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DEFINITION OF TERMS

Amicho - the fleshy inner portion of the inset corm which may be cooked and eaten separately,

testing similar to potato.

Bulla — the small amount of water insoluble starchy product that may be separated from kocho

during processing by squeezing and decanting the liquid. It is eaten as porridge.

Clone or variety — a distinct type or grouping of plants within a species separable from other types by
some form of heritable trait, be it visual, chemical or other. New plants of clones are

usually reproduced asexually, i.e., without utilizing flowering and seed production.

Corm - an enlarged fleshy structure at the base of the plant which is used to make Amicho,
which can be added to the kocho or from which new shoots emerge following

destruction of the dominant shoot.

Kocho - the pulp of the enmsetr psusostem derived by scraping the individual pieces and
excluding the fiberous remains. Bulla may or may not be extracted and the Amicho
may or may not be included. The raw mash is chopped and fermented. The flat-bread

made from the stem is called Kocho.

i



ABSTRACT

Repeated measures analyses have become the most interesting areas in psychological, health and
agricultural researches. Repeated measures data are measurements taken several times from the same
subject. Such data tend to be serially correlated. Measurements taken close in time are potentially highly
correlated than those taken far apart in time. Hence, they require special methods of analysis. In this paper,
four major approaches are used to analyze repeated measurements taken from thirty three varieties of
enset plants each measured at four successive time points. The study provides summary statistics, results
based on repeated measures analysis of variance (Split-plot in time ANOVA), multivariate analysis of
variance (MANOVA), and mixed model methods. Each method is described briefly. In order to apply the
repeated measures ANOVA, compound symmetry assumptions of covariance structures should be met.
Whether the data fulfils this structure is tested. For those data which do not satisfy this criterion, the
degree of freedom is adjusted for F test statistics by Huynh-Feldt (H-F) or Greenhouse-Geisser (G-G)
epsilons. The multivariate approach is less restrictive but lacks power given that the repeated measures
ANOVA assumptions are satisfied and the sample size is small. In all the methods considered, SAS was
used to analyze the data. The results using univariate, multivariate and mixed approaches of repeated
measurements of enser plants show that the main effects of variety and time as well as the interaction
effect of variety by time were found to be significant. It was found that mixed model approach provides a
very flexible environment in which the covariance structure can be modeled. Besides, the mixed model
permits selection of the covariance structure that best fits the data at hand and enables to compute efficient

estimates of fixed effects and valid standard errors of the estimates.
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CHAPTER ONE
INTRODUCTION
1.1 About Enset Plant

Enset (Ensete ventricousum (welw.)) is a herbaceous perennial plant. Ensete is the name of
the genus (Cheesman, 1947) whereas enset is the vernacular used in the Amharic Language.
Ensete belongs to the family Musaceae under which Musa, the genus of banana, belongs.
Enset resembles banana for both have underground stem (corm), a concentric bundle of leaf

sheaths (pseudostem) and large leaves.

The lowland and mountain areas of Uganda, Tanzania, the Sudan (Smeds, 1955) and Asia
(Purseglove, 1972) are amongst areas suggested as the centers of origin for Ensete. However,
Vavilov (1957) and Kuls (cited by Westphal, 1975) reported Ethiopia as the center of origin

for Ensete, the country in the world where enset cultivation as food crop is recorded.

According to Taye et al. (1967). enset is best adapted to altitudes between 1500 and 3000m.
It was also reported that enser performed well under irrigation at an altitude of 1200m. Its
cultivation is concentrated in southern and southwestern parts of the country where it plays a

significant economic and social role.

About 15 million people of the Ethiopian population depend on enser as their source of staple
or co-staple food in the form of kocho, bulla and amicho (Spring, 1996). Over 180 thousand
hectars were estimated to be allocated to enset planting by private holders in the country in

1990/91 crop season (Central Statistical Authority (CSA), 1995).

Although its food value is low in protein content (Agren and Gibsen, 1968), enset appears to
be a productive crop (progress report, ARC, 1995, unpubl.). Enset is a good source of
income, a measure of wealth, a cultural medicine and feed for livestock. Moreover, it has
environmental value as its system contributes to sustainable agriculture. The fiber, by-product

when enset is processed has also an economic value.

Enset is relatively tolerant to draught. It can be harvested at any time of the year and the

processed product can be stored for a long time without spoilage.



Because of these characteristics it is called a life saving crop. Thus, yield is sustainable and
ensef undoubtedly can serve as a crop for food security against famine. This could be one of
the reasons for enset expansion to non-traditional areas nowadays. Even though, enset is of
significant importance to the Ethiopian economy, very little attention has been given to its
improvement. Hence, more studies and researches should be done on this plant to improve its

yields.

In this thesis four statistical methods are used to analyze repeated measurements of enset
plant. Summary statistics deal mainly with descriptive aspects of the data. In univariate
analysis of variance (ANOVA), the underlying assumptions will be checked first and
hypothesis tests of main and interaction effects will follow. Next, the multivariate analysis of
variance (MANOV A) methods are used to test the within-subject effects. Finally, the mixed
model is used to test the main and interaction effects after modeling the covariance structure

of the data.

1.2 Statement of the Problem

There are several studies conducted on enser plant. However, most of them focused on
biological aspects and simple descriptive analyses only. The breeders and agronomists do not
usually use well-founded and appropriate statistical methods to justify whether the different
varieties of enser give rise to significant differences in yield and whether variety and time
have significant interactions. Usually they collect repeated measurements from the various
enset clones over time but they often judge the difference among varieties based on
observations, intuitive approach and descriptive statistics for the purpose of evaluation,
breeding and maintenance of varieties. The author of this work has not come across crop
researches that use the classical methods of repeated measures analysis in Ethiopia.
Therefore, this study demonstrates how the right statistical methodology can be applied in

crop research, in this case a research on enser.



1.3 Objectives of the Study
Using the enset pseudostem circumference measurements collected from various varieties i
repeatedly over four successive time points, this paper attempts to illustrate appropriate and
sophisticated statistical methods to analyze repeated measurements. The specific objectives ;
are to: |
v show how the variety means are changing over time using the summary statistics
(descriptive methods and graphical display of the different variety means on the same
graph);
v test the main effects and interaction effects of variety and time using Univariate,
Multivariate and Mixed Model Approaches of repeated measures analysis on the enset
data;

v compare the various approaches and select the one which would provide better results.

(8]



CHAPTER TWO
LITERATURE REVIEW

2.1 Concepts of Summary Statistics

Summary statistics are single values that summarize some aspects of the subject’s response profile.
The summary rheasure to be used needs to be chosen before the analysis of the data and should, of
course be relevant to the particular questions of interest in the study. In clinical trial work, for
example, Frison and Pockock (1992) argued that the average response to treatment over time is often

likely to be the most relevant summary of the repeated measurements.

Another approach of summary statistics is to plot means of each subject under different treatment
conditions. A method often employed, particularly in medical publications, is to plot means by
treatment group for every time point. When the number of individual curves is large, it may be more
helpful to use a small number of representative curves. Jones and Rice (1992) suggested to use
principal components analysis to select a small number of the growth curves which can explain most
of the variability. Specially, those curves corresponding to the units with the minimum, maximum
and median principal component scores on the first one or two principal components will generally

give an adequate summary of all the curves.

2.2 General Background on the Mixed Model Analysis of Variance (ANOVA)

There are limitations to the utility of the mixed model ANOVA when the assumptions about the
model are violated (e.g. Davidson, 1972; Morrison, 1976; Winer, 1971). One of the more lucid
reviews of the problem was published by McCall and Appelbaum (1973). They outlined the
fundamental problems in the use of traditional mixed model ANOVA for repeated-measures designs,
and reviewed the available alternatives. Their review emphasized the utility of multivariate ANOVA
(MANOVA) for statistical hypothesis tests that are valid even when the mixed model assumptions

are violated.

According to Hertzog and Rovine (1985), a decision regarding whether to use mixed model ANOVA
or MANOV A significance tests represents just one aspect of a more complex process. In addition to
whether mixed model assumptions are violated, the following additional questions need to be
considered as well: (1) Are there multiple dependent measures to be analyzed, so that a true

multivariate repeated-measures analysis, not just a multivariate significance test for univariate data,
4



is required? (2) Is it in general necessary or desirable to use omnibus hypothesis testing (i.e., testing
a null hypothesis that all effects associated with a given factor [independent variable] are null), given
the nature of the substantive hypotheses to be tested? (3) If omnibus testing is employed, what are

the appropriate procedures for post-hoc analysis of significant effects?

The assumption of homogeneous variance and covariance rarely holds in many common applications
of repeated measures designs. In longitudinal data, for example, covariances among the variables
often decrease with increasing separation of measurement occasions. Validation of the assumption
introduces a positive bias into the F-test. One is more likely to commit a Type I error than is
indicated by the nominal Type I error rate (McCall and Appelbaum, 1973). With several within-
subject levels and severe violation of the assumption, the magnitude of the positive bias introduced

can be quite substantial (Box, 1954).

2.3 General Background on Multivariate Analysis of Variance (MANOVA)

For designs with two or more within-subject factors, their interactions are handled by the generation
of orthogonal interaction contrasts (e.g. multiplying the main effect contrasts for the two factors to
create interaction contrasts). Using these contrast weights new linear combinations for interaction are
created, and then calculating MANOVA significance tests in exactly the same manner as for the

within-subjects main effects (McCall and Appelbaum, 1973).

McCall and Appelbaum (1973), among others, emphasized the utility of MANOVA significance

tests in repeated measures ANOVA. Their argument may be summarized as follows:

(a) the mixed model assumptions are rarely satisfied, hence mixed model ANOVA is not
justifiable as a general data analytic technique;

(b) adjustments for the degrees of freedom of mixed model omnibus test (as promoted by
Greenhouse and Geisser, 1959) are unnecessarily conservative; and therefore

(¢) the MANOVA approach could be recommended as a general analysis strategy. since it makes
less restrictive assumptions (with acceptable behavior of the significance tests if the

assumptions are violated) and yet provided acceptable statistical power.

The MANOVA test provides more valid Type I error rates and better statistical power given severe

violations of the circularity assumption (e.g., Rogan et al., 1979; Scheifly and Schmidt, 1978).



2.4 Test for Serial Correlation in Univariate Repeated Measures Analysis

Topics related to the analysis of repeated measures designs have received a great deal of attention in
recent literature. Here, the works related to the effect of the invalidity of the variance assumptions on
the repeated measures F-test is presented and the effect of a certain invalid structure on the analysis

is emphasized (Hearne, et al., 1983).

Confusion has existed regarding the implications these assumptions have for the original covariance
matrices. Huynh and Mandeville (1979) pointed out that the assumptions do not require equality of
the original matrices, but they do require same variance for X; - X; across groups, i.e., the same ‘Type
H’ structure (Huynh and Feldt, 1970). The situation of equal matrices across groups and compound
symmetry of the common matrix is a special case satisfying the assumptions. Huynh and Feldt
suggest that the form of the covariance matrices should always be examined when data from
repeated measures designs are analyzed. Departures from the ‘type H’ assumption can produce
significantly inflated probability levels as demonstrated by the serial correlation pattern. The serial
correlation pattern has a wide range of applicability, especially in situations where observations are
recorded over time. The likelihood ratio test could be used to identify the covariance structure.
However, the serial correlation pattern is not the only structure that might be considered. More
complicated autoregressive models might be more plausible in certain situations. It might be possible

to extend these results to more general designs (Hearne, et al., 1983).

2.5 Repeated Measures Analysis in Animal Science

Gorgulu and Sahiler (2001) discussed the advantages of using repeated measures analysis on animal
experiment. Few animals may be available (or few used because of complex technique applied on
animals while taking measurements) in experiments with non-random repeated measurement (e.g. p
animals in each of r treatment groups, each measured in p periods). In such cases, the use of
summary statistics for each animal to eliminate the time factor, or ordinary univariate split-plot tests
of the treatment means or multivariate analysis is not advisable, because comparison of the
treatments are not sufficiently sensitive to any of those procedures. The problem is that main effects
of treatments must be tested by the mean square for the animals within treatments, which is inflated
by positive correlations among repeated observations. Even conditional tests (e.g. comparisons of
treatments within periods), as well as tests of means of summary statistics cannot be very sensitive,
because, with low replication, the standard errors mean differences are not much smaller than the

ordinary (error) standard deviation among animals treated alike, without the influence of correlations

6



induced by repeated measurement. Too small number of animals leaves few degrees of freedom for
error, either reducing statistical power drastically or preventing multivariate analysis entirely. In such
cases, the primary benefit of a repeated measures design is statistical power relative to sample size,
which is important in many real researches. Repeated measures designs use the same subjects
throughout different treatments and thus, require fewer subjects overall. Because the subjects are the
same, the variance due to subjects is partitioned into the error variance term, thereby making any

statistical test more powerful.

2.6 Ensef Crop Assessment

Shank and Ertiro (1996) reported that data from Wolaita Agricultural Development Unit indicated a
positive relationship between measurements plant pseudostem girth and height with plant kocho
yield. Choosing a 90% confidence interval for the standard error of an estimate, it was statistically
predicted that 67 plants, sampled over a range of sizes, would be sufficient to construct the model.
Sixty-five samples were taken at random throughout the enset growing areas by asking the
household whether they had enset under fermentation from a single plant. The total enser products
were weighed and sampled for moisture content and the size of the plant from which it came was
measured. Individual plant yields varied 114.7 kg (298cm circumference x 303 c¢cm high plant) down
to 3 kg (58cm x 93 cm plant). Correlation of yield with circumference was 87% and with the
pseudostem height 83%. Both the analysis of variance for linear regression and the coefficients for

circumference and height were highly significant in predicting plant yield. The derived model
PLANT YIELD (kg) =-36.5 + 0.23 x CIRCUMFERENCE (cm) + 0.19 x HEIGHT (cm)

was sufficient to account for 82% of the observed variation in plant yield. Hence, from the above
results it can be concluded that the pseudostem circumference and the pseudostem height can be used

to determine the yield of enset plant since both have strong correlation with the yield.

The literature reviewed so far are some of the conditions under which repeated measures analyses are
applied and their applications in various disciplines. Furthermore, the derived model of the linear
relationship between pseudostem circumference and height with enser yield was reviewed. The
primary purposes of experiments in which the same subject is observed under each of the treatments is
to provide a control on differences between subjects. Each subject serves as its own control. Responses

of individual subjects to the treatments are measured in terms of deviations about a point which

7



measures the average performance of that individual subject. Hence variability due to differences in
the average responsiveness of the subjects is eliminated from the experimental error (Winer, 1971).
Therefore, using repeated measurements of the enser plant to compare varieties givesﬂbetter results
than using different plants. However, the author couldn’t find literatures using repeated measures
analysis on crops locally. Hence, this thesis is concerned with applications of repeated measures
analysis on the perennial plant enset. Thus, we follow methods that will be discussed in subsequent

chapters.



CHAPTER THREE
MATERIALS AND METHODS

3.1 The Data

The data used in this paper are collected at Areka Research Sub-Center (ARSC). The Sub-
Center is found in Southern Nations, Nationalities and Peoples’ Regional Government in North
Omo Zone. Areka is the capital of Boloso Sorie Woreda which is 30 km away from the town of

Wolaita Soddo, on the way to Hosaina.

A plot of land is prepared so as to make it as homogeneous as possible. The four replicates of
each of the thirty three enser varieties are transplanted to the plot in a randomized fashion using
completely randomized design. The plants are grown on the plot for one year. The repeated
measurements of pseudostem circumference are then taken four times every six months from
each enset plant.

Data Layout

Data layout for two-factor repeated measurements design

Time points
Variety | Plant 1 2 . . . t
/ / Yin Yiz Yin
/ 2 Y]zf Y/gg YIQ.'
1 Bl }’IHII YIHIQ ’lnﬁ
u ] )/.\'l 1 K\'ll Y\'I.’
$ ¢ Ya | Yo Yo
§ Hs Y.m‘l Y.\n] 2 Y\nlf
where i=1 2.. s variety; Jj =1, 2, .., n;plantin variety i
k=1 2 ..., time points (with n :Zn,)
=1
Y,, is the pseudostem circumference of the i" variety of plant j at time .



3.2 Limitations of the Study
» The repeated measurements taken from each clone are not taken at exactly the same
time. i.e., since it takes certain time to measure the pseudostem circumference of each
enset plant and there is limited number of manpower who takes the measurements, the
time point at which one clone is measured varies from the other which makes difficult
the absolute comparisons among the different enset clones;

» The age of the enset clones which were transplanted from different locations may also

vary.

3.3 Methodology
When several measurements are taken on the same experimental unit (person, plant, machine,
and so on), the measurements tend to be correlated with each other. When the measurements
represent qualitatively different indicators such as weight, length, and width, this correlation
is best taken into account by use of multivariate methods, such as multivariate analysis of
variance. When the measurements can be thought of as responses to levels of an experimental
factor of interest, such as time, treatment, or dose, the correlation can be taken into account

by performing a repeated measures analysis of variance.

Repeated measures data arise when time sequences of observations of the same dependent
variable are made on each of a number of experimental units (usually subjects) possibly
allocated to one of several treatments. The investigator may also vary systematically the
conditions under which the repeated measurements are made, thus introducing one or more

within-subject factors into the design.

Repeated measures analysis is a type of analysis of variance in which variation between
experimental units (often called “between-subjects™ variation) and variation within units
(called “within-subjects” variation) are examined. Between-units variation can be attributed
to the factors that differ across the study groups (e.g., treatment, varieties, species and stock
type). Within-units variation is any change, such as an increase in circumference, height, etc.

that is observed in an individual experimental unit.



The methods used to analyze repeated measures data range from simple to complex with a

particular approach often being specific to a particular discipline.

There are a number of approaches that could be considered in order to analyze repeated

measures data. The major ones are:

1. Summary statistics;

Univariate Analysis of Variance (Split-plot-in-time ANOVA);
Multivariate Analysis of Variance(MANOVA); and

Mixed Model Approach.

-l

3.3.1. Summary Statistics _

A more relevant, but still relatively straightforward approach to the analysis of repeated
measures data is that involving the use of summary measures, sometimes known as response
feature analysis. Here, the responses for each plant are used to construct a single value that
summarizes some aspect of the plant’s response profile (in some cases more than a single

summary measure may be used).

Another useful initial step in the analysis of repeated measures data is to graph the data. In
most repeated measures analyses, the means are plotted against time for each variety, by

differentiating between varieties using different colors or labeling the varieties.

By plotting the treatment mean profile against time, we can also see the treatment by time
interaction effects. We plot the treatment means against time for each subject. In this way,

we can examine the form that the interactions take.



3.3.2 Univariate Analysis of Variance (Split-plot in time ANOVA) Method for
Analyzing Repeated Measures
The univariate ANOVA for analyzing repeated measures involves modeling the data using

the linear model.

¥

i =y+a,+b,] +1, +{pr), +e,

(3.1)

Using this linear model, we are going to assume that the data for variety i, plant j at time £ is

equal to an overall mean g plus the variety effect, , the effect of the plant in the variety b

iy
the effect of time 7, the effect of the interaction between time and variety (a7), , and the
error e, .

Here:

i=1,..., s is an index for variety membership

J =1,...,n;is an index for plant j within variety i

k= 1,..., tis an index for levels of time

Y« is the response measurement at time k for plant j within variety i,
4 is overall mean,

@ is the added fixed effect for variety i,

7, is the added fixed effect for time £,

b, is the random effect due to plant j within variety /,assumed to be i.i.d ~N (0, o} )

4
(at), is the added effect for the variety i by time k interaction and e, is the random effect
on time k for plant j within variety i.

Also b, and e, are assumed to be independent of one another. In repeated measures

analysis, the b, are often called the between-subject effects and e, are called the within-

subject effects.

The errors e, are independently sampled from a normal distribution with mean 0 and

variance o .

The effect of time does not depend on the plant; that is, there is no time by plant
interaction. We need this assumption so that the results will not depend on which plant

we are looking at.
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Univariate analysis of variance (ANOVA) is the method most commonly applied to repeated
measures data that makes comparisons of between and within-subject means. It treats the
daia as if they were a split-plot design with the between-subject variability as main plot and
time as sub-plot, hence the name split-plot in time analysis. If measurements have equal
variance at all times and if pairs of measurements on the same subject are equally correlated,
regardless of the time lag between the measurements, the univariate ANOVA is valid from a
statistical point of view, and, in fact, yields an optimal method of analysis. However,
measurements close in time are often more highly correlated than measurements far apart in
time, which will invalidate tests for effects involving time. The inherent dependence that is
associated with repeated measures data introduces extra complications into the analysis.
Unfortunately, the simplifying properties arising from data which are independently and
identically distributed can no longer be relied up on. To yield conclusions which are valid,

the analyst must take into account the possible dependence within subjects.

Another problem of applying standard ANOVA analysis method in repeated measures data is
that it would regard the groups as a factor on different levels, and more importantly, it would
regard time as a factor on ¢ levels. One of the difficulties with this approach is that the
allocation of times to the ¢ observations within each subject cannot be randomized. But
randomization of the various levels of a factor is an essential requirement of ANOVA.
Usually ANOVA assumes that group factors are randomized within blocks. However, the
time points which we regarded as factor levels cannot be randomized, an essential
requirement of ANOVA. They must follow their natural sequence. The first measurement is
the first measurement, it cannot be taken third. In general, these extra complications mean

that the simple univariate ANOVA F-tests will no longer be valid.

In this section we discuss the use of univariate analyses that takes into account the
multivariate nature of many repeated measures data sets following the assumptions

regarding the properties of these types of data.

13



3.3.2.1 Assumptions about Analysis of Variance in Repeated Measures Designs

- The validity of the F-test rests upon a set of assumptions concerning the nature of the
underlying sources of variation and covariation or, equivalently, variances and covariances.
Those, in turn, follow in part from assumptions made about the model, that is the underlying

distribution of the observations.

3.3.2.2 Matrices to Summarize Assumptions about Variance — Covariances

The theoretical variance-covariance within-subject matrix Z . is defined as

Gy Ty - = « By
Oy Opn - « . Oy
D=
Ixt
o, Op . . . O

tr

The entries on the main diagonal are population variances, which are sometimes written

0

2 2
asoy,0,,.0

The sample variance - covariance matrix for a design with ¢ treatment conditions is

SI | Sl2 * * * ‘SYII
SZ! SZ? N . : Sz:
31~ -
X
8, By « ~ . 8

fd i
The entries on the main diagonal are the within-treatment sample variances and may be
written as

2 2 2
2 5.8
The entries off the main diagonal of S, are the covariances and are sometimes written in the

general form 5,

Certain patterned covariance matrices are of interest in order to make explicit the
assumptions underlying repeated measures designs. In particular, the analysis of variance
makes certain assumptions about the variances and covariances in a repeated measures design

and about the relationships among those values. The most general matrix which best

14



represents the case when all of those assumptions are met is called a Huynh-Feldt (Type )
matrix. In general, a type H matrix will have the property that
Gy +0 -20 .

v :/1 f‘ . .
5 ar j#& j (3.2)

This relationship defines what is called circularity. Thus, type H matrices define a general

class of matrices which includes circular matrices. That is, circularity requires that the sum of
any two group variances minus twice their covariances equals a constant (21) and that this is
true for all pairs of groups on which there are repeated measures. The scalar A depends upon
the relationship between groups and the scale of measurement, as do the variances and

covariances.

To illustrate, suppose that a set of ¢ vectors of matrix Xux, have a covariance matrix

Z . which has a pattern generated by

S =A+ A+, (3.3)
=t
where
a a . . . aq
az az 3 u " (lz
A= - " |, where aj, as,..., a, and A are any known arbitrary constants.
k=t
a a . . a

A matrix Z . having the pattern defined in equation (3.3) will be called a type H matrix.
The circularity relationship also implies that

i/

o . =2Aall j=#/, (3.4)

X=X
i

In words, circularity implies that the variance of the difference between any two vectors of X

is a constant. Finally, for any type H matrix, the average of the variance &, and the average

covariance o i in the matrix differ by a constant,
0%y (3.5)

[
Z O j Z Oy
&, =L T -
where = { and 4 t
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Since &, -6 =4 is the difference between an average variance and an average

covariance, it expresses a residual error variance and since this difference is a constant, the
requirement of homogeneity of residual error variances for all pairs of groups is met. Recall
computing MS,,.,.. as a pooled residual error variance. That is, MS =S? —Cov, where

residual

S? is average of variances in sample covariance matrix and

Cov is average of covariances in sample covariance matrix.
A type H matrix which has the property of circularity, but in addition has the property that

both the variances (o, ) and covariances (aﬂ. ) are constant, is called Compound Symmetry.
Compound symmetry is a special case of circularity. o, and o, are both constant but they

need not be equal to each other. A matrix which has a compound symmetry will have
circularity, but a circular matrix need not have compound symmetry; the condition of

compound symmetry is more restrictive than circularity.

In order to check the assumptions of repeated measures designs, it is helpful to define the
matrix property of sphericity from the property of circularity. This can be accomplished in

terms of a normalized orthogonal transformation of the covariance matrix which

converts Z . lo matrix Z g o

Let  and v be any two distinct vectors of matrix M. Then M is said to be orthogonal if u v = 0.
A matrix is said to be orthonormal if its rows are both orthogonal and in normal form. That is,
M is orthonormal when u 'w=1=v'v and u'v=0. One could construct an orthonormal matrix by
using as rows the coefficients for orthogonal comparisons and then normalizing those
coefficients. For example, with ¢ = 3, the coefficients for two orthogonal comparisons would be
¢ =-1 ¢, =0 € =1
¢y =1 Tyy =2 Cy =1.
Since ZC” :ZCEJ =0 and ZC],C:, =0, these two sets of coefficients can be used to

define comparisons and the comparisons are orthogonal. They would be orthonormal if they

16



were also normalized, 1.e., of unit length. A vector is normalized by dividing each entry by

the norm, or length, of the vector. If, for example, ¢, is the row vector

¢ =(-1 0 1),
the norm is ”c]" =¢ ¢ = (ch )V2 = [(— 1 +(0)° + (1)2]/[’2/ =2
and the normalized vector is

. 1

« 1] 1 1
¢, =r—=¢ =—=-1 0 l)j=|-—= 0 —
Pt =0 8 =g 8 ]
Note that the normalized vector has unit length. That is

14 (3T -

The second vector,

=1 -2 1)

"

G

has length

and in normalized form is

T

Thus, we may define an orthonormal coefficient matrix as

145 L
M': ‘\/5 \/5
1 2 1

Jo  J6 e
Each row in M’ provides the coefficients for a normalized comparison which in general is an
expression of the form
c;x, . & c;x2 + c;x3,
where, Zc: =0 and Zc;z =1.0.
In M‘, then the rows are orthogonal and of unit lengths; the matrix M’ is orthonormal. For an

orthonormal matrix,

MM'=1,



since ¢C, =0 (ie., rows are orthogonal) and c,c, =1(i.e.,, rows are normalized). An

orthonormal matrix need not be square; in applications to problems associated with repeated
. * . . * . . .

measures designs, M will not typically be square. If M is orthonormal and Z . 1s circular,

then

My M =i (3.6)

where
1
A= 5(0' p = 20_”,.)
and 7 is an identity matrix. A matrix having the form A/is said to be spherical. There is

nothing complicated about a spherical matrix; it is simply a matrix with A on the main

diagonal and zero elsewhere. In obtainingz ,= Al , one has the covariance matrix of a set of
variables which are orthogonal (all covariances are zero) with constant variance. If Z s

circular, z V= M’ Z _M" = AI will have those simple properties.

3.3.2.3 Variance-Covariance Matrix Properties and Analysis of Variance

Assumptions
Huynh and Mandeville (1979) have presented a succinct discussion of the assumptions
regarding variance-covariance matrices with repeated measures designs. When summarized,
the validity of the F-statistic is assured when the covariance matrix of the observations is
circular in form. Equivalently, the covariance matrix of a variable which 1s a normalized

orthogonal transformation of the observations is spherical in form when the assumptions are

met. The matrix M ) M"=AI is important because when > . is circular,
M M" =2l is spherical. The analysis of variance assumption of circularity of ) is
tested by evaluating whether M~ Z M" = AI is spherical. To make what is being presented
specific to the analysis of variance, the matrix M" ) M" =2l will be considered as the

covariance matrixziof (-1) vectors of matrix Y whose components are normalized

orthogonal transformations of the original ¢ vectors of data matrix X. That is. one may

transform the analysis of variance of data matrix X into new matrix Y which is

orthogonal.z , 1s the variance-covariance matrix of those (7-/) orthogonal vectors of Y.
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Wh(:nz:'r is circular, Zv is spherical. That is, Z . has a single variance on the main
diagonal and zero for all covariances. It is not necessary to transform X to Y or Z_‘ to

Z , in order to evaluate the analysis of variance assumptions. The presentation here is for

illustrative purposes only to help clarify the analysis of variance assumptions.

The analysis of variance hypothesis
H{):ﬂlzluzz'“zﬂ_r=‘“=Jur=fu (3.7)
can always be recast in terms of a set of (¢-/) mutually orthogonal comparisons. For example,
if t = 3, then two orthogonal comparisons can be used to evaluate the hypothesis
Hy=p—pu,=0
Hy =+, =24, =0
The coefficients for these comparisons are
¢, =1 ey ==1 ¢y =0

'y =1 Cyy =—2

o
S
Il
ot
o

and M* as one possible coefficient matrix whose rows are a set of (¢-/) mutually orthogonal
normalized comparisons is, then,

L

|2 42
e U S 3
s 6 s
since the norm of the first row vector (comparison 1) is J2 and for the second comparison it

is\/g.

In the general case, there are ¢ vectors of X; under a normalized orthogonal transformation,

the ¢ vectors of X may be transformed into a set of (1-/), vectors of Y,

Y =X M (3.8)

nx(r-1) nxt rx(i=1)

- . . - .
where M = a matrix whose rows are a set of normalized orthogonal comparisons, i.e,
x(1-1)

M?* is an orthonormal (M'M" =1, );

X = a matrix of basic observations;

nxf

Y = a matrix of transformed scores.

nx(t-1)

19



If Sy is the observed covariance matrix for X, then Sy, the covariance matrix for Y is given by

S‘. =M*S M* i
(=D)x(t-1) (3.9)

Since the set of (7-/) normalized orthogonal comparisons are not unique, the Y matrix will
not be unique. However, many of the important properties of Y will be invariant for all
possible choices of M*. In particular, any property of Sy which depends upon the
characteristic roots will be invariant for all choices of M". These include the trace and

determinants of Sy,

S, estimates Z( and S, estimatesz , - It is important to remember that if Z is the type H

matrix, Z , Will be spherical. To demonstrate this,

D, =M*Y M (3.10)

And since ZT is a type H matrix, one may rewrite
Z.: M*(A+ A+ 2L )M*

= M* AM*'+M* A" M*'+AM * M*'
From the definition of the matrix A, it follows that
M* 4'=[0] and AM*'=][0]
since the sum of the entries in any row of M* is zero. Hence,
D, =AM M* =1 (3.11)
Thus, the X matrix with a covariance matrix which is a type H matrix has been transformed
into matrix Y, the covariance matrix of which is AI. That is, all of the Y matrix column
vectors have a common variance A and all of the covariances are zero. A matrix with these
properties is spherical. Although a matrix X having a multivariate normal distribution may

always be transformed to a set of independently distributed vectors, the resulting vectors need

not have the same variance. This applies to the special case in which Zr is circular that

D, will be spherical.
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From the point of view of the assumptions, S, is ol interest. Sy estimates ZJ_ and the

assumption underlying the distribution theory of the F-ratio on the treatment effects is that
E(Sy) =D, =M (3.12)

That is, Z , s spherical and Sy provides an estimate of that spherical matrix. Sy can be

obtained directly from the Y matrix. However, Sy is usually obtained as M * S _M*'.

If Sy were exactly spherical, the variances would be equal and the covariance would be zero.

Equivalently, the correlation between two vectors of matrix Y would be zero. However, S,

only estimates Z , and can differ from a spherical matrix by chance even if Z , 1s, in fact,

spherical and Z . is therefore, circular.
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ANOVA table used in univariate Repeated Measures analysis is given below:

- Table 3.1 ANOVA Table

Source d.f SS MS F
SSvarmly MSvnrmry
VariEty s-1 SSvaricty g1 MSp.’rm.'( within var rery)
SS“””.‘ MS{””‘!
Time i-1 S Slime 1-1 MScrmr-
Plant n-$ SSplant (within variety) S5 ot it varien) :
(within Variety) n—s
SSI wieryxtinie AJS['{H'MU\FM:U
Variety x Time (S‘ l‘) (l“ 1) SSVariel) X time (S - 1)([ - 1) A}J{S(‘rmr
‘S‘Lger'mr
Error (n-s) (1-1) S (n—=s)(r—-1) .
Total nt -1 SStotal -

5 on

'
SSmm.‘ = Z Z Z yj)\- - Hf_? ’

=1 =l k=l

CI
- ) —2
SSVurmr_rxlrmu - Z Z n,.yf_k - H!y__

1=1 k=1

where n= Z n, = total number of plants,

1=1

SS , = nr?i.‘ _n!.)}_

LS‘LS“,,"(“”( witfuin var rety’ ) =n : :Z

s= number of varieties in the study and

= number of times a single plant is measured.

SS,, = nz z

N h

=l =l

T

=1 =1 k=1

—2 e
y,—1y.ny,
r=1

Z}_}z’( —nty ’

The sources of variation include variety, plant (within variety) which is the effect of the plant

within variety, the effect of time, the interaction between variety and time; and error which is

individual error in the model. All these add up to a total.
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3.3.2.4 Departure from Assumptions

A measure of the extent to which Z departs from circularity (and, therefore, Z,- departs from

sphericity) has been proposed by Box (1954), and this is given by

=0} D (T, ~F ~5,+F) G.13)
The measure may also be expressed in terms of A;, the characteristic roots of the matrix zy as
L QA
=034 (3.14)

where

& ;= mean for column ;

&, = mean for row j

o = mean for all entries

&, = mean of main diagonal entries

When Z has maximum departure from circularity, z will have maximum departure
X )

from sphericity. For =4, for example, it becomes Z.- =

(l—l)x(‘l—l)

where each element of C is a non-zero constant c.

e € &

S =le ¢
J

e € €

The characteristic roots of this equation are
7\,|=3C, 7»2:0, ?\.3=0
For the general case & will be given by the constant,
9¢’ I
E = 3 =
(t-1)O9c”) -1

Thus, the range of the measure of departure from circularity is

ngsl

i~1
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In general, Z is unknown but may be estimated by Sy, the sample covariance matrix of the
-

¢ vectors of matrix X. In terms of the latter one may estimate & (Greenhouse-Geisser; 1959)

as

. (S, -S)’ g 58
T R Rk -
where

ZS : = Sum of the squares of all entries of S
S =(Q.>.§,)/1* = Grand mean of all entries
§;. = ZSH_- /t = Row means

5 i = ZS , /1 =Main diagonal mean
This estimate of € tends to be biased for larger values of €. Others (Huynh and Feldt, 1976;
Huynh, 1978) recommend a less biased estimate of &,

n(t—1)é -2
(t-D[n-1-(@-1)&]

- (3.16)

This latter measure, & may exceed 1. When this occurs, set € = 1. It will be found

that€ > £; £ will always be equal to £ whené = =
t —

Box (1954) has shown that the overall F-statistic in the repeated measures designs is
distributed as

Fl(t=De,(n=D)(t -1)¢]

In terms of €, F is approximately distributed as

Fl(t =D& (n=1) -1)&].

That is, by adjusting the degrees of freedom to take into account the degree to which the
circularity assumption has been violated, an F-distribution can be approximated with any
arbitrary covariance matrix. If one assumes that & =1, then the degrees of freedom for the F-
distribution are (7-/) and (n-1)(t-1).That is, the assumption of circularity is met and no
adjustment is required. If the assumption has not been met, this gives the F-test a positive

bias and the real level of significance will exceed the nominal level established by the
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experimenter. If one sets € at its minimum value, the assumption is that Z deviates
X

. . " 1 . .
maximally from circularity and ¢ = — At this extreme, one uses F [1, (n-1)] since
[ —_

t-De=(- 1).—t—if =1 it follows that (n = 1)(t — )& = (n - 1)(t — I).% =(n-1).

In most instances, this adjustment is too extreme and the F-test will have a negative bias.
However, it is reasonable to use this procedure, and if H, is rejected no further steps are
required since this test would have minimum statistical power and any other value for ¢
would lead to rejection of the null hypothesis. The use of F (1, n-1) has been labeled the

Geisser — Greenhouse conservative test (Geisser-Greenhouse, 1959; Krik, 1982).

If one uses the unadjusted F and does not reject the null hypothesis, no further steps are
necessary since that F-test has maximum power and the use of other values for € would lead

to non-rejection of H,,.

Uncertainty arises when the unadjusted IF leads to rejection of the null hypothesis, and the
maximum correction leads to non-rejection. It is under those circumstances that € should be

estimated and the adjusted degrees of freedom should be used.

3.3.2.5 Test of Assumptions

Mauchley (1940) introduced a procedure for testing the hypothesis that
MY M*=Y =
The test statistic is

prrsmr s

(M * S, M*) =117 [r(S,) 1~ 1] il

where [M *S M*|= ]S_‘w is the determinant of Sy and

tr(M*S M*)= ir(lSyl) is the trace of S,

The range of W isO <W <1, the lower limit occurring when there is maximum departure
from sphericity and the upper limit W = | corresponding to Sy being spherical. The smaller

the numerical value of W, the greater is the departure of Sy from sphericity. Tables of the
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exact sampling distribution of the statistic W (under the hypothesis that Z , 15 spherical)

“have been prepared by Nargarsenker and Pillai (1973).
A good approximation of the exact distribution of W may be obtained by the maximum-

likelihood statistic
L =—d(n-1fInW), (3.18)
where

- @2p +p+2)

T p=t-1 (3.19)

The statistic L 1s approximately distributed as chi-square with degrees of freedom equal to

(43}

The Mauchley test may be used to test the hypothesis that z . 1s circular by testing for

sphericity in Z 4 o
From tables of the exact distribution of W one can find W, __ (r—1,n).
At a level of significance, the decision is to reject the hypothesis of circularity, if

W

il W eyl = 1i0)
To use the Chi-square approximation to the sampling distribution of W, we can transform W

to L as follows:

:]_Qp‘+p+2 il #= p(p+l)_1
6(p-1) ' 2

Hence, L can be calculated as in equation (3.18) above.

In this case, for a test having & , the decision rule is to reject the hypothesis of sphericity if

Lca! > X(zlfa)(f)
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3.3.2.6 Hypothesis Testing

1. The interaction between variety and time, or:
H,: (ar), =0 against | : Not H, at a level of significance.

Fori=l, 2 ..., s;
k=1, 2,..., L

" Ty 15 1 MSvar.’clyxnme
Wereject Hy if F, =———>F [(s=-1({t-1),(n—s5)( -1)]

cal
error

2. Let us suppose we had not found a significant interaction. Consider testing the null

hypothesis that there are no variety effects, or

Hy:a, =a,=..=a, =0 against H':Not H, at a level of significance.

: 2 2 2 MSvarr‘er .
We reject H, ifF,, = > > F, [(s=1),(n—5)].

Y plant(within var iety)

3. Consider testing the effect effects of time, or to test
H}:7,=1,=..=7,=0 against H;:Not H, at a level of significance.
We reject H; if

Foar = gg'— > F [ =1),(n=s)(r = 1)].

errar
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Analysis Based on Contrasts

3.3.3.1 General Multivariate Problem

Multivariate model can be written as

AEST Y ENE  NETRERY U {11 [ (3.20)

Where

Y, is the data vector of observations at the » time points from the i unit,
a, is (I1x ¢) indicator vector of group membership,
M (gxn) matrix whose rows are the transposes of the mean vectors for each group

g, is the error vector.

Multivariate analysis of variance (MANOVA) is an alternative to repeated measures ANOVA in

which responses to the levels of the within subject variables are regarded as separate variables.

Here, the repeated measures MANOVA approach regards the observations at different time points

as separate variables.

In order to appreciate the perspective behind the multivariate approach, we consider a general case

of a multivariate problem. Consider the following situation; we use the notation with two

subscripts for convenience.

Units are randomized into g groups.

Data vector Y}, is observed for the A" unit in the /™ group

Yy is assumed to satisfy Yu ~N(y,,Z),

where 1, is the mean response vector for group | and £ is an arbitrary covariance

matrix assumed to be the same for each group.

There are r;units in each group, so for group [, h=1,..., r;

The components of Y;; may not necessarily all be measurement of the same response.
Instead, each component of Y, may represent the measurement of a different
response. For example, suppose the units are birds of two species. Measurements on
n different features of the birds may be taken and collected into a vector Yy, e.g., Y
may be tail length, Y,;; may be wing span, Y,;; may be body weight, and so on. That
is, the elements Yy, j=/, 2., n may consist of measurements of different

characteristics.
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Of course, the longitudinal data situation is a special case of this set-up where the Y, happen

to be measurements of the same response (over time).

Clearly, the main interest is focused on comparing the groups on the basis of the responses that
make up a data vector. Here, we compare all the different responses “simultaneously”. In doing
this, it would naturally be important to take into account that observations on the same unit are

correlated.

In our statistical model, g, is the mean for data vectors (composed of the n different responses)

observed on units in the /™ group. Thus, we may formally state our desire to compare the n

responses ‘simultaneously’ as the desire to compare the ¢ mean vectors i, , [=1,..., g, on the

basis of all their components. That is, we are interested in testing the null hypothesis
H,:pu, =..= u,versusthe alternative H, : u, # u, for at least one pair i # j (3.21)

As long as the » responses that make up a data vector are different and hence not comparable

(e.g. cannot be “averaged™), this is the best we can do to address our general question.

3.3.3.2 Hotelling’s T°
The standard methods to test the null hypothesis (3.21) are simply generalizations of standard
methods in the case where the data on each unit are just scalar observations Y, say. That is,
Yy is a vector of length n=/. In this section, we give brief statements of these generalizations
without much justification. A more in-depth treatment of the general multivariate problem may
be found in Johnson and Wichern (2002). First, consider the case of just g=2 groups. If the

observations are just scalars rather than vectors, then we would be interested in the comparison

of two scalar means g, and H, would reduce to
Hu:lulzfu:?orHu:#'l—#}.:o (322)
Furthermore, the unknown covariance matrix £ would reduce to a single scalar variance

value, o> . Under our normality assumption, the standard test of H, would be the two-sample t

test. Because o is unknown, it must be estimated. This is accomplished by estimating
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o’ based on the observations for each group and then “pooling” the result. That is, letting ¥,

denote the sample mean of the 1) observations yj, for group / find the sample variance.
St =0 =" 2 =T’ (3.23)
h=1 :

and construct the estimate of o’ from data in both group as the “weighted average”
S? = (1 +1,-2){(r ~1)S? + (1, ~1)S?} (3.24)

Now form the test statistic
[ = }7,1 — }7.2

The statistic t may be shown to have a student’s t distribution with r; + r; - 2 degrees of freedom.

(3.25)

In multivariate case, the hypothesis is now
H,:p=py0rH, 2p—p,=0 (3.26)
A natural approach is to seek a multivariate analogue to the t test.

The analogue of the assumed common variance o’ is now the assumed common covariance
matrix £ which is of course unknown. We would like to estimate this matrix for each group and

then “pool” the results.

In particular, we may calculate the pooled sample covariance matrix. If we collect the sample

meansY, ,j=1,..., n into a vector

y In

then the sample covariance matrix for group 1 is the (nxn) matrix.
L= =0 2 0y =T, =) (3.27)
h=1

We know that the sum in (3.27) is called a sum of squares and cross-products (SS & CP) matrix.

The overall pooled sample covariance, an estimator for X is then the “weighted average”.
$=(n+r, -2 {0 -0+, - 13, } (3.28)
The test statistics analogues to the (square of) the t statistic is known as Hotelling’s T? statistic

and is given by
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T’ = (”ril +r_,7] )—](}71 _}7?)‘24(}71 _?:) (3.29)
[t can be shown that

n+ry—n—I

T B o 3.30
(i‘l o _2)” (ny+r—n-1) (3.30)

Thus, the test of H, may be carried out at & level by comparing this version of T to the

appropriate a critical value.

Note that if n = 1, the multiplicative factor is equal to 1 and the statistic has an F distribution with

1 and rjtr-2  degrees of freedom, which is just the square of the

{

I+ Py

_, distribution. That is, the multivariate test reduces to the scalar t test if the dimension of
a data vector n=1.
It is worth noting that the hypothesis in (3.26) may be expressed in matrix form. Specifically, if

we define M as (2xn) matrix whose rows are the transposed mean vectors x, and u,

i
M: (#H i ]Ji}
/{'12! Julu
It is clear that, defining C = (1,-1), we have
CM = (pty, = yyyes iy = H20) = (11 — 115)
Thus, we may express the hypothesis in the form

Ho: CMU=0,U=1, (3.31}

3.3.3.3 One-way MANOVA
Just as the case of comparing 2 group means for scalar response may be generalized to ¢>2
groups using analysis of variance techniques, the multivariate analysis above also may be

generalized.

Again, if the observations were just scalars, we would be interested in the comparison of g scalar

means z,, 1 =1,..., q, and H, would reduce to
H,:p=..=H, (3.32)

and again the unknown covariance matrix £ would reduce to a single scalar variance valueo”.

Under the normality assumption, the standard test of H, via one-way analysis of variance is
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based on the ratio of two estimators foro’. The following is the usual one-way analysis of

g
variance; recall that m = Zr, is the total number of units.
=1

Table 3.2 ANOVA Table

Source DF SS MS F
L o= Sy
, 8Se =50, -¥)
Among Units g-1 =1 MSg MSs/MSe
n . 2
. SS B (YM }.I )
Among-Unit Error m-q el MSg
% 2
Z (Yvhl' =i Y )
Total m-1 o "

Note that the “error” sum of square SSg may be written as

2
1 -

SS, =(n-1)S*+..+ (rq —l)Sj ,and 87 =(r - 1)'12( A=A (3.2

h=1

('S )
(S ]
(S}
—

where §7is the sample variance for the /™ group, so that MSg has the interpretation as the pooled

sample variance estimator for o’ across all g groups. MSg is an estimator for o’ based on
deviations of the group means from the overall mean, and will overestimate o if the means are
different. It may be shown that the ratio F has sampling distribution that is F with (g-/) and
(m-g) degrees of freedom, so that the test is conducted at level a by comparing the calculated

valie 6f F10.F ) oo -
For the multivariate case, the hypothesis is now

H, py=..=4, (3.34)
As in the case of g=2 groups above, the multivariate generalization involves the fact that is now
an entire covariance matrix X to estimate rather than just a single variance. Consider the
following analogue to the scalar one-way analysis of variance above. Let Y , be the sample
mean of all observations across all units and groups for the /" element and define the overall

mean vector
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Y =
\f.n}
Table 3.3 MANOVA Table
Source DF SS & CP
Among Groups q-1 0, = 2;11’7(}7-! = ?X?, - 17)
Among Unit Error m-q Qn’:' = Z;":] (},.‘h' . }fo}/h.’ - }71')'
Total m-1 0,+0, = le ZZ:, (Ym - ?X}jd - }7)‘

Comparing the entries in this table to those in the scalar ANOVA table, we see that they appear
to be multivariate generalizations. In particular, the entries are now matrices. Each may be

viewed as an attempt to estimate .

It can be verified that the among unit error sum of squares and cross products matrix Qg may be

written as
0, =18, +..+(, -1E,, (3.35)
where ir the estimate (3.27) of X is based on the data vectors from group /. Thus, just as in the

scalar case, this quantity divided by its degrees of freedom has the interpretation as a “pooled”

estimate of X across groups.

Unfortunately, because these entries are matrices, it is no longer straightforward to construct a
unique generalization of the F ratio that may be used to test H,. Clearly, one would like to
compare the “magnitude” of the SS&CP matrices Qy and Qr somehow, but there is no one way

to do this. There are a number of statistics that have this interpretation.
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a) Wilks’ Lambda
The most commonly discussed statistic used and may be motivated formally as follows. In the

scalar case, the F ratio is

SS. /

Ng-1)

‘ (3.36)
SS%W—Q')

Thus, in the scalar case, H, is rejected when the ratio SS¢/SSg is large. This is equivalent to

S8
rejecting for large values of 1 +(—‘J or small values of

=
1 8,
1+ SSG SS(:‘ + SS.’;‘
SS;

For the multivariate problem, the Wilks’ lambda statistic is the analogue of this quantity,

.l
! ‘QH + Q:’:“

Here, the determinant of each SS&CP matrix is taken, reducing the matrix to a single number.

(3.37)

This number is often referred to as the generalized sample variance (Johnson & Wichren, 2002).

One rejects H, for small values of Tyy.

b) Lawley-Hotelling Trace
This test statistic rejects H, for large values of
Ty = ”‘(QHQ;-?I) (3.38)
There are also another statistics: Pilla’s trace and Roy’s greatest root.

None of these approaches is superior to the others in general. In addition. all are equivalent to

using the Hotelling’s T? statistic in the case ¢=2.

Itis possible in certain special cases to work out the exact sampling distribution of these statistics.
As mentioned above, when g=2 and we are testing whether the two means are the same, all of
these statistics may be shown to be the same and equivalent to conducting the test based on
Hotelling’s T* statistics.

When n=1, 2 and ¢ 22 or when n 2 | and ¢=2, 3 it is possible to show that certain functions of

T, have an F sampling distribution and this may be used to conduct the test exactly.
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3.3.4 Mixed Model Approach to Repeated Measures Analysis
In the previous two sections, two sets of results were discussed: Univariate (ANOVA) and
Multivariate (MANOVA) results. These results are based on different assumptions about the
structure of the covariance of the scores across time. The univariate model uses a structure called
compound symmetry. There is a single variance for all of the trials, and there is a single covariance
for each of the pairs of trials. The multivariate model uses a structure called unstructured. Each trial

has its own variance and each pair of trials has its own covariance.

But these are not the only possible covariance structures and also they have serious drawbacks. The
mixed model allows to select among a wide variety of covariance structures allowing us to choose

the appropriate covariance structure for our data.

This approach simplifies and unifies many common statistical analyses, including those involving
repeated measures, repeated measures random effects and random coefficients. The basic assumption

is that the data are linearly related to unobserved multivariate normal random variables.

3.3.4.1 Matrix Notation

Suppose that we observe n data points yy,...,y, and that we want to explain them using n values for
each of p explanatory variables Xii, ....Xip, X21,..., X2ps-.-»Xnl,-.-.Xnp. The X;j; values may be either
regression type continuous variables or dummy variables indicating class membership. The standard

linear model for this set up is

n

Vo= x,B, e el (3.39)

J=1

where f,,..., B, are unknown fixed effects parameters to be estimated and e,,...,e, are unknown

independent and identically distributed normal (Gaussian) random variables with mean 0 and
variance o . The preceding equations can be written simultaneously using vectors and a matrix, as

follows:
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r % e = =
Y1 Tx“ Xyo X\, B €,
- e
Va2 Xy Xy e Xy, B 2
= +
X X X
_y"_ L nl n2 np —_ﬁp‘_ _6”_

For convenience, simplicity and extendibility, this entire system is written as
Y = X + e (3.40)

where Y denotes the vector of observed y;’s, X is the known matrix of x;;’s, f# is the unknown fixed

effects parameter vector, and e is the unobserved vector of independent and identically distributed

Gaussian random errors.

3.3.4.2 Formulation of the Mixed Model

The following discussion on mixed models is taken from SAS for Mixed Models by Littel et al.
(20006).

The previous general linear model is certainly a useful one (Searle, 1971), and it is the one fitted by
the GLM procedure. However, many times the distributional assumption about & is too restrictive.
The mixed model extends the general linear model by allowing a more flexible specification of the
covariance matrix of e. In other words, it allows for both correlation and heterogeneous variances.
although we still assume normality.

The mixed model is written as

Y=XB+Zy +e (3.41)
where everything is the same as in the general linear model except for the addition of the known
design matrix, Z, and the vector of unknown random effects parameters, y . The matrix Z can contain

either continuous or dummy variables, just like X. The name mixed model comes from the fact that

the model contains both fixed effects parameters, f#, and random effects parameters, y .

A key assumption in the foregoing analysis is that y and e are normally distributed with

¥ 0 y| |G 0
& e B g | Va’e:() R
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The variance of Y is, therefore, V = ZGZ’ + R. We can model V by setting up the design matrix

Z. and by specifying covariance structures for G and R.

This is a general specification of the mixed model in contrast to many texts and articles that discuss

only simple random effects. Simple random effects are a special case of the general specification
with Z. containing dummy variables, G containing variance components in a diagonal structure,

and R = 5’1, where I, denotes the n x n identity matrix. The general linear model is a further special

case with Z=0 and R=0"1,

Analysis of repeated measures data requires special attention to the covariance structures due to the
sequential nature of the data on each subject. Ignoring the covariance issues may result in incorrect
conclusions from the statistical analyses. Avoiding the issues may result in inefficient analysis which
is tantamount to wasting data. The general linear mixed model allows the capability to address the

issue directly by modeling the covariance structure.

There are two basic concepts in performing a repeated measures analysis using mixed model
methodology. The first step is to model the covariance structure. The second step is to test the main

effects and interaction effects using the modeled covariance structure.

The following are the most commonly known covariance structures in repeated measures designs:

Compound Symmetry Structure has two unknown parameters and has the form

2 2 2

a, +o g, g,
2
ol +o’ o

2 2

o) +0

2 2
o] +o’ o oy
2 2
ol +o o
2 2
ol +o’ |
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The Huynh-Feldt or type H has i+ ] unknown parameters in the following form

[ ol +0, ol +0o;} ol +o] ol +o;
3 =
O_I2 I 2_/1 1 ._/1 1 ll_/'{ 1 .r__l
2 2 2 2
o;
2 2
b 50
0',2_1 =1 ! _/1
2
0_12
Autoregressive homogeneous variance structure has the form
2 2 2 7]
(6 po? plot .. plo
2 2 ~2 2
o po’ p o
2
o
2
O- .-
Autoregressive heterogeneous variance structure
[ 2 2 2 2 =1 __27]
o po- po .. pTo
2 2 - __2
o, poc .. p o
C'»"r2
. . t(r+1)
The unstructured matrix is the most general form possible and has S unknown

parameters. Where ¢ is number of levels of the within subject factor.
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3.3.4.3 Estimating G and R in the Mixed Model
Estimation is more difficult in the mixed model than in the general linear model. Not only do we
have £ as in the general linear model, but we have unknown parameters iny , G, and R as well. Least
squares is no longer the best method. Generalized least squares (GLS) is more appropriate,
minimizing

Y -Xp)V'(Y - XB) (3.42)
However, it requires knowledge of V and, therefore, knowledge of G and R. Lacking such
information, one approach is to use estimated GLS, in which you insert some reasonable estimate for
V into the minimization problem. The goal thus becomes finding a reasonable estimate of G and R

(Lattel et al., 2006).

In many situations, the best approach is to use likelihood-based methods, exploiting the assumption
that ¥ and e are normally distributed. The two likelihood-based methods are maximum likelihood
(ML) and restricted/residual maximum likelihood (REML). A favorable theoretical property of ML

and REML is that they accommodate data that are missing at random (Rubin, 1976).

SAS mixed procedure constructs an objective function associated with ML or REML and maximizes
it over all unknown parameters. Using calculus, it is possible to reduce the maximization problem to

one in the parameters of G and R. The corresponding log-likelihood functions are as follows:

ML: I(G,R) = - % log|V'| - % ryvr - g log(27) (3.43)

REML:/,(G,R) = —% log|V'| - %Iog Xerx

vt L log(am) (3.44)

where r=Y - X(X'V'X)] X'VY and p=rank(X)

To maximize this objective function we use the mixed model equations

[X'fe',\' Fpz }[[}]:[,\"é'y}

Zz2R'x zRz+G 5] |z
Thus, the solutions can be written as

f=(XP X)) XP 'Y anay=627V-(r - x4) (3.45)
Note that the mixed model equations are extended normal equations and that the preceding

expression assumes that G is nonsingular. For the extreme case when the eigenvalues of G are very
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large, G contributes very little to the equations and 7 is close to what it would be if y actually

contained fixed effects parameters. On the other hand, when the eigenvalues of G are very small,

~

G ' dominates the equations and 7 is close to 0. For intermediate cases, G~' can be viewed as

shrinking the fixed effects estimates of y towards 0 (Littel et al., 2000).

If G is singular, then the mixed model equations are modified (Henderson, 1984) as follows:

XR'X  XR'ZL |B| | xR'Y
Lzk'x LZR'ZL+1|7| |LZR'Y
Where L is the lower-triangular Cholesky root of G | satisfyingé =LI'. Both 7 and a generalized

inverse of the left-hand-side coefficient matrix are then transformed using L to determine 7.

3.3.4.4 Model Selection

The previous section on estimation assumes the specification of a mixed model in terms of X, Z, G
and R. Even though X and Z have known elements, their specific form and construction is flexible,
and several possibilities may present themselves for a particular data set. Likewise, several different

covariance structures for G and R might be reasonable.

Model selection can be done in two ways. First subject matter considerations and objectives are of
great importance when selecting a model (Diggle, 1988: Lindsey. 1993). Second. when the data
themselves are used for guidance, many of the graphical methods and diagnostics appropriate for the
general linear model extend to the mixed model setting as well. Finally, a likelihood-based approach
to the mixed model provides several statistical measures for model adequacy as well. The most
common of these are the likelihood ratio test and Akaike’s and Schwarz’s Bayesian Information

Criteria (AIC and BIC) (Bozdogan, 1987; Wolfinger, 1993)

3.3.4.5 Inference and Test Statistics

For inferences concerning the covariance parameters in our model, one can use likelihood—based
statistics. One common likelihood-based statistic is the Wald Z, which is computed as the parameter
estimate divided by its asymptotic standard error. The asymptotic standard errors are computed from
the inverse of the second derivative matrix of the likelihood with respect to each of the covariance

parameters. The Wald Z is valid for large samples, but it can be unreliable for small data sets and for
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parameters such as variance components, which are known to have a skewed or bound sampling

distribution.

A better alternative is the likelihood ratio y*. This statistic compares two covariance models, one a

special case of the other. The likelihood ratio y”- statistic is computed by subtracting the

corresponding values of REML loglikelihood and multiplying by -2. Either ML or REML can be

used to construct this statistic, which tests whether the full model is necessary beyond the reduced

model.
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CHAPTER FOUR
RESULTS AND DISCUSSIONS
4.1 Diagnostic Checking

The data used in the study are repeated measurements of the pseudostem circumference of enser

varieties. In order to apply the univariate analysis of variance, it is assumed that the error terms are

identically, independently and normally distributed with mean zero and constant variance (o).

Hence, whether the data fulfill these assumptions is checked. The residual analysis is carried out

using SAS and the results are displayed in Appendix B (one output and two graphs).

The assumption that the error terms are distributed with zero mean is tested using the Student’s t

statistic and found not significantly different from zero (p = 0.9995). The normality assumption is
tested using Shapiro-Wilk Statistic. The null hypothesis is not rejected (p=0.3666). Hence, we
conclude that normality is satisfied. Normality is also justified using the normal probability plot and
histogram which are straight line and bell shaped curves, respectively. The studentized residual plot
against time depicts the homogeneity of error variances (constant variance) since no pattern is
observed and most of the points in the plot lie between -2 and 2 and no pattern is observed
(Appendix B). Hence, the assumptions of normality, zero mean and homogeneity of variance of the

error term 1s met for the enser data.

4.2 Summary Statistics

Summary statistics is the first approach which is recommended for analysis of repeated measures
data as a descriptive approach for its simplicity and possible indicator of the presence or absence of
main and interaction effects. It is safe in the sense that the significance tests will tend to be
conservative. The results of this method are used as indicators of significance tests using the most
complicated statistical techniques. All the information on each individual is reduced to just one
single measure which is believed, in the context of the particular experiment, to be a useful summary
of the responses. For example, it may be decided that for an individual subject, the mean of the
responses at all the time points after the start of the treatment is a sensible representation of the
individual’s overall response to treatment. In the ensef data, the summary measures are the mean of
pseudostem circumference of the four replications of varieties at each time of measurement. Table

4.1 shows the mean of the enser varieties at each time of measurement.
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Table 4.1 Least Squares Means of the Pseudostem Circumference

Mean(cm) | Mean(cm) | Mean(cm) | Mean(em) Overall
Variety at Time 1 at Time 2 at Time 3 at Time 4 Mean(cm)
1 0.3100 0.4225 0.6700 0.7875 0.5475
2 0.6175 0.5350 0.9825 0.7625 0.7244
3 0.6175 0.6375 1.0750 0.7250 0.7638
4 0.6350 0.6200 1.0600 0.7375 0.7631
5 0.5400 0.4975 0.9875 0.7000 0.6813
6 0.4100 0.6725 0.9225 0.7125 0.6794
7 0.3650 0.2700 0.8625 0.7125 0.5525
8 0.5150 0.4425 0.7600 0.7375 0.6138
9 0.4900 0.4925 1.0500 1.1250 0.7894
10 0.6575 0.6325 1.1250 L1125 0.8819
11 0.4925 0.5600 0.9250 1.1250 0.7756
12 0.5475 0.5425 1.0075 0.9250 0.7556
13 0.4225 0.5725 0.7675 0.7500 0.6281
14 0.5050 0.5825 1.1500 1.1750 0.8531
15 0.5400 0.7125 1.0800 1.1500 0.8706
16 0.3375 0.4900 0.6750 0.8000 0.5756
17 0.6725 0.5900 1.1000 1.0200 0.8456
18 0.6750 0.5775 10373 1.0000 0.8225
19 0.4525 0.8050 0.9000 0.8750 0.7581
20 0.4750 0.6700 0.6625 0.7325 0.6350
21 0.4600 0.5900 0.7750 1.1000 0.7313
22 0.4400 0.5500 0.5925 0.6500 0.5581
23 0.5250 0.2675 0.6625 0.7425 0.5494
24 0.5950 0.4725 0.8150 0.8100 0.6731
25 0.5225 0.3175 0.7500 0.8250 0.6038
26 0.4850 0.3900 0.6000 0.5500 0.5063

Table 4.1 (Continued)




27 0.5350 0.5375 0.6875 0.7750 0.6338

- 28 0.6375 0.3575 0.6750 0.6875 0.5894
29 0.7875 0.5375 0.8525 0.7775 0.7388
30 0.7325 0.4925 0.8425 1.0875 0.7888

31 0.5250 0.5800 0.8000 1.1625 0.7669

32 0.6300 0.6350 0.8375 1.1800 0.8206

33 0.6175 0.5350 0.8875 0.9825 0.7556

From Table 4.1, it can be seen that mean pseudostem circumference of some varieties shows an

increase while others show a decrease in mean circumference as one goes from time 1 to time 2.

Moreover, as we go from time 2 to time 3 mean pseudostem circumference of all varieties except

variety 20 show an increase. We also observe a difference in mean pseudostem circumference among

the various varieties (enset clones). The rate of increase or decrease in pseudostem circumference as

one goes from left to right is also different among varieties. The standard ANOVA tests that will be

considered in the next sections help whether these differences are statistically significant or not.

Another summary measure commonly used in repeated measurements is to plot the mean of the

response variable against time. Figure 1 shows the pseudostem circumference mean plot of the enser

varieties against time.
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Figure 1 Plot of mean of different pseudostem circumference varieties against time.

The fact that the lines do not coincide shows that the pseudostem circumference means of the enser
varieties are different. When we look at the overall tendency of graph, it seems that it is increasing as
we go from left to right. The lines on the graph are not parallel and they cross one another showing
that there is an interaction effect between variety and time. Looking closely at particular varieties,
variety S increases rapidly from time 1 to time 2 and then decreases slowly from time 2 to time 3 and
again from time 3 to time 4. This indicates that pseudostem circumference of variety S grows faster
at younger stage and shrinks at maturity. But variety G decreases from time 1 to time 2, then
increases from time 2 to time 3 and again decreases from time 3 to time 4 which indicates fluctuation

of pseudostem circumference of variety G at successive time points.

It is always helpful, if possible, to plot the data to give a broad indication of what is happening. The
raw data could be plotted against time. All the information could be retained in one diagram, so that
every response for all individuals is shown. However, if there are a large number of individuals, this
can produce a confusing diagram which fails to achieve its aim of demonstrating trends and
relationships. In such instances, a separate diagram can be produced for each treatment group.
Alternatively, separate graphs of the responses against time for each individual can be drawn; each
should be drawn on the same scale, perhaps grouping the graphs for each treatment in a grid. Often

there are so many graphs that become unwieldy to include them all in a paper.

45



Then, just representative ones which are believed to illustrate particular types of response structures
may be included. The subjectivity of this approach may be open to criticism, so the chojces should

be justified.

The descriptive methods considered in this section are used as a preliminary analysis since they only
help as an indication for the presence of main and interaction effects. But they do not show whether
these effects are statistically significant or not. Hence, a more formal alternative approaches are

presented in sections that follow.

4.3 Univariate Analysis of Variance (ANOVA)

The procedure known as Analysis of Variance or ANOVA is used to test the hypotheses concerning
means when we have several populations. ANOVA is a general technique that can be used to test the
hypothesis that the means among two or more groups are equal. Here, means of the various enser
varieties are compared. Assuming that all the ANOVA assumptions are satisfied, the standard

analysis of variance is performed. The following is ANOVA table for the enser data:

Table 4.2: ANOVA Table of Enset Data

Source DF | Sum of Squares Mean Squares F Value P-Value
Variety 32 6.02992538 0.18843517 20.33 <0.0001
Plant(Variety) 29 1.12943125 0.01140840 1.23 0.0947
Time 3 15.27342936 5.09114312 549.29 <0.0001
Variety x Time 96 5.63610189 0.05870939 6.33 <0.0001
Error 297 2.75279375 0.00926867
Corrected Total | 527 30.82168163

The standard ANOVA (Table 4.2) shows that the variety means are significantly different from one
another (p < 0.0001). Further more, the variability of plants within the same variety are not

significantly different (p = 0.0947).

The ANOVA table also shows that the mean of pseudostem circumference is significantly different
at different times. That is, time has significant effect on pseudostem circumferences (p < 0.0001).In
fact, the significance is as expected since the plant is growing and hence the pseudostem

circumference keeps increasing as time goes on until the plant reaches maturity.
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As can be seen on the fourth row of Table 4.2, there is also significant variety by time interaction
(p <0.0001). Hence, the hypothesis of no variety by time interaction is rgjected and concluded that
there is significant interaction between variety and time. In other words, time affects the varieties

differently.

However, all the above ANOVA tests are valid if and only if the underlying assumptions of the
repeated measures ANOVA are satisfied. Repeated measures A