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Abstract

We use a Supersymmetry Quantum Mechanics method to calculate the escape rate of
vacancy diffusion in well ordered binary alloy for low concentration structural defect
in two dimension. The dynamics was mediated by long range and short range one
atom and vacancy exchange. We examine the ratio of escape rate for the six-jump
cycle to that for the one-jump cycle. When the effective barrier height of the six-
jump cycle is greater than or equal that of the one-jump cycle, the escape rate for
the one-jump cycle is larger than that of the six-jump cycle. If the effective barrier
height of the six-jump cycle is less than that of the one-jump cycle, for relatively
high temperature the escape rate for the one-jump cycle is higher than that of the
six-jump cycle but at relatively low temperature the reverse is observed. We have
also seen that at a ceratin temperature or barrier height, both the six-jump and the

one-jump cycles have equal escape rates.
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Chapter 1

Introduction

Real crystals are not perfect; they always contain a considerable density of defects and
imperfection that affect their physical, chemical, mechanical and electronic properties.
Defects do not necessarily have adverse effect on the properties of materials. There are
many situations in which a judicious control of the types and amounts of imperfections
can bring about a specific characteristics desired in a system. Different kinds of
defects in a solid can be conveniently classified into four categories: point defect
(atom is missing or placed in irregular places in the lattice), line defect(group of
atoms in irregular position), planar defect or grain boundaries or interfacial defect(the
interfaces between homogeneous regions of the material (grain boundaries, external

surfaces)) and bulk or volume defect( extended defects(pores, cracks)).

Two types of point defects are inherent to the equilibrium state, namely, vacancy
and self-interstitial. They are determined by temperature, pressure and composition
of a given system. The presence and concentration of other defects, however, depend

on the way the solid was originally formed and subsequently processed.

Vacancies are point defects of size nearly equivalent to the size of the original

(occupied) site. The probability that a given site is vacant is proportional to the



Boltzmann factor for the system in equilibrium is P = exp (;5;) [1], where E, is the

energy required to take an atom from a lattice site inside the crystal to a lattice on

the surface.

In many crystalline material the elementary process of diffusion commonly takes
place through the site exchange between a vacancy and neighboring atom. In pure
metals self diffusion occurs by random motion of vacancies. In ordered alloys or
compounds, however, random vacancy motion is not possible as it would disrupt the
equilibrium ordered arrangement of atoms on lattice sites. During this exchange, the
moving atom must pass through a state of high energy. This creates energy barrier for
atomic motion. The ordered atomic structure of intermetallic compounds, say A-B
materials consist of two interpenetrating simple cubic or square sublattices which are
predominantly occupied by two different atoms A and B, imposes some restrictions on
diffusion mechanisms because the various constituent atoms are preferentially located
at various sublattice. Hence the exchange of the vacancy with the nearest-neighbor
atom is associated with local disturbance of the, A-B, ordering. At low temperature,
for example this implies an additional energetic barrier against diffusion in well-

ordered alloys.

In view of this limitation, two alternative types of diffusion mechanisms are con-
ceivable to avoid these problems ( see, for instance, [2]), either jumps of vacancies to
further distant site on the same sublattice or cycles of nearest-neighbor jumps in such
a way that the atomic disorder appearing during the intermediate states of the cycle
is repaired when the cycle is completed. The most prominent proposed mechanism is
a six-jump cyclic mechanism of vacancy movement that gives a solution by retaining

the atomic order, which might overcome the barrier without altering the long-range



Figure 1.1: Diagram for well ordered binary alloy (B2 structure), A and B, with a
vacancy placed at site A’.

order. It was proposed for the intermetallic compounds with B2 structure at low
temperature by Elcock and McCombie[3]. In order for the vacancy to execute any
other non-trivial series of jumps starting from its most stable state and end on its
other most stable state, it must pass through higher energy configuration than any

occurring in the six-jump process|[3].

Next we consider a vacancy jump through perfectly well ordered AB lattice in two



dimensions. An alloy with two sublattices interpenetrating each other such that the
nearest neighbors of a site on one sublattice all lie on the other (see Flig.1). Suppose
initially the vacancy is at site A’ which is vacant place of atom A. Here we make the
basic hypothesis that : (i) in a well-ordered structure, a small number of lattice site
are unoccupied, (i7) the only effective atom movements are those in which an atom
jumps to a nearest neighbor unoccupied site, and (7i7) the vacancies can be considered
as isolated (see Fig. 1 ). This vacancy migrates in such alloy as discussed by [3].
It is assumed that the jumps between the various states of these cycles represent
stochastic process in which the system completely thermalizes in each state before
performing the next jump [2]. In general the potential barrier height for both atomic
species involved in vacancy-atom exchange process depends on the species involved
in the exchange process. Hence, the potential barrier height for one type of exchange
process is not the same as that for other other type of exchange process. To make the
analysis moderately simple, however, we assume the potential barrier height to be the
same for both atomic species involved in vacancy-atom exchange process. In other
words, the potential barrier height for A type atom-vacancy exchange is assumed to

be the same as that for B type atom-vacancy exchange.

In the present work the properties of six-jump cycles is discussed for low defect
concentration in two-dimensions. This situation is true for a material far from the
ordered-disorder transition (low concentration of structural defects). Vacancy diffuses
through a direct jump or in a six-jump cycle from initial most stable state to another
most stable state. Assuming the vacancy diffusion constants in both mechanisms (for
one-jump and six-jump cycles) are the same, we try to compare ratio of the escape

rate for the six-jump cycle to that of the the escape rate for direct jump by varying



two parameters of interest, namely, temperature and barrier height. Our analysis for

the problem is based on the supersymmetric potential technique[4]-[8].

The structure of this work is as follows. In Chapter two we introduce some pre-
liminary concepts. We divide this Chapter into two parts. Part one of the Chapter is
devoted to the dynamics of vacancy motion in highly resistive limit. In part two, we
introduce Supersymmetric technique that we use to address our problem. In Chapter
three of section one we take a model of the energy configuration of the one-jump cycle
and calculate its escape rate. Similarly in section two we see the energy configuration
for the six-jump cycle and calculate its escape rate. In Chapter four, we compare the
escape rates of the two mechanisms for different parameters of interest. Chapter five

deals with summary and conclusion.



Chapter 2

The Dynamics for Motion of
Vacany and Supersymmetric
Quantum Mechanics

In preceding Chapter, we discussed vacancy diffusion in ordered alloys, which takes
place by the exchange of a vacancy and an atom. In this Chapter we are going to
see the equation that describes the vacancy diffusion and introduce Supersymmetric

method to find the escape rate of the vacancy.

2.1 The Dynamics for Vacancy Motion

As we have seen in Chapter one, a vacancy jump between the various states of one-
jump and six-jump cycles represents a stochastic process. A vacancy, an idealized
particle (quasi-particle) is considered as a Brownian particle and its motion is de-
scribed by Langevin equation. The Langevin equation describing the Brownian mo-
tion of a particle with mass m in a potential U(z) [9], assuming that the stochastic

force(term) is not affected by the potential, is given by

mi = —yz — U'(x) + f(t), (2.1.1)



where & and @ are the first and the second time derivatives of the particle position
respectively, U'(z) is force due to the potential, 7 is the damping constant, and f(¢)
is the Langevin force. The Langevin force has Gaussian distribution with zero mean
and with correlation function which is proportional to a ¢ function:

< f()>=0, (2.1.2)
< f(), f(t') >=2vkpT5(t — 1),

where kp is Boltzmann’s constant and T is the temperature.

For large friction limit (large y or, in general, short relaxation times) the variables
are governed by the equation involving the slow variable only (in this case x). Fast
variables are then effectively slaved by the slow variables[10], in which second order
time derivative term can be neglected (# — 0). The Langevin equation will then turn

out to be

vi 4+ U'(x) = f(t). (2.1.3)
We can rewrite equation (2.1.3) as

2kgT
g

dr = —%U’(m)dt + £(t)dt, (2.1.4)

where f(t) = \/2kgT~ £(t) and £(t) is the stochastic part.
Using Ito calculus [10], for A(z,t) = —%U'(x), B(z,t) = ,/% and dW (t) =
£(t)dt, the time dependent probability density P(x,t) associated with the particle

position in the high friction limit expressed by the equation

oP(xt) 10 [, )
0

:D% [ﬂU’(x) + %} P(x,t) (2.1.5)



is called the Smoluchoski equation(SFE), where D = kBTT is the diffusion constant and

B = (kgT)~lis the inverse temperature.

As the time doesn’t explicitly occur in the SE (Eq. 2.1.5), we can make a sepa-

ration ‘ansatz’ [9]

P(x,t) = p(z)e M. (2.1.6)

The time dependent probability distribution P(x,t) will relax to time independent
steady state distribution Ps(x) after a very long time. Hence P(x,t) will become

Py(z) [10]. Thus % = 0 implies that

Py(x) = N,e™ 2 . (2.1.7)

BU

Suppose p(z) = ¢(z)e” 2. Then Eq. (2.1.6) can be written as

U(x)

P(x,t) = ¢p(x)e P2 e, (2.1.8)

Substituting the value of Eq. (2.1.8) into Eq. (2.1.5) yields time independent

Schrodinger-like equation for new variable ¢(x)

Po) N ((ﬁU/(x)) B ﬁU//(@) é(z) = %(;5(1:), (2.1.9)

0x? 2 2

where ¢(z) is the eigenfunction for the Hermitian and positive semi definite Hamil-

tonian operator H, that satisfies
H+¢n(x) = E:¢n(x)7 (2'1'10)

where E" = 22 and H, = 57‘922 + Vi (x) with

D Vo) (w;x))? ),

(2.1.11)
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This Hamiltonian (H,) corresponds to the motion of the particle in the potential
V().

For large barrier height compared to kgT’, the slowest relaxation time is the domi-
nant quantity. Therefore escape rate \; is determined by the nonzero eigenvalue, Ei
That is \; = DEY, of the SE where E} is the eigenvalue of the first excited state of
Eq. (2.1.10). It would appear rather a difficult calculation is required for the evalua-
tion of A\ or E (the eigenvalue of the first excited state). We will show now that
supersymmetry yields an easy way to determine \;. The eigenvalue for the first ex-
cited state E} is degenerate with the ground state ¢° of the 'supersymmetric partner
potential’ V_(x), as we shall see in section 2.2, so that H_gzﬁg_)(x) = Eﬁ(bg_)(x) with
H_ = AA" and E° = E.. Therefore the problem reduced to finding the ground

state eigenvalue of this 'partner’ potential.

2.2  Supersymmetric Quantum Mechanics

Supersuymmetric method is an operator method that allows us having only the
ground state wave function to construct all the excited states by acting an opera-
tors on the ground states [4] . In solving exactly for the spectrum of one dimensional
potential problems, the connection between the ground state wave function and the
potential is the main ingredient. Consider the time independent Schrodinger equation
for a one dimensional potential problems,

—_7;L2d2¢(95)

2m  dxz?

+V(@)e() = Bi(a), (2.2.1)
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where m is the mass, & is the Planck’s constant, V(x) the potential, F the energy

eigenvalue and v (z) the eigenfunction. We can write Eq. (2.2.1) as
Hi = Ev, (2.2.2)

where H = ;—fjaa—; + V(z).
Let us begin by assuming that we know the exact ground state solution, v, for
some potential V(x) and the Hamiltonian H. We require a knowledge of only the
ground state. Let the energy of this state to be labeled by F,. Next we define a
shifted potential energy function as V. (x) = V() — E,, which allows us to write Eq.
(2.2.1) in a new form as
1 &y,
2m dx?

() + Vi(z),(x) = 0. (2.2.3)

It follows that 1, satisfies the Schrodinger equation with potential V. (z) and zero

ground state energy

—h2 d2
H+'¢O = <%@ + V...(l’)) 1/10(13), (224)
so that
h2 "
Vi (z) = %Z— (2.2.5)

This shows that based on the knowledge of the ground state wave function one can

construct a global potential V, (x). Now, define a pair of operators,

A= L L W(x
and N vam de (@) (2.2.6)
A = Tmﬁ +W(33),

so that
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Substituting Eq. (2.2.6) into Eq. (2.2.7) and comparing with Eq. (2.2.4) we get
h

Vi (z) =W(z)* — EW/(JJ) (2.2.8)

The quantity W(x) is usually called the " superpotential” for the problem. The solu-

tion for W (x) in terms of the ground state wave function is

_ —_hf//o(a?)
V2m Yo(x)”

This solution is obtained from the equation A, = 0 provided that we have a solution

W () (2.2.9)

to the Hyv, = AT Ay, = 0.

By reversing the order of the operators A and A", we can construct a new Hamiltonian

denoted by
N h? d?
H =AA"= —— _ 2.2.1
5 7z T V-(2) (2.2.10)
where V_(x) is the new potential given as
h )
V_(z) = W(x)? + —W (2). (2.2.11)

V2m

The potentials V. (z) and V_(z) are known as supersymmetric partner potentials.
That is from the energy spectra (energy eigenvalue) of their corresponding Hamil-
tonians, H, and H_ are related. The energy eigenvalues of both H, and H_ are
positive semi-definite. To prove this connection for general superpartner potentials,
we first denote the eigenfunctions of H_ and H, by w(f)(x) and 1/1£L+)(m) with energy
eigenvalues Eff) and E£L+), respectively. The integer label n = 0,1,2... counts the

number of nodes in the wave functions.

Now we need to show if 1/1£L+) (x) is eigenfunction of H, with eigenvalue ET(LH, and
then Az/;ﬁf) (x) is an eigenfunction of H_ with the same eigenvalue. This can be easily

seen as follows:

H,pH = By (2.2.12)

n n
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and
H_(Ay() =AAT (Ag(D)
=A (H ()
=B (AP . (2.2.13)

Similarly, if w,(f)(:c) is eigenfunction of H_ with eigenvalue ES”, then A+w,(f)(x) is

an eigenfunction of H, with the same eigenvalue. That is
H_p)7) = By (2.2.14)
and
Ho (M) =ATA (ATy)0)
=A" (H_¢{)

=E() (ATy()) . (2.2.15)

One can show from Eqgs. (2.2.12)-(2.2.15) and the fact that ESY =0, if piP
an eigenfunction of H, with eigenvalue E,(f), then Aw,f is an eigenfunction of H_

with the same eigenvalue, related by

ES) = ES EM =0 (2.2.16)
=) 1 (+)
v = ———Aul) (2.2.17)
En+1
(+) L e
wn—f—l = —A wn (2218)
Ey)
where n=1,23,.... This connections are illustrated schematically in Fig. (2.1), from

which one can see that the operators A and A* connect states of the same energy for
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Figure 2.1: Generalized ladder operators of supersymmetric potential that connects
states of the same energy.

the two. In principle, they are quite different potentialS. Notice that if wﬁ)l (@Dé*))
of H, (H_) is normalized then the wave functions i <@ZJ7(:|_)1> in Egs. (2.2.17) and
(2.2.18) are also normalized. Furthermore, the operators A(A™) not only convert an
eigenfunction of H, (H_) into an eigenfunction of H_(H,) with the same energy, but
also destroys(creates) an extra node in the eigenfunction. Since the ground state wave
function of H, is annihilated by the operator A, this state has no SUSY partner. Thus
the picture we get is that knowing all the eigenfunctions of H_ using the operator A,
and vice versa. Using A1 we can construct all the eigenfunctions of H, from those

of H_ except for the ground state.



Chapter 3

The Energy Configuration and
Calculation of Escape Rate for
One-Jump and Six-Jump Cycles

In Chapter two, we have seen the equation that describes a vacancy diffusion in highly
resistive limit and derived the expression for the escape rate using SUSY method. In
this Chapter, we will consider models for one-jump and six-jump cycles with their
corresponding energy configuration to find the escape rates for vacancy to jump from

one minimum state to the next.

3.1 Omne-Jump Cycle

3.1.1 The Energy Configuration for One-Jump Cycle

Consider B2 compounds to stoichiometry (low concentration structural) defect. When
the atom and the vacancy exchanges their site directly (long range atom vacancy
exchange), the atom crosses high potential barrier as shown in Fig. 3.1(II) thereby
preserving the ordered structure. To make our model simple, we consider a piece wise
linear double-well potential as shown in Fig. 3.2(I). The supersymmetric partner

potential for Vi (x), namely V (z) is given by

15
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Figure 3.1: (I) The one-jump in B2 compounds. (II) Schematic picture of the energy
change during one-jump cycle.

- (200 22 o1

For the model potential shown in Fig. (3.2), we can rewrite Eq. (3.1.1) as

V (z) = (g[i) o (5212) 6(z+ L) +6(z — L) — 8() . (3.1.2)
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Figure 3.2: (I) The model potential U(x) versus x. (II) Plot of V_ (x) versus x (not
scaled).

Defining a rescaled parameter u, = %, one can then write Eq. (3.1.2) in a simple
form
Uy \ 2 Uy
V.(z) = (f> 42 (f) 6(x + L)+ 8(z — L) — 8(x)]. (3.1.3)
The Hamiltonian H_ is then given by
82
H_ =- w + V_ (.CE)
0? Up\ 2 Uy
==+ () +2(5) B+ 1) + 8@ = L) - 6()]. (3.1.4)
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We rescale space such that y = 7 and substituting y into Eq. (3.1.4) leads to

Hamiltonian of the form:

H_ = % <_8a—y22 +u +2u, [y +1) +5(y — 1) — 6(y)]) : (3.1.5)

Equation (3.1.5) can be rewritten as a dimensionless Hamiltonian

2

h.=L*H_ = (—88—3/2 +ul +2u, [y +1) +5(y — 1) — (5(y)]) : (3.1.6)

From Eq. (3.1.6) we have h_¢° = ¢°¢°, where ¢ = L?*E°. From FEq. (2.1.10) the
escape rate can then be written as

., De?
)\U = DE_ = LQ_ . (317)

3.1.2 Calculation of Escape Rate for Direct Jump

We use transfer matrix method to find the ground state energy eigenvalue of the
eigenfunction ¢°. The ground state wave function ¢° is peaked around the position
of delta potential, thus the eigenfunction will have a form Ae=*¥ + Be*¥. Assume the

wave function of the form:

p1(y) = A FWHD 4 BlekWHD for interval y < —1, (3.1.8)
Po(y) = Age FWHD 4 By P for interval —1 <y < 0, (3.1.9)
ds(y) = Ase *¥ 4 ByebW for interval 0 < y < 1, (3.1.10)
oa(y) = Age™ "0 4 B, for interval y > 1 (3.1.11)

N|=

where k = (u? — ¢°)2.
The existence of discontinuities of the first kind ¢.e., finite jump in the potential

doesn’t modify the conditions of continuity imposed on the function ¢°(y) and on its
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first derivative % [11]. Therefore by matching the wave function at y = —1 i.e.

$2(y = —1) = ¢1(y = —1), we get

For a finite discontinuity of the potential that follows from Schrodinger equation, the

d? @° d? @° .
el 4,7 remains

second derivative will exhibit a finite jump. However, the integral of

continuous [11]. Integrating the Hamiltonian h_ (Eq. 3.1.6) around y = —1 yields

(y=—1+4€)

d2
i [ (_d—y2+u3+[5<y+1>—5(y>+6<y—1)1) (y)dy
y=—1—c¢

(y=—1+¢)
= lim E°¢°(y)dy. (3.1.13)
0 S (y=—1-¢)
Since ¢°(y) is continuous at any point integral of Eq. (3.1.13) reduce to

(y=—1+¢€) (y=—1+¢)
lim (/( ’ —d(bl_o(y) + / ’ 2u,0(y + 1)(;5‘_’(y)dy> =0, (3.1.14)

=0\ Jy=-1-0) (y=—1-¢)

where ¢”°(y) = d¢§y(y). Not that there is a positive delta potential of strength 2u,.

One can simplify Eq. (3.1.14) to

lim (6/°(y = =1+ ¢) = 6y = —1 — ) ) = 2uod(y = —1) (3.1.15)

for
lim ¢ (y = —1+¢€) = Py = ~1), (3.1.16)
limo(y = ~1—¢) = d(y = ~1) (3.1.17)

and
lIm¢%(y = —1+€) = g1y = —1) = da(y = —1) (3.1.18)
where ¢h(y = —1) = %yz_l) and ¢)(y = —1) = %y:_l). Substituting Eqgs.

(3.1.16), (3.1.17) and (3.1.18) into (3.1.15) together with
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Py = —1) = —kAs + kB,
¢ (y=—-1)=—kA; + kB and

¢1(y = —1) = Ay + Bj these comes flowing from Eq. (3.1.8). we get
—A2+BQ = (-1+20[O)A1+(1+2()&0) Bl) (3119)

where a, = 4.

Combining Eq. (3.1.12) and (3.1.19), we find
A2 = (2 — OéO)Al — O[OBl, (3120)

BQ = aoAl + (1 + OéO)Bl. (3121)

Using matrix transformation, we write Egs. (3.1.20) and (3.1.21) together as

<A2>:<(1—ao) Qo )<A1>:T1<A1>, (3.1.22)
By a, (1+ ) By By

T, — ( 1-a) - ) . (3.1.23)

The wave functions, ¢_, is continuous evrywhere, thereby matching the wave function

where

which has the amplitudes A and By with the wave function having amplitudes A

and Bz at y = 0. i.e. ¢3(y = 0) = ¢o(y = 0), we get
A3 —f- B3 = Age_k + k’Bgek. (3124)

Integrating the Hamiltonian h_(Eq. 3.1.6), around y = 0, which has a finite poten-

tial discontinuity exhibiting a finite jump for second derivative of the eigenfunction

d2 ¢o
dy2—

[11]. Not that there is a negative delta potential of strength 2uy. We can get

lim (qbl_"(y =046 —¢°(y=0— e)) = —2u,¢°(y = 0). (3.1.25)
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with
lim ¢ °(y = 0+ ¢) = ¢y = 0), (3.1.26)
lim¢*(y = 0 — ) = ¢y = 0) (3.1.27)

and
lim ¢°(y = 0+ €) = ¢1(y = 0) = da(y = 0). (3.1.28)

Substituting Eqgs. (3.1.26 - 3.1.28), into Eq. (3.1.25) we have
—As+ B3 = (=1 —2a,) e " Ay + (1 — 20a,) " By, (3.1.29)

where a, = %2.

From Eq. (3.1.24) and (3.1.29), we get
As = (14 a,)e ¥ Ay + a,e” By, (3.1.30)

By = —a,e " Ay + (1 — a,)e By. (3.1.31)

One can write Eq. (3.1.30) and Eq. (3.1.31), using matrix transformation as
A 1+a,)e® a,ef A A
) [ ) = 7|, (3.1.32)
Bs —a,eF (1—a,)e® B, By

where
1+ o —k o k
T, — [ (Ta0e ot . (3.1.33)
(1 —ap)er

Once again, comparing wave functions having the amplitudes A3 and Bs; with the
wave function having amplitudes Ay and By at y = 1. i.e. ¢4(y = 1) = ¢p3(y = 1), we
obtain

Ay + By = Ase " 4 Bsek. (3.1.34)
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For a finite discontinuity of the potential, integrating the Hamiltonian h_ (Eq. 3.1.6)

around y = 1, and noting that there is a positive delta potential of strength 2u,, we

obtain
lim (6°(y =1+ ) = 0y = 1= €)) = 2u6°(y) |y - (3.1.35)
For
lim ¢ (y =1+¢) = gi(y = 1), (3.1.36)
lim o (y =1—¢) = ¢y =1) (3.1.37)
and
lIm¢?(y = 14+€) = ¢aly =1) = da(y = 1). (3.1.38)

Inserting Eqs. (3.1.36) - (3.1.38) into (3.1.35), we have

—Ay+ By = (=14 20a,) e Az + (1 + 20,) € B3, (3.1.39)

where o, = 9. From Eq. (3.1.34) and (3.1.39) we get
Ay =(1—ay)e " Az — a,e"Bs, (3.1.40)
By = a,e Az + (1 + a,)e’ Bs. (3.1.41)

From matrix transformation we write Eq. (3.1.40) and Eq. (3.1.41) as

() ) () ()
B4 ozoe_k (1 + Oéo) ek Bg B3

where
1_ o -k — o k
7= [ LT )C Lt ) (3.1.43)
ek (1+ )€k
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The transfer matrix relating the amplitudes A4 and By to the amplitude A; and B;

A A A
N=mnnn | =7 "), (3.1.44)
By B, B,

where T' = T3T5T). Equation (3.1.44) can be rewritten with the matrix, T elements

A T, T A
( 4):( M m)( 1), (3.1.45)
B, Tor Tao By

where [T;; for i,j (1,2) are the elements of the transfer matrix 7. We can rewrite

is given by

as

Eq. (3.1.45) in a simple form:
A4 = T11A1 —+ TlgBl (3146)

and

B4 = TglAl + T22B1. (3147)

Since we are interested in a bound state solution, the eigenfunctions for y >> 1 and
y << —1 must be finite, for this we choose By, = 0 and A; = 0 respectively. Since B;
is different from zero in Eq. (3.1.47), we see that Ty should be zero. It then follows

that from T = T3T5T; we obtain, for T5=0, the expression

—e* a2 (14 ™) =0, (3.1.48)

where k = \/u2 — e? and a, = %¢. The lowest positive solution of Eq. (3.1.48) gives
us the value of e® when u, is specified, then we can find the escape rate from Eq.

(3.1.7) in terms of D and L.
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3.2 Six-Jump Cycle
3.2.1 The Energy Configuration for Six-Jump

Unlike one-jump cycle, for B2 compound to stoichiometry (low concentration struc-
tural) defects, the exchange between the vacancy and the atom takes place in short

range. We are interested in two dimensional well ordered binary alloy as shown Fig.

Figure 3.3: : (I) The six-jump cycles in the B2 structure. (II) A schematic picture of
the energy changes of the system during the course of cycle.
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1.1.

Consider the exchange of the vacancy from A', vacant site of A atom, with one of
the nearest neighbor B atom [Fig. 3.3(I-a)]. It disorders a B atom with consequent
increase in configuration energy [Fig. 3.3(I-b)]. From site B’, vacant site of B atom,
it jumps to one of the nearest site of A atom. As result it disorders both A and
B atoms with further increase in configuration energy [Fig. 3.3(I-c)]. From site A’
it jumps to one of the nearest site of B atom. In this case also it disorders two B
atoms and one A atom which increases more the configuration energy [Fig.3.3(I-d)].
From site B’ it jumps to nearest site of A atom which reorders one B atom with
decreasing in configuration energy [Fig. 3.3(I-e)]. From site A’ it jumps to nearest
site of B atom. As a result it reorders an atom A, again and results in decrease the
configuration energy [Fig 3.3(I-f)]. From site B’ it jumps to nearest site of A atom. It
further reorders atom B which decreases the configuration energy [Fig 3.3(I-g)]. By
this six-jump process the first three jumps of the vacancy progressively disorder the
ordered lattice and the following three jumps of the vacancy progressively re-ordered
the lattice back to its initial ordered state once more. At the end the system back to
its initial most stable state and ordered structure . In this process the vacant place
jumps six times by a process not depending on retracing of jumps, or escape to a
different stable position. Furthermore, because of the symmetry of the B2 structure
the states are symmetric with respect to state d [Fig 3.3(II)]. Note that state a, b and

¢ are equivalent to state g, f and e, respectively.

To make our analysis simple for model potential (see in Fig. 3.3(II)), we consider
the potential profile with linear increment. We choose Uy, U, and the associated

width a and b (shown in the Fig. 3.4(IlI)), such that & = %2. This simplifies
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the calculation further. Note that z,.; - x, = a + b. Introducing a dimensionless

Figure 3.4: (I) The model potential U(x) versus x. (II) Plot of V_(z) versus x (not
scaled). (III) A figure showing a step of the subdivided potential found between the
intervals x, and x,1.

1

potential u(x) = 56U (z), the suppersymmetric partner potential to V. (x), namely

V_(x), is then given by

V_(z) = (M)Q L u@) (3.2.1)

a a
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For piecewise linear double-well potential, Equation (3.2.1) takes a simple form

V_o(z) = <%>2 + (%) ”23 0z —z,) —0(x — 2y, —b) —0(z — 2, —a)] (3.2.2)

where u; = % BU;. Note that the potential V_(x) is a series of attractive and repulsive
delta-potential superimposed over a constant potential as shown in Fig. 3.4(IT). Then

the Hamiltonian H_ given by

H =- ;;2+<u1> (2u1> Z (x —x,) —0(x — 2 — b) = d(x — x,, — a)] .
) (3.2.3)

Let us rescale x = ay, substitute this for z in Eq. (3.2.3), the Hamiltonian is given

by
82 (751 2 2U1 =
H_ = _a28y2+(;> —1—(7) n;g [0(ay — ay,) — 6(ay — ay, — b) — d(ay — ay, — a)].
(3.2.4)
Rearranging terms we get
82 n=3
a*H_ = “ap T ui2u Y (5 —yn) = 0y — Yo —b1) — 0y — yo — 1)], (3.2.5)
n=-3
where b = 2 and we used the property of dirac delta function §(ay) = %ﬁ). For
h_= a?H_ the above Hamiltonian(Eq. (3.2.5)) can be written as
82 ) n=3
h- = _8_y2 +uy + 2uy Z [5(?/ - yn) - 5(?/ — Yn — bl) - 5(y — Yn — 1)] : (326)
n=-—3
From Eq. (3.2.6) we have h.¢_ = e_¢_, where e. = a*E_ which is a dimensionless
quantity. One can then obtain the escape rate as
De_
\oj = DE_ = — (3.2.7)

a?
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3.2.2 Calculation of Escape Rate for Six-Jump

Here we use transfer matrix method to find the ground state energy eigenvalue of the
eigenfunction ¢°. The ground state wave function ¢° is peaked around the position
of delta potential, thus eigenfunction will have a form Ae~*¥ + Be*. Consider one
period of the potential in the interval between y,, and ,,.1. Assume the wave function

of the form

¢1 = Ane B 4 B Fy—yn) (3.2.8)

for interval v, <y <y, + b1, and the wave function of the form
by = C e Fu=vm=b1) | D ky=yn—b1) (3.2.9)

for the interval y,, + b1 <y < Y1, where k = y/u? — ..
The existence of discontinuities of the first kind, 7.e., finite jump in the potential
doesn’t modify the conditions of continuity imposed on the function ¢°(y) and on its

first derivative % [11]. Therefore matching the wave function at y = y, + by, i.e.,

G2(Yn + b1) = ¢1(yn + b1), we get
C, + D, = Aye™ + Be*. (3.2.10)

For a finite discontinuity of the potential that follows from Schrodinger equation, the

d?¢°
dy?

d?¢°
dy?

second derivative will exhibit a finite jump. However, the integral of remains

continuous[11]. Integrating the Hamiltonian h_ (Eq. 3.2.6) around y = y,, + by yields

(yn+b1+€) d2 n=3
lim i ui + ) 2ur [0y = yn) — 6y — Y — b1) — 5(y — yu — 1)] | 6°(y)dy

0 S (yn+b1—e) n=—3

(yn+b1+€)
= lim E°¢°(y)dy. (3.2.11)
0 (yntbi-¢)
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Since we are integrating Eq. (3.2.11) at a point, ¢°(y) is continuous everywhere and

noting that there is a negative delta potential of strength 2u;. We finally get

(yn+b1+e€) , (yn—+b1+e€)
i ([ ~dg°w)+ [ 28y — g — b))y | =0,  (3.2.12)
(

=0 Yn+b1—€) (yn+b1—¢)

where ¢°(y) = %y(y). One can simplify Eq. (3.2.12) as

lim (&g + b1 + ) = (g + b — ) ) = —2u1d (g + b1) (3.2.13)

for
litn ¢ (yo + by + €) = G (ya + b)), (3.2.14)
lim ¢ (y + b1 — €) = ¢ (ya + b1) (3.2.15)

and
¢ (yn + b1+ €) = G1(yn + 01) = G2(yn + 1) (3.2.16)

where gb/Q(yn —|—b1) = %Z‘H’l) and ¢/1(yn +b1) _ %T_bl)

Substituting Eqgs. (3.2.14) , (3.2.15) and (3.2.16) into (3.2.13), we get
Do (Yn + b1) = 1 (yn + b1) = 20101 (yn + b1). (3.2.17)
From Egs. (3.2.8) and (3.2.9), we have

¢ (yn + 1) = —kApe ™™ + kB, ™ (3.2.19)
and

$1(Yn + b1) = Ane ™™ + B (3.2.20)
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Substituting Eqgs. (3.2.18)-(3.2.20) in to Eq. (3.2.17) we find

—kCy, + kD, — (—kA,e ™™ + kB,e*") = —2u; (A,e ™ + B,ef) . (3.2.21)

One can rewrite Eq. (3.2.21) as
—Cp4+ D, =(-1-2a)e ™A, +(1-2a)e"B,, (3.2.22)

where o = %

Combining Eqgs. (3.2.10) and (3.2.22), we get
Co=(142a)e ™A, +ac™ B, (3.2.23)
D, = —ae ™A, + (1 —a)e™B,. (3.2.24)

Using matrix transformation we write Eqgs. (3.2.23) and (3.2.24) in matrix form as

c, 1+ a)e ko A, A,
_ [ AFa)e ac —T . (3.2.25)
D, —aqe k0 (1 —a)ert B, B,

where
14 a)e kb1
o, = [ ATe)e e . (3.2.26)
—ae M1 (1 —a)ett

Next, matching the wave function which have amplitudes C,, and D,, with the wave
function having amplitudes A, 1 and B,11 at y = yn, i.e., ¢1(yn) = P2(yn). We

obtain

Api1+ Bpay = Cpe™ ¥ + kD, e (3.2.27)

Integrating the Hamiltonian h_ (Eq. (3.2.6)), around y = y,,, having a finite potential

discontinuity which exhibit a finite jump for second derivative of the eigenfunction

d2 ¢o

T we find that

=0 J iy — dy? o

(yn+e) d2 n=3
lim ( +uf+ Y 21 [0y = yn) = 6y — yn — b1) — 6(y — yn) — 1]) ¢°(y)dy



31

(ynte)
= lim E°¢°(y)dy. (3.2.28)

e—0
(yn—e)
The eigenfunction is continuous it then follows that Eq. (3.2.28) reduced to
' (ynte) , (ynte)
iim [ —dge )+ [ 2ulsly - - WISy =0, (3229
TS (yn—e) (yn—e)

Not that there is a positive delta potential of strength 2u;, then one can reduce Eq.

(3.2.29) further to

lim (&g + €) = 0y — €)) = 2016 (y). (3.2.30)

e—0

From Fgs. (3.2.8) and (3.2.9), we obtain

iy (9 + ©) = 4 (1), 3231
lim ¢ (g — ) = $(ya) (3.2.32)

and
Qs?(yn) = ¢1(yn> = ¢2(yn) (3233)

Substituting Eqgs. (3.2.31), (3.2.32) and (3.2.33) into Eq. (3.2.30), we get

1 (Yn) — D (yn) = 2u1d2(Yn), (3.2.34)

where ¢/ (y,) = %z") and ¢ (y,) = —@éz”). From equation Fq. (3.2.8) and (3.2.9) we
get
¢y (yn) = —kA, + kB, (3.2.35)

Oy(yn) = —kCne ™ + kD,et (3.2.36)

and

G2(yn) = Cre™" + Dye” (3.2.37)
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Substituting Egs. from (3.2.35) to (3.2.37) into (3.2.34) we find

—Api1 + Bpi1 = (—1 + %) e *C, + (1 + %) e*D,,. (3.2.38)
For oo = 4L, one obtains
—Api1 + Bpyr = (1 +2a) e *C, + (1 +2a) " D,,. (3.2.39)
From Egs. (3.2.27) and (3.2.39), we get
Apir =1 —a)e™C, — ac*D,, (3.2.40)
Bpy = e *C, + (1+0a)e"D,,. (3.2.41)

From matrix transformation, we rewrite Eqs. (3.2.40) and (3.2.41) as

— - . (3.242)
Bpi1 ae (1+a)e” D, D,

T, = < (1- a):k ; ‘0‘6: ) ) , (3.2.43)
ae” + «)e”.

The transfer matrix relating the amplitudes A, 1, B,.1 to the amplitude A,, and B,

A, A, A,
) =1 =T , (3.2.44)
Bn+1 Bn Bn

The amplitudes, just after n = 3, A3 and Bj are related to the amplitudes, just

here

is given by

where T = T57T].

after n = 0, Ay and By by a product of three of these transfer matrices:

()= (0)
=T . (3.2.45)
B B,
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Eq. (3.2.45) can be rewritten element wise as

A T3 T3 A,

Bs [T%]a1 [T%]2 B,
where [T?];; for 4,7 (1,2)are the elements of the transfer matrix 7°.
Once again Fq. (3.2.46) becomes

Ay = [T%11A, + [T%12B,, (3.2.47)

and

Bs = [T?)y1 Ay + [T?]22B,. (3.2.48)

The potential shown in Fig. 3.4(I) is symmetric about y = y, = 0, so that

#° (—y) = ¢° (y). In the interval y, < y <y, + by, we have Eq. (3.2.8)
P1(y) = Aoe™™ + B,e, (3.2.49)
and from symmetry we get
¢°(—y) = d1(—y) = Ae™ + Boe ™, (3.2.50)

in the interval y, — by <y < y,. From Egs. (3.2.49) and (3.2.50) at y = 0, from left

and right of y = 0, ¢1(y) [y=0= d1(—y) [y=0, we get
A, + B, = A, + B,, preserves continuity for the eigen function.
Integrating the Hamiltonian h_ (Eq. 3.2.6) around y = 0, noting that there is positive

delta potential of strenght 2u;. We find
—kA, + kB, — (kA, — kB,) = 2u1(A, + B,). (3.2.51)
Rearranging Eq. (3.2.51) we find

—A,, (3.2.52)
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where v = 9L
Since we are intersted with a bound state, the eigenfunction for y >> y3 must be
finite. Hence we choose B3 = 0, it then follows that from Fq. (3.2.48) and from Fjq.
(3.2.52) we get
[T%)91[1 — o] + [T?]2[1 +a] = 0. (3.2.53)
From Eqs. (A.0.20) and (A.0.21) (see the Appendix for the derivation) we have

[7%],, = I (—ng i d?), (3.2.54)

and

7%, = (T — To) (—d5 + d}) + Q (d5 + d})
22 2Q ’

(3.2.55)

respectively. And the expressions for @), d; and dy from Eqs. (A.0.6), (A.0.7) and

(A.0.8), respectively, are given by

Q = \/(Tn — T9)? + 4T15T5y,

4 — Ty +Tn+Q
e
d T +Th —Q
2 5

Ti1, Tia, To; and Ty are elements of matrix 7', which is a product of matrix T5 (Eq.

(3.2.43)) and T} (Eq. (3.2.26)). Then we find

T = (1—a)(l+a)e 0k q2ehtk (3.2.56)
T, = (1—a)ae ™™k (1 - a)aeT*, (3.2.57)
Ty = a(l+a)e ™% a1+ a)efn* (3.2.58)

and

Toy = e 1k 1 (1 — a)(1 + a)er Tk (3.2.59)
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N

where k = (u} —e_)z and o = 4.
The lowest positive solution of Eq. (3.2.53) gives us the value of e_, when u; and
by specified. Then after we can find the escape rate using Eq. (3.2.7) in terms of D

and a.



Chapter 4

Result and Discussion

In Chapter three, we have got the analytical expressions for escape rates for both
one-jump and six-jump cycle to go from one minimum stable state to the next stable
state (see Fig. 3.1(I) and Fig. 3.3(I), respectively). We define the corresponding
escape rates as DFE° and DE_ for the one-jump and six-jump cycles, respectively.

The ratio Rg; of DE_ to DE? is given by

Re1 = =, (4.0.1)

Re1 e (4.0.2)
For L = 23—\;‘5 we finally get:
9e_
R¢ = . 4.0.3
61 = goo ( )

There are two parameters in our model, namely T, the temperature of the system,
and m, which relates U, the effective total barrier height for six-jump which is equal
to 2U;, with U,, the barrier height of one-jump, i.e., U, = mU. Holding m fixed,

for different values 0.8, 1, 1.2 and 1.4, we explored the rate ratio Rg; for a range of

36
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temperature values. First we chose m to be 0.8, and we varied temperature keeping

U, fixed. Figure 4.1, shows the plot of R4 versus 2]€U;T. For the whole range we

0.10
0084 m=0.8
0.06 -

0:8 0.04
0.02
0.00 A

o 1 2 3 4 5 & 7 8

U1/2K, T

Figure 4.1: Plots of Rg; versus 2,5,;1T for m = 0.8.
considered, the escape rate of one-jump is greater compared to the escape rate through
six-jump cycle. This Shows that with the background thermal kick, the vacancy have
got enough energy to cross U,, small barrier height, easily compared to going through
six-jump cycle, comparatively having larger barrier height. Within the considered
temperature range, even though, one-jump is dominant its dominant nature of one-
jump over the six-jump varies. At relatively high temperature limit the escape rate
of six-jump is larger, taking the advantage of high thermal kick to cross the long

distance (3a), as compared to relatively low temperature limit. Note as we see from

Fig. 4.1, as 25;:,, go to zero Rg is increasing. However, we cant go beyond some limit

to explore Rg1, the reason being it is a very high temperature limit that results in
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disrupting the lattice structure, in other words the alloy start melting.
When m equals to one, the effective barrier height of the six-jump is equal to
that of the one-jump barrier height. The escape rate for the one-jump cycle barrier

height is greater than that of the six-jump cycle. Figure 4.2 shows the plot of Rg;

Versus k[;—lT for m = 1. This shows the background thermal kick made the vacancy
to cross a shorter distance (%), through one-jump cycle, easily than going through

six-jump cycle which have got a long distance (3a). However, the vacancy motion is

0.14

0.121

R61

0.10

Ui

ST for m = 1.

Figure 4.2: Plots of Rg; versus

favored, within this temperature range, by moving a longer distance in six-jump cycle

at relatively low temperature compared to one-jump.
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When m greater than one 7.e for m : 1.2, 1.4 and 1.6, the effective total barrier
height of the six-jump cycle is less than from the one-jump barrier height. The one
-jump escape rate is more dominant at relatively high temperature, while the escape
rate over the six-jump cycle is more dominant at relatively low temperature limit (see

Fig. 4.3, 4.4, 4.5 ).

R61

Ui
2kgT

Figure 4.3: Plots of Rg; versus for m = 1.2.

This suggests that the background thermal kick is relatively high enough at high
temperature for the vacancy to cross the barrier height through one-jump cycle easily
compared to the six small jump process. But at relatively low temperature limit
the background thermal kick is relatively weak for the vacancy to cross the barrier
through one-jump as compared to six-jump cycle, because the latter has got six small

barrier heights which can be crossed with relatively small thermal kick in effect the
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4~
m=1.4
34
5 24
e
14
O T T T T T T T T T T 1
0.5 1.0 1.5 2.0 2.5 3.0
u/2k T
. ) U _
Figure 4.4: Plots of Rg; versus hpT for m = 1.4.

vacancy cross this barrier quickly compared to one-jump barrier height. Even if, we
take the barrier height for one-jump cycle higher than the effective barrier height of
six-jump cycle they show up similar properties. These are in each three cases, for
m=1.2, 1.4 and 1.6, at relatively high temperature escape rate through the one-jump
is greater than to that of the escape rate through six-jump cycle, in the same way at
relatively low temperature the revers case observed. In all three cases there is also
an interesting point (temperature) at which the escape rate through the one-jump
cycle is equivalent to the escape rate through six-jump cycle, i.e. Rg; = 1. This is
the temperature at which the dominant nature of the escape rate either for one-jump
or six-jump cycle changes one over the other. When Rg; = 1 it indicates the vacancy
has got equal chance to escape from one stable state to the next in both ways with

equal escape rate. Not that the temperature at which Rg; = 1 is different for different
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m=1.6

R61

or+— 77—
04 06 0.8 1.0 1.2 14 1.6 1.8 2.0

U, /2k,T

U1

ShpT for m = 1.6.

Figure 4.5: Plots of Rg; versus

value of m. For example when m = 1.2 the temperature at which Rg; equal to one is
lower compared with when m = 1.4 or m = 1.6 ( see the figures from 4.3-4.5). This
suggest the vacancy needs relatively high background thermal kick to cross the higher

barrier height than the lower.

Ui
2kgT’

Lastly we fix different values for 0.8, 1, 1.2 and 1.4, and we vary m (see
Fig. 4.6, 4.7, 4.8 and 4.9, respectively ). In all these cases the escape rates ratio,
Rg1, increased as m increased suggesting that the escape rate in one-jump cycle, for
the fixed thermal kick, is suppressed to jump when its barrier gets higher and higher
while for six-jump cycle kept the same. This shows how much the thermal kick is
small, if we have relatively higher barrier for one-jump compared to six-jump cycle,

the escape rate through six-jump cycle is more dominant than the one-jump cycle.

Note that at certain value of m the rates ratio, Rg; is equal to one. Showing that the
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vacancy has no preference to escape either through six-jump cycle or one-jump cycle,
because both has got the same escape rate. When m is below one the escape rate in

one jump is more dominant.

. U,/ 2k T=0.8
3
5 27
(14
1_
0 T T T T T T
0.6 0.9 1.2 1.5 1.8 2.1 24
m
Figure 4.6: Plots of Rg; versus m for U_—(.8.

2kpT
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4- U, / 2k T=1
34
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m
Figure 4.7: Plots of Rg; versus m for 2,5317, =1.
4- U, /2kT=1.2
3
5 24
o
1_
0 T T T T T
0.6 0.9 1.2 15 1.8 2.1
m
Figure 4.8: Plots of Rg; versus m for 24— = 1.2
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Figure 4.9: Plots of Rg, versus m for -2 = 1.4.
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Chapter 5

Summary and Conclusion

We have introduce a Supersymmetry Quantum Mechanics method to calculate the
escape rate of vacancy in well ordered binary alloys for low concentration structural
defect in two dimension. The migration is mediated by atom vacancy exchange,
from initial more stable state to the next in two mechanisms. These mechanisms are
long range and short range atom vacancy exchange. Using Supersymmetry Quantum
Mechanics method, we analytically find the escape rate for one-jump and six-jump
cycle. We compare the ratio of both one-jump and six-jump cycle escape rate by

varying the barrier hight as well as temperature.

For ~ less than or equal to one, the one-jump barrier height is less than or equal
to the effective barrier height of six-jump cycle, the escape rate through one-jump is
favored over the six-jump cycle. When the barrier height of one-jump is greater than
that of effective barrier height of six-jump cycle, the escape rate becomes temperature
dependent. For relatively high temperature, escape rate through one-jump cycle
is higher than the six-jump cycle. However, for low temperature the escape rate
through six-jump cycle is higher than the escape rate for one-jump cycle. At a

ceratin temperature, the escape rate through six-jump cycle is the same as to that of
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one-jump.

We have also seen that escape rate for one-jump is suppressed, when its barrier
height increased keeping the effect of temperature constant. At a ceratin barrier
height, the escape rate through six-jump cycle is the same as that of one-jump. Below

this barrier height one-jump escape rate is dominant.

In conclusion, to make our analysis more realistic, as most alloys exist naturally,
we have to consider three dimensional well ordered binary alloys at low concentration
structural defect and compare the result with the experimental results and Monte

Carlo simulations.



Appendix A

Derivation for Elements of the
Matrix T Cubed

The explicit expression for matrix elements [T3]y; and [T®]y2 can be obtained by
diagonalizing the transfer matrix, using diagonalizing matrix P and P, then finding
the cub term of T. For square matrix n xn, say T in our case, we can find transforming
matrix P and P~ to diagonal the matrix, D. So that D = P7'TP or T = PDP™!
and from this 73 = PD3P~1.

Let the diagonal element of the diagonal matrix be d; and ds, i.e.,

d 0
D= .
0 do

Now our task is to find P, P~!, d; and dy. Let the elements of the matrix T written

T = ( T e > . (A.0.1)

T21 T22

as

Then we write for the matrix T with its eigenvalue and eigen vector as

()= ()
T —d : (A.0.2)
Y Y
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where T is the square matrix and d is its corresponding eigenvalue.

Then we write Fq (A.0.2) as

X
(T — dI) ( y ) =0, (A.0.3)

X
where [ is the identity matrix and ( > is the eigen vector.
Y

Since the eigen vector is different from zero, its determinant coefficient must be equal

to zero. Then we write it as |T'— d I| = 0, it then follows that
(Tll - d) (T22 - d) - T12T21 - O (AO4)

Equating for d in Eq. (A.0.4) we obtain

T Too) 4+ +/(Ty1 — Tho)2 + 4Ty T:
d1,2:( 11+ Th2) ( 121 92)2 + 4715 2 (A.0.5)

Let

Q = /(Th1 — Ta2)? + 4112 T, (A.0.6)

then we rewrite Eq. (A.0.5) as

d = T + 7232 + Q, (A.0.7)
dy = w (A.0.8)

For d = d; from Eq. (A.0.3) and (A.0.7) we rewrite as

Ty — %[Tn + Tho + Q) Tho z\ (0
Ty Ty — %[Tn + Ty + Q) (Y 0/

Consider the second row of the above matrix, one can rewritten as

1
Tgll‘ + 5 (TQQ — T11 — Q) Yy = 0. (AO9)
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Choose y=1, then x will be

_T22 - Tll _ Q

T
so that
v = (x,y) = (—%, 1) . (A.0.10)
For

d=dy— Tn‘i‘TzQ—Q7
2
from Eq. (A.0.3) and (A.0.8) we find

( Ty — %[Tn + Ty — Q] Tz

. (A.0.11)
T T ;[111-1”122‘1‘@] Y 0

Consider the second row

1
Torx + §[T22 — T+ Qy =0,

(A.0.12)
choose y=1 then x will be
_ _T22 - T +Q
2T ’
from this
Toy — T +Q
= = -——1]. A.0.13
V2 (I,y) ( 2T12 ) ) ( )
So that
_Too-Ti—-Q _ Ter—Tn+Q
P = 2 2 : (A.0.14)
1 1
and P! will be
To1 Q-T11+Ts
-1 _ Q 2Q
P = < Dy —Q-ThiTh ) . (A.0.15)
Q 2Q
Therefore

T° = (PDP')Y = PD’P !, (A.0.16)
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and we have

3 0
D3=| ' . (A.0.17)
0 ds
Then from Egs. (A.0.14) - (A.0.17) we find
[T°],, = (PD*P7Y),,, (A.0.18)
and
[17°],, = (PD*P71),,. (A.0.19)
It follows that from Eq. (A.0.18)
Ty (—d3 + d3
9], = L v d) (A.0.20)
Q
and from Eq. (A4.0.19)
(T — To) (—d5 + d}) + Q (d5 + d})
[T°],, = 20 : (A.0.21)
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