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Abstract

This project contains two parts; theory of distribution and Sobolev spaces. In this
project, we discussed theory of distribution and also the differentiations of distribution,
multiplication by smooth function of distribution, direct product of distribution,
convolution of distribution and the Fourier transform of function of slow growth. The
theory of Sobolev spaces has been originated by Russians mathematician S.L.Sobolev
around 1938. These spaces were not introduced for some theoretical purposes, but for

the need of the theory of partial differential equations.
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Introduction

A generalized function (distribution) is a generalization or extension of the classical notion
of function. On the one hand, this generalization permits expressing in a mathematically
proper form such idealized concept as the density of a material point the density of a point
charge or dipole, the special density of a simple or double layer the density of an
instantaneous point source, the magnitude of an instantaneous force applied to a point, and

so forth.

On the other hand, the notation of generalized function can reflect the fact that, in reality,
one cannot measure the value of physical quantity at a point. But can only measure the
mean values with in sufficient small neighborhood of the point and proclaim the limit of the

sequence of those mean values as the value of the physical quantity at the given point.

The theory of Sobolev space has been originated by the Russian Mathematician S.L.Sobolev
around 1938. These spaces were not introduced for some theoretical purpose, but for the
need of the theory of partial differential equations. Since elements of such spaces are
special class of distributions. Sobolev spaces are an example of banach spaces or,

sometimes, Hilbert spaces are interesting objects for themselves.
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Notation and Symbols
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N: the set of natural numbers.

Nj: the set of non-negative integers.

R: the set of all real numbers.

C: the set of all complex numbers.

N.': Ny X....x Ny (n-times): the set of multi- indices.
Rn: n-dimensional Euclidean space and x= {x1,X2,...Xn}
be a variable element of Rn.

Domain Q: an open connected region
A domain Q in R": An open connected subset QO R»

(X, ¥) =Xy, +X,Y, +...+ XY, : The scalar product in Rn.

For an arbitrary non- empty set Q2= R» we shall denote by:

C (©): The set of all continuous functions in Q.
C1(Q):The set of all once continuously differentiable functions in .
C?(9): The set of all twice continuously differentiable functions in €.

C*(Q): The space of functions having all derivatives of order < k continuous in Q

C’(Q)= C(fl) : The set of all continuous function on Q.
C C: Strictely Compact
C”(Q) : The space of infinitely continuously differentiable functions on Q.

CZ(Q) : The space of functions in C”(Q) with compact support.

F(f) = f(f € S(R™)):The Fourier transform of a function f.

For a measurable non-empty set ) € R™ we shall denote by:

Space: for 1< p < oo, L, (Q2) denote the set of all measurable function defined on Q
such that, fQ |f(x)|Pdx < oo ,where the integrable is taken in the sense of lebesgue.

1
LP Space norm is defined by IIfIILp(Q)z(fQIfIP)5< 0,

L (Q2):the Banch space of function f measurable on Q such that the norm
ess sup
Ifllie@ =, ¢ g fGI < oo
A multi-index @ = (a4, a3 ,..., @) is an n-tuple of non -negative integer
numbers and
la|=a; + a; +... +a,,

xa=x1a1x2a2 xnan_

Partial derivative will be denoted by:

6J. ::i,lgjg n, and wewritea:i:(i,i,....,i)
OX; OX  OX; OX, OX

n
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Fora € Nj ,a # 0 ,we shall write:
galtazttan a \%1 7/ 9 \22 0 \%n
o= (2 () ()
0x1%10x9%2--9x, %n dx1 dx O0n

For (1 be a measurable setand 1< p < co.

Hoelder inequality: Let 1< p < oo and let q denote the conjugate

exponent defined by

%-i-%:l, (q= if p=1,q=1if p=00).If f € L,(Q) and g € L,(Q), then

fg € L@ and IIfglli,@ < 11l @ gl -
Minkowski’s inequality: If f,g € L, (Q),then f + g € L,(Q) and
If + 9, < IfllL, @) + lgll, @)

Young inequality: Forp,q,r € [1, o] :% = %-&- % —landf €L,, g €L, wehave

(f*9)€ Lyand|If = gll, < lIfll,llglly By (F*g) 0 = [f()glx—y)dy
we denote the convolution of f and g.

Fubini’s Theorem :( changes of order of integration).
If a function f(x,y) defined in R"*™, x € R™ and € R™ , is measurable, and there exists a
repeated integral of the function |f(x, y)| and
JUIf Ce, )] dx]dy < oo
then f(x, y)is integrable, and the integrals
JfGoydx, [ f(xy)dy

exist almost everywhere and are integrable, and the equations

JU fCoy)dyldx =[ [ fCx,y)dxdy =[[f f(x, y)dx]dy.

AAU.Department of Mathematics Page 3
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CHAPTER ONE: DISTRIBUTION THEORY

1.1 DISTRIBUTIONS (GENERALIZED FUNCTIONS):
A generalized function (distribution) is a generalization or an extension of the classical
notion of a function.
1.1.1 The Space of Basic Functions D(2)
On a material which has point of mass 1, assume that the point is on the origin of the
coordinates, the mean density f, (x) is given by
£ =| = iflxl<e

0 if|x|>¢

As & — 0, the mean density f, () becomes a function

_(oo,if x=0
S(x)_{o’l.f“t0 .............................. 2

The integral of the density over the entire space yield the total mass of substance,
that is,

[6(x)dx =1 ST
But for the functional §(x) defined by (2) [ §(x)dx =0. This means that the function does
not satisfy the requirement of (3).
Let us now find a somewhat different limit of the sequences of mean densities f; (x) , the so
called weak limit.
It will readily be seen that for any continuous function ¢(x),

limgo [ fi (x) @(x)dx = @(0)--rmmmmmmmmmmmmmmmmmmmmmcmeeeeeeee 4

Formula (4) states that the weak limit of a sequence of function f;, (x), € — 0 is a functional
¢(0), that relates to every continuous function ¢(x), a numberg(0), which is its value at
the point x=0. It is this functional which is taken as the definition of the density §(x), and

this is the well known Dirac 8 function.
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So f, (x) week, 6(x) ase > 0

The value of the function § on the function ¢ (the number ¢(0)) will be denoted,
5(@)=(8,9) = ¢(0)

This is the value of the functional § on the function ¢.
It is view point that serves as the basis for defining an arbitrary generalized function as a
continuous linear functional on collection of sufficiently “good” so called basic functions.
In this sub-section we introduce the important space of basic function D (2) for any open
set Qc R". We use C"(2) to denote the set of all functions f(x) that are continuous in Q
together with all derivatives D*f(x), |a| < n; C*(Q) is the collection of all infinitely
differentiable function in (.

We introduce the norm in €™ () for n<oo via the formula

l@llnc00=2 i< [P @1, 0)-
Then C" (Q) is a Banach space, since completeness follows from the fact that,
on a compact subsets, the uniform limit of continuous function is continuous.
Note thatif m > n, then |[¢|l;, .0 = |@ll;100,0 » SO we have a nested sequence
of norms.

Definition 1.1.1: Let f be a complex valued function defined on an open subsetQ < R".

We call support of f and denote it by suppf ={x € Q/f(x) # 0}
The support of f is the smallest relative closed set outside of which f is identically zero.
Definition 1.1.2: Let Q © R™ be an open set. Included in the set of Test functions D(Q) are
all functions which have compact support and infinitely differentiable functions in (.
That is,
D(Q) ={p € C*(Q)/ suppe is compact}=Cy° (Q)

Convergence in D(Q): A given sequence {¢,,} in D(Q) converges to ¢ in D(Q) if

i .3 acompact setk cc Q such that suppy, € k , Vn.

ii. Ya€eN§, D%, (x) :>Da<p(§x),xeﬂ,asn - 00,

In this case we shall writep, — ¢ ,asn — oo inD (Q).

AAU.Department of Mathematics Page 5
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The linear set D () equipped with convergence is called the space of test/ basic function

D(Q).
1 )
1—[x|? , when |X| <1 isin D.

Example 1.1.1: ¢(x) = {e_(
0,when |x| =1
For x| <1

do _ —2xj
ax;  (1—|x|2)2

(x) , |x|2=x? + -+ x?

p(x)
(1—]x|?)"

Any partial derivative of higher order has the form - @(x); p(x)isapolynomial

Now put t=|x|
ThenVx € R™\{0}, x — ||x||=t. Then

1
p(x) =)= {e_(m), whent <1
,when t >1

Then D" ¢(t) =% - ¢ (t) which is infinitely differentiable.

Also

Supp (¢ ) ={x € Q: p(x) # 0}
={xen: |x| <1}
Obviously, the supp (¢) is a compact set (since it is closed and bounded) and ¢ € C*(Q).

1.1.2 The Space of Distributions D'.
Definition 1.1.3: A continuous linear functional on the space of test functions D is called
a generalized function /distribution/.The set of all generalized function is denoted by
D' =D (RY).
We will write the value of the functional (generalized function) f on the basic function ¢

as (f, o).

AAU.Department of Mathematics Page 6
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We say that f € D’ if it satisfies the following conditions.

e A distributionf € D', is a functional on the space of basic function D, that
is, with each basic function ¢ there is associated a (complex valued)
number (f, @).

e Adistribution f € D', is a linear functional on D, that is,

Ifp, € Dand A,B € C,then
(frdp+BY)=2(f,0)+B (f )

e A distribution f € D' is a continuous functional on D, that is, if ¢, = ¢ in

D(Q2)as n — oo then

<f'(pn>_) (f;(,o) as n — oo,

The generalized functions f and g specified in (1 are said to be equal in () if they are equal
as functional on D(Q) , that is, if for any ¢ in D(Q) , (f, ¢)=(g, ¢). We will write: f = g in Q
or f(x) =gx),x € Q.

Note: The space D' is linear if we define the linear combination Af + ug of the generalized
function f and g in D(Q) as a functional acting via the formula:

(Af + ug, o) = XKf,0)+uig,¢), ¢ €D.

Proof: we what to show that
Af + ug is linear and continuous function on D,i.e.belong to D .

Let ¢ € D andy € D and a, § are any complex numbers. Then,
Af +ng, ap + BY) = Kf,ap + p)+u (g, ap + By)
= a[Mf, o) + (g, @)+BIASf, P)+ulg, W)]
= a(Af + ug, @)+ BAS + g, )
Hence, Af + ug is linear

Its continuity follows from the continuity of the functional f andg. If ¢, — ¢ as k— o in D,
then

Af +ug, 1) = Mf, o) Y189, 91.) — Xf, @) +1(g, @) =(Af + pg, ¢ )ask— oo
Hence, Af + ug is continuous.

Therefore, Af + g is a linear and continuous on D.i.e. Af + ug € D".

AAU.Department of Mathematics Page 7
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Convergence in D': Let {f.} be a sequence of distributions. Then f, is said to be convergent

to the distribution f if and only if

(£ 9) = (f, ) for all ¢ € D(Q)
In this case we shall write f, - fasn— oo inD’
This convergence is called weak convergence.
The linear set D together with the convergence which it is equipped is called the space of
generalized function.
Theorem: 1.1.2 Suppose that f:D(Q2) — Cis linear .Then

f € D'(Q) if and only if for every k cc , there are n > 0 and C>0
such that
IF (@) < Cl@lne forevery @ € Dy

Proof: Suppose that f € D' (), but suppose also that the conclusion is false. Then there

is some k cc Q) such that for every n = 0 and m = 0,we have some ¢, ,,, € D}, such that

|f (@nm)|>m]| @

n,00,Q "

Normalize by setting®; = ¢; /(|| ¢; || € Dy.

j,oo,,Q)

Then |f(¢;)| > 1, but §; — 0 in D(Q) (since || || < || ||],,OO’Q=1/]' forj = n),

n,00,()
Contradicting the hypothesis.

For the converse, suppose that ¢; — 0in D(Q).

Then there is some k cc () such that supp (¢;) < k for all j, and, by hypothesis , some

nand Csuchthat  |f(¢;)| < C||g|| - 0.

n,0,()
That is f is continuous at 0.
Definition1.1.4: A measurable function f: Q — ( is said to be locally integrable if
Jlf ()l dx < oo for all compact K < Q.

We denote by L}, ().

AAU.Department of Mathematics Page 8
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Regular Distributions
The simplest example of a generalized function is the functional generated by the function
f (x) locally integrable in R":
(fro)= [, f(x) p(x)dx, @ ED..uuvunn.ce 1
From the property of linearity of the integral follows the linearity of this functional:
(fL 29 + BY) = [ fFI[Ap(x) + B (x)]dx
=1 FE)e@)dx + B [ fFOP()dx
=A{f,0) + B )

While from the theorem which concerns proceeding to the limit under the integral sign
follows the continuity of this functional on D:
(fr00) = [ fOPa()dx - [ f)@(x)dx = (f, )
asn - wifp, > ¢asn —ooinD.

Thus the functional defined in (1) defines a generalized function belonging to D'
Definition1.1.5: For T; € D'(Q), ifthereis f € L},.(Q) via the formula:

(T, @) = faf(x) @(x)dx, ¢ € D, are called regular distributions and
all other generalized functions are called singular distributions.
Example 1.1.3: Let x;, € Q, be a fixed element. We consider the function

8y, D () — Cdefined by ¢ ~ @(xo).
We have for each compact K c Q
|6, (@)] = l@x0)] < ll9lloo0

Implies by theorem1.1.2 that &, is continuous. We call §, the Dirac mass, distribution or
delta function at x,. In the case x, = 0 we will write simple § instead of §.
The distribution 6, is not a regular distribution .This we will prove now.
Let Qg = Q\{x,}.Let K c Q, be a compact set.
Then (by definition) we have that Dy (£),) is the set of all
@:Qy — Cp € C”(Qp), supp ()E K < Qy.Now we consider ¢ € &, |Dg(Qp).
For this ¢ we havep: Q — C, @ € C”(Q), supp (¢) € K cC Q,.
Therefore, we have ¢ (x,) = 0. Since x, & Qo, i.e.xy € supp(p).

AAU.Department of Mathematics Page 9
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This implies &, |Dx (29)=0, i.e. (8,,, ) = 0 forall ¢ € D (Qy).
Now we assume that there is an f € L} . (Q) such that Oy, = f-
82y ) = (f, @)=], f(D@()dx=], f(x)p(x)dx =0 forall ¢ € Dy (Q).
immediately
f(x) = 0 for almostall x € Q,,

and therefore,

f(x) = 0 for almostall x € Q.

From this it follows &, ,=0, i.e.{5,,, ¢) = 0 for all ¢ € D(Q).
But this is not true, because for a function ¢ € D(Q) for which x, € supp(¢) we get

(62, @) = @(x0) # 0,1 8, #0.
Definition 1.1.6: The support of a generalized function f is the completion of Qs to Q ,
so that, Suppf= Q \Q:suppf is closed set in (). Where () is the largest open set in which f
vanishes. Also, the support of f is the smallest closed subset of () out side of which the
distribution f is zero.
Definition1.1.7: A distribution f € D' (Q) has a compact support if and only if there is a
compact set K € Q such that supp ¢ N K= { } implies (f,p)=0 V ¢ € D(Q).
Lemmal.1.1: Let {f;, } be a sequence of distributions.

If there is a linear mapping f: D (R") — C such that

(fir 9) = (f, 9} for all g € D(R™),
then f is a distribution.
Proof: We have only to show that f is linear and continuous,
ie.f € D'(R™). From
(f.0) =" (fe, o)

We get (f, @1 + @2) =limy e (fie, 91 + 92)

=limy o0 ((f, @1) + {fi, ¥2))

=limy o0 (i, @1)Hlimy oo (fi, 92)

=(f, p1)+{f, 2) and
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(f, ap)="" (fi, ap)
=a "™ (fe, )
=a(f, )
i.e. f is linear. For the proof of the continuity of f we consider a sequence (¢,),
where ¢, € D(R™) and ¢,, — 0 as v — c0.We have to prove that (f, ;) — 0asv — oo,
i.e. we have to prove that f is continuous at 0.
We assume that the last is not true. Then there is an a > 0 such that

I{f, ¢, = 2a forallve N.
Since(f, @) =™ (f., ) for each @ € D(R") we get particularly (f, @,) = ™ (f., ®,) and

k—oo T k—oo

therefore
2a < K, @)=]"" (fir 00| = [{ficr @) forall v € N.
From this it follows that for each € > 0 and for each v € N there is an index k,, such that
2a — € < {fi, @y)| forallveN.
To make it easier we choose € = a.Then we have that for each v € N there is an index k,,
such that
a < |(fkv,(p,,)|forallve N. oo *
since ¢, — 0 as v - o in D(¢),then (f, ¢,) - 0 as v —> o .Then we get that(f; ,¢,) > O as
v — oo forallk € N, since f;, € D' (R™).This implies that (fk, »@v) — 0asv - oo,
But this is a contradiction to *.

Example 1.1.4: We consider Cauchy’s principal value of

I (pix)dx, where ¢ € D(R).
Cauchy’s principal value is defined as
® 9G) o lim e pG) g 0@
CPV[ , ——dx = O[f_Oo —dx +[, ——dx]
We define the mapping
(p, )= CPV[" £ dx

and we show that p is a distribution. First we show that the mapping p,, defined by
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(P, (p)=f|x|>k %x) dx, ¢ € D(R),is aregular distribution for each k € N.

For this we define

0,if |x| <

fk(x): 1 if x| >

, KEN.

bl Sl

Then f}, is locally integrable. To see this we consider an arbitrary compact set k c R. Let

a=mink, b= maxk and c=max{|a|, |b|, %}. Then we have

1 1
J M fe@ldx < [ Ifi@dx =["FIfi (Oldx + [% |fi @)ldx + [£ |fi (x)]dx
k c c X
k
-1 c
=—In(—x) T + lnxi = — (ln% — lnc) + Inc — ln%
—c k
=2[Inc —ln%] < oo,
By definition 1.1.5 we get that
-1
(Tr, 0)=[" f.(X)(x)dx=[T 2@ gy 4+ (€9 gy
fk —00 -0 x T x
_ o (x) dx = .
=gt = X =P @) s

a regular distribution.
Now we have

li li

_lim | e o ¢ (x)
_k_)o[f_og . dx+f% —dx]

— © o) 4. _
=CPV/__ —dx =(p, @)
i.e pis the (weak) limit of a sequence of (regular) distributions. Therefore, by lemma 1.1.1

we get that p is a distribution.
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1.2 Differentiation, multiplication by smooth function, direct product
and convolution of distribution.
Differentiation of distribution
Definition 1.2.1: Let 2 € R™, f €D'(Q) and « be a multi — index . Then the mapping
D% :D' () — D' () defined by
(D*f, ) = (-D)I*l(f,D"p), Vo € D()
is called the derivative of f

Let us see whether D*f € D' (2)

Clearly D“f is a functional since f € D’

Linearity: Let ¢,y € D and 1,5 € C, then
(D, A + By = (=Dl (£, D% (hep + By))
= (Dlel (£,2D%¢ + pDY)
=A(-nlel (£, 0%9) + p(=1)lel (£, D2y)
=2(D"f, @) + B{D“f, )
Hence D* f is a linear functional on D.

Continuity: Let ¢, = ¢ asn — oo in D, then

(Df, 0, = (D el(f, D¢,y » (1) 2l (F, D2y=(D7F, ).

This implies that (D“f, ¢,,) = (D“f, @) asn — oo,
Hence D*f is continuous.
~D*feD.
Example 1.2.1: The Dirac measure § on R" defined by
(8,9) = ¢(0), for all ¢ € D( Q) is a distribution.
Let (0 = R and consider that Heaviside function

_(Lifx>0
H(x)_{o,ifx<0

Then the derivative of H(x) in the sense of distribution is defined by:

(DH, @) = —(H,¢) = — [ H(X) ¢ (x)dx
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=— f_ooo Hx)e (x)dx — fooo HX) o (x)dx
=— f_ooo O dx - fooo 1o (x)dx
=— [ ¢ (x)dx

. b , |
=—1limy_ fO ) (x)dx = —limy [(P(x)(l)]

==limy e, [@(b) — (0]
= ¢ (0)
= (6,9)
Therefore, H =& the Dirac measure.
Proposition1.2.1: If f € D' () and a and f8 are multi-indices, then
D*(DFf)=DF(D*f) =D**f.
Proof:  (D**f,¢) = (-1)*IIFI(f, D)
=(-D¥KD*f, DF p) = (DF (D*f), p)
=(=D“KDFf,Dp) = (D*(DF ), p)
Hence D f = DB (D*)=D*( DF f)
Lemma 1.2.1:The operation of differentiation D is linear and continuous from D intoD’,
that is,
Linearity: letf, g € D' (Q) andA, 8 € C, we have
(Af + Bg, @) = Af, ) + (g ¢).V ¢ €D (Q).
then DY(Af+ Bg, @) =(D* (Af+ Bg), ®)
= (=D*I(Af + Bg, Do)
=(=D"Af, D*p) + (=1)!*/B(g, D* )
=MD f,9) + B(D* g, ¢)
Continuity: suppose f;, = 0,k = o in D" (). Then for all ¢ € D (), we have
(D%, @) = (=1l (fx D*¢@) — 0,k — oo, and this implies that
D%f, » 0,ask— ooin D'(Q).
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Lemma 1.2.2 (Leibniz Rule).Letf € C® (), u€ D' (), and a a multi-index. Then

D*(fu)=Yp< (§) D fDFu € D'(Q),

Where

()=
al = aylay! -+ a,!and B < @ means that £ is a multi-index with ; < «; fori=1,...n.
Ifue C”(Q), this is just the product rule for differentiation.
Proof. By the previous proposition, we have the theorem if it is true for multi-indices
that have a single non zero component, say the first component. We proceed by induction
on n=|a].
The result holds for n=0, but we will need the result for n=1.Denote D*by Dy .
When n=1, for any ¢ € D({1)
(D1 (uf), )=—(fu, D1 )

=—(u, fD; )

=—(u,D;(fo) — D1 fo)

=(Diu, fo) + (u, D1 f )

=(fDiu + D; fu, @),
and the result holds.

Now assume the result for derivative up to order n-1. Then
DI (fu)=D; DI ' (fu)
=D, Y7} (".‘1) pr I fply

J

=753 (") @17 fpfu+ D7 D{ u

=253 (") o7 oty (31) i Foju
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=y (") oy flu,

where the last equality follows from the combinatorial identify

()=(5)+G20):

Theorem1.2.1: If (f},, @) = (f,p) forallp €D(Q),then

and so the induction proceeds..

k—o0
(D% fi,, ) — (D*f, @) forall ¢ € D(Q), for all multi indices.

Proof: (D“f,, p)=(~1)*I(f,, D%@) —o (—1)I=I(f, D%p)=(D*f, ) for all ¢ € D(Q).

Multiplication of a distribution by a function f € C”(Q)
Definition1.2.2; Let T € D' (Q), ¢ € D(Q) and f € C*(Q).
Then (f-T,@)=(T,f @) ¢ € D(Q) is called the prodact of fand T.

Examplel.2.2: Let T=6. Then
(f-T,0)=(f-8,¢)

=(6,f - )

= f(0)(0)

= f(0)8(¢)

Therefore (f - §) = f(0)6

If f1 and f; are two distributions, we cannot assign a distribution I1(f;, f>) in the same way
that it amount of the usual product for regular distribution and is at the same time

continuous in both distribution. Let f;, (x) = sin (kx) in D'(Q2). Then

T(fi, fi)= sin? (kx) (i.e. w(fe, fii) =m (fi) 7(fi) = fie () fie ().

Although f; ->0inD’ask— o

n(fk,fk)%%as k— o
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Solution:

For any test functiong, we have

{fir @)= [sin(kx)p(x)lx
R
1 , L :
=-chos(kx)q) (x)dx, using integration by part
R
k—oo
Sothat |{f;, @) — 0, for all ¢ € D(Q)
This implies that f, > 0in D’ (Q).

Similarly

(T[(ka fk)! (P> = fR Sinz (kX) (p(X)dX

_ Il_COZ(ZKX) (x)dx

R

- ! (/’(ZX) dx - %(x)dx

R

= % i P(X)dx — % i cos(2kx)p(X)dx

= %J. p(x)dx — i J.sin(2kx)(p' (X)dx using integration by part.
K

R

k—oo 1 1
So that)l(“(fk! fk)f (P>| _)EfR (p(X)dX =(E‘ (p)

This implies that

T[(fk,fk) —)%aSk—)OO
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Theorem1.2.2: Let f € D’ (Q) andg € D(Q). Then
Supp ( f¢) < suppf Nsuppg

Proof: Let (), be the largest open set in Q) which contains both Qf and Q.
Thatis QU Q, < Q.
Suppfo = O\Qs, C Q\(QrUQ,)

c (Q\2,) n (\Q,)

C Suppf N Suppe.
Direct Product of Distribution
Definition1.2.3: Let f(x) and g(y) be locally integrable functions in the open set Q; cRn
and Q; CcRm, respectively. The function f(x) g(y) is also be locally integrable in Rr+m, [t
defines a (regular) generalized functions f(x) g(y) in D" (21 x Q2) operating on the basic

functions (X, y) in D(Q1x Q2) via the formula:

<f®gy)e>= [ F)g(y)e(x y)dxdy

0,00,

= [ 100 [ a(y) e(x y)dy dx=(f(x).(g(y). 0(x. )))

Q Q,

= [ 9y [ 109 o(x,y)xdy

Q, Q

=(g(y). (£ (0, 0(x,)))

Thatis (f (x)g (), @) = (f (x),{g (), @ (x,)))
(8WMI(x), @) = (g(y), (f(x), e (X, y)))
The Convolution of distributions

Definition 1.2.4:Let f and g be locally integrable function in R™ .If the integral
[ f(»)g(x — y)dy exist for almost all x € R",
and if the function

(f*9) ®) =] fglx—y)dy

is locally integrable in R", then f * g is called the convolution of f and g.
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The convolution f * g defines a(regular)generalized function acting on the test functions
¢ € D(R") according to the rule:
(f*g.0)=[(f @) (x)dx
= [ @[ f()g(x — y)dy]dx
=[S 9(x — y)p(x)dx]dy
=[O [ 9@ (z + y)dzdy, set: z=x-y
(by virtue of fubini’s theorem), that is,
(f*9,0)=[[f)gWe(x + y)dxdy, Ve € D(R™).
Condition for the existence of a convolution: - Let f be an arbitrary and g a generalized
function with compact support. Then the convolution f * g exists in D'and appears in the
form: (f x g, p)=(f (x) ® g(¥), n(¥)@(x + y)), ¢ € D---r--mmmmmmmmmmmmecoaee D
Whenn is any test function equal to 1 in the neighborhood of the support of g. For this the
convolution is continuous with respect to f and g separately:
If f, = fask — ooinD',thenf, g —» f+*gask - coinD’
If g, = g ask - o and for acertain R, suppg,c ug, then
f*xgy > f+xgask->owinD’
There are some cases, where the convolution f * g exists.

We want to give two examples now.
Examplel.2.4. Let € LP (R™), g € LI(R™) %+§ > 1.

Then the convolution existand f * g € L' (R™), where

11,1
T

+

= |-
Q|-

To prove it we choosea > 0,> 0,s > 1,t > 1 such that

%+§ +% =1, ar=p=(1-a)s, pr=q=(1-p)t
Then

P+ % =r=q+ % .

The last comes from P + %:pr (% +§) =pr(1l— %) =przl)=r. Then we get (using the Holder

inequality and Theorem of Fubini)
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If % gllfr = Jou | fon FONG(x — y)dy| dx
< Ll FODN® - Mg = DIP - IfF I - lg(x — )1 Fdyldx

< [ Ll FON - 1gCe = It dy [, [f IG5 dy]s

r
t

[[enlg(x = APl dy]edx
< If e llgllze
Examplel.2.5. Let f € L} . (R™) and g € L}, (R™), where
Supp f €A, supp g €B, and Let the set
Dr={(xy) EAXB:||x+y|| <R} € R" X R"=R?" be bounded for any R > 0.
Then fRn f(y)g(x—y)dy exist for almost all x € R",i.e f * g exists.

This can be proved as follows (using Theorem of Fubini). We have for each R>0

fllxllSR |( f * g)(X)ldX =f||x||SR | fRn f(y)g(X_Y)dy |dX

< fieper Jon F D)1 - 18(x = y) 1dydx
< fieayzr [FODI - 18(8) |dydé
< J, If )1 - 18(®) |dyd§ <co.

The last we get since Dy is bounded.
So we have that for each compact set K€ R" there is an R>0
Such that K € {x € R": ||x||] < R}. So we have
Sl (f @oldx < [ 1 (f * 9)(0)]dx< oo,

i.e. f * gislocally integrable .
Obviously, if there is aset A" (or a set B )such that
suppfS A €A (orsupp g € B' € B) such that f (or g) is zero outside of
A’ (or B"), then we have that

Dr={(xy)E A x B/ ||x+y|| <R} S R" x R"=R?*"
or

Dr={(xy)E A X B’/ ||x+y|| <R} € R"® x R"=R?") is bounded.
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Theorem 1.2.4 Let f ,g € D'(R"), let f * g exist and & be a multi index.
Then (D“f) xg and f * D%g exist and
D*(fxg) =(D*f)*g =f=(Dg)
G d
Proof (-=(f *g).¢)=~(f*g,5>)
= {f0) ® g, “5)
= (g, {f (0, )

= —(g(y),— (aixjf, o(x +y)))

s
=G, *9.0)

o,

.. a d
Similarly, 5= (f * 9) = 5.~ * 9= f*a—fj

So that by induction for any multi-index a ENg'.
D (f x g)=D*f *g=f D%
Lemmal.2.4: The convolution of distribution f in D’ with § exist and is equal to f.
ie. fxd=0xf=f
Proof. In fact, by virtue of (1) for all ¢ € D we have
(f*8,0) =), n(y) (x+y))
=(f(,(8(y), n(y) (x+y))
=(f, ®), since (3(y), n(y) p(x+y)) = ¢(x)
Similarly,(5+f,¢) = (3(x) ®f (¥), n(x) ¢(x+y))
={fM®3(x), n(x) ex+y))
= (), (8(x), n(x) @x+y))
=(f,), since (5(x), n(x) p(x+y)) = ¢(¥)
Hence, f*6=0*f=f
Theorem 1.2.5: Let f,g € D (R™) and suppose that at least one has compact support.
We have
Supp(f*g) < Suppf + Suppg
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Proof: Let A=Suppf and B= Suppg. Since A and B are closed and at least one is compact,
the set
A+B={x+y:Xx€A,y € B}
is closed. Let us show that f*g is equal to zero on the open set Q@ = (4 + B)°.
Indeed, if ¢ € D(Q), the support of ¢ (¢ + n) is contained in the open set
{E&mMeR” X R+ neq)
On the other hand, the support of f®g isin A X B.
Since ((,7) € A X Bimpliesé + n € A+ B, the support of f®g does not intersect the
support of (¢ + n); Consequently,
(f*g,0) =(f:®gy, (§ + 1) ) for all p € D(Q).
Therefore, the support of the convolution f*g is contained in the sum of the supports of
fandg
ie. Supp(f*g)  Suppf + Suppg
1.3. Tempered Distribution (generalized functions of slow growth)
1.3.1. The Space of basic (rapidly decreasing) functions
Definition1.3.1: Let f:R" - Cand x* = x;*' - ... - x,*r. The fucnction f is said to be
rapidly decreasing if and only if
l)}}gnoo x%f(x) = 0 for all a € Ny"

The space S (R") = {f € C*(R) /DFf is rapidly decreasing for all § € NJ} is called the
space of rapidly decreasing functions.

Therefore , the space S= S(R™) of all functions infinitely differentiable in R" that decrease
together with all their derivatives, as |x| — oo, faster than any power of |x|™! is called the
space of rapidly decreasing functions. For instance, ¢ (x) —e I g5,

Convergence in S: The sequence of function ¢, @;, --------- belonging to S converges to a
function ¢ in S, denoted by ¢, = ¢ ask— o inS.if for all o and 3

xPD%p, (x)=xPD%p(x),ask > oo
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132 The Space of Tempered Distributions S’

Definition1.3.2: A generalized function of slow growth is any continuous linear functional
on the space S of test functions. We denote by S'= S'(R") the set of all generalized functions
of slow growth.
Convergence in S": A sequence of generalized functionsfy,f; ------- taken from S' converges
to the generalized function f €S', denoted by f;, = f, as k— o in S, if for any ¢ € S,
{fi» ©)={f, @), k= oo. This convergence is called a weak convergence of a sequence of
functional.
The linear set S'(Q) equipped with convergence is termed the spaces of generalized
functions of slow growths §'
The space S'(R™) is a sub space of D'(R™), that is, letf € S, the( f,¢ ) is defined forall ¢ € S
butD c S.
Let @ € D, which implies ¢ € S the (f, @) is defined. Since ¢ is arbitrary in D, (f, o) is
defined for all ¢ € D.
~ f € D', hence S'cD'
Convergence S' implies convergence D', that is,
Letf, f>, ------ be a sequence function in S' converges tof € S'.
ie.(fn,9)—={f,p)asn— oo forallp €S
AsDc S, {f,, )= {f,p) asn— oo forall ¢ € D.
Then it follows that convergence in D'

Examplel.3.2 a) We say that a continuous function f is slowly increasing at infinity if

. . —k . .
there exists an integer k > 0 such that (1 + %) /2 f(x) is bounded in R™
Every continuous function f slowly increasing at infinity defines a tempered distribution.

In fact, set

fr0)= [ f(X) p(x)dx, Y@ E S
We have [(f, 9)| < [o.lf (el dx = [, |(1+ )2 fx) (1 + rz)k/2<p(x)|dx

< Cly

(42 V2| dx

Where |(1 + rz)_k/Zf(X)| < C (constant)
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By observing that, if a sequence {¢;} converges to zero in S, then for every k=0,

1+ rz)k/Z ;) converges to zero in Ly, we conclude that f defines an element of S’

b) Any derivative (in the sense of distributions) of a continuous function f slowly
increasing at infinity defines a tempered distribution.

Let T =0%f and define
(T,)= (D [ fx) 0 p(x)dx, Vo €S
We have (T, @) | < [, |f ()]0 @(x)| dx

1+ 1) 20 + 12209 o (x)|dx

= RN

< Cf | +72)"20% p()| dx

Observe that, if a sequence {¢;} converges to zero in S, then for every k =0 and every

a € NJ, the sequence ((1 + rz)_k/Z 0% ;) converges to zero in L. Hence T =0 f defines a
tempered distribution.
c) Letf:R — R be given by f(x) = e* cos(e”®).
Then f(x) = (sin(e¥)) . We set g(x) =sin(e®).
Then we have f(x)=g (x) . The function f is not of slow growing but it generates
a tempered distribution by
(f, @) = [pn e cos(e®) p(x)dx for all ¢ € S(R™)
= [ (5In(e)) 9 (x)
=— [ sin(e*) @' (x)dx
Since g is a function of slow growth, i.e.
|sin(e*)| <1 <1+ |x|forallx € R™.
We get that g is a tempered distribution. This implies that fis a tempered distribution.
1.4. Fourier transform of distribution function of slow growth.
1.4.1. The Fourier transform of test functions belonging to S.
Definitions 1.4.1: The Fourier transform of a function f € S(R™) is defined by the integral.
(FH ) =f() = @) /2 [y f(x) e™*Hdx
Where (x,y) = x¢ = x1& + -+ +x,&,.
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Definition1.4.2: The inverse Fourier transform of a function f € S(R™) is defined by the
integral
(F7 A= F©=@m) /2 fi f() €D dx
Lemmal.4.1: Let f € S(R™) and a be a multi-index.
Then
D) D*(FAH=(=DIF " £)(§)
ii) F(Df) (§) = D1 ¢ (FF)($)

Proof. i) D “(Ff)(§)=l 21 /2 [, f(x) e ¢4)dix]

= @m) "2 [o () 30z €0 lx
=(2m) 2 [, fOO)(—ixg) M (=ixy)7? - (—ix,) e ) dx
=(—i)at -t (2m) V2 [, FOO)x % - - x, e 0 dx
=(-Dl2m) "2 [, fOOx* e7 8 dx
=(-)FE" ) (©)
i)FD” ) ) = @m) /2 fp, e IDf(x)dx
=) @) "2 [ fo0) 5z e dx
=(=DI@m) "2 fo f00) (—iE)™ - - (mig) e dx
=(-Dl@n) "2 f, fEN-D1 e dx
=(-DlI(=)"Ig*@m) "2 [, fx)e™ ) dx
= I[P ().

We note that the space of test functions D is not mapped in to itself by the Fourier
transform since the Fourier transform of a function with compact support is an analytic
function, and consequently is either not of compact support or zero.
Theorem1.4.1: The Fourier transforms

F:Li(R") — Lo (R™)

is a bounded linear operator, and

11, oy < COYZ N Uiy oy
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Proof: From (Ff) (§) =(2m) /2 Jon f (x) e dx it follows
IFflloo =¢cpn | FFEI

=21) /2 2R | [ £ () €7 dx]

< @m) 2 B e [ If(0)]dx

gern
:(Zﬂ)_n/ZHfHLl(Q) :
This implies that F is bounded and there for continuous and it is a mapping from L!(Q) in

to L”(Q) . Furthermore, it follows
I FIl= 22 11 Ffl] < @m) e,

From the general theory of the Fourier Transform it follows that the function f(x) is
expressed in terms of its Fourier Transform F[f](¢) with the aid of the inverse Fourier

TransformF ~1:

f=FUFUNEO=FIFUFINE)  oommoerrreeemmmmseeeeeee 1
Where

FUAE@)= @m) 2 [, f(x) e'*dx
=F[f1(—§)
=(2m) /2 [ f (—x) e7 %) dx
=FIf(—0]() e 2

Theorem1.4.2:The Fourier Transform of a convolution.

Iffand g belong to S(R"). We have the Fourier Transform of F(f*g) is equal to
(2m)"2F (F)F ().
Thatis, F(f+g)=(2m)"/2f () ().
Proof:by Fubini’'s theorem we get
F(f * 9 6)=Qr)7 ([, e 0 (Fg)(x)dx
=@21)7 [, e [0 f()g(x — y)dy]dx
= [0 [0 (21)7 7108 ()71 £(y) g(x—y)dxdy

=2n)"/2(2m) "2 [, e 70D [@21) 2 [, eV g(x — y)dx]f(y)dy
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=(2n)"2F (f)F(g)
= (2m)"2f () (&) .

2

Example1.4.1: Let y(x)ze%, X € R" ,and a # 0.Then
1
Fr)(©) ==FN(E), wesety,(x) =y(ax),fora e R
Proof: We have (using the substitution y=ax, i.e. x= % and dx =aindy)

(Fra)(©) = Fr)(ad)

-n —(a.x)2 .
=2m)2 [,e z e 8dx

-n -0? & 1
— - —iyz
=@n)z [.e 2 e T —dy

2
1 -n -0 . ¢
=—(@2m)7 [pne72 e Yady

1

== ()
1.4.2 The Fourier transform of distribution belongingto S .
Definition1.4.2:Let f(x) be an integrable function on R™. Then its Fourier transform
defined as (FN(§) =(2m) /2 [, fx)e *S dx for all f €S, |(FO(H| < [If(X)|dx < w0 s
a continuous function bounded in R" and , consequently, defines a generalized function
from S,
(FFE,o)=f.o)=]f (&) o € ds
= [[@m) "2 [ f)e ") dx] o (£)d §
=[f@)[@r) "2 [ p() e *d §ldx
=[ G (Fe)(x)dx
=(f.F ¢)
=(f,@) ®ES e 3
Examplel.4.2: If =8, then
(Fb, )=(5,®)
=(9)(0)
=2m) "2 [ (e~ dx

AAU.Department of Mathematics Page 27



Distribution Theory and Sobolev Space | 2012

=(2m) /2 [i p(x)dx
=(2m) "2 (1,¢)
=((2m) /2, 9), ¢ €S
~ FE)=(2m) /2
We shall prove that the operation F ! is the inverse operation to the Fourier transform F,

that is,

FRAFIN@ =f, FIFNE =f, [fES - 4

In fact, by virtue of equation (1)—(3), for all ¢ € S we obtain the equations
(FFIE, @)= (FIFIFI(=E] 9)
=(FIf1(=5), Flo])
=(FIf] Flol(=5)
=(F[f1,F e])
=(f, F[F o]} =(f, @)
=(f,F ! [Flo])
=(F ] Fle])
=(FIFIf1] ¢)
From which equation (4) follow.
Properties of the Fourier transform
i)Differentiating the Fourier transform
If f €S, then D*F[f] = F[(ix)*]
ie.Letp €S, then  (DYF[f], ¢) =(=1)I*(F[f], D%p)
=(=D*KE, F[D¢])
=(=DIf, (-ix)*F[o])
=(=DI U (=), F])
=((x)*f, Fo)
=(F([ix)*f, @)
- DAl §)= FL(ix)"1] (§)
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if)The Fourier transform of a derivative
If f € S'then F[D*f] = (i&)*[Ff]

i.e. Let ¢ €S,then (F[D“f, @])=(D“f, F[p])
= (=D“i{f, D*[Fe])
=(-DIKE F(-15)“ o)
=(=DUFIf], (=i&)* )
=(=D'*N(=i)*FIf], 9)
=((&)*FIf], @)

. F[ D] ()=(i&)*[Ff](§)
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CHAPTER -TWO: SOBOLEV SPACE
2.1. Weak Derivative

Definition2.1.1: Let f € L . (Q) be a locally integrable function on the open set

(1 € R™. Given a multi-index = (a4, a3, ... @, ), if there exists a locally integrable function

g € Ll .(Q) such that

[ fD%pdx =(—=1)1* [ D¥fpdx = (—1)!¢! [ gpdx for all test functions, then we
say that g is the weak a-th derivative of f, and write g = D*f.

Example2.1.1: For n=1, Q=R, |x|, =sgnx

Proof: forall ¢ € D (Q)

T\x\(p'(x)dx —— _[ X' (X)dx + T X' (x)dx

= —xp() | +xp@) | +1°, 0z~ [} o(x) dx

[ p(x)dx —T(p(x)dx ........................... 1

1) ngn xp(x)dx = (-1)| — j ¢(x)dx+Tgp(x)dx

Hence from (1) and (2) we can see that |x|,, =sgnx.
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Lemma 2.1.1 (Uniqueness of weak derivative)
Assume f € L},.(Q) and let h, g € L} . () be weak a-th derivative of f, so that
J fD* pdx=(-1)“! [ go dx=(-1)1*! [ hpdx
for all test function ¢ € D(Q). Then g(x)=h(x) fora.e. x € Q.
Proof. By the assumptions, the function (g — h)€ L'loc (Q) satisfies
J(g —W)edx=0 V¢ € D)
g(x) —h(x) for a.e
g=hae
Lemma 2.1.2: Assume that f € L} . (Q) has weak derivative D* f for every |a| < k.
Then, for every pair of multi-indices a, 8 with |a|+|8| < k one has
D*(DF f)=DF (D*f)=D*** .
Proof: Consider any test function ¢ € D(Q) .Using the fact that D¢ € D(Q) is a test
function as well, we obtain
Jo D fDF @dx=(=1)!*! [, f(D*** p)dx
=(~D)ll (=Dl B! [ (DT f) pdx
=(-D)¥! [ (D f) pdx.
By definition, this means that D¢*# f =DF (D* f) . Exchanging the roles of the multi-indices

a and fBin the previous computation one obtains D¢*# f =D%(DF f) .
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Lemma 2.1.3 :( Convergence of weak derivative).
Consider a sequence of functions f, € L} . (Q). For a fixed multi-index a , assume that
each f,, admits the weak derivative g,=D*f,
If f, > fandg, — gin L},.(Q),then g = D*f.
Proof. For every test function ¢ € D(Q), a direct computation yeildes
Jo gpdx=lim, o, [, gno dx=lim, _, [, D f, ¢ dx
=lim,, o, (=)' f f,D*¢ dx
=(=D [, fDpdx.
=, D fodx
By definition, this means that g is the a-th weak derivative of f.
Theorem2.1.1; If D%u = v and Df v=w, then D**f u=w in weak sense.
Proof: Let ¢ € D(Q) ¢ = DF . Then
JquD**F @dx=(-D* [ v pdx
=(=D!! [ v DF pdx
=(=D!**1 [ DPve dx

=(=D**l [ we dx
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Another definition of the Weak Derivative

Definition 2.1.2: Let Q — R"be an open set, & € N/, # 0and f, g € L}, (). The function

g is a weak derivative of the function f on Q (i.e. g= Df) if there exist Y, € C*(Q),k € N,
e = f, DY — g in Lio (Q) ask— oo,
Theorem 2.1.2: Definition (1) and (2) are equivalent
Proof: (1) =(2)
Suppose; P, — f, D%, — g in Ly, (Q) as k— oo.
Y — f = Dy — D¥f and D*YP, — g
Let limy_,, [, D Py pdx = gggo(—1)lal Jo Wi D* pdx

= (=D [, f D*pdx
el R b 1

And
lirnk—)oo fﬂ D% lpk(pdx = fQ g (pdx ---------------------- 2

By combining of equation (1) and (2), we will get

ID“f¢dx=Ig¢dx

But Iggpdx = ID“ f dx by definition (1).
Q Q

This implies that g is a weak derivative of f on Q.

(2) = (-

Let [ D f pdx = (-1)“/ [ fD“pdlx, V¢ € CJ*(Q)
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Since Yy, = f,DY, » g = D*f and g = D, f (by definition 2)

then we get [ D fix = [ gglx = [ D fopcix
Q Q Q

Hence the proof.
Lemma2.1.4 :( Weak differentiation under the integral sign).
Let Q € R™ be an open set, A C R™ a measurable setandleta € N',a # 0.
Suppose that the function f is defined on Q0 X A, for almost every
y € Af (.,y) € Ll,.(Q) and there exist a weak derivative D&f (.,y) on Q.
Moreover, suppose that f, DS f € L, (kX A) for each compact k € Q. Then on

Dy (f, f(x, y)dy)=,(D5 ) (x,y)dy
Proof: For all ¢ € D(Q)the function f(x,y)(D%¢)(x) and
(D& (x,y)p(x) belongs to L1 (A X A).
Since [, |f (x,¥)(D ¢) (x)|dxdy < M,

max
Where M=x cq [(D* @) (x)].

P XA |f|dxdy < oo

Therefore, starting from definition (weak), we can use Fubini’'s theorem twice to change

the order of integration and deduce that for all ¢ € D(Q)
Jo L, D% £ y)dyle () dx =, [f, (D5 ) (x, ) (x)dx]dy
=(=D [, [f, f(x, y)(D* @) (x)dx]dy
=(=D [ [f, f(x, y)dy](D* @) (x)dx
== [L(D* P[], f (x, y)dy)dx

(By Fubini’s theorem)
= fQ @(x)D& [fA DT A [ £ S — |
But [ [f, (D f)(x, y)dyle(x)dx= [, @) [[, (D5 f)(% Y)AYIAX woovivrriirriiiriireiinnns 2

By combining (1) and (2) we will get
[, (Dfy f (e, y)dy =D& (], f (x, y)dy].
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2.2. Sobolev Spaces
Definition2.2.1: Let Q ¢ R™"be an open set, 1 < P < o, and m > 0 be an integer.
The Sobolev space W,™ (Q) of order m is defined by
W' (QQ) = {f eL,(Q):D“f e L, (Q),for all multi-indices a such that |a| < m}.

Definition2.2.2: Forf € W,"(Q), the W™ (Q) norm is

1
L R A R 1

and

I w0y =12 1P f Il Loy ) ifp =00, --rommmmmmmroooeooes 2

Theorem2.2.1: The space W, (Q2) is a Banach space.
Proof: 1.Let f1, f; € W, (Q).For |a| < m call D*f;, D*f, their weak derivatives.

Then, for any 4, u € R, the linear combination Af; + uf; is a locally integrable

function. Its weak derivatives are

D*(Afy + uf2)=AD"f1 + uD* f;
Therefore, D*(Af; + uf;) € L,(Q) for every |a| < m.

This proves that W™ (Q1) is a vector space.

2. Next, we check that (1) (2) are a norm.
Indeed, for A € Rand f € W,™ (Q) one has

IAf Nl =2 N
1wy @y = If1lL, = 0,
with equality holding if and only if f = 0.
Moreover, if fi, f, € W, (), then for 1 < p < co Minkowski’s inequality yields

Iy + ol =ClaranllDf + DL Yo
< Claton(ID“fill, + IDfull,, 7Y

< ClaizmIDfillP)P +Ejaizm 1D £11P)P
=||f1||w,g" +||f2||w;"-
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In the case p=oo, the above computation is replaced by
Ilfy + fz”w,;" =Xiaj=m|Dfi + Dfol,,
< Ziatsn (1D fillo,, +1ID f2ll1.,)
=l fillwg +lf2llwg-

3. To conclude the proof, we need to show that the space W, ({1) is complete,
hence is a Banach space.
Let {f;};~1be a Cauchy sequence in W, (R™).
Then {D“f;};Z; are Cauchy sequence in Lp(R") for |a| < k.Hence there
are f € Lp(R™) with for |a| < k.Hence thereare f% € Lp(R™) with
D*f; — f*in L,(R") la| <k ,and f°=f.
It follows from
Jon D f; ()@ () dx=(=D)!*! [, f;(x) D*p(x)dx, ¢ € S(R™),
And holder’s inequality applied to D*f; — f%,f; — f € Lp(R") and
¢ ,D% € (R™) that
fo fE @@ dx =(=D)I [, f)D"p(x)dx, ¢ € S(R™),
Then f*=D*f, |a| < k,andf € Wp"(R™) with
fi — finWg"(R™) for j— oo
Consequently, Wp" (R™) is a Banach space.
Definition2.2.3: We denote the mth order Sobolev space in L, () by
H™(Q)=W3"(Q).
And the Sobolev space W;" (Q) equipped with the scalar product
(F Doy g[ ;ma“ f(x)8% g(x)dx
becomes Hilbert spaces.
Definition 2.2.4: The closure of C5° (Q) in the norm of W™ (Q) is denoted by w;" (Q).
So,wy" is a sub space in the space W™ (Q).

Proposition 2.2.2: Let f € W,™ (Q) and g € w,", where % + qi = 1. Then

Jy0“fedx=(=D)lel [ fo*gdx,|a| S m ---mmrmmrmmeennenneas 1
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Proof: Letg, € C57°(Q) and g, » gasn - o inwy* (Q).

By definition of the weak derivative 0“ f, we have

j 0% fgdx = (1) j Toial TN N R (2)
Q Q

Let us show that

J, 9% fg,dx —> [ 3°f gdx

[, f 0% g,dx—> f, f 3%gdx

T (go-sr]”

W,;"(Q)” 9, —9 |

—>0asn—>

|jf(a“gn—aag)dx |s[j|f|pJ U

<|f|

We have

0 f

| [ 8 f(g, - g)dx |3U

<|fl

W' (Q)

aagn _aag

q %
dxj

Wp"‘(Q)” 9, —9 |

—>0asn—> o

Wi (0)

Tending to the limit (2) as n — c we obtain (1)
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Conclusion
In classical sense it is not possible to handle discontinuous function at the point of
discontinuity, but in distributional sense (which is an extension of the classical one)
it is handled as if it is continuous and differentiation is computed. We note that the
space of test functions D is not mapped in to itself by the Fourier transform since the
Fourier transform of a function with compact support is an analytic function, and
consequently is either not of compact support or zero. A sobolev space is vector space of
functions equipped with a norm that is a combination of L?-norms of the function
itself as well as its derivatives up to a given order. The derivatives are understood in

a suitable weak sense to make the space complete, thus a Banach space.
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