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Preface 

The rapid development o f high speed digital computers and the increas ing desire 
for numerical answers to applied problems have led to enhanced demands in the 
course dealing with methods and techniques of numerical analys is. Although 
numerical methods have always been useful, their role in the present-day scientific 
research is fundamenta l imporlance. One reason for this is that numerical methods 
can give the solution when ordinary analytical methods fai l, for example in finding 
the roots of transcendental equations, or in solving nonlinear differential equations. 

Almost a ll physical phenomena in nature can be described in terms of differential 
equations. Differential equat ions also can be sol ved analytically or numerically. In 
case where both the given equation and the given domain are simple, the solution 
can be obtained analytica lly. However, methods of exact solution to general Partial 
diffe rential equations are failed for irregular and geometrically complicated 
domai ns and the geometric and material nonlinearit ies of most practical problems. 
In addit ion dri ving the governing dynamics of physical processes is a complicated 
task in itself; find ing exact solution to the governing part ial differe nt ial equations 
is usually even more formidable. When trying to solve such equations, 
approximate methods of analys is provide a conven ient, alternat ive method for 
find ing so lut ions. 

Although there are di fferent approximate methods of solving differential equations, 
in thi s seminar we deal with the Finite Element Method of solving di fferenti al 
equations. Moreover ,two such methods, Rayleigh-Ritz Method and Galerkin 
Method, are included in the seminar .The purpose of the later two methods is to 
introduce with variati onal approx imat ion of Differential Equations whose 
knowledge is mandatory for the understanding of the Fini te Element Method in the 
succeeding sections and these methods are referred as classical variational method. 
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1. Introduction 

The rapid development of high speed computers and the increasing desire for numerical 

answers to appl ied problems have lead 10 enhanced demands in courses dea ling with the 

methods and techniques of numerical analys is. Although numerical methods have 

a lways been useful, their role in the present-day scientific research is of fundamental 

importance. One reason for this is that numerical methods can give the solution when 
ordinary analytical method fails, fo r example in fi nd ing the roots of transcendenta l 

equations, in solving nonlinear di ffe rential equations and in finding so lut ions of integral 
equations etc. 

Many phys ical problems in applied science and engineering are fa nnulated in terms of 

mathematical relations involving certain known and unknown quantiti es and their 

deri vatives. The analytical method can be applied to solve only a selected class o f 

di tTerent ia l equations. Those equations which govern phys ical systems do not possess, 

in general, closed fonn solutions, and hence recourse must be made to numerical 

methods for solving such differential equations. Some of the numerical methods for 

solving di ffe rentia l equations are Finite di fference method, Shooting method, 

Variational approximation, Finite element method etc. From the methods mentioned 

above, we are going to discuss only Finite Element Method. 

Finite Element method is a numerical method for obtaining approximate solut ions o f 

ordinary and part ial differential equations. It is especially powerful when dealing with 

boundary conditions defined over complex geometries that are common in practical 

applications for which equil ibrium or conserva tion law can be easily stated in terms of 

phys ical quantit ies one want to obtain. Some of the practica l applications of FEM are 

Structu ra l analys is, Therma l system a nalysis, Flow analysis, Energy conservation, 

Mass conservation, Pla ne stress, Pla ne st ra in etc. However, this seminar report 

presents the FEM using simple prob lems. Therefore, it must be understood that it is for 

sake of easy introduction that I use relative ly s imple prob lems. 

Histor ica l Background of Finite Element 
Although the method was fi rst developed in 1956 for the analys is of ai rcraft structural 

problems, the concept has been used several centuries back. For example ancient 

mathematicians found the circumference of a ci rcle by approximating it by the 

parameter of a polygon. In terms of the present day notation, each s ide of polygon can 

be called a ' finite element ' . 
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The basic idea behind Finite Element Method is to replace a continuous fu nction by 
piecewise polynomials, such an approx imation is called piecewise polynom ial 
approximation. But, before the discussion of Finite clemcnt Method let us discuss some 
basic concepts like Boundary conditions, Variat ional Principle and Variati onal 
approximation, then we discusses Finite Element Method for solving boundary value 
problems. 

I. t. Boundary Value Problem 
Definitions: 

i) A di fferential equat ion is sa id 10 describe a boundary value problem if the 
dependent variable and possibly its derivatives are required to take specified 
va lues on the boundary . 

ii) The general second order differential equation of the form 
y" = f(x.y.y'), a:5 x :5 b 
together with either of the following boundary condit ions 

y(a) = a and y(b) = fJ 
y'(a) = a and y'(b) = P 
"', y(a) - fJ,y'(a) = a and a,y(b) - fJ,y '(b) = fJ 

Where la.! + IP,I * 0 andla, l + IP, I * 0 

Table 1.1 Varitiollal ami Proper Name of BOllndary ConditiollS 

Boundary Condition Variational Name Proper Name 
I-iomogeneous Non-I-Iomogeneous 
v-a V- f(s) Essential Drich let 
V'-O V'- g(s) Natural Neumann 

V+PV'- O V+PV'-h(s) Mixed Robin 

(a) 

Boundary conditions are classified as homogeneous and non- homogeneous boundary 
condi tions. A boundary condition is said to be homogeneous if it is speci tied as being 
equal to zero, otherwise it is called non homogeneous. 

The conditions that guarantee that a solut ion to (a) exists should be checked before any 
numerical scheme is applied; otherwise a list of meaningless output may be generated. 
The general conditions are stated, without proof, in the following theorem. 
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Theorem: 

Assume that f (x,y,y') is cont inuous on the region 
R=( CX. y. y' ): a $ x $ b. - 00 < y < 00 and 00 < y' < oo} and that 

:~ = f yCx.y.y ') and :: . = f y'Cx. y .y ') are continuous on R. Ir there exist a constan t 

M > 0 I'or which % = f yCx.y.y' ) > 0 and If y'Cx.Y. y ') 1 < M I'or all (x, y, y') E R 

Then the boundary value problem y" = fC x, y, y') with yCa) = a and yCb) = {J has a 

unique solution y= y(x) fO T a $ x $ b. 

1.2. Va riational Principle 

The Mathematical formulation of variational principle is that the integral of a typical 
I'unction say F(x, u(x), u'(x)) has an extreme value I'or actual perl'ormance subject to 

the general conditions orlhe system . The problem of determining the minimum and 
maximum or the integral often leads to one or morc part ial differential equations 
together wi th the appropriate boundary conditions. 

1.3. List of some important formulae 

The lists of some important formulae which are frequently used latter in the variational 
fannu lation of DifTerential Equations are given below. 

a) 5d(x)=d(5x),where ''5'' is a variationa l operator , , 
b) 5 Jf(x)d<= JIf(x)dx 

" " , , 
c) J.'!~'II(x)dx = v(x)u(x)lb• - JV(X)~X 

Qdx " dr: 
'J dll =v(b)u(b)-v(a)u(a)- v(x)=a:< 
a dx 

'J dIu du b I>Jdll dv du du "'Jdll elv d) v(x)~x =- \(x) l , - - - dx=-lbV(b)- -I,v(a) - --dx 
d'( 2 dx dx dt dx dx dr: tlx 

" " " 
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t .4. Definition: 
I) Fun ctional: It is a mapping which ass igns a defi nite real number to each function of 
SOme sel. Alternatively it is defined as a funct ion which Iransfonns a given function to a 
real number. 

Exa mple: The arc length L of a plane curve connecting two given points A (xo. Yo) and 
B(XI .YI) is functional. The quanti ty L may be computed if the equation of the curve 
y~ y(x) is given; then the functional is given by 

'I (d )' L[y(x)] = f 1+ -.Z dx 
;to dx 

2) The extremum of a funct ional is a fu nction at which the functional attai ns its 
maximum or minimum . 
3) A problem in which it requires determination of the maxima or minima of a 
funct ional is called Variational Problem. 

Example: Find the Functionals of the following DE 
a)u,,= F(x)where u (a) ~ u (b) ~ O ( IA. I) 

Solution: let vex) be a test funct ion which satisfi es the boundary conditions. 
Then, u" v(x) ~F(x) v(x) multiplying ( 1.4. 1) by v(x) 

=> v" v(x)-F(x) v(x) ~O ( 1.4.2) 

• • 
=> f" u v(x)dx - fF(x) v(x)dx = 0, Integrating (1.4.2) ovcrthe domain, 

• • 
=> u,v(x) I,b_ f" ,v,dx - f F(x)v(x)dx = O Integrating by parts 

" , 
• • 

=> - f" , v,dx - f F(x) v(x)dx = O (-: v (a) ~ 0 ~v (b)) 

" " 
•• ' I( d )" 

=> I"' v,dd Y(x) v(x)dx = I 2\ d; dx + Y(x) v(x)dx = 0 

' ~d )' • Now let I (v)~ f -...': dx + f F(x) v(x)cLt 
02 dx Q 

. (d)' ~ F cL: + 2F(x) v(x) }Ix ( 1.4.3) 
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Then the function I (v) in (1.4.3) is the funct ional of (1.4. 1) and from calculus of 

variation, the necessary condition ror the integral I (v) to have an extreme value is that 
vex) must sati sfy the Euler Lagrange Differential Equation. 
Let the integrand in (1.4.3) be G, then G is a function of x, v, v' hence ( I A.3) can be 

wri tten as, 

• 
I(v)= JG(x, v, v· )dx 

Then the Euler Lagrange Equation associated to ( 1.4A) is 

d ' 
b) -1- = f(x) Where yea) = y(b)= 0 

dx 

( 1.4 A) 

( 1.4.5) 

Solution: In a Similar approach as we have done in problem a, the associated functional 

is given by, 
• 

I(v) = JV(2f-V}dx (1.4.6) 

And the Euler Lagrange Equation assoc iated to ( I A.6) is 

aF _~(a~)+~(a~)= o Where F=F(x,v, v ' ,v"). 
av ax av ax' av 

a'u a'u 
c) - -+-=k ax' ay' 

( IA .7) 

Where u= 0 on the boundary C of a region R. 

Solution: Let vex, y) be a test function such that v= 0 on the boundary C of region R. 

Then multiplying ( I A.7) by vex, y) ,we get 

( IA .8) 

Integrat ing ( 1.4 .8) over the region R, we get 

H(Vllu +vIl,, -kv)dxdy=O . 
H 
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=> H(vlIu )dxdy + H(vlI,, )dxdy - H(k V) d<dy =O 
, , R 

=> Hv(vu + v,, - 2k)dx dy=O , 
Then, l(v)= Hv(v ..... +v)y - 2k)drdx , 

is the functiona l of problem ( I .4.7). 

( 1.4 .9) 

Remark: The Euler-Lagrange equat ion for higher derivat ives can have several solutions 

and the one which sati s fies (he given boundary conditions is se lected. 

1.5. Base Function 
Suppose we want to approximate a rea l valued function f(x) over a finite Interva l 

[a, b).We divide [a, b) in a number of sub-interv.ls [Xi, Xi+,] ' i=O, 1,2 ... , n- I where 

xo= a and Xn= b, and interpolate linearly between the va lues of f(x) at the end points of 

each sub interval. For [Xi. Xi+d,then we have 

/ .(x) = x-xi f(x.)+ x-xi+1 fIx. ) 
1 x. - x. I X . -x. 1+1 

I 1+1 1+1 I 

(1.5. I) 

f{x) 

fig 1.5.1 

Where Cj(x) is Lagrange interpolating polynomial of f(x) on the interval [Xi. xi+d , 

from this we construct the Lagrange interpolating funct ion of f(x) over [xo. xn] . which is 

g iven by the ronnul . 

Craduate seminar On Finite Element Method 6 
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where 

n 
P(x) = L (>(x)f(x.) 

i=o I I 

{ 

x - x, 

(>, = ~' - X, 

(>, = 

X-Xi_1 

X i - X'_I 

o 

(1.5 .2) 

fo r Xo S X 5: x I 
(1.5.3) 

for X /-I S x 5: x I 

1.5 .4 ) 

f or x ~ X,+ 1 

for xo:5 x :5 X /I_I 

(15.5) 

The functions (>;<x) , V( i = 0,1,2 ... , n) are ca lled Lagrange fundamenta l polynomials. 

Sometimes also named as Base Functions or Shape Functions and have the propert ies 

{
I fOrxE lr. I'x. Ij 

(J.(x.) = 1- 1+ ( 1. 5.6) 
I f 0 otherwise 

Example: The function f(x) = sinx is defined on the interva l [ I , 3J.Then the Lagrange 
interpolating polynomial in this interval is given by 

p(x) = (, -3) s in1 + ('- 1) sin3 
-2 2 

= -! (x - 3)(0.841 5) +! (x - 1)(0.1411) 
2 2 

=-0.3502x+ I. I 9 I 7. 
The approximated values of [(1.5) and [(2.5) 

f (J .5) '" p (J .5) = 0.6664 

f(2.5) '" p(2.5) = 0.3 162 

Craduate seminar On Finite Element Method 
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2. Var ia tional Method of Approxim ation 

In this section we discuss two class ical variational Methods, the Rayleigh-Ritz and 

Galerkin methods of approximation for solving differential equations. The former 

method is based on the existence of functional where as the latter belongs to a wider 

class o f methods called weighted residual method. An advantage of the Galerkin 

method is that it does not require funetiona ls. Both the methods have a common feature 

in that they seek an approximate solution in the form of a linear combination of suitable 

" 
approx imate or base funct ions¢,(x),and Ilndet er min ed paramelera, i.e. L a,¢, . /., 
2. 1: Rayleigh-Ritz Method of Approximation 

As mentioned earlier this method is based on the existence of a func tional which is then 

minimized. In this method we don' t get the actual minimum but only an approximate 

one as close to the actua l solution as the base function allows. To get a good 

approx imation, therefore, the choice of the base function is important and to improve 

the approximation, the number of base functions should be increased. 

We explain this by considering a second order boundary value problem defined by 

y" + p(x)y ' + q(x) (2. 1.1 ) 

Where y (a) = y (b) = 0, a<x<b, 

The functional ror problem (2. 1.1 ) is given by 

b (d )' l (v) = H ~ -pv'-2qv]dx 
" dx 

(2. 1.2) 

Problem (2. 1. 1) has a unique solution at the minimum va lue o f I (v). 

Now we try wi th an approximate solution and dete rmine the parameters of 

approximat ion so that the integral is a minimum. This is the cent ral idea of Rayleigh -

Ritz method. 

" 
Let vex) = L a,¢,(x ) (2.1.3 

,., 
be an approximate solution where ¢;Cx) ,';I(i = 1,2, .. ,n) are linearl y independent base 

functions and sat isfy the boundary conditions i.e. ¢;Ca) = ¢;Cb) = 0 , ';I t; = 1,2,3 ... ,n). 

Substitut ing equat ion (2. 1.3) in equation (2. 1.2) we get 

l(al,a2, ... ,an) = bJ( dd (£ aA(x»))2 - p( £ aA )2 -2q( £ ai¢;)}x 
,. x ,=1 ,=1 1=1 

(2. 1.4 ) 

To lind the minimum, we have (2.1.5) 

Gradua te seminar On Finite Element Method 
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Since oai , is arbitrary\l(i = 1,2, ... ,n), (2.1.5) implies that~ = 0 , \I(i = 1,2, ... ,n) . aai 

Now we arc going to slate, without proof, that the Rayleigh-Ritz method converges to 

the actual solution of the problem provided that lhe functions ¢.(x) i = 1,2, .. )1 arc 

linearly independent and satisfy aileasl the essential boundary condition orthe problem. 

Example: Consider the two point boundary value problem derined by 
y" + x = 0 (2. 1.6) 

Where O<x< I and y(O) = y( I) = 0 

Exact solution: 

d' -+ = - x where 0 < x < I and y (O) = y(l) = 0 
dx 

II ' - x' I => y(x)= - xdx =-6- + k,x + k" bllf y(O) = 0 => k, = 0 lIlId y (l ) = O=> k, = 6 

threJore, y (x ) = ~x(l- x' )is the exact so/utioll . 
6 

The Rayleigh-Ritz approximate solution: 
Let v(x) be a test function which satisfies the boundary conditions, then the 
corresponding funct ional for problem (2. 1.6) is given by 

Again , LeI 

, 
I(v)= Jv(- 2x - v' )dx (2.1.7) 

o 
Where v (0) = v ( I) = 0 

n 
v(x) = I a .", .(x) . 1 1 1 1= 

be anapproximatc soilition of problcm( 2. 1.6) 
Where ",/0) = "'i(l ) = 0 , \I (i = 1,2,3 ... ,11) and 0 < x < I Substitut ing (2.1.8) in (2 .1.7), we 

obtain 

,,1 "" I 

= -L:za, Ix¢,(x)d'- IIa,a, I¢,;;d, 
,.1 0 ,·1 }al 0 

(2. 1.9) 

Graduate seminar On Finite Element Method 
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" " " 
I(v)=- ~)o. P, - II o,oJq, 

,.1 ,.1 ,.1 

Minimizing I(v)=> 

" => -2p, - 2I o
J
q, = 0 , '</(i = 1,2, ... ,11) 

J"O 

Now let us fi nd the approx imate solution with n=1 and n=2. 
For n=l, 

Let ¢, (x) = x(l- x) so that the boundary condi tions arc sat isfied. 

Then using (2. 1.1 0) , we have 
1 1 , 1 

Po = Jx¢,dx = Jx-(l- x)dx = - and 
o 0 12 

, , 
q" = - J¢."¢J·dx = - J(I- 2x)' dr =.::..'. 

o 0 3 
Substi tuting (2.1.13) in (2. 1.1 2), we get 

For 0=2, 

- I 2 I 
2PI -201QII = 0=>6+3"°1 =0=>°1 = 4 

.... !.x(! - x)is the firs t approximat e solurioll of problem (2. 1.6) 
4 

(2.1.10) 

(2.1.1 1) 

(2.1. 12) 

(2.1.13) 

Let ¢, (x) = x(l - x) and ¢, (x) = x' (1 - x), so that the boundary conditions are sati s fi ed. 

Similarly. we have 
1 I , I 

P, = Jx¢,dx= jx-(I-x)dx= -
o 0 12 

, , I 

J .. J 1 q ,,= - ¢,¢, dx = - (1- 2x) dx =--
o 0 3 

Graduate seminar On Finite Element Method 10 
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" 1 
P2 = Jx¢zdx = Jxl (J - x)dr = -

o 0 20 , , 
q 12 = - f\(l,6z'dr = - J(l- 2x)(2x - 3x2

) ciy: = -.!. = q ll 

" 6 , , 
qn = - f¢2'¢1'dx = - f(2.\" - 3X2)1 dy; = _2. 

o 0 15 

Then subst ituting (2.1.14) in (2. 1. 12) ,we obtain 

2PI + 2(a1qll +a2qI2) =O and 

2PI + 2(a1q2 I +a2Q22)=O 

=> 4al + 2a2 = 1 and lOal + 8a
2

= 3 

I 
=> a l = a2 =;; 

I I 2 I 2 
Hence,;;x(I -x)+;;x (l- x)=;;x( l -x ) 

is the second approximate solution of problem (2. 1,6) 

which is the same as the exact solution. 

Graduate seminar On Finite Element Method 
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2.2. The Galerkin Melhod 
The Rayleigh-Ritz method discussed above is a powerful technique to solve boundary 
value problems (BVP). however, it has disadvantage of requiri ng the existence of 
functiona l which is not always possible to obtain. The fact that it requires func tiona l is 
onc of its short coming because most of physical and engineering problems arc 
expressed in terms of certain governing equations and boundary conditions, and not in 
terms of funct ionals. 

Galerkin method uses an approximating function called trial fu nction (which satisfies all 
the boundary conditions) and is substituted in the given di fferential equation to give 
what is called the residual which wi ll not be zero since we have substituted an 
approximating function. The residual is then weighted (multiplying the residue by an 
arbitrary weight func tion) and the integral of the product, taken over the domain, is then 

set to zero. 
To explain Galerkin's method consider the following second order boundary value 

problem 

y" + py' + qy = [(x) ,a<x<b (2.2 .1) 

with the boundary conditions 

poy(a) + qOy' (a) = f a 

Ply(b) + qly '(b) = f I where P and q are fimcliansaj x. 

To fi nd an approximate solution of the problem in (2.2. J), we choose base function 

¢j(x) in the way we have done in Rayleigh-Ritz melhod .Then an approximated 

solution vex) which is a linear combination of the base function s ¢Ji(x) is taken where 

a,s are unknown parameters, 

(2.2.2) 
,., 

v(x) will nol in general salisfy (2.2.1) bUI produce a residual 

R(v) = v" + p(x)v' +q(x)v (2.2.3) 
Taking the weight func tionlp,(x), thc weighted integral equation is wri tt cn as 

, 
J~, (x)R(v)d' = 0 (2.2.4) 

" 
The integral in (2.2.4) leads to a system of equations fonn which we can solve the 

unknown parameters a,. 
Notice : In Galerkin Method usually we take Base fun ction 0 i = weight fun ctiouqJl 

12 
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Example: Consider y" + y = -x, O<x<1 
Where y (0) ~ y ( I )~ 0 

" 

(2.2.5) 

Solution: Choose vex) = L a,;, to be an approximate solution of (2.2.5) which satisfies 

the boundary conditions. 
Forn=l, 

,., 

Let v(x)~o l¢1 such that ¢I (O)~¢I ( I )~ Oand let¢1 (x) ~ x( 1- x)~ v(x)= 0lx( 1- x) 

Substituting for v(x) in (2.2.5), we get 
R(v)~ v"+v ~ -x • but v': a,(I - 2.<) => v" : - 2a, (2.2 .6) 

Hence using (2.2.4) we have 
I 
J( v"+v + x) qJl (x)dx ~ O • where qJl (x)is weight j l/nction bw ¢I (x) ~ qJl (x) 
o 

For 0=2, 

I 
=0 J(v"+v + x)¢I(x)dx ~ O 

o 
I 

=0 J(v"+v+x)x(l - x)dx ~ O 
o 

=0 )[a l (-2+X(l-X»+x~< (I -x)dX:O 
o 

I I 2 5 
=0- j2x(l-x)dx+a

l
lx (l- x)dx:O =oal : -

o 0 18 

~ Thefirst approximate solution for (2.2.5) is v(x) ~ 158 x( 1- x). 

Let v(x) ~ a
l 
x(l- x) + a

2
x2 (1 - x), then v": - 2al + a 2 (2 - 6x)Sl/bslitW ing in (2.2.4) 

I I 
we get J(v"+v + x)<P 1 (x)dx ~ J(v"+V + x)x( l- x)dx ~ 0 (.) 

I I 
J(v"+v + x)<P2 (x)dx: J(v"+v+ x)x 2(1- x)dx: 0 

where 'PI and 'P2 are weight /unclions 

13 
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• 
Then substituting vand v on (*)and (**), we obtain 

5 
2a l + a 2 = 9·nd 

3 13 1 
20 a 1 + 105 a 2 = 20 

7 1 7 
=> a l = 369 and a 2 = 4t 

=>V(X) = 376~X( I - X)+ : I X2( I - X) 

is the second approx imate so lution o f (2.2.5), 
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2.3. Applicat ion of Rayleigh-Ritz :tnd Galerkin Methods 10 two Dimensional 

Problems: 

Although the app lication of Rayleigh-Ritz and Galerkin Methods to two Dimensiona l 

Problems is more complicated because of the increase in the number of parameters to be 
determ ined, we illustrate it using the following simple example. 

Example: Consider the poison equation 

a2u a2u 
- 2 +-2 = 4 ,O< x,y< 1 
ax ay 

Where u= 0 on the boundary C of a region R. 

i) Rayleigh-Ritz method Solution : 

(23. 1) 

Let v(x, y) be a test function which vanishes on the boundary C of a region R. Then, 
using Equation (1.2. 16), the funct ional of(2.3.I ) is given by 

I (V) = MV\vxx+vyy-8jdxdy (2.3.2) 

For 0= 1, 
Let v(x) = axy(x - I )(y - I) be the first approximate solution for (2 .3.1) 

Clearly v(x, y) satisfies the boundary condition i.e. v= 0 on the boundary C of region R. 

Then the derivatives are given by 

V,,= 2ay(y-l ) and v,,= a2x(x-l) 

Substituting in (2.3 .2), we get 

I(v) = Hoo:y(x - 1)(y- I)[8- 2ay(y - I) - 200:(x-I)] dxdy 
, 

Lei a= Hxy(X - I)(y- I)'dxdy =_1 
R 36 

II 2 2 2 I b= x y (x - I) (y- I) dxdy=--
R 180 

c = Hx2Y(X - I) 2 (Y- I ) 2dxdY= - I~O 
R 
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Equation (2.3.5) simplifies to I(v)= 8aa-2a' b-2a' c 
and minimizing / (v), we get, 

01 
- = O=> 8a - 4ab - 4ac = O 
oa 

4" 5' => a = =- /I sin g (2.3.6) 
2(b +c) 

The Rayleigh-Ritz approximate solution for (2.3 . 1) is given by vex, y) =-5xy(x- l) (y_I). 
ii) Galcrkin 's Method Solution: 

Let vex, y) = axy(x-I) (y-I ) be a trial solution where vex, y) = 0 at the boundary C of a 
region R. Then, we have 
R (v) = vxx+vyy·4, but vxx = 2 ay2. 2ay and Vyy= 2ax2-2ax 
Using equation (2.2.4), 

H\', (x ,y)R(v)dxdy = 0 where \" (x ,y) = aty(y - I)(x - I) 
H 

=> H(y u + Y" - 4)roy(x - I)(y - I)dx(ry = 0 , 
But we have the following 

a' 
frual}(x - I)(Y- I)dxdy=-- and 
, 90 

2.3 .7) 

(2.3.8) 

a' ft, a\:)(x - I)(y - I) d<dy=- - (2.3.9.) J' >Y 90 
R 

f.f!a<><x -I)(y- I)dxdy= 4a Hence, equa tion (2.3.8) becomes 
R 36 

a2 a2 4a 
~------= O 

90 90 36 
Since a ':# 0, we have a =-5 

Thus, the Galerkin's approximation is given by 

v(x,y) = -5xy(x - I )(y - I) 

whi ch is the same as that of Rayle igh - Ritz approximation. 
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Summary on Rayleigh-Ritz and Galcrkin 's Method 

The variational methods of approximat ion discussed above, the Ra)' lcigh- Ritz and 
Ca lcrkin 's method, both have a common feature in that they seck an approximate 

solu tion in the form of a li near combination of base funct ions. fcverlhclcss, they di ffe r 

from each other is that the Galerkin 's method begins with the weighted-integral form of 
the dynamic equat ion as opposed to the weak form. 

The Rayleigh Ritz method is powerful technique for the solution of boundary va lue 

problem .It has, however, the disadvantage of requiring the existence of functional 

which is not always possible to obtain. Since most engineering problems are expressed 
in terms of certa in governing equations and boundary condi tions, and not in tcrms of a 

func tional, it is advantageous to usc Galerkin ' s method than Rayleigh- Ritz method. 

Although both of the above methods arc applicable in solving different app lied science 

and engineering problems, it is difficult to apply them in their class ical form. The lWO 

basic reasons not to apply them in their variational fonn arc: 
./ The difficulty associated with the choice oflrial func tions satisfying the given 

boundary conditions. Particularly for complicated boundaries and boundary 
conditions defined over complex geometries thal arc common in practical 

application . 
./' Very high order polynomials have to be used 10 obtain global solutions with 

reasonable accuracy. 
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3: fi nite Element Met hod of Approximation 

The variational methods we discussed above arc powerful numerical Ie hniqucs. 
However due to the forme rly mentioned two basic reasons ,Rayleigh-Ritz and Galcrkin 
methods cannot be applied directly for obtaining global approximate solutions to 

applied science and engineering problems. Finite clemen! method is one of the most 
important numerical applications of Rayleigh-Ritz and Galcrkin methods. In this 
method the idea of both Rayleigh-Rilz and Galcrkin arc used in such a way that the 
above IWO types of problems arc avoided. In this method the region of in terest is 
subdivided into a fi ni te number of sub regions. called clements. and over each clement 
the variational formulation of the di fferential equation is constructed using simple 
func tion for approximation. The individual element is then assembled and the equat ions 
for the whole problem are formed by a piecewise approx imation of the variat ional 
method. Instead of increasing the order of the approximating fu nctions, a fi ner mesh is 
used to obtain a result wi th a beller accuracy. This is the way how the problems 
mentioned earlier are avoided. 

As out lined by Reddy (1993), there are three main features of finite clement method that 
make it superior over the classical variational methods. First, extremely complex 
domains arc broken down into a collection of geometrically simple sub·domains which 
we refer to as fini te clements. Secondly, over the domain of each finite clement, the 
approximation functions are derived under the assumption that cont inuous functions can 
be well approximated as a linear combination of algebraic polynomials and finally, the 
undetermined coe fficients are obtained by satisfying the governi ng equations over each 
element. Now we illustrate the basic steps involved in the fi ni te clement method through 
simple examples involving boundary value problems in one and IWO dimensions 

respectively. 

3.1: Fin ite Element Method of approximation for One Dimcnsionall)roblem 

Consider the two point boundary value problem defined by 

!!...-[a(x) dY ] = _ f( x) ,0 < x < I (3. 1.1) 
dx dx 

with the bOllndarycollditiolls , 

dy 
y(O) = 0 and a(x)- = 0 

d"( ... .,1 
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Solution: The basic steps involved in the finite clement method arc given below. 
Step 1: Discretization of the region of interest into :I SC i of finit e clemen ts. 

The region of interest in problem (3 .1.1) is the x-axis i.e. from x= 0 to x== I.Supposc 
[0, 1] is divided into a sel of finite and non overlapping sub-intervals 0 ,. called 
elements, of arbitrary length. 

D, 

fi g3.1 " 

Xo =0 x, x, x. 

Where e E Nand xe- 1 < X < xe 

xo. X" x, •...• x. are called nodal points. y(x;}~ y;'s ( i ~0. 1 .2 •...• n) are called noda l 
values. For simplicity. let us take intervals of cquallcnglh he and consider a typical 
element being e1h of length he from node e- I to node c. Let Xc_ I and Xc be the values of x 
at the nodes e and e- I and y<c.l)and y(c) be the va lues of y at these nodes ,respectively. In 
general, y<e) satis fi es the condition that; 

y") (x) ,,0 .Vx«D, ~[x._IX, J and 'Ie (3.1.2) 

For example in (fig 3. 1 a) 

y(e)(x
4

} is non zero whereas /e)(xo) ~ /e)(x l) ~ y(e\xs} ~ y(c) (x,,} ~ O. 

Now using (3. 1.2) the global approximate solution y(x}. can be wri llcn as 

y(x} ~ ~>" ) (x} (3. IJ) 

where, the summation is taken over all elements. 

Step 2: variational formulation over the element lie" 
Choose an arbitrary element from the elcments in stcp I, and thcn construct varia tional 

form ulation of the differential equation ovcr the element e. 
Let v(x) be a functi on satisfying the boundary conditions given in ("') 

From (3.1. 1). we have 

" d( d) " J v- a(x}..1. dx ~ - JVfdx 
lie_I dx dx lie_I 

multiplying (3.1. 1) by v and integrat ing it over Ihe domain D,. 

(3. 1.4) 

t 9 
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" d ( d) " => J v- a(x)2. dx + Jvrdx = 0 
x I dx dx 

e- ~e- I 

d ', • y ~e d ~e 

=> va(x)- - J a(x)v'2.dx + Jvrdx = 0 
dx ",. , " dx 

e- ~ e- I 

'J' dy ~. 
=>- a(x)v'dxdx+ Jv/dx+v(x, )O; +v(x,.,)O,' = 0 

.... _, ;r,., (3. 1.5) 

where Dt = -a(x)!1 and 
.t • • • 

0 ; = a(x):!d d,;t . (3. 1.6) Step 3: 

Rayleigh-Ritz approximation over the element e 

Let Y, (x) be an approximate solution to y(x) over the element e. so that 

" 
Y, (x) = L :a;¢'(x) ,-, (3. 1.7) 

where aj's are parameters to be determined and 

chosen. Substituting (3. 1.7) in (3. 1.5), we get 
~J (.T)S are approx imate functions to be 

~ x, J, 

-I a; f a(x)v'¢;(x)dH f 'idr+v(x.)o; +v(x,.,)O,' =0 
I- I .... . ... • . , 

now vex) = ¢, (x):::::) v'= ¢; (x) as bmje junction 

~ " .. , 
=> I a; f a(xJij/,)¢; (x)(1< = f¢, (x)/dr+ ¢, (X, )O; + ¢,(x,., )0,' 

,-, .... -1 ... . , 

'. 
LeI K; = Ja(x)¢; (x)¢; (x)d, 

'. 
and F~= J¢,/ dx+¢,(x, )D; +¢,(x,.,)O,' ,i = 1,2, ... n 

",-I 

equation (3. 1.8) can be written in the matrix ronn 
Kea~ = Ft 

IJ J I 

Where Kij and Fj are called stiffness matrix and force vector respectively. 

(3. 1.8) 

Then 

(3.1.9) 

(3. 1.1 0) 

Remark: In the Rayleigh-Ritz and Galcrk in's methods, the system of eq uat ions IS 

obta ined in terms of arbitrary parametersaJ . In fini te element method; on the other 

hand, the unknown va lues of the dependent variable y at the nodes are taken as 

parameters. This is illustrated in the fo llowing way: 
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Let y(x) =u,+ u, x 

Be an approximation in the clement c. -1l1cn we have 
Y(Xe_l) =a[+ Cl2Xe.] == Ylc 
y(x,) =u,+ u,x" = y,' 

Solving for Ui (i= 1 ,2) in (3.1.1 1) ,we obtain 

(3 .1.11 ) 
, 

(3. 1. 12) 

(3. 1.1 3) 

(3. 1.14) 

x-x 
where ¢2e (x) = e-I and "Ie(x) = xe- x 

, (3. 1.1 5) 
xe - xe_1 xe -xc_1 

with x 1 = xe_1 and x2 = Xc such that the function ¢fhave the property 

¢.e (x.)= {O,i.*j (3. 1.1 6) 
I J 1 ,1 = J 

Now from (3.1. 10) we have, 

K~a~ = K~l = F.c 
lJ J IJ J [ 

(3.1. 17) 

Step 4: Assembly of the element equations to obtain the global sys tem 
We construct or assemble the equat ions to the overa ll system of equations (Le. the 
systematic descript ion of the summation of the solution y(x) of the given problem from 
i ).The procedure for constructing the system equations is the same regardless of the 
type of the problem and number and type of elements used. Let LIS first define 
VT= (Yo,y"y" ... ,y,) (3. 1.1 8) 

where Yi (i= 1,2, ... ,n) arc the nodal values 
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Lei us sel M. = b; for k = 1,2 and j = 1,2, .... 11 . '0 be Ihe 2)( (n + I) matrix defined by 

b' ={I ,(k = 1 alld j=e) or (k = 2 alld j=<+ I) 
IJ 0, oriTenl'ise 

with rhis obsene Ihal 

Y; = M.Y 

Then (3. 1.1 7) can be written as 

K;MeY = F,' 

=:> M: K;M.Y = M: p,' multip/ying both sides 0/ (3. 1.20) 

from Ihe left by M; .Adding Ihese over ,he (/I + I) elemellfs, 
".1 ,..1 
" M' K' M Y =" M' f ' £.. rv r £,... ., ,., ,., 
which is the system of equations forlheglobal sYl'tem. 

Step 5: Imposition of the boundary conditions 

(3.1.19) 

(3.1.20) 

(3.1.2 1) 

To describe the enforcement of essentia l boundary conditions, assumes as a trial case 
first that Yo= 0, then the first equation in (3.1.2 1) should be zero. Moreover, since Yo= ° 
all te rms in (3.1.2 1) that contain Yo=o are afTected by de let ing the firs t row and the first 

,.. \ ,. .1 
column in "L M; K;M, and the first entry L M; F,t . FinaJly after the nodal va lues arc ,., 
detennined, the finite element solution y(x) of the given problem is given by 

" y(x) = I y,(x) (3. 1.22) . .. , 
We demonstrate the computation of K; and F."with fhe choice of ~,' (x) in (3 .1.15) . 

For simplicity, let h~ = x, - X._l , then we have the following 

dtP,' d ( x,-x )_ 1 = __ 
dx = dx x

t 
- x

t
_

1 
- - x, - x

t
_

1 
h

t 

dIP; d (x- x._,)_ I =_ 
dx = dx x

t 
- X'_1 - x, - X' _1 h, 

(3. 1.23) 

But from (3. 1.9), we have that 

" K~ = fa(x,p;(x)IP/x)dx 
'. and F:= fIPJdx + tP,(x.)D; + Mr •. ,)D; l1i(1,2, ... II) 

.1,_1 

Remark . K~ = K' b1J symelry 
. '1 J' oF 

22 
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In particular, we choose a(x) ~ 5 and f(x) ~ 4, then us ing (3. 1.23) and (i) we have 

~ ' . ~. I 5 
K" ~ f5q\(x)~, (x){l' ~ 5 f -- d,~ -" ( )' 

z. _. z h, h • .. 
" ( )' K,', ~ f5q\' (X)~; (X)dx ~ 5 'f' ~ (l, =-2.-= K' 

Ii I " ""<-I A. ', .. 
" '( )' , '. ' 1 5 

K" = f~, (x)~, (x)d' = 5 f - tl, =-
.... 01 .... . . h. h, 

Since ¢.(x. ) = 0 and ¢.(X,_I) = I, then we have 

, 'f' X, -x • 4[ Xl]" 
F . = .t • • , 4~'r+ D. = h, x,x- T ... _, + Dt = 21r, + D" 

In a Similar approach, we find 

" 
f x - x 

F;= 4 . • -l dx+ D,' = 211 + D~ 
h ' . ".-, . 

Exa mple: consider the problem defined by 

1 d' y 
- -=-80 <x< 1 
2 dx 2 

' 

Where y (0) ~ 0 and y ' (!) = 0 

Solution: The exact solution of (3. 1.27) is 

y(x) = 16x-8x' 

Approximate solution : Comparison with (3. 1.1 ) shows that a(x) = ~ alld f( x) =-8 
2 

(3. 1.24) 

(3. 1.25) 

(3.1.26) 

(3 .1.27) 

i)To show the steps involved us ing finite element method , we divided [0, IJ into two 

equal sub intervals with II =..!. , 2 

Step: 1-3: 

e, 

o 1 

2 

e, 

fig 3,lb 

1 

a) Element e" the nodal points arc -""._1 = 0 
1 

and x, ="2 
then , us ing (3 .1.24),(3 .1.25) and (3. 1.26).we have 
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1~1 I I !\n=--=-I= K ?IJ 11 - . ,by s)'melry 

Now let 

K' =[ I 
- I 

-II] 

b) Element e" the nodal points arc 

and F' = [2+ D:] 
2+D' , 

I 
X~_l = "2 and x~ = I 

Then in a similar approach, we obtain 

K' =(_: -II] "nd F' =[2+D"] 
2+ D: 

Step 4: Assembly of element equations 

(3. 1.28) 

(3. 1.29) 

In this case the two elements arc connected at node two. Since the function y(x) is 

continuous, it follows that Y2 of element c, should be the same as )'1 of element Cz or the 

correspondence can be shown mathemat ica lly as follows: 

Consider Me where Me is 2x3 matrix introduced in step 4 

then ,M, =[~ OOJ [OI OJ and M! 

I ° ° ° I 
Using (3. 1.19), we have 
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=>[Y:] _[Yo] , , y~ - Y, ::::) YI = Yo lind Yl = Yl (3 .1.29) 

aga in,we have y' = M y =[O 1 0~Yo 1 -[Y'] 
J 2 0 0 1 YI -

Yl Yl 

=> [Y~ ] = [y,] => y~ = y, "nd y~ = y, 
Y2 Yl 

Then, what we have 
I 1 1 _ d ' 

YI =YO'Y2 =YI 'Yl -Yl an Yl =Yl 

Again using (3. 1.2 \ ), we obtain , , 
"" M' K' M Y ="" M' F' t... ~~. L · , 
.-1 ,· 1 

alld i S i,j S 2 (3 .1.30) 

(3 .1.32) 

Then combining (3. \.3\ ) and (3. \.32), we have the following system matrices 

For e 

(*) 
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[: ::. :£H~l ( .. ) 
Using (3. 1.30), add ing up (') and ( .. ), we obtain 

Using the above relation, the global fin ite element model of the given boundary value 
problem in (3 .1. 1) is given by 

[

2+l{ 1 
2 + D~ +I:f 
2 + £>; 

(3. 1.33) 

Step 5: Imposition of boundary conditions: 

The homogeneous boundary cond ition in (3 .1.1) gives; 

y, = 0 in add ition D; = [.!. dY] and D,' = [_ .!dY] 
2dx L 2d'C I 

~-- x_ , , (i) 

M oreover, from natural boundary condit ion, we have OJ = 0 (ii) 

Then substituting (i) and (ii) in (3 .1.33 ) and simpl ify ing it, we get 

2y,-y,= 4 and - y,+y,= 2 (3.1.34) 

Solving (3 .1.34) s imultaneously, we obtain y,= 6 and y,= 8. 

Finally us ing (3. 1.1 4), the approximate solu tion throughout the interval [0. IJ can now 
be found by 

, IY11~I I (X) + y!¢;(x), o sxs ~ 
y(x) = L, y,'¢: = I 

,"I y.2¢/ (X) + y;¢} (x ), "2::;; x S I 

Thus using (3.1.29), we have 
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y(x) = 2 

l
Y'-A' (x) + y, ¢!(x), 0 S x s.!. 

y , -A' (x)+y,¢i(x), .!. SXS I 
2 

since Yo = O'YI = 6 and Yl = 8 

a d ~'() x, - x n 'I') x = ::: 1- 2x 
x~ - X, _I 

~ ' () x - x" 'f'~ X ::: - ::: 2x 
x, - X,,_I 

, x -x 
¢,(x) = ' = 2(1 - x) 

Xl - xt _1 

¢i (x) = x-x._, ~2x - 1 
X, - X, _I 

Substituting (3. I .36) in (3. I .35), we get 

1
12X, 

y(x) ~ 

4x+4 , 

From the above, we obtain 
Table 3 l a . 
Value o f x Approximate va lue of y Exact va lue of y 
I 3 2~3.5 -
4 2 
2 20 ~ 6.67 64 - -~ 7. 11 
3 3 9 

I ii) For better accuracy, let us take four elements oflenglh '4 
Steps 1-3: ., 
o I 

4 

., 
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For ell the nodal points arc 

I 
.,Ie _ I ;;; 0 and xe ;;:-

4 

Then the element matrices become 

Kilt = 2 K~ l =-2 = K,', b s d K ' ? y ymerryan 22 = _ 
F:= I + DII and F 21::: I + D~ 

K' ;[ 2 -22] and F' ; [I +D:] 
-2 I+D' , 

For Ch the va lues of x at the nodes are 

I I 
x , =- and x = ­

e- 4 e 2 

Then the element matrices become 

K';[ 2 
- 2 

-22] and 

For e J I the va lues of x at the nodes are 

I x ::;;; ­
e- I 2 

3 
and x, =-

4 

and the element matrices become 

F'; [I + D"] 
I+D' , 

K' ;[ 2 
- 2 and F' ; [: : ~n 

simila rly the nodal points and element matrices for C4 arc given by 

3 
x ,=- andx =1 
~ 4 • 

4 [ 2 and K ; 
- 2 

- 2
2
] and 

Step4 assembly of element equation : 

, [I+D,' ] F = respectively. 
I+D' , 

Applying the same technique as that of part ( i) the element mm riccs for each clemcnt 

are 
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2 - 2 0 0 0 Yo 1+ 0 ' , 
-2 2 0 0 0 y, 1+ 0 ' , 

e" 0 0 0 0 0 y, = 0 
0 0 0 0 0 y, 0 
0 0 0 0 0 y. 0 

0 0 0 0 0 Yo 0 

0 2 -2 0 0 y, 1+ 0 ' , 
e, ' 0 -2 2 0 0 y, = 1+ 0 ' , 

0 0 0 0 0 y, 0 

0 0 0 0 0 y. 0 

0 0 0 0 0 Yo 0 

0 2 - 2 0 0 y, 0 

e" 0 0 2 -2 0 y, = 1+ 0 ' , 
0 0 - 2 2 0 y, 1+ 0 ' , 
0 0 0 0 0 y, 0 

0 0 0 0 0 Yo 0 

0 0 0 0 0 y, 0 

and e4 • 0 0 0 0 0 y, = 0 

0 0 0 2 -2 y, I + D~ 

0 0 0 -2 2 y. 1+ 0' , 
Adding up the above, we obtain, 

2 - 2 0 0 0 Yo 
1+ 0 ' , 

- 2 2+ 2 2 0 0 y, 2+ 0 ' + 0 ' , , 
0 -2 2+ 2 2 0 y, = 2+ 0 ' + 0 ' (3.1.37) , , 
0 0 -2 2+2 -2 y, 2 + Dl+ D4 , , 
0 0 0 -2 2 y, 1 + 0' , 

From the boundary conditions we have 

D~ and D,2. D~ and D,). D:and D: cancel each oth er in addition from 

natural condition D~ ;:: 0 
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then the system in (3.1.37) become 

4y,-y,=2 

-2y,+4y,-2y,=2 

-2y,+4y,-2y,=2 

-2),,+2y,=1 
(3 .1.38) 

Solving (3. 1.38), we get the approximate sOlution for the problem valid for [0, I J 
I 14x, Os-x S-
4 

10u l , I I 
- Sxs -

y(x) = 4 2 
9 I ) 6x +- - sxs -
) ' 2 4 

24-22x, 
) 
- SxS I 
4 

From the above, we obta in 

Table 3. l d 

Value ofx Approximate value of y Exact value of y 
I 7 7 - - -4 2 2 
2 

7 64 - -) 
9 

Therefore from table 3.1 band 3.1 c we can conclude that the finer the mesh the better 

the approximate solution. 
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3.2: Application of the Finite Element Method to a two-dimensional P ... oblcOl 

The finite element described in the previous sect ion can be extended to two-dimensional 

problems. Since the two dimensional problems arc III deled by partial diffcrcllIial 

equations, the analysis will be complicated and we demonstrate th is application by 

considering the Poisson equation. Also, we consider triangular clements only. although 

the geometric shapes chosen could be rectangles or quadrilateral. 

We now consider the poison equation 

-(~> :n=J(X,y), on D (3.2. 1) 

With the condition u(x, y) = a 
Step l : Descritization of the Domain in to a sct of finite elements 

The domain D is sub divided in to non-over lapping sub domains. For simplicity we 

consider triangular elements only. In which the nodes are numbered in the counter·clock 

wise di rection from node I, which is arbitrari ly specilied. Let the coordinates or the 

nodes and nodal values in the nodes 1) 2, 3 be given by 

(x, , y,),(x" y,), (xJ, YJ) and u(x" y,)= u"u(x" y,) = u,.u(xJ, YJ)= UJ respectively. 

Accordingly, we assume 
(3.2.2) 

as the required approximation in the element De where (x, y) is inside .1. 123. 

y 

l(,c .y) 

".-,,) ~ 3( .• ,» 
o 

fig 3.2. 1 
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Where i(x y) ~ (x y) and '- 1 23 d 
' 10 r 1- " cnotes the three vcniccs of the above triangle. 

We also set u(xi> Yi) )= U; where i= I ,2,3 

Substituting (3.2.3) in (3.2.2) we oblain 

u,=a,+Q2Xr+U3Yl 

u2=u,+a2x2+aJY2 

u3=a,+a2x3+aJY3 

Solvi ng equation (3.2.4), we obta in 

I 
II, ", ", 

a - -,- 2A x, x, x, , 
y, y, y, 

I ", II, II, 

a, = - y, y, y, 
2A, 

I I 

", II, ", I 
a J = - 1 

2A, 
x, x, x, 

Where Ae is area of triangle L\ 123 and is given by 

J XI Y1 I 
At ="2 ' x2 Y2 

1 Xl Yl 

Substituting U I, u, and u, in (3 .2.2) and simpli fy ing, we oblain 
I 

lI(x, y) ~ - [II,(X,y, - x,y,)+ ",(x,y, - x,y, ) + 1I, (X,y, - x,y, )] 
2A, 

+_I_ [II,(y, - y, ) + 1I,(y, - y,) + 1I, (y, - y, )}t 
2A, 

+ _ I_ [u,(xJ -XZ) + U2(XI - Xl ) + UJ(X2 - x.)!v 
2A, 

(3 .2.3) 

(3 .2.4) 

(3.2.5) 

(3.2.6) 

(3.2.7) 

Collecting the coefficients of ul , Uz and UJ in the above, equation (3.2.7) can be wrillcn 

in the form of 
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, 
u(x,y) = LU,¢: (x, y) 

,=1 (3.2 .8) 

Where the ' jCS are the linear interpolating functions 

and arc g iven by 
for the triangular clcmcniS under c nsidcrat io 

I x y 
¢,'(x,y) = ~ I x, y, 

2A, I 
x, y, 

I x y 
¢; (x,y)= _ I_ 1 x, y, (3 .2,9) 2A, I 

x, y, 

1 x y 
and ¢; (x,y) = ~ I x, y , 

2A' 1 x, y, 

From fonnu la (3.2.9), evaluat ing the shape functi on 'I',(x, y) at nodes (Xl. y,). 

(x,. y,), (Xl. y, ) gives 

¢II (XI'YI) = _ 1- [X2Yl - X3Y2 + XJYI - xIY) + XIYl - X2YI ] 
2A, 

but At = .!.. [X2Y3 - X)Y2 + X3YI - xIY) + XIYl - X2YI ] 
2 

=> 2At = [X2Yl - x)Y2 + X)YI - xIY) + xIY 2 - X2YI] 

=>¢,(x"y,)= 1 

<lVx2.Yz)= _ I_ [x2YJ - X3Y2 +XJY2 - x l y) +X2Y2 - X2Y2 ]= 0 
2A, 

ePl (X)'Y3) = _ 1- [X2Y3 - XJY2 + XJYl - xJY3 + XJY2 - -'"ZYl ] = 0 
2A, 

Similarly the shape fun ctions ¢! and ¢j have a va lue of I at nodes 2 and 3 respect ively 
and 0 at other nodes. Hence 
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We also have 

~' ( )_ { I ifi=j ~, xJ, Y -
J Oiji *j 

) 

and L rP,' = I ,., 

G(N _ Y 2 - Yl o¢.' _ x
J 

- x
2 ox - 2A, 'i)y - 2A, 

8¢; _ Y J -YI o¢; XI-Xj 
- - , -=~-~ ox 2A, i)y 2A, 

o(J; _ YI - Y2 8¢; _ X2 -XI 

oX - 2A, ' i)y - 2A, 

Step 2: Variational Formulation 

(3.2. 10) 

(3.2. 11 ) 

To find the variational fonn of equat ion (3.2. 1), we mu ltiply it with the test function 

vex, y) and integrate the result using formula ( 1. 2. 16) Over a Iypical clement J and we 
obtain, 

frt(Oli Ov + all OvJ- vf]dXdY- fvq.ds 
~![ ax ax iJy iJy '. 

(3.2. 12) 

au au h' f ' I ' where q = n - + n -, nand n are t c cosmes 0 aunlt norma 1/ on n 'I ~ Ox '/ )' iry '/.. 'I)' 

the boundary ceand ds is an arc length of an infinisimaJ clement along the boundary. 
Step 3: Approximation over the element e 

Let U
C 
(x,y) be an approximation to u(x, y) over the clement c so thai 

(J.2. 14) 

Us ing (3.2. 13) in (3.2. J 2), we get 
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~ l{(: ~+~~ } ;d.'dY]- JJf¢.d.,dy - J;,q.ds 
h . ~ ~ 

were 1 = 1,2, .. ,n. v(x,y) =;(x,y) as base base func tions 
hence, equation (3.2. 15) can be wri tten in the matrix form 

where 

• 
I K,;II; = F/ ,., 

K; = fl(a¢, a¢, + a¢, ~)dtdY]­
~l ax ax 00 00 . 

0' = ffJ¢,dxdy+ J¢,q,ds .. " 

(3 .2. 15) 

(3 .2. 16) 

(3.2. 17) 

Using equat ion (3.2. 11 ) ,the element matrices K\ and F', (in 3.2.16) can be computed 

easily. These computations will be demonstrated using simple example. 

Example: we consider a particular case of the problem defined by equation (3.2.1) that 
is the poison equat ions 

_(al II + alII) = 2 ax' 00' ' O';x.y ,; 1 (3. 2.18) 

with condition u = 0 011 fhe boundary 0/ the square 
0,; x ,; 1,0,; Y ,; I 

Solution: Compari ng (3.2. 1) and (3 .2.18) we have f(x, y) =-2 

Step 1-3 is given below 

We divided the square region along a line of symmetry x=y and then consider only the 

lower triangular part. We again sub divided the lower triangular part in 10 four 

triangular elements as shown in Fig 3.2.2. Let the elements be numbered as shown in 

the fi gure and it is seen that elements a, band d are symmetrica l. !'!ence, the clement 

matrices for these elements will be of the same Iype. 
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y 

(0.1) 1-- - - -------4,6 
(1 , 1 ) 

3A'~---,,' e 

0~-----":2::------L----+·, 

Now assume ue (x, y) can be expressed 

F.@. 3 2 2 

ue (x. y)=ol + o.2X+03Y where OJ, 0.2 and 0.3 arc given in equation (3.2.5) , 

Then we have the following table 

Table 3.2.3: Information needed for the computations of the base functions 

e x, X, X, y, y, y, Area= Ac 

a 0 1/2 1/2 0 0 1/2 1/8 

b 1/2 I I 0 0 1/2 1/8 

c 1/2 I 1/2 0 1/2 1/2 1/8 

d I I 1/2 1/2 I 1/2 1/8 

The derivation of the element matrices and vectors of the clements: 

Element a 

The vertices I, 2 and 3 of element "a" are given by (0, 0), (1/2, 0) and 

(1/2, 112) respectively and area of this clement is 

I 
A. = Hdxdy = -

1.'. 123 8 

Using equations (3.2.9) 

¢,'(x,y) = 4[ ~ - o+~}] = 1-2x 

¢~(x,y) = 4[ O + ~x -~ y] = 2(x- y) 

and ¢~ (x,Y)= 4[0 + ~ Y]= 2Y 
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It can be shown that 

01 + 0! + 01 = 1 

rhc element matrices K and F can be computed eas ily. using equation (3.2.11 ) we 
obtain 

(3 .2.20) 

Equation (3.2. 17) gives 

K,~ = !n4dxdy] = -2
1 

.K,; = Jf-4tlrdy = -~. s;lI1i1arIY K~ = 0 
~ -

" I " I K" I K21 =-"2,K22 =, 23 =-"2 

K;I= K;2 =-~ ' and K:l=~ 
Simlarly. F," = JJ2(1 - 2x)dxdy+ Jq. (I - 2x)ds 

1.\123 CII) , , 
" = JJ 2(1 - 2x )dxdy + I; 
Oy 

_I + I" wher I'" = Jq (J - 2x)ds - I I n 
- 12 em 

F: = JJ2(2x - 2y)dxdy + Jq.(2x - 2Y)ds 
L\ J2J em 

__ I +1; wiler I; = fqn(2x -2y)ds 
- 12 Cm 

and F," = JJ4ydxdy+ J2yds 
tl llJ em 

_ ~+I; wiler I; = fqn2yds 
- 12 em 
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I -
2 

K Q ~ I --
2 

0 

I --
2 

I --
2 

o 

2 
I 

2 

I / " -+ 
12 I 

I / " -+ 
12 2 

I /" -+ 
12 J 

But elements a, b and c are symmetrical. Hence, in a sim ilar fashion we Can compute 
for the elements b and c. 
Element b 

The vertices with respect to the local nodes 2, 4, and 5 of clement "b" arc given by (112 , 
0), ( I, 0) and (I , 112) respectively. Then, 

I I 
- - - U 
2 2 1 /" - + 

12 I 

Kb = 
I 

and F b = I I' - - -+ 2 2 12 2 

0 
I I 

I /" - - - -+ l 2 2 12 
Element d 

The vertices with respect to the local nodes 5, 6, and 3 of elemen! "c" arc given by 
(1. 1/2), (1 , l)and (l /2, 1/2) respectively. 
Then 

I 

2 2 
I 

2 

o I 

2 

o 

2 
I 

2 

I / ' - + 
12 I 

I / ' - + 2 
12 

I / ' - + 
12 J 

Element c 

The vertices with respect to the local nodes 2, 5 and 3 of clement "cit arc given by ( ~, 

0), (I , y, ) and (Y" Y,) respectively. Then using equation (3.2.9) ,we obtain 

-
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,,'(x,y)=1- 2x +2y 
,;(x,y)= 1- 2y 
,{(x,y) = 2x - 1 

Again from equation (3.2.23) we have the fOllowing 

B¢,d = - 2 a¢,d = 2 
ax ' i1y 

a¢; = 0 a¢; =-2 
ax ' i1y 

a¢{ = 2 a¢{ =0 
ax ' ay 

From equation (3.2. 17), we get that 

where K,~ = ff [(a,,), +(aifJ,)' }XdY=8 ffdxdy =1 
L\2B ax ax L\2SJ 

(3.2.23) 

(3.2.24) 

K,~ = ff [(a¢, a¢,) +(a¢, B¢,) }/XdY= -4 ffdxdy= _~ = K:, bysymelry 
lim Ox Ox Oy ay llW 

K~ = ff [(B¢' BifJ,) +(B¢, B¢,) }XdY=-4 ffdXdy =-~ = K:' bysymelry 
,ml Ox Ox Oy By Am 

K:, = ff [(B¢,)' +(B¢')' }/XdY=4 ffdTdY =~ 
om Ox Ox ... m 

K:, = ff [(B¢, B¢,) +(B(J, B(J,) }/XdY= 0 ffdxdy= 0 = K:, byJymelry 
A253 Ox Ox ay ay ,m) 

K:' = ff [(B¢,)' +(B(J')' }TdY=4 ffdTdY=~ 
lim Ox Ox Am 

F,' = ff2¢,dxdy+ f¢,q"ds = 
to2H "." , 
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= 2 ff(l - 2x+2Y)dxdY+I,' 
d2~l , 
! 2 

= 2 f f(l - 2X+2Y)d'dY+/~ , , 
- ~--
2 2 

1 =_+/11 
12 ' 

Similarly we can compute for 

Fd =_1 +Id 
2 12 I 

Then 

F/ = _I +1; 
12 

I --
2 

Kd = I I -- -
2 2 

0 
2 

wherel,' = f(l-2x +2y)q.ds 

I 

2 

o 
I 

2 

where I: = J(I - 2y)qll ds 
c .... ZB 

where I; = JC2x - l)ttnds 

and F J = 

c .... 2Sl 

I I' - + 
12 I 

I Id - + 
12 2 

I I' -+ 
12 ) 

Let the g lobal nodes be U"U, ,U] ,U, ,U, and U, corresponding to the local nodes 

U"U2 ,U3 ,U4, Us and U6 at the respective verti ces. As there are six nods, the 
corresponding matrix will be of order six. Now, we write down the complete system for 
each element. 
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Element e=a 

I 
- 0 0 0 0 2 2 

I + 12 /~ I -- 0 0 0 1+ 121: 2 2 
KlI

= 
0 I 

0 and F,=_I 1+ 121; - 0 0 12 2 2 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 (i) 
0 0 0 0 0 0 

Since the elements band d are sim il ar to element a, the element matrices will be the 
same type as that of element a. Thus for element e=b 

0 0 0 0 0 0 

0 
I 

0 0 0 0--
2 2 1+ 12/,' 

0 0 0 0 0 0 
F ' =_1 

0 
K '= I and 

1+ 121: 0 0 \ -- 0 12 
2 2 

1+ 121: I I 
0 0 o - - - 0 

0 (ii) 2 2 
0 0 0 0 0 0 

Sim ilarly, for element e=d 

0 0 0 0 0 0 

0 0 0 0 0 0 0 

0 0 
I 

0 - - 0 
0 

1+ 12/,d 2 2 
F d =_1 K d = 0 0 0 0 0 0 and 

0 12 

0 
I 

0 
I 

1+ 121: 0 - - --
2 2 

1+ 12/: (i ii) I 
0 0 0 0 -

2 2 
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Fi nally, for elemenl c 

0 0 0 0 0 0 

0 
I 

0 - 0 0 0 2 2 
1+ 121; I 0 0- - 0 

FC ::~ 1 + 12/; KC
:: 2 2 and 

0 0 0 0 0 0 12 0 
I I 1+ 12',' 0 0 -- 0 - 0 
2 2 0 

0 0 0 0 0 0 

Slep 4: Assembly of Ihe elemenl equalions 10 gellhe global syslem 

Assembling the elemenls malriees in (i),(ii),(iii )and(iv) we get 

- I 0 0 0 0 V, 
- I 4 -2 - I 0 0 V, 

0 -2 
K = 

4 0 -2 0 V) 
0 - I 0 2 

= 
- I 0 V, 

0 o - 2 - I 4 - I V, 
0 0 0 0 - I V, 

From the boundary conditions, we have that 
U,=U, =U, =U,= U, =O 
Hence, equation (v) gives 

I"," " - U3 :: - + I + 2 + 3 
4 

I ,"" " 2U3 ::-+ J + 2+ I 
4 

I """ U3 :: - + 3 + I + 2 
4 

12 

From (v ii ) we have Ihal V] = ~ + ~(I; + ,; + I,') 
8 2 

But ,; = fq;2yds 
em 

I I" , 
3 la +/" +r , , ) 

3 I"+r+/d ) , , 
+ 

I 

" 
, 

3 /"+/' + /d ) , , 

" ) 

0.' os, 1 off " 1 = f[q; .2Y]y.o dx+ f lQ: .2y <oos dy + q • . 2Y , .. dx =0, 
o 0 os 
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Since the fi rst integral vanishes and the remaining two integrals cancel each other, in a 

similar manner, it can be shown that 

1~=f~= O 

Hence it follows that from the analytical solution the exact value is 

0. 14734 and hence the fin ite element solut ion obtained above has an error of about 
15%.The accuracy of the fini te element solution can be improved by using fin er meshes. 

Summary on Finite Element Method 

Finite element is the most applicable numerical method for obtaining global or integral 

approximation to differential equat ions especially when dealing with boundary 

conditions defined over complex geometries that are common in practical applicat ions. 

Furthermore FEM can be viewed as a special fonn of the well known Rayleigh - Ritz 

and Galrkin ' s methods of numerical approximations. The important rcason is that it 

overcomes the basic problems encountered in applying these methods in their classical 

form. 
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Conclusion on the semina r 

In the seminar we have introduced with Rayleigh-Ritz, Galcrkin and Finite Element \ 
approximation methods and used them in solving B VPs. 

The Rayleigh-Ritz and Galerkin methods are powerful approximation techniques under 
certain ideal conditions. The geometry of the system under analysis has to be implc 

otherwise it is extremely di fficult to detenninc what approximate functi n should be 
used in the solution. The drawback of both methods is that they don' t have symmetric 
procedure for finding global approximation functions especia lly for 2-D and 3-D cases. 
Further the resulting matrices are fu lly populated, making computation of larger system 
matrices fa irly intensive. 

Finite Element Method uses the idea of Rayleigh-Ritz and Galcrkin. but has the 
powerful benefit of a symmetric procedure for finding approximation function over 
each element. Extremely complex geometries can be broken up into finely-meshed 
elements of simple geometry and consequently the assembling of all system mat rices is 

an easy task through the use of computer. Once a general computer program is wrillco, 

it can be used for the solution of any problem simply by changing the input data. 
Although the finite element method requ ires much grealer matrix sizes, the method 
leads to banded, symmetric matrices that are more computationally emcient. 

The seminar is, therefore, intended to be an introduction to the terminologies, 

methodologies of the three methods of approximation. The reader who wishes 10 pursue 
these methods and understand the analysis of these methods is recommended to refer 

other references cited in the bibliography. 
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