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                                                                         Abstract 

This project contains two parts; theory of distribution and Sobolev spaces. In this 

project, we discussed theory of distribution and also the differentiations of distribution, 

multiplication by smooth function of distribution, direct product of distribution, 

convolution of distribution and the Fourier transform of function of slow growth. The 

theory of Sobolev spaces has been originated by Russians mathematician S.L.Sobolev 

around 1938. These spaces were not introduced for some theoretical purposes, but for 

the need of the theory of partial differential equations. 
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                                                                      Introduction 

A generalized function (distribution) is a generalization or extension of the classical notion 

of function. On the one hand, this generalization permits expressing in a mathematically 

proper form such idealized concept as the density of a material point the density of  a point 

charge or dipole, the special density of a simple or double layer the density of an 

instantaneous point source, the magnitude of an instantaneous force applied to a point, and 

so forth. 

On the other hand, the notation of generalized function can reflect the fact that, in reality, 

one cannot measure the value of physical quantity at a point. But can only measure the 

mean values with in sufficient small neighborhood of the point and proclaim the limit of the 

sequence of those mean values as the value of the physical quantity at the given point. 

The theory of Sobolev space has been originated by the Russian Mathematician S.L.Sobolev 

around 1938. These spaces were not introduced for some theoretical purpose, but for the 

need of the theory of partial differential equations. Since elements of such spaces are 

special class of distributions. Sobolev spaces are an example of banach spaces or, 

sometimes, Hilbert spaces are interesting objects for themselves. 
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   Notation and Symbols 

 N: the set of natural numbers. 
 𝑁𝑁0: the set of non-negative integers.  
 R: the set of all real numbers.  
 ℂ: the set of all complex numbers.  
 n

oN : 𝑁𝑁0 x…..x 𝑁𝑁0 (n-times): the set of multi- indices. 
 Rn: n-dimensional Euclidean space and x= {x1,x2,…xn} 

be a variable element of Rn. 
 Domain Ω: an open connected region   
 A domain Ω in Rn: An open connected subset Ω⊆Rn 
 :..., 2211 nn yxyxyxyx +++=〉〈 The scalar product in Rn. 

               For an arbitrary non- empty set Ω⊂Rn we shall denote by: 

 C (Ω): The set of all continuous functions in Ω.   
 𝐶𝐶1(Ω):The set of all once continuously differentiable functions in Ω. 
 𝐶𝐶2(Ω): The set of all twice continuously differentiable functions in Ω. 

 )(ΩkC : The space of functions having all derivatives of order ≤ k continuous in Ω 

 )()(
−

Ω=Ω CCo : The set of all continuous function on
−

Ω .  
 ⊂ ⊂ : Strictely Compact 
 )(Ω∞C : The space of infinitely continuously differentiable functions onΩ .  
 )(Ω∞

oC : The space of functions in )(Ω∞C  with compact support.  
 ℱ(𝑓𝑓) = 𝑓𝑓(𝑓𝑓 ∈ 𝑆𝑆(𝑅𝑅𝑛𝑛 )):The Fourier transform of a function 𝑓𝑓. 

For a measurable non-empty set Ω ⊂ 𝑅𝑅𝑛𝑛  we shall denote by: 
 Space: for 1≤ 𝑝𝑝 < ∞, 𝐿𝐿𝑝𝑝 (Ω) denote the set of all measurable function defined on Ω 

such that, ∫ |𝑓𝑓(𝑥𝑥)|𝑝𝑝 𝑑𝑑𝑑𝑑 <  ∞ ,Ω where the integrable is taken in the sense of lebesgue.                   

 𝐿𝐿𝑝𝑝  Space norm is defined by ‖𝑓𝑓‖𝐿𝐿𝑝𝑝 (Ω)=(∫ |𝑓𝑓|𝑝𝑝
Ω )

1
𝑝𝑝 <  ∞. 

 𝐿𝐿∞ (Ω):the Banch space of function 𝑓𝑓 measurable on Ω such that the norm 
                                   ‖𝑓𝑓‖𝐿𝐿∞ (Ω) =𝑒𝑒𝑒𝑒𝑒𝑒 𝑠𝑠𝑠𝑠𝑠𝑠

𝑥𝑥 ∈ Ω |𝑓𝑓(𝑥𝑥)| <  ∞.                                  
 A multi-index 𝛼𝛼 = (𝛼𝛼1, 𝛼𝛼2 ,… , 𝛼𝛼𝑛𝑛 ) is an n-tuple of non –negative integer 

numbers and 
                                     |𝛼𝛼|=𝛼𝛼1 + 𝛼𝛼2 +… +𝛼𝛼𝑛𝑛 , 
 
                                      𝑥𝑥𝛼𝛼 =𝑥𝑥1

𝛼𝛼1 𝑥𝑥2
𝛼𝛼2 ⋅⋅⋅ 𝑥𝑥𝑛𝑛

𝛼𝛼𝑛𝑛 . 
 

 Partial derivative will be denoted by: 

 ),....,,(
x

  write weand n,j1 ,:
21 nj

j xxxx ∂
∂

∂
∂

∂
∂

=
∂
∂

=∂≤≤
∂
∂

=∂  
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For 𝛼𝛼 ∈ 𝑁𝑁0
𝑛𝑛   , 𝛼𝛼 ≠ 0  , 𝑤𝑤𝑤𝑤 𝑠𝑠ℎ𝑎𝑎𝑎𝑎𝑎𝑎 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤: 

                                𝐷𝐷𝛼𝛼 𝑓𝑓 = 𝜕𝜕𝛼𝛼 1+𝛼𝛼 2+⋯+𝛼𝛼 𝑛𝑛 𝑓𝑓
𝜕𝜕𝑥𝑥1𝛼𝛼 1 𝜕𝜕𝑥𝑥2𝛼𝛼 2 ⋅⋅⋅𝜕𝜕𝑥𝑥𝑛𝑛 𝛼𝛼 𝑛𝑛

=� 𝜕𝜕
𝜕𝜕𝜕𝜕 1

�
𝛼𝛼1

� 𝜕𝜕
𝜕𝜕𝜕𝜕 2

�
𝛼𝛼2

⋅⋅⋅ � 𝜕𝜕
𝜕𝜕𝑛𝑛

�
𝛼𝛼𝑛𝑛

𝑓𝑓. 

     For  Ω be a measurable set and 1≤ 𝑝𝑝 ≤ ∞.  

Hoelder inequality: Let 1≤ 𝑝𝑝 ≤ ∞  and let q denote the conjugate 

exponent defined by 

1
𝑝𝑝

 +1
𝑞𝑞

=1, (q=∞ if p=1, q=1 if p=∞). If 𝑓𝑓 ∈  𝐿𝐿𝑝𝑝 (Ω)  and 𝑔𝑔 ∈ 𝐿𝐿𝑞𝑞 (Ω) , then 

 𝑓𝑓𝑓𝑓 ∈ 𝐿𝐿1(Ω) and  ‖𝑓𝑓𝑓𝑓‖𝐿𝐿1(Ω) ≤  ‖𝑓𝑓‖𝐿𝐿𝑝𝑝 (Ω) ‖𝑔𝑔‖𝐿𝐿𝑞𝑞 (Ω). 

Minkowski’s inequality: If  𝑓𝑓, 𝑔𝑔 ∈ 𝐿𝐿𝑝𝑝 (Ω) , then 𝑓𝑓 + 𝑔𝑔 ∈ 𝐿𝐿𝑝𝑝 (Ω) and  

‖𝑓𝑓 + 𝑔𝑔‖𝐿𝐿𝑝𝑝 (Ω) ≤ ‖𝑓𝑓‖𝐿𝐿𝑝𝑝 (Ω) + ‖𝑔𝑔‖𝐿𝐿𝑝𝑝 (Ω). 

Young inequality: For p, q, r ∈ [1 , ∞] : 1
𝑟𝑟

= 1
𝑝𝑝

+ 1
𝑞𝑞

−1 and 𝑓𝑓 ∈ 𝐿𝐿𝑝𝑝  ,  𝑔𝑔 ∈ 𝐿𝐿𝑞𝑞  we have   

                         (𝑓𝑓 ∗ 𝑔𝑔) ∈  𝐿𝐿𝑟𝑟  and ‖𝑓𝑓 ∗ 𝑔𝑔‖𝑟𝑟  ≤  ‖𝑓𝑓‖𝑝𝑝 ‖𝑔𝑔‖𝑞𝑞  By (𝑓𝑓 ∗ 𝑔𝑔) (x) =  ∫ 𝑓𝑓(𝑦𝑦)𝑔𝑔(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑             
we denote the convolution of 𝑓𝑓 and 𝑔𝑔. 

Fubini’s Theorem :( changes of order of integration). 

 If a function 𝑓𝑓(𝑥𝑥, 𝑦𝑦) defined in 𝑅𝑅𝑛𝑛+𝑚𝑚 , 𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛  and ∈ 𝑅𝑅𝑚𝑚  , is measurable, and there exists a 

repeated integral of the function |𝑓𝑓(𝑥𝑥, 𝑦𝑦)| and 

                                                              ∫[∫|𝑓𝑓(𝑥𝑥, 𝑦𝑦)| 𝑑𝑑𝑑𝑑]dy < ∞ 

then 𝑓𝑓(𝑥𝑥, 𝑦𝑦)is integrable, and the integrals 

                                                        ∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑,      ∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑 

exist almost everywhere and are integrable,  and the equations 

                           ∫[∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑] 𝑑𝑑𝑑𝑑   =∫ ∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑   =∫[∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑] 𝑑𝑑𝑑𝑑.   
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                                           CHAPTER ONE: DISTRIBUTION THEORY 

1.1 DISTRIBUTIONS (GENERALIZED FUNCTIONS): 

    A generalized function (distribution) is a generalization or an extension of the classical      

notion of a function. 

1.1.1 The Space of Basic Functions D(𝛀𝛀) 

On a material which has point of mass 1, assume that the point is on the origin of the 

coordinates, the mean density 𝑓𝑓𝜀𝜀  (𝑥𝑥)  is given by  

             𝑓𝑓𝜀𝜀  (𝑥𝑥)  =       3
4𝜋𝜋𝜀𝜀3   if |𝑥𝑥| < 𝜀𝜀 

                                       0     if |𝑥𝑥| > 𝜀𝜀 

 

As 𝜀𝜀  →  0, the mean density   𝑓𝑓𝜀𝜀  (𝑥𝑥)  becomes a function  

                             𝜹𝜹(𝒙𝒙) = �∞, 𝑖𝑖𝑖𝑖  𝑥𝑥 = 0
0, 𝑖𝑖𝑖𝑖  𝑥𝑥 ≠ 0

� 

                                     

The integral of the density over the entire space yield the total mass of substance,  

that is, 

                                           ∫ 𝛿𝛿(𝑥𝑥) 𝑑𝑑𝑑𝑑 = 1          …………………3 

But for the functional 𝛿𝛿(𝑥𝑥) defined by (2) ∫ 𝛿𝛿(𝑥𝑥)𝑑𝑑𝑑𝑑 =0. This means that the function does 

not satisfy the requirement of (3). 

Let us now find a somewhat different limit of the sequences of mean densities 𝑓𝑓𝜀𝜀  (𝑥𝑥) , the so 

called weak limit.     

It will readily be seen that for any continuous function 𝜑𝜑(𝑥𝑥), 

                     lim𝜀𝜀→0 ∫ 𝑓𝑓𝜀𝜀   (𝑥𝑥) 𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑 = 𝜑𝜑(0)-------------------------------------4 

Formula (4) states that the weak limit of a sequence of function 𝑓𝑓𝜀𝜀  (𝑥𝑥), 𝜀𝜀 → 0 is a functional 

𝜑𝜑(0), that relates to every continuous function 𝜑𝜑(𝑥𝑥), a number𝜑𝜑(0), which is its value at 

the point x=0. It is this functional which is taken as the definition of the density  𝛿𝛿(𝑥𝑥),  and 

this is the well known Dirac 𝜹𝜹 function. 

 

 

…………………………2 

……………………………1 
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                  So    𝑓𝑓𝜀𝜀  (𝑥𝑥)  
𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤
�⎯⎯�   𝛿𝛿(𝑥𝑥)   as  𝜀𝜀  →   0 

The value of the function 𝛿𝛿  on the function 𝜑𝜑 (the number  𝜑𝜑(0)) will be denoted, 

                                                    𝛿𝛿(𝜑𝜑)= 〈𝛿𝛿, 𝜑𝜑〉 = 𝜑𝜑(0) 

This is the value of the functional  𝛿𝛿 on the function 𝜑𝜑. 

 It is view point that serves as the basis for defining an arbitrary generalized function as a 

continuous linear functional on collection of sufficiently “good” so called basic functions. 

In this sub-section we introduce the important space of basic function D (𝛺𝛺)  for any open 

set Ω⊂ 𝑅𝑅n . We use 𝐶𝐶n(𝛺𝛺) to denote the set of all functions 𝑓𝑓(x) that are continuous in Ω 

together with all derivatives 𝐷𝐷𝛼𝛼 𝑓𝑓(x), |𝛼𝛼| ≤ n; 𝐶𝐶∞(Ω) is the collection of all infinitely 

differentiable function in Ω. 

We introduce the norm in 𝐶𝐶𝑛𝑛 (Ω) for n<∞ via the formula 

                           

                                                 ‖𝜑𝜑‖𝑛𝑛 ,∞ ,Ω =∑ ‖𝐷𝐷𝛼𝛼 𝜑𝜑‖𝐿𝐿∞ (Ω)|𝛼𝛼 |≤𝑛𝑛 . 

Then 𝐶𝐶𝑛𝑛 (Ω) is a Banach space, since completeness follows from the fact that, 

on a compact subsets, the uniform limit of continuous function is continuous. 

Note that if m ≥ 𝑛𝑛, then ‖𝜑𝜑‖𝑚𝑚 ,∞ ,Ω ≥ ‖𝜑𝜑‖𝑛𝑛 ,∞ ,Ω  , so we have a nested sequence 

of norms.  

Definition 1.1.1: Let 𝑓𝑓 be a complex valued function defined on an open subset Ω ⊂  𝑅𝑅𝑛𝑛  . 

We call support of  𝑓𝑓 and denote it by supp𝑓𝑓 ={𝑥𝑥 ∈ Ω/𝑓𝑓(𝑥𝑥) ≠ 0}����������������������� 

 The support of 𝑓𝑓 is the smallest relative closed set outside of which 𝑓𝑓 is identically zero. 

Definition 1.1.2: Let Ω ⊂ 𝑅𝑅𝑛𝑛  be an open set. Included in the set of Test functions D(Ω) are 

all functions which  have compact support and infinitely differentiable functions in Ω. 

That is,  

                                              D(Ω) = {𝜑𝜑 ∈ 𝐶𝐶∞ (Ω)/ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑖𝑖𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐}=𝐶𝐶0
∞ (Ω) 

Convergence in D(𝛀𝛀): A given sequence {𝜑𝜑𝑛𝑛 }  in D(Ω) converges to 𝜑𝜑  in D(Ω) if 

          𝑖𝑖 . ∃ a compact set k ⊂⊂ Ω  such that supp𝜑𝜑𝑛𝑛 ⊂  𝑘𝑘  , ∀n. 

         ii.   ∀𝛼𝛼 ∈ 𝑁𝑁0
𝑛𝑛 ,  𝐷𝐷𝛼𝛼 𝜑𝜑𝑛𝑛 (𝑥𝑥)    ⇒      𝐷𝐷𝛼𝛼𝜑𝜑(

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎛𝑥𝑥)

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎞, x ∈ Ω , as n  →   ∞, 

                    In this case we shall write 𝜑𝜑𝑛𝑛     →     𝜑𝜑  , as n     →    ∞  in D (Ω). 
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The linear set D (Ω) equipped with convergence is called the space of test/ basic function 

D(Ω). 

Example 1.1.1:  𝜑𝜑(𝑥𝑥) = �𝑒𝑒−� 1
1−|𝑥𝑥 |2�, 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 |𝑥𝑥| < 1

             0, 𝑤𝑤ℎ𝑒𝑒𝑒𝑒  |𝑥𝑥| ≥ 1
�      is in D. 

   For |𝑥𝑥| < 1                    

                             𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

  = −2𝑥𝑥𝑗𝑗

(1−|𝑥𝑥|2)2  𝜑𝜑(𝑥𝑥)   ,              |𝑥𝑥|2=𝑥𝑥1
2 + ⋯ +  𝑥𝑥𝑛𝑛

2 

Any partial derivative of higher order has the form  𝑝𝑝(𝑥𝑥)
(1−|𝑥𝑥|2)𝑛𝑛  ⋅ 𝜑𝜑(𝑥𝑥);   p(x) is a polynomial  

Now put   t=|𝑥𝑥| 

Then ∀𝑥𝑥 ∈  𝑅𝑅𝑛𝑛 \{0},    x  ⟼  ‖𝑥𝑥‖=t. Then  

                                    𝜑𝜑(𝑥𝑥) = 𝜑𝜑(𝑡𝑡)= �𝑒𝑒−� 1
1−𝑡𝑡2�, 𝑤𝑤ℎ𝑒𝑒𝑒𝑒 𝑡𝑡 < 1

  0          , 𝑤𝑤ℎ𝑒𝑒𝑒𝑒  𝑡𝑡 ≥ 1
� 

 

Then  𝐷𝐷𝑛𝑛 𝜑𝜑(𝑡𝑡) = 𝑝𝑝(𝑡𝑡)
(1−|𝑥𝑥|2)𝑛𝑛  ⋅ 𝜑𝜑(𝑡𝑡) which is infinitely differentiable.  

Also  

                                   Supp (𝜑𝜑 ) = �𝑥𝑥 ∈ Ω: 𝜑𝜑(𝑥𝑥) ≠ 0���������������������� 

                                                      = {𝑥𝑥 ∈ 𝛺𝛺:  |𝑥𝑥| ≤ 1}                                             

Obviously, the supp (𝜑𝜑) is a compact set (since it is closed and bounded) and 𝜑𝜑 ∈ ∁∞(Ω). 

 

         1 .1 .2 The Space of Distributions 𝑫𝑫′ . 

Definition 1.1.3: A continuous linear functional on the space of test functions D is called  

a generalized function /distribution/.The set of all generalized function is denoted by 

𝐷𝐷′ = 𝐷𝐷′ (Rn). 

We will write the value of the functional (generalized function) 𝑓𝑓 on the basic function 𝜑𝜑 

as  〈𝑓𝑓, 𝜑𝜑〉. 
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We say that 𝑓𝑓 ∈ 𝐷𝐷′  if it satisfies the following conditions.  

• A distribution𝑓𝑓 ∈ 𝐷𝐷′ , is a functional on the space of basic function D, that 

is, with each basic function 𝜑𝜑 there is associated a (complex valued) 

number   〈𝑓𝑓, 𝜑𝜑〉. 

• A distribution 𝑓𝑓 ∈ 𝐷𝐷′ , is a linear functional on D, that is,  

If 𝜑𝜑, 𝜓𝜓 ∈ 𝐷𝐷 and 𝜆𝜆, 𝛽𝛽 ∈ ℂ, 𝑡𝑡ℎ𝑒𝑒𝑒𝑒  

                                                 〈𝑓𝑓, 𝜆𝜆𝜆𝜆 + 𝛽𝛽𝛽𝛽 〉 = 𝜆𝜆  〈𝑓𝑓, 𝜑𝜑〉 + 𝛽𝛽  〈𝑓𝑓, 𝜓𝜓〉. 

• A distribution 𝑓𝑓 ∈ 𝐷𝐷′  is a continuous functional on D, that is, if 𝜑𝜑𝑛𝑛 → 𝜑𝜑 in 

D(Ω)as n → ∞ ,then 

                               〈𝑓𝑓, 𝜑𝜑𝑛𝑛 〉 →   〈𝑓𝑓, 𝜑𝜑〉  as n → ∞. 

 

The generalized functions 𝑓𝑓 and 𝑔𝑔 specified in Ω are said to be equal in Ω if they are equal 

as functional on D(Ω) , that is, if for any 𝜑𝜑 in D(Ω)  , 〈𝑓𝑓, 𝜑𝜑〉=〈𝑔𝑔, 𝜑𝜑〉. We will write: 𝑓𝑓 = 𝑔𝑔 in Ω 

or 𝑓𝑓(𝑥𝑥) = 𝑔𝑔(𝑥𝑥), 𝑥𝑥 ∈  Ω. 

Note: The space 𝐷𝐷′  is linear if we define the linear combination 𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇 of the generalized 
function 𝑓𝑓 and 𝑔𝑔 in D(Ω) as a functional acting via the formula: 

          〈𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇, 𝜑𝜑〉 = 𝜆𝜆〈𝑓𝑓, 𝜑𝜑〉+𝜇𝜇 〈𝑔𝑔, 𝜑𝜑〉,  𝜑𝜑 ∈ 𝐷𝐷.    

Proof: we what to show that    
𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇 𝑖𝑖𝑖𝑖  𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 𝑜𝑜𝑜𝑜 𝐷𝐷, 𝑖𝑖. 𝑒𝑒. 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 𝑡𝑡𝑡𝑡 𝐷𝐷′ . 

Let 𝜑𝜑 ∈ 𝐷𝐷 and 𝜓𝜓 ∈ 𝐷𝐷 and 𝛼𝛼, 𝛽𝛽 are any complex numbers. Then, 

           〈𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇, 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝛽𝛽〉 =  𝜆𝜆〈𝑓𝑓, 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝛽𝛽〉+𝜇𝜇 〈𝑔𝑔, 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝛽𝛽〉 

         = 𝛼𝛼[𝜆𝜆〈𝑓𝑓, 𝜑𝜑〉 + 𝜇𝜇〈𝑔𝑔, 𝜑𝜑〉]+𝛽𝛽[𝜆𝜆〈𝑓𝑓, 𝜓𝜓〉+𝜇𝜇〈𝑔𝑔, ψ〉] 

         = 𝛼𝛼〈𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇, φ〉+ 𝛽𝛽〈𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇, ψ〉 

                     Hence, 𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇 is linear  

Its continuity follows from the continuity of the functional 𝑓𝑓 and𝑔𝑔. If 𝜑𝜑𝑘𝑘 ⟶ 𝜑𝜑 as k→ ∞ in D, 
then 

         〈𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇, 𝜑𝜑𝑘𝑘  〉 = 𝜆𝜆〈𝑓𝑓, 𝜑𝜑𝑘𝑘 〉 +𝜇𝜇〈𝑔𝑔, 𝜑𝜑𝑘𝑘 〉 ⟶ 𝜆𝜆〈𝑓𝑓, φ〉 +𝜇𝜇〈𝑔𝑔, φ〉 =〈𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇, 𝜑𝜑 〉 as k → ∞ 

Hence, 𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇 is continuous.  

Therefore, 𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇 is a linear and continuous on D. i.e. 𝜆𝜆𝜆𝜆 + 𝜇𝜇𝜇𝜇 ∈ 𝐷𝐷′ . 
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Convergence in D′ : Let {𝑓𝑓𝑛𝑛 } be a sequence of distributions. Then 𝑓𝑓𝑛𝑛  is said to be convergent 

to the distribution 𝑓𝑓 if and only if 

                                              〈𝑓𝑓𝑛𝑛 , 𝜑𝜑〉
𝑛𝑛→∞
�⎯⎯� 〈𝑓𝑓, 𝜑𝜑〉 for all 𝜑𝜑 ∈ 𝐷𝐷(Ω) 

 In this case we shall write 𝑓𝑓𝑛𝑛 → 𝑓𝑓 as n → ∞ in 𝐷𝐷′  

 This convergence is called weak convergence. 

The linear set D′ together with the convergence which it is equipped is called the space of 

generalized function. 

Theorem: 1.1.2 Suppose that 𝑓𝑓:D(Ω) ⟶ ℂ is linear .Then  

                       𝑓𝑓 ∈ 𝐷𝐷′ (Ω)  if and only if for every k ⊂⊂ Ω, there are n ≥ 0 and C>0 

 such that  

                                          |𝑓𝑓(𝜑𝜑)| ≤ C|𝜑𝜑|𝑛𝑛 ,∞ ,Ω   for every 𝜑𝜑 ∈ 𝐷𝐷𝑘𝑘 . 

Proof: Suppose that 𝑓𝑓 ∈ 𝐷𝐷′ (Ω), but suppose also that the conclusion is false. Then there 

is some k ⊂⊂ Ω such that for every  n ≥ 0 𝑎𝑎𝑎𝑎𝑎𝑎 𝑚𝑚 ≥ 0,we have some 𝜑𝜑𝑛𝑛 ,𝑚𝑚 ∈ 𝐷𝐷𝑘𝑘  such that 

                                          �𝑓𝑓(𝜑𝜑𝑛𝑛 ,𝑚𝑚 )�>m�𝜑𝜑𝑛𝑛 ,𝑚𝑚 �
𝑛𝑛 ,∞ ,Ω

 . 

Normalize by setting 𝜑𝜑� 𝑗𝑗 = 𝜑𝜑𝑗𝑗 /(𝑗𝑗�𝜑𝜑𝑗𝑗 �
𝑗𝑗 ,∞ ,Ω

)  ∈ 𝐷𝐷𝑘𝑘 . 

 Then �𝑓𝑓(𝜑𝜑�𝑗𝑗 )� > 1, 𝑏𝑏𝑏𝑏𝑏𝑏 𝜑𝜑�𝑗𝑗 ⟶ 0 in D(Ω) (since �𝜑𝜑�𝑗𝑗 �
𝑛𝑛 ,∞ ,Ω

≤ �𝜑𝜑�𝑗𝑗 �
𝑗𝑗 ,∞ ,Ω

=1/j  for j ≥ 𝑛𝑛), 

Contradicting the hypothesis. 

For the converse, suppose that 𝜑𝜑𝑗𝑗 → 0 in D(Ω). 

Then there is some k ⊂⊂ Ω such that supp (𝜑𝜑𝑗𝑗 ) ⊂ 𝑘𝑘 for all j, and , by hypothesis , some  

n and C such that       �𝑓𝑓�𝜑𝜑𝑗𝑗 �� ≤ C�𝜑𝜑𝑗𝑗 �
𝑛𝑛 ,∞ ,Ω

→ 0. 

 That is 𝑓𝑓 is continuous at 0. 

Definition1.1.4: A measurable function 𝑓𝑓: Ω ⟶ ∁ is said to be locally integrable if 

                                ∫ |𝑓𝑓(𝑥𝑥)|K 𝑑𝑑𝑑𝑑 <  ∞  for all compact K ⊂ Ω. 

                We denote by 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω). 
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Regular Distributions 

The simplest example of a generalized function is the functional generated by the function 

𝑓𝑓(x) locally integrable in 𝑅𝑅𝑛𝑛 : 

〈𝑓𝑓, 𝜑𝜑〉 = ∫ 𝑓𝑓(𝑥𝑥)Ω  𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑,       𝜑𝜑 ∈ 𝐷𝐷………………..1 

From the property of linearity of the integral follows the linearity of this functional: 

   〈𝑓𝑓, 𝜆𝜆𝜆𝜆 + 𝛽𝛽𝛽𝛽〉  = ∫ 𝑓𝑓(𝑥𝑥)[𝜆𝜆𝜆𝜆(𝑥𝑥) + 𝛽𝛽𝛽𝛽(𝑥𝑥)]𝑑𝑑𝑑𝑑  

                                               = 𝜆𝜆 ∫ 𝑓𝑓(𝑥𝑥)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑 + 𝛽𝛽 ∫ 𝑓𝑓(𝑥𝑥)𝜓𝜓(𝑥𝑥)𝑑𝑑𝑑𝑑   

             = 𝜆𝜆 〈𝑓𝑓, 𝜑𝜑〉 + 𝛽𝛽〈𝑓𝑓, 𝜓𝜓〉 

While from the theorem which concerns proceeding to the limit under the integral sign 

follows the continuity of this functional on D: 

                                       〈𝑓𝑓, 𝜑𝜑𝑛𝑛 〉 = ∫ 𝑓𝑓(𝑥𝑥)𝜑𝜑𝑛𝑛 (𝑥𝑥)𝑑𝑑𝑑𝑑   →  ∫ 𝑓𝑓(𝑥𝑥)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑  = 〈𝑓𝑓, 𝜑𝜑〉 

                                           as n  →  ∞ if 𝜑𝜑𝑛𝑛  →  𝜑𝜑 as n   → ∞ in D. 

Thus the functional defined in (1) defines a generalized function belonging to 𝐷𝐷′ . 

Definition1.1.5: For 𝑇𝑇𝑓𝑓 ∈  𝐷𝐷′ (Ω),  if there is 𝑓𝑓 ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω) via the formula:  

   〈𝑇𝑇𝑓𝑓 , 𝜑𝜑〉 = ∫ 𝑓𝑓(𝑥𝑥)Ω  𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑,       𝜑𝜑 ∈ 𝐷𝐷, are called regular distributions and 

all other generalized functions are called singular distributions. 

Example 1.1.3: Let 𝑥𝑥0 ∈ Ω0 be a fixed element. We consider the function  

                  𝛿𝛿𝑥𝑥0 : D (Ω) → ℂ defined by 𝜑𝜑 ↦ 𝜑𝜑(𝑥𝑥0).   

We have for each compact K ⊂ Ω 

�𝛿𝛿𝑥𝑥0 (𝜑𝜑)� = |𝜑𝜑(𝑥𝑥0)| ≤ ‖𝜑𝜑‖0,∞ ,Ω  

Implies by theorem1.1.2 that 𝛿𝛿𝑥𝑥0 is continuous. We call 𝛿𝛿𝑥𝑥0 the Dirac mass, distribution or 

delta function at 𝑥𝑥0. In the case 𝑥𝑥0 = 0 we will write simple 𝛿𝛿 instead of 𝛿𝛿0. 

The distribution 𝛿𝛿𝑥𝑥0 is not a regular distribution .This we will prove now. 

Let Ω0 = Ω\{𝑥𝑥0}.Let K ⊂ Ω0 be a compact set. 

Then (by definition) we have that 𝐷𝐷𝐾𝐾(Ω0) is the set of all 

𝜑𝜑: Ω0 ⟶ ∁, 𝜑𝜑 ∈ 𝐶𝐶∞(Ω0), supp (𝜑𝜑)⊆ 𝐾𝐾 ⊂ Ω0.Now we consider 𝜑𝜑 ∈ 𝛿𝛿𝑥𝑥0 |𝐷𝐷𝐾𝐾(Ω0). 

For this 𝜑𝜑 we have𝜑𝜑: Ω ⟶ ∁ , 𝜑𝜑 ∈ 𝐶𝐶∞ (Ω), supp (𝜑𝜑) ⊆ 𝐾𝐾 ⊂ Ω0. 

Therefore, we have 𝜑𝜑(𝑥𝑥0) = 0. Since 𝑥𝑥0 ∉ Ω0, i.e.𝑥𝑥0 ∉ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑). 
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This implies 𝛿𝛿𝑥𝑥0 |𝐷𝐷𝐾𝐾(Ω0)=0, i.e. 〈𝛿𝛿𝑥𝑥0 , 𝜑𝜑〉 = 0 for all 𝜑𝜑 ∈ 𝐷𝐷𝐾𝐾(Ω0). 

Now we assume that there is an 𝑓𝑓 ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω) such that 𝛿𝛿𝑥𝑥0 = 𝑓𝑓. 

               〈𝛿𝛿𝑥𝑥0 , 𝜑𝜑〉 = 〈𝑓𝑓, φ〉=∫ 𝑓𝑓(𝑥𝑥)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑Ω =∫ 𝑓𝑓(𝑥𝑥)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑 = 0Ω0
 for all 𝜑𝜑 ∈ 𝐷𝐷𝐾𝐾(Ω0). 

immediately 

                             𝑓𝑓(𝑥𝑥) = 0 for almost all 𝑥𝑥 ∈ Ω0, 

and therefore, 

                              𝑓𝑓(𝑥𝑥) = 0 for almost all  𝑥𝑥 ∈ Ω. 

 

From this it follows 𝛿𝛿𝑥𝑥0 =0, i.e.〈𝛿𝛿𝑥𝑥0 , 𝜑𝜑〉 = 0 for all 𝜑𝜑 ∈ 𝐷𝐷(Ω). 

But this is not true, because for a function 𝜑𝜑 ∈ 𝐷𝐷(Ω) for which 𝑥𝑥0 ∈ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝜑𝜑) we get  

                                        〈𝛿𝛿𝑥𝑥0 , 𝜑𝜑〉 =  𝜑𝜑(𝑥𝑥0) ≠ 0 , i.e  𝛿𝛿𝑥𝑥0 ≠0. 

Definition 1.1.6: The support of a generalized function 𝑓𝑓 is the completion of Ω𝑓𝑓  to Ω   ,  

so that, Supp𝑓𝑓= Ω \Ω𝑓𝑓 :supp𝑓𝑓 is closed set in Ω. Where Ω𝑓𝑓  is the largest open set in which  𝑓𝑓 

vanishes. Also, the support of 𝑓𝑓 is the smallest closed subset of Ω out side of which the 

distribution 𝑓𝑓 is zero. 

Definition1.1.7: A distribution 𝑓𝑓 ∈ 𝐷𝐷′ (Ω) has a compact support if and only if there is a 

compact set K ⊆ Ω such that supp 𝜑𝜑 ∩ K = { } implies 〈𝑓𝑓, 𝜑𝜑〉= 0    ∀ 𝜑𝜑 ∈ D(Ω). 

Lemma1.1.1: Let {𝑓𝑓𝑘𝑘 } be a sequence of distributions. 

If there is a linear mapping 𝑓𝑓: D (𝑅𝑅𝑛𝑛 ) ⟶ ∁ such that       

                          〈𝑓𝑓𝑘𝑘 , 𝜑𝜑〉 
𝑘𝑘→∞
�⎯� 〈𝑓𝑓, 𝜑𝜑〉 for all 𝜑𝜑 ∈ D(𝑅𝑅𝑛𝑛 ),  

then 𝑓𝑓 is a distribution. 

Proof: We have only to show that 𝑓𝑓 is linear and continuous, 

i.e. 𝑓𝑓 ∈ 𝐷𝐷′ (𝑅𝑅𝑛𝑛 ). From 

                                     〈𝑓𝑓, 𝜑𝜑〉 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞〈𝑓𝑓𝑘𝑘 , 𝜑𝜑〉 

We get   〈𝑓𝑓, 𝜑𝜑1 + 𝜑𝜑2〉 =lim𝑘𝑘→∞〈𝑓𝑓𝑘𝑘 , 𝜑𝜑1 + 𝜑𝜑2〉 

                                         =lim𝑘𝑘→∞(〈𝑓𝑓𝑘𝑘 , 𝜑𝜑1〉 + 〈𝑓𝑓𝑘𝑘 , 𝜑𝜑2〉) 

                                         =lim𝑘𝑘→∞〈𝑓𝑓𝑘𝑘 , 𝜑𝜑1〉+lim𝑘𝑘→∞〈𝑓𝑓𝑘𝑘 , 𝜑𝜑2〉 

                                         =〈𝑓𝑓, 𝜑𝜑1〉+〈𝑓𝑓, 𝜑𝜑2〉 and 
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                                      〈𝑓𝑓, 𝛼𝛼𝛼𝛼〉= 𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞〈𝑓𝑓𝑘𝑘 , 𝛼𝛼𝛼𝛼〉 

                                                    =𝛼𝛼 𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞〈𝑓𝑓𝑘𝑘 , 𝜑𝜑〉 

                                                    =𝛼𝛼〈𝑓𝑓, 𝜑𝜑〉 

i.e. 𝑓𝑓 is linear. For the proof of the continuity of 𝑓𝑓 we consider a sequence (𝜑𝜑𝑣𝑣), 

where 𝜑𝜑𝑣𝑣 ∈ 𝐷𝐷(𝑅𝑅𝑛𝑛 ) and 𝜑𝜑𝑣𝑣 ⟶ 0 as 𝑣𝑣 ⟶ ∞.We have to prove that 〈𝑓𝑓, 𝜑𝜑𝑉𝑉〉 ⟶ 0 as 𝑣𝑣 → ∞, 

i.e. we have to prove that 𝑓𝑓 is continuous at 0. 

We assume that the last is not true. Then there is an 𝛼𝛼 > 0 such that 

                                     |〈𝑓𝑓, 𝜑𝜑𝑣𝑣〉| ≥ 2𝛼𝛼  for all v ∈ 𝑁𝑁. 

Since〈𝑓𝑓, 𝜑𝜑〉 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞〈𝑓𝑓𝑘𝑘 , 𝜑𝜑〉 for each 𝜑𝜑 ∈ 𝐷𝐷(𝑅𝑅𝑛𝑛 ) we get particularly 〈𝑓𝑓, 𝜑𝜑𝑣𝑣〉 = 𝑙𝑙𝑙𝑙𝑙𝑙

𝑘𝑘→∞〈𝑓𝑓𝑘𝑘 , 𝜑𝜑𝑣𝑣〉 and 

therefore 

                                         2𝛼𝛼 ≤ |〈𝑓𝑓, 𝜑𝜑𝑣𝑣〉|=� 𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞〈𝑓𝑓𝑘𝑘 , 𝜑𝜑𝑣𝑣〉� = 𝑙𝑙𝑙𝑙𝑙𝑙

𝑘𝑘→∞|〈𝑓𝑓𝑘𝑘 , 𝜑𝜑𝑣𝑣〉| for all v ∈ 𝑁𝑁. 

From this it follows that for each 𝜖𝜖 > 0 and for each v ∈ 𝑁𝑁 there is an index 𝑘𝑘𝑣𝑣  such that 

                                         2𝛼𝛼 − 𝜖𝜖 ≤ �〈𝑓𝑓𝑘𝑘𝑣𝑣  , 𝜑𝜑𝑣𝑣〉�  for all v ∈ 𝑁𝑁. 

To make it easier we choose 𝜖𝜖 = 𝛼𝛼.Then we have that for each v ∈ 𝑁𝑁 there is an index 𝑘𝑘𝑣𝑣  

such that                                                      

                                         𝛼𝛼 ≤ �〈𝑓𝑓𝑘𝑘𝑣𝑣  , 𝜑𝜑𝑣𝑣〉� for all v ∈ 𝑁𝑁.   ------------------------* 

since 𝜑𝜑𝑣𝑣 ⟶ 0 as v → ∞ in D(𝜑𝜑),then 〈𝑓𝑓, 𝜑𝜑𝑣𝑣〉 → 0 as v → ∞ .Then we get that 〈𝑓𝑓𝑘𝑘𝑣𝑣  , 𝜑𝜑𝑣𝑣〉 → 0 as    

v → ∞ for all k ∈ 𝑁𝑁, since 𝑓𝑓𝑘𝑘 ∈ 𝐷𝐷′ (𝑅𝑅𝑛𝑛 ).This implies that 〈𝑓𝑓𝑘𝑘𝑣𝑣  , 𝜑𝜑𝑣𝑣〉 ⟶ 0 as v → ∞. 

But this is a contradiction to *. 

Example 1.1.4: We consider Cauchy’s principal value of  

                                   ∫ 𝜑𝜑(𝑥𝑥)
𝑥𝑥𝑅𝑅 dx,    where  𝜑𝜑 ∈ 𝐷𝐷(𝑅𝑅). 

Cauchy’s principal value is defined as 

                                    CPV∫ 𝜑𝜑(𝑥𝑥)
𝑥𝑥

𝑑𝑑𝑑𝑑 =∞
−∞

lim
ε → 0[ ∫ 𝜑𝜑(𝑥𝑥)

𝑥𝑥
𝑑𝑑𝑑𝑑−𝜀𝜀

−∞  +∫ 𝜑𝜑(𝑥𝑥)
𝑥𝑥

𝑑𝑑𝑑𝑑∞
𝜀𝜀 ] 

We define the mapping 

                                         〈𝑝𝑝, 𝜑𝜑〉= CPV∫ 𝜑𝜑(𝑥𝑥)
𝑥𝑥

𝑑𝑑𝑑𝑑∞
−∞  

and we show that p is a distribution. First we show that the mapping 𝑝𝑝𝑘𝑘  defined by 
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                                   〈𝑝𝑝𝑘𝑘 , 𝜑𝜑〉=∫ 𝜑𝜑(𝑥𝑥)
𝑥𝑥|𝑥𝑥|>𝑘𝑘 𝑑𝑑𝑑𝑑,  𝜑𝜑 ∈ 𝐷𝐷(𝑅𝑅), is a regular distribution for each k ∈ 𝑁𝑁. 

For this we define 

                                    𝑓𝑓𝑘𝑘 (𝑥𝑥) = �
0, 𝑖𝑖𝑖𝑖  |𝑥𝑥| ≤ 1

𝑘𝑘
1
𝑥𝑥

, 𝑖𝑖𝑖𝑖  |𝑥𝑥| > 1
𝑘𝑘

� ,    k ∈ 𝑁𝑁. 

Then 𝑓𝑓𝑘𝑘  is locally integrable. To see this we consider an arbitrary compact set k ⊂ 𝑅𝑅. Let 

a=mink, b= maxk and c=max{|a|, |b|, 1
𝑘𝑘

}. Then we have 

      ∫ |𝑓𝑓𝑘𝑘 (𝑥𝑥)|𝑘𝑘 𝑑𝑑𝑑𝑑 ≤ ∫ |𝑓𝑓𝑘𝑘 (𝑥𝑥)|𝑑𝑑𝑑𝑑𝑐𝑐
−𝑐𝑐    =∫ |𝑓𝑓𝑘𝑘 (𝑥𝑥)|𝑑𝑑𝑑𝑑−1

𝑘𝑘
−𝑐𝑐 + ∫ |𝑓𝑓𝑘𝑘 (𝑥𝑥)|𝑑𝑑𝑑𝑑

1
𝑘𝑘

−1
𝑘𝑘

+ ∫ |𝑓𝑓𝑘𝑘 (𝑥𝑥)|𝑑𝑑𝑑𝑑𝑐𝑐
1
𝑘𝑘

 

                                                               =− ln(−𝑥𝑥)

−1
𝑘𝑘
|

−𝑐𝑐
+ 𝑙𝑙𝑙𝑙𝑙𝑙

𝑐𝑐
|
1
𝑘𝑘

= − �𝑙𝑙𝑙𝑙 1
𝑘𝑘

− 𝑙𝑙𝑙𝑙𝑙𝑙� + 𝑙𝑙𝑙𝑙𝑙𝑙 − 𝑙𝑙𝑙𝑙 1
𝑘𝑘    

 

                                                               =2[𝑙𝑙𝑙𝑙𝑙𝑙 −ln1
𝑘𝑘

] < ∞. 

By definition 1.1.5 we get that  

                                             〈𝑇𝑇𝑓𝑓𝑘𝑘 , 𝜑𝜑〉=∫ 𝑓𝑓𝑘𝑘 (𝑥𝑥)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑∞
−∞ =∫ 𝜑𝜑(𝑥𝑥)

𝑥𝑥
𝑑𝑑𝑑𝑑 +

−1
𝑘𝑘

−∞ ∫ 𝜑𝜑(𝑥𝑥)
𝑥𝑥

𝑑𝑑𝑑𝑑∞
1
𝑘𝑘

 

                                                                                               =∫ 𝜑𝜑(𝑥𝑥)
𝑥𝑥

𝑑𝑑𝑑𝑑|𝑥𝑥|>1
𝑘𝑘

 =〈𝑝𝑝𝑘𝑘 , 𝜑𝜑〉   is 

 a regular distribution. 

Now we have  

                                lim
k → 0 〈𝑇𝑇𝑓𝑓𝑘𝑘 , 𝜑𝜑〉 = lim

k → 0 〈𝑝𝑝𝑘𝑘 , 𝜑𝜑〉 

                                                           = lim
k → 0[ ∫ 𝜑𝜑(𝑥𝑥)

𝑥𝑥
𝑑𝑑𝑑𝑑−1

𝑘𝑘
−∞  +∫ 𝜑𝜑(𝑥𝑥)

𝑥𝑥
𝑑𝑑𝑑𝑑]∞

1
𝑘𝑘

 

                                                           = CPV∫ 𝜑𝜑(𝑥𝑥)
𝑥𝑥

𝑑𝑑𝑑𝑑∞
−∞  =〈𝑝𝑝, 𝜑𝜑〉 

i.e  p is the (weak) limit of a sequence of (regular) distributions. Therefore, by lemma 1.1.1 

we get that p is a distribution. 
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1.2 Differentiation, multiplication by smooth function, direct product 

and convolution of distribution. 
                                                   Differentiation of distribution 

Definition 1.2.1: Let 𝛺𝛺 ⊆ 𝑅𝑅𝑛𝑛 , 𝑓𝑓 ∈ 𝐷𝐷′ (Ω) and α be a multi − index . Then the mapping 

                                   𝐷𝐷𝛼𝛼  :𝐷𝐷′ (𝛺𝛺) ⟶ 𝐷𝐷′ (𝛺𝛺) defined by 

                                       〈𝐷𝐷𝛼𝛼 𝑓𝑓, 𝜑𝜑〉 = (−1)|𝛼𝛼 |〈𝑓𝑓, 𝐷𝐷𝛼𝛼 𝜑𝜑〉 ,    ∀𝜑𝜑 ∈ 𝐷𝐷(𝛺𝛺) 

is called the derivative of 𝑓𝑓 

Let us see whether 𝑫𝑫𝜶𝜶𝒇𝒇 ∈ 𝐷𝐷′ (𝛺𝛺) 

Clearly 𝐷𝐷𝛼𝛼 𝑓𝑓 is a functional since 𝑓𝑓 ∈ 𝐷𝐷′ 

 

Linearity: Let 𝜑𝜑,ψ ∈ 𝐷𝐷 𝑎𝑎𝑎𝑎𝑎𝑎 𝜆𝜆, 𝛽𝛽 ∈ ℂ, then  

                      〈𝐷𝐷𝛼𝛼 𝑓𝑓, λφ + βψ〉 = (−1)│𝛼𝛼│  〈𝑓𝑓, 𝐷𝐷𝛼𝛼 (λφ + βψ)〉 

                                                     = (−1)│𝛼𝛼│   〈𝑓𝑓, 𝜆𝜆𝜆𝜆𝛼𝛼 φ + β𝐷𝐷𝛼𝛼 ψ〉   

                                                     =𝜆𝜆(−1)│𝛼𝛼│   〈𝑓𝑓, 𝐷𝐷𝛼𝛼 φ〉 +  𝛽𝛽(−1)│𝛼𝛼│   〈𝑓𝑓, 𝐷𝐷𝛼𝛼 ψ〉     

                                                      =𝜆𝜆 〈𝐷𝐷𝛼𝛼 𝑓𝑓, φ〉 + 𝛽𝛽〈𝐷𝐷𝛼𝛼 𝑓𝑓, ψ〉                                                                             

                     Hence 𝐷𝐷𝛼𝛼  𝑓𝑓 is a linear functional on D. 

Continuity: Let 𝜑𝜑𝑛𝑛 → 𝜑𝜑 as n → ∞ in D, then 

                                〈𝐷𝐷𝛼𝛼 𝑓𝑓, 𝜑𝜑𝑛𝑛 〉 = (−1)│𝛼𝛼│〈𝑓𝑓, 𝐷𝐷𝛼𝛼 𝜑𝜑𝑛𝑛 〉 → (−1)│𝛼𝛼│〈𝑓𝑓, 𝐷𝐷𝛼𝛼 𝜑𝜑〉=〈𝐷𝐷𝛼𝛼 𝑓𝑓, 𝜑𝜑〉.  

 

This implies that 〈𝐷𝐷𝛼𝛼 𝑓𝑓, 𝜑𝜑𝑛𝑛 〉 →  〈𝐷𝐷𝛼𝛼 𝑓𝑓, 𝜑𝜑〉 as n → ∞. 

Hence 𝐷𝐷𝛼𝛼 𝑓𝑓 is continuous.      

           ∴ 𝐷𝐷𝛼𝛼 𝑓𝑓 ∈ 𝐷𝐷′ . 

Example 1.2.1: The Dirac measure 𝛿𝛿 on 𝑅𝑅𝑛𝑛  defined by  

              〈𝛿𝛿, 𝜑𝜑〉 = 𝜑𝜑(0), for all 𝜑𝜑 ∈ 𝐷𝐷( Ω) is a distribution. 

 Let Ω = R and consider that Heaviside function 

                                            𝐻𝐻(𝑥𝑥) = �1, 𝑖𝑖𝑖𝑖 𝑥𝑥 > 0
0, 𝑖𝑖𝑖𝑖 𝑥𝑥 < 0

� 

Then the derivative of H(x) in the sense of distribution is defined by: 

                            〈𝐷𝐷𝐷𝐷, 𝜑𝜑〉 = −〈𝐻𝐻, 𝜑𝜑,〉   =  − ∫ 𝐻𝐻(x) 𝜑𝜑′ (𝑥𝑥)𝑑𝑑𝑑𝑑 ∞
−∞     
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                                                                   =− ∫ 𝐻𝐻(x)φ′ (𝑥𝑥)𝑑𝑑𝑑𝑑0
−∞ − ∫ 𝐻𝐻(x)φ′ (𝑥𝑥)𝑑𝑑𝑑𝑑∞

0  

                                                                   = − ∫ 0φ′ 𝑑𝑑𝑑𝑑 0
−∞ -  ∫ 1φ′ (𝑥𝑥)𝑑𝑑𝑑𝑑∞

0  

                                                                   = − ∫ φ′ (𝑥𝑥)𝑑𝑑𝑑𝑑∞
0  

                                                          =− lim𝑏𝑏→∞ ∫ φ′(𝑥𝑥)𝑑𝑑𝑑𝑑
𝑏𝑏

0 = − lim𝑏𝑏→∞[𝜑𝜑(𝑥𝑥)
b

0
| ] 

                                                                                                      =− lim𝑏𝑏→∞[𝜑𝜑(𝑏𝑏) − 𝜑𝜑(0)] 

                                                                                                                       =  𝜑𝜑 (0)  

                                                                                                                       =  〈𝛿𝛿, 𝜑𝜑〉 

                                 Therefore, 𝐻𝐻′ =𝛿𝛿 the Dirac measure.  

Proposition1.2.1: If 𝑓𝑓 ∈ 𝐷𝐷′ (Ω) and 𝛼𝛼 𝑎𝑎𝑎𝑎𝑎𝑎 𝛽𝛽 are multi-indices, then 

                                   𝐷𝐷𝛼𝛼 (𝐷𝐷𝛽𝛽 𝑓𝑓) = 𝐷𝐷𝛽𝛽 (𝐷𝐷𝛼𝛼 𝑓𝑓)  =𝐷𝐷𝛼𝛼+𝛽𝛽 𝑓𝑓. 

Proof:            〈𝐷𝐷𝛼𝛼+𝛽𝛽 𝑓𝑓, 𝜑𝜑〉      = (−1)|𝛼𝛼 |+|𝛽𝛽 |〈𝑓𝑓, Dα+βφ〉 

                                                   =(−1)|𝛽𝛽 |〈𝐷𝐷𝛼𝛼 𝑓𝑓, 𝐷𝐷𝛽𝛽 𝜑𝜑〉 = 〈𝐷𝐷𝛽𝛽 (𝐷𝐷𝛼𝛼 𝑓𝑓), 𝜑𝜑〉 

                                                   =(−1)|𝛼𝛼 |〈𝐷𝐷𝛽𝛽 𝑓𝑓, 𝐷𝐷𝛼𝛼 𝜑𝜑〉 = 〈𝐷𝐷𝛼𝛼 �𝐷𝐷𝛽𝛽 𝑓𝑓�, 𝜑𝜑〉 

                      Hence 𝐷𝐷𝛼𝛼+𝛽𝛽 𝑓𝑓 = 𝐷𝐷𝛽𝛽 (𝐷𝐷𝛼𝛼 𝑓𝑓)=𝐷𝐷𝛼𝛼 ( 𝐷𝐷𝛽𝛽 𝑓𝑓) 

Lemma 1.2.1:The operation of differentiation 𝐷𝐷𝛼𝛼  is linear and continuous from 𝐷𝐷′  into 𝐷𝐷′  , 

that is,  

Linearity: let f, g ∈ 𝐷𝐷′ (Ω) and𝜆𝜆 , 𝛽𝛽 ∈ ℂ, we have 

                   〈λf + βg, φ〉 = 𝜆𝜆〈𝑓𝑓, 𝜑𝜑〉 + 𝛽𝛽〈g, φ〉, ∀ 𝜑𝜑 ∈ D (Ω). 

         then   Dα 〈λf + βg, φ〉   = 〈Dα  (λf + βg), φ〉 

                                                   = (−1)|𝛼𝛼 |〈λf + βg, Dα φ〉 

                                                   =(−1)|𝛼𝛼 | 𝜆𝜆〈𝑓𝑓, 𝐷𝐷𝛼𝛼 𝜑𝜑〉 + (−1)|α|β〈g, Dα φ〉 

                                                   = 𝜆𝜆〈𝐷𝐷𝛼𝛼  𝑓𝑓, 𝜑𝜑〉 + 𝛽𝛽〈𝐷𝐷𝛼𝛼  g, 𝜑𝜑〉 

Continuity: suppose 𝑓𝑓𝑘𝑘  → 0, k  → ∞   in 𝐷𝐷′  (Ω). Then for all 𝜑𝜑 ∈ D (Ω), we have 

        〈Dα fk , φ〉 =    (−1)|α| 〈fk ,Dα φ〉   →  0, k  →  ∞, and this implies that 

                   𝐷𝐷𝛼𝛼 𝑓𝑓𝑘𝑘  →  0, as k →  ∞ in  𝐷𝐷′ (Ω). 
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Lemma 1.2.2 (Leibniz Rule).Let𝑓𝑓 ∈ 𝐶𝐶∞ (Ω), u∈ 𝐷𝐷′ (Ω), and 𝛼𝛼 a multi-index. Then 

                                      𝐷𝐷𝛼𝛼 (𝑓𝑓𝑓𝑓)=∑ �𝛼𝛼
𝛽𝛽�𝛽𝛽≤𝛼𝛼 𝐷𝐷𝛼𝛼−𝛽𝛽 𝑓𝑓𝐷𝐷𝛽𝛽 𝑢𝑢 ∈ 𝐷𝐷′ (Ω), 

 

Where 

                                   �𝛼𝛼
𝛽𝛽�= 𝛼𝛼 !

(𝛼𝛼−𝛽𝛽)!𝛽𝛽 !
, 

𝛼𝛼! = 𝛼𝛼1! 𝛼𝛼2! ⋅⋅⋅ 𝛼𝛼𝑛𝑛 ! and 𝛽𝛽 ≤ 𝛼𝛼 means that 𝛽𝛽 is a multi-index with 𝛽𝛽𝑖𝑖 ≤ 𝛼𝛼𝑖𝑖  for i=1,… n. 

If u ∈ 𝐶𝐶∞(Ω) , this is just the product rule for differentiation. 

Proof. By the previous proposition, we have the theorem if it is true for multi-indices 

that have a single non zero component, say the first component. We proceed by induction 

on n=|𝛼𝛼|. 

The result holds for n=0, but we will need the result for n=1.Denote 𝐷𝐷𝛼𝛼 by 𝐷𝐷1
𝛼𝛼 . 

When n=1, for any 𝜑𝜑 ∈ 𝐷𝐷(Ω) 

                                                     〈𝐷𝐷1(𝑢𝑢𝑢𝑢), 𝜑𝜑〉=−〈𝑓𝑓𝑓𝑓, 𝐷𝐷1𝜑𝜑〉 

                                                                           =−〈𝑢𝑢, 𝑓𝑓𝑓𝑓1𝜑𝜑〉 

                                                                           =−〈𝑢𝑢, 𝐷𝐷1(𝑓𝑓𝑓𝑓) − 𝐷𝐷1𝑓𝑓𝑓𝑓〉 

                                                                           =〈𝐷𝐷1𝑢𝑢, 𝑓𝑓𝑓𝑓〉 + 〈𝑢𝑢, 𝐷𝐷1𝑓𝑓𝑓𝑓〉 

                                                                           =〈𝑓𝑓𝐷𝐷1𝑢𝑢 + 𝐷𝐷1𝑓𝑓𝑓𝑓, 𝜑𝜑〉, 

and the result holds. 

Now assume the result for derivative up to order n-1. Then  

                                      𝐷𝐷1
𝑛𝑛 (𝑓𝑓𝑓𝑓)=𝐷𝐷1𝐷𝐷1

𝑛𝑛−1(𝑓𝑓𝑓𝑓) 

 

                                                   =𝐷𝐷1 ∑ �𝑛𝑛−1
𝑗𝑗 � 𝐷𝐷1

𝑛𝑛−1−𝑗𝑗 𝑓𝑓𝐷𝐷1
𝑗𝑗 𝑢𝑢𝑛𝑛−1

𝑗𝑗 =0  

 

                                                   =∑ �𝑛𝑛−1
𝑗𝑗 �𝑛𝑛−1

𝑗𝑗 =0 (𝐷𝐷1
𝑛𝑛−𝑗𝑗 𝑓𝑓𝐷𝐷1

𝑗𝑗 𝑢𝑢 + 𝐷𝐷1
𝑛𝑛−1−𝑗𝑗 𝑓𝑓𝐷𝐷1

𝑗𝑗 +1𝑢𝑢) 

 

 

                                                   =∑ �𝑛𝑛−1
𝑗𝑗 � 𝐷𝐷1

𝑛𝑛−𝑗𝑗 𝑓𝑓𝐷𝐷1
𝑗𝑗 𝑢𝑢𝑛𝑛−1

𝑗𝑗 =0 +∑ �𝑛𝑛−1
𝑗𝑗 −1� 𝐷𝐷1

𝑛𝑛−𝑗𝑗 𝑓𝑓𝐷𝐷1
𝑗𝑗 𝑢𝑢𝑛𝑛−1

𝑗𝑗 =0  
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                                                   =∑ �𝑛𝑛
𝑗𝑗 � 𝐷𝐷1

𝑛𝑛−𝑗𝑗 𝑓𝑓𝐷𝐷1
𝑗𝑗 𝑢𝑢𝑛𝑛−1

𝑗𝑗 =0  , 

where the last equality follows from the combinatorial identify 

 

�
𝑛𝑛
𝑗𝑗 � = �

𝑛𝑛 − 1
𝑗𝑗 � + �

𝑛𝑛 − 1
𝑗𝑗 − 1� , 

and so the induction proceeds.. 

Theorem1.2.1: If  〈𝑓𝑓𝑘𝑘 , 𝜑𝜑〉 
𝑘𝑘→∞
�⎯�  〈𝑓𝑓, 𝜑𝜑〉     for all 𝜑𝜑 ∈ D(Ω), then  

                   〈𝐷𝐷𝛼𝛼 𝑓𝑓𝑘𝑘 , 𝜑𝜑〉 
𝑘𝑘→∞
�⎯�  〈Dα 𝑓𝑓, φ〉  for all 𝜑𝜑 ∈ D(Ω), for all multi indices.  

Proof:  〈𝐷𝐷𝛼𝛼 𝑓𝑓𝑘𝑘 , 𝜑𝜑〉=(−1)|𝛼𝛼 |〈𝑓𝑓𝑘𝑘 , Dα φ〉   
𝑘𝑘→∞
�⎯�  (−1)|𝛼𝛼 |〈𝑓𝑓, 𝐷𝐷𝛼𝛼 𝜑𝜑〉=〈𝐷𝐷𝛼𝛼 𝑓𝑓, 𝜑𝜑〉  for all 𝜑𝜑 ∈ 𝐷𝐷(Ω). 

 
                                Multiplication of a distribution by a function 𝒇𝒇 ∈ 𝑪𝑪∞(𝛀𝛀) 

Definition1.2.2; Let T ∈ 𝐷𝐷′ (Ω),  𝜑𝜑 ∈ D(Ω) and 𝑓𝑓 ∈ 𝐶𝐶∞ (Ω). 

Then    〈𝑓𝑓 ⋅ T, 𝜑𝜑〉=〈T, 𝑓𝑓 ⋅ φ〉   𝜑𝜑 ∈ 𝐷𝐷(Ω) is called the prodact of  𝑓𝑓and T. 

 

Example1.2.2: Let T=𝛿𝛿.  Then 

                                       〈𝑓𝑓 ⋅ T, 𝜑𝜑〉 =〈𝑓𝑓 ⋅ δ, 𝜑𝜑〉 

                                                         =〈δ, 𝑓𝑓 ⋅ φ〉 

                                                         = 𝑓𝑓(0)φ(0) 

                                                         =  𝑓𝑓(0)δ(φ) 

    Therefore (𝑓𝑓 ⋅ 𝛿𝛿) = 𝑓𝑓(0)𝛿𝛿 

If f1 and f2 are two distributions, we cannot assign a distribution Π(𝑓𝑓1, 𝑓𝑓2) in the same way 

that it amount of the usual product for regular distribution and is at the same time 

continuous in both distribution.  Let 𝑓𝑓𝑘𝑘  (x) = sin (kx) in D΄(Ω). Then 

                             𝜋𝜋(𝑓𝑓𝑘𝑘 , 𝑓𝑓𝑘𝑘 )= sin2 (kx) (i.e. 𝜋𝜋(𝑓𝑓𝑘𝑘 , 𝑓𝑓𝑘𝑘 ) =𝜋𝜋 (𝑓𝑓𝑘𝑘 ) 𝜋𝜋(𝑓𝑓𝑘𝑘 ) = 𝑓𝑓𝑘𝑘  (x) 𝑓𝑓𝑘𝑘  (x)). 

    Although     𝑓𝑓𝑘𝑘  →0 in D΄ as k → ∞  

                         𝜋𝜋(𝑓𝑓𝑘𝑘 , 𝑓𝑓𝑘𝑘 ) → 
2
1  as  k → ∞   
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Solution:  

 For any test functionϕ, we have    

                                              〈𝑓𝑓𝑘𝑘 , φ〉= ∫
R

dxxkx )()sin( ϕ  

                                            =- ∫
R

dxxkx
k

,)(')cos(1 ϕ  using integration by part  

So that      |〈𝑓𝑓𝑘𝑘 , φ〉|
k→∞
�⎯� 0, for all 𝜑𝜑 ∈ 𝐷𝐷(Ω) 

 

    This implies that 𝑓𝑓𝑘𝑘  → 0 in D΄ (Ω). 

Similarly 

                             〈π(𝑓𝑓𝑘𝑘 , 𝑓𝑓𝑘𝑘 ), φ〉 = ∫ sin2(kx)R φ(x)dx 

                                          = dxxkx

R

)(
2

)2cos(1 ϕ∫
−  

                             = dxxdxx

R

)(
2

cos(2kx)- 
2

)(

R

ϕϕ
∫∫  

                            = 1
2 ∫∫ −

R

(x)dxcos(2kx) 
2
1)( ϕϕ dxx

R

 

                                        = 1
2 ∫∫ −

K

(x)dx'sin(2kx) 
4
1)( ϕϕ
k

dxx
R

using integration by part. 

So that,|〈π(𝑓𝑓𝑘𝑘 , 𝑓𝑓𝑘𝑘 ), φ〉|
k→∞
�⎯� 1

2 ∫ φ(x)dxR  =〈1
2

, φ〉 

This implies that  

                       𝜋𝜋(𝑓𝑓𝑘𝑘 , 𝑓𝑓𝑘𝑘 )  →
2
1 as k →∞  
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Theorem1.2.2: Let 𝑓𝑓 ∈ D΄ (Ω) and𝜑𝜑 ∈ 𝐷𝐷(Ω).  Then  
                 Supp ( 𝑓𝑓φ) ⊂ supp𝑓𝑓 ∩supp𝜑𝜑  

Proof: Let Ω𝑓𝑓𝑓𝑓  be the largest open set in 𝛀𝛀 which contains both Ω𝑓𝑓  and Ω𝜑𝜑 .  

           That is  Ω𝑓𝑓  ∪ Ω𝜑𝜑  ⊂ Ω𝑓𝑓𝑓𝑓 . 

                             Supp𝑓𝑓𝑓𝑓 = Ω\Ω𝑓𝑓𝑓𝑓    ⊂  Ω \(Ω𝑓𝑓 ∪ Ω𝜑𝜑 ) 

                                                                  ⊂ (Ω\Ω𝜑𝜑) ∩ (Ω\Ω𝜑𝜑) 

                                                     ⊂ Supp𝑓𝑓 ∩ Supp𝜑𝜑.   
                                           Direct Product of Distribution 
Definition1.2.3: Let f(x) and g(y) be locally integrable functions in the open set Ω1 ⊂Rn 

and Ω2 ⊂Rm, respectively. The function f(x) g(y) is also  be locally integrable in Rn+m. It 

defines a (regular) generalized functions f(x) g(y) in D΄ (Ω1 x Ω2) operating on the basic 

functions ϕ(x, y) in D(Ω1x Ω2) via the formula:  

                   dxdyyxygxfygxf ),()()(),()(
21

ϕϕ ∫
Ω⊗Ω

>=⊗<     

                                             = ),(),(),( ),( )( )(
21

yxygxfdxdyyxygxf ϕϕ =∫∫
ΩΩ

 

                                             dxdyyxyg ),(  f(x)  )( 
12

ϕ∫∫
ΩΩ

=    

                                        = ),(),(),( yxxfyg ϕ  

That is 〈𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑦𝑦), 𝜑𝜑〉 = 〈𝑓𝑓(𝑥𝑥), 〈𝑔𝑔(𝑦𝑦), 𝜑𝜑(𝑥𝑥, 𝑦𝑦)〉〉    

                 〈g(y)f(x), φ〉 = 〈g(y), 〈f(x), φ(x, y)〉〉                          
                                 The Convolution of distributions 

Definition 1.2.4:Let 𝑓𝑓 and 𝑔𝑔 be locally integrable function in 𝑅𝑅𝑛𝑛  .If the integral 

                          ∫ 𝑓𝑓(𝑦𝑦)𝑔𝑔(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑 exist for almost all x ∈ 𝑅𝑅𝑛𝑛 , 

and if the function  

                                       (𝑓𝑓 ∗ 𝑔𝑔) (x) = ∫ 𝑓𝑓(𝑦𝑦)𝑔𝑔(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑  

is locally integrable  in 𝑅𝑅𝑛𝑛 , then 𝑓𝑓 ∗ 𝑔𝑔  is called the convolution of  𝑓𝑓 and 𝑔𝑔. 
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The convolution 𝑓𝑓 ∗ 𝑔𝑔  defines a(regular)generalized function acting on the test functions 

𝜑𝜑 ∈ D(𝑅𝑅𝑛𝑛 ) according to the rule: 

     〈𝑓𝑓 ∗ 𝑔𝑔, 𝜑𝜑 〉= ∫(𝑓𝑓 ∗ 𝑔𝑔)(𝑥𝑥)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑 

           = ∫ 𝜑𝜑(𝑥𝑥)[∫ 𝑓𝑓(𝑦𝑦)𝑔𝑔(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑]𝑑𝑑𝑑𝑑 

                                   = ∫ 𝑓𝑓(𝑦𝑦)[∫ 𝑔𝑔(𝑥𝑥 − 𝑦𝑦)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑]𝑑𝑑𝑑𝑑  

                                                              = ∫ 𝑓𝑓(𝑦𝑦) ∫ 𝑔𝑔(𝑧𝑧)𝜑𝜑(𝑧𝑧 + 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑, set: z=x-y 

(by virtue of fubini’s theorem), that is,  

          〈𝑓𝑓 ∗ 𝑔𝑔, 𝜑𝜑 〉= ∫ ∫ 𝑓𝑓(𝑥𝑥)𝑔𝑔(𝑦𝑦)𝜑𝜑(𝑥𝑥 + 𝑦𝑦)𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑, ∀𝜑𝜑 ∈ 𝐷𝐷(𝑅𝑅𝑛𝑛 ). 

Condition for the existence of a convolution: - Let 𝑓𝑓  be an arbitrary and  𝑔𝑔 a generalized 

function with compact support. Then the convolution 𝑓𝑓 ∗ 𝑔𝑔 exists in 𝐷𝐷′and appears in the 

form: 〈𝑓𝑓 ∗ 𝑔𝑔, 𝜑𝜑〉=〈𝑓𝑓(𝑥𝑥) ⊗ 𝑔𝑔(𝑦𝑦), 𝜂𝜂(𝑦𝑦)𝜑𝜑(𝑥𝑥 + 𝑦𝑦)〉, 𝜑𝜑 ∈ 𝐷𝐷------------------------ (1) 

When 𝜂𝜂   is any test function equal to 1 in the neighborhood of the support of 𝑔𝑔. For this the 

convolution is continuous with respect to 𝑓𝑓 and 𝑔𝑔 separately: 

If 𝑓𝑓𝑘𝑘 → 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 → ∞𝑖𝑖𝑖𝑖𝐷𝐷′ , 𝑡𝑡ℎ𝑒𝑒𝑒𝑒 𝑓𝑓𝑘𝑘 ∗ 𝑔𝑔 → 𝑓𝑓 ∗ 𝑔𝑔 𝑎𝑎𝑎𝑎 𝑘𝑘 → ∞ 𝑖𝑖𝑖𝑖 𝐷𝐷′ 

If 𝑔𝑔𝑘𝑘 → 𝑔𝑔 𝑎𝑎𝑎𝑎 𝑘𝑘 → ∞ 𝑎𝑎𝑎𝑎𝑎𝑎 𝑓𝑓𝑓𝑓𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑅𝑅, supp𝑔𝑔𝑘𝑘 𝑐𝑐 𝑢𝑢𝑅𝑅 , then 

 𝑓𝑓 ∗ 𝑔𝑔𝑘𝑘  → 𝑓𝑓 ∗ 𝑔𝑔 𝑎𝑎𝑎𝑎 𝑘𝑘 → ∞ 𝑖𝑖𝑖𝑖 𝐷𝐷′ 

There are some cases, where the convolution 𝑓𝑓 ∗ 𝑔𝑔  exists. 

We want to give two examples now. 

Example1.2.4. Let ∈ 𝐿𝐿𝑃𝑃(𝑅𝑅𝑛𝑛 ) , 𝑔𝑔 ∈ 𝐿𝐿𝑞𝑞 (𝑅𝑅𝑛𝑛 ) , 1
𝑝𝑝

 +1
𝑞𝑞

≥ 1.  

         Then the convolution exist and  𝑓𝑓 ∗ 𝑔𝑔 ∈ 𝐿𝐿𝑟𝑟 (𝑅𝑅𝑛𝑛 ) , where  

                             1
𝑟𝑟
=1

𝑝𝑝
 +1

𝑞𝑞
−1 

To prove it we choose𝛼𝛼 ≥ 0, ≥ 0 , 𝑠𝑠 ≥ 1, 𝑡𝑡 ≥ 1 such that   

                                 1
𝑟𝑟
 +1

𝑠𝑠
 +1

𝑡𝑡
 =1, 𝛼𝛼𝛼𝛼=p= (1−𝛼𝛼) s,           𝛽𝛽𝛽𝛽=q= (1−𝛽𝛽) t 

Then                                          

                                P + 𝑝𝑝𝑝𝑝
𝑠𝑠

 =r=q + 𝑞𝑞𝑞𝑞
𝑡𝑡

  . 

The last comes from P + 𝑝𝑝𝑝𝑝
𝑠𝑠

=pr (1
𝑟𝑟
 +1

𝑠𝑠
) =p𝑟𝑟(1 − 1

𝑡𝑡
) =pr1

𝑝𝑝
=r.  Then we get (using the Holder 

inequality and Theorem of Fubini) 
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                                   ‖𝑓𝑓 ∗ 𝑔𝑔‖𝐿𝐿𝑟𝑟
𝑟𝑟  = ∫ | ∫ 𝑓𝑓(𝑦𝑦)𝑔𝑔(𝑥𝑥 − 𝑦𝑦)𝑑𝑑𝑑𝑑|𝑅𝑅𝑛𝑛

𝑟𝑟
𝑅𝑅𝑛𝑛 𝑑𝑑𝑑𝑑 

                                                      ≤ ∫ [∫ |𝑓𝑓(𝑦𝑦)|𝛼𝛼
𝑅𝑅𝑛𝑛𝑅𝑅𝑛𝑛 ⋅ |𝑔𝑔(𝑥𝑥 − 𝑦𝑦)|𝛽𝛽 ⋅ |𝑓𝑓(𝑦𝑦)|1−𝛼𝛼 ⋅ |𝑔𝑔(𝑥𝑥 − 𝑦𝑦)|1−𝛽𝛽 dy]dx 

                                                     ≤ ∫ ∫ |𝑓𝑓(𝑦𝑦)|𝛼𝛼𝛼𝛼
𝑅𝑅𝑛𝑛𝑅𝑅𝑛𝑛 ⋅ |𝑔𝑔(𝑥𝑥 − 𝑦𝑦)|𝛽𝛽𝛽𝛽 dy [∫ |𝑓𝑓(𝑦𝑦)|(1−𝛼𝛼)𝑠𝑠

𝑅𝑅𝑛𝑛 𝑑𝑑𝑑𝑑]
𝑟𝑟
𝑠𝑠 ⋅ 

 

                                                            [∫ |𝑔𝑔(𝑥𝑥 − 𝑦𝑦)|(1−𝛽𝛽)𝑡𝑡 𝑑𝑑𝑑𝑑]𝑅𝑅𝑛𝑛

𝑟𝑟
𝑡𝑡 dx 

                                                     ≤ ‖𝑓𝑓‖𝐿𝐿𝑝𝑝
𝑟𝑟 ‖𝑔𝑔‖𝐿𝐿𝑞𝑞

𝑟𝑟  

Example1.2.5. Let 𝑓𝑓 ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (𝑅𝑅𝑛𝑛 ) and g ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙

1 (𝑅𝑅𝑛𝑛 ), where  

            Supp 𝑓𝑓 ⊆A, supp 𝑔𝑔 ⊆B, and Let the set  

                       𝐷𝐷𝑅𝑅= {(x, y) ∈ A × B : ||x+y|| ≤ R} ⊆ 𝑅𝑅𝑛𝑛 × 𝑅𝑅𝑛𝑛 =𝑅𝑅2𝑛𝑛   be bounded for any R > 0. 

Then    ∫ 𝑓𝑓(𝑦𝑦)𝑅𝑅𝑛𝑛 g(x−y)dy exist for almost all  x ∈ 𝑅𝑅𝑛𝑛 , i.e 𝑓𝑓 ∗ 𝑔𝑔 exists. 

This can be proved as follows (using Theorem of Fubini). We have for each R>0 

                             ∫ |(‖𝑥𝑥‖≤𝑅𝑅  𝑓𝑓 ∗ 𝑔𝑔)(x)|dx =∫ |‖𝑥𝑥‖≤𝑅𝑅 ∫ 𝑓𝑓(𝑦𝑦)𝑅𝑅𝑛𝑛 g(x−y)dy |dx 

 

                                                                        ≤ ∫ ∫ |𝑓𝑓(𝑦𝑦)|𝑅𝑅𝑛𝑛 ⋅ |g(x − y)‖𝑥𝑥‖≤𝑅𝑅 |dydx 

                                                                        ≤ ∫ |𝑓𝑓(𝑦𝑦)| ⋅ |g(ξ)‖ξ+y‖≤𝑅𝑅 |dyd𝜉𝜉 

                                                                        ≤ ∫ |𝑓𝑓(𝑦𝑦)| ⋅ |g(ξ)𝐷𝐷𝑅𝑅
|dyd𝜉𝜉<∞. 

The last we get since 𝐷𝐷𝑅𝑅  is bounded. 

So we have that for each compact set K⊆ 𝑅𝑅𝑛𝑛  there is an R>0 

Such that K ⊆ {x ∈ 𝑅𝑅𝑛𝑛 : ||x|| ≤ R}. So we have  

                             ∫ |𝐾𝐾 ( 𝑓𝑓 ∗ 𝑔𝑔)(𝑥𝑥)|dx ≤ ∫ |‖𝑥𝑥‖≤𝑅𝑅 ( 𝑓𝑓 ∗ 𝑔𝑔)(𝑥𝑥)|dx< ∞ , 

i.e. 𝑓𝑓 ∗ 𝑔𝑔is locally integrable . 

Obviously, if there is a set 𝐴𝐴′  (or a set 𝐵𝐵′ )such that  

supp f ⊆ 𝐴𝐴′ ⋐ A (or supp g ⊆ 𝐵𝐵′ ⋐ B) such that f (or g) is zero outside of  

𝐴𝐴′  (or 𝐵𝐵′ ), then we have that 

                         𝐷𝐷𝑅𝑅= {(x,y)∈  𝐴𝐴′ × 𝐵𝐵/ ||x+y|| ≤ R} ⊆ 𝑅𝑅𝑛𝑛 × 𝑅𝑅𝑛𝑛 =𝑅𝑅2𝑛𝑛  

or 

                  𝐷𝐷𝑅𝑅= {(x,y)∈  𝐴𝐴 × 𝐵𝐵′ / ||x+y|| ≤ R} ⊆ 𝑅𝑅𝑛𝑛 × 𝑅𝑅𝑛𝑛 =𝑅𝑅2𝑛𝑛  ) is bounded. 
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Theorem 1.2.4 Let 𝑓𝑓 , 𝑔𝑔 ∈ 𝐷𝐷′ (𝑅𝑅𝑛𝑛 ) , let 𝑓𝑓 ∗ 𝑔𝑔 exist and 𝛼𝛼 be a multi index. 

Then (𝐷𝐷𝛼𝛼 𝑓𝑓) ∗ 𝑔𝑔   𝑎𝑎𝑎𝑎𝑎𝑎  𝑓𝑓 ∗ 𝐷𝐷𝛼𝛼 𝑔𝑔  𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎  

                              𝐷𝐷𝛼𝛼 (𝑓𝑓 ∗ 𝑔𝑔)   =( 𝐷𝐷𝛼𝛼 𝑓𝑓) ∗ 𝑔𝑔   =𝑓𝑓 ∗ (𝐷𝐷𝛼𝛼 𝑔𝑔 )  

  Proof   〈 𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕

(𝑓𝑓 ∗ 𝑔𝑔), 𝜑𝜑〉= -〈𝑓𝑓 ∗ 𝑔𝑔 , 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕

〉 

  = -  〈𝑓𝑓(𝑥𝑥) ⊗ 𝑔𝑔(𝑦𝑦), 𝜕𝜕𝜕𝜕 (𝑥𝑥+𝑦𝑦)
𝜕𝜕𝑥𝑥𝑗𝑗

〉 

  = - 〈𝑔𝑔(𝑦𝑦), 〈𝑓𝑓(𝑥𝑥), 𝜕𝜕𝜕𝜕 (𝑥𝑥+𝑦𝑦)
𝜕𝜕𝑥𝑥𝑗𝑗

〉〉 

  =  − 〈𝑔𝑔(𝑦𝑦), −  〈 𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

𝑓𝑓, 𝜑𝜑(𝑥𝑥 + 𝑦𝑦)〉〉 

  =  〈 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

∗ 𝑔𝑔 , 𝜑𝜑 〉 

 Similarly, 𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕

 (𝑓𝑓 ∗ 𝑔𝑔) = 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕𝜕𝜕

∗ 𝑔𝑔= 𝑓𝑓 ∗ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑥𝑥𝑗𝑗

 

So that by induction for any multi-index 𝛼𝛼 ∈𝑁𝑁0
𝑛𝑛 . 

    𝐷𝐷𝛼𝛼  (𝑓𝑓 ∗ 𝑔𝑔) = 𝐷𝐷𝛼𝛼 𝑓𝑓 ∗ 𝑔𝑔 = 𝑓𝑓 ∗ 𝐷𝐷𝛼𝛼 𝑔𝑔. 

Lemma1.2.4: The convolution of distribution 𝑓𝑓 in D′ with 𝛿𝛿  exist and is equal to 𝑓𝑓.    

i.e. ƒ∗δ= δ∗ƒ=ƒ 

Proof. In fact, by virtue of (1) for all 𝜑𝜑 ∈ 𝐷𝐷 we have  

 〈ƒ ∗ 𝛿𝛿, 𝜑𝜑 〉 = 〈𝑓𝑓(x)⊗δ(y), η(y) 𝜑𝜑(x+y)〉 

    =〈ƒ(x), 〈δ(y), η(y) 𝜑𝜑(x+y)〉 

     =〈ƒ, 𝜑𝜑〉, since 〈δ(y), η(y) 𝜑𝜑(x+y)〉 = 𝜑𝜑(𝑥𝑥) 

Similarly,〈δ∗ƒ,𝜑𝜑〉 = 〈δ(x) ⊗ƒ (y), η(x) 𝜑𝜑(x+y)〉 

       = 〈ƒ(y)⊗δ(x), η(x)  𝜑𝜑(x+y)〉 

       = 〈ƒ(y), 〈δ(x), η(x)  𝜑𝜑(x+y)〉 

       =〈ƒ,𝜑𝜑〉, since 〈δ(x), η(x) 𝜑𝜑(x+y)〉 = 𝜑𝜑(𝑦𝑦) 

 Hence, ƒ∗δ= δ∗ƒ=ƒ 

Theorem 1.2.5: Let 𝑓𝑓, 𝑔𝑔 ∈  𝐷𝐷′ (𝑅𝑅𝑛𝑛 ) and suppose that at least one has compact support. 

We have 

                         Supp(𝑓𝑓∗𝑔𝑔) ⊂ Supp𝑓𝑓 + Supp𝑔𝑔 
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Proof: Let A=Supp𝑓𝑓  and B= Supp𝑔𝑔. Since A and B are closed and at least one is compact, 

the set 

                       A + B ={x+ y: x ∈ 𝐴𝐴, 𝑦𝑦 ∈ 𝐵𝐵} 

is closed. Let us show that 𝑓𝑓∗𝑔𝑔 is equal to zero on the open set Ω = (𝐴𝐴 + 𝐵𝐵)𝑐𝑐 . 

Indeed, if 𝜑𝜑 ∈ D(Ω), the support of  𝜑𝜑(𝜉𝜉 +  𝜂𝜂) is contained in the open set 

                                {(𝜉𝜉, 𝜂𝜂) ∈ 𝑅𝑅𝑛𝑛  ×  𝑅𝑅𝑛𝑛 : 𝜉𝜉 +  𝜂𝜂 ∈ Ω} 

On the other hand, the support of 𝑓𝑓⊗𝑔𝑔 is in A × B. 

Since (𝜉𝜉, 𝜂𝜂) ∈ 𝐴𝐴 × 𝐵𝐵 implies 𝜉𝜉 +  𝜂𝜂 ∈ 𝐴𝐴 +  𝐵𝐵, the support of 𝑓𝑓⊗𝑔𝑔 does not intersect the 

support of  𝜑𝜑(𝜉𝜉 +  𝜂𝜂) ; Consequently, 

                             〈𝑓𝑓∗𝑔𝑔, 𝜑𝜑〉 =〈𝑓𝑓𝜉𝜉 ⨂𝑔𝑔𝜂𝜂 , 𝜑𝜑(𝜉𝜉 +  𝜂𝜂) 〉 for all 𝜑𝜑 ∈ D(Ω). 

Therefore, the support of the convolution 𝑓𝑓∗𝑔𝑔 is contained in the sum of the supports of 

𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔 

                     i.e.   Supp(𝑓𝑓∗𝑔𝑔) ⊂ Supp𝑓𝑓 + Supp𝑔𝑔       

1.3. Tempered Distribution (generalized functions of slow growth)  

1.3.1. The Space of basic (rapidly decreasing) functions  

Definition1.3.1:  Let 𝑓𝑓:𝑅𝑅𝑛𝑛 → ℂ 𝑎𝑎𝑎𝑎𝑎𝑎 𝑥𝑥𝛼𝛼  = 𝑥𝑥1
𝛼𝛼1 ⋅  …  ⋅ 𝑥𝑥𝑛𝑛

𝛼𝛼𝑛𝑛 . The fucnction 𝑓𝑓 is said to be 

rapidly decreasing if and only if 

lim
|𝑥𝑥|→∞

𝑥𝑥𝛼𝛼 𝑓𝑓(𝑥𝑥) =  0 𝑓𝑓𝑓𝑓𝑓𝑓  𝑎𝑎𝑎𝑎𝑎𝑎  𝛼𝛼 ∈ 𝑁𝑁0
𝑛𝑛   

The space S (𝑅𝑅𝑛𝑛 ) = {𝑓𝑓 ∈ 𝐶𝐶∞(𝛺𝛺) /𝐷𝐷𝛽𝛽 𝑓𝑓  𝑖𝑖𝑖𝑖  rapidly decreasing for all  𝛽𝛽 ∈  𝑁𝑁0
𝑛𝑛 } is called the 

space of rapidly decreasing functions. 

Therefore , the space S= S(𝑅𝑅𝑛𝑛 ) of all functions infinitely differentiable  in 𝑅𝑅𝑛𝑛  that decrease 

together with all  their derivatives, as |𝑥𝑥| → ∞, faster than any power of  |𝑥𝑥|−1 is called the 

space of rapidly  decreasing functions. For instance, 𝜑𝜑(𝑥𝑥) =𝑒𝑒−|𝑥𝑥|2 ∈ 𝑆𝑆. 

Convergence in S:  The sequence of function 𝜑𝜑1,𝜑𝜑2, --------- belonging to S converges to a 

function 𝜑𝜑 in S, denoted by  𝜑𝜑𝑘𝑘 → 𝜑𝜑 as k → ∞ in S. if for all α and β 

 𝑥𝑥β𝐷𝐷𝛼𝛼 𝜑𝜑𝑘𝑘 (𝑥𝑥)⇒𝑥𝑥β𝐷𝐷𝛼𝛼 𝜑𝜑(𝑥𝑥), as k → ∞ 
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1.3.2       The Space of Tempered Distributions 𝑺𝑺′  

Definition1.3.2: A generalized function of slow growth is any continuous linear functional 

on the space S of test functions. We denote by S'= S'(𝑅𝑅𝑛𝑛 ) the set of all generalized functions 

of slow growth.  

Convergence in S': A sequence of generalized functions𝑓𝑓1,𝑓𝑓2,------- taken from S' converges 

to the generalized function 𝑓𝑓 ∈S', denoted by 𝑓𝑓𝑘𝑘 → 𝑓𝑓, as k → ∞ in S', if for any 𝜑𝜑 ∈ 𝑆𝑆, 

〈𝑓𝑓𝑘𝑘 , 𝜑𝜑〉→〈𝑓𝑓, 𝜑𝜑〉, k → ∞. This convergence is called a weak convergence of a sequence of 

functional.  

The linear set S'(Ω) equipped with convergence is termed the spaces of generalized 

functions of slow growths S' 

The space S'(𝑅𝑅𝑛𝑛 ) is a sub space of D'(𝑅𝑅𝑛𝑛 ), that is, let𝑓𝑓 ∈ 𝑆𝑆′  , the〈 𝑓𝑓,𝜑𝜑 〉 is defined for all 𝜑𝜑 ∈ 𝑆𝑆 

but D ⊂ S.  

Let φ ∈ D, which implies φ ∈ S the 〈𝑓𝑓, φ〉 is defined. Since φ is arbitrary in D,  〈f, φ〉 is 

defined for all φ ∈ D. 

∴ 𝑓𝑓 ∈ 𝐷𝐷′, hence S'⊂D' 

Convergence S' implies convergence D', that is,  

Let𝑓𝑓1, 𝑓𝑓2, ------ be a sequence function in S' converges to𝑓𝑓 ∈ 𝑆𝑆′ . 

i.e. 〈𝑓𝑓𝑛𝑛 , 𝜑𝜑〉 → 〈𝑓𝑓, 𝜑𝜑〉 as n → ∞  for all 𝜑𝜑 ∈ 𝑆𝑆 

As D⊂ S, 〈𝑓𝑓𝑛𝑛 , 𝜑𝜑〉 →  〈𝑓𝑓, 𝜑𝜑〉  as n → ∞ for all 𝜑𝜑 ∈ 𝐷𝐷. 

Then it follows that convergence in 𝐷𝐷′ . 

Example1.3.2 a) We say that a continuous function 𝑓𝑓  is slowly increasing at infinity if 

there exists an integer k ≥ 0 such that (1 + 𝑟𝑟2)−𝑘𝑘
2�  f(x) is bounded in 𝑅𝑅𝑛𝑛  

Every continuous function 𝑓𝑓 slowly increasing at infinity defines a tempered distribution. 

In fact, set  

    〈𝑓𝑓, 𝜑𝜑〉 = ∫ 𝑓𝑓(𝑥𝑥)𝑅𝑅𝑛𝑛  𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑,  ∀𝜑𝜑 ∈ 𝑆𝑆 

We have  |〈𝑓𝑓, 𝜑𝜑〉| ≤ ∫ |𝑓𝑓(𝑥𝑥)𝜑𝜑(𝑥𝑥)|𝑅𝑅𝑛𝑛  𝑑𝑑𝑑𝑑 = ∫ �(1 + 𝑟𝑟2)−𝑘𝑘
2�  f(x) (1 + 𝑟𝑟2)𝑘𝑘

2� 𝜑𝜑(𝑥𝑥)�𝑅𝑅𝑛𝑛 dx 

                                   ≤ ∁ ∫ �(1 + 𝑟𝑟2)𝑘𝑘
2� 𝜑𝜑(𝑥𝑥)�𝑅𝑅𝑛𝑛 dx  

                                                       Where �(1 + 𝑟𝑟2)−𝑘𝑘
2� f(x)�  ≤ ∁ (constant) 
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By observing that, if a sequence {𝜑𝜑𝑗𝑗 }  converges to zero in S, then for every k ≥ 0, 

((1 + 𝑟𝑟2)𝑘𝑘
2� 𝜑𝜑𝑗𝑗 ) converges to zero in 𝐿𝐿1, we conclude that 𝑓𝑓 defines an element of 𝑆𝑆′ .  

b) Any derivative (in the sense of distributions) of a continuous function 𝑓𝑓 slowly 

increasing at infinity defines a tempered distribution.  

Let T = 𝜕𝜕𝛼𝛼 𝑓𝑓  and define  

〈𝑇𝑇, 𝜑𝜑〉 = (−1) |α| ∫ 𝑓𝑓(𝑥𝑥)𝑅𝑅𝑛𝑛 𝜕𝜕𝛼𝛼  𝜑𝜑(𝑥𝑥)dx, ∀𝜑𝜑 ∈ 𝑆𝑆 

        We have  |〈𝑇𝑇, 𝜑𝜑〉 | ≤ ∫ |𝑓𝑓(𝑥𝑥)||𝜕𝜕𝛼𝛼  𝜑𝜑(𝑥𝑥)|𝑅𝑅𝑛𝑛 dx 

              = ∫ �(1 + 𝑟𝑟2)−𝑘𝑘
2� 𝑓𝑓(𝑥𝑥)(1 + 𝑟𝑟2)𝑘𝑘

2� 𝜕𝜕𝛼𝛼  𝜑𝜑(𝑥𝑥)�𝑅𝑅𝑛𝑛 dx 

                ≤ ∁ ∫ �(1 + 𝑟𝑟2)𝑘𝑘
2� 𝜕𝜕𝛼𝛼  𝜑𝜑(𝑥𝑥)�𝑅𝑅𝑛𝑛 dx     

   

Observe that, if a sequence  {𝜑𝜑𝑗𝑗 } converges to zero in S, then for every k ≥0 and every 

 α ∈  𝑁𝑁𝑜𝑜
𝑛𝑛 , the sequence ((1 + 𝑟𝑟2)−𝑘𝑘

2�  𝜕𝜕𝛼𝛼  𝜑𝜑𝑗𝑗 ) converges to zero in 𝐿𝐿1. Hence T =𝜕𝜕𝛼𝛼 𝑓𝑓 defines a 

tempered distribution.    

c) Let𝑓𝑓: 𝑅𝑅 → 𝑅𝑅 be given by 𝑓𝑓(𝑥𝑥) = 𝑒𝑒𝑥𝑥 cos(𝑒𝑒𝑥𝑥 ). 

Then 𝑓𝑓(𝑥𝑥) = (sin(𝑒𝑒𝑥𝑥 ))′ . We set g(x) =sin(𝑒𝑒𝑥𝑥 ). 

Then we have 𝑓𝑓(𝑥𝑥)=𝑔𝑔′ (𝑥𝑥) . The function 𝑓𝑓 is not of slow growing but it generates 

a tempered distribution by 

                                              〈𝑓𝑓, 𝜑𝜑〉 = ∫ 𝑒𝑒𝑥𝑥 cos(𝑒𝑒𝑥𝑥 )𝑅𝑅𝑛𝑛 𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑 for all 𝜑𝜑 ∈ 𝑆𝑆(𝑅𝑅𝑛𝑛 ) 

                                      =∫ (sin(𝑒𝑒𝑥𝑥 ))′
𝑅𝑅𝑛𝑛 𝜑𝜑(𝑥𝑥)                                             

                                      =− ∫ sin(𝑒𝑒𝑥𝑥 )𝑅𝑅𝑛𝑛 𝜑𝜑′ (𝑥𝑥)𝑑𝑑𝑑𝑑 

Since 𝑔𝑔 is a function of slow growth, i.e. 

|sin(𝑒𝑒𝑥𝑥 )| ≤ 1 ≤ 1 + |𝑥𝑥| for all𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛 . 

We get that 𝑔𝑔 is a tempered distribution. This implies that 𝑓𝑓is a tempered distribution. 

1.4. Fourier transform of distribution function of slow growth. 

1.4.1. The Fourier transform of test functions belonging to S.  

Definitions 1.4.1: The Fourier transform of a function 𝑓𝑓 ∈ 𝑆𝑆(𝑅𝑅𝑛𝑛 ) is defined by the integral.  

                              (ℱf) (𝜉𝜉) =𝑓𝑓(𝜉𝜉) = (2π)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥)𝑅𝑅𝑛𝑛 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉dx      

        Where 〈𝑥𝑥, 𝑦𝑦〉 = 𝑥𝑥𝑥𝑥 = 𝑥𝑥1𝜉𝜉1 + ⋯  +𝑥𝑥𝑛𝑛 𝜉𝜉𝑛𝑛 .                                                                  
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Definition1.4.2: The inverse Fourier transform of a function 𝑓𝑓 ∈ 𝑆𝑆(𝑅𝑅𝑛𝑛 ) is defined by the 

integral  

                            (ℱ−′ 𝑓𝑓)( 𝜉𝜉)= 𝑓𝑓(𝜉𝜉)=(2π)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥)𝑅𝑅𝑛𝑛 𝑒𝑒𝑖𝑖〈x,𝜉𝜉〉dx 

  Lemma1.4.1: Let 𝑓𝑓 ∈ S(𝑅𝑅𝑛𝑛 ) and 𝛼𝛼 be a multi-index. 

Then   

                             i) Dα(ℱ𝑓𝑓)( 𝜉𝜉)=(−𝑖𝑖)|𝛼𝛼 |ℱ(xα 𝑓𝑓)( 𝜉𝜉) 

                            ii) ℱ(Dα𝑓𝑓) (𝜉𝜉) = (𝑖𝑖)|𝛼𝛼 | 𝜉𝜉P

α(ℱ𝑓𝑓)( 𝜉𝜉) 

Proof.  i) D α(ℱ𝑓𝑓)( 𝜉𝜉)= 𝜕𝜕𝛼𝛼

𝜕𝜕𝜕𝜕 𝛼𝛼 [(2π)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥)𝑅𝑅𝑛𝑛 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉dx] 

                                       = (2π)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥) 𝜕𝜕𝛼𝛼

𝜕𝜕𝜕𝜕 𝛼𝛼𝑅𝑅𝑛𝑛 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉dx 

                                       =(2π)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥)(−𝑖𝑖𝑥𝑥1)𝛼𝛼1 (−𝑖𝑖𝑥𝑥2)𝛼𝛼2  ⋅ … ⋅ 𝑅𝑅𝑛𝑛 (−𝑖𝑖𝑥𝑥𝑛𝑛 )𝛼𝛼𝑛𝑛 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉𝑑𝑑𝑑𝑑 

                                       =(−i)α1+ …+αn  (2π)−n
2� ∫ 𝑓𝑓(𝑥𝑥)x1

α1 ⋅ …  ⋅𝑅𝑅𝑛𝑛 xn
αn 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉dx  

                                       =(−i)|α|(2π)−n
2� ∫ 𝑓𝑓(𝑥𝑥)xα

𝑅𝑅𝑛𝑛 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉dx 

                                       =(−𝑖𝑖)|𝛼𝛼 |ℱ(xα 𝑓𝑓) (𝜉𝜉) 

             ii )ℱ(Dα 𝑓𝑓) (𝜉𝜉) =  (2π)−𝑛𝑛
2� ∫ 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉

𝑅𝑅𝑛𝑛 Dα𝑓𝑓P(x)dx 

                                          =(−1)|𝛼𝛼|(2π)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥) 𝜕𝜕𝛼𝛼

𝜕𝜕𝜕𝜕 𝛼𝛼 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉𝑑𝑑𝑑𝑑  𝑅𝑅𝑛𝑛  

                                          =(−1)|𝛼𝛼|(2π)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥) (−𝑖𝑖𝜉𝜉1)𝛼𝛼1  ⋅ …  ⋅ (−𝑖𝑖𝜉𝜉𝑛𝑛 )𝛼𝛼𝑛𝑛 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉𝑑𝑑𝑑𝑑𝑅𝑅𝑛𝑛  

                                          =(−1)|𝛼𝛼|(2π)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥)(−𝑖𝑖)|𝛼𝛼|𝜉𝜉𝛼𝛼 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉𝑑𝑑𝑑𝑑𝑅𝑅𝑛𝑛  

                                          =(−1)|𝛼𝛼|(−𝑖𝑖)|𝛼𝛼|𝜉𝜉P

α(2π)−𝑛𝑛
2� ∫ 𝑓𝑓(x)𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉

𝑅𝑅𝑛𝑛  dx 

                                          = 𝑖𝑖|𝛼𝛼|𝜉𝜉P

α[ℱ𝑓𝑓] ( 𝜉𝜉). 

We note that the space of test functions D is not mapped in to itself by the Fourier 

transform since the Fourier transform of a function with compact support is an analytic 

function, and consequently is either not of compact support or zero.                                             

Theorem1.4.1: The Fourier transforms  

ℱ: 𝐿𝐿1(𝑅𝑅𝑛𝑛 ) ⟶ 𝐿𝐿∞(𝑅𝑅𝑛𝑛 ) 

is a bounded linear operator, and          

                                                       �𝑓𝑓�
𝐿𝐿∞ (𝑅𝑅𝑛𝑛 )

≤ (2𝜋𝜋)
−𝑛𝑛
2 ‖𝑓𝑓‖𝐿𝐿1(𝑅𝑅𝑛𝑛 ). 
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Proof: From (ℱ𝑓𝑓) (𝜉𝜉) =(2π)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥)𝑅𝑅𝑛𝑛 𝑒𝑒−𝑖𝑖x𝜉𝜉 dx it follows 

                        ‖ℱ𝑓𝑓‖∞  = 𝑠𝑠𝑠𝑠𝑠𝑠
𝜉𝜉∈𝑅𝑅𝑛𝑛 |  ℱ𝑓𝑓(𝜉𝜉)| 

                                      =(2𝜋𝜋)−𝑛𝑛
2� 𝑠𝑠𝑠𝑠𝑠𝑠

𝜉𝜉∈𝑅𝑅𝑛𝑛 | ∫ 𝑓𝑓(𝑥𝑥)𝑅𝑅𝑛𝑛 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 dx|  

                                       ≤ (2𝜋𝜋)−𝑛𝑛
2� 𝑠𝑠𝑠𝑠𝑠𝑠

𝜉𝜉∈𝑅𝑅𝑛𝑛 | 𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖 |  ⋅ ∫ |𝑓𝑓(𝑥𝑥)|𝑅𝑅𝑛𝑛 dx 

                                      =(2𝜋𝜋)−𝑛𝑛
2� ||𝑓𝑓||𝐿𝐿1(Ω) . 

This implies that ℱ is bounded and there for continuous and it is a mapping from 𝐿𝐿1(Ω) in 

to  𝐿𝐿∞ (Ω) . Furthermore, it follows 

                                     || ℱ|| =  𝑠𝑠𝑠𝑠𝑠𝑠
|𝑓𝑓|≤1 ||  ℱ𝑓𝑓| | ≤ (2𝜋𝜋)−𝑛𝑛

2� . 

From the general theory of the Fourier Transform it follows that the function 𝑓𝑓(𝑥𝑥) is 

expressed in terms of its Fourier Transform ℱ[𝑓𝑓](𝜉𝜉) with the aid of the inverse Fourier 

Transformℱ−1: 

                            𝑓𝑓 =  ℱ−1[ℱ[𝑓𝑓]](𝜉𝜉)= ℱ[ℱ−1[𝑓𝑓]](𝜉𝜉)     -----------------------------1 

Where         

                         ℱ−1[𝑓𝑓](𝜉𝜉)= (2π)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥)𝑅𝑅𝑛𝑛 𝑒𝑒𝑖𝑖〈x,𝜉𝜉〉dx 

                                             =ℱ[𝑓𝑓](−𝜉𝜉) 

                                             =(2π)−𝑛𝑛
2� ∫ 𝑓𝑓(−𝑥𝑥)𝑅𝑅𝑛𝑛 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉dx 

                                             = ℱ[𝑓𝑓(−𝑥𝑥)](𝜉𝜉)                    ---------------------------------2                                            

Theorem1.4.2:The Fourier Transform of a convolution. 

If𝑓𝑓and 𝑔𝑔 belong to S(Rn). We have the Fourier Transform of ℱ(𝑓𝑓∗𝑔𝑔) is equal to 

 (2𝜋𝜋)𝑛𝑛
2� ℱ(𝑓𝑓)ℱ(𝑔𝑔). 

  That is, ℱ(𝑓𝑓∗𝑔𝑔)=(2𝜋𝜋)𝑛𝑛
2� 𝑓𝑓(𝜉𝜉)𝑔𝑔�(𝜉𝜉). 

Proof:by Fubini’s theorem we get  

                    ℱ(𝑓𝑓 ∗ 𝑔𝑔)( 𝜉𝜉)=(2𝜋𝜋)
−𝑛𝑛
2 (∫ 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉

𝑅𝑅𝑛𝑛 (𝑓𝑓∗𝑔𝑔)(x)dx 

                                           =(2𝜋𝜋)
−𝑛𝑛
2 ∫ 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉

𝑅𝑅𝑛𝑛 �∫ 𝑓𝑓(y)𝑔𝑔(x − y)dyRn �dx 

                              =∫ ∫ (2𝜋𝜋)
−𝑛𝑛
2 𝑒𝑒−𝑖𝑖〈y,𝜉𝜉〉(𝑒𝑒)−𝑖𝑖〈x−y,𝜉𝜉〉

𝑅𝑅𝑛𝑛𝑅𝑅𝑛𝑛 𝑓𝑓(y)𝑔𝑔(x−y)dxdy 

                                           =(2𝜋𝜋)𝑛𝑛
2� (2𝜋𝜋)−𝑛𝑛

2� ∫ 𝑒𝑒−𝑖𝑖〈y,𝜉𝜉〉
𝑅𝑅𝑛𝑛 [(2𝜋𝜋)−𝑛𝑛

2� ∫ 𝑒𝑒−𝑖𝑖〈x−y,𝜉𝜉〉
𝑅𝑅𝑛𝑛 𝑔𝑔(x − y)dx]f(y)dy 
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                                           =(2𝜋𝜋)𝑛𝑛
2� ℱ(𝑓𝑓)ℱ(𝑔𝑔) 

                                           = (2𝜋𝜋)𝑛𝑛
2� 𝑓𝑓(𝜉𝜉)𝑔𝑔�(𝜉𝜉) .     

Example1.4.1: Let 𝛾𝛾(𝑥𝑥)=𝑒𝑒
−𝑥𝑥2

2 , x ∈ 𝑅𝑅𝑛𝑛  , and 𝑎𝑎 ≠ 0.Then 

                      (ℱ𝛾𝛾𝑎𝑎 )(𝜉𝜉) = 1
𝑎𝑎𝑛𝑛 (ℱ𝛾𝛾)�𝜉𝜉

𝑎𝑎
� ,   we set 𝛾𝛾𝑎𝑎 (x) =𝛾𝛾(𝑎𝑎𝑎𝑎) , for 𝑎𝑎 ∈ 𝑅𝑅. 

Proof: We have (using the substitution y=𝑎𝑎x, i.e. x=  𝑦𝑦
𝑎𝑎

 and dx = 1
𝑎𝑎𝑛𝑛 dy) 

                           (ℱ𝛾𝛾𝑎𝑎 )(𝜉𝜉)    = (ℱ𝛾𝛾)(𝑎𝑎𝑎𝑎) 

                                                =(2𝜋𝜋)
−𝑛𝑛
2 ∫ 𝑒𝑒

−(𝑎𝑎𝑎𝑎 )2

2
𝑅𝑅𝑛𝑛 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉dx 

                                                =(2𝜋𝜋)
−𝑛𝑛
2 ∫ 𝑒𝑒

−(𝑦𝑦 )2

2
𝑅𝑅𝑛𝑛 𝑒𝑒−𝑖𝑖𝑖𝑖 𝜉𝜉

𝑎𝑎 ⋅ 1
𝑎𝑎𝑛𝑛 dy 

                                                = 1
𝑎𝑎𝑛𝑛 (2𝜋𝜋)

−𝑛𝑛
2 ∫ 𝑒𝑒

−(𝑦𝑦 )2

2
𝑅𝑅𝑛𝑛 𝑒𝑒−𝑖𝑖𝑖𝑖 𝜉𝜉

𝑎𝑎 dy 

                                                = 1
𝑎𝑎𝑛𝑛  (ℱ𝛾𝛾)�𝜉𝜉

𝑎𝑎
� 

1.4.2 The Fourier transform of distribution belonging to 𝑺𝑺′ . 

Definition1.4.2:Let 𝑓𝑓(x) be an integrable function on 𝑅𝑅𝑛𝑛 . Then its Fourier transform 

defined as (ℱf)( 𝜉𝜉) =(2π)−𝑛𝑛
2� ∫ 𝑓𝑓(x)𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉

𝑅𝑅𝑛𝑛  dx for all 𝑓𝑓 ∈ 𝑆𝑆′ , |(ℱf)( 𝜉𝜉)| ≤ ∫|𝑓𝑓(𝑥𝑥)|dx < ∞ is 

a continuous function bounded in 𝑅𝑅𝑛𝑛  and , consequently, defines a generalized function 

from 𝑆𝑆′ , 

                         〈ℱ𝑓𝑓(𝜉𝜉), 𝜑𝜑 〉=〈𝑓𝑓, 𝜑𝜑〉=∫ 𝑓𝑓 (𝜉𝜉) 𝜑𝜑 (𝜉𝜉) 𝑑𝑑𝑑𝑑 

                                                            = ∫�(2𝜋𝜋)−𝑛𝑛
2� ∫ 𝑓𝑓(𝑥𝑥)𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉 𝑑𝑑𝑑𝑑� 𝜑𝜑 (𝜉𝜉)d 𝜉𝜉 

                                                            = ∫ 𝑓𝑓(𝑥𝑥) [(2𝜋𝜋)−𝑛𝑛
2� ∫ 𝜑𝜑(𝜉𝜉) 𝑒𝑒−𝑖𝑖〈x,𝜉𝜉〉𝑑𝑑 𝜉𝜉]𝑑𝑑𝑑𝑑 

                                                            =∫ 𝑓𝑓(𝑥𝑥)( ℱ𝜑𝜑)(𝑥𝑥)𝑑𝑑𝑑𝑑 

                                                            =〈𝑓𝑓, ℱ 𝜑𝜑〉 

                                                            =〈𝑓𝑓, 𝜑𝜑�〉       𝜑𝜑 ∈ S             ---------------------------3 

Example1.4.2: If 𝑓𝑓=δ, then 

                        〈ℱ𝛿𝛿, 𝜑𝜑   〉=〈δ, 𝜑𝜑�〉 

                                         =(𝜑𝜑�)(0) 

                                         =(2𝜋𝜋)−𝑛𝑛
2� ∫ 𝜑𝜑(x𝑅𝑅𝑛𝑛 )𝑒𝑒−𝑖𝑖〈x,0〉dx 
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                                         =(2𝜋𝜋)−𝑛𝑛
2� ∫ 𝜑𝜑(x𝑅𝑅𝑛𝑛 )dx 

                                         =(2𝜋𝜋)−𝑛𝑛
2�  〈1, 𝜑𝜑〉 

                                         =〈(2𝜋𝜋)−𝑛𝑛
2�  , 𝜑𝜑〉,    𝜑𝜑 ∈S 

                   ∴ ℱ(δ)=(2𝜋𝜋)−𝑛𝑛
2�  

We shall prove that the operation ℱ−1 is the inverse operation to the Fourier transform ℱ, 

that is, 

             ℱ−1[ℱ[𝑓𝑓]](𝜉𝜉) =𝑓𝑓 ,     ℱ[ℱ−1[𝑓𝑓]](𝜉𝜉)  =𝑓𝑓 ,       𝑓𝑓 ∈  𝑆𝑆′    ----------------------4   

      

In fact, by virtue of equation (1)−(3), for all 𝜑𝜑 ∈ 𝑆𝑆 we obtain the equations                

                〈ℱ−1�ℱ[𝑓𝑓]�(𝜉𝜉), 𝜑𝜑〉= 〈ℱ[ℱ[𝑓𝑓](−𝜉𝜉)], 𝜑𝜑〉   

                                                   =〈ℱ[𝑓𝑓](−𝜉𝜉), ℱ[𝜑𝜑]〉  

                                                    =〈ℱ[𝑓𝑓], ℱ[𝜑𝜑](−𝜉𝜉)〉     

                                                    =〈ℱ[𝑓𝑓], ℱ−1[𝜑𝜑]〉  

                                                    =〈𝑓𝑓, ℱ[ℱ−1[𝜑𝜑]]〉 =〈𝑓𝑓, 𝜑𝜑〉 

                                                    =〈𝑓𝑓, ℱ−1[ℱ[𝜑𝜑]〉 

                                                     =〈ℱ−1[𝑓𝑓], ℱ[𝜑𝜑]〉 

                                                     =〈ℱ[ℱ−1[𝑓𝑓]], 𝜑𝜑〉 

From which equation (4) follow. 

                             Properties of the Fourier transform 

i)Differentiating the Fourier transform 

     If 𝑓𝑓 ∈ 𝑆𝑆′ , then DαℱP[f] = ℱ[(ix)αf] 

i.e. Let 𝜑𝜑 ∈S, then        〈Dα ℱ[f], φ〉 =(−1)|𝛼𝛼 |〈ℱ[f], Dα φ〉 

                                                                =(−1)|𝛼𝛼|〈f, ℱ[Dα φ]〉 

                                                               =(−1)|𝛼𝛼|〈f, (−ix)α ℱ[φ]〉  

                                                               =(−1)|𝛼𝛼|〈(−ix)α f, ℱ[φ]〉 

                                                               =〈(ix)α f, ℱφ〉 

                                                               =〈ℱ(ix)α f, φ〉 

                      ∴ Dα[f]( 𝜉𝜉)= ℱ[(ix)αf] (𝜉𝜉) 
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ii)The Fourier transform of a derivative 

        If 𝑓𝑓 ∈ 𝑆𝑆′ then ℱ[Dαf] = (𝑖𝑖𝑖𝑖)α[ℱf] 

i.e. Let 𝜑𝜑 ∈S,then 〈ℱ[Dα f, φ]〉=〈Dα f, ℱ[φ]〉 

                = (−1)|𝛼𝛼 |〈f, Dα [ℱφ]〉 

                =(−1)|𝛼𝛼 |〈f, ℱ(−iξ)α φ〉 

                =(−1)𝛼𝛼 〈ℱ[f], (−iξ)α φ〉 

                =(−1)|𝛼𝛼 |〈(−𝑖𝑖𝑖𝑖)𝛼𝛼 ℱ[𝑓𝑓], 𝜑𝜑〉 

                                                      =〈(iξ)α ℱ[f], φ〉 

   ∴ℱ[ Dαf] (𝜉𝜉)=(i𝜉𝜉)α[ℱf]( 𝜉𝜉) 
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                                                  CHAPTER –TWO: SOBOLEV SPACE 

                 2.1. Weak Derivative  

Definition2.1.1: Let 𝑓𝑓 ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω) be a locally integrable function on the open set  

Ω ⊆ 𝑅𝑅𝑛𝑛  . Given a multi-index = (𝛼𝛼1, 𝛼𝛼2, … 𝛼𝛼𝑛𝑛  ), if there exists a locally integrable function 

𝑔𝑔 ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω) such that   

                     ∫ 𝑓𝑓𝐷𝐷𝛼𝛼 𝜑𝜑𝜑𝜑𝜑𝜑 =(−1)|𝛼𝛼 | ∫ 𝐷𝐷𝛼𝛼 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓  =  (−1)|𝛼𝛼| ∫ 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔 for all test functions, then we 

say that 𝑔𝑔 is the weak  𝛼𝛼-th derivative of 𝑓𝑓 , and write 𝑔𝑔 = 𝐷𝐷𝛼𝛼 𝑓𝑓. 

Example2.1.1: For n=1, Ω=R, |𝑥𝑥|𝑤𝑤
′ =sgnx 

Proof: for all 𝜑𝜑 ∈ D (Ω) 

                      
∫ ∫∫
∞−

∞∞

∞−

+−=
0

0

)(')(')(' dxxxdxxxdxxx ϕϕϕ  

                                                       =   −𝑥𝑥𝑥𝑥(𝑥𝑥)
0
|
∞−

+x𝜑𝜑(𝑥𝑥)
∞

o
| +∫ 𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑 − ∫ 𝜑𝜑(𝑥𝑥)∞

0
0

−∞ 𝑑𝑑𝑑𝑑 

                                                       = ∫∫
∞

∞−

−
0

0

1...........................)()( dxxdxx ϕϕ  

                    (-1) 







+−−= ∫ ∫∫

∞−

∞∞

∞−

0

0

)()()1()(sgn dxxdxxdxxx ϕϕϕ  

                                                           = ∫∫
∞

∞−

−
0

0

)2........(....................)()( dxxdxx ϕϕ  

Hence from (1) and (2) we can see that |𝑥𝑥|𝑊𝑊
′  =sgnx. 
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Lemma 2.1.1 (Uniqueness of weak derivative) 

           Assume 𝑓𝑓 ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω) and let ℎ, 𝑔𝑔 ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙

1 (Ω) be weak  𝛼𝛼-th derivative of 𝑓𝑓 , so that  

                                         ∫ 𝑓𝑓𝐷𝐷𝛼𝛼 𝜑𝜑𝜑𝜑𝜑𝜑=(−1)|𝛼𝛼 | ∫ 𝑔𝑔𝑔𝑔 𝑑𝑑𝑑𝑑=(−1)|𝛼𝛼 | ∫ ℎ𝜑𝜑𝜑𝜑𝜑𝜑 

for all test function 𝜑𝜑 ∈ 𝐷𝐷(Ω). Then 𝑔𝑔(𝑥𝑥)=ℎ(𝑥𝑥) for 𝑎𝑎. 𝑒𝑒.  𝑥𝑥 ∈ Ω. 

Proof.   By the assumptions, the function (𝑔𝑔 − ℎ)∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
′ (Ω) satisfies 

                                     ∫(𝑔𝑔 − ℎ)𝜑𝜑𝜑𝜑𝜑𝜑=0     ∀𝜑𝜑 ∈ 𝐷𝐷(Ω) 

                                    𝑔𝑔(𝑥𝑥) −h(x)   for  𝑎𝑎.e 

                                         𝑔𝑔 = ℎ  𝑎𝑎. 𝑒𝑒 

Lemma 2.1.2: Assume that 𝑓𝑓 ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω) has weak derivative 𝐷𝐷𝛼𝛼 𝑓𝑓 for every |𝛼𝛼| ≤ 𝑘𝑘. 

Then, for every pair of multi-indices 𝛼𝛼, 𝛽𝛽  with |𝛼𝛼|+|𝛽𝛽| ≤ 𝑘𝑘 one has 

                                𝐷𝐷𝛼𝛼 (𝐷𝐷𝛽𝛽 𝑓𝑓)=𝐷𝐷𝛽𝛽 (𝐷𝐷𝛼𝛼 𝑓𝑓)=𝐷𝐷𝛼𝛼+𝛽𝛽 𝑓𝑓. 

Proof: Consider any test function 𝜑𝜑 ∈ 𝐷𝐷(Ω) .Using the fact that 𝐷𝐷𝛽𝛽 𝜑𝜑 ∈ 𝐷𝐷(Ω) is a test   

function as well, we obtain       

                                            ∫ 𝐷𝐷𝛼𝛼 𝑓𝑓𝐷𝐷𝛽𝛽 𝜑𝜑𝜑𝜑𝜑𝜑Ω =(−1)|𝛼𝛼 | ∫ 𝑓𝑓(𝐷𝐷𝛼𝛼+𝛽𝛽 𝜑𝜑)Ω dx 

                                                                      =(−1)|𝛼𝛼 |(−1)|𝛼𝛼+𝛽𝛽 | ∫ (𝐷𝐷𝛼𝛼+𝛽𝛽 𝑓𝑓)Ω 𝜑𝜑𝜑𝜑𝜑𝜑 

                                                                      =(−1)|𝛽𝛽 | ∫ (𝐷𝐷𝛼𝛼+𝛽𝛽 𝑓𝑓)Ω 𝜑𝜑𝜑𝜑𝜑𝜑. 

By definition, this means that 𝐷𝐷𝛼𝛼+𝛽𝛽 𝑓𝑓 =𝐷𝐷𝛽𝛽 (𝐷𝐷𝛼𝛼 𝑓𝑓) . Exchanging the roles of the multi-indices 

𝛼𝛼 𝑎𝑎𝑎𝑎𝑎𝑎 𝛽𝛽in the previous computation one obtains 𝐷𝐷𝛼𝛼+𝛽𝛽 𝑓𝑓 =𝐷𝐷𝛼𝛼 (𝐷𝐷𝛽𝛽 𝑓𝑓) . 
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Lemma 2.1.3 :( Convergence of weak derivative). 

 Consider a sequence of functions 𝑓𝑓𝑛𝑛 ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω). For a fixed multi-index 𝛼𝛼 , assume that     

each 𝑓𝑓𝑛𝑛  admits the weak derivative 𝑔𝑔𝑛𝑛 =𝐷𝐷𝛼𝛼 𝑓𝑓𝑛𝑛  

                      If  𝑓𝑓𝑛𝑛 ⟶ 𝑓𝑓 and 𝑔𝑔𝑛𝑛  ⟶ 𝑔𝑔 in  𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω) , then   𝑔𝑔 = 𝐷𝐷𝛼𝛼 𝑓𝑓. 

Proof. For every test function 𝜑𝜑 ∈ 𝐷𝐷(Ω) , a direct computation yeildes 

                                      ∫ 𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔Ω =lim𝑛𝑛→∞ ∫ 𝑔𝑔𝑛𝑛 𝜑𝜑Ω 𝑑𝑑𝑑𝑑=lim𝑛𝑛→∞ ∫ 𝐷𝐷𝛼𝛼 𝑓𝑓𝑛𝑛 𝜑𝜑Ω 𝑑𝑑𝑑𝑑 

                                                                                          =lim𝑛𝑛→∞(−1)|𝛼𝛼 | ∫ 𝑓𝑓𝑛𝑛 𝐷𝐷𝛼𝛼 𝜑𝜑Ω 𝑑𝑑𝑑𝑑 

                                                                                           =(−1)|𝛼𝛼 | ∫ 𝑓𝑓𝐷𝐷𝛼𝛼 𝜑𝜑𝜑𝜑𝜑𝜑Ω . 

                                                                                           =∫ 𝐷𝐷𝛼𝛼 𝑓𝑓𝑓𝑓Ω dx 

By definition, this means that 𝑔𝑔 is the 𝛼𝛼-th weak derivative of 𝑓𝑓. 

Theorem2.1.1: If 𝐷𝐷𝛼𝛼 𝑢𝑢 = 𝑣𝑣 and 𝐷𝐷𝛽𝛽 v=w, then 𝐷𝐷𝛼𝛼+𝛽𝛽 u=w in weak sense. 

   Proof: Let 𝜑𝜑 ∈ 𝐷𝐷(Ω) 𝜙𝜙 = 𝐷𝐷𝛽𝛽 𝜑𝜑. Then   

                    ∫ 𝑢𝑢𝐷𝐷𝛼𝛼+𝛽𝛽
Ω 𝜑𝜑𝜑𝜑𝜑𝜑=(−1)|𝛼𝛼| ∫ 𝑣𝑣Ω 𝜙𝜙𝜙𝜙𝜙𝜙 

                                              =(−1)|𝛼𝛼| ∫ 𝑣𝑣Ω 𝐷𝐷𝛽𝛽 𝜑𝜑𝜑𝜑𝜑𝜑 

                                               =(−1)|𝛼𝛼+𝛽𝛽 | ∫ 𝐷𝐷𝛽𝛽 𝑣𝑣𝑣𝑣Ω 𝑑𝑑𝑑𝑑 

                                               =(−1)|𝛼𝛼+𝛽𝛽 | ∫ 𝑤𝑤𝑤𝑤Ω 𝑑𝑑𝑑𝑑 
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Another definition of the Weak Derivative 

Definition 2.1.2: Let nR⊂Ω be an open set, 0, ≠∈ αα n
oN and 𝑓𝑓, 𝑔𝑔 ∈ 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙

1 (Ω). The function 

g is a weak derivative of the function f on Ω (i.e. 𝑔𝑔= Dα𝑓𝑓P) if there exist 𝜓𝜓𝑘𝑘 ∈  𝐶𝐶∞(Ω), 𝑘𝑘 ∈ 𝑁𝑁, 

𝜓𝜓𝑘𝑘 ⟶ 𝑓𝑓,   𝐷𝐷𝛼𝛼 𝜓𝜓𝑘𝑘 ⟶ 𝑔𝑔 𝑖𝑖𝑖𝑖  𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω) as k⟶ ∞. 

Theorem 2.1.2: Definition (1) and (2) are equivalent 

Proof: (1) ⇒(2)  

Suppose; 𝜓𝜓𝑘𝑘 ⟶ 𝑓𝑓, 𝐷𝐷𝛼𝛼 𝜓𝜓𝑘𝑘 ⟶  𝑔𝑔 𝑖𝑖𝑖𝑖 𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1(Ω) as k⟶ ∞.  

    𝜓𝜓𝑘𝑘 ⟶ 𝑓𝑓 ⟹  𝐷𝐷𝛼𝛼 𝜓𝜓𝑘𝑘 ⟶ 𝐷𝐷𝛼𝛼 𝑓𝑓 𝑎𝑎𝑎𝑎𝑎𝑎 𝐷𝐷𝛼𝛼 𝜓𝜓𝑘𝑘 ⟶ 𝑔𝑔 

    Let lim𝑘𝑘→∞ ∫ 𝐷𝐷𝛼𝛼
Ω 𝜓𝜓𝑘𝑘 𝜑𝜑𝜑𝜑𝜑𝜑 = lim

𝑘𝑘→∞
(−1)|𝛼𝛼 | ∫ 𝜓𝜓𝑘𝑘Ω 𝐷𝐷𝛼𝛼 𝜑𝜑𝜑𝜑𝜑𝜑 

              =   (−1)|𝛼𝛼 | ∫ 𝑓𝑓Ω 𝐷𝐷𝛼𝛼 𝜑𝜑𝜑𝜑𝜑𝜑 

                                                    = ∫ 𝐷𝐷𝛼𝛼 𝑓𝑓Ω 𝜑𝜑𝜑𝜑𝜑𝜑----------------------------1 

 

   And  

                lim𝑘𝑘→∞ ∫ 𝐷𝐷𝛼𝛼
Ω 𝜓𝜓𝑘𝑘 𝜑𝜑𝜑𝜑𝜑𝜑 = ∫ 𝑔𝑔Ω 𝜑𝜑𝜑𝜑𝜑𝜑 -------------------------2            

By combining of equation (1) and (2), we will get  

                                              
dxgdxfD ϕϕα ∫∫

ΩΩ

=  

But dxfDdxg ϕϕ α∫∫
ΩΩ

=         by definition (1). 

This implies that g is a weak derivative of 𝑓𝑓 on Ω.  

(2) ⇒ (1):  

                     Let )(,)1( Ω∈∀−= ∞

ΩΩ
∫∫ oCdxfDdxfD ϕϕϕ ααα
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               Since 𝜓𝜓𝑘𝑘 → 𝑓𝑓, 𝐷𝐷𝛼𝛼 𝜓𝜓𝑘𝑘 → 𝑔𝑔 = 𝐷𝐷𝛼𝛼 𝑓𝑓  𝑎𝑎𝑎𝑎𝑎𝑎 𝑔𝑔 = 𝐷𝐷𝑤𝑤
𝛼𝛼 𝑓𝑓  (by definition 2) 

then we get                dxfDdxgdxfD w ϕϕϕ αα ∫∫∫
ΩΩΩ

==
 

               Hence the proof. 

Lemma2.1.4 :( Weak differentiation under the integral sign). 

Let Ω ⊂ 𝑅𝑅𝑛𝑛  be an open set, A ⊂ 𝑅𝑅𝑛𝑛  a measurable set and let 𝛼𝛼 ∈  𝑁𝑁0
𝑛𝑛 , 𝛼𝛼 ≠ 0 . 

 Suppose that the function 𝑓𝑓 is defined on Ω × 𝐴𝐴 , for almost every                        

 𝑦𝑦 ∈ 𝐴𝐴𝐴𝐴 (. , 𝑦𝑦) ∈  𝐿𝐿𝑙𝑙𝑙𝑙𝑙𝑙
1 (Ω) and there exist a weak derivative 𝐷𝐷𝑤𝑤

𝛼𝛼 𝑓𝑓 (. , 𝑦𝑦) on  Ω. 

Moreover, suppose that 𝑓𝑓, 𝐷𝐷𝑤𝑤
𝛼𝛼 𝑓𝑓 ∈  𝐿𝐿1(k× 𝐴𝐴) for each compact k ⊂ Ω. Then on Ω 

                                𝐷𝐷𝑤𝑤
𝛼𝛼 (∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑)𝐴𝐴 =∫ (𝐷𝐷𝑤𝑤

𝛼𝛼 𝑓𝑓)(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑𝐴𝐴  

Proof: For all 𝜑𝜑 ∈ 𝐷𝐷(Ω)the function 𝑓𝑓(x,y)(𝐷𝐷𝛼𝛼 𝜑𝜑)(x) and  

(𝐷𝐷𝑤𝑤
𝛼𝛼 𝑓𝑓)(𝑥𝑥, 𝑦𝑦)𝜑𝜑(𝑥𝑥) belongs to 𝐿𝐿1(Ω × 𝐴𝐴) . 

                   Since ∫ |𝑓𝑓(𝑥𝑥, 𝑦𝑦)(𝐷𝐷𝛼𝛼
Ω×𝐴𝐴 𝜑𝜑)(𝑥𝑥)|dxdy ≤ M∫ |𝑓𝑓|𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ×𝐴𝐴 < ∞ 

Where M=
𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥 ∈ Ω |(𝐷𝐷𝛼𝛼 𝜑𝜑)(𝑥𝑥)|. 

Therefore, starting from definition (weak), we can use Fubini’s theorem twice to change 

the order of integration and deduce that for all 𝜑𝜑 ∈ 𝐷𝐷(Ω) 

                        ∫ [∫ (𝐷𝐷𝑤𝑤
𝛼𝛼

𝐴𝐴Ω 𝑓𝑓)(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑]𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑 =∫ [∫ (𝐷𝐷𝑤𝑤
𝛼𝛼

ΩA 𝑓𝑓)(𝑥𝑥, 𝑦𝑦)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑]𝑑𝑑𝑑𝑑 

                                                                               =(−1)|𝛼𝛼| ∫ [∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)(𝐷𝐷𝛼𝛼
ΩA 𝜑𝜑)(𝑥𝑥)𝑑𝑑𝑑𝑑]𝑑𝑑𝑑𝑑 

                                                                               =(−1)|𝛼𝛼| ∫ [∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑](𝐷𝐷𝛼𝛼
AΩ 𝜑𝜑)(𝑥𝑥)𝑑𝑑𝑑𝑑 

                                                                               =(−1)|𝛼𝛼| ∫ (𝐷𝐷𝛼𝛼
Ω 𝜑𝜑)(𝑥𝑥)[∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑]𝑑𝑑𝑑𝑑𝐴𝐴  

                                                                                                                  (By Fubini’s theorem) 

                                                                               = ∫ 𝜑𝜑(𝑥𝑥)𝐷𝐷𝑤𝑤
𝛼𝛼

Ω [∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑]𝑑𝑑𝑑𝑑𝐴𝐴 ………………...............1 

        But ∫ [∫ (𝐷𝐷𝑤𝑤
𝛼𝛼

𝐴𝐴Ω 𝑓𝑓)(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑]𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑= ∫ 𝜑𝜑(𝑥𝑥)Ω [∫ (𝐷𝐷𝑤𝑤
𝛼𝛼 𝑓𝑓)(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑]𝑑𝑑𝑑𝑑𝐴𝐴  ……………………………2 

By combining (1) and (2) we will get  

                                                  ∫ (𝐷𝐷𝑊𝑊
𝛼𝛼

𝐴𝐴 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑 =𝐷𝐷𝑤𝑤
𝛼𝛼 [∫ 𝑓𝑓(𝑥𝑥, 𝑦𝑦)𝑑𝑑𝑑𝑑]𝐴𝐴 . 
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                   2.2. Sobolev Spaces 

Definition2.2.1: Let Ω ⊂ 𝑅𝑅𝑛𝑛 be an open set, 1 ≤ 𝑃𝑃 ≤ ∞, and m ≥ 0 be an integer. 

The Sobolev space 𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω) of order m is defined by  

{ ),(:)()( Ω∈Ω∈=Ω pp
m
p LfDLfW α for all multi-indices 𝛼𝛼 such that |𝛼𝛼| ≤ 𝑚𝑚}. 

Definition2.2.2: For𝑓𝑓 ∈ 𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω), the 𝑊𝑊𝑝𝑝

𝑚𝑚 (Ω) norm is 

                                            ‖𝑓𝑓‖𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω)={∑ ‖𝐷𝐷𝛼𝛼 𝑓𝑓‖𝐿𝐿𝑝𝑝 (Ω)

𝑝𝑝
|𝛼𝛼 |≤𝑚𝑚 }

1
𝑝𝑝        if 𝑝𝑝 < ∞  ---------------------1  

and 

                                          ‖𝑓𝑓‖𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω)= 𝑚𝑚𝑚𝑚𝑚𝑚

|𝛼𝛼 |≤𝑚𝑚‖𝐷𝐷𝛼𝛼 𝑓𝑓‖𝐿𝐿∞ (Ω)             if 𝑝𝑝 = ∞.   ---------------------2 

 

Theorem2.2.1: The space 𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω) is a Banach space. 

Proof: 1.Let 𝑓𝑓1, 𝑓𝑓2 ∈ 𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω).For |𝛼𝛼| ≤ 𝑚𝑚 ,call 𝐷𝐷𝛼𝛼 𝑓𝑓1, 𝐷𝐷𝛼𝛼 𝑓𝑓2 their weak derivatives. 

Then, for any 𝜆𝜆, 𝜇𝜇 ∈ ℝ, the linear combination 𝜆𝜆𝑓𝑓1 + 𝜇𝜇𝑓𝑓2 is a locally integrable  

function. Its weak derivatives are   

                                  𝐷𝐷𝛼𝛼 (𝜆𝜆𝑓𝑓1 + 𝜇𝜇𝑓𝑓2)=𝜆𝜆𝜆𝜆𝛼𝛼 𝑓𝑓1 + 𝜇𝜇𝐷𝐷𝛼𝛼 𝑓𝑓2 

Therefore, 𝐷𝐷𝛼𝛼 (𝜆𝜆𝑓𝑓1 + 𝜇𝜇𝑓𝑓2)  ∈ 𝐿𝐿𝑝𝑝 (Ω) for every |𝛼𝛼| ≤ 𝑚𝑚. 

This proves that 𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω) is a vector space. 

2. Next, we check that (1) (2) are a norm. 

Indeed, for 𝜆𝜆 ∈ ℝ and 𝑓𝑓 ∈ 𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω) one has 

                                   ‖𝜆𝜆𝜆𝜆‖𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω)=|𝜆𝜆|‖𝑓𝑓‖𝑊𝑊𝑝𝑝

𝑚𝑚 (Ω) 

                                   ‖𝑓𝑓‖𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω) ≥ ‖𝑓𝑓‖𝐿𝐿𝑝𝑝 ≥ 0, 

with equality holding if and only if 𝑓𝑓 = 0. 

Moreover, if 𝑓𝑓1, 𝑓𝑓2 ∈ 𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω), then for 1 ≤ 𝑝𝑝 < ∞ Minkowski’s inequality yields  

                                   ‖𝑓𝑓1 + 𝑓𝑓2‖𝑊𝑊𝑝𝑝
𝑚𝑚 =(∑ ‖𝐷𝐷𝛼𝛼 𝑓𝑓1 + 𝐷𝐷𝛼𝛼 𝑓𝑓2‖𝐿𝐿𝑝𝑝

𝑝𝑝
|𝛼𝛼|≤𝑚𝑚 )

1
𝑝𝑝  

                                                           ≤ (∑ (‖𝐷𝐷𝛼𝛼 𝑓𝑓1‖𝐿𝐿𝑝𝑝 + ‖𝐷𝐷𝛼𝛼 𝑓𝑓2‖𝐿𝐿𝑝𝑝 )𝑝𝑝
|𝛼𝛼 |≤𝑚𝑚 )

1
𝑝𝑝   

                                                           ≤ (∑ ‖𝐷𝐷𝛼𝛼 𝑓𝑓1‖𝑝𝑝
|𝛼𝛼 |≤𝑚𝑚 )

1
𝑝𝑝  +(∑ ‖𝐷𝐷𝛼𝛼 𝑓𝑓2‖𝑝𝑝

|𝛼𝛼 |≤𝑚𝑚 )
1
𝑝𝑝  

                                                           =‖𝑓𝑓1‖𝑊𝑊𝑝𝑝
𝑚𝑚  +‖𝑓𝑓2‖𝑊𝑊𝑝𝑝

𝑚𝑚 . 
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In the case 𝑝𝑝=∞, the above computation is replaced by 

                                  ‖𝑓𝑓1 + 𝑓𝑓2‖𝑊𝑊𝑝𝑝
𝑚𝑚 =∑ ‖𝐷𝐷𝛼𝛼 𝑓𝑓1 + 𝐷𝐷𝛼𝛼 𝑓𝑓2‖𝐿𝐿∞|𝛼𝛼|≤𝑚𝑚  

                                                          ≤ ∑ (‖𝐷𝐷𝛼𝛼 𝑓𝑓1‖𝐿𝐿∞|𝛼𝛼 |≤𝑚𝑚 +‖𝐷𝐷𝛼𝛼 𝑓𝑓2‖𝐿𝐿∞ ) 

                                                          =‖𝑓𝑓1‖𝑊𝑊∞
𝑚𝑚  +‖𝑓𝑓2‖𝑊𝑊∞

𝑚𝑚 . 

3. To conclude the proof, we need to show that the space 𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω) is complete, 

hence is a Banach space. 

Let {𝑓𝑓𝑗𝑗 }𝐽𝐽 =1
∞ be a Cauchy sequence in 𝑊𝑊𝑝𝑝

𝑚𝑚 (𝑅𝑅𝑛𝑛 ). 

Then  {𝐷𝐷𝛼𝛼 𝑓𝑓𝑗𝑗 }𝐽𝐽 =1
∞  are Cauchy sequence in 𝐿𝐿𝑃𝑃(𝑅𝑅𝑛𝑛 )  for |𝛼𝛼|  ≤ 𝑘𝑘. Hence there 

are 𝑓𝑓𝛼𝛼 ∈  𝐿𝐿𝑃𝑃(𝑅𝑅𝑛𝑛 )   with for |𝛼𝛼|  ≤ 𝑘𝑘. Hence there are  𝑓𝑓𝛼𝛼 ∈  𝐿𝐿𝑃𝑃(𝑅𝑅𝑛𝑛 ) with  

                                        𝐷𝐷𝛼𝛼 𝑓𝑓𝑗𝑗 ⟶ 𝑓𝑓𝛼𝛼  in  𝐿𝐿𝑝𝑝 (𝑅𝑅𝑛𝑛 ) ,|𝛼𝛼|  ≤ 𝑘𝑘 ,and 𝑓𝑓0=𝑓𝑓. 

It follows from  

                         ∫ 𝐷𝐷𝛼𝛼 𝑓𝑓𝑗𝑗 (𝑥𝑥)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑𝑅𝑅𝑛𝑛 =(−1)|𝛼𝛼| ∫ 𝑓𝑓𝑗𝑗 (𝑥𝑥)𝑅𝑅𝑛𝑛 𝐷𝐷𝛼𝛼 𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑 ,   𝜑𝜑 ∈ 𝑆𝑆(𝑅𝑅𝑛𝑛 ) , 

And holder’s inequality applied to 𝐷𝐷𝛼𝛼 𝑓𝑓𝑗𝑗 ⟶ 𝑓𝑓𝛼𝛼 ,𝑓𝑓𝑗𝑗 ⟶ 𝑓𝑓 ∈ 𝐿𝐿𝑃𝑃(𝑅𝑅𝑛𝑛 ) and 

𝜑𝜑 , 𝐷𝐷𝛼𝛼 𝜑𝜑 ∈ (𝑅𝑅𝑛𝑛 ) that 

                                    ∫ 𝑓𝑓𝛼𝛼 (𝑥𝑥)𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑𝑅𝑅𝑛𝑛  =(−1)|𝛼𝛼 | ∫ 𝑓𝑓(𝑥𝑥)𝐷𝐷𝛼𝛼 𝜑𝜑(𝑥𝑥)𝑑𝑑𝑑𝑑𝑅𝑅𝑛𝑛  , 𝜑𝜑 ∈ 𝑆𝑆(𝑅𝑅𝑛𝑛 ) , 

Then 𝑓𝑓𝛼𝛼 =𝐷𝐷𝛼𝛼 𝑓𝑓 , |𝛼𝛼| ≤ 𝑘𝑘 , and𝑓𝑓 ∈ 𝑊𝑊𝑃𝑃
𝑚𝑚 (𝑅𝑅𝑛𝑛 )  with  

                                  𝑓𝑓𝑗𝑗 ⟶ 𝑓𝑓 in 𝑊𝑊𝑃𝑃
𝑚𝑚 (𝑅𝑅𝑛𝑛 )  for  j ⟶ ∞ 

Consequently,𝑊𝑊𝑃𝑃
𝑚𝑚 (𝑅𝑅𝑛𝑛 ) is a Banach space. 

Definition2.2.3: We denote the mth order Sobolev space in 𝐿𝐿2(Ω) by 

                                         𝐻𝐻𝑚𝑚 (Ω)=𝑊𝑊2
𝑚𝑚 (Ω).  

And the Sobolev space 𝑊𝑊2
𝑚𝑚 (Ω)  equipped with the scalar product  

                                     )(2
),(

ΩmWgf ∫ ∑
Ω ≤

∂∂=
m

dxxgxf
α

αα )()(
 

becomes Hilbert spaces. 

Definition 2.2.4: The closure of 𝐶𝐶0
∞ (Ω) in the norm of 𝑊𝑊𝑝𝑝

𝑚𝑚 (Ω) is denoted by 𝑤𝑤𝑝𝑝
𝑚𝑚 (Ω). 

      So,𝑤𝑤𝑝𝑝
𝑚𝑚  is a sub space in the space 𝑊𝑊𝑝𝑝

𝑚𝑚 (Ω). 

Proposition 2.2.2: Let 𝑓𝑓 ∈ 𝑊𝑊𝑝𝑝
𝑚𝑚 (Ω) and g ∈ 𝑤𝑤𝑝𝑝

𝑚𝑚 , where 1
𝑝𝑝

+ 1
𝑞𝑞′ = 1. Then  

                                         ∫ 𝜕𝜕𝛼𝛼 𝑓𝑓Ω gdx=(−1)|𝛼𝛼| ∫ 𝑓𝑓𝜕𝜕𝛼𝛼
Ω gdx,|𝛼𝛼| ≤ 𝑚𝑚  -----------------------1 
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Proof:  Let g𝑛𝑛 ∈ 𝐶𝐶𝑂𝑂
∞(Ω) 𝑎𝑎𝑎𝑎𝑎𝑎 g𝑛𝑛 → g 𝑎𝑎𝑎𝑎 𝑛𝑛 → ∞ 𝑖𝑖𝑖𝑖 𝑤𝑤𝑝𝑝

𝑚𝑚 (Ω). 

By definition of the weak derivative ,fα∂  we have  

                                            
)2(..............................)1( || dxgffgdx n∫∫

ΩΩ

∂−=∂ ααα

 
 

Let us show that  

                                   ∫ 𝜕𝜕𝛼𝛼
Ω fgndx 

𝑛𝑛→∞
�⎯⎯� ∫ 𝜕𝜕𝛼𝛼

Ω f gdx 

 

                                  ∫ 𝑓𝑓Ω 𝜕𝜕𝛼𝛼 gndx
𝑛𝑛→∞
�⎯⎯� ∫ 𝑓𝑓Ω 𝜕𝜕𝛼𝛼 gdx 

 

We have  

                  

'
1

'
/1

 )(
q

q
n

p
p

n ggfdxggf 









−










∂≤−∂ ∫∫∫

ΩΩΩ

αα  

                                             )()( ΩΩ
−≤ m

p
m
p WnW

ggf  

                                    →0 as n → ∞ 

               

'
1/1

'

 )(
q

q

n

p
p

n dxggfdxggf 









∂−∂










≤∂−∂ ∫∫∫

ΩΩΩ

αααα  

                                             )()( ΩΩ
−≤ m

p
m
p WnW

ggf  

                                                              →0 as n → ∞ 

      Tending to the limit (2) as n → ∞ we obtain (1) 
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                                           Conclusion  
In classical sense it is not possible to handle discontinuous function at the point of 

discontinuity, but in distributional sense (which is an extension of the classical one) 

it is handled as if it is continuous and differentiation is computed. We note that the 

space of test functions D is not mapped in to itself by the Fourier transform since the 

Fourier transform of a function with compact support is an analytic function, and 

consequently is either not of compact support or zero. A sobolev space is vector space of 

functions equipped with a norm that is a combination of 𝐿𝐿𝑝𝑝 -norms of the function 

itself as well as its derivatives up to a given order. The derivatives are understood in 

a suitable weak sense to make the space complete, thus a Banach space. 
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