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Abstract

A microscopic heat engine is modeled as a Brownian particle which moves through
a highly viscous medium, in an alternately placed hot and cold heat baths, in a
periodic asymmetric saw-tooth potential. Expressions for unidirectional probability
current density (due to thermal variation) as well as energetics of the engine are found
in terms of parameters of the engine for two cases: in the presence and absence of
static external force. Power output and efficiency at maximum power and maximum

efficiency regimes are studied numerically for both cases.
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Chapter 1

Introduction

Of the four basic papers Albert Einstein published in 1905, his publication on the
theory of Brownian motion plays central role in the modern studies of stochastic
systems in which fluctuations govern the dynamics at micro-scale and even at nano-
scale. Noise or fluctuations can arise either from the interaction of systems with
external world or from thermal bath. Commonly, fluctuations which arise from either
source is considered as undesired effects. However, at molecular scale, fluctuations
have played significant constructive role for the development of the ongoing nano-
technology [1, 2, 3.

Biological systems which transduce chemical energy available in the form of ATP
into useful work (hydrolyzing ATP molecule) has motivated many researchers to study
physics of activated processes [4]. At molecular level, biological systems transduce
chemical energy obtained from chemical reaction out of equilibrium into mechanical
work, to induce directed motion in a very noisy environment with high efficiency
against concentration or potential gradients [5, 6]. Among molecular motors, kinesin
(responsible for the movement of proteins and vesicles within cells) and myosin (re-

sponsible for muscle contraction) are most extensively studied experimentally at the



level of individual molecule using nano-tools such as optical or magnetic tweezers,
atomic-force-microscope, etc., [7, 8].

Different physical models called Brownian ratchets have been developed to study
the dynamics of systems in a fluctuating periodic system. Flashing ratchets ( periodic
potential is allowed to fluctuate with finite time correlation between two states char-
acterized by different barrier heights ), rocking ratchets (asymmetric potential ) and
inhomogeneous ratchets (space dependent diffusion coefficient D(x) = ]@%x()x) ) are
some of them. In general, Brownian ratchet models are systems with an underlying
spatially asymmetric periodic potential, that exploit the non-equilibrium fluctuations
presented in the medium, to induce a directed motion at microscopic level. They rep-
resent physical analogue of bio-molecular motors that also work out of equilibrium to
induce intercellular transport [1,2, 9].

In spite of spatial asymmetry in the potential, if the system is isolated and kept in
isothermal environment, particle in a ratchet can not diffuse in any preferential direc-
tion. Isothermal systems are full of noise but the validity of the principle of detailed
balance does not allow extracting useful work from such systems [9, 10]. For systems
which are in equilibrium with thermal bath, according to the principle of detailed
balance, the rate of forward motion is equal to the rate in the backward direction so
that there is no preferential direction of flow for the particle current. Therefore, to
extract useful work from fluctuations it is a must that the system should be driven
out of equilibrium. In other words, it is never possible to construct heat engines that
use fluctuations from thermal energy from a single heat bath to do mechanical work.
R. Feynman showed this situation using an engine consisting of a ratchet and a pawl

subjected to thermal fluctuations [11] even though his engine has some misguided



aspects as criticized by Parrondo and his coworkers [12]. But, in the presence of non-
equilibrium fluctuations the principle of detailed balance does not hold any more.
Hence, the particle starts to move in a preferential direction, generally. Thus, both
non-equilibrium fluctuations and spatial or temporal asymmetry in potential conspire
to induce a unidirectional flow in the absence of bias [13].

Langevin or Fokker-Plank formalisms are used to study stochastic dynamics. The
effect of thermal environment is modeled by considering randomly fluctuating force
(Langevin force) £(t) and the coefficient of viscosity v which are related through the
fluctuation dissipation theorem, i.e., (£(¢)£(s)) = 2vkpT'é(t —s) such that the random
noise £(t) satisfies (£(¢)) = 0. The inertial term is dominated by these two terms at
microscopic level so that it is negligible [14, 15].

Various physical quantities like efficiency of energy conversion, input energy, work
done, energy dissipation, entropy production, etc., can be obtained in stochastic pro-
cesses where physical quantities are known in terms of their probability distribution.
The important quantity that has got considerable attention in the study of Brownian
ratchets is the energetic efficiency with which a Brownian ratchet converts fluctua-
tions into useful work. The usefulness of any engine is measured in terms of the extent
of work that can be extracted efficiently out of it [ 7, 14, 16-20]. The molecular motors
in living cells are found to be highly efficient in their noisy environment. For exam-
ple, kinesin is about 60 percent efficient [21] and F;-ATPase, which is responsible for
generating ATP from the flow of protons across the mitochondrial membrane found
to be nearly 100 percent efficient experimentally [8].

For the ratchet to perform work usually a small force (load) has to be applied

opposite to the direction of current in the ratchet. Then, the particle keep on moving,



on the average, against the load doing work by converting part of the input energy
into mechanical energy.

Many inherently noisy processes in a cell are carried out by very few number
of molecules. The way the cell manages to coordinate these noisy processes is one
of the remarkable and still poorly understood facts of complex biological processes.
How do microscopic cell machines operate? How is their operation affected by large
fluctuations in which they work? Can we build man-made nano-devices with sim-
ilar properties? and so on are questions that people have been worried about. A
great challenge for the ongoing nano-technology is the design and construction of
microscopic motors that can use input energy to drive directed motion in the face
of inescapable thermal and other fluctuations. Consequently, there has been an in-
creased interest in the study of small systems (dimensions of few nanometers ) which
are found through out physics, chemistry, biology, etc. These small systems have
underlying size-dependent properties. Hence, understanding these properties is one
of the most interesting areas of research currently [22-27].

Researches in Brownian motors could lead to nano-scale applications such as
molecular sievers, molecular pumps, transistors and even micro-sized factories that
assembles motors to be used in microscopic surgery.

Herndndez and his coworkers [28] studied optimal operation modes for Fenman
engine. In particular they took power and efficiency as their objective functions and
investigated them in terms of different parameters characterizing Feynman engine.
They showed the regions in which the Feynman engine operates between maximum
power and maximum efficiency regimes numerically. Being inspired by their work

on Feynman engine, we intend to model a microscopic heat engine and study its



energetics and region of operations between maximum power and maximum efficiency
regimes.

The aim of this thesis work is to propose a model and then to study the energetics
and optimization of a microscopic heat engine (engines that use local temperature
gradients in asymmetric potentials to move particles against an external load) giving
particular attention to probability current density, power and efficiency of the engine.
The thesis work is organized as follows: in Chapter 2 a model for microscopic heat
engine in the absence of external load will be presented. Then, analytic expressions
for probability current density, power output and efficiency will be found and the
influence of model parameters on these quantities will be investigated. In particular,
maximum power and maximum efficiency regimes are studied numerically. In Chapter
3 we modify our model by introducing an external static force which acts against
the flow of current and re-consider the quantities mentioned in Chapter 2 such as
unidirectional current, power, efficiency and so on. Summary and conclusion is given

in Chapter 4.



Chapter 2

A Brownian Particle in Ratchet
Potential out of Thermal

Equilibrium with Zero External
Load

In this chapter stochastic model is developed for a microscopic heat engine. A Brow-
nian particle in a periodic but asymmetric sawtooth potential without load moving in
a highly viscous medium whose temperature, with the same period as the potential,
varies spatially is used to model the heat engine. In the first section of this chapter we
develop a stochastic model and discuss its equation of motion. In the second section
the steady state probability current density of the Brownian particle is found using
periodic boundary condition, continuity of the steady state probability density and
normalization of the steady state probability density. Then, in the next two sections
the stochastic energetics, the maximum power regimes and the maximum efficiency
regimes are found in terms of the parameters used to describe the model. The maxi-

mum power regimes and the maximum efficiency regimes are examined numerically.



2.1 Stochastic Model and Equation of Motion

Consider a Brownian particle in a highly viscous medium moving along one dimen-
sional asymmetric saw-tooth potential of period L, (L = L; + L), and barrier height,
U,, which is subjected to a temperature that changes in space between hot and cold
values periodically with period L (see Fig. 2.1 below). The potential and the tem-

perature profiles are given by

U,
Zzexg+U, for —L1 <x<0
U)={ 0" orTisTs (2.1.1)
_L—Z‘)ijUo for 0 < x < Lo,
and
T, for —L, < x <0,
T(x)={ " TS r= (2.1.2)
T, forO0<x <Ly

respectively, where T}, is temperature of hot reservoir of width L, T, is temperature

of cold reservoir of width Ly as shown in Fig. 2.1 and
U(x +al) =U(x),
T(x+0bL)=T(x), (2.1.3)

i.e., both U(z) and T'(x) are periodic with the same period L, where L=0L; + Lo, a
and b being integers.

Consider a Brownian particle moving in a periodic asymmetric saw-tooth potential
of period L with spatially varying temperature between two constant values of T}, and
T, periodically with the same period as the potential with zero externally applied

force. The dynamics of the Brownian particle is governed by the Langevin equation

~

mi(t) + U'(z(t)) = —yz(t) + £(¢), (2.1.4)

where m is mass of the particle, z(t) is position of the particle, U(x(t)) is the potential,

7 is coefficient of friction and f (t) is arandomly fluctuating force in the form of thermal



Figure 2.1: Model for microscopic heat engine: a Brownian particle placed in a peri-
odic, asymmetric potential and periodic spatially varying temperature in the absence
of external load.

noise from the heat baths (Langevin force). The random fluctuating force £(¢) is a

Gaussian white noise satisfying two conditions

(E(t) =0 (2.1.5)

and
(E(1E(s)) = 2vkpT (2)3(t — s). (2.1.6)
Here §(t — s) is Dirac’s delta-function, kg is Boltzmann’s constant. The coefficient of
d(t — s) in Eq. (2.1.6), which is called noise intensity, is from fluctuation dissipation
theorem. Note that ”dot” and ”prime” represent differentiation with respect to time
and space respectively through out this work.
At microscopic scale where thermal fluctuation plays significant role and in the

strong friction limit the dynamics in Eq. (2.1.4) is over damped so that the inertial
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term mi(t) can be neglected [1, 2, 6, 9]. Consequently, the dynamic in Eq. (2.1.4)

reduces to

~

U'((t)) = —vi(t) + E(t). (2.1.7)

2.2 The Steady State Solution and Probability Cur-
rent Density

Due to the asymmetric periodic saw-tooth potential and the temperature gradient
shown in Fig 2.1, there is directed transport of the Brownian particle towards pos-
itive o direction, in general, provided that the parameters used in modeling are in
the domain of interest. In this section, using the Fokker-Plank equation (FPE) cor-
responding to the Langevin equation (2.1.7), a steady state solution pss(z) which is
normalized over period L is evaluated. Then, a constant probability current density
Jo is obtained, where Jy is to mean a constant probability current density in the
absence of external load.

We can rewrite equation (2.1.7) as

U'(@(t)) = —ilt) + 2y kT @ D)E (), (2.2.1)

where
29kpT (x(1))4(t) = £(t), (22.2)
such that
(€(t) =0 (2.2.3)
and

(€(t)E(s)) = o(t = s). (2.2.4)
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By taking kg = 1, equation (2.2.1) can be re-written as

dx = —%(U’(x(t))dt — /29T (z(t))dW (t)), (2.2.5)
where
dW (t) = &(t)dt (2.2.6)

is the Wiener process.
The corresponding Fokker-Plank equation (FPE) to Ito stochastic differential

equation (Ito SDE), given in Eq. (2.2.5) is given by [29]
Oyp(i, 1) = agg{%w'(as)p@:, )+ 0u(T(2)p(z, 1))}, (2.2.7)

where p(x,t) is the probability density of finding the Brownian particle at position z

at time ¢t. Equation (2.2.7) takes a simple form
Op(x,t) = =0, Jo(x, 1), (2.2.8)

where

Jo(x,t) = %[U’(x)p(x,t) + 0. (T (x)p(z,t))] (2.2.9)

is the probability current density. The steady state solution pss(z) of Eq. (2.2.8)
Opss(x) =0 (2.2.10)

leads to a constant probability current density Jy such that

d

U/(x)pss (‘T) + %

(T(2)pss(x)) = =7o. (2.2.11)

Using the particular potential and temperature profiles of the model defined by Eqgs.

(2.1.1) and (2.1.2) in Eq. (2.2.11) we get the relations

dpss(x) Uo J07
ss = —— — L <0 2.2.12
. + LlThp (x) T, for 1< T ( )
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and
dpss(xz) U,

N _Joy
dx LQTC

T ,for0 < x < Ls. (2.2.13)

DPss («T> -

Equations (2.2.12) and (2.2.13) are easily solvable by the method of variation of

parameters. The corresponding homogenous equation to Eq. (2.2.12) is given by

dpss(x> Uo
ss == O; 2.2.14

whose solution, say pss,(7), is immediate. i.e.,

_Uo
Pssn(T) = CeXp(LlThx), (2.2.15)

where C is a constant. Then, by method of variation of parameters, the general

solution to Eq. (2.2.12) is given by

Us
. 2.2.1
) (2:2.16)

pss(x) = V(x) exp(—

Substituting Eq. (2.2.16) in Eq. (2.2.12), it follows that

JoyLy Us
Viz)=C— . 2.2.17
@ T exp(f2-a) 2217
Combination of Eqgs. (2.2.16) and (2.2.17) gives
—Uo Jo")/Ll
ss(2) =C - : 2.2.1
pul@) = Coxpl ) = T (22.15)
Similarly, the general solution to Eq. (2.2.13) takes a simple form
A Uo JO’}/LQ
ss(z) =C , 2.2.1
pula) = Cexp(-a) + (22.19)

for some constant C'. Hence egs. (2.2.18) and (2.2.19) give a steady state probability

density for —L; < x < 0 and 0 < x < Ly, respectively.
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To eliminate the constants C and €' and solve for Jy, the following conditions are
used.

(i). Periodic boundary condition, i.e.,

Pss(—L1) = pss(La). (2.2.20)

(ii). Continuity of the steady state probability density, pss(z), at =0, i.e.,

lim+pss(x) = lim pgs(z), (2.2.21)
z—0 z—0~
where 47 and ”-” denote the limit approach from left and from right, respectively.

(iii). Normalization of the steady state probability density, pss(z), over a period,
ie.,

/L2 Dss(2)dx = 1. (2.2.22)

Ly

Using conditions i and ii into Eqs. (2.2.18) and (2.2.19), solving for C and C, we

obtain
o DLt La)(d - exp(72))

Us(exp(%2) — exp(2))

and
Joy(Ly 4 Ly)(1 — exp(52))

Ul () — (%))

Applying condition iii into Egs. (2.2.18) and (2.2.19), together with the expressions

é:

(2.2.23)

for C and €', we can solve for Jy and show that

U2B
 A[U,B(L3 — L3) — AD(Ly + Lo) (L1 Ty, + LoT,)]

Jo (2.2.24)

where A= (1— exp(%)), B = (exp(g—z) - exp(lj{—z)), and D = (1 — exp(g—z)). Equa-

tion (2.2.24) gives a constant unidirectional probability current density, Jy, which is

directed towards positive x.



14

Now let’s write Eq. (2.2.24) in terms of dimensionless units. Define

. 413
Jo = T

Jo (2.2.25)

so that jy is dimensionless. Introducing the dimensionless parameters

Uo L2 Th
=— A=—T7T=— 2.2.26

:u Tc Y Ll Y T TC ( )

and solving for jy in terms of these newly introduced parameters, after some algebra

the current reduces to

A p(exp(p) — exp(p/7))

Jo = .
B > (—exp() (1—exp (/D) (LEN) (7 42)
(exp(p) — exp(p/7))(A2 = 1) + o

(2.2.27)

Equation (2.2.27) gives an expression for unidirectional probability current density
Jo = Jo(p, 7, A\) as a function of dimensionless model parameters p, 7 and A. From
Eq. (2.2.27) we see that at p = 0 (i.e., no barrier) jo is zero. Also, if 7 =1 or A =0,
the particle is in an isothermal bath so that jj is zero. However, for ;4 > 0,7 > 1 and
A > 0, there is particle current which flows towards the positive x direction. Thus,
there is non-zero net particle current if and only if both the potential barrier and the
temperature gradient exist. Now, let us look at how the probability current density

Jo characterized by the model parameters p, 7 and \.

Uo

7¢) starting

As one can see from Fig. 2.2 the current increases with p (u =
from zero for p = 0 till it attains its maximum value, say at ji;m,, then decays with
i > [, and goes to zero as p goes to infinity when the other parameters are kept
constant. At p = 0, i.e., no potential barrier, the particle is equally probable to go
either to the right or to the left. As a result, there is no net current. But as one

increases the potential barrier gradually, the particle is biased to move in the positive

x direction. Because, when the particle is in the hot reservoir, it experiences higher
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0.35
0.3
0.25|
0.2
0.15|
0.1
0.05|

jo

0 5 10 15 20
u

Figure 2.2: Plot of jg versus u for A = 1,7 = 2.

thermal kick with more frequency than when it is in the cold reservoir. Hence, the
particle is more energetic to climb up the hill when it is in the hot reservoir than
when it is in the cold reservoir. In other words, the particle is more likely to move in
the positive = direction than in the reverse way. Consequently, there is net particle
current towards the right. For p < p;,, the net particle current from hot reservoir
to cold reservoir (in the positive x direction) increases with u. Because for values of
p in the interval (0, ;.,], a particle in the hot bath is energetic enough to climb up
the hill and to overcome the impact of frictional force but for a particle in the cold

bath it is difficult to climb up the hill (i.e., the probability of going to the negative
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x direction decreases). As a result, the probability current density jy increases with
p. As p is increased further (beyond fi;,,), the particle faces difficulty to climb up
the hill even if it is in the hot bath. Therefore, the current starts falling with x4 and

finally goes to zero as p tends to infinity.

1. 75}
1.5}
1. 25}
jo 1t
0. 75¢
0. 5¢
0. 25}

0 5 10 15 20 25

T

Figure 2.3: Plot of jo versus 7 for A =1, p = 4.

Figure 2.3 shows how probability current density behaves with 7 (7 = %) when
the other parameters are kept constant. At 7 = 1, i.e., when the medium is thermally
in equilibrium, current is zero. As 7 increases the particle experiences higher thermal
kick with high frequency in the hot bath than in the cold bath so that there is net

particle current from the hot bath to the cold bath (to the right) provided that p > 0
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and A > 0; otherwise net current is zero for = 0 or A = 0 for any value of 7. The plot

shows that if one continues increasing 7, jo also continues increasing monotonously.

© o o ©
O N A O O KL N

A

Figure 2.4: Plot of jo versus A for 7 = 2, yu = 4.

Plot of jo versus A (A = f—f) shows that probability current density increases

with A also monotonously. At A\ = 0 (i.e., Ly = 0) the Brownian particle remains
in a isothermal bat ( hot bath ) so that no net particle current (jo = 0). But, for
A > 0 there is temperature gradient and hence non-zero particle current. As we
keep increasing A which is equivalent to decreasing L; and increasing Lo (assuming
L = Ly + Ly is constant), the mean first passage time from the hot bath of width L,
to the cold bath of width L, decreases. In other words, rate of transition, which is
the inverse of the mean passage time, from the hot bath to the cold bath increases.

As a result jy increases with A monotonously as shown in Fig. 2.4.
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2.3 Stochastic Energetics

One of the most important issues in the study of microscopic heat engine is their ener-
getics such as the power consumption of the machine, efficiency of energy conversion
of the machine and so on.

In this section we will find expressions for the energy extracted by the Brownian
particle from the hot reservoir Qpg, work done by the engine Wy and its efficiency nq
per cycle in terms of the parameters introduced in the previous section.

As the particle moves from hot reservoir of width L; to cold reservoir of width Lo,
it undergoes one cyclic motion. To find analytic expressions for quantities mentioned
above, we start from Eq. (2.2.5). The equivalent Stratonovich stochastic differential

equation to the Ito stochastic differential equation (2.2.5), for constant ~, is
1

dr = ;[(—U’(x) — %T'(x))dt + /29T (z)dW (t)]. (2.3.1)

This can be written as

VT = ’yfl—f + d(flf) + %dzf)~ (2.3.2)

The term in the LHS of Eq. (2.3.2) is the thermal force that a Brownian particle

experiences. While in the hot reservoir, the particle gains energy from it. Part of
this energy is used to climb up the barrier as the particle moves from z = —L; to x
= 0 and to do work gainst the frictional force of the medium in going from r = —1
to x = Lo. The remaining part of the energy gained from the hot reservoir is leaked
into the cold reservoir as the particle crosses the interface between the two regions.
The particle gains energy only when it is in the hot reservoir so that the total energy

extracted by the Brownian particle from the hot bath per cycle is
0—e

Qno = limO | V27T (x)E(t)d. (2.3.3)

e —(L1+€
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Using Egs. (2.3.2) and (2.3.3), we have
0-¢ dr dU(z)  1dT(x)

= li — d. 2.34
QhO EE}O —(L1+e) (7 dt + dz + 2 dx ) v ( )
Which gives (where € is positive)
1
QhO = ’}/ULl + Uo + §(Th - TC>7 (235)

where v is mean drift velocity.

Consider the last term in RHS of Eq. (2.3.5): it is the amount of energy that the
Brownian particle leaks into the cold bath as it crosses the interface between the two
baths. Therefore, Eq. (2.3.5) gives the gross energy extracted from the hot reservoir
by the Brownian particle.

The mean drift velocity is

L2 o
— [ (2)de 2.3.6
v / Gt (2.3.6)

From Eq. (2.3.2)

e N e ) (237

We can combine equations (2.2.3), (2.2.12), (2.3.6) and (2.3.7) to get
v = Jo(L1 + Ly). (2.3.8)
Thus, Eq. (2.3.5) becomes
Qro = 7L1(Ly + La)Jo + U, + %(Th _7). (2.3.9)

The hot reservoir exerts a force of \/27yT(x)£(t) on the Brownian particle as
mentioned earlier in this section. Therefore, the work done W by the engine per

cycle can be obtained using the relation given by Eq. (2.3.2)as

Wy = _: VAT @) dx
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and

Lr dy dU(x)  1dT(x)
= — — dx. 2.3.1
Wo /_Ll(vdfr PP il (2:3.10)

Since U(x) and T(x) are periodic, U(-Ly) = U(Lg) and T(-L;) = T(Ls), the last two
terms in the RHS of Eq. (2.3.10) vanish. Therefore, we get
L2y
Wy = / (v—)dx
O dt
and

Using the value of v given in Eq. (2.3.8), Wy becomes
WO = 7J0(L1 + L2)2. (2312)

Next we explore the average power Py: the rate at which the engine does work
per cycle and see its dependency on the dimensionless parameters p, 7 and A. The

average power output per cycle Py is given by

L qw
PO:/ WOPSS(x)dx. (2.3.13)
7L1

Equations (2.2.3), (2.2.11) and (2.3.2) together with Eq. (2.3.13) gives
Py = Wy, (2.3.14)

where Jy and W, are given by equations (2.2.25) and (2.3.12), respectively. After
some algebraic manipulations, in terms of dimensionless units power output becomes

2

P A’ pt(exp () — exp (/7))
" IOV (@ —exp(p)) + pexp(p) (A — 1) + exp(p/7)(exp(u) (A + 7) + p — 7 — M1+ p))?
(2.3.15)
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and for symmetric ratchet, i.e., A = 1 it simplifies to

pt[coth(§) — coth(£)]?
4(1+7)2

Therefore, pg = po(, A, 7) and pg = po(p, 7) given by Eqgs. (2.3.15) and (2.3.16) are
power output of the engine as a function of model parameters for asymmetric and
symmetric ratchets respectively. The behavior of power output with respect to each

of the parameters u, A and 7 is discussed below.

Po

0 5 10 15 20 25

u

Figure 2.5: Plot of Py versus p for A =1, 7= 4.

Figure 2.5 shows plot of Py versus p for 7 = 4 and A = 1. As it can be seen form
the figure, Py increases with p starting form zero where p itself is zero and attains

its maximum value, say at fi,,0. Then, starts decreasing with 1 > fi,0 and finally



22

becomes zero as p tends to infinity. In section 2.2 we have seen that at = 0 and
as i1 — 00 no net particle current so that power output is also zero in both cases.
But increasing p above zero results in directed particle current with some power
output. Thus, there is maximum power output between the two extremes (= 0 and

U — 00).

12}
10}

Po

o N OB OO

0 5 10 15 20 25 30

T

Figure 2.6: Plot of Py versus 7 for A = 1, p = 4.

Plot of Py versus 7 is shown in Fig. 2.6. Average power monotonously increases
with increase in 7 when the other parameters are kept constant. At 7 = 1 the
Brownian particle is in an isothermal bath (no temperature gradient). As a result

there is no net particle current (also, for 7 = 1 Eq. (2.3.16) gives Py = 0). If there



23

is temperature gradient (7 > 1), directed particle current is induced which increases

with temperature gradient and so is the power output. We have shown in Fig 2.4

Po

O P N W s~ 01 oo N

0 2 4 6 8 10

A

Figure 2.7: Plot of Py versus A for y =4, 7 = 4.

that probability current density increases with increase in A for constant p and 7.
Due to this, power output of the engine also increases as A increases monotonically.

Since all engines operate, necessarily, at loss [30], it is essential to study their
efficiency. Next the efficiency 7 of our engine: the ratio of the available work to the
heat delivered by the hot reservoir is investigated in terms of the control parameters

used in the modeling. Thus, we can define efficiency as

_ W
=
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Using Egs. (2.3.10) and (2.3.11), the expression for efficiency becomes

vJo(Ly + Ly)?

= ) 2.3.17
" YLy (L1 + La)Jo + U, + %(Th —~1T) ( )
After some algebra, in terms of dimensionless unit, efficiency simplifies to
Fy
S 2.3.18
Mo F2F3 ) ( )

where

Fy = p(1+ \)(exp(u) — exp(p/T)),

Fy = (A = 1)(exp(p) — exp(p/7)) + Ctri-entienl)

and

b= %(T “Dpt (exp(u)—exp(u/Tl)L)(?j\(i(ll;)Jr_a?T(;?{iz‘p(”#))(l_e"p(“/”) ’

For A = 1 (symmetric potential) the expression for efficiency takes a simple form:

A (exp(p) — exp(p/T))
1 —exp(p))(1 —exp(p/7)) (72 + 24 + 2pu7 — 14 p?(coth(L) — coth(4)))
(2.3.19)

770=<

Equations (2.3.18) and (2.3.19) give an expression for efficiency as a function of model
parameters for asymmetric and symmetric potential, respectively. Next we discuss
how efficiency behaves with respect to the parameters p, 7 and .

Figure 2.8 shows efficiency as a function of temperature ratio 7. The upper curve
corresponds to the case when the thermal leakage is ignored while the lower curve
corresponds the case when thermal leakage is taken into account. In the first case,

efficiency increases with 7 monotonously. This is because, as the temperature of
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Figure 2.8: Plot of ng versus 7 for A= 1, u = 4.

hot reservoir becomes higher relative to that of the cold one, the Brownian particle
experiences strong thermal kick in the hot reservoir so that there is more particle
current from hot to cold reservoir (to the right), i.e., more work is done by the engine.
Hence there is an increase in the efficiency with 7. In the second case (thermal leakage
taken into account), efficiency increases with increase in 7 till it attains its maximum
value at some value of 7. Then, starts falling for values of 7 larger than some value.
Because, for values of 7 larger than some value, more energy goes to thermal leakage
(more wastage of energy) and causes decrease in the efficiency of the engine.

On the other hand, keeping 7 and A unchanged, with 7 greater than unity and A
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Figure 2.9: Plot of g versus p for A =1, 7 = 4.

> 0 necessarily, if there is no potential barrier, Brownian particle is equally likely to
flow to either to the right or to left in Fig. 2.1. Hence, no net work is done by the
engine so that efficiency is zero in this case. For large values of barrier height, say
1 — 00, thermal noise intensity is not strong enough to cause the Brownian particle
climb up such a barrier. Consequently, no particle flow even from locally hot region
to that of cold region (to the right). So, efficiency is zero in this case also. But, if
the potential barrier is increased slightly above zero, a particle in the hot reservoir
is more energetic to cross the barrier than a particle in the cold reservoir because of

its higher thermal intensity level in the hot the reservoir. Because of this, there is
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directed particle transport from hot to cold reservoir (to the positive x direction) and
we get non-zero efficiency. Therefore, efficiency must have maxima between the two
extremes of p1 (1 = 0 and p — 00) at some value of jt = fi,,,,0 which depends on the

values of 7 and A. Typical plot of ny versus p is shown in Fig. 2.9.

0.5

0. 4975
0. 495
0. 4925
0.49
0. 4875
0.485;,

no

Figure 2.10: Plot of ny versus A for p =4, 7 = 4.

Plot of ny versus A is shown in Fig. 2.10. Due to increasing of probability current

density with increasing in A (Fig. 2.4), efficiency of the engine increases as A increases.
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2.4 Maximum Power and Maximum Efficiency Regimes

In the previous section it was shown that both power output and efficiency attain
their maximum values at some value of & ( fympo and fiymno, respectively), which are
functions of A and 7. In this section maximum power output points fi,,,0 and max-
imum efficiency points fi,,,0 as well as maximum power output (p0), efficiency at
maximum power output 7,0, maximum efficiency 7,,,0 and power output at max-
imum efficiency py.n0 are obtained numerically as a function of 7 for A = 1, where
Prmpo = P(Hmpo) s Thmpo = 1(Hmpo); Mo = 1(Kmno) and prno = P(tmao)-

To obtain maximum power output points fimp, Eq. (2.3.16) is used together with

the condition

9o

3yt tomn =0 (2.4.1)

which gives

7(26“—262”+26”(2+%)+62TH(2+e“(,LL—Q)))—}—M(TG“—G“(%%))—e%(27’—1—,u+26“(7'—1)u) =0,
(2.4.2)
where (= fmpo-

Equation (2.4.2) is solvable numerically only. So, solving it numerically, we obtain
solutions fi,,,o for various values of 7 keeping A constant. Figure 2.11 shows plot of
Umpo versus 7 which is obtained by evaluating Eq. (2.4.2) numerically for A = 1. In
solving Eq. (2.4.2) numerically, initially 7 is set to be equal to 1.1 with a time step
5 x 1073 and the corresponding solution fi,,,0 is obtained with an accuracy of 1079.
Plot of ftyp0 Versus 7 shows fi,,0 increase with 7 almost linearly.

For maximum efficiency points the condition
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Figure 2.11: Plot of fmpo and fip,o versus 7.

91 |
(9u H=Hmn0

=0, (2.4.3)
should hold. Using the above condition in Eq. (2.3.19), the equation given in appendix
A (Eq. A.0.1) is obtained. Its solution is maximum efficiency point fi,,,,0, the point
at which efficiency attains its maximum value.

Numerical solution finn0 of Eq. (2.3.19) versus 7 is plotted in Fig. 2.11 for the
same value of A, initial value of 7, time step and accuracy used in evaluating maximum

power output points fimpo. Similar to fimpo , fmno increases with 7 linearly but with

different slope. Figure 2.11 shows that the slope for p,,,0 versus 7 is greater than
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that of p,n0 versus 7 for the same value of A, i.e, fiy,p0 and fi,,o increase at different
rate for the same increase in 7. In short, (fmpo, 7) > (fmsyo ,7). The region between
CUTVES [lmpo a0 flyno in Fig 2.11 (i.e., the region between maximum power points and
maximum efficiency points) corresponds to the operating region of real heat engine

[28] and references therein.
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Figure 2.12: Plot of P,,,0 and P, versus 7.

Now, substituting numerical solution of Eq. (2.4.2) and Eq. (A.0.1) in appendix
A into Eq. (2.3.16), maximum power output, Pppo = P(fimpo), and the power output
at the maximum efficiency regime, py0 = p(ftmno), are obtained. Figure 2.12 shows

the plot of py,p0 and pp,,0 versus 7 for 7 > 1 and A = 1. From the plot both p,,;0 and
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Pmno increase monotonically with 7 and pr,p0 > pmso-

1.0
e
CD 0.5 1 o nan
0.0 . , : ,
0 10 20

Figure 2.13: Plot of 7,p0, Mmno and 7. versus 7.

Before concluding this section, the maximum efficiency and efficiency at the max-
imum power are discussed. Once again, using numerical solutions of Eq. (2.4.2) and
Eq. (A.0.1) of appendix A in to Eq. (2.3.19) , maximum efficiency 9,0 = 7(ftmao) and
efficiency at maximum power regime 7,0 = 1(ftmno) are obtained. Plot of 7m0, Mimpo
and 7. versus 7 are shown in Fig. 2.13 for A = 1 , where 7. is Carnot’s efficiency.
From the plot one can see that 7,0 and 7,0 increase with 7 monotonously and

Nimno = Nmpo-



32

Due to the the ever existing thermal leakage discussed in section (2.3), the effi-
ciency of our engine always less than that of Carnot’s efficiency, i.e., 7m0 < 7.. Here
also, the region between curves 7,0 and 7,0 in Figs. 2.12 and 2.13 are the operating

regions of real heat engine.



Chapter 3

A Brownian Particle in Tilted
Ratchet-Potential Far from
Thermal Equilibrium with Load

In the previous Chapter we developed stochastic model for a microscopic heat en-
gine or Brownian motor using a Brownian particle moving through a highly viscous
medium, in an alternately placed hot and cold heat baths, in a periodic asymmetric
saw-tooth potential where there is no external load.

In this Chapter, we study the generalization of the stochastic model developed
in the previous chapter in the presence of static external force. For this generalized
model, the expressions for the probability current density and its energetics will be
found and discussed in terms of the parameters introduced in chapter two in addition
to the new parameter, load, and compared with the previous results obtained in
Chapter two. Then, we will study power and efficiency at maximum power regimes

and at maximum efficiency regimes numerically and conclude the Chapter.

33
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3.1 Steady State Solution and Probability Current
Density

In this section steady state solution to our generalized model and an expression for
probability current density for the steady state system in terms of the parameters
used in the modeling technique will be obtained.

As we presented in section 2.1, we start by considering a Brownian particle mov-
ing in a highly viscous medium and one-dimensional asymmetric periodic saw-tooth
potential of barrier height U,, in an alternately placed hot and cold heat baths, in
the presence of static external force (f) so that the potential corresponding to the
external force is linear (fz). A single period saw-tooth potential, U(z), located in

the vicinity of x = 0 which the Brownian particle experiences is given by

Us _ T
U(I) . { <f+ L—1>Z‘+ U, for —L; <x<0 (311)

- (f—g—;)x—l—Uo for 0 < x < Lo,
with the same temperature profile given in section 2.2, Eq.(2.1.2).

Figure 3.1 shows plot of periodic asymmetric saw-tooth potential in the presence
of static external force with its temperature profile. The potential is tilted due to the
external load. The hot reservoir has width of L; and the cold reservoir of width Lo
as before. The potential as well as the temperature are periodic with same period
L = L + Ly. The motion of a Brownian particle in such a tilted ratchet-potential

can be described by stochastic dynamics as

mi(t) = —U'(x(t)) — vi(t) + /2vksT (x)E(L), (3.1.2)

where m, z(t), v, kg, T(x), and £(t) are as defined in section 2.1 and &(t) satisfies

Eqgs. (2.2.3) and (2.2.4). For the over damped motion, the inertial term m(t), is
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Figure 3.1: Plot of periodic asymmetric saw-tooth potential in the presence of static
external force, U(x), and its temperature profile.

negligible so that the dynamics in Eq. (3.1.2) reduces to a stochastic differential
equation (SDE)

~1 dU
da(t) = — 7 — /29T (x)dW (t (3.1.3)

where kg is taken to be unity and dW (t) is the Wiener process introduced in Chapter

2. Equation (3.1.3) is also equivalent to the following Fokker-Plank equation (FPE)

(. t) = 20 (e, t) + 0,7 ()t 1) (3.1.4)

The above Fokker-Plank equation (Eq. 3.1.4) can be written as
Op(x,t) = =0, J(x,1), (3.1.5)

where
_ —1,dU(x)

p(x,t) + 0.(T(z)p(x,1))) (3.1.6)
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is the probability current density in the presence of static external force and p(z,t) is
the same as defined in the previous chapter. For steady state case, dyp(x,t) = 0, i.e.,
the probability density is independent of time so that p(z,t) = pss(x), for any time
t. From Eq. (3.1.5) this implies that at steady state, probability current density is

constant in both time and space arises

J(x,t) = J. (3.1.7)

Therefore, combination of Egs. (3.1.1), (3.1.6) and (3.1.7) gives

dpss() 1 U, —Jy .
T T )Vss = /7 — L S 1.
O+ ) = i L <e <0 (@1
and
dpss(x> 1 Uo _J’Y .
— (] — — = < Ls. 1.
Ir +Tc(f Lz)pss(w) T Jf0<x <Ly (3.1.9)

Starting with Eq. (3.1.8), its homogenous solution, pss,(z), is given by
pssn(z) = Cy exp(—ax), (3.1.10)

where C; is a constant and o = Tih( f+ g—;’) Therefore, the general solution to Eq.

(3.1.8) using the method of variation of parameters can be obtained as

pss(z) = g(x) exp(—ax). (3.1.11)
Substituting Eq. (3.1.11) in Eq. (3.1.8), we get

Jy
g(x)=C — o, exp(ax), (3.1.12)

such that

J
pss(z) = Cy exp(—ax) — a—;h. (3.1.13)



37

Similarly, for Eq. (3.1.9), we find

J
pss(x) = Cyexp(—pz) — 5—;6, (3.1.14)
where Cs is a constant and 3 = 7%( f— g—;) Using conditions i and ii given in section

2.2 (Egs. 2.2.20 and 2.2.21) into Eqs. (3.1.13) and (3.1.14), then, solving for C; and

Csq, we obtain
11 ) 1 —exp(—pBLs)
T,  BT."  exp(al;) —exp(—FLs)

Cr=Jo(~ ) (3.1.15)

and
11 ) 1 —exp(—aly)
ad, PT. ‘exp(aly) — exp(—(GLs)

The normalization condition iii of section 2.2 gives us

S0 - ep(-aL) + 21— explaLy)) - o

Substituting the values of C; and C, given in Egs. (3.1.15) and (3.1.16) into Eq.

Cy = J( ). (3.1.16)

Ly Iy
_|._ E——
5TC aTh

) =1. (3.1.17)

(3.1.17) and solving for J, we get

= OPTTeh (3.1.18)

v(fa —f:a)7

where

f; = exp(aly) — exp(—[(Ls),

fo = (5 — 2)(BT. — aT})(1 — exp(als))(1 — exp(—ALs)),

and

f3 = (L1081, + LoaTy)(exp(aly) — exp(—[(Ly)).

If J is multiplied by %, it becomes dimensionless. Therefore, the dimensionless

probability current density j is given by

S afSLy LTy fi

77, (3.1.19)
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In addition to the dimensionless units introduced in section 2.2, we introduce one

more dimensionless unit

L. f
T

Re-substituting the values of o and [, in terms of the parameters p, 7, A and p, the

. (3.1.20)

expression for j takes a simple form:

j=-—2
g2+ g3’

(3.1.21)

where

g1 = (1= Ap) (1 + p)(exp(HE2) — exp(p — Ap)),
22 = (p(1+ ) + p(A = 1)) (exp(“E2) — exp(p — Ap))

and

g5 = (L + N (55 = o) (L — exp(“12))(1 — exp(p — Ap)).

Thus, Eq. (3.1.22) gives an expression for a directed probability current density
as a function of model parameters u,7, A and p. Most of these parameters favor
directed particle current from the hot bath to the cold bath (towards the positive z
direction) till j attains its maximum value but p favors the flow of particle in the
reverse direction. So, depending on the values of these parameters the probability
current density could be positive, zero or negative. If j is positive (flows from the
hot bath to the cold bath towards positive x direction), our model functions as an
engine and as a refrigerator under the opposite condition. Therefore, the appropriate
choice of the parameters p, 7, A and p determines the function of the model. Next,
we analyze and discuss how j varies with changes in one of the model parameters.

Figure 3.2 shows plot of j as a function of u (u = %) with the other parameters

are kept constant. Both j, and j show similar behavior with respect to u. In the
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Figure 3.2: Plot of j versus pyfor A =1, p = 0.5, 7 = 2

case of zero external load at = 0, jo = 0. But in the presence of non-zero constant
external load, at 4 = 0, j < 0 (negative) and increases with p. At some value of p, say
o, J becomes zero: as one keeps increasing i above g j becomes positive and attains
its maximum value at some other value (jj,,). Then, decreases as p increases for p
> [1jm and returns to zero as p approaches infinity. The negative value of current
for p < po (i.e., the flow of current from cold reservoir to hot reservoir (to the left))
is due to the opposing external load which has higher effect than . At p = po the
current is zero because at this point the load (p) and the barrier height (o) have the
same but opposite effect on the flow of current. For values of u > p, the Brownian

particle acquires enough energy from the hot reservoir which enables it to overcome
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the opposing effect of the external force and climb up the potential barrier so that
there is net particle current from the hot reservoir to the cold reservoir (to the right),
i.e., j is positive and the model is used as an engine in this region. For values of u
> [Ljm, the current decreases as p increases. In this case thermal kicks acquired from
the hot reservoir is not strong enough to make the particle cross the the potential
barrier and overcome the opposing effect of the external load. So that the probability
of going from the hot bath to the cold bath (to the right) decreases, hence decreasing
in current with increasing p. As one can see from comparing Figs. 2.2 and 3.2, for the
same values of A and 7, a decrease in maximum current can be achieved in the latter
case due to the negative effect of the load (maximum probability current density >
0.35 for the former case and < 0.3 for the latter case: compare Figs. 2.2 and 3.2).

Figure 3.3 shows the plot of jio vsp (p= %) for the other parameters fixed. The
figure demonstrates that ]7—0 decreases as p increases almost linearly, starting from one
where the external load is 0.

Figure 3.4 shows the property of j as a function of temperature ratio (7) keeping
the other parameters constant. For small values of 7, j is negative because at these
values of 7 the effect of external load which causes current to flow in the negative
x direction (from cold bath to hot bath) dominates the effect of 7 which favors the
flow of current in the reverse direction. However, as the temperature gradient is
increased further there will be net current towards the positive x direction. From the
plot we can see that j increases with 7 monotonously starting from some negative
value. Comparing Fig. 2.3 and Fig. 3.4, for the same value of 7 and A, the maximum

possible value of j is less than that of j; due to the negative impact of the external

load.
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Figure 3.3: Plot of JJ—O versus pfor A\ =1, u =4, 7 =2

Figure 3.5 demonstrates the effect of the external load p on probability current
density j. Here as shown in the figure, when the external load acts against current, j
should decrease as p increases. The probability current density and the static external

load have inverse linear relationship as shown in the plot.
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Figure 3.4: jversus T for A\ =1, u =4, p =2

3.2 Stochastic Energetics with Non-zero Static Ex-
ternal Load

In section 2.3 we emphasis that one of the important points to be addressed about
microscopic heat engines is their energetics. In this section also we study the energet-
ics of our generalized model in the presence of static external load p. Expressions for
the energy transferred to the Brownian particle in the hot reservoir Q, work done
by the engine W and its efficiency n per cycle are found and discussed.

The Stratonovich stochastic differential equation equivalent to the Ito stochastic
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Figure 3.5: Plot of j versus pfor A\=1, p =4, 7 =2

differential equation given in Eq. (3.1.3) is given by

dx(t) = %(_dd[i(”“") - %dZix))dt + /29T (2)dW (t)

or

VET @) =1 0 L)

Following similar argument as in see section 2.3, Qj determined from

0—e

Qn = lim | V29T (x)&(t)dx

e—0 7(L1+€

or

Q) = lim [/OE fy(dx(t>)dx+/0+€dU_(fl7>dx+l/O+€dT_@)

e—0 —(L1+6) dt —I4 dZE 2 —I1 dx

dx],
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(3.2.1)

(3.2.2)
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which gives (where € > 0)

1
Qh = ’)/ULl + UO + fL1 + §(Th — TC) (323)

Using the expression for the drift velocity (v) given by Eq. (2.3.8), we get

1
Qh = ’yLl(Ll + LQ)J + Uo + le + Q(Th — TC) (324)

Using the same method used in section 2.3, the work done by the engine per cycle is
W = (yv+ f)(L1 + Lo). (3.2.5)
However, from Eq. (2.3.8) the mean drift velocity is given
v=J(L + Lo). (3.2.6)
Thus, the work done becomes
W = ~J(Ly + Ly)* + f(Ly + Ly). (3.2.7)

Dividing Eq. (3.2.7) by T. gives the work done in terms of dimensionless quantities

as

w= (o + (14 1)), (3.28)

where j is as given in Eq. (3.1.22).

The average power output per cycle is
P=WJ. (3.2.9)
The dimensionless average power (as a function of dimensionless units) is given by

p=wj (3.2.10)
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By taking the values of j and w given in Eqgs. (3.1.21) and (3.2.8) and putting in Eq.

(3.2.10), the power output for symmetric potential (i.e., A = 1) simplifies to

h2(hihs + 4)

p="——" (3.2.11)
where
h1 = 2p7
hy = (exp(“£2) — exp(p — p)) (1 + p) (1 — p)
and
hs = 2(p(exp(“22) — exp(p — p)) + (1 — exp(p — p))(1 — exp(“22)) (55 — 55)-

Hence, Eq. (3.2.11) gives the relation between the power and the parameters
i, 7, A and p. Now let us discuss the dependency of average power output of our
generalized model on the parameters which characterize the model.

Figure 3.6 represents how the average power depends on an external static force
where the other parameters are kept constant. The average power decreases mono-
tonically as external load increases. As we have seen in the previous section of this
chapter, the external load has a decreasing effect on particle current flowing from the
hot reservoir to the cold reservoir (towards the positive z direction), in the domain
where our model works as an engine. Consequently, the average power decreases with

increasing external load.
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Figure 3.6: Plot of p versus pfor A\ =1, u =4, 7 =4

The average power shows similar dependency on p and 7 as in the case where the
external load is zero as shown in Figs. 3.7 and 3.8. However, the maximum attainable
power decreases in the present case because of the relation between p and p shown
in Fig. 3.6. The value of p at which power attains its maximum value for the same
value of 7 and A used in the case of zero external load increases if there is external
load, i.e., maximum power point shifts to the right. For small values of u (slightly
greater than 0), p is negative because j is negative in this domain. But, since we
want our model to function as an engine, we consider an interval in which j > 0.

Accordingly, plots of p versus p and p versus 7 shown in Figs. 3.7 and 3.8 are plotted
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Figure 3.7: Plot of p versus pfor A\ =1, p=2, 7 =14

in the positive interval of j.
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Figure 3.8: Plot of p versus 7 for A\ =1, p =2, u =4

Finally, the efficiency (7) in the presence of static external force is defined as

w
= —. 3.2.12
=0 (3.2.12)
Using Eqgs. (3.2.4) and (3.2.5) into Eq. (3.2.13), n becomes
v+ I + Lo) (3.2.13)

" L+ Us + fLi+ 5(T = T)
In terms of p, 7 and p (for A = 1, i.e., without breaking the symmetry of the potential)

7 can be written as
_ HH3+2H,

Hy + H3Hy ( )

where

H1 = 2p,
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Hy = (exp(“H2) — exp(p — p)) (1 + p) (1t = p),

Hs = p(exp(##) — exp(u — p)) + (1 — exp(p — p))(1 — exp(“22)) (51 — 515)
and

Hy=3(p—7)+T

Next we will look how the efficiency varies with changes in any one of the param-

eters.
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Figure 3.9: Plot of n versus pfor A\ =1, 7 =4, p =4

From the plot of efficiency n versus static external force shown in Fig. 3.9, ef-
ficiency increases with the external static force linearly. In the presence of external
load, useful work is done by the engine against the external load in addition to the

work done we saw in section 2.3. As load increases more useful work is done against



50

the load, hence, efficiency should increases with load. As the load is increased to the

stall force (the force at which j vanishes), the efficiency tends to Carnot’s efficiency.

0.5
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Figure 3.10: Plot of n versus pfor A\ =1, 7=4,p=1

Figure 3.10 above is plot of efficiency 1 as a function of p. In general the efficiency
has similar property with respect to the parameter p whether there is external load
or not (compare Figs. 2.9 and 3.10). However, in the case of non-zero static external
load, there is an increase in maximum efficiency because of the relation between
efficiency and static external load shown in the plot of n versus p. See also Fig. 3.17
(maximum efficiency versus 7 with and with out load).

Plot of  versus 7 in the presence of static external load (see Fig. 3.11) also similar
to Fig. 2.8 with zero external load taking thermal leakage in to account. However, the

maximum efficiency increases in the presence of external load due to the increasing
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Figure 3.11: Plot of n versus T for A =1, u =4, p=1

effect of load on efficiency as discussed earlier (see Fig. 3.9).

3.3 Maximum Power and Maximum Efficiency Regimes
with Non-zero Load

Finally, the maximum power and maximum efficiency regimes of the generalized model
are analyzed numerically. Maximum power output points i, and maximum effi-
ciency points fi,,,, the values of 1 at which power and efficiency attain their maximum
values, respectively, which are functions of 7, A and p are evaluated numerically. The

maximum power output, p(fimp), power out put at maximum efficiency point, p(tim,,),
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maximum efficiency, 7(pm,) and efficiency at maximum power output, 7(fimyp), in the
presence of static external load for symmetric saw-tooth potential (i.e., A = 1) are
also found and examined.

Maximum power point is obtained under the condition

0
2y, (3.3.1)
8# H=Hmp

keeping the other parameters constant. Using the condition given in Eq. (3.3.1) into

Eq. (3.2.11), gives the equation in appendix B (Eq. B.0.1) whose solution g, is the

value of p at which the maximum power output is obtained. Similarly,

o)
alu H=Hmn

=0, (3.3.2)
keeping the other parameters constant, gives fi,,,, the value of ;1 at which maximum
efficiency is obtained. Using Eq. (3.3.2) into Eq. (3.2.15), the complex equation
in appendix C (Eq. C.0.1) is obtained. Solution to Eq. C.0.1 i, gives maximum
efficiency point. Note that the same condition(s) and time step used in section 2.4
are used in this section also. Plot of p,, and g, versus 7 shows that, similar to
Fig. 2.11, both fi,,, and i, vary with 7 linearly. Similar result was obtained for
Feynman hot ratchet[28].

Substituting numerical solution of Eq. (B.0.1) of appendix B into Eq. (3.2.11)
and Eq. (3.2.15) gives maximum power output and efficiency at maximum power
output, respectively. Similarly, putting solution of Eq. (C.0.1) in appendix C into
Egs. (3.2.11) and (3.2.15), we obtain power output at maximum efficiency and maxi-
mum efficiency, respectively. Figure 3.13 shows plot of maximum power output p;,,=
P(ftmp) and power output at maximum efficiency pp,, = p(tmy) versus 7. Figure 3.14

shows maximum efficiency 7,,, = 1n(ptmy,) and efficiency at maximum power output
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Figure 3.12: Plot of fiyp, fimy, for p = 0.05 versus 7.

Ny = N(fmp) versus 7. Here both power output and efficiency show the similar
property as in the case of zero external load (See Figs. 2.12 and 2.13.)

Now let us look at the effect of external load on maximum power output, power
at maximum efficiency, maximum efficiency and efficiency at maximum power output
more closely comparing with the results of zero external load case.

Figure 3.15 is plot of piy, at p = 0.05, pmpo and pimy versus 7. The plot shows
that the maximum Power output point in the presence of non-zero constant external

opposing load i, is higher than the corresponding point with zero external load fi,,p0
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Figure 3.13: Plot of p,,, and py,, for p = 0.05 versus 7.

and maximum efficiency point with zero external load fi;,n9. Moreover, p,,, increases
at a constant rate higher than that of fi,,,0 and fiyme With respect to 7.

Numerical results of maximum power output with load p = 0.05, p(pm,) and with
out load, p(tmpo), as well as power output at maximum efficiency with load p = 0.5,
P(ftmy) and with out load, p(pimne) versus 7 are shown in Fig. 3.16. For lower values
of 7 the power output at fimp, tmpo > Hmn a0d Ll is almost equal. For values of
7 higher than some value, the power output is not the same at these points. Due
to the opposing effect of external load on particle current from hot region to cold

region in the positive x direction, the maximum power output and power output at
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Figure 3.14: Plot of 7,,, and n,,, for p = 0.05 versus 7.

maximum efficiency decreases. Moreover, the external load has significant effect at
the maximum power regimes than at the maximum efficiency regimes (see Fig. 3.16).
A decrease in maximum power output due to the external load (p = 0.05) is higher
than a decrease in power output at maximum efficiency due 10 times external load
(p = 0.5). Moreover, if we look at Fig. 3.16 carefully, the real operation region of the
power of the engine shrinks due to the presence of the external load.

Finally, we investigate the effect of load on efficiency at the maximum efficiency

regimes and at the maximum power regimes. Figure 3.17 shows plot of maximum
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Figure 3.15: Plot of fi,, (for p = 0.05), fimpo and fiy,, versus 7.

efficiency for the load p = 0.5, 1(pmy), maximum efficiency with out load, 7(tmmyo),
efficiency at maximum power output with load p = 0.05, 7(um,) and efficiency at
maximum power output with no load, 7(tmpo) versus 7. As we can see from the
figure, the load has an increasing effect on maximum efficiency because of the relation
between n and p shown in Fig. 3.9 but it has decreasing effect on efficiency at
maximum power output due to the decreasing effect of load on power output (see Fig.
3.6) and hence on efficiency. In this case also, the effect of load at maximum power

regimes is more significant than its effect at the maximum efficiency regimes. The
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Figure 3.16: Plot of p,,, (for p = 0.05), pmpo, Pmy (for p = 0.5) and py,,,0 versus 7.

factor by which efficiency decreased at maximum power output due to the external
load p = 0.05 (change between curves 7(fmp) and 1(fmpo) in Fig. 3.17) is much
higher than the factor by which maximum efficiency increased due to the effect of
external load of p = 0.5 (change between curves 7(ftm,) and 1(fm,,0) Fig. in 3.17).
One can also see from Fig. 3.17, the real operation region of the engine expands in

the presence of external load unlike that of power.
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Figure 3.17: Plot of ny,, (for p = 0.05), Nmpo, Mmy (for p = 0.5) and 7,0 versus 7.



Chapter 4

Summary and Conclusion

We have presented a simple stochastic model for a microscopic heat engine and studied
some of its properties such as unidirectional current, power and efficiency in terms of
the parameters p (u:%), T (T:%), A ()\:L—f) and p (p:%). To develop the model, a
Brownian particle moving through a highly viscous medium in a periodic asymmetric
saw-tooth potential and spatially varying temperature between two different constant
values: hot temperature (7},) and cold temperature (7.) over a period which is the
same as the period of the potential is used. In the absence of potential barrier
(%) and external load, since the Brownian particle is equally probable to go to
either direction in the space coordinate, the net particle current is zero. But, in the
presence of potential barrier, due to temperature gradient, there is directed particle
current from the hot reservoir to the cold reservoir ( to the right ). An analytic
expression of probability current density for such directed particle current is found
under two conditions (with and without static external load). Functional dependency
of probability current density on the above parameters is analyzed for both conditions

and compared. In particular, it is found that there is inverse linear relationship

between the probability current density and the externally applied static force which

29



60

acts in the direction opposite to the direction of flow of particle current.

The energetics of the engine is also studied by taking power and efficiency as ob-
jective functions for the above two conditions. Analytic expressions for power output
and efficiency are obtained in terms of the parameters u, 7, A and p. Behaviour of
power and efficiency with respect to the model parameters are investigated. More-
over, it is shown that power output decreases as the external static force increases
monotonically. But, efficiency increases with the external static force linearly in the
domain the external static force is less than the stalling force. The efficiency of our
engine is compared with that of Carnot’s efficiency: because of the thermal leakage
(which can not be avoided) between the reservoirs, the engine never attains Carnot’s
efficiency.

Numerical results of power output and efficiency at maximum power regimes and
maximum efficiency regimes as a function of 7 are reported. It is also shown that as
the external static force increases, maximum power points and maximum efficiency
points (region in which heat engines operate [28]) approach each other.

The efficiency is sensitively dependent on model parameters. The energetic ef-
ficiency of an engine is not intrinsic property of the device and it depends on the
characteristics of the imposed external load. Therefore, choosing the appropriate ex-
ternal load we can improve the efficiency considerably. The choice of appropriate
potential profile also contributes lots in improving efficiency.

We have planned to develop simulations as an independent check to our present

results in the near future.



Appendix A

Maximum efficiency points for p =
0

Solutions to Eq. (A.0.1) gives maximum efficiency points for zero external load where
o stands for fi,,-

filfa+ fa—fa—f5) = fof1 =0, (A.0.1)

where

fi = (=1 + 77 + 2 + 27 + pi*(coth(4£) — coth(4))),
fy = 8(et — 1)(e" — €7 )(er — 1),

fy = dp(er — 1)(er —1)(e" — <5),
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Appendix B

Maximum power points for p =
0.05

Solutions to Eq. (B.0.1) gives maximum power points where there is external load p

= 0.05 and p stands for fiy,.

91(92 + 93+ 91+ 95 — 96 — f7 — 93) — go(g10 + g11) = O, (B.0.1)

where

= - - + T e 2
g1 = (p(e"" — ) + (1 — P P)(1 — ") (1 — 7)) 8,

g = —e"Tpr(p(r — D)(p+1) — (7 + Du(2 + ),
g3 = e2IEZH s (p(7 — 1) (i +7) — (7 + (27 + 1)),
g = e 5(p(r — 1) (7 + (24 7)) — (1+ 7)p(27 + (24 7)),

2(p+pf+u)
(

g =e 2p(7 + D+ 7) +20° 27 + p) + (7 — 72 — AT — 2(p — 1)p)),
ptp(1+27)

ge=e plp(t =17+ p+2ur) = (7+ Dp(p+ 27(n + 1)),

(r+1)(p+p)

gr=e 2u(=p*(p+ 724 p) +p(p+ 74+ p)),

= e*7(2p(1+ 7)1 + p) = 20 (2 + o) + (1 + 2u(2 + p1) — 7(1 + 2p))),

p(+7)+p e P(ef—e EMTM— 7—1)—(147
g0 = 2" =) (—p) (u+p) (deP(e" T —et) A AN T Lplr D=0

Y
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ptp Ltp

g10 = 2p(*— = &)+ 2(1 = ) (1 = e )il + ) + (6o~ 5

and
2e5FE (1—er—P)p(-L — T

g1 = —26“_9(1 — e“Ter)/wL L) _ - = p+u)_




Appendix C

Maximum efficiency points for p =
0.5

Solutions to Eq. (C.0.1) gives maximum efficiency points where there is external load

p= 0.5 and p stands for fi,,,.

h1<h3 + h4 + h5h6) - h2<h7 + hg + hg - h10> == 0, (COl)
where
hy = —(4e (" emy2 4 4e*ﬂ(eﬂ—eu>(e”f“p;%mp(f_n—umm)7
ptp +

hy = s (" — e 7) (= p) (i +p) + (0.5(7 = 1)+ p+ p)((e"7" — e #)p+

+

(7. 0= 2l )
ptp
= (e — ") 2u+ p) + (S — ) — p) (1 + p),
wtp T
= (1 —er ) (1—e )2 — 25
ntp B B wip
= (0. 5(T—l)+u—|—p)(p(——e” P)+(1—et?)(1—e~ )(N((p u)2+(p+u) )+
<1 p+u))
Htp 1 H (1—et™ p)#(ifi)

hg = (0.5(7 — 1) + i+ p) (e #(1 — " (oL — ) - et 5t

hy = e?p?1(p*(1 — 1) = 2p(T + D+ (1 — 1) pi?),
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ptp(+T)
-l

p((L+ 72 = p(r = D (7 (= 1) + ) + (7 = D(p + 7+ pr)—
PA(T+ D+ 7(2 4 ),

hg = em(—p(L+ 7)u' + p*(L+7)p(2 + ) + p° (2 + p) + p*(1 = 7(1 + p) + p(3+

hgze

1) — p?p*(=1+ 7 — pr + (5 + 2p)))

and

p(A+7)+u
— (

hig=¢ p(L+ )t = p* (L4 7) (27 + o) + (27 + p) + p?p* (7 — )7 + pu—

St — 20) + p'(7* + (1 — D+ 7(3p — 1))
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