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Abstract

We study the quantum properties of the light generated by a two-level laser in
which two-level atoms available in a closed cavity are pumped to the upper level
by means of electron bombardment. We present a brief discussion of the number
and coherent states for an arbitrary commutator of the annihilation and creation

operators.

Moreover, taking into account the interaction of the two-level atoms with a res-
onant cavity mode and the damping of the cavity mode by a vacuum reservoir,
we obtain the equations of evolution of atomic and cavity mode operators. The
solutions of these equations is used to determine the Q function for the light pro-
duced by a two-level laser. Employing this Q function, we compute the mean and
variance of photon number, and the quadrature variance. The two-level laser gen-
erates coherent light when operating well above threshold and chaotic light when

operating at threshold.

On the other hand, we obtain the Q function for the superposition of a pair of
two-level laser light beams. Applying the resulting Q function, we have calculated
the mean and variance of the photon number, and the quadrature variance. The
mean photon number of the superposed light beams turns out to be a simple sum
of the mean photon numbers of the two light beams. In addition, it is found that
the variance of the photon number of the superposed light beams is four times the
variance of the photon number of a single light beam produced by the two-level

laser.
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Chapter 1

Introduction

The quantum description of radiation is one of the central topic in quantum optics.
Various quantum distribution functions are used for this purpose, because they
provide convenient means of describing the quantum properties of light modes.
Among the most widely used distribution functions is the Q function [1,2]. Q
functions are c-number functions which corresponds to the normal ordering of the
density operator. Making use of the advantages offered by these functions can
ease the rigor of obtaining various expectation values and the superposition of two
or more light beams. To this effect, it turns out to be very useful to express the

Q-function in terms of the anti-normally ordered characteristic function.

A two-level laser is a source of coherent or chaotic light emitted by two-level atoms
inside a cavity coupled to a vacuum reservoir via a single-port mirror. In one model
of a laser, two-level atoms initially in the upper level are injected at a constant rate
into a cavity and removed after they have decayed due to spontaneous emission
[3,4]. In another model, the two-level atoms available in a cavity are pumped to

the upper level by some convenient means such as electron bombardment [4, 5].

There has been a considerable interest to study the quantum properties of the
light generated by a two-level laser [6-13]. It is found that the light generated by
this laser operating well above threshold is coherent and the light generated by

the same laser operating at threshold is chaotic.

We seek here to analyze the quantum properties of the light emitted by two-level

atoms available in a closed cavity and pumped to the upper level at a constant rate.



Thus taking into account the interaction of the two-level atoms with a resonant
cavity mode and the damping of the cavity mode by a vacuum reservoir, we obtain
the equations of evolution of atomic and cavity operators. Employing the solutions
of these equations, we determine the Q) function of the light produced by the two-
level laser. Using this Q function we calculate the mean photon number, the
variance of photon number and the quadrature variance. Furthermore, using the
resulting Q function, we obtain the Q function for the superposition of a pair of
two-level laser light beams. Employing this Q-function, we determine the mean
photon number, the variance of the photon number and the quadrature variance
of the superposed two-level laser light beams. We carry out this analysis by
putting the noise operators associated with the vacuum reservoir in normal order
and without considering the interaction of the two-level atoms with the vacuum

reservoir outside the cavity.



Chapter 2

Quantum analysis with arbitrary
commutator

2.1 The number and coherent states

We consider here a single mode light available in a closed cavity that can be

represented by the operators a and a' satisfying the commutation relation
[a,a"] = A, (2.1.1)

where )\ is a real constant.

The eigenvalue equation for the number operator is expressible as
n|n) = nln), (2.1.2)

in which |n) is the number state. In order to determine the action of the operator

a on the number state |n), one can write [2, 3]
alny = c|m). (2.1.3)
We next proceed to fix the value of ¢ and m. To this end, we note that
(n|a' = c*(ml. (2.1.4)
Thus on taking the inner product of Eq. (2.1.3) and Eq. (2.1.4), we get

n{n|n) = |c[*(m|m). (2.1.5)



Now assuming that (n|n) and (m|m) to be normalized and taking ¢ to be real, we
find
c=/n. (2.1.6)

Hence in view of this result, Eq. (2.1.3) can be rewritten as
aln) = v/n|m). (2.1.7)
Furthermore, multiplying Eq. (2.1.7) by a', we have
a'aln) = v/nal|m). (2.1.8)

We then see that
(n|a'a = v/n{mla. (2.1.9)

Now on taking the inner product of Egs. (2.1.8) and (2.1.9) and using the com-

mutation relation given by Eq. (2.1.1), we arrive at
m=n-—\. (2.1.10)
Finally on account of this result, Eq. (2.1.7) takes the form
aln)y = +/nln — \). (2.1.11)
It can also be established in a similar manner that
atln) = vn + Aln + A). (2.1.12)
Furthermore, we see that
a'10) = VAN,
at?|0) = VA2 x 21|22,
a|0y = VA3 x 31|3)),
a'™0) = vV Amn!|n\)

or

InA) = 10) (2.1.13)




withn =0,1,2....

A coherent state |a) is defined in terms of the displacement operator
D(a) = exp(aa’ — a*a) (2.1.14)

as

la) = D(a)|0), (2.1.15)

where « is a complex number. Besides this, the power series expansion of a

function f(a',a) in the anti-normal order, is expressible as
(@, f(@',a)] = Cimla, a'a™]
im
= Cind'(aa™ — a™™a)
lm

= Cimi'[a,a™].
Im

We see that
[a,a] = A,
[a,a™] = [a, a'al]
= [a,a']a’ + aa'la,a’l
=2Xa',
and
[a,a™] = [a,a'a']

= [a,a'a"* + a'[a, a'?)

= 3Aa".
In general, one can write
[a,a™] = mAa™*,
which can be rewritten as
[a,a™] = A a?ﬁ at™.



It then follows that

0

One can also show in a similar manner that

[af, f(al,a)] = —A%f(&*,a). (2.1.17)

Since Di(a)=D(—a), the displacement operator is unitary. Employing the com-

mutation relation given by Eq. (2.1.16), we find

~

[a, D(a)] = AaD(«). (2.1.18)

Applying this result, we readily obtain

A

D(—a)aD(a) = a + Ao (2.1.19)

In addition, using Eq. (2.1.17), one can establish that

~

D(—a)atD(a) = a + Ao, (2.1.20)
Furthermore, we note that
(ala) = (0] D(~a)D(a)|0), (2.1.21)

so that on account of the unitary property of D(a) and the fact that (0]0) = 1,
we have

(afa)y =1, (2.1.22)
which shows that the coherent state is normalized. Moreover, we see that
ala) = aD(a)|0) (2.1.23)

and taking into account the unitary property of the displacement operator, we
have

ila) = D(a)D(—a)aD(a)|0). (2.1.24)



On account of Eq. (2.1.19), we rewrite Eq. (2.1.24) as
ala)y = D(a)(a+ Xa)|0). (2.1.25)

It then follows that

ala) = Aala). (2.1.26)

With the aid of the Baker-Hausdorff identity [14]

GAGB A+B+ [A B] (2127)

the displacement operator can be put in the normal order as
A A x

D(a) = e 22 e gm0 (2.1.28)

and hence using the fact that

) =0, (2.1.29)

one can also express a coherent state in terms of the displacement operator as

A%

o) = e 7" |0)). (2.1.30)

Now expanding e in power series and taking into account Eq. (2.1.13), we get

—= e_%a*a E

which is an expression for a coherent state in terms of the number state. Since

\nA (2.1.31)

the number states are eigenstates of a Hermitian operator, they are orthogonal.
Moreover, we consider the number states to be normalized so that they become

orthonormal. Employing Eq. (2.1.13), one can write

1

nAmN\) = ————
(nAImA) vV Artmplml

(0]a"a'™|0). (2.1.32)
It then follows that

(PA|mA) = 0pm, (2.1.33)



where

1 fn=m

(2.1.34)
0 ifn#m

nm

Therefore, using the fact that a set of orthonormal eigenstates is complete [2], the

number states must satisfy the completeness relation

) (2.1.35)
=0
We also note that

A % > amA%
nAla) =e 2% ¢ nilmA
(nAla) 3 e (mm
— . éa*aio‘mﬁa (2.1.36)
P W nm <L

from which follows

A ® Oén>\%
nA\la) =e 2% ¢ . 2.1.37
(o) - 2.1.37)

We now wish to obtain the explicit form of the inner product of two coherent

]|

states. Expressing (a| and |3) as

(2.1.38)
and

(2.1.39)
we easily find

(a|B) = e~ jata,—36" 5204 ﬁm)\ TAT (A [mA)

Y § A . Q*n B\
:exp{—aoz a—gﬁ ﬁ]Z—

n!
A A
= exp {)\a*ﬂ — Ea*a — 5/6’*5] . (2.1.40)
We see that the coherent states are not orthogonal

On the basis of Eq. (2.1.31), the state |5 + ) takes the form

— o318+ — (B+7)"A3
B +7) =e 20" HZ:O NG InA). (2.1.41)



Hence the explicit form of the inner product of two states (| and |3 + ) can be

written as

a™(8 +7)" AN

e
(0] -+ 5) = oo dn 57 C I S )
_ A e A 2 (B + )" A"
= exp {—504 a—§|ﬁ+7|1; o
* A A
= exp {Aa (B+7) — §\a|2—§\ﬂ+’y|2]. (2.1.42)
Moreover, one can write
D(y)|B) = exp(va' —~*a)D(B)|0). (2.1.43)

With the aid of Eq. (2.1.14), this is expressible as

D(W)|B) = exp(val — v a)exp(Ba’ — 5*a)|0). (2.1.44)

Employing the identity given by Eq. (2.1.27), Eq.(2.1.44) can be rewritten as

D<v>|ﬂ>:exp[ 25— w} expl(y + B)af — (77 + 5%)il|0)

= exp Bvﬁ* - %7*5] v+ 6). (2.1.45)

We now proceed to determine the action of % on |8){(B|. To this end, one can

write
S19)81= (51 ) 61+19) (5051 (2.1.46)

With the help of Eq. (2.1.15), we have

IB> D(8)[0). (2.1.47)

35

In view of Eq. (2.1.28), this can be rewritten as

’5> i ( 288 Bat B O)) _ (2.1.48)
Performing the differentiation, we get
0 A .
58 =—3718) + alp). (2.1.49)



Following similar procedure, one can readily establish that
0 A
—(Bl= —=6"(5|. 2.1.50
550= =35l (2.1.50)
Upon introducing Egs. (2.1.49) and (2.1.50) into Eq. (2.1.46), we obtain

a'18)(8]= (Aﬁ +—) 18)(51. (2.151)

from which follows that

18)(8la = <w+ ) 18)(51. (2.1.52)

95"

and thus

18)(8la’ = <A5+ ) 18Y(B. (2.1.53)

05"

We next seek to obtain the completeness relation for coherent states. To this end,

we note that

/d2a|a><a\: Z/an]n)\><n)\\a)(a]m)\)(m)\)

A)(mA m .
E |n m |)\ )\2/d2a6)‘°‘ ‘oo™, (2.1.54)
One can write

/dzoze’\a*o‘a”a*m = /d2a exp[—Aa*a + aa + ba*| o™ | a—p=0

ar o™
= %ab—m dQCY exrp [—)\O{*Of + ax + bOé*] |a:b:0- (2155)
Using the relation
/d2ae_aa*a+ba+ca* — Ee%’ (2156)
a
it then follows that
« am om .
/ dQOéB_)\a AN F M — ;%%6% |a:b:0
10" o™ albl
In addition, using the identity
871 m n| n—m



and applying the condition a = b = 0, one obtains

. I ) 1
d2 —Xa*a . n *m:z - _5n5m
/ e )\zl:l!(l—n)!(l—m)!)\ll !

o n!
At (n—m)!

G- (2.1.59)

Now in view of Eq. (2.1.54) and Eq. (2.1.59), there follows

9 [nA)(mAl  n! 1
/daya (a]= < Z\/_\/_ o )WA A% G

- §Zym><m|, (2.1.60)

so that on account of Eq. (2.1.35), we have

P2 /d2a|a><ay. (2.1.61)

™

2.2 The Q-function

The Q function is an important tool in quantum optics. Knowing this function,
provide convenient means of describing the quantum properties of light modes.
Here we will confine our discussion to the Q function which is best suited to
the evaluation of the expectation value of anti-normally ordered operators. To
this effect, the QQ function is expressible in terms of the anti-normally ordered

characteristic function defined in Heisenberg picture by [15, 16]

$a(2) = TT( ’Z “ez‘”). (2.2.1)

Applying the completeness relation for coherent states given by Eq. (2.1.61) and

performing the trace operation, we find
Ga(2) = )\/dZQQ()\oz*, Aa)erp(Aza™ — A\z" ), (2.2.2)
where Q(Aa*, Aa) = 1(a|p|a). Upon introducing new variables

Aa = 3, (2.2.3)

11



and

Aa* = f*, (2.2.4)

Eq. (2.2.2) can be rewritten as

d2 * * *
0u2) = [ SR peasles - =5, (2.25)
Since i@(ﬁ*, ) is the inverse Fourier transform of this characteristic function, we
see that
A . i
QB B) = ;/de%(Z)exp[z B —zp"]. (2.2.6)

Following a procedure of analysis given by Fesseha [2], we obtain the Q-function for
the superposition of two light beams with the same frequency. Suppose p'(a,a')
is the density operator for a certain light beam. Upon expanding this density
operator in normal order and employing the completeness relation for coherent
state, one finds

i =2 [ #53 cureHoi (2.2.7)
kl

™
and on account of the relation Eq. (2.1.53), there follows

i =2 [es X cu0st (xa+ ) el (228)

P op
We now realize that the density operator for the superposition of the first light

beam and another one, is expressible as

~ A *\ 1M a " ~ NE
p=2 [ 1 Con 00" (04 55 ) DOD, (229)

so that in view of Eq. (2.2.8), we have

)\2 a !
A d2 d2 \G5* k A
P== p 7%:01@1(5) (ﬁ+85*)
“m o \" - R
€30 Con 0" (304 5 ) DONIANAID() (22.10)
Employing Eq. (2.1.45) and its complex conjugate, we find
P = 2 Y . kl o5

12



<3 Con 0" (N 5 ) 18400+ . 2211

Using Eq. (2.2.11) the Q function for the superposition of two light beams can be

written as

op*

oym 9 \"
% Cnn ) ( 87*)

x(a B+ ) (v + Bley). (2.2.12)

2 !
Q' da) = %5 [ oy Y Cu ) (Aﬂ + 9 )
kl

Substituting Eq. (2.1.42) and its complex conjugate into this equation, we get

2 l
Q0" 2) = 25 [ @pir Y Cu () (w + %) eap (A= A8 = \)8]
kl

Iy
X exp [—Aa*a + A"+ Aa™y]. (2.2.13)

< G 00" (04 55 ) a3 = A3 = )]

Finally, applying the binomial theorem, we readily arrive at
N 2072
Q") = = [ 51006 Na=1))Q0n Aa-5))

xexp [—Aa"a — NGB — A"y + Aaf”]

xexp [Aay* + A" B + Aa*y — A8y — A\3*]

(2.2.14)
where
QB da — \y) = Z Cri (AB)F (ha = Ay)! (2.2.15)
and
QM*, ha — \j) = Z Coun My)™ (A — AB)" (2.2.16)

are the QQ functions associated with the two light beams.

We now proceed to determine the expectation value of operator A in terms of the

Q-function. To this end, the expectation value of Ais expressible as
(A) = Tr(pA). (2.2.17)

13



Expanding the operator function fl(dT,d) in the anti-normal order, this can be

rewritten as
(A) =" CiTr(pa‘al™), (2.2.18)
im
so that introducing the completeness relation for coherent states, we have

(A) = A / " CiTr(pat|a)(ala™) (2.2.19)

(e

Performing the trace, this can be rewritten as
(A) =\ / FaQ(Aa*, Aa) A, (Aa*, Aa). (2.2.20)

Using new variables defined by Eqgs. (2.2.3) and (2.2.4), we arrive at

. 2
¢ = [ e 5)a..9) 2.2.21)
where
Aa(B,8) =D CimB'B™ (2.2.22)
lm

is the c-number function corresponding to the operator function A(af,a) in the

anti-normal order.

14



Chapter 3

Two-Level Laser Dynamics

In this chapter we analyze the quantum properties of the light emitted by two-level
atoms available in a closed cavity and pumped to the upper level at a constant
rate. Following the discussion given in Fesseha [2], and taking into account the
interaction of the two-level atoms with a resonant cavity mode and the damping
of the cavity mode by a vacuum reservoir, we obtain the equations of evolution
of atomic and cavity operators. Then using the solutions of these eqautions, we
determine the anti-normally ordered characteristic function which is used to find
the Q-function of light produced by a two-level laser. Employing the Q-function
we compute the mean photon number, the variance of photon number and the

quadrature variance.

3.1 Operator dynamics

We consider here the case in which N two-level atoms are available in a closed
cavity. Then the interaction of the cavity mode with one of the atoms can be
described at resonance by the Hamiltonian

H=ig[6lFa —a'e] (3.1.1)
where

6% = 1b) i {al (3.1.2)

is lowering atomic operator, a is the annihilation operator for the cavity mode,

and g is the coupling constant between the atom and the cavity mode. We assume

15



that the cavity light is coupled to a vacuum reservoir via a single-port mirror. In
addition, we carry out our calculation by putting the noise operators associated
with the vacuum reservoir in normal order. Thus the noise operators will not have
any effect on the dynamics of the cavity mode operators. We can therefore drop
the noise operator and write the quantum Langevin equation for the operator a
as

% - —gd —ila, H), (3.1.3)
where & is the cavity damping constant. Therefore, with the aid of Eq. (3.1.1),
we easily find

da K

A ~k
2o e — g6t 1.4
o 54~ 99 (3.1.4)

Furthermore, employing the relation

(A) = —i([A, H]) (3.1.5)

SHE

along with Eq. (3.1.1), one can readily establish that

6%) = ol — it (3.1.6)
d, Atk A At oak
<) = g(olta) + g(a'a"), (3.1.7)
%<ﬁ§> = —g(olFa) — g(a'ey), (3.1.8)
where
s = |a)w{al, (3.1.9)
and
iy = [0)ri(bl- (3.1.10)

We see that Egs. (3.1.6), (3.1.7), and (3.1.8) are nonlinear differential equations
and hence it is not possible to obtain exact time-dependent solutions of these
equations. Thus applying the large-time approximation scheme [17], we obtain

from Eq. (3.1.4) the approximately valid relation

at) = —2;9&5(15). (3.1.11)

16



Now substitution of (3.1.11) into the aforementioned equations yields

d ~k\ ]' ~ k

E<0a> - _578<Ja>7 (3112)

d, K

%%) = —7:(M5), (3.1.13)

d, N

() = e(0f), (3.1.14)

where
4 2
e =L, (3.1.15)

K

We wish to call the parameter defined by Eq. (3.1.15) the stimulated emission
decay constant. Based on the definition of this decay constant, we infer that
an atom in the upper level and inside a closed cavity emits a photon due to
its interaction with the cavity light. We certainly identify this process to be
stimulated photon emission [18].

In order to include the contribution of all the atoms to the dynamics of the two-

level laser, we sum Eqs. (3.1.12), (3.1.13), and (3.1.14) over the N two-level atoms,

so that
d . 1.
d . .
7 (Na) = =7e(Na), (3.1.17)
d - .
E<Nb> = ’70<Na>7 (3118)
in which
N
Mo =Y &%, (3.1.19)
k=1
N
No= Y ik, (3.1.20)
k=1
. N
Ny =Y if, (3.1.21)
k=1

with the operators N, and N, representing the number of atoms in the upper and

lower levels. Furthermore, with the aid of the identity

i+ =1, (3.1.22)

17



we see that

A~

(Na) + (M) = N. (3.1.23)

In addition, using the definition given by Eq. (3.1.2) and setting for any k

6% = b)(al, (3.1.24)
we have
ma = N|b){al. (3.1.25)
We therefore observe that
mim, = NN,, (3.1.26)
in which
N, = Nla){(al. (3.1.27)

Following the same procedure, one can also establish that

el = NN, (3.1.28)
with
N, = N|b) (). (3.1.29)

In the presence of N two-level atoms, we rewrite Eq. (3.1.4) as

da K
— = ——a Ng. 1.
o 50+ Mt (3.1.30)

We now proceed to determine the value of the constant . Thus applying the

steady-state solution of Eq. (3.1.4), we easily find
[, a"y = = (i — %) (3.1.31)

and on summing over all atoms, we have

l4,a"] = %(Nb —N,), (3.1.32)
where
N
[a,a'] = [a,a'] (3.1.33)
k=1

18



stands for the commutator of & and a' when the cavity mode is interacting with
all the N two-level atoms. It proves to be convenient to rewrite Eq.(3.1.32) with

the atomic operators replaced by their expectation value as

4,67 = (V) — (V). (3.1.34)

K

On the other hand, using the steady-state solution of Eq.(3.1.30), one can easily

establish that

~

aal) = N (2—“) (V) — (F)). (3.1.35)

K

Hence from Eqgs. (3.1.34) and (3.1.35), we get

p=+-L (3.1.36)

VN
and on account of this result, Eq. (3.1.30) can be written as

da K g
— = =0+ —=10,. 3.1.37
7 2a—|— Nm ( )

The two-level atoms available in the cavity are pumped from the lower to the
upper level by means of electron bombardment [4,5]. The pumping process must
certainly affect the time evolution of the atomic operators. Hence we take into
account the effect of the pumping process on the time evolution of the operators

N, and N, by rewriting Eqs. (3.1.17) and (3.1.18) as

(Vo) = —7e(Na) + 7ol V) (3.1.38)
and
%Wz) = —1a(No) + 7e(Na), (3.1.39)

where r, is the rate at which a single atom is pumped to the upper level. Now

taking into account Eq. (3.1.23), one can put Eq. (3.1.38) in the form

(No) = =(e + 1a) (Vo) + 7o N, (3.1.40)

e

We immediately see that the steady-state solution of this equation is

- roN
<Na> =
Ye + Ta

(3.1.41)
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and the steady-state solution of Eq. (3.1.39) turns out to be
_ Jeyun
(Np) = —(N,). (3.1.42)

Finally, we seek to determine the effect of the pumping process on the dynamics

of the atomic operator 7, . To this end, we rewrite Eq. (3.1.16) as

d . 1 ~
7 = — 51 + Fo(t), (3.1.43)

where F,(t) is a noise operator with a vanishing mean and 7 is a parameter whose

value remains to be fixed. Employing the relation

—‘- A
% (ifina ) = <d2;‘“ i > + <mgd2;‘“> (3.1.44)

along with Egs. (3.1.43) and (3.1.26), we get

(W) = —n(R) + ELOma(0) + 1 0k (F (1), (3145

&lg‘

Now comparison of Egs. (3.1.40) and (3.1.45) shows that

N="%+Ta (3.1.46)
and
(E(Oma (1)) + (el (8) Fu(t)) = raN2, (3.1.47)
This result implies that
(FT()E, (1)) = re N25(t — ). (3.1.48)

Following a similar procedure, one can also easily establish that
(EL()ET(")) = 7N?5(t —t'). (3.1.49)

It is certainly interesting to consider different regimes of the laser operation. We
then wish to call the regime of laser operation with more atoms in the upper level
than in the lower level above threshold, and the regime of laser operation with
equal number of atoms in the upper and lower levels threshold. Thus inspection

of Eq. (3.1.41) shows that for the laser operating at threshold ~. = r, and for the
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laser operating above threshold v, < 7, . Applying the solution of Eq.(3.1.43) and

considering the atoms to be initially in the lower level, we easily find
(mq(t)) = 0. (3.1.50)
Moreover, the expectation value of the solution of Eq. (3.1.37) is expressible as
Kt g Kkt t Kt/
(a(t)) = (@(0))e % + I % / e (o (). (3.1.51)
VN 0

On account of (3.1.50) and the assumption that the cavity light is initially in a

vacuum state, Eq. (3.1.51) reduces to
(a(t)) = 0. (3.1.52)

We note from Eqs. (3.1.37) and (3.1.52) that a is a Gaussian variable with zero
mean.

At steady-state the solution of Eq. (3.1.37) can be put in the form

G — 29
at) = i, (3.1.53)

3.2 The Q-function for the cavity light

Here we proceed to obtain the Q-function of the light produced by a two-level
laser. To this end, we first determine the anti-normally ordered characteristic

function defined in Heisenberg picture by [15, 16]
Ga(2) =Tr (ﬁe‘z*&(t)emw)) : (3.2.1)

With the aid of the identity given by Eq. (2.1.27), the anti-normally ordered

characteristic function can be put in the form
¢a(2> —_ e*%z*zTr (ﬁezéﬁ(t)fz*d(t)>

_ e <6zaf(t)—z*a(t)> _ (3.2.2)
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Now observing that the operator a(t) is a Gaussian variable with vanishing mean,

we have
X s 1
<€Z“f(t)*z a(t)> = exp (§<(2&T(t) — z*d(t))2>) . (3.2.3)
Which can be rewritten as

(e 000 = eap (3 (a0 + @0

1
X exp (5 [—z*z(a'(t)a(t)) — z*z(d(t)dT(t)ﬂ) . (3.24)
Employing Eq. (3.1.53) and its complex conjugate together with Eqs. (3.1.26)

and (3.1.28), it can be readily verified that

(@*t)) =0, (3.2.5)
(al(Da(t) = (W), (3.2.6)

and
(a(t)al (1)) = 2(N). (3.2.7)

Introducing Egs. (3.2.5), (3.2.6) and (3.2.7) into Eq. (3.2.4), we have

(e 0750y — eap (— (Vo) + (W))="2) (3.28)

With this result and Eq. (3.1.34), the characteristic function takes the from
o Ye s x *
bo(2) = exp (——(Nb>z z) : (3.2.9)
K

Using Eq. (3.2.9) into Eq. (2.2.6), the Q function can be expressed as

A 1
QB B) == /d2zexp (——z*z + 2" — zﬂ*) . (3.2.10)
T a
Integrating Eq. (3.2.10) over z using the relation given by Eq. (2.1.56), we get
. Aa .
Q(B", B) = — exp(—af”p), (3.2.11)
where
a=— (3.2.12)
P)/C<Nb>

One can check that the QQ function is normalized to A.
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3.3 Photon statistics

The statistical properties of a light beam can be described in terms of the mean
and the variance of the photon number. Here we wish to calculate the mean and
the variance of the photon number for the cavity light generated by two-level laser

employing the QQ function.

3.3.1 The mean photon number

According to Eq. (2.2.21) the mean photon number for the cavity light can be

expressed as
d2
n= [ SPa 9. 9), (3.3.1)
where

Ad(B%,8) = BB = A, (3.3.2)

is the c-number function corresponding to the operator function A(a',a) in the
anti-normal order.

On account of Eqs. (3.2.11) and (3.3.2), expression (3.3.1) can be rewritten as

n= %/d% e BB B — ). (3.3.3)
This can be put in the form

__afdd 23 ,—aB*B+bB+cB*

n = P (d_c% )\) /d B e |b:c:07 (3'3'4)

so that on carrying out the integration over [ using the relation (2.1.56), we obtain

B d d be
.. (%% _ A) cap (;) et (3.3.5)

Performing the differentiation and applying the condition b = ¢ = 0, we get
n=——A\ (3.3.6)
Upon introducing Egs. (3.1.34) and (3.2.12) into Eq. (3.3.6), we easily find

A= (N, (3.3.7)



so that in view of Eq. (3.1.41), the mean photon number has at steady state the

n=1c < ralV ) . (3.3.8)

K \YetTa

form

We note that for the two-level laser operating well above threshold (7. < r,), Eq.
(3.3.8) reduces to

A= N (3.3.9)
K
and for the same laser operating at threshold (v. = r,), we have

%
= N 3.3.10
n=g- (3.3.10)

3.3.2 The variance of the photon number
The variance of the photon number can be expressed as
(An)? = (7?) — (A)>. (3.3.11)
With the help of Eq. (2.1.1), one can check that
((a'a)?) = (a*a™) — 3X(aa') + N2 (3.3.12)
According to Eq. (2.2.21) the expectation value of 7* can be written as
~ 2 d2ﬁ * *
(i) = | S-QE" A AB" ) (3.13)

where A,(8*, B) is the c-number function corresponding to the operator function

A(a',a) in the anti-normal order. Using the fact that

Al(B,B) = BB = 385" + N, (3.3.14)

along with Eq. (3.2.11), we can express Eq. (3.3.13) as

<ﬁ2> _ %/d256a6*ﬁ(525*2 . 3)\ﬁ5* + )\2)7 (3315)

which can be rewritten in the form

&2 d d ) )
(n*) = % {—— —3A——+ AQ} / d?Be B PHOERET (3.3.16)

dc? db? dcdb
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so that carrying out the integration using the relation given by Eq. (2.1.56), we

get

. d? d d d be
(A?) = (@% — 3)\%% + )\2) exrp <E> lb=c=0- (3.3.17)

Performing the differentiation and applying the condition b = ¢ = 0, one easily

finds

2 3\
n2) = — — 25 4 A2 3.3.18
(n”) R + ( )

Substituting Eqgs. (3.1.34) and (3.2.12) into Eq. (3.3.18), we have

) = (%) ) + () ()2 (3.3.19)

Y K

Now in view of Egs. (3.3.7) and (3.3.19), one can write Eq. (3.3.11) as

(An)? = (%)2 (V) (ML), (3.3.20)

We see from Eq. (3.1.41) that for the two-level laser operating well above threshold

(No) = N, (3.3.21)

(Ny) = 0. (3.3.22)
Therefore, for v. < r,, the variance of the photon number turns out to be
(An)* = 0. (3.3.23)

This represents the normally-ordered variance of the photon number for coherent
light. On the other hand, we observe from Eq.(3.1.41) that for the same laser
operating at threshold,

N

(Na) == (3.3.24)

so that in view of this and Eq. (3.1.23), we get

(Ny) = 3 (3.3.25)
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As a result, for 7, = r,, the the variance of the photon number is
(An)? = n?, (3.3.26)

which represents the normally-ordered variance of the photon number for chaotic

light.

3.4 Quadrature variance

We next proceed to calculate the quadrature variance for the plus and minus

quadrature operators defined by
a, =a' +a, (3.4.1)

and

a_ =i(a' —a). (3.4.2)
The quadrature variance can be expressed as
(Aax)? = (a3) — (ax)>. (3.4.3)

Furthermore, the expression for plus and minus quadratures can also be written

in terms of the oparators a and a' as
(Aay)? = N+ 2(afa) + (@) + (@) F (a)? F (') — 2(a)(a'). (3.4.4)

Now we are in a position to determine the expectation values in Eq. (3.4.4). Thus

according to Eq. (2.2.21) the expectation value of @ can be expressed as

~ dQﬁ * *

@ = [ 5209 A5, 5. (3.45)
In view of Eq.(3.2.11) and the fact that A,(5*,8) = B, Eq. (3.4.5) takes the form

@="2 [ s (3.46)
This can be put in the form

oy @ d [ ps s prbpresr

(@) = —— [ d°Be b0 (3.4.7)

7w db
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so that integrating Eq. (3.4.7) over § using the relation defined by (2.1.56), we
obtain
d be

(a) = A lb=c=0 - (3.4.8)

Differentiating Eq. (3.4.8) with respect to b and applying the condition b = ¢ = 0,
we get

(@) = 0. (3.4.9)
In a similar manner, it can be established that
(a*) = 0. (3.4.10)

On account of Eq. (3.4.9) and Eq. (3.4.10) along with their complex conjugates,
Eq. (3.4.4) reduces to

(Aas)® = X+ 2(ata). (3.4.11)
Moreover, taking into account Eqgs. (3.1.34) and (3.3.7), one easily obtains
(Aas)’ = % ((M) + <Nb>) : (3.4.12)

It can be readily established that the quadrature operators satisfy the commuta-
tion relation

la_,a,] = 2@%(& — ). (3.4.13)

Thus with the aid of this result, we find

Aa,Aa_ > Je
K

(Na) — <Nb>’ : (3.4.14)

Now in view of Egs. (3.3.21) and (3.3.22) together with Eq. (3.4.12), we see that

for the laser operating well above threshold
(Aay)? = (Aa_)?* =0, (3.4.15)

with 7 given by Eq. (3.3.9). In addition, on account of Egs. (3.3.24), (3.3.25) and

(3.4.12), we see that for the laser operating at threshold

(Aay)? = (Aa_)? = 2n, (3.4.16)
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in which 7 is given by Eq. (3.3.10). This represents the normally-ordered quadra-

ture variance for chaotic light.

We define coherent light to be a light mode in which the uncertainties in the
two quadratures are equal and satisfy the minimum uncertainty relation. On
account of Eq. (3.4.14), we note that for the laser operating well above threshold,
AayAa_ > n. Hence on the basis of this result and Eq. (3.4.15), we assert that the
light generated by the two-level laser operating well above threshold is coherent.
We have seen that the quadrature variance for this case takes the relatively small
value described by Eq. (3.4.15). However, this value markedly differs from the
corresponding value for an ideal coherent light [19]. This must be due to the
fact that the coherent light generated by the two-level laser is represented by
operators with vanishing mean. Perhaps it is also worth mentioning that whenever
the laser coherent light is used as a driving or pump mode, we may replace the
operators representing this light mode by the square root of the steady state mean
photon number. Such replacement transforms the laser coherent light into an ideal

coherent light.
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Chapter 4

Superposition of Two-Level Laser
Light Beams

4.1 The Q-function

We proceed here to obtain the QQ function for the superposition of two identical
cavity light beams produced by a two-level laser. We recall that the Q function

for the superposition of the two light beams can be expressed as

2

A
Q) = = [ @3E1Q0F Na = 1)Q0N" Na - 9)
X exp [—Aa"a — A\G*F — MYy + Aaf” + Aay’]
X exp [Aa*f + Ay — A\By" — A3 (4.1.1)

On account of Eq. (3.2.11), one can write

A
Q\B" da — \y) = a—exp(—a)\zozﬁ* + aX?f*y), (4.1.2)
T
and
* aX 2 * 2 *
QMY da — AB) = —exp(—aXay™ + a\“ 7). (4.1.3)
T

Upon substituting Eqs. (4.1.2) and (4.1.3) into Eq. (4.1.1), we have

4,2
Q(\a*, \a) = )\W—?e_m*o‘/dQ'yexp(—/\v*v—F/\oz*v—i-/\cw* —aXay*)

X /dQBexp [=AB"B 4+ AMa — 7"+ a\y") B + Ma — ada + ary — )57,
(4.1.4)
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so that integrating Eq. (4.1.4) over ( using the relation given by Eq. (2.1.56), we

get

Ag 2 2 %
—Ze’“ o a/deyea:p(—a)\z@—a)\)fy*’y+a)\2a*7—|—a)\2(1—aA)av*)
s

Q(Aa*, \a) =
(4.1.5)
Performing the integration over v using the relation defined by (2.1.56), we easily

find

a\ a\?
* = — — * 4.1.
Q(Aa™, \a) 7T(2_&)\)63317( 5o a), (4.1.6)

and employing new variables defined by Eqgs .(2.2.3) and (2.2.4), the Q function

turns out to be

QB B) = 7T(2+)\a/\) exp <—2 _aa/\ﬁ*ﬁ> : (4.1.7)

One can check that the Q function is normalized to .

4.2 Photon statistics

Here we seek to determine the mean and the variance of the photon number for

the superposed light beams employing the Q function.

4.2.1 The mean photon number

The expectation values of normally ordered operators using the QQ function can be

expressed as
1
T2

() = = [ EadsQ(, 5)l(ald) P45, a), @2.1)

in which A, (8%, @) is the c-number function corresponding to the operator function

A(a',a) in normal order and

,  ( aa BB a8 aff
|{a| B)|*= exp ( 3 3 + 3 + ) (4.2.2)
With the help of Eq. (4.2.1) and the fact that
A, (B, a) =B, (4.2.3)
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the mean photon number of the superposed light can be evaluated as

(#6) = / PadQ(o”, B)|(alB)P e (4.2.4)

Now applying Eqs. (4.1.7) and (4.2.2), one can put Eq. (4.2.4) in the form

n—#/d%zex —&*& «Q
T A2 —a)) PATTN

prB 2(l—ada’f  apty .
x/d%exp(— 3 + N2 —a)) + 3 )B.

(4.2.5)

So that carrying out the integration over 5 using the relation given by Eq. (2.1.56),

there follows

~ 2a(l—aN) d d )
St S _
T2 —aNZdedd / aerp (

a * *
5 ¥ + ba + co ) lb=c=0- (4.2.6)

Further, integrating Eq. (4.2.6) over a using the relation given by Eq. (2.1.56),

~ l—a)\ d d 2 —aA
n=2 (m) dedb ‘””p( p bc) 0. (4.27)

Performing the differentiation and applying the condition b = ¢ = 0, we get

we obtain

2
n=——2\ 4.2.8
s (123)

Substituting Eqs .(3.1.34) and (3.2.12) into Eq. (4.2.8), we arrive at

7= 225(N,), (4.2.9)

K
so that in view of Eq. (3.1.41), the mean photon number has the form

[ TN
7 =22 ( T ) . (4.2.10)
R ,YC _I— Ta

This result shows that the mean photon number of the superposed light beams is
a simple sum of the mean photon number of the separate light beams.

It then follows that for v, < 7., Eq. (4.2.10) reduces to

7=22N (4.2.11)
K

which is twice the mean photon number found in Eq. (3.3.9) and for 7. = r,, we
have

i =-°N, (4.2.12)
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which is also twice the mean photon number given by Eq. (3.3.10).
These results shows that, the mean photon number of the superposed light beams
for each of the cases, 7. < r, and 7. = r, is the linear sum of the mean photon

number of the individual light beams respectively.

4.2.2 The variance of the photon number

The variance of the photon number for the superposed light can be expressed as
(An)? = (aa?) + 2X\(a'a) — (n). (4.2.13)
Here according to Eq. (4.2.1), the expectation value of af24% can be written as

1
(7% = — / PadB0(a", B)|(a| B An(B", o) (4.2.14)
where
An (B, Q) = B2a?, (4.2.15)

is the c-number function corresponding to the operator function A(a', @) in normal

order. Employing Eqgs. (4.1.7), (4.2.2) and (4.2.15), one can easily establish that

A2 A a a*a
<GT2&2> = m/ane:Up (— b\ )062

BB 20 —adaB aBt\ .
x/d%exp(— Tt CEEY +— >62.

(4.2.16)

So that integrating Eq. (4.2.16) over /8 using the relation given by Eq. (2.1.56),

we find

da(l —aX)? d* &*
(2 —aX)? d?cd?b

(a"a?) = d*aexp (—2 _aa)\a*oz + ba + ca*) lp=c=0-
(4.2.17)
Furthermore, integrating Eq. (4.2.17) over « using the relation given by Eq.

(2.1.56), one easily gets

21 —a\)\’ & & 2 — a\
AT242\
<“ ““(m) Poa P\ Ta ) e 42.18)

Performing the differentiation and applying the condition b = ¢ = 0, we obtain

8 16\
~t242 2
(a™a?) = 8\ T (4.2.19)
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Thus taking into account Eqgs. (3.1.34) and (3.2.12), Eq. (4.2.19) can be expressed

as
(a™a%) = 2n? (4.2.20)
and
ox(afa) = 225R(N,) — 72, (4.2.21)
K

With the aid of Eqgs. (4.2.20) and (4.2.21), expression (4.2.13) turns out to be
(An)? =2 (%) A Ny) (4.2.22)
On account of Egs. (3.3.21) and (3.3.22), for . < r,, we easily get
(An)* = 0. (4.2.23)

On the other hand, we see from Eqgs. (3.3.24), (3.3.25) and (4.2.22) that for

Ye = Tq, the variance of the photon number becomes
(An)? = 4n”. (4.2.24)

This represent four times the normally ordered variance of the photon number for

a single chaotic light.

4.3 Quadrature variance

We know proceed to calculate the quadrature variance. To this end, we note that

the variance of the plus and minus quadratures is expressible as
(Aas)® =2\ + 2(a'a) + (a®) + (a'?) F (@) F (a")? — 2(a)(a'). (4.3.1)
According to Eq. (4.2.1), the expectation value of a® can be written as
@) = = [ e 50, 9)lal8) (132)

Employing Egs. (4.1.7) and (4.2.2), one can write

A2\ a 2 _O‘*O‘ 2
(a)ﬁz/\@_a)\)/daemp( /\)a

g8 2(1—aX)a’f | ap
x/d%exp(— + NCEEY +— )

(4.3.3)
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Integrating Eq. (4.3.3) over § using the relation given by Eq. (2.1.56), one finds

oy a d? 9 a . .
@) = oy | Foe (~imeatba b hca (434

Further, integrating Eq. (4.3.4) over a using the relation given by Eq. (2.1.56),

. 1—a\\ & 2 —al\
(a?) =2 (m) %exp ( . bc) lb=c=0- (4.3.5)

Moreover, performing the differentiation and applying the condition b = ¢ = 0,

we obtain

the expectation value of a? turns out to be

(a®) = 0. (4.3.6)
Following similar procedure, we readily obtain

(a) = 0. (4.3.7)

Employing Eqs. (4.3.6) and (4.3.7) together with their complex conjugates into

expression (4.3.1), we get

(Aas)?® = 2\ + 2(a*a), (4.3.8)
and thus taking into account Eq. (4.2.9), one can easily verify that

(Aay)? = z% (<Na> + <Nb>> . (4.3.9)

It can be readily established that these quadrature operators satisfy the commu-
tation relation

la_,as] = 4i5(N, — Ny). (4.3.10)
K
Thus on account of this result, we obtain

AayAa_ > i
K

(N,) — <Nb>] . (4.3.11)
Now in view of Egs. (3.3.21), (3.3.22) and (4.3.9), we see that for 7. < r,
(Aay)? = (Aa_)?* =n, (4.3.12)

with n given by Eq. (4.2.11).
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On account of Eq. (4.3.11), we note that for 7, < r,, the uncertainties in the plus
and minus quadratures are equal and satisfy the minimum uncertainty relation,
Aa;Aa_ > n. Hence on the basis of this result and Eq. (4.3.12), we assert that
the light generated by a pair of superposed two-level laser light beams for 7. < r,
is coherent. Furthermore, for 7, = r,, we obtain from Eqgs. (3.3.24), (3.3.25) and
(4.3.9) that

(Aay)? = (Aa_)? = 2n, (4.3.13)

in which 7 is given by Eq. (4.2.12). This is twice the normally-ordered quadrature
variance for a single chaotic light. This result shows that for 7. = r,, the light

generated by a pair of superposed two-level laser light beams is chaotic.

35



Chapter 5

Conclusion

Taking into account the interaction of the two-level atoms with a cavity mode, we
obtained the equations of evolution of atomic and cavity operators. Then using the
solutions of these eqautions, we determined the Q-function of the light produced
by a two-level laser. Employing this Q-function, we have computed the mean

photon number, the variance of photon number and the quadrature variance.

We have found that for the two-level laser operating well above threshold, the
uncertainties in the plus and minus quadratures are equal and satisfy the minimum
uncertainty relation. In view of this, we have identified the light generated by
the two-level laser operating well above threshold to be coherent. Moreover, we
have observed that the light generated by the two-level laser when operating at

threshold is chaotic.

On the other hand, we have obtained the ) function for the superposition of a
pair of two-level laser light beams. Applying the resulting @ function, we have
calculated the mean and variance of the photon number. Our result shows that
the mean photon number of the superposed light beams is a simple sum of the
mean photon number of the separate light beams. In addition, we have found that
the variance of the photon number for the superposed light beams is four times

the variance of the photon number of a single chaotic light.
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