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ABSTRACT

The detailed kinetic aspect of the Landauer’'s blow-forch theorem is
investigated for two models of non-homogeneous media, proposed
by Landauer and by van Kampen. For both models, we considered a
symmetric W-potential with hot locality temperature profile and
applied the Brinkman’s method to obtain analytic expressions for the
escape and equilibration rates. The escape and equilibration rates
are functions of strength, position and width of the hot locality, and
the barrier height. We find that the presence of the hot locality has
improved the equilibration rates for both models. The calculation also
reveals that the equilibration rate for Landauer's model has an
optimal position where it gets its maximum value while for the van

Kampen’s model it is an increasing function of position.
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Chapter 1

INTRODUCTION

In equilibrium statistical mechanics, we study the macroscopic proper-
ties of a. system on the bases of the general arguments of molecular-kinetic
concepts. To study such equilibrium system, one need not investigate how
the system is relaxed to the equilibrium state. The general arguments
are quite sufficient to describe systems without knowing the detailed pro-
cesses which bring about the final equilibrium state. For example in an
isolated system, a state with lowest energy is the most probable state
at equilibrium and in general the relative occupation of higher-energy
states are described by the Boltzmann distribution ¢ F57 where F is the
energy, 1" is the absolute temperature and kp is the Boltzmann con-
stant. However many macroscopic systems of practical interest are non-
homogeneous, non-linear and operate far from equilibrium. Hence the
general arguments of the equilibrium statistical mechanics may not work
and one has to study the non-equilibrium nature of the system.

To illustrate the implications of this idea, Landauer raised the gues-
tion of relative stability of a competing local energy minima for a system
far from equilibrium and discussed what we now call the blow torch the-
orem [1]. His point was that relative stability of a multistable system
could be altered by path-dependent diffusion even when localized to the
neighbourhoods of the potential barriers separating the deterministically

stable or metastable states. That is, the most probable state of such

1




a system can not be determined from the information about local min-
ima alone and hence one has to see the detailed kinetics of the system
to talk about the stability. In fact his idea generalizes the problem of
Kramers reaction rate [2] in equilibrium thermal fluctuation to the case
of non-uniform temperature along the reaction coordinate.

To justify Landauer’s blow torch theorem, van Kampen [3,4] derived
the equations that are appropriate for the description of diffusion in non-
homogeneous media, by considering two models, where he developed a
thermally activated diffusion equations for the media from stochastic
point of view. He also showed [3] that there could be a net current
when particles are allowed to pass through an alternative route by pass-
ing the hot region. Using computer simulation, Sinha and Moss [5] have
also verified Landauer’s argument. Experimental work was also done
in a thermally activated superconducting ring with a weak link where
transitions produce temperature changes [6].

Most of the works on this problem were confined to the studies of the
influence of space-dependent temperature on the steady state relative
occupations of energy minima. ‘The only work on the detailed kinetic
aspect of the problem is the work by Mulugeta Bekele et.al. [7]. Using
supersymmetric method, they have calculated the lowest relaxation time
in a bistable potential in the presence of a hot locality, for the model
proposed by van Kampen. In this thesis we address the same problem.
We want to calculate the relaxation time for the slow equilibration process
for two models, that are proposed by Landauer [8] and by van Kampen

[3] using Brikman’s method [9].




The rest of the thesis is organized as follows. In chapter 2, we first
introduce the two types of non-homogeneous media and then develop
the Fokker-Planck equations that govern the evolution of the diffusion
processes for these models. In chapter 3, we discuss the dynamics for the
two types of non-homogeneous media in a bistable potential in detail and
obtain the general expressions for the escape rates and the equilibration
rates. By choosing a particular W-potential with a peciewise constant hot
locality in one of the wells of the potential, we obtain analytic expressions
for the escape rates and the equilibration rate for each medium in chapter
4. These results are discussed in detail including from physical point of
view in chapter 5. Finally, we summarize our results and conclude in

chapter 6.




Chapter 2

DIFFUSION IN TWO TYPES OF
NON-HOMOGENEOUS MEDIA

In this chapter, we present two types of non-homogeneous media under
which diffusion processes take place. We will find that, unlike homoge-
neous medium, the equations governing motion of Brownian particles in
non-homogeneous media are model specific. Consequences of and com-

parisons between the governing equations will be indicated.

2.1 LANDAUER’S PIPE MODEL

We discuss the model proposed by Rolf Landauer {8] to study the
diffusion of Brownian particles in a non-homogeneous temperature back-
ground. The model considers a very thin straight pipe of circular cross-
section with inner radius e. 'The axis of the pipe serves as x axis and the
wall of the pipe has a temperature of T' which depends on the position z.
The pipe is filled with non-interacting Brownian particles each of mass
m. The medium inside the pipe is assumed to be vacuum so that there is
no interaction between the medium and the particles. The particles are
subjected to an external force field whose potential is given by V().

Because of the applied external field and the random thermal fluctua-
tion of the background, the particles will diffuse in the tube. Moreover, if
the diameter of the tube is very small compared to the length of the pipe,
the diffusion of the particles can be approximated by a one dimensional
diffusion equation. |

To study the dynamics of these non-interacting Brownian particles it is
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sufficient to consider the motion of a single particle in a viscous medium
in one dimension. The state of the particle in phase space is described
by its position 2 and velocity v. The equation of motion for the particle

is given by the Langevin equations of the form

dv

me = —V'(z) — bv + /20kpTE(2) (2.1.1)

and

dz "
dt
where b is the damping constant of the medium and /2bkzTE(1) is the

(2.1.2)

random force on the particle due to the thermal kick of the environment.
The prime on the potential denotes derivative with respect to the position
2. The random force is assumed to be a Gaussian white noise whose mean

is zero and is delta correlated. That is,

(¢() = 0 (2.1.3)
and
20kpT (E()E(E)) = 6(¢t — 1), (2.1.4)
where kp is the Boltzmann’s constant.

By taking an assumption that the physical fluctuating force £(¢) is to

be interpreted as

E(t)dt = dW (1), (2.1.5)

the Langevin equations (2.1.1) and (2.1.2) can be transformed to the

following stochastic differential equations:

de = vdt (2.1.6)

(w24



and
mdy = —(V'(z) + bv)dt + /2bkgTdW (£). (2.1.7)
Through Ito calculus [10], these stochastic differential equations can be

transformed to the corresponding Fokker-Planck equation of the form

ap 0 10 bksT 8%p

- 2 vt gr
ot ox (vp) + [(V'{z) + bv) p] + m?2 Ov?’

where p(z, v, t) is the probability density of finding the particle at position

(2.1.8)

x with velocity v at time ¢ in phase space. This Fokker-Planck equation

can slightly be simplified by introducing new scaled variables

= 2.1.
7
V{z)
U= 2.1.11
and
=0 (2.1.12)
Y= m. .1,

In terms of these scaled variables, the corresponding Fokker-Planck equa-

tion takes the form

dp 0 o 9, Op
T M@(up) + 5= (Ulyp) + 15, (up + %) : (2.1.13)

This is the celebrated Kramers’ equation. At steady state its solution is
given by

Pss(Ys u) = NEzp [—U(y) — u;}} (2.1.14)
where IV is the normalizing constant. In terms of the original variables

(z,t) the steady state solution is

(2.1.15)

Viz 2
Pss(.’v,v) =NEn;p[_ (’b) o mw ]

kpT  20kgT

6




which is the familiar Boltzmann distribution in equilibrium statistical me-
chanics. The denominator kgT in the exponent arises from the assumed
coefficient /20kgT of the fluctuating force.

For three dimensional case where the position of the particle is 7 =
(@1, 29, x3) and its velocity is ¥ = (vq,vs,v3), the Kramers’ equation is

given by

o v3t) 3f
ot = et VUE) ”Za(

where f(7; 7; 1) is the probability density of finding the particle at position

) o o(2.1.16)

7 with velocity ¥ at time £. In a system where there is no viscous force,

the damping term becomes zero and the Kramers equation takes the form

of . of of

S = =055+ YU (). (2.1.17)

2 < e,

For Landauer’s pipe model this equation holds for y? + 2
ingide the tube. As a boundary condition we assume that the particle,
on colliding with the wall of the tube, gets thermalized with the wall of
the pipe at the instance it collides with the wall and then gets reflected
with equal probability in all directions. That is, the particle satisfies

the Maxwell velocity distribution corresponding to the local temperature

T(z). Mathematically this boundary condition can be written as

; 2
f=NEaxp [~ Z;;) - Z’Z;’T] (2.1.18)
for | ¥ |= € and 9.7 < 0. N is the normalizing constant and is determined
by considering that, per second, as many particles leave the wall of the
pipe as arrive at it.

To discuss the one dimensional diffusion of particles in the tube one

has to consider the limiting case where € — 0. In this limit almost all the
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particles at a given point 2 on the axis of the pipe have undergone their
last collision in the neghibourhood of this point. Hence, to lowest order
approximation in €, every particle satisfies the Maxwell velocity distri-
bution corresponding to the local temperature T'(z). A slight deviation
from this distribution is obtained by taking the next order of approxima-
tion in € . This deviation causes the particle to diffuse along the pipe.
To obtain the equation that governs the dynamics of the system from the
Kramers’ equation, one has to apply a singular perturbation technique
and integrate the distribution function f over the velocity components.
van Kampen [6] showed that the appropriate Fokker-Planck equation for

such Landauer’s pipe is

Qp_éf_’tl _ a% {u(m)v’(m) Pla, 1) + %(D(m)P(m,t))} . (2.1.19)

where p(z) = 5——;\/;7—% is the mobility of the particle, V() the applied

potential and D(z) is the diffusion coefficient. Such Fokker-Planck equa-
tion as Eq. (2.1.19) where velocity variable does not appear is usually
called Smoluchowski equation.

The stationary solution of Eq. (2.1.19) in the absence of the applied

potential is
const

Pl = /Gy

which arises because of the thermal kick from the background. The de-

(2.1.20)

. o 1 .
pendence of Py(z) on the temperature; ie, Py o V) explains the

fact that the speed of the particles is proportional to the y/T'(z). Such
equilibration process is usually called temperature equilibration. This

tells us that the particle spends less time in hot regious. In general, the




stationary solution in the presence of the external field is

o181 LR VAN
)

T(x kpT() ] ( )

The effect of the external potential V() on the steady state distribution

of the system is fully accounted for by the factor

V&) ~]
cuap| - —t (T | 2.1.22
! { / kpT(&) ( )

To sce the meaning of this expounent in Eq. (2.1.21) from thermody-

namics point of view, we consider a bistable potential whose minima are

abt v = v, and al @ = 2z, while 1ts maxima is at 2 = 0 as shown
located at z e and al ., while 1ts maxima is at @ = as sl

in Fig. 2.1,

e

Fig. 2.1 A symmetric bistable potential

First we consider an isolated system whose background has a uniform
temperature. For high [riction limit, because of the isolation of the sys-
tem, the energy of the heat bath (the background) plus the energy of the
particle is always constaut, Fy. If the particle is at position 2, then its
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energy will be V' (2), so that the energy, F, of the heat bath is Ey— V().
Thus the entropy, S, of the heat bath is dependent on Ey — V(z). Ex-
panding the entropy in powers of V(&) and neglecting the higher order

terms, we get

dS V(z)
_ i) = _
(lE1 (’L) S(EO) kBTO

S[Ey — V(2)] = S(Fy) (2.1.23)

Then the probability density of finding the particle with energy V{(z)

becomes

P(x) =C'Eap {— Zg(;z] (2.1.24)

where C’ is the normalizing constant and the superscript e stands for the
equilibrium distribution, This is the familiar canonical distribution in
equilibrium statistical mechanics.

If we consider the two wells as two distinct regions, then the probability

of finding the particle in the left well is

0 %
a (IE) a
Exp [ —_k'BTo] dx (2.1.25)

Ne(4) = C' /

while the probability of finding the particle in the right well is

0

Ne(CY =" /

7
E:L‘p[—-‘ (f")} da (2.1.26)
0

kgly
where A and C denote the left and right well regions, respectively.

Now let us consider a non-homogeneous temperature background for
the system. Let the temperature in the region (21, z2) be raised to 7}
as shown in Fig. 2.1. This means that we have an additional heat bath
with temperature 77 which the particle interacts whenever it enters the
region (x1,22). Suppose the particle enters the region at point z; and

leaves it at @9. During the time it stays in the region, it gains an energy
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of V(zy) — V(21). As a result the heat bath with temperature T} loses

the same amount of energy so that its entropy decreases by

I/({L‘z) — V((L‘l)
kT '

A8 = ~ (2.1.27)

When the particle leaves that region, it thermalizes with the heat bath at
temperature 7p so that its temperature decreases to Ty. Thus the entropy
of the heat bath with temperature Tj increases by

_ Vizg) = Vix)

A
5o kT

(2.1.28)

Thus the passage of a particle through the interval (zy, z2) has the effect
of transfering the energy V(ag) — V(z1) from the hot heat bath to the
cold heat bath. This exchange of heat increases the entropy of the total

system by an amount of
AS = AS) + ASy. (2.1.29a)

That is,

AS = (V(""Q)I;V(ml)) (%0 - T%) (2.1.29b)

e is the factor by which the probability for the particle to be in the
left well is enhanced. Hence, in the non-homogeneous temperature back-
ground at steady state the ratio of the probabilities of finding the particle

in the two wells is

(L[

This is what we call the Landauer’s blow torch effect {1].
To obtain the explicit expression for the relative stability, one has to

expand the potential about its minima. Near the minima the potential
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V(z) can be approximated by a parabola so that

Vg e — 2,2V,
. YBLD

0
Ne(A) ~ C'/ Ezp

—CO

Considering that the potential in region A is approximately parabolic and

wide enough, upon integration one gets

2u'l V{(zq)
NE(A) ~ ¢ O Fap|——2291. 2.1.39
) C\/V”(:va) {Lp[ kBTO} (2.1.32)

Similarly,
27(T0 ‘/(.’UC)
N{(CY~C'\| ———Fxp|— . 2.1.
(©) V V(@) ’Lp[ kBTO] (2.1.33)
Hence

N(A) (Vi) [-(Teasven) (Ye-ven)_ (Yep-v(a)
N«?EC):- Vi(x,) e[( o )( o ) ( F510 )J (2.1.34)

This expression can be written as

Ne(A)  [V'(z) [ /"”“ Viie) |
N+ (C) " V”(%)E:Lp 5 k'BT(a:)d:L . (2.1.35)

This form represents the general temperature profile. Therefore, the fac-

tor

* V(@)
FEap|— 2 2.1.36
o [ f szT(:E)‘“’] (21:50)
in the steady state solution of the Landauer’s pipe model determines the

relative stability of the particle in the potential and it has a pumping

effect.
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2.2 van KAMPEN’S MODEL

This is a model proposed by van Kampen [3]. He considers a pipe
filled with a non-homogeneous medium. In this model the medium acts
as a heat reservoir and hence it takes the temperature ot the pipe which
varies in position along the axis of the pipe. The existence of a viscous
medium in the pipe causes the particle’s motion to be damped by a
resistive force whose magnitude is proportional to the velocity of the
Brownian particle. Since the medium temperature is position dependent,
the damping coefficient, 7, is in general non-homogeneous in space.

The motion of a Brownian particle in such a medium in phase space

is governed by the Kramers’ equation Eq. (2.1.8), which is

of o 1o 2)hpT () O2f
YD op) + 22 (1) 4 ape) g+ LS TS

(2.2.1)

where f(z,v,1) is the probability distribution function in phase space and
v is the damping coeflicient. For a particle with unit mass, Eq.(2.2.1) can

be reduce to the form

9 of .. 9 9
W= w2 v @) (vf " chT(m)gg) L (222)

In a case where the damping coefficient v and the background temper-
ature T are constant, it is well known [2,11] how to derive the Smolu-
chowski equation of the system for high friction limit. But when both
v and 7" are non-homogeneous, one has to apply singular perturbation
technique and the general method of eliminating fast variables [10] on the
above Kramers’ equation to get the corresponding Smoluchowski equa-

tion. The resulting equation, first derived by van Kampen [4], is given

13




by

(r‘)P((L’, t) a , 8

oy T o. ; / i’ 1 i 5] - 1

i o | @)V (@) P (2, 1) + ple) - (ABT(:L)P(Q,,t))} (2.2.3)
1

where p(z) = o) is the mobility of the particle in the viscous medium.,

The steady state probability distribution of this system is given by

C Y Vi(z) .
Pss = Eax - e — Ty 2.4
T() "'p[ / kBT(a:)”’] (2.24)

where C' is the the normalizing constant. Here again the exponential part

is the contribution of the potential and it has a pumping effect.

The factor ﬁ can roughly be explained from thermodynamics point
of view as follows. The particles that we considered in the pipe are
non-interacting and hence the system can be considered as an ideal gas
system. Moreover we know, from equilibrium statistical mechanics, that
for an ideal gas system pressure is constant on a horizontal plane, say,
located at a distance z from see level. This means that there is pressure

equilibration on that plane; i.e., the ideal gas equation is satisfied. Hence,
§ = nRT = constant, (2.2.5a)

on that plane surface; where p is the pressure, 7 is the number density
and R is the universal gas constant. But for an ideal gas, it is sufﬁci‘ent
to study the dynamics of the probability distribution of a representative
particle. In that case one can replace the number density 7 in Eq. (2.2.5a)
by the probability density distribution P. Therefore Eq. (2.2.5a) can be
written in the form

p = PRI = constant (2-2-513’)

which shows us that the probability distribution is inversely proportional

to the temperature T'(x). This means that the probability of finding the

14




particle in a hot region is less than in a cold region. As a result the

particle will spend less time in the hot region.

In this chapter, we have indicated two main points. The first one
is that steady state solutions for non-homogeneous media are drastically
different from that for homogeneous medium and the second is that there
are similarities and differences between the steady state state solutions
of the two models.

In the next chapter we will study the slow dynamics of the Brown-
ian particle in a bistable potential with non-homogeneous temperature

background for the models presented in this chapter.
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Chapter 3

RATE EQUATIONS IN A BISTABLE POTENTIAL
FOR NON-HOMOGENEOUS MEDIA

Brownian motion in a bistable potential has two time scales in its evo-
lution. One is the fast time scale which is of the order of time required
for local equilibration in one of the wells. The other time scale is asso-
ciated with the slow proceés of escaping from one well to the other or
vice versa. This slow time scale is of the order of time required for global
equilibration.

In this chapter, we are interested in the slow dynamic of the Brown-
ian particle as it approaches to the steady state in a bistable potential.
Identifying the two wells as two regions we formulate the rate equations
governing the late stage dynamics of the Brownian particle. This is done

for the two types of non-homogeneous media.

3.1 RATE EQUATIONS FOR LANDAUER’S PIPE MODEL

In this section we study the dynamics of the Brownian particle in
Landauer’s pipe model, where temperature is non-homogeneous. As a
particular example we consider a double well potential V (z), whose bar-
rier height is Vy as shown in the Fig. 3.1. The peak of the barrier is
located at x = 0 and the two minima are located at * = —L and at
& = L. The non-homogeneous temperature of the medium is obtained by

locally heating a certain portion of the pipe in one of the wells.
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A particle that moves in this double well potential is subjected to the
random force of the background, Originally the particle is assuined to
be caught in one of the potential wells and as time advances it gets a
continuous kick from the background and as a result it may escape from

the well by passing over the potential barrier V.

Fig. 3.1 A symmetric bistable potential

The dynarmics of the particle is governed by the Smoluchowski equation

OP(x,t) 0O AV B

= 5 jele EEP(:L‘J,) + %(D({U)P(.’U,t)) (3.1.1)

where p(2) is the wobility of the particle and D(2) is the diffusion coef-
ficient. In this equation the mass of the particle is assumed to be unity.

Following Brinkiman’s [9] approach to solve the problem, we define
n4(t) and nc(t) to be the probabilities of getting the particle in the left
well and the the right well at time ¢, respectively. Then

a0
.rz.,l([.):/ P(a,t)dw

o =00




and
O
ne(t) = / P(z,t)dz.
0
If we integrate Eq. (3.1.1) from —co to zero over z we get the differential

equation for n4(t) . That is,

0 . 0 -
/ &;;Qd% :f 9 [/_z(:u)dT P(e,1) + %(D(:::)P(a;,t))} dz

oo O dx

O 8J(z,1)
:—/_ B dx

o0

= —J(0,t)
where
T(o,1) = () 3 P@,8) ~ 5-(D()P(2,1)
OO = TR g\ Ox z,1)
is the probability current density and the point @ = —oo is assumed to
be a reflecting barrier. Hence,
t
Bn_a,;t(_) = —J(0,1). (3.1.2)

But the probability density is normalized so that we have

/ Pz, t)dx =1

<O

or

na(t) + ne(t) = 1.

This implies that

18




anA(t) _ __é)ng(t)
ot a

As far as the particle motion is concerned, the two wells in the potential

(3.1.3)

can be considered as two regions where two kinds of processes take place.
The first one is the local equilibration process in each well of the potential
and the other is the global equilibration in which the two wells exchange
the particle. The local equilibration process is a very fast process com-
pared to the time required for the global equilibration. The detailed
comparison between the time scales of these two processes is discussed in
the Appendix. The equilibration time for the fast process (75) is of the
order of

y
T~ — 3.14
g (3.1.4)

while the equilibration time for the slow process (7;) in a homogeneous
background is of the order of
Yo

Ty ~ %ekBTu (3.1.5)

where v is the damping coefficient of the force that the particle experi-
ences from the medium or from collision with the wall of the pipe and 5
is the measure of the curvature of the potential wells. These approximate
values of time scales show that the global process is indeed a very slow
process compared to the local process.

In this thesis our main goal is to study the dynamics of the slow process
or the global equilibration process. For slow process, the contribution of
the current at the peak of the barrier is mainly from the neghibouring

points of z = 0, that is from the region (—L,L). To find the current
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density J(0,1) at the pick of the barrier height, we express Eq. (3.1.1) as

OP(x,1)  J(z,1)
ot Oz (3.1.6)

where J(x,t) is the current density. The expression for the current density
J(x,t), given by
dVv d
J(w,1) = —p(2)7-P(2,1) = 2(D(2)P(2,1))
can be rearranged as follows:

2 (D) Pla, 1)Q()) = ~I(z, ) Q) (3.7)

where

Q(x) = Fap [ /_ L Azjﬂzz) dq,] . (3.1.8)

Note that we have used the Kinstein relation
D(z) = pla)ksT (). (3.1.9)
Integrating Eq. (3.1.7) from —L to L we get

L
P(L)D(L)Q(L) — P(~L,)D(~L) = — /_ T, 0@ (3.110)

For high barrier V5(>> kpT') the integral on the right side of Eq. (3.1.10)
can be simplified. For such condition, as Brinkman [9] assumed, the
region near the top of the barrier gives major contribution to the integral.
On the other hand, J(z,t) is very nearly constant in this region so that

we can replace its value by J(0,t). Hence, we get

P(L, ) D(L)Q(L) — P(~L,t)D(—L)

—J(0,1) =
o0 J2, Qe)da

(3.1.11)
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Now let us find the non-steady state probability density P(z,¢) to
calculate P(L,t}) and P(—L,t). To do this we consider the steady state

current density Jg(x,t). At steady state, J(z,t) = 0 so that

dV d

() EPss(f’:) + ——(D(2) Pss(2)) = 0.

dz

This implies that the steady state solution of the probability density is
given by

C v VI(E)
Pi(z) = Bap | — —dZ 3.1.12
(@) = payter ( /_L keT(@) )’ (3.1.12)
where C' is the normalization constant. Since D(z) = p(x)kpT(z) and
the mobility is proportional to the inverse of the square root of the tem-

perature, u(z) « ——=, as shown in Eq. (2.1.19), we get
] ,T(:I.’) g

Ple)= —=Fuap | — ~-dT }. 3.1.13
@=L @™ (3:1.15)

The equilibration process in each well is very fast compared to the

global equilibration process which require escape over the barrier. This
means that for global equilibration process the probability distribution
P(x,t) in each well is not very far away from the steady state distribution

and can be approximated by
P(z,t) = x(t) Pss(2) (3.1.14)

where () is essentially constant within each well, and changes only in the
vicinity of the peak of the barrier height. The function x(t) is obtained
by integrating P(z,t). That is,

0 0
f P(z,t)dz =/ X () Pys(2)dx = na(t)

oo

and
/ P(z,t)de = / () Pss(z)dz = ne(t)
0 0
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From these two relations, the correction factor for the non-equilibrium

distribution function, x(¢) can be written as

t)
x(t il for =<0 3.1.15a
(i) = f Pyo(z)dz ( )
and
ng(t)
A1) = — for >0, 3.1.15b
/\( ) J‘O Pss(x)dﬂ; o1 ’L— ( )

Substituting the expression of steady state solution P, we get the fol-

lowing expression for x(t). For & < 0

n4(t)
V(&)
E’Lp( Y T(,c) )d'z:

x(t) = , (3.1.16)

Co [ Boo
and for z > 0
ne(t) |
Co fy \/———E'Lp( I LV;HZ’))(ZQ:) dx
Inserting Eqs. (3.1.16a) and (3.1.16b) in Eq. (3.1.14) one gets the values
of P(L,t) and P(—1L,t) as

() = (3.1.160)

nA(t)

P(-L,t) = - Vi ,  (3.1.17)
VIT(-L)[ %(x)E:Bp( I LRVF( )dm) dx
and
no(t)Bep (~ I, gty
P(L,t) = (=L mity) (3.1.18).

VI [T \/—E’Lp ( [ AV;,(J(B )(l’L) de
Combining the Egs. (3.1.2), (3.1.3), (3.1.11), (3.1.17) and (3.1.18) and
arranging some of the terms we get an equation that describes the trans-
fer of the particle between the two wells or the rate equation for the

probabilities of finding the particle in the two wells. That is,

35% = —Aan4(t) + Agne(t) (3.1.19)
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and

2 = Mna(t) = Aonc(t) (3.1.20)
where
Mg = D(=L) (3.1.21)
L N T 0 dz
VI{(—L) (f_L Q(’L)d’b) (Lm m)
and
Ao = DL) (3.1.22)

VI(T) (J5, Q)da) (fo‘” “\/*f(—im)

with Q(z) is given by Eq. (3.1.8).

Aa and Mg are the rate at which the particle jumps from left to right and
from right to left, respectively. The above rate equations are exactly the
same as the equations that one gets in chemical reactions. In fact, in
chemical reaction processes, Ay and Ag are called the reaction rates.

For Landauer’s pipe model, the escape rates A4 and A¢ depend on the
form of the potential and the temperature profile.

The eigenvalues of the coefficient matrix for the rate equations (3.1.19)
and (3.1.20) are A = 0 and A = —(Ag+ Ag). This tells us that the

relaxation time or the equilibration time for the global process is

1 1
=T e (3:1.25)

This is the typical time one has to wait to see the steady state distribution
of the Brownian particle in a double well potential, In chemical reaction,
we call this time 7, as the time scale one has to wait to see the product

after the reaction started.

23




3.2 RATE EQUATIONS FOR van KAMPEN’S MODEL

In this section we discuss the dynamics of a Brownian particle in a
bistable potential when there exists a medium inside the Landauer’s pipe.
As we discussed in the second chapter, this model assumes the medium to
be non-homogeneous and have a temperature T'(z) which varies in space
along the pipe. The probability distribution function of a particle in such

a medium evolves according to the Smoluchowski equation

OP(z,t)  0J(z,1)

3.2.1
ot Ox ( )
where the current density J(z,t) is given by
d
T(@,0) = —(e) | V(@)P(,0) 4 o= (bsT@P@0)| (329

In this model, we again, consider the double well potential shown in
Fig.[3.1] and calculate the equilibration rate for the system by applying
the same technique as we used in the previous Landauer’s pipe model.

The expression in Eq. (3.2.2) can be written in the form

J(z,t) . o0 . R
Tty A = 5y (P AT (@)Q()) (3.2.3)

where Q(2) is given by Eq. (3.1.8). Since we are interested in the escape
rates over the barrier height, we can integrating Eq. (3.2.3) from —L to
L to get an approximate value for the current density at the origin; i.e.,
-i/Liﬁiﬂg@g@szU%ﬂTUﬂQUﬂ—J%—LJﬂT—L) (3.2.4)
. Ma)ks
For high barrvier V(> kpTy), one can replace J(z,t) by J(0,1). Hence
P(L,O)YT(HQ(L) — P(—L,t)1T'(—L)

L Q) 4.
_L pi(ﬁdn,

—J(0,1) = kg

(3.2.5)
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The non-steady state distributions at the minima points can be obtained

by using Fq. (3.1.14); i.e

P(a,1) = x(t) Pu(a)

where Pg,(z) is the steady state distribution of the system and x(#) is the
correction factor as discussed in the previous section. The steady state

distribution is obtained by solving the equation Jg(z,t) = 0. That is,
, 0
p | V(@) Pos(2) + 9z (ksT(z)Pss(2)) | = 0.

The solution of this equation is given by

Py(z) = T p[ T () clm] (3.2.6)

Combining Egs. (3.1.15a), (3.1.15b), (3.1.14) and (3.2.6) one gets the
distributions P(—1,t) and P(L,t) as

_ nA(t)
Heht = T(-L) [ G 20
and
P(L,t) = }”C(t) . (3.2.8)
0 TR0

Substitution of the distributions at the minima points in Eq. (3.2.5) and
combining the resulting equation with Egs. (3.1.2) and (3.1.3), one gets

therate equations

a v v

% = 2Ana(t) + 2Dne(t) (3.2.9)
and

8{7;0 _ )\(”)n,q( £) — )\g)?lc(t) (3.2.10)
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where the escape rates )\Sf) and /\g)) for this model are given by

v _ ki
3.2.11)
A L Q(:{, (
f L p(m)(h‘f ©0 T('L)Q(‘L)
and
k
A = — G B . (3.2.12)
T2 54 )y ram
'The time scale that it takes for the system to equilibrate globally is
1
) = - 3.2.11
)\(”) + /\(v) ( )

We have obtained general expressions for the escape rates of the Brow-
nian particle in a histable potential for both models. In the next chapter
we will consider a simple W-potential and a piecewise constant temper-
ature profile for both models to get analytic expressions for the escape

rates as well as for the equilibration rates.
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Chapter 4

EVALUATION OF THE ESCAPE RATES

In chapter three we have obtained general expressions for the escape
rates for the two models. There we considered a general double well
potential and a general position dependent temperature profile. We now
consider a specific tvpe of double well potential along with a certain
temperature profile and evaluate the rates at which the Brownian particle
escapes from one well 1o the other for both models.

For the bistable potential we take a simple symmetric W-potential
which is piccewise {incar and hewing‘ the same magnitude in slope as
shown in the g, 1.t L0y described by the barrier height Vi and the
distance 2L between the two minima located at @ = 4+ L on the cither

side of the origin.

Vi{X) =0

I(X) el TO

. 4.1 The plot of the symmetric potential

with the hot temperature profile.
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The W-potential that we consider for both models is described by the

following sets of equations:

4

Vo (241) if z<-L
BW(E+1) if —L<a<O0
V=] P ) i (4.1)
Vb(—%-}-l) if 0<a<L
| e (2-1) if 2>L

The non-homogeneous temperature background is taken to be piece-
wise constant with the hot locality placed somewhere in the right well of
the potential. This hot locality is parameterized by the quantities «, 6
and s which describe the position from the potential maxima, width and
the strength of the hot regibn, respectively. We define these parameters

as follows:

position =7 = al, (4.2)
width =W = §L. (4.3)
AT Ty —T,

strength = s = (4.4)

Ty Ty
where 7 is the position of the left side of the hot zone from z = 0, L is
the distance between the center and one of the minima. points, 77 is the
temperature of the hot zone and 7} is the temperature of the rest of the
background. Mathematically the temperature profile is described by the

function
T(x) =Ty + AT[O(x — aL) — O(z — (a4 6)L)] (4.5)

where O(z) is the Heaviside function.
In the following two sections we find the analytic expressions for the

escape rates for the two models.
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4.1 EVALUATION OF THE ESCAPE RATES FOR
LANDAUER’S PIPE MODEL
The general expressions for the escape rates from right to left and vice
versa of the Brownian particle in the Landauer’s pipe case, are given by

Egs. (3.1.21) and (3.1.22). Let us write them once again:

Ay — __D{-1) ]
\/T_(“_Ejfff, o2 5510 dfdillffco ﬁ Pttty
and
N D)

= z ViF -~ V'I £ -
/T(T, L ef_L FRT(z dtd’L o 1 f—r kBT(x)d'cd,E
( )I—L j;) /T( )
We first evaluate the integrals that appear in the escape rates A4 and

A¢. The first integral in the escape rate expressions is

[t [ e

Since both the potential and the temperature of the system are position

dependent, we have to divide the integral in four parts. Hence, we have

f Q(’L)d'b—l-/ Q= d’L+/(a+6) Q(:c)da;+/(L Q(x)dz.

o-4-8) L

The value of each of these integrals is

]
) 1_]6‘BT0L Yo
[ awyts =20 (onts - 1),

ol kpTolo 1 v (o
Qz)da = B0 (e’“BTﬂ — e F8% ) ,
0 Y
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(até)L k TL (1-c)Vy 8V,
/ Q(z)dx = Bvl EQ) (1 — e_ﬁ) and,
al, 0

L k T L 6‘/0 (1“&)"0 6"’[]
/ Q(’L)d’L — 520 e kpTi (6 EpTy  — e‘fBTo) .
(at) I Vo

Therefore,

f Qe)ia = Bt (4.1.1)

where GG 1s given by

G=2+4s (e““"” - e_[‘ljﬁis]““) — el 1]uo _ e Uo

with ug = %= T But the contribution of the last two terms is negligible
as compared to the other terms since we consider high barrier case (Vy >

kgTy). Hence we can neglect them and write G as

Go2ts (e“““ﬂ - e—[”%]“@) (4.1.2)

Next we evaluate the other two integrals that appear in the expression

for the escape rates. These are,

and

0 dzx o dz
/. VIT@)Q() / VI@)Q()

The first integral can be written as

/0 dx ~L dx 0 dz
oo V/T(@)Q(z) /_oo JT@Q) [L VT@)Q(z)

Its value is
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dx ]vB \/jToL

VTERE) Ve

where H is given by

i (4.1.3)

H=2e"—1. (4.1.4)

Similarly the second integral can he written as

o0 dr al (o +8) L L co
= [ [ [ [
£ \/ T('L)Q(’L) \/lg al (a+é)L L

The values of each of these integrals is given by the following expressions:

'E . kB ,TOL( ((;. lT)VD _ng‘)
B0 — g B10 3
VT(@)QE)

(Q"HS)L dﬂ; LB /TlL (a 11}11/ ( LLV,},—
kpTo [ e*pT1 — 1) ,
ol VIT(2)Q(z) Vo

L ‘o _ 5V, -1V,
/ du AB\/TOL(;"*?& (ek;}fg — e(ksir)‘(‘)n) and
(@+8)r / 1T'(2)Q(x) Vo
f v AB\/jTOL %[Tl To}.
VT( Q(éb Vo
Hence we have
& dax eV AoL . =¥
dv _ksVTL o o (4.1.5)

o VI@QE) W

where K is given by




But compared to the other terms, -1 can be neglected and we can write

K as

i = 2elm Al 4 (VIS 1) (0% — 1) e, (4.1.6)

Finally, the rate at which the Brownian particle escapes from the left
well to the right well of the W-potential in the Landauer’s pipe model

under a locally heated temperature background is

_(ug\?2 D(-L)
- ()26 i
while the escape rate of the particle from right well to the left well is
_ (w)?D(L)
AC_(L) GK (4.1.8)

where G, H and K are given by Eqs. (4.1.2 ), (4.1.4) and (4.1.6), re-
spectively. The equilibration rate of the slow process for such system

s

L= () (57 + o)

Since the temperature at the two minima points is the same in our
model; i.e, T'(—L) = T(L), D(—L) = D(L) and the equilibration rate

can be written as

1 qun2f1 1\ 1
~=D(7) (E + E) G (4.1.9)

where
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4.2 EVALUATION OF THE ESCAPE RATES FOR
van KAMPEN’S MODEL

We now evaluate the escape rates and the equilibration rate for the
symmetric W-potential and piecewise constant temperature profile for
van Kampen’s model. This evaluation considers the mobility of the par-
ticle to be homogeneous; i.e., u(z) = py = constant. Hence the general

expressions for the escape rates for such model take the following form:

(v)
(v) _ DWN(—-L)
AA_ L f d.’L‘ f V’(i). d;ﬁ (4.2.1)
T( L)f —L P ’1‘(1:) dq}f oome ~L TgT®H P
and
DT,
A = () (4.2.2)

T(L)I—LL el i th dﬁd{”fooo T(z) eI o L “dx
where we have used the Einstein relation, Eq. (3.1.9). The first integral

in these expressions is already calculated and is given by Eq. (4.1.1); L.e,

V’ F L
/ th .!,BT(z)dmdq} — ety

up
where G is given by BEq. (4.1.2).

We now evaluate the other integrals.

0 I —L 0
1 ~f L LVT di f /
B dy =
[m T(T) ’ v —00 - —L

This is equal to

R O kpL —u
/_OO T(:v)e -LFgTE) dg = (—W) He (4.2.3)

where H is given by Eq. (4.1.4).

33




Similarly

0 f Vi@ V@) {at8)L L 00
—L FgT(5y 1d1_/ / / —I—/
/0 T(‘ ) (atd)L L

The value of each of these integrals is given as follows.

ok Vi) A a=1)V, Vi
/ 1 f L "-BT(Jv‘)dmd P = (LBL> (GLEEWQ — e_ﬁ%) ,

a+8)L A a— /
/( ) 1 f—[, ABT(:B) d dr = ki’@. BLkgi’i)":U (ek’g’?ﬁ — 1) ,
al T(il,) Vb

L 1
B v/ () k L Vg -V, (a—-1)¥p
/ ( ) I L}.BT(x)dT dy = (L) ekpTh (e’-’BTG — ¢ kpTy ) and
(at8)L LT 0

o0 » V’i‘ . - 5V,
/ LIl gy = (Rl 52 4]

Therefore

where [ is given by

= e[l _ 1. (4.2.4)

The escape rates of the. Brownian particle in this type model are,

therefore, given as

o _ (1) D*(-D)
9= () 25D, 429
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and

() _ ()2 DW(L)
0= (2)'2% 520

where G and [ are given by Eqs. (4.1.3 ) and (4.2.2 ), respectively. The
equilibration rate of the slow process in this model is

1 2 w1 1\1
R U (9_0_) D (—+—) el (4.2.7)

We obtained analytic expressions for the escape rates of the Brownian
particle for both models because we have chosen a simple W-potential
along with piecewise constant temperature profile. Otherwise it would
have been impossible to get analytic expression and one has to numeri-
cally evaluate the general expressions for the escape rates Eqs. (3.1.21)
and (3.1.22) for specific type of potential and temperature profile. Al-
though this selection of W-potential and temperature profile may not he
realistic, the essential information about the effect of the local heating on
the escape rates and the equilibration rates is obtained without any loss

of generality.

The escape rates that we obtained in this chapter are functions of the
parameter of a, 6 and s. In the next chapter we discuss the behaviour of
the escape rates and the equilibration rates as the parameters a, 6 or s

varies.
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Chapter 5

RESULT AND DISCUSSION

The explicit expressions for the escape rates are obtained in the last
chapter. These escape rates are functions of the parameters o, § and s
and hence, the effect of the hot locality on these rates and also on the
equilibration rate can be studied in terms of these parameters. Since the
hot locality is placed between the peak of the barrier height and the right
minima, the parameters o and 6 take positive value between 0 and 1.
On the other hand s takes positive values for a hot locality and negative
values between -1 and 0, if one considers a cold locality.

The change in escape rates due to the presence of the hot locality
is better studied in terms of the factor by which the escape rate has
improved. We call this factor as the improvement factor, A, which is
defined as

A= (5.1)
where )\ is the escape rate in the presence of the hot locality and \ is

the escape rate in the absence of the hot locality. In the Landauer’s pipe

model, the improvement factors for the escape rates are

_ A _ e
A G

Since the W-potential that we considered is symmetric, the escape rate

A and  Ag (5.2)

to the right and to the left of the barrier height are identical when there

is no hot locality. That is, for s = 0

A =20 = @(@)2 L
AT 9 \L/) (1—ew)(2et —1)
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For high barrier (> kply), e ™ can be neglected compared to 1 and

the escape rates become

Dy ruo\? _y,
A%:A%:T(f) e, (5.3)

Using these results, the expressions for the improvement factors A4 and

Ag, for the Landauer’s pipe model are given by

2
2 + seavo (1 —e

Ay = (5.4)

Ll 5]
2

)
and

2eto

Ao = u " .
[2 + 5 (1 - eﬁgi%) e‘“”ﬂ] {26(1_7%%)“07F(\/1 + s —-1) (e;_% - 1) e“”o]

(5.5)

Now let us see the depeﬁdence of the improvement factor on the pa-
rameters «, 6 and s. First we consider A4, For a given « and 6, the
exponential term that contains s in the denominator of Eq. (5.4) in-
creases as s increases and therefore the term in the bracket decreases.
But the coefficient of the bracket in this denominator, s, is dominant for
large value of s. Therefore the escape rate to the right well decreases as
§ Increases.

Next we take fixed values of s and « to see the dependence of the
improvement factor A4 on the width of the hot locality. As § increases
the exponential e~ term in the bracket weakly decreases and hence
A4 decreases also weakly. We can argue in the same way to see decreasing

effect of ov on A4 as it increases.,
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The dependence of the improvement factor Ag on the parameters s, o
and 6 can also be discussed in the same way. For constant values of s and &
one can see how the escape rate behave when « varies. In the denominator
of Ag there are two competing terms that contain «; i.e e**%, Hence for
small values of «v the term which contains e is dominant and for large
values of «v the term with e*”° dominates. That means there is an optimal
value o at which the escape rate takes maximum value.

Variation of the width of the hot zone also has an effect on the escape
rate. To see that we fix s and «. Then, as we have seen for the discussion
of Ay, the term having 6 in the first square bracket in the denominator
of Eq. (5.5) increases as ¢ increases. The other square bracket has two
terms having 6 whose combined effect is to decrease the denominator by
a large amount. Therefore, the escape rate will increase by a large factor
as the width of the hot locality increases,

Finally, we consider the effect of the strength s on the improvement
factor Ag. Again, as we saw in the argument for A4, the first square
bracket term in the denominator of A Increases as s increases. But the
other square bracket term decreases significantly as s increases. Hence
the escape rate increases by a large factor as the strength of the hot region
increases.

The above arguments can be checked by observing the plots of the
escape rates A,y and Ag as a functions of the parameters s, « and 6.
We have drawn the graph of As(s) and Aq(s) using Mathematica. The
results are shown in Figs. 5.1 and 5.2. The graphs show that the escape

rate of the Brownian particle to the right of the potential barrier de-
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creases very weakly. On the other hand, the escape rate to the left of the

potential barrier increases significantly as the hot locality gets stronger

and stronger.

1 2 3 4 S
0.9995 =05
. 0.999 d=o0.l
A(V)A i Ug = 10
0.9985
0.3998

Fig. 5.1 Plotof A, as a function of strength, s.

z.2
2
a=05
. b8 § =0.1
AC ; 1.8 Uy = 10
| 1.4
1.2

1 2 3 4

Fig. 5.2 Plot of Acas a function of strength, s.

From physical point of view, these results can be explained as follows.
The escape rate to the left well, A, increases as s increases because the
hot reservoir gives the particle a strong thermal kick and as a result the
particle easily jumps over the barrier. On the other hand, the escape rate
to the right of the barrier decreases as s increases. That is because of the
‘bouncing back effect that arises due to the hot locality. Whenever there

is a jump from left to right, there is a strong thermal kick to the particle
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from the hot locality and that causes the particle to bounce back to the
left well. Due to this, the particle will spend more time in the left well
than that without hot locality. Therefore, the escape rate to the right
well decrease as s increases.

We can also define the improvement factor associated with the equili-

bration rate as

_ A+ Ac
MY+ AL
The graph of A(s) is shown in Fig. 5.3. It tells us that the hot locality

A (5.6)

has indeed a strong effect on the equilibration rate, This implies locally

heating Landauer’s pipe decreases the equilibration time of the system.
g q

1.6

1.8

1 o={0.35

-4 5 = 0.1
v 1.3 = 10

1.2

1.1

B

1 2 3 4

Fig. 5.3 Plot of A as a function of strength, s.

The variation of the escape rates and the equilibration rate for variable
width of the hot locality is shown in Figs. 5.4, 5.5 and 5.6, As we argued
in our earlier discussion, these graphs show that the improvement factor
A increases by a large factor as 6 increases while A 4 decreases very gen-
~ tly as ¢ increases. This is because of the fact that as the width of the hot

zone increases, both the pumping and bouncing effects on the particle
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increase. 'This makes the right well less stable and hence the particle
prefers to stay in the left well. That means the escape rate to the left
well increases as the width of the hot region increases. The equilibration

rate of the system will also be improved when we increase the width of

the hot locality.

0.1 0.2 0.3 0.4 0.5 5
0.9995
0.999
0.9985 g: 0.5
A(V)A ‘ 0.998 u, =10
0.9975
0.997
Fig. 5.4 Plotof A, as a function of width, 8.
10
a=05
8 5=
Ug = 10
- Ac &
4
2
8
0.1 0.2 . 0.3 0.4 0.5
Fig. 5.5 Plot of Ac as a function of width, 8.
! o =05
5 S:
Uy = 16
4
A 3
z
)

0.1 0.2 0.3 0.4 0.5

Fig. 5.6 Plot of A as a function of width, &.
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The dependence of the escape rates on the position of the hot locality
is shown in Figs. 5.7 and 5.8. The graphs show that shifting the position
of the hot locality further to the right decreases the bouncing effect of
the hot locality. Hence we observe a slight improvement on the escape
rate of the Brownian particle from left to right well. That means heating
the pipe far away from the peak of the barrier height will not have any
effect on the escape rate to the right. On the other hand we observe that
A¢ is highly dependent on the position of the hot locality. There is an
optimal position of the hot locality at which Ag takes maximum value.
The equilibration rate is also highly dependent on the position of the hot
locality. As Fig. 5.9 shows, there is an optimal value of o at which the

system’s equilibration rate is maximum.

0.99

§=0.1
s=1
U(]:IO

0.58

0.9%7

A(")A

0.95

0.98

Fig. 5.7 The plot of A4 as a function of position, .

1.64 8=0.1
s=1
U = 10

1,586

Fig. 5.8 The plot of Acas a function of position, o,
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1.32
1.31
8:=0,]
A o ST
0. 0.4 0.6 a. u, =10
1.29
l.z8
1.27
1.26

Fig. 5.9 The plot of A as a function of position, c..

Now we discuss the properties of the escape rates and the equilibration
rate for the van Kampen’s model of Brownian particle. Again here we

define the improvement factor for this model as

(v) (v)
o) _ M4 @ _ Ao
Ay = )\5:3 and A = )\(5,’3 (5.7)

where )\E:g and )\((‘j,’g are the escape rates of the particle when there is no
hot locality. Actually the two escape rates have the same value in the
absence of the hot locality because our W-potential is symmetric. Their

value is give by

(v) 9
v) - DO Up —ug
Hence the relative escape rates are given by
2
AW = (5.9)

2 + se~ato (1 — e_%)
and

2elo

[2 +5(1- e—?—i%) o [26(1H%)u0 - 1] ' (5.10)
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The improvement factor of the Brownian particle to the right well in
this model, AE;), is identical to the corresponding improvement factor of
the particle in the Landauer’s pipe model, A 4. This is because expressions
for the escape rates A4 and )\g’) are identical. On the other hand the
expressions of the relative escape rates to the left well for the two models
are totally different. In the van Kampen’s model the relative escape rate
Ag’) is an increasing function of the position, width and strength. More
over, in this model the relative escape rate has no optimal position at
which the escape rate takes maximum value, which is not true for the
Landauer’s pipe case. Actually this difference arises because of the type
of equilibration processes that the particle experiences during collision,
with the wall of the pipe in the Landauer’s case and with the medium in
the case of the van Kampen’s model.

The graph of the escape rate Ag) as a function of position, width and

strength are, respectively, shown in Figs. 5.10, 5.11 and 5.12,
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Fig. 5.10 Plot of A% as a function position, c.
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Fig. 5.11 Plot of A®cas a function width, 5.
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Fig, 5.12 Plot of A% as a function of strength, s.

Equilibration rate for this model has also improved by the presence of
hot locality. In fact it is an increasing function of all the parameters «,
6 and s. Unlike the Landauer’s pipe model, this model has no optimal
value of o at which the equilibration rate is maximum. The patterns of

the improvement factor A(® as a function of the parameters are shown in

the Figs. 5.13, 5.14 and 5.15.
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Fig. 5.15 Plot of A™ as a function of strength, s.
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Chapter 6

SUMMARY AND CONCLUSION

In this work, we considered two kinds of models for the study of diffu-
sion in non-homogeneous media. For these models, we studied the dynam-
ics of a Brownian particle in a bistable potential with non-uniform tem-
perature background. In particular we considered a simple ¥W-potential
along with a pilecewise constant temperature profile, where we put the
hot locality somewhere within the right well. For this specific choice of
potential and temperature profile, we obtained analytic expressions for
the inter-well escape rates and the equilibration rates for both models by
applying Brinkman’s method.

These escape rates and the equilibration rates are functions of the
strength, width and position of the hot locality, and the height of the
potential barrier. In fact, the local heating has a strong pumping effect
of particle to the left well while it has weak effect on retarding the escape
rate of the the particle to the right well. As a result, for both models,
we have found that the presence of the hot locality has improved both
the equilibration rate of tﬁe systems and the escape rates to the left
significantly as compared to that without hot locality.

An interesting result that we found in this work is that the escape rate
of the particle to the left well and the equilibration rate of the system,
for the Landauer’s pipe model, have optimal positions at which they

take their maximum values. Similar results are not observed for the van
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Kampen's model where both the escape rate and the equilibration rate
are increasing functions of the position. Even though this is due to the
fact that the particle experiences different types of equilibration processes
for the two models, the detailed reason of why it is so is yet to be explored.

Our results for the van Kampen’s model are in agreement with the
work of Mulugeta Bekele et.al. [7], which is done using supersymmetric
and numerical methods. As an independent check, we finally recommend
that, it is worth to do the problem of Landauer’s pipe model using su-

persymmetric as well as numerical method.




Appendix

EQUILIBRATION TIMES FOR FAST AND SLOW PROCESSES

In this appendix we want to compare the time scales between the
global equilibration process, 7;, and the local equilibration process, 5.
Let us first estimate 77 .

The dynamics of the particle within the wells is governed by the
Langevin equation

d’x dx
—_— T /! ? [— —

where —7%}’ is the friction force that the Brownian particle experiences
from the medium or from collision with the wall of the pipe in the Lan-
dauer’s pipe case. The coefficient v is inversely proportional to the mo-
bility of the particle y; i.e, v 117 For high friction limit, we can consider
the particle to take a creeping motion so that

22
ex ~ (.
dt?

Hence, the Langevin equation takes the form

L = V(@) e, (A2)

Taking the average of both sides of Eq. (A.2) eliminates the random force
term. Hence we consider only the damping effect and we will keep track
of the displacement of the mean value for 2(?); i.e,

dx

- = —V'(2). (A.3)
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If we approximate the potential near the minima points by a parabola

of the form

1

Ly + Ly (A4)
where 7 = V"(£L), the Langevin equation takes the form

dx n
i —:Yn('l, + L). (A.5)

The solution of this equation is

e(t) £ I~ Ce™, (A.6)

where C is a constant which is determined from initial conditions. This
tells us that any deviation of the particles position from equilibrium +ZL
point relaxes back within a time scale of

Ty = pt (A7)
where this time scale 7y depends on strength of the damping force and
the shape of the potential.

Therefore any disturbed local process of the system relaxes to its equi-
librium distribution within the order of time scale 7;. At equilibrium, the
probability distribution in each of the two wells can be approximated by
the Boltzmann distribution whose peak is centered at the two points of
the potential minima.

Now let us find an approximate value of the relaxation time for the
global equilibration process, 7;, and compare it with 77, We consider a
uniform temperature background for the system; i.e, T(x) = ;. More-
over, if the potential is approximated by parabola around the extrema

points; i.e, around the points of minima we approximate by eq.(A.4) and

a0




for the curve around the barrier height, we consider
~ ]2
na (A.8)

with 7 = V"), Then,

L -2
/ JZn LBI(z) d(b‘ g/ e(VGﬁM)d;U, (A.Q)
—L

But the contribution of the potential to the integral is significant only
near the point @ = 0 ; i.e as we go far away from z = 0 in both direction,
the potential drops rapidly. Hence the limit of the integration can be

stretched to the points at infinity which gives

oL 52
/ 0 2im) gy o [ 27RETD 2 (A.10)
-7 Ui
Similarly we have

O{oco ViE)
/ (00) 1 ( [ T(::)da:) do — 1 | 2mkgTh (A.ll)
—oo(0) /T () 2vTy

Thercfore substituting these results in to Eqs. (3.1.21) and (3.1.22),

one gets the approximated values of the escape rates for a homogeneous

background system as

Mi = Ao ~ %D(L) VI ~E, (A.12

Hence for such condition the approximated equilibration time for the
global process is given by
1 2rkgly Yo
T = ~ _ e¥slh A.13
T AatAe VniD(L) (A19)
1

Applying the Einstein relation (Eq. (3.1.9)) and the relation y = o> Toy

can be written as
2wy Yo

\/TI_ﬁekBTD . (A.14)

Tg £
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If the approximated parabola at the minima points and at the maximum
point for the potential are assumed to have the same shape, 1 and 7 will

have the same value, and therefore we can write the time scale 7, as

27y Yo
Ty ~ ——e*BTo

n

or we have

Ts Yo

2~ kpTo
ps ekn (A.14)

This result shows that the equilibration time for the global process is very
much greater than the equilibration time for the local process, especially
when the potential barrier height is much greater than the intensity of
the thermal kick; i.e, ¥ > kgTy. We, therefore, conclude that the time it
takes for global equilibration is extremely large compared to the time scale
of the local equilibration. In other words, global processes are extremely

slow as compared to the local processes.
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