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Abstract

Our present understanding of the evolution of the universe relies upon the Friedmann-
Robertson- Walker cosmological models. This model is so successful that it is now being
considered as the Standard Model of Cosmology. So in this work we derive the Fried-
mann equations using the Friedmann-Robertson-Walker metric together with Einstein
field equation and then we give a simple method to reduce Friedmann equations to a
second order linear differential equation when it is supplemented with a time dependent
equation of state. Furthermore, as illustrative examples, we solve this equation for some
specific time dependent equation of states. And also by using the Friedmann equations
with some time dependent equation of state we try to determine the cosmic scale factor(the
rate at which the universe expands) and age of the Friedmann universe, for the matter
dominated era, radiation dominated era and for both matter and radiation dominated era
by considering different cases. We have finally discussed the observable quantities that

can be evidences for the accelerated expansion of the Friedmann universe.
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Introduction

The universe is a huge wide-open space that holds everything from the smallest particle to
the biggest galaxy, or it refers to all the matter and energy that exist. As the Big Bang,
the universe is originated from an infinitely dense point and evolved in to our present
universe[4]. On the very largest scale, the universe consists of clusters of galaxies. About
10! galaxies can be seen in their largest optical telescopes. The universe also contains
isotropic background radiation, that is, radiation which is not directional[9,11].

Our present understanding of the evolution of the universe relies upon the Friedmann-
Robertson- Walker (FRW) cosmological models[4,15]. This model is so successful that it
is now being considered as the Standard Model of Cosmology. The standard model of
cosmology has successfully predicted the nucleosynthesis of the light elements, the exis-
tance of the cosmic background radiation, and the dynamics of an expanding universe,
i.e. the Hubble expansion[16,19]. When modern cosmologies were first formulated, they
required to obey the “cosmological principle”, that the universe should have a uniform
matter distribution on the largest scales(“homogeneity”), and look essentially the same
for all observers viewing in all direction (“isotropy”)[9,11,18]. With this background Ed-
win Hubble found that the light from galaxies appeared redshift; and that the fainter(and
therefore farther away, on average) a galaxy was, the more its light was redshifted[30]. The
discovery of the expansion of the universe by Edwin Hubble in 1929 heralded the dawn
of observational cosmology. If we mentally rewind the expansion, we find that the uni-
verse was hotter and denser in its past[30]. At very early times the temperature was high

enough to ionize the material that filled the universe. The universe therefore consisted of



a plasma of nuclei, electrons and photons, and the number density of free electrons was
so high that the mean free path for the Thomson scattering of photons was extremely
short[15]. As the universe expanded, it cooled, and the mean photon energy diminished.
The universe transitioned from being dominated by radiation to being matter-dominated.
Eventually, at a temperature of about 3000 K, the photon energies became too low to
keep the universe ionized. At this time, known as recombination, the primordial plasma
coalesced into neutral atoms, and the mean free path of the photons increased to roughly
the size of the observable universe[4,30]. Initial inhomogeneities present in the primordial
plasma grew under the action of gravitational instability during the matter-dominated
era into all the bound structures we observe in the universe today. Now, 13.7 billion years
later, it appears that the universe has entered an epoch of accelerated expansion, with its
energy density dominated by the mysterious “dark energy”[17,19].

Currently, most scientists believe that the universe is approximately 13.4 billion years old.
There are multiple approaches measuring the age of the universe[18,27,28]. One approach
is the observation of cosmic microwave background or CMB. By measuring the CMB
scientists have studied the radiation of the universe as far back in time as the Big Bang.
The universe is so large that when scientists observe far away materials and radiation,
they are in fact looking back in time. This is due to the time taken for light to travel
from these places to Earth. Therefore, by using the amount of radiation of the material
to find the distance to these sources, scientists can estimate the age of the universe.
Another method used to find the age of the universe is the rate of expansion of the ele-
ments in it. The discovery that distant galaxies are all receding from us with velocities
that are proportional to their distances shows that all the galaxies came from one single
point and expanded at the same time. By measuring the rate of expansion, assuming
that it is constant, and how far apart the objects are today, scientists can estimate the
amount of time needed for these astronomical bodies to become as far apart as they are

currently. Using this method the universe is roughly 14 billion years old.



The third method is finding specific microwaves from the beginning of the universe and
using them to calculate the universes age. The detection of the 3 K microwave background
by Penzias and Wilson, which represents the red shifted radiation of the primeval fireball
provides evidence of a single starting point and also evidence for the Big Bang, which
many scientists believe is how the universe started[16,18,30]. Despite how the universe
started, most agree that it has a definite beginning.

There is also other evidence that makes scientists think that there is a single beginning
to the universe. The universe could also be open, in which there would be no beginning
and it would be indefinitely old[27]. However, there is not as much evidence supporting
this argument.

Though these methods give an approximate age of the universe, the most exact method is
solving Friedmanns equation. Aleksandr Friedmann was a Russian physicist and mathe-
matician who, after studying Einsteins Friedmann derived his equation using the Einstein
field equations, assuming “a homogeneous and isotropic universe”. Friedmann equations
lead to a relation between the energy density of the universe with its size when an equation
of state is supplemented. We review this behavior for a general equation of state of the
form P = wp. Here, p and P are energy density and pressure of the universe respectively.
This equation of state includes the cases of radiation, matter and vacuum dominated era.
In general, in this thesis, the fundamentals of modern cosmology for an isotropic and ho-
mogeneous space-time, which is naturally motivated by observation, will be reviewed. The
Friedmann equations are derived and the consequences for the dynamics of the universe

are discussed.



Chapter 1

Space-Time Geometry and
Gravitation

1.1 Introduction to Space-Time (GGeometry

The Special theory of relativity abandons the Newtonian separation of Space and time
and introduces the concept of Space-time[2,3]. Space-time is a 4-dimensional manifold,
with points referred to as events. Space-time also is provided with a notion of distance,
or length, between pairs of events, often referred to as the interval. It is usual to denote
this quantity by A72, when the two events are well-separated; in the infinitesimal case,
we will refer to it as dr72. When we study the geometry of special relativity and then
of space-times with gravity, we will of course have to use coordinates (such as t, x, v,
and z) to describe events in the space-time. The coordinate system (t, x, y, z) provided
by an inertial frame is sometimes called an inertial coordinate system, and sometimes
a Minkowski coordinate system, and sometimes a Lorentz coordinate system [because it
was Lorentz (1904) who first studied the relationship of one such coordinate system to
another, the Lorentz trans- formation][2,3]. The geometry of space-time is determined by
the space-time-intervals between events. An event is a precise location in space at a precise
moment of time; i.e., a precise location (or “point”) in 4-dimensional space-time. Events
in Space-time are specified by four coordinates x® with a = 0,1,2,3. Where the zero

component of a corresponds to the time coordinate and the rest of three components are



the spacial coordinates x, y and z respectively. The Special theory of relativity postulates
the existence of Minkowski coordinates 2’*[23] in which the proper time 7 can be expressed

in a simple form as

r = ) - (@) - (@) (@) (11

Similarly it is possible to write this as
dr* = A(d2°)? — (dz'")? — (da'®)? — (da'®)?. (1.1.2)
Or in a compact form with (¢ = 1), the above equation can be rewritten as
dr?® = dt* — d7*. (1.1.3)

Where 7 is the proper time between two neighboring events along the world line of the
clock considered, with coordinates z'* and x'*+dx'® or it is the time read by a stan-
dard clock traveling with the body ( for example, the ticks might be successive crests
of light waves emitted during a certain transition between energy levels of the atoms of
the body), t is the coordinate of the zero component, Z corresponds to the three spa-
cial coordinates(z!, 2%, %) and ¢ in equation(1.1.2) is a fundamental velocity which
experiment identifies with the speed of light in vacuum. Perhaps the most central of
special relativistic laws is the one stating that the speed of light ¢ in vacuum is frame-
independent, i.e., is a constant, independent of the inertial reference frame in which it
is measured. Considering the equation that governs the rate at which clocks tick in a
gravitational field, special relativity tells that if a clock ticks once in every time interval
dt when at rest in the absence of a gravitational field, then the separation dz® between
the space-time locations of successive ticks when the clock is moving in the absence of a

gravitational field is governed by|[2,8] the equation

Napdr®ds’ = —dr?. (1.1.4)



This is from the fact that in flat space time the Minkowski metric tensor 7,4 is given

by[2,4]
]'7 a?/B - 1727 37
Nag = -1, a, =0, (1.1.5)
0, a # .

The Minkowski metric is the diagonal metric with n;;= n9=n33 = 1 and 7y = —1. All
the rest components are zero. Therefore, in flat space-time coordinate system, i.e. in the
absence of a gravitational field the space-time element(line element) is given by equation
(1.1.4). The Cartesian space coordinates have units of length in which the speed of light

c is unity.

1.2 Tensor in General Relativity

1.2.1 The Metric Tensor in a Gravitational Field

To describe the world line of a body in Newtonian mechanics the sensible procedure is
to use absolute time coordinate as a parameter, and express the spatial position r as
a function of t; thus we would write as r(t)[2]. In relativity, however, this procedure is
unsymmetrical, because t is no longer an absolute parameter , but just another coordinate,
namely z°[3]. We would like an absolute parameter 7 which increase smoothly along the
particle’s world line from its past to its future; then a ’covariant’ specification of the
history of the particle would be the four functions x(7)[23,25]. To clarify this use of
the parameter 7 to specify world lines in space- time, it is better to examine the familiar
simpler case of specifying curves in the ordinary Eculidean three dimensional space of
positions. There a point is described by three coordinates z* where pu = 1,2,3. Curves
are parametrized by using the arc length 7, that is, they are specified by the three functions

z#(7)[2,14]. On any curve, the arc length (A s) between the neighboring points z* and



x# +Ax* is given by Pythagoras’ theorem|[2]. In Cartesian coordinates x, y, z, this gives
A s = Ax? + Ay® + A2 (1.2.1)

It is now important to find general expressions for the distance As in position space,
and the separation A7 in space-time. Suppose we locate a point by general coordinates
corresponding to an arbitrary coordinates in this space. Then if the original Cartesian x,

1 22 and 23, we can write this as

y and z are arbitrary functions of the new coordinates x

The coordinate differences appearing in (1.2.1) are therefore given by

(’33: ox ox
y dy dy

Ay = 8$1A + 8$2A t s ox3 Erlat
82 0z 8 3

Substituting these in to equation (1.2.1), to get

x> dy 2 02 \?

2 e Y -
i [<a) + () *(5m1)
3 3

=3 3 gulat,2? 2?) At A (1.2.2)
p=1 v=1

ax8x+8y8y+azaz

1A 2
oxrt 0x2  Oxl0x?2 Ozt 0x? AT AT

(Az')?+2 {

Where,

Ox Oz dy Oy 0z 0z
Gy = + + .
Oxt Ozv Ozt dxv  OdxH Oxv
Finally, using Einstein’s summation convention[3,8]: two identical indices in any expres-
sion are to be summed over. Both p and v occur twice in the formula for As?, so we can

write it as

As® = g, (r)Az" Az (1.2.3)

This expression is very important: it tell us how to obtain a physically significant quantity-

the distance between two points from a knowledge of the coordinate differences between



the points. The above argument may be applied in a precisely analogous manner to space-
time: in arbitrary, possibly accelerating and rotating reference frames the separation A7

between two events is given in terms of their coordinate differences by

3 3
AT? = —giijiij = — ZZ gijAaciij. (1.2.4)

i=0 j=0
Where,
o0&~ 9gP
i = B 5 3 5
The tensor (g;;) is the metric tensor in a gravitational field[2,8]. It can be defined as the
proper time interval between two events with a given infinitesimal coordinate separation.
The indices i and j runs 0 up to 3. In general, however, the components of g;; are functions
of the event coordinates x’. There are two important differences, apart from the number
of dimensions, between Euclidean three-dimensional space and four-dimensional space-
time[23,26]. The first difference is that in space-time it is possible to find non-coincident
events with zero separation, so the distinction can be made between space-like and time-
like separations. This distinction arises from the occurrence of negative signs in g;;. The
second difference is that while in Euclidean three- dimensional space g,, can always be

reduced to ¢° by an appropriate coordinate transformation, it is generally possible in
g/},’l} y

space-time to reduce g, to gfw only locally, according to the principle of equivalence.

1.2.2 The Metric Tensor and Affine Connection

From the Metric tensor that we defined above, the infinitesimal line element in a gravita-

tional field[3,8] can be written as

dr* = —g,,dr"dz". (1.2.5)
Again, from this, as we try to defined above, g,, can be written as

NSLS
S =00 . G




Which is the metric tensor in a gravitational field. £* and ¢7 are local inertial coordinates.
Now differentiating the metric tensor in a gravitational field with respect to the general

coordinate system z* we have,

Oy 0 @8@ B %> o¢®  ogr %P
or»  Ox> M ot 0zv )~ P\ 02 0xk Oxv | OxH O 0z )

This can be written as

Y g O O, (120
Where,
p _ 01" FE
A9 9D
p 0P 9%

AT gga Gprday
F’/{M and I} are called affine connections. Considering freely falling particles affine con-
nection is field that determines the gravitational force. They are symmetric with the
exchange of lower indices, i.e. Fﬁuz FZA' Now using this definition of affine connection

and the relation given by
_ 06~ 0P
90 = Gam o
_ogrog?

Juw = Oz @%5-

Equation (1.2.6) can be rewritten as

Gy
a;A = Iu9p0 + 1o (1.2.7)

Which is for the general case. Here the task is to solve for the affine connection. To solve,
it is a matter of adding to equation (1.2.7) the same equation with y and A interchanged

and subtract the same equation with v and A interchanged. It is shown as

ag;w ag/\v_agu)\
ox» Ozt Oxav

= I8, 9kt U5 G DoaGro T b @=L =T oxgiepe = 205,90 = 21\ G-
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This results from the symmetric property of affine connections.
From the fact expressed in equation (1.2.7) it is possible to write the following from the

above expression as

09,0
axu)\ = Fl){:\ugk’u + F’;ygk},ﬁ
ag)\v
prmi T\ Gro + Ty Gions
Gy
_835” = Ffugkx + Fngku-

Now adding the first two terms and subtracting the third term yields

ag,uv ag)\v ag,u/\ k
T e VL 128

Multiplying both sides of equation (1.2.8) by % gv7 gives

1 OGus | Ogrw  O0Gpx 1 k
- o . = ~¢" (2g4,T ’
27 (8x’\ * dzt  Oxv 27 (291.T5)

1 vo (aglw ag)\’U _ ag,u/\

__ V0 k __ sormk
29 ox*  Oxt  Oxv ) = 97 gkl = 0D

Where 0% is the Kronecker delta with the following properties.

1, o =k,

gvgg v =0p =
e {Qa¢k

Applying this property (o = k) of Kronecker delta to the above equation one can write it

as

1 vo ag,wu ag)\v 89#)\ 1o
59 <axA+axu ) =TS, (1.2.9)

Which is the relation developed between the metric tensor in a gravitational field (gas)
and the affine connection ('S ,)[14,26]. And from their definitions, both of them represents

the presence of gravitational effect.
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1.2.3 Curvature Tensor

Using the definition of affine connection it is possible to write the transformation rule as

al,/)\ 82504
o> Qa'rdz’’

I
' =

or it can be written as

oz Oz O [ OEY Ox°
A
P = P OE> D'+ (81'“ 8x’”) (1.2.10)
But,
9 (06 0x°\ 0L [ 0%af N ox° [ 0%~
Ox'm \ Ox° Oz ) Ox° \ Ox'rdx’® Ox' \ 0x'rdz° |
Now replacing,
8250‘ ) 82§a 8$T
drrozre 7 9xToxe D
and substituting in to equation (1.2.10) to get
A 0z 0xT 0x° [ OxP  O%¢™ Oz 0P OE 0z (12.11)
w Oap Oam 0 \ Oz 0xT 0x OxP O£ Oz \ Ox'*Ox™ o

Making use of the relation given by affine connection and Kronecker delta in to equa-

Fp B al_/p 62511
To— pga \ 9zToxe )

tion(1.2.11) which are;

and

We can write equation(1.2.11) as

I\ T o I 2..p
F,/\_c‘?x oz’ Oz e oz ( 0%z ) (12.12)

MO Qe Qam Oxre T Qxe \ Oa/mOx®
This implies that F;\w is not a tensor according to the statement given by general coordinate

transformation. If F;}v is a tensor the expected term will be

oz Oz 027 _,
p m - To:
xP Ox'M Ox




12

Equation (1.2.12) may be inverted to the following form

A
I =

ox* ox'* ox'° . Ozt < 0" )

ox'T Oz Oxv 7 Ox'T \ OxtOx?

Thus,

(1.2.13)

821',T _ ax/T A ax/p ame/T
Oxrox? oxr M Qxk Oxv P

Differentiating this with respect to z* to get

o 0% 0 <8x’T N r’T).

ka(axf‘@x”) T o0k \9rr m T far pv PO

83I/T a2x/T N ax/T 8

_ r 0P O . Ox'P 0% . 0x'P 02 D, _,p
Oxkozrox?  Oxkox?

- — — r
He Qg 8:1:’“( ’“’) Oxkoxt Ozv  P7 Ozt dzvoxk P7 Ozt Oxv 81:’“(

pa)'

From the relation given by equation(1.2.13) it is possible to write the following

821‘/T 8ZL‘IT . al,/p amla pe
Ozkdr> 07 KA Qg 9zr P
Pa 0, 020",
drkoxr — Oxn o Qxk Qgr "
azx/a ox'° . ox'm Ox'e o

orkdre Oz kT gk ggpv "

Substitution of these in to the above equation gives

O3t _ oz _8i"’8x"’r,T o 9, o ax’T_F,Tﬁx"’ ox'’’ ., Ox" 8:E’Er,p B
Orkdxrox? Oxn KA ggk gpr P ) TV ggk T H gph TP 9o \ Qan Ok Qan F
oz’ [0z 0z Oz’ 0z'? 0z’ 0
F/T F’I? o F/o’ T —F/T.
P7 Ot (8:6’7 oo Oak O ’7€> Ozt Oxv Ok~ 77
03T N (02T, 02 ox ox'® (0x'® Ox'" O’ o't 9
e 7 = T yrT -/ - 1N — (M=
Ozkdxrox? Ko (8:70’7 RAQak Oz 'M) L7 Oxv (ax" e dxk gk "5)+8:p/\ 8x"f( )
o 02 (027 0 OOz 0\ 02" 0o’ 02" O (7
P7 9xr \ Ozn KU Oxk Qzv dzt Oxv dxk dxm ™ P77

Now collect similar terms and juggle indices a bit gives

ot ox't (o _, N\ 02 0x oM [0 SR T
OzF iz Oa ((%k P szrk“> Ozt Oz dxk ((%’" P = Tl = F/A"F;W) B

ox'’ ox'P ox'P ox'P
T A A A
Foo (AT (F“U oz Vo G Fk“@) '
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By subtracting the same equation with v <+ k to find the product of I' and I drop out
and so that

0

o' (9 [P A A
B ox? (@(F’w) S (F“k) + FZUF’WI o sz‘rvn) -

8m’p8x"’8m”’( O o O

Ozt Ozv Oxk \ oz *7 Oz’

T 1T /A 1T I
| BV R FMPUP) :
Now defining the term in the first bracket using the curvature tensor notation as,

0
Tin) = 7o M) + DTy = T, (12.14)

A
i ox

0
uvk — %(

This is named as Riemann-Christoffel curvature tensor[3,23,26]. This tensor plays an
important role in specifying the geometrical properties of space-time. The space-time is
considered flat if the Riemann tensor vanishes every where.

Considering the covariant form it is possible to write the Riemann curvature tensor in its
fully covariant form as

. o
RA;wk = 9o Ypvk-

Recall the definition given by affine connection, that was written as

o L oo (09 | 99pv  OGuo

X oxv  Oz+  OxP
Using this definition of affine connection, Riemann curvature tensor can also be written

directly in terms of the space-time metric. This shows as the following ,

L0 {3%# L 99 _ 39;w] 10 4 {&qpu L 990k _ Oy

R vk — F9 e 7 1 — 39)\o
Auvk 29/\ 81”“9 ox? oxH oxr 29)‘ 835”9 oxk oxH oxP

+

90 [T Ty = Tul0]

Applying the properties of Kronecker delta (65 =1 for p = \) and the relation given by

o op 0 o
Iro 59 F=—g p@gka = =97 (T{\Gno + Lo gnn)-

In to the above equation it can be rewritten as

1 82g)\’v 829/“; a2g)\k aQQ,uk n n o
2 | 9zkoxr  Oxkdz>  Oxvoxr + orvoz™ | Tirgne + Do Tt

R)\;wk =



14

[FZ)\gﬁU + FZagﬁA]FZk + 9o [FZszn - FZkFZn]
From this it is possible to see that most of I'T" terms cancel, leaving only

1 82.9)\ 829 829Ak 829 L
Ryuok = = - — L T —TTTO ] (1.2.15
Ak o | 9gkOr  OxkOz  OxvOzk T Orv O + o [T Ll ( )

This is the covariant form of Riemann-Christoffel Curvature tensor and it has the following
symmetries.

Rk = —Ryxok = —Bxjko = Rukap
Because of these symmetries, the Riemann tensor in 4-dimensional space-time has only

20 independent components. This is true from the general rule for computing the number

of independent components in an N-dimensional space-time is %[24].

1.2.4 Ricci Tensor, Ricci Scalar and Einstein Field Tensor

Ricci Tensor is obtained from the Riemann curvature tensor|[3,8] simply by contracting
over two of the indices:

Ruk = .g)\vR)\;wk-
This implies;

R = 0 R = L™ P P Pow | Pgu
K He 2 oxkoxr  OxkOxr  OxvOx+  OxvOx?

+9M9na [FZ)\FZk_FZ/\FZv] .

Now referring back the definition given by the affine connection and making use of it in

the above expression, one can write the Ricci tensor as

oy, ory,

p =
K oxk oz

+ T8, — ThTh,- (1.2.16)

It is symmetric (R, = Rk,), which means that it has at most 10 independent quantities.
Ricci Scalar is obtained by contracting the Ricci tensor[2,3] over the remaining two
indices:

R=g"Ryu = Rl
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Einstein Field Tensor is defined interms of the Ricci tensor and Ricci scalar[23,25] as

1

Where G is a linear combination of the metric tensor and its first and second derivatives.
The derivation of equation(1.2.18) will follow soon when we will discuse Einstein field

equation in this chapter.

1.2.5 Energy-Momentum Tensor

Energy-Momentum(Stress-energy) tensor 7 describes the density and flows of the 4
momentum (E, — Py, — P, —Ps)[4]. The component T is the flux or flow of the o com-
ponent of the 4 momentum crossing the surface of constant z”.The energy-momentum
tensor is symmetric(7*° = T7).

T represents energy density,

T% represents the flow(flux) of energy in the z* direction(energy flux),

T represents the density of the i-component of momentum,

T% represents the flow of the i-component of momentum in the j-direction(momentum
flux).

Too Tor Tox Tos

Two T T Tis

Too Tor Ten Ta

Tyo Ts1 Ts Ts

\

There are two types of energy-momentum tensor[2,3] frequently used in general relativity:

these are dust and perfect fluid that we have to discussed in chapter two.

1.3 (Geodesic Equation

A particle’s equation of motion is such that the path followed by the particle under the

influence of gravity is minimum[8]. Consider the curve of shortest distance between two
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points. Let the curve, parametrized by 7, connect two points P, and P, of space-time
with parameters 71 and 75 respectively.
Then the “distance” of P, from P; is defined as
P2
S(p2.p1) = / odr. (1.3.1)
p1
Where dr is the space-time line element given by equation(1.2.5). Using the definition of
dr in to equation(1.3.1) this can be rewritten as
T i 1/2
S(p2, ;1) = /712 0 <gzk%z—f) dr.

Defining the term in the bracket as

dxt dxk 1/2
L=\gin———= .
dr dr

Where L is the Lagrange. With this definition equation(1.3.1) again written as

S(p2,p1) = /72 Ldr. (1.3.2)

T1
Now S(ps,p1) demand to be stationary for small displacements of the curve connecting

P, and P,, these displacements vanishing at P, and P,. So that

P2 T2 d$zdl‘k 1/2
§| dr=9¢ o——— ) dr =0,
[ o= [ () =
5/ Ldr = 0.

The solution is given by the Euler-Lagrange equation

a( oy o
dr \ 0(dz?/dT) ort

L is a function of ' and da’/dr. Substituting the value given for L in to the Euler-

This implies that

Lagrange equation the equation get the form

d (1 dx* 1 1 dz™ dx™
dr

L) 2 20Ty 1.3
LI gy ) = gm0 (1.3.3)
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From the equation(1.3.2) we can write as

dS:LdT=>L:§.
dr

Substituting this in to equation(1.3.3) gives

d dz* 1 dz™ dx”
dr

For L=1, dS=dr this implies S=7. With this relation the above equation rewritten as

d da* 1 dz™ dx™ 0

dr Jik dr g Jmnii dr dr

Now applying the property gmn. = —Ggmin and multiplying the above equation both side
by ¢ to get

d?z* 1, dz™ dx"

!
— + = mi;n -
Ik dr? 29 Grmi; dr dr

Recall the relation given by Fgu = % 9" goar- Making use of this relation and puting | = k

in the above equation, it can be written as

2,1 m j,.n

% lmndd%% = 0. (1.3.4)
Equation(1.3.4) is the geodesic equation or the equation of motion of a particle’s in the
gravitational field[20,23]. From this we can conclude that the equation of motion of
the particle in a gravitational field is determined by the Christoffel symbol T'! . The
derivative d?x'/dr? is the four-acceleration of the particle therefore, it is possible to call

the quantity —mI' (dz™/dr)(dz"/dT) is the 4-force acting on the particle.

1.4 Einstein’s Field Equation

The stage is now set for deriving and understanding Einstein’s field equations[3,8]. Gen-
eral relativity must present appropriate analogues of the two parts of the dynamical

picture: 1) how particles move in response to gravity ; and 2) how particles generate
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gravitational effects. The first part was answered when the geodesic equation derived.

The second part requires finding the analogue of the Poisson equation|[24,25]
V20 (z) = 4rGp(7). (1.4.1)

Which specifies how matter curves space-time. Before the derivation of the field equation,
it is better to consider the case where a particle is moving slowly in a weak stationary
gravitational field. For sufficiently slow motion of a particle, the equation of motion of a

particle can be written as

2 b 2
o (ﬁ) —0. (1.4.2)

dr? 0\ dr
This is from the equation of motion of the particle in a gravitational field given by the

equation
d? i dz? dxV

+ b ==
dr? Udr dr

And for A = v =0 and dz° = dt,

Recall the relation given by

o __ 1 vo (8g;w + ag)\v aguA)

) oz oxH OV

But since the field is stationary, all time derivatives of g,, vanish; so that

1 v 8g00

FS‘O T oxv?

(1.4.3)
For a weak static field produced by non-relativistic mass density p,

9op = Nap + hagp.

Where |hqp| << 1 and 7,4 is Minkowski metric tensor.

For a = g = 0 and applying the relation 79y = —1 gives

goo = —1 + hop. (1.4.4)
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Substitution of equation(1.4.4) in to equation(1.4.3) for first order in h,s yields

a 1 a 8h00

Making use of equation(1.4.5) in to equation(1.4.2) with p = «a,
2.0 2
0%x — 1o, ot _ _lnaﬁahoo .
ot? or 27 Oxf

For a = 3 = 1,2,3 the Minkowski metric tensor, 1,5 = 7*® = 1 and the above equation

take the form

O _ 1 (0" Ol
or2 2\ or or

It is possible to write as

%z 1 [ot)’
Now dividing equation(1.4.6) by
2
ot
(&)

to get

Pr 1

7 = §Vh00. (1.4.7)
The corresponding Newtonian result is

92

a_tf — VO (1.4.8)

Where @ is the Newtonian potential determined from the equation given by (1.4.1).
With the comparison of equation(1.4.7) and equation(1.4.8) one can write the following
result

hog = —2® + constant.

Further more, the coordinates system must become Minkowskian at great distance so hgg
vanish at infinity, and if ® defined to vanish at infinity( where (IDZ_GTM), r is the distance
from the center of a spherical body of mass M.

Recall the relation for a weak static field given by

9ap = Nap + hagp-
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This implies

goo = —1 + hgp.

Using the value of hg for zero constant in to the above equation
goo = —(1 4+ 2). (1.4.9)

Now we start to derive Einstein field equation under the approximation of a weak static
field produced by a non-relativistic mass density p.

Further more the energy density for non-relativistic matter is
To=p=T,.
With this result equation(1.4.1) can be written as
V?® = 47GTy.
Or from equation(1.4.9) it is also possible to write as
V2400 = —87GTy.

From this fact the weak field equation for a general distribution of energy and momentum
T,p will take the form

Gag = —SWGTag. (1.4.10)

Where G4 is a linear combination of the metric tensor and its first and second deriva-
tives. It then follows from the principle of equivalence that the equations which govern

gravitational fields of arbitrary strength must take the form
G = —81GT),. (1.4.11)

i.e. equation(1.4.10) is the approximated form of equation(1.4.11) in a weak static grav-
itational field as equivalence principle states. Here G, is a tensor which reduce to Gyg

for a weak fields. And since 7T}, is symmetric G, also.
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To go further consider the nature of G;
(a) By definition G, is a tensor.

(b) By assumption G, contain terms that are linear in the second derivative of the metric
tensor or quadratic in the first derivative of the metric.

(c) Since T}, is symmetric so does G,

(d) Since T}, is conserved in the absence of external forces, so does G, .

(e) For a weak stationary field produced by non-relativistic matter, the 00 component

must satisfy

Goo > V2900-

Hence (a) and (b) require G, to take the form
G/w = Clle -+ Oggm)R.

Where C and C5 are constants. Since this is symmetric condition (c) is authomatically

satisfied. It follows from the above relation that
gUMle = ClgUMle + C’QQnguvR-
This is equivalent to
Gg - Cle + CgégR
This follows as
GZ;U = C’le;U + Cs0y R,
Using the result
1
R = —-6°R.,.
v;0 2 v )

that is obtained from the contraction of Biachi identity in to the preeciding equation

- Ch
G,u;o‘ - (7 + CQ) R;cr~

But by the conservation of G, we have G, = 0, this yields the relation
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This implies

Note that from

G!w = OIR;w + ng/wR = —87TGle.

Follows
Gl = (C1 +4Cy) R = =87 GTY.
Thus if R, = gjﬂ vanishes, then so must gﬁf and this is not the case in the presence of
inhomogeneous non-relativistic matter. From this it is possible to conclude that Cy = —20 L
then the above relation becomes
G =C4 <RW — %gle> = —81GT ). (1.4.12)

Finally, I use the property (e) to fix the constant Cy. A non-relativistic system always

has |T;;| << |Too| here I look the case where |G;;| << |Gool-
|G| << |Gool.

This implies that

Gij =~ 0.

Putting this in to equation(1.4.12) to get

1
Rij — ég”R =
1

Since we deal here with a weak field approximation (i.e. gag = 1as),

Nij = Gij-
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This lead to write as

1
R;; = §?7in-

Applying the property of metric tensor( n;; = 1 for i=j=1,2,3) and taking the sum over

each indices in the above relation gives

The curvature scalar is therefore given by

3
R~ Ry, — Ry ~ §R— Rop.

This implies that
R = 2Ry.
So in the weak field approximation we have the following information

R = 2Ry,

galg ~ 7’]&5, (1413)
G/w = Cl(le - %g,LwR)

For the 00 component G, equals to
1 R 1
Goo = Cy (Roo - 57700R> =C <§ - 5(—1)R> -
Go(] = 201R00 = OlR (1414)

Now the task is to calculate Rgy. Recall the expression given by the Riemann curvature

tensor R)y,,; that is

1 829)\v 829 v 629)\]6 029 k o o
5 |: o + L + 9no [FZ)\F}LIC - FZ/\PMU]'

Rk = Orkoxr  OxkOx™  dxvdxt | Dxvdr

But since we are looking for a weak field approximation it is better to use the linear part

of Ry,uk, given by

R 1 [ Pove  Pgu  Pgw | P ]
Apvk — 5

oxkoxn  Oxkox>  OxvOxt | OxvOr
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When the field is static all time derivatives vanish, and the components that we need are

1 g0 1
R ~ 0 Rigio >~ ——— ~ —V?gno.
0000 ) 050 2 90w 5 goo

And also from the contraction of curvature tensor over the two indices
Ry = g/\URAOVO = nAURAOvO = Rz’OjO — Roooo-
Making use of this relation in to equation(1.4.14) for G,,,
Goo = 2C1(Rigjo — Roooo)-

1
Goo = 2C4 <§V2900 - 0> = Clvzgoo-
Comparing this with

Goo = v2900-
Gy = 01V2900 = VQQOO-

This gives the value of C; = 1. With this value equation(1.4.12) can be rewritten as

1
G = (R,w — §g,wR) = —8nGT).

1
Ruy = 59 R = —87GT,,. (1.4.15)

Equation(1.4.15) is Einstein’s field equation. This equation shows that the metric of

space-time is dependent upon the matter present in that space-time.

1.5 Homogeneous and Isotropic Spaces

From the cosmological principle, that says we are not located at any special location
in the Universe[4]. The other way to put it is that the universe is homogeneous and
isotropic. We will now make the assumption that space is homogeneous and isotropic.
This is a reasonable assumption at the largest scale of the whole universe, where galaxies

are viewed as particles. Homogeneous means that at any given instant of time each point
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of space should look like any other point and isotropic means that at each time it looks
the same in every space direction at each point[4,15]. For a foliation of space-time into
hype-surfaces ¥; such that ¢ is the proper time along the flow of the normal vectors to ¥,

and hence the space-time metric can be written as:
Gap = —dt* + hop(t, x)dxdx®.

Where hg(t) is the restriction of the metric to gq, to ;. Homogeneous then means that
for each t and any points p, q€ ¥; there is an isometry of the space-time that also is an
isometry of ¥, that takes p to q. Isotropy means that for any given point p € ¥; and two
tangent vectors s; and s, at p tangential to ¥; there is an isometry of space-time that
also is an isometry of ¥; that leaves p and the normal at p fixed and takes s; to s».

For any point in our space-time we can always find, using Riemann normal coordinates,
an open neighborhood of this point and some foliation of this neighborhood by spatial

slices.

1.6 Maximally Symmetric Spaces

Maximally symmetric spaces are spaces with constant curvature[12]. A given space is said
to be maximally symmetric if there exist $m(m + 1) independent killing vector fields on

M. Where M is Pseudo-Riemannian manifold and m is the dimension of M.

1.6.1 The Metric of a Maximally Symmetric Space 111

For our work, let us assume that maximally symmetric space III is both homogeneous
and isotropic. Where the definitions for homogeneous and isotropic spaces were given in

section 1.5. Consider a flat (N + 1)-dimensional space with metric given by
—dr? = gabdxadxb.

—dr? = Cpdxtdz’ + k=tdz2.
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Where C,,, is a constant N * N matrix and & is some constant.

Restricting the variable z* and z to the surface of a pseudo-sphere, that means
kCatz? + 2% = 1. (1.6.1)

On this surface then

22dz + 2kC, 2" dx” = 0.
z2dz = —kC,atdx”.

If one can square both side and divid by 22 to get

B 2
02 = g2 G dr")”

2
Substituting the value of 2% from equation(1.6.1) in to the above equation yields

5 (Cupxtda®)?

2 _
=" =k (1 — kC,xtaxv)

Substituting this in to d7? to find

(Cppatdz’)?

_ 2 — U BNC))
dr Codxtdz’ + k(l —kCyara?)’

k

(1 —kC,pzrxe)
k

(1 — kC,parxo)

—dr? = Cpdatda’ + Cnt* Copr®da’*da”,

—dr? = Co + C’u,\xAC'Uka:k datdz”.
Comparing this to

dr* = —guodxdz”.

It is possible to conclude that

k
(1 —kC,pzrx°)

o = C + C’u,\:c’\C’vk:ck. (1.6.2)

Hence £ is the same as the curvature constant and is an invariant parameter, it is impos-
sible to convert equation(1.6.2) by coordinate transformation in to a similar metric with
a different k. Recall the relation given by

(Cpatda’)?
(1= kCparar)

—dr? = Cydatda® + k
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Now make a linear transformation of the type
= Akg'.
for the first part of the RHS of —dr? that are
at = Aba', z’ = Al
This implies, dz*dz® can be written as
dat'dz” = Ab AL dx'"Pda’ .

Hence

—dr* = Cp AL ALda'Pda' .

Let Cpy = C’l;vA"ng. From this we can write the following
Cpo = Cp, AbAY = C),, = Cpu ADLAT.

The same applies to the second term on the RHS of —dr2. Such a linear transformation
converts the metric in to a similar metric with the same constant k. The number of
eigenvalues of each of the matrix C},, are the same as for the metric g, at the point z = 0
and hence the same every where since all points are equivalent. An N-dimensional matrix
allows the introduction of locally Euclidean coordinate systems will have all its eigenvalue

values positive. So for k£ # 0 we can set
Cuw = k7| x L.

Where [ is the unit matrix. So in this case

(Cppatda’)?

—dr* = Cdatda’ + k .
’ GG (1 — kCppara)

For the Euclidean space take the form

k|k|2(z - dx)?

ds? = |k~ da? .
= Rl )

(1.6.3)



28

If £ > 0 then

ds? = —di? + — -~
For k£ < 0 then

o _ L. o (z-dx)* 2_(x-dx)2
ds* = —dx = k|7 |dz

1
k k(1+a2) (1+ 22)
The general result that governs the structure of the space with maximally symmet-

ric(spherically symmetric) subspaces[9,18] is contained in the following theory. It is always

possible to choose the u-coordinates so that the metric of the whole space is given by
—dr? = Guodatdz®.

—dr? = gap(0)dv dv® + f(0)gsj(u)du'du’.

Where go5(v) and f(v) are functions of the v-coordinates and g;;(u) is a function of the
u-coordinate alone (which is the metric of a subspace in a maximally symmetric space).
In all cases of interest, the maximally symmetric subspaces are spaces, as opposed to
space-time, so all eigenvalues of the sub matrix g;; are positive. In this case we can use

the case where k& > 0,

ds? = k™ {d:cQ - %] .

This is the metric of the curved space embedded by kC,,z" 2" 4+ 2% = 1. To evaluate

gijdu‘du? | notice that
—d7 = gu(v)dv®dv® + f(v)gi;(u)du'du’.

If v are the temporal components and u are the spatial components, then this reduce to
a single statement, since we are interested in the curved space the line element take the

form

—dt? = gap(v)dv®dv® + f(v) [dﬁ2 + k(ﬂ’—dﬂ’)Q] : (1.6.4)

(1 — ki)
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Where f(v) is a positive function and g(v) is a negative function of v. k have the following

properties
+1, if MSS has k>0,

k=< —1, if MSS has k<0,

0, «f MSS has k=0.
Since we are interested in a Maximally symmetric space III, we consider a space with
N=4 case. Suppose three of the eigenvalues of its metric are positive and one of the
eigenvalues is negative. Again suppose that it has maximally symmetric 3-D subspaces
whose metric has positive eigenvalues and arbitrary curvature. Out of the four coordinates

1 v-coordinate and 3 u-coordinates. Making use of the relation

/—[g(v)]Zdv =t = —dt* = g(v)dv*.
In to equation(1.6.4) it can be rewritten as

—dr?* = —dt* + f(v) [dﬁQ + ](fl(ﬁ_—%] : (1.6.5)

Now the task is to evaluate the term in the bracket, that is

a4 L0

The three components of a Maximally symmetric(spherically symmetric) space that are

represented by uq, us and ugz as usuall defined by
up = rsinbcosp, us = rsinfsing, us = rcoso.
From the definition given by dot product
@ =i +us+u3, dit =dui +dul +du3, (@ di)? = (uiduy + ugdug + uzdus)?.

Substitution of the values w1, us and ug in to the above relation yields the following values

@ =% di® = dr? + r2df* + r’sin*0d¢?, - di = rdr.
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Making use of all these in to equation(1.6.5) the line element become

dr?
1 —kr?

dr? = dt* — f(v) { + r2df* + r2$in29d¢2] .

If we use a*(t) instead of f(v) the line element rewritten as

dr?
1 —kr?

dr? = dt* — a*(t) [ +r2d6* + 7’2sm29d¢2} . (1.6.6)

Which is the metric in a maximally symmetric space III or it is called the Friedmann-
Robertson-Walker metric[4,10,12]. This metric can describe an expanding, spatially
homogeneous and isotropic universe in accord with the cosmological principle.

Note that, in this equation, dr is the differential of the invariant distance, a is the di-
mensionless cosmic scale factor at which the Friedmann universe expands, r, 6, ¢ are
co-moving spherical coordinates with an arbitrarily chosen origin, ¢ is the clock time of an
observer that is co- moving with the cosmic expansion and k is the curvature takes on the
value 0 if space is Euclidean (flat), k = +1 if the space is positively curved, and k = —1
for negative curvature. To preserve dimensionality with our conventions, it must be that
k a (length)™2 . However, if the scale factor is taken to have dimensions of length, then
k can be dimensionless. The quantity in brackets represents the spatial component of the
metric. The radial and angular components of the metric are separated, and the angular

component is familiar from spherical polar coordinates.



Chapter 2

The Friedmann Universe

2.1 Structure and Formation of the Universe

The standard theory of cosmic structure formation posits that the present day rich struc-
ture of the universe developed through gravitational amplification of tiny matter density
fluctuations generated in its very early history[4]. One of the most accepted model that
explain the origin of the universe is the Big-bang cosmology. The Big-bang model pro-
posed that the universe originated from an infinitely dense point and evolved into our
present universe[18].

During the early part of its existence, after one times ten to the minus 12th(1 x 107'2) of
a second, our universe was so small and dense that light and matter intertwined; space
was hot, dark, and ionized-filled with a plasma of charged particles[15,16]. By the time
the universe was one second old, the temperatures and densities had dropped enough for
protons and neutrons to form from quarks. Within the next few minutes, the nuclei of
the light elements, hydrogen, helium, and lithium, were created in a process called primal
or Big Bang nucleosynthesis[12]. The universe at this point was cooling rapidly enough
to shut off the process of nucleosynthesis before elements heavier than boron could form.
About four hundred thousand years after the Big Bang the cosmos had grown large enough
for matter and energy to move through space without immediately colliding-ending the

plasma state of the early universe[l]. The universe had cooled to about 3,000 degrees

31
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Celsius (5,400 degrees Fahrenheit) allowing electrons, protons, and neutrons to come to-
gether to form neutral atoms-the basic building blocks of all visible matter in the universe.
This marked the “Decoupling” of matter and energy that we detect today as the cosmic
microwave background radiation[7,16]. This radiation has been stretched and cooled by
the expansion of the universe from three thousand degrees to minus 270.42 degrees Cel-
sius, or just three degrees above absolute zero.

At this point the universe was made up mostly of clouds of hydrogen and helium atoms.
As the universe expanded and cooled, some regions of space amassed slightly higher den-
sities of hydrogen. As millions of years passed, the slight differences grew large, as dense

areas drew in material because they had more gravity.

2.2 Constituting Matters of the Universe

Here we need to know how much of the constitutes the universe contains to day. Those
amounts are generally expressed as a fractions of the critical density(critical energy den-
sity). The geometry and evolution of the universe are determined by the fractional contri-
bution of various types of matters[4,9]. Since both energy density and pressure contribute
to the strength of gravity in general relativity, cosmologists classify types of matter by its
“equation of state” the relation ship between its pressure and energy density[12,15]. The
basic classifications are:

Radiation: Composed of massless or nearly massless particles that move at the speed of
light. Example; photons (light) and neutrinos. This form of matter is characterized by
having a large positive pressure. At early epoch when the temperature is KgT > 3eV
and the total energy density is made up of more radiations and relativistic particles, our
universe was radiation-dominated|[4].

Baryonic Matter: This is “ordinary matter” composed primarily of protons, neutrons

and electrons. This form of matter has essentially no pressure of cosmological importance.
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The baryonic matter is made of atoms and it contributes about 4 percent to the matter
content of the universe[15].

Dark Matter: This generally refer to “exotic” non-baryonic matter that interacts only
weakly with ordinary matter and very important in the formation of structures in the
universe since it makes up for most of the matter content in the universe. While no such
matter has ever been directly observed in the laboratory, its existence has long been sus-
pected for reasons that by making accurate measurement of the cosmic microwave back-
ground fluctuations using an instrument Wilkinson Microwave Anisotropy Probe which
is able to measure the interactions of the non-baryonic matter with ordinary matter all
affect the details of the cosmic microwave background fluctuation spectrum. This form
of matter also has no cosmologically significant pressure. Dark matter contributes about
25 percent of the mass-energy content of our universe[15,9].

Dark Energy: This is a truly bizarre form of matter, or perhaps a property of the vac-
uum itself, that is characterized by a large negative pressure. This is the only form of
matter that can cause the expansion of the universe to accelerate or speed up. The con-
tribution of dark energy is about 70 percent of the mass-energy content of the universe.
When the universe is composed mainly of vacuum energy and its temperature is less than

KpT < 3¢V | it is a dark energy dominated universe[7,12,16].

2.3 Derivation of the Friedmann Equations

To derive the Friedmann equations, we need to use the assumptions that the Friedmann
universe is homogeneous and isotropic in its largest scale. Using the metric(Friedmann-
Robertson-Walker metric) given by equation(1.6.6) we need to calculate the energy tensor
T} to describe the contents of the universe and then we compute the Einstein tensor
and there by complete the Einstein field equation. To do these first let us evaluate the

non vanishing components of the metric tensor(g;;), affine connection(T'}},) and the Ricci
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tensor(R;;). Now we start with the metric tensor(g;,). Referring back equation(1.6.6)

that is
dr?

2 _ g2 2
dre = dt* — a*(t) T

+7r2d6? + r’sin*0de? | .

The metric tensor (g;x), holds the coefficients to the coordinates in the line element:
dr? = gikdxidxk.

The Robertson-Walker line element is diagonal[15] i.e. g;x = 0 if i # k where the diag-

0

onal elements are functions of some of the 4-coordinates ' = 2% z', 22, 23. So the non

vanishing components of g;, are:

2
a .
goo =1, g = ——(1 ~kr2)’ go2 = —a’1?,  ggg = —a’r*sin’0).

Since g% = gi;l, the non vanishing components of ¢** are the inverse of g;;, these are:

(1 — kr?) 1 1
g0 =1, gl= a g2 = e 33
a a’r

a?r2sin20’

Recall the definition given by the Christoffel symbol(T'}),) that is

1—\)\k _ 1 oA <agk0 + agia 8gkl) ‘

29 oxt oxk  Ox°

Consider the very useful relations: g”*g; = 1 and I'), = I'};, where the second relation
implies that the Christoffel symbols are thus symmetric with respect to the exchange of
indices 7 <> k. For convenience it is better to calculate for each A = 0,1,2 and 3. Note
for A\ = 0 one can see that ¢ = 0, other wise ¢g°* = 0(gsx = 0 for i # k) and there
by T% = 0. Because of the diagonality of the R-W metric this holds for all four cases:

o =X=0,1,2,3. The non vanishing components of the Christoffel symbol(I'},) are:

The case \ = 0:

1 Igro 090 Ogu
Y =—4% : — )
ik = 99 (8:6’ Tk T 90

aa

M =——
U (1= kr2)

, Ty =aar? | T, = aar?sin®0.
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The case \ = 1:

1 Ogr1 . 09 Ogri
L =—g' . — )
it = 99 (8:61 * ozk Ozt
kr

(1— kr2) Py = —r(1 —kr?), T3z = —r(1 — kr?)sin’0.

a
1 _plo_ 1
F01—F1o—a7 Iy =

The case \ = 2:

F?k; _ 1922 (agm i 0gis agki) .

2 oxt oxk  0x2
2, =12 = 9 2, =12 —1 2, = —sinfcosb
o2=t20= 7 te=la=7, 1= :

The case \ = 3:

s ==
ik 29

1 33 Ogrs3 n 0gi3 OGi
oxrt  Oxk  ox3 )

3 3 a 3 3 1 3 3
s =15 = 2’ [y =15 = v ['53 = '3, = coth.

Recall the expression given by the Ricci tensor:

T = oxk oz

+ r;grg,? — rykrin.

Here also all non diagonal components vanish (R = 0) for ¢ # k. The non vanshing
components of the Ricci tensor are:

The time-time component(i.e. ik = 00):

Y — T = Ol IS
+ 0OA+ On 00~ A\p — (9£E0 + oA* On*

B 8Fé>\ or (’}0
00 g0 oz

Writing the components explicitly for(n = A = 0,1, 2, 3) and substituting the correspond-

ing components of affine connection gives
i
Roo =3-.
a

The space-space components(i.e. ik = 11,22, 33):

The ik = 11 component:

ory,  or
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Writing the components explicitly for(n = A = 0, 1,2, 3) and substituting the correspond-

ing components of the Christoffel symbol gives

1 . 2
R11 = m(—aa —2a° — 2]{?)

The ik = 22 component:

R — Ty, B Ty,
27 92 oz

+ F;’/\Pg\n - 11727211;7

Here also writing the components explicitly for(n = A = 0,1,2,3) and substituting the

corresponding components of the Christoffel symbol gives
Roy = —(2a* + ai + 2k)r®.

The ik = 33 component:

R — or'y, B Ol
B3 oz

+ Fg)\ri)’;n - Fg3rin

Similarly by writing the components explicitly for(n = A = 0, 1,2, 3) and substituting the

corresponding components of the Christoffel symbol gives
Rss = —(24° + ad + 2k)r*sin’0.

The space-space components of the Ricci tensor( R;;) can be expressed by the space-space

components of the metric tensor g;; as

i 24+ 2k i 24+ 2k i 24+ 2k
Ry = (54——)911 , R = (a+—>922, Rss3 = (E—F— g33-

a? a? a?
This implies that

a 20+ 2k
Ry, = (— + —2> ik
a a

This symmetry reflects the isotropy of space. Recall the Ricci scaler obtained by con-

tracting the Ricci tensor and note that ¢ g;, = 1

R=g*Ry, = R=g¢"Roo + ¢"' R11 + g% Roy + g** Ras.



Substituting the values of Ry, Ri1, R22, R33 in to the above relation to obtain

. . 2.2 2 .o .2
R:gg+3<9+m) :6(9+a +k>.

a a? a a?

Referring back the Einstein tensor that was written as
1
G = R, — §gikR-

The time-time component is:

1 a4k
Goo = Roo — EQOOR =-3 ( ) )

a?

The space-space components are:

1 a | 2a* 42k a  a’+k
Gik = Rip — §gikR = <— + T) Gik — 3 <5 + —5— | Gix;

a a

26 a*+k
Gik:_<_+ 5 )gik~
a a

Where ik = 11,22, 33. Using Einstein’s field equation(1.4.15) that is
1
G = Ry, — §gz‘kR = —&87GTy,.

This gives that

a2

1 12+ k
R[)O - §gooR = -3 (a * ) = —87TGT00.

a’+k
CL2

8
= —nGTho.
3 00
Similarly the space components part of Einstein’s field equation take the form

20  a*+k

a a?

= 87TGT11 = 87TGT22 = 87TGT33.

Then equation(2.3.4) and equation(2.3.5) are called Friedmann’s equations.
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(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)

Where Tyg and T7; = Ty = T35 are energy density and pressure of the Friedmann universe

respectively, which are determine in the next section.
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2.4 Energy-Momentum Tensor of the Source

The energy-momentum tensor is needed to describe the mass and energy contents of
the universe[15]. Isotropy requires the mean value of any three-tensor t¥ at x = 0 to
be proportional to ¢;; and hence to ¢ which equals a=28;; at & = 0. Homogeneity
requires the proportionality coefficient to be some function only of time. Since this is
a proportionality between two three tensors t¥ and ¢*, it must remain unaffected by
an arbitrary transformation of space coordinates including those transformations that
preserve the form of ¢¥ while taking the origin in to any other point. Now let us consider
the two types of momentum-energy tensor frequently used in GR: dust and perfect fluid.

Dust is the simplest possible energy-momentum tensor. It is given by
T = puu®.

Dust is an approximation of the Universe at later times, when radiation is negligible[4].
Perfect fluid is a fluid that has no heat conduction or viscosity. It is fully parametrized

by its mass density p and the pressure P . It is given by
T8 = (p+ P)uo‘uﬁ + PgP.

In the limit of P — 0, the perfect fluid approximation reduces to that of dust. Perfect
fluid is an approximation of the universe at earlier times, when radiation dominates[9].

Conservation equations for the energy-momentum tensor 7% are simply given by[4]
T3 = 0. (2.4.1)

This expression incorporates both energy and momentum conservations in a general met-
ric. Conservation of energy given in equation(2.4.1) can be used to determine how compo-
nents of the energy-momentum tensor evolve with time. Hence, isotropy and homogeneity

require the components of the energy-momentum tensor every where to take the form

Ti=0, T =p(t), T%* =Ty = g*a2(t)P(2). (2.4.2)
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The metric tensor g;; is scaled by a?(t) from 7;,. As shown by the matrix representation

1 0 0 0
aw | 0 —ad?(t) 0 0
g =
0 0 —a(t) o
0 0 0 —a(1) |

Applying the diagonal elements of ¢'* in to equation(2.4.2) to get
Too = p(t) , T =Ty =Tz =—P(t).

This implies that
Ty = diag(p(t), —P(t), —P(t), = P(t)).

Therefore, with these results the Friedmann equations, equation(2.3.4) and equation(2.3.5)

can be rewritten as

a?+k 8 8
22 = gﬂ'GpOf) = gﬂ'Gp’ (243)
2.. .2 k
=4t ; — _8rGP(t) = —87GP. (2.4.4)

The first equation states that the energy of expansion is proportional to the sum of matter
energy, cosmological(vaccum) energy, radiation energy and curvature energy.

From equation(2.4.3) we have
k

a 8
— = -71Gp — —.
a 37rp a?

This equation describes how the expansion velocity(a) depends on energy density and

curvature. Again from the above equation for £k = 0 we can see that

3 [(a\® 3H2
e=—— [ — ) = =2 >188x107%h2gem 2.
Pe= 8nG (ao> 8rG 8 gem

Where the critical density(p,.) is defined to be the density required for the universe to be
flat, k = 0 and H, = (a/a), is the Hubble definition from his observation[4,18], which
is observed to have the value 100hkms 'Mpc™ with 0.5 < h < 1. The parameter h

quantifies the uncertainty in the measurements of the Hubble constant. The ratio of
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the actual density(p) of the universe to the critical density(p.) is given by omega(f2) i.e.
Q= p/p.. Using the definition of Hubble in to equation(2.4.3) it is possible to write as

) 3k 3k

a” = _3H2—87TGp = _3(H2_ 871'3Gp)'

We can rewrite this as

9 k
“ == 8rGpH? '
(= 5)
Now making use of the relation given by p. in to the above equation yields
k k k
aQ = —-———

Pc

172 (1 _ ﬁ) THX(1-Q)  H2Q-1)

From this we have

_ % {(Q - 1>] " alty) = [%] o (2.4.5)

Depending on equation(2.4.5) for different values of k£ we have the following information.
For k£ = —1, 2 < 1 and a is imaginary. The universe expands forever, there not being
sufficient density for gravitational attraction to stop the expansion, this implies open
universe with hyperbolic geometry.

For £k =0, Q =1 and a — oo. In this case the density is equal to a critical value at
which the universe will expand forever at a decreasing rate, this implies flat universe with
euclidean geometry.

For £k =1, 2 > 1 and a is real. Here the density is high enough that the gravitational
attraction will eventually stop the expansion and it will collapse backward to a “big
crunch”, this implies closed universe with spherical geometry .

Referring back equation(2.4.4) it is possible to write as

a 4G
- —— P). 2.4.
o Tt sp) (2.4

Equation(2.4.6) describes the acceleration(a) of the scale factor depending on pressure
and density. In this equation if the term in the bracket is negative, then the RHS of equa-

tion(2.4.6) is positive, and this entails that d?a/dt? is positive, i.e., the rate of expansion is
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increasing. If the term in the bracket is positive, d’a/dt* must be negative, which means
that the rate of expansion is decreasing.

It is also possible to argue the following statement or predict a singular beginning of the
universe. As we have seen above one amazing thing about the Friedmann universe is that
all of them(provided that the matter content is reasonably physical) predict an initial
singularity, commonly known as a Big Bang. Equation(2.4.5) shows that, as long as the
RHS of the equation is positive, it is true that ¢ > 0(positive decceleration parameter) i.e.
a < 0 so that the universe is deccelerating due to gravitational attraction. Since a > 0
by definition, a(ty) > 0 because we observe a red-shift and @ < 0 because 3P + p > 0, it
follows that there cannot have been a turning point in the past and a(t) must be concave
down wards. Therefore a(t) must have reached a = 0 at some finite time in the past.
The time is called as t = 0 = t,4, ag = 0. As pa* is constant for radiation that we have
to discuss latter(an appropriate description of earlier periods of the universe), this shows
that the energy density of radiation grows like 1/a* as a — 0 so this leads to quite a
singular situation. With the normalization ay = 0, it is fair to call #;, as the age of the
universe. If ¢ had been zero in the past for all ¢ < t3, then we would have ¢ = 0 this
implies that a(t) = aot/to and a(t) = ag/ty = ag, this would determine the age of the
universe to be ty = ag/ay = Hy ! where Hy ! is the Hubble time. In other word, since
t = tsng = 0, we can write as ) — lsing = HO_I. However, provided that a < 0 for t < tg
the actual age of the universe must be smaller than this. So that with this idea we can
write as for @ < 0 it is true that ¢y < H; ! this implies ¢y — tsing < tuniverse = Hyy ! Where
Ho_l = 9.8 x 10°h~tyr. Thus, the Hubble times sets an upper-bound on the age of the

universe.



Chapter 3

Dynamics of The Friedmann

Universe

3.1 General Equation of the Friedmann Universe

To study the Friedmann equations with a given equations of state, first let us write the

equations in a compact form. Starting from the two Friedmann equations which are

2.. .2 k:
AL sp,
a a
at+k 8
oo §7TG/).

Substitution of the RHS of the second equation in to the second term of the LHS of the

first equation and after some mathematics we get the relation
. 4
a= —§7TG<,0—|-3P)G. (3.1.1)

And simply from the second Friedmann equation it is possible to write as

a’> 8 k

Now differentiating equation(3.1.2) with respect to t as follows

4@y _d (siGp K
dt \a2) dt 3 a?)’
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2ada?® — 2a*aa _ 8nGp | 2kaa

at 3 at ’
%(da —a?) = SnGp | 2ka
asd 3 a3’

Making use of equation(3.1.1) in to the above equation so as to write as

2 [ 4 87Gp 2k
= {—ng(pMP)a“’—aﬂ - =
a

a’ 3

This implies that

al|l 8 2a? 8tGp  2ka
— |—z7G 3P) — —| = —.
a [ 3" (p+3P) a2] 3 * a3

Again after substituting equation(3.1.2) in to the above equation and multiplying the

whole expression by a/a we have the following result

167Gp Qk] _ 87Gp (g) L2

8
~SxG(p+3P) — il il
{ 3G +3P) = — =+ 5 3 \a) @

8tGp 16nGp  8nGp ra
— — 87GP — - 2
3 3 3 (a) !
8tGp ra
~87Gip — 8TGP = — <E> ,

pa
-8 P)=8rG|=—|.
7G(p+ P)=8nr (3&)
After a little algebra, this gives that
—3pa — 3Pa = pa.
Now multiplying this both side by a? to write as
—3paa® — 3Paa’® = pa®,
pa® + 3paa® = —3Paa’. (3.1.3)
This can be rewritten as
d
dt

If the equation of state has the form P = wp, and for matter dominated universe

3\ d 3
(pa?) = ~PL(a").

(i.e. w= 0= P =0) we can write the above equation as

d 3
Z(pmad) = 0.
dt(p a’)
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This implies that p,,a® = pp,ad =constant. Which is rewritten as

Qo

Pm = <E>3 Prmg - (3.1.4)

In the same way for radiation dominated universe(ie. w = 1/3 = P = p/3), from
equation(3.1.3) we have
pra® + 3p.aa® + pyaa® =0,
p'r+3(pr+%)g=0,
pra + 4p.a = 0.

Now multiplying both side of the above equation by a® to get
prat + 4praa® = 0.

Which can be written as

d 4
“(pya*) = 0.
dt(pa)

This implies that p,a’ = p, a3 =constant. And this leads us to write in the form

Qo

o= (%) g, (3.1.5)

a
And also for stiff matter (i.e. w=1= P = pg,,) equation(3.1.3) can be written as
Pem@> + 6psmaa’ = 0.
Now multiplying both side of the above equation by a® and rewrite as
.6 5 d 6
Psm@’ + 6pgmaa’ = a(,osma ) =0.

This implies that pg,,a® = pgn,ad =constant. Therefore, we have
ao 6
Psm = (_> Psmg-
a

Referring back equation(3.1.3) to write the equation as



Making use of the equation of state (P = wp) in to the above relation yields

P_ —3—a(w +1).
p a

Integrating this with respect to ¢ gives

P a
/;dt_ 3( +1)/adt,
In(p) = —3(w+ 1)in(a).

Taking exponential both side results

X a—S(w-‘rl).
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(3.1.6)

Where w is constant in time. For different values of w we have different energy density

values.

For w = 0 [matter(baryonic + dark matter) dominated universe, i.e. P = 0],

Pm o a”®

With this relation, energy density of the matter can be calculated using 2 = p/p., that

means.

8rGp,  8mGpy, 3
Qm:pm/pc: lm 2T po(a0> .

3H2 ~ 3H?2 \q

For w = 1/3 (radiation dominated universe, i.e. P = p/3),

praa’

In the same way energy density of radiation is

8tGp,  8nGpy, [ap\*
Qr = Pr/Pc = = e (—) .
prlPe= 3 = 3 \a
For w = —1 (vacuum dominated universe, i.e. P = —p),

Pv O constant = ——.

(G
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Similarly energy density of a vacuum is determined as

8tGp, 8rG A A

QU p— v c p— pr— p— .
PlPe= e = 3 EeG 3

For w =1 (stiff matter dominated, i.e. P = p, known as ‘stiff” equation of state),

an\ 6
-6 0
Psm O Q4 — = (;) Psmo-

And also energy density due to stiff matter can be calculated as

87Gpsm  8TG Py <a0)6'

3H2 ~ 3H® \a

Qsm = psm/pc = 0

Here onwards we consider only the two kinds of matters(baryonic and non-baryonic).

Recall the second Friedmann equation, that was given by

a+k 8
o g?TGp.

Where p = pp(pp + pam) + pr + py, which are the constituting densities of the universe
that we consider here after. p, and pg,, stands for baryonic matter and dark matter(non-

baryonic) respectively. Then with this substitution the above Friedmann equation become

d2+k_87rG
a? 3

[or + pm(po + pam) + po]-

Now making use of the relation given by p,,, p. and p, in to the Friedmann equation given

[ e () o]

Multiplying the RHS of the above equation by pe,/pe, gives

) () ) () e

But from p,, = 3HZ/87G we have Hi = 87Gp,,/3 and we know that

above yields

A A
87Gpe, SHZ

Qro = pro/pco ) Qmo = pmo/pco ) Qvo = pv/pco =
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Now substituting all these facts in to the above large equation to obtain

a+k _ 12 [Qm (%)4+Qmo (%)3 +Qv0:| _ (3.1.7)

a?

Where Q,,, = Qy + Qame and Qi + Qpy + Q= 1. Equation(3.1.7) is the Friedmann
equation that describe the evolution of the universe that contains all the above consti-
tuting matters. As we can see from the equation the RHS shows that different kinds of

matter will be influencing the dynamics of the universe at different epochs.

3.2 Time Dependant Solutions of the Friedmann Equa-
tions

The universe today is comprised of a mixture of matter( with zero pressure) and radi-
ation[15]. Galaxies appear to be electrically neutral and so it is reasonable to assume
that matter and radiation are effectively uncoupled, in the sense that they do not interact
through electromagnetism|[4]. Thus, both types of matter satisfy the conservation equa-
tion (with appropriate equation of state) and the total density is given by pior = pr + P,
where p, o a=* and p,,, a a3 for radiation and matter respectively. The ratio of the radi-

! and falls as the universe expands[10].

ation and matter densities scales as (p,/pm) o a”
Therefore, it is expected that the matter to dominate the radiation at sufficiently late
times(assuming implicitly that the universe continues to expand indefinitely). On the
other hand, the radiation will dominate at earlier times. In order to determine when the
matter and radiation come to dominate, we need to solve the Friedmann equations for a

universe dominated by matter and radiation independently and then we will answer the

question when does the transition from radiation domination to matter domination occur.
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3.2.1 For Matter Dominated Era with £k =,, =0, £k =1,—1, but
,, =0 and with £ =0, but ,, #0

The case k = 2,, = 0, Euclidean section: since P = 0 for matter dominated universe

the two Friedmann equations can be rewritten as

=4+ =0, (3.2.1)

a* 8

8 ad
a— = g’ﬂ'Gpm = ngpmo_O

= (3.2.2)

Where a = a(t) but for the sake of simplicity we used @ instead of a(t). Taking equa-

tion(3.2.2) it is possible to express as

. da 8 3 2 g
a = % = (g’ﬂ'GPman) m,

da 8 12
%&1/2 = (gﬂ'Gpmo) ag/Za

3 1/2
a?da = (ngmeag> dt.

Integration of this from ag — a yields

2 3/2 3/2 8 3 2
(@7 —a”") = ( 37Gomag | t.

Where in the last line we used the assumption that ag = 0 at ¢ = 0 when the distance

between any two points was zero, this gives

2 8 2
~a®? = <§7ermO) ag/Qt,

3
3 (8 1/3
a = 5 <§7TGpm0) aot?>.
But we know that, for k =0
3H? 8
Pe = Pmy = ﬁ — H} = gﬂGme. (3.2.3)
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Where p. is the critical density and Hy = a(to)/ag is the Hubble constant. Making use of

this in to the bracket to obtain

3
a=3z (Hg)l/3 aot*?,
£\ 2/3
a=ap (—) . (3.2.4)
to
Where tq = 2/3Hy ~ 9.1 x 10% years. The constant ag is not determined and it has the
dimension of length.

The case k =1, but (2,, = 0, Closed section: For this case the Friedmann equations

become
26 a*+1
— =0 3.2.5
a * a? ’ ( )
a’+1 _ 87Gppm, _ 87erm0a_3_ (3.2.6)
a? 3 3 a’d

Here, it is better to introduce the decceleration parameter ¢ that used to measure the

accelerated expansion of the universe. Which is given by

aa a
a a

For our work gy = —dag/a* and Hy = a/ay denote the present values. Using the defina-

tion given by the decceleration parameter and the Hubble constant in to the Friedmann

equation(3.2.5)

26 a*+1 1 20 4>
a a? a? a a? (24 )

In terms of ¢p and Hy, it is rewritten as

= (290 — 1) Hg. (3.2.7)
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Substituting equation(3.2.7) in to the above equation and solving for p,,, to obtain

3ng0
mo = ————. 3.2.8
Prmo A G ( )

Now using the relation given by € it is possible to write equation(3.2.8) as

=L —q,, ="
Pe Pco

Pmo = g Peo-

Making use of equation(3.2.3) in to the above equation to get

3H?
mo — Qm > .
p 0 0 <87TG)

Comparing this equation with equation(3.2.8) to write

Qmo = 2q0 .

Since the left hand side of equation(3.2.7) is positive, it must be that gy > % or ,,, > 1.
Thus the closed model has density exceeding the so called critical density p.. It is the
value of the universal density that must be exceeded if the model is to describe a closed
universe.

Now to eliminate ag and p,,, from equation(3.2.6) we used equation(3.2.7) and equa-
tion(3.2.8). From equation(3.2.7) we have

1 , 1

2
T G- VH; T (20— VYPH

Substituting this equation and equation(3.2.8) in to equation(3.2.6) gives

@2+1 (2 1
a2 \3a3) \ Ho(2q0 — 1)3/2 )"

. 1 2qo «
Cp—— —1==—1. 3.2.9
@ a (H0(2q0 — 1)3/2) a ( )

This implies that

Where
2(]0 . QO 1
Ho(2q0 — 1)3/2  (Qo — 1)3/2 Hy'

o =
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This can be integrated as

o (y”
/dt:/\/%da,
t:/ Ve,

a—a

Applying integration by substitution let
. 9 1 . 29
a = asin“= = —a(l — cosh), da = asin”=db.
2 2 2
Substituting this in to the above integral gives

t= /asin2gd9 = / %a(l — cos)db,

1 1
t= / éa(l — cosB)df = 5&(9 — sinf). (3.2.10)

In the same fashion to the Euclidean section where k& = 0 here also we have taken ¢ = 0
at t =0, ( = 0). Therefore it is possible to get t = to by requiring a = ay.
From equation(3.2.7) and the definition given for o, we can see that a = ag at § = 6y,
where

2q0 — 1)
-— o

1 (
2q0 — 1)1 =
( o ) 2qo

1
—a(l — cosbty) = —
2 0

That is

2q0 — 1 1— 1—
1 — costy = o = costly = o . By =cos ! ( qo) )
do qo0 qo

Using trigonometric identity, sin?6y + cos?0y = 1 = sin*6y = 1 — cos,

For 6 = 0y together with the trigonometric identity equation(3.2.10) can be rewritten as

@ 1 {cos_l (1 - qO) _ \/2%7_1} _ (3.2.11)

(2q0 — 1)3/2F0 qo qo

to =

For (¢o = 1) we get
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Note that a reaches a maximum value at # = 7, when

26]0 1
a=a = 0= 75—
Thus for ¢ = 1, the universe expands twice its present size. In closed models, therefore,
expansion is followed by contraction and a decreases to zero. The value a = 0 is reached

when 6 = 27 ; that is, when

" " 27TqO 1
=t=ma0= ——Frs—.
: (2g0 — 1)3/2 Hy

The quantity ¢; may be termed the life span of this universe. For ¢y =1, ¢, = 2nH, 1 —
27Ty, where Ty = Hjy ! which is reciprocal of time.

The case k = —1, but ,, = 0, Open section: For such a case the Friedmann equations

take the form
20 a*—1

— =0 3.2.12

s : (3.2.12)
at—1  87Gpm, ad

= —. 3.2.13

a? 3 a ( )

In the similar fashion with that of the closed case for the present epoch(i.e. a = ay)

equation(3.2.12) can be written as

For the sake of simplicity, here on wards it is better to use @ instead of (o) and also true
for a. Making use of the relation i/ag = —qoHg, where gy = —dag/a? and HZ = a*/a3 in

to the above equation leads to write as

= 2(—qoHg) + Hy = HF(1 = 2qp). (3.2.14)

)
ol F

This implies that it is also possible to write in the form

1
COHZ(1 —2q0)3/?

ay (3.2.15)

Again from equation(3.2.13) we have

3 (a1 3qH?
Prmo = 8¢ a02 &02 N e '
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Since the LHS of equation(3.2.14) is depend on the value of qg, go may be lies between 0

and 1/2, that means
OSQQ<1/2, OSQO<1, 90:2(]0.

Substitution of the value of p,,, and equation(3.2.15) in to equation(3.2.13) gives

a? = (g + 1) : (3.2.16)

Where,
1 26]0 QO 1

D= H (T —2q0)” (1 Qo) Hy

The solution for the differential equation(3.2.16) is evaluated integration by substitution

as seen below. From(3.2.16) we have
1/2
d_a:<,8+a) , /dt:/ va da.
dt a 0+a

a= (%) B(coshp — 1), da = (%) Bsinhpdp.

Now let

Putting these values in to the integral to get
1 .
t= <§) B(sinhp — ).

But from equation(3.2.14) and the value given for § we can see that a = ag at ¢ = g, so

(%) B(coshpy — 1) = Hi(l ~2g0)" V2 = (1 — 2qo> 5

0 2qo

that

After some mathematics, this gives that

Vv 1—2q

qo

1-— 1-—
coshpg = Kl . o = (cosh)™! ( QO) —> sinhpy =
do do

If we set t =0 at a = 0, as in the two preceding cases the present value of ¢ is given by

to = (%) B(sinhgo — o).
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Now by substituting the values of 3, ¢ and sinhyg in to the above equation ¢y can be
written as

to

1 VIZ200 (ﬂ)] , (3.2.17)

" H, (1 —2qp)%/? o qo

As we can see from the above equation such models of the universe continue to expand
for ever.

The ordinary matter through gravity attracts other matter, causing the expansion to slow
down. If the density of the universe exceeds a certain threshold known as the critical den-
sity, this gravitational attraction is strong enough to stop and latter reverse the expansion
of the universe, causing it eventually to re-collapse in what is known as the “Big Crunch”.
On the other hand, if the average density of the universe falls short of the critical density,
the universe expands forever, and after a certain point the expansion proceeds much as if

the universe were empty.

Matter-Dominated Friedmann Universes

 flat

alt)

/ T closed

- Big Bang Big Crunch ™,
- -

Figure 3.1: Evolution of the scale factor a(t) for the flat(k = 0), closed(k = 1) and
open(k = —1) matter-dominated Friedmann Universes[4][15][16].

The case k =0, but Q,, # 0: For this case the Friedmann equation(3.1.7) take the

@) _ H? [Qm (%)3 + Q] .

In this case since the universe constitutes matter(§2,,) and cosmological constant(2,), We

form
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have only Q,,, + €y, = 1 = Q,, = 1 — Q. And using the definition H = a/a in to the

above equation gives
H2 Qo 3
= [Qmo <E> +(1- Qmo)] .
But (ag/a)® = a=3 by taking ay = 1 at the present epoch(to day) and also H = Hy (for

the present universe). Having these information the above equation can be written as
1=Qna?+1—Q,

For Q,, < 1, Q, = Q, > 0 and from the above relation, the matter density and

cosmological constant are equal at the expansion factor

1/3
Ay = (%’”O) . (3.2.18)

To determine the cosmic scale factor and age of the universe with dark energy, let us

rewrite the Friedmann equation by requiring ay = 1(for today) as

0 -mfr-soen]

da 1-Q
V= = = Ho\| —— 4 a2,
a di 0\/ a + v @

Solving for a gives

This can be rewritten as

1
da
0 —— “0 +Qvoa2

/ 1/2da
\/ D) + Qa3

In <\/Qv0a3+\/ﬂvo 31 +1>L1)

"3 QUO
3 29 In -1+‘/Qvo_\/1_Qvoi|
() -

2 1+ /s
BEN T Vi v




Now from the relation a/a = H = Hy at the present epoch, we have

da to fo
/; :/ Hdt:/ Hoydt = In(a) = Hoto.
0 0

Substitution of the value Hytp in to the above result and solving for a gives that

14/
VI—

And the age of the universe with dark energy is

2

a= e3Vio |

2
to = n

3Hor/Q,

1+ /0

1-Q,

56

As Q,, — 1, tg —> 00, so some matter is needed to keep the age of the universe finite.

3.2.2 For Radiation Dominated Era with £t =Q, =0, k=1,—

but ,, =0 and with £ =0, but Q,, #0

L,

The case k = ,, = 0, flat universe: The general Friedmann equation(3.1.7) becomes

. 2
(o) e (2

This implies that

da 1 [87Gp,,ap / / 871G pryag a? 871G pryag
it oV 3 eIV > POV T

Again, at the Big Bang, t =0, a =0, so C' =0, and ap = 1. Also p,, = p.. Therefore,

1/4 1/4 2\ 1/4
0=9 27 G pr, A2 _ 9 21Gp. A2 _ 9 2rG 3H, /2
3 3 3 8nG

This can be rewritten as

Where ty = a2/2Hy and a = a(t).
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Flat Friedmann Universe (k=0. q,=1/2)

matter-dominated
radiation-dominated

at)

Figure 3.2: Evolution of the scale factor a(t) for the flat(k = 0) Friedmann Universe[4]. .

The case k =1, but ,, = 0, closed universe: For this case the general Friedmann
a\’ _ 831Gy, <a0>4 1
a) 3 a a?

4
da _ |8nGproay | —s /dt:/ da .
dt 3&2 ISWGp,-Qag _1

equation take the form

Implies that

3a2

Now let as define the conformal time dn = dt/a = adn = dt and making use of ag = 1

for the present epoch, the above integral can be written as

da “ da
W= T ), e
TG Pr USr4s
(A e R Ve
Using the relation given by py = 3HZqo/47G and HZ = 1/(2qy — 1) at the present

epoch(ay = 1), it is possible to define the quantity A as A = 8”? 0 = 2q20qﬂl. Again,

rewrite the integral above in terms of n and A so as to have

U ANy R Vi)

The requirement n = 0 at a = 0 sets 179 = 0, so we have
a = V/Asin(n),
t —ty = —VAcos(n).
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The requirement n = 0 at t = 0 sets to = /A so we finally have

a= 240 sin(n)
2
t= Ll (1 — cosn).
2(10 -1

Closed Friedmann Universe (k=1, q“:v-]f2)

matter-dominated
radiation-dominated

alt)

Big Crunch ! Big Crunch
L

Figure 3.3: Evolution of the scale factor a(t) for the closed(k = 1) Friedmann
Universe[15].

The case k = —1, but ,, = 0, open universe: For this case the general Friedmann

a 2_ 87Gpr, <a0>4+ 1
a 3 a a?

equation take the form

This can be rewritten as

da 871G pryag / / da
— =\——+1= [dt=
dt 3&2 + 87errO 4

Again, rewrite the integral above in terms of conformal time dn = dt/a and quantity

A — 8CGrro _ 2q0 .

3 2q0—1°

[ e (3)
— 1y = - = sin —
G 0 VA+ a? VA

Again, the requirement n = 0 at a = 0 sets 19 = 0, so we have

a =V Asinh(n),
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t —to = —V/Acosh(n).

The requirement n = 0 at t = 0 sets ty = VA, so we finally have

a= . 1sinh(n),
2qo

t= hn—1

T om (coshn — 1)

Early times (small 7 limit): For small values of 7, the trigonometric and hyperbolic

functions can be expanded in Taylor series (keeping only the first two terms):

. 1 1
sin(n) =n — 67’3 , cos(n) =1— 5?72-

1 1
sinh(n) =n+ 6773 , cosh(n) =1+ 5772.

Open Friedmann Universe (k=-1, gqp<1/2)

matter-dominated
radiation-dominated

alt)

t

Figure 3.4: Evolution of the scale factor a(t) for the open(k = —1) Friedmann
Universe[16].

The case k = 0, but ,, # 0: For this case the Friedmann equation(3.1.7) become

(Y - [ (%) 0]

Since the universe under consideration is containing only radiation and dark energy we

have Q,, +Q,, =1 = Q,, = 1 — Q,,. So the above equation with ay = 1(for today) can

(- fo-m ) n

be written as
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Solving for a gives

. da 1-Q,
“= % - HO\/ a? >+ Qvoa2'

We can write this again in the form

1
da
H()t() = /
0 / 17522”0 + Qvoa2

/ \/ Qy, —{—Qvoa
= [<\f;+¢mo —1+QE

Qvo
In [Hm—m_m}

1
2/,

1 14/
2./ 1-Q,

Again applying a/a = H = Hy at the present epoch, we have

da o o
a 0 0

Substitution of the value Hyty in to the above result and solving for a gives that

14/
V1=

And the age of the universe with dark energy is

1
to = n

2Hor/ o,

Here also as §2,, — 1, ty — 00, so some radiation is needed to keep the age of the

14/

-,

universe finite.

3.2.3 For Both Matter and Radiation with £ =Q,, =0

In our universe, radiation-matter equality took place at a scale factor a,, = a, =

o/ =~ 2.8 x 1074, At scale factors a < @, the universe is well described by a
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flat, radiation-only model. At scale factors a ~ a,,,, the universe is better described by
a flat model containing both radiation and matter. The Friedmann equation around the

time of radiation-matter equality can be written in the approximate form

2
H Q) O,
HZ  a* ad’

or in more general form for such a case the Friedmann equation can be written as

. 2 .
a 871G a? al

Where we have normalized the densities in terms of present day values, as usual. To

proceed, it is better to define two constants,

- 871G Py o 87err0aé'
3 3
Taking the positive square root of the Friedmann equation(3.2.19) (since we are interested

in expanding universe) this implies

d
ad—if = [oma + 0,] V2. (3.2.20)

Equation(3.2.20) can be solved by separation of variables and integrating by parts. This
yields the solution in terms of ¢(a), i.e. in terms of time as a function of scale factor.
Unfortunately, the solution can not be inverted to give a(t) and is not particularly illumi-
nating. However, a parametric solution can be found by defining a new time dependent
variable

dt dt d d

_ | dn = — - = 2.21
g a — a :>adt dn (3 )

Note that dt > 0 & dn > 0 and consequently increasing ¢ corresponds to increasing 7.
This implies that the variable 7 make a good time variable. Substituting equation(3.2.21)

in to equation(3.2.20) and separating the variables gives

a n
/[ar%—ama]_lmda:/ dn. (3.2.22)
0 0
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Here we have chosen the limits of integration so that the scale factor must vanishes at

some finite time in the past. Evaluating the integral(3.2.22) yields

]1/2_M:

— oy + oma
Om Om
And rearranging implies that
O’
a(n) = 1 + /o, n. (3.2.23)

The dependence of time(t) on 7 is now deduced by substituting equation(3.2.23) in to

/Ot it — /Ona(n)dn.

When we have chosen the limits so that the origin of the universe occurs at ¢t = 0. We

equation(3.2.21) that gives

find that
3 2
OmT) \VOrT]
tn) = —5+5— (3.2.24)

Equation(3.2.23) and equation(3.2.24) represents a parametric solution describing the
expansion of a universe filled with matter and radiation with k = €2, = 0. The asymptotic
limits of the solution at early (¢t — 0) and late(t — oo) times can be deduced.

At early times, t a n> — 0 and @ o 7 o t'/2. This is the behaviour given by equation

1/2

t

a:a()(t—) Ca~t? for t <ty
0

This is for a universe containing just radiation and implies that the radiation dominates
over the matter during the early history of the universe. At late times, t a n*> — oo, and
a o n? a t?/3. This is the expansion for a universe comprised of only pressure-less matter,

that can be seen from equation(3.2.4) that is
£\ 2/3
a = ag <t_> ., a ~ 123 for t>t,
0

Thus at sufficiently late times, the matter will dominate over the radiation, where as the

radiation dominates at very early times(a — 0).
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The key question to address at this stage, therefore is, when does the transition from
radiation domination to matter domination occur? This epoch is referred to as the ‘epoch
of matter-radiation equality’, and is denoted by t.,. We may now employ the solutions
(3.2.23) and (3.2.24) to eliminate t.,. Matter-radiation equality occurs when the densities
of the matter and radiation are equal. Thus, by equating the two terms on the RHS of the
Friedmann equation(3.2.19), the scale factor at this time is given in-terms of its present
day value by

o Pro Or

ap = —. (3.2.25)

Pmyo Om

Qeg

Where a., = a(te;). Now to determine 7, let us substitute equation(3.2.25) in to equa-

tion(3.2.23), to obtain

hea = 20V3 — YT (3.2.26)

Om
Then substituting equation(3.2.26) in to the solution (3.2.24) allows us to determine when

matter-radiation equality occurs. We can find, after a little algebra, that is at

V(R (50 ) ()2

le
‘ 3 3 Pime 3

it was the time when the transition from being radiation dominated to matter dominated
occured(epoch of matter-radiation equality). At early times(t < t.,), the universe was
dominated by radiation(radiation dominates over the matter) and after radiation-matter
equality(t = te,), at late times(t > t.,) matter dominates over the radiation and the

universe became matter dominated.



Chapter 4

Evidences For The Accelerated
Expansion of The Friedmann
Universe

4.1 Redshift-Distance Relation

The best known way to trace the evolution of the universe observationally is to look in to
the redshift-distance relation. The well-measured quantity of a far distant object is the
redshift of light it emitted due to the expansion of the universe[12,17].

Another important observational quantity is the distance to the object from which red-
shifted light is emitted. Now let us see the definition given for redshift first.

Redshift is the change in observed wave length of a spectral line relative to the wave
length of a spectral line at emission[29,30]. In other word it means that a measure of
the amount by which the energy of a photon is reduced due to the expansion of the uni-
verse[1].

To show the relation, first, let us see the mathematical definition given for redshift. We
know that, light travels along the geodesic curves of a manifold, essentially locally straight
lines, satisfying dr = 0. With this fact, let us recall the Friedmann-Robertson-Walker
metric that was given by

2

2 2 9
dre = dt* — a*(t) T2

+ 7r2d0* + r’sin*0de?| .

64
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and look at the case where light travels along a radial curve with constant € and ¢ (so
df = d¢p = 0), from the point of emission at t = t., r = r. to our observation to day at

t =tg, r =19 = 0. We have from the above metric

dr?
2 2 2
O0=dr*=dt _a(t)(l—k‘r?)'

Which can integrate along the path from observation to emission as:

/ be dt B / r
to @ o VI1-— ]{37’2'
Note that the dr integral is a fixed function of r. and k. Because of this, the equality

must still hold for photons emitted at a later time, t, + dt, and observed at ty + dtg.

/te dt /tfi*‘”e dt
to+dto

Split up the range of integration on both sides to eliminate the overlap between tq + dty

tototo te qt et tetdte gt
— + — = —+ —.
to a to+dtg @ to+dotg @ te a

The two inner terms are equal, so we are just left with

/t0+5t0 dt /te+6te dt
to a t a

Now assume that the dt are small and Taylor expand the integrands:

v = a | () Hon] = oy

Where the approximation holds if

This implies that

to t,:

ot photon wave length

B -1 — - << 1.
(a/a) age of universe

and we have used H = a/a ~ 1/t, and the fact that we are considering successive peaks
in the sinusoidal light wave. This inequality obviously holds for any reasonable times.
Now, applying this to t =ty and t = ¢, yields

dto 0t,
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This gives that
a(to) . @ . >\0/C .
a(ty)  Ote  Aejc

Ve/Vo = Go/ae.
And if we define the red shift by z to rewrite the above relation as

Ve Ve — Vg A — X O ag— ae
: g Vo v/v Ae A e

Where A and v are the wave length and frequency of the light respectively. In an expanding
universe, ag > a., so that z is positive, as observed[17,29]. Cosmological red shift is
symmetric between receiver and emitter.

Now we can see the relation between red shift and distance. Expansion of a(t) in a Taylor

series expansion can be written as
. 1 9.
a(t) = a(to) + (t — to)a(to) + é(t — to) (I(to) + ...
In terms of Hy and the decceleration parameter(qg) this can be rewritten as
1
Cl(t) = Qo <1 + Hg(t - to) - §qOHg<t - t0>2 + ) .

This give us the red shift parameter z as a power series in time of flight, namely

1 ay 1 2 2
= —=1 t1 —tog)Hy — =goHs(t1 — t
T4tz + (t 0)Ho 2610 ot 0)” +

In other way it is possible to write as

1
A (tl — to)H() -+ (1 + §QO> Hg(tg — t1)2 + ...

for small Hy(ty — t1) this can be inverted

1 1\
tO_tIZF Z — 1+§QO Z+ .
0

Now recall the integral given by
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and to express (top — t1) in terms of ry,

o qt 5
/t1 @—7’14—0(7“1).

While expanding a(t) in the denominator we get

fﬂﬁ_l/m dt
t a(t) ao Ji, []_ + (t — to)H() + ]

to

= [t )+

ao tl
1 L o
- (to—t1)+t0(t0—t1)Ho— _(to_t1>HO+-'-
ag 2
1 1 )
=— |(to—t1) + =(to — t1)*Ho + ... .
ao 2

Therefore, we obtain

1 1
r = — |:(t0 — tl) + —(to — t1)2H0 + :| .
agp 2

Using the result for ¢ty — t; given above we can rewrite r; as

" ‘IOHO 2 %

This clearly indicates to first order a linear dependence of the red-shift on the distance of
the galaxy and identifies Hy(Hubble’s law)[29,30]. Where agr; is the present distance to
the galaxy, not the distance at the time the light was emitted. In other word the redshift
of the light from galaxies is proportional to their distance. No cause of galaxy redshift
other than a velocity away from the observer was considered plausible, so Hubble’s result
was taken to mean that, the farther away from us a galaxy is, the faster it moves away
from us. Hence overall universe had to be expanding.

The effects that are due to the curvature of space-time will be important at length scales
bigger than (or comparable with) the Hubble radius, defined as dy ) = (a/a)™". Referring
back the Friedmann equation(3.1.7) to write as

Ut [on () s () o],

a?
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Where €,., €, €, and € represent the density parameters for relativistic matter [with
P. = (1/3)ps; pr a a™*], non-relativistic matter [with P,, = 0; p,, a a~3], cosmological
constants (P, = —p,; p, = constant), and total energy density(2 = Q, + Q,, + Q)
respectively. For k = 0 and making use of the relation (ag/a) = 1+ z, the above equation

follows that

digsy = Hy [0 (14 2)* + Qu(1+ 2P + (1 = Q1+ 2)2 +Q,] 2.
This has the limiting forms
(17077 (1 + ) (2> 2a)
I Ho_lﬂ;zl/Q(l 4 2)73/2 (2eq > 2> Zewro; 2y =0)
H(z) —
* Hy'(1+2)71 (1 — Q)12 (Zeqg > 23 Q=% Q, =0)
Hy ' P[4 2P+ Q=172 (2> 2 Q= Q+ Q= 1)

during various epochs. Where z., = <aefl—;a°) and a., is the cosmic scale factor at which
the matter energy density is equal to the radiation energy density(£2,,, = Q2 )-

The physical length scale characterizing a region of size A\ today will evolve as \(z) =
Ao(1 + 2)~! with redshift. Since dy increases faster with redshift,[as (1 + z)™%/2 in the
matter dominated phase and as (1+z)~? in the radiation dominated phase], A(z) > dp )
at sufficiently large redshifts. For a given \g we can assign a particular redshift z.,;., such

that A(Zenter) = . For z > z.pter, the proper wavelength is bigger than the Hubble

Zenter)
radius, at this time general relativistic effects are important; while for z < ze,ser, Wwe have
A < dp, in this case we can ignore the effects of general relativity. It is conventional to
say that the scale \y ‘enters the Hubble radius’ at the epoch z.,... The exact relation

between \g and ze., differs in the case of radiation dominated phases since dy(z) has

different scalings in these two cases. Using the preceding relation it is easy to verify that:

(i) a scale A, = (If/o_; (%f)) >~ 14(Q,,,h?) " Mpc enters the Hubble radius at z = z.;

(ii) scales with A > A, enter the Hubble radius in the matter dominated epoch with

-2
Zenter = 900(Q,h?) ! (10 0/\]\0/[ pc> ; (iii) scales with A < A, enter the Hubble radius in

-1
the radiation dominated epoch with ze,ser = 4.55 x 10° (ﬁ) . We can characterize
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the wavelength Ay of the perturbation more meaningfully as: As the universe expands,

a()

a } and the density of non-relativistic matter

the wavelength A grows as A(t) = Ao [
3
decreases as p(t) = po [2—2] . Hence, the mass M (\g) contained inside a sphere of radius

(A/2) remains constant as the universe expands:

3 3 3
M =32 p(t) [M0]" =y [20]° = 145 x 10" Mo (1) (12 )

This relation shows that a co-moving scale A\g = 1Mpc contains a typical galaxy mass;

>~

and \g = 10Mpc contains a typical cluster mass. From the equation given by zeper

-1
4.55 x 10° (1 A}pc> , we see that all these scales enter the Hubble radius in a radiation

dominated epoch.

4.2 The Peculiar Behavior of Angular Diameters

At very small distances the angular diameter would, of course, be inversely proportional
to the distance, but for sources whose red shift is appreciable important relativistic effects
come in to play. To determine these effects let us consider the galaxy G to have a linear
extent d, as shown in figure(4.1). Then it is possible to determine the angle that this
length d subtend at our location. To determine the angle, we consider two neighboring
null geodesics(representing light rays) from the two points A, B at the two extremities
of GG; directed towards our solar system. Without loss of generality we can choose our
angular coordinates such that A has the coordinates #;, ¢; while B has the coordinates
(01 + Afy, ¢1). Although we have used homogeneity to take r = 0 at our location, we
can also use isotropy to choose any particular direction as the polar axis § =0, 8 = 7.

According to the Friedmann-Robertson-Walker metric(line element), the proper distance
between A and B is obtained by putting ¢ = ¢; = constant, » = r; =constant, ¢ =

¢1 =constant(i.e. dr = dt = d¢ = 0), and df = Af; in to equation(1.6.6). Then we get

d7'2 = —T’%CLQ(tl)(Ael)Q = —dz.
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since in the rest frame of GG the space like separation AB = d. Thus

Figure 4.1: The angle subtended by galaxy G; at the observer O.

d d(1+ =)
Al = = )
! rla(tl) TlCL(t())

Where 1+ z = a(to)/a(t1) and ¢; is the time when the radiation is emitted. The result

implies that as r; increases we are looking at more and more remote galaxies, which
must therefore be seen at earlier and earlier epochs t;. The (df, z) relation is of great
interest. At large z(z > 1), df is nearly proportional to z. In other words at large z the
angular diameter actually increases with increasing red shift. However, a(¢;) decreases as
t; decreases, so it is not obvious that rja(t;) should get progressively larger as we look
at more and more remote galaxies. We see that as a = 0 the angle increases to infinity

and the object covers the whole horizon.

4.3 The Existence of Horizons

Now let us see how simply the function a(t) describes the expansion of the universe. Here
we take one galaxy to be at co-moving coordinates (r, 0, ¢) = (0,0,0) and the other to be
at (r,0,0), at fixed time ¢. Thus, the portions of the line element depending on time and

the angle # and ¢ make no contribution. Therefore, from Friedmann-Robertson-Walker
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metric, it is possible to calculate the proper distance from us at a given cosmic time t as
a(t)sin™lr (k=1),

a(t)yr (k=0), (4.3.1)
a(t)sinh™r (k= —1).

D 0 / " dr

= Q _— =
b 0o V 1-— ]{?7"2
Thus the distance is proportional to the cosmic scale factor a(¢) which changes with time.
The proper velocity V), is obtained by differentiating with respect to ¢, realizing that r
remains constant because it is a co-moving coordinate. Using dots to denote differentiation

with respect to time, we obtain

%:Dp:a

" dr )
(t) 5 P
o V1—kr a(t)
This tells us that at any given cosmic time ¢ the speed of a galaxy relative to us is

proportional to its proper distance from us. We see that in general the expansion rate

changes with time.

4.3.1 The Particle(Object) Horizon

The cosmological particle(object) horizon separates co-moving distance(particles) we can
currently see from those we cannot currently see. Now we demand to determine the
coordinate 7., of the most distant object(e.g. a galaxy) that we can see now. This
coordinate is called the object horizon, or the particle horizon. Such an object must have
emitted its light at the beginning of the universe t¢,,;,, on some models t,,;, is —oo, on

others t,,;, is zero. Therefore, from F-R-W metric we have

o qt Ton dr
\/tmm@_/o Vl_krrZ.

Or referring back equation(4.3.1) we can write as the following

sin < tiim %) (k=1),
Toh = [l A (k=) (4.3.2)

min a(t)

sinh (f:o_ i) (k=-1).
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Objects beyond r,;, cannot now be seen by us. We know that no physical influence can
travel faster that light, therefore the object horizon represents the greatest distance from
which outside matter could have affected what is now happening at any given locality.
In the early epochs of “Big Bang” model universe, the object horizons where very small;
later, the horizons increased and mutual influence between masses become possible within
ever larger co-moving volumes|11,13].

If we are interested to determine the object horizon by considering the steady state model,

the cosmic scale factor for such a model is given by
a(t) = Aexp(Hyt).

For flat space(k = 0), so that the proper distance D corresponding to a co-moving coor-
dinate r at the present time ¢, is

D = a(ty)r.

This universe doesnot explode or implode, so it has an infinite past and future.

Referring back equation(4.3.2) the coordinate r,;, of the object horizon is

o dt 1 [h
Ton = /_OO % =7 /_OO exp(—Hot)dt = oc.

Therefore, D = oo. This implies that there is no object horizon: all objects can in

principle be seen by us.

4.3.2 The Event Horizon

The cosmological event horizon separates events we are able to see at some time, from
events we will never be able to see. Similarly we like to determine the coordinate 7.,
of the most distant event occurring now( that is, at cosmic time ¢y). This coordinate is
called the event horizon. The light from such an event must reach us before the universe

ends, at t,,,,. Therefore from F-R-W metric we have

/tmaac i B /Teh dT
to a<t) 0 \% 1 - kTZ .
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Or from equation(4.3.1) we have

sin ( e %) (k=1),
Teh = fmae _db (o — (), (4.3.3)
(k= —1).

to a(t)

sinh (ftm‘” ﬁ)

to  a(t)
Beyond r,;, will never be seen by us. The event horizon represents the greatest distance
from which outside matter could eventually affect what will happen at any given local-
ity[13,22]. For the steady state model using equation(4.3.3) the coordinate r.; of the event

horizon is

o dt 1 [ exp(—Hoto) 1
— S —Hyt)dt = = .
Teh /t at) A /t exp(—Hot) HoA Hoalto)

0
Therefore, D = 1/H,. This implies that events occurring beyond this proper distance at

the present cosmic time will never be seen by us.



Chapter 5

Summary and Conclusion

5.1 Summary

Space-time is a 4-dimensional manifold, with points referred to as events.

Events in Space-time are specified by four coordinates z® with a = 0,1,2,3. Where the
zero component of a corresponds to the time coordinate and the rest of three are the
spacial coordinates x, y, z respectively.

The metric tensor(g,.p) in a gravitational field can be defined as the proper time interval
between two events with a given infinitesimal coordinate separation.

The relation developed between the metric tensor(g,s) in a gravitational field and the

affine connection (I'§,) is given by

1 Vo aglw ag}\v _ ag/l)\ — FU
ox» Ozt Oxv A

29
The Riemann-Christoffel curvature tensor is given by the relation

0
ox?

A o a

Hoak = gy

(Th) =

Qo

The Ricci tensor, the Ricci scaler and the Einstein’s field tensor respectively are given by

B = oxk oz

+ FZAF& — rzkrin,
R = g" R, = R,
1
G#k = Rﬂk — §gﬂkR
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Energy-Momentum tensor of the source is
le = dzag(p(t), _P(t)a _P(t>a _P<t))

Einstein gravitational field equation with weak field approximation is calculated as

1
Ry = S9uR = —87GT,,.

Maximally symmetric spaces are spaces with constant curvature and it is also homo-
geneous and isotropic. The metric in a maximally symmetric space III(Friedmann-
Robertson-Walker metric) is given by

2

1 —Fkr?

dr? = dt* — a*(t) [ + r2d6? + T23in29dgb2} :

With the above metric tensor, the Ricci tensor and the Ricci scaler respectively can be
a  2a*+ 2k
Ry = (— + —2> Gik
a a

. -2
R:6(9+“ fk)
a a

Friedmann universe is homogeneous and isotropic in its largest scale and it constitutes

rewritten as

Radiation, Matter(dark+baryonic) and Dark energy.

The Friedmann equations that describe the dynamics of the universe can be written as

Ek S () 0 (%) 0],

a

20 a*+k

a a?

= —87GP.

The time dependent solutions of the Friedmann equations are:
For matter dominated era: The cosmic scale factor and age of the universe for

the case k£ = ,, = 0: are
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the case £ =1 but ,, = 0: are

1 1
a= éa(l — cosb), t 5@(9 — sind).

the case £k = —1 but (2,, = 0: are

o— G) Blcoshp—1), ¢ = (%) B(sinhep — ).

the case k£ = 0 but 2,, # 0: are

a = 1+— VQUO es ?2110 tn = 2 n 1+VQ”0
N C T 3Hy 1—Q, |

If the density of the universe exceeds a certain threshold known as the critical density,
the gravitational attraction is strong enough to stop and latter reverse the expansion of
the universe, causing it eventually to re-collapse in what is known as the “Big Crunch”.

If the average density of the universe falls short of the critical density,the universe expands
forever, and after a certain point the expansion proceeds much as if the universe were
empty.

For radiation dominated era: The cosmic scale factor and age of the universe for

the case k£ = ,, = 0: are

1/2
a = Qg (-) s to = 2&3/[’[0

the case £ =1 but ,, = 0: are

2 2
a= E sin(n), t= 1 (1 — cosn).
2(]0 —1 2(10 —1

the case £k = —1 but (2,, = 0: are

2 2
a= 1 sinh(n), t= 1 (coshn —1).
26]0 —1 1-— 2(]0

the case £ =0 but ,, # 0: are

14/
V-0,

1 1
eVt | to = In

2Ho\/ Qs

14/

1-Q,




7

For both matter and radiation with k£ = ),, = 0: The cosmic scale factor, age of

the universe and t.,(epoch of matter-radiation equality) respectively are

ol VO, 2v2(v2 - 1) (87TGpmo)1/2 (pm )3/2

2
omT)
a(n) + V g TI (77) 12 2 q 3 3 pmo

4

4 pm a a”® and p, = constant, one can see that radiation will always

Since p, o a”
dominate at early times and the vacuum (if non-zero) will always dominate at late times.
The ratio of the radiation and matter densities scales as (p,/pm) @ a=* and falls as the
universe expands.

Matter-radiation equality occurs when the densities of the matter and radiation are equal.
Observable quantities that are considered as an evidences for the expansion of the Fried-
mann universe are; redshift-distance relation, the peculiar behavior of angular size and
the existence of horizons.

Red Shift is the change in observed wave length of a spectral line relative to the wave

length of a spectral line at emission:

Ve Ve — Vo

g Vo Ae A e

Cosmological red shift is symmetric between receiver and emitter.
The redshift of the light from galaxies is proportional to their distance.
Hubble’s Law was taken to mean that, the farther away from us a galaxy is, the faster it
moves away from us.
For a galaxy G, to have a linear extent d the angle that this length d subtend at our
location is

d d(1+ z)

Ab; = = )
! ria(ty) ria(to)

The cosmological particle(object) horizon separates co-moving distance(particles) we can

currently see from those we cannot currently see.
The cosmological event horizon separates events we are able to see at some time, from

events we will never be able to see.
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5.2 Conclusion

The effects of various densities in the universe were clear from the results that we ob-
tained in the preceding chapters. From the results, the relationships between each of the
components of the universe, its density, the scale factor and age of the universe can be
determined. The age of the universe has different relationships among each component
suggesting that a variation in one parameter would not have the same effect as another
parameter. Many of the results that occurred from solving the Friedmann equations de-
scribes the dynamics of the universe. The dependencies upon the value of a(t) for each
density parameter describe how each component of matter effects the evolution of the
universe. The a=* term describes that the radiation density affects the evolution at small
values of t, or the early universe. The radiation at this point causes rapid expansion.
As the effect of the radiation decreases on the universe, the influence of the matter with
the a2 dependency increases. At larger values of t, the dark energy becomes dominant
causing an accelerating expansion. Because at the current time both the matter density
and dark energy densities are playing the largest role in the evolution and accelerated
expansion of the universe, they also have much more of a role in age of the universe. As
the Friedmann equation is solved backwards in time, the large expansion caused by the
two components will also have an important role in how quickly the universe will contract
back into a singularity. The results verify this hypothesis as the changes in the matter
density and the dark energy density can create a wide range of ages for the universe while
the radiation density has a much more limited range in which it can effect the age of
the universe. Finally, as we have seen, the redshift-distance linear relationship(Hubble’s
Law), the redshift-angular diameter relation and also the existence of horizons shows the

accelerated expansion of the Friedmann universe.
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