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Preface

The rapid development of high speed digital computers and the increasing desire
for numerical answers to applied problems have led to enhanced demands in the
course dealing with methods and techniques of numerical analysis. Although
numerical methods have always been useful, their role in the present-day scientific
research is fundamental importance. One reason for this is that numerical methods
can give the solution when ordinary analytical methods fail, for example in finding
the roots of transcendental equations, or in solving nonlinear differential equations.

Almost all physical phenomena in nature can be described in terms of differential
equations. Differential equations also can be solved analytically or numerically. In
case where both the given equation and the given domain are simple, the solution
can be obtained analytically. However, methods of exact solution to general Partial
differential equations are failed for irregular and geometrically complicated
domains and the geometric and material nonlinearities of most practical problems.
In addition driving the governing dynamics of physical processes is a complicated
task in itself; finding exact solution to the governing partial differential equations
is usually even more formidable. When trying to solve such equations,
approximate methods of analysis provide a convenient, alternative method for
finding solutions.

Although there are different approximate methods of solving differential equations,
in this seminar we deal with the Finite Element Method of solving differential
equations. Moreover ,two such methods, Rayleigh-Ritz Method and Galerkin
Method, are included in the seminar .The purpose of the later two methods is to
introduce with variational approximation of Differential Equations whose
knowledge is mandatory for the understanding of the Finite Element Method in the
succeeding sections and these methods are referred as classical variational method.
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1. Introduction

The rapid development of high speed computers and the increasing desire for numerical
answers to applied problems have lead to enhanced demands in courses dealing with the
methods and techniques of numerical analysis. Although numerical methods have
always been useful, their role in the present-day scientific research is of fundamental
importance. One reason for this is that numerical methods can give the solution when
ordinary analytical method fails, for example in finding the roots of transcendental
equations, in solving nonlinear differential equations and in finding solutions of integral
equations etc.

Many physical problems in applied science and engineering are formulated in terms of
mathematical relations involving certain known and unknown quantities and their
derivatives. The analytical method can be applied to solve only a selected class of
differential equations. Those equations which govern physical systems do not possess,
in general, closed form solutions, and hence recourse must be made to numerical
methods for solving such differential equations. Some of the numerical methods for
solving differential equations are Finite difference method, Shooting method,
Variational approximation, Finite element method etc. From the methods mentioned
above, we are going to discuss only Finite Element Method.

Finite Element method is a numerical method for obtaining approximate solutions of
ordinary and partial differential equations. It is especially powerful when dealing with
boundary conditions defined over complex geometries that are common in practical
applications for which equilibrium or conservation law can be easily stated in terms of
physical quantities one want to obtain. Some of the practical applications of FEM are
Structural analysis, Thermal system analysis, Flow analysis, Energy conservation,
Mass conservation, Plane stress, Plane strain ctc. However, this seminar report
presents the FEM using simple problems. Therefore, it must be understood that it is for
sake of easy introduction that I use relatively simple problems.

Historical Background of Finite Element

Although the method was first developed in 1956 for the analysis of aircraft structural
problems, the concept has been used several centuries back. For example ancient
mathematicians found the circumference of a circle by approximating it by the
parameter of a polygon. In terms of the present day notation, each side of polygon can
be called a ‘finite element’.
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The basic idea behind Finite Element Method is to replace a continuous function by
piecewise polynomials, such an approximation is called piecewise polynomial
approximation. But, before the discussion of Finite element Method let us discuss some
basic concepts like Boundary conditions, Variational Principle and Variational
approximation, then we discusses Finite Element Method for solving boundary value
problems.

1.1. Boundary Value Problem
Definitions:

i) A differential equation is said to describe a boundary value problem if the
dependent variable and possibly its derivatives are required to take specified
values on the boundary.

ii) The general second order differential equation of the form
y!=fxyy), asxshb (a)
together with either of the following boundary conditions
y(a) = aand y(b) =
y'(a) = aandy'(b) = B
%, y(a) — B1y'(a) = a and a,y(b) — B,y'(b) = f
Where |a, | + |B4] # 0 and|a,| + |B2] # 0

Table 1.1 Varitional and Proper Name of Boundary Conditions

Boundary Condition Variational Name | Proper Name
Homogeneous | Non-Homogeneous

V=0 V=f(s) Essential Drichlet
V=0 V’'=g(s) Natural Neumann
V+BV’'=0 V+BV’=h(s) Mixed Robin

Boundary conditions are classified as homogeneous and non- homogeneous boundary
conditions. A boundary condition is said to be homogeneous if it is specified as being
equal to zero, otherwise it is called non homogeneous.

The conditions that guarantee that a solution to (a) exists should be checked before any
numerical scheme is applied: otherwise a list of meaningless output may be generated.
The general conditions are stated, without proof, in the following theorem.
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Theorem:
Assume that f(x,y,y’) is continuous on the region
R={(x,y,y'):a<x<b,—-0<y<wand o <y < w}and that

a
55 = fy(x Y.y )ﬁnd f =fy(xyy ") are continuous on R. If there exist a constant

M > 0 for “"thhTy = fy(x, y,¥)>0and |f,(x,y,y)| <M forall(x,y,y’) ER

Then the boundary value problem y” = f(x,y,y") withy(a) = a and y(b) = f has a
unique solution y=y(x) fora <x <b.

1.2. Variational Principle

The Mathematical formulation of variational principle is that the integral of a typical
function say F(x, u(x), u’(x)) has an extreme value for actual performance subject to
the general conditions of the system. The problem of determining the minimum and
maximum of the integral often leads to one or more partial differential equations
together with the appropriate boundary conditions.

1.3. List of some important formulae

The lists of some important formulae which are frequently used latter in the variational
formulation of Differential Equations are given below.

a) 6d(x)=d(dx),where “8” is a variational operator

b) o ]f(x)dr = t[tr?'(x)cir

¢) J—u(x)cir v(x)u(x)] j .\)—dr =v(b)u(b)-v(a)u(a)- _[v(x)%dx

a

d’u du du dv "edu dv
d ——dx=— —ﬁdx—— b)- — = |——adx
) !v(x) =)y I jsv(b) |a O
Graduate seminar On Finite Element Method 3

Compiled by abdelkadir muzey, June 2010, Addis Ababa University



FEM

1.4. Definition:

1) Functional: It is a mapping which assigns a definite real number to each function of
some set. Alternatively it is defined as a function which transforms a given function to a
real number.

Example: The arc length L of a plane curve connecting two given points A (X, yo) and
B(x,,y)) is functional. The quantity L. may be computed if the equation of the curve
y= y(x) is given: then the functional is given by

Lly(x)]= [1+( ]

2) The extremum of a functional is a function at which the functional attains its
maximum or minimum.

3) A problem in which it requires determination of the maxima or minima of a
functional is called Variational Problem.

Example: Find the Functionals of the following DE
a) u,= F(x) whereu (a)=u(b)=0 (1.4.1)

Solution: let v(x) be a test function which satisfies the boundary conditions.
Then, u,v(x) =F(x) v(x) multiplying (1.4.1) by v(x)
= Vi V(X)-F(x) v(x) =0 (14.2)

b b
= |u v(x)dx - jF(x) v(x)dx =0, Integrating (1.4.2) over the domain,

a

b b
= uV(X)|, I u, v.dx- _[F (x) v(x)dx =0 Integrating by parts

i

=h J.ux v, dx - IF(x) v(x)dx =0 (v (2) =0 =v (b))
= fu v dx+ IF(Y) v(x)dx = J’:(ﬂ;"} dx + J‘F(\-) v(x)dx =

Now let I(v)= I%[%) dx + J‘F(x) v(x)dx
x ]

a

= ﬂ[ﬁ}ﬁ+2F(x) v(x) Jdx (1.4.3)
J \dx

—————————————————————————————
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Then the function I (v) in (1.4.3) is the functional of (1.4.1) and from calculus of
variation, the necessary condition for the integral I (v) to have an extreme value is that
v(x) must satisfy the Euler Lagrange Differential Equation.

Let the integrand in (1.4.3) be G, then G is a function of x, v, v’ hence (1.4.3) can be
written as,

b
I(v)= IG(x,v,v')d'c (1.4.4)

Then the Euler Lagrange Equation associated to (1.4.4) is

E(E)_E’E_O

olov ) ov

b d’y - s

) Ex2—=f(x) Where y(a) = y(b)=0 (1.4.5)

Solution: In a Similar approach as we have done in problem a, the associated functional

is givenby,  I(v)= ij(z £ )dx (1.4.6)

And the Euler Lagrange Equation associated to (1.4.6) is
oF 0 [aF] o’ (aF

}: 0  Where F=F(x,v,v',v").

v ox\ov ) axt\av
o*’U o°U
c) ?4'—6?:’( ’ (1.4.7)

Where u= 0 on the boundary C of a region R.

Solution: Let v(x, y) be a test function such that v=0 on the boundary C of region R.
Then multiplying (1.4.7) by v(x, y) ,we get

UyyV Hiyy V-kv=0 (1.4.8)
Integrating (1.4.8) over the region R, we get

H(vu TV = kv)dx dy=0
R

ﬁ!
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= “(vuu )dxdy+ ﬂ(vun )dxdy - ”[k v) dxdy=0

=5 H~ w )dxdy + H~ v drdy ”(h dxdy=0

=> H\-'(v_“ +9,, =~ 2k) dxdy =0
R
Then, I(v)= [[olv., +v,, —2k)dvax (1.4.9)
R

is the functional of problem (1.4.7).

Remark: The Euler-Lagrange equation for higher derivatives can have several solutions
and the one which satisfies the given boundary conditions is selected.

1.5. Base Function

Suppose we want to approximate a real valued function f(x) over a finite Interval

[a, b]. We divide [a, b] in a number of sub-intervals [x;, x;+], i=0, 1, 2..., n-1 where

Xo= a and x,= b, and interpolate linearly between the values of f(x) at the end points of
each sub interval. For [x;, Xi+1),then we have

=
L) =——f(x, it ey A (1.5.1)

SRS TS T

/N

f(x)

/

Xo X; X Xy X5 fig 1.5.1

Where ((x) is Lagrange interpolating polynomial of f(x) on the interval [x;, X;],
from this we construct the Lagrange interpolating function of f(x) over [x¢. X,], which is

given by the formula

Graduate seminar On Finite Element Method 6
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n
P(x)= ¥ ¢;(x)f(x;) (1.5.2)
=0
X~ X
or XSx<x
where ¢, =4 X, —X, / : =D (1.5.3)
0 jor. LEXsx
X=X
L Jor .. SXSX,
Xi = Xio
Xjq %
g, =4 Jor'x, <x<x,, 1.54)
xni “xl
0 Jor %2 xi
0 forfxy, S xax,
Yk g0 : 1.5.5
i’ ! or. - XaExsx )
Gy =%

The functions ;ﬂ»l.(x'), V( i=0,12...,n) are called Lagrange fundamental polynomials.
Sometimes also named as Base Functions or Shape Functions and have the properties

(‘(';(xl-):{:) Jerpe I:Tf-—l'xi-kll

otherwise

(1.5.6)

Example: The function f(x) = sinx is defined on the interval [1, 3].Then the Lagrange
interpolating polynomial in this interval is givcn by

p(x) = sml + & Wgin3
= _;(x - 3)(0.8415) +%(x -1)(0.1411)

=-0.3502x+1.1917.

The approximated values of f(1.5) and f(2.5)
£(1.5) = p(1.5) = 0.6664

£(2.5) = p(2.5)=0.3162
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2. Variational Method of Approximation

In this section we discuss two classical variational Methods, the Rayleigh-Ritz and
Galerkin methods of approximation for solving differential equations. The former
method is based on the existence of functional where as the latter belongs to a wider
class of methods called weighted residual method. An advantage of the Galerkin
method is that it does not require functionals. Both the methods have a common feature
in that they seek an approximate solution in the form of a linear combination of suitable

n
approximate or base functions ¢,(x),and undeter mined parameter «, i.e. > ag,.
=1

2.1: Rayleigh-Ritz Method of Approximation
As mentioned earlier this method is based on the existence of a functional which is then
minimized. In this method we don’t get the actual minimum but only an approximate
one as close to the actual solution as the base function allows. To get a good
approximation, therefore, the choice of the base function is important and to improve
the approximation, the number of base functions should be increased.
We explain this by considering a second order boundary value problem defined by
y" +pMy’ +q(x) (2.1.1)
Where y (a) =y (b) =0, a<x<b,
The functional for problem (2.1.1) is given by

b (dy) ;
I(v)=j[ g — pv" —2qv]dx (2.1.2)

Problem (2.1.1) has a unique solution at the minimum value of T (v).

Now we try with an approximate solution and determine the parameters of
approximation so that the integral is a minimum. This is the central idea of Rayleigh -
Ritz method.

Let v(x) =Y a,4,(x) 2.1.3
=]

be an approximate solution where ¢;(x) ¥ (i=12,..,n) are linearly independent base
functions and satisfy the boundary conditions i.e. ¢;(a)= ¢,(b)=0 V(i=123...,n).
Substituting equation (2.1.3) in equation (2.1.2) we get

2 2
b n n
I(a,0,....0y)= j Za¢( )| -p| Zad | —2q] X a;9; |dx (2.1.4)
1772 a\ dx\ =1 = =1
ol
To find the minimum, we have —al—ﬁa +i§a +...+ day =0 (2.1.5)
da, I a, 2 ap

ﬁ
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Since &rf.is arbitrary V(i = 1.2,...,n), (2.1.5) implies that ;‘-’L =0, V(i=12,...,n).

i
Now we are going to state, without proof, that the Rayleigh-Ritz method converges to
the actual solution of the problem provided that the functions ¢,(x) i=12,.n are

linearly independent and satisfy at least the essential boundary condition of the problem.

Example: Consider the two point boundary value problem defined by
y'+x=0 (2.1.6)
Where 0<x<1 and y(0) =y(1)=0
Exact solution:
d’y
dx?

=—x where 0 <x<land y(0)=y(1)=0
_ A
= y(x) = —dexz = ~—g—+ kix + ky,but y(0)=0=k, =0 and y(1) = 0= k, =%

threfore, y(x) = %x(l —x%)is the exact solution.

The Rayleigh-Ritz approximate solution:
Let v(x) be a test function which satisfies the boundary conditions, then the

corresponding functional for problem (2.1.6) is given by
|
I(v)= ]'v(—zx —v')dx (2.1.7)
0

Wherev (0)=v (1)=0
Again, Let v(x)= E:l aigb‘,-(x) (2.1.8)
=

be anapproximate solution of problem(2.1.6)
Where ¢,(0)=¢,(1)=0 V(i=1,23...n)and 0<x<] Substituting (2.1.8) in (2.1.7), we
obtain

| n n

(V)= —I[Z a,¢,[2x +y.a,9] ﬂdx
ol =1 Jj=1
n I n n I E
=-) 2, jw,um-ZZaKa} j¢,¢, dx (2.1.9)

0 i=l =l

F
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1
let F}z({xg’a}-dx and

| " ; e I 4
qij =({¢J¢J dx =¢,'¢ }"Ol —gsﬁ; ¢j dx = ‘({(ﬁg ¢),' dx ( ¢,'(0} =¢f(1) - 0) (2.1.10)
Substituting (2.1.10) in (2.1.9), we get

n

l(v):—i2a,p, -Zia;a;q” (2.1.11)
=l

t=] =]

Minimizing 1(v)=> BQL =0

i

=-2p,-2) a,q,=0, V(i=12,.,n) (2.1.12)
Jj=0
Now let us find the approximate solution with n=1 and n=2.

For n=1,
Let ¢,(x) = x(1-x) so that the boundary conditions are satisfied.
Then using (2.1.10) , we have

1 |
5 ]
(e dx= |x"(1-x)dx=— d
I a[x¢| J\’( X) T an

| I
(oo -1
q“=—*I¢:¢Ja{x=—‘[(1—~2x)2dr=7 (2.1.13)
0 0
Substituting (2.1.13) in (2.1.12), we get
-1 2 1
2pl —2alq“ =0:>—6—+§al :Oﬁal =Z

%x(l—x)fs the first approximate solution of problem(2.1.6)

For n=2,
Letg,(x)=x(1-x)andg,(x) = x’(1-x), so that the boundary conditions are satisfied.
Similarly, we have
|
1

P = ]qué,dr: [x*-x)adx = =

q .= _;[43,&,'(11' = —;[“ — 21’)1(11‘ £ _%

Graduate seminar On Finite Element Method 10
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%

| I
1
P, = |x¢,dx= [x*(1 - x)dx = — 2.1.14
, ufr.i J (-x)de=— (2.1.14)
| I
4, = —Iﬂ ¢, dx = —I(l -2x)(2x=3x%) dx = —é =q,, (by symetry)
0 0

I 1
In == j'ég ¢, dx = —j(z.r “3x?)id =2
0 0 15

Then substituting (2.1.14) in (2.1.12) ,we obtain
2p1 +2(c:1:1qfl 1 t@9915)=0 and
2pl - 2(alq2 |t %5 )=0

:>4al+2a2=l and10a1+8a 3

2 p—tg
— ¥ R A .

Bk a3
Hence,éx(l—xwéxz(l—x):%x(]—xzj
is the second approximate solution of problem (2.1.6)
which is the same asthe exact solution.

Graduate seminar On Finite Element Method . 11
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2.2. The Galerkin Method

The Rayleigh-Ritz method discussed above is a powerful technique to solve boundary
value problems (BVP), however, it has disadvantage of requiring the existence of
functional which is not always possible to obtain. The fact that it requires functional is
one of its short coming because most of physical and engineering problems are

expressed in terms of certain governing equations and boundary conditions, and not in
terms of functionals.

Galerkin method uses an approximating function called trial function (which satisfies all
the boundary conditions) and is substituted in the given differential equation to give
what is called the residual which will not be zero since we have substituted an
approximating function. The residual is then weighted (multiplying the residue by an

arbitrary weight function) and the integral of the product, taken over the domain, is then
set to zero.

To explain Galerkin’s method consider the following second order boundary value
problem

y"'+py' +4qy = f(x) a<x<b 2.2.1)
with the boundary conditions

poy(a)+qgy'(a)=Lo
2 y(b)+ q y'(b)= (;’1 where p and q are functionsof x.

To find an approximate solution of the problem in (2.2.1), we choose base function
gﬁ!-(x) in the way we have done in Rayleigh-Ritz method .Then an approximated

solution v(x) which is a linear combination of the base functions qﬁi(x) is taken where

@,s are unknown parameters,

v(x) = Z a;‘¢'f (2.2.2)
=1
v(x) will not in general satisfy (2.2.1) but produce a residual
Rw) =v" 4+ p)v' +q(x)v (2.2.3)

Taking the weight function g, (x), the weighted integral equation is written as
h
J‘(o; (x)R(v)dx =0 (2.24)

The integral in (2.2.4) leads to a system of equations form which we can solve the
unknown parameters «, .
Notice: In Galerkin Method usually we take Base function @; = weight functiong,

f
12
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Example: Consider y"' + y = -x, 0<x<]

(2.2.5)
Wherey (0)=y (1)=0

Solution: Choose v(x) = Za,q&, to be an approximate solution of (2.2.5) which satisfies
=0

the boundary conditions.
For n=1,

Let v(x)=0t]¢5l such that ¢1(0)=¢l( 1)=0and lel¢l(x)= X( l—x):>v(x)=u]x( 1-X)
Substituting for v(x) in (2.2.5), we get

R(v)=v"+v=-x,but v'=q,(1-2x)=v"=-2q, (2.2.6)
Hence using (2.2.4) we have

|
g(v“-%-v +x) @y (x)dx =0 ,where ¢, (x)is weight function but ¢,(x) = ¢, (x)
1
= [(V+v+x) ¢1 (x)dx=0
0
= [(V+v+x)x(1-x)dx =0
0
1
= [l (24 x01-x)) + x}x(1-x)dix =0
0
= - [2x(1-x)dx+a [x*(1-x)dx=0 = a; =75
0 0

18

—= Thefirst approximate solution for (2.2.5) is v(x) = 2 x(1-x).

18
For n=2,
Let v(x)= alx(l -Xx)+ a2x2 (1-x),then v"'= —-20:l +a, (2—6x) Substituting in (2.2.4)
1 1
weget [(V'+v+ x)cpl(x)dx = [(v"+v+x)x(1-x)dx =0 (*)
0 0
1 1
g(v"+v + x)(pz(x)dx = [(V'+v+ x)x:2 (1-x)dx=0 (**)
0

where ? and @, are weight functions

f
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Then substituting vandv on (*)and (**), we obtain

st o o 1
201 105 2 20
T d 7
U.l—'%adn (12:4_[
71 7
:——_'1— —X“(]1—-
= v(X) 369\( \)+41x (1-x)

is the second approximate solution of (2.2.5).

ﬁ
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2.3. Application of Rayleigh-Ritz and Galerkin Methods to two Dimensional
Problems:

Although the application of Rayleigh-Ritz and Galerkin Methods to two Dimensional
Problems is more complicated because of the increase in the number of parameters to be
determined, we illustrate it using the following simple example.

Example: Consider the poison equation

2 2
G, 0
—;+—;=4‘0<x,y<l (2.3.1)
ox= 0y
Where u= 0 on the boundary C of a region R.
i) Rayleigh-Ritz method Solution:

Let v(x, y) be a test function which vanishes on the boundary C of a region R. Then,
using Equation (1.2.16), the functional of (2.3.1) is given by

I(v)=gv(vxx+vw-8]dx'dy (2.3.2)

For n=1,

Let v(x)=axy(x —=1)(y —1) be the first approximate solution for(2.3.1)

Clearly v(x, y) satisfies the boundary condition i.e. v= 0 on the boundary C of region R.
Then the derivatives are given by

V= 20y(y-1) and vyy= a2x(x-1) (2.3.4)
Substituting in (2.3.2), we get

1(v) = [feoy(x=1)(y - D)[8 — 2ap(y~1) ~2ax(x - 1)] dxdly (2.3.5)
1
s ~1)(y —1)’dxdy =—
Let a }ny(x )y —1) " dxdy 36

3 T R e [ S e 23.6
b—Jny(x 1)*(y—1)dxdy e ( )

1
= 2 12 (y =1 ’dxdy = ———
c ;[Ix y(x=1)"(y—1)"dxdy 120

f
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Equation (2.3.5) simplifies to I(v)= 8xa-2a’b-2a’c
and minimizing I(v), we get,

ol

~ =0=>8a-4ab-4ac =0

da

=a=—1 Susing (2.3.6
& Lige 23
2(b+c) & )

The Rayleigh-Ritz approximate solution for (2.3.1) is given by v(x, y) =-5xy(x-1) (v-1).
ii) Galerkin’s Method Solution:

Let v(x, y) = axy(x-1) (y-1) be a trial solution where v(x, y) = 0 at the boundary C of a
region R. Then, we have

R (V) = Vitvyy-4, but v =2 ayz- 2ay and vy,= 2ax°-20x 2.3.7)
Using equation (2.2.4),

qu, (x, R(V)dxdy=0  where ¢ (x,y)=axy(y-1)(x-1)

R

= ”(» +v,, —daxy(x = 1)(y—1)dxdy =0 (2.3.8)
R

But we have the following

[Py -0-tdvdy=-2-  and
R 90

-

J fv aey(x~1)(y-1) dvdy= > (239)
A 90

da
H4m‘;v(x =D)(y—1)dxdy= e Hence, equation (2.3.8) becomes
R

a2 u2 4a

Since a # 0,we have a=-5

Thus, the Galerkin's approximation is given by
v(x,y)=-5xy(x-1)(y - 1)

which is the same as that of Rayleigh— Ritz approximation.

- ______________________________________ ]
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Summary on Rayleigh-Ritz and Galerkin’s Method

The variational methods of approximation discussed above, the Rayleigh- Ritz and
Galerkin’s method, both have a common feature in that they seck an approximate
solution in the form of a linear combination of base functions. Nevertheless, they differ
from each other is that the Galerkin's method begins with the weighted-integral form of
the dynamic equation as opposed to the weak form.

The Rayleigh Ritz method is powerful technique for the solution of boundary value
problem .It has, however, the disadvantage of requiring the existence of functional
which is not always possible to obtain. Since most engineering problems are expressed
in terms of certain governing equations and boundary conditions, and not in terms of a
functional, it is advantageous to use Galerkin’s method than Rayleigh- Ritz method.

Although both of the above methods are applicable in solving different applied science
and engineering problems, it is difficult to apply them in their classical form. The two
basic reasons not to apply them in their variational form are:

v" The difficulty associated with the choice of trial functions satisfying the given
boundary conditions. Particularly for complicated boundaries and boundary
conditions defined over complex geometries that are common in practical
application.

v" Very high order polynomials have to be used to obtain global solutions with
reasonable accuracy.

e ————— e ——
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3: Finite Element Method of Approximation

The variational methods we discussed above are powerful numerical techniques.
However due to the formerly mentioned two basic reasons ,Rayleigh-Ritz and Galerkin
methods cannot be applied directly for obtaining global approximate solutions to
applied science and engineering problems . Finite element method is one of the most
important numerical applications of Rayleigh-Ritz and Galerkin methods. In this
method the idea of both Rayleigh-Ritz and Galerkin are used in such a way that the
above two types of problems are avoided. In this method the region of interest is
subdivided into a finite number of sub regions, called elements, and over ecach element
the variational formulation of the differential equation is constructed using simple
function for approximation. The individual element is then assembled and the equations
for the whole problem are formed by a piecewise approximation of the variational
method. Instead of increasing the order of the approximating functions, a finer mesh is
used to obtain a result with a better accuracy. This is the way how the problems
mentioned earlier are avoided.

As outlined by Reddy (1993). there are three main features of finite element method that
make it superior over the classical variational methods. First, extremely complex
domains are broken down into a collection of geometrically simple sub-domains which
we refer to as finite elements. Secondly, over the domain of each finite element, the
approximation functions are derived under the assumption that continuous functions can
be well approximated as a linear combination of algebraic polynomials and finally, the
undetermined coefficients are obtained by satisfying the governing equations over each
element. Now we illustrate the basic steps involved in the finite element method through
simple examples involving boundary value problems in one and two dimensions
respectively.

3.1: Finite Element Method of approximation for One Dimensional Problem
Consider the two point boundary value problem defined by

%[a{x)%]:—f(l‘) O<x<l (3.1.1)

with the boundary conditions,

dy
= X)— :0 »
y(0)=0 and a(x) (*)

x=1

M
18
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Solution: The basic steps involved in the finite element method are given below.
Step1: Discretization of the region of interest into a set of finite elements.
The region of interest in problem (3.1.1) is the x-axis i.c. from x= 0 to x=1.Suppose

[0, 1] is divided into a set of finite and non overlapping sub-intervals D, called
elements, of arbitrary length.

D,

. ’ fig 3.1a
xg =0 , CoBOERE, L X4 g ; T %%

WhereeeNand X,_1 S X < X,

X0, X1s X2s...,Xq are called nodal points. y(x;)= y;'s (i=0.1.2,....n) are called nodal
values. For simplicity, let us take intervals of equal length h. and consider a typical
element being ¢™ of length h, from node e-1 to node e. Let X..; and x, be the values of X
at the nodes e and e-1 and y*“and y be the values of y at these nodes ,respectively.In
general, y' satisfies the condition that;

y“(x)=0,Vx¢D, :[xe_,’xe] and Ve (3.1.2)
For example in (fig 3.1a)
y{c)(x4) is non zero whereas y(e)(xo) = y(e}(xl )= y("}(xs) =y®(x,)=0.

Now using (3.1.2) the global approximate solution y(x), can be written as
y(x)=Yy () (3.1.3)

where. the summation is taken over all elements.

Step 2: variational formulation over the element “e”

Choose an arbitrary element from the elements in step I, and then construct variational
formulation of the differential equation over the element €.

Let v(x) be a function satisfying the boundary conditions given in(*)

From (3.1.1), we have

j v—d—(a(x)d—y}dx =- .jvfdx (3.1.4)
I dx dx Yo

multiplying (3.1.1) by v and integrating it over the domain D..

f
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g R dy e
= V— a(x)— [dx + =
Il dx[ ( )dx] X jlvfdx 0
dy[*. ™ dy g
= va(x)— = Jax)vV'—=dx+ [vfdx =0
dx i JI dx JI
.(r ld}j .tr -
== JaGw=des [ vix )5 +v(x,,)f =0 (3.1.5)

d d
where D, =—a(x)2x}-) (3.1.6) Step  3:

and DS =a(x)?
dx

Fe-1 X,

Rayleigh-Ritz approximation over the element e
Let y, (x) be an approximate solution to y(x) over the element e, so that

V(x)= iajci; (x) (3.1.7)

where o;’s are parameters to be determined and ¢,(x)s are approximate functions to be
chosen. Substituting (3.1.7) in (3.1.5), we get

tl

— Z a Ij‘a(x)v' ¢, (x)dx + j-.fdx +v(x,)D5 +v(x,_,)DS =0

=
=l X, Tt

now v(x) =g, (x)=v'= ¢ (x) as base function
'f

=Y (e () (x)d = [0\ + 6,200 + 6 (3, (3.1.8)

/= S

x

Let K; = ja(.r);é,‘(x)g};(x)dx

Tea1

Then
and Fi= [p,f ds+,(x,)D5 +,(x,)Df i=12,.m (3.1.9)
equation (3.1.8) can be written in the matrix form
K;aezFe (3.1.10)

o Tl ¥ .
Where K;; and F; are called stiffness matrix and force vector respectively.

Remark: In the Rayleigh-Ritz and Galerkin’s methods, the system of equations is
obtained in terms of arbitrary parameterse, . In finite element method; on the other

hand, the unknown values of the dependent variable y at the nodes are taken as
parameters. This is illustrated in the following way:

e —
20
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Let  y(x)=a;+ ax (3.1.11)
Be an approximation in the element e. Then we have,
Y(Xe1) =0+ X,y = v
Y(Xe) =t + apX, = y,° (3.1.12)
Solving for a; (i=1,2) in (3.1.11) ,we obtain
g, = 21X = V1%,
Xe =X
e b
Xe = X0y
Equation (3.1.11) becomes

(3.1.13)

c S £ e ¢
Y1 X X k.
(e, Y77Y)

y(x)=

e-1 R =R
Xa —X ) e O _
L. e ye+ e=l .e

e-1

2
=i§lyf’¢f(><) (3.1.14)

Xeg =X

X=X
where ¢S (x)=——2L and ¢¢(x)= (3.1.15)
e =¥ : Xe "X

X
with X] =Xa and Xy =Xe such that the function ¢iehave the property

0,i#]
¢f’(X-)={ i (3.1.16)
7|1 ,i=)
Now from (3.1.10) we have,
e e_pe e _re
Kijuj _Kijyj —Fi (3.1.17)

Step 4: Assembly of the element equations to obtain the global system

We construct or assemble the equations to the overall system of equations (i.e. the
systematic description of the summation of the solution y(x) of the given problem from
y° ). The procedure for constructing the system equations is the same regardless of the
type of the problem and number and type of elements used. Let us first define

YI:(YGJ’leL---,}’n) (3[18)
where y;(i=1,2,...,n) are the nodal values

ﬁ
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Let us set M, =b,  for k=12 and j=12,..n. to be the 2x(n+ 1) matrix defined by

b‘—{l J(k=1and j=e)or (k=2 and j=e+l)

iy 7
0, otherwise

with this observe that

yi=MyY (3.1.19)
Then (3.1.17) can be written as
KIMY =F* (3.1.20)

=M K;MY=M!F'  multiplying both sides of (3.1.20)
from the left by M! .Adding these over the (n+1) elements,

n4l n+l

D MIKiMY=Y M!F (3.1.21)

e=| e=|

which is the system of equations fortheglobal system.
Step 5: Imposition of the boundary conditions
To describe the enforcement of essential boundary conditions, assumes as a trial case
first that yo= 0, then the first equation in (3.1.21) should be zero. Moreover, since y,= 0
all terms in (3.1.21) that contain y,=0 are affected by deleting the first row and the first

n+l n+l

column in ) M!K;M, and the first entry )’ M F°. Finally after the nodal values are

e=| e=1

determined, the finite element solution y(x) of the given problem is given by
y(x) =2y (x) (3.1.22).
e=|

We demonstrate the computation of K and F*with the choice of ¢ (x)in (3.1.15) .

For simplicity, leth, = x, —x,_,, then we have the following

dﬂzi££¥4]=ﬂ Ve Tenat

dx dx\x,-x,, X, =%y Wy
g dip=myfs 1 -1 (3.1.23)
dx dx X, — Xe X, — Xeq hr

But from (3.1.9), we have that
K; = [a(x),(x),(x)dx and F'= |6 fdx +¢,(x D5 +4,(x,.)Df  Vi(l.2,..n)
Xe—| Xe-1

Remark : K = K, by symelry

f
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In particular, we choose a(x) = 5 and f(x) = 4, then using (3.1.23) and (i) we have

—

Ky, = IS¢|‘(J‘)¢|.(I)¢£’C=5 ‘[[_}:—J dx = S

'f

. I5¢.'(x)¢_;(x)dx=s j[}iJ de=- = K] (3.1.24)

21
¢

K;, = JS¢1(Y)¢(¥)dr SI{ Ja[r__s_

h,

Since ¢ (x,)=0 and #,(x.,) =1,then we have

I4——dx+D _;{”—ﬂ + D =2h, + D (3.1.25)

¢
P

In a Similar approach, we find

I4———-dx+D =2h,+ D" (3.1.26)

Example: consider the problem defined by

%%x!-— -8,0<x<1 (3.1.27)

Wherey (0)=0andy'(1) =0
Solution: The exact solution of (3.1.27) is
y(x)=16x-8x>
Approximate solution: Comparison with (3.1.1) shows that a(x) = % and f(x)=-8
i)To show the steps involved using finite element method , we divided [0, 1] into two
equal sub intervals with A, =—

Step: 1-3:
€1 €;

| I | fig3.1b
0 % 1
2

a) Element e, the nodal points are x, , =0 and x, =

B | =—

then , using (3.1.24).(3.1.25) and (3.1.26),we have

e
23
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K = 5 =1 K|, =-:}T =-1=K), ,by symetry
and K, = L=1
L
Fi=2+D} and F, =2+D}
Now let
g = 2+ D|
K = and F'= : (3.1.28)
-1 1 2+ D)

b) Element e;, the nodal points are

1
x_,=§ and x, =1

¢

Then in a similar approach, we obtain

5 1 -1 e R D]
K* = and F* = 34 (3.1.29)
=3 G 24+ D2

Step 4: Assembly of element equations

In this case the two elements are connected at node two. Since the function y(x) is
continuous, it follows that y; of element ¢ should be the same as y; of element ¢; or the
correspondence can be shown mathematically as follows:

Consider M, where M, is 2x3 matrix introduced in step 4

1 0 @ 010
then,M,=I:0 , Ojl and M, [O o ’]

Using (3.1.19), we have
}’j =M.,Y, where Y’ = ().*D.,\-'l.).-'g)

1 1 0 0 Y Yo
then y)=MY=\o 1 of " |71y
Y2 g

/
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e » =[.}’o
}"z b4
01 0 3
o 1171y,
{yf
: y )
Y3

again, we have y’ =M,y =[

Then. what we have

Again using (3.1.21), we obtain

2 2
YMIKMY =M

TF* and 1<i,j<2
es] e=|
10 s Ry &
k, k,J1 0 0
Bu MTK,MY=[0 1| " y =k ka
=4 ky, k,J0 1 0
0 o ¥ y,| |0 ©
0 0] ] [0 0
? A k, k,Jo 1 0 e
Mig My =1 of " oo y
0 l|_z| n v, 0 ky
1
1 0] .
Tl FII _| g
M'F'={0 ILF' =| K,
0 0/t |0
0 0] 0
M:,‘F']: 1 0 li |1}= F;.‘.
o 11521 |

Then combining (3.1.31) and (3.1.32), we have the foll

For e
k,, ki, 0| Y
k2| k!Z 0 y1
0 0 0 {»y

Graduate seminar On Finite Element Method
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jl: }': =y, and y, = y,
Yo

Y

y 3 2
]{; } =y =y andy;, =y,

W=V h=N W =y andy; =0

F;l
O E
0

H t
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(3.1.31)
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For e,
00 o Yo 0
0 ky ky [y [=|F (+9)
0 k.'!l k:z V) Ff
Using (3.1.30), adding up () and (**), we obtain
F: 1 T
‘FI

kII i‘iz 0 Yo
| vl
ks by +ky 0]y, |= FatFy

0 kyy ky | v, F:E

Using the above relation, the global finite element model of the given boundary value
problem in (3.1.1) is given by

1 -1 0Ty, 2+D|
—1 2 -1y |= [2+D+D} (3.1.33)
0 -1 1] », 2+D¢

Step 5: Imposition of boundary conditions:
The homogeneous boundary condition in (3.1.1) gives;

S e ey 11 g [ 1dy .
¥, =0 in addition D] -.[E—&r—l-land D, _[ 5 . (i)
Moreover, from natural boundary condition, we have D} =0 (if)
Then substituting (i) and (ii) in (3.1.33) and simplifying it, we get

Solving (3.1.34) simultaneously, we obtain y,= 6 and y,= 8.
Finally using (3.1.14), the approximate solution throughout the interval [0, 1] can now

be found by

N (x)+ yidy(x), 0< xsi

Y=Y yige = |
. ylzgalz(x)""yzzfﬁzz(x). ;.‘SXS]

Thus using (3.1.29), we have

e — e
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Yo (x)+ 3, 8}(x), 0 < x <
y(x)=

td | -

; e (3.1.35)
N@ (xX)+ y,é] (x), =5x51

since y, = 0,y =6 and v, =8
and @ (x)="eX

=]-2x
xr-xc~2
¢z|(x)= =Y =2x
xe _’re—l
2 X, —X
¢ (x) = =2(1-x) (3.1.36)
xe‘-xvl
¢zz(-‘f)= kT =2x-1
xe _xe'—l

Substituting (3.1.36) in (3.1.35), we get

12r, Osx<t
2
y(x) = s
4x+4, —<x<l1
2
From the above, we obtain
Table 3.1a
Value of x | Approximate value of y | Exact value of y
C LET
2
2 et o T
3 9

. 1
ii) For better accuracy, let us take four elements of length —

Steps 1-3:
e, €; €3 €4
. . . fig3.1c
1 1 s 1
0 % 2 4

-—————nn8onmmmmnnmnm—"—4 -
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For ey, the nodal points are

|
X,., =0 and x, ::I

Then the element matrices become

K|!| =2 K;] =-2= JK]'2 by symetry and K:'2 =2
Fi=1+D and F} =1+D!

— I
Kl:'-[ 2 2} and F!= 1+D]
gL 2 1+ D)

For ey, the values of x at the nodes are
1

X = and x, =—;~

Then the element matrices become

2 =2 1+D}
K2=[ } and F? = ¥ "
~2 2 1+ Dj

For e, the values of x at the nodes are

1

X, == and x, -
4

e-l

and the element matrices become

= 1+ D}
Bl ; and F°= '
=2 2 1+ D;

similarly the nodal points and element matrices for e, are given by

%4 = and x, =1
2 -2 4 I+ D|4 :
and K* = 5 ) and F" = 4 respectively.
= + D!

Step4 assembly of element equation:

Applying the same technique as that of part (i) the element matrices for cach element

are

e ——————— e e—————
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2 =20 0 01[x%] [1+D
=2 240 0 o0f||ln| [1+D
es|] 0 0 0 0 0ffy|=|0
0 00 20 . 01y 0
L 0 0. 0 .0, 0l LO
3000 0 b 0 (w1 [0 o
0 2 -2 0 of{ny| (1+D
&x] 0 -20 2 0 0l|lw|=|1+D;
DR D10 0050 o] |0
L 0 0. & 0 O \_yt |.0
e ol 00 0wl [0
IR S R TR I8 B I R
e, | 0 0 2-2 0 ||n|=[1+D
0 0-2 2 0fly| [1+D

for—ale-0 - =00 | Tw] 10
g 0 9 0. Of1lwm| |9
and e,, |0 0 0 0 =10
0 0 0 2 -2]y 1+ D)
£ RRE R =2 " 2 b’d L_l+D;_

Adding up the above, we obtain,
g g 0 0 0"’})01 I+Dll ]
-3 B%2 2 0o 0|yl [2+Di+D]
0 =2 242 2 0|y, |=|2+D;+D) (3.1.37)
0 0 -2 242 =2 ||»m| [2+D3+D}
o o o -2 2]{n] 1+D]

From the boundary conditions we have
D! and D}, D; and D},Diand D} cancel each other in addition from

natural condition Dg =0

e ——————————
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then the system in (3.1.37) become

4y1-y,=2
-2y1+4y,-2y;=2
-2yytdys-2y,=2
-2y3+2y,=1

(3.1.38)

Solving (3.1.38), we get the approximate solution for the problem valid for [0, 1]

14x, 0<x< l
4
1 1
10x+1, —<x<—
Y(x) =1 41 23
6x+=, —<x<=
2 4
3
24-22x, Z<x<l
From the above, we obtain
Table 3.1d
Value of x Approximate value of'y Exact value of y ‘
1 7 7 5]
; : 2 |
2 7 D |
3 9 |

Therefore from table 3.1b and 3.1¢ we can conclude that the finer the mesh the better
the approximate solution.

—_—— ————— e - ——  —
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3.2: Application of the Finite Element Method to a two-dimensional Problem

The finite element described in the previous section can be extended to two-dimensional
problems. Since the two dimensional problems are modeled by partial differential
equations, the analysis will be complicated and we demonstrate this application by
considering the Poisson equation. Also, we consider triangular clements only, although

the geometric shapes chosen could be rectangles or quadrilateral.

We now consider the poison equation
_[azu u

+

axz ay.’.
With the condition u(x, y) =0

]=f(x,y), on D (3.2.1)

Step1: Descritization of the Domain in to a set of finite elements

The domain D is sub divided in to non-over lapping sub domains. For simplicity we
consider triangular elements only. In which the nodes are numbered in the counter-clock
wise direction from node 1, which is arbitrarily specified. Let the coordinates of the
nodes and nodal values in the nodes 1, 2, 3 be given by

(X1, ¥1).(X2, ¥2) » (X3, ¥3) and u(x, y1)= up,u(Xxz, y2) = u u(Xs, y3)= us respectively.
Accordingly, we assume

u(x.y) = oy +ax+ a3y (32.2)

as the required approximation in the element D, where (x, y) is inside A123.

1(x,¥)

2(x.y) ———————n Al

fig 3.2.1

f
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Where i(X, y) = (x;, yi) and i=1,2,3 denotes the three vertices of

the above triangle.
We also set u(x;, y;) )= u; where i=1,2,3

(3.2.3)
Substituting (3.2.3) in (3.2.2) we obtain
W=o X +agy,
=o)Xy tazy, (3.2.4)
U3=0 +aXstazy;,
Solving equation (3.2.4), we obtain
I U Uy u
a, :ﬂ: T X
BID ST )
I U U, u
a, =2_j;}"1 ) T (3.2.9)
|1 ) 1
U u, U
1
a;=—I[ 1 1
24,
X XX
Where A. is area of triangle A123 and is given by
: PRl S
Ae=51 X ¥ (3.2.6)
1 x
Substituting a) «, and a3 in (3.2.2) and simplifying, we obtain
1
u(x,y)= 51 [u, (X203 = X33,) + 1y (X33, = X, 13) + 5 (x,p, — X3 ¥ )]
| _ Ee d, ]_‘
+_'[”1(J"z =¥)+u (v =) +u;(y, - y,)
24,
3 L[“l (3 = x3) + 1y (x; = x3) + uy(x, — x, )ll' (3.2.7)

24

€
Collecting the coefficients of u; , u; and u; in the above, equation (3.2.7) can be written

in the form of

e e —— e
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u(x,y)= .
E!ﬁﬁ (x,y) (3.2.8)

and aregiven by

: 1 % y
¢’(xs y) =—Ill x

: 24| 1 %
B ¥

i a8y

¢, (x,y)= Ly '

214 2A, XV (3.2.9)

1 XN

: 1 ook y

and ¢; (x,y) = "27.’ 1 %
X 0

From formula (3.2.9), evaluating the shape function @i(X, y) at nodes (x; y,),

(X2, ¥2). (X3,y3) gives

1
¢ (x. )= ﬂ[xz}’s XV, XY Xy XY, - -"z.}"ll

1
but 4, = E[xz)’s NV T X Xy ), “‘-"zJﬁ]

=24, = [xzyJ =X X - X Y3+ XY, — -"z.Vll
=@ (x, ) =1

|
#(x,,,) = g[xz}’s XNV XV, — X)Xy, - -"2.1'1]= 0

[
]
h(x5:3) = ﬁ[xzyi X3V, + X3 V3 =Xy H XY, - -"2}'3]: 0

Similarly the shape functions ¢, and ¢, have a value of lat nodes 2 and 3 respectively

and 0 at other nodes. Hence

e e
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|
¢ (x,,y,)= 'f e 4
j)= 0 if i [ (3.2.10)

and Z¢ =1
We also have

a¢| yZ y} a¢[ =) .\-3 = x2

N -

N2 B o
6¢ y} y] a¢z ‘-; _-\'3 -
6x 7 W ¥ 24, (3.2.11)

%:'yl—yz afb;:x:hx;
Ox 24, oy 24

¢

Step 2: Variational Formulation

To find the variational form of equation (3.2.1), we multiply it with the test function

V(X, y) and integrate the result using formula (1. 2.16) Over a typical element R, and we

obtain,
Ou v Ou by .
If[(-a;awa}‘"fJ""")‘iJ"""""‘ o

Ou Ou : ¢ : A
where g, =n, = +1, E;,m and n, are the cosines of aunit normal » on

the boundary c,and ds is an arc length of an infinisimal element along the boundary.
Step 3: Approximation over the element e
Let u(x,y) be an approximation to u(x, y) over the element ¢ so that

Vifii=]

(3.2.14)
0if i#j

) (x,,y,}={

Using (3.2.13) in (3.2.12), we get

e ———— e
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5 a¢-‘ a¢ a¢: 6¢; €
; !’H‘gx‘jaj*a—a— J,dxdy}— ;Ufﬁci\‘t{l.'——‘fﬁqﬂd\ (3.2.15)

wher'e i=12,.,n. (X, ¥)=4(x,y) as basebase functions
hence. equation (3.2.15) canbe written in the matrix f

orm
)Zgl: Kyuj = Fy (3.2.16)
: 04, 0p, o¢ 0@
where Kf = {[;_44,_;4}&@ 3
U ;,:[ ax ax a)' ay A
E = [[fosdy+ [¢q,ds (3.2.17)
Re Ce

Using equation (3.2.11) ,the element matrices K% and F, (in 3.2.16) can be computed
casily. These computations will be demonstrated using simple example,

Example: we consider a particular case of the problem defined by equation (3.2.1) that
is the poison equations
—[g+—g%}=2, 0<x,y<l (3.2.18)
with condition u=0 on the boundary of the square
0<x<l,0<y<l
Solution: Comparing (3.2.1) and (3.2.18) we have f{(x, y)=-2
Step1-3 is given below
We divided the square region along a line of symmetry x=y and then consider only the
lower triangular part. We again sub divided the lower triangular part in to four
triangular elements as shown in Fig 3.2.2. Let the elements be numbered as shown in

the figure and it is seen that elements a, b and d are symmetrical. Hence, the element

matrices for these elements will be of the same type.

e e e e
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o Fig 3.2.2
Now assume u® (X, y) can be expressed

u’(x, y)=a; + opxtazy where a,, 0, and a; are given in equation (3.2.5).
Then we have the following table

Table 3.2.3: Information needed for the computations of the base functions

e | Xy X2 X3 i y2 Y3 Area= Ae
a |0 172 172 0 0 1/2 1/8
b |12 1 1 0 0 112 1/8
1/2 1 1/2 0 12 1/2 1/8
d |1 1 172 1/2 | 1/2 1/8

The derivation of the element matrices and vectors of the elements:
Element a
The vertices 1, 2 and 3 of element “a” are given by (0, 0), (1/2,0) and
(1/2, 1/2) respectively and area of this element is
1
A, Ai[:,J;a[vrdy S

Using equations (3.2.9)

4 (x.y)= 4[%-(%{-—%)3:}:1—21'

¢z‘(x,y)=4[0+%x—-;—y]=2(x~y) (3.2.19)

1
and  @)(x,y)= 4{0"' EJ/:| =2y

f
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[t can be shown that
0} +0l + ol =1

T'he element matrices K and F can be Computed easily, using  equation (3.2.11) we

obtain
oF _ _, 08 _
;
0p: . age
?3;1:2*‘5;_:“2 (3.2.20)
of; _ ., o5
=53 0% -
Ox dy >
Equation (3.2.17) gives
K= jﬂ4dxdy]—~— Kp = ﬂ— 4dxdy = -l,smu/arh Ky =
a ] a a l
Ki=—5.K5 =1, Ki=~3 (3.2.21)
A g e wi VI
K3\ =K5, ="E’ and Ky, —5
Simlarly, 7* = [[2(1- 2x)dvdy + [a,(1-2x)ds
Al23 Cos
11
29
= [ [20- 2x)dxdy + ¢
0y
_ L+l wher [ = [g,(1-2x)ds
12 C123
= [[2(2x-2y)dxdy + [g,(2x~2y)ds (3.2.22)
Al23 G2

=i +15 wher I = j q,(2x=2y)ds
12 Ci23
and F = ”4 ydxdy + _[2 vds
Al23 (123

_lz +15 wher I = Iq,, 2yds
= Th

Ci23

m
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[l sy S
2 ‘E ? 'i’jlll
K= _l | I s | |
7 =3 and F*® = = +1; |
- |
0, 25 WE LY
L 2 2J _|9_+!*J

But elements a, b and ¢ are Symmetrical. Hence,
for the elements b and ¢.
Element b

in a similar fashion we can compute

The vertices with respect to the Jocal nodes 2, 4, and

5 of element “b" are given by (1/2,
0), (1,0) and (1, 1/2) respectively. Then,

1 1 (1 i
2 i U ez a
212 TRk
G SRS e B0y,
2 2 g
I Ad I
0 ik = == a
| % 2 12 {’J

Element d

The vertices with respect to the local nodes 5, 6, and 3 of element “c™ are given by
(1,172), (1, 1) and (1/2, 1/2) respectively.

Then
1 1 ] .
_l_ _.l 0 _l_.+[|“
700 12
P At T ¢ and Fo=| Lo
i ) 2 2" *
Il i by m
-— = —+1
i Y 208 2| |
Element ¢

The vertices with respect to the local nodes 2, 5 and 3 of element “c” are given by (!4,
0). (1, 2) and (¥, ') respectively. Then using equation (3.2.9) .we obtain

S e —————————————————————————————————————————
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&' (x,y)=1-2x+ 2y
¢ (x,y)=1-2y

(3.2.23)
#(x,y)=2x-1
Again from equation (3.2.23) we have the following
o8 __, oo _,
Ox oy
0y _, 44
3Jr__(),_6’7}_=_2 (3.2.24)
o8 _, 28
ox oy

From equation (3.2.17), we get that

where K{ = H [%]h +(%]-}dxdy =8 dedyzl

A253| A253

(0¢, 0¢ o¢, 0¢ ]
d — 2k g el =i H L 2 - | P o y OV >
Ky H L ox @ J +[ : } dy=—4 ded} == = K3, by symetry

A253 A253

ci- J(22) o(33) Jrot =353 o

A253

Ks = | -_U[[%x_z %%—J +(% %J J{dey =0 dec{v =0= Ky, bysymetry

A253

K3 = \j | [@xﬁ]’ + (%ﬂwy =4 [[avdy = %

A253
F'= [[2gdxdy+ [¢q,ds=

A253

Camn
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=2 j(l =2x+2y)dvdy+ 1

A253
|
1 2

= 2I J(l -2x+ 2y)dxdy + o
g =l
272

1
S qe where/’ = I(l =2x+2y)q,ds

]

Similarly we can compute for

1
d
F = E+[Id wherel; = I(l -2y)q,ds
€A253
1
Fl= 1 +1f wherel{ = J(Zx ~1)g,ds
€A253
Then
( Il 1 1 o4
I 5 Jeit - J
2 2 iz th
ROt Lol pral L g
< IRTE Dl
1 | " .
g 2 _EH’J

Let the global nodes be U,,U, ,U; .U, ,Us and Us corresponding to the local nodes
Uiz ,u3 ,ug us  and ug at the respective vertices. As there are six nods, the

corresponding matrix will be of order six. Now, we write down the complete system for
each element.

m
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Element e=a

=

Kﬂ

(== o B s S N|= o —
|

|
et iV
|

© O O N =

(=]

o S O N ] —

o ©O o ©

o]

o < o o

0 =
1+120°
0 1+12/¢
5 i Fu=_|_ 1+12/§
121
0 0
0 0
0 k

(i)

Since the elements b and d are similar to element a, the element matrices will be the

same type as that of element a. Thus for element e=b

[ 080 0 070 0
A gad 0 0
2 2
0l 0010 0 00
kb= 1 1
O 2 0 R lh
2 2
Dot St 0
g
0 00 0 o
Similarly, for element e=d
T TR A TR T
DUED 0, 0'040
S 0
2 2
Aesl o' o o 0'p ¢
I I
thopd S, M EUF
2 2
0 gt iy Ty aE et
{ Tl

Graduate seminar On Finite Element Method
Compiled by abdelkadir muzey, June 2010, Addis Ababa University

1

and F’”:]

d F?=
an 12

1| 1+124¢

1+124f

|1+12/ |

(ii)

(iii)
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Finally, for element ¢

[ 000 ROEBES 0]
0 —% 00 o -0 ]
I | 1+12/
y 0 = G- ‘
SETR LR N
0. 0 OK0.06: 0 1210
0 0‘1 0 1 0 1+12/ .
2 2 0 J (iv)
| @ e g Bowe 0 |

Step 4: Assembly of the element equations to get the global system

Assembling the elements matrices in (i).(ii),(iii)and(iv) we get

[ 1 e oTu,1 [#
-17 4 oS 3| |G +E+1
© | O =28 aSnSomsostT, _ L3 |l
0 =L.ub. 2=F a0t | 12(1 1k
0 0=2~1" 4=} U, 3 [;54_{]04_(;’
0 000 <y, | 1 | (v)
i i )l [

From the boundary conditions, we have that
U|=U2 :U;; :U5: U6 =0
Hence, equation (v) gives

-U, =%+1f+1;+1; (vi)
2U, =%+1§ SISl (vii)
U, =%+Zj’ +1f +1f (v)
From (vii) we have that U, =%+%(!§ +15+1) (ix)
But /5 = [qi2yds
€123

- 0
= Df[q:'z},]}aﬂ dx + O‘f[q:'zy]‘ :{lj‘{v + I[f:-z_l']; - d.\‘ = ()
0 0

0.5

e ——————— e
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Since the first integral vanishes and the remaining two integrals cancel each other, in a
similar manner, it can be shown that

¢ _1d

;= ll =)

; 1
Hence it follows that U, = 3 =0.125 from the analytical solution the exact value is

0.14734 and hence the finite element solution obtained above has an error of about
15%.The accuracy of the finite element solution can be improved by using finer meshes.

Summary on Finite Element Method

Finite element is the most applicable numerical method for obtaining global or integral
approximation to differential equations especially when dealing with boundary
conditions defined over complex geometries that are common in practical applications.
Furthermore FEM can be viewed as a special form of the well known Rayleigh ~Ritz
and Galrkin’s methods of numerical approximations. The important reason is that it
overcomes the basic problems encountered in applying these methods in their classical

form.

/
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Conclusion on the seminar

In the seminar we have introduced with Rayleigh-Ritz, Galerkin and Finite Element
approximation methods and used them in solving BVPs. ‘
The Rayleigh-Ritz and Galerkin methods are powerful approximation techniques under
certain ideal conditions. The geometry of the system under analysis has to be simple
otherwise it is extremely difficult to determine what approximate function should be
used in the solution. The drawback of both methods is that they don’t have symmetric
procedure for finding global approximation functions especially for 2-D and 3-D cases.

Further the resulting matrices are fully populated, making computation of larger system
matrices fairly intensive.

Finite Element Method uses the idea of Rayleigh-Ritz and Galerkin, but has the
powerful benefit of a symmetric procedure for finding approximation function over
each element. Extremely complex geometries can be broken up into finely-meshed
elements of simple geometry and consequently the assembling of all system matrices is
an easy task through the use of computer. Once a general computer program is written,
it can be used for the solution of any problem simply by changing the input data.
Although the finite element method requires much greater matrix sizes, the method
leads to banded, symmetric matrices that are more computationally efficient.

The seminar is, therefore, intended to be an introduction to the terminologies,
methodologies of the three methods of approximation. The reader who wishes to pursue
these methods and understand the analysis of these methods is recommended to refer
other references cited in the bibliography.

f
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