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Summary of the project  
 

Fixed Charge Network Flow Problem (FCNFP) is a well known NP-hard problem. It has a 

wide spectrum of applications. Among them are problems in network design, scheduling, 

production planning, supply chain and transportation science. Many exact methods and 

heuristic approach have been developed to solve the FCNFP. In this project, I focused on 

some exact method such as Branch-and-cut method to solve single commodity uncapacitated 

fixed charge network flow problem, and exact algorithm for fixed charge transportation 

problem. In addition, there is also one greedy (heuristic) algorithm to solve the uncapacitated 

facility location problem which is a special case of fixed charge network flow problem. 
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1. Introduction 
 

Many practical planning, transportation and distribution problems such as network design, 

plant location, communication, production scheduling, and investment and distribution 

decisions can be modelled as Fixed Charge Network Flow Problems (FCNFP). FCNFP is to 

choose which arcs should be present so as to minimize total fixed and variable cost while 

observing flow constraints. Since this is a special subclass of the Minimum Concave cost 

Network Flow Problem (MCNFP), FCNFP also has the same characteristics as MCNFP [10] 

does. Moreover, the objective function in FCNFP is discontinuous at the origin. 
 

The only difference between the formulation of the fixed-charge problem and easy linear 

programming problems is the discontinuous cost function. This deceptively simple detail is 

sufficient to distinguish the fixed-charge problem as NP-hard [9]. Solving the problem to 

optimality therefore becomes exponentially more difficult as the problem size increases. The 

fixed-charge problem has been studied extensively and is of significant practical use. It 

includes the single and multiple source fixed-charge transportation problem, capacitated and 

uncapacitated lot-sizing, warehouse location problem, and Steiner tree problem as variants.  
 

The single source uncapacitated case with a fixed number of fixed arc cost is strongly 

polynomial solvable [14]. Exact solution methods for the fixed charge network flow problem 

often utilize a binary mixed integer programming formulation together with Branch & Bound 

[1,2 and 4], Benders decomposition [3],or exploit the fact that the optimum in a concave 

minimization problem is obtained in a vertex [8]. There are a huge variety of heuristic 

methods [4 and 7] which are especially favourable for large-scale problems due to the NP- 

hardness.  

 

The outline of the paper is as follows. Section two contains some basic preliminary concept. 

In section three we describe the general description of fixed charge problems and section four 

describe the different special case of the problem. Section five explains about branch and cut 

method to solve the single commodity uncapacitated fixed charge network flow problems. 

Section 6 deals the solution method and the last section contains some concluding remarks. 
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2. Preliminaries 

2.1. Linear programming 
 

Linear programming is a very important class of problems, both algorithmically and 

combinatorially. A linear program is the problem of optimizing a linear objective function in 

the decision variables, 𝑥𝑥1, 𝑥𝑥2, … , 𝑥𝑥𝑛𝑛 , subject to linear equality or inequality constraints on 

the 𝑥𝑥𝑖𝑖
, s. In standard form, it is expressed as:  

min � 𝑐𝑐𝑗𝑗 𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗 =1

 

s.t: 

� 𝑎𝑎𝑖𝑖𝑖𝑖 𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗 =1

= 𝑏𝑏𝑖𝑖  for 𝑖𝑖 = 1,2, … , 𝑚𝑚                                                                            (1) 

𝑥𝑥𝑗𝑗 ≥ 0, 𝑗𝑗 = 1,2, … , 𝑛𝑛 

where {𝑎𝑎𝑖𝑖𝑖𝑖 , 𝑏𝑏𝑖𝑖 , 𝑐𝑐𝑗𝑗 } are given. 

A linear program is expressed more conveniently using matrices: 

                                  min  𝑐𝑐𝑇𝑇𝑥𝑥 subject to �𝐴𝐴𝐴𝐴 = 𝑏𝑏
𝑥𝑥 ≥ 0

�             

where 𝑥𝑥 = (𝑥𝑥1, … , 𝑥𝑥𝑛𝑛 )𝑇𝑇 ∈ 𝑅𝑅𝑛𝑛×1, 𝑏𝑏 = (𝑏𝑏1, … , 𝑏𝑏𝑚𝑚 )𝑇𝑇 ∈ 𝑅𝑅𝑚𝑚 ×1, 𝑐𝑐 = (𝑐𝑐1, … , 𝑐𝑐𝑛𝑛 )𝑇𝑇 ∈ 𝑅𝑅𝑛𝑛×1 and 𝐴𝐴 

is 𝑚𝑚 × 𝑛𝑛 matrix.                             

2.2. Mixed integer linear program (MILP)  
 

A mixed integer linear programming (MILP) (“mixed” due to the fact that some of the 

variables are restricted to take only integer values) problem is an optimization problem with a 

linear objective function and linear constraints 

It is one type of integer programming problems in which: 

• Some, but not all decision variables must have integer solution 

• Non-integer variable can have fractional optimal values 
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Definition 2.1: A mixed integer linear program (MILP) is an optimization program involving 

continuous and integer variables, and linear constraints. Any MILP can be written as   

        (MILP)                min{𝑐𝑐𝑐𝑐 + 𝑓𝑓𝑓𝑓 ∶ (𝑥𝑥, 𝑦𝑦) ∈ 𝑋𝑋} 

where the set 𝑋𝑋  is called the set of feasible solutions and is described by 𝑚𝑚 linear constraints, 

nonnegativity constraints on the 𝑥𝑥, 𝑦𝑦 variables, and integrality restrictions on the y variables. 

In matrix notation 

𝑋𝑋 = �(𝑥𝑥, 𝑦𝑦) ∈ 𝑅𝑅+
𝑛𝑛 × 𝑍𝑍+

𝑝𝑝 ∶ 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵 ≥ 𝑏𝑏�, 

Where   

• 𝑥𝑥 and  𝑦𝑦 denote, respectively, the 𝑛𝑛 -dimensional (column) vector of nonnegative 

continuous variables and the 𝑝𝑝 -dimensional (column) vector of nonnegative integer 

variables.  

• 𝑐𝑐 ∈ 𝑅𝑅𝑛𝑛  and 𝑓𝑓 ∈ 𝑅𝑅𝑝𝑝  are the (row) vectors of objective coefficients. 

• 𝑏𝑏 ∈ 𝑅𝑅𝑚𝑚  is the (column) vector of right hand side coefficients of the 𝑚𝑚 constraints 

• 𝐴𝐴  and  𝐵𝐵 are the matrices of constraints with real coefficients of dimensions (𝑚𝑚 × 𝑛𝑛) 

and (𝑚𝑚 × 𝑝𝑝)  respectively. 

Definition 2.2: A valid inequality for the feasible set 𝑋𝑋 of MILP,  

𝑋𝑋 = �(𝑥𝑥, 𝑦𝑦) ∈ 𝑅𝑅+
𝑛𝑛 × 𝑍𝑍+

𝑝𝑝 ∶ 𝐴𝐴𝐴𝐴 + 𝐵𝐵𝐵𝐵 ≥ 𝑏𝑏�, 

is a constraint or inequality 𝛼𝛼𝛼𝛼 + 𝛽𝛽𝛽𝛽 ≥ 𝑟𝑟 (with α ∈𝑅𝑅𝑛𝑛 , 𝛽𝛽 ∈ 𝑅𝑅𝑝𝑝  and 𝑟𝑟 ∈ 𝑅𝑅) satisfied by all 

points in 𝑋𝑋; that is, 

𝛼𝛼𝑥𝑥∗ + 𝛽𝛽𝑦𝑦∗ ≥ 𝑟𝑟 for all (𝑥𝑥∗, 𝑦𝑦∗) ∈ 𝑋𝑋 

Thus a valid inequality for a MILP is an inequality that is satisfied by all feasible solutions.  
A basic rounding argument: 
If  𝑥𝑥 ∈ 𝑍𝑍 and 𝑥𝑥 ≤ 𝑓𝑓, 𝑓𝑓 ∉ 𝑍𝑍, then 𝑥𝑥 ≤ ⌊𝑓𝑓⌋. 

Consider an inequality 𝛼𝛼𝛼𝛼 ≤ 𝛽𝛽  such that𝛼𝛼𝑗𝑗 ∈ 𝑍𝑍, 𝑗𝑗 = 1,2, … , 𝑛𝑛 . If 𝛼𝛼𝛼𝛼 ≤ 𝛽𝛽  then 𝛼𝛼𝛼𝛼 ≤ ⌊𝛽𝛽⌋  is 

valid as well. 

Example 2.1: Consider the inequality 𝑥𝑥1 + 𝑥𝑥2 ≤ 1.9 

𝑥𝑥 ∈ 𝑍𝑍2 such that 𝑥𝑥1 + 𝑥𝑥2 ≤ 1.9 

⟹ 𝑥𝑥1 + 𝑥𝑥2 ≤ ⌊1.9⌋ = 1 

 Thus 𝑥𝑥1 + 𝑥𝑥2 ≤ 1 is valid  

Theorem 2.1:  If 𝑥𝑥 ∈ 𝑍𝑍𝑛𝑛   satisfies 𝐴𝐴𝐴𝐴 ≤ 𝑏𝑏 ,  then the inequality 𝑢𝑢𝑢𝑢𝑢𝑢 ≤ ⌊𝑢𝑢𝑢𝑢⌋ is valid for 𝑆𝑆 for 

all 𝑢𝑢 ≥ 0   such that 𝑢𝑢𝑢𝑢 ∈ 𝑍𝑍𝑚𝑚 . 
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Example 2.2: Consider the polyhedron given by the inequalities 

𝑥𝑥1 + 𝑥𝑥2 ≤ 2 

                                                                  3𝑥𝑥1 + 𝑥𝑥2 ≤ 5                                                                                         

Let 𝑢𝑢1 = 𝑢𝑢2 = 0.5. Then to find valid inequality let us add the two inequalities, we get 

4𝑥𝑥1 + 2𝑥𝑥2 ≤ 7 
1
2

(4𝑥𝑥1 + 2𝑥𝑥2 ≤ 7) ⟹ 2𝑥𝑥1 + 𝑥𝑥2 ≤ 3.5 

and then rounding we obtain 2𝑥𝑥1 + 𝑥𝑥2 ≤ 3. Thus 2𝑥𝑥1 + 𝑥𝑥2 ≤ 3 is valid inequality. 

2.2.1. A simple disjunctive argument  
 

The theory of disjunctive inequalities gives a methodology for generating general cutting 

planes that can be powerful on certain hard integer programs. 

If 𝑥𝑥 ∈ 𝑅𝑅𝑛𝑛 , 𝑥𝑥 ≥ 0 and 𝑥𝑥 satisfies both ∑ 𝑎𝑎𝑖𝑖
1𝑥𝑥𝑖𝑖 ≥ 1 or 𝑛𝑛

𝑖𝑖=1 ∑ 𝑎𝑎𝑖𝑖
2𝑥𝑥𝑖𝑖 ≥ 1 , then 𝑥𝑥 satisfies 𝑛𝑛

𝑖𝑖=1   

� max{𝑎𝑎𝑖𝑖
1, 𝑎𝑎𝑖𝑖

2}𝑥𝑥𝑖𝑖 ≥ 1
𝑛𝑛

𝑖𝑖=1

 

Example 2.3: 

If 𝑥𝑥 ≥ 0 satisfies both  𝑥𝑥1
2

+ 𝑥𝑥2
2

≥ 1 and 3𝑥𝑥1
5

+ 𝑥𝑥2
5

≥ 1. 

          max{𝑎𝑎1
1, 𝑎𝑎1

2} = max{ 1
2

, 3
5

}= 3
5
 

          max{𝑎𝑎2
1, 𝑎𝑎2

2} = max{ 1
2

, 1
5

}= 1
2
 .Thus 3𝑥𝑥1

5
+ 𝑥𝑥2

2
≥ 1 is valid. 

2.2.2. Mixed-integer-rounding cuts (MIR)  
 

Consider the 2-Variable mixed integer set {(𝑥𝑥, 𝑦𝑦) ∈ 𝑍𝑍 × 𝑅𝑅+: 𝑥𝑥 + 𝑦𝑦 ≥ 𝑏𝑏} with 𝑏𝑏 ∈ 𝑅𝑅 

The inequality 𝑥𝑥
𝑏𝑏−⌊𝑏𝑏⌋

+ 𝑦𝑦 ≥ ⌈𝑏𝑏⌉ is valid and together with the original inequality defines the 

convex hull of the mixed integer set. 

 

 

 

 

 

 



Fixed charge network flow problem 
 

5 
 

___________________________________________________________________________ 

Mixed integer rounding (MIR) procedure: 

Step 1: The inequalities  

��𝑢𝑢𝑎𝑎𝑗𝑗 �𝑥𝑥𝑗𝑗
𝑗𝑗 ∈𝑁𝑁

+ �(𝑢𝑢𝑔𝑔𝑗𝑗 )𝑦𝑦𝑗𝑗
𝑗𝑗 ∈𝐽𝐽

≤ 𝑢𝑢𝑢𝑢 are valid for all 𝑢𝑢 ∈ 𝑅𝑅+
𝑚𝑚  

Step 2: given two valid inequalities  

� 𝜋𝜋𝑗𝑗
𝑖𝑖𝑥𝑥𝑗𝑗 + � 𝜇𝜇𝑗𝑗

𝑖𝑖 𝑦𝑦𝑗𝑗 ≤ 𝜋𝜋0
𝑖𝑖  for 𝑖𝑖 = 1,2

𝑗𝑗 ∈𝐽𝐽𝑗𝑗 ∈𝑁𝑁

 

Construct the third valid inequality  

��𝜋𝜋𝑗𝑗
2 − 𝜋𝜋𝑗𝑗

1�𝑥𝑥𝑗𝑗 +
1

1 − 𝑓𝑓0
�� 𝜋𝜋𝑗𝑗

1𝑥𝑥𝑗𝑗
𝑗𝑗 ∈𝑁𝑁

+ � min�𝜇𝜇𝑗𝑗
1, 𝜇𝜇𝑗𝑗

2�𝑦𝑦𝑗𝑗 − 𝜋𝜋0
1

𝑗𝑗 ∈𝐽𝐽

�
𝑗𝑗 ∈𝑁𝑁

≤ ⌊𝜋𝜋0
2 − 𝜋𝜋0

1⌋ 

Where 𝜋𝜋0
2 − 𝜋𝜋0

1 = |𝜋𝜋0
2 − 𝜋𝜋0

1| + 𝑓𝑓0 

___________________________________________________________________________ 

2.3. NP completeness  
 

Definition 2.3: Decision Problem: A problem to which there is a yes or no answer.  

Optimization Problem: A problem to which the answer is an optimal feasible solution. An 

optimization problem can be solved by calling a decision problem in the form “Is there a 

solution with value less than or equal to k?" (for minimization) a polynomial number of times 

using binary search. A very important class of decision problems is called NP, which stands 

for nondeterministic polynomial time. It is an abstract class, not specifically tied to 

optimization 

Definition 2.4: A decision problem is said to be in NP if for all “Yes" instances of it there 

exists a polynomial length “certificate" that can be used to verify in polynomial time that the 

answer is indeed Yes.  

Definition 2.5. The class of problems for which the certificate exists for all “No” instances is 

called co-NP.  

Definition 2.6. A problem 𝑃𝑃1  is said to reduce in polynomial time to problem 𝑃𝑃2  if there 

exists a polynomial-time algorithm 𝐴𝐴1 for 𝑃𝑃1 that makes calls to a subroutine solving 𝑃𝑃2 and 

each call to a subroutine solving is 𝑃𝑃2 counted as a single operation.  
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Definition 2.7: A decision problem P is said to be NP-complete if: 

1. 𝑃𝑃 ∈ NP 

2. All other problems in NP are polynomially reducible to P.  

It follows that if any NP-complete problem were to have a polynomial algorithm, they all 

would. When a decision problem is NP-Complete, we call the optimization problem NP-hard 

problem.   

2.4. Basic graph definitions 
 

• A directed graph or digraph D is an ordered pair 𝐷𝐷 = (𝑉𝑉, 𝒜𝒜), where  𝑉𝑉 is a set whose  

elements are called vertices or nodes, and 𝒜𝒜 is a set of ordered pairs of vertices of the 

form (𝑖𝑖, 𝑗𝑗) called arcs. In an arc (𝑖𝑖, 𝑗𝑗) node 𝑖𝑖 is called the tail of the arc and node 𝑗𝑗 the 

head of the arc.  

• A path (directed path) is an ordered list of vertices(𝑣𝑣1, … , 𝑣𝑣𝑘𝑘 ), so that (𝑣𝑣𝑖𝑖 , 𝑣𝑣𝑖𝑖+1) ∈

𝒜𝒜 for all 𝑖𝑖 = 1,2, … , 𝑘𝑘.The length of the path is �(𝑣𝑣1, … , 𝑣𝑣𝑘𝑘 )� = 𝑘𝑘. 

• A cycle (directed cycle) is an ordered list of vertices 𝑣𝑣0, 𝑣𝑣1, … , 𝑣𝑣𝑘𝑘 , so that (𝑣𝑣𝑖𝑖 , 𝑣𝑣𝑖𝑖+1) ∈

𝒜𝒜 for all 𝑖𝑖 = 1,2, … , 𝑛𝑛 and 𝑣𝑣0 = 𝑣𝑣𝑘𝑘 .The length of a cycle is�(𝑣𝑣1, … , 𝑣𝑣𝑘𝑘 )� = 𝑘𝑘.  

• A digraph (network) is said to be connected if, for every pair of nodes, there is a path 

starting at one node and ending at the other node. The degree of a vertex is the 

number of edges incident to the vertex.  

• A sub network of a network is a subset of the nodes and arcs of the original network. 

The arcs in the sub network must connect nodes in the sub network and must not 

involve nodes that are not in the sub network.  

• A tree is a connected sub network containing no cycles. A spanning tree is a tree that 

includes every node in the network.  

2.4.1. Node Selection and Branching Rules 
 
To implement a branch-and-bound algorithm, we need to specify a node selection rule and a 

branching rule. The node selection rule specifies which linear set from the list L to select at 

each iteration. This rule has an impact on the order in which the nodes are treated, and 

therefore on the evolution of the lower and upper bounds during the execution of the 

algorithm. Some standard rules are: 
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• Depth-first search in which one selects a child of the preceding node after branching, and 

backtracks (i.e., moves back in the enumeration tree to select the next node) as few nodes up 

as possible after pruning a node; 

• Breadth-first search in which one selects nodes those are closest to the top of the tree. We 

use this search in branch and cut algorithm. 

• Best-bound search in which one selects the node with the best (lowest) lower bound; 

• Combinations of these, such as 

 Breadth-first search for a certain number of nodes followed by depth-first search, or 

 Depth-first search as long as branching is performed, and then best bound after 

pruning a node. 

The choice of the rule is often heuristic. Depth-first search allows one to obtain solutions 

quickly (because there are more branching constraints deep in the tree, and such bound 

constraints help to obtain integer solutions), but with the risk that the solution quality suffers 

if wrong branching decisions are taken. On the other hand breadth-first search avoids this risk 

by working in parallel on all branches of the tree, but is rather slow to obtain feasible 

solutions. Best-bound search minimizes the number of nodes treated to prove optimality, and 

the combinations of rules are attempts to find a good compromise. 
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3. Problem description  
 

Fixed charge problems were first proposed by Hirsch and Dantzig in 1954. They proved that 

the optimal solution occurs at one of the extreme points defined by the constraints of the 

problem.  

Consider a production planning involving 𝑛𝑛 products, the cost for product 𝑗𝑗 consists of a 

variable cost 𝑐𝑐𝑖𝑖𝑖𝑖  per unit and a set up cost (or fixed charge ) 𝑓𝑓𝑖𝑖𝑖𝑖 > 0 independent of the 

amount produced. 

Let 𝑥𝑥𝑖𝑖𝑖𝑖  be the number of units produced of product 𝑗𝑗. Then the production function can be 

written as: 

𝑐𝑐𝑖𝑖𝑖𝑖 �𝑥𝑥𝑖𝑖𝑖𝑖 � = � 𝑐𝑐𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 + 𝑓𝑓𝑖𝑖𝑖𝑖      if 𝑥𝑥𝑖𝑖𝑖𝑖 > 0 
0                         otherwise

� 

To minimize the objective function with non negative fixed charges we introduce new binary 

variables  𝑦𝑦𝑖𝑖𝑖𝑖  

where 𝑦𝑦𝑖𝑖𝑖𝑖 = �1       if 𝑥𝑥𝑖𝑖𝑖𝑖 > 0
0      otherwise

� 

This condition can be expressed in the form of a single linear constraint as 

 𝑥𝑥𝑖𝑖𝑖𝑖 ≤ 𝑈𝑈𝑦𝑦𝑖𝑖𝑖𝑖 , where 𝑈𝑈 > 0 is a sufficiently large number (𝑈𝑈 can be given or in any derived 

upper bound on the variable of 𝑥𝑥𝑖𝑖𝑖𝑖  in any feasible solution). Then the objective function in 

the original fixed charge problems becomes  

min � �(𝑐𝑐𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 + 𝑓𝑓𝑖𝑖𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖 )
𝑗𝑗𝑖𝑖

 

                                                            𝑠𝑠. 𝑡𝑡 (2)  

0 ≤ 𝑥𝑥𝑖𝑖𝑖𝑖 ≤U𝑦𝑦𝑖𝑖𝑖𝑖  , ∀𝑖𝑖, 𝑗𝑗 

𝑦𝑦𝑖𝑖𝑖𝑖 ∈ {0,1}, ∀𝑖𝑖, 𝑗𝑗 

Thus a fixed charge problem is a product selection problem where there are an additional 

fixed charge to be paid for each product produced.  

Fixed charge network flow problems can be defined as on a digraph 𝐷𝐷 = (𝑉𝑉, 𝒜𝒜),a set of 

vertex 𝑉𝑉,and arc set 𝒜𝒜. Let 𝑐𝑐𝑖𝑖𝑖𝑖  be the unit flow cost and 𝑓𝑓𝑖𝑖𝑖𝑖  the fixed cost, on arc (𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜. 

Let 𝑈𝑈 be the maximum flow capacity of arc (𝑖𝑖, 𝑗𝑗) and 𝑏𝑏𝑖𝑖  the net supply at node 𝑖𝑖 ∈ 𝑉𝑉. An arc 

can be present (allowed to carry positive flow) only if it is fixed cost is incurred. The problem  
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is to choose which arcs should be present so as to minimize the total fixed and variable cost 

while observing flows constraints. 

To model the FCNFP we consider the following assumptions: 

1. ∑ 𝑏𝑏𝑖𝑖 = 0𝑖𝑖∈𝑉𝑉 . i.e. the total supply equals the total demand within network  

2.  𝑓𝑓𝑖𝑖𝑖𝑖 ≥ 0 for all (𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜 since if 𝑓𝑓𝑖𝑖𝑖𝑖 < 0,we can set 𝑦𝑦𝑖𝑖𝑖𝑖 = 1 and 𝑦𝑦𝑖𝑖𝑖𝑖  eliminate from      

the problem. 

3. We assume that with respect to the 𝑐𝑐𝑖𝑖𝑖𝑖  there are no negative cost directed cycles. Thus 

the objective function is bounded from below. 

The fixed charge network flow problem can be formulated as 0 − 1 model as follows. 

min � 𝑐𝑐𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝒜𝒜

+ � 𝑓𝑓𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝒜𝒜

𝑦𝑦𝑖𝑖𝑖𝑖                                          (3) 

s.t    

� 𝑥𝑥𝑗𝑗𝑗𝑗 − � 𝑥𝑥𝑖𝑖𝑖𝑖
𝑗𝑗 ∈𝑉𝑉𝑖𝑖

+

= 𝑏𝑏𝑖𝑖 , ∀𝑖𝑖 ∈ 𝑉𝑉                                             (4)
𝑗𝑗 ∈𝑉𝑉𝑖𝑖

−

 

                                                             0 ≤ 𝑥𝑥𝑖𝑖𝑖𝑖 ≤ 𝑈𝑈𝑦𝑦𝑖𝑖𝑖𝑖 , ∀(𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜           (5) 

𝑦𝑦𝑖𝑖𝑖𝑖 ∈ {0,1} , ∀(𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜                          (6)     

where 𝐷𝐷 = (𝑉𝑉, 𝒜𝒜) is a digraph , 𝑉𝑉𝑖𝑖
+ = {𝑗𝑗 ∈ 𝑉𝑉: (𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜} and 𝑉𝑉𝑖𝑖

− = {𝑗𝑗 ∈ 𝑉𝑉: (𝑗𝑗, 𝑖𝑖) ∈ 𝒜𝒜} , 𝑏𝑏𝑖𝑖  is 

the supply at node 𝑖𝑖 and 𝑈𝑈 is a large positive integer, 𝑐𝑐𝑖𝑖𝑖𝑖  is the variable cost per unit flow on 

arc (𝑖𝑖, 𝑗𝑗), 𝑓𝑓𝑖𝑖𝑖𝑖  is the fixed cost having flow on arc (𝑖𝑖, 𝑗𝑗). 
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4. Types of Fixed Charge Network Flow Problem 
 

The fixed charge network flow problem can be capacitated or uncapacitated depending on the 

capacity of each arc (𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜 . That is if the arc capacity is ∞  (unlimited) we call the 

problem uncapaciteated fixed charge network flow problem; otherwise we say that it is 

capacitated fixed charge network flow problem. 

Besides being an important model in its own right for a variety of network design problems, 

several special cases of FCNFP are of substantial interest. There are different ways to find the 

special cases. 

We can find special cases using: 

a. we can restrict the network structure (e.g. Transportation problem) 

b. Capacity constraints - when U is sufficiently large for instance 𝑈𝑈 ≥ ∑ |𝑏𝑏𝑖𝑖|𝑖𝑖∈𝑉𝑉 -there is 

no feasible flow with 𝑥𝑥𝑖𝑖𝑖𝑖 > 𝑈𝑈.The capacity constraints only serves to force the fixed 

cost to be included in the objective function when the flow is positive. We call such 

problem Uncapacitated problems. 

c. When |𝑖𝑖 ∈ 𝑉𝑉: 𝑏𝑏𝑖𝑖 > 0| = 1 we call this problem single source problem. 

There are many problems which arise as a special case of fixed charge network flow problem 

some of them are: 

 Fixed charge transportation problem 

 Uncapacitated facility location problem 

 Steiner tree problem 

 Uncapacitated lot sizing problem, etc…  

But in this paper we consider the first two problems to find their solution. 

4.1. The uncapacitated facility location problem (UFL) 
 

The facility location problem is a special case of the fixed charge network flow problem. One 

particularity is that the fixed costs are incurred on opening nodes (locations) rather than arcs. 

The problem is select a subset of locations from a given candidate set, and place in each of 

these locations a “facility” that will serve the needs of certain “clients.” There is a 0-1  
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decision variable associated with selecting any given location for facility placement, at a 

given cost. Once these variables are chosen, an assignment (or transportation) problem must 

be solved to optimally match clients with facilities. Facility location problem can be 

capacitated or uncapacitated but here we consider the uncapacitated facility location problem.  

Given a set of potential sites, a set of clients, and relevant profit and cost data, the goal is to 

find a maximum profit plan giving the number of facilities to open, their locations and an 

allocation of each client to an open facility. 

In detail, the input to an uncapacitated facility location problem (UFL) problem consists of  

• A set 𝐽𝐽 = {1,2, … , 𝑛𝑛} of potential sites for locating facilities, 

• A set 𝐼𝐼 = {1,2, … , 𝑚𝑚} of clients whose demands need to be served by the facilities, 

• A profit 𝑐𝑐𝑖𝑖𝑖𝑖  for each 𝑖𝑖 ∈ 𝐼𝐼 and j∈J; this is the profit made by satisfying the demand of 

client i from a facility located at site j, and  

• A fixed non negative cost 𝑓𝑓𝑗𝑗  for each j ∈ 𝐽𝐽; this is the (one time ) cost of opening a 

facility at site  𝑗𝑗 . 

The problem is to select a subset 𝑄𝑄(𝑄𝑄 ⊆ 𝐽𝐽) of sites, to open facilities at these sites, and to 

assign each client to exactly one facility such that the difference of the variable profits and 

the fixed costs is maximized. The number of facilities to be opened,|𝑄𝑄|, is not presented, 

rather it is determined by an optimal solution. The profits 𝑐𝑐𝑖𝑖𝑖𝑖  usually depend on several 

factors such that as the per unit production cost of a facility at site, the per unit transportation 

cost 𝑗𝑗 to 𝑖𝑖, and the selling price to client  𝑖𝑖. 

It is an NP-hard problem and is used to model many applications. Some of these applications 

are: bank account allocation, clustering analysis, lock-box location, location of offshore 

drilling platforms, economic lot sizing, machine scheduling and inventory management, 

portfolio management and the design of communication networks. 

Let us see the formulation of UFL to use greedy (heuristic) algorithm to solve the problem. 

We can formulate the problem as maximization problem.  For each potential site  𝑗𝑗 ∈ 𝐽𝐽  we 

have a zero one variable 𝑥𝑥𝑗𝑗 . The intension is that a facility is opened at site 𝑗𝑗 ∈ 𝐽𝐽, iff 𝑥𝑥𝑗𝑗 = 1. 

For each client 𝑖𝑖 ∈ 𝐼𝐼 and site 𝑗𝑗 ∈ 𝐽𝐽, we have a zero one variable 𝑦𝑦𝑖𝑖𝑖𝑖 .The intension is that the  
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demand of client 𝑖𝑖 is served by the facility at site 𝑗𝑗 iff 𝑦𝑦𝑖𝑖𝑖𝑖 = 1.Thus the linear programming 

formulation of the UFL problem: 

maximize � � 𝑐𝑐𝑖𝑖𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖 −
𝑗𝑗 ∈𝐽𝐽

� 𝑓𝑓𝑗𝑗 𝑥𝑥𝑗𝑗
𝑗𝑗 ∈𝐽𝐽𝑖𝑖∈𝐼𝐼

 

                                                        𝑠𝑠. 𝑡𝑡 (7) 

� 𝑦𝑦𝑖𝑖𝑖𝑖 = 1
𝑗𝑗 ∈𝐽𝐽

                 , ∀𝑖𝑖 ∈ 𝐼𝐼 

𝑦𝑦𝑖𝑖𝑖𝑖 ≤ 𝑥𝑥𝑗𝑗                         , ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽 

𝑥𝑥𝑗𝑗 ∈ {0,1}                     , ∀𝑗𝑗 ∈ 𝐽𝐽 

𝑦𝑦𝑖𝑖𝑖𝑖 ∈ {0,1}                     , ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽 

The strong LP relaxation (SLPR) is obtained by replacing the integrality restrictions on the 

𝑥𝑥𝑗𝑗
′ s by the linear constraints, i.e. the constraint 𝑥𝑥𝑗𝑗 ∈ {0,1}, ∀𝑗𝑗 ∈ 𝐽𝐽  are replaced by the 

constraints 0 ≤ 𝑥𝑥𝑗𝑗 ≤ 1, ∀𝑗𝑗 ∈ 𝐽𝐽. 

(SLPR)                 maximize � � 𝑐𝑐𝑖𝑖𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖
𝑗𝑗 ∈𝐽𝐽

−
𝑖𝑖∈𝐼𝐼

� 𝑓𝑓𝑗𝑗 𝑥𝑥𝑗𝑗
𝑗𝑗 ∈𝐽𝐽

 

                                                        𝑠𝑠. 𝑡𝑡 (8) 

� 𝑦𝑦𝑖𝑖𝑖𝑖 = 1                , ∀𝑖𝑖 ∈ 𝐼𝐼
𝑗𝑗 ∈𝐽𝐽

 

𝑦𝑦𝑖𝑖𝑖𝑖 ≤ 𝑥𝑥𝑗𝑗                        , ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽 

𝑥𝑥𝑗𝑗 ≤ 1                          , ∀𝑗𝑗 ∈ 𝐽𝐽 

𝑥𝑥𝑗𝑗 ≥ 0                            , ∀𝑗𝑗 ∈ 𝐽𝐽 

𝑦𝑦𝑖𝑖𝑖𝑖 ≥ 0                          , ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽 

Now let us see how to write the duality of the strong LP relaxation and two condensed form 

for the dual of SLPR. 

a. Duality 

To write the dual of the strong LP relaxation we introduce dual variables, 𝑢𝑢𝑖𝑖 , 𝑖𝑖 ∈ 𝐼𝐼, 𝑤𝑤𝑖𝑖𝑖𝑖 , 𝑖𝑖 ∈

𝐼𝐼, 𝑗𝑗 ∈ 𝐽𝐽, and 𝑡𝑡𝑗𝑗 , 𝑗𝑗 ∈ 𝐽𝐽, corresponding to the (SLPR) constraints ∑ 𝑦𝑦𝑖𝑖𝑖𝑖 = 1  (∀𝑖𝑖 ∈ 𝐼𝐼𝑗𝑗 ∈𝐽𝐽 ), 
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 𝑦𝑦𝑖𝑖𝑖𝑖 − 𝑥𝑥𝑗𝑗 ≤ 0  (∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽) , and 𝑥𝑥𝑗𝑗 ≤ 1  (∀𝑗𝑗 ∈ 𝐽𝐽),  respectively. The dual of LP is as 

follows 

(Dual SLPR)          minimize � 𝑢𝑢𝑖𝑖 + � 𝑡𝑡𝑗𝑗
𝑗𝑗 ∈𝐽𝐽𝑖𝑖∈𝐼𝐼

 

                                                       𝑠𝑠. 𝑡𝑡 (9) 

𝑡𝑡𝑗𝑗 − � 𝑤𝑤𝑖𝑖𝑖𝑖 ≥ −𝑓𝑓𝑗𝑗      , ∀𝑗𝑗 ∈ 𝐽𝐽
𝑖𝑖∈𝐼𝐼

 

𝑢𝑢𝑖𝑖 + 𝑤𝑤𝑖𝑖𝑖𝑖 ≥ 𝑐𝑐𝑖𝑖𝑖𝑖               , ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽 

𝑢𝑢𝑖𝑖        free                       ,∀𝑖𝑖 ∈ 𝐼𝐼 

𝑤𝑤𝑖𝑖𝑖𝑖 ≥ 0                           , ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝐽𝐽 ∈ 𝐽𝐽 

𝑡𝑡𝑗𝑗 ≥ 0                               , ∀𝑗𝑗 ∈ 𝐽𝐽 

b. First condensed dual (CD1) 

Suppose that all the variables 𝑢𝑢𝑖𝑖  in (Dual SLPR) have fixed values. Then to minimize the 

objective function, we must assign each 𝑤𝑤𝑖𝑖𝑖𝑖  the minimum value such that the constraints 

𝑢𝑢𝑖𝑖 + 𝑤𝑤𝑖𝑖𝑖𝑖 ≥ 𝑐𝑐𝑖𝑖𝑖𝑖 (∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽) and 𝑤𝑤𝑖𝑖𝑖𝑖 ≥ 0(∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽) are satisfied.  

This gives  

𝑤𝑤𝑖𝑖𝑖𝑖 = �𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖�+, ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽 

where for an expression 𝛼𝛼,(𝛼𝛼)+means max(𝛼𝛼, 0). 

Now consider the variables 𝑡𝑡𝑗𝑗 , (∀𝑗𝑗 ∈ 𝐽𝐽). To minimize the objective function, we must assign 

each 𝑡𝑡𝑗𝑗  the minimum value such that the constraints 𝑡𝑡𝑗𝑗 − ∑ 𝑤𝑤𝑖𝑖𝑖𝑖 ≥ −𝑓𝑓𝑗𝑗 (∀𝑗𝑗 ∈ 𝐽𝐽)and 𝑡𝑡𝑗𝑗 ≥ 0𝑖𝑖∈𝐼𝐼  

are satisfied. 

Let 𝑡𝑡𝑗𝑗 = �∑ 𝑤𝑤𝑖𝑖𝑖𝑖 − 𝑓𝑓𝑗𝑗𝑖𝑖∈𝐼𝐼 �+ , ∀𝑗𝑗 ∈ 𝐽𝐽 . Now substitute  𝑤𝑤𝑖𝑖𝑖𝑖 = �𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖�+
 , we get  

𝑡𝑡𝑗𝑗 = ���𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖�+ − 𝑓𝑓𝑗𝑗
𝑖𝑖∈𝐼𝐼

�
+

 , ∀𝑗𝑗 ∈ 𝐽𝐽 
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Thus we get the first condensed dual  

(𝐶𝐶𝐶𝐶1)           minimize 
𝑢𝑢1, … , 𝑢𝑢𝑚𝑚

�� 𝑢𝑢𝑖𝑖
𝑖𝑖∈𝐼𝐼

+ � ���𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖�+ − 𝑓𝑓𝑗𝑗
𝑖𝑖∈𝐼𝐼

�
+

𝑗𝑗 ∈𝐽𝐽

� 

c. Second condensed dual  

In feasible solution of the dual LP (Dual SLPR), suppose that there is a 𝑘𝑘 ∈ 𝐽𝐽 such that 𝑡𝑡𝑘𝑘  is 

positive, that is, (∑ (𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖)+ − 𝑓𝑓𝑘𝑘𝑖𝑖∈𝐼𝐼 )+ is positive. Then there exists a 𝑢𝑢𝑙𝑙(𝑙𝑙 ∈ 𝐼𝐼),  such that 

𝑐𝑐𝑙𝑙𝑙𝑙 − 𝑢𝑢𝑙𝑙 > 0. If we increase 𝑢𝑢𝑙𝑙  by amount 𝜖𝜖(𝜖𝜖 > 0), then 𝑡𝑡𝑘𝑘  will decrease by 𝜖𝜖, therefore the 

objective value stays the same; also, all dual constraints will continue to hold. It follows that 

there always exists an optimal solution to the dual LP with 𝑡𝑡𝑗𝑗 ≤ 0, ∀𝑗𝑗 ∈ 𝐽𝐽. 

To see this, use the above procedure repeatedly until each 𝑡𝑡𝑗𝑗  is at most zero. We also add the 

constraints 𝑢𝑢𝑖𝑖 ≤ max�𝑐𝑐𝑖𝑖𝑖𝑖 � ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽.This gives second condensed dual 

(𝐶𝐶𝐶𝐶2) minimize 𝑤𝑤 =  � 𝑢𝑢𝑖𝑖
𝑖𝑖∈𝐼𝐼

 

𝑠𝑠. 𝑡𝑡 

��𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖�+

𝑖𝑖∈𝐼𝐼

− 𝑓𝑓𝑗𝑗 ≤ 0   , ∀𝑗𝑗 ∈ 𝐽𝐽 

          𝑢𝑢𝑖𝑖  ≤  max�𝑐𝑐𝑖𝑖𝑖𝑖 � ∀𝑖𝑖 ∈ 𝐼𝐼, ∀𝑗𝑗 ∈ 𝐽𝐽     

4.2. The fixed charge transportation problem  
 

The fixed-charge transportation problem may be simply stated in terms of a distribution 

problem in which there are suppliers (warehouses or factories) and 𝑛𝑛 customers (destinations). 

Each of the  𝑚𝑚 suppliers can ship to any customer at a per unit shipping cost of 𝑐𝑐𝑖𝑖𝑖𝑖  (unit cost 

for shipping from supplier 𝑖𝑖 to customer 𝑗𝑗) plus a fixed cost of  𝑓𝑓𝑖𝑖𝑖𝑖  assessed for opening this 

route. Each supplier, 𝑖𝑖 = 1,2, … , 𝑚𝑚 has 𝑆𝑆𝑖𝑖  units of supply and each customer, 

 𝑗𝑗 = 1,2, … , 𝑛𝑛 , demands 𝐷𝐷𝑗𝑗  units. The objective is to determine which routes to open and 

shipment size, so that the total cost of meeting demand given the supply constraints is 

minimized.  
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This problem differs from the standard Hitchcock transportation problem in that a fixed 

charge (e.g., for route establishment or a franchise) is associated with each route over which 

goods are shipped. Since the objective is to minimize total cost, it is possible to trade off 

variable cost (i.e., transportation cost) and fixed cost.   

In general the hierarchy of fixed charge problems is given in figure 1  
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5. Single commodity uncapacitated fixed charge network    
flow problem  

 

A network flow problem in which it is not necessary to distinguish among the units flowing 

in the networks is called single commodity or type of units. The formulation for single 

commodity uncapacitated fixed charge network flow problem (UFCNFP) is given in (3)-(6). 

The problem is NP-hard, as it generalizes the Steiner tree problem [9]. Let us repeat the 

formulation of FCNFP here to observe other characteristics and additional notations.   

In order to describe UFCNFP as a mixed integer program, define 𝑥𝑥𝑖𝑖𝑖𝑖  to be the flow on arc  

(𝑖𝑖, 𝑗𝑗) , and 𝑦𝑦𝑖𝑖𝑖𝑖 = 1  if the arc (𝑖𝑖, 𝑗𝑗)  is used (  𝑥𝑥𝑖𝑖𝑖𝑖 > 0 ),and  𝑦𝑦𝑖𝑖𝑖𝑖 = 0  otherwise. A resulting 

formulation is  

 

min � 𝑐𝑐𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝒜𝒜

𝑥𝑥𝑖𝑖𝑖𝑖 + � 𝑓𝑓𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝒜𝒜

𝑦𝑦𝑖𝑖𝑖𝑖                                                                     (10) 

s. t 

� 𝑥𝑥𝑗𝑗𝑗𝑗 − � 𝑥𝑥𝑖𝑖𝑖𝑖
𝑗𝑗 ∈𝑉𝑉𝑖𝑖

+

= 𝑏𝑏𝑖𝑖 , ∀𝑖𝑖 ∈ 𝑉𝑉      
𝑗𝑗 ∈𝑉𝑉𝑖𝑖

−

                                                               (11) 

                                                             

                               𝑥𝑥𝑖𝑖𝑖𝑖 ≤ 𝑈𝑈𝑦𝑦𝑖𝑖𝑖𝑖  , ∀(𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜                                                         (12)  

                                     𝑥𝑥𝑖𝑖𝑖𝑖 ≥ 0   ∀(𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜,   𝑦𝑦𝑖𝑖𝑖𝑖 ∈ {0,1}  ∀(𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜     (13)                                         

where 𝑉𝑉𝑖𝑖
+ = {𝑗𝑗 ∈ 𝑉𝑉: (𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜} and 𝑉𝑉𝑖𝑖

− = {𝑗𝑗 ∈ 𝑉𝑉: (𝑗𝑗, 𝑖𝑖) ∈ 𝒜𝒜}, and 𝑈𝑈 is a large positive integer. 

Constraints (11) are the well known conservation constraints, constraints (12) are the forcing 

constraints that 𝑦𝑦𝑖𝑖𝑖𝑖  takes values one whenever 𝑥𝑥𝑖𝑖𝑖𝑖  is positive. Note that it suffices to take 

𝑈𝑈 = ∑ 𝑏𝑏𝑖𝑖𝑖𝑖∈𝑉𝑉:𝑏𝑏𝑖𝑖>0 . 

As additional notation we use 𝑉𝑉𝑠𝑠 = {𝑖𝑖 ∈ 𝑉𝑉: 𝑏𝑏𝑖𝑖 < 0}  to denote the set of supply nodes, 

𝑉𝑉𝐷𝐷 = {𝑖𝑖 ∈ 𝑉𝑉: 𝑏𝑏𝑖𝑖 > 0}  the set of demand nodes, and 𝑉𝑉0 = {𝑖𝑖 ∈ 𝑉𝑉: 𝑏𝑏𝑖𝑖 = 0}  the set of 

transhipment nodes. Let X be the set of vectors (𝑥𝑥, 𝑦𝑦)  satisfying (11)-(13). The next 

proposition characterizes the extreme points of conv(X). 
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Proposition 5.1 Given (𝑥𝑥, 𝑦𝑦) in X, let 

𝐹𝐹(𝑥𝑥, 𝑦𝑦) = {𝑎𝑎 ∈ 𝒜𝒜 ∶ 0 < 𝑥𝑥𝑎𝑎 < 𝑈𝑈, 𝑦𝑦𝑎𝑎 = 1} 

𝐿𝐿(𝑥𝑥, 𝑦𝑦) = �𝑎𝑎 ∈ 𝒜𝒜 ∶ 𝑥𝑥𝑎𝑎 = 0, 𝑦𝑦𝑎𝑎 ∈ {0,1}� 

𝑈𝑈(𝑥𝑥, 𝑦𝑦) = {𝑎𝑎 ∈ 𝒜𝒜 ∶ 𝑥𝑥𝑎𝑎 = 𝑈𝑈, 𝑦𝑦𝑎𝑎 = 1}  

Then  (𝑥𝑥, 𝑦𝑦)  is an extreme point of conv(X) if the graph 𝐷𝐷𝑥𝑥 ,𝑦𝑦 = �𝑉𝑉, 𝐹𝐹(𝑥𝑥, 𝑦𝑦)�  contain no 

cycles. 

This characterization will be used in section 6.2 to devise branching rule, a pruning criterion, 

and also to fix variables in the enumeration tree. 

Example 5.1:  Consider the following network flow problem 

 
Fig. 2 

From the given network flow graph we can verify the flow conservation equation and 

different inequalities as follows: 

At node 1 we have  

∑ 𝑥𝑥𝑗𝑗𝑗𝑗 − ∑ 𝑥𝑥𝑖𝑖𝑖𝑖𝑗𝑗 ∈𝑉𝑉𝑖𝑖
+ = 𝑏𝑏𝑖𝑖 , ∀𝑖𝑖 ∈ 𝑉𝑉      𝑗𝑗 ∈𝑉𝑉𝑖𝑖

−  ⟹ 𝑥𝑥21 − 𝑥𝑥14 − 𝑥𝑥15 = 𝑏𝑏1 = −1 
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Similarly we get other flow conservation constraints on the other nodes  

−𝑥𝑥21 − 𝑥𝑥23 = 𝑏𝑏2 = −3 

𝑥𝑥23 + 𝑥𝑥43 − 𝑥𝑥37 = 𝑏𝑏3 = 0 

𝑥𝑥14 + 𝑥𝑥34 + 𝑥𝑥74 − 𝑥𝑥43 − 𝑥𝑥46 = 𝑏𝑏4 = 2 

𝑥𝑥15 − 𝑥𝑥54 − 𝑥𝑥56 = 𝑏𝑏5 = −1 

𝑥𝑥56 + 𝑥𝑥46 − 𝑥𝑥67 = 𝑏𝑏6 = 0 

𝑥𝑥37 + 𝑥𝑥67 − 𝑥𝑥74 = 𝑏𝑏7 = 3 

and 𝑈𝑈 = ∑ 𝑏𝑏𝑖𝑖 = 𝑏𝑏4 + 𝑏𝑏7 = 2 + 3 = 5𝑖𝑖∈𝑉𝑉:𝑏𝑏𝑖𝑖>0   

𝑥𝑥𝑖𝑖𝑖𝑖 ≤ 5𝑦𝑦𝑖𝑖𝑗𝑗  , 𝑥𝑥𝑖𝑖𝑖𝑖 ≥ 0 , 𝑦𝑦𝑖𝑖𝑖𝑖 ∈ {0,1}  

Consider a proper subset S of nodes for which the net demand is positive, i.e. 

 𝑏𝑏(𝑆𝑆) = ∑ 𝑏𝑏𝑖𝑖 > 0𝑖𝑖∈𝑆𝑆 .The set obtained by summing up the conservation constraints (11) over 

all nodes in S is called 𝑋𝑋𝑆𝑆 and know as a single node flow problem. Mathematically it takes 

the form: 

𝑋𝑋𝑆𝑆 =

⎩
⎪
⎨

⎪
⎧

(𝑥𝑥, 𝑦𝑦) ∈ 𝑅𝑅|𝒜𝒜| × 𝑅𝑅|𝒜𝒜| ∶  

� 𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿−(𝑆𝑆)

− � 𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿+(𝑆𝑆)

= � 𝑏𝑏𝑖𝑖
𝑖𝑖∈𝑆𝑆

     (14)

𝑥𝑥𝑖𝑖𝑖𝑖 ≤ 𝑈𝑈𝑦𝑦𝑖𝑖𝑖𝑖  for  (𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜                          (15)
𝑥𝑥𝑖𝑖𝑖𝑖 ≥ 0, 𝑦𝑦𝑖𝑖𝑖𝑖 ∈ {0,1} for (𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜           (16)⎭

⎪
⎬

⎪
⎫

 

where 𝛿𝛿+(𝑆𝑆) = {(𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜: 𝑖𝑖 ∈ 𝑆𝑆, 𝑗𝑗 ∉ 𝑆𝑆} is the set of arcs leaving S and 

          𝛿𝛿−(𝑆𝑆) = {(𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜: 𝑖𝑖 ∉ 𝑆𝑆, 𝑗𝑗 ∈ 𝑆𝑆} is the set of arcs entering S. 

Example 5.2: Consider the previous example with 𝑆𝑆 = {3,5,6,7}   

To determine the constraints (14) and (15)  

𝛿𝛿+(𝑆𝑆) = {(5,4), (7,4)} 

𝛿𝛿−(𝑆𝑆) = {(2,3), (4,3), (1,5), (4,6)} 

� 𝑏𝑏𝑖𝑖
𝑖𝑖∈𝑆𝑆

= 𝑏𝑏3 + 𝑏𝑏5 + 𝑏𝑏6 + 𝑏𝑏7 = 0 − 1 + 0 + 3 = 2 
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Then constraint (14) becomes  

𝑥𝑥23 + 𝑥𝑥43 + 𝑥𝑥46 + 𝑥𝑥15 − 𝑥𝑥54 − 𝑥𝑥74 = 2 

and constraint (15) becomes  

𝑥𝑥23 ≤ 5𝑦𝑦23 , 𝑥𝑥43 ≤ 5𝑦𝑦43 , 𝑥𝑥46 ≤ 5𝑦𝑦46 , 𝑥𝑥15 ≤ 5𝑦𝑦15 , 𝑥𝑥54 ≤ 5𝑦𝑦54,𝑥𝑥74 ≤ 5𝑦𝑦74. 

Because S has a positive supply of 2 units, every feasible flow must contain at least 2 units 

leaving S. Thus, at least one arc of 𝛿𝛿−(𝑆𝑆) = {(2,3), (4,3), (1,5), (4,6)} , the set of arcs 

entering S, must be open. This is expressed in the inequality: 

𝑦𝑦23 + 𝑦𝑦43 + 𝑦𝑦46 + 𝑦𝑦15 ≥ 1 

Proposition 5.2  For 𝑆𝑆 ⊂ 𝑉𝑉 with ∑ 𝑏𝑏𝑖𝑖 > 0,𝑖𝑖∈𝑆𝑆  the basic dicut inequality  

� 𝑦𝑦𝑖𝑖𝑖𝑖 ≥ 1
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿 −(𝑆𝑆)

 

is valid for X. 

These inequalities have been used to formulate the Steiner tree problem. 

Consider again the same subset 𝑆𝑆 = {3,5,6,7} . A relaxation of the aggregated set 𝑋𝑋𝑆𝑆  is 

obtained if 𝑥𝑥23  and 𝑥𝑥15  are replaced by their upper bounds, and 𝑥𝑥54  and 𝑥𝑥74  are replaced by 

their lower bounds for zero. The resulting set is: 

5𝑦𝑦23 + 𝑥𝑥43 + 𝑥𝑥46 + 5𝑦𝑦15 ≥ 2, 𝑦𝑦23, 𝑦𝑦15 ∈ {0,1}, 𝑥𝑥43, 𝑥𝑥46 ≥ 0. 

Applying mixed integer rounding procedure (MIR) we get the inequality: 

  2𝑦𝑦23 + 𝑥𝑥43 + 𝑥𝑥46 + 2𝑦𝑦15 ≥ 2. 

In general we have the following result. 
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Proposition 5.3 For 𝑆𝑆 ⊂ 𝑉𝑉 with ∑ 𝑏𝑏𝑖𝑖 > 0,𝑖𝑖∈𝑆𝑆  the mixed dicut inequality  

� 𝑥𝑥𝑖𝑖𝑖𝑖 + � 𝑏𝑏(𝑆𝑆)𝑦𝑦𝑖𝑖𝑖𝑖 ≥ 𝑏𝑏(𝑆𝑆)
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿 −(𝑆𝑆)∖𝐶𝐶

 

is valid for X for all 𝐶𝐶 ⊆ 𝛿𝛿−(𝑆𝑆). 

Example 5.3: Let us take 𝑆𝑆 = {4,5,6,7} for the previous example  

To determine the mixed dicut inequality using the above proposition  

We have 𝑆𝑆 = {4,5,6,7} and 𝑉𝑉 = {1,2,3,4,5,6,7} 

𝛿𝛿−(𝑆𝑆) = {(1,4), (1,5), (3,7)} 

� 𝑏𝑏𝑖𝑖 = 𝑏𝑏4 + 𝑏𝑏5 + 𝑏𝑏6 + 𝑏𝑏7 = 2 − 1 + 0 + 3 = 4
𝑖𝑖∈𝑆𝑆

 

⟹ 𝑏𝑏(𝑆𝑆) = 4 > 0 

Let 𝐶𝐶 = {(3,7)}. And 𝛿𝛿−(𝑆𝑆) ∖ 𝐶𝐶 = {(1,4), (1,5)}.Then using the above proposition we get 

the following mixed dicut inequality  

𝑥𝑥14 + 4𝑦𝑦37 + 𝑥𝑥15 ≥ 4. 

Now the flow going from 𝑉𝑉 ∖ 𝑆𝑆 = {1,2} to satisfy demand in 𝑆𝑆 passing through the arc (3,7) 

is at most 3 units, the supply of node 2. This observation allows us to tighten the coefficient 

associated to 𝑦𝑦37 giving the valid inequality: 

𝑥𝑥14 + 3𝑦𝑦37 + 𝑥𝑥15 ≥ 4 

In general, for 𝑒𝑒 ∈ 𝐶𝐶 ⊆ 𝛿𝛿−(𝑆𝑆) let 𝐸𝐸(𝑆𝑆) = {(𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜: 𝑖𝑖, 𝑗𝑗 ∈ 𝑆𝑆},𝑉𝑉𝑒𝑒 ,𝑆𝑆
+ = {𝑖𝑖 ∈ 𝑆𝑆: 𝑏𝑏𝑖𝑖 > 0} 

and there exists a dipath in 𝐺𝐺𝑆𝑆 = (𝑆𝑆, 𝐸𝐸(𝑆𝑆)) between the head node of 𝑒𝑒  and the node i}. 

𝑉𝑉𝑒𝑒 ,𝑆𝑆
− = {𝑖𝑖 ∈ 𝑉𝑉 ∖ 𝑆𝑆: 𝑏𝑏𝑖𝑖 < 0 and there exists a dipath in  

𝐺𝐺𝑉𝑉∖𝑆𝑆 = �𝑉𝑉 ∖ 𝑆𝑆, 𝐸𝐸(𝑉𝑉 ∖ 𝑆𝑆)� between the node i and the tail node of 𝑒𝑒} 
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𝛼𝛼𝑒𝑒 (𝑆𝑆) = min⁡� � 𝑏𝑏𝑖𝑖
𝑖𝑖∈𝑉𝑉𝑒𝑒 ,𝑆𝑆

+

, � |𝑏𝑏𝑖𝑖|
𝑖𝑖∈𝑉𝑉𝑒𝑒 ,𝑆𝑆

−

� 

Proposition 5.4 For 𝑆𝑆 ⊂ 𝑉𝑉 with ∑ 𝑏𝑏𝑖𝑖 > 0,𝑖𝑖∈𝑆𝑆  the simple inflow-outflow inequality  

� 𝑥𝑥𝑖𝑖𝑖𝑖 + � 𝛼𝛼𝑖𝑖𝑖𝑖 (𝑆𝑆)𝑦𝑦𝑖𝑖𝑖𝑖 ≥ 𝑏𝑏(𝑆𝑆)
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿 −(𝑆𝑆)∖𝐶𝐶

 

is valid for X for all 𝐶𝐶 ⊂ 𝛿𝛿−(𝑆𝑆). 

This modification is important when the underlying graph is sparse. For the single item 

uncapacitated lot-sizing problem all the inequalities required to give a complete description 

of the convex hull are of this type.  

Example 5.4: Consider 𝑆𝑆 = {3,4,6,7} 

To find the mixed dicut inequality we use proposition 5.4  

𝑉𝑉 ∖ 𝑆𝑆 = {1,2,5} 

𝑏𝑏(𝑆𝑆) = 𝑏𝑏3 + 𝑏𝑏4 + 𝑏𝑏6 + 𝑏𝑏7 = 0 + 2 + 0 + 3 = 5 

⟹ 𝑏𝑏(𝑆𝑆) = 5 

𝛿𝛿−(𝑆𝑆) = {(2,3), (1,4), (5,4), (5,6)} 

Let 𝐶𝐶 = {(5,4), (5,6)} and (𝑖𝑖, 𝑗𝑗) ∈ 𝛿𝛿−(𝑆𝑆) ∖ 𝐶𝐶 = {(2,3), (1,4)} 

𝛼𝛼𝑖𝑖𝑖𝑖 (𝑆𝑆) = min � � 𝑏𝑏𝑖𝑖
𝑖𝑖∈𝑉𝑉𝑒𝑒 ,𝑠𝑠

+

, � |𝑏𝑏𝑖𝑖|
𝑖𝑖∈𝑉𝑉𝑒𝑒 ,𝑆𝑆

−

� 

where 𝑉𝑉𝑒𝑒 ,𝑠𝑠
+ = {4,7} and 𝑉𝑉𝑒𝑒 ,𝑆𝑆

− = {1,2,5} 

⟹ 𝛼𝛼𝑖𝑖𝑖𝑖 (𝑆𝑆) = min{𝑏𝑏4 + 𝑏𝑏7, 𝑏𝑏1 + 𝑏𝑏2 + 𝑏𝑏5} = min{5,5} = 5 

Then we get the following dicut inequality  

𝑥𝑥23 + 𝑥𝑥14 + 5𝑦𝑦54 + 5𝑦𝑦56 ≥ 5. 

Now suppose that the contribution of the flow in arc(7,4) to satisfy the demand 𝑏𝑏(𝑆𝑆) is 

measured separately. In this case, the maximum flow that can pass through the arc (5,6) 
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using the arcs of E(S) except for (7,4) to  satisfy the demand 𝑏𝑏(𝑆𝑆) is 3,the demand of node 7. 

So the inequality  

𝑥𝑥23 + 𝑥𝑥14 + 5𝑦𝑦54 + 5𝑦𝑦56 + 𝑥𝑥74 ≥ 5. 

is valid. 

In general, given 𝑅𝑅 ⊂ 𝐸𝐸(𝑆𝑆) , define 𝑉𝑉𝑒𝑒 ,𝑆𝑆
𝑅𝑅 = {𝑖𝑖 ∈ 𝑆𝑆: 𝑏𝑏𝑖𝑖 > 0 and there exist a dipath in 𝐺𝐺𝑆𝑆 =

(𝑆𝑆, 𝐸𝐸(𝑆𝑆) ∖ 𝑅𝑅) between the head of 𝑒𝑒 and the node i} and 𝛼𝛼𝑒𝑒
𝑅𝑅(𝑆𝑆) = ∑ 𝑏𝑏𝑖𝑖𝑖𝑖∈𝑉𝑉𝑒𝑒 ,𝑆𝑆

𝑅𝑅 .  

Proposition 5.5.  For 𝑆𝑆 ⊂ 𝑉𝑉 with ∑ 𝑏𝑏𝑖𝑖 > 0,𝑖𝑖∈𝑆𝑆  the simple inflow-outflow inequality  

� 𝑥𝑥𝑖𝑖𝑖𝑖 + � 𝛼𝛼𝑖𝑖𝑖𝑖 (𝑆𝑆)𝑦𝑦𝑖𝑖𝑖𝑖 ≥ 𝑏𝑏(𝑆𝑆)
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶(𝑖𝑖 ,𝑗𝑗 )∈(𝛿𝛿−(𝑆𝑆)∖𝐶𝐶)∪𝑅𝑅

 

is valid for X for all 𝐶𝐶 ⊂ 𝛿𝛿−(𝑆𝑆), 𝑅𝑅 ⊆ 𝐸𝐸(𝑆𝑆). 

Example 5.5:  Consider 𝑆𝑆 = {3,5,6,7} from example 5.1 another possible relaxation of 𝑋𝑋𝑆𝑆 is 

given by  

5𝑦𝑦23 + 5𝑦𝑦43 + 𝑥𝑥46 + 5𝑦𝑦15 ≥ 2 + 𝑥𝑥74 , 𝑥𝑥74 ≤ 5𝑦𝑦74 

Letting 𝑥̅𝑥74 = 5𝑦𝑦74 − 𝑥𝑥74 ≥ 0 and  𝑦𝑦�74 = 1 − 𝑦𝑦74 we get  

5𝑦𝑦23 + 5𝑦𝑦43 + 𝑥𝑥46 + 5𝑦𝑦15 ≥ 2 + 5𝑦𝑦74 − 𝑥̅𝑥74 = 2 + 5(1 − 𝑦𝑦�74) − 𝑥̅𝑥74 = 7 − 5𝑦𝑦�74 − 𝑥̅𝑥74 

⟹ 5𝑦𝑦23 + 5𝑦𝑦43 + 𝑥𝑥46 + 5𝑦𝑦15 + 𝑥̅𝑥74 + 5𝑦𝑦�74 ≥ 7 

Now applying the MIR procedure, we obtain  

2𝑦𝑦23 + 2𝑦𝑦43 + 𝑥𝑥46 + 2𝑦𝑦15 + 𝑥̅𝑥74 + 2𝑦𝑦�74 ≥ 4 

and reintroducing the original variables: 

2𝑦𝑦23 + 2𝑦𝑦43 + 𝑥𝑥46 + 2𝑦𝑦15 + 𝑥̅𝑥74 + 2𝑦𝑦�74 ≥ 4 

⟹ 2𝑦𝑦23 + 2𝑦𝑦43 + 𝑥𝑥46 + 2𝑦𝑦15 + 5𝑦𝑦74 − 𝑥𝑥74 + 2(1 − 𝑦𝑦74) ≥ 4 

⟹ 2𝑦𝑦23 + 2𝑦𝑦43 + 𝑥𝑥46 + 2𝑦𝑦15 + 3𝑦𝑦74 − 𝑥𝑥74 + 2 ≥ 4 
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Thus we get the following valid inequality:  

2𝑦𝑦23 + 2𝑦𝑦43 + 𝑥𝑥46 + 2𝑦𝑦15 ≥ 2 + (𝑥𝑥74 − 3𝑦𝑦74) 

The general expression is given in the next proposition 

Proposition 5.6  For 𝑆𝑆 ⊂ 𝑉𝑉 with ∑ 𝑏𝑏𝑖𝑖 > 0,𝑖𝑖∈𝑆𝑆  the mixed dicut with outflow inequality  

� 𝑥𝑥𝑖𝑖𝑖𝑖 + � 𝑏𝑏(𝑆𝑆)𝑦𝑦𝑖𝑖𝑖𝑖 ≥ 𝑏𝑏(𝑆𝑆) +
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶−

� �𝑥𝑥𝑖𝑖𝑖𝑖 − 𝑟𝑟(𝑆𝑆)𝑦𝑦𝑖𝑖𝑖𝑖 �
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+(𝑖𝑖 ,𝑗𝑗 )∈(𝛿𝛿−(𝑆𝑆)∖𝐶𝐶−)

 

is valid for X for all 𝐶𝐶− ⊂ 𝛿𝛿−(𝑆𝑆), and 𝐶𝐶+ ⊆ 𝛿𝛿+(𝑆𝑆) with 𝑟𝑟(𝑆𝑆) = 𝑈𝑈 − 𝑏𝑏(𝑆𝑆) 

Proof: Consider the following relaxation of 𝑋𝑋𝑆𝑆: 

� 𝑥𝑥𝑖𝑖𝑖𝑖 +
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿 −(𝑆𝑆)∖𝐶𝐶−

𝑈𝑈 � 𝑦𝑦𝑖𝑖𝑖𝑖 ≥ 𝑏𝑏(𝑆𝑆) +
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶−

� 𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

 

plus 𝑥𝑥𝑖𝑖𝑖𝑖 ≤ 𝑈𝑈𝑦𝑦𝑖𝑖𝑖𝑖  for all (𝑖𝑖, 𝑗𝑗) ∈ 𝛿𝛿−(𝑆𝑆) ∪ 𝐶𝐶+and all 𝑦𝑦𝑖𝑖𝑖𝑖  binary.  

Defining the variable 𝑥̅𝑥𝑖𝑖𝑖𝑖 = 𝑈𝑈𝑦𝑦𝑖𝑖𝑖𝑖 − 𝑥𝑥𝑖𝑖𝑖𝑖 , and  𝑦𝑦�𝑖𝑖𝑖𝑖 = 1 − 𝑦𝑦𝑖𝑖𝑖𝑖 , we can make the substitution 

𝑥𝑥𝑖𝑖𝑖𝑖 = 𝑈𝑈 − 𝑈𝑈𝑦𝑦�𝑖𝑖𝑖𝑖 − 𝑥̅𝑥𝑖𝑖𝑖𝑖  for (𝑖𝑖, 𝑗𝑗) ∈ 𝐶𝐶+.  Now the previous constraint can be written as  

� 𝑥𝑥𝑖𝑖𝑖𝑖 +
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿 −(𝑆𝑆)∖𝐶𝐶−

𝑈𝑈 � 𝑦𝑦𝑖𝑖𝑖𝑖  + � 𝑥̅𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

+ 𝑈𝑈 � 𝑦𝑦�𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

≥ 𝑏𝑏(𝑆𝑆) + 𝑈𝑈|𝐶𝐶+|
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶−

 

Applying the MIR procedure, we get: 

� 𝑥𝑥𝑖𝑖𝑖𝑖 +
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿 −(𝑆𝑆)∖𝐶𝐶−

� 𝑥̅𝑥𝑖𝑖𝑖𝑖 ≥
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

𝑏𝑏(𝑆𝑆) �1 + |𝐶𝐶+| − � 𝑦𝑦𝑖𝑖𝑖𝑖 −
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶−

� 𝑦𝑦�𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

� 

Let us introduce the original variable:  

� 𝑥𝑥𝑖𝑖𝑖𝑖 +
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿−(𝑆𝑆)∖𝐶𝐶−

� �𝑈𝑈𝑦𝑦𝑖𝑖𝑖𝑖 − 𝑥𝑥𝑖𝑖𝑖𝑖 � ≥
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

𝑏𝑏(𝑆𝑆) �1 + |𝐶𝐶+| − � 𝑦𝑦𝑖𝑖𝑖𝑖 −
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶−

� �1 − 𝑦𝑦𝑖𝑖𝑖𝑖 �
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

� 

⟹ � 𝑥𝑥𝑖𝑖𝑖𝑖 +
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿−(𝑆𝑆)∖𝐶𝐶−

� 𝑈𝑈𝑦𝑦𝑖𝑖𝑖𝑖 − � 𝑥𝑥𝑖𝑖𝑖𝑖 ≥
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

𝑑𝑑 
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where  𝑑𝑑 = 𝑏𝑏(𝑆𝑆) �1 + |𝐶𝐶+| − � 𝑦𝑦𝑖𝑖𝑖𝑖 −
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶−

� �1 − 𝑦𝑦𝑖𝑖𝑖𝑖 �
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

� 

                 = 𝑏𝑏(𝑆𝑆) �1 + |𝐶𝐶+| − � 𝑦𝑦𝑖𝑖𝑖𝑖 −
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶−

� 𝑦𝑦𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

− � 1
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

� 

Then we have 

� 𝑥𝑥𝑖𝑖𝑖𝑖 +
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿−(𝑆𝑆)∖𝐶𝐶−

� 𝑏𝑏(𝑆𝑆)𝑦𝑦𝑖𝑖𝑖𝑖 ≥
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶−

 

𝑏𝑏(𝑆𝑆) + 𝑏𝑏(𝑆𝑆)|𝐶𝐶+| − 𝑏𝑏(𝑆𝑆) � 𝑦𝑦𝑖𝑖𝑖𝑖 − 𝑏𝑏(𝑆𝑆)
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

|𝐶𝐶+| − � 𝑈𝑈𝑦𝑦𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

+ � 𝑥𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

 

⟹ � 𝑥𝑥𝑖𝑖𝑖𝑖 +
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿−(𝑆𝑆)∖𝐶𝐶−

� 𝑏𝑏(𝑆𝑆)𝑦𝑦𝑖𝑖𝑖𝑖 ≥
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶−

𝑏𝑏(𝑆𝑆) + � {𝑥𝑥𝑖𝑖𝑖𝑖 − 𝑈𝑈𝑦𝑦𝑖𝑖𝑖𝑖 − 𝑏𝑏(𝑆𝑆)𝑦𝑦𝑖𝑖𝑖𝑖 }
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+

  

Now letting 𝑟𝑟(𝑆𝑆) = 𝑈𝑈 − 𝑏𝑏(𝑆𝑆) we get the required inequality: 

� 𝑥𝑥𝑖𝑖𝑖𝑖 + � 𝑏𝑏(𝑆𝑆)𝑦𝑦𝑖𝑖𝑖𝑖 ≥ 𝑏𝑏(𝑆𝑆) +
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶−

� �𝑥𝑥𝑖𝑖𝑖𝑖 − 𝑟𝑟(𝑆𝑆)𝑦𝑦𝑖𝑖𝑖𝑖 �
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶+(𝑖𝑖 ,𝑗𝑗 )∈(𝛿𝛿−(𝑆𝑆)∖𝐶𝐶−)

 

5.1. Difficulty of the Separation Problem  
 

First we formalize the separation problem for simple dicut inequalities. To find a violated 

simple dicut inequality, we look for a subset of nodes 𝑆𝑆  such that 𝑏𝑏(𝑆𝑆) > 0  and 

∑ 𝑦𝑦�𝑖𝑖𝑖𝑖(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿 +(𝑆𝑆) < 1 

This can be seen as a minimum cut problem with an additional constraint to ensure 

that 𝑏𝑏(𝑆𝑆) > 0. For 𝑖𝑖 ∈ 𝑉𝑉 , define variable 𝑧𝑧𝑖𝑖 = 1 if i belongs to 𝑆𝑆, and 𝑧𝑧𝑖𝑖 = 1  otherwise. The 

separation problem reduces to solving the problem: 

 

𝜉𝜉 = min � � 𝑦𝑦�𝑖𝑖𝑖𝑖 𝑧𝑧𝑗𝑗 (1 − 𝑧𝑧𝑖𝑖): � 𝑏𝑏𝑖𝑖𝑧𝑧𝑖𝑖 > 0 
𝑖𝑖∈𝑉𝑉(𝑖𝑖 ,𝑗𝑗 )∈𝒜𝒜

, 𝑧𝑧𝑖𝑖 ∈ {0,1} for all i∈V� 

If 𝜉𝜉 < 1, the set 𝑆𝑆 defined by {𝑖𝑖 ∈ 𝑉𝑉: 𝑧𝑧𝑖𝑖 = 1} leads to a violated inequality 
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By reduction from the exact partitioning problem the separation problem associated to the 

simple dicut inequalities can be shown to be NP-complete [9]. However for the single source 

problem in which |𝑉𝑉𝑆𝑆| = 1, the imposed constraint can be dropped. The separation problem 

can be solved in polynomial time. It can be reduced to |𝑉𝑉𝐷𝐷| minimum s-t cut problems where 

s is the source and t varies over the set  𝑉𝑉𝐷𝐷 . 

The problem of finding a violated mixed dicut inequality can be stated as follows: given 

a fractional point(𝑥̅𝑥, 𝑦𝑦�) we look for 𝑆𝑆 ⊂ 𝑉𝑉 with 𝑏𝑏(𝑆𝑆) > 0 and 𝐶𝐶 ⊆ 𝛿𝛿−(𝑆𝑆) such that: 

� 𝑥̅𝑥𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝛿𝛿 −(𝑆𝑆)∖𝐶𝐶

+ � 𝑏𝑏(𝑆𝑆)𝑦𝑦�𝑖𝑖𝑖𝑖
(𝑖𝑖 ,𝑗𝑗 )∈𝐶𝐶

< 𝑏𝑏(𝑆𝑆) 

For a given 𝑆𝑆, finding the most violated inequality is trivial. It suffices to set 

𝐶𝐶 = �𝑖𝑖𝑖𝑖 ∈ 𝛿𝛿−(𝑆𝑆): 𝑥̅𝑥𝑖𝑖𝑖𝑖 > 𝑏𝑏(𝑆𝑆)𝑦𝑦�𝑖𝑖𝑖𝑖 � .Therefore, the principal difficulty regarding the separation 

of dicut inequalities is to find the right set S. 
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6. Solution method 
 

Numerous exact and heuristic approaches were developed to find exact and approximate 

solution for fixed charge network flow problem. The basic approach to obtaining algorithms 

for the exact solution of the fixed charge problem is to formulate them as mixed integer linear 

programs and to solve these programs by decomposing them into a master problem (which is 

an integer program) and a series of subproblems which are linear program. Here we consider 

two exact methods and one heuristic method to solve the problem.  

6.1. Exact algorithm for fixed charge transportation problem 
 

As we have seen in section 4.2, fixed charge transportation problem can be considered as the 

special case of fixed charge network flow problem. 

The problem can be formulated as: 

(Problem 1)   minimize ∑ ∑ �𝑐𝑐𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 + 𝑓𝑓𝑖𝑖𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖 �𝑗𝑗  𝑖𝑖  

� 𝑥𝑥𝑖𝑖𝑖𝑖 = 𝐷𝐷𝑗𝑗
𝑗𝑗

 ,        𝑗𝑗 = 1,2,3, … , 𝑛𝑛                (17) 

� 𝑥𝑥𝑖𝑖𝑖𝑖 = 𝑆𝑆𝑖𝑖
𝑖𝑖

 ,        𝑖𝑖 = 1,2,3, … , 𝑚𝑚                (18) 

𝑢𝑢𝑖𝑖𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖 − 𝑥𝑥𝑖𝑖𝑖𝑖 ≥ 0 , ∀(𝑖𝑖, 𝑗𝑗)                                (19) 
𝑥𝑥𝑖𝑖𝑖𝑖 ≥ 0, ∀(𝑖𝑖, 𝑗𝑗) , ∀(𝑖𝑖, 𝑗𝑗) 
𝑦𝑦𝑖𝑖𝑖𝑖 = 0 or 1  ,     ∀(𝑖𝑖, 𝑗𝑗) 

where 𝑐𝑐𝑖𝑖𝑖𝑖  is the unit cost of transporting goods from source  𝑖𝑖 to destination 𝑗𝑗,𝑓𝑓𝑖𝑖𝑖𝑖  is the fixed 

charge if route 𝑖𝑖𝑖𝑖 is open (i.e., if the amount shipped, 𝑥𝑥𝑖𝑖𝑖𝑖 > 0),  𝑦𝑦𝑖𝑖𝑖𝑖  is a 0-1 variable, 𝐷𝐷𝑗𝑗  is the 

jth demand, 𝑆𝑆𝑖𝑖  the ith  supply, and 𝑢𝑢𝑖𝑖𝑖𝑖 = min(𝐷𝐷𝑗𝑗 , 𝑆𝑆𝑖𝑖). We assume 𝑓𝑓𝑖𝑖𝑖𝑖 ≥ 0.  

Hirsch and Dantzig showed that, for any fixed-charge problem, an optimal solution occurs at 

an extreme point of the constraint set. This important result is basic to the methods of 

solution, because it restricts the search for an optimum to the set of extreme points.  

6.1.1. Decomposition approach  
 

Examination of the constraint set shows that the integer variables occur only in (19) and that 

each integer variable 𝑦𝑦𝑖𝑖𝑖𝑖 is associated with only one continuous variable 𝑥𝑥𝑖𝑖𝑖𝑖 .Thus, constraint  
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sets (17) and (18) express the usual supply and demand requirements. The quantity 𝑢𝑢𝑖𝑖𝑖𝑖  in 

constraint set (19) is given by 𝑢𝑢𝑖𝑖𝑖𝑖 = min(𝐷𝐷𝑗𝑗 , 𝑆𝑆𝑖𝑖) and reperesents the maximum amount of 

goods that can be shipped from source 𝑖𝑖 to destination 𝑗𝑗. 

As Baliniski [13] showed, an approximate solution to this problem can be obtained by 

disregarding the individualities of the 𝑦𝑦𝑖𝑖𝑖𝑖 ,and recognizing that at linear programming 

optimality constraint set (19) will be satisfied with equality. That is at LP optimality, 

𝑢𝑢𝑖𝑖𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖 − 𝑥𝑥𝑖𝑖𝑖𝑖 = 0 ⟹  𝑦𝑦𝑖𝑖𝑖𝑖 =
𝑥𝑥𝑖𝑖𝑖𝑖

𝑢𝑢𝑖𝑖𝑖𝑖
 

Substituting this in the objective function we get  

minimize � � �𝑐𝑐𝑖𝑖𝑖𝑖 + �
𝑓𝑓𝑖𝑖𝑖𝑖

𝑢𝑢𝑖𝑖𝑖𝑖
��

𝑗𝑗𝑖𝑖

𝑥𝑥𝑖𝑖𝑖𝑖                               (20) 

s.t constraint set (17) and (18) and 𝑥𝑥𝑖𝑖𝑖𝑖 ≥ 0 . 

Thus (19), can be thought of as providing a weak coupling between the discreet and coupling 

that leads to decomposition. 

Suppose we specify a particular set of values for the variable 𝑦𝑦𝑖𝑖𝑖𝑖 ; that is, we fix each 𝑦𝑦𝑖𝑖𝑖𝑖  at 

either the 0 or 1. Then we have created the following subproblem: 

(problem 2)             minimize 𝑍𝑍(𝑥𝑥) = � � 𝑐𝑐𝑖𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖
𝑗𝑗

 
𝑖𝑖

 

� 𝑥𝑥𝑖𝑖𝑖𝑖 = 𝐷𝐷𝑗𝑗
𝑗𝑗

 ,        𝑗𝑗 = 1,2,3, … , 𝑛𝑛                (21) 

� 𝑥𝑥𝑖𝑖𝑖𝑖 = 𝑆𝑆𝑖𝑖
𝑖𝑖

 ,        𝑖𝑖 = 1,2,3, … , 𝑚𝑚                (22) 

𝑢𝑢𝑖𝑖𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖 − 𝑥𝑥𝑖𝑖𝑖𝑖 ≥ 0 , ∀(𝑖𝑖, 𝑗𝑗)                                (23) 

𝑥𝑥𝑖𝑖𝑖𝑖 ≥ 0, ∀(𝑖𝑖, 𝑗𝑗) , ∀(𝑖𝑖, 𝑗𝑗) 

This subproblem involves only continuous variables, and hence can be solved as a linear 

program. In fact, it has the structure of a transportation problem in which only certain routes 

are allowed to be open (i.e. route 𝑖𝑖𝑖𝑖 is open if 𝑦𝑦𝑖𝑖𝑖𝑖 = 1). 
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If Problem 2 does not have a feasible solution for this particular set of 𝑦𝑦𝑖𝑖𝑖𝑖 , then Problem 1 

also does not have a feasible solution for these 𝑦𝑦𝑖𝑖𝑖𝑖 . If, however, an optimal solution 𝑥̅𝑥𝑖𝑖𝑖𝑖  is 

found for Problem 2, then the total cost for this case is known, since the fixed charges are 

specified. We have the following algorithm for solving the fixed charge transportation 

problem. 

1. Find a feasible solution to problem 1: One such solution is obtained by specifying all 

routes open, in which case problem 2 is just the standard transportation problem. We 

can use also Balinski’s approximation method [13]. 

2. Enumerate the finite set of vector  𝑦𝑦 = (𝑦𝑦11, … , 𝑦𝑦𝑚𝑚𝑚𝑚 ) where the components 𝑦𝑦𝑖𝑖𝑖𝑖 =

0 or 1. We shall refer to the vector 𝑦𝑦 specifies a sequence of zeros and ones. 

3. For each 𝑦𝑦 found in step 2, solve Problem 2. If Problem 2 is infeasible for this value 

of 𝑦𝑦, so is Problem 1. If an optimal solution to Problem 2 is found, evaluate 

� ��𝑐𝑐𝑖𝑖𝑖𝑖 𝑥̅𝑥𝑖𝑖𝑖𝑖 + 𝑓𝑓𝑖𝑖𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖 �
𝑗𝑗𝑖𝑖

, 

            setting 𝑦𝑦𝑖𝑖𝑖𝑖 = 0 if 𝑥̅𝑥𝑖𝑖𝑖𝑖 = 0, 

4. The optimal is min ∑ ∑ �𝑐𝑐𝑖𝑖𝑖𝑖 𝑥̅𝑥𝑖𝑖𝑖𝑖 + 𝑓𝑓𝑖𝑖𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖 �𝑗𝑗𝑖𝑖  for all 𝑦𝑦. 

Although this decomposition procedure is guaranteed to produce an optimal solution to 

Problem 1, it does not, on the face of it, appear attractive computationally for problems of 

even moderate size, because the number of LP problems to be solved is 2𝑚𝑚𝑚𝑚 . However, there 

are many regularities in the transportation problem, and there is a key bound on the fixed 

charges that can be exploited, thus reducing the number of extreme points that need to be 

searched.  

6.1.2. Upper bound on the total fixed charge  
 

Suppose we have a feasible solution to problem 1. Let 𝑇𝑇0  be the value of the objective 

function for the initial solution which can be used to obtain an upper bound on the total fixed 

charge in the optimal solution. 
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This upper bound is obtained by solving problem 1with all fixed charges set equal to 0. In 

this case, problem 1 reduces to just the ordinary transportation problem. Let us call the 

optimal value for this case  𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍, since this the lowest  value of the variable cost 𝑍𝑍(𝑥𝑥).  If 

we subtract 𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍 from 𝑇𝑇0 we obtain at once an upper  𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 on the fixed charges for the 

optimal solution to problem1, i.e.  𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 = 𝑇𝑇0 − 𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍. Any solution of problem 1 with 

lower total cost than  𝑇𝑇0  must have a total fixed charge less than 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹. As lowest cost 

solutions,𝑇𝑇𝑖𝑖 < 𝑇𝑇𝑖𝑖−1, 𝑖𝑖 = 1,2, … are found, the value 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 can be reduced to 

 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 = 𝑇𝑇𝑖𝑖 − 𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍.  

6.1.3. Lower bound on the fixed charge  
 

A crude lower bound 𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍  on the fixed costs can be found by considering the supply 

constraints one at a time. Enough routes must be opened from each source to at least permit 

disposing of the supplies there. Thus, consider the sources one at a time and find the cheapest 

set of routes out of that source that can absorb the supply. 

Formally, solve the problem  

 minimize � 𝑓𝑓𝑖𝑖𝑖𝑖 𝑦𝑦𝑖𝑖𝑖𝑖  

s.t 

                                                                 ∑ 𝐷𝐷𝑗𝑗 𝑦𝑦𝑖𝑖𝑖𝑖 ≥ 𝑆𝑆𝑖𝑖𝑗𝑗                                                      (24) 

for each source 𝑖𝑖(𝑖𝑖 = 1,2,3, … , 𝑚𝑚) and then sum these minima. For small problems, these 

cheapest sets of routes can be obtained by enumeration. 

6.1.4. Branch and Bound   
 

The algorithm for finding eligible 0-1 strings in such a way that this problem need not be 

solved explicitly, since it is guaranteed that all 0-1 strings generated will satisfy the source 

constraint of equation (24) and hence will equal or exceed this crude bound, 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹. 

Preliminary tests of the algorithm indicated that the range defined by 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 and 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 was 

often large and that it included a large number of feasible extreme points for which  
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transportation problems had to be solved. To obtain tighter bounds on 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹, the basic idea 

of branch-and-bound techniques was added.     

Suppose that the combination of open routes from Source 1 is specified, but open routes from 

other sources are unspecified. Solving the transportation problem under these conditions 

specifies the minimum variable cost, given these open routes. Thus, 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 = 𝑇𝑇0 − 𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍1, 

where 𝑇𝑇0  is the value of the objective function for the approximate integer solution and  

𝑍𝑍𝑍𝑍𝑍𝑍𝑁𝑁1 is the minimum transportation cost if the allowable open routes from source 1 are 

specified . Note that 𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍1 ≥ 𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍 and, hence, 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹1 may be less than or equal to that 

obtained when the routes from Source 1 are not specified. Adding this bounding calculation 

can (and for most route combinations does) reduce the number o f extreme points that need to 

be examined.   

This bounding technique can be applied iteratively; that is, it can be applied with the routes 

from source 1 specified, or from sources 1 and 2, or source 1, 2 and 3, and so on. It can also 

be used selectively for example, one specify the open routes from sources 1 and 5. 

6.1.5. Generating Vertices  
 

The key part of the problem is to reduce the number of vertices to be examined. Since there 

are 𝑚𝑚𝑚𝑚  routes, there are (2𝑛𝑛 − 1)𝑚𝑚  potential 0-1 strings, recognizing that each of the 𝑚𝑚 

sources must ship to at least one of the 𝑛𝑛 destinations.   

The basic idea is to arrange the vertices in a favourable sequence for enumeration. Define the 

open-route combinations from a given source as a number in a base 2𝑛𝑛  number system. Thus, 

for sources, an 𝑚𝑚-digit number defines a set of open routes; for example, 6312 denotes the 

combinations of open routes shown in the table: 
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source 

Destination 

3 2 1 

1 1 1 0 

2 0 1 1 

3 0 0 1 

4 0 1 0 

 (1 = open, 0 = closed) 

A systematic way of enumerating the combinations of open routes is to count in a base 2𝑛𝑛  

system, starting from 11111... 1 and continuing to 2𝑛𝑛−12𝑛𝑛−1 … 2𝑛𝑛−1. There are, of course, 

many regularities in the structure of transportation problems that allow us to throw out many 

of these numbers. We will make use of the following list:  

1. Maximum open routes: since the optimal solution must lie at a vertex we need 

consider only basic solutions. The maximum number of nonzero elements in a basic 

solution is 𝑚𝑚 + 𝑛𝑛 − 1. Hence, any 𝑚𝑚 −digit number that calls for more than 𝑚𝑚 + 𝑛𝑛 −

1 open routes can be discarded.  

2. Row feasibility: each source must dispose of its entire supply, i.e. ∑ 𝐷𝐷𝑗𝑗 𝑦𝑦𝑖𝑖𝑖𝑖 > 𝑆𝑆𝑖𝑖𝑗𝑗 . 

3. Single source: at least one route must be open to each destination.  

4. Column feasibility: the total supplies potentially available at each destination must at 

least equal the demand,  ∑ 𝑆𝑆𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖 > 𝐷𝐷𝑗𝑗𝑖𝑖 . 

5. Strong feasibility: we use  

a. For each destination supplied by a single source, reduce the supply at this source 

by this demand and eliminate the demand from further consideration.   

b. For each source supplying only one demand, decrease the demand at this 

destination by the source supply.  

c. Work back and forth between steps (a) and (b) until no further improvements are 

possible or until tests 2 or 4 are failed.  
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The procedure consists of three parts: initialization, bounding, and iteration. The initialization, 

which is performed once and arranges the data in a favorable way for the iterations, consists 

of five steps:  

Step 1: Rearrange the sources in decreasing order of the supplies available.  

Step 2: For each source, compute the total demand for each combination of open routes. If 

the supply exceeds the demands from a combination of destinations, the combination is 

infeasible. Assign an effectively infinite fixed charge 𝑀𝑀 to such combinations.  

Step 3: For the remaining combinations, compute the total fixed charge associated with 

opening the combination.  

Step 4: For each source, sequence the combinations of destinations in order of increasing 

fixed cost.  

Step 5: For each row in the fixed-cost table prepared in Step 4, find the largest allowable 

fixed charge in that row. The largest allowable fixed charge is determined by subtracting the 

sum of the smallest fixed charge in each of the other rows from  𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹. For all combinations 

with larger fixed charges assign a value  𝑀𝑀.  

The data are now arranged so that the sum of the fixed costs in the first column corresponds 

to the 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 defined previously and so that infeasible source-destination combinations are 

not considered.  

The bounding procedure involves two steps. The sources for which bounding is to be 

performed are specified as input, and the procedure is carried out whenever the combination 

of open routes is changed. Assume that the bounding is being done for the first 𝑘𝑘 sources. 

Then:  

Step 6: Solve the transportation problem with only the specified routes open for sources 1 to 

𝑘𝑘  and with all routes for sources  𝑘𝑘 + 1 through m open.  

Step 7: Determine the value of 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 to be used in the subsequent iterations.  

The iterations proceed through the following five steps:  
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Step 8: Specify the next combination of the first 𝑚𝑚 − 1 sources. Assume that the last source 

(smallest supply) can ship to any destination (all routes from this source open), and perform 

the column feasibility test ∑ 𝑆𝑆𝑖𝑖𝑦𝑦𝑖𝑖𝑖𝑖 ≥ 𝐷𝐷𝑗𝑗𝑖𝑖 . If this is failed, repeat Step 8, since no feasible 

solution exists that involves this combination of the first 𝑚𝑚 − 1  sources.  If it is passed, begin 

examining route combinations. Note that by arranging the supplies in decreasing order, the 

column feasibility test is iterative. That is, the test can be applied to the last 2,3, …, sources 

together by assuming they can ship to all destinations.  

Step 9: Check that no more than 𝑚𝑚 + 𝑛𝑛 − 1  routes are open. Discard combinations that 

exceed this bound.  

Step 10: Perform the destination feasibility tests 3, 4, and 5 described above.  

Step 11: If a combination passes the  𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 , 𝑛𝑛 + 𝑚𝑚 − 1 , and destination feasibility tests 

solve the transportation problems with only the routes defined by the 𝑚𝑚 −digit number open.  

Step 12: Increment the 𝑚𝑚 digit number by one. If the 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 test is failed, go to Step 8; 

otherwise, go to Step 9. Terminate if there are no more numbers to be examined.  

Example 6.1:  Consider the following fixed charge transportation problem with the following 

data 

𝑚𝑚 = 4, 𝑛𝑛 = 3 

𝑐𝑐𝑖𝑖𝑖𝑖 = �
7.60 5.94 5.94
0.71 0.64 0.69
2.83 1.70 0.79
5.94 5.64 2.02

� 

𝑓𝑓𝑖𝑖𝑖𝑖 = � 
14 14 11
15  8 7
12 12 9
13 11 5

� 

𝐷𝐷 = (50 15 5)  and  𝑆𝑆 = (25 20 15 10)   

Solution: we have  

Number of source (𝑚𝑚) = 4 and number of destination (𝑛𝑛) = 3 

The maximum number of non zero elements in a basic variable is 𝑚𝑚 + 𝑛𝑛 − 1 = 6 
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The maximum number of vertices is (2𝑛𝑛 − 1)𝑚𝑚 = (23 − 1)4 = 2401. 

Let us express the supplies and demand in the following table 1. 

Table 1 

Fixed charge table 

 

          Source 

Demand 

50 15 5 

25 14 14 11 

20 15 8 7 

15 12 12 9 

10 13 11 5 

 

From table 1, we get the following seven destination combinations are infeasible: 

                                From source1 to destination 2,or to 3,or to 2 and 3 

                                From source 2 only to destination 2 or to 3; 

                                From source 3 only to destination 3; 

                                From source 4 only to destination 3; 

Computing the total fixed costs and assigning a value of 1000 to the infeasible combinations 

yields Table 2. The number of combinations that must be considered further has been reduced 

to 4(5) (6) (6) =720 from the original 2401.  

 

 

 



Fixed charge network flow problem 
 

35 
 

Table 2 

Total fixed costs 

Source Destination combination 

1 2 3 4 5 6 7 

1 14 1000 28 1000 25 1000 39 

2 15 1000 23 1000 22 15 30 

3 12 12 24 1000 21 21 33 

4 13 11 24 1000 18 16 29 

 

Sequencing the total costs in increased order for each source and setting up a separate table 

showing the order of destination combinations yield Tables 3 and 4.  

Table 3 

Sequenced cost table 

source Fixed cost 

1 14 25 28 39 1000 1000 1000 

2 15 15 22 23 30 1000 1000 

3 12 12 21 21 24 33 1000 

4 11 13 16 18 24 29 1000 
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Table 4 

Combination order 

Source Destination combination 

1 1 5 3 7 2 4 6 

2 1 6 5 3 7 2 4 

3 1 2 5 6 3 7 4 

4 2 1 6 5 3 7 4 

 

One feasible solution involves opening routes (1,1), (2,1), (3,2), (4,1) and (4,3). We can 

find the fixed cost for this solution: 

fixed cost = 14 + 15 + 12 + 13 + 5 = 59 

For the cost structure used in the test problem, this solution results in an 𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹value of 65. 

Using this value, additional entries can be set to 1000 as is done in Table 5. The reason is that, 

when these combinations are used, even with the cheapest entry (first column) for all other 

sources, the total fixed cost exceeds 65.  

Table 5 

Sequenced cost table (Revised) 

Source Fixed cost 

1 14 25 1000 1000 1000 1000 1000 

2 15 15 22 23 1000 1000 1000 

3 12 12 21 21 24 1000 1000 

4 11 13 16 18 24 1000 1000 
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From the combination, 189 fail the tests in step 8, 9, and 10 as shown in the following table 6 

Table 6 

Tests Number of combination failing tests 

First column feasibility check 30 

FMAX Test 136 

Number of open routes exceeds 𝑛𝑛 + 𝑚𝑚 − 1 2 

No route open to some destination 8 

Test for column feasibility 13 

Total  189 

 

Thus total number of combinations has been reduced to 200 from 2401 and the previous 720. 

From this combinations we get 11 combinations pass all tests require solution of 

transportation problem. 

Using the above algorithm we get the following exact solution: 

Total cost = 329 

Transportaion cost = 270 

                                                      Fixed cost = 60  

In general, using this algorithm we can find a solution for series of test problems up to 6 × 8 

in size. The algorithm is most efficient when the fixed costs are large compared to the 

variable costs.  

6.2. Branch and cut algorithm for UFCNFP 
 

Mixed integer linear programming can be solved using branch and cut method which is an 

exact method combining branch and bound and cutting planes. The basic idea is to take a 

linear programming relaxation of the problem, solve the relaxation, and then either improves 

the relaxation by adding additional valid constraints, or split the problem into two or more 

sub problems and repeats the process.  

Let us see the general branch and cut algorithm to solve any integer linear programming 

problem. The set of active nodes in the branch and-bound tree is denoted by ℒ. The value of 

the best known feasible point for (ILP) is stored as z�, and provides an upper bound on the 

optimal value of the problem. This point is called the incumbent solution. We use zℓ to  
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denote a lower bound on the optimal value of the current sub problem ℓ under consideration. 

This lower bound is initialized to the value of the parent node, and is then updated to the 

value of the LP relaxation of the sub problem. 

___________________________________________________________________________ 

Algorithm 6.1:  A general branch-and-cut algorithm 

1. Initialization: Denote the initial problem by ILP0 and define the set of active nodes to 

be ℒ = {ILP0}. Let z� = +∞ and set zℓ = −∞ for the initial problem ℓ ∈ ℒ. 

2. Termination: If ℒ = ∅ , then STOP. If z� = ∞ , then (ILP) is infeasible; else, the 

solution x∗ which yielded the incumbent objective value z� in step 7(b) or step 5 is 

optimal. 

3. Problem selection: Select and delete a problem ILPℓ form ℒ. 

4. Relaxation: Solve the LP relaxation of ILPℓ . If the relaxation is infeasible, set 

zℓ = +∞  and go to step 7. If the relaxation is unbounded set zℓ = −∞ . If the 

relaxation has a finite optimal value let xℓR  be optimal solution and set  zℓ = cTxℓR  .  

5. Heuristic rounding: If xℓR  is not integral, and if desired, use a rounding approach or a 

heuristic approach to construct a feasible integral solutionxℓH . 

Update z� = min{cTxℓH , z�}. 

6. Add cutting planes: If desired, search for cutting planes that violated by xℓH ; if any 

are found, add them to the relaxation and return to step 4. 

7. Fathoming and Pruning: 

(a) Fathom by bounds or infeasibility: If zℓ ≥ z� go to step 2. 

(b) Fathom by integrality: If zℓ < z� and xℓR   is integral feasible, update z� = zℓ, delete 

from ℒ all problems with zℓ ≥ z�, and go to step 2. 

8. Partitioning: Let �Sℓj�j=1,2,3,…,k  be a partition of the constraint set Sℓ  of problem 

ILPℓ .Add problems �ILPℓj�j=1,2,3,…,k  to ℒ  , where ILPℓj  is ILPℓ  with feasible region 

restricted to Sℓj , and zℓj = zℓ for j = 1,2,3, … , k. Return to step 2. 

___________________________________________________________________________ 
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Now let us describe the branch and cut system for UFCNFP. We begin with some basic 

implementation issues, and then we present the separation heuristic, the primal heuristic, 

branching rules, and finally pruning and variable fixing criteria. 

6.2.1. The Basics  
 

In the implementation of branch and cut algorithm we use branch and bond algorithm with a 

series of entry points. Using these entry points we can generate cuts and add them to the 

matrix, apply heuristics and develop branching rules. At the top node we have used those 

entry points to generate cuts, and to apply a heuristic. In the enumeration tree we have used 

the entry points to generate cuts, prune a node, to choose branching variables and to 

implement a primal heuristic.  
 

Because several cuts can be generated from the same set S, we have set up a set pool in order 

to store the candidate sets. The set pool is a dynamic double linked list. Sets are active until 

an associated frequency parameter falls below a certain value, at which point the set becomes 

inactive. How this parameter is updated and when a set is declared inactive is described later 

in the Cut generation step. 

6.2.2. Separation 
  

The separation consists of the following steps: cut deletion, shrinking, set generation, cut 

generation and reoptimization. One realization of all these steps is called a pass. The default 

number of passes at the top node has been fixed at 30, where as in the enumeration tree it has 

been fixed at 5. We describe now each step of a pass. 

• Cut deletion. Because the number of violated dicuts can be large, keeping all of them 

in the matrix during all the passes can be too expensive. Therefore, we eliminate the 

non binding cuts from the matrix at the beginning of each pass. Because some of the 

deleted cuts may be violated later, we perform cut pool separation at the beginning of 

the cut generation step. No cuts are deleted from the cut pool. 

• Shrinking. In order to reduce the size of the graph on which we search for “interesting” 

subsets, the graph is shrunk based on the current linear programming solution. 

Specifically, whenever  𝑦𝑦�𝑖𝑖𝑖𝑖 > 0.99 and 𝑥̅𝑥𝑖𝑖𝑖𝑖 > 10−6, the two end nodes i, j are  
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contracted into one super node. The demand of the new super node is the sum of the 

demands. Only nodes are contracted, so the resulting reduced graph typically contains 

multiple arcs and loops. This shrinking procedure is heuristic. Arcs with 𝑦𝑦�𝑖𝑖𝑖𝑖 > 0  but 

𝑥̅𝑥𝑖𝑖𝑖𝑖 = 0 are not used for shrinking because the addition of the dicut inequalities often  

forces 𝑦𝑦𝑖𝑖𝑖𝑖 > 0 artificially in the linear programming relaxation, even when there is 

never flow in the corresponding arc. 

• Subset generation. The dicut inequalities are based on “node subsets”. Therefore 

finding good subsets can reduce the number of iterations of cut generation, and also 

lead to a better top node reformulation. In our implementation, three greedy 

procedures are used to generate subsets for a given fractional solution(𝑥̅𝑥, 𝑦𝑦�). They 

differ in the choice of the initial node and in the quantity used to enlarge the current set. 

Below, we describe these choices: 

 Initialize 𝑆𝑆 = {𝑖𝑖0} for 𝑖𝑖0 ∈ 𝑉𝑉𝑆𝑆 ∪ 𝑉𝑉𝐷𝐷 . Enlarge S using  

 max�𝑦𝑦�𝑖𝑖𝑖𝑖 : (𝑖𝑖, 𝑗𝑗) ∈ 𝛿𝛿−(𝑆𝑆), 𝑦𝑦�𝑖𝑖𝑖𝑖 ∈ (0,1)�. 

 Initialize 𝑆𝑆 = {𝑖𝑖0} for 𝑖𝑖0 ∈ 𝑉𝑉𝑆𝑆 ∪ 𝑉𝑉𝐷𝐷 . Enlarge 𝑆𝑆 using  

max�𝑥̅𝑥𝑖𝑖𝑖𝑖 − 𝑏𝑏(𝑆𝑆)𝑦𝑦�𝑖𝑖𝑖𝑖 : (𝑖𝑖, 𝑗𝑗) ∈ 𝛿𝛿−(𝑆𝑆), 𝑦𝑦�𝑖𝑖𝑖𝑖 ∈ (0,1)�. 

 Given an arc 𝑎𝑎 = (𝑖𝑖0,𝑗𝑗0) such that 𝑦𝑦�𝑖𝑖0𝑗𝑗0 is fractional, two candidate sets S are built. In 

the first case, we start with a set S such that 𝑗𝑗0 ∈ 𝑆𝑆, 𝑏𝑏(𝑆𝑆) > 0 and 𝑎𝑎 ∈ 𝛿𝛿−(𝑆𝑆), and  

We expand S using the criterion max{𝑥̅𝑥𝑖𝑖𝑖𝑖 − 𝑏𝑏(𝑆𝑆): (𝑖𝑖, 𝑗𝑗) ∈ 𝛿𝛿−(𝑆𝑆), 𝑦𝑦�𝑖𝑖𝑖𝑖 ∈ (0,1), 𝑏𝑏(𝑆𝑆) + 𝑑𝑑𝑖𝑖 > 0}. 

In the second case, we start with a set 𝑆𝑆̅ = 𝑉𝑉 ∖ 𝑆𝑆 such that 𝑖𝑖0 ∈ 𝑉𝑉 ∖ 𝑆𝑆, 𝑏𝑏(𝑉𝑉 ∖ 𝑆𝑆) < 0 , and 

𝑎𝑎 ∈ 𝛿𝛿+(𝑉𝑉 ∖ 𝑆𝑆) and we expand 𝑉𝑉 ∖ 𝑆𝑆 using the criterion 

 max�𝑥̅𝑥𝑖𝑖𝑖𝑖 − �𝑏𝑏(𝑉𝑉 ∖ 𝑆𝑆)𝑦𝑦�𝑖𝑖𝑖𝑖 �: (𝑖𝑖, 𝑗𝑗) ∈ 𝛿𝛿−(𝑉𝑉 ∖ 𝑆𝑆), 𝑦𝑦�𝑖𝑖𝑖𝑖 ∈ (0,1), 𝑏𝑏(𝑉𝑉 ∖ 𝑆𝑆) + 𝑑𝑑𝑗𝑗 < 0� 

The procedure stops either when the maximum number allowed is reached or when a violated 

inequality can be generated. 

The three procedures are called sequentially. The sets generated are stored in the set pool 

with the status “active”, and the frequency parameter initialized at zero.  

• Cut generation. We start by performing cut pool separation. Then for each active set 𝑆𝑆, 

three dicut inequalities can be generated:  
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a.  Simple dicut 

 If  ∑ 𝑦𝑦�𝑎𝑎 < 1 − 0.015𝑎𝑎∈𝛿𝛿 −(𝑆𝑆) , then the inequality  

� 𝑦𝑦𝑎𝑎 < 1
𝑎𝑎∈𝛿𝛿 −(𝑆𝑆)

 

is added to the cut pool. 

b. Simple inflow-outflow inequality. 

 Define 𝐶𝐶 = {𝑎𝑎 ∈ 𝛿𝛿−(𝑆𝑆): 𝑥̅𝑥𝑎𝑎 > 𝛼𝛼𝑎𝑎 (𝑆𝑆)𝑦𝑦�𝑎𝑎 } . If ∑ 𝑥̅𝑥𝑎𝑎 + ∑ 𝛼𝛼𝑎𝑎 (𝑆𝑆)𝑦𝑦�𝑎𝑎𝑎𝑎∈𝐶𝐶𝑎𝑎∈𝛿𝛿 −(𝑆𝑆)∖𝐶𝐶 < 𝑏𝑏(𝑆𝑆) − 0.015, 

then the inequality ∑ 𝑥𝑥𝑎𝑎 + ∑ 𝛼𝛼𝑎𝑎 (𝑆𝑆)𝑦𝑦𝑎𝑎 ≥ 𝑏𝑏(𝑆𝑆)𝑎𝑎∈𝐶𝐶𝑎𝑎∈𝛿𝛿 −(𝑆𝑆)  is added to the cut pool. The 

coefficient 𝛼𝛼𝑖𝑖𝑖𝑖 (𝑆𝑆) is computed using breadth-first-search to determine the sets 𝑉𝑉𝑖𝑖𝑖𝑖 ,𝑆𝑆
+  and 𝑉𝑉𝑖𝑖𝑖𝑖 ,𝑆𝑆

−  

defined in proposition 5.4. Then, 𝛼𝛼𝑖𝑖𝑖𝑖 (𝑆𝑆) = min⁡{𝑏𝑏(𝑆𝑆), ∑ 𝑏𝑏𝑘𝑘𝑘𝑘∈𝑉𝑉𝑖𝑖𝑖𝑖
+ , ∑ |𝑏𝑏𝑘𝑘 |𝑘𝑘∈𝑉𝑉𝑖𝑖𝑖𝑖

− }. 

c. Mixed dicut with outflow 

Define 𝐶𝐶− = {𝑎𝑎 ∈ 𝛿𝛿−(𝑆𝑆): 𝑥̅𝑥𝑎𝑎 > 𝑏𝑏(𝑆𝑆)𝑦𝑦�𝑎𝑎 }, 𝑟𝑟(𝑆𝑆) = 𝑈𝑈 − 𝑏𝑏(𝑆𝑆),  𝐶𝐶+ = {𝑎𝑎 ∈ 𝛿𝛿+(𝑆𝑆): 𝑥̅𝑥𝑎𝑎 > 𝑟𝑟(𝑆𝑆)𝑦𝑦�𝑎𝑎 } 

and if ∑ 𝑏𝑏(𝑆𝑆)𝑦𝑦�𝑎𝑎 < 𝑏𝑏(𝑆𝑆) +𝑎𝑎∈𝐶𝐶− ∑ {𝑥̅𝑥𝑎𝑎 − 𝑟𝑟(𝑆𝑆)𝑦𝑦�𝑎𝑎 } − 0.015𝑎𝑎∈𝐶𝐶+ , then the inequality  

� 𝑥𝑥𝑎𝑎 + � 𝑏𝑏(𝑆𝑆)𝑦𝑦𝑎𝑎 ≥ 𝑏𝑏(𝑆𝑆) +
𝑎𝑎∈𝐶𝐶−

� {𝑥𝑥𝑎𝑎 − 𝑟𝑟(𝑆𝑆)𝑦𝑦𝑎𝑎 }
𝑎𝑎∈𝐶𝐶+𝑎𝑎∈𝛿𝛿 −(𝑆𝑆)∖𝐶𝐶−

 

is added to the cut pool. 

If a cut is added to the cut pool the frequency parameter is increased by 1. Otherwise, 

decrease the frequency parameter by 1 and look at the next set.  

Whenever the frequency parameter of a set is less than -3, the set is declared inactive. Once, 

all the active sets have been visited, the cuts generated are added into the matrix.  

• Reoptimization. If violated inequalities have been found, the linear program is 

reoptimized. If the number of passes is less than the maximum, go to the next pass. 

Otherwise go to the enumeration phase.  

6.2.3. Primal heuristics  
 

 There are two heuristic algorithms to find good feasible solutions 

• Slope scaling [10] 
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Dynamic slope scaling procedure: 

Step 1: Set 𝑥𝑥0 = 0, 𝑘𝑘 = 1, and 𝜋𝜋𝑗𝑗
1 = 𝑐𝑐𝑗𝑗 , for 𝑗𝑗 = 1,2, … , 𝑛𝑛. Go to step 2 

Step 2: Let 𝑥𝑥𝑘𝑘 = argmin�𝑥𝑥𝑇𝑇𝜋𝜋𝑘𝑘 : 𝐴𝐴𝐴𝐴 = 𝑏𝑏, 𝑥𝑥𝑗𝑗 ≥ 0, ∀𝑗𝑗 �. If ‖𝑥𝑥𝑘𝑘 − 𝑥𝑥𝑘𝑘−1‖ ≤ 𝜖𝜖, stop and 𝑥𝑥𝑘𝑘  is an 

approximate solution to the problem. Otherwise, go to step 3. 

Step 3: Set 𝜋𝜋𝑗𝑗
𝑘𝑘+1 = �

𝑐𝑐𝑗𝑗 + 𝑓𝑓𝑗𝑗
𝑥𝑥𝑗𝑗

𝑘𝑘�   if  𝑥𝑥𝑗𝑗
𝑘𝑘 > 0

𝜋𝜋𝑗𝑗
𝑘𝑘         if     𝑥𝑥𝑗𝑗

𝑘𝑘 = 0
 and 𝑘𝑘 = 𝑘𝑘 + 1. Go to Step 1 .�  

This algorithm is based on the idea that there exists a linear program,  

�𝑝𝑝(𝑐𝑐̅)� min � � 𝑐𝑐𝑖̅𝑖𝑖𝑖 𝑥𝑥𝑖𝑖𝑖𝑖 :
(𝑖𝑖 ,𝑗𝑗 )∈𝒜𝒜

� 𝑥𝑥𝑖𝑖𝑖𝑖 −
𝑗𝑗 ∈𝑉𝑉𝑖𝑖

−

� 𝑥𝑥𝑖𝑖𝑖𝑖
𝑗𝑗 ∈𝑉𝑉𝑖𝑖

+

= 𝑏𝑏𝑖𝑖  for all 𝑖𝑖 ∈ 𝑉𝑉, 0 ≤ 𝑥𝑥𝑖𝑖𝑖𝑖 ≤ 𝑈𝑈, ∀(𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜� 

that has the same optimal solution as the original mixed integer problem, or in other words, 

that there exist 𝑐𝑐̅ such that 𝑣𝑣(𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈) = 𝑣𝑣(𝑝𝑝(𝑐𝑐̅)). 

To find such a 𝑐𝑐̅, a sequence {𝑐𝑐̅𝑘𝑘 }𝑘𝑘=1
𝑘𝑘  of slope are constructed, such that 𝑐𝑐̅𝑘𝑘  is not far 𝑐𝑐̅. Let 𝑥𝑥𝑘𝑘  

be optimal solution of 𝑝𝑝(𝑐𝑐̅𝑘𝑘 ). The slope at iteration k+1 is computed as follows: 

𝑐𝑐𝑖̅𝑖𝑖𝑖
𝑘𝑘+1 = �

𝑐𝑐𝑖𝑖𝑖𝑖 +
𝑓𝑓𝑖𝑖𝑖𝑖

𝑥𝑥𝑖𝑖𝑖𝑖
𝑘𝑘                    if 𝑥𝑥𝑖𝑖𝑖𝑖

𝑘𝑘 > 0

𝑔𝑔(𝑥𝑥𝑘𝑘 , 𝑥𝑥𝑘𝑘−1, … , 𝑥𝑥1) otherwise

� 

where,𝑐𝑐 and 𝑓𝑓 are the original variable and fixed costs, and 𝑔𝑔()is a function that depends on 

the solutions of the previous iterations. In our implementation, the first objective function is 

computed from the solution obtained after the cut generation phase. Indeed, let (𝑥̅𝑥, 𝑦𝑦�) be such 

a solution. The first objective function is given by:  

 

𝑐𝑐𝑖̅𝑖𝑖𝑖
𝑙𝑙 =

⎩
⎨

⎧𝑐𝑐𝑖𝑖𝑖𝑖 +
𝑓𝑓𝑖𝑖𝑖𝑖

𝑥̅𝑥𝑖𝑖𝑖𝑖
                   if 𝑥̅𝑥𝑖𝑖𝑖𝑖 > 0

𝑐𝑐𝑖𝑖𝑖𝑖 +
𝑓𝑓𝑖𝑖𝑖𝑖

𝑈𝑈
                otherwise

� 
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Then the iteration k+1 we define the cost function as follows: 

𝑐𝑐𝑖̅𝑖𝑖𝑖
𝑘𝑘+1 =

⎩
⎪
⎨

⎪
⎧ 𝑐𝑐𝑖𝑖𝑖𝑖 +

𝑓𝑓𝑖𝑖𝑖𝑖

𝑥𝑥𝑖𝑖𝑖𝑖
𝑘𝑘                    if 𝑥𝑥𝑖𝑖𝑖𝑖

𝑘𝑘 > 0

𝜆𝜆𝑐𝑐𝑖̅𝑖𝑗𝑗
𝑟𝑟 + (1 − 𝜆𝜆)(𝑐𝑐𝑖𝑖𝑖𝑖 +

𝑓𝑓𝑖𝑖𝑖𝑖

𝑈𝑈
)    otherwise

� 

Where 𝜆𝜆 ∈ (0,1) and 𝑟𝑟 ∈ {1,2, … , 𝑘𝑘 − 1} is the last iteration in which 𝑥𝑥𝑖𝑖𝑖𝑖
𝑟𝑟 > 0 and the cost 

assigned was 𝑐𝑐𝑖̅𝑖𝑖𝑖
𝑟𝑟 . 

If 𝑥𝑥𝑘𝑘+1 = 𝑥𝑥𝑘𝑘 , then stop. Otherwise, go to the next iteration. If the maximum number of 

iterations is attained, we stop. If no solution has been found, we apply a rounding 

heuristic. Let 𝒜𝒜′ = {𝑎𝑎 ∈ 𝒜𝒜: 𝑦𝑦�𝑎𝑎 > 0}. Find a feasible flow 𝑥𝑥∗ using just the arcs of 𝒜𝒜′ . 

Set 𝑦𝑦𝑎𝑎
∗ = 1 if 𝑥𝑥𝑎𝑎

∗ > 0. (𝑥𝑥∗, 𝑦𝑦∗) is the heuristic solution.  

• Min cost Flow.  

Here we solve a minimum cost flow problem on the graph defined by the open arcs of the 

current fractional solution. In other words, given a fractional solution (𝑥̅𝑥, 𝑦𝑦�), we define the 

graph 𝐺𝐺′ = (𝑉𝑉, 𝒜𝒜′ ) where 𝒜𝒜′ = {𝑎𝑎 ∈ 𝒜𝒜: 𝑦𝑦�𝑎𝑎 > 0}. The objective function is defined as: 

 

𝑐𝑐𝑖̅𝑖𝑖𝑖 (𝑥̅𝑥) =

⎩
⎪
⎨

⎪
⎧𝑐𝑐𝑖𝑖𝑖𝑖 +

𝑓𝑓𝑖𝑖𝑖𝑖

𝑥̅𝑥𝑖𝑖𝑖𝑖
            𝑥̅𝑥𝑖𝑖𝑖𝑖 > 0

𝑐𝑐𝑖𝑖𝑖𝑖 +
𝑓𝑓𝑖𝑖𝑖𝑖

𝑢𝑢𝑖𝑖𝑖𝑖
      otherwise

   � for all (𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜′  

The solution to this problem is obtained with the network simplex implementation MCF [11]. 

The basis is stored and reused as initial basis in the next call. The slope scaling procedure is 

called at the top node, whereas the Min cost flow heuristic is called at 10 consecutive nodes 

every 100 nodes in the branch-and-bound tree.  

6.2.4. Branching rule  
 

Whereas many specialized branch-and-cut codes use simple variable branching rules such as 

most fractional, most costly, etc, commercial MIP systems use pseudo-costs based on dual 

variable estimates. As UFCNFP falls somewhat between the general and the special purpose, 

we have attempted to compare some of the simple branching rules. 
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Below, we briefly present the variable and constraint branching rules that we have tried. 

• Variable branching. The rules we have studied are : 

 Most fractional. Branch on the variable that maximizes 𝑤𝑤𝑎𝑎 = max{𝑦𝑦�𝑎𝑎 , 1 − 𝑦𝑦�𝑎𝑎 } over 

the set of arcs 𝑎𝑎 ∈ 𝒜𝒜 such that 𝑦𝑦�𝑎𝑎 ∈ (0,1). 

 Least fractional. This criteria is similar to the previous one. Branch on the variable 

that minimizes 𝑤𝑤𝑎𝑎 = max{𝑦𝑦�𝑎𝑎 , 1 − 𝑦𝑦�𝑎𝑎 }. 

 Maximum fixed charge. Branch on the variable for which the fixed cost fa is 

maximum among those with 𝑦𝑦�𝑎𝑎  fractional.  

 Maximum remaining fixed charge. Branch on the variable that maximizes 

 𝑤𝑤𝑎𝑎 = (1 − 𝑦𝑦�𝑎𝑎 ). 𝑓𝑓𝑎𝑎   among those 𝑦𝑦�𝑎𝑎 with fractional.   

 2-strong branching (2-st). Select the two arcs,𝑎𝑎1, 𝑎𝑎2  with the biggest and second 

biggest fixed charge. Then compute (using five iterations of dual simplex) a lower 

bound of their possible offsprings, namely,  𝑧𝑧0
1, 𝑧𝑧1

0  for 𝑎𝑎1 and 𝑧𝑧0
2, 𝑧𝑧1

2 for 𝑎𝑎2when the 

variable is fixed to zero and one respectively. Then, compute 

 𝑤𝑤1 = min{𝑧𝑧0
1, 𝑧𝑧1

1}   and 𝑤𝑤2 = min⁡{𝑧𝑧0
2, 𝑧𝑧1

2}  and branch on the variable that 

maximizes 𝑤𝑤𝑖𝑖 . 

• Constraint Branching. Branching can also be based on linear inequalities. Here we 

consider the possibility of branching on subtour constraints, motivated by the fact that 

optimal solutions of uncapacitated problems do not contain cycles.  

These inequalities have the following form:  

� 𝑦𝑦𝑎𝑎 ≤ |𝑆𝑆| − 1
𝑎𝑎∈

 ∀𝑆𝑆 ⊂ 𝑉𝑉. 

Given the solution at the current node, determine a fractional subtour, i.e. a set 𝑆𝑆  for 

which there exists at least one arc 𝑎𝑎 ∈ 𝐸𝐸(𝑆𝑆) with 𝑦𝑦�𝑎𝑎  fractional. Then  

 If the subtour is encountered for the first time, compute its value,  

i.e 𝑙𝑙(𝑆𝑆) = ∑ 𝑦𝑦�𝑎𝑎𝑎𝑎∈𝐸𝐸(𝑆𝑆) . If this value is less than |𝑆𝑆| − 1 and greater than or equal to one, 

then branching constraints chosen are ∑ 𝑦𝑦𝑎𝑎 ≤ ⌊𝑙𝑙(𝑆𝑆)⌋𝑎𝑎∈𝐸𝐸(𝑆𝑆)  and ∑ 𝑦𝑦𝑎𝑎 ≥ ⌈𝑙𝑙(𝑆𝑆)⌉𝑎𝑎∈𝐸𝐸(𝑆𝑆) . 

The node to be solved in the next iteration is one of the successors of the current node. 

 Otherwise, if the subtour has already been used, select the most fractional variable in 

𝐸𝐸(𝑆𝑆) to branch on.   
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6.2.5. Pruning criteria and variable fixing  
 

When the variable and fixed costs are non negative, there exists an optimal solution that is 

cycle free. This allow us to prune some nodes of the enumeration tree, and also provides a 

test allowing us to fix an arc variable 𝑦𝑦𝑎𝑎  to zero, if arc a plus the arcs fixed to one form a 

cycle. Both these tests are carried out before solving the linear program at each node of the 

enumeration tree. 

6.3. Greedy (heuristic) algorithm for UFL 
 

There are different exact and heuristic methods to solve the UFL problem. Here we will see 

the well known heuristic approach called greedy algorithm. We start an empty set S of open 

facilities, and each step we add to S a site 𝑗𝑗 ∈ 𝐽𝐽 ∖ 𝑆𝑆 that yields the maximum improvement in 

the objective value. For a set, 𝑆𝑆 ⊆ 𝐽𝐽, of open facilities, the objective value is given by  

𝑍𝑍(𝑆𝑆) = �
max{𝑐𝑐𝑖𝑖𝑖𝑖 }

𝑗𝑗 ∈ 𝑆𝑆
𝑖𝑖∈𝐼𝐼

− � 𝑓𝑓𝑗𝑗
𝑗𝑗 ∈𝑆𝑆

 

For a site 𝑗𝑗 ∈ 𝐽𝐽 ∖ 𝑆𝑆. Let 𝑃𝑃𝑗𝑗 (𝑆𝑆) = 𝑍𝑍(𝑆𝑆⋃{𝑗𝑗}) − 𝑍𝑍(𝑆𝑆) denote the change in the objective value 

when a new facility is opened at j. For the currently open set of facilities S and for each client 

𝑖𝑖 ∈ 𝐼𝐼, define 𝑢𝑢𝑖𝑖(𝑆𝑆) to be 
max {𝑐𝑐𝑖𝑖𝑖𝑖 }

𝑗𝑗 ∈ 𝑆𝑆  ; define 𝑢𝑢𝑖𝑖(∅) = 0.That is 𝑢𝑢𝑖𝑖(𝑆𝑆) is the maximum profit 

obtained from serving client 𝑖𝑖 using only the facilities in S. Then  

𝑍𝑍(𝑆𝑆) = �
max{𝑐𝑐𝑖𝑖𝑖𝑖 }

𝑗𝑗 ∈ 𝑆𝑆
𝑖𝑖∈𝐼𝐼

− � 𝑓𝑓𝑗𝑗
𝑗𝑗 ∈𝑆𝑆

 

𝑍𝑍(𝑆𝑆) = � 𝑢𝑢𝑖𝑖(𝑆𝑆)
𝑖𝑖∈𝐼𝐼

− � 𝑓𝑓𝑗𝑗
𝑗𝑗 ∈𝐽𝐽

 

and   

𝑃𝑃𝑗𝑗 (𝑆𝑆) = 𝑍𝑍(𝑆𝑆⋃{𝑗𝑗}) − 𝑍𝑍(𝑆𝑆) = ��𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖(𝑆𝑆)�+

𝑖𝑖∈𝐼𝐼

− 𝑓𝑓𝑗𝑗  

 



Fixed charge network flow problem 
 

46 
 

In each iteration of the greedy heuristic, we compute 𝑃𝑃𝑗𝑗 (𝑆𝑆) for each 𝑗𝑗 ∈ 𝐽𝐽 ∖ 𝑆𝑆. If either 𝐽𝐽 ∖ 𝑆𝑆 is 

empty or 𝑃𝑃𝑗𝑗 (𝑆𝑆) ≤ 0 for each 𝑗𝑗 ∈ 𝐽𝐽 ∖ 𝑆𝑆, then we terminate the heuristic. Otherwise, we add to 

S a 𝑗𝑗 ∈ 𝐽𝐽 ∖ 𝑆𝑆  whose incremental value 𝑃𝑃𝑗𝑗 (𝑆𝑆) is maximum. 

Consider the first condensed dual of (SLPR), (CD1), and for each 𝑖𝑖 ∈ 𝐼𝐼. Let the 𝑖𝑖𝑡𝑡ℎ  dual 

variable 𝑢𝑢𝑖𝑖  be assigned the value 𝑢𝑢𝑖𝑖(𝑆𝑆)  defined above. Then the dual objective value 

corresponding to 𝑆𝑆 is  

𝑤𝑤�𝑢𝑢(𝑆𝑆)� = � 𝑢𝑢𝑖𝑖(𝑆𝑆)
𝑖𝑖∈𝐼𝐼

+ � ���𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖�+ − 𝑓𝑓𝑗𝑗
𝑖𝑖∈𝐼𝐼

�
+

𝑗𝑗 ∈𝐽𝐽

 

                 = � 𝑢𝑢𝑖𝑖(𝑆𝑆)
𝑖𝑖∈𝐼𝐼

+ ��𝑃𝑃𝑗𝑗 (𝑆𝑆)�+

𝑗𝑗 ∈𝑆𝑆

, 

because each 𝑗𝑗 ∈ 𝑆𝑆 has ∑ �𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖�+ − 𝑓𝑓𝑗𝑗𝑖𝑖∈𝐼𝐼 = 𝑃𝑃𝑗𝑗 (𝑆𝑆). 

For each final solution 𝑆𝑆𝐺𝐺  found by the greedy heuristic, each 𝑗𝑗 ∈ 𝑆𝑆 ∖ 𝑆𝑆𝐺𝐺  has 𝑃𝑃𝑗𝑗 (𝑆𝑆𝐺𝐺) ≤ 0, 

hence the dual objective value is 𝑤𝑤(𝑢𝑢(𝑆𝑆𝐺𝐺)) = ∑ 𝑢𝑢𝑖𝑖(𝑆𝑆𝐺𝐺)𝑖𝑖∈𝐼𝐼  . 

________________________________________________________________________ 

Algorithm 6.3: Greedy algorithm (heuristic) for UFL problem  

Initialization: 𝑆𝑆0 = ∅, 𝑡𝑡 = 1 

Iteration t: 

Step1: Compute the objective value   𝑍𝑍(𝑆𝑆) = ∑ 𝑢𝑢𝑖𝑖(𝑆𝑆)𝑖𝑖∈𝐼𝐼 − ∑ 𝑓𝑓𝑗𝑗𝑗𝑗 ∈𝑆𝑆  

Step 2: Compute the change in the objective value  

𝑃𝑃𝑗𝑗 (𝑆𝑆) = 𝑍𝑍(𝑆𝑆⋃{𝑗𝑗}) − 𝑍𝑍(𝑆𝑆) = ��𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖(𝑆𝑆)�+

𝑖𝑖∈𝐼𝐼

− 𝑓𝑓𝑗𝑗  , ∀𝑗𝑗 ∈ 𝐽𝐽 ∖ 𝑆𝑆 

Step 3: If 𝑃𝑃𝑗𝑗 (𝑆𝑆) > 0 is maximum, set 𝑆𝑆𝑗𝑗 ≔ {𝑗𝑗} 

Step 4: If  𝑃𝑃𝑗𝑗 (𝑆𝑆) ≤ 0 for each 𝑗𝑗 ∈ 𝐽𝐽 ∖ 𝑆𝑆, then stop. Otherwise go to step 1. 

___________________________________________________________________________ 
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The greedy (heuristic) algorithm give a candidate solution to the UFLP problem instance as 

well as feasible solution for the dual of the strong LP relaxation. 

Example 6.1: Solve the uncapacitated facility location problem by greedy algorithm given by 

the following  

𝑚𝑚 = 4 , 𝑛𝑛 = 6 

𝑓𝑓 = [  3  2  2  2  3  3  ] 

𝑐𝑐 = �  
6 6 8
6 8 6
5 0 3

     
6 0 6
0 6 6 
6 3 0

2 3 0     2 4 4

 � 

Solution: 

Iteration 1: 

𝑆𝑆0 = ∅,         𝑍𝑍(𝑆𝑆0) = � 𝑢𝑢𝑖𝑖(𝑆𝑆)
𝑖𝑖∈𝐼𝐼

− � 𝑓𝑓𝑗𝑗
𝑗𝑗 ∈𝑆𝑆

= � 𝑢𝑢𝑖𝑖(𝑆𝑆0)
𝑖𝑖∈𝐼𝐼

− � 𝑓𝑓𝑗𝑗
𝑗𝑗 ∈𝑆𝑆0

= 0 

𝑢𝑢(𝑆𝑆) = [  0 0   0 0  ] 

𝑃𝑃1(𝑆𝑆0) = � �𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖(𝑆𝑆0)�
+

𝑖𝑖∈𝐼𝐼

− 𝑓𝑓𝑗𝑗 = 𝑐𝑐11 + 𝑐𝑐21 + 𝑐𝑐31 + 𝑐𝑐41 − 𝑓𝑓1 = 6 + 6 + 5 + 2 − 3 = 16 

𝑃𝑃2(𝑆𝑆0) = 𝑐𝑐12 + 𝑐𝑐22 + 𝑐𝑐32 + 𝑐𝑐42 − 𝑓𝑓2 = 6 + 8 + 0 + 3 − 2 = 15 

𝑃𝑃3(𝑆𝑆0) = 𝑐𝑐13 + 𝑐𝑐23 + 𝑐𝑐33 + 𝑐𝑐43 − 𝑓𝑓3 = 8 + 6 + 3 + 0 − 2 = 15 

𝑃𝑃4(𝑆𝑆0) = 𝑐𝑐14 + 𝑐𝑐24 + 𝑐𝑐34 + 𝑐𝑐44 − 𝑓𝑓4 = 6 + 0 + 6 + 2 − 2 = 12 

𝑃𝑃5(𝑆𝑆0) = 𝑐𝑐15 + 𝑐𝑐25 + 𝑐𝑐35 + 𝑐𝑐45 − 𝑓𝑓5 = 0 + 6 + 3 + 4 − 3 = 10 

𝑝𝑝6(𝑆𝑆0) = 𝑐𝑐16 + 𝑐𝑐26 + 𝑐𝑐36 + 𝑐𝑐46 − 𝑓𝑓6 = 6 + 6 + 0 + 4 − 3 = 13 

𝑤𝑤(𝑆𝑆0) = � 𝑢𝑢𝑖𝑖(𝑆𝑆0)
𝑖𝑖∈𝐼𝐼

+ � �� �𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖(𝑆𝑆0)�
+

− 𝑓𝑓𝑗𝑗
𝑖𝑖∈𝐼𝐼

�
+

𝑗𝑗 ∈𝐽𝐽

 

         = (0) + (16 + 15 + 15 + 12 + 10 + 13) = 81 

Set 𝑆𝑆1 ≔ {1}, since 𝑃𝑃1(𝑆𝑆0) > 0 is maximum. 
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Iteration 2: 

𝑆𝑆1 = {1}, 𝑍𝑍(𝑆𝑆1) = � 𝑢𝑢𝑖𝑖(𝑆𝑆)
𝑖𝑖∈𝐼𝐼

− � 𝑓𝑓𝑗𝑗
𝑗𝑗 ∈𝑆𝑆

= � 𝑢𝑢𝑖𝑖(𝑆𝑆1)
𝑖𝑖∈𝐼𝐼

− � 𝑓𝑓𝑗𝑗
𝑗𝑗 ∈𝑠𝑠1

 

                                                                  = 𝑢𝑢1(1) + 𝑢𝑢2(1) + 𝑢𝑢3(1) + 𝑢𝑢4(1) − 𝑓𝑓1 

                                                                   = 6 + 6 + 5 + 2 − 3 = 16 

𝑢𝑢(𝑆𝑆1) = [  6 6   5 2  ] 

𝑃𝑃2(𝑆𝑆1) = � �𝑐𝑐𝑖𝑖𝑖𝑖 − 𝑢𝑢𝑖𝑖(𝑆𝑆1)�
+

𝑖𝑖∈𝐼𝐼

− 𝑓𝑓𝑗𝑗  

            = 𝑐𝑐12 − 𝑢𝑢1(𝑆𝑆1) + 𝑐𝑐22 − 𝑢𝑢2(𝑆𝑆1) + 𝑐𝑐32 − 𝑢𝑢3(𝑆𝑆1) + 𝑐𝑐42 − 𝑢𝑢4(𝑆𝑆1) − 𝑓𝑓2 

           = (6 − 6) + (8 − 6) + (0 − 5) + (3 − 2) − 2 = (2 + 1) − 2 = 1 

𝑃𝑃3(𝑆𝑆1) = 𝑐𝑐13 − 𝑢𝑢1(𝑆𝑆1) + 𝑐𝑐23 − 𝑢𝑢2(𝑆𝑆1) + 𝑐𝑐33 − 𝑢𝑢3(𝑆𝑆1) + 𝑐𝑐43 − 𝑢𝑢4(𝑆𝑆1) − 𝑓𝑓3 

              = (8 − 6) + (6 − 6) + (3 − 5) + (0 − 2) − 2 = (2) − 2 = 0 

𝑃𝑃4(𝑆𝑆1) = 𝑐𝑐14 − 𝑢𝑢1(𝑆𝑆1) + 𝑐𝑐24 − 𝑢𝑢2(𝑆𝑆1) + 𝑐𝑐34 − 𝑢𝑢3(𝑆𝑆1) + 𝑐𝑐44 − 𝑢𝑢4(𝑆𝑆1) − 𝑓𝑓4 

            = (6 − 6) + (0 − 6) + (6 − 5) + (2 − 2) − 2 = (1) − 2 = −1 

𝑃𝑃5(𝑆𝑆1) = 𝑐𝑐15 − 𝑢𝑢1(𝑆𝑆1) + 𝑐𝑐25 − 𝑢𝑢2(𝑆𝑆1) + 𝑐𝑐35 − 𝑢𝑢3(𝑆𝑆1) + 𝑐𝑐45 − 𝑢𝑢4(𝑆𝑆1) − 𝑓𝑓5 

              = (0 − 6) + (6 − 6) + (3 − 5) + (4 − 2) − 3 = (2) − 3 = −1 

𝑃𝑃6(𝑆𝑆1) = 𝑐𝑐16 − 𝑢𝑢1(𝑆𝑆1) + 𝑐𝑐26 − 𝑢𝑢2(𝑆𝑆1) + 𝑐𝑐36 − 𝑢𝑢3(𝑆𝑆1) + 𝑐𝑐46 − 𝑢𝑢4(𝑆𝑆1) − 𝑓𝑓6 

            = (6 − 6) + (6 − 6) + (0 − 5) + (4 − 2) − 3 = (2) − 3 = −1 

𝑤𝑤�𝑢𝑢(𝑆𝑆1)� = (6 + 6 + 5 + 2) + (1) = 20 

Now set 𝑆𝑆2 ≔ {1,2}, since 𝑃𝑃2(𝑆𝑆1) > 0 is maximum 

Iteration 3: 

𝑆𝑆2 = {1,2} , 𝑍𝑍(𝑆𝑆2) = � 𝑢𝑢𝑖𝑖(𝑆𝑆2)
𝑖𝑖∈𝐼𝐼

− � 𝑓𝑓𝑗𝑗
𝑗𝑗 ∈𝑆𝑆2

 

                                 = 𝑢𝑢1(𝑆𝑆2) + 𝑢𝑢2(𝑆𝑆2) + 𝑢𝑢3(𝑆𝑆2) + 𝑢𝑢4(𝑆𝑆2) − (𝑓𝑓1 + 𝑓𝑓2) 
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where  

                                                    𝑢𝑢1(𝑆𝑆2) = max{𝑐𝑐11, 𝑐𝑐12} = 6 

𝑢𝑢2(𝑆𝑆2) = max{𝑐𝑐12, 𝑐𝑐22} = 8 

𝑢𝑢3(𝑆𝑆2) = max{𝑐𝑐13, 𝑐𝑐23} = 5 

𝑢𝑢4(𝑆𝑆2) = max{𝑐𝑐14, 𝑐𝑐24} = 3 

Thus 𝑍𝑍(𝑆𝑆2) = (6 + 8 + 5 + 3) − (3 + 2) = 17 

and  

 𝑢𝑢(𝑆𝑆2) = [  6 8   5 3  ] 

           𝑃𝑃3(𝑆𝑆2) = 𝑐𝑐13 − 𝑢𝑢1(𝑆𝑆2) + 𝑐𝑐23 − 𝑢𝑢2(𝑆𝑆2) + 𝑐𝑐33 − 𝑢𝑢3(𝑆𝑆2) + 𝑐𝑐43 − 𝑢𝑢4(𝑆𝑆2) − 𝑓𝑓3 

                  = (8 − 6) + (6 − 8) + (3 − 5) + (0 − 3) − 2 = (2) − 2 = −1 

𝑃𝑃4(𝑆𝑆2) = 𝑐𝑐14 − 𝑢𝑢1(𝑆𝑆2) + 𝑐𝑐24 − 𝑢𝑢2(𝑆𝑆2) + 𝑐𝑐34 − 𝑢𝑢3(𝑆𝑆2) + 𝑐𝑐44 − 𝑢𝑢4(𝑆𝑆2) − 𝑓𝑓4 

                            = (0 − 6) + (6 − 8) + (3 − 5) + (4 − 3) − 2 = (1) − 2 = −1 

              𝑃𝑃5(𝑆𝑆2) = 𝑐𝑐15 − 𝑢𝑢1(𝑆𝑆2) + 𝑐𝑐25 − 𝑢𝑢2(𝑆𝑆2) + 𝑐𝑐35 − 𝑢𝑢3(𝑆𝑆2) + 𝑐𝑐45 − 𝑢𝑢4(𝑆𝑆2) − 𝑓𝑓5 

                                         = (0 − 6) + (6 − 8) + (3 − 5) + (4 − 3) − 3 = (1) − 3 = −2 

              𝑃𝑃6(𝑆𝑆2) = 𝑐𝑐16 − 𝑢𝑢1(𝑆𝑆2) + 𝑐𝑐26 − 𝑢𝑢2(𝑆𝑆2) + 𝑐𝑐36 − 𝑢𝑢3(𝑆𝑆2) + 𝑐𝑐46 − 𝑢𝑢4(𝑆𝑆2) − 𝑓𝑓6 

                       = (6 − 6) + (6 − 8) + (0 − 5) + (4 − 3) − 3 = (1) − 3 = −2 

𝑤𝑤�𝑢𝑢(𝑆𝑆2)� = (6 + 8 + 5 + 3) + (0) = 22 

Now we have to stop because 𝑃𝑃𝑗𝑗 (𝑆𝑆2) ≤ 0, ∀𝑗𝑗 ∈ 𝐽𝐽 ∖ 𝑆𝑆2 . The greedy solution is 𝑆𝑆𝐺𝐺 = {1,2} 

with objective value 𝑍𝑍𝐺𝐺 = 𝑍𝑍(𝑆𝑆2) = 17. The dual greedy value 𝑊𝑊𝐺𝐺  is the best upper bound 

computed on the optimal value  𝑤𝑤𝐺𝐺 = 𝑤𝑤�𝑢𝑢(𝑆𝑆1)� = 20. Thus opening facilities at sites 1 and 

2 gives an objective value of 19. i.e. assign client 1 to site 2, client 2 to site 1, client 3 to site 1, 

and client 4 to site 2 to obtain an optimal value 0f 17. 
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Example 6.2: Solve the following uncapacitated facility location problem with the given data 

𝑚𝑚 = 6 , 𝑛𝑛 = 5 

𝑐𝑐 = 𝑐𝑐𝑖𝑖𝑖𝑖 =

⎝

⎜⎜
⎛

 

12 13 6
8 4 9
2 6 6
3   5 2
8   0 5
2   0 3

     

0 1
1 2
0 1

10 8
10 8
4 1

  

⎠

⎟⎟
⎞

 

𝑓𝑓 = 𝑓𝑓𝑗𝑗 = (4 3 4 4 7) 

Solution: 

Iteration1:  

𝑆𝑆0 = ∅ , 𝑍𝑍(𝑆𝑆0) = 0 , 𝑢𝑢(𝑆𝑆0) = [ 0 0 0 0 0 0 ] 

𝑃𝑃1(𝑆𝑆0) = 31 , 𝑃𝑃2(𝑆𝑆0) = 25 , 𝑃𝑃3(𝑆𝑆0) = 27 , 𝑃𝑃4(𝑆𝑆0) = 21 , 𝑃𝑃5(𝑆𝑆0) = 14 

𝑤𝑤(𝑆𝑆0) = (0) + (31 + 25 + 27 + 21 + 14) = 118 

Now we set 𝑆𝑆1 ≔ {1} , since 𝑃𝑃1(𝑆𝑆0) = 31 > 0 is maximum 

Iteration 2: 

𝑆𝑆1 = {1}, 𝑍𝑍(𝑆𝑆1) = 31 , 𝑢𝑢(𝑆𝑆1) = [ 12 8 2 3 8 2 ] 

𝑃𝑃2(𝑆𝑆1) = 4 , 𝑃𝑃3(𝑆𝑆1) = 2, 𝑃𝑃4(𝑆𝑆1) = 7, 𝑃𝑃5(𝑆𝑆1) = −2 

𝑤𝑤�𝑢𝑢(𝑆𝑆1)� = (12 + 8 + 12 + 3 + 8 + 2) + (4 + 2 + 7) = 48 

Now we set 𝑆𝑆4 ≔ {1,4} because 𝑃𝑃4(𝑆𝑆1) > 0 is maximum. 

Iteration 3: 

𝑆𝑆4 = {1,4}, 𝑍𝑍(𝑆𝑆4) = 38, 𝑢𝑢(𝑆𝑆4) = [ 12 8 2 10 10 4 ] 

𝑃𝑃2(𝑆𝑆4) = 2, 𝑃𝑃3(𝑆𝑆4) = 1, 𝑃𝑃5(𝑆𝑆4) = −7 

We set 𝑆𝑆2 ≔ {1,2,4}, since 𝑃𝑃2(𝑆𝑆4) > 0 is maximum. 

Iteration 4: 

𝑆𝑆2 = {1,2,4}, 𝑍𝑍(𝑆𝑆2) = 40 , 𝑢𝑢(𝑆𝑆2) = [ 13 8 6 10 10 4 ] 

𝑃𝑃3(𝑆𝑆2) = −2, 𝑃𝑃5(𝑆𝑆2) = −7 
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we have to stop, because 𝑃𝑃𝑗𝑗 (𝑆𝑆2) ≤ 0, ∀𝑗𝑗 ∈ 𝐽𝐽 ∖ 𝑆𝑆2.  

The greedy solution is 𝑆𝑆𝐺𝐺 = {1,2,4} with objective value: 

 𝑍𝑍𝐺𝐺 = 𝑧𝑧(𝑆𝑆2) = (13 + 8 + 6 + 10 + 10 + 4) − (4 + 3 + 4) = 40 

Thus opening facilities at sites 1,2, and 4 gives an objective value of 40. 
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7. Concluding remarks  
 

Fixed charge network flow problem is to find a minimum cost arc combination that provides 

flows from the supply nodes to the demand nodes. Associated with all arcs are two costs: the 

fixed charge of using the arc and the variable cost depending on the amount of flow the arc 

actually carries. 

 
The fixed charge network flow problem can be capacitated or uncapacitated depending on the 

capacity of each arc (𝑖𝑖, 𝑗𝑗) ∈ 𝒜𝒜 . That is if the arc capacity is ∞  (unlimited) we call the 

problem uncapacitated fixed charge network flow problem; otherwise we say that it is 

capacitated fixed charge network flow problem. 

There are many problems which arise as a special case of fixed charge network flow problem 

some of them are: 

 Fixed charge transportation problem 

 Uncapacitated facility location problem 

 Steiner tree problem 

 Uncapacitated lot-sizing problem, etc…  
 

To solve the fixed charge network flow problem, there are two methods. These are exact 

method and heuristic approach. Branch and cut algorithm solve the single commodity 

UFCNFP which includes the Steiner tree problem, uncapacitated lot-sizing problems, and the 

fixed charge transportation problem as special cases. 

Uncapacitated facility location problem is a special case of the fixed charge network flow 

problem. We can use greedy algorithm to find the heuristic solution of this problem. The 

algorithm is used to find a candidate solution for UFLP problem instance as well as a feasible 

solution for every feasible solution for the dual of the strong LP relaxation.   
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