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Abstract

Our present understanding of the evolution of the universe relies upon the Friedmann-

Robertson- Walker cosmological models. This model is so successful that it is now being

considered as the Standard Model of Cosmology. So in this work we derive the Fried-

mann equations using the Friedmann-Robertson-Walker metric together with Einstein

field equation and then we give a simple method to reduce Friedmann equations to a

second order linear differential equation when it is supplemented with a time dependent

equation of state. Furthermore, as illustrative examples, we solve this equation for some

specific time dependent equation of states. And also by using the Friedmann equations

with some time dependent equation of state we try to determine the cosmic scale factor(the

rate at which the universe expands) and age of the Friedmann universe, for the matter

dominated era, radiation dominated era and for both matter and radiation dominated era

by considering different cases. We have finally discussed the observable quantities that

can be evidences for the accelerated expansion of the Friedmann universe.
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Introduction

The universe is a huge wide-open space that holds everything from the smallest particle to

the biggest galaxy, or it refers to all the matter and energy that exist. As the Big Bang,

the universe is originated from an infinitely dense point and evolved in to our present

universe[4]. On the very largest scale, the universe consists of clusters of galaxies. About

1011 galaxies can be seen in their largest optical telescopes. The universe also contains

isotropic background radiation, that is, radiation which is not directional[9,11].

Our present understanding of the evolution of the universe relies upon the Friedmann-

Robertson- Walker (FRW) cosmological models[4,15]. This model is so successful that it

is now being considered as the Standard Model of Cosmology. The standard model of

cosmology has successfully predicted the nucleosynthesis of the light elements, the exis-

tance of the cosmic background radiation, and the dynamics of an expanding universe,

i.e. the Hubble expansion[16,19]. When modern cosmologies were first formulated, they

required to obey the “cosmological principle”, that the universe should have a uniform

matter distribution on the largest scales(“homogeneity”), and look essentially the same

for all observers viewing in all direction (“isotropy”)[9,11,18]. With this background Ed-

win Hubble found that the light from galaxies appeared redshift; and that the fainter(and

therefore farther away, on average) a galaxy was, the more its light was redshifted[30]. The

discovery of the expansion of the universe by Edwin Hubble in 1929 heralded the dawn

of observational cosmology. If we mentally rewind the expansion, we find that the uni-

verse was hotter and denser in its past[30]. At very early times the temperature was high

enough to ionize the material that filled the universe. The universe therefore consisted of

1
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a plasma of nuclei, electrons and photons, and the number density of free electrons was

so high that the mean free path for the Thomson scattering of photons was extremely

short[15]. As the universe expanded, it cooled, and the mean photon energy diminished.

The universe transitioned from being dominated by radiation to being matter-dominated.

Eventually, at a temperature of about 3000 K, the photon energies became too low to

keep the universe ionized. At this time, known as recombination, the primordial plasma

coalesced into neutral atoms, and the mean free path of the photons increased to roughly

the size of the observable universe[4,30]. Initial inhomogeneities present in the primordial

plasma grew under the action of gravitational instability during the matter-dominated

era into all the bound structures we observe in the universe today. Now, 13.7 billion years

later, it appears that the universe has entered an epoch of accelerated expansion, with its

energy density dominated by the mysterious “dark energy”[17,19].

Currently, most scientists believe that the universe is approximately 13.4 billion years old.

There are multiple approaches measuring the age of the universe[18,27,28]. One approach

is the observation of cosmic microwave background or CMB. By measuring the CMB

scientists have studied the radiation of the universe as far back in time as the Big Bang.

The universe is so large that when scientists observe far away materials and radiation,

they are in fact looking back in time. This is due to the time taken for light to travel

from these places to Earth. Therefore, by using the amount of radiation of the material

to find the distance to these sources, scientists can estimate the age of the universe.

Another method used to find the age of the universe is the rate of expansion of the ele-

ments in it. The discovery that distant galaxies are all receding from us with velocities

that are proportional to their distances shows that all the galaxies came from one single

point and expanded at the same time. By measuring the rate of expansion, assuming

that it is constant, and how far apart the objects are today, scientists can estimate the

amount of time needed for these astronomical bodies to become as far apart as they are

currently. Using this method the universe is roughly 14 billion years old.



3

The third method is finding specific microwaves from the beginning of the universe and

using them to calculate the universes age. The detection of the 3 K microwave background

by Penzias and Wilson, which represents the red shifted radiation of the primeval fireball

provides evidence of a single starting point and also evidence for the Big Bang, which

many scientists believe is how the universe started[16,18,30]. Despite how the universe

started, most agree that it has a definite beginning.

There is also other evidence that makes scientists think that there is a single beginning

to the universe. The universe could also be open, in which there would be no beginning

and it would be indefinitely old[27]. However, there is not as much evidence supporting

this argument.

Though these methods give an approximate age of the universe, the most exact method is

solving Friedmanns equation. Aleksandr Friedmann was a Russian physicist and mathe-

matician who, after studying Einsteins Friedmann derived his equation using the Einstein

field equations, assuming “a homogeneous and isotropic universe”. Friedmann equations

lead to a relation between the energy density of the universe with its size when an equation

of state is supplemented. We review this behavior for a general equation of state of the

form P = wρ. Here, ρ and P are energy density and pressure of the universe respectively.

This equation of state includes the cases of radiation, matter and vacuum dominated era.

In general, in this thesis, the fundamentals of modern cosmology for an isotropic and ho-

mogeneous space-time, which is naturally motivated by observation, will be reviewed. The

Friedmann equations are derived and the consequences for the dynamics of the universe

are discussed.



Chapter 1

Space-Time Geometry and
Gravitation

1.1 Introduction to Space-Time Geometry

The Special theory of relativity abandons the Newtonian separation of Space and time

and introduces the concept of Space-time[2,3]. Space-time is a 4-dimensional manifold,

with points referred to as events. Space-time also is provided with a notion of distance,

or length, between pairs of events, often referred to as the interval. It is usual to denote

this quantity by ∆τ 2, when the two events are well-separated; in the infinitesimal case,

we will refer to it as dτ 2. When we study the geometry of special relativity and then

of space-times with gravity, we will of course have to use coordinates (such as t, x, y,

and z) to describe events in the space-time. The coordinate system (t, x, y, z) provided

by an inertial frame is sometimes called an inertial coordinate system, and sometimes

a Minkowski coordinate system, and sometimes a Lorentz coordinate system [because it

was Lorentz (1904) who first studied the relationship of one such coordinate system to

another, the Lorentz trans- formation][2,3]. The geometry of space-time is determined by

the space-time-intervals between events. An event is a precise location in space at a precise

moment of time; i.e., a precise location (or “point”) in 4-dimensional space-time. Events

in Space-time are specified by four coordinates xα with α = 0, 1, 2, 3. Where the zero

component of α corresponds to the time coordinate and the rest of three components are

4
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the spacial coordinates x, y and z respectively. The Special theory of relativity postulates

the existence of Minkowski coordinates x′α[23] in which the proper time τ can be expressed

in a simple form as

τ 2 = c2(x′0)2 − (x′1)2 − (x′2)2 − (x′3)2. (1.1.1)

Similarly it is possible to write this as

dτ 2 = c2(dx′0)2 − (dx′1)2 − (dx′2)2 − (dx′3)2. (1.1.2)

Or in a compact form with (c = 1), the above equation can be rewritten as

dτ 2 = dt2 − d~x2. (1.1.3)

Where τ is the proper time between two neighboring events along the world line of the

clock considered, with coordinates x′α and x′α+dx′α or it is the time read by a stan-

dard clock traveling with the body ( for example, the ticks might be successive crests

of light waves emitted during a certain transition between energy levels of the atoms of

the body), t is the coordinate of the zero component, ~x corresponds to the three spa-

cial coordinates(x1, x2, x3) and c in equation(1.1.2) is a fundamental velocity which

experiment identifies with the speed of light in vacuum. Perhaps the most central of

special relativistic laws is the one stating that the speed of light c in vacuum is frame-

independent, i.e., is a constant, independent of the inertial reference frame in which it

is measured. Considering the equation that governs the rate at which clocks tick in a

gravitational field, special relativity tells that if a clock ticks once in every time interval

dτ when at rest in the absence of a gravitational field, then the separation dxα between

the space-time locations of successive ticks when the clock is moving in the absence of a

gravitational field is governed by[2,8] the equation

ηαβdx
αdxβ = −dτ 2. (1.1.4)
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This is from the fact that in flat space time the Minkowski metric tensor ηαβ is given

by[2,4]

ηαβ =


1, α, β = 1, 2, 3,

−1, α, β = 0,

0, α 6= β.

(1.1.5)

The Minkowski metric is the diagonal metric with η11= η22=η33 = 1 and η00 = −1. All

the rest components are zero. Therefore, in flat space-time coordinate system, i.e. in the

absence of a gravitational field the space-time element(line element) is given by equation

(1.1.4). The Cartesian space coordinates have units of length in which the speed of light

c is unity.

1.2 Tensor in General Relativity

1.2.1 The Metric Tensor in a Gravitational Field

To describe the world line of a body in Newtonian mechanics the sensible procedure is

to use absolute time coordinate as a parameter, and express the spatial position r as

a function of t; thus we would write as r(t)[2]. In relativity, however, this procedure is

unsymmetrical, because t is no longer an absolute parameter , but just another coordinate,

namely x0[3]. We would like an absolute parameter τ which increase smoothly along the

particle’s world line from its past to its future; then a ’covariant’ specification of the

history of the particle would be the four functions xα(τ)[23,25]. To clarify this use of

the parameter τ to specify world lines in space- time, it is better to examine the familiar

simpler case of specifying curves in the ordinary Eculidean three dimensional space of

positions. There a point is described by three coordinates xµ where µ = 1, 2, 3. Curves

are parametrized by using the arc length τ , that is, they are specified by the three functions

xµ(τ)[2,14]. On any curve, the arc length (∆ s) between the neighboring points xµ and
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xµ +∆xµ is given by Pythagoras’ theorem[2]. In Cartesian coordinates x, y, z, this gives

∆ s2 = ∆x2 + ∆y2 + ∆z2. (1.2.1)

It is now important to find general expressions for the distance ∆s in position space,

and the separation ∆τ in space-time. Suppose we locate a point by general coordinates

corresponding to an arbitrary coordinates in this space. Then if the original Cartesian x,

y and z are arbitrary functions of the new coordinates x1, x2 and x3, we can write this as

x = x(x1, x2, x3) ; y = y(x1, x2, x3) ; z = z(x1, x2, x3).

The coordinate differences appearing in (1.2.1) are therefore given by

∆x =
∂x

∂x1
∆x1 +

∂x

∂x2
∆x2 +

∂x

∂x3
∆x3,

∆y =
∂y

∂x1
∆x1 +

∂y

∂x2
∆x2 +

∂y

∂x3
∆x3,

∆z =
∂z

∂x1
∆x1 +

∂z

∂x2
∆x2 +

∂z

∂x3
∆x3.

Substituting these in to equation (1.2.1), to get

∆s2 =

[(
∂x

∂x1

)2

+

(
∂y

∂x1

)2

+

(
∂z

∂x1

)2
]

(∆x1)2+2

[
∂x

∂x1

∂x

∂x2
+

∂y

∂x1

∂y

∂x2
+

∂z

∂x1

∂z

∂x2

]
∆x1∆x2+...

=
3∑

µ=1

3∑
v=1

gµv(x
1, x2, x3)∆xµ∆xv (1.2.2)

Where,

gµv =

(
∂x

∂xµ
∂x

∂xv
+

∂y

∂xµ
∂y

∂xv
+

∂z

∂xµ
∂z

∂xv

)
.

Finally, using Einstein’s summation convention[3,8]: two identical indices in any expres-

sion are to be summed over. Both µ and v occur twice in the formula for ∆s2, so we can

write it as

∆s2 = gµv(r)∆xµ∆xv. (1.2.3)

This expression is very important: it tell us how to obtain a physically significant quantity-

the distance between two points from a knowledge of the coordinate differences between
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the points. The above argument may be applied in a precisely analogous manner to space-

time: in arbitrary, possibly accelerating and rotating reference frames the separation ∆τ

between two events is given in terms of their coordinate differences by

∆τ 2 = −gij∆xi∆xj = −
3∑
i=0

3∑
j=0

gij∆x
i∆xj. (1.2.4)

Where,

gij = ηαβ
∂ξα

∂xi
∂ξβ

∂xj
.

The tensor (gij) is the metric tensor in a gravitational field[2,8]. It can be defined as the

proper time interval between two events with a given infinitesimal coordinate separation.

The indices i and j runs 0 up to 3. In general, however, the components of gij are functions

of the event coordinates xi. There are two important differences, apart from the number

of dimensions, between Euclidean three-dimensional space and four-dimensional space-

time[23,26]. The first difference is that in space-time it is possible to find non-coincident

events with zero separation, so the distinction can be made between space-like and time-

like separations. This distinction arises from the occurrence of negative signs in gij. The

second difference is that while in Euclidean three- dimensional space gµv can always be

reduced to g0
µv by an appropriate coordinate transformation, it is generally possible in

space-time to reduce gµv to g0
µv only locally, according to the principle of equivalence.

1.2.2 The Metric Tensor and Affine Connection

From the Metric tensor that we defined above, the infinitesimal line element in a gravita-

tional field[3,8] can be written as

dτ 2 = −gµvdxµdxv. (1.2.5)

Again, from this, as we try to defined above, gµv can be written as

gµv = ηαβ
∂ξα

∂xµ
∂ξβ

∂xv
.
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Which is the metric tensor in a gravitational field. ξα and ξβ are local inertial coordinates.

Now differentiating the metric tensor in a gravitational field with respect to the general

coordinate system xλ we have,

∂gµv
∂xλ

=
∂

∂xλ

(
ηαβ

∂ξα

∂xµ
∂ξβ

∂xv

)
= ηαβ

(
∂2ξα

∂xλ∂xµ
∂ξβ

∂xv
+
∂ξα

∂xµ
∂2ξβ

∂xλ∂xv

)
.

This can be written as

∂gµv
∂xλ

= Γpλµ
∂ξα

∂xp
∂ξβ

∂xv
ηαβ + Γpλv

∂ξα

∂xµ
∂ξβ

∂xp
ηαβ. (1.2.6)

Where,

Γpλµ =
∂xp

∂ξα
∂2ξα

∂xλ∂xµ
,

Γpλv =
∂xp

∂ξα
∂2ξα

∂xλ∂xv
.

Γpλµ and Γpλv are called affine connections. Considering freely falling particles affine con-

nection is field that determines the gravitational force. They are symmetric with the

exchange of lower indices, i.e. Γpλµ= Γpµλ. Now using this definition of affine connection

and the relation given by

gpv =
∂ξα

∂xp
∂ξβ

∂xv
ηαβ,

gµp =
∂ξα

∂xµ
∂ξβ

∂xp
ηαβ.

Equation (1.2.6) can be rewritten as

∂gµv
∂xλ

= Γpλµgpv + Γpλvgpµ. (1.2.7)

Which is for the general case. Here the task is to solve for the affine connection. To solve,

it is a matter of adding to equation (1.2.7) the same equation with µ and λ interchanged

and subtract the same equation with v and λ interchanged. It is shown as

∂gµv
∂xλ

+
∂gλv
∂xµ
−∂gµλ
∂xv

= Γkλµgkv+Γkλvgkµ+Γkµλgkv+Γkµvgkλ−Γkvµgkλ−Γkvλgkµ = 2Γkλµgkv = 2Γkµλgkv.
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This results from the symmetric property of affine connections.

From the fact expressed in equation (1.2.7) it is possible to write the following from the

above expression as

∂gµv
∂xλ

= Γkλµgkv + Γkλvgkµ,

∂gλv
∂xµ

= Γkµλgkv + Γkµvgkλ,

∂gµλ
∂xv

= Γkvµgkλ + Γkvλgkµ.

Now adding the first two terms and subtracting the third term yields

∂gµv
∂xλ

+
∂gλv
∂xµ

− ∂gµλ
∂xv

= 2Γkµλgkv. (1.2.8)

Multiplying both sides of equation (1.2.8) by 1
2
gvσ gives

1

2
gvσ
(
∂gµv
∂xλ

+
∂gλv
∂xµ

− ∂gµλ
∂xv

)
=

1

2
gvσ(2gkvΓ

k
λµ),

1

2
gvσ
(
∂gµv
∂xλ

+
∂gλv
∂xµ

− ∂gµλ
∂xv

)
= gvσgkvΓ

k
λµ = δσkΓkλµ.

Where δkσ is the Kronecker delta with the following properties.

gvσgkv = δσk =

{
1, σ = k,

0, σ 6= k.

Applying this property (σ = k) of Kronecker delta to the above equation one can write it

as

1

2
gvσ
(
∂gµv
∂xλ

+
∂gλv
∂xµ

− ∂gµλ
∂xv

)
= Γσλµ. (1.2.9)

Which is the relation developed between the metric tensor in a gravitational field (gαβ)

and the affine connection (Γσλµ)[14,26]. And from their definitions, both of them represents

the presence of gravitational effect.
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1.2.3 Curvature Tensor

Using the definition of affine connection it is possible to write the transformation rule as

Γ′λµv =
∂x′λ

∂ξα
∂2ξα

∂x′µ∂x′v
,

or it can be written as

Γ′λµv =
∂x′λ

∂xρ
∂xρ

∂ξα
∂

∂x′µ

(
∂ξα

∂xσ
∂xσ

∂x′v

)
. (1.2.10)

But,

∂

∂x′µ

(
∂ξα

∂xσ
∂xσ

∂x′v

)
=
∂ξα

∂xσ

(
∂2xσ

∂x′µ∂x′v

)
+
∂xσ

∂x′v

(
∂2ξα

∂x′µ∂xσ

)
.

Now replacing,

∂2ξα

∂x′µ∂xσ
by

∂2ξα

∂xT∂xσ
∂xT

∂x′µ

and substituting in to equation (1.2.10) to get

Γ′λµv =
∂x′λ

∂xρ
∂xT

∂x′µ
∂xσ

∂ξα

(
∂xρ

∂x′v
∂2ξα

∂xT∂xσ

)
+
∂x′λ

∂xρ
∂xρ

∂ξα
∂ξα

∂xσ

(
∂2xσ

∂x′µ∂x′v

)
. (1.2.11)

Making use of the relation given by affine connection and Kronecker delta in to equa-

tion(1.2.11) which are;

ΓρTσ =
∂x′ρ

∂ξα

(
∂2ξα

∂xT∂xσ

)
.

and

∂xρ

∂ξα
∂ξα

∂xσ
= δρσ =

{
1, ρ = σ,

0, ρ 6= σ.

We can write equation(1.2.11) as

Γ′λµv =
∂x′λ

∂xρ
∂xT

∂x′µ
∂xσ

∂x′v
ΓρTσ +

∂x′λ

∂xρ

(
∂2xρ

∂x′µ∂x′v

)
. (1.2.12)

This implies that Γλµv is not a tensor according to the statement given by general coordinate

transformation. If Γλµv is a tensor the expected term will be

∂x′λ

∂xρ
∂xT

∂x′µ
∂xσ

∂x′v
ΓρTσ.
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Equation (1.2.12) may be inverted to the following form

Γλµv =
∂xλ

∂x′T
∂x′ρ

∂xµ
∂x′σ

∂xv
Γ′Tρσ +

∂xλ

∂x′T

(
∂2x′T

∂xµ∂xv

)
.

Thus, (
∂2x′T

∂xµ∂xv

)
=
∂x′T

∂xλ
Γλµv −

∂x′ρ

∂xµ
∂x′σ

∂xv
Γ′Tρσ. (1.2.13)

Differentiating this with respect to xk to get

∂

∂xk
(
∂2x′T

∂xµ∂xv
) =

∂

∂xk

(
∂x′T

∂xλ
Γλµv −

∂x′ρ

∂xµ
∂x′σ

∂xv
Γ′Tρσ

)
.

∂3x′T

∂xk∂xµ∂xv
=

∂2x′T

∂xk∂xλ
Γλµv+

∂x′T

∂xλ
∂

∂xk
(Γλµv)−

∂2x′ρ

∂xk∂xµ
∂x′σ

∂xv
Γ′Tρσ−

∂x′ρ

∂xµ
∂2x′σ

∂xv∂xk
Γ′Tρσ−

∂x′ρ

∂xµ
∂x′σ

∂xv
∂

∂xk
(Γ′Tρσ).

From the relation given by equation(1.2.13) it is possible to write the following

∂2x′T

∂xk∂xλ
=
∂x′T

∂xη
Γηkλ −

∂x′ρ

∂xk
∂x′σ

∂xλ
Γ′Tρσ,

∂2x′ρ

∂xk∂xµ
=
∂x′ρ

∂xη
Γηkµ −

∂x′η

∂xk
∂x′ε

∂xµ
Γ′ρηε,

∂2x′σ

∂xk∂xv
=
∂x′σ

∂xη
Γηkv −

∂x′η

∂xk
∂x′ε

∂xv
Γ′σηε.

Substitution of these in to the above equation gives

∂3x′T

∂xk∂xµ∂xv
=

(
∂x′T

∂xη
Γηkλ −

∂x′ρ

∂xk
∂x′σ

∂xλ
Γ′Tρσ

)
Γλµv+

∂

∂xk
Γλµv

∂x′T

∂xλ
−Γ′Tρσ

∂x′σ

∂xv

(
∂x′ρ

∂xη
Γηkµ −

∂x′η

∂xk
∂x′ε

∂xµ
Γ′ρηε

)
−

Γ′Tρσ
∂x′ρ

∂xµ

(
∂x′σ

∂xη
Γηkv −

∂x′η

∂xk
∂x′ε

∂xv
Γ′σηε

)
− ∂x′ρ

∂xµ
∂x′σ

∂xv
∂

∂xk
Γ′Tρσ.

∂3x′T

∂xk∂xµ∂xv
= Γλµv

(
∂x′T

∂xη
Γηkλ −

∂x′ρ

∂xk
∂x′σ

∂xλ
Γ′Tρσ

)
−Γ′Tρσ

∂x′σ

∂xv

(
∂x′ρ

∂xη
Γηkµ −

∂x′η

∂xk
∂x′ε

∂xµ
Γ′ρηε

)
+
∂x′T

∂xλ
∂

∂xk
(Γλµv)−

Γ′Tρσ
∂x′ρ

∂xµ

(
∂x′σ

∂xη
Γηkv −

∂x′η

∂xk
∂x′ε

∂xv
Γ′σηε

)
− ∂x′ρ

∂xµ
∂x′σ

∂xv
∂x′η

∂xk
∂

∂x′η
(Γ′Tρσ).

Now collect similar terms and juggle indices a bit gives

∂3x′T

∂xk∂xµ∂xv
=
∂x′T

∂xλ

(
∂

∂xk
Γλµv + ΓηµvΓ

λ
kµ

)
−∂x

′ρ

∂xµ
∂x′σ

∂xv
∂x′η

∂xk

(
∂

∂x′η
Γ′Tρσ − Γ′TρλΓ

′λ
ησ − Γ′TλσΓ′ληρ

)
−

Γ′Tρσ
∂x′σ

∂xλ

(
Γλµv

∂x′ρ

∂xk
+ Γλkv

∂x′ρ

∂xµ
+ Γλkµ

∂x′ρ

∂xv

)
.
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By subtracting the same equation with v ↔ k to find the product of Γ and Γ′ drop out

and so that

0 =
∂x′T

∂xλ

(
∂

∂xk
(Γλµv)−

∂

∂xv
(Γλµk) + ΓηµvΓ

λ
kη − ΓηµkΓ

λ
vη

)
−

∂x′ρ

∂xµ
∂x′σ

∂xv
∂x′η

∂xk

(
∂

∂x′η
Γ′Tρσ −

∂

∂x′σ
Γ′Tρη − Γ′TλσΓ′ληρ + Γ′TληΓ

′λ
σρ

)
.

Now defining the term in the first bracket using the curvature tensor notation as,

Rλ
µvk =

∂

∂xk
(Γλµv)−

∂

∂xv
(Γλµk) + ΓηµvΓ

λ
kη − ΓηµkΓ

λ
vη. (1.2.14)

This is named as Riemann-Christoffel curvature tensor[3,23,26]. This tensor plays an

important role in specifying the geometrical properties of space-time. The space-time is

considered flat if the Riemann tensor vanishes every where.

Considering the covariant form it is possible to write the Riemann curvature tensor in its

fully covariant form as

Rλµvk = gλσg
σ
µvk.

Recall the definition given by affine connection, that was written as

Γσµv =
1

2
gσρ
(
∂gρµ
∂xv

+
∂gρv
∂xµ

− ∂gµv
∂xρ

)
.

Using this definition of affine connection, Riemann curvature tensor can also be written

directly in terms of the space-time metric. This shows as the following ,

Rλµvk =
1

2
gλσ

∂

∂xk
gσρ
[
∂gρµ
∂xv

+
∂gρv
∂xµ

− ∂gµv
∂xρ

]
− 1

2
gλσ

∂

∂xv
gσρ
[
∂gρµ
∂xk

+
∂gρk
∂xµ

− ∂gµk
∂xρ

]
+

gλσ
[
ΓηµvΓ

σ
kη − ΓηµkΓ

σ
vη

]
.

Applying the properties of Kronecker delta (δρλ = 1 for ρ = λ) and the relation given by

gλσ
∂

∂xk
gσρ = −gσρ ∂

∂xk
gλσ = −gσρ(Γηkλgησ + Γηkσgηλ).

In to the above equation it can be rewritten as

Rλµvk =
1

2

[
∂2gλv
∂xk∂xµ

− ∂2gµv
∂xk∂xλ

− ∂2gλk
∂xv∂xµ

+
∂2gµk
∂xv∂xλ

]
− [Γηkλgησ + Γηkσgηλ]Γ

σ
µv+
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[Γηvλgησ + Γηvσgηλ]Γ
σ
µk + gλσ[ΓηµvΓ

σ
kη − ΓηµkΓ

σ
vη].

From this it is possible to see that most of ΓΓ terms cancel, leaving only

Rλµvk =
1

2

[
∂2gλv
∂xk∂xµ

− ∂2gµv
∂xk∂xλ

− ∂2gλk
∂xv∂xµ

+
∂2gµk
∂xv∂xλ

]
+ gησ[ΓηvλΓ

σ
µk − ΓηkλΓ

σ
µv]. (1.2.15)

This is the covariant form of Riemann-Christoffel Curvature tensor and it has the following

symmetries.

Rλµvk = −Rµλvk = −Rλµkv = Rvkλµ.

Because of these symmetries, the Riemann tensor in 4-dimensional space-time has only

20 independent components. This is true from the general rule for computing the number

of independent components in an N-dimensional space-time is N2(N2−1)
12

[24].

1.2.4 Ricci Tensor, Ricci Scalar and Einstein Field Tensor

Ricci Tensor is obtained from the Riemann curvature tensor[3,8] simply by contracting

over two of the indices:

Rµk = gλvRλµvk.

This implies;

Rµk = gλvRλµvk =
1

2
gλv
[
∂2gλv
∂xk∂xµ

− ∂2gµv
∂xk∂xλ

− ∂2gλk
∂xv∂xµ

+
∂2gµk
∂xv∂xλ

]
+gλvgησ[ΓηvλΓ

σ
µk−ΓηkλΓ

σ
µv].

Now referring back the definition given by the affine connection and making use of it in

the above expression, one can write the Ricci tensor as

Rµk =
∂Γλµλ
∂xk

−
∂Γλµk
∂xλ

+ ΓηµλΓ
λ
kη − ΓηµkΓ

λ
λη. (1.2.16)

It is symmetric (Rµk = Rkµ), which means that it has at most 10 independent quantities.

Ricci Scalar is obtained by contracting the Ricci tensor[2,3] over the remaining two

indices:

R ≡ gµkRµk = Rµ
µ.
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Einstein Field Tensor is defined interms of the Ricci tensor and Ricci scalar[23,25] as

Gµk ≡ Rµk −
1

2
gµkR. (1.2.17)

Where G is a linear combination of the metric tensor and its first and second derivatives.

The derivation of equation(1.2.18) will follow soon when we will discuse Einstein field

equation in this chapter.

1.2.5 Energy-Momentum Tensor

Energy-Momentum(Stress-energy) tensor Tαβ describes the density and flows of the 4

momentum (E,−P1,−P2,−P3)[4]. The component Tαβ is the flux or flow of the α com-

ponent of the 4 momentum crossing the surface of constant xβ.The energy-momentum

tensor is symmetric(Tαβ = T βα).

T 00 represents energy density,

T 0i represents the flow(flux) of energy in the xi direction(energy flux),

T i0 represents the density of the i-component of momentum,

T ij represents the flow of the i-component of momentum in the j-direction(momentum

flux). 
T00 T01 T02 T03

T10 T11 T12 T13

T20 T21 T22 T23

T30 T31 T32 T33


There are two types of energy-momentum tensor[2,3] frequently used in general relativity:

these are dust and perfect fluid that we have to discussed in chapter two.

1.3 Geodesic Equation

A particle’s equation of motion is such that the path followed by the particle under the

influence of gravity is minimum[8]. Consider the curve of shortest distance between two
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points. Let the curve, parametrized by τ , connect two points P1 and P2 of space-time

with parameters τ1 and τ2 respectively.

Then the “distance” of P2 from P1 is defined as

S(p2, p1) =

∫ p2

p1

δdτ. (1.3.1)

Where dτ is the space-time line element given by equation(1.2.5). Using the definition of

dτ in to equation(1.3.1) this can be rewritten as

S(p2, p1) =

∫ τ2

τ1

δ

(
gik
dxi

dτ

dxk

dτ

)1/2

dτ.

Defining the term in the bracket as

L =

(
gik
dxi

dτ

dxk

dτ

)1/2

.

Where L is the Lagrange. With this definition equation(1.3.1) again written as

S(p2, p1) =

∫ τ2

τ1

Ldτ. (1.3.2)

Now S(p2, p1) demand to be stationary for small displacements of the curve connecting

P1 and P2, these displacements vanishing at P1 and P2. So that

δ

∫ p2

p1

dτ = δ

∫ τ2

τ1

(
gik
dxi

dτ

dxk

dτ

)1/2

dτ = 0.

This implies that

δ

∫ τ2

τ1

Ldτ = 0.

The solution is given by the Euler-Lagrange equation

d

dτ

(
∂L

∂(dxi/dτ)

)
− ∂L

∂xi
= 0.

L is a function of xi and dxi/dτ . Substituting the value given for L in to the Euler-

Lagrange equation the equation get the form

d

dτ

(
1

L
gik
dxk

dτ

)
− 1

2
gmn;i

1

L

dxm

dτ

dxn

dτ
= 0. (1.3.3)
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From the equation(1.3.2) we can write as

dS = Ldτ ⇒ L =
dS

dτ
.

Substituting this in to equation(1.3.3) gives

d

dτ

(
gik
dxk

dS

)
− 1

2
gmn;i

dxm

dS

dxn

dτ
= 0.

For L=1, dS=dτ this implies S=τ . With this relation the above equation rewritten as

d

dτ

(
gik
dxk

dτ

)
− 1

2
gmn;i

dxm

dτ

dxn

dτ
= 0.

Now applying the property gmn;i = −gmi;n and multiplying the above equation both side

by gli to get

glk
d2xk

dτ 2
+

1

2
gligmi;n

dxm

dτ

dxn

dτ
= 0.

Recall the relation given by Γβσµ = 1
2
gαβgσα;µ. Making use of this relation and puting l = k

in the above equation, it can be written as

d2xl

dτ 2
+ Γlmn

dxm

dτ

dxn

dτ
= 0. (1.3.4)

Equation(1.3.4) is the geodesic equation or the equation of motion of a particle’s in the

gravitational field[20,23]. From this we can conclude that the equation of motion of

the particle in a gravitational field is determined by the Christoffel symbol Γlmn. The

derivative d2xl/dτ 2 is the four-acceleration of the particle therefore, it is possible to call

the quantity −mΓlmn(dxm/dτ)(dxn/dτ) is the 4-force acting on the particle.

1.4 Einstein’s Field Equation

The stage is now set for deriving and understanding Einstein’s field equations[3,8]. Gen-

eral relativity must present appropriate analogues of the two parts of the dynamical

picture: 1) how particles move in response to gravity ; and 2) how particles generate
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gravitational effects. The first part was answered when the geodesic equation derived.

The second part requires finding the analogue of the Poisson equation[24,25]

∇2Φ(x) = 4πGρ(~x). (1.4.1)

Which specifies how matter curves space-time. Before the derivation of the field equation,

it is better to consider the case where a particle is moving slowly in a weak stationary

gravitational field. For sufficiently slow motion of a particle, the equation of motion of a

particle can be written as

d2xµ

dτ 2
+ Γµ00

(
dt

dτ

)2

= 0. (1.4.2)

This is from the equation of motion of the particle in a gravitational field given by the

equation

d2xµ

dτ 2
+ Γµλv

dxλ

dτ

dxv

dτ
= 0.

And for λ = v = 0 and dx0 = dt,

Recall the relation given by

Γσλµ =
1

2
gvσ
(
∂gµv
∂xλ

+
∂gλv
∂xµ

− ∂gµλ
∂xv

)
.

But since the field is stationary, all time derivatives of gµv vanish; so that

Γλ00 = −1

2
gλv

∂g00

∂xv
. (1.4.3)

For a weak static field produced by non-relativistic mass density ρ,

gαβ = ηαβ + hαβ.

Where |hαβ| << 1 and ηαβ is Minkowski metric tensor.

For α = β = 0 and applying the relation η00 = −1 gives

g00 = −1 + h00. (1.4.4)
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Substitution of equation(1.4.4) in to equation(1.4.3) for first order in hαβ yields

Γα00 = −1

2
ηαβ

∂h00

∂xβ
. (1.4.5)

Making use of equation(1.4.5) in to equation(1.4.2) with µ = α,

∂2xα

∂τ 2
= −Γα00

(
∂t

∂τ

)2

= −
(
−1

2
ηαβ

∂h00

∂xβ

)
.

For α = β = 1, 2, 3 the Minkowski metric tensor, ηαβ = ηαβ = 1 and the above equation

take the form

∂2x

∂τ 2
=

1

2

(
∂t

∂τ

)2
∂h00

∂x
.

It is possible to write as

∂2x

∂τ 2
=

1

2

(
∂t

∂τ

)2

∇h00. (1.4.6)

Now dividing equation(1.4.6) by (
∂t

∂τ

)2

to get

∂2x

∂t2
=

1

2
∇h00. (1.4.7)

The corresponding Newtonian result is

∂2x

∂t2
= −∇Φ. (1.4.8)

Where Φ is the Newtonian potential determined from the equation given by (1.4.1).

With the comparison of equation(1.4.7) and equation(1.4.8) one can write the following

result

h00 = −2Φ + constant.

Further more, the coordinates system must become Minkowskian at great distance so h00

vanish at infinity, and if Φ defined to vanish at infinity( where Φ=−GM
r

), r is the distance

from the center of a spherical body of mass M.

Recall the relation for a weak static field given by

gαβ = ηαβ + hαβ.
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This implies

g00 = −1 + h00.

Using the value of h00 for zero constant in to the above equation

g00 = −(1 + 2Φ). (1.4.9)

Now we start to derive Einstein field equation under the approximation of a weak static

field produced by a non-relativistic mass density ρ.

Further more the energy density for non-relativistic matter is

T00 = ρ = T 0
0 .

With this result equation(1.4.1) can be written as

∇2Φ = 4πGT00.

Or from equation(1.4.9) it is also possible to write as

∇2g00 = −8πGT00.

From this fact the weak field equation for a general distribution of energy and momentum

Tαβ will take the form

Gαβ = −8πGTαβ. (1.4.10)

Where Gαβ is a linear combination of the metric tensor and its first and second deriva-

tives. It then follows from the principle of equivalence that the equations which govern

gravitational fields of arbitrary strength must take the form

Gµv = −8πGTµv. (1.4.11)

i.e. equation(1.4.10) is the approximated form of equation(1.4.11) in a weak static grav-

itational field as equivalence principle states. Here Gµv is a tensor which reduce to Gαβ

for a weak fields. And since Tµv is symmetric Gµv also.
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To go further consider the nature of Gµv;

(a) By definition Gµv is a tensor.

(b) By assumption Gµv contain terms that are linear in the second derivative of the metric

tensor or quadratic in the first derivative of the metric.

(c) Since Tµv is symmetric so does Gµv.

(d) Since Tµv is conserved in the absence of external forces, so does Gµv.

(e) For a weak stationary field produced by non-relativistic matter, the 00 component

must satisfy

G00 ' ∇2g00.

Hence (a) and (b) require Gµv to take the form

Gµv = C1Rµv + C2gµvR.

Where C1 and C2 are constants. Since this is symmetric condition (c) is authomatically

satisfied. It follows from the above relation that

gσµGµv = C1g
σµRµv + C2g

σµgµvR.

This is equivalent to

Gσ
v = C1R

σ
v + C2δ

σ
vR.

This follows as

Gσ
v;σ = C1R

σ
v;σ + C2δ

σ
vR;σ.

Using the result

Rσ
v;σ =

1

2
δσvR;σ.

that is obtained from the contraction of Biachi identity in to the preeciding equation

Gσ
µ;σ =

(
C1

2
+ C2

)
R;σ.

But by the conservation of Gµv we have Gσ
µ;σ = 0, this yields the relation(

C1

2
+ C2

)
R;σ = 0.
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This implies

C1

2
= −C2.

Then with this result we can rewrite Gµv as

Gµv = C1

(
Rµv −

1

2
gµvR

)
.

Note that from

Gµv = C1Rµv + C2gµvR = −8πGTµv.

Follows

Gµ
µ = (C1 + 4C2)R = −8πGT µµ .

Thus if R;v ≡ ∂R
∂xv

vanishes, then so must
∂Tµµ
∂xv

and this is not the case in the presence of

inhomogeneous non-relativistic matter. From this it is possible to conclude that C2 = −C1

2

then the above relation becomes

Gµv = C1

(
Rµv −

1

2
gµvR

)
= −8πGTµv. (1.4.12)

Finally, I use the property (e) to fix the constant C1. A non-relativistic system always

has |Tij| << |T00| here I look the case where |Gij| << |G00|.

|Gij| << |G00|.

This implies that

Gij ≈ 0.

Putting this in to equation(1.4.12) to get

Rij −
1

2
gijR = 0.

Rij
∼=

1

2
gijR.

Since we deal here with a weak field approximation (i.e. gαβ ' ηαβ),

ηij ∼= gij.
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This lead to write as

Rij
∼=

1

2
ηijR.

Applying the property of metric tensor( ηij = 1 for i=j=1,2,3) and taking the sum over

each indices in the above relation gives

Rij
∼=

3∑
i,j=1

1

2
ηijR ∼=

3

2
R.

Rkk
∼=

3

2
R.

The curvature scalar is therefore given by

R ' Rkk −R00 '
3

2
R−R00.

This implies that

R ∼= 2R00.

So in the weak field approximation we have the following information
R ∼= 2R00,

gαβ ' ηαβ,

Gµv = C1(Rµv − 1
2
gµvR).

(1.4.13)

For the 00 component Gµv equals to

G00 = C1

(
R00 −

1

2
η00R

)
= C1

(
R

2
− 1

2
(−1)R

)
.

G00 = 2C1R00
∼= C1R. (1.4.14)

Now the task is to calculate R00. Recall the expression given by the Riemann curvature

tensor Rλµvk that is

Rλµvk =
1

2

[
∂2gλv
∂xk∂xµ

− ∂2gµv
∂xk∂xλ

− ∂2gλk
∂xv∂xµ

+
∂2gµk
∂xv∂xλ

]
+ gησ[ΓηvλΓ

σ
µk − ΓηkλΓ

σ
µv].

But since we are looking for a weak field approximation it is better to use the linear part

of Rλµvk, given by

Rλµvk =
1

2

[
∂2gλv
∂xk∂xµ

− ∂2gµv
∂xk∂xλ

− ∂2gλk
∂xv∂xµ

+
∂2gµk
∂xv∂xλ

]
.
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When the field is static all time derivatives vanish, and the components that we need are

R0000 ' 0 , Ri0j0 '
1

2

∂2g00

∂xi∂xj
' 1

2
∇2g00.

And also from the contraction of curvature tensor over the two indices

R00 = gλvRλ0V 0 = ηλvRλ0v0 = Ri0j0 −R0000.

Making use of this relation in to equation(1.4.14) for Gµv,

G00 = 2C1(Ri0j0 −R0000).

G00 = 2C1

(
1

2
∇2g00 − 0

)
= C1∇2g00.

Comparing this with

G00 = ∇2g00.

G00 = C1∇2g00 = ∇2g00.

This gives the value of C1 = 1. With this value equation(1.4.12) can be rewritten as

Gµv =

(
Rµv −

1

2
gµvR

)
= −8πGTµv.

Rµv −
1

2
gµvR = −8πGTµv. (1.4.15)

Equation(1.4.15) is Einstein’s field equation. This equation shows that the metric of

space-time is dependent upon the matter present in that space-time.

1.5 Homogeneous and Isotropic Spaces

From the cosmological principle, that says we are not located at any special location

in the Universe[4]. The other way to put it is that the universe is homogeneous and

isotropic. We will now make the assumption that space is homogeneous and isotropic.

This is a reasonable assumption at the largest scale of the whole universe, where galaxies

are viewed as particles. Homogeneous means that at any given instant of time each point
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of space should look like any other point and isotropic means that at each time it looks

the same in every space direction at each point[4,15]. For a foliation of space-time into

hype-surfaces Σt such that t is the proper time along the flow of the normal vectors to Σt

and hence the space-time metric can be written as:

gab = −dt2 + hab(t, x)dxadxb.

Where hab(t) is the restriction of the metric to gab to Σt. Homogeneous then means that

for each t and any points p, q∈ Σt there is an isometry of the space-time that also is an

isometry of Σt that takes p to q. Isotropy means that for any given point p ∈ Σt and two

tangent vectors s1 and s2 at p tangential to Σt there is an isometry of space-time that

also is an isometry of Σt that leaves p and the normal at p fixed and takes s1 to s2.

For any point in our space-time we can always find, using Riemann normal coordinates,

an open neighborhood of this point and some foliation of this neighborhood by spatial

slices.

1.6 Maximally Symmetric Spaces

Maximally symmetric spaces are spaces with constant curvature[12]. A given space is said

to be maximally symmetric if there exist 1
2
m(m+ 1) independent killing vector fields on

M . Where M is Pseudo-Riemannian manifold and m is the dimension of M .

1.6.1 The Metric of a Maximally Symmetric Space III

For our work, let us assume that maximally symmetric space III is both homogeneous

and isotropic. Where the definitions for homogeneous and isotropic spaces were given in

section 1.5. Consider a flat (N + 1)-dimensional space with metric given by

−dτ 2 = gabdx
adxb.

−dτ 2 = Cµvdx
µdxv + k−1dz2.
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Where Cµv is a constant N ∗N matrix and k is some constant.

Restricting the variable xµ and z to the surface of a pseudo-sphere, that means

kCµvx
µxv + z2 = 1. (1.6.1)

On this surface then

2zdz + 2kCµvx
µdxv = 0.

zdz = −kCµvxµdxv.

If one can square both side and divid by z2 to get

dz2 = k2 (Cµvx
µdxv)2

z2
.

Substituting the value of z2 from equation(1.6.1) in to the above equation yields

dz2 = k2 (Cµvx
µdxv)2

(1− kCµvxµxv)
.

Substituting this in to dτ 2 to find

−dτ 2 = Cµvdx
µdxv + k

(Cµvx
µdxv)2

(1− kCρσxρxσ)
,

−dτ 2 = Cµvdx
µdxv +

k

(1− kCρσxρxσ)
Cµλx

λCvkx
kdxµdxv,

−dτ 2 =

[
Cµv +

k

(1− kCρσxρxσ)
Cµλx

λCvkx
k

]
dxµdxv.

Comparing this to

dτ 2 = −gµvdxµdxv.

It is possible to conclude that

gµv = Cµv +
k

(1− kCρσxρxσ)
Cµλx

λCvkx
k. (1.6.2)

Hence k is the same as the curvature constant and is an invariant parameter, it is impos-

sible to convert equation(1.6.2) by coordinate transformation in to a similar metric with

a different k. Recall the relation given by

−dτ 2 = Cµvdx
µdxv + k

(Cµvx
µdxv)2

(1− kCρσxρxσ)
.
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Now make a linear transformation of the type

xµ = Aµvx
′v.

for the first part of the RHS of −dτ 2 that are

xµ = Aµρx
′ρ, xv = Avσx

′σ.

This implies, dxµdxv can be written as

dxµdxv = AµρA
v
σdx

′ρdx′σ.

Hence

−dτ 2 = CµvA
µ
ρA

v
σdx

′ρdx′σ.

Let Cρσ = C
′
µvA

µ
ρA

v
σ. From this we can write the following

Cρσ = C
′

µvA
µ
ρA

v
σ =⇒ C

′

µv = CρσA
ρ
µA

σ
v .

The same applies to the second term on the RHS of −dτ 2. Such a linear transformation

converts the metric in to a similar metric with the same constant k. The number of

eigenvalues of each of the matrix Cµv are the same as for the metric gµv at the point x = 0

and hence the same every where since all points are equivalent. An N-dimensional matrix

allows the introduction of locally Euclidean coordinate systems will have all its eigenvalue

values positive. So for k 6= 0 we can set

Cµv = |k−1| × I.

Where I is the unit matrix. So in this case

−dτ 2 = Cµvdx
µdxv + k

(Cµvx
µdxv)2

(1− kCρσxρxσ)
.

For the Euclidean space take the form

ds2 = |k−1|dx2 +
k|k|−2(x · dx)2

(1− k|k|−1x2)
. (1.6.3)
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If k > 0 then

ds2 =
1

k
d~x2 +

1

k

(~x · d~x)2

(1− ~x2)
= k−1

[
d~x2 +

(~x · d~x)2

(1− ~x2)

]
.

For k < 0 then

ds2 =
1

k
dx2 − 1

k

(x · dx)2

(1 + x2)
= |k|−1

[
dx2 − (x · dx)2

(1 + x2)

]
.

The general result that governs the structure of the space with maximally symmet-

ric(spherically symmetric) subspaces[9,18] is contained in the following theory. It is always

possible to choose the u-coordinates so that the metric of the whole space is given by

−dτ 2 = gµvdx
µdxv.

−dτ 2 = gab(v)dvadvb + f(v)gij(u)duiduj.

Where gαβ(v) and f(v) are functions of the v-coordinates and gij(u) is a function of the

u-coordinate alone (which is the metric of a subspace in a maximally symmetric space).

In all cases of interest, the maximally symmetric subspaces are spaces, as opposed to

space-time, so all eigenvalues of the sub matrix gij are positive. In this case we can use

the case where k > 0,

ds2 = k−1

[
dx2 +

(x · dx)2

(1− x2)

]
.

This is the metric of the curved space embedded by kCµvx
µxv + z2 = 1. To evaluate

gijdu
iduj, notice that

−dτ 2 = gab(v)dvadvb + f(v)gij(u)duiduj.

If v are the temporal components and u are the spatial components, then this reduce to

a single statement, since we are interested in the curved space the line element take the

form

−dτ 2 = gab(v)dvadvb + f(v)

[
d~u2 +

k(~u · d~u)2

(1− k~u2)

]
. (1.6.4)
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Where f(v) is a positive function and g(v) is a negative function of v. k have the following

properties

k =


+1, if MSS has k > 0,

−1, if MSS has k < 0,

0, if MSS has k = 0.

Since we are interested in a Maximally symmetric space III, we consider a space with

N=4 case. Suppose three of the eigenvalues of its metric are positive and one of the

eigenvalues is negative. Again suppose that it has maximally symmetric 3-D subspaces

whose metric has positive eigenvalues and arbitrary curvature. Out of the four coordinates

1 v-coordinate and 3 u-coordinates. Making use of the relation∫
−[g(v)]2dv = t =⇒ −dt2 = g(v)dv2.

In to equation(1.6.4) it can be rewritten as

−dτ 2 = −dt2 + f(v)

[
d~u2 +

k(~u · d~u)2

(1− k~u2)

]
. (1.6.5)

Now the task is to evaluate the term in the bracket, that is[
d~u2 +

k(~u · d~u)2

(1− k~u2)

]
.

The three components of a Maximally symmetric(spherically symmetric) space that are

represented by u1, u2 and u3 as usuall defined by

u1 = rsinθcosφ, u2 = rsinθsinφ, u3 = rcosθ.

From the definition given by dot product

~u2 = u2
1 + u2

2 + u2
3, d~u2 = du2

1 + du2
2 + du2

3, (~u · d~u)2 = (u1du1 + u2du2 + u3du3)2.

Substitution of the values u1, u2 and u3 in to the above relation yields the following values

~u2 = r2, d~u2 = dr2 + r2dθ2 + r2sin2θdφ2, ~u · d~u = rdr.
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Making use of all these in to equation(1.6.5) the line element become

dτ 2 = dt2 − f(v)

[
dr2

1− kr2
+ r2dθ2 + r2sin2θdφ2

]
.

If we use a2(t) instead of f(v) the line element rewritten as

dτ 2 = dt2 − a2(t)

[
dr2

1− kr2
+ r2dθ2 + r2sin2θdφ2

]
. (1.6.6)

Which is the metric in a maximally symmetric space III or it is called the Friedmann-

Robertson-Walker metric[4,10,12]. This metric can describe an expanding, spatially

homogeneous and isotropic universe in accord with the cosmological principle.

Note that, in this equation, dτ is the differential of the invariant distance, a is the di-

mensionless cosmic scale factor at which the Friedmann universe expands, r, θ, φ are

co-moving spherical coordinates with an arbitrarily chosen origin, t is the clock time of an

observer that is co- moving with the cosmic expansion and k is the curvature takes on the

value 0 if space is Euclidean (flat), k = +1 if the space is positively curved, and k = −1

for negative curvature. To preserve dimensionality with our conventions, it must be that

k α (length)−2 . However, if the scale factor is taken to have dimensions of length, then

k can be dimensionless. The quantity in brackets represents the spatial component of the

metric. The radial and angular components of the metric are separated, and the angular

component is familiar from spherical polar coordinates.



Chapter 2

The Friedmann Universe

2.1 Structure and Formation of the Universe

The standard theory of cosmic structure formation posits that the present day rich struc-

ture of the universe developed through gravitational amplification of tiny matter density

fluctuations generated in its very early history[4]. One of the most accepted model that

explain the origin of the universe is the Big-bang cosmology. The Big-bang model pro-

posed that the universe originated from an infinitely dense point and evolved into our

present universe[18].

During the early part of its existence, after one times ten to the minus 12th(1× 10−12) of

a second, our universe was so small and dense that light and matter intertwined; space

was hot, dark, and ionized-filled with a plasma of charged particles[15,16]. By the time

the universe was one second old, the temperatures and densities had dropped enough for

protons and neutrons to form from quarks. Within the next few minutes, the nuclei of

the light elements, hydrogen, helium, and lithium, were created in a process called primal

or Big Bang nucleosynthesis[12]. The universe at this point was cooling rapidly enough

to shut off the process of nucleosynthesis before elements heavier than boron could form.

About four hundred thousand years after the Big Bang the cosmos had grown large enough

for matter and energy to move through space without immediately colliding-ending the

plasma state of the early universe[1]. The universe had cooled to about 3,000 degrees

31
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Celsius (5,400 degrees Fahrenheit) allowing electrons, protons, and neutrons to come to-

gether to form neutral atoms-the basic building blocks of all visible matter in the universe.

This marked the “Decoupling” of matter and energy that we detect today as the cosmic

microwave background radiation[7,16]. This radiation has been stretched and cooled by

the expansion of the universe from three thousand degrees to minus 270.42 degrees Cel-

sius, or just three degrees above absolute zero.

At this point the universe was made up mostly of clouds of hydrogen and helium atoms.

As the universe expanded and cooled, some regions of space amassed slightly higher den-

sities of hydrogen. As millions of years passed, the slight differences grew large, as dense

areas drew in material because they had more gravity.

2.2 Constituting Matters of the Universe

Here we need to know how much of the constitutes the universe contains to day. Those

amounts are generally expressed as a fractions of the critical density(critical energy den-

sity). The geometry and evolution of the universe are determined by the fractional contri-

bution of various types of matters[4,9]. Since both energy density and pressure contribute

to the strength of gravity in general relativity, cosmologists classify types of matter by its

“equation of state” the relation ship between its pressure and energy density[12,15]. The

basic classifications are:

Radiation: Composed of massless or nearly massless particles that move at the speed of

light. Example; photons (light) and neutrinos. This form of matter is characterized by

having a large positive pressure. At early epoch when the temperature is KBT ≥ 3eV

and the total energy density is made up of more radiations and relativistic particles, our

universe was radiation-dominated[4].

Baryonic Matter: This is “ordinary matter” composed primarily of protons, neutrons

and electrons. This form of matter has essentially no pressure of cosmological importance.
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The baryonic matter is made of atoms and it contributes about 4 percent to the matter

content of the universe[15].

Dark Matter: This generally refer to “exotic” non-baryonic matter that interacts only

weakly with ordinary matter and very important in the formation of structures in the

universe since it makes up for most of the matter content in the universe. While no such

matter has ever been directly observed in the laboratory, its existence has long been sus-

pected for reasons that by making accurate measurement of the cosmic microwave back-

ground fluctuations using an instrument Wilkinson Microwave Anisotropy Probe which

is able to measure the interactions of the non-baryonic matter with ordinary matter all

affect the details of the cosmic microwave background fluctuation spectrum. This form

of matter also has no cosmologically significant pressure. Dark matter contributes about

25 percent of the mass-energy content of our universe[15,9].

Dark Energy: This is a truly bizarre form of matter, or perhaps a property of the vac-

uum itself, that is characterized by a large negative pressure. This is the only form of

matter that can cause the expansion of the universe to accelerate or speed up. The con-

tribution of dark energy is about 70 percent of the mass-energy content of the universe.

When the universe is composed mainly of vacuum energy and its temperature is less than

KBT < 3eV , it is a dark energy dominated universe[7,12,16].

2.3 Derivation of the Friedmann Equations

To derive the Friedmann equations, we need to use the assumptions that the Friedmann

universe is homogeneous and isotropic in its largest scale. Using the metric(Friedmann-

Robertson-Walker metric) given by equation(1.6.6) we need to calculate the energy tensor

T ik to describe the contents of the universe and then we compute the Einstein tensor

and there by complete the Einstein field equation. To do these first let us evaluate the

non vanishing components of the metric tensor(gik), affine connection(Γλik) and the Ricci
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tensor(Rik). Now we start with the metric tensor(gik). Referring back equation(1.6.6)

that is

dτ 2 = dt2 − a2(t)

[
dr2

1− kr2
+ r2dθ2 + r2sin2θdφ2

]
.

The metric tensor (gik), holds the coefficients to the coordinates in the line element:

dτ 2 = gikdx
idxk.

The Robertson-Walker line element is diagonal[15] i.e. gik = 0 if i 6= k where the diag-

onal elements are functions of some of the 4-coordinates xi = x0, x1, x2, x3. So the non

vanishing components of gik are:

g00 = 1, g11 = − a2

(1− kr2)
, g22 = −a2r2, g33 = −a2r2sin2θ.

Since gik = g−1
ik , the non vanishing components of gik are the inverse of gik these are:

g00 = 1, g11 = −(1− kr2)

a2
, g22 = − 1

a2r2
, g33 = − 1

a2r2sin2θ
.

Recall the definition given by the Christoffel symbol(Γλik) that is

Γλik =
1

2
gσλ
(
∂gkσ
∂xi

+
∂giσ
∂xk
− ∂gki
∂xσ

)
.

Consider the very useful relations: gikgik = 1 and Γλik = Γλki, where the second relation

implies that the Christoffel symbols are thus symmetric with respect to the exchange of

indices i ↔ k. For convenience it is better to calculate for each λ = 0, 1, 2 and 3. Note

for λ = 0 one can see that σ = 0, other wise gσλ = 0(gik = 0 for i 6= k) and there

by Γ0
ik = 0. Because of the diagonality of the R-W metric this holds for all four cases:

σ = λ = 0, 1, 2, 3. The non vanishing components of the Christoffel symbol(Γλik) are:

The case λ = 0:

Γ0
ik =

1

2
g00

(
∂gk0

∂xi
+
∂gi0
∂xk
− ∂gki
∂x0

)
.

Γ0
11 =

aȧ

(1− kr2)
, Γ0

22 = aȧr2 , Γ0
33 = aȧr2sin2θ.
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The case λ = 1:

Γ1
ik =

1

2
g11

(
∂gk1

∂xi
+
∂gi1
∂xk
− ∂gki
∂x1

)
.

Γ1
01 = Γ1

10 =
ȧ

a
, Γ1

11 =
kr

(1− kr2)
, Γ1

22 = −r(1− kr2) , Γ1
33 = −r(1− kr2)sin2θ.

The case λ = 2:

Γ2
ik =

1

2
g22

(
∂gk2

∂xi
+
∂gi2
∂xk
− ∂gki
∂x2

)
.

Γ2
02 = Γ2

20 =
ȧ

a
, Γ2

12 = Γ2
21 =

1

r
, Γ2

33 = −sinθcosθ.

The case λ = 3:

Γ3
ik =

1

2
g33

(
∂gk3

∂xi
+
∂gi3
∂xk
− ∂gki
∂x3

)
.

Γ3
03 = Γ3

30 =
ȧ

a
, Γ3

13 = Γ3
31 =

1

r
, Γ3

23 = Γ3
32 = cotθ.

Recall the expression given by the Ricci tensor:

Rik =
∂Γλiλ
∂xk

− ∂Γλik
∂xλ

+ ΓηiλΓ
λ
kη − ΓηikΓ

λ
λη.

Here also all non diagonal components vanish (Rik = 0) for i 6= k. The non vanshing

components of the Ricci tensor are:

The time-time component(i.e. ik = 00):

R00 =
∂Γλ0λ
∂x0

− ∂Γλ00

∂xλ
+ Γη0λΓ

λ
0η − Γη00Γλλη =

∂Γλ0λ
∂x0

+ Γη0λΓ
λ
0η.

Writing the components explicitly for(η = λ = 0, 1, 2, 3) and substituting the correspond-

ing components of affine connection gives

R00 = 3
ä

a
.

The space-space components(i.e. ik = 11, 22, 33):

The ik = 11 component:

R11 =
∂Γλ1λ
∂x1

− ∂Γλ11

∂xλ
+ Γη1λΓ

λ
1η − Γη11Γλλη.
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Writing the components explicitly for(η = λ = 0, 1, 2, 3) and substituting the correspond-

ing components of the Christoffel symbol gives

R11 =
1

(1− kr2)
(−aä− 2ȧ2 − 2k).

The ik = 22 component:

R22 =
∂Γλ2λ
∂x2

− ∂Γλ22

∂xλ
+ Γη2λΓ

λ
2η − Γη22Γλλη.

Here also writing the components explicitly for(η = λ = 0, 1, 2, 3) and substituting the

corresponding components of the Christoffel symbol gives

R22 = −(2ȧ2 + aä+ 2k)r2.

The ik = 33 component:

R33 =
∂Γλ3λ
∂x3

− ∂Γλ33

∂xλ
+ Γη3λΓ

λ
3η − Γη33Γλλη.

Similarly by writing the components explicitly for(η = λ = 0, 1, 2, 3) and substituting the

corresponding components of the Christoffel symbol gives

R33 = −(2ȧ2 + aä+ 2k)r2sin2θ.

The space-space components of the Ricci tensor( Rik) can be expressed by the space-space

components of the metric tensor gik as

R11 =

(
ä

a
+

2ȧ2 + 2k

a2

)
g11 , R22 =

(
ä

a
+

2ȧ2 + 2k

a2

)
g22 , R33 =

(
ä

a
+

2ȧ2 + 2k

a2

)
g33.

This implies that

Rik =

(
ä

a
+

2ȧ2 + 2k

a2

)
gik.

This symmetry reflects the isotropy of space. Recall the Ricci scaler obtained by con-

tracting the Ricci tensor and note that gikgik = 1

R = gikRik =⇒ R = g00R00 + g11R11 + g22R22 + g33R33.
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Substituting the values of R00, R11, R22, R33 in to the above relation to obtain

R = 3
ä

a
+ 3

(
ä

a
+

2ȧ2 + 2k

a2

)
= 6

(
ä

a
+
ȧ2 + k

a2

)
. (2.3.1)

Referring back the Einstein tensor that was written as

Gik = Rik −
1

2
gikR.

The time-time component is:

G00 = R00 −
1

2
g00R = −3

(
ȧ2 + k

a2

)
. (2.3.2)

The space-space components are:

Gik = Rik −
1

2
gikR =

(
ä

a
+

2ȧ2 + 2k

a2

)
gik − 3

(
ä

a
+
ȧ2 + k

a2

)
gik,

Gik = −
(

2ä

a
+
ȧ2 + k

a2

)
gik. (2.3.3)

Where ik = 11, 22, 33. Using Einstein’s field equation(1.4.15) that is

Gik = Rik −
1

2
gikR = −8πGTik.

This gives that

R00 −
1

2
g00R = −3

(
ȧ2 + k

a2

)
= −8πGT00.

ȧ2 + k

a2
=

8

3
πGT00. (2.3.4)

Similarly the space components part of Einstein’s field equation take the form

2ä

a
+
ȧ2 + k

a2
= 8πGT11 = 8πGT22 = 8πGT33. (2.3.5)

Then equation(2.3.4) and equation(2.3.5) are called Friedmann’s equations.

Where T00 and T11 = T22 = T33 are energy density and pressure of the Friedmann universe

respectively, which are determine in the next section.
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2.4 Energy-Momentum Tensor of the Source

The energy-momentum tensor is needed to describe the mass and energy contents of

the universe[15]. Isotropy requires the mean value of any three-tensor tij at x = 0 to

be proportional to δij and hence to gij which equals a−2δij at x = 0. Homogeneity

requires the proportionality coefficient to be some function only of time. Since this is

a proportionality between two three tensors tij and gij, it must remain unaffected by

an arbitrary transformation of space coordinates including those transformations that

preserve the form of gij while taking the origin in to any other point. Now let us consider

the two types of momentum-energy tensor frequently used in GR: dust and perfect fluid.

Dust is the simplest possible energy-momentum tensor. It is given by

Tαβ = ρuαuβ.

Dust is an approximation of the Universe at later times, when radiation is negligible[4].

Perfect fluid is a fluid that has no heat conduction or viscosity. It is fully parametrized

by its mass density ρ and the pressure P . It is given by

Tαβ = (ρ+ P )uαuβ + Pgαβ.

In the limit of P −→ 0, the perfect fluid approximation reduces to that of dust. Perfect

fluid is an approximation of the universe at earlier times, when radiation dominates[9].

Conservation equations for the energy-momentum tensor Tαβ are simply given by[4]

Tαβ;β = 0. (2.4.1)

This expression incorporates both energy and momentum conservations in a general met-

ric. Conservation of energy given in equation(2.4.1) can be used to determine how compo-

nents of the energy-momentum tensor evolve with time. Hence, isotropy and homogeneity

require the components of the energy-momentum tensor every where to take the form

T i0 = 0 , T 00 = ρ(t) , T ik = Tik = gika−2(t)P (t). (2.4.2)
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The metric tensor gik is scaled by a2(t) from ηik. As shown by the matrix representation

gik =


1 0 0 0

0 −a2(t) 0 0

0 0 −a2(t) 0

0 0 0 −a2(t)


Applying the diagonal elements of gik in to equation(2.4.2) to get

T00 = ρ(t) , T11 = T22 = T33 = −P (t).

This implies that

T ik = diag(ρ(t),−P (t),−P (t),−P (t)).

Therefore, with these results the Friedmann equations, equation(2.3.4) and equation(2.3.5)

can be rewritten as

ȧ2 + k

a2
=

8

3
πGρ(t) =

8

3
πGρ, (2.4.3)

2ä

a
+
ȧ2 + k

a2
= −8πGP (t) = −8πGP. (2.4.4)

The first equation states that the energy of expansion is proportional to the sum of matter

energy, cosmological(vaccum) energy, radiation energy and curvature energy.

From equation(2.4.3) we have

ȧ2

a2
=

8

3
πGρ− k

a2
.

This equation describes how the expansion velocity(ȧ) depends on energy density and

curvature. Again from the above equation for k = 0 we can see that

ρc =
3

8πG

(
ȧ

ao

)2

≡ 3H2
o

8πG
∼= 1.88× 10−29h2gcm−3.

Where the critical density(ρc) is defined to be the density required for the universe to be

flat, k = 0 and Ho = (ȧ/a)o is the Hubble definition from his observation[4,18], which

is observed to have the value 100hkms−1Mpc−1 with 0.5 < h < 1. The parameter h

quantifies the uncertainty in the measurements of the Hubble constant. The ratio of
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the actual density(ρ) of the universe to the critical density(ρc) is given by omega(Ω) i.e.

Ω = ρ/ρc. Using the definition of Hubble in to equation(2.4.3) it is possible to write as

a2 = − 3k

3H2 − 8πGρ
= − 3k

3
(
H2 − 8πGρ

3

) .
We can rewrite this as

a2 = − k(
H2 − 8πGρH2

3H2

) .
Now making use of the relation given by ρc in to the above equation yields

a2 = − k

H2
(

1− ρ
ρc

) = − k

H2(1− Ω)
=

k

H2(Ω− 1)
.

From this we have

a =
1

H

[
(Ω− 1)

k

]−1/2

=⇒ ȧ(t0) =

[
(Ω− 1)

k

]−1/2

. (2.4.5)

Depending on equation(2.4.5) for different values of k we have the following information.

For k = −1, Ω < 1 and a is imaginary. The universe expands forever, there not being

sufficient density for gravitational attraction to stop the expansion, this implies open

universe with hyperbolic geometry.

For k = 0, Ω = 1 and a −→ ∞. In this case the density is equal to a critical value at

which the universe will expand forever at a decreasing rate, this implies flat universe with

euclidean geometry.

For k = 1, Ω > 1 and a is real. Here the density is high enough that the gravitational

attraction will eventually stop the expansion and it will collapse backward to a “big

crunch”, this implies closed universe with spherical geometry .

Referring back equation(2.4.4) it is possible to write as

ä

a
= −4πG

3
(ρ+ 3P ). (2.4.6)

Equation(2.4.6) describes the acceleration(ä) of the scale factor depending on pressure

and density. In this equation if the term in the bracket is negative, then the RHS of equa-

tion(2.4.6) is positive, and this entails that d2a/dt2 is positive, i.e., the rate of expansion is
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increasing. If the term in the bracket is positive, d2a/dt2 must be negative, which means

that the rate of expansion is decreasing.

It is also possible to argue the following statement or predict a singular beginning of the

universe. As we have seen above one amazing thing about the Friedmann universe is that

all of them(provided that the matter content is reasonably physical) predict an initial

singularity, commonly known as a Big Bang. Equation(2.4.5) shows that, as long as the

RHS of the equation is positive, it is true that q > 0(positive decceleration parameter) i.e.

ä < 0 so that the universe is deccelerating due to gravitational attraction. Since a > 0

by definition, ȧ(t0) > 0 because we observe a red-shift and ä < 0 because 3P + ρ > 0, it

follows that there cannot have been a turning point in the past and a(t) must be concave

down wards. Therefore a(t) must have reached a = 0 at some finite time in the past.

The time is called as t = 0 = tsing, a0 = 0. As ρa4 is constant for radiation that we have

to discuss latter(an appropriate description of earlier periods of the universe), this shows

that the energy density of radiation grows like 1/a4 as a −→ 0 so this leads to quite a

singular situation. With the normalization a0 = 0, it is fair to call t0 as the age of the

universe. If ä had been zero in the past for all t ≤ t0, then we would have ä = 0 this

implies that a(t) = a0t/t0 and ȧ(t) = a0/t0 = ȧ0, this would determine the age of the

universe to be t0 = a0/ȧ0 = H−1
0 where H−1

0 is the Hubble time. In other word, since

t = tsing = 0, we can write as t0 − tsing ≡ H−1
0 . However, provided that ä < 0 for t < t0

the actual age of the universe must be smaller than this. So that with this idea we can

write as for ä < 0 it is true that t0 < H−1
0 this implies t0− tsing < tuniverse ≡ H−1

0 . Where

H−1
0 = 9.8 × 109h−1yr. Thus, the Hubble times sets an upper-bound on the age of the

universe.



Chapter 3

Dynamics of The Friedmann

Universe

3.1 General Equation of the Friedmann Universe

To study the Friedmann equations with a given equations of state, first let us write the

equations in a compact form. Starting from the two Friedmann equations which are

2ä

a
+
ȧ2 + k

a2
= −8πGP,

ȧ2 + k

a2
=

8

3
πGρ.

Substitution of the RHS of the second equation in to the second term of the LHS of the

first equation and after some mathematics we get the relation

ä = −4

3
πG(ρ+ 3P )a. (3.1.1)

And simply from the second Friedmann equation it is possible to write as

ȧ2

a2
=

8

3
πGρ− k

a2
. (3.1.2)

Now differentiating equation(3.1.2) with respect to t as follows

d

dt

(
ȧ2

a2

)
=

d

dt

(
8πGρ

3
− k

a2

)
,

42
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2ȧäa2 − 2ȧ2aȧ

a4
=

8πGρ̇

3
+

2kaȧ

a4
,

2ȧ

a3
(äa− ȧ2) =

8πGρ̇

3
+

2kȧ

a3
.

Making use of equation(3.1.1) in to the above equation so as to write as

2ȧ

a3

[
−4

3
πG(ρ+ 3P )a2 − ȧ2

]
=

8πGρ̇

3
+

2kȧ

a3
.

This implies that

ȧ

a

[
−8

3
πG(ρ+ 3P )− 2ȧ2

a2

]
=

8πGρ̇

3
+

2kȧ

a3
.

Again after substituting equation(3.1.2) in to the above equation and multiplying the

whole expression by a/ȧ we have the following result[
−8

3
πG(ρ+ 3P )− 16πGρ

3
+

2k

a2

]
=

8πGρ̇

3

(a
ȧ

)
+

2k

a2
,

−8πGρ

3
− 8πGP − 16πGρ

3
=

8πGρ̇

3

(a
ȧ

)
,

−8πGρ− 8πGP =
8πGρ̇

3

(a
ȧ

)
,

−8πG(ρ+ P ) = 8πG

(
ρ̇a

3ȧ

)
.

After a little algebra, this gives that

−3ρȧ− 3P ȧ = ρ̇a.

Now multiplying this both side by a2 to write as

−3ρȧa2 − 3P ȧa2 = ρ̇a3,

ρ̇a3 + 3ρȧa2 = −3P ȧa2. (3.1.3)

This can be rewritten as

d

dt
(ρa3) = −P d

dt
(a3).

If the equation of state has the form P = ωρ, and for matter dominated universe

(i.e. ω = 0 =⇒ P = 0) we can write the above equation as

d

dt
(ρma

3) = 0.
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This implies that ρma
3 = ρm0a

3
0 =constant. Which is rewritten as

ρm =
(a0

a

)3

ρm0 . (3.1.4)

In the same way for radiation dominated universe(i.e. ω = 1/3 =⇒ P = ρ/3), from

equation(3.1.3) we have

ρ̇ra
3 + 3ρrȧa

2 + ρrȧa
2 = 0,

ρ̇r + 3
(
ρr +

ρr
3

) ȧ
a

= 0,

ρ̇ra+ 4ρrȧ = 0.

Now multiplying both side of the above equation by a3 to get

ρ̇ra
4 + 4ρrȧa

3 = 0.

Which can be written as

d

dt
(ρra

4) = 0.

This implies that ρra
4 = ρr0a

4
0 =constant. And this leads us to write in the form

ρr =
(a0

a

)4

ρr0 . (3.1.5)

And also for stiff matter (i.e. ω = 1 =⇒ P = ρsm) equation(3.1.3) can be written as

ρ̇sma
3 + 6ρsmȧa

2 = 0.

Now multiplying both side of the above equation by a3 and rewrite as

ρ̇sma
6 + 6ρsmȧa

5 =
d

dt
(ρsma

6) = 0.

This implies that ρsma
6 = ρsm0a

6
0 =constant. Therefore, we have

ρsm =
(a0

a

)6

ρsm0 .

Referring back equation(3.1.3) to write the equation as

ρ̇

ρ
= −3ȧ

a

(
P

ρ
+ 1

)
.
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Making use of the equation of state (P = ωρ) in to the above relation yields

ρ̇

ρ
= −3ȧ

a
(ω + 1).

Integrating this with respect to t gives∫
ρ̇

ρ
dt = −3(ω + 1)

∫
ȧ

a
dt,

ln(ρ) = −3(ω + 1)ln(a).

Taking exponential both side results

ρ α a−3(ω+1). (3.1.6)

Where ω is constant in time. For different values of ω we have different energy density

values.

For ω = 0 [matter(baryonic + dark matter) dominated universe, i.e. P = 0],

ρm α a−3

With this relation, energy density of the matter can be calculated using Ω = ρ/ρc, that

means.

Ωm = ρm/ρc =
8πGρm

3H2
=

8πGρm0

3H2

(a0

a

)3

.

For ω = 1/3 (radiation dominated universe, i.e. P = ρ/3),

ρr α a−4

In the same way energy density of radiation is

Ωr = ρr/ρc =
8πGρr
3H2

=
8πGρr0

3H2

(a0

a

)4

.

For ω = −1 (vacuum dominated universe, i.e. P = −ρ),

ρv α constant =
Λ

8πG
.
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Similarly energy density of a vacuum is determined as

Ωv = ρv/ρc =
8πGρv
3H2

=
8πG

3H2

Λ

8πG
=

Λ

3H2
.

For ω = 1 (stiff matter dominated, i.e. P = ρ, known as ‘stiff’ equation of state),

ρsm α a−6 =
(a0

a

)6

ρsm0 .

And also energy density due to stiff matter can be calculated as

Ωsm = ρsm/ρc =
8πGρsm

3H2
=

8πGρsm0

3H2

(a0

a

)6

.

Here onwards we consider only the two kinds of matters(baryonic and non-baryonic).

Recall the second Friedmann equation, that was given by

ȧ2 + k

a2
=

8

3
πGρ.

Where ρ = ρm(ρb + ρdm) + ρr + ρv, which are the constituting densities of the universe

that we consider here after. ρb and ρdm stands for baryonic matter and dark matter(non-

baryonic) respectively. Then with this substitution the above Friedmann equation become

ȧ2 + k

a2
=

8πG

3
[ρr + ρm(ρb + ρdm) + ρv].

Now making use of the relation given by ρm, ρr and ρv in to the Friedmann equation given

above yields

ȧ2 + k

a2
=

8πG

3

[(a0

a

)4

ρr0 +
(a0

a

)3

ρm0 +
Λ

8πG

]
.

Multiplying the RHS of the above equation by ρc0/ρc0 gives

ȧ2 + k

a2
=

8πGρc0
3

[(a0

a

)4
(
ρr0
ρc0

)
+
(a0

a

)3
(
ρm0

ρc0

)
+

Λ

8πGρc0

]
.

But from ρc0 = 3H2
0/8πG we have H2

0 = 8πGρc0/3 and we know that

Ωr0 = ρr0/ρc0 , Ωm0 = ρm0/ρc0 , Ωv0 = ρv/ρc0 =
Λ

8πGρc0
=

Λ

3H2
0

.
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Now substituting all these facts in to the above large equation to obtain

ȧ2 + k

a2
= H2

0

[
Ωr0

(a0

a

)4

+ Ωm0

(a0

a

)3

+ Ωv0

]
. (3.1.7)

Where Ωm0 = Ωb0 + Ωdm0 and Ωm0 + Ωr0 + Ωv0 = 1. Equation(3.1.7) is the Friedmann

equation that describe the evolution of the universe that contains all the above consti-

tuting matters. As we can see from the equation the RHS shows that different kinds of

matter will be influencing the dynamics of the universe at different epochs.

3.2 Time Dependant Solutions of the Friedmann Equa-

tions

The universe today is comprised of a mixture of matter( with zero pressure) and radi-

ation[15]. Galaxies appear to be electrically neutral and so it is reasonable to assume

that matter and radiation are effectively uncoupled, in the sense that they do not interact

through electromagnetism[4]. Thus, both types of matter satisfy the conservation equa-

tion (with appropriate equation of state) and the total density is given by ρtot = ρr + ρm,

where ρr α a
−4 and ρm α a−3 for radiation and matter respectively. The ratio of the radi-

ation and matter densities scales as (ρr/ρm) α a−1 and falls as the universe expands[10].

Therefore, it is expected that the matter to dominate the radiation at sufficiently late

times(assuming implicitly that the universe continues to expand indefinitely). On the

other hand, the radiation will dominate at earlier times. In order to determine when the

matter and radiation come to dominate, we need to solve the Friedmann equations for a

universe dominated by matter and radiation independently and then we will answer the

question when does the transition from radiation domination to matter domination occur.
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3.2.1 For Matter Dominated Era with k = Ωv0 = 0, k = 1,−1, but

Ωv0 = 0 and with k = 0, but Ωv0 6= 0

The case k = Ωv0 = 0, Euclidean section: since P = 0 for matter dominated universe

the two Friedmann equations can be rewritten as

2ä

a
+
ȧ2

a2
= 0, (3.2.1)

ȧ2

a2
=

8

3
πGρm =

8

3
πGρm0

a3
0

a3
. (3.2.2)

Where a = a(t) but for the sake of simplicity we used a instead of a(t). Taking equa-

tion(3.2.2) it is possible to express as

ȧ =
da

dt
=

(
8

3
πGρm0a

3
0

)1/2
a

a3/2
,

da

dt
a1/2 =

(
8

3
πGρm0

)1/2

a
3/2
0 ,

a1/2da =

(
8

3
πGρm0a

3
0

)1/2

dt.

Integration of this from a0 −→ a yields

2

3
(a3/2 − a3/2

0 ) =

(
8

3
πGρm0a

3
0

)1/2

t.

Where in the last line we used the assumption that a0 = 0 at t = 0 when the distance

between any two points was zero, this gives

2

3
a3/2 =

(
8

3
πGρm0

)1/2

a
3/2
0 t,

a =
3

2

(
8

3
πGρm0

)1/3

a0t
2/3.

But we know that, for k = 0

ρc = ρm0 =
3H2

0

8πG
=⇒ H2

0 =
8

3
πGρm0 . (3.2.3)
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Where ρc is the critical density and H0 = ȧ(t0)/a0 is the Hubble constant. Making use of

this in to the bracket to obtain

a =
3

2

(
H2

0

)1/3
a0t

2/3,

a = a0

(
t

t0

)2/3

. (3.2.4)

Where t0 = 2/3H0 ≈ 9.1 × 109 years. The constant a0 is not determined and it has the

dimension of length.

The case k = 1, but Ωv0 = 0, Closed section: For this case the Friedmann equations

become

2ä

a
+
ȧ2 + 1

a2
= 0, (3.2.5)

ȧ2 + 1

a2
=

8πGρm
3

=
8πGρm0

3

a3
0

a3
. (3.2.6)

Here, it is better to introduce the decceleration parameter q that used to measure the

accelerated expansion of the universe. Which is given by

q = − äa
ȧ2

=⇒ ä

a
= −qH2.

For our work q0 = −äa0/ȧ
2 and H0 = ȧ/a0 denote the present values. Using the defina-

tion given by the decceleration parameter and the Hubble constant in to the Friedmann

equation(3.2.5)

2ä

a
+
ȧ2 + 1

a2
= 0 =⇒ 1

a2
= −2ä

a
− ȧ2

a2
= (2q − 1)H2.

In terms of q0 and H0, it is rewritten as

1

a2
0

= (2q0 − 1)H2
0 . (3.2.7)

And also equation(3.2.6) take the form(
H2

0 +
1

a2
0

)
=

8

3
πGρm0

a3
0

a3
.
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Substituting equation(3.2.7) in to the above equation and solving for ρm0 to obtain

ρm0 =
3H2

0q0

4πG
. (3.2.8)

Now using the relation given by Ω it is possible to write equation(3.2.8) as

Ω =
ρ

ρc
=⇒ Ωm0 =

ρm0

ρc0
.

ρm0 = Ωm0ρc0 .

Making use of equation(3.2.3) in to the above equation to get

ρm0 = Ωm0

(
3H2

0

8πG

)
.

Comparing this equation with equation(3.2.8) to write

Ωm0 = 2q0.

Since the left hand side of equation(3.2.7) is positive, it must be that q0 >
1
2

or Ωm0 > 1.

Thus the closed model has density exceeding the so called critical density ρc. It is the

value of the universal density that must be exceeded if the model is to describe a closed

universe.

Now to eliminate a0 and ρm0 from equation(3.2.6) we used equation(3.2.7) and equa-

tion(3.2.8). From equation(3.2.7) we have

a2
0 =

1

(2q0 − 1)H2
0

=⇒ a3
0 =

1

(2q0 − 1)3/2H3
0

.

Substituting this equation and equation(3.2.8) in to equation(3.2.6) gives

ȧ2 + 1

a2
=

(
2q0

3a3

)(
1

H0(2q0 − 1)3/2

)
.

This implies that

ȧ2 =
1

a

(
2q0

H0(2q0 − 1)3/2

)
− 1 =

α

a
− 1. (3.2.9)

Where

α =
2q0

H0(2q0 − 1)3/2
=

Ω0

(Ω0 − 1)3/2

1

H0

.
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This can be integrated as

da

dt
=
(α
a
− 1
)1/2

,∫
dt =

∫ √
a√

α− a
da,

t =

∫ √
a√

α− a
da.

Applying integration by substitution let

a = αsin2 θ

2
=

1

2
α(1− cosθ), da = αsin2 θ

2
dθ.

Substituting this in to the above integral gives

t =

∫
αsin2 θ

2
dθ =

∫
1

2
α(1− cosθ)dθ,

t =

∫
1

2
α(1− cosθ)dθ =

1

2
α(θ − sinθ). (3.2.10)

In the same fashion to the Euclidean section where k = 0 here also we have taken a = 0

at t = 0, (θ = 0). Therefore it is possible to get t = t0 by requiring a = a0.

From equation(3.2.7) and the definition given for α, we can see that a = a0 at θ = θ0,

where

1

2
α(1− cosθ0) =

1

H0

(2q0 − 1)−1/2 =
(2q0 − 1)

2q0

α.

That is

1− cosθ0 =
2q0 − 1

q0

=⇒ cosθ0 =
1− q0

q0

, θ0 = cos−1

(
1− q0

q0

)
.

Using trigonometric identity, sin2θ0 + cos2θ0 = 1 =⇒ sin2θ0 = 1− cos2θ0

For θ = θ0 together with the trigonometric identity equation(3.2.10) can be rewritten as

t0 =
q0

(2q0 − 1)3/2

1

H0

[
cos−1

(
1− q0

q0

)
−
√

2q0 − 1

q0

]
. (3.2.11)

For (q0 = 1) we get

t0 =
(π

2
− 1
)
H−1

0 .



52

Note that a reaches a maximum value at θ = π, when

a = amaxx = α =
2q0

(2q0 − 1)3/2

1

H0

.

Thus for q = 1, the universe expands twice its present size. In closed models, therefore,

expansion is followed by contraction and a decreases to zero. The value a = 0 is reached

when θ = 2π ; that is, when

t = tl = πα =
2πq0

(2q0 − 1)3/2

1

H0

.

The quantity tl may be termed the life span of this universe. For q0 = 1, tl = 2πH−1
0 =

2πT0, where T0 = H−1
0 which is reciprocal of time.

The case k = −1, but Ωv0 = 0, Open section: For such a case the Friedmann equations

take the form

2ä

a
+
ȧ2 − 1

a2
= 0, (3.2.12)

ȧ2 − 1

a2
=

8πGρm0

3

a3
0

a3
. (3.2.13)

In the similar fashion with that of the closed case for the present epoch(i.e. a = a0)

equation(3.2.12) can be written as

1

a2
0

=
2ä(t0)

a0

+

(
ȧ(t0)

a0

)2

.

For the sake of simplicity, here on wards it is better to use ä instead of ä(t0) and also true

for ȧ. Making use of the relation ä/a0 = −q0H
2
0 , where q0 = −äa0/ȧ

2 and H2
0 = ȧ2/a2

0 in

to the above equation leads to write as

1

a2
0

= 2(−q0H
2
0 ) +H2

0 = H2
0 (1− 2q0). (3.2.14)

This implies that it is also possible to write in the form

a3
0 =

1

H3
0 (1− 2q0)3/2

. (3.2.15)

Again from equation(3.2.13) we have

ρm0 =
3

8πG

(
ȧ2

a0
2
− 1

a0
2

)
=

3q0H
2
0

4πG
.
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Since the LHS of equation(3.2.14) is depend on the value of q0, q0 may be lies between 0

and 1/2, that means

0 ≤ q0 < 1/2 , 0 ≤ Ω0 < 1 , Ω0 = 2q0.

Substitution of the value of ρm0 and equation(3.2.15) in to equation(3.2.13) gives

ȧ2 =

(
β

a
+ 1

)
. (3.2.16)

Where,

β =
1

H0

2q0

(1− 2q0)3/2
=

Ω0

(1− Ω0)3/2

1

H0

.

The solution for the differential equation(3.2.16) is evaluated integration by substitution

as seen below. From(3.2.16) we have

da

dt
=

(
β + a

a

)1/2

,

∫
dt =

∫ √
a√

β + a
da.

Now let

a =

(
1

2

)
β(coshϕ− 1) , da =

(
1

2

)
βsinhϕdϕ.

Putting these values in to the integral to get

t =

(
1

2

)
β(sinhϕ− ϕ).

But from equation(3.2.14) and the value given for β we can see that a = a0 at ϕ = ϕ0, so

that (
1

2

)
β(coshϕ0 − 1) =

1

H0

(1− 2q0)−1/2 =

(
1− 2q0

2q0

)
β.

After some mathematics, this gives that

coshϕ0 =
1− q0

q0

, ϕ0 = (cosh)−1

(
1− q0

q0

)
=⇒ sinhϕ0 =

√
1− 2q0

q0

.

If we set t = 0 at a = 0, as in the two preceding cases the present value of t is given by

t0 =

(
1

2

)
β(sinhϕ0 − ϕ0).
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Now by substituting the values of β, ϕ0 and sinhϕ0 in to the above equation t0 can be

written as

t0 =
1

H0

q0

(1− 2q0)3/2

[√
1− 2q0

q0

− (cosh)−1

(
1− q0

q0

)]
. (3.2.17)

As we can see from the above equation such models of the universe continue to expand

for ever.

The ordinary matter through gravity attracts other matter, causing the expansion to slow

down. If the density of the universe exceeds a certain threshold known as the critical den-

sity, this gravitational attraction is strong enough to stop and latter reverse the expansion

of the universe, causing it eventually to re-collapse in what is known as the “Big Crunch”.

On the other hand, if the average density of the universe falls short of the critical density,

the universe expands forever, and after a certain point the expansion proceeds much as if

the universe were empty.

Figure 3.1: Evolution of the scale factor a(t) for the flat(k = 0), closed(k = 1) and
open(k = −1) matter-dominated Friedmann Universes[4][15][16].

The case k = 0, but Ωv0 6= 0: For this case the Friedmann equation(3.1.7) take the

form (
ȧ

a

)2

= H2
0

[
Ωm0

(a0

a

)3

+ Ωv0

]
.

In this case since the universe constitutes matter(Ωm) and cosmological constant(Ωv), We
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have only Ωm0 + Ωv0 = 1 =⇒ Ωv0 = 1−Ωm0 . And using the definition H = ȧ/a in to the

above equation gives

H2

H2
0

=

[
Ωm0

(a0

a

)3

+ (1− Ωm0)

]
.

But (a0/a)3 = a−3 by taking a0 = 1 at the present epoch(to day) and also H = H0 (for

the present universe). Having these information the above equation can be written as

1 = Ωm0a
−3 + 1− Ωm0 .

For Ωmo < 1, Ωv0 = Ωv > 0 and from the above relation, the matter density and

cosmological constant are equal at the expansion factor

amv =

(
Ωm0

Ωv0

)1/3

. (3.2.18)

To determine the cosmic scale factor and age of the universe with dark energy, let us

rewrite the Friedmann equation by requiring a0 = 1(for today) as(
ȧ

a

)2

= H2
0

[
(1− Ωv0)

1

a3
+ Ωv0

]
.

Solving for ȧ gives

ȧ =
da

dt
= H0

√
1− Ωv0

a
+ Ωv0a

2.

This can be rewritten as

H0t0 =

∫ 1

0

da√
1−Ωv0
a

+ Ωv0a
2

=

∫ 1

0

a1/2da√
(1− Ωv0) + Ωv0a

3

=
2

3
√

Ωv0

ln
[
2
(√

Ωv0a
3 +

√
Ωv0(a3 − 1) + 1

)]1

0

=
2

3
√

Ωv0

ln
[
1 +

√
Ωv0 −

√
1− Ωv0

]
=

2

3
√

Ωv0

ln

[
1 +

√
Ωv0√

1− Ωv0

]
.
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Now from the relation ȧ/a = H = H0 at the present epoch, we have∫
da

a
=

∫ t0

0

Hdt =

∫ t0

0

H0dt =⇒ ln(a) = H0t0.

Substitution of the value H0t0 in to the above result and solving for a gives that

a =

[
1 +

√
Ωv0√

1− Ωv0

]
e

2
3
√

Ωv0 .

And the age of the universe with dark energy is

t0 =
2

3H0

√
Ωv0

ln

[
1 +

√
Ωv0√

1− Ωv0

]
.

As Ωv0 −→ 1, t0 −→∞, so some matter is needed to keep the age of the universe finite.

3.2.2 For Radiation Dominated Era with k = Ωv0 = 0, k = 1,−1,

but Ωv0 = 0 and with k = 0, but Ωv0 6= 0

The case k = Ωv0 = 0, flat universe: The general Friedmann equation(3.1.7) becomes(
ȧ

a

)2

=
8πGρr0

3

(a0

a

)4

.

This implies that

da

dt
=

1

a

√
8πGρr0a

4
0

3
=⇒

∫
ada =

∫ √
8πGρr0a

4
0

3
dt =⇒ a2

2
+ C =

√
8πGρr0a

4
0

3
t.

Again, at the Big Bang, t = 0, a = 0, so C = 0, and a0 = 1. Also ρr0 = ρc. Therefore,

a = 2

(
2πGρr0

3

)1/4

t1/2 = 2

(
2πGρc

3

)1/4

t1/2 = 2

(
2πG

3

3H2
0

8πG

)1/4

t1/2.

This can be rewritten as

a = 2

(
H0

2

)1/2

t1/2 = a0

(
t

t0

)1/2

.

Where t0 = a2
0/2H0 and a = a(t).
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Figure 3.2: Evolution of the scale factor a(t) for the flat(k = 0) Friedmann Universe[4]. .

The case k = 1, but Ωv0 = 0, closed universe: For this case the general Friedmann

equation take the form (
ȧ

a

)2

=
8πGρr0

3

(a0

a

)4

− 1

a2
.

Implies that

da

dt
=

√
8πGρr0a

4
0

3a2
− 1 =⇒

∫
dt =

∫
da√

8πGρr0a
4
0

3a2 − 1
.

Now let as define the conformal time dη ≡ dt/a =⇒ adη = dt and making use of a0 = 1

for the present epoch, the above integral can be written as∫
dη =

∫
da√

8πGρr0
3
− a2

=

∫ a

0

da√
8πGρr0

3
− a2

.

Using the relation given by ρ0 = 3H2
0q0/4πG and H2

0 = 1/(2q0 − 1) at the present

epoch(a0 = 1), it is possible to define the quantity A as A =
8πGρr0

3
= 2q0

2q0−1
. Again,

rewrite the integral above in terms of η and A so as to have

η − η0 =

∫ a

0

da√
A− a2

= sin−1

(
a√
A

)
.

The requirement η = 0 at a = 0 sets η0 = 0, so we have

a =
√
Asin(η),

t− t0 = −
√
Acos(η).
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The requirement η = 0 at t = 0 sets t0 =
√
A so we finally have

a =

√
2q0

2q0 − 1
sin(η),

t =

√
2q0

2q0 − 1
(1− cosη).

Figure 3.3: Evolution of the scale factor a(t) for the closed(k = 1) Friedmann
Universe[15].

The case k = −1, but Ωv0 = 0, open universe: For this case the general Friedmann

equation take the form (
ȧ

a

)2

=
8πGρr0

3

(a0

a

)4

+
1

a2

This can be rewritten as

da

dt
=

√
8πGρr0a

4
0

3a2
+ 1 =⇒

∫
dt =

∫
da√

8πGρr0a
4
0

3a2 + 1

Again, rewrite the integral above in terms of conformal time dη = dt/a and quantity

A =
8πGρr0

3
= 2q0

2q0−1
:

η − η0 =

∫ a

0

da√
A+ a2

= sinh−1

(
a√
A

)
Again, the requirement η = 0 at a = 0 sets η0 = 0, so we have

a =
√
Asinh(η),
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t− t0 = −
√
Acosh(η).

The requirement η = 0 at t = 0 sets t0 =
√
A, so we finally have

a =

√
2q0

2q0 − 1
sinh(η),

t =

√
2q0

1− 2q0

(coshη − 1).

Early times (small η limit): For small values of η, the trigonometric and hyperbolic

functions can be expanded in Taylor series (keeping only the first two terms):

sin(η) = η − 1

6
η3 , cos(η) = 1− 1

2
η2.

sinh(η) = η +
1

6
η3 , cosh(η) = 1 +

1

2
η2.

Figure 3.4: Evolution of the scale factor a(t) for the open(k = −1) Friedmann
Universe[16].

The case k = 0, but Ωv0 6= 0: For this case the Friedmann equation(3.1.7) become(
ȧ

a

)2

= H2
0

[
Ωr0

(a0

a

)4

+ Ωv0

]
.

Since the universe under consideration is containing only radiation and dark energy we

have Ωr0 + Ωv0 = 1 =⇒ Ωr0 = 1−Ωv0 . So the above equation with a0 = 1(for today) can

be written as (
ȧ

a

)2

= H2
0

[
(1− Ωv0)

(
1

a

)4

+ Ωv0

]
.
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Solving for ȧ gives

ȧ =
da

dt
= H0

√
1− Ωv0

a2
+ Ωv0a

2.

We can write this again in the form

H0t0 =

∫ 1

0

da√
1−Ωv0
a2 + Ωv0a

2

=

∫ 1

0

ada√
(1− Ωv0) + Ωv0a

4

=
1

2
√

Ωv0

ln
[
2
(
a2
√

Ωv0 +
√

Ωv0(a4 − 1) + 1
)]1

0

=
1

2
√

Ωv0

ln
[
1 +

√
Ωv0 −

√
1− Ωv0

]
=

1

2
√

Ωv0

ln

[
1 +

√
Ωv0√

1− Ωv0

]
.

Again applying ȧ/a = H = H0 at the present epoch, we have∫
da

a
=

∫ t0

0

Hdt =

∫ t0

0

H0dt =⇒ ln(a) = H0t0.

Substitution of the value H0t0 in to the above result and solving for a gives that

a =

[
1 +

√
Ωv0√

1− Ωv0

]
e

1
2
√

Ωv0 .

And the age of the universe with dark energy is

t0 =
1

2H0

√
Ωv0

ln

[
1 +

√
Ωv0√

1− Ωv0

]
.

Here also as Ωv0 −→ 1, t0 −→ ∞, so some radiation is needed to keep the age of the

universe finite.

3.2.3 For Both Matter and Radiation with k = Ωv0 = 0

In our universe, radiation-matter equality took place at a scale factor arm = aeq ≡

Ωr0/Ωm0 ≈ 2.8 × 10−4. At scale factors a � arm, the universe is well described by a
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flat, radiation-only model. At scale factors a ∼ arm, the universe is better described by

a flat model containing both radiation and matter. The Friedmann equation around the

time of radiation-matter equality can be written in the approximate form

H2

H2
0

=
Ωr0

a4
+

Ωm0

a3
,

or in more general form for such a case the Friedmann equation can be written as(
ȧ

a

)2

=
8πG

3

(
ρm0

a3
0

a3
+ ρr0

a4
0

a4

)
. (3.2.19)

Where we have normalized the densities in terms of present day values, as usual. To

proceed, it is better to define two constants,

σm =
8πGρm0a

3
0

3
, σr =

8πGρr0a
4
0

3
.

Taking the positive square root of the Friedmann equation(3.2.19) (since we are interested

in expanding universe) this implies

a
da

dt
= [σma+ σr]

1/2. (3.2.20)

Equation(3.2.20) can be solved by separation of variables and integrating by parts. This

yields the solution in terms of t(a), i.e. in terms of time as a function of scale factor.

Unfortunately, the solution can not be inverted to give a(t) and is not particularly illumi-

nating. However, a parametric solution can be found by defining a new time dependent

variable

η =

∫
dt

a
=⇒ dη =

dt

a
=⇒ a

d

dt
=

d

dη
. (3.2.21)

Note that dt > 0 ⇔ dη > 0 and consequently increasing t corresponds to increasing η.

This implies that the variable η make a good time variable. Substituting equation(3.2.21)

in to equation(3.2.20) and separating the variables gives∫ a

0

[σr + σma]−1/2da =

∫ η

0

dη. (3.2.22)
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Here we have chosen the limits of integration so that the scale factor must vanishes at

some finite time in the past. Evaluating the integral(3.2.22) yields

2

σm
[σr + σma]1/2 −

2
√
σr

σm
= η.

And rearranging implies that

a(η) =
σmη

2

4
+
√
σr η. (3.2.23)

The dependence of time(t) on η is now deduced by substituting equation(3.2.23) in to

equation(3.2.21) that gives ∫ t

0

dt =

∫ η

0

a(η)dη.

When we have chosen the limits so that the origin of the universe occurs at t = 0. We

find that

t(η) =
σmη

3

12
+

√
σrη

2

2
. (3.2.24)

Equation(3.2.23) and equation(3.2.24) represents a parametric solution describing the

expansion of a universe filled with matter and radiation with k = Ωv = 0. The asymptotic

limits of the solution at early (t −→ 0) and late(t −→∞) times can be deduced.

At early times, t α η2 −→ 0 and a α η α t1/2. This is the behaviour given by equation

a = a0

(
t

t0

)1/2

, a ∼ t1/2 for t� teq

This is for a universe containing just radiation and implies that the radiation dominates

over the matter during the early history of the universe. At late times, t α η3 −→∞, and

a α η2 α t2/3. This is the expansion for a universe comprised of only pressure-less matter,

that can be seen from equation(3.2.4) that is

a = a0

(
t

t0

)2/3

, a ∼ t2/3 for t� teq

Thus at sufficiently late times, the matter will dominate over the radiation, where as the

radiation dominates at very early times(a −→ 0).
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The key question to address at this stage, therefore is, when does the transition from

radiation domination to matter domination occur? This epoch is referred to as the ‘epoch

of matter-radiation equality’, and is denoted by teq. We may now employ the solutions

(3.2.23) and (3.2.24) to eliminate teq. Matter-radiation equality occurs when the densities

of the matter and radiation are equal. Thus, by equating the two terms on the RHS of the

Friedmann equation(3.2.19), the scale factor at this time is given in-terms of its present

day value by

aeq =
ρr0
ρm0

a0 =
σr
σm

. (3.2.25)

Where aeq = a(teq). Now to determine ηeq let us substitute equation(3.2.25) in to equa-

tion(3.2.23), to obtain

ηeq = 2(
√

2− 1)

√
σr
σm

. (3.2.26)

Then substituting equation(3.2.26) in to the solution (3.2.24) allows us to determine when

matter-radiation equality occurs. We can find, after a little algebra, that is at

teq =
2
√

2
(√

2− 1
)

3

(
8πGρm0

3

)−1/2(
ρr0
ρm0

)3/2

=
2
√

2
(√

2− 1
)

3
H−1

0 ,

it was the time when the transition from being radiation dominated to matter dominated

occured(epoch of matter-radiation equality). At early times(t � teq), the universe was

dominated by radiation(radiation dominates over the matter) and after radiation-matter

equality(t = teq), at late times(t � teq) matter dominates over the radiation and the

universe became matter dominated.



Chapter 4

Evidences For The Accelerated
Expansion of The Friedmann
Universe

4.1 Redshift-Distance Relation

The best known way to trace the evolution of the universe observationally is to look in to

the redshift-distance relation. The well-measured quantity of a far distant object is the

redshift of light it emitted due to the expansion of the universe[12,17].

Another important observational quantity is the distance to the object from which red-

shifted light is emitted. Now let us see the definition given for redshift first.

Redshift is the change in observed wave length of a spectral line relative to the wave

length of a spectral line at emission[29,30]. In other word it means that a measure of

the amount by which the energy of a photon is reduced due to the expansion of the uni-

verse[1].

To show the relation, first, let us see the mathematical definition given for redshift. We

know that, light travels along the geodesic curves of a manifold, essentially locally straight

lines, satisfying dτ = 0. With this fact, let us recall the Friedmann-Robertson-Walker

metric that was given by

dτ 2 = dt2 − a2(t)

[
dr2

1− kr2
+ r2dθ2 + r2sin2θdφ2

]
.

64
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and look at the case where light travels along a radial curve with constant θ and φ (so,

dθ = dφ = 0), from the point of emission at t = te, r = re to our observation to day at

t = t0, r = r0 = 0. We have from the above metric

0 = dτ 2 = dt2 − a2(t)

(
dr2

1− kr2

)
.

Which can integrate along the path from observation to emission as:∫ te

t0

dt

a
=

∫ re

0

dr√
1− kr2

.

Note that the dr integral is a fixed function of re and k. Because of this, the equality

must still hold for photons emitted at a later time, te + δte and observed at t0 + δt0.

This implies that ∫ te

t0

dt

a
=

∫ te+δte

t0+δt0

dt

a
.

Split up the range of integration on both sides to eliminate the overlap between t0 + δt0

to te: ∫ t0+δt0

t0

dt

a
+

∫ te

t0+δt0

dt

a
=

∫ te

t0+δt0

dt

a
+

∫ te+δte

te

dt

a
.

The two inner terms are equal, so we are just left with∫ t0+δt0

t0

dt

a
=

∫ te+δte

te

dt

a
.

Now assume that the δt are small and Taylor expand the integrands:

1

a(t+ δt)
=

1

a(t)

[
1− δt

(
ȧ

a

)
+O(δt2)

]
w

1

a(t)
.

Where the approximation holds if

δt

(ȧ/a)−1 w
photon wave length

age of universe
<< 1.

and we have used H = ȧ/a ∼ 1/t0 and the fact that we are considering successive peaks

in the sinusoidal light wave. This inequality obviously holds for any reasonable times.

Now, applying this to t = t0 and t = te yields

δt0
a(t0)

=
δte
a(te)

.
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This gives that

a(t0)

a(te)
=
δt0
δte

=
λ0/c

λe/c
= ve/v0 = a0/ae.

And if we define the red shift by z to rewrite the above relation as

z =
ve
v0

− 1 =
ve − v0

v0

= δv/v =
λ0 − λe
λe

=
δλ

λ
=
a0 − ae
ae

.

Where λ and v are the wave length and frequency of the light respectively. In an expanding

universe, a0 > ae, so that z is positive, as observed[17,29]. Cosmological red shift is

symmetric between receiver and emitter.

Now we can see the relation between red shift and distance. Expansion of a(t) in a Taylor

series expansion can be written as

a(t) = a(t0) + (t− t0)ȧ(t0) +
1

2
(t− t0)2ä(t0) + ...

In terms of H0 and the decceleration parameter(q0) this can be rewritten as

a(t) = a0

(
1 +H0(t− t0)− 1

2
q0H

2
0 (t− t0)2 + ...

)
.

This give us the red shift parameter z as a power series in time of flight, namely

1

1 + z
=
a1

a0

= 1 + (t1 − t0)H0 −
1

2
q0H

2
0 (t1 − t0)2 + ...

In other way it is possible to write as

z = (t1 − t0)H0 +

(
1 +

1

2
q0

)
H2

0 (t0 − t1)2 + ...

for small H0(t0 − t1) this can be inverted

t0 − t1 =
1

H0

[
z −

(
1 +

1

2
q0

)
z2 + ...

]
.

Now recall the integral given by∫ t0

t1

dt

a(t)
=

∫ 0

r1

dr√
1− kr2

.
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and to express (t0 − t1) in terms of r1,∫ t0

t1

dt

a(t)
= r1 +O(r3

1).

While expanding a(t) in the denominator we get∫ t0

t1

dt

a(t)
=

1

a0

∫ t0

t1

dt

[1 + (t− t0)H0 + ...]

=
1

a0

∫ t0

t1

dt[1 + (t0 − t)H0 + ...]

=
1

a0

[
(t0 − t1) + t0(t0 − t1)H0 −

1

2
(t20 − t21)H0 + ...

]
=

1

a0

[
(t0 − t1) +

1

2
(t0 − t1)2H0 + ...

]
.

Therefore, we obtain

r1 =
1

a0

[
(t0 − t1) +

1

2
(t0 − t1)2H0 + ...

]
.

Using the result for t0 − t1 given above we can rewrite r1 as

r1 =
1

a0H0

[
z − 1

2
(1 + q0)z2 + ...

]
.

This clearly indicates to first order a linear dependence of the red-shift on the distance of

the galaxy and identifies H0(Hubble’s law)[29,30]. Where a0r1 is the present distance to

the galaxy, not the distance at the time the light was emitted. In other word the redshift

of the light from galaxies is proportional to their distance. No cause of galaxy redshift

other than a velocity away from the observer was considered plausible, so Hubble’s result

was taken to mean that, the farther away from us a galaxy is, the faster it moves away

from us. Hence overall universe had to be expanding.

The effects that are due to the curvature of space-time will be important at length scales

bigger than (or comparable with) the Hubble radius, defined as dH(t) ≡ (ȧ/a)−1. Referring

back the Friedmann equation(3.1.7) to write as

ȧ2 + k

a2
= H2

0

[
Ωr

(a0

a

)4

+ Ωm

(a0

a

)3

+ Ωv

]
,
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Where Ωr, Ωm Ωv and Ω represent the density parameters for relativistic matter [with

Pr = (1/3)ρr; ρr α a−4], non-relativistic matter [with Pm = 0; ρm α a−3], cosmological

constants (Pv = −ρv; ρv = constant), and total energy density(Ω = Ωr + Ωm + Ωv)

respectively. For k = 0 and making use of the relation (a0/a) = 1 + z, the above equation

follows that

dH(z) = H−1
0

[
Ωr(1 + z)4 + Ωm(1 + z)3 + (1− Ω)(1 + z)2 + Ωv

]−1/2
.

This has the limiting forms

dH(z)
∼=


H−1

0 Ω
−1/2
r (1 + z)−2 (z � zeq)

H−1
0 Ω

−1/2
m (1 + z)−3/2 (zeq � z � zcurv; Ωv = 0)

H−1
0 (1 + z)−1(1− Ω)−1/2 (zeq � z; Ωm ' Ω; Ωv = 0)

H−1
0 Ω

−1/2
m [(1 + z)3 + Ω−1

m − 1]−1/2 (zeq � z; Ω = Ωm + Ωv = 1)

during various epochs. Where zeq =
(
aeq−a0

a0

)
and aeq is the cosmic scale factor at which

the matter energy density is equal to the radiation energy density(Ωm0 = Ωr0).

The physical length scale characterizing a region of size λ0 today will evolve as λ(z) =

λ0(1 + z)−1 with redshift. Since dH increases faster with redshift,[as (1 + z)−3/2 in the

matter dominated phase and as (1 + z)−2 in the radiation dominated phase], λ(z) > dH(z)

at sufficiently large redshifts. For a given λ0 we can assign a particular redshift zenter such

that λ(zenter) = dH(zenter). For z > zenter, the proper wavelength is bigger than the Hubble

radius, at this time general relativistic effects are important; while for z < zenter, we have

λ < dH , in this case we can ignore the effects of general relativity. It is conventional to

say that the scale λ0 ‘enters the Hubble radius’ at the epoch zenter. The exact relation

between λ0 and zenter differs in the case of radiation dominated phases since dH(z) has

different scalings in these two cases. Using the preceding relation it is easy to verify that:

(i) a scale λeq ∼=
(
H−1

0√
2

(
Ω

1/2
r

Ωm

))
∼= 14(Ωmh

2)−1Mpc enters the Hubble radius at z = zeq;

(ii) scales with λ > λeq enter the Hubble radius in the matter dominated epoch with

zenter ∼= 900(Ωmh
2)−1

(
λ0

100Mpc

)−2

; (iii) scales with λ < λeq enter the Hubble radius in

the radiation dominated epoch with zenter ∼= 4.55 × 105
(

λ
1Mpc

)−1

. We can characterize
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the wavelength λ0 of the perturbation more meaningfully as: As the universe expands,

the wavelength λ grows as λ(t) = λ0

[
a(t)
a0

]
and the density of non-relativistic matter

decreases as ρ(t) = ρ0

[
a0

at

]3

. Hence, the mass M(λ0) contained inside a sphere of radius

(λ/2) remains constant as the universe expands:

M = 4π
3
ρ(t)

[
λ(t)

2

]3

= 4π
3
ρ0

[
λ0

2

]3
= 1.45× 1011M�(Ωmh

2)
(

λ0

1Mpc

)3

.

This relation shows that a co-moving scale λ0
∼= 1Mpc contains a typical galaxy mass;

and λ0
∼= 10Mpc contains a typical cluster mass. From the equation given by zenter ∼=

4.55 × 105
(

λ
1Mpc

)−1

, we see that all these scales enter the Hubble radius in a radiation

dominated epoch.

4.2 The Peculiar Behavior of Angular Diameters

At very small distances the angular diameter would, of course, be inversely proportional

to the distance, but for sources whose red shift is appreciable important relativistic effects

come in to play. To determine these effects let us consider the galaxy G1 to have a linear

extent d, as shown in figure(4.1). Then it is possible to determine the angle that this

length d subtend at our location. To determine the angle, we consider two neighboring

null geodesics(representing light rays) from the two points A, B at the two extremities

of G1 directed towards our solar system. Without loss of generality we can choose our

angular coordinates such that A has the coordinates θ1, φ1 while B has the coordinates

(θ1 + ∆θ1, φ1). Although we have used homogeneity to take r = 0 at our location, we

can also use isotropy to choose any particular direction as the polar axis θ = 0, θ = π.

According to the Friedmann-Robertson-Walker metric(line element), the proper distance

between A and B is obtained by putting t = t1 = constant, r = r1 =constant, φ =

φ1 =constant(i.e. dr = dt = dφ = 0), and dθ = ∆θ1 in to equation(1.6.6). Then we get

dτ 2 = −r2
1a

2(t1)(∆θ1)2 = −d2.
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since in the rest frame of G1 the space like separation AB = d. Thus

Figure 4.1: The angle subtended by galaxy G1 at the observer O.

∆θ1 =
d

r1a(t1)
=
d(1 + z)

r1a(t0)
.

Where 1 + z = a(t0)/a(t1) and t1 is the time when the radiation is emitted. The result

implies that as r1 increases we are looking at more and more remote galaxies, which

must therefore be seen at earlier and earlier epochs t1. The (dθ, z) relation is of great

interest. At large z(z � 1), dθ is nearly proportional to z. In other words at large z the

angular diameter actually increases with increasing red shift. However, a(t1) decreases as

t1 decreases, so it is not obvious that r1a(t1) should get progressively larger as we look

at more and more remote galaxies. We see that as a =⇒ 0 the angle increases to infinity

and the object covers the whole horizon.

4.3 The Existence of Horizons

Now let us see how simply the function a(t) describes the expansion of the universe. Here

we take one galaxy to be at co-moving coordinates (r, θ, ϕ) = (0, 0, 0) and the other to be

at (r, 0, 0), at fixed time t. Thus, the portions of the line element depending on time and

the angle θ and ϕ make no contribution. Therefore, from Friedmann-Robertson-Walker
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metric, it is possible to calculate the proper distance from us at a given cosmic time t as

Dp = a(t)

∫ r

0

dr√
1− kr2

=


a(t)sin−1r (k = 1),

a(t)r (k = 0),

a(t)sinh−1r (k = −1).

(4.3.1)

Thus the distance is proportional to the cosmic scale factor a(t) which changes with time.

The proper velocity Vp is obtained by differentiating with respect to t, realizing that r

remains constant because it is a co-moving coordinate. Using dots to denote differentiation

with respect to time, we obtain

Vp = Ḋp = ȧ(t)

∫ r

0

dr√
1− kr2

=
ȧ(t)

a(t)
Dp = H(t)Dp.

This tells us that at any given cosmic time t the speed of a galaxy relative to us is

proportional to its proper distance from us. We see that in general the expansion rate

changes with time.

4.3.1 The Particle(Object) Horizon

The cosmological particle(object) horizon separates co-moving distance(particles) we can

currently see from those we cannot currently see. Now we demand to determine the

coordinate roh of the most distant object(e.g. a galaxy) that we can see now. This

coordinate is called the object horizon, or the particle horizon. Such an object must have

emitted its light at the beginning of the universe tmin, on some models tmin is −∞, on

others tmin is zero. Therefore, from F-R-W metric we have∫ t0

tmin

dt

a(t)
=

∫ r0h

0

dr√
1− kr2

.

Or referring back equation(4.3.1) we can write as the following

roh =


sin
(∫ t0

tmin

dt
a(t)

)
(k = 1),∫ t0

tmin

dt
a(t)

(k = 0),

sinh
(∫ t0

tmin

dt
a(t)

)
(k = −1).

(4.3.2)
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Objects beyond roh cannot now be seen by us. We know that no physical influence can

travel faster that light, therefore the object horizon represents the greatest distance from

which outside matter could have affected what is now happening at any given locality.

In the early epochs of “Big Bang” model universe, the object horizons where very small;

later, the horizons increased and mutual influence between masses become possible within

ever larger co-moving volumes[11,13].

If we are interested to determine the object horizon by considering the steady state model,

the cosmic scale factor for such a model is given by

a(t) = Aexp(H0t).

For flat space(k = 0), so that the proper distance D corresponding to a co-moving coor-

dinate r at the present time t0 is

D = a(t0)r.

This universe doesnot explode or implode, so it has an infinite past and future.

Referring back equation(4.3.2) the coordinate roh of the object horizon is

roh =

∫ t0

−∞

dt

a(t)
=

1

A

∫ t0

−∞
exp(−H0t)dt =∞.

Therefore, D = ∞. This implies that there is no object horizon: all objects can in

principle be seen by us.

4.3.2 The Event Horizon

The cosmological event horizon separates events we are able to see at some time, from

events we will never be able to see. Similarly we like to determine the coordinate reh

of the most distant event occurring now( that is, at cosmic time t0). This coordinate is

called the event horizon. The light from such an event must reach us before the universe

ends, at tmax. Therefore from F-R-W metric we have∫ tmax

t0

dt

a(t)
=

∫ reh

0

dr√
1− kr2

.
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Or from equation(4.3.1) we have

reh =


sin
(∫ tmax

t0

dt
a(t)

)
(k = 1),∫ tmax

t0

dt
a(t)

(k = 0),

sinh
(∫ tmax

t0

dt
a(t)

)
(k = −1).

(4.3.3)

Beyond reh will never be seen by us. The event horizon represents the greatest distance

from which outside matter could eventually affect what will happen at any given local-

ity[13,22]. For the steady state model using equation(4.3.3) the coordinate reh of the event

horizon is

reh =

∫ ∞
t0

dt

a(t)
=

1

A

∫ ∞
t0

exp(−H0t)dt =
exp(−H0t0)

H0A
=

1

H0a(t0)
.

Therefore, D = 1/H0. This implies that events occurring beyond this proper distance at

the present cosmic time will never be seen by us.



Chapter 5

Summary and Conclusion

5.1 Summary

Space-time is a 4-dimensional manifold, with points referred to as events.

Events in Space-time are specified by four coordinates xα with α = 0, 1, 2, 3. Where the

zero component of α corresponds to the time coordinate and the rest of three are the

spacial coordinates x, y, z respectively.

The metric tensor(gαβ) in a gravitational field can be defined as the proper time interval

between two events with a given infinitesimal coordinate separation.

The relation developed between the metric tensor(gαβ) in a gravitational field and the

affine connection (Γσλµ) is given by

1

2
gvσ
(
∂gµv
∂xλ

+
∂gλv
∂xµ

− ∂gµλ
∂xv

)
= Γσλµ.

The Riemann-Christoffel curvature tensor is given by the relation

Rλ
µvk =

∂

∂xk
(Γλµv)−

∂

∂xv
(Γλµk) + ΓηµvΓ

λ
kη − ΓηµkΓ

λ
vη.

The Ricci tensor, the Ricci scaler and the Einstein’s field tensor respectively are given by

Rµk =
∂Γλµλ
∂xk

−
∂Γλµk
∂xλ

+ ΓηµλΓ
λ
kη − ΓηµkΓ

λ
λη,

R ≡ gµkRµk = Rµ
µ,

Gµk ≡ Rµk −
1

2
gµkR.

74
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Energy-Momentum tensor of the source is

T ik = diag(ρ(t),−P (t),−P (t),−P (t)).

Einstein gravitational field equation with weak field approximation is calculated as

Rµv −
1

2
gµvR = −8πGTµv.

Maximally symmetric spaces are spaces with constant curvature and it is also homo-

geneous and isotropic. The metric in a maximally symmetric space III(Friedmann-

Robertson-Walker metric) is given by

dτ 2 = dt2 − a2(t)

[
dr2

1− kr2
+ r2dθ2 + r2sin2θdφ2

]
.

With the above metric tensor, the Ricci tensor and the Ricci scaler respectively can be

rewritten as

Rik =

(
ä

a
+

2ȧ2 + 2k

a2

)
gik ,

R = 6

(
ä

a
+
ȧ2 + k

a2

)
.

Friedmann universe is homogeneous and isotropic in its largest scale and it constitutes

Radiation, Matter(dark+baryonic) and Dark energy.

The Friedmann equations that describe the dynamics of the universe can be written as

ȧ2 + k

a2
=

8

3
πGρ = H2

0

[
Ωr0

(a0

a

)4

+ Ωm0

(a0

a

)3

+ Ωv0

]
,

2ä

a
+
ȧ2 + k

a2
= −8πGP.

The time dependent solutions of the Friedmann equations are:

For matter dominated era: The cosmic scale factor and age of the universe for

the case k = Ωv0 = 0: are

a = a0

(
t

t0

)2/3

, t0 = 2/3H0.
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the case k = 1 but Ωv0 = 0: are

a =
1

2
α(1− cosθ), t =

1

2
α(θ − sinθ).

the case k = −1 but Ωv0 = 0: are

a =

(
1

2

)
β(coshϕ− 1), t =

(
1

2

)
β(sinhϕ− ϕ).

the case k = 0 but Ωv0 6= 0: are

a =

[
1 +

√
Ωv0√

1− Ωv0

]
e

2
3
√

Ωv0 , t0 =
2

3H0

√
Ωv0

ln

[
1 +

√
Ωv0√

1− Ωv0

]
.

If the density of the universe exceeds a certain threshold known as the critical density,

the gravitational attraction is strong enough to stop and latter reverse the expansion of

the universe, causing it eventually to re-collapse in what is known as the “Big Crunch”.

If the average density of the universe falls short of the critical density,the universe expands

forever, and after a certain point the expansion proceeds much as if the universe were

empty.

For radiation dominated era: The cosmic scale factor and age of the universe for

the case k = Ωv0 = 0: are

a = a0

(
t

t0

)1/2

, t0 = 2a2
0/H0.

the case k = 1 but Ωv0 = 0: are

a =

√
2q0

2q0 − 1
sin(η), t =

√
2q0

2q0 − 1
(1− cosη).

the case k = −1 but Ωv0 = 0: are

a =

√
2q0

2q0 − 1
sinh(η), t =

√
2q0

1− 2q0

(coshη − 1).

the case k = 0 but Ωv0 6= 0: are

a =

[
1 +

√
Ωv0√

1− Ωv0

]
e

1
2
√

Ωv0 , t0 =
1

2H0

√
Ωv0

ln

[
1 +

√
Ωv0√

1− Ωv0

]
.
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For both matter and radiation with k = Ωv0 = 0: The cosmic scale factor, age of

the universe and teq(epoch of matter-radiation equality) respectively are

a(η) =
σmη

2

4
+
√
σr η, t(η) =

σmη
3

12
+

√
σrη

2

2
, teq =

2
√

2(
√

2− 1)

3

(
8πGρm0

3

)−1/2(
ρr0
ρm0

)3/2

.

Since ρr α a−4 , ρm α a−3 and ρv = constant, one can see that radiation will always

dominate at early times and the vacuum (if non-zero) will always dominate at late times.

The ratio of the radiation and matter densities scales as (ρr/ρm) α a−1 and falls as the

universe expands.

Matter-radiation equality occurs when the densities of the matter and radiation are equal.

Observable quantities that are considered as an evidences for the expansion of the Fried-

mann universe are; redshift-distance relation, the peculiar behavior of angular size and

the existence of horizons.

Red Shift is the change in observed wave length of a spectral line relative to the wave

length of a spectral line at emission:

z =
ve
v0

− 1 =
ve − v0

v0

= δv/v =
λ0 − λe
λe

=
δλ

λ
=
a0 − ae
ae

.

Cosmological red shift is symmetric between receiver and emitter.

The redshift of the light from galaxies is proportional to their distance.

Hubble’s Law was taken to mean that, the farther away from us a galaxy is, the faster it

moves away from us.

For a galaxy G1 to have a linear extent d the angle that this length d subtend at our

location is

∆θ1 =
d

r1a(t1)
=
d(1 + z)

r1a(t0)
.

The cosmological particle(object) horizon separates co-moving distance(particles) we can

currently see from those we cannot currently see.

The cosmological event horizon separates events we are able to see at some time, from

events we will never be able to see.
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5.2 Conclusion

The effects of various densities in the universe were clear from the results that we ob-

tained in the preceding chapters. From the results, the relationships between each of the

components of the universe, its density, the scale factor and age of the universe can be

determined. The age of the universe has different relationships among each component

suggesting that a variation in one parameter would not have the same effect as another

parameter. Many of the results that occurred from solving the Friedmann equations de-

scribes the dynamics of the universe. The dependencies upon the value of a(t) for each

density parameter describe how each component of matter effects the evolution of the

universe. The a−4 term describes that the radiation density affects the evolution at small

values of t, or the early universe. The radiation at this point causes rapid expansion.

As the effect of the radiation decreases on the universe, the influence of the matter with

the a−3 dependency increases. At larger values of t, the dark energy becomes dominant

causing an accelerating expansion. Because at the current time both the matter density

and dark energy densities are playing the largest role in the evolution and accelerated

expansion of the universe, they also have much more of a role in age of the universe. As

the Friedmann equation is solved backwards in time, the large expansion caused by the

two components will also have an important role in how quickly the universe will contract

back into a singularity. The results verify this hypothesis as the changes in the matter

density and the dark energy density can create a wide range of ages for the universe while

the radiation density has a much more limited range in which it can effect the age of

the universe. Finally, as we have seen, the redshift-distance linear relationship(Hubble’s

Law), the redshift-angular diameter relation and also the existence of horizons shows the

accelerated expansion of the Friedmann universe.
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