1.34), (3.1.35) and assuming

(fa(t)fa(t)) = (fal(t) f5(t),

we arrive at

[ ey = [ g = -3
0 0 2

Now on the basis of the relation (2.1.35) and (2.1.36), we assert that

(fs)fa(t)) = (fa(t)f5(t)) = =70 (t —1).

Furthermore, using the relation

d _da(t) da(t)
Ctatam) = (o) + a2,

along with Eq. (3.1.20), we obtain

d
dt

Comparison of Egs. (3.1.17) and (3.1.40) shows that

(a(t) fa(t)) = 0.

In view of Eq. (3.1.26), one readily obtains

/ SO (0 ) =0,
0

—{a?(1)) = —r{a®(t)) — 2y(a(t)B*(1)) + 2(a(t) fu(1)).
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(3.1.32)
(3.1.33)

(3.1.28)

(3.1.34)

(3.1.35)

(3.1.36)

(3.1.37)

(3.1.38)

(3.1.39)

(3.1.40)

(3.1.41)

(3.1.42)



from which follows
(fa(t) fa(t)) = 0.

It can be estabilished in a similar manner that

(fs(t) fa(t")) = 0.

Moreover, employing the relation

d, L da* (1) e da(t)
St (Da(t) = (—Za(t) + (@ ()= =),

along with Eq. (3.1.20) and its complex conjugate, we find

d

e alt)) = —rle*(t)a(t)) —Ha(t)B(t)) — (e’ (t)57(1))

+Ha(t) fo(8) + (@™ () fa(t))-
Comparison of Egs. (3.1.18) and (3.1.46) indicates that
() f5(8)) + (" (1) fu(t)) = 0.

With the aid of Eq. (3.1.26) and its complex conjugate, we obtain
t ’
(@O£300) = [ e O g0 fae it
0

@) = [ RO L.
Now in view of Eqgs. (3.1.47), (3.1.48), (3.1.49) and assuming
(fa(®)fa(t)) = (fa(t) fa(t)),

we get
t
/ewwﬂﬂumwmwMﬂzm
0

from which one readily obtains

(fa®)f2() = (fa() fa(t)) = 0.
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(3.1.43)

(3.1.44)

(3.1.45)

(3.1.46)

(3.1.47)

(3.1.48)

(3.1.49)

(3.1.50)

(3.1.51)

(3.1.52)



It can also be estabilished in a similar fashion that

(fs(t) f5()) = (f5(t) fa(t')) = 0.

Finally, introducing the relation

d da(t) dB(t)

S () = (280 + (0 ),

along with Eq. (3.1.21) and the complex conjugate of Eq. (3.1.20), we obtain

" (BD) = —r(a"()B(1)) —v(a™(6) = (1)
(@) fs(1)) + (B) fa(1))-

Comparison of Egs. (3.1.19) and (3.1.55), indicates that

(" () fs(t)) + (B(t) fa(t)) = 0.

With the aid of Eq. (3.1.27) and the complex conjugate of Eq. (3.1.26), we find

t

B F2(1) = / e K22 (1) o (1)

0
t /
(@ W) = [ IR S ar

Now taking into account Egs. (3.1.56), (3.1.57), (3.1.58) and assuming

(fa()fs(t)) = {fa(t) f2(t)),
we arrive at

¢

| e e —o
0

Therefore, in view of the relations (2.1.35), and (2.1.36), one obtains

(fa(®)fs(t) = (fs(t)fa(t)) = O.

It can also be estabilished in a similar manner that

(f5(0) fa(t) = (fa(t) f5()) = O.

26

(3.1.53)

(3.1.54)

(3.1.55)

(3.1.56)

(3.1.57)

(3.1.58)

(3.1.59)

(3.1.60)

(3.1.61)

(3.1.62)
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We see that Egs. (3.1.22), (3.1.38), (3.1.43), (3.1.44), (3.1.52), (3.1.53), (3.1.61) and
(3.1.62) describe the correlation properties of the noise forces f,(t) and fz(t) associated
with the normal-ordering.
In order to obtain the solutions of Egs. (3.1.20) and (3.1.21), we introduce a new variable
defined by

Qu(t) = a(t) £ 57(t). (3.1.63)

Applying Eq. (3.1.20) along with the complex conjugate of Eq. (3.1.21), we readily obtain

%Qi(t) = —%)\iQi(t) + fa(t) £ £5(1), (3.1.64)

where

A = K+ 27. (3.1.65)

According to Eq. (3.1.64) together with Eq. (3.1.65), the solution of Q_(¢) does not have
a wel-behaved solution for k < 2v. We then identify x = 2v as the threshold condition.

For k > 27, the solution of Eq. (3.1.64) can be written as
¢
Qu(t) = Qu(0)e 2 4 / e N2 () £ fa(th))at'. (3.1.66)
0

Now with the aid of Egs. (3.1.63) and (3.1.66), we get

a(t) = Ey (t)a(0) + E_(£)5°(0) + Fy(t) + F_(t), (3.1.67)
Bt) = E4(1)B(0) + E_(t)a*(0) + F=(t) — F*(t), (3.1.68)
where,
Ba(t) = %{e—w? + e_)‘t/2], (3.1.69)
Fi(t) = % /0 t e MUTORIE () £ f5(¢)]dt (3.1.70)



28

3.2 Q-function for a two-mode subharmonic output
light

We next seek to obtain the Q-function for the output signal-idler modes. The Q-function

for a two-mode light is expressible as

Qa..t) = o [ Parouxdeapa -z B-p0, (G21)

where the antinormally ordered characterstic function is defined in the Heisenberg picture
by
Ga(z,x,t) =Tr lﬁ(O)eZ*d(t)eZdT(t)eX*i’(t)exwt) : (3.2.2)

This can be put employing the identity [1]

edef = eéeAe[A’B], (3.2.3)
in the form
ba(z, X, t) = exp(z*z — x"x)T'r ﬁ(O)ezaT(t)e*’z*&(t)exiﬁ(t)e*X*i’(t) : (3.2.4)

The antinormally-ordered characterstics function can be expressed in terms of c-number

variables associated with the normal ordering as

Galz, X, 1) = exp(—2"z — X" x){exp(za™ — 2" a + x5 — X" ). (3.2.5)

Moreover, Egs. (3.1.67) and (3.1.68) can be written as

a(t) = B (1)0(0) + E-(1)8"(0) + pa(), (326)
8(t) = EL(HB(0) + E- (1o’ (0) + us(t). (327)
where
walt) = 5| [P+ gy + [0 0 - pear] 528
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t

Wa(t):l[ / AR + it [N~ et | (329

0

Now in view of Eqs. (3.2.6) and (3.2.7), one readily obtains

bulzt) = eapl='s =0 (eap | Eo”(0) + 2B-0(0) + 24—+ Eral0)
—2"E_f7(0) = 2" pta + xEL57(0) + xE_a(0) + x5 — X" E45(0)
—X"E_a*(0) — X*MB} > (3.2.10)

It then follows that

ulznt) = e+ = x 0 ep| (B = £ EL)a(0) + (E. — E)a’()

HEB- = NEB0) + (Ex - 2 E)5(0)| Meonfoi, — =

X5 — X 1g])- (3.2.11)
Considering the cavity radiation to be initially in a two-mode vacuum state, we get
<65L‘p [(XE— —2"E)a(0) + (B4 — X E-)a™(0) + (2E- — X" E4)B(0)
+(xEy — Z*E_)ﬁ*(O)} > =1 (3.2.12)

In view of Eq. (3.2.12), we have

¢a(z, X, t) = exp(—z"2 — X"x)(explzpiy, — 2" pa + Xpi5 — X pgl)- (3.2.13)

We recall that Gaussian variables with vanishing mean satisfy the relation

(exp(za™ — z*av)) = exp B((za* — z*a)Q)} . (3.2.14)

Next we proceed to show that p,(t) and ps(t) are Gausian variables. One can rewrite
Eq. (3.2.8) as

[ = fiy + (3.2.15)
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in which

[, = %/Ot 67A+(tft’)/2[fa(t/) + f3(t))at, (3.2.16)
and

o = %/Ot e‘“(t‘t'w[fa(t’) _ f;(t’)]dt’. (3.2.17)

Employing Egs. (3.2.16) and (3.2.17), the time evolution for the expectation values of j,

and p_ can be expressed as

) = 25, (3218)
and
Sy =2, (3219)

Egs. (3.2.18) and (3.2.19) indicates that py and p— are Gaussian variables. Thus, in view
of Eq. (3.2.15), we see that p, is also Gaussian variable.

Similarly we rewrite Eq. (3.2.9) as

pg =Yy —W_, (3.2.20)
where
[ :
@+=§/€”W*Wuwv+mwwa (32.21)
0
and
I ;
@»Zafekﬂtmmwv—mWWﬂ (3.2.22)
0
Now the time evolution for the expectation values of W, and W_ can be expressed as
d Al
(U, )= (¥ 2.2
and
d A
—(U_) =——(V_). 2.24
Sy == (3224)

In view of Egs. (3.2.20), (3.2.23), and (3.2.24), we see that ug is Gaussian variable. In

addition, using Eqgs. (3.2.8) and (3.2.9), one easily gets

(1a(t)) = (ps(t)) = 0. (3.2.25)
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Therefore, we note that p, and pg are Gaussian variables with vanishing mean. Then the

antinormally-ordered characterstics function can be put in the form

* * 1 * * * *
Bulrx01) = exp(=2"2 — X*X)eap [5«% St -], (32:26)
from which follows
. . 22 . Z*Z X2 . X*2
¢a(z,x,t) = exp(—z*z — X" X)exp b(uﬁ + 7<ui> + 7(uﬁ2> + 5 (13)
=22 (pragin) + 2x(paiy) — 2 X taktl) — X (phpp) + 2 X (takts)
x| (3:2.27)

On account of Egs. (3.2.8) and (3.2.9), one can show that

02) = (| [ e+ e+ [0 @) - far

[/t 6_)\+(t_t“)/2 [fa(t”) + f; (t//)]dt,, i /t 6_>\7(t—t”)/2[fa (t”)
0 0
—fé‘(t”)]dt”] > (3.2.28)

which leads to

(n2y =

] =
VR
O\
&
('b‘
>
+
~
154
&
|
X
<
no
| — |
N\
—~
S~
Q
S
A
N—
S~
Q
—~
=
N
~—
o
Q
—~
o
S~—
=%
—~
A
N
~—
s
<%
S
o
S~—
~
Q
—~
o
N
~

+<f;<t/)fg(tll)>) dt/dt//:| I /Ot e,()\++)\_)t/2+()\+t’+)\_t”)/2 |:(<fa(t/)fa(t”)>
CUal)F3E) T TS ")) — <fg<t’>f;<t">>)dt'dt”}
[ ] () )+ a3 ~ 5l

U5 ) + () (t"») dt'dt”} ) | (3.2.20)
In view of Egs. (3.1.43), (3.1.44) and (3.1.62), one readily obtains

(1) = 0. (3.2.30)



Using a similar procedure as above, we can also show that
(a?) = (ug) = (3" =0,

(Hatth) = (uimp) =0,

(Hatis) = (psis) = =2 (S =T),
(Hapip) = (Hops) = —%(S + 1),
where
5= (1=,
1

T = I(l —e ).
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(3.2.31)

(3.2.32)
(3.2.33)

(3.2.34)

(3.2.35)

(3.2.36)

Thus on account of Egs. (3.2.30), (3.2.31), (3.2.32), (3.2.33) and (3.2.34) Eq. (3.2.27),

goes over into

o2

ba(2, X, ) = emp{ — (1 - %(S - T)) (z*z + x*x) -

s+7) (4] G2an

Finally, we can also put the antinormally-ordered characterstics function in the form

ba(z, X, 1) = exp[ —a(z"z 4+ x"x) — b(xz + X*z*)} , (3.2.38)
in which
a=1- %(s Ty =1- i(l e 4 2)\%(1 — e, (3.2.39)
b= %(s +T) = &(1 — e 4 2%(1 — e, (3.2.40)
Now upon introducing Eq. (3.2.38) into Eq. (3.2.1), we have
Qla, B,t) = % / (P';#exp[ —a(z'z+ x"x) = b(xz + x*2%) + Zfa— a’z
+X*6 — ﬁ*x} : (3.2.41)
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Thus on performing the integration employing Eq. (2.2.28), the Q-function for the signal-

idler modes turns out to be

Qla, B, t) = %(UQ —vY)exp| —u(a*a+ fB) — v(af + o’ BY)|, (3.2.42)
in which
u= ﬁ (3.2.43)
b

On account of the relations described by Eqs. (2.2.32) and (2.2.33), the Q-function for

the output signal-idler mode takes the form

1 0 ou ; ou outMou
Q(outs Bout, t) = —2(u2 _ 122)6117p|: _ u(aouta by Bt t) _ U(Oét—ﬂt
T K K
- Coutout O“t)] : (3.2.45)
K

Figure 3.2: Two-mode subharmonic generator for output mode

3.3 Output photon statistics

In this section we seek to calculate the mean and variance of the photon number sum and

difference for the output signal-idler mode.
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3.3.1 The mean of the output photon number sum and differ-

ence

We now proceed to determine the mean of the photon number sum and difference for the

output signal-idler mode. To this end, upon integrating Eq. (3.2.45) over [, we get

u? —v?

Q(aouta t) ==

2 2 *
u® —v aout(xout:|

] -2

u K

(3.3.1)

U
The mean photon number of the output signal mode is expressible in terms of the Q-

function as

1 d2Oé U d2 ou o Aoy ; ou
'fLZUt — / o t2 i tQ(a:u“ ’Yout)e-rp|: _ Pout t Yout Yout
T K K K
. Aoy a*u ou *
_'_’%)ut t + out’) t:| Yot Xout - (332)
K K
Thus on substituting Eq. (3.3.1) into Eq. (3.3.2), we have
—out _ 1 u2 B U2 / dQOéOUtdeYOUt Oé(*)utOéOUt fYZutﬁ)/Out
’I’La = — GZL'p — _
K2 U 2 K K
* 2 2 *
out Xou V= U U O You N
 Jout@out | ) Lout t} N Ot (3.3.3)
K U K
which can be written in the form
—out u2 B U2 1d / d2a0ﬂfd270Ut azutOéOUt V;kut%ut
ny = —— [ ——————exp| — —
U Kk da 2 K K
Ol V2 —u? Fu ok, You
g Loutout ) Zeut ) t} : (3.3.4)
K U K w1

so that performing the integration employing Eq. (2.2.28), one readily obtains

Rout = {“2 - ”2} d { ur } (3.3.5)

u da|u—a(v?® —u? +u)

Thus carrying out the differentiation and applying the condition a = 1, we get

A% = g [L - 1}. (3.3.6)

a u?2 —v?

And in view of Egs. (3.2.43) and (3.2.44), there follows

no" = k(a — 1), (3.3.7)

a
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and hence on account of Eq. (3.2.39), we have

_out Y ALt Y A4t
=K|—(1— — —(1— 9 1. .3.
ng K 2)\_( e ) 2)\+( e ) (3.3.8)

We see that at steady state the mean photon number of the output signal mode reduces

to

2 2
(ﬁzm>ss = il (3.3.9)

K2 — 442’
One can also estabilish in a similar manner that the mean photon number of the output

iddler mode is

—out

ngt =k e 1 J (1—eMh|. (3.3.10)

(1= _
T 2\,

Thus using the value of AL, we find at steady state

2 2
i (3.3.11)

—out .
(nb )SS - K2 _472

Furthermore, in view of Egs. (3.3.8) and (3.3.10), the mean of the output photon number

sum and difference can be written as

,r—lj:ut — ﬁgut :I: ﬁZUt
0 —A_t Y —Apt
— _ 1 — - 1 _ +
ol = e = g )
Y —A_t Y — Ayt
tr| 1= _ T =, 3.3.12
ol - e = g1- e (33.12)

Then the mean of the output photon number sum is
Aot = f; [l(l —e - L - e)‘+t)] , (3.3.13)
A +
This can be put at steady state in the form

4ky?

(3.3.14)

—out .
(R)ss = K2 — 42

On the other hand, in view Egs. (3.3.8) and (3.3.10), the mean of the output photon

number difference turns out to be

no = 0. (3.3.15)
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3.3.2 The variance of the output photon number sum and dif-

ference

Here we seek to obtain the variance of the output photon number sum and difference.

The variance of the output photon number sum and difference can be expressed as
(Ang")? = ((R2)?) — (R")*. (3.3.16)

Applying Eq. (2.3.3), the variance of the output photon number sum and difference can

be put in the form

(An(iut)Z — (Anout)Q 4 (ATLZUt)Z + 2<<ﬁoutﬁgut> _ ﬁoutﬁgut). (3317)

a a a

On the other hand, the photon number variance for the output signal mode can be written

in the form

(Angut)Z — <(ﬁout)2> o (ﬁ"“t)Q

a a

= (al2,a2,) + K@l yaou) — (RS2 (3.3.18)

a

2

. . ~AT2 A
We can write the expectation value of alutao

ut S

1 d20./ d2 o .« *
a2 1% Yout * t  Youtout
<azma(2mt> B % / %Q(a()ut? /70ut)€l‘p - Ou; S ou; o

+ 'YOUtR out + Ouf:/OUt:| /V;it szut . (3 3. 19)

Thus on substituting the Q-function described in Eq. (3.3.1), there follows

2 2 2 2 * *
~T2 A2 u- —v 1 d aoutd PYout aoutaout ’)/Outf)/out
<aoutaout> = ) —26[)3]? - -

u K m K K

+

* 2 2 *
YoutXout U —u"+v A ot Yout %2 2
+ Qs 3.3.20
K ( u ) K :| /yout out ( )

which can be written in the form

a f— —_
t
out~out U d(l2 71_2

2 2 J2 2 2 * *

~T2 A2 u- —v d d CYoutd P)/out aoutaout Vout’}/out

(@ ) — 5 —eap| — -
K K

+

* a2 2 *
g Jout@out | (MW HY )O“’“’ﬁ"“t] , (3.3.21)
a=1

K u K
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so that performing the integration using Eq. (2.2.28), one readily obtains

(612,32,) =

out aout

u? —v? , d? u
— K . 3.3.22
u " da? [u—a(u—?ﬂ—ﬂﬂ)] ( )

Thus carrying out the differentiation and applying the condition a = 1, we get

(al?,a2,,) = 2> Lﬂ - 1} 2. (3.3.23)
In view of Eqs. (3.2.43) and (3.2.44), we have
(al?,62 ) = 2k%(a — 1)* (3.3.24)
and on account of Eq. (3.3.7), we see that
(@l2,a2,) = 2(Rg")2. (3.3.25)
Thus Eq. (3.3.18) reduces to
(An2)? = (R2")? + kRS™ = K2 (P2 + Na). (3.3.26)

Following the same procedure, one can readily estabilish that the variance of the photon
number of the output idler mode is the same as that of the output signal mode.

Eq. (3.3.26) indicates that the output signal mode is in a chaotic state, and the same
holds true for the output iddler mode.

Now on account of Eq. (3.3.8), we readily find

£\2 2’72 A_t)2 7 Apt)2 7 At Ayt

Aoty =g q e 2 L q ety m L (1 ety (1 — e

@ng = T = P T e - g e e
52 {&(1—&-6—&(1—&“)} (3.3.27)

Thus at steady state this reduces to

2 2
outn2 _ o 2. 2| K —27
(And™)s, = 2Ky [—(HQ — 472)2} ) (3.3.28)
Similarly we have for the output idler mode at steady state
2 2
out\2 _ o 22| K —27
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We next seek to find the expectation value of nZ**ng*: which is written, employing the

Q-function (3.2.45), as

2 .2 d2 d2
<AoutAout> (u v )/ aout2 6out€xp|i_u

*

(OéZutO‘out + Boutﬁout) - U( aoutﬂout

Ma T - K2 T K K K
a:ut :ut * * * * 2
+T) (aoutamﬂfﬂoutﬁout — ROy Qout — K outﬁOUt +K ) (3330)
This can be rewritten in the form
1 dd d? g d? 8 uat o ufBr B
~ out ~ out 2 2 out out outHout outPout
_ _ — 27 2 Tout Fout - b
(i) (W —v >(u2 da db 2 e:cp[ R * K
_U(a‘mtﬂ"“t + a:ut :ut):|
K K
li d2aout32ﬁout exp [ . auazutaout + buﬁzutﬁmtt . U(aoutﬁout
uda T K K K
+ aZutﬁzut ):|
K
li d2040utd25out exp| — auazutaout + buﬁgutﬂout _ U(aoutﬁout
wdb 72 K K K
_l_Oéoutﬁout ):|) + /432, (3331>
K a=b=1
so that performing the integration employing Eq. (2.2.28), we have
2 2
soutpoury 2 on(Eddy 1\ kTdp 1
ety =t —v )(u2 da db [abu2 - 112] * u da | abu? —v?
k? d 1 N
_—— ) 3.3.32
+u db {abu2—v2})a:b:1+/€ ( )

Thus carrying out the differentiation and applying the condition a = b = 1, one readily

obtains

2 2
~ ot~ ot 5| u+v 2u
= — +11. 3.3.33
(g ™) = K {(u2 —v?2)2  (u? —v?) } ( )

Introducing Egs. (3.2.43) and (3.2.44), we find

(AR = K*(a* +b® —2a + 1)

a

= (ng"')? + 0w, (3.3.34)

We found that the results of the mean and variance of the photon number for the output

signal mode are the same as that of the output idler mode. Therefore the variance of the
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output photon number sum and difference defined by Eq. (3.3.17), can be rewritten in

the form

(Anj:ut)2 _ Q(Angut>2 + 2[<ﬁgutﬁgut> . (ﬁout)Z]. (3335)

a

In view of Egs. (3.3.26) and (3.3.34), we find

(An3™)? = 2[(n%")? + kn™ £ b*K?). (3.3.36)
Thus, the variance of the output photon number sum is

(An3™")? = 2[(RS*)? + kA" + b°K?], (3.3.37)

on account of Egs. (3.2.40) and (3.3.8), one readily obtains

out2 ) 7 L SALt)2 7 L SALh\2
(Ang") =r|ml-e™")  + 51—
i L\l(l et - Al(1 - e—m)] , (3.3.38)
- -

the sum of the output photon number variance takes at steady state the form

3K2 — 4?2
out\2 __ 2.2
And the variance of the output photon number difference is found to be
(An%*)? = 2[(ng")? + kg™ — b?K?), (3.3.40)
on account of Egs. (3.2.40) and (3.3.8), one obtains
(An(i'u,t)Q — /{2 l(l _ 6—)\,15) o l(]_ _ 6—)\+t)
A Al
o[ 29° gt At
—K (1—e (1 —e "], (3.3.41)
ApA_
Thus at steady state, this reduces to
92 2.2
(Aneut)2 = °7 (3.3.42)

ST (W)



Chapter 4

Superposed two-mode Coherent and

Subharmonic output light

4.1 The Q-function

In chapter two and three of this thesis we have calculated the Q-functions for two-mode

coherent and subharmonic output light beams, and with the help of these Q-functions

we determined the output photon statistics. In this chapter we are interested to obtain

the Q-function for the superposed two-mode coherent and subharmonic output light. To

this end, we must first obtain the Q-function for the superposition of any two-mode light

beams. Thus expanding the density operator for light beam-1 as a function of a,a' and

l;, b in the antinormal order we have

[)1 = 161 (&Tv Z;Tu &7 l;) = Z Cklmndil;Tldmi)n
klmn

Inserting the completeness relation for two-mode coherent states, with

1
I= p/d2XAd2>\B|XAaAB>(>\B7XA|,

we readily find

~ 1 ~tk1tlamin
= [ a3 Cuamnla Aa) o, xala B

klmn

Applying the relation [1]

la)(afa’ = a*la){al,

40

(4.1.1)

(4.1.2)

(4.1.3)

(4.1.4)
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and

la){ala = (a+ ai*> la){al, (4.1.5)

one readily obtains

1 o \" 0 \"
R _ | 2. 2 *k B
p1 = /d Xad )\BP Z CrimnXa (XA + aXZ) A (AB + a)\"];)

klmn

X4, AB){(ABs X4l (4.1.6)

Which can be rewritten using the displacement operator as

. o \" o \"
P1 /dQXAdQ)\B_ Z OklmnXA )\ (XA + 8)@4) ()\B + a)\*B)

klmn

D(xa)D(AE)po,,0, D(—A5) D(—x4), (4.1.7)

where po, .05 = |04,05)(05,04].
Moreover, using a similar procedure one can readily obtain the density operator for light

beam-2 as

[)2 = ﬁQ(dTv I;TJ d l; Z Ck'l’m 'rL’aJf lelAm bn (418)
k'lUm'n'
from which follows

I ’

1 / o\" o \"
~ — d2 d2 . Ch - *[ + +
P2 / YAQTB 2 E k'l ’YA 773 YA a7, NB o,

kK'U'm/n/

D(v4)D(08)p0,,05 D(=n8) D(=74). (4.1.9)

Further more, on account of Eqs. (4.1.7) and (4.1.9), the density operator for the super-

5) (ora)
Ap +
4 P on

posed two-mode light beams can be put in the form

) Py ad?Apd2yad? o
po [ PUBRET S Gt (vt

T klmn aX

k! «l 8 m’ n' A ~ ~
> Cormm < ) ( > D(v4)D(ng)D(xa)
E'Um!n! a,yA
D(X5)|04,05)(05,04|D(=A)D(—xaD(—n5)D(—724). (4.1.10)

Using the results described in [1]

D(a)|BY(BID(—a) = |a + B){a + ], (4.1.11)
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the density operator for the superposition can be put in the form

d*x ad* \gd?yad?np o \" o \"
— C o *k)\*l )\
/ o 2 Cuamnx] B(X axz> (“wg)

F
klmn
Z Crovmm Vs N ( 0 )m ( >n |74+ Xa,MB + AB)
ey o4 oy
(N5 + A, 74 + X4l (4.1.12)

We now proceed to obtain the Q-function for the superposition of two light beams, which

is defined by
Q(a, 5) = gl B1a15, o), (4113)

the c-number function corresponding to the normally ordered density operator divided by

72, Introducing Eq. (4.1.12) into Eq. (4.1.13) we readily find

d>x ad* N pdPyad?np " o \" o \"

klmn
xl’ 0 m 0 "
Z Crotrmm Vs 1 5 nB + 5 (o, Blva + xa,nB + AB)
kUi A B
(N8 + Ap, 74 + x4l8, ). (4.1.14)
Now using the relation [1]
[{alB)* = exp(—|a — B, (4.1.15)

we find the results

(a, Blva + Xa,n8 + M) (N5 + Mg, va + xalB, @) = [{a|ya + xa)|*[(Blns + As)|?
=exp(—a’a— BB+ a"ya+a xa+ A+ 55+ Xalo —va — xa)
+A5(8 —np — Ag) +val —va — xa) + np(B —nB — Ap). (4.1.16)

In view of Eq. (4.1.16), Eq. (4.1.14) can be rewritten as

A2y A d2 X pd?~y 4d? o \"
Qa.8) = / XA A AT B 0 ™ Cltmn XN (xﬁax*)
A

6

klmn
I

* ! */ a m
¢ ()\B + 8)\* ) w‘l Z Ckll/m WIIYAIC 773[ (714 + 872)

k'l'm'n’

/

(3 (7]3 + 82*3) e, (4.1.17)




where
i = exp(—a’a = 75),
Uy = exp(a™ya + a"xa + B A + Bnp),
s = exp[Xala —ya — xa)l,
s = exp[Ap(B —np — Ap)],
s = exp[yi(a —ya — xa)l,
vs = expl(np(8 — 18 — Ap)].

On the otherhand, using the binomial theorm

(@ +y)" Zk,n_ Rk,

one finds

8767)*]3) exp [772(/6 — B — /\B)}

(

9 *
_ Z k' ”7% k@kn*Bkexp |:773</6 — B — )\B):|

= (B—Ap)"exp {7779(5 — B — )\B)} :

Using the same procedure one can show

o \" ,

— (B — \p)"
( 877*3) e = (6 — )" Vs,
(a4 g) o=

()\B + aié) Yy = (B —nB)" Y,

(XA + 8?@4) Vg = (a0 — v4)"s.
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(4.1.18)
(4.1.19)
(4.1.20)
(4.1.21)
(4.1.22)

(4.1.23)

(4.1.24)

(4.1.25)

(4.1.26)

(4.1.27)

(4.1.28)

(4.1.29)
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Inserting Eqgs. (4.1.26), (4.1.27), (4.1.28), (4.1.29) in Eq. (4.1.17), the Q-function for the

superposed two-mode light beams is written in the form

Py adP A g d2y 42 o
Qa.p) = [ PRI X o~ 4B )

Q(Ya, np, o — xa, B — /\B)&Tp{ — | — x4 — a4l

—|5_>\B_778|2:|- (4.1.30)

We now proceed to obtain the Q-function for the superposed two-mode coherent and

subharmonic light beams. To this end, in view of Eq. (2.2.29) and Eq.(3.2.42), we have

Figure 4.1: Two-mode Coherent and Subharmonic cavity light beams

* * ]' * * * *
QX Ag,a —ya, 8 —1nB) = ;exp{—xA&ﬂLxA'm — ABB + ApnB
+qla—ya+xXa+B—ns+Ap) — 2q2] , (4.1.31)

and

u? — v?

QUvanp & =X, B = Ap) = ——3 exp{ —uyaa +uyixa — ungB +unpAp

—vaf +valg +vxaf —vxais — vﬁmg} : (4.1.32)
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Introducing Eqgs. (4.1.31) and (4.1.32) into Eq. (4.1.30) the Q-function for the superposed

two-mode coherent and subharmonic light beams is expressed as

u? —v? A*x Ad*Npd?y 4 d?np . .
Qa, B,t) = - / - exp{ — XA+ X474

<%5+Aym+qw—wu+xz+ﬁ—n3+ky—Qf}
exp [ —uy e+ uyaxa —unpf + unpAp —vaf +vadp
+vxaB — vXadp — Mm’é} ewp{ — Jor — x4 —7al?

—W—Ag—m$] (4.1.33)

which can be rewritten as

UQ—UQ

Qs ="

™

d*x ad* \pdPyad?np

> exp[ —a’a— "B = Xixa
—ABAB — YA — NN + avy + a'xa — xava +yaa” + B
+AsB" — Apnp + 08" — u(Vaa — Vixa — npAs + npS)
—v(aB + XaAp +7anp — adp — xaB) +ala —va+ X4

+08 —np+ Ap) — 2q2} : (4.1.34)

Thus performing the integration employing the relation (2.2.28) one readily obtains

(u? —v?)

Qa, Bt) = Tewp{ —u(a*a+ B°8) —v(af + a* %)
+q(u+v)(a+a* + B+ %) —2q2(u+v)]. (4.1.35)

So, using the relations (2.2.32) and (2.2.33) the Q-function for the superposed two-mode

coherent and subharmonic output light takes the form

2 _ 2 * * * *
Q(aouta 6out: t) = M@l‘p{ — U (Oéow;aom —+ ﬁoutﬁout) —v (aomﬁ"“t + Aoyt out)

2 K K K

+q(u+v)<o\é;%t + O\é;“g + 6\;_1: + j%) —2¢°(u —|—v)}. (4.1.36)
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Figure 4.2: Two-mode Coherent and Subharmonic output light beams

4.2 QOutput photon statistics

In this section we will see about the mean of the photon number sum and difference
and the variance of the photon number sum and difference for the superposed two-mode

coherent and subharmonic output lights.

4.2.1 The mean of the output photon number sum and differ-

ence

We wish here to determine the mean of the photon number sum and difference for the su-
perposed two-mode coherent and subharmonic output light. To this end, upon integrating

Eq. (4.1.36) over [, one obtains

u? —v? u? — v\ o, o w =% (g o
OU,?t — o out —"ou ou out
Qowt) = (5 e = () = a0 (T )

r (“2 = ”2)}, (4.2.1)

Now the mean photon number of mode a for the superposed two mode coherent and

subharmonic output light is expressed as

* *
Aoyt Xout . Yout Yout

R K

T K2

—ou 1 d2 Qout d2/70ut *
g Z—/—Q(aout,%ut)exp -

Oé* U :u Qoy *
_'_ OUII;?/O t + ’7 1;'/0 t:|’}/out050ut’ (422)
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on substituting the Q-function described in Eq. (4.2.1), we have

out _ 1(u2 _ v2>i / d? ot d*Yout eap| — Q% Oout B N i Yout
@ K U da 2 K K
u—u? 0% O Your Vit Qout u? — V% Your
out ou out ~'ou + ou ou
e R et [T
U2 — 2
—¢*( )} : (4.2.3)
U a=1

so that performing the integration using Eq. (2.2.28), we find

—out

ng = /<;(u2 — vz)eycp[ — q2(

uQ—UQ)] d 1

u %[[u—a(u—uuw]

g’ (“) } (4.2.4)

exp{[u —a(u—u? + 12)]

Thus carrying out the differentiation and applying the condition a = 1, we see that

—ou U

n, t— K [m + q2 - 1:| . (425)
And in view of Egs. (3.2.43) and (3.2.44), we get

o = k(e — 1+ ¢°). (4.2.6)

a

Finally using Eqgs. (3.2.39) and (2.1.64), we readily obtain

—out __ Y —A_t 7 —Ait 462 —kt/2\2
not =K K(l—e )—K(l—e +)+?(1—e )2 (4.2.7)

We observe that at steady state the mean photon number for output mode a reduces to

2Ky? 42
ROy = ———— + —. 4.2.
(n )SS /{2 _ 4,72 + K ( 8)

Following the same procedure, the mean photon number for output mode b is found to
be

4 2
P I R () R TEY)

and at steady state, it takes the form

(Mg )es = 54— + — (4.2.10)

K2 —
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From which we observe that the mean photon number for the superposed two-mode
coherent and subharmonic output light is the sum of the mean photon number of the
individual output light beams.

The mean of the output photon number sum and difference can be written as
gt = ngt £ npt. (4.2.11)

Further more, in view of Egs. (4.2.7) and (4.2.9), the mean of the output photon number

sum can be written as

o Y oy - 8e? .
" =k (e Aty I(1 —e M) + - Y22 (4.2.12)
This can be put at steady state in the form
42 8e?
—out
(A3 )ss = 51 rei (4.2.13)

On the other hand, in view of Egs. (4.2.7) and (4.2.9) the mean of the output photon
number difference turns out to be

7o = 0. (4.2.14)

4.2.2 The variance of the output photon number sum and dif-

ference

We next proceed to obtain the variance of the photon number sum and difference for the
superposed two-mode coherent and subharmonic output light. The variance of the output

photon number sum and difference is defined by
(Ang")? = (Ang")? + (Ang™)? £ 2((AZ"Ag") — nmg™). (4.215)
Further more, the variance of the photon number for output mode a, is given by

(Ang") = ((@hulon)?) — (R")?

= (@bustitug) + w{@hudoun) — (1)’ (4.2.16)
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Using the Q-function described in Eq. (4.2.1) , we can write the expectation value of

diit&gut as
1 u?—? d? vy d? al . e
AT2 A2 _ out@” Yout _ “out out - ’yout’YOut %ut out
<aoutaout> - I€2( U ) / ﬂ_g exp[ K P + P
u2 _ ,02 Vout o . o’ Yout u2 _ 1)2
+ ou out /ou 1—
() (Bt St Sy
u? —v? ]
) e (1:2.17)
we can rewrite the above equation as
1 u? - [ dPa al o u? —v? o u? — v?
A2 A2 _ out _ “out™tout out 2
it = () [ oty | Sl gty
d2 d2’7 * * o u2 _ 112
2 & out N Yout Yout Yout Xout i
" da? m exp{ PR +%Ut(\/ﬁ[ u ]
ot U2 o ,UQ
+ ;“t [1— - ])} , (4.2.18)
a=1
so that performing the integration using Eq. (2.2.28), yields
2,2 2 _ 2
At2 A~ u- —v u- —v
<a1mtagut> = U K2€$p(—q2[ u ])
d? 1 q%%)%
— - | exp | - (4.2.19)
da® | (1 —all —*=]) (1 —afl = =)
Thus differentiating and applying the condition a = 1, we obtain
2
AT2 A
(af?.a2 ) = 22 Lﬂ — 1] + 4K%q° [u2 —a 1] + K%q*, (4.2.20)
and in view of Eqs. (3.2.43) and (3.2.44), we get
At G = 2Kk"(a — +4r7qg"(a— 1)+ K7q". 2.
al? 62, = 26%(a — 1)% + 45°¢*(a — 1) + r*¢* 4.2.21
With the aid of Eq. (4.2.6), the above equation can be put in the form
<dlitdgut> = 2(ﬁgm)2 — k7" (4.2.22)

Now employing Eq. (4.2.22) along with (4.2.16), the variance of the photon number for

output mode a, will reduces to

(ATLZUt)Z — (T_LOUt)Z + /fT_lZUt _ K;2q4' (4223)

a
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Following a similar procedure, one can readily estabilish that the variance of the photon

number for output mode b is
(Ang")? = (Rg“)? + kag" — kg (4.2.24)

On account of Egs. (2.1.64) and (4.2.7), one finds

2.2 2.2 2,2
(Angy? = (1= e ™) 4 (L= e 211 (1—e ™1 — e
+ —_ —
4ye? 4rye?
7 (1 —e 4 (1 —e /22 e (1 — e M (1 — e /)2
A A
2
_}_%(1 o e—A,t) . %(1 . €—>\+t) _|_4€2(1 . e—nt/2)27 (4225)
- +

thus at steady state, we observe that

2 2,)/2 4%262
Ancit)? = op2y? | 2 4.2.26
and
292 Ap2e?
Angi)? — 2242 | L2 . 4.2.27
( L )ss Ky (,{2 _472)2 + 2 4/}/2 ( )

On the other hand employing the Q-function (4.1.36), we have for the expectation value

~out »out
of N ny

2 _ .2 2 2 *
~ out ~ out o u- —v 2 d aoutd Bout aoutaout
(o ngt)y = { e 1 exp[—2q (u—i—v)]/—ﬁ2 exp| — u(—ﬁ

/BoutBOut> U(aoutﬁout + aout out) + q(u _|_ U)(aout + out _|_ Bout

K K Ve VE VR

+ﬂ)] (a:utaoutﬁzutﬁout - ’fazutaout - Kﬂcfutﬁout + “2>- (4-228)

NG
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One can rewrite this as

1 dd [ dPagd®s uak, o
~ out »~ out _ 2,2 o 2 - u out out _ out“out
(i) = e = leri-2q¢(u+ o) oy [ Fog e exp[ o Lt
Qout Bout Bout

+ q(u + v)( + °“t—|—

NN RN N
1 d d2aoutd260ut ua;utaout uﬁoutﬁout aoutﬁout
_—— —5  €EIp| —a —b — U(—
uda 2 K K

)

_bu :utﬁout - U(aoutﬁout + Oéiutﬁ;kut)
KR K K

_i_aou; out)+q(u_|_v>( Qout + out ﬁout _'_ﬁout):|

NN RN

2 2
1 d d aoutd Bout 6Ip|: . auaoutaout i buﬁoutﬁout i U(aout/Bout
K

+u db 2 K K

+04:u2 ;ut) + q(u + U)( \;Zt + \;"it f;_m + %_Ut)]) + /{2, (4229)

so that performing the integration employing Eq. (2.2.28), we obtain

1 dd 1
~ out » ou —[,2 2 2 _
<TL tnb t> = [u — v ]el‘p[—Qq <U+U)]( —2%% |:abu,2 — U21X
[, yua+ub+ 20|  k?d 1
Lt - | — X
ETP -q (U + U) abu?2 — v? | u da | abu? — v?

2 +U)2ua+ub+21)_+/i2d 1
ex U _— _
p _q abu? —v? | u db | abu? — v?

_ ¥
cxp qauﬂyw) ) (4.2.30)
a=b=1

abu? — v?

Thus carrying out the differentiation and applying the condition a = b = 1, there follows

2u? 2q¢%u 2¢%v 2u 1

_out —out 2
(ng'ng™) =k SRV RN R T e St S Sy S
(=022 w?—0v2 w?—0v2 wr—0v? urP—w

], a2
And in view of Egs. (3.2.43) and (3.2.44), one obtains

(RC“pgty = Kk? {aQ + 0% +2¢°(a — b) — 2¢°> — 2a + ¢* + 1|, (4.2.32)
on the basis of Eq. (4.2.6), we can put the above equation as

(A2 = (R2)? + K2[b* — 2b¢7). (4.2.33)

a
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We have obtained that, the mean and variance of the photon number for output mode
a are the same as that of output mode b. Therefore, the variance of the output photon

number sum and difference defined by Eq. (4.2.15), can be rewritten as

(An(:)tut>2 — 2(Angut)2 + 2(<ngutngut> . (ﬁout)Q)' (4234)

a

Introducing Eqs. (4.2.23) and (4.2.33), one obtains for the variance of the output photon
number sum
(AnS")? = 2[00 + k2" — K*q" + K*V* — 2K°bg?), (4.2.35)

a —

and in view of Egs. (2.1.64), (3.2.40) and (4.2.7), we readily get

2 2 16"}/52
Anoit)2 2 {”Y_ 1— e M2 1 T e—A-12 _ 1 — et (] — e—rt/2 2}
2
+r7 L\l(l —e M) — )\l(l —e M) + 8/%(1 — e”t/2)2] : (4.2.36)
- +

Thus, at steady state we observe that

(Aniut)Q — 2/1272

Ss

2 _ g2 2.2
{3“ 7 ] Sr7e (4.2.37)

(k2 —49*)? ] k(i +27)

On the otherhand, the variance of the output photon number difference is found to be

(An®")? = 2[A2""2 + k2" — K2q* — K7b? + 2k%bg, (4.2.38)

a

and in view of Egs. (2.1.64), (3.2.40) and (4.2.7), we see that

16+¢e?
A_K?

(Anciut)2 _ l€2 |: (1 . e_kft)(l . e—mt/2)2 . i(l . 6—/\,75)(1 . 6—)\+t):|

AN,

2| 7 “A_t v —Ayt 8¢ —Kt/2)2
—(1 - ——(1 - + —(1— . 4.2.39
wt [ e = L e 4 B e (12:39)
At steady state this reduces to
2122 8k2e?
Ap®)? = : 4.2.40
( n_ )SS K}Q _ 472 + K/(K/ _ 27) ( )



Chapter 5

Conclusion

In chapter two and three of this thesis we have obtained c-number Langevin equations for
the two-mode coherent and subharmonic cavity light beams, using the pertinent master
equation following the procedure discussed in ref.[1]. With the help of the c-number
Langevin equations we have determined the antinormally-ordered characterstics function
and then we have determined the Q-functions for these cavity light beams.

With the aid of the input-output relation, we determined the Q-functions for the two-
mode coherent and subharmonic output light. Then employing the pertinent Q-functions
we determined the output photon statistics and we have found that the variance of the
photon number for the two-mode coherent output light is equal to kappa square times the
mean cavity photon number. And we have also found that the output signal and idler
modes are separately in a chaotic states and the output photon number statistics for the
two-mode coherent output light is Poissonian and that of the subharmonic output light
is Super Poissonian.

Furthermore, we have determined the Q-function for the superposed two-mode coherent
and subharmonic output light. With the aid of this Q-function we have calculated the
output photon statistics and we have found that the mean of the output photon number
for the superposed two-mode coherent and subharmonic output light is the sum of the
individual mean output photon number. We have also seen that the mean of the output

photon number difference vanishes.

93



References

1] Fesseha Kassahun, Fundamentals of Quantum Optics (Lulu, North Carolina, 2008).

2] D. F. Walls and G. J. Milburn, Quantum Optics (Springer-Verlege, Berlin, 1994).

3] B.Daniel and K.Fesseha,opt.commun.384(1998)

4] C. C. Gerry and P. L. Knight, Introductory Quantum Optics (Cambridge University
press, Cambridge, 2004).

[5] M. O. Scully and M. S. Zubairy, Quantum Optics (Cambridge University press,
Cambridge, 1997).

[6] A. M. Fox, Quantum Optics: An Introduction (Oxford University Press, New York,
2006).

[7] P. Meystre and M.Sargent ITI, Elements of Quantum Optics (Springer-Verlag, Berlin,
1991).

[8] L. Manedel and E.Wolf, Optical coherence and quantum optics (Cambridge University
press, Cambridge, 1995).

[9] R. R. Puri, Mathematical Methods of Quantum Optics (Springer, Berlin, 2001).

[10] W. Vogel and D. G Welsch, Quantum Optics (Wiley-VCH, New York, 2006).

[11] Yibeltal Siyum, MSc Thesis (Addis Ababa University, 2011).

[
[
[
[

54



95

Declaration

This thesis is my original work, has not been presented for a degree in any other University

and that all the sources of material used for the thesis have been dully acknowledged.

Name: Menwuyelet Melaku

Signature:— — — — — — — — — — —

This thesis has been submitted for examination with my approval as

University advisor.

Name: Dr. Fesseha Kassahun

Signature:— — — — — — — — ——

Place and time of submission:

Department of Physics
Addis Ababa University

Feb, 2012



