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Abstract

Using the antinormally-ordered characteristic function, we have determined the Q) function
for a two-mode coherent state as well as a two-mode squeezed vacuum state. Using the
pertinent QQ function, we have calculated the quadrature variance, the mean and the
normally-ordered variance of the photon number sum and difference. Furthermore, we
have obtained the QQ function for the superposition of two-mode coherent and squeezed
vacuum states. Employing the resulting Q function, we have calculated the quadrature
variance, the mean and the normally-ordered variance of the photon number sum and

difference.

We have found that the mean of the photon number sum for the superposition of two-
mode coherent and squeezed vacuum states is the sum of the mean of the photon number
sums for the individual states. And the mean of the photon number difference for the
superposition of two-mode coherent and squeezed vacuum states is the same as that of
the two-mode coherent state. The quadrature variance for the superposition of two-mode
coherent and squeezed vacuum states is the same as that of a two-mode squeezed vacuum

state.
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Chapter 1

Introduction

The quantum description of radiation is one of the central topics in quantum optics.
This description requires the quantization of the radiation field. The quantization of the
radiation field leads to the introduction of various possible quantum sates of light such as

the number states, the coherent states, and the squeezed states [1-12].

Of all states of the radiation field, the coherent states are the most important and
arise frequently in quantum optics. Not only can they be an accurate representation of the
radiation field produced by a stabilized laser operating well above threshold, but also many
of the techniques for studying the properties of the radiation fields rely on the properties
of the coherent states [1-7]. On the other hand, squeezed light has potential applications

in the detection of weak signals and in low-noise communications [1,3,7,8,13,14].

Single-mode coherent states are minimum uncertainty states with equal noise in both
quadratures and they have Poissonian photon statistics. On the other hand, in a single-
mode squeezed vacuum state the fluctuations in the plus quadrature are below the co-
herent state level with enhanced fluctuations in the minus quadrature [1,2,3,4,5,6]. The
mean photon number for the superposition of single-mode coherent and squeezed vacuum

states is the sum of the individual state mean photon numbers [15].

In this thesis, we seek to study the quantum properties of the superposed two-mode

coherent and squeezed vacuum states. To this end, we first determine the () functions



for the individual states. Using the pertinent () function, we calculate the quadrature
variance, the mean and the normally-ordered variance of the photon number sum and
difference. Furthermore, we obtain the Q function for the superposition of two-mode
coherent and squeezed vacuum states. Applying the resulting () function, we calculate the
quadrature variance, the mean and the normally-ordered variance of the photon number

sum and difference.



Chapter 2

Two-Mode Coherent States

Coherent states can easily be generated using the unitary displacement operator [1-7].

The two-mode coherent state }a, 153 > may be defined in terms of the displacement operator
D(a, B) = el@a'—a"a) (86'=8"8) (2.0.1)

as
|, B) = D(av, 8)[04, 0), (2.0.2)

where o and  are complex numbers.

2.1 The Q function

The Q function for a two-mode light is defined by

_ (B.alpla, )

- (2.1.1)

Qe f)

This function is expressible in terms of the antinormally-ordered characteristic function
defined by [1]
Gap(z,m) = Tr(pe =05 by, (2.1.2)



Applying the completeness relation for coherent states and using fact that operators for

separate modes are commute with each other, we can write the above equation as

Gap(z,1) = Tr( / dfr—dﬁp e"*f’\a,ﬁ><ﬁ,a!ezd*e”’“>- (2.1.3)
From the property of the trace operation and on account of (2.1.1), we have
Pap(2,1) = / o d*B Q(a, B)el o= B0, (2.1.4)
Since the () function is the inverse Fourier transform of this characteristic function, we
see that
Qa, p) = % /d2z d*1) pap(z,m)elF ozt A0S (2.1.5)
Next we seek to obtain the () function for the two-mode coherent state |/, )\>. The
antinormally-ordered characteristic function for this state can be written as
Gap(z,m) = Tr ([0, M){(A, 5}6_2*&626”T6_"*56”5T). (2.1.6)
With the aid of the identity [1-6]
el = eBeAeld Bl (2.1.7)
we get
e L e G P ) (2.1.8)
In view of this result, expression (2.1.6) can be put in the form
bap(z,m) = o~ (Fr 20 )2l =2 X —n* X (2.1.9)
On account of this relation, Eq. (2.1.5) can be written as
Qa, B) = % / d*zdPne T FETIFEC 2 N —n A2t amza " S5 (2.1.10)

This can be rewritten as
1 dZZ % k% _ *
Q(Of 6) _ - e 2+ (0 —a*)z+(a—£)z
’ 2 T

2
X / Me*n*w(/\*fﬁ*)nﬂﬂﬂ\)n*. (2.1.11)
7r



Integrating over 1 and z using the relation [1]

d2
/ —Zexp( —azz* +bz+ ezt + A+ Bz*2)
T

1 1/2 abc + Ac® + Bb?
= {m] ewp[ T 1AD },a >0 (2.1.12)

we find
1
Qa, B) = Fexp[ — (00 + AN + oo+ B°6) + Ca+ Lo’ + NG+ B*A],  (2.1.13)

which is the ) function for a two-mode coherent state.

2.2 The mean of the photon number sum and differ-
ence

The photon number sum and difference are defined by [1]

Ry = Tg + 7y (2.2.1)

and
A =Ty — Ty, (2.2.2)

with
Ne = a'a (2.2.3)

and
fiy, = bYb. (2.2.4)

Where n, and n; are the photon number operators for the separate modes. The mean of

the photon number sum and difference are given by

Ny = Mg + T (2.2.5)



and

The mean photon number of mode a is expressible as
Ny = /d2a d*BQ(a, B)aa* — 1.

Upon inserting (2.1.13) into (2.2.7), we get

1
e= = /d2a d*Bexp — (€0 + AN + a*a + B*B)
7r

+0a+ Lo’ + N B+ N aa” — 1.

This can be rewritten as

N, = exp[—%*—)\/\*}
d d d*a . . * «
x——| [ —exp[ — aa® + na + o+ la* + yao]
dn dry s
d26 * * *
X Texp[—ﬁﬁ +)\B—|—)\B] -1
n:'y:O

On performing the integration over (3, we find

Ng = exp[ — M*]

d d d*o . . . .
x——| [ —exp[ — aa* +na + o+ la* + o] —1,

and on carrying out the integration over «, we have

d d
ﬁa———{exp[nf—i-nv—i-vf*ﬂ — 1.
dn dv n=vy=0

After differentiating and applying the condition n = v = 0, we obtain

ng, = 00*.

(2.2.6)

(2.2.7)

(2.2.8)

(2.2.9)

(2.2.10)

(2.2.11)

(2.2.12)



In a similar manner, one can also show that
np = A", (2.2.13)

Upon substituting (2.2.12) and (2.2.13) into (2.2.5) and (2.2.6), the mean of the photon

number sum and difference for a two-mode coherent state are given by
Ny = 00" + A\7, (2.2.14)
and

Al = 00 — AN, (2.2.15)

2.3 The normally-ordered variance of the photon num-
ber sum and difference
The normally-ordered variance of the photon number sum is given by
H(Any)? = (nd ) = (i )% (2.3.1)

Upon substituting (2.2.1) along with (2.2.3 ) and (2.2.4) into this, we have

L (Any)? = (: (ata + b1D)% 2) — (afa + bTh)2. (2.3.2)

This is the same as
:(Ang)? = (a"a?) + 2(atabTd) + (b720%) — ((afa) + (B7h))2. (2.3.3)
Using the commutation relations [a,a] = 1 and [b,b] = 1, this can be rewritten in the

antinormal order as

L (Any)? = (0% + 2(aatbbly + (62612) — 67, + 7y + 1] — [71a + 7). (2.3.4)



Similarly

2

L (An_)? = (a%af?) — 2(aa’bby + (b*0™) — 2[fq + Ay + 1] — [Aia — 710 - (2.3.5)

The expectation value of a2a'? in terms of the  function for a two-mode coherent state

is expressible as

(a*a®) = /d2a d*BQ(a, B)a*a™. (2.3.6)

Upon inserting (2.1.13) into this, we get

1
(a?a'?) = = /d2a d*Bexp| — (L0 + AN+ o+ B*P)

+0a+ L + NS+ (A o*a?, (2.3.7)

This can be rewritten as

(@®a?) = eap[— 0 — AN']
xd—zd—z[ Cp—aexp[—ozoz*+na+€*a+€o¢*+7a*}
dn? dv? ™
d*p Y "
X/Texp[—ﬁﬁ +A ﬁ—f—/\ﬂ}L ) ; (2.3.8)

On performing the integration over (8, we find

(a%a'?) = exp| — (0*]

d? d? d?
X —— —aexp[ —aa’ 4+ no+ CFa+ o + ya'] : (2.3.9)
dn? dry? m n=7=0

and on carrying out the integration over «, we have

NP A )
(aal?) = e {exp[nf +ny + L }} . (2.3.10)
n=7=0

After differentiating and applying the condition n = v = 0, we obtain

(a*a'?) = 2 + 400° + (°0*2. (2.3.11)



Following a similar procedure, we arrive at

(D*02) = 2 4 4DN* + N2\2,

(2.3.12)

The expectation value of aa'bb' in terms of the () function for a two-mode coherent state

is expressible as

(aa'bb') = / o BQ(a, B)ac* 85"

Upon inserting (2.1.13) into this, we get

(aa’bbt) = iz /d2a d*Bexp[ — (00 + AN + a*a + 5*)
m
+0a+ la™ + N6+ 5*)\] aa* (5.

This can be rewritten as

(aa'bbly = exp[ — 00" — A\']
(Lddad o [ — ao® + o+ CFa + la* + ya*]
dnd dp dv - exp aQ no o (6] Yo

2
X / %exp[ — BB+ XNB+ub+vs*+ )\B*]

'r]:'y:p,:y:o

On performing the integration over 3, we get

(aa'bb') = exp| — ("]

xiiii [ea:p[l/)\* + v + pA]
dn dy dp dv
d*a
X —exp[—aa*+na+€*a+€a*—|—’yofﬂ ,
™ n:y:u:yzo

and on carrying out the integration over «, we have

e dod d d ) )
(aa'bbt) = dnd dpdv {exp[u)\ + pv 4 pX +nl +ny + L ]1

'r]:'y:‘u:y:()

After differentiating and applying the condition y =v =n=~v=0, we get

(aatDbTy = 14 00" 4+ AX* + L0 AN,

(2.3.13)

(2.3.14)

(2.3.15)

(2.3.16)

(2.3.17)

(2.3.18)
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Upon inserting (2.2.12), (2.2.13), (2.3.11), 2.3.12), and (2.3.18) into (2.3.4 ) and (2.3.5),

the normally-ordered variance of the photon number sum and difference are given by

:(Ang)? =0, (2.3.19)

and
1 (An_)?:=0. (2.3.20)

Since the normally-ordered variance of the photon number sum and difference are zero,

the photon statistics of a two-mode coherent state is Poissonian.

2.4 The quadrature variance

The squeezing properties of a two-mode light are described by two quadrature opera-

tors defined by [1]
ey = %(cu +by) (2.4.1)
. r . -
.= —Q(a, +b_), (2.4.2)
where
a,=a' +a (2.4.3)
a_ =i(a' — a), (2.4.4)
and
by = bt +0, (2.4.5)
b =i(bl —D) (2.4.6)
The operators ¢, and ¢_ are Hermitian and satisfy the commutation relation
(2.4.7)

[é+, 67] - 27/

A two mode light is said to be in a squeezed state if either Acy < 1 or Ac_ < 1 such that

AcyAc_ > 1.
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The variance for the plus and the minus quadratures are defined by

(Acy)? = (c}) — (é4)* (2.4.8)

and
(2.4.9)

(Ac_)? = (&) — (e-)*.
On account of (2.4.1) and (2.4.2) along with (2.4.3), (2.4.4), (2.4.5), and (2.4.6), the

variance for the plus and the minus quadratures are given by

(Ac,)? = %[(Aa+)2 L (Aby)?] + (@b) + (b1 + (a1b) + (albT)
—(@)(b) — (a)(b) — (a’)(b) — (a")(b) (2.4.10)
and
(Ac )2 = %[(AG)Q 1 (Ab_)?] — (@b) + (ab") + (a18) — (a'b1)
+(a)(b) — (@) (b') — (@M d) + (a") (b, (2.4.11)
Where
(Aay)? =1+ 2(a'a) + (@) + (&%) — (a)* — (a")? — 2(a')(a) (2.4.12)
and
a2y 4 (a)? + (a')? — 2(a")(a), (2.4.13)

(Aa_)? =1+2(a'a) — (a™) — (a

with a similar definitions for (Ab)? and (Ab_)>.

The expectation value of a in terms of the () function for a two-mode coherent state is
expressible as

() = / o 280(a, Ba. (2.4.14)
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On account of (2.1.13), we have

(a) = % / o d*Bexp| — (L0 + AN + a*a + B*)

+0a+ Lo’ + N B+ BN a. (2.4.15)

This can be rewritten as

(a) = exp| — 00 — A\*]
d d?
X — [ —aea:p[ —ao’ +ya+ Ca+ la¥]
dry s
X Teg:p[ — BB* + XS+ A5*] . (2.4.16)
v=0
On performing the integration over 8, we find
~ * d d2Oé * * *
(a) = exp| — 0] —| [ —exp| — aa” + ya + C*a + la*] , (2.4.17)
dry ™ =0
and on carrying out the integration over «, we have
(a) = 4 {emp [’yﬁ]} . (2.4.18)
dry =0

After differentiating and applying the condition v = 0, we get

(@) = ¢. (2.4.19)

(b) = \. (2.4.20)

The expectation value of a? in terms of the @ function for a two-mode coherent state is

expressible as

@%:/ﬁ%d%@mﬁm? (2.4.21)
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On account of (2.1.13), we have

(a?) = %/d%z d*Bexp| — (€0 + I\ + a*a + B*)

+0a+ Lot + N B+ BN’ (2.4.22)

This can be rewritten as

(a®) = exp| — 00 — A\*]
d? d?
X —— —&exp[— aa® + ya + o+ (o]
dv? T
X Teg:p[ — BB* + N6+ A5*] . (2.4.23)
v=0
On performing the integration over 8, we find
~2 * d2 dQQ * * *
(a%) = exp| — 0] —; —eap[ — aa* +ya + o+ (o] ) (2.4.24)
d"}/Q ™ ~=0
and on carrying out the integration over «, we have
2 d’
a*) = — |exp |yl ] . 2.4.25
@) = g e (2.4.25)
After differentiating and applying the condition v = 0, we get
(a®) = (2. (2.4.26)
Similarly the expectation value of b? is given by
(%) = N2, (2.4.27)

The expectation value of ab in terms of the () function for a two-mode coherent state is

expressible as

(aby = / o 2BQ(a, f)ap. (2.4.98)
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Upon inserting (2.1.13) into this, we get

1
(ab) =  — /dzoz d*Beap| — (00 + AN + a*a + 5*)

T

+0a + L + N B+ A ]aB. (2.4.29)
This can be rewritten as

(ab) = exp| — 00 — A\
d d d?
X ——— —aea:p[—oza*+€*a+77a+€a*}
dn dry s

2
X / %exp[ — B8 +v8+ X6+ AB*]] . (2.4.30)

n=y=0
On performing the integration over 5, we find

(ab) = exp| — (0*]

d d d?
X — — [ exp [7/\} —aexp[ —ad” + o+ na + 504*}] , (2.4.31)
dn dvy T =0

and on carrying out the integration over «, we have

o d d
(ab) = dn { exp[yA + 57]}1 . (2.4.32)

After differentiating and applying the condition n = v = 0, we obtain

A~

(b = OX. (2.4.33)

The expectation value of ab' in terms of the @ function for a two-mode coherent state is

expressible as

(abf) = / Po d?Q(a, BafS*. (2.4.34)

Upon inserting (2.1.13) into this, we get

1
(ab') = —2/d2a dQBexp[ — (0 + AN+ a"a+ B5)
T

+0a+ Lo’ + N B+ N af”. (2.4.35)
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This can be rewritten as

(ab') = exp| — 00 — AN*]
d d[ [da . ) .
Xd_n@[ Tea:p[—ozoz +no+ o+ la]
d2
X / Tﬁexp[ — BB+ N B+ N3+ 76*}} . (2.4.36)
n=7=0

On performing the integration over 3, we have

(ab') = exp| — 007]
2
X %% [ exp[yA*] d?aexp[ —aa® +na+ CFa+ Ea*]} L (2.4.37)

and on carrying out the integration over «, we have

N d d
abt) = — — \* . 2.4.
(ab" i { exrp [7 + En]] (2.4.38)

After differentiating and applying the condition n = v = 0, we obtain

(abty = ox*. (2.4.39)

On account of (2.4.19), (2.4.20), (2.4.26), (2.4.27), (2.4.33), and (2.4.39) along with their
complex conjugate, and in view of (2.2.12), (2.2.13), (2.4.10), (2.4.11), (2.4.12), and

(2.4.13), the variance for the plus and the minus quadratures have the form
(Acy)* =1 (2.4.40)

and

(Ac_)? =1. (2.4.41)

From these results we observe that two-mode coherent states are minimum uncertainty

states with equal noise in both quadratures.



Chapter 3

Two-Mode Squeezed Vacuum States

A two-mode squeezed vacuum state is defined by [1]
|04, 0y, 7) = S(r)[0a, 0, (3.0.1)

in which

S(r) = ert@=ath), (3.0.2)

is a two-mode squeeze operator.

3.1 The Q function

From Eq. (2.1.5), we know that the Q function for a two-mode light is expressible as

1 * * * *
Qla, B,1) = — /d22d2n¢a,b(z,77,7")e(z -zt f=nf") (3.1.1)
T

where the anti-normally ordered characteristic function is defined by

Gap(z,m,r)=Tr (ﬁe‘z*&(r)ezm(T)e_"*i’(r)e"i’ur)). (3.1.2)

16
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Applying the Baker-Hausdorff identity [1-7]

€A€B — 6A+B+%[A,E}’ (313)
we have
1 ~ * A 7 *7
Gup(2,m,1) = eap = (=" +°n)] T (ﬁem*@-z Ay ) W)). (3.1.4)
This can rewritten as
1 * *
¢a,b(27n7,r) - €Z‘p[— 5(’2 Z+n 7])]

xTr <[) exp|(z coshr + n*sinhr)a’ — (2* coshr + nsinhr)a]

xexp|(ncoshr + z*sinh )bt — (n* coshr + zsinh T)lﬂ) : (3.1.5)
where [1]
a(r) = acoshr — b sinhr (3.1.6)
and
b(r) = beoshr — af sinhr. (3.1.7)

Applying the Baker-Hausdorff identity once more, we have

1
Gap(z,m1m) = exp|— 5(2*2’ +n*n) cosh® r — (20 + 2*n*) cosh rsinh r]

R * sinhr)at * sinh )bt
<Tr (p e(zcoshr-l—n sinhr)a 6(’r]coshr—i—z sinh r)b

Xe—(z Coshr—i—nsmhr)ae—(n coshr+z smhr)b) . (318)

Since mode a and b are initially in a two-mode vacuum state ‘Oa, Ob>, we have

1
Gap(z,m,r) = exp|— §(z*z +n*n) cosh® r — (zn + 2*n*) cosh rsinh r]

* si at * o it
X <0a7 0b|€(z coshr+n* sinhr)a 6(77 cosh r+z* sinh )b

Xef(z* cosh r+n sinh 7")[167(77* cosh r+z sinh T)B‘Oa, Ob> (319)
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It then follow that
1
Gap(z,m,17) = exp| — §(z*z +n*n) cosh®r — (2n + 2*n*) coshrsinhr].  (3.1.10)

Substitution of (3.1.10) into (3.1.1) leads to

1 1
Qlo, B,r) = — /d2zd277 exp| — §(z*z +n*n) cosh? r — (zn + 2*n*) cosh rsinh r]
7r
Xexp[z*oz —za"+ 0B — nﬁ*]. (3.1.11)

This can be rewritten as

1 d? 1
Qa, B,1) = s ?Z exp[ — 52*2 cosh?r + 2% — za*}
d*n 1

x [ — exp[ — —n*ncosh’r
T 2
—(2n + 2*n") coshr sinhr + n*B — nB*]. (3.1.12)

Integrating over n and z, we have

h2
Qa, p,r) = 8662 Texp[ —aa” — B8* — aftanhr — o * tanhr}, (3.1.13)
T

which is the @ function for a two-mode squeezed vacuum state.

3.2 The mean of the photon number sum and differ-
ence

In view of (2.2.5) and (2.2.6) the mean of the photon number sum and difference are

expressed as
Ny = Ng + Ny (3.2.1)
and

n_ =, — Np. (3.2.2)
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The mean photon number of mode a in terms of the () function for a two-mode squeezed

vacuum state is given by

Ng = /d2a d*BQ(a, B, m)aa* — 1. (3.2.3)

Upon inserting (3.1.13) into (3.2.3), we get

— S€Ch2r 2 2 * * * % *
Ny = dadﬁexp[—ozoz — BB" — aftanhr — a*f tanhr}aa —1. (3.24)

2
This can be rewritten as

Ny = sech?r ii dz—aex [—aoz*—i— o+ oz*]
a = ndy . % n v

X dQTBexp[ — BB* — afBtanhr — o** tanh r}] -1 (3.2.5)
n=v=0

Integrating with respect to 8 and applying the relation sech?®r = 1 — tanh? r, we find

d d d?
Ng = sech®r T { —aexp[ — aa*sech®r + na + ’yofﬂ —1, (3.2.6)
nay T n=y=0

and integrating with respect to «, we have

_ d d ny
= —— —1. 2.
Ty dy {exp(sech%)}wo 32.7)

After differentiating and applying the condition n = v = 0, we obtain

_ 1 . o
o= o~ 1 = sinh”r. (3.2.8)

In a similar manner, one can also show that
iy = sinh?r. (3.2.9)

On account of (3.2.1) and (3.2.2) along with (3.2.8) and (3.2.9), the mean of the photon

number sum and difference are given by

i, = 2sinh’®r (3.2.10)
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and

i =0. (3.2.11)

3.3 The normally-ordered variance of the photon num-
ber sum and difference

In view of (2.3.4) and (2.3.5) the normally-ordered variance of the photon number sum

and difference are given by
L (Any)? = (0% + 2(aatbbly + (62612) — 67, + iy + 1] — [71a + 1) (3.3.1)
and

2

L (An_)? = (a%af?) — 2(aa’bdt) + (020%) — 2[fg + 7y + 1] — [71g — 7] - (3.3.2)

The expectation value of @2a'? in terms of the ) function for a two-mode squeezed state

is expressible as

(@2at?) = / o 260 (a, B, r)aa™. (3.3.3)

Upon inserting (3.1.13) into (3.3.3) , we get

sech®r

(a%a?) = /d2a d*p exp[ — aa® — " — aftanhr — o* 5% tanh 7"] o*a?. (3.3.4)

This can be rewritten as

d?> d? d?
(a%a™) = sech®r e { Taexp[ — aa* + no + ya']
x | —exp| — BB* — aftanhr — a*B* tanhr] . (3.3.5)
m n=~=0

Integrating with respect to § and applying the relation sech?r = 1 — tanh?®r, we find

(@%at?) e © & l Fa [ — aa*sech?r + na + *}1 (3.3.6)
a a = Secn'r ———= —Eexrp| — ax secn'r no Yy 0.
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and integrating with respect to «, we have

a & m
A2atey — % 7
(a*a'™) 0 1 {exp<sech2r)L:W:0' (3.3.7)

After differentiating and applying the condition n = v = 0, we obtain

2
(aa'?) = e 2 cosh? 7. (3.3.8)
sech*r
Following a similar procedure, we arrive at
(b*b?) = 2 cosh? r. (3.3.9)

The expectation value of aatbb! in terms of the @ function for a two-mode squeezed state

is expressible as

(aafbbt) = / o d*BQ(a, B, 7)aa” B, (3.3.10)

Upon inserting (3.1.13) into (3.3.10) , we get

. 12
(aaTbby = 8602 ! /d20z d*p emp[ —aa® — " — aftanhr — o* 5" tanh r} ac* ", (3.3.11)

™

This can be rewritten as

. d d d d d?
(aa'bb'y = sech®r 0 dyi o [ %ea}p[ — aa® + na+ ya]
d2
X —661'}9[ — 8" — aftanhr
T
+ufb +vp* —a*p” tanhr}] ) (3.3.12)
n=r=p=r=0

Integrating with respect to § and applying the relation sech?r = 1 — tanh?®r, we find

(aa’ob’y = sech?r ———— [exp (]

d2a * 2
X —exp[ — aa’sech™r +na — vatanhr
v

+va* — pa* tanh r}} : (3.3.13)

7]:’}/:#:1/:0
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and integrating with respect to «, we have

~ d d d d 1
aabbhy = — — — — — nutanhr — vv tanh . (3.3.14
(aa'bb’) dn dvy dp dv {emp(sech% v+ a7y =y tanhr = v tan T])quuo ( )

After differentiating and applying the condition = v = 0, we obtain

(aatbb’y = cosh® r + sinh?r cosh? . (3.3.15)

Upon substitution of (3.2.8), (3.2.9), (3.3.8), (3.3.9), (3.3.15) into (3.3.1 ) and (3.3.2), the

normally-ordered variance of the photon number sum and difference take the form
. (Any)? ;= 4sinh*r + 2sinh?r (3.3.16)

and

. (An_)? := —2sinh®r. (3.3.17)

3.4 The quadrature variance

On account of Egs. (2.4.10) and (2.4.11) the variance for the plus and the minus quadra-

tures for a two-mode state are given by

(Ac,)? = %[(Aa+)2 - (Aby)?] + (ab) + (@bt) + (@1) + (@'
—(a)(b) — (a)(b") — (a)(b) — (a’)(b") (3.4.1)
and
(Ac )2 = %[(Aa_f 1 (Ab_)?] — (ab) + (@b + (a'f) — (alb1)
+{a)(b) — (a)y(b") — (a")(b) + (a') ("), (3.4.2)
where

(Aay)* =1+2(ata) + (@) + (@) — (a)* — (a")? — 2(a")(a) (3.4.3)
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and

(Aa_)? =1+ 2(a'a) — (a'?) — (%) + (a)* + (a")? — 2(a')(a). (3.4.4)

with a similar definition for (Ab,)? and (Ab_)%.
The expectation value of a in terms of the @) function for a squeezed vacuum state is

expressible as

(a) = /dzoz d*BQ(a, B,r)a. (3.4.5)

On account of (3.1.13), we have

sech?r

(a) = = /d2a d*B exp[ — aa’ — Bf* — aftanhr — o*B* tanhr|a. (3.4.6)

This can be rewritten as

. d d*a .
<(l> = SGChQT' % |: T@.Tp[ —aa + /YOZ}
X —exp[ — BB* — aftanhr — o*5* tanh r] . (3.4.7)
™ v=0

Integrating with respect to § and applying the relation sech?r = 1 — tanh?r, we find

d d?
(a) = sech®r — [ —aexp[ — aa’sech®r + ’ya}] , (3.4.8)
dry s =0

and integrating with respect to o, we have

(a) = %M ) (3.4.9)

After differentiating and applying the condition v = 0, we get

(@) = 0. (3.4.10)
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Following similar procedure, we arrive at
(b) = 0. (3.4.11)

The expectation value of (a?) in terms of the @ function for a squeezed vacuum state is

expressible as

(a*) = /d2a d*BQ(a, B, )0’ (3.4.12)

On account of (3.1.13), we have

9 sech?r _ . . . o 9
(@%) = — o d*B exp[ — aa® — BB* — af tanhr — o*f* tanhr|a’. (3.4.13)

™

This can be rewritten as

d? d?
(a®y = sech’r o { Taexp[ — a4 yal
X —exp[ — (6B8* — aftanhr — o* 5" tanh 7“] . (3.4.14)
v 7:0

Integrating with respect to § and applying the relation sech?r = 1 — tanh?r, we find

(a®) = sech®r d—2 dz—aex [ — aa”sech’r + ya (3.4.15)
= — —ecxp 9! , 4.

and integrating with respect to o, we have

(a®) = dd—; [1] " (3.4.16)

After differentiating and applying the condition v = 0, we get

(a*) = 0. (3.4.17)
Similarly one can easily obtain the expectation value of b? as

0% = 0. (3.4.18)
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The expectation value of ab in terms of the Q) function for a squeezed vacuum state is

given by

(dl;) = /d2a d?BQ(a, B,7)ap. (3.4.19)
Upon inserting (3.1.13) into (3.4.19), we get
- sech®r

(ab) = /d2a d*p exp[ — aa® — " — aftanhr — o* 5% tanh r] af.  (3.4.20)

2

This can be rewritten as

- d d d?
(ab)y =  sech®r i { Taexp[ — a4 nal

X dQTﬂexp[ — BB* — aftanhr 4+ yf — o B tanh r}] . (3.4.21)
n=y=0

Integrating with respect to 8 and applying the relation sech?r = 1 — tanh? r, we find

~ d d d?
(ab) = sech®r - [ —aexp[ — aa*sech®r + na — ya* tanh 7“]] , (3.4.22)
ndyl) = :

and integrating with respect to «, we have

o5 d d —nytanhr
b) = —— _ . 4.2
\ab) dn dy [696]9( sech?r )Lyo (3:429)

After differentiating and applying the condition n = v = 0, we obtain

- — tanh
(ab) = % = —sinhr coshr. (3.4.24)

The expectation value of ab' in terms of the () function for a squeezed vacuum state

is expressible as

(abty — / Pa 280 (a, B,r)ab" (3.4.25)
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Upon inserting (3.1.13) into (3.4.25), we get

ot sech®r o o . . . .
(ab") = 5 d°a d°3 exp[ —aa” — " — aftanhr — o™ tanhr}aﬁ . (3.4.26)

™

This can be rewritten as

- d d d?
(ab"y = sech®r i [ Taexp[ — a4 naf
d2
X / —Be:vp[ — BB* — aftanhr 4+ yB8* — o™ " tanh r]} . (3.4.27)
s n:'y:O

Integrating with respect to 8 and applying the relation sech?r = 1 — tanh? r, we find

- d d d?
(ab'y = sech®r - [ —aexp[ — aa*sech®r + na — yatanh r}] , (3.4.28)
ey T n=y=0

and integrating with respect to «, we have

. d d
abt :——M . 3.4.29
(ab") andr M., ( )

After differentiating and applying the condition n = v = 0, we obtain

(ab") = 0. (3.4.30)

On account of (3.4.10), (3.4.11), (3.4.17), (3.4.18), (3.4.24) and (3.4.30) along with their
complex conjugate, and in view of (3.2.8), (3.2.9), (3.4.1), (3.4.2), (3.4.3), and (3.4.4) the

variance for the plus and the minus quadratures are given by
(Aci)? =1+ 2sinh?r — 2sinh 7 coshr (3.4.31)

and

(Ac_)* =1+ 2sinh®r + 2sinh 7 cosh 7. (3.4.32)

From the definition of hyperbolic sine and cosine, we see that

627" -9 + 6—27"

3.4.33
4 ) ( )

sinh?r =



27

€2r _ 6727*
coshrsinhr = — (3.4.34)

In view of theses relations, expressions (3.4.31) and (3.4.32) finally take the form
(Acy)? =e™ (3.4.35)

and

(Ac_)? = e*. (3.4.36)

For r > 0, we easily observe that the fluctuations in the plus quadrature are below the

coherent state level with enhanced flactuations in the minus quadrature.



Chapter 4

The Superposition of Two-Mode
Coherent and Squeezed Vacuum
States

4.1 The Q function

Suppose a two-mode light beam is injected into a lossless cavity initially having no pho-

tons.

Figure 4.1: The injection of the first light beam into a lossless cavity initially having no
photons

The density operator for this light is given by

pr=pu(a",07,a,0) = Chmna™o"a™b". (4.1.1)

klmn

The completeness relation for a two-mode light is given by

1 .
F/dQUadZle‘Tla777b><7]b,Tla| =1 (4.1.2)

28



Substituting this into (4.1.1), we have

1 ~ ~
ﬁl = /d277ad277bﬁ Z Cklmn|77a, 77b><77b>77a‘&mb“dmb”,

klmn

then it follows

~ 1 * 8 m *
p1 = /d277ad277bp Z Chrimn TZak (77a + 8_772) nbl(m +

klmn

where

|7 1) (s 10| @1 = [ ) (o, 00 | 12"

71 xl
bt My

170> 1) (16 1 |b™ = |10 70 ) s e

. 0 \m
‘Ua>77b><77b,77a|a :(Ua-i-%) |77aa77b><77b777a‘

*
a

“ 0 n
%0 16 (16, Ma | = (s + W) (%0 1) {1l Ma |
My

Eq. (4.1.4) can be further written as

. 1 . 0 \m
p1 = /dznad277b {; Z Crimn Uak (77a + 8772)

klmn

< (1 + 5=) D)D) 7o D) D)
where
|9 ) (M M| = D(02) D () |0, 04) (O, 0| D(—10) D(—1p),
with

ﬁo = ‘Oa70b><0b70a )

represents the density operator for the light initially in the cavity.

0 \n
8n§) | 76) (o, T
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(4.1.3)

, (4.1.4)

(4.1.5)

(4.1.6)

(4.1.7)

(4.1.8)

(4.1.9)

(4.1.10)

(4.1.11)
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Now if we inject another light beam into the cavity, then the density operator for the

superposition of the light beams can be written as

Figure 4.2: The injection of the second light beam into a lossless cavity initially having
some photons with the density opeator p;

A 2 2 wk! 0 m’
p= /d)\d)\bLT > Crormm A (N +8)\a)

k'l'm'n’
0
o]

<A (A 4+ =) D)D) pr D(=A)D(=N)|. (41.12)

Introducing Eq. (4.1.4) into this, we have

A\ d* Ny d? 1), d? / 0 / 0 \n
/3 _ / b Ul b [ Z Ckz’l’m - )\*k ()\ 8)\*) )\Zl ()\b + a)\Z)
kK'l'm'n’
XY Chtmn 03 (0 +i)m 15t (e + 0 )"
o U ) U

klmn

X D(Aa) D)0y 16) (16 M| D(=Aa) D(= ) | (4.1.13)

This is equal to

2y 2). 2. 2 I\l "
/ e nb[ S Gl N (a+ )N (M + o)

>
I

7T4 k,/l/m/n/ aAZ aAZ
3 Cutmn 0t o)™ i+ )"
klmn on; on;
X |10 + Aas o + Ao ) (T + Ao, 70 (4.1.14)
where

A

D(Aa) D)y 1) (s 11| D(=Aa) D(=Ny) = [11a + Xas o + M) (0 + Aps 10 + A (4.1.15)
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In view of (2.1.1) the Q function for a two-mode light beam is given by

,a|pla, B
Qa, B) = % (4.1.16)
Upon inserting (4.1.14) in to this, we get
NEDWIEDY d277ad27) o 0 \m/
Q(OZ;B) = / ° b [k/;n:n Ck’l’m 'n/ A k ()\ 8_)\a>
XA /\b+ ZCkl 77 77 + 0 ) n*l(ﬁb-i— 0 )n
’ aA* e e N Doy on;
X<67a‘na+)\a;nb+>\b><nb+>\b,na Oé,5> (4117)
From the fact that
<ﬁ7 O“na + >\a77]b + )\b> = <Oé‘77a + )\a><ﬁ|77b + )\b>7 (4118)
with
. 1, 1 ,
(afna+ Xa) = exp|a* (1 + Xa) = Slaf = Sl + Ao and  (4.1.19)
1 1
(Blm + o) = exp {5*(7% +Ny) — §|5|2 - §|7]b + >\b|2} (4.1.20)
and
<nb+)\b,77a oz,ﬁ> = <77a+)\a‘oz><7]b+)\b‘5>. (4.1.21)
with

1 1

(Na + Ao|a) = exp [a(na* + ) — §|77a + Aaf? — §|a|2} and  (4.1.22)
1 1

(s + X[ B) = exp {5(776* +AS) = gl + Nof? = §|5|2} (4.1.23)

Eq. (4.1.17) can be put in the form

2 N d? N2 »
Q(aaﬁ) = fl/ ﬂb_G d il |:f2 Z Ck’l’m’n’ )‘al€
k'lU'm'n’
0 «l! 0 n’
<Ot gy) " N Out )"
*k a m xl a n
X > Chtmn 03 (1 + 3772) fs m( 3772:) fsl, (4.1.24)

klmn



where

fi = exp| — aa” — 7]

fo = exp[naa”™ + Ao + NpB* + 3]

fa=exp[N(a—1na = Ad)]
fa=exp[ N (B —mp — No)]
fs = exp[ny(a — 1. — )]
fo = exp[n; (B —m — )]

From binomial expansion, we have

0
(o + 3

O el (8 —m— M),

) Je = (775—1- 377,;*

*
b

0
= Zkl B ) e i (8 = = )

After differentiation and applying binomial theorem back, we get

)'fe = (B=X)explm(B—m—N)],
= (/6 - )\b)nf(s-

Similarly

(na 877 ) f5 ( /\a)mf57

()\b+ )f4 (5—77b)n/f4,

ON;
8 m’ ’

(a+52)" fs = (@ =)™ f,
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(4.1.25)
(4.1.26)
(4.1.27)
(4.1.28)
(4.1.29)

(4.1.30)

(4.1.31)

(4.1.32)

(4.1.33)
(4.1.34)

(4.1.35)

Substituting (4.1.32), (4.1.33), (4.1.33), (4.1.34), and (4.1.35) into (4.1.24), we have

1
Q(aaﬁ) = p /dz)\a d2)\b d277a d2nb |:Q()‘:7 )\Zv & — Ta, B - nb)
XQ(U; 77;’ a — Aau 6 - /\b)

xeasp( —Ja =X =P =B =N\ — nb|2)].

(4.1.36)
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This is the @ function for the superposition of a pair of two-mode light beams in general.
Now we seek to obtain the () function for the superposition of two-mode coherent and

squeezed vacuum states. With the aid of (2.1.13) and (3.1.13), one can write

1
QNey Ny =10, B—1) = ;ewp{— [0 + AN+ Ny = 1a) + A5(8 — m)]
O (o — 1) + X+ X (B — 1) + )\2)\] (4.1.37)
and
h2
Qi 1 a=Aa B=X) = = Texp[ IGERRAETCERY
—((B = M) (v — Aa) + mpm) tanh r] : (4.1.38)

Upon inserting (4.1.37) and (4.1.38) into (4.1.36), we find

sech?r

Q(a,f) =

6

/dQ)\a d’ Ny, d*ng d*np exp[ —aat — B — U
AN o=, + N+ XN B — XNy + AN+ A
—AaAg 120" = a1, + X5 = NNy + B — mymy

+(—af + XS + @y — A Ay — mpm;) tanh 7} : (4.1.39)

This can be rewritten as

sech?r

Q(a, 6) = exp[ —aa = BB = AN+ o+ NP —af tanhr}

T2

d*\, . «
X exp| — A\, + A tanhr + A\ + 0N

x/ {

2
x/dnaexp{ Nally + Na’* —f*ﬁa}
< [ Srern| -

exp Mg+ 8" + adp tanhr — A\, tanhr + )\*)\]
s

™

77b
—exp

- mny — N e + 8" — nyn, tanh r} . (4.1.40)
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Integrating over the variable 7, using the relation given in Eq. (2.1.12), we get

2
Q(a, B) = sechr exp{ ot — BB — U — AN+ Fa+ N B —af tanhr]

2

>\, . X «
X exp| — A\, + AP tanhr + Ao + A,
T

D)
X / bea:p { — M, + 8" + adp tanh r — A\ N\, tanh r + )\Z)\]
T
d?n,
X / Tnexp[ — Nalls + N — L0,
+A*nr tanhr — *n tanh r] : (4.1.41)

Similarly integrating with respect to the variable 7,, we find

2
Q(a, B) = sech’r e:cp[ —aa* — BB — 00 — AN+ ' + \*B — aftanhr

T2

+ao* A tanhr — o*f* tanhr — £*A\* tanh r + £* 5" tanh r]

A\, . . x
X exp| — A\, + A SBtanhr + o™ + X

T
2

X / d )\bexp { — Ay, + A"
T

+a), tanhr — A\ N\ tanh r + )\ZA} , (4.1.42)

and integrating over the variable )\, we obtain

2

sech2r * * * * * * *
Q(a, ) = exp| — o — BB* — U0F — AN* + o+ N B+ \F* — aftanhr

+a* A tanhr — o*f* tanhr — £*A\* tanhr + ¢*5* tanh r + Ao tanh r

d*\,
X / ea:p[ — XA, + A S tanhr
T
+A 0" — A\, tanhr + 6)\2] . (4.1.43)

Finally integrating over the variable \,, we have

Qo B) = exp| — aa’ — BB* — 00 — AN* + (o + N B+ A\3* — aftanhr

T2

+ao* AN tanhr — o 8" tanhr — £*A\* tanh r + £*5* tanh r + Ao tanh r

+{Btanhr + fa* — (X tanh 7’] . (4.1.44)
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This is the ) function for the superposition of two-mode coherent and squeezed vacuum
states.

Now let us integrate this function over the variables o and

/d204d25@ (a, B) = sech’r exp[ — 00" — AXN" — 0* X" tanh r — ¢\ tanh 7’]
X | —exp| — aa” 4+ Fa+ Aatanhr 4+ la™ + o X" tanh r
T
X | ——exp| — BB+ XN —aftanhr + £ tanhr
T

+AB" — a*f* tanhr + £* 5% tanh 7"} . (4.1.45)

Integrating over the variable 3 and applying the relation sech?r = 1 — tanh®r, we get

/d2ad25Q (a, 5) = sech’r emp[ — sech%%*}
d2O{ 2 * * *
x | —exp|sech’r(—aa™ + (o + la”) |, (4.1.46)
T
and integrating over the variable o, we have

/d2ad25Q(a, B) = 1. (4.1.47)

This shows that the ) function for the superposition of two-mode coherent and squeezed

vacuum states is normalized.

4.2 The mean of the photon number sum and differ-
ence

On account of (2.2.5) and (2.2.6) the mean of the photon number sum and difference are

expressed as

Ny = Ng + M (4.2.1)
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and

n_ = ng — Np. (422)

The mean photon number of mode a in terms of the ) function for the superposition of

two-mode coherent and squeezed vacuum states is given by

Ng = /d2a d*BQ(a, B)aa™ — 1. (4.2.3)
In view of (4.1.44), we have
— SeChQT 2 2 * * * * * * *
Ng = 5 d°a d“p exp| —aa™ — BB — U — AN+ Fa+ N[+ A3
T

—af tanhr + o*A* tanhr — o* " tanh r — £*\* tanh r + £** tanh r

+Aatanhr + (B tanhr + la™ — (A tanhr [aa™ — 1. (4.2.4)

This can be rewritten as

Ne =  sech’r e:vp[ — 00* — AN — "X tanhr — () tanh 7“]
X—— —exp[—ozoz +na+ Fa+ Aatanhr + fa” + va™ + o™\ tanhr}
dn dry s

2
X / @emp[ — BB + X8 — af tanhr + ¢ tanh r
T

+AG* — o5 tanh r + £*5* tanh T] — 1. (4.2.5)

n=v=0

Integrating with respect to § and applying the relation sech?r = 1 — tanh?r, we find

N =  sech’r exp[ — o SGChQ’I"}
d d d?
X —— —aexp[ — aa* sech®r + na + (*a sech®r
dn dry s
+la* sech®r + fya*]} —1, (4.2.6)
’I]Z’}/:O
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and integrating with respect to «, we have

d d 1
Ny = d_nd_’y {emp(sech%‘ [nf sech®r 4+ ny 4+ 0* sech%])} -1 (4.2.7)

n=>=0

After differentiating and applying the condition n = v = 0, we obtain

= 1 * . 2 *
Ng = W+M 1 = sinh®r + 00" (4.2.8)

In a similar manner, one can also show that
iy = sinh? r + AN*. (4.2.9)

Upon substituting (4.2.8) and (4.2.9) into (4.2.1) and (4.2.2), the mean of the photon
number sum and difference for the superposition of two-mode coherent and squeezed

vacuum states are given by
Ny = 00" + A\* + 2sinh®r (4.2.10)
and
n_ =00 — A\". (4.2.11)

From these results we have understand that the mean of the photon number sum for the
superposition of two-mode coherent and squeezed vacuum states is the sum of the mean
of the photon number sums for the individual states. And the mean of the photon number
difference for the superposition of two-mode coherent and squeezed vacuum states is the

same as that of the two-mode coherent state.
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4.3 The normally-ordered variance of the photon num-
ber sum and difference

In view of (2.3.4) and (2.3.5) the normally-ordered variance of the photon number sum

and difference are given by
L (Ang)? = (a%a'?) + 2(aatbd’y + (022) — 6[7i, + np + 1] — [fig + 1) (4.3.1)

and

2

D (An_)? = (a%al?) — 2(aatbbty + (b*01) — 2[R, + Ay + 1] — [Ae — 7] (4.3.2)

The expectation value of a2a'? in terms of the ) function for the superposition of two-

mode coherent and squeezed vacuum states is given by

(a%a'?) = / d*a d*BQ(a, B)a’a*?. (4.3.3)

In view of (4.1.44), we have

sech?r
2

(a%a?) = /d2a d*p exp[ —aat — BBF — U — AN+ CFa+ N B+ \GF

™
—af tanhr + o*A* tanhr — o " tanhr — £*\* tanhr + ¢*5* tanh r

+Aatanhr + ¢3tanhr + fa* — (A tanhr | a?a?. (4.3.4)

This can be rewritten as

(@a™) = sech®r exp[ — 00" — A\ — £*A\* tanhr — (A tanh 7]
X——— —exp[—ozoz +na+ Fa+ Aatanhr + o™ + va™ + a™ A tanhr]
dn? d~? T

2
X / ﬁeycp[ — BB" + X8 — aftanhr 4+ ¢G5 tanhr
s

+A\B* — o f* tanh r + £** tanh 7’} . (4.3.5)
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Integrating with respect to 8 and applying the relation sech?r = 1 — tanh®r, we obtain

(aa™) = sech®r exp[ — 00" sech®r]
d> d? d?
X I [ ?aea:p[ — aa* sech®r + na + (*a sech®r

+la* sech®r + 704*}] ,
n=7=0

and integrating with respect to o, we have

d* d? 1
A2AT2\ 2 * 2
(a*a') = d_772d_72 [exp<sech2r [775 sech”r + ny + v{* sech r})} n:y:o’

After differentiating and applying the condition n = v = 0, we obtain

2 400*

+ 020*2 = 2 cosh* r + 400" cosh? r + 20*2.
sech*r = sech?r

(i) =
Following a similar procedure, we arrive at

(B*b?) = 2 cosh? r 4+ 4A\* cosh? 7 + A2X\*2.

(4.3.6)

(4.3.7)

(4.3.8)

(4.3.9)

The expectation value of aa'bb! in terms of the () function for the superposition of two-

mode coherent and squeezed vacuum states is given by

(aa'bb') = / o BQ(a, B)ac* 85"

In view of (4.1.44), we have

n sech?r

™

(4.3.10)

/an & exp{ —aa” = B = = A\ + Ca+ NS+ AT

—aftanhr + oA tanhr — o* 5% tanh r — £*\* tanh r + ¢*8* tanh r

+Aatanhr + ¢G5 tanh r + b — (A tanh r | aa™B7.

(4.3.11)
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This can be rewritten as

(aa'bb’y = sech®r exp| — 00F — A\ — £*X*tanhr — (X tanh r]
d ddd d?
X%@@E{ ?aexp[—ozoz*#—na—l—f*oz—k)\atanhr

+la* 4+ ya* + o X" tanh r]
d26 * *
X —e:cp[ — BB* + X' —apftanhr + (f tanhr + uf
s

+v* + A\F* — o " tanh r + (*3* tanh 7| : (4.3.12)
n=y=p=v=0

Integrating with respect to 8 and applying the relation sech®r = 1 — tanh? r, we have

(aa’bbty = sech?r exp| — (0* sech®r]
d d d d
Xd_nd_’yaa {exp[ + VA" + vltanhr + pv 4+ pX + pl* tanhr|
d’« . 9 « 2
X —emp[ — aa” sechr +na + "« sech”r — vatanhr
T
+la* sech®r + ya — pa® tanh rﬂ : (4.3.13)
n=y=p=v=0

and integrating with respect to «, we have

A d d d d
(aa'bby = DA [exp(sechQT [vX*sech®r + pv + pAsech®r + L sech®r
+nlsech’r + 1y — nutanhr — yv tanh 7] )] : (4.3.14)
n=v=p=v=0

After differentiating and applying the condition n = v = u = v = 0, we obtain

(aa’bb’) = cosh®r 4 sinh? r cosh? r + £0* cosh? r 4+ AX* cosh? r
—{Asinhr coshr — £*A* sinh r cosh r + 20" AN". (4.3.15)
Upon substitution of (4.2.8), (4.2.9), (4.3.8), (4.3.9) and (4.3.15) into (4.3.1 ) and (4.3.2),
the normally-ordered variance of the photon number sum and difference take the form
:(Ang)? = 4sinh*r 4 2sinh? r + 20¢* sinh? r + 2A\* sinh? r

—2¢\sinhr coshr — 20*\* sinh r cosh r (4.3.16)
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and

c(An_)? = —2sinh®r + 20¢* sinh® r + 2A\* sinh® r

+2¢Asinh r cosh r + 2¢*\* sinh r cosh r. (4.3.17)

4.4 The Quadrature Variances

On account of Egs. (2.4.10) and (2.4.11) the variance for the plus and the minus quadra-

tures for a two-mode state are given by

(Ac,)? = %[(Aam - (Aby)?] + (@b) + (@b + (alb) + (albh)
—(a)(b) — (@)(b") — (a)(b) — (a")(b") (4.4.1)
and
(Ac )2 = %[(Aa_)z 1 (Ab_)?] — (ab) + (ab") + (a1f) — (alb1)
+(a)(b) — (a)(b") — (a")(b) + (a) (b"), (4.4.2)
where
(Aay)? =1+2(ata) + (a™) + (@) — (a)? — (a')? — 2(a')(a) (4.4.3)
and
(Aa_)? =1+ 2(ata) — (a'?) — (%) + (a)* + (a")? — 2(a')(a). (4.4.4)

with a similar definition for (Ab,)? and (Ab_)2.
The expectation value of (a') in terms of the @ function for the superposition of two-mode

coherent and squeezed vacuum states is expressible as

(@) = / Pa 25Q(a, )a. (4.4.5)
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On account of (4.1.44), we have

h2
@ = ﬁ/fafﬁaw[—mf—ﬁw—wW—Ax+ﬁu+Am+Am

T2

—aftanhr 4+ a*\* tanhr — o™ tanhr — £*\* tanh r + £*5* tanh r

+Aatanhr + (G tanhr + la™ — (A tanhr | a. (4.4.6)

This can be rewritten as

(@) = sech®r exp[ — 0" — A\* — £*X\* tanhr — (X tanh 7]

d d’a N . X -
X— —exp| — aa” + ya + (*a + Aatanhr + fa* + a* A" tanh 7]

v 7r

d*p Y
X —exp[ — BB" + X8 — af tanhr 4+ {5 tanhr
T
+AG* — B tanh r + £*5* tanh r} : (4.4.7)
=0

Integrating with respect to 8 and applying the relation sech®r = 1 — tanh®r, we get

(a) =  sech®r exp| — 00" sech’r]
d d?
X — [ —aexp[ — aa” sech®r + ya + *a sech®r
dry s
+la* sech%}] : (4.4.8)
=0

and integrating with respect to «, we have

(a) = % {exp(ﬁ [v¢ sechQr])] : (4.4.9)

=0

After differentiating and applying the condition v = 0 once more, we get

(@) = 0. (4.4.10)

Similarly one can easily obtain the expectation value of b as

~

(B) = . (4.4.11)
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The expectation value of (a?) in terms of the @) function for the superposition of two-mode

coherent and squeezed vacuum states is expressible as

(a?) = /d2a *BQ(a, B) . (4.4.12)

On account of (4.1.44), we have

h2
@)= 7 /d% 428 exp[ —aat — BB — U — M\ CFa+ N B+ AB
T
—aftanhr + a*\* tanhr — o™ tanhr — £*\* tanh r + ¢*5* tanh r

+Aatanhr + ¢3tanhr + fa* — (A tanhr | o, (4.4.13)

This can be rewritten as

(@®) = sech®r exp[ — 00" — AX* — £*X* tanhr — (A tanhr]
d2 d2a * * * * |
XW Tea:p[—ozoz + v+ o+ Aatanh 7 4 lo* 4+ o*X* tanh r]

2
X / %exp[ — BB* + X8 — aftanhr + {5 tanhr
T

+AG* — o f* tanh r + £*5* tanh r} ) (4.4.14)

=0

Integrating with respect to 8 and applying the relation sech®r = 1 — tanh? r, we have

(@*) = sech®r exp[ — 0" sech’r]
d> d?
X — [ —aexp[ — ao® sech®r + ya + (*a sech®r
dn? T
+la™ S@ChQT}:| : (4.4.15)
=0

and integrating with respect to «, we have

(d2>:dd—;{exp( ! [wsech%])] | (4.4.16)

2
sech?r =0
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After differentiating and applying the condition v = 0 once more, we get

(a?) = (2. (4.4.17)

Similarly one can easily obtain the expectation value of b? as

(0% = X2, (4.4.18)

The expectation value of ab in terms of the () function for the superposition of two-mode

coherent and squeezed vacuum states is given by

(ab) = / Po d*BQ(a, B)ab. (4.4.19)

In view of (4.1.44), we have

sech?r
2

/d2a d*p exp[ —aa” — BB = — AN+ CFa+ NS+ A\GT

T
—aftanhr + a*A* tanhr — o* 5" tanh r — £*\* tanh r 4+ ¢*5* tanh r

+Aatanhr + (8 tanhr + la™ — fA tanhr | af. (4.4.20)

This can be rewritten as

(ab) =

><__

sech?r exp[ — 00" — AN — 0*X* tanh r — ¢\ tanh r]

d d d?
[ —aezvp[— a” +na+ CFa+ Aatanhr + fa™ + o™ \* tanhr}
s

dn dry

X / dQTBexp[ — BB + B+ XS — aftanhr + /3 tanh r

+AG* — o B tanhr + £*5* tanh r] . (4.4.21)

n=>=0
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Integrating with respect to 8 and applying the relation sech?r = 1 — tanh®r, we obtain

(ab) =  sech®r exp| — 00" sech’r]
d d
X W {ea:p [Ay + 7¢* tanh ]
d2O[ * 2 * 2
X —emp[—ozoz sech®r +na + {*a sech®r
T
—vya™ tanh r + fa” sech%‘]} : (4.4.22)
n=7=0
and integrating with respect to «, we have
(ab) = d.d exp b [\y sech®r — nytanhr + ¢n sech’r] (4.4.23)
dn dry sech?r N o
After differentiating and applying the condition n = v = 0, we obtain
(ab) = (X — sinh 7 cosh . (4.4.24)

The expectation value of ab' in terms of the () function for the superposition of two-mode

coherent and squeezed vacuum states is given by

Gty = / Pa 2BQ(a, B)as". (4.4.95)

In view of (4.1.44), we have

. sech?r

5 /an d*p exp[ —aa = [ = = AN+ CFa+ N B+ \G”

™

—af tanhr + a*A\* tanhr — o5 tanh r — £*A\* tanh r + £* 3" tanh r

+Aatanhr + ¢ tanhr + la™ — (A tanh r | af”. (4.4.26)
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This can be rewritten as

(ab'y = sech®r exp| — 00F — A\ — " X" tanhr — (X tanh r]
x——| [ —exp[ — ac’ + na + C*a + Aatanhr + fa* + a* A" tanh 7]
dn dry 7

2
X / Mexp[ — BB+ NS — aftanhr + ¢S tanhr
T

+vB* + A\* — " " tanh r + £* 5" tanh r] ) (4.4.27)

n:'y:O

Integrating with respect to 8 and applying the relation sech®r = 1 — tanh®r, we get

(ab'y = sech®r exp[ — (0" sech®r]
d d
X d_n@ {exp h/\* + ¢ tanh r}

d’« . 9 « 2
X —exp[—aa sech®r + na + {*a sech’r
s

—~yatanhr 4+ fa* sech%’ﬂ : (4.4.28)

n=>=0

and integrating with respect to «, we have

A d d
abt) = —— * . 4.4.2
(ab") i [exp [”y)\ + né]} o ( 9)

After differentiating and applying the condition n = v = 0, we obtain

(abf) = X", (4.4.30)

On account of (4.4.10), (4.4.11), (4.4.17), (4.4.18), (4.4.24), and (4.4.30) along with their
complex conjugate, and in view of (4.2.8), (4.2.9), (4.4.1), (4.4.2), (4.4.3) and (4.4.4) the

variance for the plus and the minus quadratures are given by

(Acy)* =1+ 2sinh®r — 2sinh 7 coshr (4.4.31)

and

(Ac_)? = 1 + 2sinh®r + 2sinhr coshr. (4.4.32)
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From the definition of hyperbolic sine and cosine, we see that

627“ — 2+ 6—27‘

sinh® 7 = 1 , (4.4.33)
627“ . 6721"
coshrsinhr = — (4.4.34)
In view of these relations, expressions (4.4.31) and (4.4.32) finally take the form
(Acy)? =e ™™ (4.4.35)
and
(Ac_)? = e*. (4.4.36)

For r > 0, we easily observe that the fluctuations in the plus quadrature are below the
coherent state level with enhanced flactuations in the minus quadrature. It then immedi-
ately follows that the superposition of two-mode coherent and squeezed vacuum state is
in a squeezed state. We also note that, the variance of the quadrature operators for the
superposition are the same as that of the two-mode squeezed vacuum state. This implies
that, the superposition of a two-mode coherent state with a two-mode squeezed vacuum

state does not affect the squeezing properties of the two-mode squeezed vacuum state.



Chapter 5

Conclusion

In this thesis we have obtained the () functions for a two-mode coherent state, a two-mode
squeezed vacuum state, and the superposition of these states. And with aid of these )

functions, we have studied the statistical and squeezing properties of these states.

We have observed that two-mode coherent states are the minimum uncertainty states
with equal noise in both quadratures. Since the normally-ordered variance of the photon
number sum and difference for coherent sates are zero, the photon statistics of a two-
mode coherent state is Poissonian. From the quadrature variance of a two-mode squeezed
vacuum state, we have seen that the fluctuations in the plus quadrature are below the

coherent state level with enhanced fluctuations in the minus quadrature.

The mean of the photon number sum for the superposition of two-mode coherent
and squeezed vacuum states is the sum of the mean of the photon number sums for the
individual states. The mean of the photon number difference for the superposition of two-
mode coherent and squeezed vacuum states is the same as that of the two-mode coherent
state. And its quadrature variance shows that the fluctuations in the plus quadrature
are below the coherent state level with enhanced fluctuations in the minus quadrature.
It then immediately follows that the superposition of two-mode coherent and squeezed

vacuum state is in a squeezed state.

We have also observed that, the variance of the quadrature operators for the super-

position of two-mode coherent and squeezed vacuum states is the same as that of the

48
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two-mode squeezed vacuum state. This implies that the superposition of a two-mode
coherent state with a two-mode squeezed vacuum state does not affect the squeezing

properties of the two-mode squeezed vacuum state.
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