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The objective of this pape r is t o char acteri z r t in i n rin d th r -

by pr ove their structure theor em. In f act, we wi ll sh w th a n rtini n rin 
is necessarily Noetherian and of a specia l kin d. 

I n the following "ring" always mean s "comrnutat i ve r i ng wi t h uni ty. " 

I. DEFINITIONS AND REMARKS 

Def. 1 

For any ring R, 

i) n An element aER is said t o be nilpot ent i f a = 0 for some 

positive integer n. 

ii) A (right, left, two-sided) i deal I of R is s ai d t o be a ni l­

potent ideal if In = 0 for some posit i ve intege r n. 

iii) Two ideals I, J of R are said t o be comaximal (copr i m ) i f 

I+J = R. 

Def. 2 

Let R be a commutative rin g wi th unity. Th en, 

i) "is said to be the nilradical of R i ff '1, is th e se t of all 

nilpotent elements of R. 

ii) r is called the Jacobs on radi cal of R i ff T is th e inters ecti n 

of all maximal i dea ls of R. 

De f . 3 

A ring R is said t o satis fy 

i) the 'descending chain condition', denot ed by d. c . c . , if, when-

ever I ::J I :::> I ':J --- is a descen i n i n fi ni t e 
1- 2 - 3-

quence of 

ideals, ther e a lw ays xis t s a posi t ' v int r n such t ha 

I = I for all m ~ n. 
m n 

ii) the 'minimal conditi on' if v ry non- empty coll e tion f 11 

ideals of R, parti ally or er e by i ncl u i on r I i on , h 

mini ma l e l ement. 
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REMARK ], 

For a ring R, R satisfies the d . c .c. iff i t s ti h mini 

condition 

Pr;,of : C='» suppos e R s atisfies the c c f 'd 1 . . . or 1 ea s . Le t n be non-

empty set of i deals of R and l et II e: O. If I 1 is not a minim 1 nt 

o f 0 , then there exists an i dea l 12 of R such th at I l~ 1
2

, w, i f 0 

has no minimal element, this process can be r epe at e i n finit ly givin 

rise t o an infinite strictly descendi n chain 

Ie 12:> 13:;' ---

of i deals of R. Thus, contradi cting the hypothes is th at R sat isfi es t he 

d .c . c for i deals. Consequently, n has a mi ni ma l e l ement. 

C<= ) conversly, suppos e R s atis f i es the min i ma l can it i on f or i de a ls. 

Le t Ir~, 12~ I3;? ---·be a descendinR ch ain of idea l s of R. Next , 

consi der the s e t no;: {Ii: i- 1 , 2, ... }. Then, n #..f" since II e: n. He nce , 

n has a minimal e l ement say I , f or some posi t i ve inte e r n . Cons quent ly, 
n 

I J I f or all m ~-' n. But I i I i mp li s th at I t n as I is a n- m .60 m n m n 

minimal element of n. Thus , 1m "' In f or a ll m ~ n~ and henc, satisfies 

the d .c.c. for ideals. 

De£. 4 

i) Any ring R satisfying any (hence both) condition/s of 0 f . 3 is 

called an Artini an ring . 

ii ) An ide al I of R is s ai d t o be r i ght (le f t ) Arti nian i 

descending chain of r i ght Cle f t) i de als of R, which 

I . t e rmina t es . 

Remark 2 

nt i ne i n 

One can a lso de fine an Arti nian rin as a rin g in which v ry s rictly 

descen din g ch ain of i deals is fi nit 



3 

De f,5 

i) By a 'chain' of prime i dea ls f a rin? w fini t o r ictl y 

increasing sequence P oCP lCP 2C .. CP n' wh e re Pi is ri i 1 in 

for each i = 0,1,2, ... ,n ' the 'len th' of t he chain 
oJ 

s fin t o b 

n. 

ii) The 'dimension' of a ring R with unity is efine t e t h s 

of the length of all chains of prime ideals in R. 

De f. 6 

Let R be a commutative ring with unity. Then, 

i) An ideal q of R is said t o be primary if q ~ (1) an for x,YER, 

X·YEq and y¢q implies XnEq for some positive i nte er n. 

ii) An ideal q of R is said t o be P-primary if q is a rimary i ea l an 

P = r(q) (radical of q) wh er e r(q) = {a~ : an E q for a positive 

integer n}. P is called the ass ociated pr ime idea l of q. 

urn 

iii) A prime ideal P is calle , a ' minimal prime i0ea l' of an i 1 q , if 

q C P and there exists no smaller prime ideal wi th this rope rty . 

i v) A minimal prime ideal of the zero i dea l in R is kn wn as minimal 

prime ideal of the ring R. i. e . a prime ideal P is a minim 1 prim 

ideal of its ring R if it does not strictly c nt ai n any th r n n-

zero prime ideal of the rin R. 

v) The unique associated prime i dea l of an idea l q whi ch cont ains n 

other non-zero prime ideal of q is called the is ol t prim i a l 

of q ; otherwise it is calle the imbe e prime i I f q . 

Def 7 

Let R be a commutative rin g with unity an a b an i dea l in Th n , 

i) A representati on a = 
n of an i al an int r cti on of 
" q . . 1 1 

1= 

primary idealsq. is sai d t o b mi nima l ( r r uc or irT un 
1 

) 

if it satisfies the foll owi n c n . ti on : 



a) 
n 

q ~ n q. 
j t ifj 1 

.;, :1 
n 

b) r (qi) i r (q. ) ~ hc r . j j . 
J 

ti) If a = n q . is an irredundant r imary r 
i,: 1 1 

on 0 h 

ideals qi are s aid to be the primary compon n o nd i i 

called isolated or imbedded accordin as i s oci cd ri , . de 1 

is isolated or iwbedded. 

o f . 8 

Let R be a commutative Artini an rin~ with unity. Then, 

i) R is called a primary Artin ring if it poss ess es e xac ly ri 

ideal. 

ii) R is called an Artin local rin, if i t has exactly one maximal ideal . 

REMARK 3 

In fact, (i) and (ii) in Def. 8 ar e the same since every prime i ea l ln 

an Artinian rin g is maximal (see pr on . 4 below). 

II EXAMPLES 

i) Every division ring 0 is ri ght (left) Artinian as its onl y ri f~t 

(left) ideals are (0) and D. itself. 

ii) Every finite rin g is both ri ght and l eft Artini 

iii) Z - the ring of integers is not Artinian. In fact, r any osi -

tive inte r,er n, the strictly descending chain 

(n)::> (2n ) ~ (4n)? ..• 

of ideals of Z is infinite. 

iv) Let F be a field. Then, F is Arti nian by (i ) b i n commuta iv 

division ring with unity. But in FCx], the s rictly descen in g 

chain 2 3 
(x)~ (x )~ (x ) :::> ... 

of ideals never terminat es . ence Fex] i not rtini an . 



v) Q - the set of r ationals, bein a a fie l d , l'S .. <.. r 1n n. Bu 

subring of Q, is not Artinian . Thu s ubri n C) n n 

ring is not necess arily rtini an . 

vi) Let F be any field and F[x
l

, x2 • ... ] the Tin o f lynomi I s in 

infinite ly many inde t erminat es . Then F[x
l
.x

2 
•... J is no 

since (xl)~ (x~):;) ... i s a s t ri ctly descen in g ch in 

r ini 

i . ni 

i deal s in F[xl , x2, ... ,]. But F[x
l

, x2, ... ] is an in e ral a in . 

Then we can form its fi e ld of f racti ons, nam ly F(x ,x2' ... ) . 

C')nsequently, being a fi e I ci , F (xl' x2 ' .•• ) is r tini ut 

F [x l ' x2 ' .•. ] is a subring of F (Xl' x2 ' .•. ) . Th us ag n 

a subring of all Artini an ring nee d not be .rt i nian . 

I II FACTS ASSUMED 

Fl 

F2 

For k-ve ctor spaces (i. e . modules over a fie l d k) the fo Il wi ng con i -

tions are equivalent~ 

i) f inite dimension, ii ) finit e l engt h . i ii ) the a . c . c . , i v) th d . c . c. 

Le t R be a commutative ring with unity. and I 1.I 2 •.. ·1n • J b ideal s i n R. 

Then 

i) 

ii) 

iii) 

n n 

J+1. 
1 

= R for each i , 1~i~n , i mp li es J+ IT I. 
i =1 1 

= J+ (l 1. = 
i= l 1 

R ' • 

1.+ I . 
]. J 

= R, l<i, j~nJ i mpli es 

n 

(l 

TI I. = 
i e l 1 

the map'.jJ :' R + II (R/I. ) de fin ed by 
i=l 1 

n 
~ I , , wh en ver in 

, 1 1 1 = 

1jJ (x) = 6P 1 (x) , 1jJ 2 (x) • . .. , 'n (x)) fo r x £ , wh e r e 

1jJk : R+ R/ I k define d by 1jJk ( ) = x+ Ik is t he cannon ' c 1 e im 

f or each k, l~k~n, i s 

a) an epimorphism i ff I t j = R whenever if. j , 1<' , j<n . 

hism, 
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n 
b) A monomorphism iff (1 I . = (0) . 

i=l 1 

F3 

Let R be a commutative rin g wi th un i ty 1 I J an . , 

rei) +r(J) = R. Then, I +J = R. 

F4 

i i ch th a 

In a Noetherian ring R, every i ea l has a pr i mary ctecompo i i on . 

FS 

In a Noetherian rin g R, the ni lradical is nilpot ent . 

F6 (NArAYAMA' S LH1MA) 

Le t R be a commutative ring with unity, I be an i dea l in , an ~ be 

a finitely generat ed R-modul e . Suppose I is cont aine i n t h J acobson 

r adical 'l"" of R. Then 1M = M i mpli es M = O. 

F7 

Suppose R is any l ocal ring and nt is i ts maxi ma l ideal. 

Let xi' l~i~n, be elements of an R-modul e M wh se i ma es in t he 

vector-space Mlntl ove r R/ 1rh for m <1 basi s of th i s vector - spac 

X . • l<i<n generate M. 
1 

F8 

Th en, 

The isolated primary components (i. e . pr imary c mp n nt s qi cor r e 

F9 

ing t o minimal primary i deal s P .) of I Are uniquel y 
1 

t e rmi n by 1. 

Let R be a commutative ring with un i t y . Then t he foIl win qui -

valent : 

i) the set of non - un i ts of frm an i a l of n.. 

ii) R has a wl i que maximal i dea l. 

FlO 

Le t R be a commut at ive rin with uni t y ilJl '11\ 1 ( 1) an i 1 R uch 

that every x£R- ll{, i s a uni t i n Th n, R i s a 1 c 1 rin 

unique maximal i eal. 
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Let R be a commutative rin wi th uni ty an 
n 

R such that (\ I. C P for some prim 
i=l 1 -

some i, l<i<n. 

i eal P in R. 

RH1ARK 4 

i 

Thn , I. e 
1-

' Ring' means 'commutative ring with unity' in all t he foll owi n 

IV BASIC PROPERTIES 

Prop. 1 

Every i deal of an Artinian ring is Artinian. 

Proof: 

Let R be an Artinian ring and I be any i eal i n R. uppose 

II:> I 2=> I3~ --- is a strictly descendin g chain of i I s in ..L 

n 

or 

si ·"m.') . 

Then, this is a strictly descendin Q chRin of i eals i n R; an hence 

it is finite since R is an Artinian rin e by hypothesis . Cons equently, 

I is Artinian. 

Prop. 2 

A homomorphic image of an Artinian rin is Artini an. 

Proof: 

Suppose R' is a homomorphic imape of an Artinian rin R, i .. 

R '.~ R/I for some ideal I of R. Thus, it suffi ces t sh w /1 i s 

Artinian. To this end, suppose 

... (I) 

is a descending chain of i eals of /1. Th en, each J . i of th 
1 

form k./I where ki is an i ea l in R cont ai nin 1 for e ch i. 
1 

Moreover, J . ::;;. J. lfor each i ' a. h nce k . ? k. 1 r ch i . Th us , 
1 - 1+ 1- 1+ 

. (*). . se t al sc n ' I' n ch l' n the descending chaIn gIves rl 
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of i de als in R containing I . But th en, as i s r ' nian y 

thesis, there exists a positiv int R r n s uch hat 
n ' 

r II = 

m>n. Consequently, J : J for all 
m n rn>n ; n hence /I i T ini n , 

, Pr op. 3 

Let I be an ideal in R. Then , R i s Artinian i f nd only 'f I n 

R/I are Artinian. 

Proof: 

(~) Suppose R is Art ininan and I is an i d al in Then, I i s 

Artinian, by Prop. 1, and R/I is Artinian by Pr op . 2. 

«=) Conversely, suppose I and R/I are Artinian, an 1 t 

be a descending chain of i deals in R. Then, 

J n I:;) J n I ~ J n I:J ---
I - 2 - 3 -

is a descending chain of ideals of R containe in I . But I is 

Artinian by hypothesis. Hence , there exists a positiv i nt ge r n 

s uch that J n I :. J rt I for all m ~ n. On the other han • 
rn n 

(Jt 1)/1 ~ (J2+I)/I~ (J 3+I)/l.:J 

is a descendin g chain of i deals of R containe in II. ain, as 

R/I is Artinian by hypothesis , there exists a ositi ve i nt r t 

such that (J +1)/1 = (J +I)/I for all m> t . Let r = rna {n, t } 
rn t -

Th en, J n I : J n I an (J + I ) I I : (J + I ) I 1 f r a 11 rn > r. 
m r m r 

Claim: J = J for all m> r. m r 

To see this, 

J : J (I (J +1) = J n (J + I) for all m> r 
m m m rn r -

= J + (J () I) 
r m 

by th rno ul ar l aw 

J + (J r1 1) since J f) 1 - n I f r 11 rn> r - , = rn r r r 
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- Jl' (3/"1) a n by th odu l ar 1 w . 

.J = J m r for all m > r. 

Hence , R is Artinian. 

l'rop . 4 

In an Artinian rin !? every prime ideal is Maximal . 

Proof: -

Let R be an Artinian rin g and P be a prime ideal in R. Th en. 

R' = RIP is an Artinian integral domain by ron . 2. Le t Ol x R' 

2 3 
and ex) ::> ex ) ~ (x ) ~ ... be a desce ndi ng chain of idea l s in R'. 

Then, there exists a positive integer n such that (xn) : (xn +m) 

f 11 E · ( n n+1 n - n+l or am> n. 'specl a lly , x) = (x ); an henc x - x y 

for some ye:R. 

Thus, xn (l-xy) = O. Consequently , xy = I since xn t 0 and R' is 

an integral domain. Hence, x is a un it; and there fore R' is a 

field. As a result, P is a maximal ide a l. 

Coro. 1 

In an Artinian ring , the ni1radical is qual to th J cobs on 

r adical. 

Proof: -

Let R be an Artinian rin g and "Yl" y be the nilracic 1 an 

Jacobson radical, r espectively, But 

,, =rI .. 
15 pnme 

i 0 

Moreover, e ve ry prime i c a l in R is maxi ma l, y Pr o . 

'It = n.'ll\, ; and therefor , 0 f. 2 (ii) btAin 

11t 15 max 

1). : n .-nt = y 
111 15 max 

th 

Thu , 
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Prop . 5 

.Iill Artinian rin g R, has onl y fi ni t e numb T om i a I ' a I s , 

Proof : -

Let n be the set of all ideals of R obtaine fini t n 

since a ring with unity has atleast on e maximal i 1. is n 

Artinian ring ; and thus satisfies the mi ni m 1 con i i on or i e Is. 

Hence, n has a minimal el ement, say mIn m2 n ... n mn. su pos e i 

an arbitrary maximal i deal of R. 

Claim: m = m. for some i, l<i<n 
1 

But m n ml ft mZ f1 ••• ('l nln £ ml " 1TI2(1 m3 n . .. () mn "lnd mfl ml 

being a finite inters ection . 

. .. n m by the minim Ii y 0 
n 

£n 
n 

that m
i 

s: m for some i, l~i~n by HI since m is a rim i d al. 

m. is a maxiwal ideal in R for each i. Then, m, : m for some i . 

But 

1 1 

Hence, m
l 

' m
2

, ... ,m
n 

are the only dis tinct maximal i eals in R. 

Prop. 6 

In an Artinian ring, the nilradical is nil pot nt. 

Proof: 

Let R be an Artinian ring an d 11, be its ni 1 r adi 1. inc 1J. 

also an ideal in R, and R is an Art inian rin h ndin g 

chain 

of ide als in R t ermin ates . Th n, th r xi s sa. os 'tiv n r 
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m m+l 
such tha t "t =, • s ay . 

Cl aim: I: 0 

Suppose I ;' O. Let n ={J: J is an ide 1 i n ri O } 
Then , n.J£-q, since II = 12 = 110; an hence l E O . 

n has a minimal element, s ay A; i. e . is mi nim 1 i I 0 

such that AI10. Now, if a I10 for som 011l.f.A . th n ( a) I '* . or 

(a) C A and Ca) en . But then (a) = A by th minimali ty 0 A . 

On the other hand, 

2 
(aI)I = aI = aI ,O ~ alen . 

Since aI C (a) = A, aI:: r , again by the mi ni mali ty 0 Th n, 

a = ab, for some bel. Cons eq uently, 

2 n 
a = ab = ab • ... = ab = 

for some positive intege r n. m 
But be:! = 'l. c 1t ; and henc bEll. i. 

b is nilpotent. Thus, a = ab
n = a .O = 0 eontradictin th hoie 

of a . m 
Hence, "l'J. = I = 0 for some posi ti ve inteper mi . . th ni 1-

radi cal "l{ of R is ni lpotent. 

Prop. 7 

Suppose R is a ring in which the zero idea l is a r o ue 

ml mi m3 ... om
n 

(not necess arily disti nct) of maxima l i 

Then, R is Artinian if an only if R is oe thcri an. 

Proof: -

Let l<i<n be the istinct maximal i ea l s of R. Consi r 

chain 

of i dea ls in R. Each 

for l~i<n is anni1l3ilat e by m . . 
1 

Th n. e eh f e or m y 

m - 0 
n 

of R. 

h 
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as a module ove r the fi e l Rim,. Th us . 
1 

c c or i 

space over the fi e l d Rim,. By Fl, the a- c-c hoI 
1 

if and only if the d.c.c hol ds for nch fe t or. But 

holds for each factor if an only if it ha l 

app lication of Prop. 3. Thus, the .c. c . h 1 

OT R by 

for R if 

if the a.c.c holds for R. Cons equentl y. R i s Art i nin 

if R is Noetherian. 

Prop. 8 

A ring R is Artinian if and only if R is Noetheri an an 

Proof: -

(~) Suppose R is an Artininan rin g . Then, every pri 

or 

t h , c , 

onl y 

i anI 

i m R - 0 

i a l in R 

is maximal, by Prop. 4 . Consequently, di m R = 0 .. Furth e rmo r e , 

R has a finite number of distinct maximal ide Is , by ro. S. 

Let l<i<n, be the distinct maximal idea l s in R. Then, for 

all positive integer k, 

n k n k n 
IT m. e (I) m.) But f} m. = 7f. b coro . 

i= 1 
1 - i=l 1 i= I 1 

the ni lradiacal of R. Thus, 

n k n k k for all inte eT k> IT m. C ( n m.) = 71- , 
1- . 1 1 i=l 1= 

But. by Prop. 6, 1l:k.: 0 for some p sit i v i nte r 

n k 
H 7T - 0 Consequently , R i s a theT' ence, m. . 

i= I 1 

(~) Conversly, suppos e R is oetheri an an 

zero ideal in R, has a rimary d compo 

di m R - O. 

b F 

b f l' nl' m 1 rl'm i de Is . has only a finite num r om 

1 wheT Jt i 

b r o . 7 

Th n , t h 

Th u 

ut h 
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dim R = 0, these minimal prim i in 11 m '1 ) • 

REMARK 5: 

Consequently, th e nilradica l "t in ~ i 

n 

1t = r"I m. 
i=l 1 

where m. 
1 

are the distinct maxim I . dea l 

for some posi ti ve integer k by FS . TIl n 

n k n k 
II m. C (n .m . ) 

i=ll- i=ll 
k : "l =0, 

for S.dwH:posi ti ve intege r k. 

Hence, n k 
II m. - 0 for .sOMe k. 

i: I 1 

i v n y : 

in R. 

e 

Consequently, R is an Artinian ring by Prop . 7. 

But 

v 

Supp ose R is an Artinian local rin g wi th the maxima l ide a l 111. 

Then , .~ is the only prime i deal in R, by Prop . 4 , Th .n, by the d ini-

tion of the nilradical "l of R, 1'1 =" 1It = lit. Thus, 11), is th nilr dic 

of R, and every element of llt is nilpotent. Consequ ntly, it e lf i 

nilpotent i.e. ~n = 0 for some positive inte e r n . H nee , ev ry 1 m nt 

YE:R is either ni l potent or uni t according as ye:'"l, or y'11J,' 

For example, consider the ring R : Z / Cpn), wh TC i a ri 

number and n> I in Z. 

Claim : R is an Artinian loca l rin 

Le t and 
n 

1. Th n, th e r e e xis s x, Y EZ uch h a e: Z (a , P ) = 

n ypn in R. Th us, xa = 1 in R' and or n) 
xa+yP '" 1. But = 0 • 

is a unit in R. Consequently , (a) = R' , an h nee (a) s no m xi a 1 
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ideal in R. Since a non- zero r' n wi th uni t y has Ie t on 

i dea l , R, being a non-zero commutative rin g i th uni y, h 

ideal, say m, whose elements are non-units ' R . \; In . Ru t th e 

un ique maximal ideal of R by F9. Co 1 b ns eq uent y, cause v ry eR- i s 

a tmit in R, R is a local ring by FlO. 

Fina lly, to show R is Artini an , we \~ i 11 show th at R - Z / ( n) h 

only a finite numbe r of distinct ideals . Since (pn) is a r o e r i de 

in Z, and the idea ls in Z / (pn) correspond to the id Il l s ich 

contain (pn) , using the fact that Z is a PID and wri t in ( n) - (x) f or -

some O:/xt. Z obtains that these distinct ideals corres ond t o th e cI s e 

of associated divisors of x. But by the unique factorizati on TO erty, 

these classes are finite in number. Henc . , so ar e the ide Is in 

R = Z / (pn); and therefore R is an Artinian ring . C ns qu n ly, combin-

ing this fact that R is Artinian with th first part of th c13i m yi e l ds 

th a t R = Z / (pn) is an Artinian local ring. Furthemor, t o ut it 

exp Ii cite ly, the unique maximal idea l of R = Z / (pn) is (P) / ( n) . (S e 

Remark 6 . belOW). 

REMARK 6 : 

Since Z is a PID and a prime numb er PeZ is an irr ducibl me nt 

of Z, Z / (pn) is a PIR, with In = (P)/ (pn) as its uniqu pr m id a J 

and mn = 0 for some integer n > O. Mor eov r, wh en th ' i n ex 0 ni l-

potency' ~ n = 1, Z / (pn) = Z /(P) will be a fi I d wi h ( ) 

n 
maximal ideal. I n all othe r cases , Z / (P ) has r ze r 

a niq 

' vi r, 

n ' 1 But then m is a uniqu m ima l At any rate m = (P)/(P ) is maXIma . 

ideal in Z/(Pl1). Hence, Z/(pn) is a loca l Ti n 
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Finally, to obt ain the i dea ls in Z/C . n) c l ici 1 • 

n 
the ideals in Z/(P ) correspond to the i ea l s in Z c nt ini 

Next, put m = ( P), where p is a prime number in no 
n 

n 

the smallest positive intege r such that = O. Th n . ev ry non- e ro 

element x£Z may obviously be written in the form 

k 
x = uP , where O<k< n-l, ui(p) : m 

For, either x is a unit, in which case xiCP) and so k : 0 ; or x 's 

non-unit in which case x must be contained in the uniqu maxim 1 id 1 

(P) of Z, and if k is the hi ghest power of P which divid s h n 

k 
x = uP where k<n-l since x 1 0 and uiCP). Furthermore, th int e r k 

k in the representation x = uP is uniquely de t ermine by x, sinc 

k . k' uP : ulp and O<k<kl<n 

implies that pkl_k = 0 contradicting the minimali t y 0 n . imil rly. 

n-k the unit u is uniquely determined moel. ( P ) . Consequen tly. the on ly 

i dea ls in Z which contain (pn) are (pk), wh ere O~k~n. n these idea l s 

are all distinct. Further more, thes e distinct idea l s in Z/C n) which 

are finite in number are related as follows : 

n Thus. Z/f pn) is an J\rtinian Hence, Z,tP ) is an Artinian rin g, too. "-

local ring with the unique maximal ideal m : (P)/ C n) . wher p is a r ime 

i n Z and n>l. 

In general, let n>2 be in Z, and cons ider the rin R: Z/Cn) . 

Then , (n) is a proper ideal in Z, and the ideal s in L Cn OrT on 

the ideals in Z which contain (n). ince Z is PID, thes i 
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correspond to the classes of associated divis ors 0 n. 

unique factorization property, thes classes ar fi ni t e in num r, 

hence so are ideals in Z/(n). ,.. 

Moreover, since Z is a PID, t he proper rime in a i s in R 

generated by irreducible (prime ) e lements , an they ar all m i a l. 

n 

Then, depending on the associ at ed divisors of n we have th o ll owin ~ 

cases : 

Cas e 1. Suppose n is prime (irreducibl e) in Z. Th n, Z/(n) ill b 

Case 2. 

a field; and therefore Artinian with a maxi mal i al (n) . 

Moreover, Z/(n) is a primary Artinian ring with uniqu 

prime ideal (n); and hence an Artin ian local rin g s ine ev ry 

prime ideal is maximal. 

kl 
Suppose n = PI 

k 
... ' P m , where 

m 

distinct prime power di vi sors of n. Then, b i n fini t e rin 

Z/(n) i s Artinian, but may have more th an one dis t inct maximal 

ideal '; . Hence, Z/ (n) is not an Artinian local rin . 

Case 3. Suppose n = pm , p is a pri me in Z and m > 1. Th n, 

Z/en) = Z/(pm); and hence by ar guments simi lar t o R m rk 6, 

Z/(n) is an Artinian local ring. 

Pr op . 9 

Let R be a local rin g, and m be its maximal i ca L Th n, 

the followin g two stat emen ts hol ds : 

i) 
n t n 1 for all n. m m 

n in which case R i n rt i ni 10 
ii) m = 0 for some n, 

rin g. 
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n n+l 

Suppose m = m for some n . in c l ocal r r is 

c, is l=1.ni 1y and every ideal of a Noether,_' an rl'n O 

a finitely generated R-modul an is an 1 in 

the Jacobson radical y of R. Takin I = m an n i 

(NhKAYAMA ' S Lemma) ob tains, mn :: O. 

local ring by Prop. 7. 

Thu • i an Art ' nian 

*One can also prove Prop . 9 di r ecUy as follows: 

S 
n n+l ,n uppose m = m for some n. Then, tak lng 1= m an 

NAKftX~A 's Lemma obtains mn = O. Let P be any 

I = m in 

f 

tt t m 

cl s m = 

ollow h 

TIlen, mn :: OC P. Taking r adicals an u S i n the 'ac 

maximal and the radical of a prime i eal is itself 

Thus, since P is an arbitrary prime ideal of R, i t 

m is t he only prime ideal of R. Cons equently , 

local ring. 

i an Artin ' 

s 

P. 

i 
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TI-!E STROCTURE 

An Artinian ring R i s uni quely gi v n ( t o i so 

dir ect product of Artinian local r ines . 

proor: -

is ) 

Let R be an Artinian rin,?". Then R has a fini t e nurrb r 0 

rr~ximal ideals by Prop . S. So ~ let m., l<i<n be th e 
1 

ideals of R. But then 

fi· 

5 

rna 1 

n k n k k 
11 m; f ( " m. ) == 1C 
i=l ~ i==l 1 

f or all k >. Q b Coro . 

wher e "1l is the nilradical of R. -breover, 11. = 0 , fo r so s i i 

i nt eger k by Prop . 6 Hence ~ 

n k 
11 JTI. ' - 0 
. 1 1 -1=_ 

for SOIre positive intecrer k . Since r (m.k ) =!l1 an ffi. + . = R whe n-
r 1 i 1 J 

ever i F j, for l<i , J·<n by F3 we have m~+ m~;R herever i .';' j , l~ i , · ~n 
- - 1 J 

consequently, 
n k 
IT m. 
. 1 1 1= 

n d 

k = (\ m. = 
. 1 1 1= 

(0) 

by F2 (ii) and the cannonical mappi np. 

n k 
ljI : R -> IT (Rim . ) 

. 1 1 1 = 

i s an isomorphism by F2 (ii ) i .e . 

n k 
R ~ IT (R/mi ) 

i=l 

k 
Now, it remains to show that R/rni ' for each i , i s an 

k . .. ach . 
ring . By P~p . 2, R/mi is an Artl I an nn or 

k h . 
thermore, the maximal i deals of R/JT'i for eac 1 corre 

inian l oc 1 

l <i<n . r -

oth 



maximal ideals of R which contain m~ • 
1 

u m. 
1 

ideal of R with this pronerty inee the m~ . 
1 

r adicals i. e. mi ' s are pairwise corr.aximal . 

1 

e , 

maximal ideal of R/m~ for each i 9 l~i~n . Co 

i , l:i~, is an Artinian local rin~ . 

R/ for c 
1 

Convers ly, Suppose 
n 

R ~ IT R. , 
- i=l 1 

is an Artinian local rin? for each i 

n 
1jJ :R ._> IT R. 

i=l 1 

Si c 

is an isomorphism, the nat ural mappinp iJJ. : R - > R. , fo ach 
1 1 

i 9 l:i:n, is an epimorphism (i ,e, a projection on the i th factor) . 

Let I. = ker ($.) for each i. 
1 1 

Then, the I. t S arc nai 
1 

coTJl3.Xi rna 1 

and n 
til. _. (0) 
i=1 1 

by F3 Ciii). Suopose q. is the ooi ue 11rire ideal of R. , d 1 t , - 1 t' 1 

- 1 . 
P . ::: til· (a.) (1.e. tl}e cont raction of q. :n R) . But t.l}en (l . for each 

1 1 1 1 1 

i ? is a prime ideal in R since t_he contraction 0 a pri 1 1 is 

prirre , Then P. is maximal for each i, l<i<n, bv Prop . 4. 
1 - -

o ov r , q . 

is the nilradica1 of Ri' for each i; and therefore , nil. otent b 

Hence, I. is P. - nrimary and 
1 1 

(0) 

is the primary de compos i tion of the zero ideal in R. Sine I . 

pairwise comaximal, p . are also paiTWise comaximal. Thus t 
1 

isolated prirre ideals of (0). Then, all the primary ompon n 

isolated t and therefore miquely deternrined ) , R, F8 . 

P. 
1 

I . 
1 
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the rings Ri ~ R/1i l<i<n , ar 

Rf}1ARK 7. 

Since every prirre ideal in an Artinian rIO nO s L 

product and direct sum are the sarre in the fin i 

express the structure theorem us ing the direct s ri ry 

r ings. This version of the structure theo m is gi en el o , or 

sake of completeness, without proof since it . roof i s co l et 1 

analogous to the preceeding one except for sli ht chan 

STRUCTUHE THEOREM 

An Artinian ring R is tmiquely glven CUP to iSOlrorohisrn) as ini e 

direct sum of primary Artinian rinf!S, i. e . 

wher e P. ) for each i, l<i<n is a prire i deal in R and i so os-
1 

ti ve integer. 

REMARK 8 

Suppose R is a local ring , and let m be its tmique maximal i e 1. Th n , 

/ 
2 0 0 

k = R/m is the residual field of R and the R - module m m lS anm-

hilated by m. Hence, m/m2 has the structure of a k - vector 5 a 

m/
2 

if R is Noetherian, then m i s finitely generat ed and the i 
. 2 h 

of a s e t of f ":ler ators of rn ,,1111 sr an . rnLm as a vec~or 5 cor 

fi e l d k by F7. Thus, the di~(m/m2) is finite . 



Prop . 10 

Suppose R is an Artinian local . nn!!. 

equivalent ; 

Th n, 

i) Every ideal in R is principal ; 

ii) The maximal ideal m i s princiDal ; 

iii) diInk (m/m2) ~ 1, k = Rim 

Proof :-

foIl 

(i) --¢ Cii) suppose every ideal in R is principal. 

i deal m of R is also Drincipal ? obviously. 

1 

(ii) ---~(iii) suppose the maximal ideal m of R is rinci 1, i .e . w i 

singly generated. But the images in mli of a se t of ge r ors of m 

will span m/m2 as a vector space over the fie l d = Rim by F7. I-i:!n c , 

di~ (m/m2) ~ 1 since m is singly generated. 

(iii) > Ci) suppose di~ Cm/m2) ~ 1. There are two cas s to consid r. 

Case 1**. 

Let di~ (mlftt) = o. 2 
Then , m = m ; ane hence m = 0 by F7 . Cons quentl , 

R is a field ; and therefore ; every ideal of R is principal. 

**In case 1, above instead of F7 one can use the fact th t in a Tin 
wi th only one maximal ideal m, every idempotent e is ei ther 0 or 1. To 
this f act? l e t e i' O? e f.l be an elt in R. Then e2 = e it ;md only if 
e (I-e) = O. Thus, e and l-e are zero divisors in R; and therefore , cannot 
~i ts in R. Consequently, Re and R(l-e) are proper ideals in . Bu nro r 
Ideals are always contained in maximal ideals. Hence , Re ~ m and R(l- ) ~ 
since m is the only maximal ideal L'1 R by hypothesis. It foll~s th t 
eEm and (l-e )Em. Then, 1 = e+(1-e) Em contradictin the pr Tn s 0 

in R. Consequently, e = 0 or 1. 
2 

. . Now~ returning to case 1, suppose dilT\,.~m/m ) ~ O. Th n , m = 
15 Ide~otent . But then, R being a local ?In haVlnp on~y on . 
m , m = 0 or ill = (1). But m i' (1) since m is a proper Id al In 

tion . Consequently, m = 0 i.e . the zero-ideal in R; an t.l~ refo 
field . Thus ~ every ideal in R i s princinal since the only 1 Is 
the zero ideal and (1) = R. 

m 



Case 2 

Suppose dilTk (m/rn2) = 1. Then takin in 

a principal ideal in R since mlm2 i s sinyl ener e . So 1 t 

m = (x) ~ xER. Suppose I is an id al 0 R s uch th I F (0) a 

I f. (1) . But since R is an Artinian local rin~ , th ni 

n ~ m. Thus, m is nilpotent by PrOD. 6. Then, n 

r dical 

.or so 

s 

positive inteeer n. Since I is an i deal of other (0 ( ) an or , 

len d - A- n+l _ m an l-:-IT' 

Then~ there exists y d SUdl that 

Thus ~ a ~ (x) = m ; and therefore 9 a is a unit in R. Consequently, 

xn
£ I since I f. (1) and mn = (x)n = (x n)£ I. 

I is a principal ideal in R. 

n Hence , I = m = (x ) , . e. 

EXAMPLE 

Consider the ring R = Z/ (pll) > where p is prirre and n>1. R marks 

5 a."'ld 6, R is an Artinian l ocal ring with the unique prirre (and h nce 

maxima l) ideal m = (P)/ (pn). t-.1oreover, rn/m2 is a vecto space a r 

the r esidue field k = Rim = Z/(pn) I (p) /(pn) ~Z/(p) . Since e ry 

in R is princi pal by Remark 6 9 t.~e maxiTr.al ideal ( ) /(pn) 1 

principal. Furthenrore, dil1k (m/m2) ~ 1 because (P) / (yfl) is so umqu 

prime ideal in this PIR - Z/(pn) . Consequently, Z/(pl1) a is i c 

Prop. 10. 

Prop. 11 

JUl Artinian local riny has only a finite number 0 ide Is . 



00£ :-

Let R be an Artininarl loc 1 ring an 'TTL 

Then ? 1lt is 1:."'1e only prooer pri id 1 0 

i ~J j cl. 

s nc c cry TO r 

ideal of R is maximal by Prop . 4. But, be us 1Tl ' ( .l1L) ::: 

exis t finite families {mi } and {mi} 0 elc nts 0 1(, nd ( 

respectively , such that 
n 
E m.· m ~ ::: 1 . 

. II I 1::: 

Then ? since "TIt is prorer there exis ts sorre product 1!1 " ' m ~ ~ , l ~ j ~n; 
J J 

Le . there exists II1 e: , and m\ (R:1It ) such that ·m'::: 1 for con-

tains only non-lDlits being a tmique maximal i deal of R. Conseauent] , 

faT eao'1- x e:laJ. ' X = (x m' ) m. e: Rm = (m); and hence, 1l!, = (..) i . TIl 1 

a princi pal ideal. Equival ently , every ideal in R is r "ne d 

dimR/~(~~2) ~ 1 by Prop 10, But ~ beinr a local rin? , R is 10 theri 

n n+l 2 by def. Then, "1YJ. 1= 1Y( ~ fay al l n, by Prop . 9 . Thus I 1Tl. -! "TIt ; an 

therefore, dimp) (ny111,2) = 1. Then, by Pro!? 9 Case 2, OT any ide 1 

'1lt n ( n) « 1= (OL (1) in R, a = lIt for scrre n>O. Conseauently , ='"1. ::: 
. n n+l n 4 n+l 

for SOIre n>O and xe:'lIt . But slnee "TIL -! lTJ, \4e have (x ) r (x ) 0 

f aT all n>O and xe: lIl ' }t;;nce ? for each 0 -! r e: R, (r) ::: (xn) for 

exactly one n. Then, the distinct i deals in R are 

2 3 1Il ') 1Tl :) 11\. :oJ ...... (*) 

But R9 being Artinian by hypothesis, satisfies the d .c.c. nc , the 

strictly descending: chain (*) is finite. So, the nUlfbe of "s tinet 

ideals in R is finite. 
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