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PRELIMINARIES
1.1. Lattice and Semi-lattice.
      a)  A lattice is an algebraic structure (X,, ) satisfying the following axioms for 
          all a, b, c  X.
(i)   Idempotent laws: a  a = a, a  a = a;
(ii) Commutative laws: a  b = b  a; a  b = b  a;
(iii)  Associative laws: (a  b)  c = a  (b  c), (a b)  c = a  (b c);
(iv)   Absorption laws: a  (a b) = a, a  (a  b) = a.
     b)    A semi lattice is an algebraic structure (X, , ) satisfying the axioms 
         listed in (i -iii) above.  The symbols  and  are   join and meet respectively.
1.2. Meet Semi lattice.
      Definition.1.2. 1.
A meet  semi lattice is an algebraic structure ( X  ,  )consisting of a non-empty set X with a binary operation  called meet  such that for  all  x, y  and z of  X the following holds:
A) Idempotent law:  a  a  =  a;
B) Commutative law: a   b =  b  a;
C) Associative law: (a b)c = a(bc).





1.3. Boolean Algebra
        Definition 1.3.1
Let     and  be two binary operations on the set X.  The algebraic
Structure   (   X,   ,  ,   ‘,  0, 1  ) is a Boolean algebra, if for arbitrary
elements a, b, and c  X the following axioms are satisfied:
(i)  Idempotent  laws:       a    a  =  a,       a    a  =   a;
(ii)  Commutative  laws:    a  b   =   b     a,   a    b  =  b  a;
(iii) Associative  laws:  (a   b)   c  =  a  (b  c),  (a  b)  c  = a  (bc);
(iv) Absorption  laws:          a  (a  b)  =   a  ,  a   ( a    b)  =  a;
(v) Distributive  laws:    a  (b  c )  =  ( a ᴠ b )  ( a ᴠc ),   (b  c) a = (  b a )  ( c a );
(vi) Involution:                 a’’  =  a;
(vii) Complements:      a a’  =  1 ,  a   a’  = 0;
(viii) Identities:           b 0  = b , b  1 = b;
(ix)  b  1  = 1,  b    0  = 0;
(x) De   Morgan’s law:  (a b)’ = a’ b’, (ab)’ = a’  b’.
Example.
     The algebraic structure (P(X),,   ,  ’ , , X) ,where P(X) is a power set of X
      equipped with binary operations   and  are the unary operations  ‘  of
      complementation is a Boolean algebra.
1.4. Equivalence relation and Order relation 
        Definition1.4.1
a) A relation R on a set a set X is said to be an equivalence relation if it satisfies the following three conditions:
(i) R is reflexive,
(ii) R is symmetric, and   (iii) R is transitive.
         Example:
             Let Z = the set of integers. Let R be a relation on Z defined as xRy x – y =    
              5m for some m Z. Then R is equivalence relation on Z.
b) A  relation R on a set X  is called   an order relation  or partial ordering if it satisfies the three  conditions:
(iii) x  R x   for all x   X,(reflexive)
(i) x R y  and  y R x  imply x  =  y,(ant symmetric)
(ii) x R y  and  y R z  imply   x R y  for  all x , y ,z  X, (transitive).
Example.     Let    R    be a   relation on N defined as (a, b) R if and only  
if   a/b.  R is a partial ordering on N.
            NOTE
· We shall possible to denote an order relation by the symbol “ “. 
· The set  X together  with  a  partial ordering  “   “   , that  is ,  (X, )  is 
called a partial ordering  set  or order set.
(c) A partial  ordering “    ”  on  a set  X  is  called  a  total  ordering   if  and  only   if  either  x y   or  y   x  for  all x , y    X.  A set X with a total ordering is called a total ordered set or a chain.
Example.   The set of natural numbers and real numbers with the usual ““
are chains.
1.5. Upper bounds and Lower bounds of a Set.
Definition 1.5.1
Let   S be a subset of partially ordered set X.
i) An  element  x0  X  is  called  an upper bound  of  the set  S if  for every  x    S,  the  condition x   x0  is   satisfied.
ii) An  element  x0   X  is  called  lower  bound  of  the  set  S  if  for  all  x    S , the  condition x0  X  is  satisfied.
1.6. Supremum and Infimum of a set
Definition 1.6.1
Let   S be a subset of partially ordered set X.
i)  If  S  is bounded  above,  then  a  number  u  is  said to be  a  lub  of S if  it  satisfies  the conditions: 
a)  u   is  an  upper  bound  of  S  and  
b)  If   v   is   any upper bound of   S,   then u v.
ii)        If   S   is   bounded below, then a number w is said to be an infimum of  
         S if it satisfies the conditions:
1) w  is a lower bound of S and 
2) If   t is a lower bound of S then t  w.












CHAPTER   TWO
SUBTRACTION   ALGEBRA
2.1. Definition and examples
Definition 2.1.1 An algebraic structure (X, -) is said to be  
                            subtraction algebra if the following conditions hold:
(S1)          x   -   (y   -   x)   =   x,
(S2)         x   -   (x     -   y)   =   y   -   (y   -   x),
(S3)         (x   - y)  -  z   =   (x   -   z)   -   y, for all x, y, z X.
Example 1.  Let A be   any   set. Then   (P (A), \) is subtraction algebra, where P (A)    
  is a power set of A and “\” is usual relative compliment.
Proof 	
Let A be any set and B, C, D P (A). We want to show (P (A), \) is subtraction algebra.
S1) B \ (C \ B) = B \ (C  B’) = B  (C  B’)’ 
                                                 = B  (C’  B)
                                                 = (B  C’)  (B  B)
                                                 = (B  C’)  B = (B \ C)  B = B
 S2) B\ (B \C) = B \ (B C’) = B  (B  C’)’
                                               = B  (B’  C)
                                               = (B  B’)   (B  C)
                                               = (C  C’)  (B  C), B B’ = C C’
                                               = (C  C’)  (C  B)
                                             = C  (C’  B)
                                             = C \ (C’B)’
                                            = C \ (C   B’)
                                            = C \ (C \ B)
S3) (B \ C) \ D = (B   C’)  D’ = B  (C’  D’) = B (D’  C’)
                                                     = (B  D’)  C’= (B \ D) \ C
Hence for any set A, the P (A) is subtraction algebra.
Example2.Let X = {0,a, b, c} in which “–“is defined by table.
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Then (X,-) is a subtraction algebra.
Example 3. Let  X  =  { 0 , a , b , c , d }  in which  “  -  “  is defined by the table 
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The(X,-) is a subtraction algebra.

2.2. Lemmas and theorems in subtraction algebra

Lemma 1.

            Let (X, -) be a subtraction algebra.  Then

(i)  ( a  -  b )  -  b  =  a  -   b

(ii)   a   -   a     =   b -   b for all   a, b X.

Proof.    
(i)     ( a  -  b )  -  b   =   ( a  -  b )  -  { b  -  ( a  -  b ) }, b  -( a  -b)  =  b

                                  =    a   - b   , by   (S1)

(ii)      a  -   a    =  [a - (b – a)] - [a - ( b - a)] , since  a  - ( b – a )  =  a

                         =   [a   -   (a - (b – a))] - (b - a)
                         =    ((b  -  a)  -  [(b  -  a)  -  a])  -  ( b  -  a )
                         =    [ (b  -  a)  -  ( b -  a)]  -  ( b  -  a) 

                         =     [( b  -( b  - a))  -  a ]  -  (b  - a)

                          =    [( a  -  ( a  -b )) -  a]  -  (b  -  a)

                           =    [(a  -  (a  -b ))  -  ( b -  a)]  -  a

                           =   [(a - (b –a)) - (a - b)] - a

                           =     [a   -   (a   -b)] - a

                            =     [b   -   (b   - a)] - a

Similarly      b - b   =   [a – (a –b)] –b 

                                 =   [b – (b –a)] –b 

Then          a –a    =   [b – (b –a)] –a  

                               =  [( b  -  (a  -  b))  -  { (b  - (a  - b))  - a}]  - a ,   b –(a –b) =b  

                               =  [(b  -  (a  -  b))  -{(b  - a)  -  (a  - b)}]  - a

                               = [(b  - (a  -  b))   -  a ]  -  [(b  - a)  -  (a  -  b)]

                               = [(b  - a)  -  (a  - b)]  -  [  (b  - a)  -  ( a  -  b)]

                               = [(b  - a)  -  [ (b  - a)  - (a  -  b)]]  -  (a  -  b)

                               =  [(a  - b)  -  [(a  -b)  -  (b  - a)]]   -  (a  - b)

                               = [(a  - b)  -  [(a  - (b  - a))  - b]]  -  (a  -  b)

                               = [(a - b) - (a - b)] - (a - b)

                               = [(a – (a – b)) – b] - (a – b)
                               = [(b – (b – a)) – b] – (a – b)

                              = [(b – (b – a)) _ (a – b)] – b

                              = [(b – (a – b)) – (b – a)] – b

                              = [b – (b – a)] – b 

                              = b - b

Therefore a – a = b – b for any a, b   X.

 Lemma 2.Let   (X,-) be a subtraction algebra. Then   subtraction 

                  Determines an order   relation on X   defined   by   a b  if and only  

if a – b  =  0 , where  we denote a – a  by  0 for a  X.

Proof.
           Let  (X , - )  be  subtraction  algebra  defined  by a b  if  and only if  a – b = 0. 

We want to show subtraction is   partial ordering.

(i) Let a  X.  Since a – a = 0, we have a  a .Thus “ “is reflexive.

(ii) Let   a, b  X such that   a – b = 0 and b – a = 0. We want to show   a = b.

Then   a   =   a – (b – a)…………by   (S2)  

                 =   a – (a – b)

                =   b – (b – a), since a – b = b – a = 0

                =   b – (a – b)

                =   b ……..by   (S2)   a = b.

                  Hence   ““is anti -symmetric.

(iii) Let   a, b, c  X such that   a – b = 0 and b – c = 0.

We want to show a – c = 0.

(1)  a – b   = [a – (b – a)] – b 

            = (a – b) – (b –a) by    (S3)

            = (b – c) – (b – a), since    a – b = 0 and b – c =0

          = [b – (b – a)] – c 

          = [a – (a – b)] – c 

          = (a – c) – (a – b) 

(a –c)   (a – b) = 0 since (a –b) = 0 & (a –c) – (a –b) = 0

(a – c) 0………………………………………………… (*)

(2)  b – c   =  [b – (a – b)] – [c – (a –c)]

             =   [b – (b –c)] – [c – (a – c)],   since   a – b = 0   and b – c = 0

             =   [c – (c – b)] – [c – (a – c)]

                                  =   [c – (c – (a –c)] – (c – b)

                                  =   [(a – c) – ((a – c) – c)] – (c – b)

                                  =   [(a – c) – (a – c)] – [(c – (a – c)) – b], since c – (a – c) = c

              =   [(a – c) – (a – c)] – [(c – b) – (a – c)]

             =   [(a – c) – [(c – b) – (a – c)]] – (a – c) by   (S3)

            =   (a – c) – (a – c)

            =   [a – (a –c)] – c 

            =   [c – (c – a)] – c 

=   [c – (c – a)] – a, by lemma 1 a – a = c – c 

             =   [a – (a – c)] – a 

            =   (a – a) – (a – c)

 This shows   that (a – a) – (a – c) = 0.

 (a – a)   (a – c)

      0  (a – c), since   a – a   = 0……………………….(**)

          From (*)   and   (**),   we get   a – c = 0.Thus “ “   is   transitive
.
           Therefore   “ “   is   partial   ordering.

Remark 3.   Let   (X   ,   -) be a   subtraction algebra. 

            Then   for   all   x, y,zX    the following are true.

                (a1)   x – 0 = x,

               (a2)  0 – x = 0,

               (a3)  (x – y) – x   = 0,

               (a4)  x – (x – (x – y)) = x – y,

               (a5)  (x – y) –z   = (x – z) – (y – z).

Proof.	

           (a1)  Let   x – x = 0. Then   x – 0 = x –(x – x) = x …….by   (S1).x – 0 = x

          ( a2)  since  x – 0 = x,  then  0 –x  = 0 – (x – 0)  = 0……by  (S1).     0 – x   = 0

           (a3)  (x – y) – x   =   (x – x) – y ……..by   (S3)
                                     =    0 – y =    0.
           (a4)   (x – (x –(x –Y))) = (x – y) – [(x – y) – x)

                                             = (x – y) – 0,   since   (x – y) – x   = 0

                                               = (x – Y) 

(a5) We want to show   (i) [(x – y) – z] – [(x –z) –(y – z)] = 0    and

(ii)  [(x – z) – (y –z)] –[(x –y) – z] = 0

(i) [(x –y) –z] – [(x – z) – (y –z)] = [(x – z) – y] –[(x – z) – (y –z)]

                                                    = [(x – z) –[(x – z) – (y – z)]] – y 

                                                    = [(y – z) – [(y – z) – (x – z)]] – y 

                                                    = [(y –z) – y] – [(y –z) – (x – z)]

                                                     =       0   -   [(y – z) – (x – z)] = 0

· [(x –y) –z] – [(x –z) –(y –z)] = 0…………………..*

(ii) [(x –z) –(y –z)] –[(x –y) –z] =[(x –z) –(y –z)] –[(x –z) –y]

= [(x –z) – [(x –z) –y]] –(y –z)

                                         = [(x –z) –(x –z)] –(y –z), (x –z) –y (x –z)

                                         = 0 –(y –z) = 0

                                     [(x –z) –(y –z)] – [(x –y) –z] = 0   ………………………. **

From * and ** we get (x –y) –z = (x –z) –(y –z)
	
Remark 4.

               Let    (X,-)is a subtraction algebra in which  is partially ordered and
                 [0, a]  = {xX: 0 xa} X.  Define ([0, a],,, , 0, a) by 
                  x  y = x – (x – y), x’ = a – x and
                  x  y =  (x’   y’)’   =  a –[(a –x) –{(a –x) – (a – y)}], for  all  x,  y,z [0,a].
          Then
(i) ([0, a],)   is a meet semi lattice.

(ii) ([0, a],, ,   ‘, 0, 1) is a Boolean algebra.

Proof.

(i) Let   x, y  [0, a]. We want   show   [0, a] is a meet semi lattice.
1)  Idempotent law: we want  to show  x x  =   x

x  x = x- (x- x) = x- 0 = x

2) Commutative  law : we want to show  xy  =  yx

xy  =  x- ( x- y)  =  y- ( y- x)  =  y  x

3) Associative law:  we   want to show   x(y z) =(x  y)  z.

Let x, y, z  [0, a].

(xy)z =(x-(x-y))z = (x-(x-y))-[(x-(x-y))- z]

                                    = (y-(y-x)) - [(y-(y-x)) –z]

                                    = (y-(y-x)) - [(y- z) - (y- x)]

                                    = (y- (y- z)) - (y- x)

                                   = (y-(y-x)) - (y- z)

                                   = (y- (y- z)) - [(y- x) - (y- z)]

                                   = (y- (y- z)) - [(y- (y- z)) - x]

                                 = (yz) - [((yz) - x]

                                = (yz) x = x(yz)

ii) Let x, y, z [0,a] in which 0 and a be  identities elements  of [0,a]  

                with respect  to   and respectively. We want to show ([0, a],,

, ‘, 0, a) is a Boolean algebra.  

1) Idempotent  laws:  we want to show   A) x x  =  a ,   B) x x  =  a

A)  x  x  = (x’  x’)’  = x- [(a- x) (a- x)]

                               = a-[(a-x)-[(a-x)-(a-x)]]

                               = a- (a-x)

                               = x, since a ≥ x

B) x x = (x- (x- x))  = x- 0 = x

2) commutative laws: we want to show A) x y  =  y x, B) x  y  =  y  x

A) x y   = x- (x- y) = y- (y-x)= y   x .Then  is commutative.

B) x y = (x y) = (y x) = y  x.  Then is commutative.

3) Associative laws: A) (x y)  z = x (y z) has been proven in remark 4i.

                                             B) x  (yz) = [x(yz)] = x- (x-(yz))]

                                                                = [(yz)-[(yz) - x]]

                                                                = [(y – (y –z))-[(y – (y –z))- x)]]

                                                                 = [(y – (y –z)) - [(y- x) - (y- z)]]

                                                              = [(y – (y –x)) - (y- z)]

                                                               = [(y – (y –z)) - (y- x)]

                                                              = [(y – (y –x)) - [(y- z)-(y- x)]]

                                                              = [(y – (y –x)) - [(y- (y- x)) - z]]

                                                              = [(xy)z] =(x y)  z

                            Therefore  is associative.

4) Absorption laws:  we want to show  A) x(xy)  =  x,  B) x(xy)= x

A) x(xy)   = x(x y)

                 = x [a- (x y)]

                 = [(a- (x y))-[(a- (x y))-x] 

                 = [a- (x y)] - [(a- x) - (x y)]

                 = [a- (a- x)] -(x y)

                                               = x- (x y) = x- (x y)

                 = x- [(a-x) (a-y)]

                 = x- [(a-x) - {(a-x) - (a- y)}]

                 = x- [(a-x) - {(a-(a- y) - x}]

                 = x- [(a-x) - (y- x)]

                 = x- [(a- x) - (y- x)]

                  = x- [(a-(y- x))-x]

                  = x, by S1

B)    x (xy) = x (x- (x- y)

                                                = [x(x- (x- y))]

                  = [(a- x) (a- (x- (x- y)))]

                        = [(a- x) - [(a- x) -(a- (x- (x- y)))]]

                       = [(a- x) - [(a- (a- (x- (x- y)))) - x]]

                       = [(a- x) - [(x- (x- y)) - x]]

                       = [(a- x) - [(x- (x- y)) - x]]

                       = [(a- x) - [(x- x) –(x- y)]]

                       = [(a- x) - (0- (x- y))]

                       = (a- x)  = x” = x

5) Distributive laws: Take a, x, y [0,a].we want to show  
A) a (x y) = (a  x)  (a  y)   B) a (x y) = (a x) (a  y)

A)   a  (x y)  =  a  (x’ ʌ y’)’  = a  [a- [(a- x)  (a- y)]]

                     = a- (a- [a- [(a- x)  (a- y)]])

                     = a- [(a- x)  (a- y)] = [x’  y’]’  

                     = x y

(a x)  (a  y) =   [(a- (a- x))’  (a- (a- y))’]

                          = a- [a- (a- (a-x))  (a- (a- (a- y)))]

                          = a- [(a- x)  (a- y)] = [x’  y’]’ 

                          = x y

B) a (x y) = [a’  (x  y)’]’ = a- [(a- a) ʌ (a- (x y))]

                                             = a- [0- (0- (a- (xy))] = a- 0 = a

(a x)  (a  y) = a a = a- (a- a) = a- 0 = a

6) Involution: Let x[0,a].We want  to show x = x

x= (a- x) = a- (a- x) = ax = x since a ≥ x

7) Compliments:  we want to show   A) x’  x = a, B) x’  x = 0 for x[0,a].

A) x’  x = [x’  x] =[x  x]= [x- (x- (a- x))]= [x- x]= 0=(a-0) = a

B) x’  x = (a- x)x = (a- x)- [(a- x)- x] =  (a- x)- (a- x) = 0

8) Identities: let x, y [0, a]. We want to show A) xᴠ0 =x and

                                                                             B) x  a=x
A) x  0  = [x’  0’]’  = [(a- x)  (a- 0)]

                                                           = [(a- x) – ((a- x) – a)}= [(a- x)- 0]

                                                          = a- (a- x) = x” =x

B) x  a = x- (x- a)  = a- (a- x)  = x’’  = x, by 6.

9) we want to show       A) x  0 = 0  and  B) xᴠ a  = a

A) x 0  = b- (b- 0) = b-  b =0  and

B) x a = [x a] = [(a- x)  (a- a)] = [(a- x)0]= 0 = (a-0)= a

10) De Morgan’s Laws: let x, y  [0, a] we want to show    

A) (x y)’ = x’y’ and B) (x y)’ = x’ y’

A) x y = [x y] =[x  y]

B) x’ y =  [x y] = [x  y]

Lemma 5

Let   (X,-) be subtraction algebra. Then the following are true.

a)  x- (x- y) y

b) (x- y) - (y- x) = x- y

c) (x - y) - (z- y)  x- z

d) x  y  if and  only if x  = y- w for some w  X

e) x y  imply  x- z  y- z  and  z- y z- x  for  z   X

f) x,  y   z  imply  x- y  =  x  (z-y)

      g)  (x y)  -(x  z)   x  (y- z)

Proof

a) We  want to show [ x- (x- y)]-y  =0

          [x- (x - y)]- y = [y- (y- x)] - y = (y- y) - (y- x) =0- (y- x) = 0

                   Therefore   x- (x- y)  y

b) (x- y)- (y- x) =  (x-(y- x))- y  =  x- y

c) Since  x- y   x   and  z- y z  ,  we  get  (x- y)-  (z- y)   x- z

d) ()    Given   x  y. Then x - y = 0.   Let   y - x = w.

We want to show x = y- w

x = x- 0 = x- (x- y) = y- (y- x) =y - w for some w in X

              () suppose x = y- w for some w  X.  

          We want to show   x y

x- y = (y- w)- y  =(y- y)- w  =0-w  = 0.    x    y

e)    (i)     x< y     x  =y- w  for  some  w X  by  d.

x = y- w    x- z = (y- w) - z    x- z = (y- z) - w  

x- z   y- z   by (d)

(ii)   Let   x   <   y.   Then x- y =0

(z- y) - (z- x) = (z- (z- x)) -y = (x- (x- z)) - y

= (x- y) - (x- z)

= 0- (x- z) =0	

(z- x)   (z- y)

f) x, y < z implies x – y = x (z – y)
	
Proof
	If x < z then x – y < z – y by lemma 5(e).  
But x – y < x and thus x – y < x (z – y).    
Let w = x  (z – y). Then w < x, and w = x w = x – (x – w). 
Also   y  (z – y) = (z - y) – ((z – y) – y) = (z – y) – (z – y) = 0
	Hence w – (w – y) = y  w = x ʌ y  (z – y) = 0
          Therefore w – (x – y) = (w – 0) - (x – y)
			                        = (w –(w –(w – y))) – (x – y)
					      = (w – y) –(x – y)
					     = (x –(x – w)) – y) – (x – y)
					     = [(x – y) – (x – w)] – (x – y)
					     = [(x – y) – (x – y)] – (x – w)
					     = 0 – (x – w) = 0
          => w-(x – y) = 0 x  (z – y) = w < (x – y)
	     Consequently x – y = x  (z – y)
g) x  y) – (x  z) < x  (y – z)
	Proof
	(i) (x y) – (x  z) = (x –(x – y)) – (x –(x – z)
				= (y- (y – x)) – (z – (z – y))<y – z 
	(ii) (x y) – (x z) < x  y = x –(x – y)
					= y – (y - x) < x
		Thus (x  y) – (x  z) < x  (y – z)
Proposition 6
	Let X be a subtraction algebra and let x, y  X. If w X is an upper 
    bound for x and y, then the element 
		x y= w-((w – y) –x) is a least upper bound for x and y.
Proof.  Let w X be an upper bound for x and y. since w – y < w and w– x < w, it follows from lemma 5(f) that(w – y) – x= (w – y)  (w – 
           x) < w – x
         Which implied from lemma (5d) that x = x  w
                                                                 = w – (w –x) < w – ((w – y) – x)
        Similarly x = y  w = w –(w – y) < w – ((w – x) – y)
						= w – ((w – y) – x)
Hence x  y = w – ((w – y) – x) is an upper bound for x and y
      Let a be any other upper bound for x and y, using lemma
5(e) w – a < w – x and w – a < w – y. It follows that w – a  (w – y)  (w –x). Applying lemma 5(e)
x y = w – ((w – y) – x) = w –((w – y)  (w – x))  w –(w – a)  a
      Therefore xy = w – ((w – y) – x) is a least upper bound for x and y.
     Claim: show that w – ((w – y)  (w – x)) = w – ((w – y) – x) for all x, y  X  
                such that x, y  w.
  Proof
         w – ((w – y)  (w – x))   = w- ((w- y) – ((w- y) - (w- x)))
                                           = w- ((w- y) - ((w- (w- x))-y)))
                                           = w- ((w- (w- (w- x))) - y)
                                           = w- ((w- x) - y) = w- ((w- y) - x)

CHAPTER THREE
Ideal of subtraction algebra
3.1. Definition and Examples
Definition 3.1.1
A non-empty subset A of subtraction algebra X is said to be an ideal of X if it satisfies. 
(I1) a – x A for all a in A and x in X
(I2) for all a, b  A, wherever a b exists in X, then avb in A.
Remark 7
     Let A be a non-empty subset of a subtraction algebra X satisfying 
        by definition 3.1.1(I1). Then 0A.
Proof.
Since A ,there existsa A.Then a-a = 0  A by I1.
Theorem 8. Let w be a non-zero element of subtraction algebra X. 
        Then the set (w] = {x  X: x <w} is the least non zero ideal of X 
         containing w.    
Proof
i)  Let a  (w]i.e. a < w and x in X                                        
       We want to show a– x (w]
	           a -x < a <w
         => a – x ≤ w
           => a – x   (w]
ii) Let a, b (w] and xX such that a, b < w.
     We want to show a b  (w]                                                                                                           
    By proposition 6 we have w is an upper bound of {a, b}.This    
 shows that a  b is a least upper bound of {a, b} for 
          a, b  (w]  X.a  b  w  a  b  X a b (w]
	Hence (w] is an ideal of X
iii) We want show that w (w].Since w-w = 0, we have w  w.   
This shows that w  (w].(w] {0}.
iv) Let B be an ideal of X containing w.
We want show that (w]  B
	    Let y  (w]  y <w and so yB.
Hence (w] B. Therefore (w] is a least ideal of X containing w. 
Theorem 9 A non-empty subset A of a subtraction algebra X is an 
           ideal of X  if and only if it satisfies 
         (I1)  (a – x) A for all aA and xX
        (I3)   x – ((x –a) – b) A  for all a, b  A & x X.
Proof.
() suppose A be a non-empty subset of a subtraction algebra x such       that
 (I1)  a – x A for all a A and x X
(I3) x – ((x – a) – b)A for all a, b  A & x X.
        We want to show A is an ideal of X.     
(i) Since A is a non-empty subset of X we have a –x in A for all a  A and x  X by definition 3.1.1
(ii) Suppose that a v b exists for a, b  A. Since w  X and a, b  X,putting a v b =w, by    proposition 6 we get 
     w is an upper bound for a and b.      
       we get avb = w –((w – a) – b)= least upper bound of {a,b}	
	a  b < wa  b   X a b  A by proposition 6 and I3. 
     Hence A is an ideal of X.
() Suppose A is a non-empty ideal of subtraction algebra X. We want 
to show  A satisfies (I1) and (I3).
(1)  For all aA and x X Since I is an ideal of X, we have a –x  A by  definition 3.1.1
(2)  Let A be an ideal of X and let QA be a relation on X defined by
(x, y)  QA  x – y, y – x    A for x, y X
Claim: QA is a congruence relation on X 
Proof.
i) Let x X. Since x – x = 0 A, we get   (x, x)  QA
		Thus QA is reflective.
      ii) Let (x, y) QA. We want show (y, x) QA
	(x, y )   QA  x – y, y – x A
			y – x, x – y A
			(y, x) Q. Thus QA is symmetric 
iii)  Let (x, y)QA and (y, z)QA for all x, y, zX. 
                 We want to show (x, z) QA.
	(x, y)QA x – y,   y –x A and
	(y, z)  QAy – z, z – y A
        Since A is an ideal of X and x-y, y-z  A for all x, y  A and y, z 
           X we get x – z  A……………...  *
     Similarly since A is an ideal of X and y-x, z-y A for all y, z  A 
      and x, y  X we get z – x  A……………………..**
From * and **, we get x – z, z – x  A   for all x, z  A and x, zX
		 x – z, z – x A
		 (x, z)  QA.  Hence QA is of transitive.
Therefore QA is a congruence relation on X. 
 Let a, b  A and x  X and from (i) (x, x) QA.  Since a – 0, b – 0A, we          get (a, 0), (b, 0) QA.
	Hence (x –((x – a) – b), 0)= (x- ((x – a) – b), x – x))
                                             = (x – ((x – a) – b), (x –((x – 0) –0)) 
Assume (x-((x-0)-0), x – ((x – a) – b)) QA, since QA is symmetric  
(x – ((x – a) – b), (x – ((x – 0) –0))) QA.[x – ((x – a) – b)] A.  This completes the proof.
Theorem 10
	Let X be a subtraction algebra. A non-empty subset A of X is an     
ideal of  X if and only if it satisfies the conditions 
(I4)    0  A                                                                                          
(I5) (x – y) – zA and y  A imply   x – z A  for all x, y, z X.
Proof
 () Suppose that A is a non-empty ideal of X. We want to show A satisfy 
       (I4) and (I5)
    (i)    Since I is a non-empty ideal of X, then 0 A (by remark 7)
     (ii)   Let x, y, z X such that (x – y) – z   in A   &   y in A.We want to
     show x – z A. Taking b = 0 and a = y in theorem 9 (I3), 
    we get x –(x – y)A. 
     It follows from x – z = (x – z) – 0
                              = (x – z) – [((x – z) – ((x – y) – z)) – (x –(x – y))] A 
      proving (I5
 ()  Suppose that A satisfies (I4) and (I5).  
       We want to showA is an ideal of X. 
  (i)  Let aA and x X. Then 
      (a – a) – x = 0 – x = 0   (a – a) – x   A by (I4) 
a – x  A by (I5)
(ii)   Since (x – a) – (x – a) = 0
	 (x – a) – (x – a)   A by (I4)
	x –(x – a) A by (I5) 
          Note that [[(x – b) – ((x – a) – b)] – [x –(x – a)]] = 0 for all a, b  A
	[(x – b) – ((x –a) –b)]- [x-(x – a)]A by I4
[(x – b) – ((x –(x –a)]- [x-a) – b)]A
[(x – b) – [x-a) – b)]]  A by I5, since x-(x-a)  A
            Since b in A, it follows from (I5) that x – ((x – a) – b) A which 
shows (I3).  Hence A is an ideal of X. This completes the proof.
Lemma 11 Let A be an ideal of subtraction algebra X. If aA and x a, 
then x  A.
Proof Given that A is an ideal of subtraction algebra X. Let x  X and 
             a  A such that x  a. We need to show x  A.
	Since x  a, we have x – a = 0  Since 0  A, we have (x – a) -0  A.
 By theorem 10(I5) since aA, we get x -0  A. This shows that xA.
Theorem 12.
	A nonempty subset A of subtraction algebra X is an ideal of X if 
       and only if it satisfies 
	(I4) 0 A
	(I6) y A and x – y A x A for all x, y  X.
Proof 
 () suppose that A is an ideal of X
	We show to show A satisfies (I4) and (I6).
(i)  since I is an ideal, we have 0 in A
(ii)  By taking z = 0 in (I5) and using remark 3 (a1)
	we get (I6) i. e, y in A and x – y  in A  x  in A.                                    ()  Assume that A satisfies (I4) and (I6) 
      We want to show A is an ideal of X
(i)   Let y in A and x in X. since (y – x) – y = (y – y) – x = 0 – x = 0
	 (y – x) – y  A by (I4) 
 (y – x) A    by (I6) 
(ii) Note that
[x – ((x – a) – b)] – b = (x – b) – ((x – a) – b)< x – (x – a) < a,
that is, [(x– ((x – a) – b)) – b] – a = 0 A for all a,bA and xX.  
Using (I6)   x – ((x – a – b)  A, Hence by theorem 9, A is an  
ideal of X.
Example 4.Let X = {0, a, b, c, d} be a subtraction algebra in which    
            “–“is defined by table.
	
	
		-
	0
	a
	b
	c
	d

	0
	0
	0
	0
	0
	0

	a
	a
	0
	a
	a
	0

	b
	b
	b
	0
	b
	0

	c
	c
	c
	c
	0
	c

	d
	d
	b
	a
	d
	0



	
	
	


Therefore A = {0, c} is an ideal of a subtraction algebra X.
Check By theorem 12 i) 0  A ii) 0  A and c - 0  A then c  A,
c  A and 0 - c  A then 0  A
Theorem 13.Let A be a non-empty subset of a subtraction algebra X. 
Then A is an ideal of X if and only if it satisfies : (I7) for any a, b in A, 
x – a < b  xA.
Proof.	
() Assume that A is an ideal of X and let a,b A and let x X.		
      We want to show x A.
	If x – a <b, then (x – a) – b = 0  A
			(x – a) –b  A 
				 x – aA (by I6)x  A bytheorem 12(I6).
        () Assume that A satisfies (I7).We want to show A is an ideal of X. 
	Since A is non-empty, we can take a  A and then 0 – a=0< a
that is 0 – a < a. using (I7) we get 0A. 
 Let x, y  X such that y in A and x – y A. Since x –(x – y) y, 
we obtain xAby (I7). It follows from theorem 12 that A is an 
     ideal of X.
Theorem 14.  If A is an ideal of a subtraction algebra X, then the set
		    Aw = {x X: (x – w) A}, w X is the least ideal of X
 containing A and w
Proof 
i) Obviously 0 – w = 0 A  0 Aw Aw
ii)  Let x, y  X  such that y  Aw   and   x – y  Aw
.We want to show xAw, i.e. x –w  A.
Follows from (ii), we have (y – w) A and (x – y) – wA.
It follows from lemma remark 1 (a5)
	(x – w) – (y – w) = (x – y) – w A
· (x – w) – (y – w)  A
Since (x – w) – (y – w)  A and y – w  A and by theorem 12 (I6) 
we get x – w A  x  Aw. Hence Aw   is an ideal of X.
iii) We want to w  Aw
Let w  X.  Since w- w = 0 A, we get w  Aw
iv) To show Aw is the least ideal let B be any ideal of X containing A and w. We want to show AwB      
 Let y  Aw.  (y – w) AB and hence y B
		 Aw B
	Consequently Aw is the least ideal of X containing A and w.
Theorem15
Let X be a subtraction algebra. For u, v X, the set 
X (u, v) = {xX: (x – u) – v = 0} is an ideal of X, and u, v    in
X (u, v).
Proof
i) Since 0,u,v  X, obviously 0,u,v  X(u, v). X(u, v) ≠ .

(ii) Let 0 X. Since (0 – u) – v = 0 – v = 0, obviously 0X (u, v)
(iii)Let x,y X such that y X (u, v) and x – y X (u, v).
We want to show   x X (u, v)
Since y X (u, v) and (x – y) X (u, v), we have (y – u) – v = 0
and ((x – y) – u) – v) = 0.)
	0 = ((x – y) –u) – v)
	   = (((x – u) – (y – u) – v) It follows from remark 3 (a5)
                     = [(x – u) – v] – [(y – u) – v]
	   = (x – u) – v – 0
	   = (x – u) – v 
 (x – u) – v = 0 x X (u, v)
Hence X (u, v) is an ideal of X.
Lemma 16. Every ideal A of a subtraction algebra X contains the 
ideal X (a, b) for all a, bA
Proof.
Let x X and a, b A.  We want to show X (a, b) A.      
		   Let x X (a, b)
	          (x – a) – b = 0 A
		 (x – a) – b A
	          x – aA by theorem 12 (I6)
	      xA by theorem 12 (I6).Hence X (a, b)  A
3.2. Prime ideal of a subtraction algebra
Definition.3.2.1
    An ideal P of a subtraction algebra X is said to be a 
   prime ideal of X, if xy P implies either x P or y P.
   Example5.From example 4, P = {0, a, b, d} is prime ideal of a
      subtraction algebra X. But A = {0, c} is an ideal but it is not prime ideal 
      since a  b=0 A but  a A and b  A.
Theorem 17. Let P be an ideal of subtraction algebra X. Then the 
Following are equivalent 
	(i) P is a prime ideal of X
	(ii) For any ideals A and B of X, A B  P  AP or B  P, where           
             AB = {ab: aA, bB}
 () Suppose that P is a prime ideal of X such that A ʌ B P, where A    
      and B are ideals  of X. Assume that A  P and BP. 
     Then there exist x  A\P and y  B\P. Since x  y A  B, we have
      x  y  P. since P is prime; it follows that x P or yP, which is


    a contradiction . Consequently, A B  P implies A P or B P.
() Assume that for any ideals A and B of X. A  B  P implies AP
     or B P. Let x, y in X be such that x  y in P. Note from [Theorem     
     8] that (x] = {aX: a x} and
               (y] = {bX: b < y} are ideals of X.
      Let a (x] and b (y]. Then a< x  and b < y.
       It follows from a  b < a, b that a  b < x and a  b < y so that
      a  b < x  y. since P is an ideal and x  y  P, by theorem 11
      a  b in P. Therefore (x]  (y]  P, which implies that (x]  P or (y]  
       P by hypothesis. In particular, x P or yP and 
       P is a Prime ideal of X.
3.3. Maximal ideal of subtraction algebra
Definition .3.3.1
An ideal P of a subtraction algebra X is said to be maximal if
i) P X    
ii) For any ideal B  P, either B =P or B = X.
Theorem 18.Every Prime ideal of subtraction algebra is a maximal. 
Proof.
      Let P be a prime ideal of subtraction algebra X.  Supposes that  
           P is not maximal. Then there exists a proper ideal A of X such  

       that P  A and P ≠A. Let y  X and consider x   A \P. Then  
       x  (y – x) = x –(x- (y – x) = x – x = 0P, and hence y – x  P because 
     P is Prime ideal and x P. It follows from definition of ideal 
     that y in A, that is, X = A, which contradicts the assumption that 
      A is proper. Hence P is a maximal ideal of X.
Proposition 19.
    If A is a maximal ideal of a subtraction algebra X, then either x-y 
     A or y-x  A for all x, y X.

Proof 
i) Let x, y  A. Then x-y  A since A is an ideal.
ii) Assume that x  A and y  X|A. Since x-y < x it follows from lemma 11 that x-yA.
iii) Let x, y  X\A and assume that y-x  A.
Then the set Q = {z X: z –(y –x)  A} is the least ideal of X containing A and y –x. since y-x is not in A, we have A ≠Q, and 
Q = X because A is maximal. Therefore x – y Q, that is,
(x –y) – (y –x)  A. Using (a1), (a2), (s3), we get
 x –y =(x –y) – ((y –x) –y)
          = (x –(y –x)) - y   = (x –y) –(y –x)  A.  This completes the proof.

Example 6: From example 4 we have P = {0, a, b, d} is a prime ideal of X.
             And it is a maximal ideal of X since for all x, y  X either x-y  P or y-x  P.
Theorem 20
      Let A be an ideal of a subtraction algebra X such that x – y A or 
       y – x A for all x, y  X. Then A is a prime ideal of I.e., either x P   
       or y P.
Proof.
      Let A be an ideal of X such that x – yA or y – x A for x, y 
     X. Assume that x  y A. we want to show A is a prime ideal of X.
     If x – y  A, then x –(x – y) A and so x A by I6 of theorem 12.
     If y – x   A, then y –(y – x) = x  y    A.  It follows from theorem    
12(I6) that y in A. Hence A is a prime ideal of X.
Hence we know that the notion of prime ideals and maximal ideals in a 
subtraction algebra coincide, and we restate it as theorem in following way.
Theorem21
Let A be an ideal of subtraction algebra X. Then the following  
are equivalent
i) A is a prime
ii) A is a maximal ideal
iii) x – y A or y – x   A for all x, y A.

Proof
The answer for theorem 21 have been shown back in theorem 18, 
Proposition19 and theorem 20.



















Conclusion
      In my project work, I have clearly understood that what is subtraction algebra, ideal of subtraction algebra, prime ideal and maximal ideal of subtraction algebra. Some of lemmas, remarks, propositions and theorems have been explicitly and interrelatedly proven in order to understand about subtraction algebra and ideal theory of subtraction algebras. But to use subtraction algebras practically ,it will be an assignment to study an article written by  D.R Prince Williams and ArashamBorumandSaeid, they entitled ‘’ Fuzzy soft ideals in subtraction algebras’’ that they concluded that fuzzy soft sets are a new mathematical to deal with uncertainties. In this article, they applied the theory of fuzzy soft sets to algebraic structure so-called subtraction algebras. Therefore in my future, I will study an intuitionistic fuzzy soft theory to subtraction algebras in order to understand uncertainties.
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