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Abstract

This Project is about the study of first order necessary and sufficient con-
ditions for unconstrained cone d.c. programming problems where the un-
derlined space is partially ordered with respect to a cone.These conditions
are given in terms of directional derivatives and sub differentials of the com-
ponent functions.Moreover,conjugate duality for cone d.c.optimization is dis-
cussed and weak duality theorem is proved in a more general partially ordered
linear topological vector space.
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Notations And Symbols

R the set of real numbers.

R the extended set of real numbers.

R? the non-negative orthant of R™.

D* the dual cone of the coneD.

> p the partial ordering induced by the cone D.
2 p~ the partial ordering induced by the dual cone D*.
f* the conjugate of the function f.

X the indicator function of the set G.

Dy, Lagrange dual problem.

Dpr Fenchel dual problem.

Dpy, Fenchel-Lagrange dual problem.

dom(f) the domain of the function f.

inf(p) the optimal objective value of the scalar minimum optimization
problem(p).

F* conjugate map of the set-valued map.
df the subdifferential of the function f.

OF (z,y) subdifferential of the point-to-set maps F at (z,y).
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Introduction

Convexity is one of the well developed mathematical structures since 1950s
and it plays an important role in optimization. An increasing number of
problems arise from application that can not be solved successfully by stan-
dard methods of linear or nonlinear programming. But a great many of these
can be described by using difference of two convex functions called d.c. func-
tions for short. Omne can utilize the concepts and tools of convex analysis
to solve such problems. Many practical methods have been developed by
several researchers to solve a d.c. optimization problem in a scalar case.
The class of D.C. functions is a remarkable subclass of locally lipschitz func-
tions that is of interest both in analysis and optimization. It appears very
naturally as the smallest vector space containing all continuous convex func-
tions on a given set. A natural generalization of this concept to vector opti-
mization is named simply as cone d.c.programming. (where cone refers here
the ordering cone of the image set). A function is said to be cone d.c. if it can
be described as the difference of two cone convex functions. The class of cone
d.c. functions is very rich. For example, cone convex, cone concave functions
and the combination of them fall under this category. On finite dimensional
spaces one can easily verify that the extension of Hartman’s theorem holds
true also for vector valued functions, i.e. every locally cone d.c. function is
globally cone d.c. Since convexity is present twice (in the reverse sense) in
the decomposition of d.c. function, many concepts and results from convex
analysis will be used also for cone d.c. programming.

The generalization of the results for scalar d.c. programming to cone d.c.
Optimization was studied by Yin Zhiwen and Li Yuanxi. However their result
is valid only for the case where the underlined space is an order-complete,
finite dimensional vector space. Moreover, they used difference to give the
minimality conditions. But this difference produces a set which is empty too
often and may not give any information when the point is not efficient.

In this project, we study the extension of scalar D.C programming to a
more general case and present some minimality conditions also using the



conjugate duality. The duality case, here, is discussed on a more general
partially ordered linear topological vector space extending Toland’s duality
theorem for scalar d.c. problems.

The project is organized as follows. In chapter 1 scalar D. C function and
their duality are discussed. In the second chapter preliminaries for vector
optimization, which are useful in the next part are discussed. In the third
chapter the necessary and sufficient local weak optimality conditions are
discussed. It also contains the conjugate duality for cone d.c. programming,
which gives some generalizations of Toland’s duality theorem, which was
given for scalar d.c. programming case.

vi



Chapter 1

Scalar D C functions and Their
Duality

1.1 D C Function

Definition 1.1.1. . /5] Let f be a real valued function mapping R" to R.
Then fis a D .C. function if there exist convex functions g,h : R* —
R such that f can be decomposed as the difference between g and h.

f(z) =g(x) — h(x) Vo e R"
Consider the D.C. programming problem

(DCP) min fo(z)

subject to fi(z) <0, i¢=1,...m. where f; : R" — R is a differentiable DC
function for ¢ = 0,...m.

Before we continue with the discussion of the solution to the above D.C
Programming Problem, we develop some intuition regarding DC functions.
Recall that a function f: R"™ — R is convex if for every 1,2, € R™ and
every o € [0,1], fazy + (1 — a)2z) < avf (w1 + (1 — @) f(22).

In particular, as we may recall, if f is a twice-differentiable function, then
it is convex if and only if its Hessian matrix is positive semi- definite.

Example 1.1.1. ./2/ (a)fi(z) = abs(x). ( b) fo(x) = —log(z) ( ¢) f(z) =
abs(z) + log(x).

Notice that while in these examples, the minimum is easy to find by in-
spection in the convex functions, it is less clear in the resulting D.C function.
Then, having DC functions as part of an optimization problem adds a level
of complexity to the problem that we did not encounter in convex functions.

1



1.2 Subgradient of convex functions

Differentiability facilitates the analysis of optimization problems. For convex
functions, even when they are not differentiable, we might consider subgra-
dients instead of nonexistent gradients.

Definition 1.2.1. . [5] (one-sided directional Derivative)
Let f be a function from R™ to {—o0,+0o0}, and let z be a point where f

is finite. The one-sided directional derivative of fatx wzth respect to a vector
d is defined to be the limit  f'(x;d) = limyo{ f(th Vet d) =@ - if it eists.

If f is actually differentiable at x, then f'(x;d) = (V f(z),d) for any d,
where Vf(x) is the gradient off at x.

Definition 1.2.2. . /5] (sub gradient)
Let f be a convex function from R™ to [—oo,+o0]. A vector x* € R™ is
said to be a subgradient of f at zif f(2') 2 f(x)+ (x*, 2" —x) for any ' € R".

The set of all subgradients of f at x is called the subdifferential of f at x and
is denoted by JOf(z). If 9f(x) is not empty, f is said to be subdifferentiable
at x. If f is a continuously differentiable function defined on an open convex
set C' C R" then we denote its gradient at x € C, as usual, by (Vf(z).) The
excess function

E(may) = f(y> - f(iL') - <Vf(x,y —.I'>

is a measure of the discrepancy between the value of f at the point y and
the value of the tangent approximation at x to f at the point y.

Now we introduce the notation of a monotone definition

Definition 1.2.3. .[5] The map © — V f(z) is said to be monotone on C
provided
(Vf(y) - Vf(x),y - (L’> > O,Vx,y e C.

Theorem 1.2.1. .[4] Let f be a continuously differentiable function defined
on an open convex set C' C R". Then the following are equivalent:

e (a). E(x,y) >0 for all z,y € C;
e (b).the map x — V f(x) is monotone in C,
e (c).the function fis convex on C.

Proof: Suppose that (a) holds, i.e.E(x,y) > 0 on C' x C. Then we have
both

fy) = @) 2 (Vf(z),y — ),



and f(z) — f(y) = (f(y),z —y) = =(Vf(y),y — 2).

Then, from the second inequality, f(y) — f(x) = (Vf(y),z — y), and so

(Vi) = V[(@),y—x)=(Vf(y),y—z)—(V[(z),y— )

> () — F@) — (F(y) — F(@)) > 0.

Hence, the map x — V f(z) is monotone in C.

Now suppose the map x — V f(z) is monotone in C, and choose z,y € C.
Define a function ¢ : [0,1] — R by ¢(t) : f(z+t(y—x)). We observe,first,that
if ¢ is convex on (0,1) then f is convex on C. To see this , let u,v € [0,1] be
arbitrary. on the one hand,

(1= A+ Xo) = £+ [(1 = Au+ Xel(y — 2)) = £(1— [(1 = Au+
Az + (1= Nu+ \)y),

while, on the other hand,

P((1=Mu+ ) < (1= Nf(z+uly — )+ fz+oly —2))

setting u = 0 and v = 1 in the above expressions yields

F((L= X)) + Ag) < (1= N f(2) + Af (1)

So the convexity of 1on|0, 1] implies the convexity of f on C.

Now, choose any «a, 5,0 < o < 8 < 1. Then

@' (B) = ') ={((Vflx+ By —x) - Vf(z+aly—1)y— =)

setting u := r+a(y—x)andv := v+ B(y—z)’wehavev—u = (f—a)(y—1x)
and so

O'(B)—¢'(a) = ((Vf(v)=V f(u),v—u) > 0. Hence ¢’ is non-decreasing,so
that the function ¢ is convex.

Finally, if f is convex on C then for fixed z,y € C define

W) = (1= N F(2) + M) — F(1— Nz + Ag).

Then A — h(\) is a non-negative,differentiable function on [0, 1] and
attains its minimum at A = 0. Therefore 0 < 2/(0) = E(z,y), and the proof
is complete.

f'(w; d) = sup{(z®,d) : 2" € f (x)} = 67(d/0f (x)). (1.1)

Moreover, 0f(xz) 1is a non empty bounded set if and only if z €
int(domf), in which case f'(x;d) is finite for every d.

If the convex sets ri(domf;)(i = 1,...,m) have a point in common.
then actually

Of(x) = 0f1(x) + Ofa(x) + ...+ Ofm(x) for any x. (1.2)

1.3 Conjugate Function

Definition 1.3.1. .[}/ (Linear functional) Let V be a vector space over a
field F the mapping T : V' — F' that satisfy the following condition



(LE)T(x+y) =T, + T, Va,y € V. (LF3)T(ax) = T, Yz € V,a € F. is
called a linear functional on V.

Definition 1.3.2. . [}/ (Linear continuous functional) If a linear functional
f:V = F has real or complex number values, then f is continuous for each
x eV if and only if AM such that

@ < ar

Il

Definition 1.3.3. . [4] The topological vector space L(X, R) which is the
set of all linear functionals on X is said to be the topological dual space of X
being denoted by X*.

Further, we refer with dual to topological space not to the dual in al-
gebraical space, unless otherwise specified. Analogously to vector space
by (z*,z), we denote the value taken at x € X by the linear continuous
functional z* € X*. Conjugate function plays an important role in the du-
ality theory. Let U be a linear normed space (e.g.R™),U* is topological
dual space,while (z*, x) denotes the value of the linear continuous functional
x* € U* at the point x € U.

Definition 1.3.4. . [4] Let f : U — R be a given function. Then the
function f*:U* — R given by

fr(z") = igg{@*,x) — f(2)}

is called the conjugate function of f.

Proposition 1.3.1. . [4] (Some elementary properties of conjugate func-
tions).
i. (Young’s inequality)

flx)+ f*(a") > (", x),Vo € UVz* € U".

inf f(z) =—f"(0).

zelU

100
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proof.
i. follows immediately from the definition.
ii.

fH(0) = sup{(0, ) — f(x)}

zeU

B A
This implies
inf f(z) = —*(0)

zelU

iii. for any x € U and x* € U* we have

(2, 2) + (g9(x)) < (2%, 2) + (= f(2))

and considering the supremum after x € U it holds

sup{ (2", z) + (—g(x))} < sup{(z”,2) + (= f(2))}

zelU zelU

which actually means

This implies

g<fr
| ()@ = sup{(a”.a) = (0. F ()}
= sup{\ (o) — f)])

I*

= Asup{(-,7) — f(2)}
zeU
x*
(e
()

This implies (A.f)*(z*) = A_f*(%)
Definition 1.3.5. . [{/ Let f* : U* — R be a given function. Then f** :
U— R

given by
[ (x) = Sup{(z*,z) — f*(x*)} is called the bi-conjugate function to f.



1.4 Conjugate Duality in Scalar Optimization
problem

We consider three different conjugate dual problems the well-known lagrange
and fenchel dual problems (D) and (D), respectively and a combination
of the above two, which we shall call the Fenchel-Lagrange dual problem
(DpL).

1.4.1 Formulation of the Dual Problem

Before we discuss a formulation of the dual problem, let us first define a cone,
convex cone,dual cone and closed convex cone.

Definition 1.4.1. . [5] Let C be any nonempty subset of a vector space V.
The set C'is said to be a cone if x € C implies Ax € C,V\ > 0.

Definition 1.4.2. . [5] A subset C of a vector space V is a convezr cone if
ax + By belongs to C for any positive scalars «, 8 and x,y € C.

Definition 1.4.3. . [5] Let K be a cone. The set K* ={y|zTy >0,V z €
K} is called the dual cone of K. As the name
suggests K* s always convex even when the original cone K is not.

Definition 1.4.4. . [{]/ Let K CV be a nonempty closed set. K is called
a closed convex cone if the following two properties hold.
(i) For all x € K and all non negative real numbers X, we have \x € K.

(i1) For all z,2' € K, we have x + 2’ € K

Let X C R™ be anon empty set and K C RP anonempty closed convex
cone with int(K) # (). Theset K*:={k* € R? : k*'z > 0Vz € K} is the
dual cone of K. Consider the partial order ” <7 induced by K in RP, namely

for

Y,z € R? we have that y < zifand only if z—y € K. Let f:R" — R=
R|J4oco and

g=(g91,--.,gr)T : R* — RP. The optimization problem we investigate

in this section is

(P) inf f(z)

zeG
Where G = {z € X : g(z) < 0,X C R"}, where the inequality here
means point-wise inequality.
In the following we suppose that the feasible set G is nonempty. Assume
further that dom(f) = X, where dom(f) := {x € R": f(x) < +00}.
The optimal objective value of problem P is denoted by inf(p).
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Definition 1.4.5. . [4] An element T € G is said to be an optimal solution

for (P) if f(z) € inf(P).

The aim of this section is to construct different dual problems to (P). Now
let us first consider the general optimization problem without constraints

(PG) :Jclenan F(z)
where F is a mapping from R" into R. and R is the extended set of real
number.

Remark 1.4.1. By the assumption we made for f, we have

fr(0") = sup {p”'w — f(2)} = sup {p""z — f(2)}. (1.3)

rERM rERM
The approach is based on the construction of a so called perturbation func-
tion @ : R" x R™ — R with the property that ®(z,0) = F(x) for
each x € R"™. Here ,R™ is the space of the perturbation variables. For
each p € R™ we obtain a new optimization problem

(PG,) inf ®(x,p)

rERM
For p € R™ the problem (PG)) is called the perturbed problem of (PG)
By definition 1.3.4. the conjugate of ® is the function ®* : R" x R™ — R
given by

(2", p) = sup  {(@"p") (x,p)~®(a,p)} = sup {2 a+pTp—0(z,p)}
rER™ pecR™ reER™ pecR™
(1.4)
Now at * =0 we can define the following optimization problem
(DG) sup {p""p — &*(0,p")}
p*eRm

The problem (DG) is called the dual problem to (PG) and its optimal
objective value is denoted by sup(DG).

Theorem 1.4.1. . [4] The relation —oo < sup(DG) < inf(PG) < +oo  al-
ways holds.

Proof.
Let p* € R™ from (1.4)

®*(0,p*) = sup {07z +pTp—P(z,p)}
TER" peER™



= sup {p7p—P(z,p)}

TER™ peR™

> sup {p*"0 — ®(z,0)}

zER™

= sup {=®(z,0)}

rERM
This means that, for each p* € R™,z € R" it holds

—¢*(0,p") < ®(z,0) = F(x).

which implies that
sup(DG) < inf(PG).

Our next aim is to show how we can apply this approach to the con-
strained optimization problem (P). Therefore, let F : R™ — R be the
function given by

Py = {T@1iS wEG
~+00, otherwise.

The primal problem ( P ) is then equivalent to

(PG) xlenﬁf," F(x)
and , since the perturbation function & : R* x R™ — R satisfies

®(2,0) = F(z) foreach x € R", we obtain that
O(2,0) = f(z) Ve e (1.5)
and

®(z,0) = +o0,Vz € R"\G. (1.6)

1.4.2 The Lagrange Dual Problem
Let the function ®;, : R" x R* — R be defined by

f(x),ifr € X,g9(z) =k q
400, otherwise

®L(x7Q):: {

With the perturbation variable ¢ € RF. The relations (1.5) and (1.6) are
fulfilled. For the conjugate of ®; we have

8



5 (z*,¢") = sup {7z +q"q— Pp(z,q)}
reR" qgeRF

xGX,qeRkvg(z)ékq

In order to calculate this expression we introduce the variable s instead
of q by s = ¢ — g(x). This implies

@ (2%, q") = sup {a"a+q"[s+g(x)] - f(2)}
rzeX,seK

= sup{z*"z + ¢*"g(z) — f(z)} +supqg™’s
reX seK

supzex{z*z +qTg(x) — f(a)}if ¢ € —K*
~+00, otherwise.

r (2", q") = {

As we have seen , the dual of (P) obtained by the perturbation function
CI)L is

(Dr) sup {—7,(0,¢")}
q*E€R¥
and since
sup {—suplg”g(z) — f(2)]} = sup {inf[—q"g(z)] + f(x)}
¢ E—K* zeX g*e—K* €

the dual has the following form

(Dr) sup inf [f(z) + ¢ g(x)] (1.7)

q*zk*o rzeX

The problem (D) is actually the well known Lagrange dual problem .
Its optimal objective value is denoted by sup(Dy) and theorem 1.4.1. implies

sup(Dy) < inf(P).

Example 1.4.1. .[3] Let K = R, , X =[0,+00] C R, f: R— R,g: R — R,
be defined by

fla) = {—:pz,ifx eX

400, otherwise.



Now the optimal objective value of the Lagrange dual is

sup(Dyp) = sup jcrzlg[f (z) +q"g(2)]

= sup inf[—2? + ¢*(2* — 1)]

q* >0 120

= sup inf[(¢* — 1)z? — ¢*
sup infl(g" = 1)a” = ¢’

= sup(—¢")
>1

=1

This implies that the optimal objective value of Dy, is -1.
We are now interested to obtain dual problem for (P) , different from the
classical Lagrange problem .

1.4.3 Fenchel Dual Problems

Let us consider the perturbation function ®p : R" x R" — R given by

Oyl p) = {f(a:+p),if reG

~+00, otherwise.

With the perturbation variable p € R™ . The relations ( 1.5 ) and ( 1.6 )
are also fulfilled and it holds

O (z*,p*) = sup {7z +pTp— Pp(z,p)}
rER™ peR™

= sup {ox+pTp— flz+p)}
zeX,peR™,g(x)<,0

Introducing a new variable r = x + p € R" , we have

Op(ztp )= sup  {eTa+pT(r—x)— f(r)}
zeX,reR",g(x)<x0

= sup {p"r — f(r)} + sup {(z" —p")'a}
reR™ z€X,9(x)<0

— FE (%) _ . f * o o\T
[ ) pext )
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xR\ s * o\ T
= f1(p") — mf{(p" —27) a}
Now the dual of (P) will be
(Dr) sup {—®7(0, P*)}
p*ERM

and can be written in the form

Dy sup {—f*(p*) + inf p*Tx}

p*ERM r€X,g9(x)<x0
Denoting by
0,if z€G
Xa(z) = .
400, otherwise.

The indicator function of the set G we have that

Xg(=p") = inf pa.

The dual Dy becomes then
Dy sup {—f"(p") — X&(=p")}
Let us call (Dp) the Fench dual problem and denote its optimal objective
value by Sup (Dp). The weak duality
sup(Dp) < inf(P)

Example 1.4.2. .[j/ Let K =R, , X =[0,+00) CR,f: R— R,g: R — R,
be defined by

rif rxelX
flz) = .
400, otherwise.

and

glx) =1- 2"

Now the optimal objective value of the Fenchel dual problem is

sup(Dp) = sup{—sup[p*z —z] + inf p'z}

p*ER z>0 >0,1-22<0

11



= sup {sup(l — p*)z + inf p*z}
p*ER >0 21

= sup (p*)
0<p<1

=1

This implies that the optimal objective value of Dp is 1 .

1.4.4 Fenchel- Lagrange Dual Problems

Another dual problem different from (Dy) and (Dr) can be obtained by
considering the perturbation function as a combination of the functions @,

and ®p . Let this be defined by
(DFLZRRXRHXRIC%R

fle+p)if xz€X g(x)=kq
~+00, otherwise.

Spr(z,p,q) = {

With the perturbation variables p € R and ¢ € R, ®p; satisfies the
relation (1.5) and (1.6) and its conjugate is

Q% (2", p",q") = sup {(=*, 0", ¢)" (2,p,q) — Prr(x,p,q)}
rER" ,pER" qERF

= sup {22 +pTp+q¢Tq— Prr(z,p,q)}
zER",pER"™ ,qERF

= sup {7z +pTp+q¢Tq— f(x+p)}

Like in the previous subsection we introduce new variables r = x+p € R"
and s = g — g(x) € K. Then we have

Oy, (a5 p5¢") = sup {xTr+pT(r—a)+ ¢ [s+g(x)] - f(r)}
reR" seK,xeX

= sup {p*Tr — f(r)} +sup{(z* — p*) 'z + ¢ g(x)} +sup{¢’s}
reR™ zeX seK

Computing the first supremum we get

12



sup{p*"r — f(r)} = f*(p*

reR

While for the last it holds

sup¢*l's =
sek

0,if ¢*e€—-K
400, otherwise.

In this case the dual problem

(DFL) sup {_(I)}L(()?p*a q*)}
p*GR",q*GRk
becomes
(Drr, sup  {—f*(p*) — sup[—p""z + ¢ g(x)]}
p*eER" qg*e—K rzeX
or equivalently
(DFL) sup{—f*(p*) + mf[_p*TiC + q*Tg<5C)]}

We will call (Dgp) the fenchel - Lagrange dual problem and denote its
optimal objective value by sup(Dp).By theorem 1.4.1
the weak duality

sup(Dpp) < inf(P)
also holds.

Example 1.4.3. .4/ Let K = R, X =[0,+00) CR,f: R— R,g: R — R,
be defined by

f() = {—xQ,if reX

400, otherwise.

and
g(x) =2 — 1.

now the optimal objective value of the Fenchel- Lagrange dual problem is
sup(Dpr) = sup {—sup[p*z + 27| + inf[p* + ¢* (2 — 1)]}
p*ER,q*>0 >0 >0

= sup {—oo+inf[p*r +¢*(2* —1)]}
p*ER,q*20 xZO

= —00

13



Chapter 2

Preliminaries for Vector
optimization

2.1 Some Definitions and Preliminary Con-
cepts

Order Relations and Ordering Cones
order relations

Given a nonempty set M, by M x M we represent the set of ordered pairs of
elements of M,that is

M x M = {(z1,22) | x1,29 € M}.

The following definition gives the notion of an order relation on a set M.

Definition 2.1.1. ./2] Let M be a nonempty set and let R be a nonempty
subset of M x M. Then R is called a binary relation on M and the pair (M, R)
is called a set M with binary relation R.

The containment (z1,x2) € R will be denoted by z1Rxs.
The binary relation R is called:
(a) reflexive if for every x € M, we have xRxz;

(b) transitive if for all z1, 29,23 € M, the relations z1Rzy and xoRxs
imply that xRzs;

(c) antisymmetric if for all z7,xo € M, the relations xRz, and zoRx;
imply that xy = xs.
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Moreover, a binary relation R is called a pre-order on M if R is transi-
tive, a quasiorder if R is reflexive and transitive and a partial order on M
if R is reflexive, transitive, and antisymmetric. In all the three cases. The
containment (x1,x2) € R is also denoted by z1 <g x5. The binary relation R
is called a linear or total order if } is a partial order and any two elements
of M are comparable, that is for all x1,z9 € M either x1 <y x2 or x5 <y x7.

Furthermore, if each nonempty subset M’ of M has a first element z’
(that means 2’ € M’ and 2’ <g x Va € M’) then M is called well-ordered.

Definition 2.1.2. ./2] Let R be an order relation on the nonempty set M
and let My C M be nonempty. An element xo € My is called a mazximal
(minimal) element of My relative to R if for every x € My,

ToRr = RT) (respectively, Rxy = xoRx).

The collection of all maximal (minimal) elements of M, with respect to
R is denoted by Max(My, R)(respecyively, Min(My, R)).

Note that xy is a maximal element of M, with respect to R if and only if
7o is a minimal element of M, with respect to R™! and hence Max(M,,R) =
—MZH(M(), 5}%_1).

Where R~! is the inverse of the relation 3t C M x M defined by

RL= {(:1:1,:162) eMx M | (.CEQ,ZL‘l) S §R}

Definition 2.1.3. ./2] Let () # My C Mand let R be a binary relation on M.
Then :

My is lower (upper) bounded with respect to R if there exists a € M such
that aRx(xRa) for every x € My. In this case, the element a is called a lower
(upper) bound of My with respect to R.

We recall that given a linear space X, a nonempty set M C X is affine
(or a linear manifold) if Az + (1 — N)y € M for all z,y € M and X € R.

Definition 2.1.4. .[5] A nonempty set C C X is called convex if [x,y] =
{Aa+1-=Ny|Ae0,1]} C C forall z,y € C.

The set C' C R™ is called convex, if all convex combinations of any two
points zt, 22 € C are again in C. In other words, the line segment connecting
two arbitrary points of a convex set is contained in the set. The intersection
of (possibly infinitely many) convex sets is again a convex set.

Definition 2.1.5. .[5/ A function f : C — R defined on a convex set C is
called convez if for allzt,2* € C' and 0 < X\ <1 one has f(Ax'+(1-\)z?) <

Af(ah) + (1= A) f(2?).
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A parabola f(x) = az® + bxr + ¢ with a > 0 is a familiar example of a
convex function.

[+ R" — R, defined by f(z) = ||z|| for some norm ||.|| is a convex
function

f(z) = sinx, f(z) = e, f(x) = x® are not convex functions.

Definition 2.1.6. ./5] The convex set ¢ C C' is an extremal set of the convex
set Cif for all ', 2% € C and 0 < X\ < 1, one has A\x' + (1 — \)z? € € only
if ot 2% € e

An extremal set consisting of only one point is called an extremal point.
observe that extremal sets are convex by definition, and the convex set C
itself is always an extremal set of C.

Example 2.1.1. ./5] Let C be the cube {x € R* |0 < z; < 1,i=1,2,3,},
then the vertices are extremal points, the edges are 1 -dimensional extremal
sets, the faces are 2 - dimensional extremal sets, and the whole cube is a 3-
dimensional extremal set.

By convention the empty set () is considered to be affine and convex. A
linear subspace is affine and an affine set is convex. Moreover, any inter-
section of linear subspace, affine sets, or convex sets is a linear subspace, an
affine set, or a convex set respectively. These properties allow us to introduce
the linear hull, the affine hull and the convex hull of a nonempty set A C X
as being, respectively.

linA:=({Y C X|ACY,Y is a linear subspace}

affA:=N{M C X | AC M,M is a linear manifold}

convA = [{C Cc X | AC C,Cis a convex set}

Definition 2.1.7. ./2] Let R be a binary relation on the linear space X ; we
say that R is compatible with the linear structure of X if

vx1,$2 S X,V)\ cR: fL‘ﬁRQ?Q,O <)\=> /\ZL’1§R)\(E2.

and Vxy, o, x € X : 11Rry = (21 + ) R(22 + ) hold.

In linear spaces, a large number of relations 3@ can be defined by cones
which are compatible with the linear structure of the space. For this we first
give the following definition.

Definition 2.1.8. ./5/ A nonempty set D C X is a cone if for every x € D

and for every A € Ry (where Ry is the set of non-negative real numbers) we
have Ax € D., if D is a cone, then 0 € D. The cone D s called
(a). convex if for all 1,29 € D we have x1 + x5 € D.
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(b). montrivial or proper if D # {0} and D # X.
(c). reproducing if D — D = X.

(d). pointed if DN (—D) = 0.

Example 2.1.2. ./5] The set C = {(xy,15) € R* | 9 > 221,79 > —0.52,}
is a convex cone in R%.
The set C" = {(x1, 22, 73) € R® | 23 + 22 < 22} is a convex cone in R>.

Note: A set C'is convex cone if and only if aC' = C and C' + C' = C for
any positive scalar a. The empty set, the space V, and any linear subspace
of V' are convex cones.

Note that, A convex cone is pointed if it does not contain any sub space
except the origin.

A pointed convex cone could be defined equivalently as a convex cone
that does not contain any line. A convex cone D is pointed if and only if the
origin O is an extremal point of D.

If a convex cone D € R? is not pointed, then it is either, a line through
the origin or a half space or R?

2.2 Cone Properties Related to the Topology
and Order

We discuss now the connections between topology and order. Unlike the
notion of an ordered linear space, the notion of an ordered topological linear
space does not demand for any direct relation between the order and the
involved topology. However, because a compatible reflexive pre order on a
linear space is defined by a convex cone. It is customary to require that
the cone defining the order be closed, have nonempty interior, or be normal.
Before introducing the notion of a normal cone, we recall that a nonempty
sub set A of a linear topological space X is full with respect to the convex
cone D C X if A = [A]., where

[Al.:=(A+C)N(A-C).

Note that [A]¢ is full with respect to C for every set A C X.

Definition 2.2.1. ./2]
Let Y be a Hausdorff topological vector space and C' C 'Y be a proper
conver cone.
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(i). D is based if there exists a nonempty conver subset B of D such that
D = R, B(whereR; B :={\b| b€ B and A >0}) and 0 ¢ clB ; the set B
1s called a base for D.

(ii). D is called well-based if D has a bounded base.

(iii). Let the topology of Y be defined by a family o of semi norms. D
is called supernormal or nuclear if for each p € p there exists y* € Y* such
that p(y) < (y,y")Vy € D.

(). D is said to be reqular if any decreasing (increasing) net which has
a lower bound (upper bound) is convergent.

The following are some basic properties of cones.

e (a). The intersection (),.; C; of a collection {Ci|i € I} of cones is a
cone.

(b). The cartesian product C; x Cy of two cones CrandCy is a cone.

(¢). Thevector sum Cy + Cy of two cones CandCy is a cone.

(d). The image and the inverse image of a cone under a linear trans-
formation is a cone.

(e). A subset C'is a convex cone if and only if it is closed under addition
and positive scalar multiplication. i.e C' 4+ C C C, and vC' C C for all
v >0,

Let Y be a real topological vector space which is partially ordered by a
pointed, closed, convex cone D with nonempty interior in Y. The following
notations will be used in the sequel.

y<py iff Yy —yeD and y<py iff y —yeintD. (2.1)

The next definition of weak Supremum and Infimum of a set in partially
ordered linear topological vector spaces was given by Tanino in [9]. This
definition, which is on the basis of weak efficiency, is used to obtain the
strong conjugate duality result in vector optimization (see [9] and [6] ). Let
Y denote the extended space of Y (i.e,Y := Y [ J{£oc}. Given aset Z C Y,
we define the set A(Z) of Y by A(Z) ={y €Y :y <p y for some
y' € Z} which is the set of all points above Z and the set B(Z) of Y by
B(Z) ={y €Y :y >p y for some 3y € Z} which is the set of all points
below Z. Clearly A(Z) C Y [J{+oo} and B(Z) C Y [J{—o0} . A point
z € Z is said to be a D-minimal point of Z if there is no y € Z with y <p z.
The set of all D-minimal points of Z is called the D-minimum of Z and is
denoted by D-Min Z. The D-maximum of Z, D-Max Z, is defined analogously.
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Definition 2.2.2. ./5] Let Z be a nonempty subset of Y such that Z # {+oo}.
A point p €Y is said to be a D-infimal point of a set Z, if there is noy € Z
such that y <p p and if the relation y' >p p implies the existence of some
2z € Z such that iy >p z.

The set of all D-infimal points of Z is called a D-infimum of Z and is
denoted by D-InfZ. If Z = () and Z = {+o0}, we define D — InfZ = +oc.
The D-supremum of Z, D-SupZ is defined similarly.

As an easy consequence from the definition we deduce the following

(i))—D—Max(—Z) =D—-MinZ and —D—Inf(—2)=D-SupZ) (2.2)

(14)D — Maz ) =0 and D — Sup ) = —o0 (2.3)

One observes that in the above definitions the D-infimum and the D-
minimum are defined for the weak pareto minimality (by using the order
<p . The following proposition which is proved in [9, Proposition 2.2.1]
shows how a set can be partitioned by using the above defined concepts.

Proposition 2.2.1. Y = (D — SupZ) |J A(D — SupZ)|J B(D — SupZ) and
the above three sets in the right-hand side are disjoint.

Definition 2.2.3. ./5] Let a € R" and b € R and assume a # 0. Then the
set
H :={z € R"|{a,z) = b}, is called a hyperplane with normal vector a.

Definition 2.2.4. .[5] Let S,T € R™ and let H be a hyperplane. Then H is
said to separate S from T if S lies in one closed half- space determined by H
while T lies in the other closed half-space. In this case H is called a separating
hyperplane.

If S and T lie in the open half-spaces, then H is said to strictly separate
S and T. Let X and Y be real locally convex topological vector spaces and
let L(X,Y) denote the space of all linear continuous operators from X into Y.
Then we define the conjugate mapping and the subdifferential of a mapping
F : X = Y. Hereafter by domain of F, domF, we mean the effective domain
of F which is given by domF = {z € X | F(z) # 0, F(x) # +oo} for a set
valued mapping F and by

domf ={x € X | f(x) <p 400 for a vector valued function f }.

Definition 2.2.5. .[5] For a vector valued Junction f: X — Y, its conjugate
map is a set valued mapping f* : L(X,Y) — Y defined by f*(T) = D —
SupTz — f(x) | x € XforT € L(X,Y).
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Moreover, its bi conjugate mapping is a set-valued mapping f** : X — Y
defined by

[ (x) =D — Sup U [Tz — f*(T)]forx € domf.
TEL(X,Y)

Definition 2.2.6. ./5] For a set-valued mapping F : X — Y, its conjugate
map is a set valued mapping F* : L(X,Y) — Y defined by

F*(T) =D — Sup | J [Tz — F(T)|forT € L(X,Y).

rzeX

Moreover, its bi conjugate mapping is a set valued mapping F** : X — Y
defined by

F*(x) =D — Sup U [Tz — F(T)]forx € domF'.
TEL(X,Y)

Assume that domf # 0.

Definition 2.2.7. ./5] (Subgradients and Subdifferentials). Let x, € X. An
operator T € L(X,Y) is said to be a sub gradient of a vector valued function
fatax, if

f(x) £p f(z,) + T(x — x,) for all x € X,

or equivalently

flzo) =Tz, € {D— Min{f(x) —T(x) | x € X}.

The set of all subgradients of f at x, is called the subdifferential of f at
xo and is denoted by 0f(xy). More precisely
Of (xo) ={T € L(X,Y) | f(z) — f(z,) £p T(x — x0) for all z € X}.

For a set-valued mapping F' : X — Y, let z, € X and yg € F(x,). An
operator T' € L(X,Y) is called a subgradient of F at (zo,yo) if

Txg—yo € D Max U [Tx — F(x)].
zeX
The subdifferential of F at (xg,yo) is denoted by OF(x,,y,). Moreover,
we let
OF (x¢) = JOF (0,y).
Unlike to the scalar case, the subdifferential of a vector-valued function
may not be a closed convex set even when f is a finite D-convex function .
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If the subdifferential of f at xy is nonempty (or if OF(xg,yo) # 0 for
every Yo € F(xp). when F is a set-valued mapping), then f is said to be
subdifferentiable at xg.

From the definitions of conjugate maps and subgradients that T" € 0f(x)
iff Tw— f(z) € f*(T') and immediately from the definition of the subgradients
one can see that f(z*) € D—Min{f(z) |z € X} if andonlyif 0 € 0f(x*).

Moreover it is well known that f(xg) € f**(zo) for every zy € X.

A vector valued function f : X — Y is said to be D-convex iff its D —
epigraph, D — epif = {(z,y) € X xY |y € f(x) + D} is a convex set in
X x Y, oriff for every 2!, 2% € X and for any o € [0, 1],

af(z!) + (1 —a)f(z?) — flaz!) + (1 — a)z®) € D.

A set-valued mapping F : X — Y is said to be D-convex iff its D-
epigraph, D — epiF = {(z,y) € X XY |y € F(z) + D} is convex, or iff for
all t € [0,1]and 2!, 2° € X,

tE(z') + (1 —t)F(2?) C F(tz' + (1 — t)z*) + D.

Definition 2.2.8. ./5] A subset Xof R" is said to be convez if az® + (1 —
a)z? € X for any ', 2% € X and any o € [0, 1].

The intersection of all the convex sets containing a given subset X of R"
is called the convex hull of X and is denoted by co X.

Definition 2.2.9. ./5] (convez function)

A function f from X C R" to [—o0,400] is said to be convexr function
on X if epi fis convexr as a subset of R"*1. A concave function on X is a
function whose negative is convex. An affine function on X is a function
which is finite ,convex, and concave.

Definition 2.2.10. ./5] Let f : A — B, where A and B are non-empty
sets. Then the graph of f is defined by
Gr(f):={(a,b) :a= f(b),a € A,b € B}.

Definition 2.2.11. Let S C R" be a non-empty set. Then the indicator
function of S is defined as the function Vs given by

{O,z’fl'eS

VO =Y L ifr g S

Definition 2.2.12. ./5] (proper convex function)
A convex function f on X is said to be proper if f(x) < +oo for at least
onex € X and if f(z) > —oo everywhere.
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Definition 2.2.13. ./5] ( Cone and Convex Cone )
A subset K of R" is called a cone if ax € K whenever x € K and o > 0.
Moreover,a cone K is said to be a convex cone when it is also conver.

Definition 2.2.14. ./5] (pointed Cone and Acute Cone)

A cone K C R" is said to be pointed if —v ¢ K when x # 0 and x € K.
In other words K is pointed if it does not contain any nontrivial sub spaces.
It 1s said to be acute if there is an open half space

Ht* =z € R": (z,2*) > 0,2* #0.

such that cLK C HY|J{0}.

Definition 2.2.15. .[5/ (cone convez function )

Let X be a convex set in R"™ | f be a function from X into R? and D be a
convex cone in RP.Then f is said to be D-convex if for any x',2*> € X and
for any a(o = a £ 1),

af(@h)+ (1 - a)f(a?) - f(aa* + (1 - a)a?) € D.

2.3 Vector optimization and solution concepts

We consider a linear topological vector space Y, partially ordered by a proper
pointed convex closed cone C and a nonempty set A C Y.

Definition 2.3.1. ./2] ( Pareto Minimal ( Mazimal) points ). Consider

Min(A,C) ={ye A| AN (y—C) ={y}}.

An element y € Min(A,C) is called a pareto minimal point of A with
respect to C.

Furthermore, consider

Max(A,C) :={ge A[AN(7+C) = {y}}.

An element §y € Max(A,C) is called a pareto mazimal point of A with
respect to C.

Many solution procedures for vector optimization problems generate weakly
minimal elements.

Definition 2.3.2. .[2] (Weakly Minimal(Mazimal) points. Suppose that
intC # ().

Consider

WMin(A,C):={ye A| AN (§—intC) = 0}.

An element y € W Min(A, C) is called a weakly minimal point of A with
respect to C.

Furthermore, consider

WMaz(A,C):={ye A| An(y+intC) = 0}.
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An element y € WMax(A,C) is called a weakly mazimal point of A with
respect to C.

Moreover, we introduce the concept of strongly minimal points:

Definition 2.3.3. ./2] Consider

strMin(A,C) ={yec A|ACy+C}

An element y € strMin(A, C) is called a strong minimal point of A with
respect to C.

Definition 2.3.4. ./5] Assume that D C Y is a proper cone with nonempty
interior and put Q := intD. We say that § is a Q-minimal point of A(y €
QMin(A,C)) if

AN@H-Q) =10

or, equivalently,

(A=9)Nn(-Q)=0.

We assume that X, Y are topological vector spaces and S is a subset of
X. For the following notations and results the lineality of C, defined by

(C):=Cn(=C)

is very important. Of course, C is pointed if I(C) = {0}. We use the
notations y S o if y —y € C;y < y'ify —y € intC and furthermore, y < ¢/
ity —y e C\I(C).

In the following we consider a proper vector-valued objective function
f: X =Y, §C X and use the notation

f(S) ={f(x) |z e SNdomf} CY.

Consider now the vector optimization problem

minimze f(x) subject to x € S.

Definition 2.3.5. ./2] 2 € SNdomf is
. strongly I( C' )- minimal if f(z) < f(x) for x € S, or equivalently
7(S) € f(x)+ C.
. pareto I(C)minimal if f(z) < f(Z) = f(z) = f(x)Vz € S, or
equivalently
fF8) N (f(@) — (C\I(C))) = 0.
. weakly I(C)minimal if f(x) £ f(z)Vx € S or
equivalently
fS)N(f(z —intC) = 0.
. U(C)-properly minimal if there exists D C'Y a proper convex cone with
C\I(C) CintD such that T is efficient with respect to D,

f(9) N (f(x = D\I(D)) = 0.
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Solution concepts and some properties
of solutions for multi objective optimization
problems

Solution concepts

The concept of optimal solutions to multi objective optimization problems
is not trivial and in it self debatable.It is closely related to the preference
attitudes of the decision makers. The most fundamental solution concept is
that of efficient solutions ( also called non dominated solutions or noninferior
solution) with respect to the domination structure of the decision maker.

Consider the multi objective optimization problem

(P)  minimize f(z) = (fi(z), f2(z),....fp(x))  subject tox € X C R™

Let YV =f(X)={y:y=f(z),z € X}.

A domination structure representing a preference attitude of the decision
maker is supposed to be given as a point-to-set map from Y into RP.

Definition 2.3.6. ./5] (Efficient Solution) A point & € X is said to be an
efficient solution to the multi objective optimization problem (P) with respect
to the domination structure D if f(z) € 0(Y, D) ; where 6(Y, D) is efficient
set of the set Y with respect to the cone D. That is , if there is no v € X

such that f(z) € f(x)+ D(f(x)) \ {0}.

Many interesting cases of efficient solutions are obtained when D is a con-
stant point- to- set map whose value is a constant (convex) cone. In such
cases, we identify the map (domination structure) with the cone D. Then
Z € X is an efficient solution to the problem (P) if and only if there
is no x € X such that f(z) — f(x) € D\ {0}; namely , z is efficient
if and only if (f(x)— f(z)N(=D) = {0}. If D is an open cone,
it does not contain 0. However, we consider D(y) = D U {0} and call D it
self the domination structure in this case.It does no matter so much whether
D contains 0 or not since the set D\ {0} is used for the definition of efficient
solutions.

Given a closed convex cone D, a weakly efficient solution to the prob-
lem (P) if f(&) € §(Y,intD), i.eif (f(X) — f(£)) N (—intD) = (. Weakly
efficient solutions are often useful. Since they are completely characterized
by scalarization.

Proposition 2.3.1. ./5/ Let D be a nonempty cone containing 0, then
5(Y, D) > 8(Y + D, D).
with equality holding if D is pointed and convex.
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Proof.

The result is trivial if Y is empty , so we assume otherwise. First suppose
y€0(Y 4+ D,D)but y ¢ d(Y,D),if y¢Y, there exist y € Y and nonzero
d € D such that y = y/+d. Since 0 € DY C Y +D. Hence,y ¢ 6(Y+D, D),
which is a contradiction. If y € Y, we directly have a similar contradiction.

Next suppose that D is pointed and convex, y € (Y, D) but y ¢ 6(Y +
D, D). Then there exists ay’ € Y + D with y—y' =d € D\ {0}. Then
y =y"+d" withy” €Y,d” € D. Hence, y =" = (d'+d") and d'+d" € D,
since D is convex and pointed cone. Since D is pointed, d' + d” # 0 and
so y ¢ 0(Y, D), which leads to a contradiction. This completes the proof of
the proposition.

Remark 2.3.1. The pointedness of D can not be eliminated in the §(Y, D) C
(Y + D, D).

The convexity of D is also essential. In fact, let Y = {(y1,42) : 0 S 3 =
yo S 1} C R?

and

D ={(dy,d3) : dy 2 2d; 2 0} U{(dy,ds) : dy = 2dy = 0},

which is pointed but not convex. Then (1,1) € §(Y, D). However, (1,1) =
(0,0) +(3,0) + (3,1) € (Y + D+ D. Hence (1,1) ¢ 6(Y + D, D).

2
Proposition 2.3.2. .[5/ Let Y7 and Y, be two sets in RP, and let D be a

constant domination structure on RP ( a constant cone, for example). Then
(Y1 +Ys, D) Co(Yy,D)+(Ys, D).

Proof.

Let § € 6(Y, +Ys, D). Then = y' + 32 for some y' € Y} and y* € 5. We
show that y' € §(Yy, D). If we suppose the contrary, then there exist y € Y}
and nonzero d € D such that y'! =y +d. Then § = y' + 9> =y + 9> +d
and y + y? € Y] + Y,, which contradicts the assumption § € §(Y; + Ya, D).
Similarly we can prove that y* € 6(Yz, D). Therefore, § € 6(Y1, D)+3(Ys, D).

Remark 2.3.2. The converse inclusion of proposition 2.3.2. does not always
hold. For example, let Yy =Yy = {(y1,92) : (y1)* + (y2)* < 1} C R? and
D = R%. Then

y'(=1,0) € §(Y1,D) and  y*=(0,-1) € §(Ys, D).

However,

y'+yt = (-1,-1) > (—v2,-V2)

:<7§[’ 7;/5) + (7{7 7§/§) € Yi +}/2-

The most fundamental kind of efficient solution is obtained when D is the
nonnegative orthant R} = {y € R? : y = 0} and is usually called a pareto
optimal solution or non inferior solution.
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Definition 2.3.7. .[5] ( Pareto optimal solution) A point & € X is said to
be a pareto optimal solution (or noninferior solution (Zadeh [Z1])) to the
problem (P) if there is no x € X such that f(x) < f(z).

A number of theoretical papers concerning multi objective optimization
are related to the pareto optimal solution. In some cases a slightly weaker
solution concept than pareto optimality is often used. It is called weak
Pareto optimality, which corresponds to the case in which the domination
cone D \ {0} is equal to the positive orthantRY, = {y € R? : y > 0}.

Definition 2.3.8. ./5] ( Weak Pareto optimal solution)
A point & € X 1is said to be a weak pareto optimal solution to the problem
(p) if there is no x € X such that f(x) < f(z).

Properly Efficient Solutions

This subsection is devoted to another slightly strengthened solution concept,
proper efficiency. The domination cone D is assumed to be a nontrivial closed
convex cone in RP unless and otherwise noted.

Definition 2.3.9. .[4] (Tangent Cone) Let S C R and y € S. The tangent
cone to S at y, denoted by T(S,y), is the set of limits of the form h =
limy, (y* — y), where{ty} is a sequence of nonnegative real numbers and {y*}
is a sequence in S with limit y.

Remark 2.3.3. The tangent cone T'(S,Y") is always a closed cone.

Definition 2.3.10. ./5/ ( Borwein’s Proper Efficiency)

A point © € X is said to be a properly efficient solution of the multi
objective optimization problem (P) if

T(Y + D, f(z))n(=D) = {0}.

Proposition 2.3.3. ./5] If a point & € X is a properly efficient solution of
(P) by the definition of Borwein, then it is also an efficient solution of (P).

Proof.

If 1z is not efficient, there exists a nonzero vector d € D such that
= f(2) — y for some y € Y. Let d* = (1—%(1 € D and t, = k for
=1,2,.... Then

y+d'=fe—d+(1—4 ) — (2)d = f(&) as k — oo, and

te(y +d* — f(2)) = k(—=d+ (1 — +d) = —d — —d as k — 0.

Hence, (Y + D, f(z)) N (—=D) # {0}, and 2 is not properly efficient in
the sense of Borwein.
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Example 2.3.1. ./5] if X = {(z1,22) : (21)® + (22)*> £ 1} C R?,
f1(x) = z1, f2(x) = 29, and D = R%. Then (—1,0) and (0,—1) are effi-

cient solutions but not properly efficient solutions (in the sense of Borwein).

Definition 2.3.11. ./5/(Projecting cone).

Let S C RP. The projecting cone of S, denoted by P(S), is the set of all
points h of the form h = ay, where a is a nonnegative real number andy € S.
The projecting cone is also known as the cone generated by S.

Definition 2.3.12. ./5/ (Benson’s Proper Efficiency). A point & € X is said
to be a properly efficient solution of the problem (P) if
cdP(Y+D— f(z))n(=D) = {0}.

Since T'(Y + D, f(z)) C cddP(Y + D — f(&)) Benson’s proper efficiency
strengthens Borwein’s proper efficiency. The converse, however, does not
always hold.

Example 2.3.2. ./5] [ Borwein, but not Benson/

Let X = {(z1,22) € R* : &1 + 29 2 0} U {(z1,22) € R% : 11 = 1} U
{(z1,23) € R? : xy 2 1},

f1(!101,I2) = I,

f2(931,$2) = Ty,

D =R

Then Z = (0,0) is a properly efficient solution according to Borwein’s
definition. However, it is not properly efficient in the sense of Benson.

Lemma 2.3.1. ./5] Let S be a convex set and y € S. Then
T(S,y) = cP(S —y),
which s a closed convex cone.

Proof.

clP(S—y) is a closed convex cone. So it suffices to show that ¢l P(S—y) C
T(S,y), since the converse follows directly from the definitions. Since T'(S,y)
is closed, we need only to prove that P(S —y) C T(S,y). Let h € P(S —y).
Then h = B(y' — y) for some § = 0 and y € S.

Let y* = [1 — ¢y + ()¥’

and t, = By = 0. Then t,(y* —y) = B(y — y). Hence y* € S from the
convexity of S, and

y* — yand t(y* —y) = h as k — oo.

Thus h € T'(S,y), and the proof is completed.

Definition 2.3.13. Let X be a convez set in R", f be a function from R"
into RP , and D be a convex cone in RP. If the function f is D-convex, then
the set f(x) is D-convex.
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Theorem 2.3.1. ./5] If & is a properly efficient solution of the problem (P)
in the sense of Benson, it is also a properly efficient solution of (P) in the
sense of Borwein. If X is a convex set and if fis a D-convex function on X(
see definition 2.5.13), then the converse also holds ; that is, Borwein’s proper
efficiency is equivalent to Benson’s proper efficiency.

Proof.

If D is a convex cone and f is D-convex on the convex set X, the set Y +
D is a convex set. Hence ,clP(Y + D — f(z)) =T(Y + D, f(z)) by lemma
2.3.1. Therefore, the proper efficiency in the sense of Borwein is equivalent
to that in the sense of Benson.

The following definition of proper efficiency by Henig does not require the
domination cone D to be closed.

Definition 2.3.14. ./5] ( Henig’s Proper efficiency)

(i). A point & € X is said to be a global properly efficient solution of (P)
if,

f(@) e oY + D), for some convex cone D' with D\ {0} C intD’.

(7). A point & € X is a local properly efficient solution of (P) if for every
€ > 0, there exists a convex cone D' with D\ {0} C intD’, such that

f(@)eo(Y+D)N(f(z+eB),D"), where B is the closed unit ball in RP.

These definitions are essentially the same as Benson’s and Borwein’s,
respectively.

Definition 2.3.15. ./5] ( Geoffrion’s proper efficiency) When D = R, a
point T is said to be a properly efficient solution of (P) if it is efficient
and if there is some real M > 0 such that for each i and for each v € X
satisfying f;(x) < fi(z), there exists at least one j such that f;(z) < fj(x)
and (fi(2) — fi(x))/(fi(z) — f;(2)) = M.
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Chapter 3

On cone D. C. Optimization
And Conjugate duality

3.1 Problem Formulation

Before we discuss a problem formulation let us first discuss some points about
convex cone and convex function.

Definition 3.1.1. ./5] The set C C R"™ is a convez cone if it is a convex set
and for all x € C' and 0 < X one has Ax € C.

Example 3.1.1. (i). The set C = {(x1,22) € R* | xp > 2xy, 3 > St} is
a convex cone in R
(ii). The set C* = {z1, 19,23 € R | 23 + 23 < 22} is a convex cone in R

Definition 3.1.2. ./5] A convex cone is called pointed if it does not contain
any subspace except the set containing only the origin.

A pointed convex cone could be defined equivalently as a convex cone
that does not contain any line through the origin.

Example 3.1.2. If a convex cone C' € R? is not pointed, then it is either

e a line through the origin.
e a half space, or
o %

Definition 3.1.3. ./5] (Cone convex function) Let X be a convex set in R",
f be a function from X into RP, and C be a convex cone in RP. Then fis said
to be C-convex if for any z',2* € X and X € [0, 1], \f(z') + (1 — \) f(2?) —
Ozt + (1= N2?) eC.
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Proposition 3.1.1. ./5] Let X C R" be a nonempty convex set, a function
f X — RP and C be a convex cone in RP. If the function f is C-convex
then the set f(X) is C-conver.

Proof.

For y',y? € f(X) + C there exist z!,2? € X and c!,c* € C such that
Y = f(x%) + ¢ for i = 1,2. Hence, we can drive for a € [0,1],2° € X and
¢ € C such that ay' + (1 — a)y? = a(f(z") + ) + (1 — a)(f(2?) + *) =
af(@') + (1 —a)f(z?) +ac' + (1 —a)® < flaz' + (1 — a)a?) + 2, since C
is convex and f is C-convex = f(z?) + C?, since X is convex C f(X) + C.

Definition 3.1.4. .[5] Let C C R™ be a convex cone, the dual cone C* is
defined by
C*:={zeR"|z" >0 for allz € C}

Every convex cone C has an associated dual cone.

3.2 Duality for the cone constrained convex
optimization problem

In order to formulate the general cone constrained convex optimization prob-
lem we want to deal with the following sets and functions. Let X be a
nonempty convex subset of R™, C a nonempty closed convex cone in R™,
f X — R a convex function and g : X — R™ a C-convex function. The
problem we consider is

P inf

( ) meX,;r(i:)e—Cf(I)
The dual problem may be obtained by perturrbations.
The Lagrange dual problem to (P) is

(D") sup inf [f(2) +¢"g(x)].
qGC’* .TEX

where by ¢”g we denote the function defined on X whose value at any
z € X is equal to 7", gjg,(x), with ¢ = (q1,. .. qm) .

Now let us write the Fenchel dual problem to the inner infimum in (D%).
For ¢ € C*, both f and ¢” g are real valued convex functions defined on X, so
in order to apply rigourously Fenchel’s duality theorem we have to consider
their convex extensions to R", say f and ¢’g, which take the value 400

outside X. As dom(f) = dom(q"g) = X and 7i(X) # ), due to the onvexity
of the nonempty set X, we have
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*

inf[f(x) +¢"g(x)] = inf [f(x)+ ¢ g(x)] = sup {(~F*») — ¢" g(—p)}

The Fenchel-Lagrange dual problem is obtained and it is

(D) sup  {—fx(p) — (¢"9)s(—p)},

qeC* ,peER"

3.3 Optimality Conditions

Let X be a real linear topological vector space and we assume for this section

that Y = RP. Let D C Y be a pointed, closed,convex cone which has a

nonempty interior in Y. Assume that Y is partially ordered by the cone D.
Now consider the following unconstrained vector minimization problem

(P) minimize f(x) st r e X.

Definition 3.3.1. ./5] A function f : X — Y is said to be locally D-Lipschitz
if for every x € X, there exist a neighborhood 5(x,0) of x with radius 6 > 0
and such that —L||x —y|| <p f(z) — f(y) <p L||z — y||,Vz,y € B(z,9).

Here, L is called Lipschitz constant.
For a vector valued function f: X — Y the directional derivative of f at
a point xg € X in the direction u € X is given by

f(xo +tu) — f(xo)
t

(o, u) := limy_o+

if the limit exists.
It is clear that for D-convex functions this is always the case.

Lemma 3.3.1. ./5] Suppose that fis directionally differentiable vector-valued
function. Then T € Of(xo) iff f'(xo,u) £p Ty for any u € X.

Proof.

Let T' € Of(z9). Then we have tf'(xg,u) +0(t) = f(xo +tu) — f(z0) £p
T(tu)Vt > 0 and for all u € X, where 0(¢)/t — Oast — 0, or f'(zg,u) +
0(t)/t £p TVt > 0, which in turn implies that f'(zo,u) £p T,Vu € X. The
proof of the other side is obvious.

Note that for a D-convex function f, we have a stronger condition

f(zo + tu) — f(xo)
t

< Df(xzo+u)— f(xg) Yu € X (3.1)

f(xo;u) = limy_o+
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which together with the above lemma gives us

f(xg,u) € D — MaxTy | T € 0f (o) (3.2)

A point zy € domf is said to be a local efficient point for (p;) if there exists
a neighborhood of xy such that f(x) £p f(xg) for all z in the neighborhood.

Using the above two definitions we give the following optimality condition
for (Py) which is a necessary condition for local weak efficiency.

Proposition 3.3.1. ./5] Let f be directionally differentiable at xy € X. If x
is a local efficient point for (Py), then f'(xo,u) £p 0V u € X.

Proof.

since f is directionally differentiable at the point xy, we have f(zo +
tu) = f(xo) + tf (zo,u) + 0(t), ¥t > 0,Vu € X, where 0(t) := 0(¢, x9,u) and
lim ¢ 0(¢, zo,u)] = 0,t — 07, Vu € X. Then f'(zg,u) = t7[f(xo + tu) —
f(z0)] — 0(t)/t. since zg is a local minimum point of f, the assertion of the
proposition follows.

A slight modification (i.e, adding a local D — Lipschitz criterion) to
the above necessary condition will make it also sufficient as the following
proposition shows.

Proposition 3.3.2. ./5] Let f be a function which is directionally differen-
tiable at a point xo € X. If f is locally D — Lipschitz in a neighborhood of
zo and if f'(xo,u) £p 0V u € X and u # 0, then xq is a local efficient point

of f.

Proof.

Suppose the contrary. Then there exists a net of vectors u; with ||u;|| =
1, Vi in a neighborhood of g and a sequence t; with ¢; > 0,¢; — 0 and u; — u
as i — oo such that f(zo, +t;u;) <p f(xo). But f(zo + tiu;) — f(xg) =
f(ﬂ?o + tﬂb) — f(x(] + f(LU() + tzuz) — f(&?o + t,U) <p 0. Since { is locally
D — Lipschitz, there exists L € D such that for sufficiently large i,

Then [f(zo + tiu) — f(x0)]/ti <p L||u; — ul| for sufficiently large i. Hence

| <lim L || U;—u||= o,i.e.f'(zo;u) <p,,
i—00 t; 100

contradicting the assumption. Therefore, the conclusion of the proposition
is true.
A D — convex function f is said to be proper if f(x) >p —oo Vx € X.
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Definition 3.3.2. .[5] A vector valued function f: X — Y is said to be a
D —d.c. function if and only if it can be written as a difference of two proper
cone-convez functions, i.e, f(x) = g(x) — h(z), where g and h are D-convex
and proper vector valued functions.

Let g,h : X — Y be D-convex proper vector valued functions. Then
the function f : X — Y given by f(x):= g(x)- h(x) is a D-d.c. function on
X and f is locally D — Lipschitz at each points of X and is directionally
differentiable on X with f'(zg,u) = ¢'(zo,u) — b/ (o, u), Vu, xy € X.

Consider the following D — d.c. optimization problem

(P) minimizef(x) st. xeX,

where f = g — h and ¢g and h are as above. We adopt in the sequel the
convention +o0o — (4+00) = 400. To state the necessary condition for mini-
mality we first define the strong subdifferential of a vector valued function f
at a point zg, denoted by

Osf(x0), and defined by

Osf(xg) :={T € L(X,Y) | T(x — x0) <p f(x) — f(xo) Vz € X}

and

T € 0sf(x0) if f T, <p f'(xg,u)Vu € X.

Applying the condition (3.1), for D-convex f,0sf(xo) is nonempty as it
at least contains the directional derivative of f at the point xy. Note also
that 0, f(xg) C 0f(xg) for any o at which f is sub differentiable.

Theorem 3.3.1. ./5/( Necessary condition). For f = g—h to attain its local
D-minimal value at a point o € X, it is necessary that Osh(x) C g(xo).

Proof.

If x is a local minimum point for f, then there exists a neighborhood v of
xo such that f(x) £p f(xo)Vr € v, or g(x) — g(xo) £p h(x) — h(xg),Va € v.

But for T' € 0sh(xy) we have T'(x — zo) <p h(z) — h(zo),Vzr € X. Then
one can conclude that g(z) — g(xo) £p T(z — xo) or T € Og(xo).

For otherwise, if g(z) — g(zo) <p T'(z — x¢), together with the relation
T(x — z9) <p h(x) — h(zg) we will have

g(x)—g(xo) <p h(x)—h(xp), which is a contradiction. Hence the theorem
is proved.

Theorem 3.3.2. ./5/
(sufficient condition). If Osh(xg) C intdg(xo), then the criterion vector
xg s a local efficient point for (P).
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Proof.
Let f(z) := g(z) —h(x) Va € X. Then f is directionally differentiable on
X and it is locally D — Lipschitz. From the assumption of the theorem,we
have Osh(xg) C intdg(zy), and from the relation (3.2) it follows immediately
that
"(z0,u) £p W (z0,u),Yu € X,u # 0.
Hence invoking proposition 3.3.2 we have the conclusion of the theorem.

3.4 Conjugate Duality in cone D.C.Optimization.

In this section we develop a conjugate duality in cone D.C. Optimization.
Conjugate duality was fully developed in scalar optimization. Some concepts
such as conjugate maps and subgradients are introduced for vector valued,
point to set maps. These concepts enable us to develop the conjugate duality
in vector optimization.

3.4.1 conjugate maps
First we discus the concepts of point-to-set maps
e Point-to-set maps

A point-to-set map F' from a set X into a set Y is a map that associates
a subset of Y with each point of X. Equivalently, F' can be viewed as a func-
tion from the set X into the power set 2¥. In a multiobjective optimization
problem,it is rather difficult to obtain a unique optimal solution. Solving the
problem often leads to a solution set. Thus if the problem has a parame-
ter,the solution set defines a point-to-set maps from the parameter space into
the objective (decision) space. When f is an extended real-valued function
on R" (i.e. when f: R™ — R) its conjugate function f* is defined by

fH(z*) =sup (z*,z) — f(z): x € R", for z* € R"

In order to consider the vector-valued case we must define a paired space
of R™ with respect to R”. A most natural paired space is the set of all p x n
matrices which is denoted by RP*™. However,its dimension p X n is often too
large. Another idea is to take (R")* = R™ as paired space as in the scalar.

Definition 3.4.1. ./5] Let F' be a point -to-set maps from R™ into RP. The
point -to- set map F* : RP*" — RP defined by
F*(T) = sup U [Tx — F(z)], for T € RP*"
TER™

15 called the conjugate map of F.
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Moreover, A point - to- set maps F** defined by F**(x) = sup [Tz —
F*(T)], for x € R",T € RP*™ is called the bi conjugate map of F.

When f is a vector-valued function from R™ to RP U{+oc}, let domf =
{x € R": f(x) # +o0} and define the conjugate map f* of f by

f(T)=supTx — f(x):x € domf

Here 400 is the imaginary point whose every component is +oo. We
identify the function f as the point-to-set map that is equal to f(x) for x €
domf and is empty otherwise. The bi-conjugate map f** can be defined as
the conjugate map of f*.

Proposition 3.4.1. ./5] Let F be a point- to -set map from R"™ into RP and
x € R™. If we define another point-to -set map G by G(x) = F(z+T)Vx € X,
then

(i)G*(T) = F* — Tz, VT € RP*"

(i1)G**(x) = F**(x + &),Vo € R™

Proof. (i)
G*(T) = sup L;J[Tx - G(x)]
= sup L;J[Tx — F(z + 7))
= sup U{[Tx’ — F(a')] - Tz}

= sup U{[Tx' — F(2")] — Tz}

= sup| [Tz — F*(T) + Tz]

=F"(z+ )

Proposition 3.4.2. .[5] Let F' be a point- to- set map From R" into RP and
Y € RP. Then

(i).(F+Y)(T)=F(T)-Y

(i1).(F 4+ Y)™(z) = F*(z) + Y.
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Proof. (i)

(F+Y)(T) =sup U[Tx — F(z) —-Y]
= sup U[T;z: — F(z)] =Y

— FY(T)—Y

(F+Y)*(x) = sup U[Tx — F(T) + 9]

= sup U[T:z: - F(D)]+Y

= F*(x)+Y

Lemma 3.4.1. ./5] [8] Let inf F' be another point-to-set-maps from R™ to
RP defined by (inf F')(z) = inf F(z) Vo € R"*. Then F*(T) = (inf F)*(T) and
F**(z) = (inf F)**(x)

Proof.

(inf F)*(T) = sup | J [Tz — (inf F)(z)]

TER™

= sup U [Tx — inf F(x)]

TER™
= sup U sup[Tx — F(x)]
TER™
=sup | J [Tz — F(x)]
TERM

= F(T)
F**(z) = (inf F)**(x) follows directly from the above relation.

Proposition 3.4.3. .[5] Let F be a point-to-set map from R™ to RP. Ify €
F(x) and y' € F*(T), then

y+y £ Ti(i.eTs— (y+y') ¢ RL\O.
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Proof.
Since y € F(2), Tt —y € U, [Tx — F(z)]. Hence, if ¢ < T — y, it
contradicts the assumption

y € F*(T) =supU,[Tx — F(x)].

Lemma 3.4.2. .[5] Let F| and Fy be point-to-set maps from R"™ into RP.
Then

Mazx U[Fl(x) + Fy(x)] € Max U[Fl(x) + MazFy(z)]

If MaxFy(x) is externally stable (i.e.Fo C MaxFy(x) — RY) for every
x € R™, then the converse inclusion also holds.

Proof.

Let y € Max|J, [Fi(xz) + F>(x)]. Then there exists £ € R" such that
9 = y* + y? for some y' € Fy(%) and y? € Fy(2). If we suppose that y* ¢
MaxFy(2), there exists §* € Fy() such that y* < 2. Then § = y; + y» <
1 + y* which is contradiction. Therefore, y* € MaxFy(%), since |J,[Fi(z) +
Fy(z)] D U,[Fi(z) + MazF5(x)], then

g € MazxJ,[Fi(x) + MaxFy(x))

Next, suppose that MaxF,(z) is externally stable for every x, then

Fy(z) — R} = MaxFy(x) — R, for every .
Thus

Fi(z) + Fy(x) — RY. = Fi(x)MaxFy(x) — RY., for every x.

UIFR(2) Fa(2)] — B = JIFy(2) + MaxFy(x)] — R

x

Taking the Max of both sides, we have

Mazx U[Fl(a:) + Fy(x)] = Max U[Fl(a:) + MaxFy(x)]

3.4.2 sub gradients
First define the sub gradient at a point

Definition 3.4.2. ./5] Let f be a convex function from R™ to R. A wvector
x* € R™ 1s said to be a sub gradient of f at x if
f(@") > f(z) + (a2’ —2),Va' € R"™
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The set of all sub gradients of f at x is called the sub differential of f at
x and is denoted by

Of (z). If 0f(x) is not empty, f is said to be sub differential at .
In this subsection we introduce the concepts of subgradients of vector-valued
functions and point-to-set maps. A subgradient x* of a scalar-valued function
f at z is defined in definition 3.4.2. The definition can be formally extended
to a non convex function, though it essentially requires convexity (least lo-
cally). We may extend the definition of subgradients to the vector-valued
case. Which is also an intuitively direct extension of Definition 3.4.2.

Definition 3.4.3. ./5] (i). Let f be a function from R"™ to RP U {+oc0}. A
p x n matrix T is said to be a subgradient of f at & € domf if

f(z) £ f(2)+T(x+ &)V € R"

i.e, if

f(@)—=T; €min f(x) =T, € R? : o € R" = min f(z) — T, : « € domf.

The set of all subgradients of f at T s called the subdifferential of f at &
and is denoted by Of(z). If Of(Z) is not empty, then f is said to be subdif-
ferentiable at .
(i1). Let F' be a point-to-set map from R" into RP and § € F(Z).p X n matriz
is said to be a subgradient of F at (z,y) if

y—T; € max U [T, — F(z)]
TER™
The set of all subgradients of F' at (&,9) is called the subdifferential of F' at
(2,9) and is denoted by OF (,y). When OF (Z,9) # 0 for every ¢ € F(&),
F is said to be subdifferentiable at .

Let X be a real linear topological vector space and Y be a locally convex
linear topological vector space. Assume that Y is partially ordered by a
pointed, closed, convex cone D which has a nonempty interior. Let g and h
be vector valued D-convex functions from X to Y. In the next part we assume
that the functions g and h are proper (note that, a D-convex function P is
said to be proper in X iff P(z) >p —ooVx € X).

Now consider the D — d.c. Optimization problem

(P) minimizef(x) st. x € X.

Solving this problem means to find the set

D —inf(p) =D —inf g(z) — h(z) |z € X.

Let U C X be another locally convex linear topological vector space
and U* be its dual space. We introduce a special perturbation function

38



¢ : X x U — Y such that o(z,u) = h(z +u) — g(z) Y(z,u) € X x U.
Then ¢(x,0) = —f(x)Vx € X. For A € M := L(U,Y), the space of all linear
continuous operators from U to Y, let the Lagrangian of problem (P) be
given by I'(z, A) = D — SupAu — p(z,u) |u €U

=D — SupA(z,u) +g(z) —h(r+u) — A, |[ue U

where h*(A) denotes the conjugate map of h. Now we put —J(A) =
D — SupJT'(z,A),z € X which is equal to g*(A) — h*(A). Then the dual
optimization problem for (P) is written as

(Dual) minimize h*(A) —g*(A),A € M,
which is equivalent to the formulation
(Dual) D —InfU [A*(A) — g*(N)],A € M.

We can observe the symmetry between the primal problem and the dual
one. But since both A*(.) and ¢g*(.) are set valued maps the dual problem
(Dual) is not a usual vector optimization problem. However, it can be un-
derstood as determining the set

D —InfJin*(A) — g"(M)], A € M
On the other hand,

D—sup U[—F(m,A)],x e X = D—SupU D—supAu — p(z,u) |ue U,z € X.

:D—SupUAu—i—Ox—gp(x,u),(ac,u) e X xU.

= 90*(07 A)

Therefore, p(0,A) = h*(A) — g*(A). This will help us in proving the
following weak duality results. In the next theorem it is proved that any
feasible value of the primal problem is not above any feasible value of the
dual problem.

Theorem 3.4.1. ./5] For any v € X and A € M, f(z) ¢ A(h*(A) — g*(A))
and thus
D —Inf(P)NA(D — Inf(Dual)) = 0.
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Proof.
Suppose the contrary. Then there exists y € h*(A) — g*(A) such that
y <p f(z). But since

h*(A) — g*(A) = D — SupUAu+Ox —o(z,u), (r,u) € X x U.

y £p Au — p(z,u)Vu € U. In particular, if we put v = 0 and noting
thatf(z) = —p(z,0), it follows that y £ D — ¢(z,0) = f(z),Vy € h*(A) —
g*(A), which contradicts our assumption. Hence the theorem is proved.

The above theorem assures us that for any x, f(x) € D — Inf | J[h*(A) —
g*(A)], A € M. If we can find some Ay € M such that f(z) € h*(Ag)—g*(Ao)
for some z, then it means that Ag solves (Dual). The next theorem reflects
this fact.

Theorem 3.4.2. .[5] If xy solves (P), then there exists some Ny € M which
solves (Dual).

Proof.
If o solves (p), then since f(x) = —p(x,0), thesamex, solve the problem
(P) min — ¢(z0,0),z € X.

Then there exists some Ay € Msuchthat(0,Ay € 0p(x¢,0). But this in
turn implies that (0, Ag)(zo,0)T — ¢(z0,0) € ¢*(0,Ay), which means that
f(@o) = —@(20,0) € ¢7(0, Ag) = h*(Ao) — g"(Ao).

Now assume that Ay does not solve (Dual). then there exists A € M such
that (h*(A) — g*(A)) N B(h*(Ao) — g*(Ao) # 0. since f(xg) € h*(Ao) — g*(Ao),
there exists y € h*(A) — g*(A) such that y < Df(xg). But this contradicts
the statement in theorem 3.4.1. Hence Aq solves (Dual).

Corollary 3.4.1. .[5] If x¢ solves (P) and Ny € Osh(xq), then Ay solves
(Dual).

Proof.

From the assumption we have dsh(xg) C Jg(zo), and the relation T €
Of (zo) iff Taxg — f(zo) € f*(T) gives

g(l'o) — h(l’o) = (Ao.fo — h(mo)) — (ono — g(l'o)) € h*(Ao) — g*(Ao) That
is, f(zo) € h*(Ao) — g*(Ao). Hence Ag solves (Dual).

Proposition 3.4.4. .[5] Let xy € domf. If f(xg) € h*(Ao) — g*(Ao) for some
Ao € M, then xq solves (P) at least locally.

Proof.
By the assumption we have
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—p(20,0) = f(z0) € h*(Ao) — g"(Ao) = ¢™(0, Ao),

which is equivalent to

(0, Ag) € 9(0,0) (*)

Then from the relation —p(z9,0) = f(xo) and (*) we can see that 0 €
Of(xo,0or xp is a local minimum of f(z).
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