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Abstract

Mathematical optimization is the process of maximizing or minimizing an objective
function by finding the best available values across a set of inputs under a restriction
domain. This project focuses on finding the optimality condition for optimization
problems of differentiable function. For unconstrained optimization problems,
checking the positive definiteness of the Hessian matrix at stationary points, one
can conclude whether those stationary points are optimum points or not, if the
objective function is differentiable. For constrained Optimization problem, the
objective function and the function in the constraint sets are differentiable and
the well known optimality condition called Karush-Kuhn-Tucker (KKT) condition
leads to find the optimum point(s) of the given optimization problem and the
convetional Lagrangian approach to solving constrained optimization problems
leads to optimality conditions which are either necessary or sufficient, but not
both unless the underlying objective functions and functions in constraints set are
also convex. The Tchebyshev norm leads to an optimality conditions which is
both sufficient and necessarly without any convexity assumption.This optimality
conditions can used to device a conceptually simple method for solving non-convex
inequality constrained optimization problems.

Keywords: Convex set, convex function, constrained optimization, unconstrained
Optimization, inequality constraints, equality constraints, smooth optimization,
positive definiteness, Hessian matrix, non-convex optimization, equivalent optimality
conditions
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Chapter 1

1 Preliminary

1.1 Convex Sets

Definition1.1.1 (Line and Line segments in R") Let z,y € R”
L=x+0(y—x): 0 €R aline containing x and y.

[z, y]=x 4+ 0(y — ) :0 < 6 <1 a closed line segment between x and y.
=y+(1—=0)x: 0<H <1

(x,y)=x 4+ 0(y — x) :0 < < 1 open line segment between x and y.
=y+(1—-0)z: 0< 0 <1

Definition1.1.2 A set S C R" is said to be convex if for any =,y € S
Oz+(1—0)y € S, V0 € [0, 1]

Some Examples of Convex Set

1. R™ is convex.

Proof. Let t = (t1,t2,...,t,) € R" and s = (s1, 9, ..., $,) € R”
we want to show that 0t+(1 — 0)s € R" V8 € [0, 1]

Ot+(1 — 0)s=0(t1,ta, ..., t,) +(1 —0) ( s1,52,..., Sn)

=(0t1, 0ty ..., 0t,)+((1 — )s1, (1 — 0)sg, ..., (1 — 0)s,))
=(0t1+(1 — 0)s1,0t2+(1 — 0)sq, . . ., Ot,+(1 —0)s,) € R™
Therefore R™ is convex set.

2. If A is m x n matrix and b € R, then the polyhedral set
P:={xeR": Az < b}

is convex

Proof. Letx € R”

Given Ax; < b and Axy, <.

We want to show that (Ax; + (1 — \)xzy) € P
= A(Az1 + (1 — N)ao)

=AMz + (1 — \)Axs

<M+ (1=N)b

<b.

Therefore the polyhedral is convex set.

3. Let t, € R", and b > 0. B(t,,b)={t € R™:||t; —t,||< b} is convex.
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Proof. Let t,t, € R"
Given ||t; — to]|< b and ||ty — t,]|< b

Let to=0t,+ (1 —0)t,

We want to show ||0t; + (1 — 0)ts|| € B

10t1 + (1 — )ty — (0t, + (1 — 0)t,)||

=||0t1 + (1 — 0)ty — Ot,— (1 — O)t,||

=[|0t; — Ot,+(1 — Oty) — (1 — 60t,)||

6t — 1)+ (1 — 0)(t> — 1,)]

< |10t — to) ||+ (1 — 6)(ta — t,)|| by triangle inequality

<6b+(1—-0)b
<b
Therefore B(t,,b) is convex. O

4. (The set of hyperplane). Let A be an mxn matrix, b € R™. Let S:={z € R™: Az =
b}. (The set S is just the set of solutions of the linear equation Az = b) is a convex
set.

Proof. We want to show that ((1 — \)x; + Azo) € S, VA € [0,1]

A((1 = Ny + Azg)=(1 — N Azy + Nz

=(1—=X)b+ b

=b. ]

P
Theorem 1. Let K be a convex set and let A\i, Ag,..., N\, > 0 and Z)‘i =1.1If

i=1
T1,To,...,x; € K, then

p
Z )\lﬂfl e K
=1

Proof. We prove the result by induction. Since K is convex, the result is true,
trivially, for P = 1 and by definition for p = 2. Suppose that the proposition
is true for P = r (induction hypothesis!) and consider the convex combination
)\11}1, )\2!132, ceey )\r+1xr+1-

r r+1 r
Define A := Z A;. Then since 1 — A:Z i — Z Ai=A,411 we have
i=1 i=1 i=1
P Y
Z )\ﬂ?z) + )\r—&-lxr—&-l = A(Z —;ﬁﬂ» + (1 — A)QZT_H
i=1 1=1



Note that Z— 1 and so, by induction hypothesis, Z —ux; € K. Since

Try1 € K, 1t follows that the right hand side is a convex Combmatlon of two points
of K and hence lies in k. O

Theorem 2. Let S;;i € I = {1,2,...,n} be each convex. Then their intersection
Nics Si is convex.

Proof. Let {S;}icr be a family of convex sets, and let S:=(,.; S;. Then for any
x,y € S;, Vi € [,and each of these set is convex. Hence, for any ¢ € I, and
A€ 0,1, z+ (1 — Ay € S;. Hence, \x + (1 =Ny € S O

Theorem 3. If C C R" is convex, then the cl(C), the closure of C, is also convex.

Proof. suppose z,y € cl(C). Then there exists sequence {X,,} and {Y,,} in C. such
that X,, — x and Y,, = vy as n — oo. For some A\,0 < A < 1, define

Zn = Atp + (1 = Ny,

Then by convexity, Z, € C. Moreover Z,, — A\x,+(1—N)y, as n — oo. Hence
this point lies in cl(C). O

Defintion 1.1.3 The convex hull of a set S is the intersection of all convex
sets which contain the set S, denote the convex hull by con(s).

Theorem 4. The convex hull of a compact set in R™ is compact.

Proof. LetS C R™ be compact . Notice that p := {1, ag, ..., } € R™: ZO"' =1

is also closed and bounded and is therefore compact.

Now suppose {U;}32, C con(S). By Caratheodory’s theorem, each U; can be
n+1 n+1
written in the form: U, := Zama:(k’i), where oy, > 0, Zak,i = 1 and
' i=1
z®9 € §. Then, since S and p are compact, there exists ki, ko ... such that the
limits limk — coay,; = ; and limk — ocoz®) = 2 exists for i = 1,2,....,n +
n

1.Clearly «; >0, Zai =1 and z;€S.

i=1
Thus the subsequence {UU#}22, which converges to a point of con(s). Hence it
is compact. O



Definition 1.1.4 LetS be a non- empty subset of R” and z, € S. A non-zero
vector d € R" is said to be a feasible direction of S at x, if there is ¢ > 0 such
that xz, + A\d € S,V € (0,0).

Note:

1. If d is a feasible direction at z,, so is ad for any a > 0.

2. If S is open or z, € int(S), then any non-zero d € R" is feasible direction of S
at z,.

3. However, a feasible direction at a boundary point may not be obvious.

1.2 Derivatives of functions over R"

Definition 1.2.1 Let A(y) : Y — R, where Y C R" is open. h(y) is differentiable
at y, € Y, if there exists a vector \7h(y) (called the gradient of h(y) at y,) such
that for each y € Y.

hy) = h(yo) + V0 (o) (¥ — Yo) + 1y = Yoll B(Yo, ¥ — o), and limy_o B(yo,t) = 0.
h(y) is differentiable on y ifh(y) is differentiable Yy, € Y. The gradient vector is
the vector of partial derivatives:

Vh(y,)T = (8g§/yl°), 8%5}’;"), s ag;i")) (if each partial derivatives exists).

Examplel: Let h(z,y, z) = 223y* + 3y32%. Then

Vhiz,y, 2) = (62%y?, 423y + 9y* 22, 6y32)T

Definition 1.2.2: The directional derivatives of h at y, in a direction d € R" is
given by

Dh(y; d)=limy_, w (if the limit exists). If so, Dh(y;d) = vh(y)'d
Definition 1.2.3: The function h(y) is twice differentiable at y, € Y if there
exists a vector \/h(y,) and m x m symmetric matrix s7?h(y,) (called the Hessian
of h(y) at y, such that for each y € Y’

hy) = h(Yo) +7h(Wo) " (Y = Yo) +1/2(y — Yo 7° 7o) (Y — o) + 1y — Yol > B(yo, y —
Yo), and limy o B(yo,t) = 0. h(y) is twice differentiable on y if h(y) is twice
differentiable for all y, € Y. The hessian is the matrix of second partial derivatives:

_0h*(yo)
8%3%

vzh(yo)i]’

Example 2: Continuing Examplel, we have

122y 122%y 0
Vif(r) = [ 122%y 42 + 18y2? 1822
0 1842 6y°

Example 3: Consider a quadratic function f : R* — R given by f(y) = 1/2y” By—
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bTy where B is m x m symmetric matrix and b € R™. Then

Vfly)=By—b and<? f(y) =B

. Definition 1.2.4: Let S C R". g : .S — R is said to be differentiable at ¢,, if

||g(to+r)_g(lTo‘)‘—vg(to)Tr” — O

i.e;g(to + 1) = g(to) + Vg(to)"r + o([I7[])

Or g(t) = g(to) + 79(to) (t — t,) + o(||t — to|]). If so, we have

g(t) = g(to) +79(t,)T (t —t,) for sufficiently mnear t,. (Linear or tangential
approximation of g near t,).

limyr 00

Theorem 5. (First Order Taylor’s Theorem or MVT) If g is differentiable and
to,t € R, then g(t) = g(t,) + vg()* (t — t,) for some t € (t,,1)

Definition1.2.5: Let S C R". ¢g: S — R is said to be twice differentiable at

to € int(S), if im0 \\g(to+T)—g(to)—vg(”t;:ﬁTT—1/2TTV29(to)7’II —0

Leig(to + 1) = g(to) + g(to) r +1/2r" 72 g(to)r + o([|r[])

Or g(t) = g(to) + Vg(to) (t —to) +1/2(t — to)" V2 g(to)(t —to) + ([t —Lo|?). for
any t € S

This yields quadratic approximation of g(t).

9() = g(ta) + Valta)T(E — 1) + 1/2(t — £o)T 7 g(t)(t — 1) + o([t — t,]?) for
t mnear t,.

Theorem 6. (second order Taylor’s Theorem or Second order MVT) If g is twice
differentiable and t,,t € R™, then

g<t) = g(to) + Vg(to)T(t - to) + 1/2<t - to)T V2 Q@T(t - to) fOT’ some t S (toa t)

1.3 Definiteness of Matrices

Definition1.3.1: Let B be a square matrix of order m. Then matrix B is said to
be:

i. Positive definite if y’ By > 0 for all non-zero y € R", negative definite if
y"'By < 0 for all non-zero y € R™ and indefinite if 27 Bz > 0 for some z and
y? By < 0 for some y.

i1. Positive semi-definite if yZ By > 0 for all y € R™ and negative semi-definite if,
yT'By < 0 for all y € R®

For a symmetric matrix B we can summarize the definiteness of matrix B as
follows: Let B, be the r X r minor sub matrix of B; r =1,2, ..., k.

i. B is Positive definite if and only if det(B,) > 0 Vr = 1,2, ..., k or if and only if
all the eigenvalue values of B are positive and Positive semi-definite if and only if
det(B,) > 0Vr =1,2,....k or if and only if all the eigenvalues B are greater than
or equal to zero.



ii. B is negative definite if and only if det(B,) < 0 Vr =1,2,....k or if and only if
all the eigenvalue values of B are negative and negative semi-definite if and only
if det(B,) < 0Vr =1,2,...,k or if and only if all the eigenvalues B are less than
or equal to zero.

Examplel:

B = (3 g) is a positive definite. Since, for y = (y1,y2) # 0,

yTBy = 4y% + 5y§ > 0,Vy1,y2 € R?

Example2:
B = (_72 _12> is a positive definite. Since, for y = (y1,y2) # 0,

y"By = Ty — dyiyo + y5 = 3y; + 2y1 — y2)* > 0,Vy1, 92 € R?

1.4 Local, Global and Strict Optima

The ball centered at z with radius € is the set s.

B(z,e) :={z: ||z —z|| <€}

Consider the following optimization problem over the set S:
P : mingormaz, f(x)

st €S

Definition1.4.1: ¢t € S is local minimum of P if there exits ¢ > 0 such that
h(t) < h(s) Vs € B(t,e)()S.

Definition1.4.2: ¢t € §' is strictly local minimum of P if there exits ¢ > 0 such
that h(t) < h(s) Vs € B(t,e)[S, t # s.

Definition1.4.3: t € S is global minimum of P if h(t) < h(s) Vs € S.
Definition1.4.4: ¢ € S is strictly global minimum of P if h(t) < h(s) Vs € S,t #
S.
Definition1.4.5: ¢ € S is local maximum of P if there exits ¢ > 0 such that
h(t) > h(s) Vs € B(t,e)()S.

Definition1.4.6: t € S is strictly local maximum of P if there exits ¢ > 0 such
that h(t) > h(s) Vs € B(t,e)[)S,s # t.

Definition1.4.7: ¢ € S is global maximum of P if h(t) > h(s) Vs € S.
Definition1.4.8: t € S is strictly global maximum of P if h(t) > h(s) Vs € S,s #
t.



1.5 Convex function

Definition 1.5.1: Let S C R” be a convex set. A function h : S — R is said to
be convex (overS) if for every t1,t, € S and every S € [0, 1],

h(Bty + (1 = B)ta) < Bh(ty) + (1 — B)h(t2)

Definition 1.5.2: Let S C R" be a convex set. A function A : S — R is said to
be concave (overS) if for every t;,t, € S and every 3 € [0, 1],

h(Bt1 + (1 — B)tz) > Bh(ty) + (1 — B)h(t2)

Definition 1.5.3: Let S C R"™ be a convex set. A function A : S — R is said to
be strictly convex (concave) (overS) if for every t¢1,t € S and every 5 € [0, 1],

h(Btr + (1 = B)t2) < (>)Bh(tr) + (1 = B)h(t2)

Examples:
1. Given y, € R™, let d : R" — R be given by d(y) = ||y — ¥o||. Then d is a convex
function.

Proof. Let y1,y2 € R", then

d(Byr + (1 = B)y2) = [(Byr + (1 = B)y2 — voll, for every B € [0,1]

=[18y1 + (1 = Bya — (BYo + (1 = B)yo)ll, for  yo = Byo + (1 = B)yo

= [[(Byr — Byo) + (1 = B)y2 — (1 = B)wo) |

= 1By —vo) + (1 = B)(y2 — vo) |l

< Bllyr — voll + (1 = B)|ly2 — vol|, by triangular inequality

= Bd(y1) + (1 — B8)d(y2), by definition

Hence d is convex function. O

2. Let a e R",b € R and h:R"™ — R be affine function given by h(y) =
a’y +b. Then, h is convex function.

Proof. To show that h is convex function, let y;,y, € R™ and for every /5 € [0, 1],
then

h(Byr + (1 = B)y2) = a” (Byr + (1 — B)y2) + b
=a" (Byr 4+ (1= B)y2) + (Bb+ (1 — B)b), for b= b+ (1 —B)b
= Ba"y, + (1 — B)a’ys + b+ (1 — )b
= Ba’y, +b) + (1 — B)(a’y, +b)
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= Bh(y1) + (1 = B)h(y2).
Hence h is convex function.
In fact affine function is also concave function. O]
3. A function f: R? — R defined by f(z) = z? is a convex function.

Proof. Let z1, 75 € R?, then
FOz+ (1= Nxa) = Oy 4 (1 — Naw)?, for  everyh € [0, 1]

= A2(21)” + (1 = V)P (22)> 4+ 20(1 — N)z122
< N2 ? (1 = NP (@2) A1 — N)[(21) 24 (22)7], since(x — ) > OVz,y € R = 22+4% > 2y
N2 (21)" + (22)” = 2M(w2)” 4 N (w2)” + Mx1)* + Aw2)” — N (1) — N (22)”
= (2)" = A@2)” + A1)
= A(z1)* + (1 — A)(22)°
= Af(z1) + (1= A)f(22)

Therefore f(z) = 2% is convex function. O

Theorem 7. If hy, hy : R™ = R are convex functions, then H(y) = hy(y1)+ha(yz)
15 convex function.

Proof. Let y;,y2 € R™ and for every « € [0, 1], then
H(yyr + (1 =7)y2) = h(vyn + (1 = 7)y2) + ha(vyn + (1 = 7))

< yha(yr) + (1 = )ha(y2) +vha(y1) + (1 — 1) ha(y2),
by convexity of h; and ho
=y(h1(y1) + ha(y1)) + (1 = 7)(R1(y2) + ha(y2))

=vH(y1) + (1 —7)H(y2)

Therefore h; + hs is convex function O

Theorem 8. Let S C R"™ be convex set. If h - S — R is a convex function, then
the level set S, ={y € S : h(y) < v}, wherey € R, is conver set.



Proof. Let y1,y2 € S,,v € [0,1] and y = yy1 + (1 — 7)ya, then by convexity of h
h(Byr + (1 — B)y2) < Bh(y1) + (1 — B)h(y2)

<By+ (-8
=
= B+ (1 — By € 5,
O

Theorem 9. (Sub gradient inequality): Let S C R"™ is convex and h : S — R 1is
differentiable. h(x) > h(y) + <vh(y)* (x — y) for every x,y € S if and only if h is
convex on S.

Proof. (=) Suppose h(z) > h(y) + Vh(y)" (z —y),Vo,y € S.
We want to show that A is convex function on S.

Let y1,52 € S and y = Bys + (1 — B)yz, B € [0, 1]

Then h(y1) > h(y) + h(y)" (y1 —y) and

h(y2) > h(y) +7h(y)" (2 — y)

Since y = By1 + (1 — B)y2

=y + B —y2) = —y=1-0)(y1 — 1)

=1y —y =B — 1)

Thus by substitution,
h(yr) > h(y) + (1= B) 7 h(y)" (y1 — v2)

h(yz2) = h(y) + (1 = B) 7 h(y)" (1 — y2)

Then multiplying the first inequality by § and the second inequality by (1 — f3)
and add

Bh(yr) > Bh(y) + B(1 = B) 7 h(y)" (1 — )

(1= B)h(y2) > (1= B)h(y) — B(1 = B) v h(y)" (1 — v2)
= Bh(y1) + (1 = B)h(y2) = Bh(y) + (1 — B)h(y)
Bh(y1) + (1 — B)h(y2) > h(y)
h(Byr + (1 = B)ye) < Bh(y1) + (1 — B)h(y2)

Hence h is convex function on S.



(<) Suppose h is convex
h(y+B(x—y)) < h(y)+ B(h(z—1y)), 5 € [0,1] by convexity of h or by assumption
Wy + Bz = y)) — h(z) < B(h(z = y))
Wz —y) > > (b (y+6(rﬁy)) h(y))
h(z) — h(y) > & (yw(xﬁ_y))_(y , 80 by taking 8 — 07, we get
h —y)—h
h(z) — h(y)) > /alirori) (h(y + B(z - y)) — h(y))

h(z) — h(y) > vh(y)" (z — y)
= h(z) > h(y) + Vh(y)" (z —y)
0

Theorem 10. Let S C R" is convex set and g : S — R 1is twice continuous
differentiable. g is conver on S if and only if its hessian <y%g(y) is PSD at each
yEeS.

Proof. (=) suppose g is convex on S.

We want show that hessian is PSD i.e; /%g(y) > 0.

g(y+th) > g(y) +t~7 g(y)*h by convexity of g or by theorem above for ¢ > 0 and
h € R™. from second order Taylor’s Theorem, we have

gly +th) = g(y) +t 7 g(y)h + 5t°0" 7 g(y + Oth)h,0 € (0,1)

9y +th) — gly) —t 7 g(y)h = 58*h" 7* g(y + Oth)h

= t2hT 7% g(y + Oth)h > OVt > Oandf € (0,1),h € R™ by convexity of g and by
the above theorem

ht <72 g(y + 0th)h > 0, take t — 0

= hT' 72 g(y)h > 0,Vh € R".

Therefore v%g(y) is PSD

(<) Suppose 2g(y) is PSD

We want to show that g is convex.

(z— )"V 9(yo) (@ —y) > 0for any =z,y€S.

By Second Order Taylor’s Theorem
9(x) = [9(y) + V()" (z —y)] = (= — )" V" 9(x)(@ —y)

= g(z) — [9(y) + V()" (z —y)] >0,
by assumption
= g(z) > g(y) + V)" (z —y)

Hence g is convex by the above theorems. O]
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Example: f(z,y,2) = 2* + y3 + e* — by is convex function on S = {(z,y,2) €
R3:y > 0}.
Solution:
fz:4x3 fy:3y2_5 fz:ez
foo =122 [, =0 f,=0
fxyzo fyy:6y nyIO
fxz:O fyzzo fZZ:eZ

1222 0 0
Viflz,y,z)=| 0 6y 0
0 0 e

Every diagonal element of /2 f(x, y, ) is a non-negative over S. That is, /2 f(x, vy, 2)
is a diagonal matrix. Thus /%f(z,y,2) is a PSD on S.

Hence f is convex by the above theorem.

Example: Find a domain (set) on which f(z,y) = —2% + 4* + y is convex.

Solution: Since
2 o —61‘ O

= V2 f(z,y) > 0,Vx € (—o0, 0]

Hence f(z,y) = —2® +y* +y is convex on S = {(z,y) € R* : z < 0}
Definition:Letf : S — R.

1. The epigraph of f is the set epi(f) := {(z,y) € SxR: f(z) <y .
2. The hypograph of f is the set hyp(f) == {(z,y) € S xR : f(x) > y.

Theorem 11. Let S C R" be conver and f : S — R is conver function if and
only if epi(f) is convex set.

Proof. (=) Suppose f is convex function
Az + (1= Nag) < Af(z1) + (1 = N f(xe) Vg, 29) € S and A € [0,1] . . .(¥)
Let (xl’y1)7 (x%y?) € epl(f) = f(x1> S Yr-

f(x2) < o
From (*)
Az, y1) + (1= A)(w2,12) = (z,y), A € [0,1]
=z =Ar; + (1 — )z
Y=y + (1= Ay

11



f(x) = f(Az1 + (1 = Nxg) < Af(x1) + (1 — X)f(x2), by assumption
<Ay + (1= Ny

=Yy

= f(z) < y,i.e;epi( f)isconvexrset.

(<) Suppose epi(f) is convex set

(w1, f(21)), (w2, f(22)) € epi(f)

= A1, f(21)) + (1 = A) (w2, f(22)) € epi(f),VA € [0,1]
= (A1 + (1 = Nz, Af (1) + (1 = A) f(22)) € epi(f)
JOzy 4+ (1= Nwa) < Af(21) + (1 = A) f(x2)

= f is convezx.
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Chapter 2

2 Optimality Condition for Smooth Unconstrained
Optimization Problems

2.1 Methods of Unconstrained Problem

Unconstrained optimization problem:
(P)min(ormax)g(y)

st yeY

Wherey = (y1, Y2, -, Yn) € R", g(y) : R" — R, and Y is an open set

We say that y is a feasible solution of (P) if y € Y.

Definition 2.1: The optimization problems in which the objectives function is
differentiable and functions involved in the constraints are continuously differentiable
is called smooth optimization problem.

Definition 2.2: A non-zero vector d € R" such that

g(t, +rd) < g(t,) Vre(0,0)

if there exist 0 > 0 then d is called descent direction of g at t,.
Remark: Descent direction is a direction along which g (locally) decreases.
Definition 2.3 A non-zero vector d € R" is said to be ascent direction if,

g(to +rd) > g(t,) ¥r e (0,0),
if there exists 6 > 0.

Theorem 12. Suppose that g(t) is differentiable at t. If there is a non-zero vector
d € R™ such that x7g(t)Td < 0, then for all § > 0 and sufficiently small,
g(t+0d) < g(t) and d is a descent direction of a function g at t

Proof. - Since we have:
g(t + Bd) = g(t) + B v g(®)"d + B|d|lv(Z, Bd), where (I, 3d) — 0 as § — 0.

Rearsanging, 2900 = Gg(7)7d + B1|d] (7, 5d)

Since yg(t)Td < 0 and (¢, 8d) — 0 as 8 — 0,
g(t+ pd) — g(t) <0 V8 >0

and sufficiently and small. m

13



Corollary 2.1: If \/g(t,) # 0, then — <7 g(¢,) is a descent direction of g at t,.

Proof. If x79(t,) # 0, take d = — <7 g(%,)

vVy(te) d ==l 7 g(to)|I> <0
Therefore d is a descent direction. O

Corollary 2.2: If t* is local minimum point of g, then 7¢(t*)d > 0 for every
non-zero d € R" (i. e; there is no descent direction of g at t*).

Proof. By contradiction suppose d is a descent direction of g at t* i.e; let g(t*) <
g(t)Vt € N(t%)

=35>0 such that g(t,+rd) <g(t,),Vr € (0,0)

This contradicts that, if ¢, is local minimum of g, g(t,) < g(t)Vt € N(t,)
Therefore d is not a descent direction. O

2.2 Classical Optimality Condition

In this sub section, we will look for conditions that are usefull to identify (local)
optimal solution for the smooth unconstrained NLP,

min(ormazx) f(x)

st xzecR"”

Where f € C%(R")i.e; twice continuous differentiable.

Theorem 13. (First Order Necessary Condition) Suppose for a differentiable
function g : R™ — R at t, if t € R™ is a local minimum of g, then <7g(t) = 0.

Proof. Tf it were true that 7g(f) # 0, then d = — 57 g(t) = 0 would be a descent
direction, where by ¢ would not be a local minimum. O

Note: The converse of the above theorem 2.2 is not true.
Recall that: If \7¢g(t,) = 0, then t, is called stationary (critical) point.
Examplel. Let f: R = R, f(z) = 223 — 32% Then
Df(z) = 6z*> — 6z = 6z(z — 1), which implies that the only candidates for a
maximum or minimum are x = 0 or x = 1 without further conditions, however we
cannot say whether these are actual maxima or minima.
Example2. Let g: R* = R, g(z,y) = 22 — 243 + 4wy

14



Then D f(x,y) = (622 + 4y, —6y* + 4x) which implies that the only candidates for
a maximum or minimum are when 622 + 4y = 0 and —6y? + 42 = 0. Solving the
first equation for y yields y = _73:1:2. Plugging this into the other equation we have:

-3 —27
0= —6y> + 4 = —6(7x2)2 +4r = Tx4 +4x = 8z — 272" = 2(8 — 2727)

Which implies that z = 0 and x = % are possible solutions. Plugging the x

solutions into the equation for y gives y = 0 and y = %2 respectively. Therefore,

the only possible optima are at (x,y) = (0,0) and (z,y) = (%,%2) Without,

further conditions, however, we cannot say whether these are actual maxima or
minima.

Theorem 14. (Second Order Necessary conditions). Suppose that g(y) is
twice continuous differentiable at y € Y C R™. If y is a local minimum, then
v9(y) = 0 and 7?g(y) is positive semi definite.

Proof. g is local minimum = 7¢(y) = 0, follows first order necessary condition.
g is local minimum = 72¢g(y) is positive semi definite follows from second order
Taylor’s Theorem and first order necessary condition for any non zero d € R". We
have

_ _ 1 _
W@+T®=g@)+rvg®@ﬂ+7dTV%MrHW®¢7€(&D

1 _
= (9(y +rd) = 9(y) + 5rd" 7* gt +ryd)d, 5 € (0,1)
by FONC
1
= ErdT v’ 9y + ryd)d > 09r € (0,0)

if there exist § > 0, Since d is a descent direction i.e; (g(y + rd) — g(y) <0
By taking the limit at » — 0

d" 7% g()d = 0
which implies that 72¢(y) is PSD. O
Example3. Let g(z,y) = % + 22y + 3y — 4o — 4y — 3
Then <7 g(z,y) = (2x + 2y — 4,2z + 6y — 4 — 8y*)T
and

2 (2 2
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v9(r,y)
(z,9) = (3,

= 0 has exactly two solutions:(z,y) = (2,0) and (z,y) = (,3). But at
1
2

)
9 (2 2
\V4 g(x7y) - (2 -9
is indefinite

Therefore the only possible candidate for a local minimum is (x,y) = (2,0).

A sufficient conditions for a local optimality is a statement of the form “if x
satisfies. .. ,then Z is a local minimum of p”. Such a condition allows us to automatically
declare that Z is indeed a local minimum.

[\ [N} |

Theorem 15. (Second Order Sufficient Conditions) Let g be twice differentiable
at t. If 7g(t) = 0 and y%g(t) is positive definite, then t is a strict local minimum.

Proof. From second order Taylor’s theorem, we have

(t) = 9(8) + Vo (¢ ) + (¢ — DT 72 gDt ) + 11— F*1(F, 1 —

Suppose that ¢ is not strict local minimum. Then there exists a sequence t, — t
such that ¢ # ¢ and g(t;) < g(t)Vk Define dy, = Then

Ht tll’

gte) = 9(0) + 11t — 1Pyl 7 g+~ (F, i~ 1)

s (o) ~o(0) _
Sdi 72 fe@)di +y(F 1 — ) = R <0
Since||dx|| = 1 for anyk, there exists a subsequence of{dy} converging to some

point d such that ||d|| = 1. Assume without loss of generality that dy — d. Then

0> limdy 7* g(B)dy +y(E te — 1) = 5d' v g(B)d

Which is a contradiction of the positive definiteness of \/%g(#) n

Note:
i. If s7g(t) =0 and 7% g(t) is negative definite, then  is a local maximum.
i1. Ifyg(t) = 0 and 7% g(t) is positive semi definite, we cannot be sure is ¢ is local
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minimum.
Example4. Continuing example 3 above, we compute

Vig(r,y) = v79(2,0) = @ 2)

is positive definite. To see this, note that for any t = (t1,t3) we have,

1772 g(2)t = 463 + 2ty + 62 = 32 + (1 + t2)* + 562 > OVt € R2.

Therefore, z—(x,y)=(2,0) satisfies the sufficient conditions to be local minimum
and so z=(z,y)=(2,0) is a local minimum.
Example5.

min  g(z,y) = 10(z — y)* + (1 — x)?

(z,y) € R?

Solution: Thus we have vg(z,y) = (20(x —y) — 2(1 — ), —20(x — y))T
vz, y) =0

(.2 (0.0)"

= (z,)7=(1,1)7T is stationary point.

Now, the Hessian matrix,

2 _ \Gzz  YGzxy
Vg, y) =
(=.9) 9yz  Gyy
22 —20
=20 20
=40>0
is positive definite. Therefore (z,y) = (1,1)7 is a minimizer.
Example6.
minf(r) = y* — 3%y + 22*
z € R?
Solution: v/ f(z) =0
of Of \r T
= (z=, %) =1(0,0
(50T = 00)

= (—6zy + 82,2y — 32%)T = (0,0)"
=7 = (z,9)" = (0,0)"
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is stationary point (or critical point)

Now, the Hessian matrix \/2f(z) = v2f(0,0)T = foe  Jay
fyz fyy
o —6y + —1—24352 —b6x
B —6x 2
O O > - g . . .
=g 9| =020 s positive semi definite.

Therefore 7 = (0,0)7 is not a minimizer.

Theorem 16. (Convex Optimality Condition)
Let g be twice differentiable at t. If \7g(t) = 0 and 7%g(t) is positive semi definite
at every t, then t is a global minimum.

Proof. By second order Taylor’s theorem, for every ¢,

g(t) = g(t) +7g(®) (t — ) + %(t — 17 7% g(t,)(t — t) forsomet, € (t,1)

1
=90+ 5t ="V glto)(t =1), since 7 g(f) =0
> g(t), since <y*g(t) is PSD

Therefore t is a global minimizer. [

Remark: Let g be twice differentiable at t. If \yg(f) = 0 and /?g(f) is
indefinite, then ¢ is a saddle point which is called saddle point condition.
Remark: (Problem with two variables)

The second order sufficient condition and saddle point condition can be restated
for a problem with two variables as follows.
Let g : R? — R is twice differentiable at some ¢ € R? and suppose £ is stationary

point. i.e; g:(f) = 0 = g,(?)

gu(t) 9| _ 9it(8)gss(t) — g7.(1)

Let D=
gst<g> 958(7?)

i. If g4(t) > 0 and D > 0,then ¢ is a local minimum.

ii. If g;4(t) < 0 and D > 0,then ¢ is a local maximum.

iii. If D < 0,then ¢ is a saddle point.

Example7: Find (local) minimum of the given functions (find stationary points
and identify their types)
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Lf(z,y) = (2* —y)* +y° - 8y
2.h(zy,9) = 22% 4+ x5 — 1221 — 2719
3.9(w1, T9,03) = (1 — x9)* + 23 — 63
Solution:

Lf(z,y) = (2* —y)* +y* — 8y

fe=dx(x* —y) f,=-22"+4y—38
foe = 122 — 4y fyz = —4z

foy = —4x  fy,, =4
B 4r(z—y) \ (O _ :
vf(z,y) =0= (—2:52 +ay—s) ~\o = T = (—2,4)and(2,4) are stationary
point

9 (1227 — 4y —4
Vf(xay)_< —Ag 4)

Vif(Z)=v2f(=2,4) and 72f(2,4) has the determinant D = 160 > 0 and D =
96 > 0 respectively and f,, = 32 > 0.

Hence, by the above remark (—2,4) and (2,4) are a local minimum point.

2. h(wy,mp) = 223 + o3 — 122, — 2729

hy, = 41 — 12 hy, = 322 — 27

hoyoy =4 hgyey =0
hxlazz =0 h:t:gxg = 6o

Vh(zy,22) = 0 = (éié—é§><8) = T = (r1,m9) = (3,—3)and(3,3) are
stationary point
2 (10
Vih(rnz) =g g,

4 0
20 (=) 2 a2y
-3y )
Since its determinant is D = —72 < 0, Hence (3, —3) is a saddle point by saddle

point condition.

V() =2h(3,3)= (é 108)

V2h(3,3) has the determinant D = 72 > 0 and h,,,, = 4 > 0 Hence, by the above
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remark (3,3) is a local minimum point.
3. g(xy1, w9, 23) = (11 — 22)? + 75 — 613

Gz = 2($1 - fz) Gzy = —2(251 - IQ) Gzs = 223 — 6

Gzizy = 2 Grozy = -2 Gr3zy = 0
Griz0 = —2 Jrows = 2 Gr3ze = 0
Grrzs =0 Grgzy =0 Gugay = 2

2(xq — x2) 0
V9($17$2,$3) =0= _2($1 —.I'Q) =10
2$3 -6 0

= v9(T) = (x1, 29, x3) = (21, 22,3) is stationary point Vz; = x5 € R.

2 =2

VZQ(l’lax%x?)) - _2 2
0 0

N O O

and hence %g(z) = v2¢(z1, 22,3) = 0 > 0,which is a PSD.
Therefore 7 = (x1,29,23) = (x1,22,3) is a global minimum Vz; = z, € R by
convex optimality condition.
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Chapter 3

3 Optimality Condition for Smooth Constrained
Optimization Problems

3.1 Methods of Constrained Problem

Consider the following types of smooth extremum problem (or smooth mathematical
programming problems):

min  h(y) (Puc)
st yeR"

min  fi(y) (Fe)
st yes

where, S = {yly € Y,g:(y) < 0,0 =1,...,m,h;j(y) = 0,7 = 1,...,7} is called the
constraint sets, and Y C R"™ is any set, f,¢;,(i = 1,...,m) and h;,j = 1,...,r
are real valued functions, all defined and continouosly differentiable on open set
Y C R".

In smooth optimization problems, all the functions involved were assumed to be
differentiable or continuously differentiable unless failed if functions involved in
objective functions or constraints are not differentiable. But the core of this project
or thesis is the method of solving optimization problems of differentiable functions
and constraints. The optimality conditions for non-linearly constrained problems
are important because they form the basis for algorithms for solving such problems.
Given a differentiable function f; : R — R and S C R"”, then a constrained
non-linear optimization problem is given as

st yes
For (P.) we use Lagrange function to convert or to transform the problems into
an equivalent unconstrained problem or to a problem with easy constraint so that

optimal solution can be characterized using the transformed form. To convert (P)
into unconstrained problem we try to find a functional f, on R" as follows

fo:R" =R Dif ferentiable and
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foly) =0 VyeS

Then the Lagrangian function L for (P), such that

L:R" =R Given by

L(y) = fily) + fo(y)

Then we define the Lagrange problem as
(Pr) min L(y) Dif ferentiable

s.t y e R"

Lemma (Lagrange Lemma):

i. If ¢, is a global minimizer of L and ¢, € S, then %, is a solution (or optimal
solution) of (P).

ii. If t, is a local minimizer of L and t, € S, then ¢, is a solution (or optimal
solution) of (P).

Proof. Given L : R” — R and ¢, is a (local or global) minimizer of L. This implies
that 7 f1(t,) = 0 i.e; for a neccessary condition t,, \7L(t,) = 0, t, is a minimizer
of L on R".

If so then,s7L(t,) = 0 and ¢, € S are necessary conditions for ¢, to be a minimizer
of (P) O

Notation: For any feasible point y, the set of active inequality constraint is
denoted by

A(y) = {i: gi(y) = 0}

Definition3.1: If the gradient \7h;(y),j = 1,2, ...,k of equality constraints and
the gradient /g;(y),i € A(y) of the active inequality constraints are linearly
independent, then a vector x € S is called regular.

3.2 Lagrange Method for Optimality non-linear Equality
Smooth Constraints

Suppose we have the following optimization problem with equality constraints.

Letf, : R" = R, be differentiable and
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hi(y) : R* =R, be differentiable for each jeJ={1,2,..k}

(P =) min_ fi(y)
st yeS:={yeR":hj(y)=0,5€J}

Now, if we take

foly) = Z 7ihi (y)

Where v; € R, then f,(y) =0 VyeS.

So, we define the Lagrange function for (P =) as follows:
For any vy = (717727"'7fyk)T

called the Lagrange multiplier.

Let L :R" x R¥ = R, given by

L(y,v) = fily) + Z%hj(y)

Thus, the corresponding Lagrange problem for (P =)

s.t y €R", v eR"

The KKT Necessary Optimality Condition for Equality Constrained
Smooth Optimization Problem

Asin the unconstrained case the first order conditions are not sufficient to guarantee
a local minimum. For this, we turn to the second order sufficient condition (which,
as in the unconstrained case, are not necessary). For equality constrained problems
we are concerned with the behavior of the Hessian of the Lagrangian, denoted by
VayL(y,7) at a locations where the K KT conditions holds:

Let t* be optimal solution of (P =) with f, h; are differentiable. Assume that
t* is regular, then for v* = (v{,73,...,7;) be unique Lagrangian multipliers, the
following called dual feasibilty and primal feasibilty respectively satisfies.

o VHIE) + X5 v hy(t) =0,

o. hi(t")=0,j=1,2,...,k

Note:

If t* together with some 7* € RF satisfies the K KT conditions, t* is called a
KKT point for (P =) and the KKT conditions are only necessary conditions.
But under suitable convex assumption, the K KT conditions are also sufficient
optimality conditions.
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Theorem 17. Let t* be a KKT point for (P =) with a corresponding Lagrange
multiplier v* and L(.,v*) be a convex function, then t* is an optimal solution of

(P=).

Proof. L(.,~*) is a convex and 7L;(t*,7*) = 0 = t* is optimal solution of (L,«).
Additionally, t* € S. Hence by the Lagrange lemma t* is optimal solution of
(P =). ]

Corollary: Consider the problem

where f; is a convex function

s.t hi(y*)=0,7=1,2,... k.

If y* is a KKT point of (P =) with some Lagrange multipliers (v;,73, ...,v;)? and
and ho«(y) = vihi(y) + v3ha(y) + ... + vihi(y) is a convex function, then y* is an
optimal solution.

Necessary KKT Optimality Condition for Equality Constraints

In this sub-section, constrained optimization

Constrained Problem

min f1(y)

(1)
s.t hi(y* ) =0,j=1,2,..,k

We say that y is feasible if it satisfies all the constraints of the problem, i. e;
hi(y*) =0,7 =1,2,...,k. In fact it is linearly independent constraints.
Necessary Optimality Conditions

If y* is an optimal solution for the equality problem (1), then y* satisfies 7 f1 (y*) =
07

If the function f; and all h;(y) are continuously differentiable overR™ and the
optimality conditions are specified through the use of Lagrangian functions.

k
L(y, ) = fiy) + > _ ki)
=1
Wh@?“@ Y =172 0 Yk
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From dual and primal feasibilty equation we have n+k unknown variables (z of size
n and v of size k) and n + k equations. We can solve the system by distinguishing
different cases and find the points that satisfies the equation and these points are
called aK K'T' point or saddle points.

Remark:

1. The KKT condition can be satisfied at the solution of the problem (extreme)
as well as at a stationary points.

2. To characterize the saddle points as a local or global minimum, we use the second
order for the objective function f;(y) at the K KT point for more information.
Example: Determine all the stationary points of the following constrained problem:

min  fi(z,y, 2) = 40 + 2% + 2% — day

st r+y+z=15
20 — 2y + 22 = 20

Solution: We have

L(y,y) = 42® + 2y* + 22 — day + (z + y + 2z — 15) + 12(22 — 2y + 22 — 20) —
min  L(y,v) € R?xR?, which is Lagrange form with y = (x,y, 2) and v = (71, 72).
Then we have solve the following system of equations:

Consider the following unconstrained optimization problem

(y,7) € R* x R?
To solve this problem, first check the regularity conditions, whether it is linearly

independent or not, since the gradient active equality constraints, namely
Oy(x +y+ 2z —15),0,(2x — 2y + 22 — 20)

1 2 T
={|1]|,1-2]}, where y=|y
1 2 z
Let o, 0 €R
1 2 0
al1]+8[=2]=(o]=a=8=0
1 2 0
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1 2

Thus, | 1|, | —2 | are linearly independent. The regularity condition is satisfied.
1 2

1. a L =8y —dy+vy +27% =0

. 5L—4y 4z 441 — 27 =0

iii. 2L =224+9+27% =0
iv. gf —rtytz—15=0

on
v G =20 —2y+22—-20=0
Solving this system of equations by distinguishing different cases, we have the only
solution (z,y,z) = (%,2,9) and (11,7) = (=7, =2).
So we have only one K KT point, namely(z,y, z) = (%, 2.9). But we still don’t
know, if this optimal or not.
To know this we can check the convexity of the objective function f; and the
constraints hy and hs.
e The objective function fi(z,y,2) = 42 + 2y* + 2? — 4xy is a convex function,
since it’s Hessian is positive semi definite.
e The constraints hy(z,y,2) = x +y + 2z — 15 and ho(x,y, 2) = 20 — 2y + 22 — 20
are also a convex function,since they are affine function.
Thus the K KT conditions are necessary for (z,y, z) = (3,
the problem.

Hence, y* = (z,y,2) = (%, %, 9) is optimal solution of the original problem

5

5,9) to be a solution of

3.3 Lagrange Method for optimality non-linear inequality
smooth constraints

Let g : R® — R, and Let h : R® — R", be differentiable functions, where

h(y) = (hi(y), ha(y), -, he(y))"

Thus, the Lagrange function for inequality constraints (p <) is defined as follows:
For any v = (v1,72, ..., )" € R’ i.e;y; > 0 Vi, define

L(y,y) = +Z% ;

provided that ~; exists, where L and each ~; are called Lagrange function and
Lagrange multipliers, respectively.
Then we have new unconstrained optimization problems:
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st (y,7) € R" xRY

Theorem 18. Let ((v*,h(y*)) = 0 for some v* € R’.. If (y*,7*) is an optimal
solution of (L), for some v* € R, and y* € S,then y* is an optimal solution of
wnequality constraints problems.

Proof. Since we have, (v*, h(y*)) = 0, y* is an optimal solution of (L,) and y* € S.
Thus we want to show y* is an optimal solution of inequality constraint problem

(P<) ie; g(y") < g(y)Vy.
L(y*,v*) < L(y,v*)Vy € R", since y* is an optimal solution of (L,).

= g(y", ") + (v RYY)) < 9y, + (VS A(Y)

= g(y*,7") < g(y,7"), since(y*, h(y")) = OVy € R"
= g(y*) < g(y)Vy € R"
O

Necessary Optimality Condition for inequality Constrained Problem
Consider the following constrained problem:

min g(y)  (2)

st hi(y) <0,i=1,2,...,7

The function g and all h; are continuously differentiable over R”. The optimality
conditions are specified through the use of Lagrangian function.

L(y,7) = 9(y) + > _ vihi(y)
=1
v = (717727 "'777‘)T € R:ﬂf@,% > 0V2

Assuming some regularity conditions for problem (2), for the K KT conditions, if
y* is an optimal solution of the problem, then there exists a Lagrange multiplier
v =%, 5) € RY ie;y; > 0 Vi, we have the following necessary conditions
for y* to be optimal solution of inequality constraint problem (P.).

So, the K KT Conditions for (P<) called dual feasibilty, complementary slackness
and primal feasibility is given as follows, respectively.

i V) + Y v hi(y) =0
=1
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> 0i=1,2, .7
it. Y hi(y")=0,i=1,2,...,r
iti. hi(y*) <0,i=1,2,..,7

Sufficient Optimality Condition for Convex inequality Constrained Problem
Consider the problem (2), the function g and all h; are convex and continuously
differentiable over R". We say that the problem is convex, for this convex problem
the K KT condition are also sufficient for optimality. Assuming some additional
regularity conditions for convex problem (2), there exists v* = (7,75, ...,7) €
R? ,i.e;7; > 0Viif and only if y* is an optimal solution of the inequality constrained
problem,such that 7g(y*)+>_;_, % Vhi(y*) = 0,7 hi(y*) = 0,i = 1,2, ..., r, hi(y*) <
0,i=1,2,...,my 20,0 =1,2,..,r

Example:

Determine all the stationary points of the following constrained problem:

min ]+ Ty + 12 + 12273 4 623 — 1129 — 71 + 19

st —x1—1x9<—6
—21’1 + X9 < -3

—11 <0,-22 <0

Solution: Now, we have the Lagrange form

L(y,v) = 2} + 23+ 12+ 1222 + 622 — 21209 — 11 + To + Y1 (=21 — T2+ 6) + 72 (=221 +
T2+ 3) = min  L(y,7) € R x R%

Then we have solve the following system of equations:

Consider the following unconstrained optimization problem

(y,7) € R? x R%

To solve this problem, first check the regularity conditions, whether it is linearly
independent or not, since the gradient active inequality constraints, namely
8y(—;€1 — T2 + 6), (9y(—21:1 + o + 3)

(3 (B e 0=
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Let a, 8 €R
) o(3) - e

Thus, (_11> , <_12) are linearly independent. The regularity condition is satisfied.

From K KT conditions, we get:
i P =l 24n —ay— 1 - =292 =0

1. %:4x§+12$2—$1+1—’71+7220
iti. y,72 >0

iv. (=1 —22+6)=0

v. Y221+ 29+ 3)=0

vi. —x1—22+6<0

vit. —2x1+x2+3<0

Consider 4 cases:

7.71,7v2 > 0

1171 > 0,79 =0

110.7y1 = 0,779 > 0

.y =720

By distinguishing different cases, of each cases we have the only solution (x, z5) =
(3,3) and (y1,72) = (3, %3%) at case (i) and the other cases yield not K KT point.
Hence y* = (21, 22) = (3,3) is the only K KT of the problem.

Know we can check whether this point is an optimal solution or not by checking
the convexity of the objective function ¢ and the constraints hy and hs.

e The objective function g(x1,zs) = 2] + x5 + 12 + 1222 + 623 — 2129 — 21 + X9 i3
a convex function, since its Hessian is positive definite.

e The constraints hy(xy,z5) = —x1 — 22 + 6 and he(x1,29) = —2x1 + 29 + 3 are
also a convex function because they are affine function.

Hence, by the assertion the K KT point y* = (x1,22) = (3,3) is optimal solution
of the original problem.

3.4 Lagrange Method for Optimality non-linear Mixed
Smooth Constraints

Let g(y) = (91(), 92(y), -, 9-(y))" and h(y) = (ha(y), h2(y), ..., - ()"
We consider, the problem

min  f1(y) (P)

st yeS:={yeR":g(y) <0,h;j(y) =0}
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Now, we define Lagrange function for (P) as follows:
For any v = (71,72, .-.,7%)" € R}, i.e.,y > 0,Vi, and § = (&1,0s,...,0:)" € R*
define

L:R"xR, xR" R by

L(y,7,0) = fi(y) + (v, 9(y)) + (6, h(y))

Thus, corresponding auxiliary problem is:

(Lv,c?) man L(y7’77 6)

st yeR"for any ~yeRL and 6 € RF

. Hence, we have the following necessary condition for y* to be optimal solution
of (P).
e Karush-Kuhn-Tucker (KKT) conditions (for mixed constraints):
e If y* is an optimal solution of (P), then for some 7}, 07 € R, the followings hold:
i VAW X V) + 2 6 v hyyT) =0
> 0i=1,2, .7
it yigi(y*)=0,i=1,2,...,r
i, gi(y*) <0,i=1,2,...,r
hi(z*) =0,5=1,2,.... k
Example:
minimize  fi(z,y) = (v —1)*4+y—2

st h(z,y)=y—x—1=0
gz, y) =r+y—2<0

Solution: V(z,y) € R? we have

V h(I7y) = [_1’ 1]T7 Vg(x7y) = [17 1]T and V fl(x7y) = [2(1’ - 1)7 1]T
List the KKT conditions

i v hy) +ovh(ry) +yvg@y) =22 -2-0+71+0+9]" =0
. v>0

iti. y(x+y—2)=0

w. z4+y—2<0

v. y—x—1=0

e First try: v > 0, implies z + y — 2 = 0 and reduces the KKT conditions to

20 —2—-0+v=0
1+d+v=0
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Which has the solution [z,y,7,d] = [%,2,0,—1]. But this contradicts v > 0

e First try: v = 0, reduces the KKT conditions to

20 —2—0=0
1+46=0
y—x—1=0
Which has the solution [z*, y*, v*, 0%] = [%, %, 0,—1]

[t is easy that to check the regularity conditions for ¢g(z,y) and h(z,y) are linearly
independent.

The Objective function f;(z,y) is a convex function, since it is positive semi definite
and both the constraints g(z,y) and h(z,y) are affine function which is convex
function and also the second order sufficient condition is satisfied at [x*, y*, v*, §*] =
(53,0, 1]

Therefore, (z*,y*) = [%, %] is strict local minimizer of the problem.

3.5 A Sufficient and Necessary Condition for Non-convex
Constrained Optimization

Consider the following inequality constrained optimization problem:
(P,) minf,(x)
s.t fz(ﬂf) SHHZ: 1,2,...,m
whereX C R™, 0 = [04,05,...,0,,] € R™ f; : X = R,i =1,2,...,m are smooth but

not necessarily convex functions. Let g(z) = (fi(z), f2(x), ..., fm(x)) the family of
perturbed problems associated with problem P, is defined by

(Py) minfo(x)xEX

st g(x) <y

where the vectors y = (y;,7 = 1,2,...,m) is a perturbation to the original problem
P,. When y = 6 the perturbed problem reduces to the original problem P,. Let
the perturbation function:

w:R™ =R
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be defined by
w(y) = min{ fo(z) : g(z) < y,x € X},

which has an effective domain
dom(w) ={y : Iz € Xsuch that g¢g(x) <y}

Clearly the perturbation function w is a monotone non-increasing function of y.
Define the epigraph of w(y) as the set:

epi(w) = {[y, Y] : Yo = w(y)} C R™!

We assume the following to hold:

Assumption 1. There exists an optimal solution z* to the problem P,, and the
optimal cost f,(z*) is finite.

Assumption 2. (Without loss of generality) # € R+ and f,(z) > 0 Vo € X
Assumption 3. There exists an x € X such that fi(z) < 6;,V; = 1,2,...,m and
f(z) > f(a).

The problem is, if any one of f;,7 = 0,1, 2, ..., m is not convex, then the Kuhn-Tucker
necessary condition cannot guarantee that the solution obtained is indeed optimal.
On the other hand, for some non-convex problems the optimal solution may not
satisfy the saddle point sufficient condition.

The Lagrangian theory can be geometrically interpereted as a supporting hyperplane
to the set epi(w). When the functions f;,i = 0,1,2,...,m are convex, then the
epigraph of w is convex, and a supporting hyperplane exists at every point on the
perturbation function w(y) which is the lower bounded of epi(w). When any one of
fi,1=0,1,2,.....m is not convex, the epi(w) is no longer convex and a supporting
hyperplane may not exists at some point of the perturbation function which is
why the saddle point theoremis only suffcient but not necessary. However,since the
perturbation function is monotone non-increasing, every point on the perturbation
function can be supported by a shifted cone obtained by shifting the negative or
that in R™*! This simple observation begs the question, is there a sufficient and
necessary condition for the optimal solution of problem P, without any convexity
assumption?

An equivalent optimality condition

We now present a new optimality condition in terms of an unconstrained problem
which is both sufficient and necessary.It has the flavor of a supporting cone for the
non-convex perturbation function. Alternatively, one can also think of scalarizing
the cost and constraint functions using a weighted Tchebyshev norm.

Theorem 19. (A sufficient and necessary condition for optimality without convezity)
Let x* be the (global) optimal solution of problem P,, and let 0y = fo(x*). Then a
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solution x* solves problem Py if and only iof x* solves the unconstrained problem:

(Pl) mz’n‘rexmaxoggm{%@}

Proof. Tt is clear that the minimum value of the unconstrained optimization problem

Pl iSZ
minxexmaxogigm{M} =1

0;
If x¢ solves problem Py, then xy must be feasible , and f,(x,) = f,(z*). Hence

i\
maxogigm{¥} = 1
i,e; xy solves problem P;.

Conversly, if x5 does not solve Fy, then either xq is infeasible, or x; is feasible and
fo(zo) > fo(z™).

If zy is infeasible , then 35 € {1,2,...,m} such that f;(x,) > 6;, implying that

maxogigm{%f)} > 1 (*)

If xy is feasible, f,(x,) > f,(z*) and the inequality (*) still holds. Thus in both
cases , xo does not solve P;. O

The above theorem leads to a conceptual simple method for solving the non-convex
inequality constrained optimization problem F,. Consider the following scalar
function of a scalar parameter 6, € R, > 0. Note that 6;,7 = 1,2,...,m are fixed
parameters of the problem P,:

gb(@l) = minwexmaxogigm{%}
Theorem 20. (Properties of the function ¢)
i. 0, < folz*) = ¢(6,) > 1;
ii. 0, > folz*) = ¢(6,) < 1;
iii. 0, = fo(z") <= ¢(0,) = 1;
iv. ¢(0,) is a monotone non-increasing function oft;;
v. ¢(0,) is continuous function of 6;.
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Proof. i. If x is feasible,i.e; fi(z) < 6;,Vi, then fo(z) > fo(27), hence 5= > 1,

and
flx)) _ fl
0; 0,

maa:0<z<m{ > 1.

Else if z is not feasible, i.e; f;(z) > 6; for some j, then

o)y 5

J

}>

Maro<icm{—

Thus
fi(z)
0;

ii. By Assumption 3, if6, > f,(z*), then there exists x € X such that f;(z) <
0;,i=1,2,....,m; and 6, > f,(x) > f(“*) consequently

fi(z)
9@

MiNgexMaTo<i<m{——} > 1.

} <1

maxogigm{

and hence

fi(z)

o(theta,) = minxexmaxogigm{e—} <1

iii. Follows directly from Theorem 3.4.
iv. Letf! > 62. Then

fol@) _ fol2)
< e X.
This implies that max {f"e(fc , fig(?),i =1,2,...,m} < maz{ 9233 , fze@,i =1,2,...,m},

annd hence
3(8,) < ¢(65)-
v. This follows that from a result which says that if the cost function is continuous

in some parameter (6, in this case),then the extreme value of the cost function is
also continuous in the parameter. O

Because of the special property of the function ¢, solving the constrained
optimization problem P, is now equivalent to a rather simple problem. Find the
unique root of a monotone decreasing (scalar) function of a scalar variable:

Py Find 0 = fo(z*) such that ¢(0%) = 1. At first look, this looks like a trivial
problems since it is almost effortless to numerically solve for the root of a monotone
(strictly monotone at the root by virtue of Theorem 20 (iii)) scalar function of a
scalar variable. However, in practice,this is made non-trivial by the fact that each
function call of ¢ requires the solution of a unconstrained minimax problem, which
in it self is not a trivial problem even if it is unconstrained. Nevertheless there
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exist several effective methods and soft ware packages that deal with minimax
optimization effectively or the mini max function in the optimization toolbox of
MATLAB and these will be fully exploited. We can use any gradient-free method
such as the bisection search or secant method which is sufficient. In fact, for man
of our test problems, it is found that the function ¢ is nearly linear over a wide
range about the optimal solution. This, coupled with the fact that the solution
is unique, makes even unsophisticated methods like the secant method converge
merely in a few iterations. Due to page constraint, we are unable to provide any
example here. This will be taken up in a future if anyone interested to do as a
recommendation, since in this paper it is focused only on the convex constrained
functions. As a conclusion it is interesting to note that the proposed approach
does not require the set X to be infinite, and hence, X can be a discrete set if
necessary. In this case, the traditional Lagrangian theory is never sufficient and
necessary even if all the underlying functions are convex. In practice, however,
some difficulty would be expected in solving discrete mini max problems.
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