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Abstract

This paper is concerned about on the length of D-modules,and the point of view that
of modules over the Weyl Algebra.l have only tied to present the length of As-modules

and its composition series by considering polynomial rings in two variables.
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Notation

K denotes a field of characteristic zero.

C denotes a field of complex numbers.

N denotes the set of natural numbers.

Ny denotes the set of natural numbers with 0.

Z is the set of integers.
o Kix,y|=k[x][y] denotes the ring of polynomials in two variables over a field k.

e Clz,y] is the ring of polynomials in two variables over C.

Differentiation (in the variables x,y ) can be considered as a map
Oz : K[z, y] — Klz,yl.

oy : Klz,y| — Klz,y].

Endy(K|[z,y]) denotes the set of endomorphism from K[x,y| to K[x,y].

e /(M) Denotes length of an R-module M.
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Introduction

Under the cryptic name of D-Module hides a module over a ring of differential oper-
ator. The major interest of such D-module is as an approach to the theory of linear
partial differential operator equation.The first case of algebraic D-modules are mod-
ules over the Weyl algebra A,, over a field of characteristic 0.The history of the Weyl
Algebra begins with the birth of quantum mechanics,in the year 1925.What Heisen-

berg originally were introduce quantum theoretical analogies of the Fourier series.

This paper is concerned about on the length of D-modules,and the point of view that
of modules over the Weyl Algebra.l have only tied to present the length of As-modules
and its composition series by considering polynomial rings in two variables. The work
in this seminar report was partially supported by the idea of a S.C.Coutinho,from his

book a primer of Algebra D-modules in preliminary part.

It the purpose of this paper to provide basic properties of Weyl algebra and introduce
the number of important examples of modules over the Weyl algebra,and mainly fo-
cused on the composition series and its length.This project report is divided in to
two parts.The first part is concerned with preliminary;definition and basic properties
of Weyl algebra,the ideal structure of the Weyl algebra and module over Weyl alge-
bra.We will discuss the idea structure of Weyl algebra and the degree of an operator
like the degree of polynomial.Most importantly,it is shown that the Weyl algebra is

a simple domain and only invertible elements of A, are non-zero constant.
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The second part of this project is concerned with simple A,,composition series and
length of A; and collect a number of examples of modules over Weyl algebra.All ex-
amples we discuss here are the polynomial rings in two variables.It is also proved that

in this paper every simple module is cyclic.



Chapter 1
PRELIMINARIES

1.1 The Weyl algebra and its basic properties

In this section we will define the Weyl Algebra and present its basic properties.
The Weyl algebra is introduced as a ring of operators on a vector space of infinite

dimensions.

1.1.1 Algebra

Definition 1.1.1. An algebra A over a field F is a non empty set A together with

three operation. Addition(+),multiplication (.) and scalar multiplication. For which
i. A together with addition and scalar multiplication is a vector space over F.
ii. A is a ring under addition and multiplication.

iii. If « € F' and a,b € A, then a(a.b) = (a.a)b = a(a.b).

Definition 1.1.2. Let R be a ring. If there exists n € N such that n a = 0 for all
a € R, then the smallest such positive integer is called the characteristics of R and

denoted by char R. If no such positive integer exists, then we say R has characteristic

zero (That is char R= 0).



Example 1.1.1. 1. Char Z =0
2. Char Z, =n, wheren € N

Definition 1.1.3. Let R be a ring. A left module M over R (or a left R-module) is
an additive abelian group, with a function R x M — M such that for all r;s € R
and for all a,b € M it satisfies:

ir(a+b)=ra+rh.

ii.(rs) a=r(s a).

iii. (r+s)a=ra+sa.
If R has identity element 1z and

iv. 1g.a=a for all a € M

Example 1.1.2. 1. Let (A,+) be an abelian group and (Z,+,-) be the ring then
define f: Z x A — A by f(n,a) =na. Hence A is Z-module.

2. Let (S,+,-) be a ring and R be a subring of S .Then S is an R-module.

Define f: Rx S — S by f(r,s) =rs (ring multiplication).

3. Let (R,+,-) be a ring and I be an ideal of R. Then R/I is an R-module with the

action defined by f(r,a+ 1) =ra+ I.

Definition 1.1.4. Let A and B be R-modules.A mapping f : A — B is called
R-module homomorphism if satisfies

ifl@+y) = flz)+ fy)
ii f(ax) =af(z) forallz,y € A,a € R

Lemma 1.1.3. let f be an R-module homomorphism of A in to B where A and B are

R-module. Then
i) f(0)=0



i) f(-x)=-f(x) for allx € A
iii) f(z-y)=f(z)-f(y) for all z,y € A

Proof. (i) £(0) = £(0+0) = £(0) + f(0) since f be an R-module homomorphism this
implies f(0) — f(0) = f(0) = 0.

(i) f(—2) = f(0+ (—2)) = £(0) — f() since f be an R-module homomorphism then
by (i) above we get f(—z) = — f(x).

(ii) f(z —y) = f(z + (=y)) = f(z) + f(=y) = f(z)f(y) since f be an R-module

homomorphism and by (ii). O

Example 1.1.4.

(1.) let A and B are R-modules. Define 0: A — B by 0(z) =0 for all x € A. Then

0 is an R-module homomorphism of A into B.

(2.) let R be a commutative ring and A be R-module. Define f,.: A — A by
fr(x) =rx for allz € A, r € R. Then f,. is an R-module homomorphism of A into

A.

Remark 1.1.1. If R is a division ring, then an R-module homomorphism is called a
linear transformation.

i) f is an R-module monomorphism if f is injective.

ii) f is an R-module epimorphism if f is surjective.

iii)f is an R-module isomorphism if f is bijetive.

Theorem 1.1.5. letf : A — B be an R-module homomorphism. Then
1)f is an R-module monomorphism if and only if kerf=0.
2) fis an R-module epimorphism if and only if Imf=B.

3) fis an R-module isomorphism if and only if f is bijective.



Proof. 1)  since kerf = {x € A: f(x) = 0}. Then let = € kerf then f(z) =0

— f(z) =0 = f(0) by lemma(1.1.3)

— x = 0 since f is monomorphism by remark 0 € ker f

Therefore kerf=0.

Conversely suppose f(x)=f(y) for z,y € A = f(z) — f(y) = 0 = f(x —y) = 0.
since f is R-module homomorphism

= x —y € kerf = x — y = 0 by hypothesis = = = y. Hence f is injective.
Therefore by remark f is R-module monomorphism.

2)  Suppose f is an R-module epimorphism then f is surjective.

<= Imf=B since Imf={b € B : f(a) = b for some a € z}.

3)  Suppose f is an R-module isomorphism then by above remark f is bijective.
Conversely suppose f is bijective then by 1 and 2 f is monomorphism and epimorphism.

Hence f is isomorphism. O

Definition 1.1.5. Let R be a ring and A be an R-module. A non empty subset B of
A is called a submodule of A if :
i) x,y € B implies that = — y € B.

ii) r € R,z € B implies that rx € B.

Example 1.1.6. 1) Let A be an R-module and f :A — B be an R-module
homomorphism. Then

a) Kerfis a submodule of A.

b) Imfis a submodule of B.

c) If Cis any submodule of B then f~(c) ={a € A: f(a) € C} is a submodule
of A.
2) Let A be R-module and x € A. Define Rx= {rx : r € R}. Hence Rz is



submodule of R.

Theorem 1.1.7. Let B be a submodule of an R-module A.Then
i) A/B is an R-module.
i) m: A — A/B given by m(a) = a + B is an R-module homomorphism with

kernel B.The map m is called the canonical epimorphism(or projection).

Proof. i) A is an abelian group and B is subgroup of A.Then A/B is a Well defined
abelian group .
A/B={x+ B :x € A}. Define f: RXA/B — A/B by f(r,a+B)=ra+B.
Well defined: Let a + B=b + B for some a,b € A then .We have to show that
f(r,a + B) =f(r,b + B). Now a + B=b + B implies a — b € B.
Thus ra — b € B. Hence ra — rb € B. It follows that ra +B=rb + B .
Hence f(r,a + B) =f(r,b + B). Thus f is well defined.

a) f(r,a + B +b + B)=f(r,a + b + B)=r(a + b)+B=ra+ rb+B

= ra+B+rb+B=f(r,a + B) +{(r,b+B).
b) f(r+s,a + B)=(r+s)a+B=ra+B+sa+B
=f(r,a + B)+ f(s,a + B).
c) f(rs,a + B)=(rs)a+B= rf(sa)+B=rf(s,a)+ B)
= r(f(s,a+B)).

d) f(1,a+B)=1a+B=a+B.
Therefore A/B is R-module.
ii) 7:A— A/B given by 7(a) =a+ B.

We have to show that it is an R-module homomorphism with kernel B.

mla+b)=a+b+B=A+B+b+ B=m(a)+ (b).



w(ra) =ra+ B =r(a+ B) = r(r(a)).
Thus 7 is an R-module homomorphism.
Let a + B € A/B then 7(a) = a + B for some a € A. Hence 7 onto.
Kerm={ac€A:7(a)=B}={acA:a+B=B}={ac€A:ae€ B} =ANB = B.
Thus Kerm =B. [l

Definition 1.1.6. The R-module A/B is called quotient of A by B.

Theorem 1.1.8. Let B and C be submodules of a module A over a ring R.There is
an R-module isomorphism, B+ C = B/BNC.

Definition 1.1.7. Let R be commutative ring with unity. An R-algebra
(or algebra over R) is a ring A such that:

i. A is a left R-module with unity.

ii. r(ab) = (ra) b=a(rb) for all r € R, for all a,b € A.

Theorem 1.1.9. For any vector spaceVy, Homy(V, V') is an algebra over K.

Proof. ClearlyHomy(V, V) is a vector space.
For any T1,T, € Homy(V,V),the composition 7175 : V. — V is such that for any

V1V9 € V, Oé,ﬁ € K7
(ThT) (avy + Puo) = Th[Ta(avy + Bug)]
=T [aTy)(v1) + BT2(ve)]
= oIV T[(v1)] + BT T5[(v2)]
= o[(ThTy)(v1)] + BTV Ts)(v2)]

Therefore 1775 is a linear transformation on V. So that 71Ty € Homg(V, V). Now

for 71,15, T35 € Homg(V,V),v € V,and a € K,



(T2 + T3)l(v)  =T[(T2 + T3)(v)]
= Ti[(Tx(v) + T3)(v)]
= (1) (v) + (TWT5)(v)
= [(hT3) + (ThT3)](v)
Therefore Ty (T + T3) = Ty 15 + T\ T3, Similarly (17 + T3)Ty = Ty + T37;. Since the
resultant composition is an associative operation among all mapping from V' — V.

The same holds for all members of Homy(V, V).

Therefore (Homg(V, V'), +,0) is a ring. Now

[N(aT3)](v) = T1[(aTz)(v)]
= a(T1Ty)(v)
= (oT))T2)(v).
HenceTi(aTy) = (oT))Ty
= o(T\Ty).
Therefore Homy,(V, V) is an algebra over K. m

Example 1.1.10. 1.Let f : R — M is a ring homomorphism. Define a.x = f(a).x,

fora e R, x € M, then M is an R-algebra.
Proof. Leta,b € R andx,y € M, then
(Da(x+y) = fla)(z+y)
= f(a)z + f(a)y
=ar +ay

Therefore a(x+y) = ax + ay.



(@)a+bz = fla+ba
= (f(a) + f(O))x (since f is homomorphism).
= fla)e + f(b)a
= az + by

Therefore (a+b)x = ax + by

Therefore (ab)r = a(bx)

(iv) 1.x = z for all z € M. Hence (M, +) is a unitary (left) R-module.

(v) alzy) = f(@)(zy) = (f(a)a)y = (az)y. Therefore a(zy) = (az)y.

And a(zy) = f(a)(zy)
= (f(@)z)y
= (zf(a))y (since M is acommutativering).
= (za)y
= (ax)y)
= a(ry)

Therefore a(xy) = a(zy). Therefore a(xy) = (ax)y = x(ay). Therefore M is an
R-algebra. O



2 . If K is a commutative ring with identity, then the polynomial ring K[x,y] is a

K-algebra with respective to K-module structure given in the usual way.

Definition 1.1.8. A subalgebra of an algebra A is a subset S of an algebra that is
also has the structure of an algebra of the same type when the algebraic operations
are restricted to S.Or it is a subset of algebra, closed under all its operations and

carrying the induced operations.

Definition 1.1.9. Let Endy(K[x,y]) be the set of endomorphisms of K]x,y] over K.
The algebra operation in the endomorphism ring addition and composition of opera-

tors are defined as:

()0 + Uy Kz, y] — Klz,ylby(¥y + Vo) (f) = Ui (f) + Yo(f) (def 1.1.9.1)
and

(1) (V10W2)(f) = W10y : K[z, y] — K[z, ylby(V1¥2(f) = Ui (V2(f)) (def 1.1.9.2)

wheref € Klz,y|,V, ¥y € Endy(K[z,y]), + is addition of endomorphism and o is

the composition of endomorphism.
Theorem 1.1.11. (End(K|[z,y]),+,0) is a ring.

Proof. 1. Letfy, fo € K[z,y|, V1, Yy € Endi(K|z,y]) and a € K.

Then (Vi+Wo)(fi+[f,) =Vi(fi+fo)+Pafi+f2) (by def 1.1.9.1)
=Wy (f1) + Ui (fa) + Vi(f1) + Pa(fo)
=W (f1) + Yol f1) + Ui(f2) + Yol fa).

= (Uy + U)(f1) + (U + Uo)(fo) (by def 1.1.9.1)
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Therefore (\1’1 + \112)<f1 + f2) = (\111 + qu)(fl) + (\1/1 + Wg)(fg).and

(U1 4+ Uy)(af) = (V) (af) + Yo(af) (by def 1.1.9.1)
= a(V1)(f) + a(P2)(f)
= a¥:(f) + U2(f)

= a(¥; + ¥2)(f)

Therefore (VUy + Vo) (af) = a(¥; + Uy)(f).
Therefore (Vy + Vy) € End,(K|x,y]) And

=W (Ua(f1) + Wa(fa)) (by def 1.1.9.1)
= U1 (Va(f1)) + U1(Va(fo))

= (U192)(f1)) + (P1¥2)(f2)
Therefore \111‘1/2<f1 + fg) = (qlquz)(fl)) + (‘Iﬁqu)(fg)And

U Ws(a(fi + f2)) = Wi(Valal(fi + f2)))
= Uy(a¥s(fi + fo (since Uy is ring homomorphism)

= a¥(Vy(f1 + f2)) (since Uy is ring homomorphism)

Therefore, Y119y € Endy(K|[z,y]).
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2)  For any 91,19, 93 € Endg(K|[z,y]) and for all f € K|z, yl.

(W +) +03)(f) = (b +4)(F) +5(f) (by def 1.1.9).
= () +9af) +¢s(f) (by def 1.1.9.1)
= i(f)+ Wa(f) +¥s(f) (+is associative in Klz,y])
= w()+ (e +)(f) (by def 1.1.9.1)
= [+ W+ a)l(f) (by def 1.1.91)

Therefore (1 4 ¥2) 4+ 3 = Y1 + (V2 + ¥3).

3)  0: K[x,y] — K[x,y] defined by 0(f) = 0 (the zero operator in K[x,y]), is the
zero element in Endy(K [z, y]).

So that 0 is an identity element for + on Endy (K|[z,y]).

4)  For any v € Endy(K[z,y]) the map ¢: K[x,y] — K[x,y] given by

(=)(f) = =0 (f), for all f € K[z,y).

Since (¢ + (—=¢))(f) = ¥(f) + (=) (f) = ¥(f) — ¥(f) = 0 and

(=) + (W) (f) = =¢(f) + ©(f) = 0. Hence —1) is an additive inverse of 1.

Therefore every element in Endy, (K[x,y]) has an inverse.

5) For any ¢17¢2 € Endk(‘[([xuy]) and f S K[l‘,y]

(b1 + ) (f) = i(f) +2(f) (by def 1.1.9.1)

= Uo(f) +Ui(f) (since +is commutative on Klx,y|)
= (2+¢)(f) (by def 1.1.9.1)
U1+ Yo = Yo+

Therefore + is commutative over Endg(K|z,y]).
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Therefore (Endy(K|x,y]),+) is abelian group.
6) Let ¢, ¢,y € Endy(K|[z,y]) then

(o(thr +))(f) = v +v2)(f) (by def 1.1.9.2)
= VWn(f) +¢2)(f) (by def 1.1.9.1)
= YW(f)) +¥(2)(f))
= (Yon)(f) + (You))(f)

Therefore (Yo(¢1 + 12))(f) = Yo1 + Yorhy. Similarly (11 + 12)ot) = 1109 + 101,

Therefore 70" is distributive over addition.

T)((hrot)os)(f) = (Yrove)(ds((f)) (def 1.1.9.2)
= i(Pa(3(f))) (def 1.1.9.1)
= 1(¥2095(f))
= (ro(¥21)5(f))

Therefore ((10v2)003)(f) = (r0(tat)s(f))
Therefore o is associative on Endy(K |z, y]). Hence (Endy(K|[z,y]), +,0) is aring. [

Definition 1.1.10. Let &,y be the operators of K[x,y] which are defined on a
polynomial f € K[x,y].
z: K[x,y] — K[x,y| by the formula z(f) = xf.
7: K[x,y] — K]z, y] by the formula g(f) = yf.
Similarly 0z : K[x,y] — KJz,y] and Jy: K[x,y] — K[x,y| are operators of K[x,y]
defined on the polynomial f € K[x,y] by the

of of
Formula dz(f) = 5 and Jy(f) = 3

y

T
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Lemma 1.1.12. The operators z, 4, 0x and Oy are linear operators of K[x,y/.

Proof. Let f, f1, fo € K[z,y] and a, € K. Then:
1) i &(fit+ fo) =z(fi+ fo) =afi +afo=2(f1) + 2(f2)
g+ f2) =y(fi+ f2) =yfi +uf2 = 9(f1) + 9(f2).
i, #(af) = z(af) = axf = aif
glaf) =ylaf) =ayf =ajf

Therefore z, 9 are linear operator.

ofi+fo) Ofi | Ofa

2) 1. (91:(f1 + f2> = a— = 8_ + B = 0xf1 + 0xfs
oyt )= MUEI) L OR Ok oy,
5 Y of y Y
it. Ox(af) = (gf) = oz(a—) = a(0xf)
0 0
aufas) = 2D — oy < aoyp)
Therefore 0x and 0y are linear operator. m

Definition 1.1.11. Let n > 1 be an integer. The n'* Weyl algebra A, is the K-
sub algebra of Endy(K[X]) generated by the operators &1, I, Z3...2,, 01, O, 05...0,.
Take n=2 then.The 2"¢ weyl algebra A, is the k-sub algebra of Endy,(K|x,y]) gen-

erated by the operators z,y, 0x, Jy.

Note:
e  The elements of A, are linear combinations over K of monomials in the generators
z,7,0x, dy.

o O(f) is the j' derivative of f with respect to x,y where f € K|x,y].

Example 1.1.13. 1. z0,+ y@i 1s an element of As.

2. 2?02+ x0, is an element of A,
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Lemma 1.1.14. The Weyl algebra Ay is not commutative .

Proof. Consider the operator 0xz and apply it to a polynomial f € K|z, y].

Now 0zz(f) = 0x(z.f) (by defl1.1.9.2)
= Ox(z.f) (by def 1.1.10)

= fox(z)+ xz0x(f) (Product rule of differentiation)

Oz
= f(G) +=olf)
= fl4+x0z(f) (Since (Z_x):l)
= (1+az02)f

Therefore  Ozz(f) = (1+xz0x)f  (*) (where 1 stands for identity operator).From
(%) we have 0zZ = 1 + 2.0z. similarly for dyy.

Therefore the Weyl algebra A, is not commutative .
Remark 1.1.2. If p,q € Ay, then their commutator is the operator [p, q) = p q q p.

Note:
o [9z,i] = Ozd — 3.0z, = 1
o [Jy, 9] =0yy —9.0y. =1
o [0z,4] = 0z — oz =0
o [0y,i] = dyi — 9y =0
o [2,9]=2§—29=0
o [0z,0y] = 0xdy — Jydxr =0 n
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1.1.2 Canonical form

In this section we construct a basis for Weyl algebra as K-vector space. This basis is
known as the canonical basis. If an element of A, is written as a linear combination
of this basis, then we say that it is in canonical form. Of course, to compare two
elements in canonical form, it is enough to compare the coefficients of their linear
combinations. It is easier to describe the canonical basis if we use a multi-index
notation. The multi-index « is an element of N?, o = (a1, ap) and X = (x,y) then

X = 2*y* (the monomial).

Definition 1.1.12. The degree of X is the length || of the multi-index «,

la| = oy + as.
Example 1.1.15. The degree of 2%y° is 2 +6=7 .

Note:
e A pair (o, ) of a multi-index in N? is itself a multi-index in N*, so it makes a
sense to talk of its length.
e For a multi-index 8 € N? we define 3! = 3;!5,!.
Convention:
e We will write x and y for both variable and the corresponding operator.

e For the generators of Ay we write simply x,y and Oz, 0y.

Lemma 1.1.16. Let 4, 3 € N? and assume that |6] < |S| then 0°(X?) = B! If 6 = 3
and 0 if § < .
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Proof. Case 1. Suppose § = 3.

Then 86()(5) _ aﬂ(th):(aflagz)(x&y&)
_ 851(852x51)y52

= (02 aP)(0y™) = Bi1Bs! = B!

Therefore 9°(X?) = B,!5,! = B!

Case II: Suppose § # § this implies |§| < |5], now assume §; < ;. Then

PX) = (OO
= 0.(8523/52) since 01 < [

= 0
Hence 0°(X?) = 0.Similarly for the case §; < ;. Therefore 9°(X?) = 0. O

Proposition 1.1.17. The set B ={X%0" : o, 3 € N2, X = g% 92, 9% = 851.852} is

a basis of As as a vector space over K.

Proof. Apply the formula for the derivative of polynomials in terms of multi- indices.
i) Let cop € K for a, B € N? such that Ye,3 X*9% = 0, Where 0 is the zero operator.
It is enough to show for the case f is a monomial, since a polynomial is the linear
combination of monomials. Let f € Klz,y] be a monomial of degree . That is
f = XP =aP1y% where 8! = 1!3,! and X = (x, y).

Now, Ycas X0(f) = Xeas X0(XP) = 0(f) = 0.

This implies S!1¥c,3X* = 0 (by Lemma 1.1.15)

This implies Yc,3 X = 0 (since 5! # 0). Since X® # 0, we have ¢, = 0 for all
a, € N2,

Hence B is Linearly Independent.
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ii) Let D € Ay, then D :EcagXaaﬁ is a finite linear combination, c,3 € K. We
need to show that if some c,5(€ K) # 0 then D # 0. But D is a linear operator of
K[x,y].

Case I: Suppose D = 0. Then c,5 = 0 Va, 3 € N?. Since B is linearly independent.
But c,p # 0. This implies D # 0.

Case II: Suppose D # 0. Then there exists non-zero f € K|z, y| such that D(f) # 0.
(Otherwise D (f) = 0 for all f € K|x,y]. This implies D = 0.) Choose ¢ be the index
such that c,s # 0 for some index «, but c,3 = 0 for all indices 3 such that |3] < |4].
Now D (X?) = B¢y X0°(X?) = 6!3cas X@ (by Lemma 1.1.15). This implies

D (X?) # 0, since at least one of the coefficients c,; # 0 by the choice of §. Hence
D # 0. This implies D =Y, X“0” for some co5 # 0 . This is a contradiction with
our hypothesis.

Therefore B is a basis of As. O

Definition 1.1.13. An element D of A, is written in the linear combination of the
basis {X“9° : o, € N2, X = gy 0% = 901.0/”}, then we say that it is in

canonical form.

Example 1.1.18. Find the canonical form of 0§x + Oy in As.

Solution:

x4 0,x = 0,0, + Oy
= 0yx0y, + (1 +20,) (Sinced,x =1+ x0,)
= (20,)0y + 1+ 20,

= 1+ 20, + 20,

Hence 1+ x0, + xﬁz 1s the canonical form of 8§x + Oy in As.
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Proposition 1.1.19. Let R be a K-algebra and A\, Ay € K. Then the commutator of
two elements of R satisfies

[a, \1b1 + Aabs] = Ai[a, bi] + Aaa, by] for a,b € R.

Proof.
[a, \1b1 + Aaba] = a(Ai1by + Aaba) — (A1b1 + Aaba)a
= aMby + alaby — AMbia — Aaboa
= Aaby + Aaby — A\ibia — Aabsa
= Aaby — Aibia + Agaby — Aoboa
= A(aby — bia) + Aa(aby — bea)
= Aa, b1] + A2[a, bo]
Therefore [a, A1by + Aobo] = Ai]a, b1] + Asla, bo] O

1.1.3 Ideal structure of the Weyl algebra

In this section we will discuss the ideal structure of the Weyl algebra, the degree of
an operator and use it to show that the Weyl algebra is a domain whose only proper

two sided ideal is zero.

1.1.3.1 The degree of an operator

The degree of an operator of Ay, to be introduced in this section, behaves, in many
ways, like the degree of a polynomial. The differences are accounted for by the non-

commutatively of As.

Definition 1.1.14. The degree of P € Ay, P =X,z X?0" is
deg(P) = max {|a|+, | 8] where c,5 # 0}.
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Note:
As a degree of zero polynomial we use the Convention that the zero operator has

degree —oc.

Example 1.1.20. 1.  The degree of 220, + xy*d,0, is 6.
2. The degree of 220, + x*y0,0, is 5.
3. The degree of x*yd25y*020, + 020y*1 is 6.

Theorem 1.1.21. For D, D’ € A,.

1. Deg (D + D’) < maz {deg(D),deg(D")}
2. Deg (DD’) = deg (D) + deg (D’)

3. Deg [D, D’] < deg (D) + deg (D’) - 2.

Proof. 1.Case I: Either D or D’ is zero. WLOG assume D is zero. Then D4+D’= D’.
This implies deg (D+D’) = deg (D’) = max {—o0, deg(D")} < maz{deg(D), deg(D’)}.
Since —oo < z, for all x € C.

Therefore, deg (D + D’) < max {deg(D), deg(D")}.

Case II: Either D or D’ is non zero constant. WLOG assume that D’ is a non-zero
constant.

(i) For D # 0, deg (D+D’) = deg(D)= max {deg(D),0} = max {deg(D), deg(D")}
Therefore deg (D+D’) =max {deg(D), deg(D’)}

(i) For D =0 ,deg (D+D’) = deg(D’) = max {deg(D),deg(D’)}

Case III: Let D, D’ € A,, we can write in canonical form. Then so is D+D’. Hence
deg (D4D’) < max {deg(D), deg(D’)} . Therefore deg (D+D’) < max {deg(D),deg(D")}
We prove 2 and 3 by induction on deg (D) + deg (D’) = k. O

Example 1.1.22. (1) Let D =y0, and D’ = z0,,
Then deg (D) = 2 and deg (D’) = 3.



i) D+ D’ =yd,+x°0,, . This implies Deg (D + D’) = 3
Hence deg (D + D’) =maz {deg(D), deg(D’)}

ii) DD = y0,2°0,
= y(Ox)20,
= y(1+ 20,)x0,
= y+yxrd,x0,
= y+yx(1+20,)0,

= y+yxod, + ya:28§

Deg (DD’) = 5 = 2 + 3. Therefore Deg (DD’) = deg (D) + deg (D’)

(i) [D,D')] = DD'—D'D
= 90,2%0, — 2°0,y0,
= y(0,2)20, — 1°0,y0,
= y(1+ 20,)20, — 220,y0,
= Y20, + y1,20, — v3yd,0,
= 20, + ya(l + 20,)0, — 22yd>
= yxd, + yxd, + ya®d; — a?yd;

= 2yx0,
Deg [D, D’] = deg(2yx0,) = 3 = deg (D) + deg (D’) 2.

Corollary 1.1.23. The algebra A is a domain.
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Proof. Let P,Q € Ay with PQ = 0 (the zero operator). Then we want to show P = 0
or Q = 0. Suppose not! That is assume that P # 0 and @ # 0. Let deg (P) = n and
deg (Q) = m for some n,m > 0. This implies deg (P) + deg (Q)=n + m > 0. This
implies deg (PQ)= s > 0 for some s=m + n. This implies PQ # 0. This contradicts

to our hypothesis PQ = 0. Therefore P = 0 or Q = 0. Therefore A, is a domain. [
Corollary 1.1.24. The only invertible elements of Ay are non zero constants.

Proof. Let P(# 0) € A, has an inverse. Then there exists P~! € Ay such that
PP~! = P~'P = 1. This implies deg (PP~!) = deg(1) = 0.

This implies Deg(PP~1) = deg(P) + deg(P~') = 0. This implies

deg(P) = deg(P~') = 0. Since the degree of non- zero operators is always non

negative. Therefore P is constant. O]

Definition 1.1.15. A simple ring is a non-zero ring that has no two-sided ideal

other than the zero ideal and itself.
Theorem 1.1.25. The Weyl algebra As is simple.

Proof. Let I be a non-zero two sided ideal of As. And choose an element P(# 0) of 1
which has the smallest degree in I.

Case I: If deg (P) = 0 (that is p is constant). This implies P is a unit in 1.

(by cor. 1.2.24). Then there exists P~! € I such that P~'P = PP~! =1 € I, since
I is two sided ideal.

Now let g € Ay, 1 € I, then q.1 = 1.q =¢ € I. This implies I =< 1 > . Hence A, € I,
but I € Ay. Therefore I = A,.

Case II: Suppose that (o, 3) is a multi- index of length k. Let P=Yc,3X“0” , where

0 # cop € K for a, 8 € N?. This implies deg (p)= a+ 8 > 0.
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Now, x € Ay , P € I. This implies P, Px € I (Since I is two sided ideal ofAs). If
B # 0 then P — Px € I, otherwise § = (0,0). Then xP Px= 0 € I, this is the
contradiction to the fact I £ 0. But from Theorem 1.2.21 we have,

deg (xP Px) = deg [x, P] < deg(x) + deg (P) 2=14+ a+ -2 =a+ (- 1. This
contradicts to the choice of P which is p has the smallest degree in I. Therefore 5 = 0.
Now since a + 8 > 0 and = 0 we have a # 0. This implies 0 # xPPx # [x,p| € I.
Moreover deg [x, p] < deg(x) + deg (P) -2 =1+ a+ -2 = a+ [ — 1 which is also
a contradiction to the choice of P which is P has the smallest degree in 1. Therefore
a = 0. This implies I contain only the constant element(s). Hence As does not
contain the two sided proper ideals.

Therefore A, is simple. From this we conclude that the kernel of an endomorphism

of Ay is two sided ideal. O
Note: The only two-sided ideals in Ay are (0) and As.
Corollary 1.1.26. Every non zero endomorphism of As is injective.

Proof. Let ¢ : Ay — A, be an endomorphism. We know that the keri is sub ring
of 1. But we know that the only subring of A, other than itself is 0.

Therefore kery) = 0. Therefore v is injective. O]

1.1.4 Modules over the Weyl Algebra

In this section we introduce the number of important examples of modules over the
Weyl algebra. The prototype of all the examples we discuss here is the polynomial
ring in two variables. The reader is expected to be familiar with the basic notions of

module theory.
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1.1.4.1 The polynomial ring

In section 1.1, the Weyl Algebra was constructed as a sub ring of an endomorphism
ring. Writing Clz, y] for the polynomial ring Clz, y], where C is the field of complex
numbers, we have that A, is a sub ring of Endc(Clz,y]) and one deduces from this
that the polynomial ring is a left As-module. Thus the action of & and § on C[x,y] is
by straightforward multiplication while 0z and dy act by differentiation with respect

to x and y.

Definition 1.1.16. Let R be a ring. A left module M over R (or a left R-module)
Let M be a K-vector space .To define an action of Ay on M we begin by prescribing
values of x,y, u, for every u € M. Since the ideal of the relations is generated by a
finite number of elements. Then to say M is As-module it suffices to show that:

[0z, 2]u = [0y, §lu = du

[z, ylu = [0z, Oylu = 0 for every u € M and z,y, 0, and 0, are operators of K[x,y]

Theorem 1.1.27. Clz,y] is Ay-module with the action of © ,y,0, and J, on Clz,y]
by
z: Clz,y] — Clz, y| which is given by zf = z.f

y: Clz,y] — Clz, y] which is given by yf = y.f

Oz : Clz,y] — Clx,y] which is given by 0,(f) =

and 0y : Clz,y| — Clx,y| which is given by 0,(f) =

Proof. We know that (C[z,y],+) is an abelian group and (As,+,0) is a ring. Let
P?Q € A2 and f7g S (C[l',y]
i) P(f+g) =Pf+Pg (bylinearity of P)

i) (PQ)f=P(Q(f) =P (Qf) (bydef1.1.9.2)



i) (P+Q)f=P®E)+Q(f) (bydefl.1.9.1)
iv) 1f = f, Vf € C[z,y], where 1 stands for identity operator of A,. Moreover:
a)  [0r,2](f) = (O — 20,)(f) =1f = f
[0y 9)(f) = Oy — yd)(f) = 1f = f
b) [0k, 0)(f) = (0:0y — 9,0:) (f) = 0(f) = 0
c) [x vy ()= (xy-yx)({)=0(f) =0

Therefore C[z,y] is a left Ay- module.
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Chapter 2

The Length 0f A>-module

In section we describe the definition of simple modules and collects examples of simple
Ag— modules. It is true that every simple module is cyclic but the converse is not
true. Also we will describe the general study of modules with finite composition series

and the length of modules.

2.1 Simple A>- Modules

In section we describe the definition of simple modules and collects examples of simple
As— modules. It is true that every simple module is cyclic but the converse is not

true.

Definition 2.1.1. let M be an As-module. M is said to be simple module over A, if

it has no proper sub modules. That is it has no sub modules except 0 and M itself.
Theorem 2.1.1. Clz,y| as As- module is simple.

Proof. Let f € Clx,y], f # 0. Then Ay f be a sub module of C[z,y|. Let f = 3¢, X®,

25
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a=(ag,az), X* = (x“.y*?) |Ja| = a1 + s and X = (z,y). Then
0°(f)
co 0!

implies 1 € Ay f. Therefore Ay f = C|x,y]. And hence C[z, y] is simple as As- module.

0*(f) = 0%(EcaX®) = Xcpal. This implies 0%(f) = Xe,al. Thus = 1. This

]

Definition 2.1.2. A left R-module M is called cyclic if M can be generated by a

single element.
Proposition 2.1.2. Every simple As- module is cyclic.

Proof. Let M be an Ay-module. For each a € M and a # 0, consider Asa is sub
module of M. Since M is simple Asa = 0 or Asa = M. But Asa # 0, Then Asa = M
for some a. Therefore, M is cyclic.

Note:

¢ Any simple As-module M is generated by any of its non zero elements.

That is M = Asa, for a € M and a # 0.

¢ A cyclic module may not be simple. O]

Example 2.1.3. Let Cx,y] be the polynomial ring in x and y over the field of the

set complex numbers C. We define Clx,y|, = {£ :p € Clz,y] and r € N.}. Here
xT

Clz,y). is cyclic but not simple. Because Clz,yl, is generated by (%) and it has a

chain of sub modules 0 C Clz,y| C Clz,yl, and Clz,y] # Clz, y]..

Proof. claim 1. Clz,y| C Clz,y]z.

t
Let t € C[z,y], then I Clx,y]s, (since ¢ = 2" t € Clz,y)).
z" z"

Therefore Clz,y] C Clz, y].,.

claim 2. C[z, y], is generated by ().
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Let t € Clx,y|, and t # 0. Then t = 2 where q € Clz,y]. Let k = r—1 and consider
xr

A ol (=)l
D= F(—1)F € A,. Recall that: 8x(x) =
1 qgok 1
N D(— T —(—
ow DY) =)
_ q "
(1 (—1)k(7€!))
ERITES LI
q
okt
S w..(since k=r—1 dmplies r=k+1)
:L-T
1
Hence D(-)=t.
x

Since t is an arbitrary element of C[x,yl, and t # 0, we have C[z, y|, is generated by

(=)

T
Therefore C[z, y|, is cyclic but not simple.

Definition 2.1.3. Let f be a non- zero polynomial.
Klz,yly = % :p € K[z, y|,r € Ny} is the set of rational functions of the form (%)
, where Ny is the set of whole numbers.

Theorem 2.1.4. Let Clz,y] be the field of complex numbers. Then (Clz,y|s,+) is

an abelian group.

Proof. We know that the set of rational functions C(x,y) is an abelian group. Then

it is enough to show that a sub set Clx,y| is a sub group of C(z,y).
h
Let Dy, Dy € Clz,y]s. Then Dy = % and Dy = F then:
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o h_pf kP pP B 4 g
1 2 fro frft frt frt fs
q=pft —hf"€Clx,yl,s=r+te N.

€ Clz,y]s €, where

Hence C[z,y] is a sub group of C(z,y).

Therefore (C[z, y]s,+) is an abelian group. O

Theorem 2.1.5. Let f be a non zero and non constant polynomial, then Clx,yl;

is a left Ay- module with the action of z,y,0x and Oy by (z, %) — az% = x%,
(5, 2) — G = y£ and
fr S S . " [0 [0 f
p "Opp — pOu T [TOup —prfTT 0,
Oz, —) — Oz = ,
(00, 7 — O = o T o
p "Oyp —pOy )" _JTOyp —prfT 0,
oy, — 0y =
00 0) — () =7 (7
Proof. Since (Clz,y|f, +) is an abelian group. (by Theorem 2.1.8)

Now let p, q, h, f € C[x,y] and J{) ;”It’ Iz € Clz,y]s and ,9,0x, 0y € Ay wherer, t,



s € Ny

P q

1£(F + F

8x(% —i—%

29

_ P a
) - x(fr + ft)
_ e +af)
frft
(ﬂfpft+wqf’“)
frft
_ 2(pfY) | 2(af")
frft frft
~z(p) | 2(q)
= ( I + ( 7i
= ﬁ:(%) + zfz(%) and
_a(P 4
) = 8x(fr + ft)

_ SN0 (f + afM)] = (of + af") (0:(f7 )
(f7r%)?

_ SN0 (pf") 4 Oulaf )] — (0 + af ") (0 (ST 1))
(f7f1)?

_ SN0 (pf) 4 OulafT)] (S + af )0 (7f1))
(f7f%)? (f7f1)?

_ S Oep + pOuf + [TOq + q0:f"]  (f' 4 afT)(0a (1))
(fr )2 (frfe)?

(20 + [ 0o f* 4 (f7)2 f10uq + [T f1a0u ™ (pf + af ) (0 (fTf1))

(frf)? (f7f)?

_ 0t Oup) 0" Ou(@) _ (pf' + af )OS 1))
e ft (f7f1)?

_POSt L Oulp) | 4Ouf" | 0ua) _ pOu)t  pOufT  40ufT  4Ouf
frrt Ir It It free e U

_ O%(p) _ pOuf" | Ould) _ 0. f*

U U2
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py_(@+0)p x(p)  Owp . P )2
2 ($+a$)(£r) f(; ot —l’(fT)Jrax(fr)
= L Py TPy ol
3. (0zz)= (%gvfr) =3 (:L‘fr) Gx(xfr) and
p, Py D
(xax)(F) = 17(3:7) = x(axF)
4 1(%) = % = % f£ Similarly to g, dy.
Moreover:
PN — (owi — do) (P = 1( 2
a) [3x¢ﬂ(fr) (O $3$)(fr) 1(fr)
b) [0, Oyl(4;) = (Dwdy — dyd)(4;) = 0(5) =0
0 a,9](4) = (@9 — 52) () = 0(4) =
U Ir fr
Therefore C[z,y]; is a left Ay-module. O

Example 2.1.6. Let f =z +y+ 1 and let p € Clz,y|. Then Clz,ylpyyr1 s As-

module.
Proof. #(5) = #( o T ) = Gy 71 © Sl W
W) =Y Gy T = Gy o1y € Ot
on( ) = an( ) - UL ey

Ox(p) —r(x+y+1)"'p
- el

(x+y+1)79,(p)—r(x+y+1)p

P, D .
0y(—-) = 9y( )= (z+y+1))?

fr (x+y+1)

Oy(p) —r(z+y+1)"p
- )(.’H(—y%—l)r : € Clz, ylotyt
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Moreover:
) p PN p B p
a) [8x,x](m) = (Ozz — x&x)(m) = l(m)
b) [0z, 33/}(<I;Fy—+1)r) = (0x0y — aya?(m) = O(W) =0
c) [f7§](m) = (29 — Z?if?)(m) = O(W) =0

Therefore C[z, y],4y+1 is Ao- module.
Note:
Clz,y]s is not simple asAy — module. We will see in the next section the reason why

it is not simple. ]

2.2 Composition series and Length of A,- Modules

In this section we will see the length of As-modules by considering of polynomial rings

in two variable. And then by introducing its quotient module, we will describe its
properties. A module M which has a finite composition series is called a module of
finite length. The length of a finite composition series of M is said to be the length

of M. In this section only we have the case for As-moduleof finite length.

Let f = xy(x + y) then Clz,y|; = C[z, ylsy(2+y) is not simple. Because the chain

0 C Clz,y] C Clz,yl. C Clz,ylsy C Clz, ylay(aty) is the sequence of sub modules of
Clz, y]s .In this section we will see the quotient modules C[z, y],/C[z, y], C[z, Y]+, /Clz, yls,

Clz, Y]o(a++)/Clx, y]zy are simple or not asAs-module.

Definition 2.2.1. Let M be an As-module then a chain of sub modules of M is a
sequence of sub modules with strict inclusions,
0=MyC M, C My C..C M= M such a chain is said to have length k

(the number of links).
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Example 2.2.1. 1. The zero modules are the only one with length 0.

2. Modules with length 1 are precisely the simple module.

Definition 2.2.2. Let M be an As-module. A composition series of the module M is a
sequence of sub modules with strict inclusions, 0 = My C M; C My C ... C My =M

and M;/M;_q is simple (i = 1,2, ..., k)

Theorem 2.2.2. (Jordan-Holder Theorem)

Any two composition series of a non zero module are equivalent in the sense that both

have the same length and the same simple quotient and isomorphism .To be precise,let

O=MyCcM,CMyC..CM,_yCM,=M and

0=Ny C Ny CNyC..CNi_y CNy=M be any two composition series for M. Then
i) r=t

i) Vi, i=1.r3j, j=1..tsuch that M;/M;_y = N;/N;_1 and vice-versa.

Proof. We proof the result by induction on the length of one of the composition
series,say r of the first.If r=1,then M is simple and hence N,_; = (0),i.e.,t=1 and the
result follows.suppose 7 > 2 and assume the induction hypothesis that the theorem
is true for any module having some composition series of length at most r-1.We
distinguish two possibilities.
case 1: M,_1 =N,
Now we find that M,_; has two composition series,namely,
0=MyC M, CMyC..CM,;and
0=NyC N, CNy,C..CN,_.
Since the first one is of length r-1,we get by induction that
1. r-1=t-l,ie.r=t and

2. Vi, i=l..r3j, j=1..tsuch that M;/M, 1 = N;/N;_; and vice-versa.
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Since M /M,_1 = M/N;_1,the result follows.

case 2: M, 1 # N;

Let M = M, 1 + N, ; which is a submodule of M containg the maxima submodules

M,_; and N,_; and so M = M .Furthermore,we have

(hk) {M/M,_y = (M,_1+Ny_1)/M,_1 = N;_1/(M,_1NNy_1) = Ny_1/K = simple
{M/N;_1 = (My—1+Ny_1)/Ny—1 = My_1/(M,_1NNy—1) = M,_1 /K = simple,

where K = (M,_; N N;_;) which is a submodule of a module of finite length M and

so K is also a module of finite length and hence has some composition series,say

0=KyC K, CKyC..CK, 1 CK,= K.Thus we get 4 composition series for

M = (M,_y + Ni_1), namely

0 = KnCKiCKyC..CK,1CK,CM,_1C(M_1+4+N;_1)=M,
0 = M0CM1CM2C...CMT_1CM»,‘C(Mr_l—i-Nt_l):M,
0 = NgCNCNyC...CNi.iy CNy C(My—y+Nisy) =M and

0 = KCKi1CKyC..CK,_1CK, CN_1C(M_1+N_1)=M.

Of these,the first two(resp.the last two) are equivalent by case 1 whereas the first and
last are equivalent by (3% ) above and hence we get that 2°¢ and 3"¢ are equivalent,as

required. O]

Definition 2.2.3. Let M be an A;-module.The length of any of it’s composition
series (which is independent of the series) is called the length of the module and

is denoted by ¢(M). (If M has no composition series,we say {(M) = o).

Let f = zy(x 4 y) then Clz,y]y = Clx, y]sy(z+y) Is not simple. Because the chain
0 C Clz,y] C Clz,yls C Clz,ylsy C Cla,ylay(ery) is the sequence of sub modules of

Clz, y]s with strict inclusion.We want to find the length of C[z,y];
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Proposition 2.2.3.
i %(mod(@[m,y])) is the generator of (Clx,yl.)/(Clz,y]).

it. (Clz,y]:)/(Clz,y]) is simple as Ay-module.

Proof. i) Lett € C[z,y],/Clz,y] and t # 0. Then t = i—i—@[w, y| where ¢ € C[z,y],
:L»T

and r € N.
oF 1 —1)™n!
Let k =r — 1 and consider D = k!(q_mmk € Ay. Recall that: 32(5) = ( Inz-ln
g0y 1

Now D((1)+Clz, y))

T

= () (PE G+ Clea)

—1)E(k!

) + Clz, y]

q
=t Clz,y]

= — + Clz, y| (since k=r—1 implies r=Fk+1)
T

1
Hence, D((=)+Clz,y]) = t, since t is an arbitrary non-zero element of Clz, yl,/C[z, y]
T
1
Therefore C[z,y|,./Clz, y] is generated by (= + Cl[z, y]).
T

ii) Let ¢t € Clz,y]./Clx,y] and t # 0. Then t = % + Clz,y] where p € Clx,y],

Yeasr®y?
and 7 € N. then ¢t = —c8T Y Clz,y] where cop € C,r € N,p = Scapzy? is

x’l"
finite and c,5 # 0. It is enough to show for the case s < r, since if s > r we can
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h
write % + Clz,y] = ¢+ s + Clz,y| where q,h € Clz,y] and deg(h) < r. Thus

=24 Clz,y] = — + C|z,y].Assume a < r, and let ¢ be a non- zero coefficient
z" z"

. Syt .
of smallest power of x in p. Then t = ——= + Cl[z, y| where ¢, € C,n € N,y is

x?"
finite sum of y and ¢, # 0. Then

c c :
t=(= : ahyt + :];tl Myt 4 :];H Ryt 4 —x y') + Clz, y]. consider

mr

atxr—(k—i—l)
D=4 €A
t!Ck
atxr—(k—l-l) c c Cp
Now D(t) = (y—)((—kxkyt 4 Lk ThE2 Cht2 "2yt Tyt 4 Cla, y))
tles zr " " "
8t —(k+1) ¢ c c Cn
= —( ]fﬁkyt + k—tlxkﬂyt + k—?xk“yt + ...+ —a"y") + Clz,y])
! T x x x
at —(k+1) Ck xr—(k—l—l) c xr—(k—i—l) c
2kt k41 k+1, ¢ k+2 k42t
- (et (2 _
t!(( p— y') + ( P y') + ( p— y')
T (k+1) c .
+(———=2"y") + Clz,
(E—Samf) + Clry)
Oyt eyt Cpioxyt eyt
:t_ﬁy_ k+1Y 4 Che2 Y N y)
'z Ck Ck Ck,
oyt c c
=2Ey since (BHyt 4+ B2yt 44 Tanyt) € Cla,y)
t! ' x Ck Ck Ck
Y !

Hence D(t) = = + Clz, y]. Since = + Clz, y] is a generator of C[z,y],/C|x,y| and t is
T T
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a non-zero arbitrary element of Clz, y|,/C[z,y|. we have C[z, y],/C|z,y] is simple as

Ay- module.Therefore Clz, y,/C[z, y] is simple as As- module. O

But C[z,yl.,/Clz,y|,; is not simple as A,- module.Because Clz,y|, + Clz,y], is

submodule between C|z,y|, and Clx, yl.,

Definition 2.2.4. Let M be an As-modulelf 0 = My C M; C ... C M, = M is a
composition series of M,then the set DF (M) := {M;/M;_1},_, of simple Ay-module
is the set of decomposition factors of M.

We have the following proposition on the decomposition factors of As-modules.

Proposition 2.2.4. Let M be an Ay-module. Let N a submodule of M. Consider the
ezact sequence of As-module N C M "+ M/N. Then

(a) DF(M) = DF(N)UDF(M/N) and

(b) (M) = £(N) + ((M/N)

Proof. Consider M "+ M/N =F, D F,_1D>..DF D F=0

Then F; = M;/N, where M D M; = 7~ (F}) for j=0,1, k.But

MMy = 7= (F})/ = Fj1 = M;/N/M; 1 /N = Fj/Fj

Hence if F;/F;_; are simple, then M;/M;_; also are simple.

Suppose 0 = Ny C N; C ...N,, = N is composition series of N.Then
NoCN,C..CN,=N=DMy,C M, C..CM,= M is composition series of M.
Therefore {N;/N;_1}_oU{F;/Fj_1 = M; /M, _1}%_ is the set of decomposition factors
of M.

UM)=r+k=¢N)+{(M/N). O
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Proposition 2.2.5. The length of Clz,yl., is 4

Proof. consider the sequence 0 C Clz,y| C Clz,y|. C Clz,y|, + Clz, y], T Clz, yluy.
The inclusion is strict and

i. C[z,y]/(0) is simple as Ay-module since C|z,y]/(0) = Clz, y].

ii. Clz,y]./C|x,y] is simple as Ap-module  (by proposition 2.2.3).

iii. (Clz,yl, + Clz,yl,)/Clz,y], = Clz,yl,/Clz,y]  (by theorem 1.1.8) and
Clz,yl,/Clz,y] is simple as Ay-module (by proposition 2.2.3).

Hence (Clz,yl, + Clz,y],)/Clz, y], is simple as Ay-module.

iv. Clz,ylsy/(Clz,y]: + Clz,y],) is a simple Ay module generated by xiy

Therefore 0 C Clz,y] C Clz,yl|, C Clz,y], +Clz,y], C C[z,y],, is composition series
of Clz, y|sy (by definition 2.2.2).

Therefore the length of Clz, y],, is 4. O
Proposition 2.2.6. The length of Clx, y]sy(z+y) 5 6.

Proof. Consider the sequence

0 C Clz,y] C Clz,yl. C Clr,yl. + Clz,y], C Clz,yl. + Clz,y], + Clr,ylary C

C[:c, y]zy + C[x, y]:c(x-i-y)-

(C{;a y]z + C[SL’, y]y + C[SL’, y}ery)/((C[I, y]l“ + (C[.T, y]y) = (C[;U, y]$+y/(c[x7 y]

(by theorem 1.1.8) and Clz,y|,+,/Clz,y] is simple as Ay-module (by proposition

2.2.3)

so, (Clz,yls + Clz, yly + Clz,ylavy)/ (Clz, y)o + Clz, y],) is simple as Ap-module

) 1 1 1

Since —— = — — ——— then ———
vy(r +y)  xy  x(v+y) zy(r +y)

C[ZL’, y]my(ery) = C[ZL’, y]xy + C[SB7 y]x(ery) thus

(C[-’Uay]xy(ery))/(C[xvy}x"'C[xvy]y"'(c[xay]r—ky) = (C[l‘,y]xy—FC[:E,y]x(x+y))/(((:[:ﬂ,y]$—l—

Cla, )y + Cla Ylosy).

€ C[[L’, y]xy + (C[x, y]x(z+y)'
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1
z(z +y)

Clz, ylzy + Clz, yla(@ry)/Clz, yle + Clz, yly + Clz, yloyy = C[é] DC ]

_ 1 1 1 1
simce C[l'_y] - @i,j<0 (C(.le]) and C[:c(a: + y)] - @k,r<0 C(QZR(QZ 4 y)r)
Let MZ@@%OC(L) and N=P, , _, C( ), then M @ N/M = N.Thus

'y wh(z +y)
M @ N/M is simple.Hence 0 C N C M €D N is a composition series and {(M @ N)=2.

Therefore ¢(Clz, ylzy + Clz, Ylu@ry) )/ (Clz, y]o + Clz, yly + Clz, yloyy) = 2 and
UClz,ylo + Clz, yly + Clz, ylosy) =4

Therefore,The length of C[z, y],y(z+y) is 6 (by proposition 2.2.4). O
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