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INTRODUCTION 

n' r th ' m 't Imp )flant Ie ult of th ' .1 1I h) Inl 'gral r(lrmlll ~ i · lh' a imum 

ulus ' I h ' rcm , It WI 'S Ihal If an <mal) \I ' flln ' \Ion hu a III .11 m.1 Imum al a r )inl. 

th ni l mU 'l a • n: tanl n 'ur lhal p lInl. In olhl.!r \\ort! II I i u non 'unslanl anal) 1I ' 

run li n n a rcgi n C. lh 'n If I cannot h,n l' a I ) 'al ma Imum an) \\ h 'r' In"IU ' C, It an 

Llain a max imum on l n th b( undar) or G, 'ont' LUall) , th' In Imum dulu 

Prin ' ipl 111 mpl , anal :is d " nm arrl) t unbound 'd r 'gi )n " I hal IS. an n I) i 

n an Llnb und r ' ) 1 n ma) b' b lUnd I l n 'ug " bUI ' Llnb und' in Ih 

interIOr. 

T he chwarl. lemma i: on' of th' 'impl ' \ r' 'ults in < II or ' m lex un ti n 

l i r t appli ali 

ab Ul the ra te or gr \ th 

m nt 

hv,arl. I 

P ' r ru l ro l in mrl ' g 'om 'Ir , Imos l an r ' :ult in g' r n Iyli 

run Ii ns ha ' the , ' h'v\arl I 'mm'\ lL1r~lll g in lh ' htl 'kgroun , 

)n u rul int rpr ' ~ a l i n ur lh' ," h\\url Ieml 1u is that an anul~ li ' fun ' tion rr m Ih 

disk I th di : k mLl '1 I'\k ' 'a 'h li ' ~ I (0, r) , 0 < r < 1 In 10 (n H n" '::uril) (1110) th 

Ima) r that di k Lind or th ' lincar I'un 'Ii >nul map 

where f(O ) = a 

a 

Thi imag i inra t ( inth a " - l <a< l ) ' :l'ndarl l ':u'lihl11 i ' k'v,ilh nl'r n 

Ih I' al ax is 1 a and l iam ,( ' I' (in 'ct · , 0 < a < 1) I.!.i \ 'n h\ the Inl'nall~,~I . 
- 1 ur 1 ur 

In I (, L.I ~, I hragm 'n '\n I 1', 1 .. I ill I 'lor ' 1 'nd" Ih ' \ Iu'\imum \ It uulu 

Prin iplc I un I d d maillS, I h ' Ir rl.!'>ull i r 'I 'rr 'd u "I h' Phra 'm 'n- I in 1'101' 

The r m" \\ hi hila" , '\ gr )\\ lh r , In 'lion on unal II ' ['un ' ti n : G ( a: In' r ' u 

p in l n th un ar) " '\crthcl, ' , th' 'nn ' lusion, lik' that r th' la imum 

dulu ' Th r'mi: lha l ISblllll'1 



CHAPTER 1 

THE MAXIMUM MODULUS THEOREM 

1.1 1 opology and ana lys i ' in cu mplc\ pl ane 

In th i ' , ' ti n 'v\' \.vill i 'u .... .. ddf'rl:l1l \ l:r.lon , 01' lh' Vi a imum ulu 

The r m and \\ ' \"ill S ho'v\ lO apr l) lh· .... , \ 'r'iion u IIlg ':-.um pl', I hr ughoul lhi ' 

hall U " th ' n tali n: . H( ; r) and /J ( ; 1' ) ar ' 'a ll 'U lh ' open and clo 'cd 

ba ll s, re p li l ith 'cnt r xanuraJius r.il' xanu7'>O ' rcll. 'dth 'n\\ ' d n l' 

B (x; r) = {y E X : I y - x I < r} 

B (x;r) = {y EX : I y - x I ~ r} 

Wc d note the b undar 01' .0. b) .0. and d 'lin 'd b an = { - \ .0. r n = 
n- n (X \ .0.) - , Furthermore the ', t ndc I bLind r 01' G i ' co G, piLi 

opti onall the point at infinit if'in fa t C i ' unb und , Furth rm r 'v\ intr du th 

e tended plan by (( 00 = (( u 00 , 

!\ metric spacc i ' I p'~ir (X, d) \\ h 'r' X i: a .' 'l an d : X x X I~ I . all d 

Metric or the distance fun ction ati ' 1') ing thl: roll )\.\ in ll 

( I ) d(x,y) ~ 0 V(x ,y) E X 

(2) d(x,y) = 0 if and only if x = Y ( ( ' Ill\' 

(3) d(x,y) = d(y,x) ( I11l11ctr ) 

(4) d(x,y) ~ d(x,z) + d(z,y) (tri angl in' lualit ) 

If X and .0. are 111 tri pac and f: X n ha ' th' pI' P rt th ' t feU) in .0. 

hene cr U i op n in X, th n r i ' all' I an or 'n map. II' f i, an' I nl 111 P 

thcnvccan delin'lhcin rS'l11arf i : f1 Xb f ie w) = 

foil w that f - 1 i c ntinLioLi ' c;.,a ,tl wht:n f i. opt:n . 

m tri pa" eX, d) i. connected il' lh' nl Ih P n 

and clo ed are ¢ and X. I'hat i: , an opcn sub: I )1' ([ i: ' ir il nn 

xpr . d a ' a uni)l1 )1' t\\ 

' nn Ie I irit . nnot h' ':-.pr" ." d U ' a unIOn ll'l \ 

2 



.. mpl im r c nll '·I·d Ihl.:) 'annUL h' 'r.lra '<.I in lO 1\\0 n)fl 'mrl) . 'I. . 

'I h mpI) , ,t i . nne ' led . 

F r ' m 'Iri ' rJa " ( , d) a lib ' 'I (; of '" open ,I' for 'J h X in C; Ih -r' I 

> 0 ' U h that IJ ( ; ) c G. I hu.,. a 'I in ([ i )p 'n if il ha no" 'd Ie" I· r 

, ampl ' C = {% E ((: a < He% < b} i., 0 l:n bUI {% Ue/. < O} i nOI op 'n hI: 'au ' ' !J CO; ) 

i ' nOI . main -tl in lhi . : -I n mall 'r ho\\mall \\ ' ·hoo · ( . \ ubs I C; 01 ( I 'all-d 

clo 'cd if it c mpl'm nt G' = ([ \ G = {% E ([ : % (; } is op 'n . I h' 'mall I. 

blained b taking the inter 'c ti n f" al l '1 .,·tI . CI · thai 'ontain t /;". 

clo urc or r: . and i: d 'not d by h·- . 1 hu ., /:' i ' 

i b th bound d anti I . is all'd Compact. 

nl) ir f:' = H. :cl"hi h 

I I' C is an op 'n t in ([ anti f: C ([ th 'n f i: ilT'r 'ntiab l ' at u p lint %0 in C i 

I· [ (Zo +h )- [ (zo) I' [ (70 ) [ ( 700) • h I h' 
,mh 0 or Im z - .l o CX I 'I. : I '\U u ' al I I ' P 

h /. 7.0 

['(Zo) and i all -d Ih d'r iva tiv of" f 'It 7.0 .If" f i ' dill r nliubl' t h p int I' C \-\ 

a that I i dirG r nli abl n C th 'n [' (7.0) din ': u run ti n {' : G ([. If" f' i 

con tinuou then c a that Ii : continuou ' I t1iffcrcntiablc. II' [' i if" cr nli bl th n 

l it icc dirG r nli abl : c ntinuin '. a tl ifT 'rent i bl' run ' ti n ' U -h th I a h ' U " 

deri ali is a g in difTercntiuhk i: 'a iled in li nit ' I ) tl ilT' rcnl iabl' i \ un ' (ion f : C ([ 

(G i ' op n) i: anal~l ti(' irf is 'ol1li l1 l1oul ) din '\'l'nti IOk on G. 

The n (pr p ilion i ' lak 'n i'rol11 J hn 13 . Ct 11\\<.1) II I. pag 70 and \\c \\ ill u: ' 1 pr vc 

Th 'o rem 1.1._ . 

Proposition 1.1.1 

L I f:C ~ ([ b anal)li and sUII1): 13(a;r) c e (r > 0) .11' ye t ) = a re lL 

I I f ( lV ) o ~ t ~ 2IT, then le%) = -. . ell\' or 1% - a l < ,. 
Lnl 11 :: 

T hcorcm 1.1.2 (Maximum YI()dlllll ~ T heorem 

I I' Cia r l1.i n and : C (( i: an .111 a I) 1\' rUll,til n ' ll 'h th, l lh ' r ' i: a p inl a in C 

\-\ilh I/ea)1 ~ 1[(z)1 or all % in G. Ih 'n I i., 'OnS1Jnl. 



( n th r \\ I,' Ihall (x)l. nn >I hu\c u m', imum 10 ,unt . / 

Proof 

upp ! (a)I 2:! (1. )1 r r all I. G \\c n' 'd III . IHl\\ / I 'OnlJn , I.' r > 0 Ih 'n 

Ih r xi ' l U(a, I?) ~ C, I.e I 0 < r < I? 'onld 'r y( i ) a I ell for 0 $ L $ 2rr hen 

b pr p 'i l i n 1.1. 1 \\' ha\e 1 
(1.) -. -;;-; I (H) I 

(1\ for 1. U(a, r) lhi impli 
w = 

f(a) = _1_. f \) dw \\ ril Ihi: ut in I 'rm ' or U J1aram I ri/ulion y( ) = 
2IT1 \ - a 

r Il r r 
r 

a :5 t :5 2rr. 

I f e ub ·titLlte w - a = re Ll Ih n clw = i r ell dL 

f( ) - _1 r2n f(a rt, lI ) II l 
a - . ) '0 II L re c L 21TI r e 

! ( )! 1 r021T lf(a II nee f a :5 21T ) , Ih 1\\ nd 

ar 'qual. e mu I ha e III l it :- vcr \\h ' r' :inc' !f(a re Ll ):5 !f(a)! for all t thi ' 

im \li " Jo
21T

llf(a)I -l f(a ref{) IlciL = O. 'I hu Ih' inlcQran i: n n-ncguli\ iL 

fo il \ s Lhat !f(a)! = !f (a re ll
) /vraliL !O,2rr ! , in " r \\t! . arhilra l,). 

If (a) 1 = If(z)1 G r 170 - al < I? Ihu - C on U(Cl, /? ) I()r :)tn' C. C = (a) Lhu: 

g(z) = C i an I ti in C Ih l"I'or ' fez) = g(1.) Ln U(a, In \-\-hi h ha a limit p illl 

8 (a, R) ~ (z E C: f ez) = g(z)} ha a limit pint in C th'rd r fez) = C for all z, 

I~ cm a rk 1.1.3 

, rding t th I laxil11um :-"'10 LIlLI I h 't r'l11, a non 'on ,' tanl anal) ti run 'Ii n on 

r gion ann t a sLIm it · 111<'I.\imum mmlulu : Ihis 1:1 'I i' lar f'n III lb\ i( u: '\ 'n in th' 



n emark I.I.~ 

'I h 11 I1linuc ' a 

th r m i: a 'ain pr" 'nl 'U \\ Ilh a "' )11<./ pr ran olh 'r \ 'r In ' r 

gi n. In Th r m 1. 1._ \.\ prn hy appl)lng Ihl: 'all 'h) Inll:gral lormula h'r' \\' 

pp l)' lh' P n mapping Ih 'or 'm I ) pro\ ' Ih 'or 'm 1._. 1. 

1.2 The Maximum principle 

Lin b an sub ' 'I )r[ anu SUppl .l: a I in Ih' Inl 'rtl r or 'v\' 'an. lh 'r'for . 

a posiliv' numb r p su 'h Ihal 11(a, p) c n II r 'auil) /'0110\\ . Ihal Ih r I a P( 1111 

( in n ilh I( I> la l lo : Iat ' anolh r \\a) , if a i a p)illl in { \\ilh lal ~ 1(1 lor .. h 

( in the set n th n a b'l ngs tao. 

n n mpl pen onn 'c t d : uhs 't or [ i. call' I a region (:om aU lh r ' u ' lh' t rm 

"domain" in lead 0 r "region") . 

To pr e The rem 1.2. 1 u ' lh' open mapping theorem \\ hi ' h i ' 

in John B. Con a Ill, pag ' 9. 

Theorem 1.2.1 Maximum Modulus Theorem (First \ cr ion 

I f f is anal ti c in a r gion G and a is a p lint in C \\ilh I[ Ca)1 ~ I[ Cz)1 [OT all z in C 

th n f mu (b a on (ant run Ii n. 

Proof 

L t 0 = rcC) and put a = (a) .II'l al ~ 1(1 ror 'a 'h ( Ln { Ih n a h 'Ie ng, I nd 

iCth ri a p in l ( in n "ilh (I> lal lh 'n \\' '<111 'he ) " a po:ili\' numh r p ' u h 

th (13Ca , p) en Ih r I()T" a is in dnn . In pani 'ular Ih ' 0.;'\ '<lnm \ '( p 'n ( ' i n ' 

aonn = ¢) . l ien " b) op 'n mapping Ih 'on;m f Il1U \ h 'onstanl. 

ub Ie [ i all d bound ed ir il i 'onl in' I in ')m di:k . 

Theorem 1.2.2 Maximum Modulus Theorem (seco nd cr!\ ion 

I. I C a p 'n . '\ in [ an I ' lIPPllS' I i.., d 'OnllnU( u run'lion n C \\ hi 'h i ' 

anal Ii ' in C then ma {I (2)1 : /. C} ma {II (/)1. /. C}. 

5 



n th ' l" \-\a) t tat ' thl I thaL a lun 'Llon / ( /. ) ~ na l) i' m a uun 'u r ' ,iun C; an 

ntinu u: n G a 'um' iL mu Imum on (; ) 

Proof 

In C i b und d th L G i ' b unded an -In. u, ' n C th ntinu u run ti n 

If I i b unded and attai n ' it , 'up 'fmum fv1 at : om' pint or C \\ a ' 'um Lhat 

If I doe n t attain th \ alue n G. I h 'n I (a)1 = I() r : )me a E C .1 r f i ' n t 

on tant then b ax imum Mo ulus I h 'or m ( Iirst \ 'r: ion ) I I altain ' it · ma, imum n 

the ac. Ilene the theor m i: prm I. 

Remark 1.2.3 

InTh orem l .2.2we didn ·ta ··ul1l IhatGi-; 'onn"t'du ' in l·h '(rem 1.2.1 

Exa mple 1.2.1 

{
- IT n} 

Let C = z = x + iy: 2 < y < ~ and put fez) = p (expL) :1 hen f i ' ntinu u ' n 

C- and anal 1ie on C. I f z E ac th n 7. = 
ITI 

- 2 

( TrI) TrI 
o If(z)1 = lexp (exp7.)1 = lexpexp x _ l 1= lexp(e pX exp -7)1 

I ( ( n .. IT ) I = e pep COs ~ _ L<.;m 2 

= Icase i sine '( 

= 1 

II 'nc If(z)1 = I p(_ i X)I = 1 

II we r. a x g ': to inlin it) thr )u !!h Lh ' r 'al ll umbl!l' . (x) 

c ntradi t th 'Maxil um M dulus I'h 'or 'm b ' ' all ~' (; i 11( t boun d. 

In th Ii 'h t r th' ab \. ';.,ampl' iL IS imp ):: ibl to dr th '1: ' L1m Li n or 
b und c1n r C in rh' r m1.2 .2: h \\ '\ 'f iL an b' rl!ph ' . I h 'ub LitLlt, I - a 

6 



r 'Nth nditi n n I (z)1 as z aprn u'h ·., Inlinil~ . In /a , il i al ) p , ibl 1 mi 

th ondi ti n that [ i: d'iin 'd and 'ontlIlUUU on (; 10 IUlhi . h' I'oll()\\ing I'linilt m 

ar n d' 1. 

, n id r th IU n ' {a n} in the : '101' r 'al numb 'r.,. and th n th' 1')11 \\ Ing 

t 0 eq uenee need t be n ' id r'd 

I !ere {bn} i a decr'a ing 'cqu n 'c \\h'r' a ' {cn } i ' an in r a: lng s' lu ' n 'and h n 

thci r lim it cxist in the e tend d real numb r 1-00,00 I. II 'ne' th' limit {bn } i: 'a ll d limit 

supcrior where a. the lim it {cn} i ' called th' limit inl"rior an ar '( mput 'd 

_ l.I'u p Dk I 
b = 11m b = in r k~1I and limn r n n i n 

Itn{k I 
c = 11m c = sup k2n 

' I n _ n n 

But here one need to understand that the limit 'uperior an / th' limit inl' ri r r nl ' 

computed whenever the 'quenec {an} i ' in ([ hoth \ alLi ': ';...i : t in th 

rea l numbers we usc those d linili ons mo: t oj' th' lim ' '0 \\e 'houl hu\e a g d 

unders tandi ng 01' those deliniti n . 

Definition 1.2,1 

If f: c ~ IR<. and a E C- or a = 00 th nth limit ' uperior I'f(z) as z approaches a, 

denoted by limz a sup fez), i ' dc/in J b 

lim sup fez) = lim sup{f (i:): z CnlJ (a; r ) } 
z a r ·0 

(II' a = 00, 8(a; r) i ' th ' ball in th' m 'tri ' /' ([00 ) 

imilarl . the limit inferior 01' ((z ) as z approach ' CL , 

i defined b 

lim ?, 'u inf f ez), 

lim z 'u in fez ) = lim , ,0' i ltJ {J (z): z (; n JJ (a; r )} 

If I'm f ez) C I' t an ' ILlal ' (3 th 'n I z a ' 

lim z a up fez) = (3 = lim z . Q In (z) 

7 



Example 1.2.2 

I ~ t C b a r gi n n I L1 PP ):' tha I : C «:: i anal) tl<': an a E C u'h th ' 1 

If (a)1 :::; If (x)1 [ aT all 1.' in C . .'ho\\ lhal 'ilh 'r I Ca ) 0 or [ IS constant. 

Proof 

Let f: C --) ([ be analytic where G' is a region. /,et a E G such that 

If(a )1 :::; If(z)1 for all z in C (1 .2.2 .1) obviously ; [ (a) satis fi es 

(1.2 .2.1 ) since 0 :::; If(z) I for all l in G' is true. ow suppose that 

f(a) * 0 fo r all a in C.Define g(z) = _1_ since [ Ca) 0 [or all a in C and 
1 (7. ) 

1 1 
Ig(z) 1 = If Cz)l :::; IrCa)1 = Ig (a)1 f or all 1.' in C. 1:1'( m ( thc I flnit i n and (1.2.2.1)) 

so according to the M a imum M odulu ' Th' r'm g 

Thus we conclude either f (a) = 0 or [ is constant . 

Example 1.2.3 

Prove the following M inimum Princip le. I !' f is a nn 'on t'lIlt anal t i Li n ti n n a 

bounded open set C and is eontinuou. on C- . th n ithcr f h'l Z I' in C r If I um 

its minimum value on ac. 

Solution 

s ince f belongs to C(C- ) we ha ve If I also belongs to C hence there e ists a an 

elementofC - such that If (a)l :::; 1[ (1.') 1. I I' a d(; tlt -n I I u ':um ' ,' it., m inimum 

va lue on ac. Otherwi e. i r a fi aG' lh n a E C and \,\ ' " Ill \Hit - C = U t \,\ h r t r 

the component. o f C that i. a A, ft)!, Sill' i . 13ut '(\ 'h t I: r' ' Ion . : \\ an u ' 

e. ample (1.2 .2) hich yield ' ilh ' r [ (a) = 0 0 1' is constant bU I \ ' a: Lim t b 

n n eon tant , ' 0 f h l< huy ' a Ic rn in (; . th'r'!')r' 'il h r ha: a I ' r in C or I I 

as 'um it mi nimum alu' on dC . 
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Examplc l.2,4 

LtC b a b und'd r 'gi n and : uppo ' [I 'on inti LIS t n C an anal} Ii , n (; h \\ 

that if th ri a n tant c 2:: 0 ' U h that 1[ (7. )1 = c or all /. on the boundary 0 C 

th n ith r t i a onstant run 'Ii n H [ has 'I I Cn> in (; 

Solution 

uppose there i. a con: tant c 2:: 0 such that If (7. )1 - c [or all 7. E (G " or ing I ) Ih 

Maxi mum od ulu Thear 'm (\ IT'i n _ , 

we getmax{ ItV)I:z E C- } = max{lt(7.)I:/. E eC } = c so If (z)1 ~ c tor all 

z E C- (1.2.1.1). Since t be long C(C) whi h impli ' If I bing' t C(C- ) nd th r 

ex ists an a E C such that It(a) I :5 It(7.) I ~ c ['r m (1.2.1.1) Ih n b) '.\ mple (1.2.2) 

either t is a constant or t has a I.ero in C. 

Remark 1.2.4 

I r C c ([ then lei a I C den te the boundar) )1' C in ([ 00 and al l it thc cx tcnd cd 

boundary of C. If' C is bounded Ihen aoo c = ac an il' C i ' unb und d Ih n oo C = 
ac u {oo}. 

Alter these preliminari ',' th ' lin ~li \ crsion ll' [h ' \1a:-- imum ~/I ( dulus I'h ' r m 

can be stated. 

Theorcm 1.2.5 Maximum Modulus Theorem (third vcr ' ion ) 

Let C be a region in ([ and t an analyti ' run Ii n n C . ,' upp 

such that lim z a supi t(7.) I ~ M [aT all a in aoo c. I'h 'n If (7.)1 ~ 1 f aT all z in C. 

Proof 

Let 15 > 0 be arbitrar and t /I = {7. E (; : 1[ (7.) 1> M o} \ \ C n 'd I :h \\ /I i: 

mpt . inc' It I i, ' ntinuous. /I is npen. ' in " 11111 / ' (I SLIp 1/(7.) I :5 r r a h a in 

aoo c b ' defin ition th 'r' i: a ball lJ (a ; r ) u 'h Ihal 1/ (7. ) I < 15 r r all /. In 

Cnl3(a; r).lhus /I C (; .nut v. ' ~ n \\ Iha l Ihl , ' ndili< n ai ' h lid ' II ' C I: unb un 



and a = 00 . n \\ 1/ rnu ' t 'b un u I h r'l rt: /I I lm p .. ·t ·1 hat I /I i 

and Lind d . I I n " b h s · · In I \ 'r I t n 01 th ' LIlLI I h 'or 

z E 1I ,lf(z)1 = M 0 : in ' 1/ c {z : 1 (z)1 ~ 6 } , I h . r " lrt:, /I = ¢ r 

n tanto i3 L1 t th h) pc th i ' irn pli" if f I" 'onsl' nt th 'n /I 

Exa mple 1. 2.~ 

If C = {z : 11m z l < i}, then f ez) = ' p( ' xP/) sad'll Les he condLLwn 

lim z a suplf(z) 1 :5 1 Ii r all a in de hut not lor Cl - I . 

Example 1.2.6 

uppose C i a region, f: C ([ i analytic. and M i, a r Z I 

on aoo c and {zn} is a seq uenc in C v. ith z = lim zn \\ ha\ ' 11m sup l (zn) 1 :5 

how that If (z) 1 :5 M . for cach /. in C. 

Solu t ion 

I lere we need to sho that lirn z ' Q sup lH z)1 :5 M ror all a ooo C. I h 'n \\ ' n u th 

Max imum Modulus Theorem (vcl" ion ). In ,t, I or : h \-ving l im sup lf (zn)1 :5 M ~ 

lim supl f(z) 1 :5 M we show the contraposiLive that is limz '(I up lf (z)l > 1 => 
z a 

zn ~ z as n ~ 00. that i ' /.n g 't: arbitraril) '10:' t /. an I ' in ' f i ' anal ti ' . that i 

conti nuous. we ha\ c f(zn ) !l 't : arhitrari l; -In: - to Hz). I h 'r " .( r ' 
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CHAPTER 2 

THE SCHWARZ'S LEMMA AND ITS CONSEQUENCES 

Fin I t u . ,t th ' f()I1( \\ ing ti.lnui.lru notatIon ' \\ ' tI 'not· h' UII-. \\ I h 'nl'r 

Zo and radiu (r > 0) b /) (%0: r ) = {% E ( ' 1% - %01 < r} . n Ih' 'orr' 'r)f1 Ing '10" 

di k, and th irc l ill b den< t 'd b) /5 (%o;r) anu C(%o; r). r 'P 'Ii \ cl) . 

C(zo; r) = {z E ((: 1% - %01 = r } 

For impl ici t . the unit di ' ~ \-\ ill be d 'not 'l b) /) : /) = /) CO,1) = {% E C: 1%1 < 1}. 

2.1 Schwarz's Lemma 
T he Schwarz Lcmma, nam'd aft r II rmann r ult in 

complex analys is about ana l ti c fun'ti n ' d fin'd n th' P n unit di k. T h nt 

section cx plore the chwarz ' leml11 and h \\ t appl , h"\arl. I I11ma t 

the conformall11aps of' the open unit di k mtt it s ' If'. 

T heo rem 2.1.1 (Schwa rz 's Lemm a) 

Let D = (z: Izl < 1} be an op 'n unit di ' ~ in th' . )l11pl x pl an an upp ' f i an I ' ti 

on D whi ch sa ti , fi es 

Then 

(a) If(z) I S 1 for % in /) : nd 

(b) fCO) = o. 

1[,(0) 1 s 1 'lIld If (2)1 S Iz l 'Of (JII Z In h d Isk I 

oreo er, i rlf'(O)1 = 1 or If(z)1 = 121 f or som ~ 2 O. th n th r' i: a cons tant c, 

Icl = 1, u h that 

f ew) = cw I(l r 'III \\ in I 
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Proof 

T pr r th L mma. on ' rrll ' th' la imum 10 tllu Inn .pl' t h' 

f (7.) { IV) 0 funct i D fin g: D ([ b) 
-' 1 Z n -. g(7. ) = ,,' . Ih 'n 9 I anal) . ' In f) z 

(0); I I. - 0 

ing the a ' imum dulu ' Th 'or 'm. Ig(7.)1 5 r • I'or 17. 1 5 rand 0 < r < 1 L' ling 

r approachl gi e Ig(7.)1 5 1 r r ' 11 7. m i . I hat i:.lr(z)1 5 17.1 and I '(0) 1 = 19(0)1 5 

1 .11'. If(z) 1 = Izl for om z in D, 7. 0, or 1[,(0)1 = 1 th n Ig l a."um : it: ma imum 

alue inside D. Thus. a ga in appl ing the Ma, imum odulu ' I h r'm. 9(7.) == C )r 

me constant e ""ith lei = 1. Thi: gi\ '. I (/.) = cz and '( mpl'l 'S th' pro)1' or th ' 

theorem. 

mappll1g of the f'o rm S(z) = az I h i .... called a linear fractional transformati on. 
C% I (/ 

1 I' a, b, c and d , also sati sl'y ad - be 0 th 'n. '(z) i ' 'all 'd a .Vlobiu · tran ·formati on. 

Nex t, we will see how to appl 

maps of the open unit disk on to it elf. Fir t 

defin e the Mobius transformati on 

7. a 
CP al /.) --

I a/ 

hara t'rif. th nl' nn I 

intr du . I'. u h map '. I I' la I < 1 

CPa is analytic for Izl < lal - I
. So that it i ' anal Ii' In ' l!1 p 'n i. k ' )I1laining 

the closure of f) = {z: Izl < 1}. For Izl < 1. \Ad': ge l 

and 

z- aaz 
1- aa 

'l. 
%( 1- CICI) /.(1 lal) 

= 1 aa =-1 17 

=7. 

12 



_ 
% aCI%. ( 1 ) _ /. au 

- TCUl --I au 

= %, 

Therefo re, CfJa(CfJ - a(%)) = % = CfJ a(Cf.1a(%)) for 1% 1 < 1. II n ' CfJa maps f) nt it ' ll' 

in a one to one Cashion, 

Let e be a rea l num ber then 

Hence, since I~ - ii i = leLo - ai, 

Th is sa s that CfJa(aD ) = aD , 

leio - al 
leL o - iii 

11'1/1 (I I 

11'111 11 1' 1/1 ,1 / 
le lo - a l 
11' 1/1 ai' 

These fac t , and th 'I' P '!'linen! inr rmati 1I1 \\ hi 'h 'an b' 'a 'il 

summarized as folio " 

Proposition 2.1.2 

, ar 

tflal<lthenCfJai:a n to n'l11ar<rD - {/. ' I/. I< I }<nt 1I " lr: th imT')r 

CfJa is CfJ- a' Furth 'rm( r' , CfJa mar~ 

1 



\ I I u ' , h \A, Ih' l: lUll 'II' )n b u '.In u 

mma, upp sup ) ' lal < an (a) = 
o lal < 1 unl nSlanl ), mong all run 'lion 

maxi mum po ibl ' \ alu or Ij IC a)!'! 100" - lhi pr bl-m I- g Cp"ojOCP a I h n 

g: D ~ D and g(O) = CPa (r(a )) = cpuCa ) = 0, (\\ \\' 'an aprl) .. ,h\\ar;' I'mma I) 

obtai n that I gl (0) I :::; 1, ppl ying th - 'huin rul ' 

= l - Ia l~ rea) (since cp o (a) = (1 - lal 2 ) I = _l-J 
l - lal 2 a I lal 

l ienee 

Ir (a)1 :::; ~ =: : :: (2. 1.2.1) 

Moreover equal ity w ill occ ur xaelly h 'n Igl(O)1 = 1, r. b) irlu r hwarl.· 

lemma, when there is a eon lant e v i th lei = 1 and 

fe z) = CP- a(eCPa(z» ) for III < 1 (2 .1 .2.2) 

We are no read) to st I ' und pro\ ' (n I' th' m'ln 

ehwar7.' lemma. ot thaI i rie l = 1 and lal < 1 Ihen 

anal tic map of the pen L1nil disk f) on l il:ell '. !'he n ' ;..1 r ':ul l : ' .' Ih I Ih ' 

also Irue. 

T heo rem 2,1,3 

or 

Let f: D f) b 'Ion'to on an 't!)l i'll1upol' O nt)il 'Ir(mdsLi ) " (a) = . Ih'n 

ther i a om pi numb ' r e \.\ ilh lei = 1 'u ' h Ihdl f - ecpu 

1 



Proof 

' in f i ' n '- t - n' and (n l . Ih ' r ' I '> .In andl) II lun li>n CJ f) f) l h hal 

g([ (7. )) = L fOT ILl < l. !\'o V\ ' in ' g(l (%)) = % th 'n .ci U (a)) = Cl lor lal < 1 

(g(f (a))' = g'(f(a) )f'( ) = llhls Impll '5 g '( O)[' (a ) 1 

ince e have f(a ) = a thi s impl tes f Ca) - 0 hence a 0 an 

o u ing ineq uali t (2.1.2 .1) 10 both f and.ci gi \ ' 

1f'(a)1 :::; (1 -laI 2) - 1 and Ig' (O)1 :::; 1 - Ia l l (: il1l: ' ,q (O) = a = a ) 

ow since 1 = g'(O)f'(a) :::; (1 -l aI2 )[' (a), \\ )btain 

Therefore, If' (a) I = ( 1 - laI 2)- 1. ppl yin g G rm uh(2 .1.2.2) . \\ h' v 

It fo ll ows that CP o is the idcnli t) 111 'lpp in ' , I hus 

T herefore, f = cCPa 

2.2 Schwarz's Lemma and its application 

The SchwarL's Lemma i: ln ' Dr Ih' : impl '. '1 r': ul t: in 'III ( I' '( mp l ';" 

func ti on the ry , !\. di re t appli at i( n ur th ' I ·l.\ ill1ulll II dulu: Prin ' iplc. i l i ' 111 'r I) . 

statement about the rat f groV\ th r anal ti ' 'un ' Ii )11 ' Oil th L1llil di .' ~ , 

But ther i hardl an r ': ull thai ha: b ' ' 11 lui l ' .' inllLl 'l1lia!. " h< n ~ III art 

t ' ar A hlf' 1'5' , g ' m t1'il.ali 11 or thl.: I rc ( r (h' 'ho \\ ,t1 thai th ' " h\\ <lr/ " "mI11'1 ' 11 

lS 



b int rp r t d in t rm ' f 'urv tur ), th' "h\\ ar/' I'mma hu .' um a 'ntnl ' n 

p v r ful ro l in mpl ' . g m'tr . 

Exa mplc2.2 .1 

Pro c that l lz l -l w I1511. - wi r r all% ,w E (( '! 

Proo f 

Iz - Wl 2 = (z - w )(% - w) = (1. - w)(% - w ) 

~ Iz - w I2 2 (l z l - lwl )2 Thi s implicsl l%I-lwll 5 17. - wi 

Examplc2.2.3 

Suppose If(%) 1 5 1 for 1% 1 < 1 and r is a non cons Lant analytic function b) 

considering the ('unction 09 : D D dclincd h) 

r(1.) - a 
g (1.) = 1 - ar(% ) 

where a = f (O). pro e that 

I[ CO)I - Izl < If(1.)1 < 1/(0 )1 11 70 1 [or 11.1 < 1 
I[ CO)lIzl - . - 1 1[(O)li .1.! 

Proof 

Since 9 ( 0) = [ C~) - a = ~ = O. 11 ' 11 " g(O) = 0, ' l \\ \\C 'Iaim 109(1.)15 1 
l - a[CO) l - aa 

cal 0 ha c 
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I (%) - al 
Ig(;;:) I = 11 _ a (%)1 $ 1 

ine' If(;;:) I ~ 1 for 121 $ 1 noV\ V\ 'an aprl) .' 'h",JrI I mm' Ig (x)1 $ 

q If(z) - a l ~ Ill11 - a[ (/.) I thi : imrli 'S 

~ - iz i - Izllallf(;;:)I ~ If(2)1 -l al and 1/ (2)1 - lal $ 121 Iz ll all (2) 1 

~ lal - Iz l ~ If(z)1 + Izliallf(z) 1 anci l[(z)I-12I1 a ll (70)1 ~ lal 121 

~ lal - Iz l ~ If(z) l(1 + Izllal) anci lf(7o )I( l -12I1 al) ~ la l I;d 

~ laHzl ~ If(z)1 anci If(2)1 < lal+lz l 
l+lzllal - l -Izlla l 

~ lal -I zl < If (z) I < lal+l,d 
l+lzllal - - l -Izllal 

If we set a = f(O) then we obtai n 

1[(0) I - Izl 1[ (0) I 1701 
1 + If(0)1I21 ~ 1[(2)1 ~ 1 - 1[ (0)1121 

Therefore thi s is the desired rc:ul l. 
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CHAPTER 3 

CONVEX FUNCTIONS AND HADAMARD'S THREE 
CIRCLES THEOREM 

3.1 Co nvex a nd Loga rithmica lly Convex Fundio n ~ 

In thi s ee ti on lA C \\ill 'Iud ) ' I n\ ' run 'lion 'i and logari thml 'all) on" 

func ti ons and how lhal such !'unct i lI1 S appear in Clmn 'ClIt n \\ ilh . IUO) 01 anal) 1I • 

func ti ons. 

Definiti on 3.1.1 

If [a , b] is an interva l in the real lin. a ('u nct io n f: la, bl ~ ' om . if ('or an) 1\\ 

po ints Xl and X2 in I a, b I 

whenever 0 :::; t :::; 1 , /\ subsel !\ C ([ i ' convex i I' \\ hen ' \ 'r % ano w ar ' in , Lz 

(1 - t)w is in A for 0 :::; t :::; 1; that is, 1\ is convc h n for ny t 0 poi nt in lh 

line segment joining the two points i. al ' ) in!\ , 

Exa mple 3.1.1 

I f x E \R{n and r > O. the open (c lo 'cd) ball 13 \\ ith nl 'r at . n ra iu ' r i: d 'fin' 1 

be the sel of all y E lI~n . uch thaI Iy - x l < r (or Iy - I:::; r ), lv\" 'all a : ' [ I;' ~ 1R" 

co nvex if AX + (1 - it)y E r: IAh 'nc\ 'r ,y E /;' and 0 < it < 1. 

For example, balls arc COlwe ' , I:or if Iy - I < r: 1% - I < r an I 0 < it < 1. \\ . h \ ' 

lAY + (1 - it);;; - x l = lit(y - x) (1 - it )(% - ) 

:::; it ly - xl (1 - it)l /. - \' 1 

:::; itr (1 - it)r 

= r 
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I~ emark 3.1.1 

functi n i on c if an I nl) i l' lh' P lrlion or lh' plan' I) in' ao)\ , Ih' 'rJph oJ lh' 

function is a con e ' se t. That i '. i I' \\ 'I k at th graph >1' f in ". Ihl un ili In "an ' 

formu lated geometri ca l! b a in ) Ihal 'a'h p inl nlh"h rtl b'I\\ . 'n ( I' ( I)) an 

(xz'[ (x z)) is abo e the graph i' f. 

Remark 3.1.2 

If f is convex on la,b l and if X,y , Xl, Y I ar p >in l. ol' l Cl , b l \\ ilh , < Xl < YI and 

'1 hal i:. j (y ) - j (x) < j(YI) / (xd 
Y x - YI 

Proposition3.).3 

A funct ion f: la, b I ~ I~ is convex i/ and only Lj the se t 

A = {(x , y): a ~ X ~ band l ex) ~ y} 

is convex . 

Proof 

(~) Suppose f: I a, b I ~ I~ i ' '\ com" ;>: i'unclil n anti 1'1 ( I' YI) 'tnt! (A2' y ,,) b' p il1l ' 

in 1\ . I f 0 ~ t ~ 1 then. by th tI li nition ),' , m '. run ' Iil n, 

c n c 

(¢=:) uppo cl\isaconvc'xs'landkl x l , l b'I \\ Or Inl IllICl, hl . lh·n 
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irlu f it it . Thu ' th ' I"initi n I ' 1\' tha 

Th r forc f i 'C nvcx. 

Propos ition 3.1.4 

(a) A function f:{a,b] Iffi is convex lff oranypOtnL Sx
l
,''', ntnla,b] 

and real numbers t1 , . . . , t n 2:: 0 with L~ 1 Lk = 1. 

n n 

fC I tkXk) $ Lk /( k) 
k - l k I 

(b) A se t A c ([ is convex iff for any poinLs /.1," ' , /.n tn and real number 

t1 , • . • , tn 2:: 0 with I Ll Lk = 1, I~= 1 t k/.k belong s La 

Proof 

(a) 

(=» supposeafunctionf:la, bl IRUsconve . 

Wc need to show lo r any points Xl . " ',Xn in la, b ] ,n r'al numb'I" LI,"',tn 2:: 0 \\ith 

I~=l tk = 1 

n n 

fcI t k Xk) $ I Lk f ( k) 

k = l k 1 

Th is is pro ed by induct ion. lor k = 2.1 I XI' l la. b]lh'n 

Cb definition of con ex function) . 

uppose iti s truerork = n - 1. i .c .. r(L~ : Lk'k)$ ' ~: LklC ,,;)( \\h 'r' ~~: £ - 1) 

need to pro C lor /( = n is truc. I.et I.· .. " 11 la, hl .lnu £I, .. ·.L II ~ 0 \\1 h 

I~= l tk = 1. Th n 

20 



a I t a = t l +... tn - 1 . I:or a = O. th 

O I t - ,\,n - 1 [ k 'I'h '. a =f. . ,e x - L.. k = l -;; Xk ' ' no b\ th ' Indu "tl on a limp ion. 

ince f is can ex, 

( . 1 _) 

Thus it follows from (3. J.4. J) and (3 .1.4.2) that 

T herefore, 

(¢::) Supposc for any points x1 ," · ,x" in la, b l 'lnl r " t1 numb 'rs L1,"',Ln;:::0 

wi th I~= 1 tk = 1. 

Let x1,xz E [a,bl with 0 < a < 1 

ow sinee a + (1 - a) = 1 where t l = a and tz = 1 - a 

(b) h p th si ') 

Therefore. f IS convc, . 

(b) 

(~) uppose a 'ct!! ~ ([ b" e nve,\( . . n··<.1 to:h v" ~ ~ 1 L" %k E . h r k = 2, b) th' 

d finition o r eon ex set. th e eoneILl ' i< n ")11 \.\5 1111m ' lut'h 
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sume it i true ~ r k = n. that i '. I' r an) 7.1( k - I 2 n I , - " , ,.In r In) ...; O, k = 

I ) f k = n , th' 

tatement is true . L t /.k Ii , k = 1,2 .. .. , n 1, amI i" ~ ,k = ,2, " ' , TI \\ i h 

I~= i t k = 1. Let t = I~= 1 tk ' I r t O. th 'n it loll()\\ 1m i.tll) \ urn' th \ 0 

d I - "n Lk , 'I'h an et z - L.., k = l t zk' en. by th ' inuu 'tion a ' urn plI >n , I.( 

tz + tn+l Zn+l Eli. Therefore , 

n 

tz + tn+ l Zn 1 = t I Lt /. k 

k 1 

n I 

Ln /.n I = L LI( 7.1( E 
I( I 

In " \ \ ' um ' 

(<=) suppose I~= l tk lk belongs to 11. We n ' d t h 'A Ii i ' ')11\ 'x . 

Let Xl,X2 EA with O<a < l . ow .'Incca ( l - a)= l . \\hf' L1= aand 

t 2 = 1 - a, by hypothesis we ha e aXl (1 - a) 2 eli. I'h reI' r . I: ' n\ 

Proposition 3.1.5 

A differentiable functionf on la.b l is convex iff f 'is incr a ing. 

Proof 

(=» Suppose f IS convex we neel to . hoV\ f' i .. il1rasil1 1 I ,t Cl :5 < :5 b and 

suppose 0 < t < 1 since 0 < (1 - t )x Ly - = L(y - ) . th' ll th' 1'linlllol1 r 
convex ity gives that 

t(Cl - L)XHy ) - [ (x) < ( l - L)[(X) H[Cy)- [ (x ) 

t (y-x) - L(Y- X) 

Th i can be cxprc sed a ' 

[ (X) - L[ (X)+t[(y ) - [ (x ) 

L(Y - X) 

L(f (y ) - [ (X) ) 

L(y x ) 

f ey ) f ( r ) 

y 
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f((1 - t)x 

w letting t --7 0 then (1 - L)X Ly x thi: gi \ Ihal 

['Cx) < fCy) - [Cx) C· _ 3.1.5. 1) 
y -

imilarly, using the fac t that 0 > (1 - L)X Ly - Y = C1 - L)(X - y) 

f(( l - l )X +ty) - f(y ) > (1- l ) l (x) ll (y) I(y ) 

Therefore 

( l - l )(X - y) - (l - l ) (X y) 

= f(x) - U(x) HI(y) - I(y) 

( l - l )(x - y) 

_ f(x)(1 - l ) f(y)( l - 1) 

( l - l )(X- y) 

_ (r(y) - f(X»)(l - l ) 

(1 - l ) (X- y) 

_ f(y) - r(x) 

y - x 

I( (l - l) X+ty ) - f(y) f(y) - f(x) 
--'----~--"-'- > --'------'-

( l - l )X+ ty - y - y - x 

ow lett ing t --7 1 then (1 - L)X + ty ~ y gi \'" thaI f' (y) ~ I( ) I() (3 .1.5 .2) y 

ow combining (3.1.5.1) and (3. 1.5.2) \'v C haH: [' ( 
(y) 

Therefore [' is increasin g. 

(¢=) Supposc that [' is incrcas ing and that x < u < y \\ \\ nl I 'h \\ l ' 11 \ a \} 

the Mean Value Thcorem fa r dilT rcnti ati on t fin r < nd . \\ ilh • < r < u < S < 

such that 

and 
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'(-) = fCy) - feu) 
y - u 

ince (( r) ::; ((s) thi s gi e that 

fCu) - fCx) < fCy) - fCu) 
Pr id d that < u < y u- x y - u 

In particul ar by letting u = (1 - t )x + ty wh r 0 < L < 1 

f eu ) - ((x) f ey) - (u ) 
- - -- < -:-------.::-

t (y - x) - (1 - L) (y - ) 

~ (1 - t ) ff (u ) - f (x) I ::; tl fey) - fe u) I 

~ (1- t ) rJ((1- t )x + ty ) - f (x)1 ~ tl f(y) - ((1 - 1) y l 

~ (1 - t)[((l - t)x + ty - (1 - t )f(x)) ::; t f (y) - t{ (( 1 - L) Ly) 

~ (1 - t )[((1- t)x + ty) + tf ( (1 - t )x + ty) ::; tf (y) (1 - t){ (,) 

~ [( (1 - t) x + ty) ::; t [ (y ) + (1 - t) f (x) 

Hence [ is convex. 

DEFINITION 3.1.2 

A fu nction [: la, b] ~ I~ such that f (x) > 0 fo r all x i. ' i I t b' loo-arithmically 

convex if log [(x) is a convex functi on of x . 

Remark 3.1.6 

/\ logarithmi ca ll y convex function is II 'O Il\' ';-' fun ,ti >no hut th' ' 111 \ ' r ' i: 11 I a h\ J) . 

true. 

Example 3.1.2 

[(x) = x 2 is a convex functi on. but log f(x ) = log I. = 21 g I, 1 i: 11 I a m' 

functi on and thus [ (x ) = x 2 is not loga rilhmi 'a ll , n\ ' .. n th Ih 'r han 

( 
2 I X l [ x) = eX is loga ri thmi ca ll convex a og e = l i: a ' m ' run ' II n 
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Remark 3.1. 7 

If t(x) ha a 'ccond d ri\'ati\ 'in la, bj, th n (1 n' " r) .m ult"I'I'nl un IIll f rll 

to bc con ex on that intcr al i ' that the '" nd d ri\ati\ . f "( ) ~ I lr all 

in la, b] some examples of con c. fun ,tion ' in ' Iud ' x/J r r p = 1 r c\ n p ~ 2, 

x log x for x > 0, and Ixl fo r all x. 

Before proving Thcorem 3.1.10 note that t ): y that log () I ' , n\ ' m 'an ' thai 

for a S x < u < y S b. 

(y _ x) log M (u) :::; (y - u) logM (x) (u - x) logM(y) (3 .1.6.1) 

taki ng the exponcnti al or both sides oi\ cs 

M(u) (Y-X) :::; M(X) (Y- ll )M(y) (ll xl \.\h n \ 'r a:::; < u < y ::; b (3.1. .2 ) 

I\ lso, since log M(x) is convex we ha\e th at log M(x) is b( und db) 

max{logM(a), logM(b)}.That is, for a::; x::; b 

M(x)::; max{M (a),M(b)} 

This gives the following 

Corollary 3.1.8 

:G ( i 
Let a < b and let G be the verti cal st rip {x + iy : a < x < b) .• upp 

continuous and t is not constant then If(z)1 < sup{lt(w)l : wE} or all z in G. 

Lemma 3.1.9 

Let a < b and let G be the vertical s trip {x iy : a < < b} . . uppos : C 

is continuous and furth er supp ose that If (%)1 ::; 1 fol' % [/1 de; Lh n 

It(z) l:::; 1 toralizinG . 

Proof 

For each E > 0 let g (z) = [1 + E(Z - a) r 1 r r '(1'h % in C th n r r 

z = x + iy in G-
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19 (7.)1 51 /?el l 

11 ( - u)1 1< 

(7. - u)1 I (3 .. n.) 

5 B 1 Ilm7./I 1 

if R = [x + iy: a 5 x 5 b, Iyl <;} in' lualit) (3. 1.8.1) gi\· I (7.)Yr(7.)1 ~ Il r 

Z in 8R. It follow from thc Ma imum odulu. I h 'or 'm lhut 

I/(z)9£(£') 1 5 1 lor z in R. But if' 1m 7.1> !!. lh 'n (3. 1.8.1) 
( ' 1\ 's 

that I/(z)9£(z)1 5 1 Thus 1'01' all 7. in C. 

(7. - a) I. 

Lctting E approach /.cro 

If(z)15 1 [or all 7. in (; . 

n cntire function (fntegral function) i. a fun ti n \\ hi hi ' d fin '0 nd unul) II ' In lh' 

who le complex plane. 

T heo rem 3.1.10 

Let a < b and let C be a vertical strip { iy : a < , 

continuous and analytic in G' . I [ we de [ine M : I a, b I 
M(x) = sup{l/(x + iy)l: - x < y < f} (3. 1.10.1) and I 

for all z in G', then log M(x) is a C0 11 e !'uncLL011. 

Proof 

< b} .. LiPpOS> I 
by 

(7.) 1 < I] 

(; -. IS 

To pro c the thcorcm I,.vC n' 'u onl) ·~tahili. (ll)" (I (a)h (h)" 

lor a < u < b. R call that 1'01' a 'on: lanl > O. I. - p (7.log) i .1Il 'n ir ' II n II n 
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, (b 'I 

Z ith no zeros. ow define g (z) = M ( ) (b (I ) (b)b(ll'un'nllr',n' 'r !nIh. 

and (because IA z 
1 = ;1ReZ ) for z = x iy 

(b- x) (x a) 

Ig(z)1 = M(a )(b a)M(b)(h uJ (3 1.10.2) 

It i ass umed here that M(a) and M(b) O. 110\\ ' \ 'r. if' 'ith 'r 

then f == 0) since the expression on thc ri ght hand <;id ' of' (3 .1.102) I '(lnlin )l 

in la, b] and never vani shes. Igl - 1 mu t be bou nded in G 10. Ig(a ly)1 = j (CI) 

and Ig(b + iy)1 = M(b) so that 1 f(z ) 1 S; 1 for z in aC 'an r 'a li ' Ii '. lh' h)p lh' i 01 
g (z) ' g 

Lemma (3. 1.9) .Thus If(z) 1 S; Ig (z) I, 7. E C. 

sing (3.1.10.2) this gives for a < u < b 

(b- u) (u- a) 

M(u) S; M(a) (b- a)M(b) (b- a) (3.1.10.3) 

Thi s is the desired conclusion. 

Example 3.1.3 

Show that if f: (a, b) ~ I~ is convex thcn f is c ntilllt) u: I) : lhi : r 'mai n lru' If ( I 

defined on the closed interva l 1 a, b 17 

Solution 

Since f is convex on (a,b) and ira < x < u < y < b, 

W h 
f (u ) - f (x) < f (y )- f (x) < f (Y )- / (u ) 

eave _ -
u - x y - x y - u 

(3. 1.3. 1) \" hi 'h \\ ' \\ ant l h \\ . 

Let a < x < u < y < b, u = Ax + (1 - A)y \\ it h A = Y u E (0,1) In' , f IS 

convex on (a, b) we get f(Ax + (1 - A)Y) S; Ar() (1 - A)f( y) LllI Impll's 

feu) ~ y - u f(x) + u - x fey) 
y - x y - x 

~ (u - x)f(y) + (y - u ) f (x) - (y - x) { (u ) ~ 0 (3 . 1. 3.2) 

~ u f (y) - x f (y) + y f (x) - u l (x ) - y I (u) . f ( LL ) ~ 0 
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• rom (3 .1.3.2) we get (rearrang t rm ' and udd/ 'uhtra ' 1 a 

=> uf(y) - uf(x) - xf(y) + xf (x) - yf (u) - yf ( ) 

=> (y - x) (t (y) - f ( u)) - (y - u) (f (y) - f (x)) ~ 0 

f (y) - f(x ) f (Y )-{ (u ) " 
=> ::; . I hus we ha e proved (3 1 ') 1) y - x y - u .. . ) . 

f eu) - f( )::: 0 

Given x E (a I b) choose o· > ° such that Ix - () IX 81 c (a ,b ) 

Claim 

f(x) - f(x-8) < f( z)- f(x ) < f (x+8 )- f(x ) [ II . ( 8 £) 
8 - z-x - 8 OT a z E x - I X U (3. 1.3.3) 

. [ (x) - [(x - 8 ) ( [ex 8)-[ (x ) 
is eqwvalent to 8 z - x) ::; fez) - f(x ) ::; 8 (z - x) 

. . h h [ (x )- / (x - 8) ( [ ex 8) [ ex ) 
the hmlt z ~ x. we ave t at 6" 7. - x) ---+ ° and 0 (2 - x) o. 

Thus fez) - f(x) ~ 0, that is 17. - xl < 8 => If(z ) - f( x) I < E: V\ hi ' h h \\ . Ihat 

continuous. Now it remains to show thc claim i. true . Th pr r U ' . ( .1.3.1) lin. 

consider a pointzE(x-8,x) and appl y the second in qualit in (3 .1.3.1) ~i\" 

f (x)-f(x-8) ::; f (z)- [ (x) which gives the first inequalit in (3. 1.3.3) . ppl) in' th' uI'r 
8 z-x 

. , . [ (x) f( /. ) I ( 18) I ( ) 
inequality (3 .1.3 .1) into the three P01l1t s z < x < x + 0 gl\ ' S ::; II :::) 

X /. 

[ (z)-f(x) ::; f (x+8 ~ -[ (x) whieh gives the second inequality in (3 .1.3 .3) . . t \\ . n: id'r 
z - x (j 

the case x < /. < X + o. 'Then the first inequality in (3.1.3.3) appli ' It Ih Ihr 'p in!: 

x - 8,x,2 

f (x )- f (x- 8) < [ (z)- f(x ) => [ (x) - [ (x - 8) < [ (z) - [ (x ) Thu e ha pr I th' laim . 
x - x+8 - z - x 8 - z - x 

The statement is not true if [ is defined on the I : 'd int I'\ ull a, b I· . II 'r I ' a 

::ounter example. Define f: I a, b 1 ---+ IR<. by 

[ex) = {
O, 
1, 

28 

x E la, b) 
x = b 



Clearly, f is convex on la, b], but fin t ' ntinu U ' ' t X = b (bu lh lun ' i n i 

continuous on (a, b), 

Example 3.1.4 

Show that a function f : la, bl ~ I~ \ ' com x if an i onl) if an) or lh' ()I1()\\in' 

eq ui valent conditions is sati sfied: 

(a) a ~ x < u < y ~ b gives det f(x ) 
(

leU) 
U 1) 
x 1 ~ 0; 

fCy ) y 1 

(b) a ~ x < u < y ~ b givcs [ Cu ) - [ Cx ) ~ f(y) { (X) : 
u- x y x 

(c) a ~ x < u < y ~ b gives [ (u ) - { (x ) ~ ( CY)- / Cu ) 
u - x y - u 

Solution 

(a) Suppose f is convex on[a, bl and let a ~ x < U < Y ~ b. U = ;L (1 - A) 

with A = y - u E (0,1) 
y - x 

Since f is convex on [a, b J, we have f(A x + (1 - A)Y) ~ Af(x) + (1 - A)f(y ) 

=> feu) ~ y - u f(x) + u - x fey) 
y - x y-x 

=> (y - x)fCu) ~ (y - u)f(x) + (u - x)f(y) 

=> (y - x)f(x) + (u - x)f(y) - (y - x)leu) ~ 0 

=> yf(x) - uf(x) + uf(y) - xf(y ) - yt(ll ) + xleu) ~ 0 

=> y f (x) - x f (y) + u (t (y) - f (x)) + f ( II ) (x - y) ~ 0 

~herefore 

(

f(U) 
det f(x) 

fey) 
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(b) Suppose f is convex on \.a,bl and I t a $ x < u < y $ b. ' nd u = 
y-u 

ith A = - E (0,1) . 
y - x 

Since f is convex on r a, b I we get f(Ax (1 - A)y) $ A () (1 )f (y) 

~ feu) ~ y - u f(x) + u - x f(y ) 
y - x y - x 

~ (y - x)f(u) ~ (y - u)f(x) + (u - x) f( y) 

~ y feu) - xf(u) ::; y f(x) - uf(x) + uf (y) - xf(y) 

~ y f(x) - uf(x) + uf(y) - xf(y) - y f (u ) + xf(u) ~ 0 

~ y f(x) - yf(u) - uf(x) + uf(y) - xf(y) x{(u) ~ 0 

~ u f (y) - uf(x) + yf(x) - yf(u) + x f (u) - xf(y) ~ 0 

~ uf(y) - uf(x) + yf(x) - xf(x) - yf(u) + xf (u ) - xf(y) xf(x) ~ 0 

~ u(t(y) - f(x)) + (y - x)f(x) + (x - y)f'(u ) + x(f (x) - fey )) ~ 0 

~ (y - x) (t(x) - feu)) + (u - x )(f(y ) - f (x)) ~ 0 

~ (y - x)(t(x) - feu)) ~ - (u - x) (f(y ) - f (x)) 

~ f(x)- f( u) < f(y ) - f(x) 

-(u- x) - y - x 

~ f(u)- f(x) < f (y ) - f (x ) 

u-x - y - x 

( - ) 

:c) Suppose f is convex on fa, bl and let a ::; x < u < y ::; h and u = A (-)y 

Nith 

A = y - u E (0,1) . 
y - x 

Since f is convex on r a, b 1 we have f(A x + (1 - A)y $ Af(x) (1 - A) (y) 

~ feu) ~ y - u f(x) + u - x fey) 
y - x y - x 
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~ (y - ) { ( u) $ (y - u) {( ) ( li - ) J( ) 

=> y{(U) -, (U)$y ()-u{()' lL/(Y) - /(y) _. /() 

~ yf(x) - u{( ) U (y) - f Cy) yl(u) 

=> yf(x) - y{(u) u{(y) - lIf ( ) - I Cy) 

(u) _ 0 

(u) ~ 0 

=> yf(x) - y{(u) u{(y) u{(u ) ul (, ) - tf() f(u) - III (u) _ 0 

=> yf(x) - u{(·) - y{(u) u{(u) ul (y) I (y) I (lL) - lLl (u) ~ 0 

=> (y - u)f( ( tL )(y - u) (u )(f (y) - f(u) > 0 

=> (y - )(( ) - {(u )(y - u) (u ,\ )1 (y) (u )1 ell) > 0 

=> (y - u ) (r ( ) - { ( u ) ) (ll - . ) (f () I ( tL » ::: 0 

~ (y - )(r ( ) - l ey») ~ ( lL HI (y) I (u» 

=> f ( )-f(u ) < I Cy) f eu ) 

-( u ) - y u 

=> f Cu ) f ( ) < f(y) feu) 
u - - y u 

In th n'XI :" Ii n \\c \\illtal' anu pr \' Ih' Ilal,lJlltlru' Ihn.' Ir I' 

Th or m \\c 'an pr \ ' thi : ra ' I L1 ,ing I h 'or 'm :3 1,10 an I \\.l: .11 l .11 pl~ lh' , n' 'pl )1 

fun l i 111 " Thal i: 

log TZ - I g T 
logM(T) $ I logM (rl) 

log T2 - og Tl 

k 1 log rl log r . 1 1 ta " It = anu 
log rl log' t 

) logr log' t --'-'--"--- h 'n ,th' .Ih \ ' III 'ljU,t1I' .In 
lugr lug' 

bc c, prc " cd '1' logM (r) $Alog (r'l) ( - ))Iog 1(1'), lh'r'lllr' log (1) i I 

l1v ' , run li on I' log T Ihal i." Ih ' l!l'Jph 11' log (r) ( \ 'r 1I" log r) h.1 th' n p 'ft' 

that th part or Ih' graph b '1\\ "n (log ' , log (» Clnci (log cl, log (cl) 'I $ C _ 

d$T2 li b 1\ ' in 'i ' \'vith )th'lin''''gm nIJll!1111'lh"I\\ ) 'n pint.. 
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3.2 T H EOR EM (H a da ma rd 's Thr Cir I ' Th or Ill) 
Il adam rd ': Ihe r'm i~ 'on ' 'rne I \\ nh lhl' r'la Ion h'l\\ "n Ih· m IInum 

b lut alu r an< I ti ' ('unction on thr" '( n ·\.'ntrt · In': I ' II \\ ' pu 

Then Ihe th orem tat that log M (r ) i U . 11\ ' .\ fun ·ti< n of log l' for TI < 1%1 < 1''/. . 

if fe z) is regul ar for TI < 17.1 < r2 . I'hi ' i. ' n immediul' . In. t.:qu 'n ' r Ih la ' i lhal if' 

If(z) I ::; A IzlA n l\ ' irel ab ut Ihe origin. lh 'n it i ' al.· Iru' bel\.\ 'en Ih' ' ir ' I's un 

h' " I ' h . ' I I" / (/. ) t IS 111 turn I en b app In g t • prln 'I f> '() ll1a\lmum I) -. 
I. 

I h ' b )un Ii ' ullain hi 

with in the ring onl l G r f('7.) = az A \\ ilh lal = . 

Hadamard ' three 'i r I Ih r m i. anal( gu' r th 'or 'm 3.1.10 lor an annulu ' 'on I 'r 

iY ' logl?l < X < logH;! } 

then Ih "P n nlial rUl1cli n 11 al : c: nt( A an I c)(; untt a 

T heo rem 3.2.1 (Hada ma rd ' . T hree C ircl es T hcorcm 

Let 0 < RI < 1? 2 < I and suppo'~ / i anal) li' an In tid nli 'all) /'r n 

ann (0; R1 , Rz). rr 1?1 < r < R2 . d fin' M(r) = m {\ (re IO )J : 0 ::; 0 ::; 2rr}. 

[This inequali t sa s quit plainl) that log M (r) is a .( 11\ ':-" fun ·ti )n r log r I 

Proof 

Consider the ann (0; R" R2) = A \.\ h'rl: 0 < I? I < i? l < 00 ' In supr sCi, tI , tri 

{x + iy : log R1 < X < log R2} th 'n th' xf> n ,ntial run lion el. maps C onLo . I I u ' 

define g : C ~ ([ b . g(z) = { (e '!.) , I hCIl g i ' 'Indl: ti ' (n c: ami hu. \ lh' wm 3.1 10 

if 

N(x) = sup {lyC Ly)I :- < y < oo} 
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th n logN (x) i ' a ' n\ ' .\ fun ' li on. : 111" = [0 r . \\ ' hJ\\: () ( logr). I 1 

get 

N (log r) = sup {lg (log r iy) I: - < y < 00: 

= sup{ lf (e IOgrf'Y)I: < y < oo} 

= sup{if(re 'Y ) I: - < y < oo} 

= M(r) 

From quation (3 .1.6.2) c hU\l~ 

whene er log/? , $; x < u < y $; log!? /.. Th 'rc~ re . 

Since M (r) = N (logr) . it 1'0110\0', ' thut 

Now taking the logarithm or both id 'S gi es 

=> (log r2 - Iogr,) log M(r) $; (log r/. - log r ) log M(r,) (l og r - log 1',) log 1(1'/.) 

log rz- Iog r 
=> logM (r) $; logM(r,) 

log rz- logr1 

logr logr, 10 M(r ) 
log r L log r , g l. 

This is the desired result. 
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3.3 PHRAGMEN LINDELOF THEOREM 

T he context i ' thaI th' I, :-.. imul1l ) lulu Prin 'ipl ' In 'ompk 

not appl y to unbounded regions, That i ' , an analyti I'um:tion n unh un ' r glun m' ) 

be bounded by 1 on the edge ' but be \ i kntl , unb und 'd in Ih ' il1lcrior. 

T he simpl t e ' ample i ' IV) = c p (exp/.) (' r % r 'al n g ling f lhi 

function blow up, Indeed 

lexpexp(x+iY)1 = expRe(e x iy ) = exp/?e(e X(cosy ismy)) 

= exp/? e(e Xcosy ie siny) 

= expeXcosy 

T hus for fi xed y = Imz with cosy> 0 th ' fun tion bl o\\ up a x = Re7. n 

the other hand, for cosy = 0 the function i b Llncl ' , I'hLl ', n th 
,rr 11 

tnn -- < y < -
" 2 - - 2 ' 

the f unction exp (expZ) is bound 'd n Ih dg " but blow: ur a ' , rhi ' , mpl 

suggests growth conditions Lln d 'r hi 'h a b und )(' 1 )n Ihe 'dgc. imrli ' th ' m 

bound th roughout the stri p, 

Theorem 3.3.1 

h ' I ' { 'I n I Let [ be analyti c fun 'li on on Ihe Olvonla l!'Ir %: - - 5 Y 5 - an. 
l. 2 

~ o} if 

c lI ez 
1[(z)15 ee ( for s m c n ' tun t 0 5 c 5 1) l h 'n 1 (%)15 1 )!1 th ' 'I 'S r lh - h I f' 

strip implies I[(z) 1 5 1 in Ih inl -ri or ' \\ ell ) , 

Proof 

The proof i a rcdu l ion r in Ih ' Lunl ~ll a imul11 \1 )dulu ' I he( r 'm I aJ... 'an) Ii - D 

in th r ng c < f) < 1 Ih' fUll ,ti lJ') / .~ (7. ) - f (/.)j ,(1.1) / ( for > 0) I .. rtainl~ 

b und'd b 1 n Ih ' edu' or Ih - hall' !'I l rir <In I in Ih ' 1111 -rior g.o ' ,> It 0 ul1lf'orml) In :J 

x +00, > 0, Ih - uni!'( rm tic " I) in Ihe inl' ri r i \\ h're Ih - m 

v ith D i 

uffiei ntl lar 1 7' > 0 d renli in I UP ) 11 % , Ih' run 'I il n I'~ I , h un 'd 

5 T} f r 

1 < n Ih' 

dg . The u ual i h x il11ul1l I ) lul u:-. Prin 'irl ' Illlplll:" Ih<.ll I'~ i hound 'd b) l lhrou·h III 



T hat is, for each fi xed Zo in the hal f (ri p, I/(zo)1 $ e ceDRel o r II > 0) \\. 'an 1'1 

E -) 0+ giving I/(zo) 1 $ 1. 

[T he maximum Modulu Principle in compl anal i i that an < nal Ii un Ii n f n a 

bounded region in (C with I/(z) 1 $ 1 nth dge i b und db 1 in Ih illl ri r a \\ '111 

Note that a curve y: [a, b] -) (C i aid to be d if yea) = y(b) 

If Y is c losed rectifi able curve in C then y, hom o lo pic ( Ler (y- O) i y , . 

homotopic to a constant curve . 

An open set C is simply connected if C conn t d and c cr 10 cd urvc in C i ' hom topi 

to zero. 

If C is an open connected et in I[ and f: C I[ i ontinll u un ti n u h lhd Z = e p (z) 

for all z in C then f is a branch of the logari thm . 

The domain of the principal bran h of th logarilhm i imply nn' I d 

The nex t coro ll ary is taken from John B. onwa pag - ~ it h Ip ll ' t pr 

Corollary 3.3.2 

Let C be simply connected and lei f: C I[ b an an ly tic fun 'Ii n 'u -h thai f ez) 0 ~ ran) 

z in C. Then there i an ana l Ii fun ti n 9 : C I[ u h Ihel [ (z) = e p9(7). If Zo EGan 

eWo = [Czo) we ma hoo e C LI h Ihal 9(20 ) = W Oo 

THEOREM 3.3.3 (Ph ragmen LindclOf T hcorc m 

Let C be a im pl 1 d r g" n and I l Ib nal li fun Ii n n . upp • Ih rc is nn , 

an analyt i fun ti n <p: C C v,hi h nd i ' blind ' CJ n C. 

con tant nd r) .I C = AUB u h th 1: 

(a r a in A. l im l! .n uplf(z) 1 $ 

(b F r c er b in B. and '7 > 0, lim? ,b upl f(%)I I<p(%) I'1 $ ; Ih n 

If( z) 1 :5 M for all z in C. 

35 

I. 



Proof 

Suppose IcpCz)1 '.S. K for all z inC . Since C i ' ' impl) conn " t'lther ' i ,n an I)ti ' 

branch of log cp(z) on C. lienee g(z) = exp(17 log cp(z)) an anal) ti bran h r 
cp(zY' for 17 > 6 and Ig(z) 1 = Icp(zW7 • ow d ,fin F: C (( b F(z) = (2)g(2) k ". 

then F is analytic on C and IF(z)1 :::; If(z)1 (si ne Icp (z)1 '.S. k ~ r 112 in C . lI 'n' b ' 

conditions (a) and (b) on dl C, F sa ti sric th e.: hypoth i ' ofMa imum ouulu: Ih- r m 

(Third version) Thus IFCz)1 :::; max( M, k 17 M) for all z m G' thLs gives 

If( z) I '.S. I k / cp(z) 117 max (M, k - 17 ) for all % in C and for all 17 > 0 letting,., 0 

gives that If( z) I :::; M for all % in C. 

Corollary 3.3.4 

1 
Let a > - and put 

- 2 

Suppose that f is analyt ic on C and ther' is a c n:tunt M :u -h that lim/, ·w sup llCz)1 :::; 

M for all w in dC.l f therc arc po.- iti c c n ·tant. p an I b < a ·u ·h that 

If(z)l:::; pexp (l z lh ) 

for all z with Iz l sufficiently large; then If(z)1 '.S. M or all z in C. 

Proof 

Suppo c b < c < a anti put <p (z) - , p( /) ror z in G I y = re ID. 101 < ::1 th 'n 

when z = re IO. , in ' C < a, 0 'cO? P > 0 r r ail 2 in C. I hi li\ ' 'i thai cp i und' 

n Co I , ir 17 >Oan l z = r e l o i ' 'iu l'Ii i'ntl larg' , 

6 



I so LhaL 

Hence, f and q; sati sfy the hypothesis of Ihe Phragm n-Lind lo/" Th r m . lh I 

If( z) I ~ M for each z in C. 

Remark 3.3.5 

The size of the angle of the secto r C i ' the onl) r 'l \ ant f~1 ' I in lhi : 'oroll, r) : il.· P ' iIi n 

is inconsequential. So if C is any sector or angle ~ Ih' 'onclu ' i)n r'main \ alid . 
a 

Corollary 3.3.6 

1 
Let a 2 -, 

2 

and suppose that for every w in dC' , lim ;- .w ,·up lf (7.)1 ~ 1. Moreover, assum e that 

for every 0 > a th ere is a con stant p (which may dep nd on 0) such th t 

(3.2. 15.1) 

for z in C and 17.1 is sufficiently large. 'f'hen 1/(7. )1 $ M or allz in C. 

Proof 

LeI > a be arbitrar,. J) 'lin' I;' (; ) ([ h) H/. ) = ! (/.)e, p( lo U) ..,upp S' > 0 an 

o i eh 'n \\ ilh 0 < e; < Ih 'n th '1'1'" a 'on..,tant I \\Ith W(/.)I $ P' pi ce; - ) (II 

bUI th 'n iI" (1.) I a as I in I . 0 1 - SLLp{WC )1,0< \ < I) < 00 I 'lin 

IT 
/I = {7. E C: 0 < arg1. < 2a} 
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- 1[ 
11_ = {~ E C: a > aT 9 ~ > - } 

2a 

Then lim z->wsuplf (z) l ::=; Mz fG r all z in all , and all u:in 1 th' hyp lh ·i · (3.2 .1S.1). 

coro ll ary(3.2.13) gives IF (~)I::=; M'l. I'or all % in 1I 1~.lJ1d II helle II-'(%) I::=; I It)r all % 

in C. 

We claim Mz = M. if'M 'l. = Ml > M lh'll 11-'1 a " um' its ma, imum \ alu' in 

C at some point X, a < X < oc. (since IF(x)1 ~ a as X and lim x 0 up l[ (x)1 = 

limx->D supIF(x) 1 ::=; M < Ml)' So F is constant by Maximum dul Prin ipl 

M = Ml and IF(z) 1 ::=; M for all z in C; that is 1[ (z)1 ::=; Mexp(ERez a) [aT all z in C: a 

M is independent of E, we can let f ~ 0 and ge l If(x)1 ::=; MfoT all % in C 

Example 3.4 

Let C = {x: Z =1= 0 and laro% 1 < ~} an I leI f ez) = exp(%U) I' lr % E C. I h n 
,7 2(1 

If(z) 1 = exp(lzl)acosa8) where 8 = argz. S f' r x in dC, 1/ (z)1 = 1: bUI / (11.) i 

unbounded in C .. In fac t on any ray in C we h'IV' thall[(z)1 f. I·hi . ·ho\.\ th t th 

growth condition (3.2. 15.1) i ' \'cry delica te and 'annol b' imprc \ c I. 
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