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Abstract

This paper concerns the existence of solutions of a second order non linear boundary
value problem with a derivative depending non linearity and posed on the positive
half line. The derivative operator is time dependent. Upon a priori estimate and
under a suitable growth condition, the Schauder’s fixed point theorem combined with
the method of upper and lower solutions on unbounded domains are used to prove
existence of solutions. A uniquness theorem is also viewed and some examples are used
to illustrates the obtained results.



Notations

R The set of all real numbers.
N The set of all natural numbers.
l|£]] Euclidean norm of ¢t = (ty,ts, ..., t,) € R", ie. [[t]| = (>0, t7)Y/2.

|
B(yg,a)  Closed ball of radius a about the point .
C[0,00)  The set of continuous function on [0, 00).

C10,00) The set of 1-times continuously differentiable function on [0, cc).



Chapter 1

Introduction

The method of upper and lower solutions provides an effective tool to produce exis-
tence theorems for frist and second order initial and boundary value problems. In this
paper we are concerned with the existence of solution to the following boundary value
problem,

z' (1) — K2(t)z(t) + q(t) f(t, z(t), (1)) = 0,t >0 (1.1)
z(0) = 0,2(4+00) =0

where ¢ € C(0,00) () L'(0,00) while the nonlinearity f : I x R x R — R and the
coefficient k : I — (0, 00) are continuous. Here I = (0, +00) refers to the positive half
line.Since boundary value problems on the infinite intervals arise in many application
from physics, chemistry and biology, there has been so much work devoted to the in-
vestigation of positive solutions for such BVPs in the last couple of years.superlinear or
sublinear nonlinearity are considered. when nonlinearity is not necessarily positive,the
Schauder fixed point theorem is combined with the method of upper and lower solu-
tions on unbounded domains to prove existence of solutions. In this case ,the Nagumo
condition is assumed in the nonlinearity. A uniqueness result is also given under a
monotonicity condition.

The positivity of solutions is motivated by the fact that the unknown x may refer
to density,a temperature or the concentration of the product. For instance the linear
differential equation —x" 4 cz’ + Az = 0(c, A > 0) which can be rewritten in reduced
form as:—x" + k*z = 0 stems from combustion theory.

Indeed, if we set

Then
! I !
r =uz+uz
1" 1" !/ 1
= =u z+2uz +uz

Thus,

—r der A =—(u 2422 4uz ) +e(uz+uz) + Mz
=t 24 (=27 +e2)u + (=2 4+ ¢z + A2)u



Setting —2z" + ¢z = 0,we have

where A is constant.
Consequently,

—2 ez + Xz = —(%)/ + %z + Az

C C2

=57 —i—EZ—i-/\z

02 02
=——2+—=-2z+ X
4 2

62

And hence,

—z der + r=—uz+ (=2 + ¢z + M)
2

= —uz4+ (A + Cz)zu
2

:p@w4A+%mp:o
2

:>—u"+()\+cz)u:0

2

= —u" + k*u = 0.where, k* = X + CZ

Therefore, —z" 4 cx’ + Az = 0 was reduced to —z" + k%z = 0.
In order to construct a Green’s function of the corresponding linear problem:

a' (t) — k*x(t) = 0,t > 0 (1.2)
z(0) = O,tlirgo z(t) =0

A Green’s function is constructed out of two independent solutions y; and y, of the
homogenuous equation.Then the Green’s function G(z, s) is

yi(s)yz(x) -

G(z,s) = {Z(l(ll,):?)((s))’lfx > s
’ 1(x)y2(s .

wrme) T <8

where w(y1,y2)(s) is wronskian of y; and ys.
If k is costant, then the Green’s function G(¢,s) of problem (1.2) can be explicitly

expressed by:
(ekt_efkt)efks 3
(e )™ ift> s
G(t,s>:{ By T2

ks__,—ks\,—kt
e gy o
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In the general case when the constant k is replaced by a bounded function k = k(t),
Green’s functions of the associated problem (1.2) cannot be explicitly expressed by
elementary functions. This makes our approach more difficult.



Chapter 2

Basic Notions and Mathematical
prelude

2.1 Definitions

Definition 2.1.1. [6/ A Banach space is a vector space with a norm such that every
cauchy sequence converges to a limit in the space. We also say the space is complete.

Example 2.1.1. [6] The familiar vector space R™ with the norms defined for x =
T

(X1, T2y oy Tp) ",
[z]ly = |z1] + |w2| 4 ... + |2a)
lells = (21 + feal’ + .. + |aa]*)?
2] 00 = max |2;]
are all Banach spaces.

Definition 2.1.2. [6] Let T : X — Y be a mapping between two Banach spaces. Then
1)T is called continuous if for each x € X and each € > 0 there exists a § = 6(x, &) > 0
such that for every y € X

ly — 2l <0 = [IT(y) = T(x)lly <e

2)A bounded linear operator T : X — Y is called completely continuous if, for every
weakly convergent sequence (x,,) from X the sequence (T'(x,)) is norm convergent in'Y .
3)If X a reflexive Banach space, then every completely continuous operator T : X —Y
18 compact.

Definition 2.1.3. [3] we say that
a)A function a is a lower solution of problem (1.1) if o € C*(0,00) () C?(0,00) and

o' (t) = K*(t)a(t) + q(t) f(t, at), @ () > 0
a(0) < 0, a(+00) < 0.
b)A function 8 is an upper solution of problem (1.1) if B € C'[0,00) () C%(0,0) and
B(1) = K (DB(E) + gD F (£, B(2), B (1)) <0
£(0) >0, 8(+00) > 0.



Example 2.1.2. [}/ consider the boundary value problem:

"

x () — (sint +3)%x(t) + e (t +2(t)) = 0,t > 0

2(0) = 0,2(4+00) =0

Since a(t) =0 is a lower solution. Because,

= o (t) — (sint + 3)%a(t) + e (t + a(t)) = te™*

t
=t =—>0,¥t>0
e

and in addition a(0) < 0, a(+o00) < 0 Similarly B(t) = t is un upper solution. Because,
= B(t) — (sint + 3)2B(t) + e~*(t + B(t)) = 2te* — t(sint + 3)*
We know that

2
= 2te”" — t(sint +3)* = t[= — (sint +3)%] <0,V > 0

e
and in addition $(0) > 0, B(4+00) > 0
Therefore, a(t) = 0 and 5(t) =t are a lower solution and an upper solution of a given

example respectively.

2.2 Mathematical tools

The theorem which we state and prove in this section are very important in under-
standing the whole work of this paper.

Theorem 2.2.1. (Lebesgue dominated convergence theorem )

Suppose f, : R — [—00,00| are (Lebesgue) measurable functions such that the point-
wise limit f(x) = lim, o fu(z) exists. Assume there is an integral g : R — [0, o] with
|fu(@)| < g(x) for each x € R. Then f is integrable as is f, for each n, and

lim fndp:/ lim fndu:/fd,u

Proof. Since |f,(x)| < g(z) and g is integrable, [, | foldp < [, gdp < co. So f, is
integrable. We know f is measurable (as a pointwise limit of measurable functions)
and then, similarly,|f(z)| = lim,, o | fn(2)| < g(x) implies that f is integrable too.

The proof does not work properly if g(z) = oo for some . We know that g(z) < oo
almost everywhere. So we can take E = {z € R : g(x) = oo} and multiply g and each
of the functions f, and f by 1 — xg to make sure all the functions have finite values.
As we are changing them all only on the set F of measure zero, this change does not
affect the integrals or the conclusions. We assume then all have finite values.

Let h,, = g — f,, so that h,, > 0. By Fatous Lemma

fimint [ (o= fu)d > [ timink(o = £)dn = [ (9=

n—oo

>



and that gives

liminf(/ gd,u—/fndu):/gdu—limsup/fnd,uz/gdu—/fd,u
n—00 R n R n—00 R R R

limsup/andug/Rfd,u (2.1)

n—o0

or

Repeat this Fatous Lemma argument with g + f,, rather than ¢ — f,,. We get

lim in /R (9+ Fu)dp > /R liminf(g + f,)dj: = /R 9+ F)dp

n—o0

and that gives

liminf(/ gdu+/fndu) :/gd,u+/liminffndu2/gdu+/fdu

/liminffndMZ/fdu (2.2)
R R

or

n—o0

combining (2.1) and (2.2), we get

/fdug/hminffndughmsup/fndpg / fdu
R R T n—oo JR R

which forces

/fd,u: / liminf f,dy = limsup/ fndp

and that gives the result because if limsup,,_, . a, = liminf, .. a, (for a sequence
(@)% ), it implies that lim,,_, a, exists and lim,,_,~ a, = limsup,,_, . a, = liminf, . a,.

]

Theorem 2.2.2. (Leray-Schauder fized point theorem )
Assume that X is a Banach space and that T : X — X is a continuous compact map-
ping. Moreover assume that the set

U {zeX:a=7(x)}

0<A<1

is bounded. Then T has a fized points.

Proof. Assume that the mapping T satisfies the hyphothesis in the theorem. Pick a
R > 0 such that z = A\T'(z) and 0 < A < 1 impilies that |[z|| < R.
Define the mapping 7" : x — x as follows;

5 {Tm,zf T (@)l < R

T (@), if IT@)) > R

This implies that T:2— zisa compact operator. To show this take a bounded
sequence (z,)2% ; in z. Then there exists a subsequence (z,,,)5>; such that ||T(z.)|] <

6



R for all k or ||T'(zn)|| > R for all k. In the first case (T'(x,x))72; has convergent
subsequence, since f(xnk) = T(xy) and T is compact mapping. In the second case
we get that (T(x,x))72; has a convergent subsequence, denote it by (7'(z;))52, for
convenience. But then it follows that also ||T'(z;)|| > R for all 1. Hence we obtain
T(x;) = mT(aq).

Set k = CoT(B(0,1)).

Here k is convex (it is the convex hull of a set), compact (the convex hull of a compact
set is compact and Tisa compact mapping) subset of x such that T : k — k. Schauder
fixed point theorem implies that T has a fixed point xg € k. But x( is a fixed point
for T if ||T(zo)|| < R. Assume that ||T(zo)|| < R. This yields a contradiction since
xg = T'(x9) = AT'(xg), where A = W}azo)\l € (0, 1), since according to the hyphothesis of

the theorem it should follow that ||T(zo)|| = ||zo]| < R. O



Chapter 3

Auxiliary Lemmas And Modified
Problem

First, let us state some assumptions:

(Hp) The function k : I — [0, 00) is bounded and continuous and 3d € [k, k], Vp >
0, lim, o0 e [ €*[k?(s) — d?]ds exists.
Where k := SUDye(0,00) k() > 0 and k := infiep o) k() > 0.

(Hp) There exists a <  lower and upper solutions of problem (1.1) respectively.

() g = supscpo o tlalt)léy ()} < oo and By == supyep, o0 {IB(1)02" (1)} <

oo,where ¢ ' (t) 1= @#(t)

(H3) There exist continuous functions ¢ : I — [0,00) and h : R — [1,00) such that

/0 " p(s)a(s)ds < oo,

and
|f(t, 2, 9)| < ()h(y),V(t,x,y) € D x R

where D? is defined by

D= {(t,z) € (0,00) x R:a(t) < z(t) < (1)}

«

(Hy) ay = sup,cp+ o (t) < 00, By = inf;cp+ B (t) > —oo and for any y € R and
t € (0,00),we have

y < B(t) = f(t.B(t),y) < f(t,B(t), B (1))

y>a(t) = f(talt),y) > f(t,alt),a (1)
(Hy)" ay = sup,cp+ [0 ()] < co,and By := infiegs |8 ()] < oc.



3.1 Basic Lemmas

Lemma 3.1.1. [5] Assume that (Hy) holds. Then the cauchy problem

1"

z (t) — kK*(t)x(t) =0,t >0 (3.1)

2(0) = 0,2'(0) = 1
has a unique solution ¢, defined on [0,+00). Moreover ¢ is defined nondecreeasing

and unbounded.

Proof. By the existence and uniqueness of solution for intial value problem, we know
that problem (3.1) has the unique solution ¢, defined on [0, c0).

Suppose the contrary that ¢, (t) = 0 for some ¢, € (0,00). By the boundary condition
2'(0) = 1,y > 0. We may assume that ¢, > 0 on [0,%,). Thus ¢; is strictly increasing
on [0,%). On the other hand,we have from problem (3.1) that ¢; (to) = k%(to)au (to) > 0
and accordingly ¢y is a minimum value point. This is a contradiction.

By the above proof, we can infer that ¢, (t) = k*(t)¢1(t) > 0,t € (0, 00). Therefore,¢,
is unbounded. L

Lemma 3.1.2. [5] Assume that (Hy) holds. Then the problem
z (t) — k*(t)z(t) = 0, > 0 (3.2)
z(0) =0, lim z(t) =0
t—o0
has a unique solution ¢y defined on [0, +00), moreover
$a(t) > 0,6,(t) <0, € [0, 00).
Proof. Let us divide the proof into several steps.

i.We show that equation (3.2) has a solution v with u(¢) > 0 in [0, c0).
Let us consider the following

"

z (t) — k*(t)z(t) = 0,t € (0,n) (3.3)

z(0) =1,2(n) = 0.

We claim that for each n € N, problem (3.3) has a positive solution u with
u(t) > 0,u (t) < 0,u"(t) > 0,Vt € (0,n) (3.4)

In fact, suppose on the contrary that ¢; € (0,n) is such thatu(¢;) = 0 and u(t) > 0 for
t € (0,t).

Then u'(t,) < 0, since the other case u'(t,) = 0 would imply that u(t) = 0 for t € (0, n),
which is a contradiction. Notice that u'(t;) < 0 and u(t;) = 0 imply that u is negative
and concave down in (t1,t + o) C (t1,n]. Using (3.3), it follows that o may be taken
as n — t; so that u(n) = 0. This contradicts the boundary condition u(n) = 0. Thus,
we get that u(t) > 0 in [0,n), and subsequently, u" (t) > 0,¢ € [0,n). This together



with the fact u'(t) < 0, € [0,7n).
Therefore
w(t) > 0,4 (t) < 0,u (t) > 0,Yt € (0,n).
ii.For each n > 1.We show that u, (t) < u,+1(t),t € (0,n).

Let w(t) := tpy1(t) — uy(t),t € [0, n]
Then

where a := up41(n) > 0.
We claim that
w(t) > 0,w (t) > 0,w (t) > 0,Vt € (0,n).
In fact, suppose on the contrary that ¢, € (0,n) is such that w(ty) > 0 and w(t) > 0
for t € (ta,m).
Applying the same method used in (i), we may deduce

w(t) > 0,w (t) > 0,w" (t) > 0,¥t € (0,n).

iii.Define the functions wu, : [0,00) — [0, 00) by

() = {un(t),t € [0,n]

0,t € (n,00)
Then u, € C[0,00). Moreover, we have from (i) and (ii) that
0 < u,(t) <1,t € (0,00).

and

(1) < Uo(t)r. < Un(t)... t € [0, 00).

Let u*(t) := limy_o0 Uy (t), t € [0, 00).
Then u* € C[0,00) [ C?0,00) and u* is actually a solution of the problem (3.2).

iv.By the maximum principle we can infer that «* is a unique solution of the problem

(3.2). O
Lemma 3.1.3. [5] Assume that (Hy) holds. Then

 dy(t)
tliglo $2(1)

Proof. Since the equation 2" — k(t)z = 0,t > t, > 0 has a solution f : [ty, +00) —

R satisfying lim; . f(t) = 0 and lim; J;(—(tt)) = —m if and only if there exists a

continuous function b : [tg,00) — R such that, V > ty and Vg > 0,b(t) = k(t) — m? and
limy oo €™ f(f e?b(s)ds = 0. Then the problem (3.2) has a solution z(t),t € [0, 00)
satisfies

——d

lim z(t) = 0, lim z(®) =—d
t—o0 t—o00 $(t)

10



Then
i.If 2(0) = 0 and 2'(0) < 0. Since lim; ,o z(t) = 0, hence there exists n > 0 and
t1 € (0,00), such that

z(t)

z(ty) = min{T € [0,n]} <.

So 2" (t;) > 0. On the other hand, 2" (¢;) = k*(t1)x(t;) < 0. This a contradiction.
ii.if (0) = 0 and 2'(0) > 0. Then a desired contradiction can be deduce by the same

method from (i).
iii.If #(0) = 0 and 2'(0) = 0. Then z(t) = 0,¢ € [0,00). However, this contradicts

rO _ g,

hmt—mo z(t)

Hence z(0) = b # 0, denote u(t) := @ then u(0) = 1, limy_,o u(t) = 0,lim;_, 7;(—(5)) =
—d. By Lemma (3.1.2), we get that u(t) = ¢2(t) in [0, 00).
Therefore,

¢’ (t)

A (1)

= —d.

Lemma 3.1.4. [5] Assume that (Hy) holds. Then there exists M > 0 such that
sup ¢y (t)¢a(t) < M

t€[0,00)

Proof. Assume that (Hy) holds. Then by Liouville formula,

P1(t) = c1¢2(t) + 02¢2(t)/0 @d&

for some constants ¢; and c¢s.
Applying the L’Hopital rule, it follows that

tli)m G1(t)p2(t) = c1 lim @3(t) + ¢ lim qb%(t)/ %(S)ds
o0 t—o00 t—o0 0 2
. ¢5°(t)
= 8 630050
L alt)
T

S 2d
Hence, there exists M > 0 such that

sup ¢1(t)¢a(t) < M.

te[0,00)

]

Lemma 3.1.5. [5] Assume that (Hy) holds. Then for any function y € L'(0,0), the
problem

{x”(t) — K (t)x(t) +y(t) =0, t>0 (3.5)

z(0) =0, z(4+00) =0

11



15 equivalent to the integral equation

() = /0 TG )y(s)ds, £ 0 (3.6)
where
s) = ¢1<t)¢2(5)7 52t7
Glt.s) {¢1<s>¢2<t>, 1> 81

Proof. First we show that the unique solution of problem (3.5) can be represented by
equation (3.6).
In fact, we know that the equation

z'(t) — K} (t)x(t) =0, t e (0,00),

has known two linear independent solutions ¢; and ¢,

since W (¢1(0)¢2(0)) = ¢1(0)¢/2(0) - (/5,1(0)%(0) =—¢1(0) = -1 #0.
Now by the method of variation of constants, we can obtain that the unique solution
of the problem (3.5) can be represented by

x(t) = /000 G(t,s)y(s)ds, where G(t,s) is from Eq (3.7).

Next we check that the function defined by equation (3.6) is a solution of problem
(3.5).
Then, we know that

o) = [ Gl
[ oroatouonts +at)+ [ outsiontntsyis

T /¢1 $)ds + 6, (t /@ (s)ds

/¢1 (s)ds + Gy(B)n ()y(t) + 611 /¢2 (5)ds — 6,(£)oa(B)u(t).

This implies that

So that

2 (8) = K0z (t) = W(h1(1), d2(8))y(t) = W (61(0), d2(0)y(t) = —y ().

It is easy to see that G(0,s) = 0 implies x(0) = 0.
Applying the facts that sup,c(g o) ¢1(t)¢2(t) < M and y € L0, 00).
It follows that for any € > 0, there exists N; > 0 such that

[ ool < [ s < /s, v

12



From lim;_,o, ¢2(t) = 0, we have that there exists Ny such that

1 (N1)ga(t) /000 ly(s)|ds < €/3, Vt> Ns.

Let N := max{Ny, No}. Then for t > N, we get
o0 =1 [ aihanous)ds + [ or0oalslulns
0 ¢

</ 61(8)6a (1) y(s)ds + Ntcpl(s)@(t»y(s)\dw / " b(0)dals)ly(s)ds

< 61(N)s () / ly(s)ds) +2m [ y(s)lds

Ny

<€/3+2/3=c¢.

Therefore, lim; o, z(t) = 0. Now, we have from (Lemma 3.1.5) that for y € L0, 00), the

problem
z' () — hx(t) +y(t) =0, t € (0,00),

z(0) =0, tliglo x(t) = 0.

and
z (t) — H*x(t) +y(t) =0, t e (0,00),

z(0) =0, tliglo x(t) = 0.

are equivalent to the integral equation

() = /0 Gt )y(s)ds,

and -
nlt) = [ Galt,o(s)ds
0
Where (eht_efht)efhs > t
—7 S — )
Gl (tv S) = { (ehsfe%}zs)e—ht
o t2s
and
(th_eth)e—Hs s > t
G2<t7 8) == (eHS,e%Lf[IS)eth’ =
D
respectively. O]

Lemma 3.1.6. [5] For any (t,s) € [0,00) x [0, 00),
Go(t,s) < G(t,s) < Gi(t,s) < 1/2h

Where h = k

13



Proof. From
(eht_efht)efhs s > t
Gl<t78) = {(ehsem}m)eht’ -
e t2 s,
We can easily deduce that G1(t,s) < 1/2h in [0, 00) X [0, 00).
Next, we only show that G(t,s) < Gi(t,s). The other case can be treated by the same
way.
Suppose on the contrary that there exists (to, sg) € (0,00) x (0, 00), such that
G(to, 80) > Gl(to, 80).
Let
Oa 0 S t S S0 — €,

t—50+¢€ So—€<1t< s,
So+e—1t, so <t < sy+ke,
0, sp+e<t<oo.

Then § € [0,00) N L'[0,00) and §(¢) > 0 in [0, 00). Let x1(t), z2(t) be the solution of
z'(t) = hPa(t) +§(t) = 0, t € (0,00),
z(0) =0, tliglo x(t) =0.

and
x//(t) — H2x(t) +9(t) =0, te(0,00),

z(0) =0, lim z(t) = 0.
t—00

Let z(t) be the solution of

"

x (t) — k*x(t) +9(t) =0, t € (0,00),

z(0) =0, lim z(t) = 0.
t—r00

Lemma 3.1.7. [2] For any t € (0,00), we have
0 < ¢y()pa(t) <1 and —1< ¢i(1)ey(t) < 0.

Proof. Since {1 (t)¢2(t)} is the fundamental system, we have that ¢y (t)dy(t)— ¢, (t)da(t) =
—1 which means that ¢, (t)go(t) + (—é1(t)d4(t)) = 1. Then our claim follows from the
sign and the monotonicity of ¢, ¢o. From (Lemma 3.1.1) and (Lemma 3.1.2), we have
P1(t) >0, pa(t) > 0,6, (t) > 0 and ¢y(t) < 0 and {¢1, 2} are monotonic functions. [

Lemma 3.1.8. [2] Vt € (0,00), we have
Ky := / k?(s)pa(s)ds < oo.
0

Proof. By (Lemma 3.1.3), it is clear that the function v = % satisfies the Ricatti

equation u" + u?> = k? both with the terminal condition u(4+o00) = —d. Hence if, by
contradiction, u(0) = —oo, then u'(0) = —oo, which is impossible. Thus —oco < u(0) <
0 and as a consequence —oo < ¢5(0) < 0 which implies that 0 < ky = —¢5(0) < oo, as
claimed. ]
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3.2 The Modified Problem

Now consider the Banach space
r = {x € C'0,00) : limy_, ;o x(t) and lim,_, o, ' (t) exists} equippied with the norm
[|2]] = max{supye(o,c0) [2(£)|, SUDsefo,00) [ (£)]}-

Lemma 3.2.1. [5] Let M C X. Then M is relatively compact in X if the following
conditions hold

(a) M is bounded in X,

(b) the functions belonging to Y : y(t) = ¢4(t)x(t),x C M are locally equicontinuous on
{07 +OO)7

(c) the functions belonging to'Y : y(t) = ¢5(t)x(t),x € M are equiconvergent.

Proof. Define a cone of X,
P={zeX:x(t)>0,t > (0,00), and z(t) > L¢(t)||z|} Define operator T:

Ta(t) = [ Glt.syms) (s, () + Mf(5)ds
Let

o0

M, = /OO G(s,8)pa(s)a(s)m(s)ds < oco. My = / G(s,5)py " (s)b(s)m(s)ds < oo.

T T

(a) Let D C P is bounded, Then there exists M > 0 such that ||z|| < M,Vz € D.
We show that T'(D) is bounded in X.
For any = € D, applying (Hp) — (H,) and (H;)', we have

o0

P20 = sup | [ Gt )m(s)f(s.a(s) + G5(s))as
< sup| OOO DG, s)m(s) (s, 2(s) + 0(s))ds
<a 0°° 62(5)C (5, 5)m(s)(as) + b(s)](s))ds
< 2Oy + MaljalP)
< ot + 2

Which implies that 7'(D) is bounded in X.

(b) We show that the functions belonging to {(Tz(t)¢%(t)) : * € D} are locally
equicontinuous on [0, oo].
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For any x € D and any T > 0, if ¢;,t5 € [0,T] with ¢; < t9, we have that

[05(t) T (tr) — ¢ (t2) T (2 |—|/ G(t1, 5)03(t1) — Glta, 5)5(t2))m(s) f (s, 2(s) + @5 (s))ds]
S/O (G (t1, 8)65(tr) — G(ta, 5)95(t2)[m(s)(a(s) + b(s)|z[")ds
+/TOO\G(t17$)¢S’(t1) G(tz, 5)3(t2)|m(s)(a(s) + b(s)|z|")ds
=/0T|G(t1,8)¢§(t1) Gtz 5)3(t2)|m(s)(a(s) + b(s)|z|")ds
+ 11 (t1)d5(t1) — ¢1(t2)¢§(f2)|/T ¢2(s)m(s)(a(s) + b(s)|z[")ds

Then, we know that

[ osatsmisns < oo [T ko mis)as < o

So for any € > 0, there exists § > 0, such that for any ¢;,t, € [0,7] : ¢t; < ty and
|t1 — t2| < (5,

|05 (t1) T (ty) — @5 (t2)Tx(ts)| < €, Vo € D. Since T is arbitrary, the functions belonging
to {(Tz(t)¢5(t))} : © € D are locally equicontinuous on [0, c0].

(c) We show that the functions belonging to {Y : y(t) = ¢§(t)x(t),x C M} are
equiconvergent.
Let

Then o > 0. Since limy_,o ¢2(t) = 0, we have that for all € > 0, there exists T > 0,

such that
he

t)—-0| <
|¢2( ) | (H(Ml + MQMP)
Thus, it follows from the above € > 0, there exists T > 0, such that z € D and ¢t > T
imply
0 < ¢5(t)T(t)

oo

= [ &(t)G(t, s)m(s)f(s,x(s) + Mh(s))ds

)7, Vit € (T, 00).

[e.e]

= 05(0) | 4G Imls) (5 2(5) + M(s))ds

<507 [ oG Im) als) + H)el5))ds

<505 [ G atem(ds + ] [ on(s) G5, bls)m(s)as)
< 65(0) (M + MylJel?)

< G3() 2 (M + MoM?)

<
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This is, the functions belonging to {Y : y(t) = ¢5(t)z(t),» C M} are equiconvergent.
O]

The method of upper and lower solutions, involves truncation and penalization
techniques. For this purpose we introduce the following functions. Choosing M, >
max{ M, || ||, [| 8 ||cc ||, We define the truncation map u : T x R x R — R? as follows:

(B(t), 5(1), if =(t) < B(t),
(a(t), o' (1), if =(t) > a(t),

u(t7x7y> - (x7M0)7 Zf 6(t) = l’(lf) S « t)7 Yy > M07
( .

(7, 9), otherwise.

Given two continuous functions o and 3 such that o < 3, we define the truncated
function f by

) Fat, B(1),y) + gy B() < =,
[tz y) =9 frlt,z,y),at) <z < B(1),

Fa(t, o), y) + et < a(t).

Where
f(tha _R)7y < _R7
fR(t7x>y) = f(taxay)7|y‘ S R7
f(t,z, R),y > R.
and the real number R is such that R > max{|a1/|, |f1]}-
Finally, consider the modified problem

7 ~

a' (1) — K2 (O)z(t) + q(t) f(t, z(t), z (t) = 0,t € (0, 00) (3.8)

z(0) = 0, z(4+00) = 0.

17



Chapter 4

Existence and Uniqueness of
solution

4.1 A priori Estimates

Proposition 4.1.1. [2] Assume that either (Hy) and (Hy) or (Hy) and (Hy) hold.
Then all possible solutions of the problem (3.8) satisfy

at) < a(t) < Bt), Yt e I

Proof: We prove that x(t) < 3(t),Vt € I. Suppose, on the contrary that sup;¢jy oo (—
B)(t) > 0. since (z — B)(+00) = —f(+00) < 0 and (x — £)(0) = —5(0) < 0, then there
exists o € (0,00) such that z(ty) — B(to) = sup(x — ) (o) > 0: hence (" — ") (o) <0
and ' (ty) — B (to) = 0. Moreover, by the definition of an upper solution, we have the
successive estimates:

(x" — B")(to) = K> (to)x(to) — C](to)f:(toa z(to), 7 (to)) — B (to)
>k (to)x(to) — q(to) f(to, 2(t), ' (to)) — k> (t0)B(to) + a(te) f (to, B(to), B (to))

(6 — x)(to)
1+ (8 = x)(to)|

(
= K2(to)(z — B)(to) — a(to) fr(to, B(to). B (o)) — a(to)

+ q(to) f (o, B(to), B (to)
> —q(to)[fr(to, B(to), B (to)) — f(to, B(to), B (to))]-

To check that the last right-hand term is nonnegative, we distinguish between two
cases:

)
(

e (a) In cases (H,) holds, consider the subcases:
(a1) B'(ty) < —R implies that |3;| > R which does not hold true.
(a2) If =R < §'(to) < R, then fg(to, B(to), 8 (o)) = f(to, B(to), B (t0))-

(a3) If 5'(to) > R, then fr(to, B(to), 5 (to)) = f(to, B(to), R) < f(to, B(to), 5 (o))
follows from the first part of (Hy).
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e (b) If (Hy) hold then —R < f'(t;) < R. Consequently fr(to,5(to), 3 (to)) =
f(to, B(to), B (to)). Our claim is then proved leading to a contradiction.

Similarly, we can prove that x(t) > «(t), vt € [0, 00|
Remark 4.1: [2] Assumption (Hy) is essential in proposition 4.1.1.

4.2 The Truncated Problem

Theorem 4.2.1. [2/ Under assumptions (Hy), (Hy) and (Hs), the truncated problem
(3.8) has at least one solution in .

Proof:Since solving problem (3.8) amounts to proving existence of a fixed point
for T, let us consider the operator T': X — X defined by

(T)(t) = /OOO G(t,s)a(s) [ (s, x(s), ' (s))ds (4.1)
(a) T: X — X is well defined. Let x € X.From [~ ¢(s)q(s)ds < oo and |f(t,z,y)| <

, T
Y(t)h(y),Y(t,z,y) € D x Rwhere D? := {(t,x) € (0,00) x R: a(t) <z < B(t)},we
get

(Tr)(t) < / "Gt s)q(s) Fls, (), 7' (5))ds
< / " Gt 5)a()((s)h( (5)) + 1)ds
iﬁ /O " () (Hy(s) + 1)ds

00,

IA
)

A\

Where Hy = Hy(r) = maxg<,<,/ #(¢). From the monotonicity of ¢; and ¢, together
with Lemma 3.1.7, we obtain that

(Ta) (1)) = | / "Gt s)a(s) Fls, o(s). 2 (s))ds]
.y / 61(3)0n(D)q(s) T (5. 2(s), 7' (5))ds + / " 61(0)6a()a(s) Fls, 2(s), 2 ())ds]

< / 1B (D)a(3)|F (5. 2(5), 2 ()]s + / " B(9)0a(5)a()| T (5. 2(s), ' (5))ds
< / 2()|F(s. 2(s), () |ds + / " ()| Fs.x(s), 2 () ds.

Hence

o0

(Tz)'(2)] S/ a(s)| f(s.w(s),'(s))Ids

< / " () (Hotb(s) + 1)ds

< 00.
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Lemma 3.1.5 implies that lim;_,., Tz(t) = 0. Moreover

I

lim (T) () = lim [ / 61(5)a(t)g(s) (s, (s )7$/(S))d8+/too 61(1)0a(s)q(5) f (s, 2(s), &' (5))ds].

t—>oo t—o00

For s < t, we have

Jim 01(s)03(0) = Jim 01510052
. (1)
B tlggo Glt5) i t1—>oo oo (1)

=0.

Hence for any € > 0, there exist N > 0 such that for ¢t > N, we have

A1(s)(1) _fo s)(Hot(s) + )dS::g

and then

/@ 9651 f((>%»@s[3@@w®+nw3a

For s > t, we have , ,
¢1(t)Pa(s) < ¢1(t)ga(t) <1

Therefore,

0.

Jim | [ 61 (06a(90a(5) F(s.5) ' 6))ds| < Jim | [ a(s) (How(s) + )
It follows that
lim (Tz) () = 0.

t—o00

b) T : X — X is continuous. Let (z,)n,en be a sequence converging to some limit x
in X; then there exists v > 0 such that ||z| < and ||z,]| < 7.
Let H, = maxo<¢<y h(t). We have

Awﬁﬁﬁﬁwdﬁwﬂﬂwaﬂ&dﬁﬂﬂ@wsSZAMM$H%W$+4M&<w(4%
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and

o

1T, — T zmax{tes[lolgo)l i G(t,5)a(s)[f (s, 2a(s), 2, (5)) = f(s,2(s), ' (s))lds,
sup | OoGt(t $)a(s)[f (s, wa(s), 2,,(5)) — f(s,2(s), 2 (s))]ds[}

te[0,00) JO

< max{i/m a(s)f (s, 2a(s), 2, (5)) = f(s,2(s), 2 ()] ds,

sup / 161 (D)6 (D1a(5) | F(5, 2a(5), 2,(5)) — F(5,2(5), 2" (5))|ds

te[0,00)

+ [ eI s ra(s)(5) = s (). (5D s
< max{ / 4(3)1F (5, 2a(5), () — Fs,2(s), 2 () lds,
/w(lf(sxn(S) () = Fls,a(s), ' ()lds}:
< max{l, 2} [ ) s (s) (5) = sl (),

From continuity of f, (4.2) and the Lebesgue dominated convergence theorem, the
last term goes to 0 as n — oo.

c) T : X — Xis compact. Let B be any bounded subset of X and let x € B. Then
there exists v > 0 such that |z| < 7.
First, notice that as above we have

1T < max{1, 2k}/ (s) + 1)ds
< Q.

Now, given T' > 0 and to, ¢; € [0, 7], we have the estimates
(T)to) = (T2)(0)] < [ 161t0,5) = G, la(e) (Ho(s) + 1)ds
/ Glto,5) — Glt1, 9)la(s) (Hyh(s) + 1)ds
# [ lon(taen(s)  on(t)oa(s)la(s) (Hvs) + 1)ds
/ Glto,5) — Gltr, 9)|a(s)(HL(s) + 1)ds
+ [61(to) — da(tr)] /0 o) (H,(s) + 1)ds.

By(Hj), the continuity of the Green’s function and the Lebsgue dominated convergence
theorem, we get

i 1G09) — Gl o) () + 1)ds =
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In addition, from (Hj3) we have fooo ¥ (s)q(s)ds > oo and the continuity of ¢, imply that

lim  [¢1(to)da2(s) — d1(t1)pa(s |/ +1)ds = 0.

|t1—t0‘ —0

Hence the right-hand term goes to 0 as [t; — tg] — 0. Moreover, for ¢, < t;, the
following estimates hold true.

(T2 () = (Ta) (0] < [ [Galtns) = Galt ) (Hro(s) + 1
/ (Gulto, s) — Galtr, 9)la(s) (Hyap(s) + 1)ds
(Gultos5) — Gulta, 9)lals) (Hyb(s) + 1)ds
/ Gulto, s) — Gults, 9)la(s) (H,(s) + 1)ds
+ [ 1Gultar) = Giltr, la(s) (H(s) + 1
< / 01(5)|63(t0) — Go(t)la(s)(HLb(s) + 1)ds
b1 0)0006) — 6 ()60l () + 1)
[ 6u(6)161 ) — ela9 005) + 1)
+ [ a9l o) = 10)la(o) (Ho(s) + 1)
Consequently,
(T2 1) (1) ()] < aa)ltt0) — 60 [ als) (Hrots) + s
+ (161(12)6a(t2)] + 161 (8)6 (1)) / () (Hyi(s) + 1)ds
+16)(t0) — 611 / (H,(s) + 1)ds
#161(t0) = o1(0)] [ als)(H () + 1

each of the four terms above tends to 0 as |t; —ty| tends to 0, proving that Tz is almost

equicontinuous.
To prove equiconvergence, we first notice that lim;_,o|c T#(t) = 0. Moreover from
limy 01500 ¢2(t) = 0 and [ q(s)(H,1(s)+1)ds < oo, for any e > 0, there exists N > 0
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such that for ¢ > N, the following estimates hold true:

0 <sup|Tz(t) — 0

zeEB

<sup/ G(t,s)q(s)|f(s,z(s), 2 (s))|ds

/¢1 oo (£)q(s) (Hyp(s) + 1) ds+/ 61()62()a(s) (Hy(s) + 1)ds
= [ o0t + 0t + [ @ OR0ats) (H6) + 1
+ [ oiton(slale) H () + s

/ 01(5)0a(0)0(s) (H,(5) + s+ [~ 61(0)0a(0)a(s) (H(5) + 1
/ 01(1)6a(D)a(s) (Hyp(s) + 1)ds

< 6N >¢2<>/ 0(6) (Hy(s) + s+ M [~ ds

+M/ ds

e € €
Tzt)| < -+=-+-=c¢.
ilelg| x()|_3+3+3 £

Furthermore, for any € > 0, there exist N > 0 such that for t > N

Hence

6 (6n(0)] = 16 ) (2D 44— a)

¢2(t)
A0
< G(t,s )y¢§< ) +d| +dG(t, s)
< 2]() o 1)ds
and
[ S0as)a(e) (Hots) + s < [ als
<
=2
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As a consequence, for ¢ > N, we obtain the estimates

ilelg!(Tw)'(t) —tlggo(Tiv)'(t)\ Zilelgl OOGt(t s)a(s)| f(s,z(s),2'(s))ds|
Sigg! 9251 $)6y(t)a(s) f(s, x(s), ' (s))ds|

+ / 61(6)62()(5) F (5, 2(5), 2’ ())ds]
< [ 116 0Nate) Hrvts) + s
/ 61 (1) ba(s)(s) (Hab(s) + 1)ds

IN

5
2 2

Thus we have proved equiconvergence of T ending the proof that T is completely
continuous. Finally, by the Leray-Schauder fixed point theorem, we deduce that T has
at least a fixed point x, solution of problem (3.8).

4.3 The Original Problem

Theorem 4.3.1. [2] Assume that either Assumptions (Hy) — (Hy) or (Hy) — (H3) and
(Hy)' hold. Then problem (1.1) has at least one solution x having the representation

_ /O TGt $)a(t) (s, 2(s), 7 (s))ds

With
a(t) <z(t) < p(t),t € [0,00),
Where G(t,s) is the Green’s function defined in (3.7).

Proof. From [;* h(s = 400, we can find two real numbers R > max{|a|,|51|} and
1 > 0 such that
R ds 00
—— > komax{ag, o} + ¥(s)q(s)ds (4.3)
g N(s)

and

n > max{ sup 2D =0 M},
te[y,00) 13 tely,00) t

for some v > 0.

Note that a(t) < appa(t) < o and B(t) < Bopa(t) < Bo.

(a) By (theorem 4.2.1), problem (3.8) has at least one solution in z. In addition,
(proposition 4.1.1) implies that any solution x of problem (3.8) satisfies the bounds

at) < x(t) < B(t).

Hence f(t,z(t)a’(t)) = falt, z(t)2' (1)), ¥t € (0,00).
(b) Tt remains to prove that |z(t)| < R, for every ¢ € [0, 00).
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Case 1. Assume that |z'(t)| > 7, V¢ € [0,00) and that 2'(t) > n,Vt € [0,00). Then for
t > 7, we have

which is a contradiction. Hence there exists ¢, € [0, 00) such that |2'(t0)] < n.
Case 2. If |z'(t)] < n,Vt € [0,00), then one may take R = maz{|ay|,|5|,1}-
Case 3. There exists an interval [tg,?1] C [0, 00) such that either

|:1:l(t0)\ =n,and, :L‘,(t) > n,Vt € (to, t1]

or

|2’ (t1)| = n, and, ' (t) > n,Vt € [to, t1).
For the sake of brevity, we only consider the first case. Using the fact that |z(t)| <

(201, 500) 6 1), we get

[ it~ I e

< max{ sup (|B(t)|¢; (1), sup (Ja(t)éy" (1))}

te[0,00) t€[0,00)
/ K2(5) o (s)ds + / o(s)0b(s)ds.

Hence

(tl) -
/x/(to) ha(l; < ko max(f, a) —I—/O q(s)(s)ds



Then x/(tl) < R. Since t; and t; are arbitrary, we obtain that if 2'(t) > 7, then
r'(t) < R, t €]0,00) yielding that fr(t,z(t), 2 (t)) = f(t,z(t), 2 (t)). This means that
x is a solution of problem (1.1), which completes the proof of the theorem.

Remark 4.3.1. [2] The condition h(s) > 1 in (Hs) is not essential; in fact it is

sufficient to suppose h(s) > hgy for some hy > 0. Indeed, in this case (S) > 1 and then
we have to write in the above estimates:

w’(tnﬁ "R (s)|2(s)] + q(s)v(s)h(a'(s))
/x/(to) h(s) = /to h(ZL‘/(S)) ’
b (s)) (R R (s)]2(s)| + q(s)(s))
34 h(z'(s))

S

ds

0

< [ GOl + alyie)is
< [ ROkl + [ o

0 to

< hiko max (o, ) —{—/0 q(s)¥(s)ds.

0

So we have just to modify (4.3) by

/77 % > hiokg max ([, ) + /OOO q(s)(s)ds.

Our second existence result is

Theorem 4.3.2. [2] Assume that all conditions of Theorem 4.3.1 are satisfied but (Hs)
replaced by

(Hy) ki = [;° k*(t) max(|a(t)], |B(t)])dt < co. Then problem (1.1) has at least one
solution x having the representation

_ /0 TGt $)a(t) (s, 2(s), 7 (s))ds

and such that o(t) < x(t) < B(t),t € [0, 00).

Proof. From [}
such that

h‘fi) = 400, we can find real numbers R > max{|o|, 51|} and 7 > 0
/Eds > b+ [ als)ulo (14)
s)u(s)ds. :
: h(s) 1 . q

Then the proof runs parallel to the proof of Theorem 4.2.1 with R replaced by R.
However, in Case 3 of the proof of Theorem 4.2.1, we have the following estimates
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instead:

Finally, we complete the proof using (4.4). ]

Remark 4.3.2. [2] Contrarily to (Hs), assumption (Hs) allows the upper and lower
solutions to be unbounded.

4.4 Uniqueness of solution

The following result complements Theorems 4.3.1 and 4.3.2

Theorem 4.4.1. [2] Assume that f = f(t,x,y) is continuously differentiable in x and
y for each t > 0 and satisfies either the conditions of Theorem 4.53.1 or Theorem 4.2.1
together with

(Hs) f(t,x,y) is nonincreasing in x for each t and y fived.

Then problem (1.1) has a unique solution x such that

a(t) < x(t) < B(t),Vt > 0.

Proof. Suppose there exist two distinct solutions xy, 25 of problem (1.1) and
let z := x1 — x5. By the mean value theorem, there exist 6, ¢ such that

/ / 0 10
b, 2,5) = flt,20,2) = 250 (16,0) = 2 5L (1.0,9),

Assume that z(¢;) > 0 for some ¢; and that z has a positive maximum at some t, < oco.
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Then, with (Hs), we have
0 Z Z”(to)
= k*(to)z(to) + q(to) [ f (to, w2 (to), w5(t0)) — f(to, x1(to), 7, (t0))]

= K2(t0)2(t0) — a(t0) 3 (100, )2(t0) — altn) 5 (10,0, )2 (1)

= 2(to) [k (to) — q(to)g—j:(to, 0,¢)]
> 0.

Leading to a contradiction. Hence sup z(t) = limy_,o 2(t). But lim; o, 2(¢) = limy_,oo[z1(t)—
xo(t)] = 0, which is again a contradiction, ending the proof of the theorem.

4.5 Illustrative Example

Example [2] Consider the boundary value problem

2 (t) — K2 () (t) + q(t)[z(t) (20 (t) + c(t)] = 0, > 0 (4.5)
z(0) = 0,z(+00) =0,
Where 6 = ﬁ and p is a positive integer. The positive functions ¢ = ¢(t) and

g = q() satisfy q(t), $(t)q(t) € C(0,+00) N L'(0,00) and 0 < c(t) < —2(t)(6)°(1).
The function k verifies (Hy).

Then «(t) = 0 and B(t) = ¢o(t) are respectively lower solution and upper solution with
a < . Moreover

Q= SUP;[,00) 1 ()03 (£)} = 0 and By = sup;ep,0 {B(t) |07 (1)} = 1.
Then (H;) and (H) are satisfied. As for (Hj), one may take ¢ (t) = ¢o(t) and h(y) =
(Jy] + 1 +7) > 1 with v := —(¢,)?(0) so that, for 0 < z < ¢(t), we have

[f(t,2,9)] = lay” + c(t)]
< da(t)lyl” — d2(t)(6,)° ()
< &a(1)(Jyl’ — (6)°(0))
< da(t)([yl + 1+ 7).

as well as
| vsiats < o
0
and
/°° ds B /°° ds
o h(s) Jo s+1+7y
= +00.
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Regarding (H,),we have

Qp 1= SUpyepr o (1) = 0
B = infieps dy(t) = —Jy" #2(s)ds = — [T k¥ (s)a(s)ds = —ko.

In addition,for any y € R and t € (0, 00),we have

)y
y>a(t)=y>0= f(talt),y) =ct) = f(t,a(t),a'(t)).

Therefore,theorem 4.3.1 yields that problem (5.1) has atleast one solution = such that

{y <B(t) = [t B(t),y) = o2(t)y’ + c(t) < G2(t)(¢2) (1) + c(t) = f(£. (1), B(2))

0 < z(t) < ¢olt), ¥t > 0.
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Summary

In this work, we have discussed some existence results and also a uniqueness theorem
for problem (1.1). This problem has the particularity that the differential operator is
time depending.

The existence of an upper solution and a lower solution to a boundary value problem
implies the existence of solutions lying in between the upper and lower solutions. When
in each problem,we have developed the upper and lower solution method on infinite
intervals of the positive half line together with the Leray-Schauder fixed point theorem
to prove the existence of problem (1.1).
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