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ABSTRACT 

The detailed kinetic aspect of the Landauer's blow-torch theorem is 

investigated for two models of non-homogeneous media, proposed 

by Landauer and by van Kampen. For both models, we considered a 

symmetric W-potential with hot locality temperature profile and 

applied the Brinkman's method to obtain analytic expressions for the 

escape and equilibration rates. The escape and equilibration rates 

are functions of strength, position and width of the hot locality, and 

the barrier height. We find that the presence of the hot locality has 

improved the equilibration rates for both models. The calculation also 

reveals that the equilibration rate for Landauer's model has an 

optimal position where it gets its maximum value while for the van 

Kampen's model it is an increasing function of position. 
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Chapter 1 

INTRODUCTION 

In equilibrium statistical mechanics, we study the macroscopic proper-

ties of a system on the bases of the general arguments of molecular-kinetic 

concepts. To study such equilibrium system, one need not investigate how 

the system is relaxed to the equilibrium state. The general arguments 

are quite sufficient to describe systems without knowing the detailed pro­

cesses which bring about the final equilibrium state. For example in an 

isolated system, a state with lowest energy is the most probable state 

at equilibrium and in general the relative occupation of higher-energy 
. E 

states are described by the Boltzmann distribution e - knT where E is the 

energy, T is the absolute temperature and kE is the Boltzmann con-

stant. However many macroscopic systems of practical interest are non­

homogeneous, non-linear and operate far from equilibrium. Hence the 

general arguments of the equilibrium statistical mechanics may not work 

and one has to study the non-equilibrium nature of the system. 

To illustrate the implications of this idea, Landauer raised the ques­

tion of relative stability of a competing local energy minima for a system 

far from equilibrium and discussed what we now call the blow torch the­

orem [1]. His point was that relative stability of a multistable system 

could be altered by path-dependent diffusion even when localized to the 

neighbourhoods of the potential barriers separating the deterministically 

stable or metastable states. That is, the most probable state of such 
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a system can not be determined from the information about local min­

ima alone and hence one has to see the detailed kinetics of the system 

to talk about the stability. In fact his idea generalizes the problem of 

Kramers reaction rate [2] in equilibrium thermal fluctuation to the case 

of non-uniform temperature along the reaction coordinate. 

To justify Landauer's blow torch theorem, van Kampen [3,4] derived 

the equations that are appropriate for the description of diffusion in non­

homogeneous media, by considering two models, where he developed a 

thermally activated diffusion equations for the media from stochastic 

point of view. He also showed [3] that there could be a net current 

when particles are allowed to pass through an alternative route by pass­

ing the hot region. Using computer simulation, Sinha and Moss [5) have 

also verified Landauer's argument. Experimental work was also done 

in a thermally activated superconducting ring with a weak link where 

transitions produce temperature changes [6]. 

lVlost of the works on this problem were confined to the studies of the 

influence of space-dependent temperature on the steady state relative 

occupations of energy minima. The only work on the detailed kinetic 

aspect of the problem is the work by lVlulugeta Bekele et.al. [7]. Using 

supersymmetric method, they have calculated the lowest relaxation time 

in a bistable potential in the presence of a hot locality, for the model 

proposed by van Kampen. In this thesis we address the same problem. 

\iVe want to calculate the relaxation time for the slow equilibration process 

for two models, that are proposed by Landauer [8] and by van Kampen 

[3) using Brikman's method [9]. 
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The rest of the thesis is· organized as follows. In chapter 2, we first 

introduce the two types of non-homogeneous media and then develop 

the Fokker-Planck equations that govern the evolution of the diffusion 

processes for these models. In chapter 3, we discuss the dynamics for the 

two types of non-homogeneous media in a bistable potential in detail and 

obtain the general expressions for the escape rates and the equilibration 

rates. By choosing a particular l'V-potential with a peciewise constant hot 

locality in one of the wells of the potential, we obtain analytic expressions 

for the escape rates and the equilibration rate for each medium in chapter 

4. These results are discussed in detail including from physical point of 

view in chapter 5. Finally, we summarize our results and conclude in 

chapter 6. 
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Chapter 2 

DIFFUSION IN TWO TYPES OF 

NON-HOMOGENEOUS MEDIA 

In this chapter, we present two types of non-homogeneous media under 

which diffusion processes take place. '~Te will find that, unlike homoge­

neous medium, the equations governing motion of Brownian particles in 

non-homogeneous media are model specific. Consequences of and com­

parisons between the governing equations will be indicated. 

2.1 LANDAUER'S PIPE MODEL 

'Ve discuss the model proposed by Rolf Landauer [8J to study the 

diffusion of Brownian particles in a non-homogeneous temperature back­

ground. The model considers a very thin straight pipe of circular cross­

section with inner radius E. The axis of the pipe serves as x axis and the 

wall of the pipe has a temperature of T which depends on the position x. 

The pipe is filled with non-interacting Brownian particles each of mass 

m. The medium inside the pipe is assumed to be vacuum so that there is 

no interaction between the medium and the particles. The particles are 

subjected to an external force field whose potential is given by V(x). 

Because of the applied external field and the random thermal fluctua­

tion of the background, the particles will diffuse in the tube. Moreover, if 

the diameter of the tube is very small compared to the length of the pipe, 

the diffusion of the particles can be approximated by a one dimensional 

diffusion equation. 

To study the dynamics of these non-interacting Brownian particles it is 



sufficient to consider the motion of a single particle in a viscous medium 

in one dimension. The state of the particle in phase space is described 

by its position x and velocity v. The equation of motion for the particle 

is given by the Langevin equations of the form 

Tn ~~ = -lI'(x) - bv + J2bkBT~(t) (2.1.1) 

and 
dx 
-=v 
dt 

(2.1.2) 

where b is the damping constant of the medium and v'2bkBT~(t) is the 

random force on the particle due to the thermal kick of the environment. 

The prime on the potential denotes derivative with respect to the position 

x. The random force is assumed to be a Gaussian white noise whose mean 

is zero and is delta correlated. That is, 

(~(t)) = 0 (2.1.3) 

and 

2bkBT (~(t)~(t')) = l5(t - t'), (2.1.4) 

where kB is the Boltzmann's constant. 

By taking an assumption that the physical fluctuating force ~(t) is to 

be interpreted as 

~(t)dt = dW(t), (2.1.5) 

the Langevin equations (2.1.1) and (2.1.2) can be transformed to the 

following stochastic differential equations: 

dx = vdt (2.1.6) 
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and 

mdv = -(11'(x) + bv)dt + J2bkBTdW(t). (2.1.7) 

Through Ito calculus [10], these stochastic differential equations can be 

transformed to the corresponding Fokker-Planck equation of the form 

8p __ ~ ~~ 7' > bkBT 8
2
p 

,::} - ,::} (vp) + ,::} [(1 (x) + bv)p] + 2'::) 2' 
ut ux Tn uV Tn uv 

(2.1.8) 

where p(x, v, t) is the probability density of finding the particle at position 

x with velocity v at time t in phase space. This Fokker-Planck equation 

can slightly be simplified by introducing new scaled variables 

and 

y=xJk~T' 

b ,=-. 
m 

(2.1.9) 

(2.1.10) 

(2.1.11) 

(2.1.12) 

In terms of these scaled variables, the corresponding Fokker-Planck equa­

tion takes the form 

8p 8 8, 8 ( 8P) - = --(up) + - (U (y)p) + ,- up + - . 
8t ~ ~ ~ ~ 

(2.1.13) 

This is the celebrated Kramers' equation. At steady state its solution is 

given by 

. [ u
2

] Pss(y,u)=NExp -U(y)-2:' (2.1.14) 

where N is the normalizing constant. In terms of the original variables 

(x, t) the steady state solution is 

[ 
17(x) mv2 

] 
Pss(x, v) = NExp - k T - -k-

~B 2 nBT 
(2.1.15) 
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which is the familiar Boltzmann distribution in equilibrium statistical me-

chanics. The denominator kBT in the exponent arises from the assumed 

coefficient v'2bkB T of the fluctuating force. 

For three dimensional case where the position of the particle is i;' = 

given by 

afU;'; V; t) --> of --> of ~ a (a ) 
at = -v. ai;' + \lUU} 071 + 'Y L av. av. + Vi f 

i=O 1 l 

(2.1.16) 

where fU"; V; t) is the probability density of finding the particle at position 

i;' with velocity V at time t. In a system where there is no viscous force, 

the damping term becomes zero and the Kramers equation takes the form 

of --> of --> of 
-;:} = -v. ;:)--> + \lU(i''). ;:)-->' 
ut ul' uV 

(2.1.17) 

For Landauer's pIpe model this equation holds for y2 + z2 < E2; i.e, 

inside the tube. As a boundary condition we assume that the particle, 

on colliding with the wall of the tube, gets thermalized with the wall of 

the pipe at the instance it collides with the wall and then gets reflected 

with equal probability in all directions. That is, the particle satisfies 

the Nlaxwell velocity distribution corresponding to the local temperature 

T( x). Mathematically this boundary condition can be written as 

(2.1.18) 

for 1 i;' 1= E and v.r < O. H is the normalizing constant and is determined 

by considering that, per second, as many particles leave the wall of the 

pipe as arrive at it. 

To discuss the one dimensional diffusion of particles in the tube one 

has to consider the limiting case where E ---> O. In this limit almost all the 
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particles at a given point x on the axis of the pipe have undergone their 

last collision in the neghibourhood of this point. Hence, to lowest order 

approximation in E, every particle satisfies the NIaxwell velocity distri­

bution corresponding to the local temperature T( x). A slight deviation 

from this distribution is obtained by taking the next order of approxima­

tion in E • This deviation causes the particle to diffuse along the pipe. 

To obtain the equation that governs the dynamics of the system from the 

Kramers' equation, one has to apply a singular perturbation technique 

and integrate the distribution function f over the velocity components. 

van Kampen [6] showed that the appropriate Fokker-Planck equation for 

such Landauer's pipe is 

8P(x, t) _ 8 [ (.) f'( ,) (,) 8 ( (') (' ))] 8t - 8x /-l x 1 x P x, t + 8x D x P x, t , (2.1.19) 

where /-l( x) = ,/' is the mobility of the particle, V (x) the applied 
3 21rT(x) 

potential and D(x) is the diffusion coefficient. Such Fokker-Planck equa-

tion as Eq. (2.1.19) where velocity variable does not appear is usually 

called Smoluchowski equation. 

The stationary solution of Eq. (2.1.19) in the absence of the applied 

potential is 
canst 

Pss(x) = ft(X5' 
T(x) 

(2.1.20) 

which arises because of the thermal kick from the background. The de­

pendence of Pss (x) on the temperature; i. e, Pss ex /rw explains the 
T(x) 

fact that the speed of the particles is proportional to the y'T( x). Such 

equilibration process is usually called temperature equilibration. This 

tells us that the particle spends less time in hot regions. In general, the 
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stationary solution ill t.he presence of the extemal fidd is 

(2.1.21 ) 

The effect of tlw (~xtel"llill potential 11(:1:) on the steady state di"trihut.ion 

of the system is full.Y accoullted for by the factor 

[ j., 11'(;;;) -J 
e:fj! - (_) d:1: . 

kliT :1: 
(2.l.22) 

To see the llW<lllillg of this expollent ill Eq. (2.l. 21) frolll t.iwnllody-

namics point of view, we cOllsider a bistable potcntial whose lllinima are 

located at J: = :I:{/ and aL :1: = :1:" while it.s maxima is at. :1: = () as shown 

in Fig. 2.l. 

1 

:VO 
1 c A 

1 

- - - - - - -'-" - - - - - - - - - - _1- - - - - - - _1- - - - - - - - + X 
Xa x=O X1 X2 Xc 

TO ___________________ ~!l~T_1 ____ __ 

Fig. 2. 'I A symmetric bistable potential 

First we cOllsider all isolated ;;ystelll whose imckgroulld ha,<-; it ulliform 

temperature. For high friction limit, because of the isolat.ion of tiw SYH-

tern, the euergy of till' heat. Imth (thc Imckgrouud) plus t.he Clll'rgy of t.lll' 

particle is alw<l,ys cOllsiallt., Eo. If thc pa.rtide iH a.t posit.ioll :1', tllC'll it.s 



energy will be l1(x), so that the energy, E, of the heat bath is Eo - l1(x). 

Thus the entropy, S, of the heat bath is dependent on Eo - l1(x). Ex­

panding the entropy in powers of 11 (x) and neglecting the higher order 

terms, we get 

dS V(x) 
S[Eo - l1(x)] = S(Eo) - dE l1(x) = S(Eo) - kETo' (2.1.23) 

Then the probability density of finding the particle with energy 11 (x) 

becomes 

pe(x) = C'EXP[- l1(X)] 
kETo 

(2.1.24) 

where C' is the normalizing constant and the superscript e stands for the 

equilibrium distribution. This is the familiar canonical distribution in 

equilibrium statistical mechanics. 

If we consider the two wells as two distinct regions, then the probability 

of finding the particle in the left well is 

Ne(A) = C'lo EXP[- ~(x)] dx 
. -co kETo 

(2.1.25) 

while the probability of finding the particle in the right well is 

Ne(c) = C' (CO EXP[- l1(X)] dx 
Jo kETo 

(2.1.26) 

where A and C denote the left and right well regions, respectively. 

Now let us consider a non-homogeneous temperature background for 

the system. Let the temperature in the region (Xl, X2) be raised to Tl 

as shown in Fig. 2.1. This means that we have an additional heat bath 

with temperature Tl which the particle interacts whenever it enters the 

region (x I, X2). Suppose the particle enters the region at point x 1 and 

leaves it at X2. During the time it stays in the region, it gains an energy 

10 
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of 1f(X2) - 1f(X)). As a result the heat bath with temperature T) loses 

the same amount of energy so that its entropy decreases by 

(2.1.27) 

When the particle leaves that region, it thermalizes with the heat bath at 

temperature To so that its temperature decreases to To. Thus the entropy 

of the heat bath with temperature To increases by 

(2.1.28) 

Thus the passage of a particle through the interval (X), X2) has the effect 

of transfering the energy 1f(X2) - 1f(xJ) from the hot heat bath to the 

cold heat bath. This exchange of heat increases the entropy of the total 

system by an amount of 

(2.1.29a) 

That is, 

(2.1.29b) 

ef'..S is the factor by which the probability for the particle to be in the 

left well is enhanced. Hence, in the non-homogeneous temperature back­

ground at steady state the ratio of the probabilities of finding the particle 

in the two wells is 

(2.1.30) 

This is what we call the Landauer's blow torch effect [1]. 

To obtain the explicit expression for the relative stability, one has to 

expand the potential about its minima. Near the minima the potential 
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v (x) can be approximated by a parabola so that 

(2.1.31 ) 

Considering that the potential in region A is approximately parabolic and 

wide enough, upon integration one gets 

Similarly, 

Hence 

NS(A) 
NS(C) 

Ne(A) rv C' 

N e (C) c::: C' 

This expression can be written as 

NS(A) 
NS(C) 

V" (xc) 0 [ l xC 
V'(x) 0] 

( )
Exp - ( )dx . 

V" XU Xa kBT x 

(2.1.32) 

(2.1.33) 

(2.1.34) 

(2.1.35) 

This form represents the general temperature profile. Therefore, the fac­

tor 

[ ;

x V'(x) _] 
Exp - kBT(x) dx (2.1.36) 

in the steady state solution of the Landauer's pipe model determines the 

relative stability of the particle in the potential and it has a pumping 

effect. 
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2.2 van KAMPEN'S MODEL 

This is a model proposed by van Kampen (3). He considers a pipe 

filled with a non-homogeneous medium. In this model the medium acts 

as a heat reservoir and hence it takes the temperature of the pipe which 

varies in position along the axis of the pipe. The existence of a viscous 

medium in the pipe causes the particle's motion to be damped by a 

resistive force whose magnitude is proportional to the velocity of the 

Brownian particle. Since the medium temperature is position dependent, 

the damping coefficient, " is in general non-homogeneous in space. 

The motion of a Brownian particle in such a medium in phase space 

is governed by the Kramers' equation Eq. (2.1.8), which is 

of =_~( f) ~~[(l/I(» (» )f) ,(x)kBT(x)02f 
):) ):) V +):) x+,xv + 2 ):)2 
ut uX rnuv rn uV 

(2.2.1) 

where f( x, v, t) is the probability distribution function in phase space and 

,is the damping coefficient. For a particle with unit mass, Eq.(2.2.1) can 

be reduce to the form 

(2.2.2) 

In a case where the damping coefficient, and the background temper­

ature T are constant, it is well known [2,11) how to derive the Smolu­

chowslci equation of the system for high friction limit. But when both 

, and T are non-homogeneous, one has to apply singular perturbation 

technique and the general method of eliminating fast variables [10) on the 

above Kramers' equation to get the corresponding Smoluchowski equa­

tion. The resulting equation, first derived by van Kampen (4), is given 

13 



by 

fJP(x, t) _ fJ [ (') 1'( ') (') ( ,) fJ (. (,) (' ))] fJt - fJx IL x 1 x P x, t + IL x fJx kBT x P x, t (2.2.3) 

where IL(X) = _(1) is the mobility of the particle in the viscous medium. ,x 
The steady state probability distribution of this system is given by 

C [JX V'(x) -] 
PSS=T(x)Exp - kBT(x)clx (2.2.4) 

where C is the the normalizing constant. Here again the exponential part 

is the contribution of the potential and it has a pumping effect. 

The factor TeX) can roughly be explained from thermodynamics point 

of view as follows. The particles that we considered in the pipe are 

non-interacting and hence the system can be considered as an ideal gas 

system. lVloreover we know, from equilibrium statistical mechanics, that 

for an ideal gas system pressure is constant on a horizontal plane, say, 

located at a distance z from see level. This means that there is pressure 

equilibration on that plane; i.e., the ideal gas equation is satisfied. Hence, 

j5 = itRT = constant (2.2.5a) 

on that plane surface; where j5 is the pressure, it is the number density 

and R is the universal gas constant. But for an ideal gas, it is sufficient 

to study the dynamics of the probability distribution of a representative 

particle. In that case one can replace the number density it in Eq. (2.2.5a) 

by the probability density distribution P. Therefore Eq. (2.2.5a) can be 

written in the form 

j5 = P RT = constant (2.2.5b) 

which shows us that the probability distribution is inversely proportional 

to the temperature T(x). This means that the probability of finding the 
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particle in a hot region is less than in a cold region. As a result the 

particle will spend less time in the hot region. 

In this chapter, we have indicated two mam points. The first one 

is that steady state solutions for non-homogeneous media are drastically 

different from that for homogeneous medium and the second is that there 

are similarities and differences between the steady state state solutions 

of the two models. 

In the next chapter we will study the slow dynamics of the Brown­

ian particle in a bistable potential with non-homogeneous temperature 

background for the models presented in this chapter. 
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Chapter 3 

RATE EQUATIONS IN A BISTABLE POTENTIAL 

FOR NON-HOMOGENEOUS MEDIA 

Brownian motion in a bistable potential has two time scales in its evo­

lution. One is the fast time scale which is of the order of time required 

for local equilibration in one of the wells. The other time scale is asso­

ciated with the slow process of escaping from one well to the other or 

vice versa. This slow time scale is of the order of time required for global 

equilibration. 

In this chapter, we are interested in the slow dynamic of the Brown­

ian particle as it approaches to the steady state in a bistable potential. 

Identifying the two wells as two regions we formulate the rate equations 

governing the late stage dynamics of the Brownian particle. This is done 

for the two types of non-homogeneous media. 

3.1 RATE EQUATIONS FOR LANDAUER'S PIPE MODEL 

In this section we study the dynamics of the Brownian particle in 

Landauer's pipe model, where temperature is nOn-hOlTlOgeneous. As a 

particular example we consider a double well potential V (x), whose bar­

rier height is Vo as shown in the Fig. 3.1. The peak of the barrier is 

located at x = 0 and the two minima are located at x = -Land at 

x = L. The non-homogeneous temperature of the medium is obtained by 

locally heating a certain portion of the pipe in one of the wells. 
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A particle tlmt 111()V('S ill this double well pot.ential is suhj('d,ed Co Che 

random force of' L11(' bd('l;g;roUlld, Originally the particle is ass\lllled t.o 

be caught in 011<' of the potelltial wells and as time advances it get.s a 

continuous kide fl'Olll Lite imckground and as a result it. Illay (~scal)(' from 

the well by passing; O\'('l' LIte pot,(~llt.ial harrier 1~). 

A c 

- - .- -. - -- _.- -. - - - - - - - - L. - - - - - - - - - - - - - - - - -..... X 
-L x=o L 

Fig. 3.1 A symmetric bistable potential 

The dynamics of til<' particle is gove1'lled by the SmolucllOwslci equation 

8P(x,t) D [dV D ] 
f) = -;c;- jl(r)-P(:r, i) + -;c;-(D(:r)p(J;, i)) 

t o:r (h uX 
(:U.l) 

where jj(x) is tlw mobilit.y of the particle and D(:r) is the diffusion coef­

ficient. In this equatioll the lllass of the particle is aiis1Uued t.o be llui t.y, 

Following Drillklllau's [9] approach to solve the prohlem, we c1d111e 

nA(t) and nc;(l) Co 1)(' chI' probahilities of getting the particle ill t;lJ(' ldt 

well and the the right wdl a.t. time t, respectively. Then 

j
'() 

11;\(1) = , -00 P(x, t)d:l: 
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and 

nc(t) = 100 

P(x, t)dx. 

If we integrate Eq. (3.1.1) from -00 to zero over x we get the differential 

equation for nA(t) . That is, 

10 aP(x, t) 1° a [dV a ] a dx = ~ f-l(X)-z > P(x, t) + ~(D(x)P(x, t)) dx 
-00 t _ooux ex uX 

where 

= -1° aJ(x, t) dx 
-00 ax 

= -J(O, t) 

dV a 
J(x,t) = -f-l(X) dxP(x,t) - ax(D(x)P(x,t)) 

is the probability current density and the point x = -00 is assumed to 

be a reflecting barrier. Hence, 

(3.1.2) 

But the probability density is normalized so that we have 

1: P(x, t)dx = 1 

or 

This implies that 
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anc(t) 
at 

(3.1.3) 

As far as the particle motion is concerned, the two wells in the potential 

can be considered as two regions where two kinds of processes take place. 

The first one is the local equilibration process in each well of the potential 

and the other is the global equilibration in which the two wells exchange 

the particle. The local equilibration process is a very fast process com­

pared to the time required for the global equilibration. The detailed 

comparison between the time scales of these two processes is discussed in 

the Appendix. The equilibration time for the fast process (Tf) is of the 

order of 

I Tf rv -

T) 
(3.1.4) 

while the equilibration time for the slow process (Ts) in a homogeneous 

background is of the order of 

(3.1.5) 

where I is the damping coefficient of the force that the particle experi­

ences from the medium or from collision with the wall of the pipe and T) 

is the measure of the curvature of the potential wells. These approximate 

values of time scales show that the global process is indeed a very slow 

process compared to the local process. 

In this thesis our main goal is to study the dynamics of the slow process 

or the global equilibration process. For slow process, the contribution of 

the current at the peak of the barrier is mainly from the neghibouring 

points of x = 0, that is from the region (-L, L). To find the current 
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density J(O, t) at the pick of the barrier height, we express Eq. (3.1.1) as 

aP(x, t) 
at 

aJ(x, t) 
ax 

(3.1.6) 

where J(x, t) is the current density. The expression for the current density 

J(x, t), given by 

dV a 
J(x, t) = -fl(X)-l P(x, t) - -;:;-(D(x)P(x, t)) 

ex ux 

can be rearranged as follows: 

a 
ax (D(x)P(x, t)Q(x)) = -J(x, t)Q(x) (3.1.7) 

where 

[l
X 1f'(x) _] 

Q(x) . Exp -L kBT(x)dx . (3.1.8) 

Note that we have used the Einstein relation 

D(x) = fl(x)kBT(x). (3.1.9) 

Integrating Eq. (3.1.7) from -L to L we get 

P(L, t)D(L)Q(L) - P( -L, t)D( -L) = -1: J(x, t)Q(x)dx. (3.1.10) 

For high barrier VO(~ kBT) the integral on the right side of Eq. (3.1.10) 

can be simplified. For such condition, as Brinkman [9] assumed, the 

region near the top of the barrier gives major contribution to the integral. 

On the other hand, J(x, t) is very nearly constant in this region so that 

we can replace its value by J(O, t). Hence, we get 

-J(O, t) = P(L, t)D(L)QiL) - P( -L, t)D( -L). 
1-L Q(x)dx 

20 

(3.1.11) 



Now let us find the non-steady state probability density P(x, t) to 

calculate peL, t) and P( -L, t). To do this we consider the steady state 

current density Jss(x, t). At steady state, Jss(x, t) = 0 so that 

dV d 
p,(x) dxPss(x) + dx(D(x)Pss(x)) = o. 

This implies that the steady state solution of the probability density is 

given by 

C (t V'(x) _) 
Pss(x) = D(x)Exp - LL kBT(x)dx , (3.1.12) 

where C is the normalization constant. Since D(x) = p,(x)kBT(x) and 

the mobility is proportional to the inverse of the square root of the tem­

perature, fleX) ex ~, as shown in Eq. (2.1.19), we get 
T(",) 

CO (1'" V'(x) -) Pss (x) = fi=i'T:::\Exp - k (";) dx . 
VT(x) -L "BT x 

(3.1.13) 

The equilibration process in each well is very fast compared to the 

global equilibration process which require escape over the barrier. This 

means that for global equilibration process the probability distribution 

P( x, t) in each well is not very far away from the steady state distribution 

and can be approximated by 

P(x, t) = X(t)Pss(x) (3.1.14) 

where X( t) is essentially constant within each well, and changes only in the 

vicinity of the peak of the barrier height. The function X( t) is obtained 

by integrating P(x, t). That is, 

1~ P(x, t)dx = 1~ X(t)Pss(x)dx = nA(t) 

and 

l'" P(x, t)dx = l'" X(t)Pss(x)dx = nc(t) 
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From these two relations, the correction factor for the non-equilibrium 

distribution function, x( t) can be written as 

for x < 0 (3.1.15a) 

and 

x(t) = 00 nc(t) 
fo Pss(x)dx 

for x> O. (3.1.15b) 

Substituting the expression of steady state solution PsS) we get the fol­

lowing expression for X(t). For x < 0 

(3.1.16a) 

and for x > 0 

nc(t) 
x(t) = roo 1 ,( IX V/(;;) --;) " 

Co Jo y'r(0Exp - -L kBT(;;)dx dx 
(3.1.16b) 

Inserting Eqs. (3.1.16a) and (3.1.16b) in Eq. (3.1.14) one gets the values 

of P(L, t) and P( - L, t) as 

and 

P( -L t) = nA(t) 
, . / (L)Io 1 E' ( IX V/(;;) d--;) I" 

V T - -00 y'T(x) xp - -L kBT(;;) X (X 

( )E ' ( IL V/(X) I ,) 
P L t = nc t xp - -L kBT(x) ( X . 

( ,) V roo 1 ,( IX V/(;;) --;) , 
T(L)JO y'r(0Exp - -L kBT(Xldx dx 

(3.1.17) 

(3.1.18). 

Combining the Eqs. (3.1.2), (3.1.3), (3.1.11), (3.1.17) and (3.1.18) and 

arranging some of the terms we get an equation that describes the trans­

fer of the particle between the two wells or the Tate equation for the 

probabilities of finding the particle in the two wells. That is, 

(3.1.19) 
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and 

(3.1.20) 

where 

AA = _____ D--'-( _L--'--)---;--___ -,-

y'T(-L) (tLQ(x)dx) (f~oo VT(~~Q(X)) 
(3.1.21 ) 

and 

AC = D(L) 

y'T(L) (tL Q(x)dx) (fooo ~Q(X)) 
(3.1.22) 

with Q(x) is given by Eq. (3.1.8). 

AA and AC are the rate at which the particle jumps from left to right and 

from right to left, respectively. The above rate equations are exactly the 

same as the equations that one gets in chemical reactions. In fact, III 

chemical reaction processes, AA and AC are called the reaction rates. 

For Landauer's pipe model, the escape rates AA and AC depend on the 

form of the potential and the temperature profile. 

The eigenvalues of the coefficient matrix for the rate equations (3.1.19) 

and (3.1.20) are A = 0 and A = - (AA + Ac). This tells us that the 

relaxation time or the equilibration time for the global process is 

1 1 
Ts=-= I A I AA + AC 

(3.1.23) 

This is the typical time one has to wait to see the steady state distribution 

of the Brownian particle in a double well potential. In chemical reaction, 

we call this time Ts as the time scale one has to wait to see the product 

after the reaction started. 
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3.2 RATE EQUATIONS FOR van KAMPEN'S MODEL 

In this section we discuss the dynamics of a Brownian particle in a 

bistable potential when there exists a medium inside the Landauer's pipe. 

As we discussed in the second chapter, this model assumes the medium to 

be non-homogeneous and have a temperature T(x) which varies in space 

along the pipe. The probability distribution function of a particle in such 

a medium evolves according to the Smoluchowski equation 

oP(x, t) 
fJt 

oJ(x, t) 
ax 

where the current density J(x, t) is given by 

J(x, t) = -p(x) [1f/(x)P(x, t) + :rc (kBT(x)P(x, t))] 

(3.2.1) 

(3.2.2) 

In this model, we again, consider the double well potential shown in 

Fig. [3.1 J and calculate the equilibration rate for the system by applying 

the same technique as we used in the previous Landauer's pipe model. 

The expression in Eq. (3.2.2) can be written in the form 

- Jt;:) Q(x) = aa (P(x, t)T(x)Q(x)). 
p x "B X 

(3.2.3) 

where Q(x) is given by Eq. (3.1.8). Since we are interested in the escape 

rates over the barrier height, we can integrating Eq. (3.2.3) from -L to 

L to get an approximate value for the current density at the origin; i.e., 

_1L J(x, t)Q(x) dx = P(L, t)T(L)Q(L) - P( -L, t)T( -L). 
-L p(X)kB 

(3.2.4) 

For high barrier Vo(~ kBTo), one can replace J(x, t) by J(O, t). Hence 

-J(O t) = k P(L, t)T(L)Q(L) - P( -L, t)T( -L) 
,B JL Q(x) I . 

L () 
ex 

- flX 

(3.2.5) 



The non-steady state distributions at the minima points can be obtained 

by using Eq. (3.1.14); i.e, 

P(x, t) = X(t)Pss(x) 

where Pss(x) is the steady state distribution of the system and X( t) is the 

correction factor as discussed in the previous section. The steady state 

distribution is obtained by solving the equation Jss(x, t) = O. That is, 

The solution of this equation is given by 

C [Jx V'(x) ~] 
Pss(x) = T(x)Exp - kBT(x)dx. (3.2.6) 

Combining Eqs. (3.1.15a), (3.1.15b), (3.1.14) and (3.2.6) one gets the 

distributions P( -L, t) and P(L, t) as 

P(-L t) = nA(t) 
, T( L)Jo dx 

- -ooT(x)Q(x) 

(3.2.7) 

and 

P(L t) = nc( t) 
, T(L) roo dx 

Jo T(x)Q(x) 

(3.2.8) 

Substitution of the distributions at the minima points in Eq. (3.2.5) and 

combining the resulting equation with Eqs. (3.1.2) and (3.1.3), one gets 

therate equations 

(3.2.9) 

and 

(3.2.10) 
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where the escape rates ,\~) and ,\~) for this model are given by 

,\(v) _ kB 
A - JL Q(x)dxJO dx 

-L /1(x) . -00 T(x)Q(x) 

(3.2.11) 

and 

,\(v) _ kB 
C - JL Q(x)dx roo dx 

-L /1(x) . Jo T(x)Q(x) 

(3.2.12) 

The time scale that it takes for the system to equilibrate globally is 

(3.2.11) 

liVe have obtained general expressions for the escape rates of the Brow­

nian particle in a bistable potential for both models. In the next chapter 

we will consider a simple TY-potential and a piecewise constant temper­

ature profile for both models to get analytic expressions for the escape 

rates as well as for the equilibration rates. 
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Chapter 4 

EVALUA'J'lON OF THE ESCAPE RATES 

In chapter Lllr(~(' \\'(' lUlve obtained general expressiow; for the ('scapc 

rates for the tW() 1111)(lck TIterI' we considered a g(~w:ra.l dOl1hli- wdl 

potential awl a i\(~II('r,d jJ()si tiou d(~pcudent temperatl1rc profil(~. \~T(' 1l0W 

consider a specific (\"1)(' iiI" douhle well poteutial aloug wit.h a c('rl.a.iu 

temperature profile ,llld I'\'al\lat(~ tlw rates at which the Browuian particle 

escapes from Oll(' w('11 to dl(, oLlwr for hot.h models. 

For t.he histalll(' poLI'llti,,1 we take a simple sYllllllct.ric lV-pol.l'lltial 

which is piec('wise lilll'al' and having the same magllitl1de ill slop(~ as 

shown in t.he Fi!,;, ,1. I. II. is d(~sCl'ihed by the barrier height. l~) a.ud Llw 

distance 2L hl'i,\\'I'I~11 ill(' I.wo llliuiUla located at :/; = ± L 011 t.lll~ ('itlwl' 

side of the origill, 

V(x) 

~- _. - _. - .- - - -

T(x) - r :h'--____ T_o 

__ ,., ________________________ • X 

Flc). 4.1 Tile plot of the symmetric potential 

with the hot temperature profile. 
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The Hi-potential that we consider for both models is described by the 

following sets of equations: 

-Fo(f+1) if x <-L 

Fo(f+1) if -L < x < 0 
\f(x) = 

- - ( 4.1) 
Fo(-f+1) if O<x<L - -

\fo(f-1) if x>L 

The non-homogeneous temperature background is taken to be piece­

wise constant with the hot locality placed somewhere in the right well of 

the potential. This hot locality is parameterized by the quantities a, () 

and s which describe the position from the potential maxima, width and 

the strength of the hot region, respectively. 'vVe define these parameters 

as follows: 

position = T = aL, 

width = Hi = OL. 

I::lT Tl - To 
strength = s = - = -=-=----=-

To To 

(4.2) 

(4.3) 

( 4.4) 

where T is the position of the left side of the hot zone from x = 0, L is 

the distance between the center and one of the minima points, Tl is the 

temperature of the hot zone and To is the temperature of the rest of the 

background. Mathematically the temperature profile is described by the 

function 

T(x) = To + I::lT[8(x - aL) - 8(x - (a + ())L)] (4.5) 

where 8( x) is the Heaviside function. 

In the following two sections we find the analytic expressions for the 

escape rates for the two models. 
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4.1 EVALUATION OF THE ESCAPE RATES FOR 

LANDAUER'S PIPE MODEL 

The general expressions for the escape rates from right to left and vice 

versa of the Brownian particle in the Landauer's pipe case, are given by 

Eqs. (3.1.21) and (3.1.22). Let us write them once again: 

A _ D(-L) 
A - L IX _ VIti) d- a _ IX '''(i) d" 

..jT(-L)J e -L kjJT(Xj xdxJ 1 e -L kjJT(Xj xdx 
-L -00 )7'(x) 

and 

A = D(L) 
c L r -"'(i) d" r VIti) r . 

..jT(L)J e -L kjJT(Xj X dx froo 1 e -L 'BT(i) X dx 
-L a )7'(x) 

\Ve first evaluate the integrals that appear in the escape rates /\A and 

AC. The first integral in the escape rate expressions is 

1L 1L f1 x 
l1'(x) ~] 

-L Q(x)dx ---:- -L Exp -L kBT(x)dx dx. 

Since both the potential and the temperature of the system are position 

dependent, we have to divide the integral in four parts. Hence, we have 

10 lexL 1(ex+6)L 1L 
Q(x)dx + Q(x)dx + Q(x)dx + Q(x)dx. 

-L a exL (ex+6)L 

The value of each of these integrals is 

10 kBToL (--'JL ) Q(x)dx = e'BTO - 1 , 
-L 110 
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and, 

j L knTaL _-'-""- ((l-a)!'o -'-""-) Q(x)dx = f, e kBT, e kB"'O - ekBTO • 

(a+6)L 1 a 
Therefore, 

(4.1.1) 

where G is given by 

G = 2 + s (e-auo _ e-[a+1!,j1l0) _ e[,~,-ljllo _ e-uo 

with Ua = k:T
o

' But the contribution of the last two terms is negligible 

as compared to the other terms since we consider high barrier case (Vo ~ 

kBTa). Hence we can neglect them and write G as 

G '" 2 + s (e-auo _ e-[a+I!,juO) ( 4.1.2) 

Next we evaluate the other two integrals that appear in the expression 

for the escape rates. These are, 

ra dx 
J-oo JT(x)Q(x) 

and 
roo dx 

Ja JT(x)Q(x)' 
The first integral can be written as 

ra dx r L dx ra dx 
Loo JT(x)Q(x) = Loo JT(x)Q(x) + LL JT(x)Q(x) 

Its value is 
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j 'O dx k B'./ToL _--'JL 

-00 y'T(x)Q(x) = va He 'BTO 

where H is given by 

H = 2e"o - 1. 

Similarly the second integral can be written as 

(4,1.3) 

( 4,1.4) 

rOO dx r L 1(0:+<5)L {L roo 
Jo y'T(x)Q(x) = Jo '" + o:L '" + J(o:+<5)L '" + JL 

The values of each of these integrals is given by the following expressions: 

and 

Hence we have 

( 4,1.5) 

where K is given by 

K=-1+2e -,+,uD+(Vl+s-1) e(1H-l em/D. [1 "j. (~ ) 
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But compared to the other terms, -1 can be neglected and we can write 

J( as 

( 4.1.6) 

Finally, the rate at which the Brownian particle escapes from the left 

well to the right well of the W-potential in the Landauer's pipe model 

under a locally heated temperature background is 

A = (1l0)2 D( -L) 
A L GH (4.1.7) 

while the escape rate of the particle from right well to the left well is 

A = (1l0)2 D(L) 
C L GJ( 

( 4.1.8) 

where G, Hand J( are given by Eqs. (4.1.2), (4.1.4) and (4.1.6), re-

spectively. The equilibration rate of the slow process for such system 

IS 

~ = A A = (1l0)2 (D(L) D( -L)) 
Ts A + C L G H + G J( 

Since the temperature at the two minima points is the same in our 

model; i.e, T( -L) = T(L), D( -L) = D(L) and the equilibration rate 

can be written as 

~ = Do (1l0)2 (~+~) ~ 
Ts L H J( G 

( 4.1.9) 

where 

Do = D( -L) = D(L). 
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4.2 EVALUATION OF THE ESCAPE RATES FOR 

van KAMPEN'S MODEL 

'vVe now evaluate the escape rates and the equilibration rate for the 

symmetric llV-potential and piecewise constant temperature profile for 

van Kampen's model. This evaluation considers the mobility of the par­

ticle to be homogeneous; i.e., {l(x) = flo = constant. Hence the general 

expressions for the escape rates for such model take the following form: 

(v) _ D(v)(-L) 

A A - L r ~d- ° -r ~a-T(-L)J e -£ 'B2'(;;) xdxJ _,l_e -£ kB2'(i) xdx 
-L -00 T(x) 

(4.2.1) 

and 

(v) _ D(v)(L) 
AC - L IX. VI(i)_d- -Ix ~d' T(L)J e -L kJ7i'(iJ x dx rco _l_e -L kB2'(i) x dx 

-L . Jo T(x) . 

(4.2.2) 

where we have used the Einstein relation, Eq. (3.1.9). The first integral 

in these expressions is already calculated and is given by Eq. (4.1.1); i.e, 

1L x ~d- L 
eLL kB2'(i) x dx = _euoG 

-L Uo 

where G is given by Eq. (4.1.2). 

Vve now evaluate the other integrals. 

--e- LL kB2'(i)
dxdx = + 10 1 x ~ - 1-L 1° 

_coT(x) . -co ". -L'" 

This is equal to 

10 1 _Ix V'(i~ dx 
--e -L kB2'(X) dx = 

-co T(x) 

where H is given by Eq. (4.1.4). 
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Similarly 

l
CO 

_1_ - J~L kv~n)dxd ' _10:£ 1(0:+6)£ + ]L l co 

T( ') e B x - ... + .. , ... + 
o x 0 o:L (0:+6)£ £ 

The value of each of these integrals is given as follows. 

--e - LL kBT(i)dx dx = 10:L 1 x ~ -

o T(x) 

--e - LL kBTCi)dx dx = 1 
(n:+6)L 1 x ~ -

n:L T(x) 

--e -L kBTCi) x dx = -_ ekBT, ekB"'O - e kBTO 
]

L 1 -Ix ~r (kBL) ~ (~ ca-l)l'Q) 
(n:+6)L T(x) Vo 

and 

(CO 1 -Jx ~r JL T(x) e -L kBTC;;) "dx = 

Therefore 

(CO 1 -Jx ~dx kBL 
Jo T(x)e -I.knTCi) dx= Vo e-uoI, 

where I is given by 

( 4.2.4) 

The escape rates of the Brownian particle 1ll this type model are, 

therefore, given as 
.\(V) = (110)2 D(v)lo( -L) 

A L GH' (4.2.5) 
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and 

A(V) = (110)2 D(v)(L) 
C L GI ( 4.2.6) 

where G and I are given by Eqs. (4.1.3) and (4.2.2 ), respectively. The 

equilibration rate of the slow process in this model is 

~ = AA + Ac = (110)2 D(v) (~+~) ~. 
Ts . L ° I H G 

(4.2.7) 

liVe obtained analytic expressions for the escape rates of the Brownian 

particle for both models becallse we have chosen a simple TV-potential 

along with piecewise constant temperature profile. Otherwise it would 

have been impossible to get analytic expression and one has to numeri­

cally evaluate the general expressions for the escape rates Eqs. (3.1.21) 

and (3.1.22) for specific type of potential and temperature profile. Al­

though this selection of TIV-potential and temperature profile may not be 

realistic, the essential inforl1).ation about the effect of the local heating on 

the escape rates and the equilibration rates is obtained without any loss 

of generality. 

The escape rates that we obtained in this chapter are functions of the 

parameter of DC, 15 and s. In the next chapter we discuss the behaviour of 

the escape rates and the equilibration rates as the parameters DC, 15 or s 

vanes. 
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Chapter 5 

RESULT AND DISCUSSION 

The explicit expressions for the escape rates are obtained in the last 

chapter. These escape rates are functions of the parameters a, 15 and s 

and hence, the effect of the hot locality on these rates and also on the 

equilibration rate can be studied in terms of these parameters. Since the 

hot locality is placed between the peak of the barrier height and the right 

minima, the parameters a and 15 take positive value between 0 and 1. 

On the other hand s takes positive values for a hot locality and negative 

values between -1 and 0, if one considers a cold locality. 

The change in escape rates due to the presence of the hot locality 

is better studied in terms of the factor by which the escape rate has 

improved. 'Ale call this factor as the improvement factor, A, which is 

defined as 

(5.1) 

where>. is the escape rate in the presence of the hot locality and >.0 is 

the escape rate in the absence of the hot locality. In the Landauer's pipe 

model, the improven'lent factors for the escape rates are 

and >'c 
Ac = >.0' 

c 
(5.2) 

Since the Hl-potential that we considered is symmetric, the escape rate 

to the right and to the left of the barrier height are identical when there 

is no hot locality. That is, for s = 0 

>.0 = >.0 = Do ( t10)2 1 
A C 2 L (1 - e-llo )(2ellO - 1)' 
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For high barrier 1/o(~ kETo), e-uo can be neglected compared to 1 and 

the escape rates become 

(5.3) 

Using these results, the expressions for the improvement factors AA and 

Ac , for the Landauer's pipe model are given by 

(5.4) 

and 

N ow let us see the dependence of the improvement factor on the pa­

rameters a, 0 and s. First we consider AA. For a given a and 0, the 

exponential term that contains s in the denominator of Eq. (5.4) in-

creases as s increases and therefore the term in the bracket decreases. 

But the coefficient of the bracket in this denominator, s, is dominant for 

large value of s. Therefore the escape rate to the right well decreases as 

s Increases. 

Next we take fixed values of s and a to see the dependence of the 

improvement factor AA on the width of the hot locality. As 0 increases 

the exponential e-'~'uO term in the bracket weakly decreases and hence 

AA decreases also weakly. \~Te can argue in the same way to see decreasing 

effect of a on AA as it increases. 
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The dependence of the improvement factor Ac on the parameters s, a 

and 15 can also be discussed in the same way. For constant values of s and 15 

one can see how the escape rate behave when a varies. In the denominator 

of Ac there are two competing terms that contain a; i.e e±O:uo. Hence for 

small values of a the term which contains e-O:UO is dominant and for large 

values of a the term with eO: Uo dominates. That means there is an optimal 

value a at which the escape rate takes maximum value. 

Variation of the width of the hot zone also has an effect on the escape 

rate. To see that we fix sand a. Then, as we have seen for the discussion 

of AA, the term having 15 in the first square bracket in the denominator 

of Eq. (5.5) increases as 15 increases. The other square bracket has two 

terms having 15 whose combined effect is to decrease the denominator by 

a large amount. Therefore, the escape rate will increase by a large factor 

as the width of the hot locality increases. 

Finally, we consider the effect of the strength s on the improvement 

factor Ac. Again, as we saw in the argument for AA, the first square 

bracket term in the denominator of Ac increases as s increases. But the 

other square bracket term decreases significantly as s increases. Hence 

the escape rate increases by a large factor as the strength of the hot region 

Increases. 

The above arguments can be checked by observing the plots of the 

escape rates AA and Ac as a functions of the parameters s, a and 15. 

We have drawn the graph of AA(S) and Ac(s) using Mathematica. The 

results are shown in Figs. 5.1 and 5.2. The graphs show that the escape 

rate of the Brownian particle to the right of the potential barrier de-
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creases very weakly. On the other hand, the escape rate to the left of the 

potential barrier increases significantly as the hot locality gets stronger 

and stronger. 

1 Z 3 4 S 

0.9995 a=0.5 
0.999 8 = 0.1 

A(V) . 
AI Uo = 10 

0.9985 

0.998 

Fig. 5.1 Plot of AA as a function of strength, s. 

Z.Z 

z 
a=0.5 

1.8 
Ii = 0.1 

Ac; 1.6 llo = 10 

1.4 

1 z 3 4 
s 

Fig. 5.2 Plot of Ac as a function of strength, s. 

From physical point of view, these results can be explained as follows. 

The escape rate to the left well, AC, increases as s increases because the 

hot reservoir gives the particle a strong thermal kick and as a result the 

particle easily jumps over the barrier. On the other hand, the escape rate 

to the right of the barrier decreases as s increases. That is because of the 

bouncing back effect that arises due to the hot locality. Whenever there 

is a jump from left to right, there is a strong thermal kick to the particle 
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from the hot locality and that causes the particle to bounce back to the 

left well. Due to this, the particle will spend more time in the left well 

than that without hot locality. Therefore, the escape rate to the right 

well decrease as s increases. 

We can also define the improvement factor associated with the equili­

bration rate as 

A - AA + AC (5.6) 
- A~ + A~' 

The graph of A( s) is shown in Fig. 5.3. It tells us that the hot locality 

has indeed a strong effect on the equilibration rate. This implies locally 

heating Landauer's pipe decreases the equilibration time of the system. 

1.6 

1.5 

1.4 

v 1.3 

1.2 

1.1 

1 2 3 

Fig. 5.3 Plot of A as a function of strength, s. 

s 
4 

a~0.5 

8 ~ 0.1 
lIo = 10 

The variation of the escape rates and the equilibration rate for variable 

width of the hot locality is shown in Figs. 5.4, 5.5 and 5.6. As we argued 

in our earlier discussion, these graphs show that the improvement factor 

Ac increases by a large factor as t5 increases while AA decreases very gen-

tly as t5 increases. This is because of the fact that as the width of the hot 

zone lllcreases, both the pumping and bouncing effects on the particle 
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Increase. This makes the right well less stable and hence the particle 

prefers to stay in the left well. That means the escape rate to the left 

well increases as the width of the hot region increases. The equilibration 

rate of the system will also be improved when we increa<ie the width of 

the hot locality. 
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Fig. 5.4 Plot of AA as a function of width, o. 
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Fig. 5.5 Plot of Ac as a funotion of width, o. 
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Fig. 5.6 Plot of A as a function of width, o. 
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The dependence of the escape rates on the position of the hot locality 

is shown in Figs. 5.7 and 5.S. The graphs show that shifting the position 

of the hot locality further to the right decreases the bouncing effect of 

the hot locality. Hence we observe a slight improvement on the escape 

rate of the Brownian particle from left to right well. That means heating 

the pipe far away from the peak of the barrier height will not have any 

effect on the escape rate to the right. On the other hand we observe that 

Ac is highly dependent on the position of the hot locality. There is an 

optimal position of the hot locality at which Ac takes maximum value. 

The equilibration rate is also highly dependent on the position of the hot 

locality. As Fig. 5.9 shows, there is an optimal value of cy at which the 

system's equilibration rate is maximum . 
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Fig. 5.7 The plot of AA as a function of position, a. 
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Fig. 5.8 The plot of Ac as a function of position, a. 
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Fig. 5.9 The plot of A as a function of position, ex. 
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Now we discuss the properties of the escape rates and the equilibration 

rate for the van Kampen's model of Brownian particle. Again here we 

define the improvement factor for this model as 

>.(v) >.(v) 
A(v)-.....LL and A(v)_~ (5.7) 

A - >. (v) C - >. (v) 
AO Co 

where >.~J and >.~J are the escape rates of the particle when there is no 

hot locality. Actually the two escape rates have the same value in the 

absence of the hot locality because our W-potential is symmetric. Their 

value is give by 
D (v) 2 

,(v) _ ,(v) __ 0_ (UO) -uo 
"AO - "Co - 4 L e . (5.8) 

Hence the relative escape rates are given by 

(5.9) 

and 

(5.10) 

43 



The improvement factor of the Brownian particle to the right well in 

this model, A~), is identical to the corresponding improvement factor of 

the particle in the Landauer's pipe model, AA' This is because expressions 

for the escape rates AA and A~) are identical. On the other hand the 

expressions of the relative escape rates to the left well for the two models 

are totally different. In the van Kampen's model the relative esca.pe rate 

A~) is an increasing function of the position, width and strength. More 

over, in this model the relative escape rate has no optimal position at 

which the escape rate takes maximum value, which is not true for the 

Landauer's pipe case. Actually this difference arises because of the type 

of equilibration processes that the particle experiences during collision, 

with the wall of the pipe in the Landauer's case and with the medium in 

the case of the van Kampen's model. 

The graph of the escape rate A~) as a function of position, width and 

strength are, respectively, shown in Figs. 5.10, 5.11 and 5.12. 
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Fig. 5.10 Plot of A(v)c as a function position, a. 

44 



12 

10 

a = 0.5 
8 

s = I 

6 uo= 10 

4 

2 

Ii 
0.1 0.2 0.3 0.4 O.S 

Fig. 5.11 Plot of A(v)cas a function width, Ii. 
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Fig. 5.12 Plot of A(v)cas a function of strength, s. 

Equilibration rate for this model has also improved by the presence of 

hot locality. In fact it is an increasing function of all the parameters cy, 

fj and s. Unlike the Landauer's pipe model, this model has no optimal 

value of cy at which the equilibration rate is maximum. The patterns of 

the improvement factor A (v) as a function of the parameters are shown in 

the Figs. 5.13,5.14 and 5.15. 
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Fig. 5.13 Plot of A (v) as a function of width, 8. 
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Fig. 5.15 Plot of A(V) as a function of strength, s. 
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Chapter 6 

SUMMARY AND CONCLUSION 

In this work, we considered two kinds of models for the study of diffu­

sion in non-homogeneous media. For these models, we studied the dynam­

ics of a Brownian particle in a bistable potential with non-uniform tem­

perature background. In particular we considered a simple TIV -potential 

along with a piecewise constant temperature profile, where we put the 

hot locality somewhere within the right well. For this specific choice of 

potential and temperature profile, we obtained analytic expressions for 

the inter-well escape rates and the equilibration rates for both models by 

applying Brinkman's method. 

These escape rates and the equilibration rates are functions of the 

strength, width and position of the hot locality, and the height of the 

potential barrier. In fact, the local heating has a strong pumping effect 

of particle to the left well while it has weak effect on retarding the escape 

rate of the the particle to the right well. As a result, for both models, 

we have found that the presence of the hot locality has improved both 

the equilibration rate of the systems and the escape rates to the left 

significantly as compared to that without hot locality. 

An interesting result that we found in this work is that the escape rate 

of the particle to the left well and the equilibration rate of the system, 

for the Landauer's pipe model, have optimal positions at which they 

take their maximum values. Similar results are not observed for the van 
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Kampen's model where both the escape rate and the equilibration rate 

are increasing functions of the position. Even though this is due to the 

fact that the particle experiences different types of equilibration processes 

for the two models, the detailed reason of why it is so is yet to be explored. 

Our results for the van Kampen's model are in agreement with the 

work of Mulugeta Bekele et.al. [7], which is done using supersymmetric 

and numerical methods. As an independent check, we finally recommend 

that, it is worth to do the problem of Landauer's pipe model using su­

persynnnetric as well as numerical method. 



Appendix 

EQUILIBRATION TIMES FOR FAST AND SLOW PROCESSES 

In this appendix we want to compare the time scales between the 

global equilibration process, Ts , and the local equilibration process, Tf. 

Let us first estimate Tf . 

The dynamics of the particle within the wells IS governed by the 

Langevin equation 

£x dx 
-' = -F'(x) -,-' +~(t) 
elt2 elt 

(A.I) 

where -,~~ is the friction force that the Brownian particle experiences 

from the medium or from collision with the wall of the pipe in the Lan­

dauer's pipe case. The coefficient, is inversely proportional to the mo­

bility of the particle {t; i.e, , ex fL. For high friction limit, we can consider 

the particle to take a creeping motion so that 

cPx 
dt2 ~ O. 

Hence, the Langevin equation takes the form 

elx '() ( ) '-I = - F x + ~ t . ct 
(A.2) 

Taking the average of both sides of Eq. (A.2) eliminates the random force 

term. Hence we consider only the damping effect and we will keep track 

of the displacement of the mean value for x(t); i.e, 

elx _ -17 '( .) 
'elt - x . (A.3) 



If we approximate the potential near the minima points by a parabola 

of the form 
1 
-'TJ(x ± L)2 2 . 

where 'TJ = V"(±L), the Langevin equation takes the form 

elx = _ 'TJ(x ± L). 
elt I 

The solution of this equation is 

(A.4) 

(A.5) 

(A.6) 

where C is a constant which is determined from initial conditions. This 

tells us that any deviation cif the particles position from equilibrium ±L 

point relaxes back within a time scale of 

I 
Tf =-. 

'TJ 
(A.7) 

where this time scale Tf depends on strength of the damping force and 

the shape of the potential. 

Therefore any disturbed local process of the system relaxes to its equi­

librium distribution within the order of time scale Tf. At equilibrium, the 

probability distribution in each of the two wells can be approximated by 

the Boltzmann distribution whose peak is centered at the two points of 

the potential minima. 

Now let us find an approximate value of the relaxation time for the 

global equilibration process, T., and compare it with Tf. 'vVe consider a 

uniform temperature background for the system; i.e, T(x) = To. More­

over, if the potential is approximated by parabola around the extrema 

points; i.e, around the points of minima we approximate by eq.(A.4) and 
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for the curve around the barrier height, we consider 

with 1] = VI/(O). Then, 

L 
V(x) = va - -TJX2 

2 
(A.8) 

(A.9) 

But the contribution of the potential to the integral is significant only 

near the point x = 0 ; i.e as we go far away from x = 0 in both direction, 

the potential drops rapidly. Hence the limit of the integration can be 

stretched to the points at infinity which gives 

j .L ( .2) 
e Vo- 2R;To dx '" 

-L 
(A.10) 

Similarly we have 

----::==e J-L knT(x) dx = . 10(00) 1 (- r" V/(xl dX) 1 J27rkBTO 

-00(0) JT(x). 2Po TJ 
(A.l1) 

Therefore substituting these results in to Eqs. (3.1.21) and (3.1.22), 

one gets the approximated values of the escape rates for a homogeneous 

background system as 

(A.12 

Hence for such condition the approximated equilibration time for the 

global process is given by 

1 27rkB To ~ 
IS == rv e k 8 'l'o 

AA + AC yTjriD(L) . 
(A.13) 

Applying the Einstein relation (Eq. (3.1.9)) and the relation 'Y = ~, Ts , 

can be written as 

(A.14) 
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If the approximated parabola at the minima points and at the maximum 

point for the potential are assumed to have the same shape, "7 and 17 will 

have the same value, and therefore we can write the time scale Ts as 

27r1' -'JL 
Ts rv --eknTo 

1] 

or we have 

Ts f"V ek;~o 
Tf 

(A. 14) 

This result shows that the equilibration time for the global process is very 

much greater than the equilibration time for the local process, especially 

when the potential barrier height is much greater than the intensity of 

the thermal kick; i.e, va ~ kETo. We, therefore, conclude that the time it 

takes for global equilibration is extremely large compared to the time scale 

of the local equilibration. In other words, global processes are extremely 

slow as compared to the local processes. 
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