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Abstract

Using the antinormally-ordered characteristic function, we have determined the Q function

for a two-mode coherent state as well as a two-mode squeezed vacuum state. Using the

pertinent Q function, we have calculated the quadrature variance, the mean and the

normally-ordered variance of the photon number sum and difference. Furthermore, we

have obtained the Q function for the superposition of two-mode coherent and squeezed

vacuum states. Employing the resulting Q function, we have calculated the quadrature

variance, the mean and the normally-ordered variance of the photon number sum and

difference.

We have found that the mean of the photon number sum for the superposition of two-

mode coherent and squeezed vacuum states is the sum of the mean of the photon number

sums for the individual states. And the mean of the photon number difference for the

superposition of two-mode coherent and squeezed vacuum states is the same as that of

the two-mode coherent state. The quadrature variance for the superposition of two-mode

coherent and squeezed vacuum states is the same as that of a two-mode squeezed vacuum

state.
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Chapter 1

Introduction

The quantum description of radiation is one of the central topics in quantum optics.

This description requires the quantization of the radiation field. The quantization of the

radiation field leads to the introduction of various possible quantum sates of light such as

the number states, the coherent states, and the squeezed states [1-12].

Of all states of the radiation field, the coherent states are the most important and

arise frequently in quantum optics. Not only can they be an accurate representation of the

radiation field produced by a stabilized laser operating well above threshold, but also many

of the techniques for studying the properties of the radiation fields rely on the properties

of the coherent states [1-7]. On the other hand, squeezed light has potential applications

in the detection of weak signals and in low-noise communications [1,3,7,8,13,14].

Single-mode coherent states are minimum uncertainty states with equal noise in both

quadratures and they have Poissonian photon statistics. On the other hand, in a single-

mode squeezed vacuum state the fluctuations in the plus quadrature are below the co-

herent state level with enhanced fluctuations in the minus quadrature [1,2,3,4,5,6]. The

mean photon number for the superposition of single-mode coherent and squeezed vacuum

states is the sum of the individual state mean photon numbers [15].

In this thesis, we seek to study the quantum properties of the superposed two-mode

coherent and squeezed vacuum states. To this end, we first determine the Q functions
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for the individual states. Using the pertinent Q function, we calculate the quadrature

variance, the mean and the normally-ordered variance of the photon number sum and

difference. Furthermore, we obtain the Q function for the superposition of two-mode

coherent and squeezed vacuum states. Applying the resulting Q function, we calculate the

quadrature variance, the mean and the normally-ordered variance of the photon number

sum and difference.



Chapter 2

Two-Mode Coherent States

Coherent states can easily be generated using the unitary displacement operator [1-7].

The two-mode coherent state
∣∣α, β〉 may be defined in terms of the displacement operator

D̂(α, β) = e(αâ
†−α∗â)e(βb̂

†−β∗b̂), (2.0.1)

as ∣∣α, β〉 = D̂(α, β)
∣∣0a, 0b〉, (2.0.2)

where α and β are complex numbers.

2.1 The Q function

The Q function for a two-mode light is defined by

Q(α, β) =
〈β, α

∣∣ρ̂∣∣α, β〉
π2

. (2.1.1)

This function is expressible in terms of the antinormally-ordered characteristic function

defined by [1]

φa,b(z, η) = Tr
(
ρ̂e−z

∗âezâ
†
e−η

∗b̂eηb̂
†)
. (2.1.2)

3
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Applying the completeness relation for coherent states and using fact that operators for

separate modes are commute with each other, we can write the above equation as

φa,b(z, η) = Tr

(∫
d2α d2β

π2
ρ̂e−z

∗â e−η
∗b̂
∣∣α, β〉〈β, α∣∣ezâ†eηb̂†). (2.1.3)

From the property of the trace operation and on account of (2.1.1), we have

φa,b(z, η) =

∫
d2α d2β Q(α, β)e(z

∗α−zα∗+η∗β−ηβ∗). (2.1.4)

Since the Q function is the inverse Fourier transform of this characteristic function, we

see that

Q(α, β) =
1

π4

∫
d2z d2η φa,b(z, η)e(z

∗α−zα∗+η∗β−ηβ∗). (2.1.5)

Next we seek to obtain the Q function for the two-mode coherent state
∣∣`, λ〉. The

antinormally-ordered characteristic function for this state can be written as

φa,b(z, η) = Tr
(∣∣`, λ〉〈λ, `∣∣e−z∗âezâ†e−η∗b̂eηb̂†). (2.1.6)

With the aid of the identity [1-6]

eÂeB̂ = eB̂eÂe[Â,B̂], (2.1.7)

we get

e−z
∗âezâ

†
e−η

∗b̂eηb̂
†

= e−(z
∗z+η∗η)ezâ

†
e−z

∗âeηb̂
†
e−η

∗b̂. (2.1.8)

In view of this result, expression (2.1.6) can be put in the form

φa,b(z, η) = e−(z
∗z+η∗η)+z`∗−z∗`+ηλ∗−η∗λ. (2.1.9)

On account of this relation, Eq. (2.1.5) can be written as

Q(α, β) =
1

π4

∫
d2zd2ηe−(z

∗z+η∗η)+z`∗−z∗`+ηλ∗−η∗λ+z∗α−zα∗+η∗β−ηβ∗ . (2.1.10)

This can be rewritten as

Q(α, β) =
1

π2

∫
d2z

π
e−z

∗z+(`∗−α∗)z+(α−`)z∗

×
∫
d2η

π
e−η

∗η+(λ∗−β∗)η+(β−λ)η∗ . (2.1.11)
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Integrating over η and z using the relation [1]

∫
d2z

π
exp
(
− azz∗ + bz + cz∗ + Az2 +Bz∗2

)
=

[
1

a2 − 4AB

]1/2
exp

[
abc+ Ac2 +Bb2

a2 − 4AB

]
, a > 0 (2.1.12)

we find

Q(α, β) =
1

π2
exp
[
− (``∗ + λλ∗ + α∗α + β∗β) + `∗α + `α∗ + λ∗β + β∗λ

]
, (2.1.13)

which is the Q function for a two-mode coherent state.

2.2 The mean of the photon number sum and differ-

ence

The photon number sum and difference are defined by [1]

n̂+ = n̂a + n̂b (2.2.1)

and

n̂− = n̂a − n̂b, (2.2.2)

with

n̂a = â†â (2.2.3)

and

n̂b = b̂†b̂. (2.2.4)

Where n̂a and n̂b are the photon number operators for the separate modes. The mean of

the photon number sum and difference are given by

n̄+ = n̄a + n̄b (2.2.5)
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and

n̄− = n̄a − n̄b. (2.2.6)

The mean photon number of mode a is expressible as

n̄a =

∫
d2α d2βQ(α, β)αα∗ − 1. (2.2.7)

Upon inserting (2.1.13) into (2.2.7), we get

n̄a =
1

π2

∫
d2α d2βexp

[
− (``∗ + λλ∗ + α∗α + β∗β)

+`∗α + `α∗ + λ∗β + β∗λ
]
αα∗ − 1. (2.2.8)

This can be rewritten as

n̄a = exp
[
− ``∗ − λλ∗

]
× d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + `α∗ + γα∗

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β + λβ∗

]]
η=γ=0

− 1. (2.2.9)

On performing the integration over β, we find

n̄a = exp
[
− ``∗

]
× d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + `α∗ + γα∗

]]
η=γ=0

− 1, (2.2.10)

and on carrying out the integration over α, we have

n̄a =
d

dη

d

dγ

[
exp
[
η`+ ηγ + γ`∗

]]
η=γ=0

− 1. (2.2.11)

After differentiating and applying the condition η = γ = 0, we obtain

n̄a = ``∗. (2.2.12)
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In a similar manner, one can also show that

n̄b = λλ∗. (2.2.13)

Upon substituting (2.2.12) and (2.2.13) into (2.2.5) and (2.2.6), the mean of the photon

number sum and difference for a two-mode coherent state are given by

n̄+ = ``∗ + λλ∗, (2.2.14)

and

n̄− = ``∗ − λλ∗. (2.2.15)

2.3 The normally-ordered variance of the photon num-

ber sum and difference

The normally-ordered variance of the photon number sum is given by

: (∆n+)2 := 〈: n̂2
+ :〉 − 〈: n̂+ :〉2. (2.3.1)

Upon substituting (2.2.1) along with (2.2.3 ) and (2.2.4) into this, we have

: (∆n+)2 := 〈: (â†â+ b̂†b̂)2 :〉 − 〈â†â+ b̂†b̂〉2. (2.3.2)

This is the same as

: (∆n+)2 := 〈â†2â2〉+ 2〈â†âb̂†b̂〉+ 〈b̂†2b̂2〉 − (〈â†â〉+ 〈b̂†b̂〉)2. (2.3.3)

Using the commutation relations [â, â†] = 1 and [b̂, b̂†] = 1, this can be rewritten in the

antinormal order as

: (∆n+)2 := 〈â2â†2〉+ 2〈ââ†b̂b̂†〉+ 〈b̂2b̂†2〉 − 6
[
n̄a + n̄b + 1

]
−
[
n̄a + n̄b

]2
. (2.3.4)
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Similarly

: (∆n−)2 := 〈â2â†2〉 − 2〈ââ†b̂b̂†〉+ 〈b̂2b̂†2〉 − 2
[
n̄a + n̄b + 1

]
−
[
n̄a − n̄b

]2
. (2.3.5)

The expectation value of â2â†2 in terms of the Q function for a two-mode coherent state

is expressible as

〈â2â†2〉 =

∫
d2α d2βQ(α, β)α2α∗2. (2.3.6)

Upon inserting (2.1.13) into this, we get

〈â2â†2〉 =
1

π2

∫
d2α d2βexp

[
− (``∗ + λλ∗ + α∗α + β∗β)

+`∗α + `α∗ + λ∗β + β∗λ
]
α2α∗2. (2.3.7)

This can be rewritten as

〈â2â†2〉 = exp
[
− ``∗ − λλ∗

]
× d2

dη2
d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + `α∗ + γα∗

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β + λβ∗

]]
η=γ=0

. (2.3.8)

On performing the integration over β, we find

〈â2â†2〉 = exp
[
− ``∗

]
× d2

dη2
d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + `α∗ + γα∗

]]
η=γ=0

, (2.3.9)

and on carrying out the integration over α, we have

〈â2â†2〉 =
d2

dη2
d2

dγ2

[
exp
[
η`+ ηγ + γ`∗

]]
η=γ=0

. (2.3.10)

After differentiating and applying the condition η = γ = 0, we obtain

〈â2â†2〉 = 2 + 4``∗ + `2`∗2. (2.3.11)
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Following a similar procedure, we arrive at

〈b̂2b̂†2〉 = 2 + 4λλ∗ + λ2λ∗2. (2.3.12)

The expectation value of ââ†b̂b̂† in terms of the Q function for a two-mode coherent state

is expressible as

〈ââ†b̂b̂†〉 =

∫
d2α d2βQ(α, β)αα∗ββ∗. (2.3.13)

Upon inserting (2.1.13) into this, we get

〈ââ†b̂b̂†〉 =
1

π2

∫
d2α d2βexp

[
− (``∗ + λλ∗ + α∗α + β∗β)

+`∗α + `α∗ + λ∗β + β∗λ
]
αα∗ββ∗. (2.3.14)

This can be rewritten as

〈ââ†b̂b̂†〉 = exp
[
− ``∗ − λλ∗

]
× d

dη

d

dγ

d

dµ

d

dν

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + `α∗ + γα∗

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β + µβ + νβ∗ + λβ∗

]]
η=γ=µ=ν=0

. (2.3.15)

On performing the integration over β, we get

〈ââ†b̂b̂†〉 = exp
[
− ``∗

]
× d

dη

d

dγ

d

dµ

d

dν

[
exp
[
νλ∗ + µν + µλ

]
×
∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + `α∗ + γα∗

]]
η=γ=µ=ν=0

, (2.3.16)

and on carrying out the integration over α, we have

〈ââ†b̂b̂†〉 =
d

dη

d

dγ

d

dµ

d

dν

[
exp
[
νλ∗ + µν + µλ+ η`+ ηγ + γ`∗

]]
η=γ=µ=ν=0

. (2.3.17)

After differentiating and applying the condition µ = ν = η = γ = 0 , we get

〈ââ†b̂b̂†〉 = 1 + ``∗ + λλ∗ + ``∗λλ∗. (2.3.18)
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Upon inserting (2.2.12), (2.2.13), (2.3.11), 2.3.12), and (2.3.18) into (2.3.4 ) and (2.3.5),

the normally-ordered variance of the photon number sum and difference are given by

: (∆n+)2 := 0, (2.3.19)

and

: (∆n−)2 := 0. (2.3.20)

Since the normally-ordered variance of the photon number sum and difference are zero,

the photon statistics of a two-mode coherent state is Poissonian.

2.4 The quadrature variance

The squeezing properties of a two-mode light are described by two quadrature opera-

tors defined by [1]

ĉ+ =
1√
2

(â+ + b̂+) (2.4.1)

ĉ− =
1√
2

(â− + b̂−), (2.4.2)

where

â+ = â† + â (2.4.3)

â− = i(â† − â), (2.4.4)

and

b̂+ = b̂† + b̂, (2.4.5)

b̂− = i(b̂† − b̂). (2.4.6)

The operators ĉ+ and ĉ− are Hermitian and satisfy the commutation relation

[ĉ+, ĉ−] = 2i. (2.4.7)

A two mode light is said to be in a squeezed state if either ∆c+ < 1 or ∆c− < 1 such that

∆c+∆c− ≥ 1.
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The variance for the plus and the minus quadratures are defined by

(∆c+)2 = 〈ĉ2+〉 − 〈ĉ+〉2 (2.4.8)

and

(∆c−)2 = 〈ĉ2−〉 − 〈ĉ−〉2. (2.4.9)

On account of (2.4.1) and (2.4.2) along with (2.4.3), (2.4.4), (2.4.5), and (2.4.6), the

variance for the plus and the minus quadratures are given by

(∆c+)2 =
1

2

[
(∆a+)2 + (∆b+)2

]
+ 〈âb̂〉+ 〈âb̂†〉+ 〈â†b̂〉+ 〈â†b̂†〉

−〈â〉〈b̂〉 − 〈â〉〈b̂†〉 − 〈â†〉〈b̂〉 − 〈â†〉〈b̂†〉 (2.4.10)

and

(∆c−)2 =
1

2

[
(∆a−)2 + (∆b−)2

]
− 〈âb̂〉+ 〈âb̂†〉+ 〈â†b̂〉 − 〈â†b̂†〉

+〈â〉〈b̂〉 − 〈â〉〈b̂†〉 − 〈â†〉〈b̂〉+ 〈â†〉〈b̂†〉, (2.4.11)

Where

(∆a+)2 = 1 + 2〈â†â〉+ 〈â†2〉+ 〈â2〉 − 〈â〉2 − 〈â†〉2 − 2〈â†〉〈â〉 (2.4.12)

and

(∆a−)2 = 1 + 2〈â†â〉 − 〈â†2〉 − 〈â2〉+ 〈â〉2 + 〈â†〉2 − 2〈â†〉〈â〉, (2.4.13)

with a similar definitions for (∆b+)2 and (∆b−)2.

The expectation value of â in terms of the Q function for a two-mode coherent state is

expressible as

〈â〉 =

∫
d2α d2βQ(α, β)α. (2.4.14)
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On account of (2.1.13), we have

〈â〉 =
1

π2

∫
d2α d2βexp

[
− (``∗ + λλ∗ + α∗α + β∗β)

+`∗α + `α∗ + λ∗β + β∗λ
]
α. (2.4.15)

This can be rewritten as

〈â〉 = exp
[
− ``∗ − λλ∗

]
× d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + γα + `∗α + `α∗

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β + λβ∗

]]
γ=0

. (2.4.16)

On performing the integration over β, we find

〈â〉 = exp
[
− ``∗

] d
dγ

[ ∫
d2α

π
exp
[
− αα∗ + γα + `∗α + `α∗

]]
γ=0

, (2.4.17)

and on carrying out the integration over α, we have

〈â〉 =
d

dγ

[
exp
[
γ`
]]

γ=0

. (2.4.18)

After differentiating and applying the condition γ = 0, we get

〈â〉 = `. (2.4.19)

Similarly the expectation value of b̂† is given by

〈b̂〉 = λ. (2.4.20)

The expectation value of â2 in terms of the Q function for a two-mode coherent state is

expressible as

〈â2〉 =

∫
d2α d2βQ(α, β)α2. (2.4.21)
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On account of (2.1.13), we have

〈â2〉 =
1

π2

∫
d2α d2βexp

[
− (``∗ + λλ∗ + α∗α + β∗β)

+`∗α + `α∗ + λ∗β + β∗λ
]
α2. (2.4.22)

This can be rewritten as

〈â2〉 = exp
[
− ``∗ − λλ∗

]
× d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗ + γα + `∗α + `α∗

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β + λβ∗

]]
γ=0

. (2.4.23)

On performing the integration over β, we find

〈â2〉 = exp
[
− ``∗

] d2
dγ2

[ ∫
d2α

π
exp
[
− αα∗ + γα + `∗α + `α∗

]]
γ=0

, (2.4.24)

and on carrying out the integration over α, we have

〈â2〉 =
d2

dγ2

[
exp
[
γ`
]]

γ=0

. (2.4.25)

After differentiating and applying the condition γ = 0, we get

〈â2〉 = `2. (2.4.26)

Similarly the expectation value of b̂2 is given by

〈b̂2〉 = λ2. (2.4.27)

The expectation value of âb̂ in terms of the Q function for a two-mode coherent state is

expressible as

〈âb̂〉 =

∫
d2α d2βQ(α, β)αβ. (2.4.28)
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Upon inserting (2.1.13) into this, we get

〈âb̂〉 =
1

π2

∫
d2α d2βexp

[
− (``∗ + λλ∗ + α∗α + β∗β)

+`∗α + `α∗ + λ∗β + β∗λ
]
αβ. (2.4.29)

This can be rewritten as

〈âb̂〉 = exp
[
− ``∗ − λλ∗

]
× d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + `∗α + ηα + `α∗

]
×
∫
d2β

π
exp
[
− ββ∗ + γβ + λ∗β + λβ∗

]]
η=γ=0

. (2.4.30)

On performing the integration over β, we find

〈âb̂〉 = exp
[
− ``∗

]
× d

dη

d

dγ

[
exp
[
γλ
] ∫ d2α

π
exp
[
− αα∗ + `∗α + ηα + `α∗

]]
η=γ=0

, (2.4.31)

and on carrying out the integration over α, we have

〈âb̂〉 =
d

dη

d

dγ

[
exp
[
γλ+ `η

]]
η=γ=0

. (2.4.32)

After differentiating and applying the condition η = γ = 0, we obtain

〈âb̂〉 = `λ. (2.4.33)

The expectation value of âb̂† in terms of the Q function for a two-mode coherent state is

expressible as

〈âb̂†〉 =

∫
d2α d2βQ(α, β)αβ∗. (2.4.34)

Upon inserting (2.1.13) into this, we get

〈âb̂†〉 =
1

π2

∫
d2α d2βexp

[
− (``∗ + λλ∗ + α∗α + β∗β)

+`∗α + `α∗ + λ∗β + β∗λ
]
αβ∗. (2.4.35)



15

This can be rewritten as

〈âb̂†〉 = exp
[
− ``∗ − λλ∗

]
× d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + `α∗

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β + λβ∗ + γβ∗

]]
η=γ=0

. (2.4.36)

On performing the integration over β, we have

〈âb̂†〉 = exp
[
− ``∗

]
× d

dη

d

dγ

[
exp
[
γλ∗
] ∫ d2α

π
exp
[
− αα∗ + ηα + `∗α + `α∗

]]
η=γ=0

, (2.4.37)

and on carrying out the integration over α, we have

〈âb̂†〉 =
d

dη

d

dγ

[
exp
[
γλ∗ + `η

]]
η=γ=0

. (2.4.38)

After differentiating and applying the condition η = γ = 0, we obtain

〈âb̂†〉 = `λ∗. (2.4.39)

On account of (2.4.19), (2.4.20), (2.4.26), (2.4.27), (2.4.33), and (2.4.39) along with their

complex conjugate, and in view of (2.2.12), (2.2.13), (2.4.10), (2.4.11), (2.4.12), and

(2.4.13), the variance for the plus and the minus quadratures have the form

(∆c+)2 = 1 (2.4.40)

and

(∆c−)2 = 1. (2.4.41)

From these results we observe that two-mode coherent states are minimum uncertainty

states with equal noise in both quadratures.



Chapter 3

Two-Mode Squeezed Vacuum States

A two-mode squeezed vacuum state is defined by [1]

∣∣0a, 0b, r〉 = Ŝ(r)
∣∣0a, 0b〉, (3.0.1)

in which

Ŝ(r) = er(âb̂−â
†b̂†), (3.0.2)

is a two-mode squeeze operator.

3.1 The Q function

From Eq. (2.1.5), we know that the Q function for a two-mode light is expressible as

Q(α, β, r) =
1

π4

∫
d2zd2ηφa,b(z, η, r)e

(z∗α−zα∗+η∗β−ηβ∗), (3.1.1)

where the anti-normally ordered characteristic function is defined by

φa,b(z, η, r) = Tr

(
ρ̂e−z

∗â(r)ezâ
†(r)e−η

∗b̂(r)eηb̂
†(r)

)
. (3.1.2)

16
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Applying the Baker-Hausdorff identity [1-7]

eÂeB̂ = eÂ+B̂+ 1
2
[Â,B̂], (3.1.3)

we have

φa,b(z, η, r) = exp
[
− 1

2
(z∗z + η∗η)

]
Tr

(
ρ̂ezâ

†(r)−z∗â(r)+ηb̂†(r)−η∗b̂(r)
)
. (3.1.4)

This can rewritten as

φa,b(z, η, r) = exp
[
− 1

2
(z∗z + η∗η)

]
×Tr

(
ρ̂ exp

[
(z cosh r + η∗ sinh r)â† − (z∗ cosh r + η sinh r)â

]
×exp

[
(η cosh r + z∗ sinh r)b̂† − (η∗ cosh r + z sinh r)b̂

])
, (3.1.5)

where [1]

â(r) = â cosh r − b̂† sinh r (3.1.6)

and

b̂(r) = b̂ cosh r − â† sinh r. (3.1.7)

Applying the Baker-Hausdorff identity once more, we have

φa,b(z, η, r) = exp
[
− 1

2
(z∗z + η∗η) cosh2 r − (zη + z∗η∗) cosh r sinh r

]
×Tr

(
ρ̂ e(z cosh r+η

∗ sinh r)â†e(η cosh r+z
∗ sinh r)b̂†

×e−(z∗ cosh r+η sinh r)âe−(η∗ cosh r+z sinh r)b̂
)
. (3.1.8)

Since mode a and b are initially in a two-mode vacuum state
∣∣0a, 0b〉, we have

φa,b(z, η, r) = exp
[
− 1

2
(z∗z + η∗η) cosh2 r − (zη + z∗η∗) cosh r sinh r

]
×
〈
0a, 0b

∣∣e(z cosh r+η∗ sinh r)â†e(η cosh r+z∗ sinh r)b̂†
×e−(z∗ cosh r+η sinh r)âe−(η∗ cosh r+z sinh r)b̂

∣∣0a, 0b〉. (3.1.9)
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It then follow that

φa,b(z, η, r) = exp
[
− 1

2
(z∗z + η∗η) cosh2 r − (zη + z∗η∗) cosh r sinh r

]
. (3.1.10)

Substitution of (3.1.10) into (3.1.1) leads to

Q(α, β, r) =
1

π4

∫
d2zd2η exp

[
− 1

2
(z∗z + η∗η) cosh2 r − (zη + z∗η∗) cosh r sinh r

]
×exp

[
z∗α− zα∗ + η∗β − ηβ∗

]
. (3.1.11)

This can be rewritten as

Q(α, β, r) =
1

π2

∫
d2z

π
exp
[
− 1

2
z∗z cosh2 r + z∗α− zα∗

]
×
∫
d2η

π
exp
[
− 1

2
η∗η cosh2 r

−(zη + z∗η∗) cosh r sinh r + η∗β − ηβ∗
]
. (3.1.12)

Integrating over η and z, we have

Q(α, β, r) =
sech2r

π2
exp
[
− αα∗ − ββ∗ − αβ tanh r − α∗β∗ tanh r

]
, (3.1.13)

which is the Q function for a two-mode squeezed vacuum state.

3.2 The mean of the photon number sum and differ-

ence

In view of (2.2.5) and (2.2.6) the mean of the photon number sum and difference are

expressed as

n̄+ = n̄a + n̄b (3.2.1)

and

n̄− = n̄a − n̄b. (3.2.2)
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The mean photon number of mode a in terms of the Q function for a two-mode squeezed

vacuum state is given by

n̄a =

∫
d2α d2βQ(α, β, r)αα∗ − 1. (3.2.3)

Upon inserting (3.1.13) into (3.2.3), we get

n̄a =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − αβ tanh r − α∗β∗ tanh r

]
αα∗ − 1. (3.2.4)

This can be rewritten as

n̄a = sech2r
d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + ηα + γα∗

]
×
∫
d2β

π
exp
[
− ββ∗ − αβ tanh r − α∗β∗ tanh r

]]
η=γ=0

− 1. (3.2.5)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we find

n̄a = sech2r
d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗sech2r + ηα + γα∗

]]
η=γ=0

− 1, (3.2.6)

and integrating with respect to α, we have

n̄a =
d

dη

d

dγ

[
exp

(
ηγ

sech2r

)]
η=γ=0

− 1. (3.2.7)

After differentiating and applying the condition η = γ = 0, we obtain

n̄a =
1

sech2r
− 1 = sinh2 r. (3.2.8)

In a similar manner, one can also show that

n̄b = sinh2 r. (3.2.9)

On account of (3.2.1) and (3.2.2) along with (3.2.8) and (3.2.9), the mean of the photon

number sum and difference are given by

n̄+ = 2 sinh2 r (3.2.10)
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and

n̄− = 0. (3.2.11)

3.3 The normally-ordered variance of the photon num-

ber sum and difference

In view of (2.3.4) and (2.3.5) the normally-ordered variance of the photon number sum

and difference are given by

: (∆n+)2 := 〈â2â†2〉+ 2〈ââ†b̂b̂†〉+ 〈b̂2b̂†2〉 − 6
[
n̄a + n̄b + 1

]
−
[
n̄a + n̄b

]2
(3.3.1)

and

: (∆n−)2 := 〈â2â†2〉 − 2〈ââ†b̂b̂†〉+ 〈b̂2b̂†2〉 − 2
[
n̄a + n̄b + 1

]
−
[
n̄a − n̄b

]2
. (3.3.2)

The expectation value of â2â†2 in terms of the Q function for a two-mode squeezed state

is expressible as

〈â2â†2〉 =

∫
d2α d2βQ(α, β, r)α2α∗2. (3.3.3)

Upon inserting (3.1.13) into (3.3.3) , we get

〈â2â†2〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − αβ tanh r − α∗β∗ tanh r

]
α2α∗2. (3.3.4)

This can be rewritten as

〈â2â†2〉 = sech2r
d2

dη2
d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗ + ηα + γα∗

]
×
∫
d2β

π
exp
[
− ββ∗ − αβ tanh r − α∗β∗ tanh r

]]
η=γ=0

. (3.3.5)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we find

〈â2â†2〉 = sech2r
d2

dη2
d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗sech2r + ηα + γα∗

]]
η=γ=0

(3.3.6)
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and integrating with respect to α, we have

〈â2â†2〉 =
d2

dη2
d2

dγ2

[
exp

(
ηγ

sech2r

)]
η=γ=0

. (3.3.7)

After differentiating and applying the condition η = γ = 0, we obtain

〈â2â†2〉 =
2

sech4r
= 2 cosh4 r. (3.3.8)

Following a similar procedure, we arrive at

〈b̂2b̂†2〉 = 2 cosh4 r. (3.3.9)

The expectation value of ââ†b̂b̂† in terms of the Q function for a two-mode squeezed state

is expressible as

〈ââ†b̂b̂†〉 =

∫
d2α d2βQ(α, β, r)αα∗ββ∗. (3.3.10)

Upon inserting (3.1.13) into (3.3.10) , we get

〈ââ†b̂b̂†〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − αβ tanh r − α∗β∗ tanh r

]
αα∗ββ∗. (3.3.11)

This can be rewritten as

〈ââ†b̂b̂†〉 = sech2r
d

dη

d

dγ

d

dµ

d

dν

[ ∫
d2α

π
exp
[
− αα∗ + ηα + γα∗

]
×
∫
d2β

π
exp
[
− ββ∗ − αβ tanh r

+µβ + νβ∗ − α∗β∗ tanh r
]]

η=γ=µ=ν=0

. (3.3.12)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we find

〈ââ†b̂b̂†〉 = sech2r
d

dη

d

dγ

d

dµ

d

dν

[
exp
[
µν
]

×
∫
d2α

π
exp
[
− αα∗sech2r + ηα− να tanh r

+γα∗ − µα∗ tanh r
]]

η=γ=µ=ν=0

, (3.3.13)
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and integrating with respect to α, we have

〈ââ†b̂b̂†〉 =
d

dη

d

dγ

d

dµ

d

dν

[
exp

(
1

sech2r

[
µν + ηγ − ηµ tanh r − γν tanh r

])]
η=γ=µ=ν=0

. (3.3.14)

After differentiating and applying the condition η = γ = 0, we obtain

〈ââ†b̂b̂†〉 = cosh4 r + sinh2 r cosh2 r. (3.3.15)

Upon substitution of (3.2.8), (3.2.9), (3.3.8), (3.3.9), (3.3.15) into (3.3.1 ) and (3.3.2), the

normally-ordered variance of the photon number sum and difference take the form

: (∆n+)2 := 4 sinh4 r + 2 sinh2 r (3.3.16)

and

: (∆n−)2 := −2 sinh2 r. (3.3.17)

3.4 The quadrature variance

On account of Eqs. (2.4.10) and (2.4.11) the variance for the plus and the minus quadra-

tures for a two-mode state are given by

(∆c+)2 =
1

2

[
(∆a+)2 + (∆b+)2

]
+ 〈âb̂〉+ 〈âb̂†〉+ 〈â†b̂〉+ 〈â†b̂†〉

−〈â〉〈b̂〉 − 〈â〉〈b̂†〉 − 〈â†〉〈b̂〉 − 〈â†〉〈b̂†〉 (3.4.1)

and

(∆c−)2 =
1

2

[
(∆a−)2 + (∆b−)2

]
− 〈âb̂〉+ 〈âb̂†〉+ 〈â†b̂〉 − 〈â†b̂†〉

+〈â〉〈b̂〉 − 〈â〉〈b̂†〉 − 〈â†〉〈b̂〉+ 〈â†〉〈b̂†〉, (3.4.2)

where

(∆a+)2 = 1 + 2〈â†â〉+ 〈â†2〉+ 〈â2〉 − 〈â〉2 − 〈â†〉2 − 2〈â†〉〈â〉 (3.4.3)
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and

(∆a−)2 = 1 + 2〈â†â〉 − 〈â†2〉 − 〈â2〉+ 〈â〉2 + 〈â†〉2 − 2〈â†〉〈â〉. (3.4.4)

with a similar definition for (∆b+)2 and (∆b−)2.

The expectation value of â in terms of the Q function for a squeezed vacuum state is

expressible as

〈â〉 =

∫
d2α d2βQ(α, β, r)α. (3.4.5)

On account of (3.1.13), we have

〈â〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − αβ tanh r − α∗β∗ tanh r

]
α. (3.4.6)

This can be rewritten as

〈â〉 = sech2r
d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + γα

]
×
∫
d2β

π
exp
[
− ββ∗ − αβ tanh r − α∗β∗ tanh r

]]
γ=0

. (3.4.7)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we find

〈â〉 = sech2r
d

dγ

[ ∫
d2α

π
exp
[
− αα∗sech2r + γα

]]
γ=0

, (3.4.8)

and integrating with respect to α, we have

〈â〉 =
d

dγ

[
1

]
γ=0

. (3.4.9)

After differentiating and applying the condition γ = 0, we get

〈â〉 = 0. (3.4.10)
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Following similar procedure, we arrive at

〈b̂〉 = 0. (3.4.11)

The expectation value of 〈â2〉 in terms of the Q function for a squeezed vacuum state is

expressible as

〈â2〉 =

∫
d2α d2βQ(α, β, r)α2. (3.4.12)

On account of (3.1.13), we have

〈â2〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − αβ tanh r − α∗β∗ tanh r

]
α2. (3.4.13)

This can be rewritten as

〈â2〉 = sech2r
d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗ + γα

]
×
∫
d2β

π
exp
[
− ββ∗ − αβ tanh r − α∗β∗ tanh r

]]
γ=0

. (3.4.14)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we find

〈â2〉 = sech2r
d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗sech2r + γα

]]
γ=0

, (3.4.15)

and integrating with respect to α, we have

〈â2〉 =
d2

dγ2

[
1

]
γ=0

. (3.4.16)

After differentiating and applying the condition γ = 0, we get

〈â2〉 = 0. (3.4.17)

Similarly one can easily obtain the expectation value of b̂2 as

〈b̂2〉 = 0. (3.4.18)
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The expectation value of âb̂ in terms of the Q function for a squeezed vacuum state is

given by

〈âb̂〉 =

∫
d2α d2βQ(α, β, r)αβ. (3.4.19)

Upon inserting (3.1.13) into (3.4.19), we get

〈âb̂〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − αβ tanh r − α∗β∗ tanh r

]
αβ. (3.4.20)

This can be rewritten as

〈âb̂〉 = sech2r
d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + ηα

]
×
∫
d2β

π
exp
[
− ββ∗ − αβ tanh r + γβ − α∗β∗ tanh r

]]
η=γ=0

. (3.4.21)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we find

〈âb̂〉 = sech2r
d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗sech2r + ηα− γα∗ tanh r

]]
η=γ=0

, (3.4.22)

and integrating with respect to α, we have

〈âb̂〉 =
d

dη

d

dγ

[
exp

(
−ηγ tanh r

sech2r

)]
η=γ=0

. (3.4.23)

After differentiating and applying the condition η = γ = 0, we obtain

〈âb̂〉 =
− tanh r

sech2r
= − sinh r cosh r. (3.4.24)

The expectation value of âb̂† in terms of the Q function for a squeezed vacuum state

is expressible as

〈âb̂†〉 =

∫
d2α d2βQ(α, β, r)αβ∗. (3.4.25)
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Upon inserting (3.1.13) into (3.4.25), we get

〈âb̂†〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − αβ tanh r − α∗β∗ tanh r

]
αβ∗. (3.4.26)

This can be rewritten as

〈âb̂†〉 = sech2r
d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + ηα

]
×
∫
d2β

π
exp
[
− ββ∗ − αβ tanh r + γβ∗ − α∗β∗ tanh r

]]
η=γ=0

. (3.4.27)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we find

〈âb̂†〉 = sech2r
d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗sech2r + ηα− γα tanh r

]]
η=γ=0

, (3.4.28)

and integrating with respect to α, we have

〈âb̂†〉 =
d

dη

d

dγ

[
1

]
η=γ=0

. (3.4.29)

After differentiating and applying the condition η = γ = 0, we obtain

〈âb̂†〉 = 0. (3.4.30)

On account of (3.4.10), (3.4.11), (3.4.17), (3.4.18), (3.4.24) and (3.4.30) along with their

complex conjugate, and in view of (3.2.8), (3.2.9), (3.4.1), (3.4.2), (3.4.3), and (3.4.4) the

variance for the plus and the minus quadratures are given by

(∆c+)2 = 1 + 2 sinh2 r − 2 sinh r cosh r (3.4.31)

and

(∆c−)2 = 1 + 2 sinh2 r + 2 sinh r cosh r. (3.4.32)

From the definition of hyperbolic sine and cosine, we see that

sinh2 r =
e2r − 2 + e−2r

4
, (3.4.33)
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cosh r sinh r =
e2r − e−2r

4
. (3.4.34)

In view of theses relations, expressions (3.4.31) and (3.4.32) finally take the form

(∆c+)2 = e−2r (3.4.35)

and

(∆c−)2 = e2r. (3.4.36)

For r > 0, we easily observe that the fluctuations in the plus quadrature are below the

coherent state level with enhanced flactuations in the minus quadrature.



Chapter 4

The Superposition of Two-Mode
Coherent and Squeezed Vacuum
States

4.1 The Q function

Suppose a two-mode light beam is injected into a lossless cavity initially having no pho-

tons.

Figure 4.1: The injection of the first light beam into a lossless cavity initially having no
photons

The density operator for this light is given by

ρ̂1 = ρ̂1(â
†, b̂†, â, b̂) =

∑
klmn

Cklmnâ
†kb̂†lâmb̂n. (4.1.1)

The completeness relation for a two-mode light is given by

1

π2

∫
d2ηad

2ηb
∣∣ηa, ηb〉〈ηb, ηa∣∣ = Î . (4.1.2)

28



29

Substituting this into (4.1.1), we have

ρ̂1 =

∫
d2ηad

2ηb
1

π2

∑
klmn

Cklmn
∣∣ηa, ηb〉〈ηb, ηa∣∣â†kb̂†lâmb̂n, (4.1.3)

then it follows

ρ̂1 =

∫
d2ηad

2ηb
1

π2

∑
klmn

Cklmn η∗ka
(
ηa +

∂

∂η∗a

)m
η∗lb
(
ηb +

∂

∂η∗b

)n∣∣ηa, ηb〉〈ηb, ηa∣∣, (4.1.4)

where

∣∣ηa, ηb〉〈ηb, ηa∣∣â†k =
∣∣ηa, ηb〉〈ηb, ηa∣∣η∗ka (4.1.5)

∣∣ηa, ηb〉〈ηb, ηa∣∣b̂†l =
∣∣ηa, ηb〉〈ηb, ηa∣∣η∗lb (4.1.6)

∣∣ηa, ηb〉〈ηb, ηa∣∣âm =
(
ηa +

∂

∂η∗a

)m∣∣ηa, ηb〉〈ηb, ηa∣∣ (4.1.7)

∣∣ηa, ηb〉〈ηb, ηa∣∣b̂n =
(
ηb +

∂

∂η∗b

)n∣∣ηa, ηb〉〈ηb, ηa∣∣ (4.1.8)

Eq. (4.1.4) can be further written as

ρ̂1 =

∫
d2ηad

2ηb

[
1

π2

∑
klmn

Cklmn η∗ka
(
ηa +

∂

∂η∗a

)m
×η∗lb

(
ηb +

∂

∂η∗b

)n
D̂(ηa)D̂(ηb) ρ̂0 D̂(−ηa)D̂(−ηb)

]
, (4.1.9)

where

∣∣ηa, ηb〉〈ηb, ηa∣∣ = D̂(ηa)D̂(ηb)
∣∣0a, 0b〉〈0b, 0a∣∣D̂(−ηa)D̂(−ηb), (4.1.10)

with

ρ̂0 =
∣∣0a, 0b〉〈0b, 0a∣∣, (4.1.11)

represents the density operator for the light initially in the cavity.
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Now if we inject another light beam into the cavity, then the density operator for the

superposition of the light beams can be written as

Figure 4.2: The injection of the second light beam into a lossless cavity initially having
some photons with the density opeator ρ̂1

ρ̂ =

∫
d2λad

2λb

[
1

π2

∑
k′l′m′n′

Ck′l′m′n′ λ
∗k′
a

(
λa +

∂

∂λ∗a

)m′
×λ∗l′b

(
λb +

∂

∂λ∗b

)n′
D̂(λa)D̂(λb) ρ̂1 D̂(−λa)D̂(−λb)

]
. (4.1.12)

Introducing Eq. (4.1.4) into this, we have

ρ̂ =

∫
d2λad

2λbd
2ηad

2ηb
π4

[ ∑
k′l′m′n′

Ck′l′m′n′ λ
∗k′
a

(
λa +

∂

∂λ∗a

)m′
λ∗l
′

b

(
λb +

∂

∂λ∗b

)n′
×
∑
klmn

Cklmn η∗ka
(
ηa +

∂

∂η∗a

)m
η∗lb
(
ηb +

∂

∂η∗b

)n
×D̂(λa)D̂(λb)

∣∣ηa, ηb〉〈ηb, ηa∣∣D̂(−λa)D̂(−λb)
]
. (4.1.13)

This is equal to

ρ̂ =

∫
d2λad

2λbd
2ηad

2ηb
π4

[ ∑
k′l′m′n′

Ck′l′m′n′ λ
∗k′
a

(
λa +

∂

∂λ∗a

)m′
λ∗l
′

b

(
λb +

∂

∂λ∗b

)n′
×
∑
klmn

Cklmn η∗ka
(
ηa +

∂

∂η∗a

)m
η∗lb
(
ηb +

∂

∂η∗b

)n
×
∣∣ηa + λa, ηb + λb

〉〈
ηb + λb, ηa + λa

∣∣, (4.1.14)

where

D̂(λa)D̂(λb)
∣∣ηa, ηb〉〈ηb, ηa∣∣D̂(−λa)D̂(−λb) =

∣∣ηa + λa, ηb + λb
〉〈
ηb + λb, ηa + λa

∣∣. (4.1.15)
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In view of (2.1.1) the Q function for a two-mode light beam is given by

Q(α, β) =
〈β, α

∣∣ρ̂∣∣α, β〉
π2

. (4.1.16)

Upon inserting (4.1.14) in to this, we get

Q(α, β) =

∫
d2λad

2λbd
2ηad

2ηb
π4

[ ∑
k′l′m′n′

Ck′l′m′n′ λ
∗k′
a

(
λa +

∂

∂λ∗a

)m′
×λ∗l′b

(
λb +

∂

∂λ∗b

)n′ ∑
klmn

Cklmn η∗ka
(
ηa +

∂

∂η∗a

)m
η∗lb
(
ηb +

∂

∂η∗b

)n
×
〈
β, α

∣∣ηa + λa, ηb + λb
〉〈
ηb + λb, ηa + λa

∣∣α, β〉. (4.1.17)

From the fact that

〈
β, α

∣∣ηa + λa, ηb + λb
〉

=
〈
α
∣∣ηa + λa

〉〈
β
∣∣ηb + λb

〉
, (4.1.18)

with

〈
α
∣∣ηa + λa

〉
= exp

[
α∗(ηa + λa)−

1

2
|α|2 − 1

2
|ηa + λa|2

]
and (4.1.19)

〈β
∣∣ηb + λb

〉
= exp

[
β∗(ηb + λb)−

1

2
|β|2 − 1

2
|ηb + λb|2

]
(4.1.20)

and

〈
ηb + λb, ηa + λa

∣∣α, β〉 =
〈
ηa + λa

∣∣α〉〈ηb + λb
∣∣β〉. (4.1.21)

with

〈
ηa + λa

∣∣α〉 = exp

[
α(ηa

∗ + λa
∗)− 1

2
|ηa + λa|2 −

1

2
|α|2
]

and (4.1.22)

〈
ηb + λb

∣∣β〉 = exp

[
β(ηb

∗ + λa
∗)− 1

2
|ηb + λb|2 −

1

2
|β|2
]

(4.1.23)

Eq. (4.1.17) can be put in the form

Q(α, β) = f1

∫
d2λad

2λbd
2ηad

2ηb
π6

[
f2

∑
k′l′m′n′

Ck′l′m′n′ λ
∗k′
a

×
(
λa +

∂

∂λ∗a

)m′
f3 λ∗l

′

b

(
λb +

∂

∂λ∗b

)n′
f4

×
∑
klmn

Cklmn η∗ka
(
ηa +

∂

∂η∗a

)m
f5 η∗lb

(
ηb +

∂

∂η∗b

)n
f6

]
, (4.1.24)
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where

f1 = exp
[
− αα∗ − ββ∗

]
(4.1.25)

f2 = exp
[
ηaα

∗ + λaα
∗ + λbβ

∗ + ηbβ
∗] (4.1.26)

f3 = exp
[
λ∗a(α− ηa − λa)

]
(4.1.27)

f4 = exp
[
λ∗b(β − ηb − λb)

]
(4.1.28)

f5 = exp
[
η∗a(α− ηa − λa)

]
(4.1.29)

f6 = exp
[
η∗b (β − ηb − λb)

]
. (4.1.30)

From binomial expansion, we have

(
ηb +

∂

∂η∗b

)n
f6 =

(
ηb +

∂

∂η∗b

)n
exp
[
η∗b (β − ηb − λb)

]
,

=
n∑
k=0

n!

k!(n− k)!
ηn−kb (

∂

∂η∗b
)kexp

[
η∗b (β − ηb − λb)

]
. (4.1.31)

After differentiation and applying binomial theorem back, we get

(
ηb +

∂

∂η∗b

)n
f6 = (β − λb)nexp

[
η∗b (β − ηb − λb)

]
,

= (β − λb)nf6. (4.1.32)

Similarly (
ηa +

∂

∂η∗a

)m
f5 = (α− λa)mf5, (4.1.33)(

λb +
∂

∂λ∗b

)n′
f4 = (β − ηb)n

′
f4, (4.1.34)(

λa +
∂

∂λ∗a

)m′
f3 = (α− ηa)m

′
f3. (4.1.35)

Substituting (4.1.32), (4.1.33), (4.1.33), (4.1.34), and (4.1.35) into (4.1.24), we have

Q
(
α, β

)
=

1

π2

∫
d2λa d

2λb d
2ηa d

2ηb

[
Q
(
λ∗a, λ

∗
b , α− ηa, β − ηb

)
×Q
(
η∗a, η

∗
b , α− λa, β − λb

)
×exp

(
− |α− λa − ηa|2 − |β − λb − ηb|2

)]
. (4.1.36)
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This is the Q function for the superposition of a pair of two-mode light beams in general.

Now we seek to obtain the Q function for the superposition of two-mode coherent and

squeezed vacuum states. With the aid of (2.1.13) and (3.1.13), one can write

Q
(
λ∗a, λ

∗
b , α− ηa, β − ηb

)
=

1

π2
exp

[
−
[
``∗ + λλ∗ + λ∗a(α− ηa) + λ∗b(β − ηb)

]
+`∗(α− ηa) + `λ∗a + λ∗(β − ηb) + λ∗bλ

]
(4.1.37)

and

Q
(
η∗a, η

∗
b , α− λa, β − λb

)
=

sech2r

π2
exp

[
− η∗a(α− λa)− η∗b (β − λb)

−((β − λb)(α− λa) + η∗bη
∗
a) tanh r

]
. (4.1.38)

Upon inserting (4.1.37) and (4.1.38) into (4.1.36), we find

Q
(
α, β

)
=

sech2r

π6

∫
d2λa d

2λb d
2ηa d

2ηb exp

[
− αα∗ − ββ∗ − ``∗

−λλ∗ + `∗α− `∗ηa + `λ∗a + λ∗β − λ∗ηb + λ∗bλ+ λaα
∗

−λaλ∗a + ηaα
∗ − ηaη∗a + λbβ

∗ − λbλ∗b + ηbβ
∗ − ηbη∗b

+(−αβ + λaβ + αλb − λaλb − η∗bη∗a) tanh r

]
. (4.1.39)

This can be rewritten as

Q
(
α, β

)
=

sech2r

π2
exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β − αβ tanh r

]
×
∫
d2λa
π

exp

[
− λaλ∗a + λaβ tanh r + λaα

∗ + `λ∗a

]
×
∫
d2λb
π

exp

[
− λbλ∗b + λbβ

∗ + αλb tanh r − λaλb tanh r + λ∗bλ

]
×
∫
d2ηa
π

exp

[
− ηaη∗a + ηaα

∗ − `∗ηa
]

×
∫
d2ηb
π
exp

[
− ηbη∗b − λ∗ηb + ηbβ

∗ − η∗bη∗a tanh r

]
. (4.1.40)
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Integrating over the variable ηb using the relation given in Eq. (2.1.12), we get

Q
(
α, β

)
=

sech2r

π2
exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β − αβ tanh r

]
×
∫
d2λa
π

exp

[
− λaλ∗a + λaβ tanh r + λaα

∗ + `λ∗a

]
×
∫
d2λb
π

exp

[
− λbλ∗b + λbβ

∗ + αλb tanh r − λaλb tanh r + λ∗bλ

]
×
∫
d2ηa
π

exp

[
− ηaη∗a + ηaα

∗ − `∗ηa

+λ∗η∗a tanh r − β∗η∗a tanh r

]
. (4.1.41)

Similarly integrating with respect to the variable ηa, we find

Q
(
α, β

)
=

sech2r

π2
exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β − αβ tanh r

+α∗λ∗ tanh r − α∗β∗ tanh r − `∗λ∗ tanh r + `∗β∗ tanh r

]
×
∫
d2λa
π

exp

[
− λaλ∗a + λaβ tanh r + λaα

∗ + `λ∗a

]
×
∫
d2λb
π

exp

[
− λbλ∗b + λbβ

∗

+αλb tanh r − λaλb tanh r + λ∗bλ

]
, (4.1.42)

and integrating over the variable λb, we obtain

Q
(
α, β

)
=

sech2r

π2
exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β + λβ∗ − αβ tanh r

+α∗λ∗ tanh r − α∗β∗ tanh r − `∗λ∗ tanh r + `∗β∗ tanh r + λα tanh r

]
×
∫
d2λa
π

exp

[
− λaλ∗a + λaβ tanh r

+λaα
∗ − λλa tanh r + `λ∗a

]
. (4.1.43)

Finally integrating over the variable λa, we have

Q
(
α, β

)
=

sech2r

π2
exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β + λβ∗ − αβ tanh r

+α∗λ∗ tanh r − α∗β∗ tanh r − `∗λ∗ tanh r + `∗β∗ tanh r + λα tanh r

+`β tanh r + `α∗ − `λ tanh r

]
. (4.1.44)
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This is the Q function for the superposition of two-mode coherent and squeezed vacuum

states.

Now let us integrate this function over the variables α and β

∫
d2αd2βQ

(
α, β

)
= sech2r exp

[
− ``∗ − λλ∗ − `∗λ∗ tanh r − `λ tanh r

]
×
∫
d2α

π
exp

[
− αα∗ + `∗α + λα tanh r + `α∗ + α∗λ∗ tanh r

]
×
∫
d2β

π
exp

[
− ββ∗ + λ∗β − αβ tanh r + `β tanh r

+λβ∗ − α∗β∗ tanh r + `∗β∗ tanh r

]
. (4.1.45)

Integrating over the variable β and applying the relation sech2r = 1− tanh2 r, we get

∫
d2αd2βQ

(
α, β

)
= sech2r exp

[
− sech2r``∗

]
×
∫
d2α

π
exp

[
sech2r(−αα∗ + `∗α + `α∗)

]
, (4.1.46)

and integrating over the variable α, we have∫
d2αd2βQ

(
α, β

)
= 1. (4.1.47)

This shows that the Q function for the superposition of two-mode coherent and squeezed

vacuum states is normalized.

4.2 The mean of the photon number sum and differ-

ence

On account of (2.2.5) and (2.2.6) the mean of the photon number sum and difference are

expressed as

n̄+ = n̄a + n̄b (4.2.1)
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and

n̄− = n̄a − n̄b. (4.2.2)

The mean photon number of mode a in terms of the Q function for the superposition of

two-mode coherent and squeezed vacuum states is given by

n̄a =

∫
d2α d2βQ(α, β)αα∗ − 1. (4.2.3)

In view of (4.1.44), we have

n̄a =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β + λβ∗

−αβ tanh r + α∗λ∗ tanh r − α∗β∗ tanh r − `∗λ∗ tanh r + `∗β∗ tanh r

+λα tanh r + `β tanh r + `α∗ − `λ tanh r

]
αα∗ − 1. (4.2.4)

This can be rewritten as

n̄a = sech2r exp
[
− ``∗ − λλ∗ − `∗λ∗ tanh r − `λ tanh r

]
× d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + λα tanh r + `α∗ + γα∗ + α∗λ∗ tanh r

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β − αβ tanh r + `β tanh r

+λβ∗ − α∗β∗ tanh r + `∗β∗ tanh r
]]

η=γ=0

− 1. (4.2.5)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we find

n̄a = sech2r exp
[
− ``∗ sech2r

]
× d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ sech2r + ηα + `∗α sech2r

+`α∗ sech2r + γα∗
]]

η=γ=0

− 1, (4.2.6)
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and integrating with respect to α, we have

n̄a =
d

dη

d

dγ

[
exp

(
1

sech2r

[
η` sech2r + ηγ + γ`∗ sech2r

])]
η=γ=0

− 1. (4.2.7)

After differentiating and applying the condition η = γ = 0, we obtain

n̄a =
1

sech2r
+ ``∗ − 1 = sinh2 r + ``∗. (4.2.8)

In a similar manner, one can also show that

n̄b = sinh2 r + λλ∗. (4.2.9)

Upon substituting (4.2.8) and (4.2.9) into (4.2.1) and (4.2.2), the mean of the photon

number sum and difference for the superposition of two-mode coherent and squeezed

vacuum states are given by

n̄+ = ``∗ + λλ∗ + 2 sinh2 r (4.2.10)

and

n̄− = ``∗ − λλ∗. (4.2.11)

From these results we have understand that the mean of the photon number sum for the

superposition of two-mode coherent and squeezed vacuum states is the sum of the mean

of the photon number sums for the individual states. And the mean of the photon number

difference for the superposition of two-mode coherent and squeezed vacuum states is the

same as that of the two-mode coherent state.
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4.3 The normally-ordered variance of the photon num-

ber sum and difference

In view of (2.3.4) and (2.3.5) the normally-ordered variance of the photon number sum

and difference are given by

: (∆n+)2 := 〈â2â†2〉+ 2〈ââ†b̂b̂†〉+ 〈b̂2b̂†2〉 − 6
[
n̄a + n̄b + 1

]
−
[
n̄a + n̄b

]2
(4.3.1)

and

: (∆n−)2 := 〈â2â†2〉 − 2〈ââ†b̂b̂†〉+ 〈b̂2b̂†2〉 − 2
[
n̄a + n̄b + 1

]
−
[
n̄a − n̄b

]2
. (4.3.2)

The expectation value of â2â†2 in terms of the Q function for the superposition of two-

mode coherent and squeezed vacuum states is given by

〈â2â†2〉 =

∫
d2α d2βQ(α, β)α2α∗2. (4.3.3)

In view of (4.1.44), we have

〈â2â†2〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β + λβ∗

−αβ tanh r + α∗λ∗ tanh r − α∗β∗ tanh r − `∗λ∗ tanh r + `∗β∗ tanh r

+λα tanh r + `β tanh r + `α∗ − `λ tanh r

]
α2α∗2. (4.3.4)

This can be rewritten as

〈â2â†2〉 = sech2r exp
[
− ``∗ − λλ∗ − `∗λ∗ tanh r − `λ tanh r

]
× d2

dη2
d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + λα tanh r + `α∗ + γα∗ + α∗λ∗ tanh r

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β − αβ tanh r + `β tanh r

+λβ∗ − α∗β∗ tanh r + `∗β∗ tanh r
]]

η=γ=0

. (4.3.5)
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Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we obtain

〈â2â†2〉 = sech2r exp
[
− ``∗ sech2r

]
× d2

dη2
d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗ sech2r + ηα + `∗α sech2r

+`α∗ sech2r + γα∗
]]

η=γ=0

, (4.3.6)

and integrating with respect to α, we have

〈â2â†2〉 =
d2

dη2
d2

dγ2

[
exp

(
1

sech2r

[
η` sech2r + ηγ + γ`∗ sech2r

])]
η=γ=0

, (4.3.7)

After differentiating and applying the condition η = γ = 0, we obtain

〈â2â†2〉 =
2

sech4r
+

4``∗

sech2r
+ `2`∗2 = 2 cosh4 r + 4``∗ cosh2 r + `2`∗2. (4.3.8)

Following a similar procedure, we arrive at

〈b̂2b̂†2〉 = 2 cosh4 r + 4λλ∗ cosh2 r + λ2λ∗2. (4.3.9)

The expectation value of ââ†b̂b̂† in terms of the Q function for the superposition of two-

mode coherent and squeezed vacuum states is given by

〈ââ†b̂b̂†〉 =

∫
d2α d2βQ(α, β)αα∗ββ∗. (4.3.10)

In view of (4.1.44), we have

〈ââ†b̂b̂†〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β + λβ∗

−αβ tanh r + α∗λ∗ tanh r − α∗β∗ tanh r − `∗λ∗ tanh r + `∗β∗ tanh r

+λα tanh r + `β tanh r + `α∗ − `λ tanh r

]
αα∗ββ∗. (4.3.11)
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This can be rewritten as

〈ââ†b̂b̂†〉 = sech2r exp
[
− ``∗ − λλ∗ − `∗λ∗ tanh r − `λ tanh r

]
× d

dη

d

dγ

d

dµ

d

dν

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + λα tanh r

+`α∗ + γα∗ + α∗λ∗ tanh r
]

×
∫
d2β

π
exp
[
− ββ∗ + λ∗β − αβ tanh r + `β tanh r + µβ

+νβ∗ + λβ∗ − α∗β∗ tanh r + `∗β∗ tanh r
]]

η=γ=µ=ν=0

. (4.3.12)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we have

〈ââ†b̂b̂†〉 = sech2r exp
[
− ``∗ sech2r

]
× d

dη

d

dγ

d

dµ

d

dν

[
exp
[

+ νλ∗ + ν` tanh r + µν + µλ+ µ`∗ tanh r
]

×
∫
d2α

π
exp
[
− αα∗ sech2r + ηα + `∗α sech2r − να tanh r

+`α∗ sech2r + γα∗ − µα∗ tanh r
]]

η=γ=µ=ν=0

, (4.3.13)

and integrating with respect to α, we have

〈ââ†b̂b̂†〉 =
d

dη

d

dγ

d

dµ

d

dν

[
exp

(
1

sech2r

[
νλ∗sech2r + µν + µλsech2r + γ`∗sech2r

+η`sech2r + ηγ − ηµ tanh r − γν tanh r
])]

η=γ=µ=ν=0

. (4.3.14)

After differentiating and applying the condition η = γ = µ = ν = 0, we obtain

〈ââ†b̂b̂†〉 = cosh4 r + sinh2 r cosh2 r + ``∗ cosh2 r + λλ∗ cosh2 r

−`λ sinh r cosh r − `∗λ∗ sinh r cosh r + ``∗λλ∗. (4.3.15)

Upon substitution of (4.2.8), (4.2.9), (4.3.8), (4.3.9) and (4.3.15) into (4.3.1 ) and (4.3.2),

the normally-ordered variance of the photon number sum and difference take the form

: (∆n+)2 := 4 sinh4 r + 2 sinh2 r + 2``∗ sinh2 r + 2λλ∗ sinh2 r

−2`λ sinh r cosh r − 2`∗λ∗ sinh r cosh r (4.3.16)
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and

: (∆n−)2 := −2 sinh2 r + 2``∗ sinh2 r + 2λλ∗ sinh2 r

+2`λ sinh r cosh r + 2`∗λ∗ sinh r cosh r. (4.3.17)

4.4 The Quadrature Variances

On account of Eqs. (2.4.10) and (2.4.11) the variance for the plus and the minus quadra-

tures for a two-mode state are given by

(∆c+)2 =
1

2

[
(∆a+)2 + (∆b+)2

]
+ 〈âb̂〉+ 〈âb̂†〉+ 〈â†b̂〉+ 〈â†b̂†〉

−〈â〉〈b̂〉 − 〈â〉〈b̂†〉 − 〈â†〉〈b̂〉 − 〈â†〉〈b̂†〉 (4.4.1)

and

(∆c−)2 =
1

2

[
(∆a−)2 + (∆b−)2

]
− 〈âb̂〉+ 〈âb̂†〉+ 〈â†b̂〉 − 〈â†b̂†〉

+〈â〉〈b̂〉 − 〈â〉〈b̂†〉 − 〈â†〉〈b̂〉+ 〈â†〉〈b̂†〉, (4.4.2)

where

(∆a+)2 = 1 + 2〈â†â〉+ 〈â†2〉+ 〈â2〉 − 〈â〉2 − 〈â†〉2 − 2〈â†〉〈â〉 (4.4.3)

and

(∆a−)2 = 1 + 2〈â†â〉 − 〈â†2〉 − 〈â2〉+ 〈â〉2 + 〈â†〉2 − 2〈â†〉〈â〉. (4.4.4)

with a similar definition for (∆b+)2 and (∆b−)2.

The expectation value of 〈â†〉 in terms of the Q function for the superposition of two-mode

coherent and squeezed vacuum states is expressible as

〈â〉 =

∫
d2α d2βQ

(
α, β

)
α. (4.4.5)
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On account of (4.1.44), we have

〈â〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β + λβ∗

−αβ tanh r + α∗λ∗ tanh r − α∗β∗ tanh r − `∗λ∗ tanh r + `∗β∗ tanh r

+λα tanh r + `β tanh r + `α∗ − `λ tanh r

]
α. (4.4.6)

This can be rewritten as

〈â〉 = sech2r exp
[
− ``∗ − λλ∗ − `∗λ∗ tanh r − `λ tanh r

]
× d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + γα + `∗α + λα tanh r + `α∗ + α∗λ∗ tanh r

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β − αβ tanh r + `β tanh r

+λβ∗ − α∗β∗ tanh r + `∗β∗ tanh r
]]

γ=0

. (4.4.7)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we get

〈â〉 = sech2r exp
[
− ``∗ sech2r

]
× d

dγ

[ ∫
d2α

π
exp
[
− αα∗ sech2r + γα + `∗α sech2r

+`α∗ sech2r
]]

γ=0

, (4.4.8)

and integrating with respect to α, we have

〈â〉 =
d

dγ

[
exp

(
1

sech2r

[
γ` sech2r

])]
γ=0

. (4.4.9)

After differentiating and applying the condition γ = 0 once more, we get

〈â〉 = `. (4.4.10)

Similarly one can easily obtain the expectation value of b̂ as

〈b̂〉 = λ. (4.4.11)
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The expectation value of 〈â2〉 in terms of the Q function for the superposition of two-mode

coherent and squeezed vacuum states is expressible as

〈â2〉 =

∫
d2α d2βQ

(
α, β

)
α2. (4.4.12)

On account of (4.1.44), we have

〈â2〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β + λβ∗

−αβ tanh r + α∗λ∗ tanh r − α∗β∗ tanh r − `∗λ∗ tanh r + `∗β∗ tanh r

+λα tanh r + `β tanh r + `α∗ − `λ tanh r

]
α2. (4.4.13)

This can be rewritten as

〈â2〉 = sech2r exp
[
− ``∗ − λλ∗ − `∗λ∗ tanh r − `λ tanh r

]
× d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗ + γα + `∗α + λα tanh r + `α∗ + α∗λ∗ tanh r

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β − αβ tanh r + `β tanh r

+λβ∗ − α∗β∗ tanh r + `∗β∗ tanh r
]]

γ=0

. (4.4.14)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we have

〈â2〉 = sech2r exp
[
− ``∗ sech2r

]
× d2

dγ2

[ ∫
d2α

π
exp
[
− αα∗ sech2r + γα + `∗α sech2r

+`α∗ sech2r
]]

γ=0

, (4.4.15)

and integrating with respect to α, we have

〈â2〉 =
d2

dγ2

[
exp

(
1

sech2r

[
γ` sech2r

])]
γ=0

. (4.4.16)



44

After differentiating and applying the condition γ = 0 once more, we get

〈â2〉 = `2. (4.4.17)

Similarly one can easily obtain the expectation value of b̂2 as

〈b̂2〉 = λ2. (4.4.18)

The expectation value of âb̂ in terms of the Q function for the superposition of two-mode

coherent and squeezed vacuum states is given by

〈âb̂〉 =

∫
d2α d2βQ(α, β)αβ. (4.4.19)

In view of (4.1.44), we have

〈âb̂〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β + λβ∗

−αβ tanh r + α∗λ∗ tanh r − α∗β∗ tanh r − `∗λ∗ tanh r + `∗β∗ tanh r

+λα tanh r + `β tanh r + `α∗ − `λ tanh r

]
αβ. (4.4.20)

This can be rewritten as

〈âb̂〉 = sech2r exp
[
− ``∗ − λλ∗ − `∗λ∗ tanh r − `λ tanh r

]
× d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + λα tanh r + `α∗ + α∗λ∗ tanh r

]
×
∫
d2β

π
exp
[
− ββ∗ + γβ + λ∗β − αβ tanh r + `β tanh r

+λβ∗ − α∗β∗ tanh r + `∗β∗ tanh r
]]

η=γ=0

. (4.4.21)
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Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we obtain

〈âb̂〉 = sech2r exp
[
− ``∗ sech2r

]
× d

dη

d

dγ

[
exp
[
λγ + γ`∗ tanh r

]
×
∫
d2α

π
exp
[
− αα∗ sech2r + ηα + `∗α sech2r

−γα∗ tanh r + `α∗ sech2r
]]

η=γ=0

, (4.4.22)

and integrating with respect to α, we have

〈âb̂〉 =
d

dη

d

dγ

[
exp

(
1

sech2r

[
λγ sech2r − ηγ tanh r + `η sech2r

])]
η=γ=0

. (4.4.23)

After differentiating and applying the condition η = γ = 0, we obtain

〈âb̂〉 = `λ− sinh r cosh r. (4.4.24)

The expectation value of âb̂† in terms of the Q function for the superposition of two-mode

coherent and squeezed vacuum states is given by

〈âb̂†〉 =

∫
d2α d2βQ(α, β)αβ∗. (4.4.25)

In view of (4.1.44), we have

〈âb̂†〉 =
sech2r

π2

∫
d2α d2β exp

[
− αα∗ − ββ∗ − ``∗ − λλ∗ + `∗α + λ∗β + λβ∗

−αβ tanh r + α∗λ∗ tanh r − α∗β∗ tanh r − `∗λ∗ tanh r + `∗β∗ tanh r

+λα tanh r + `β tanh r + `α∗ − `λ tanh r

]
αβ∗. (4.4.26)
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This can be rewritten as

〈âb̂†〉 = sech2r exp
[
− ``∗ − λλ∗ − `∗λ∗ tanh r − `λ tanh r

]
× d

dη

d

dγ

[ ∫
d2α

π
exp
[
− αα∗ + ηα + `∗α + λα tanh r + `α∗ + α∗λ∗ tanh r

]
×
∫
d2β

π
exp
[
− ββ∗ + λ∗β − αβ tanh r + `β tanh r

+γβ∗ + λβ∗ − α∗β∗ tanh r + `∗β∗ tanh r
]]

η=γ=0

. (4.4.27)

Integrating with respect to β and applying the relation sech2r = 1− tanh2 r, we get

〈âb̂†〉 = sech2r exp
[
− ``∗ sech2r

]
× d

dη

d

dγ

[
exp
[
γλ∗ + γ` tanh r

]
×
∫
d2α

π
exp
[
− αα∗ sech2r + ηα + `∗α sech2r

−γα tanh r + `α∗ sech2r
]]

η=γ=0

, (4.4.28)

and integrating with respect to α, we have

〈âb̂†〉 =
d

dη

d

dγ

[
exp
[
γλ∗ + η`

]]
η=γ=0

. (4.4.29)

After differentiating and applying the condition η = γ = 0, we obtain

〈âb̂†〉 = `λ∗. (4.4.30)

On account of (4.4.10), (4.4.11), (4.4.17), (4.4.18), (4.4.24), and (4.4.30) along with their

complex conjugate, and in view of (4.2.8), (4.2.9), (4.4.1), (4.4.2), (4.4.3) and (4.4.4) the

variance for the plus and the minus quadratures are given by

(∆c+)2 = 1 + 2 sinh2 r − 2 sinh r cosh r (4.4.31)

and

(∆c−)2 = 1 + 2 sinh2 r + 2 sinh r cosh r. (4.4.32)
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From the definition of hyperbolic sine and cosine, we see that

sinh2 r =
e2r − 2 + e−2r

4
, (4.4.33)

cosh r sinh r =
e2r − e−2r

4
. (4.4.34)

In view of these relations, expressions (4.4.31) and (4.4.32) finally take the form

(∆c+)2 = e−2r (4.4.35)

and

(∆c−)2 = e2r. (4.4.36)

For r > 0, we easily observe that the fluctuations in the plus quadrature are below the

coherent state level with enhanced flactuations in the minus quadrature. It then immedi-

ately follows that the superposition of two-mode coherent and squeezed vacuum state is

in a squeezed state. We also note that, the variance of the quadrature operators for the

superposition are the same as that of the two-mode squeezed vacuum state. This implies

that, the superposition of a two-mode coherent state with a two-mode squeezed vacuum

state does not affect the squeezing properties of the two-mode squeezed vacuum state.



Chapter 5

Conclusion

In this thesis we have obtained the Q functions for a two-mode coherent state, a two-mode

squeezed vacuum state, and the superposition of these states. And with aid of these Q

functions, we have studied the statistical and squeezing properties of these states.

We have observed that two-mode coherent states are the minimum uncertainty states

with equal noise in both quadratures. Since the normally-ordered variance of the photon

number sum and difference for coherent sates are zero, the photon statistics of a two-

mode coherent state is Poissonian. From the quadrature variance of a two-mode squeezed

vacuum state, we have seen that the fluctuations in the plus quadrature are below the

coherent state level with enhanced fluctuations in the minus quadrature.

The mean of the photon number sum for the superposition of two-mode coherent

and squeezed vacuum states is the sum of the mean of the photon number sums for the

individual states. The mean of the photon number difference for the superposition of two-

mode coherent and squeezed vacuum states is the same as that of the two-mode coherent

state. And its quadrature variance shows that the fluctuations in the plus quadrature

are below the coherent state level with enhanced fluctuations in the minus quadrature.

It then immediately follows that the superposition of two-mode coherent and squeezed

vacuum state is in a squeezed state.

We have also observed that, the variance of the quadrature operators for the super-

position of two-mode coherent and squeezed vacuum states is the same as that of the

48
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two-mode squeezed vacuum state. This implies that the superposition of a two-mode

coherent state with a two-mode squeezed vacuum state does not affect the squeezing

properties of the two-mode squeezed vacuum state.
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