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GRADUATE SEMINAR REPORT

ARTINIAN RINGS

The objective of this paper is to characterize Artinian rings and there-

by prove their structure theorem. In fact, we will show that an Artinian ring
is necessarily Noetherian and of a special kind,

In the following "ring" always means '"commutative ring with unity."

I. DEFINITIONS AND REMARKS

Def. 1
For any ring R,
i) An element aeR is said to be nilpotent if a" = 0 for some
positive integer n.
ii) A (right, left, two-sided) ideal I of R is said to be a nil-
potent ideal if 1" = 0 for some positive integer n.
iii) Two ideals I, J of R are said to be comaximal (coprime) if
I+J = R,
Def. 2
Let R be a commutative ring with unity. Then,
i) YLis said to be the nilradical of R iff q‘is the set of all
nilpotent elements of R.
ii) 7y is called the Jacobson radical of R iff ¥ is the intersection
of all maximal ideals of R.
Def. 3
A ring R is said to satisfy
i) the 'descending chain condition', denoted by d.c.c., if, when-
ever I1 2 12 2 132 --- is a descending infinite sequence of
ideals, there always exists a positive integer n such that

I =1_ for all m>, n.
m n

ii) the 'minimal condition' if every non-empty collection of all

ideals of R, partially ordered by inclusion relation, has a

minimal element.



REMARK 1

For a ring R, R satisfies the d.c.c. iff it satisfies the minimal
condition

proof: (=>) suppose R satisfies the d.c.c. for ideals. Let 2 be a non-
empty set of ideals of R and let I, eQ. If I, is not a minimal element

1 1
of §, then there exists an ideal 12 of R such that 113 IZ. Now, if Q
has no minimal element, this process can be repeated indefinitely giving
rise to an infinite strictly descending chain
Ila 123 133 ---
of ideals of R. Thus, contradicting the hypothesis that R satisfies the
d.c.c for ideals. Consequently, 2 has a minimal element.

(=) conversly, suppose R satisfies the minimal condition for ideals.

Let 112 12) 132 ---.be a descending chain of ideals of R, Next,
consider the set Q:{Ii: i= 1,2,...}. Then, Q#4 since Ilen. Hence,

2 has a minimal element say In’ for some positive integer n. Consequently,
In2 Im for all m>,n. But Im 7 In implies that Im ¢ Q as In is a
minimal element of Q. Thus, Im & In for all m>, n; and hence, R satisfies

the d.c.c. for ideals.

Def. 4
i) Any ring R satisfying any (hence both) condition/s of Def. 3 is
called an Artinian ring.
ii) An ideal I of R is said to be right (left) Artinian if every
descending chain of right (left)ideals of R, which are contained in
I, terminates.
Remark 2

One can also define an Artinian ring as a ring in which every strictly

descending chain of ideals is finite.



Def, 5
i) By a 'chain' of prime ideals of a ring R we mean a finite strictly
increasing sequence PACPICPZCL..CPn,where P, is a prime ideal in R
for each i = 0,1,2,...,n3 the 'length' of the chain is defined to be
N 7
ii) The 'dimension' of a ring R with unity is defined to be the supremum
of the length of all chains of prime ideals in R.
Def. 6
Let R be a commutative ring with unity. Then,
i) An ideal q of R is said to be primary if q # (1) and for x,yeR,
x-yeq and y¢q implies xneq for some positive integer n.
ii) An ideal q of R is said to be P-primary if q is a primary ideal and
P = r(q) (radical of q) where r(q) = {aeR: ane:q for a positive
integer n}. P is called the associated prime ideal of q.
iii) A prime ideal P is called a 'minimal prime ideal' of an ideal q, if
q €P and there exists no smaller prime ideal with this property.
iv) A minimal prime ideal of the zero ideal in R is known as a minimal
prime ideal of the ring R, i.e. a prime ideal P is a minimal prime
ideal of its ring R if it does not strictly contain any other non-
zero prime ideal of the ring R.
v) The unique associated prime ideal of an ideal q which contains no
other non-zero prime ideal of q is called the isolated prime ideal
of q; otherwise it is called the imbedded prime ideal of q.
Def 7

Let R be a commutative ring with unity and a be an ideal in R. Then,

g q. of an ideal a as an intersection of
i

i=1
said to be minimal (or reduced, or irredundant)

i) A representation a=
primary idealsqi is

if it satisfies the following conditions:



n
a) q.# N a. b) r(a.) " .
iF g1 Q) # r(qj) where i # j.
3 =1
n
i) 1fe = !}lqi 1s an irredundant primary representation of a , the
ideals q; are said to be the primary components of a , and 45 is

called isolated or imbedded according as its associated prime ideal

is isolated or imbedded.

Def. 8
Let R be a commutative Artinian ring with unity. Then,

i) R is called a primary Artin ring if it possesses exactly one prime
ideal.

ii) R is called an Artin local ring if it has exactly one maximal ideal.

REMARK %

In fact, (i) and (ii) in Def. 8 are the same since every prime ideal in

an Artinian ring is maximal (see propn. 4 below).

IT EXAMPLES
i) Every division ring D is right (left) Artinian as its only right
(ieft) ideals are (0) and D, itself,
ii) Every finite ring is both right and left Artinian,
iii) Z - the ring of integers is not Artinian, In fact, for any posi-

tive integer n, the strictly descending chain

(n)D (2n)= (4n)>...
of ideals of Z is infinite.
iv) Let F be a field. Then, F is Artinian by (i) being a commutative

division ring with unity. But in F[X], the strictly descending

chain 2 3
(x)d xX)2(x)D -

of ideals never terminates. Fence F[x] is not Artinian.



v) Q- the set of rationals, being a field, is Artinian. But Z, a
. »
subring of Q, is not Artinian, Thus, a subring of an Artinian

ring is not necessarily Artinian,

vi) Let F be any field and F[xl,xz,...] the ring of polynomials in
infinitely many indeterminates. Then F[xl,xz,...] is not Artinian
since (xl); (xi):} ... is a strictly descending chain of infinite
ideals in F[xl,xz,...,]. But F[xl,xz,...] is an integral domain.
Then we can form its field of fractions, namely F(xl,xz,...).
Consequently, being a field, F(xl’XZ"“) is Artinian. But
F[xl,xz,...] is a subring of F(xl,xz,...). Thus again

a subring of all Artinian ring need not be Artinian,

I11T FACTS ASSUMED

F1

For k-vector spaces (i.e., modules over a field k) the following condi-
tions are equivalent?
i) finite dimension, ii) finite length, iii) the a.c.c., iv) the d.c.c,

F2
Let R be a commutative ring with unity, and 11’12""In’ J be ideals in R.

Then
n n

i) J+Ii = R for each i, l<i<n, implies J+ T Ii = J+ NI, =R
e i=1 i=1

n n 8 e
ii) I,+I, = R, 1<i, j<n, implies nI.=nN Ii , whenever i¥j
1 GEEL % ELall

n
iii) the mapy s R+ 1T (R/Ii) defined by
i=1

Y (%) =@HI”’¢2“L'“’*n“” for xe R, where
wk:R-+R/Ik defined byxok(x) - x+Ik is the cannonical epimorphism,
for each k, l<k<n, is

a) an epimorphism iff I{FIj = R whenever i # j, 1<i, j<n.



n
b) A monomorphism iff ) Ii: 0).
i=1

F3
Let R be a commutative ring with unity and I, J be ideals in R such that
r(I)+r(J) = R. Then, 1+J = R,

F4

In a Noetherian ring R, every ideal has a primary decomposition.

FS

In a Noetherian ring P, the nilradical is nilpotent.
F6 (NAKAYAMA'S LEMMA)

Let R be a commutative ring with unity, I be an ideal in R, and M be
a finitely generated R-module. Suppose I is contained in the Jacobson
radical ¥*of R. Then IM = M implies M = 0.

F7

Suppose R is any local ring and M, is its maximal ideal.

Let xi, lfifn, be elements of an R-module M whose images in the
vector-space M/WN over R/qlform a basis of this vector-space. Then,
xi, lfifn generate M,

F8

The isolated primary components (i.e. primary components q correspond-
ing to minimal primary ideals Pi) of I are uniquely determined by I.

F9
Let R be a commutative ring with unity. Then the following are equi-

valent:
i) the set of non - units of R form an ideal of R.
ii) R has a unique maximal ideal.
F10

Let R be a commutative ring with unity and nl# (1) an ideal of R such

that every xeR—W}is a unit in R. Then, R is a local ring and m is its

unique maximal ideal.



F11
Let R be a commutative ring with unity and I ,Iz....,I be ideals in
n n
R such that !)lligg P for some prime ideal P in R. Then, IL,c P for
some i, lfifn.

REMARK 4
'Ring' means 'commutative ring with unity' in all the follewing proposidions.

1V BASIC PROPERTIES

Prop. 1
Every ideal of an Artinian ring is Artinian,

Proof:

Let R be an Artinian ring and I be any ideal in R. Suppose
If} 12:>133 --- is a strictly descending chain of ideals in I.
Then, this is a strictly descending chain of ideals in R; and hence
it is finite since R is an Artinian ring by hypothesis. Consequently,
I is Artinian.

Prop. 2
A homemorphic image of an Artinian ring is Artinian.

Proof:

Suppose R' is a homomorphic image of an Artinian ring R, i.e.
R'a R/I for some ideal I of R. Thus, it suffices to show R/T is
Artinian. To this end, suppose

32 3,2352 - (%

is a descending chain of ideals of R/I. Then, each Ji is of the
form k. /I where ki is an ideal in R containing I, for each i.

s | !
Moreover, Ji§3 Ji+1for each i; aad hence kj?i ki+l for each i. Thus,
the descending chain (*) gives rise to a descending chain

ki 2k,2 Kge. """



of ideals in R containing I. But then, as R is Artinian by hypo-

thesis, there exists a positive integer n such that km = k_, for all
m>n. Consequently, J. = J, for all m>n; and hence R/ I is Artinian.
Prop. 3
Let I be an ideal in R. Then, R is Artinian if and only if I and
R/I are Artinian.
Proof:
(>>) Suppose R is Artininan and I is an ideal in R. Then, I is
Artinian, by Prop. 1, and R/I is Artinian by Prop. 2.
(<=) Conversely, suppose I and R/I are Artinian, and let

Jl?_ Jz':'_’ J3?_ ———

be a descending chain of ideals in R. Then,

P ema
JNI2I,Nn123,NnI2

is a descending chain of ideals of R contained in I. But I is
Artinian by hypothesis. Hence, there exists a positive integer n

such that Jmn = JnnI for all m» n. On the other hand,

(J1+ I)/1> (J2+I)/I.:.>_ (J3+I)/12 5
is a descending chain of ideals of R contained in R/I. Again, as
R/I is Artinian by hypothesis, there exists a positive integer t
such that (Jm+I)/I = (J#D/1 for all m>t. Let r = max {n,t}
Then, er)I = JrnI and (Jm+I)/I - (Jr+I)/I for all m>r,

Claim: J =J_ for all m>r,
m T -

To see this,

J
m

Jmn(Jm+I): Jmn(Jr+I) for all m>7r

J +(JmnI) by the modular law
T

; =JNT., for all A>T
J# (JrnI) since JmnI o >



J{N(Jfﬁl) again by the modular law.

Jm = Jr for all m BT,

Hence, R is Artinian,

prop. 4
In an Artinian ring, every prime ideal is maximal.
Proof:-
Let R be an Artinian ring and P be a prime ideal in R. Then,
R' = R/P is an Artinian integral domain by Prop, 2. Let OfxeR'
and (x);i_(xz)gz (xs)zz ... be a descending chain of ideals in R'.

Then, there exists a positive integer n such that (xn) - (xnom

)

for all m > n. Especially, (xn) ~ (xn+1); and hence x = xm1

for some yeR.
Thus, X' (1-xy) = 0. Consequently, xy = 1 since X" # 0 and R' is
an integral domain. Hence, X is a unit; and therefore R' is a

field. As a result, P is a maximal ideal.

Coro. 1
In an Artinian ring, the nilradical is equal to the Jacobson
radical.

Proof: -
Let R be an Artinian ring and 7, Y be the nilradical and the

Jacobson radical, respectively. But

:np
n P is prime
P gD

Moreover, every prime iceal in R is maximal, by Prop. 4. Thus,

=N m ; and therefore, Def. 2 (ii) obtains
m is max

iy B el

nlis max
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Prop. S

An Artinian ring R, has only a finite number of maximal ideals.

Proof:-
Let Q be the set of all ideals of R obtained as finite interscctions
“‘1“ mzn ...f‘lmr , where m. o, I<i<r are maximal ideals of R. QN #4
since a ring with unity has atleast one maximal ideal. But R is an
Artinian ring; and thus satisfies the minimal condition for ideals.
Hence, Q has a minimal element, say mN MmN ...AM . Suppose m is

an arbitrary maximal ideal of R.
Claim: m = my for some i, 1<i<n.

ol & T s g R Q
But mam A m,n AM C MmANAMN...AM and mpm A m,f m €
being a finite intersection.
= T i s he minimality of

Then, mrlmln mzrs...f1mn mn my 0 am by the m y
mlr\ My e nmo. Now, it follows that MmO MmN m, € m implying
that m. ¢ m for some i, l<i<n by F1l since m is a prime ideal. But

1’ - -
m, is a maximal ideal in R for each i. Then, my = m for some i.

Hence, my s Myses e are the only distinct maximal ideals in R.
n

Prop. 6

In an Artinian ring, the nilradical is nilpotent.

Proof:
Let R be an Artinian ring and 1 be its nilradical. Since 7 is

also an ideal in R, and R is an Artinian ring the finite descending

chain

ERERE

of ideals in R terminates. Then, there exists a positive 1nteger m



- 11 .«

such that~n? ='q?+l ® oime B B Sgy,

Claim: I = 0
Suppose I # 0. Let Q ={J: J is an ideal in R such that J170)
Then, Q#¢ since IT = 1% - I #0; and hence Te0. Consequently,
Q has a minimal element, say A; i.e. A is a minimal ideal of R
such that AI#0. Now, if al#0 for some 0@ €A, then (a)I 40, for
(a)g; A and (a) eR. But then (a) = A by the minimality of A.
On the other hand,

(al)I = aI2 = al#0 = aleqQ,
Since al C (a) = A, alz A, again by the minimality of A, Then,
a = ab, for some bel, Consequently,

a=ab = ab2 - ... =ab" =
for some positive integer n. But bel =-n?£;‘q; and hence bem i.e.
b is nilpotent. Thus, a = ab" = 2,0 = 0 contradicting the choice

m = . . J
of a. Hence,‘n = I =0 for some positive integer m i.e. the nil-

radical'Q of R is nilpotent,

Prop. 7
Suppose R is a ring in which the zero ideal is a product

mf mi mg ...omn (not necessarily distinct) of maximal ideals of R.

Then, R is Artinian if and only if R is Noetherian.

Proof: -

Let m,, 1<i<n be the distinct maximal ideals of R. Consider the
1 - -

chain

R)mlz m1°m22 m1°m2'm32 ..._:_D'ml-mze coetm =0

of ideals in R, Each factor m1°m2"°"mi-l/ml'm2 coatmy

for lsi<n is annikilated by m, . Then, each factor may be considered



as a module over the field R/m.. Thus
1 »

= X <

each factor is a vector

space over the field R/m.. By Fl, the a-c-c holds for each factor

if and only if the d.c.c holds for each factor. But the d.c.c.

holds for each factor if and only if it holds for R by the repeated

application of Prop. 3. Thus, the d.c.c. holds for R if and only

if the a.c.c holds for R. Consequently, R is Artininan if and only

if R is Noetherian.

Prop. 8

A ring R is Artinian if and only if R is Noetherian and dim R = 0

Proof: -

(=>) Suppose R is an Artininan ring. Then, every prime ideal in R

(=)

is maximal, by Prop. 4. Consequently, dim R = 0. Furthermore,
R has a finite number of distinct maximal ideals, by Prop. 5.
Let m, l<i<n, be the distinct maximal ideals in R, Then, for
all positive integer k,

n

But 1) m. =7 by coro. 1 where m is
izl T ¥ i=1

the nilradiacal of R. Thus,

o 8. ki %k

it mic: (nym) mp il for all integer k>0

iz1 i

But, by Prop. 6"QF 0 for some positive integer k.
;- : :

Hence, 77 m. = 0. Consequently, R is Noetherian by Prop. 7
if1™

Conversly, suppose R is Noetherian and dim R = 0. Then, the

zero ideal in R, has a primary decomposition by F4. Thus, R

has only a finite number of minimal prime ideals. But as the
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dim R = 0, these minimal prime ideals in R are all maximal.
Consequently, the nilradical N in R is piven by:
n
Nt o
where m, are the distinct maximal ideals in R. But Qk =0

for some positive integer k by F5. Then , we have

n n
k k
Tmc (N m) = le =0,
i=1 i=1
for sdimepositive integer k.
Hence, n K
Im= =0 forsomek.
it |
izl

Consequently, R is an Artinian ring by Prop. 7.

REMARK 5:

Suppose R is an Artinian local ring with the maximal ideal m,
Then, m is the only prime ideal in R, by Prop. 4, Then, by the defini-
tion of the nilradical mn of R, n oAM=, Thus, m is the nilradical
of R, and every element of m is nilpotent. Consequently, m itself is
nilpotent i.e. 'nLn = 0 for some positive integer n. Hence, every element

veR is either nilpotent or unit according as yem or yh’.‘

; n s :
For example, consider the ring R = Z/ (P"), where P is a prime
number and n>1 in Z.
Claim: R is an Artinian local ring.

Let aeZ and (a,Pn) = 1. Then, there exists x, ye Z such that
n
xa+yP® = 1. But yP" = 0 in R. Thus, xa= 1 in R; and therefore a+(P")

is a unit in R. Consequently, (a) = R; and hence (a) is not a maximal
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ideal in R. Since a non-zero ring with unity has atleast one maximal
ideal, R, being a non-zero commutative ring with unity, has a maximal
ideal, say m, whose elements are non-units in R. But then, m is a

unique maximal ideal of R by F9. Consequently, because every xeR -7 is

a unit in R, R is a local ring by F10,

Finally, to show R is Artinian, we will show that R = 2/ (Pn) has
only a finite number of distinct ideals, Since (Pn) is a proper ideal
in Z, and the ideals in Z/ (Pn) correspond to the ideals in Z which
contain (Pn), using the fact that Z is a PID and writing (Pn) = {x) for
some 0#xe Z obtains that these distinct ideals correspond to the classes
of associated divisors of x. But by the unique factorization nroperty,
these classes are finite in number. Hence, so are the ideals in
R=2/ (Pn); and therefore R is an Artinian ring. Consequently, combin-
ing this fact that R is Artinian with the first part of the claim yields
that R = 2/ (Pn) is an Artinian local ring. Furthermore, to put it
explicitely, the unique maximal ideal of R = Z/ (™M) is (P)/(pn) . (See

Remark 6. below).

REMARK 6:

Since Z is a PID and a prime number Pe.Z is an irreducible element
of Z, Z/ (Pn) is a PIR, with m = (p)/(pn) as its unique prime ideal
and m" = 0 for some integer n>0. Moreover, when the 'index of nil-
potency': n = 1, Z/ (P") = 2/(P) will be a field with (P) as 2 unique
maximal ideal. 1In all other cases, Z/(Pn) has proper zero divisors.
At any rate m = (P)/(Pn) is maximal. But then m is a unique maximal

ideal in z/(P™). Hence, z/(®P") is a local ring.
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Finally, to obtain the ideals in Z/(P") explicitly, we know that
. X n
the ideals in Z/(F) correspond to the ideals in Z containing (P").

Next, put m = (P), where p is a prime number in Z and denote by n
the smallest positive integer such that P" = 0, Then, every non-zero

element xeZ may obviously be written in the form
53 i
x = uP”, where 0<k< n-1, u¢(P) = m

For, either x is a unit, in which case x¢(P) and so k = 0; or x is
non-unit in which case x must be contained in the unique maximal ideal
(P) of Z, and if k is the highest power of P which divides x, then

X = qu where k<n-1 since x # 0 and ué(P). Furthermore, the integer k
in the representation x = qu is uniquely determined by x, since

2 ]
qu = u'Pk and Ofk<k'<n

fo
implies that Pk K

= 0 contradicting the minimality of n. Similarly,
the unit u is uniquely determined mod. (Pn°k). Consequently, the only
ideals in Z which contain (Pn) are (Pk), where 0<k<n, and these ideals

: : n .
are all distinct. Further more, these distinct ideals in Z/(P") which

are finite in number are related as follows:

2 3 n-1 n
z2/(P™D (p)/(Pn)D = )/(Pn)') Py L P Yy 0oMm2 P ™ = 0

Hence, ZAP“) is an Artinian ring, too. Thus, Z/(Pn) is an Artinian
local ring with the unique maximal ideal m = (p» (Pn), where p is a prime

in Z and n>1.

In general, let n>2 be in Z, and consider the ring R = Z/(n).

Then, (n) is a proper ideal in Z, and the ideals in Z/(n) correspond to

the ideals in Z which contain (n). Since Z is a PID, these ideals



correspond to the classes of associated divisors of n
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But then by the

unique factorization property, these classes are finite in number, and

hence so are ideals in Z/(n).

Moreover, since Z is a PID, the proper nrime ideals in R are those

generated by irreducible (prime) elements, and they are all maximal.

Then, depending on the associated divisors of n we have the following

cases:

Case 1.

Case 2.

Case 3.

Prop. 9

Let R be a local ring, and m be it

Suppose n is prime (irreducible) in Z. Then, Z/(n) will be

a field; and therefore Artinian with a maximal ideal (n).
Moreover, Z/(n) is a primary Artinian ring with a unique
prime ideal (n); and hence an Artinian local ring since every
prime ideal is maximal.

kl k'2 km ki
Suppose n = Pl . Pz . ...-Pm , where P s l<i<m are
distinct prime power divisors of n. Then, being a finite ring
Z/(n) is Artinian, but may have more than one distinct maximal

ideal:. Hence, Z/(n) is not an Artinian local ring.

Supnose n = p" , p is a prime in Z and m > 1. Then,
Z/(n) = Z/(Pm); and hence by arguments similar to Remark 6,

Z/(n) is an Artinian local ring.

s maximal ideal. Then, one of

the following two statements holds:

i) m # mn"‘1 for all n.

iil) m =0 for some n,

B in which case R is an Artinian local

ring.



proof:-
n _ n+l p
Suppose m = m for some n, Since a local ring is Noetherian,
and every ideal of a Noetherian ring is finitely generated, o is
a finitely generated R-module and m is an ideal in R contained in
the Jacobson radical y of R, Taking I = m and M = m in F6
(NAKAYAMA'S Lemma) obtains, m = 0, Thus, R* is an Artinian

local ring by Prop. 7.

*One can also prove Prop. 9 directly as follows:
Suprose w3 fi for some n. Then, taking M= m and I = m in
NAKAYAMA's Lemma obtains o = 0. Let P be any prime ideal of R.
Then, m! = oc P, Taking radicals and using the fact that m is
maximal and {;e radical of a prime jdeal is itself yields m = P.

Thus, since P is an arbitrary prine ideal of P, it follows that

m is the only prime ideal of R. Consequently, R is an Artinien

local ring.




THE STRUCTURE THEOREM

An Artinian ring R is uniquely given (upto isomorvhism) as a finite

direct product of Artinian local rings.

proof:-
Let R be an Artinian ring. Then R has a finite number of distinct

maximal ideals by Prop. 5. So, let m , 1<i<n be these distinct maximal

ideals of R. But then

n
nt C (

y i

)k =r£k , for all k>:0Q by Coro. 1

1~
3::

i 1
where 7 is the nilradical of R. Moreover, rlk =0 , for some positive
integer k by Prop. 6 Hence,

ﬂ' ms > =0

i=1 t
for some positive inteper k. Since r(m.k) =m, and m, + mj = R wher-
i

ever i # j, for 1<i, j<n by F? we have m: ]J(vR wherever i # j, 1<i,j<n
consequently,

e
o o A%, Ty (0)
i=
by F2 (ii) and the cannonical mapping
p:R—> H (R/m )

i=1

is an isomorphism by F2 (ii) i.e.

B k
Ra X (R/mi) -
i=1

Now, it remains to show that R/ml.c for each i, is an Artinian local

ring. By Prop. 2, R/m is an A;rtlman ring for each i, l<i<n. Fur-

thermore, the maximal ideals of R/rr for each i correspond to the



imal ideals of i in o< i
maximal ideals of R which contain m. . But m, is the only maximal

i R with thi i k i i
deal of th this pronerty since the mi’s and their corresponding
radicals i.e. m 's are pairwise comaximal , Then, m. /m1 is the only
maximal ideal of R/m for each i, 1<i<n, Conseauently, R/m. for each
i

i, 1<i<n, is an Artinian local ring.

n
Conversly, suppose Ra TR

where R. is an Artinian local ring for each i, lei<n. Since
n
p:R— 1 R
i=1
is an isomorphism, the natural mapping b R— R, , for each
i, I<i<n, is an epimorphism (i.e. a projection on the jth factor).
Let Ii = ker (zpi) for each i. Then, the Ii's are pairwise comaximal

and

= (0)

T:Z):d

1

by F3 (iii).Suppose q; is the unique prime ideal of R;, and let

P =¢{1(ai) (i.e. the contraction of q; in R). But then, P, for each
i, is a prime ideal in R since the contraction of a prime ideal is
prime. Then P, is maximal for each i, l<ign, by Prop. 4. Moreover, q,

is the nilradical of Ri’ for each i; and therefore, nilpotent by Prop.6.

Hence, Ii is Pi - primary and

©) =

'ﬁD'-s

1 5
is the primary decomposition of the zero ideal in R. Since I, are

pairwise comaximal, P, are also pairwise comaximal. Thus, the P, are

isolated prime ideals of (0). Then, all the primary components I, are

isolated! and therefore, wniquely determined by R, by F8. (& squsatly,



the rings R; » R/I;, 1<i<n, are uniauely determined by R.

REMARK 7.
gince every prime ideal in an Artinian ring is maximal, and direct
product and direct sum are the same in the finite case, one can also
express the structure theorem using the direct sum of Artinian primary
rings. This version of the structure theorem is given below, for the
sake of completeness, without proof since its proof is completely

analogous to the preceeding one except for slight changes.

STRUCTURE THEOREM

in Artinian ring R is uniquely given (upto isomorphism) as a finite

direct sum of primary Artinian rings, i.e.
- I,
Ra @ R/P))
i=1

where Pi’ for each i, 1<i<n is a prime ideal in R and k is some posi-

tive integer.

REMARK 8
Suppose R is a local ring, and let m be its unique maximal ideal. Then,
2z 3 ]

k = R/m is the residual field of R and the R - module m/m is anni-
hilated by m. Hence, m/m2 has the structure of a k- vector space. Now ,
. : S . p 2
if R is Noetherian, then m is finitely generated and the images in m/m
of a set of g-nerators of m will span,mlmz as a vector space over the

field k by F7. Thus, the dimk(m/mz) is finite.



Prop. 10
Suppose R is an Artinian local ring, Then, the following are

equivalent:
i) Every ideal in R is principal;
ii) The maximal ideal m is principal ;

iii) dimk(m/mz) <1, k=FR/nm

Proof: -
(i) = (ii) supnose every ideal in R is principal, Then, the maximal
ideal m of R is also principal, obviously,
(ii) = (iii) suppose the maximal ideal m of R is nrincipal, i.e. m is
singly generated. But the images in m/m2 of a set of generators of m
will span m/m2 as a vector space over the field k = R/m by F7, Hence,
dL"lk (m/mz) < 1 since m is singly generated.
(1ii) = (i) suppose dimk(m/mz)f 1. There are two cases to consider.
Case 1%**, :
Let dimk(m/%) = 0. Then, m = mZ; and hence m = 0 by F7. Consequently,

R is a field; and therefore, every ideal of R is principal.

**In case 1, above instead of F7 one can use the fact that in 2 ring R
with only one maximal ideal m , every idempotent e_is either O or 1. To show
this fact, let e # 0, e#1 be an elt in R. Then el = e if and only if
e(l-e) = 0. Thus, e and 1-e are zero divisors in R; and therefore, cannot be
units in R. Consequently, Re and R(1-e) are prover ideals in R. But proper
ideals are always contained in maximal ideals. Hence, Re¢ m and R(1-e)em
since m is the only maximal ideal in R by hypothesi§. It follows that
eéem and (1-e)em. Then, 1 = e+(1-¢) em contradicting the propemess of m
in R. Consequently, e = O or 1.

¥
: Now, returning to case 1, suppose dim¥(n1/m2) - 0. Then, m = m, i.e. m
1s idempotent. But then, R being a local Ying having only one maximal ideal
My,m=0orm=(1). Butm# (1) since m 1s a proper ideal in R by defini-
tion. Consequently, m = O i.e. the zero-ideal in R; and therefore, R is a
field. Thus, every ideal in R is principal since the only ideals in R are
the zero ideal and (1) = R.



Case 2

8 2
Suppose dim (m/m”) = 1. Then, taking M = m in F7 obtaine ot 2 $g

a principal ideal in R since m/m2 is singly penerated. So, let
. . ’

m = (x), xeR. Suppose I is an ideal of R such that T # (0) or .

I # (1). But since R is an Artinian local ring, the nil radical

n =m. Thus, m is nilpotent by Prop, 6, Then, m" = 0, for some

positive integer n. Since I is an ideal of R other than (0) or (1),
n n+1
ICm and I ¢ m
Then, there exists yel such that

y =ax® andy ¢ (™

Thus, a¢ (x) =m; and therefore, a is a unit in R. Consequently,
X1 since I # (1) and m" = (x)n = (x n)g I. Hence, I =m" = (x“),i.e,

I is a principal ideal in R.

EXAMPLE

Consider the ring R = Z/ (Pn); where p is prime and n>1. By Remarks

5 and 6, R is an Artinian local ring with the unique prime (and hence
maximal) ideal m = (P)/(Pn). Moreover, m/m2 is a vector space over
the residue field k = R/m = 2/(P™) / (®)/(P™) ~Z/(P). Since every ideal
in R is principal by Remark 6, the maximal ideal (®)/ (") is also
principal. Furthermore, dimk(m/mzjfl because (P)/ (Pn) is also a unique
prime ideal in this PIR - Z/(P"). Consequently, 7/ (™) satisfies

Prop. 10.

Prop. 11

An Artinian local ring has only a finite number of ideals.



proof: -
Let R be an Artininan local ring and “l,be its unioue maximal ideal.
Then, W 1is the only prover prime ideal of R since every proper prime
ideal of R is maximal by Prop. 4. But, because m + (Rim) = R, there
exist finite families {m.} and {m;} of elements of m and (Rm) ,

respectively, such that
n
Imem =1,
i=1

Then, since m is prorer there exists some product mj-m; ¢m, 1<j<n;
i.e. there exists mem and m‘e(R:nL) such that m.m' =1 forer con-
tains only non-units being a unique maximal ideal of R. Conseauently,
for each xewy, x = (xm')meRm = (m) ; and hence, n=(m i.e. m is

a principal ideal. Equivalently, every ideal in R is principal and

d'imR/m’("l/“LZ) < 1 by Prop 10. But, being a local ring, R is Noetherian
by def. Then, “nln # 11{”1, for all n, by Prop. 9. Thus, mjnf; and
therefore, dimP y (“l/“tz) = 1. Then, by Prop. 9 Case 2, for any ideal
a# (), 1) inR, a = Yan for sore n>0, Consecuently,a =‘nln = (M
for some n>0 and xem. But since nLn #nlml we have (x") # (xml) for
for all n>0 and xem. Hence, for each O # reR, (r) = (™) for

exactly one n. Then, the distinct ideals in R are
‘inrLZD 1(6 -~ SR *)
But R, being Artinian by hypothesis, satisfies the d.c.c. Hence, the

strictly descending chain (*) is finite. So, the number of distinct

ideals in R is finite.
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