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Abstract

The squeezing and statistical properties of the light produced by a coherently driven degener-
ate as well as nondegenerate three-level laser with a parametric amplifier is studied applying
c-number Langevin equations. Employing the solutions of these equations, we have deter-
mined the quadrature variance for the cavity and output modes, the squeezing spectrum for
the output mode(s), the photon statistics of the cavity mode(s), and the photon number and
count statistics of the output mode(s). It so turns out that the parametric amplifier increases
the squeezing and the mean photon number significantly. Furthermore, it so happens that
the coupling of the top and bottom levels enhances the degree of squeezing particularly when
there are nearly equal number of atoms initially in the top and bottom levels. It is also found
that one effect of the coupling of the top and bottom levels is to decrease the mean and the
normally-ordered variance of the photon number. In addition, our calculation shows that the

mean photon number of mode « is greater than that of mode b.
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Introduction

Light has played a special role in our attempt to understand nature quantum mechanically.
Squeezing is one of the nonclassical features of light that has attracted a great deal of interest
[1-50]. In squeezed light the noise in one quadrature is below the coherent-state level at the
expense of enhanced fluctuations in the other quadrature, with the product of the uncertain-
ties in the two quadratures satisfying the uncertainty relation. Squeezed light has potential
applications in low-noise optical communication and weak signal detection. Hence it is vital
to find new optical devices or to combine the existing ones to generate highly squeezed and

bright light.

Ithas been predicted that a three-level laser under certain conditions can produce squeezed
light [1-22]. In a cascade three-level laser, three-level atoms in a cascade configuration are
injected into a cavity coupled to a vacuum reservoir via a single-port mirror. The injected
atoms may initially be prepared in a coherent superposition of the top and bottom levels
and/or these levels may be coupled by strong coherent light after they are injected into the
cavity. The superposition or the coupling of the top and bottom levels is responsible for the
interesting nonclassical features of the generated light. When a three-level atom in a cascade
configuration makes a transition from the top to the bottom level via the intermediate level,
two photons are generated. If the two photons have the same frequency, the three-level atom

is called degenerate otherwise it is called nondegenerate.

Some authors have studied the squeezing and statistical properties of the light produced
by three-level lasers in which the crucial role is played by the superposition of the top and
bottom levels [1-9]. Ansari [9] has studied the squeezing and the statistical properties of a de-
generate three-level laser with the atoms initially prepared in coherent superposition of the

top and bottom levels. He has predicted that the cavity mode of such a laser is in a squeezed



state, when there are more atoms initially in the bottom level than in the top level. More-
over, with the aid of the @ function he has calculated the photon number distribution. He
has shown that the probability of finding » photons decreases smoothly with increasing the
number of photons. Furthermore, Lu and Zhu [8] have considered a nondegenerate three-
level laser with the atoms initially prepared in coherent superposition of the top and bottom

levels. They have predicted a maximum of 50% interacavity two-mode squeezing.

A three-level laser in which the top and bottom levels of the atoms injected into the cavity
are coupled by a strong light has also been studied by different authors [9-15]. Ansari et al [10]
have considered a degenerate three-level laser, with the atoms initially in the upper level and
with the top and bottom levels of the atoms coupled by coherent light. They have shown
that this system behaves like a parametric oscillator for sufficiently strong coherent light.
They have also predicted that such a system can generate squeezed light over large range
of the amplitude of the coherent light. Furthermore, Ansari [14] has studied a nondegenerate
three-level laser in which the top and bottom levels of the atoms injected into the cavity are
coupled by a strong light. He has predicted that under certain conditions this system behaves
much like a nondegenerate parametric oscillator. In addition, some authors have studied the
squeezing and statistical properties of the light produced by three-level lasers in which the
injected atoms are initially prepared in a coherent superposition of the top and bottom levels
and with these levels coupled by a strong coherent light after they are injected into the cavity

[16-20].

On the other hand, it has been shown theoretically [21-39] and subsequently confirmed
experimentally [40-42] that a parametric oscillator produces light with a maximum interacav-
ity squeezing of 50% below the coherent-state level. Some authors [43-46] have considered a
three-level laser whose cavity contains a parametric amplifier. Fesseha [43] has studied the
squeezing and statistical properties of the light produced by a degenerate three-level laser
whose cavity contains a degenerate parametric amplifier, and with the injected atoms pre-
pared initially in coherent superposition of the top and bottom levels. He has shown that the
effect of the parametric amplifier is to increase the interacavity squeezing by a maximum of
50%. He has pointed out that since the presence of the parametric amplifier also leads to a
significant increase in the mean photon number, the system can produce a bright and highly
squeezed light. Moreover, Alebachew and Fesseha [44] have considered a degenerate three-
level laser whose cavity contains a degenerate parametric amplifier, with the top and bottom

levels of the injected atoms coupled by the pump mode emerging from the parametric am-



plifier. With equal number of atoms initially in the top and bottom levels, they have found

that this system can generate under certain conditions a highly squeezed light.

This PhD dissertation essentially has two parts. In the first part we wish to study the
squeezing and statistical properties of the light produced by a degenerate three-level laser
whose cavity contains a degenerate parametric amplifier and with the cavity mode driven by
a strong coherent light and coupled to a vacuum reservoir. The three-level atoms injected
into the cavity are initially prepared in a coherent superposition of the top and bottom lev-
els. Moreover, the top and bottom levels of the three-level atoms are coupled by the pump
mode emerging from the parametric amplifier. We first determine, using the pertinent mas-
ter equation, c-number Langevin equations. Applying the solutions of the resulting c-number
Langevin equations along with the properties of the noise forces, we calculate the quadrature
variance of the cavity and output modes and the squeezing spectrum of the output mode.
Furthermore, the same solutions are employed to obtain the antinormally ordered character-
istic function, defined in the Heisenberg picture, which is used to determine the @ function.
The resulting @) function is then applied to calculate the mean and the normally-ordered vari-
ance of the photon number, and the photon number distribution for the cavity mode. More-
over, using the expression for the /* moment of the photon count in terms of the photon
number distribution, we obtain the normally-ordered variance of the photon count for the

output mode.

In the second part of this dissertation we seek to analyze the squeezing and statistical
properties of of the two-mode light produced by a nondegenerate three-level laser whose
cavity contains a nondegenerate parametric amplifier and with the cavity modes driven by
a strong coherent light and coupled to a vacuum reservoir. The three-level atoms injected
into the cavity are initially prepared in a coherent superposition of the top and bottom lev-
els. Moreover, the top and bottom levels of the three-level atoms are coupled by the pump
mode emerging from the parametric amplifier. Following a similar procedure as in the first
part, we calculate the quadrature variance of the cavity and the output modes, the squeezing
spectrum of the output modes, the mean and normally-ordered variance of the photon num-
ber sum and difference, the photon number distribution, and the normally-ordered photon

count sum and difference for the output modes.



Degenerate Three-Level Laser with Parametric Amplifier

In this chapter we consider a degenerate three-level laser whose cavity contains a degenerate
parametric amplifier (DPA) and with the cavity mode driven by a strong coherent light and
coupled to a vacuum reservoir. Moreover, the three-level atoms injected into the cavity are
initially prepared in a coherent superposition of the top and bottom levels and with these

levels coupled by the pump mode emerging from the parametric amplifier. We first derive

)
° 0
[ )
la| e athree-level atom
al;< < Ib)
[ ]
° ()
[ ]
D ° \ 4
BO > P : " |C>
Al o
K
. >
[}
[ ]
u > .
[ ]
[ ]
[ ]

Fig. 2.1: A degenerate three-level laser with a parametric amplifier and strong coherent light.

the master equation (equation of evolution of the density operator) for the cavity mode and
with the aid of this master equation, c-number Langevin equations are obtained. We deter-
mine, employing the solutions of the resulting c-number Langevin equations, the quadrature

variance, the mean and the normally-ordered variance of the photon number, and the pho-
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ton number distribution for the cavity mode. In addition, applying the same solutions and
the input-output relation, we calculate the quadrature variance, the squeezing spectrum, and

the normally-ordered variance of the photon count for the output mode.
2.1 c-number Langevin equations

We derive in the linear and adiabatic approximation schemes, the master equation for the
cavity mode under consideration. Applying this master equation, we determine c-number
Langevin equations associated with the normal ordering. Finally, we obtain the correlation

properties of the noise forces and the solutions of the resulting c-number Langevin equations.
2.1.1 Master equation

Three-level atoms are injected at a constant rate r, into a cavity and removed after a cer-
tain time 7. We denote the top, middle, and bottom levels of a three-level atom by |a), |b),
and |c), respectively. We assume the transitions between levels |a) and |b) and between levels
|b) and |c) to be dipole allowed, with direct transition between levels |a) and |c) to be dipole
forbidden. We consider the case for which the cavity mode is at resonance with the two tran-
sitions |a) — |b) and |b) — |c) and with the top and bottom levels coupled by the pump mode
emerging from the parametric amplifier. To this end, treating the pump mode classically, the
coupling between the |a) and |c) levels can be described by the Hamiltonian

_ i
2

o (le){al = la)(cl), 2.1)

in which
Q = 2)\Fo. 2.2)
Here 5y, considered to be real and constant, is the amplitude of the pump mode and ) is the

coupling constant between the pump mode and a three-level atom. In addition, the interac-

tion of a three-level atom with the cavity mode can be described by the Hamiltonian
H" = ig [dT (1) {a] + |e)(0l) — a (la) (0] + [b){c]) | , (2.3)

where ¢ is the coupling constant between the cavity mode and a three-level atom, and a is the
annihilation operator for the cavity mode. Thus upon combining (2.1) and (2.3) the interac-
tion of a three-level atom with the cavity mode and the pump mode can be described by the

Hamiltonian

H=ig [&T (Ib){al + [e) (b)) = a (Ja) (b] + WCM + % [le)(al = la){el]. 2.4)
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We take the initial state of a three-level atom to be

[%4(0)) = ca(0)[a) + cc(0)[c). (2.5)

The initial density operator for the three-level atom can then be written as

pa(0) = pla)(al + p|a)(c| + p2le){al + p2le) (], (2.6)
in which pgﬁ? cal?, ,oéc) = coC, pS,,,) = ¢, p£2> = |cc|?. It proves to be convenient to

introduce a new parameter n defined by [9]

0 _1=1

Pod = —5 @7
Using the fact that
o0+ o0 =1 @8)
along with
PP = o2 29
one easily finds
)0 = 1% (2.10)
and
1P :% 12 2.11)

We note that the parameter n describes the initial preparation of a three-level atom. Upon

setting

0) —

P = [pie”, (2.12)

expression (2.6) can be put in the form

N 1—n 1 i
pa(0) = = aal + 5 V1= e a) (e
1 p 1+
+ VI 1Pe ) (a] + T”|c><c\. (2.13)

Suppose p4r(t, ;) is the density operator for a single atom plus the cavity mode at time t,
with the atom injected at time ¢;, such that (t — 7) < t; < t. The density operator for all atoms

in the cavity plus the cavity mode at time ¢ can then be written as

par(t) = raZpAR t.t;) (2.14)
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where r,At; represents the number of atoms injected into the cavity in a time At¢;. Now
converting the summation into integration in the limit At; — 0, we have
t
par(t) = ra/ par(t,t;)dt (2.15)
t

—T

and differentiating with respect to ¢, and taking into account the Leibnitz’ rule

d [ A, dv(x) du(z) v@) g o
dz Juiw [z, z')ds" = (f(a:,v) I — f(x,u) o >+/U(I) %f(:c,ar)dm, (2.16)
there follows
d O 0 0 ! a N ! !
—pAR(t) = 1q (pAR(t,t) — par(t,t — 7)) + 714 —par(t,t')dt’. (2.17)

dt Y
We observe that psr(t,t) is the density operator for the cavity mode plus an atom injected at

time ¢. This operator can be expressed as

par(t,t) = pa(t)p(t), (2.18)

with 5(t) being the density operator for the cavity mode alone. We also note that p4r(t,t — 7)
represents the density operator for an atom plus the cavity mode at time t, with the atom

being removed from the cavity at this time. This operator can also be put in the form
PAR(t,t —T) = pa(t — 7)p(t). (2.19)

Now in view of (2.18) and (2.19), one can write Eq. (2.17) as

d . . . Lo
EpAR(t) =74 (pa(t) — palt — 7)) p(t) + rq apm(t,t’)dt’. (2.20)
t—1

In the absence of the damping of the cavity mode by vacuum reservoir, the density operator
par(t,t') evolves in time according to

9 X
aﬁAR(tvt/) = —i[H, par(t, )], (2.21)

so that using this and taking into account (2.15), one can put Eq. (2.20) in the form

d

JiPAR() =70 (Pa(t) = palt = 7)) p(t) — i[H, par(t)]. (2.22)

Furthermore, tracing over the atomic variables and taking into account the damping of the

cavity mode by the vacuum reservoir, we have

db N 1
—E = —iTralH, pan(t)] + Sr(2apa" — pi'a - afap), (2.23)
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where we have used the fact
Trpa(t) =Trpa(t —71)=1. (2.24)

The master equation associated with the interactions described by the Hamiltonian can
be put in the form
dp _
dt
+

(6 pap — papa’ + @' poe — P’ + Poal — appa + pebd — Gpep)

k(2apat — pata —atap), (2.25)

N =

in which the matrix element p, 3 is defined by

pas = (alparlB). (2.26)
with a, 3 = a, b, c.
On the other hand, we see from (2.22) that

d/jaﬁ _
dt

ra ((alpa(0)18) = {alpalt = 7)18)) p(t) — i ((alHparlB) = (alparH|3)) = voap,
(2.27)

where the last term is included to account for the decay of the atoms due to spontaneous
emission. Here 7, considered to be the same for all the three levels, is the atomic decay con-
stant. We assume that the atoms are removed from the cavity after they have decayed to a

level other than the middle or bottom level. We then see that

(alpalt —7)|8) = 0 (2.28)
and hence Eq. reduces to
dAog ~ ~ . A A~ - ~
P05 = 1a(alpa(0)|3)i(t) =i ((al HparlB) — (alparH|8)) = Vias: (2.29)

Applying this equation and taking into account (2.4) and (2.13), we obtain

dgf ? = 9(Paal — pacd — apuw) — %p@ — YPabs (2.30)
dgzc = g(a" pac + Py — Gpec) + % ba — Y Pbes 2.31)
dfl:a = S(L=m)p(t) — g(pari + apra) - %(ﬁw + Pee) = Ve, 2.32)

= g(a' pap + Pradt — P’ — ape) — YVpbs (2.33)

dt
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dp r i6 Aoa s Q. . .
Cpl:c = *; Vi-n? — 12" p(t) + g(pavt — appe) — 5( cc = Paa) = VPac, (2.34)
dp T . At ~ oy S . .
5;0 ;(1 U)p(t) + g(CLTPbc pcba) + g(pac + pca) — YPec- (2.35)

We confine ourselves to linear analysis and this can be achieved by dropping the g terms

in Egs. 2.32), (2.33), (2.34), and (2.35). We then see that

dp r . Q. . .

Z‘;a = 5 (L=m)p(t) = 5 (Pea + Pac) = VPaas (2.36)
dpuy R
- _ 2.37
T VPob, (2.37)
d/A)ac Tq DYRTN Q. N A

a2V 1 —n?e”p(t) — i(Pcc = Paa) = VPac; (2.38)

dp r . Q. . .
ggc = Ea(l + n)p(t) + E(pac + pca) — YPec- (2.39)

In addition, imposing the good cavity limit (x < «) in which the atomic variables reach steady
state in a relatively short period of y~!, we can take the time derivatives of such variables
to be zero, while keeping the zero order atomic and cavity mode variables at time t. This
procedure may be referred as adiabatic approximation scheme. Thus applying the adiabatic

approximation scheme, we get from Egs. (2.36), (2.37), (2.38), and (2.39) that

. T . Q) .
Paa = i(l —n)p— g(ﬁac + Pea); (2.40)
b = 0, (2.41)
. T 0. S, .
pac = 5oV1- e’p - 57 (Pec = Paa). (2.42)
. T 0. 2, .
Pec = 2i 1-— ’172610,0 + 7(pac + Pca)- (2.43)
g 2

With the aid of Eq. (2.42) along with its complex conjugate, we easily find

. . T . Q. R
Pac + Pea = ;a(\/ 1—n2cosb)p— ;(pcc — Paa)- (2.44)

On account of this result, Egs. (2.40) and (2.43) take the forms

5 2Ta (1 _pyp— — (TR cos 0) + LA (2.45)
= 5 —(1— - — n?cos — .
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. T . Qr ) 02
Pec = 2/}/27_"?522(1 +n)p+ 27277:192(\/ 1 —n?cost)p + mpaw (2.46)
Substitution of (2.45) into (2.46) and (2.46) into (2.45) results in
. Ta . Qrg . Ta?Y .
= 2h— L (V1 —n?cosO)p — — 2.47
Pan = 5 5P~ 5a 502 n? cos 0)p 577 + 002" (2.47)
R Ta . Qrg R oY R
= 2o+ —— _(V1—n2cosh)p— ——2—np. 2.48
pee =5 P + R 502 ¢ n?cosf)p 27+ 2" (2.48)
Furthermore, application of (2.47) and (2.48) in Eq. (2.42) yields
242 + 0?2 : Q 0?2 '
Pac = M1 /1 — 772619 s e _ Tedi 1 — 7726_10@ (2.49)

27(2+2 + 202) P o2 o2’ ™ 95292 1 207)
Now combination of (2.30), (2.41), (2.47), and (2.49) as well as (2.31), (2.42), (2.48), and (2.49)

leads to

dp Q 0? ; 292 + Q2 »
Pab _ 9 [V(n)ﬁ[ﬂ 4+ 1—n2e Ppal — e /1 —n2e? pat

dt v [292 +202 2(2v2 +202) 2(2v2 +202)
1.. Qv o 72 o Q. .
+§Pa - m( V1 —n?cos)pa — mnpa — 5 Peb = VPab; (2.50)
dpre _ gra [ 27"+ 0 051 - Oy 4 Q2 ifat
_Ora | 24X ey, Sy oy Q7 o g
ity | 2(207 1 202) e T o o M P T 9202 1 202) e e
1. Qy . 72 . Q. .
TP~ 2724_W(\/ 1 —n?cosb)ap — m(l +mn)ap| + 5 Pba = Y Pbe- (2.51)

Using once more the adiabatic approximation scheme, we readily get

0 02 , 242 + 02 ,
par =75 [7 T s V1 - e il — 5T T et

2 |27 202" T o a0 2(272 + 202)

1 Qv 72 Q

Spi— (/1= 2 cos0)pi — —s——mpi| — —p 2.52
+2pa 2,}/2 I 292( 7= COS )pa 2,}/2 I Qanpa 27/)6127 ( )
. gra| 292+ Q7 0 1 Qy At A 02 T it A
—Ja|_ =7 " 2oty 2t o " /1= p2e W51
Pbe = "2 [2(272 +202) N B TV EA UL T O MR RE ToE) e a

1 & 2? Q
- a4p - ———— 1—n2 Nap— ——— nap b 253
20~ gyr g (V1 T os0)aD = g e ap | g e 2.53)

Moreover, substitution of the complex conjugate of (2.52) into (2.53) and the complex conju-
gate of (2.53) into (2.54) yields

A Q Q 02 02 0 302 ;
ﬁab—|:< 5,0+ ) -1+ ) 1—77261”72\/1—772€_w>ﬁdT

4Bg 2777 2~y 42 4
02 02 Q02 , Q o3 ,
2 14+ 2 S D1 = p2e? - (2 1— 2% ) 54
+((ga = Dm0+ T30 5 (g = DVI= e = (2 4 )T e ) al.

(2.54)
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N E(&Q_l)_&g +( 721/ 210_7/ o0
pbc_4Bg D) 2'Y377 4

2y
Q02 0 Q0 A 02 302
(o — DV =2 — (= 7\/1—2—19—1 )+ (5 — 1)) ap
+ (5 gz ~ DVI= 7P = (5 4 VT = (4 5 + (5 >n)ap],
(2.55)
where
02 Q2
B=(1+—5)(1+— 2.56
(14 12)0+ ) 256
and
2r,9°
A=ad (2.57)
Y

is the linear gain coefficient. Finally, on account of (2.54), (2.55), and for # = 0, the master
equation for the cavity mode of a degenerate three-level laser given by (2.25) takes the form

(21]

o
—p:R(TTM—ddTﬁ—ﬁddT)—i—S 2aﬁaT—paTa—aTaﬁ)
dt
+U (&Tﬁfﬁ tapa—ap—patt) +v (aTﬁaT +apa — paZ — aﬁ?ﬁ) , (2.58)
in which
A [0 30 02
R= 2 (L - A2+ (14 = 2.59
5 (G- o= SVImE s 5). 2.59)
A (2kB 02 30 0?2
S (ARG T VA /S R SR Lt 2.60
S 4B<A + ( 272)n+27 n? + ( +72)), (2.60)
v A3 L A 2+(Q+Q—3) (2.61)
4B 2’yn 272 g 2y 273 '
A (30 Q2 0 03
£ DR (). 2.62
4B< n+(272 ) <2’y+273)) (2:62)

On the other hand, a degenerate parametric amplifier with the pump mode treated clas-

sically is described by the Hamiltonian
b UE (4o e
Hy = Bl (a a ) , (2.63)

in which e = 2)\' gy, with )\’ being the coupling constant between the pump mode and the
nonlinear crystal and ) being the amplitude of the pump mode. Moreover, the interaction

of the cavity mode with a strong driving light can be described by the Hamiltonian

Hy = ip (a* _ a) , (2.64)
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where p, considered to be real and constant, is proportional to the amplitude of the driving
light. The master equation associated with the interactions described by the Hamiltonians
(2.63) and (2.64) has the form [47]

dp € /.. 2 atD A an At o

d—i =5 (,oa2 —a%p+ aTQp — paTQ) + i (an — paJf + pa — ap) . (2.65)

Hence on account of Egs. (2.58) and (2.65), the master equation for the cavity mode under

consideration turns out to be

+U (afﬁeﬁ tapa—aZp— ;3&*2) v (dTﬁdT tapa— paZ — a%) . (2.66)
2.1.2 c-number Langevin equations

Now employing the relation

| &

o d[) ~
(4) = TT(EA), (2.67)

along with the master equation (2.66), one readily finds the following equations

QU

t

d

a<a(t)> = (R—9)at))+ (U -V +e)@al () + u, (2.68)

Ca(0) = 2R~ $)(@(W) + 20~V +2){al (0a(0) + 2pat) + (- 2V),  (269)

and

%@T(t)&(m =2(R - S)(al(H)a(t)) + (U — V +e)((a" (1)) + (@ (1))

+ u((af (D) + (@(0))) + 2R. (2.70)

We note that the operators in the above set of equations are in the normal-order. The c-

number equations corresponding to these equations are

L a(t)) = (S~ B)a(t) + U~V +2)(a" (1) + . 2.71)
9 (0?(1) = ~2(5 — R)(0) +2(U ~V +2) 0" (Da0)) + 2la(t)) + (£ —2V), @72
and
%W*(t)a(t» = —2(5 = R)(a*(H)a(t)) + (U =V +e)((a™ (1)) + (a*(t)))

+ u((a” (0) + {al1))) +2R. 2.73)
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We claim that the equation of evolution of a(t) (c-number Langevin equations) can be ob-
tained from that of («(t)). This can be achieved by dropping the angular brackets in Eq. (2.71),

and adding the noise forces f,(t), so that

%a(t) =—(S—R)a(t)+ (U -V +e)a™(t) + f(t) + . (2.74)

We next seek to determine the properties of the noise force f(¢). We observe that Eq. (2.71)
and the expectation value of (2.74) will have the same form if

(f(t)) = 0. (2.75)
Using Eq. together with the relation
—{a?) = 2{a—), (2.76)

one readily gets

d

a2 (1) = =25 — W)(1) +2(U = V +){at)a’ (1) + 2 f (1)) + 2pla(t).  R77)

Comparison of this with Eq. (2.72) indicates that
1
(a(t)f(t)) = 5(e —2V). (2.78)
A formal solution of Eq. (2.74) can be written as

t
a(t) :a(O)e(SR)t+/ e*(SfR)(tft/) [(U_V+€)a*(tl)+f(tl)+u]dt/. 2.79)
0

Multiplying this equation by f(¢) and taking the expectation value of the resulting expression,

we have
() f(1)) = (a(0) f(t))e (S~
+ /0 e_(S—R)(t—t’)[(U —V+e) <0‘*(t’)f(t)> + <f(t,)f(t)> i N(f(t»]dt'_ 2.80)

On account of Eq. (2.75) along with the fact that the noise force f(¢) at time t does not affect

the system variables at earlier times, we find
t
(@01(0) = [ SR fear. 2.81)
0
In view of (2.78), we see that

/ t e SR (£ () f(t))dt = %(5 —2V). (2.82)

0
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Now on the basis of the relation

/ O (#)g(0)dt = D, (2.83)
0

we assert that [21]

(f(t)g(t)) = 2D5(t —t'), (2.84)

where q is a constant and D is a constant or some function of the time t. We then see that

(FEf(1) = (e —2V)a(t —t). (2.85)

Moreover, applying Eq. (2.74) and its complex conjugate along with the relation

d, . e daft) da*(t)
e (@®a(t)) = (o () =) + {alt) =), (2.86)
we get
%W*(t)a) (1) = =2(S = R)(a* ()au(t)) + (U = V + ) ({**(1)) + (a®()))

+ (" ()£ (1) + (@) f (1) + n({e” () + (1)), (2.87)

so that inspection of Egs. (2.73) and (2.87) shows that

(@ () f (1)) + (@) f7 (1) = 2R. (2.88)

In addition, employing (2.79) and its complex conjugate, we easily find

@) = [ SR g, 2.89
0
t
(@OF @) = [ SO ). (2.90)
0
Now taking into account (2.88), (2.89), (2.90), and assuming that
(F ) f@) = (FE) 1), (2.91)
we arrive at
[t = [ row =r e
0 0

Therefore, with the help of (2.83) and (2.84), we obtain

(f* W) @) = (f(E)f7 () = 2R3(t — t). (2.93)
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We note that (2.75), (2.85), and (2.93) describe the correlation properties of the noise force

f(t) associated with normal ordering.

Now introducing a new variable defined by
ay(t) = a™(t) £ at), (2.94)

it can be shown using (2.74) and its complex conjugate that

;%ai@):—A¢ai@)+(sie)+j*@)if@L (2.95)

where

A =(S—R)F (U -V +e). (2.96)

The solution of Eq. (2.95) can be expressed as

t
ayt(t) = Ozi(O)e_)\It + / e AF (=) [N +u+ )£ f(t/)}dt,. (2.97)
0

In view of (2.94), there follows

a(t) = By (£)a(0) + B_(t)a*(0) + E(t) + F(t), (2.98)
in which

Bi(t) = %(e—U £ e M), (2.99)
E(t) = Ai_(1 _ e, (2.100)

and
F(t) = Fy(t) + F_(t) (2.101)

with
Fp = ;/Ot e M) £ f4(¢))dt. (2.102)

2.2 Quadrature Squeezing

Applying the solutions of the c-number Langevin equations along with the correlation prop-
erties of the noise forces, we calculate the quadrature variance for the cavity mode. We also
determine, employing the same solutions and the input-output relation, the quadrature vari-

ance and the squeezing spectrum for the output mode.
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2.2.1 Quadrature variance of the cavity mode

The squeezing properties of a single mode-light are described by two quadrature operators
ar=al+a (2.103)

and

a_ =i(a’ —a). (2.104)
These operators satisfy the commutation relation
Gy, a_] = 2i. (2.105)

A single-mode light is said to be in a squeezed state if either Aa; < 1and Aa_ > 1orAay > 1

and Aa_ < 1such that AayAa_ > 1. The quadrature variance is defined by
Adi(t) = (aL(1)) — (ax(1)*. (2.106)

On account of (2.103) and (2.104), Eq. (2.106) can be written in the normal order as

Ad%(t) =1+ (a™(t) +a(t) £ 2a' (H)at)) F (a'(t) £ a(t))?. (2.107)

This can be expressed in terms of c-number variables associated with the normal ordering as

Adi(t) =1+ (ax(t), as(t)), (2.108)
in which (o (t), ax (t)) = (@3(t)) — (o (t))?, with a.(t) given by Eq. (2.94).

Assuming the cavity mode to be initially in a vacuum state and taking into account (2.97)

along with Eq. (2.75), we obtain

(ax(t)) = ”i“(l — e M) (2.109)
At
and at steady state
+
(ax(t))ss = “A & (2.110)
:F

Furthermore, employing Eq. (2.95), we have
d x
R (1)) = ~2x{ad (1) + 2(n + w) 0w (0) + 2((ax (O (1) = ax(OF(1).  @11D)
With the help of Egs. (2.97) and (2.109), one can write
d, o

G020 = 2203 0) + 285 (1 ) £ 2((0 07 (0) £ (s 0) (D))

+ 2</ e AT [U(f2(8)) £ p{f*(8) + () (1) + <f(t’)*f(t)>]dt’>

0

i2< / ewt’>[u<f<t>>iu<f<t>>+<f*<t'>f<t>>i<f<t’>f<t>>]dt'). 2.112)

0
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On account of Egs. (2.75), (2.85), and (2.93) along with the fact that the noise force f(¢) can

not affect the system variables at the earlier times, we get

2 t
%@i(t» = -2\ (ad (1)) + 2(“1“) (1—e %) +2 <(5 —2V 4+ 2R) /0 e M5 — t)dt!
t
2(2R+ (e — 2V)) / e A=t — t’)dt’), (2.113)
0

so that upon carrying out the integration, we obtain

%mi(t» = —2):{ad (1)) + 2(“f“)2 (1—e ") +2(e — 2V £ 2R). (2.114)
:F

The steady-state solution of this equation is found to be

_ 2
(@ (t))e = EZ2VE2R) | (nt ) (2.115)
At A2

Finally, substitution of (2.110) and (2.115) into Eq. (2.108), the quadrature variance takes, at
steady state, the form
e—2V 2R

Adi,, =1+ — (2.116)
:F

On the other hand, with the aid of Egs. (2.59)-(2.62), expression (2.96) goes over into

3AQ\/7+A iAQ(1+Q2)

F{,
Ay = — +e. (2.117)
2" 4(1+92)( +§f)
Therefore, application of Egs. (2.59), (2.62), and (2.117) in (2.116) leads to
02 02 92 02 3AQ
Ad? = 2n(1+7)(1+—) — V1= + 2401+ 55) F —n ‘ 2.118)
(26 F4e)(1+H)(1+ 5 +3A”\/ 2 F AL 1+92)+A( Ln

We see from Eq. (2.118) that the driving mode has no effect on the quadrature variance. In-
spection of Eq. (2.117) shows that A\, is nonnegative while A\_ can be positive, negative, or

zero. Rewriting (2.117) as

A =G —¢, (2.119)
with 2
w RV + A2 -1+ 5)
G=-+ oE 92 2 SaSy (2.120)
2 4(1+?)(1+W)

We observe that the equation of evolution of «_(t), described by (2.95), does not have a well-
behaved solution for ¢ > G. We then identify ¢ = GG as the threshold condition.

We next proceed to analyze the quadrature variance of the light generated by the system

operating below threshold. Using Eqgs. (2.118) and (2.120) and writing a simple Matlab pro-

gram, we have obtained for A = 100 and x = 0.8 the values of 77, = 6 and Aa? for which Eq.
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has a solution. It so turns out that this equation has a solution for —0.5 < n < 1 and for
0< % < 1.4. We indicate in the table below the values of 7, %, and ¢ corresponding to the two

smallest values of the quadrature variance.

i % G € Aa?
0 0.1000 5.3135 5.3000 0.0731
0.1000 0 5.4000 5.3000 0.0608

Tab. 2.1: Values of Aa? for A = 100 and x = 0.8.

We note that when there are equal number of atoms initially in the top and bottom levels (n =
0), the maximum interacavity squeezing is 93% below the coherent-state level for % =0.1. We
would like to point out that this result is in complete agreement with that obtained in Ref.
[44]. On the other hand, when there are slightly more atoms initially in the bottom level than
in the top level (n = 0.1), the maximum interacavity squeezing is found to be 94% below the

coherent-state level for % =0.

It is interesting to consider some special cases. We first inspect the case in which the
nonlinear crystal is removed from the cavity, with the top and bottom levels of the atoms

coupled by the pump mode. Thus upon setting ¢ = 0 (with 3y # 0) in Eq. (2.118), we get

, 2601+ Z)(+ )£ A2 - E)V/1T - +2401+ %) 5 242
Ad? = . 2.121)

21+ )+ )+ BT A1+ ) A - S

It can be shown using that for n = 0, % = 0, and any values of A and « the light
generated is not in a squeezed state. However, for n = 0, A = 100, and ~ = 0.8 we readily get
applying the same equation that the maximum squeezing to be 89% for % = 0.1. We therefore
infer that the squeezing in this case is exclusively due to the coupling of the top and bottom
levels. Moreover, for » = 0.1 and for the above values of A and «, we find the maximum

Q

squeezing to be 88% for = = 0. This squeezing is due to the specific coherent superposition

of the top and bottom levels.
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0.7
------- Q=01 |,
0.6 - = —QN=0.2 | {
Q=0 |

Fig. 2.2: Plots of the quadrature variance [Eq. (2.121)] versus n for A = 100, x = 0.8, and different

values of% )

In addition, inspection of the plots in Fig. 2.2 shows that for small values of the amplitude
of the pump mode, the coupling of the top and bottom levels significantly enhances the in-
tracavity squeezing particularly when there are nearly equal number of atoms initially in the
top and bottom levels ( around n = 0). Otherwise, it leads to the decrease in the intercavity

squeezing. On the other hand, for a strong pump mode (2 > ), Eq. (2.121) takes the form

2 2 3
e Al e ke i (2.122)
K 2 Ay _ Ay2 7 ’
§+ 02 1_77 :Fﬁ_QQU

so that on dropping the terms Aﬂ—f and Ag—f, Eq. (2.122) reduces to

1

2A~ "

Aaizi
L¥ on

(2.123)

This result indicates that a degenerate three-level laser pumped by a very strong light behaves

like a degenerate parametric oscillator [10].

Furthermore, we consider the case in which the pump mode emerging from the nonlinear
crystal does not couple the top and bottom levels. Hence upon setting % = 0 (with 5y # 0),
Eq.(2.118) reduces to [43]

K+ AL+ (1 - )1/

2.124
An+ kK — 2 ( )

2 _
Aa’ =
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and
k—All+ (1 —n)?

Ad? =
- An+ K+ 2

(2.125)

It is apparent that ¢ is the only parameter representing the parametric amplifier. And inspec-
tion of Eq. shows that the effect of the parametric amplifier is to decrease the value of

the quadrature variance Aa? .

Fig. 2.3: Plots of the quadrature variance [Eq. (2.125)] versus n for A = 100, x = 0.8, and different

values of ¢

The plots in Fig. 2.3 indicate that the presence of the nonlinear crystal leads to better squeez-
ing. In addition, applying Eq. (2.125) with A = 100, £ = 0.8, and n = 0.1 the maximum

interacavity squeezing is 94% below the coherent-state level for ¢ = 5.3.
2.2.2 Quadrature variance of the output mode

We next seek to calculate the quadrature variance of the output mode. According to the
derivation presented in Appendix A, the quadrature variance for the output mode is express-
ible as

Ad? = KAGL + (1 — k)AdZ, ., (2.126)

where the first and the second terms represent the quadrature variance of the transmitted

and reflected output mode. Taking into account Eq. (2.116) and the fact that the quadrature
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variance of the vacuum reservoir is unity, the quadrature variance for the output mode of the

system under consideration takes at steady sate the form

— 2V £ 2R
Aa2, (1) =1+ "C 5 ). (2.127)
:F
Finally, employing (2.59), (2.62), and (2.117) in Eq. (2.127), we obtain
N (25 — 4+ der)(1+ L) (1 + iZ5) + A(2k — 22 — =82 4 39y(1 _ p2)1/2
ou (2r —4e)(1+ H) (1 + %) + #(1 )2 - A1+ &) 4 A2 - D)y
A(EE - 30 _9g 40— By 4 ACSE + 2P 80 4o 2B 0.198)
2 2 2 *
(2 —de)(1+ Z)(1+ 45) + 2421 — )12 - 421 4+ L) + A2 - D)y
and
A2 (1 (2/1—1—45—45/%)(1—%%3)(14- )—I—A( — 2K — 3’;Q+@)(1—n2)1/2
a_
ot (2H+4a)( )(1+“—2)+w(1— )1/2 A1+ L)+ 42— D)y
A(SE + 389 g 12— By +A(2”92—%3—§+2m+%+%§)
+ o am @ g (2.129)
(2/<;+45)( )(1+ )+ (I=m)12+ 221+ 55) + A2 = 2)n
1
0.9
/)
0.8’ 7/
7/
0.7} P .
06} - -
05} 2 -7 -
(Aa—)out _ -
0.4’ —_ - T
0.3—_,,——”’ Ad? ]
0.2 E
0.1 E
0 Il Il Il Il
0 0.2 0.4 0.6 0.8 1
n

Fig. 2.4: Plots of the quadrature variance for the cavity mode [Eq. (2.118), solid curve] and for the
output mode [Eq. (2.129), dashed curve] versus 7 for % =0.1,e =5.3, A=100,and x = 0.8.

It can be seen from the plots in Fig. 2.4 that in general the cavity mode squeezing is greater
than the output mode squeezing. Furthermore, applying Eq. (2.129) withn = 0.1, ¢ = 5.3,
A =100, and £ = 0.8, the maximum degree of squeezing for the output mode is found to be

75% (occurs at % =0).
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We next proceed to examine some special cases. We first consider the case in which the
nonlinear crystal is removed from the cavity, with the top and bottom levels of the atoms

coupled by the pump mode. Thus upon setting ¢ = 0 with (5y # 0) in Eqgs. (2.128) and (2.129)

the output mode quadrature variance for this case takes the form

Ad?,,(t) = 26(1+ §2)(1+ ) + A2k — 28 — 55 + I (1 - )V
a t
ol T Bt B+ B - (15 B 1 Ap- D),
AT 2R -4 2- St ACSE 2+ -2 -0

s
26(1+ %) (1+ &) + 221 — )12 - 221+ ) + A2 - 2)n

and
A 9 () 2,‘{,(14— e )(1+ 92)_'_14(59 2/41_%_‘_%)(1_7’2)1/2
aZ ot
U (1 )1+ Ty + (1 - )12+ 4201 4 By 4 A2 - Ly
Q% | 3kQ 2592 QS KQ Q , 08
A(WT+ Y 2H+2 ) +A( _773—74-2%&4-;‘1‘?)' 2.131)

26(1+ %) (1+ &) + #(1 - )1/2 + 421+ %)+ A2- D)y

12

Q=0

- — - -Qh=0.1

—’out

(Aa?)

Fig. 2.5: Plots of the quadrature variance for the output mode [Eq. ([2.131)] versus n for A = 100, k =

0.8, and different values of %

We easily see from the plots of Fig. 2.5 that the coupling of the top and bottom levels of the
three-level atoms by the pump mode leads to a decrease in the degree of squeezing of the
output mode, except when there are nearly equal number of atoms initially in the top and

bottom levels. Moreover, using Eq. 2.131) withn = 0.1, x = 0.8, and A = 100 the maximum
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degree of squeezing for the output mode is found to be 70% (occurs at % = 0.02). In addition,
for the special case in which the pump mode emerging from the nonlinear crystal does not

couple the top and bottom levels. Upon setting % = 0 (with 8y # 0) Egs. (2.128) and (2.129)

become
+ 2ek — 26 + As(1 — )Y + A(1 — k)0 + Ak
Ad2, . =" 2.132
@+out An+ kK —2¢ ( )
and
-2 2 — Ar(1 —n?)V/2 + A(1 — A
ACLZ_(M:K ek +2e — Ax(1 —n?) /2 + A(1 — k)n+ a3 (2.133)
An+ Kk + 2¢

—)out

(Aa2

0.2 :

Fig. 2.6: Plots of the quadrature variance for the output mode [Eq. (2.133)] versus n for A = 100, x =

0.8, and different values of <.

We readily observe from the plots in Fig. 2.6 that the presence of the nonlinear crystal leads to
better squeezing of the output mode. In addition, applying Eq. (2.133) with n = 0.1, A = 100,

and x = 0.8 the maximum output mode squeezing is found to be 75% below the coherent-

state level for e = 5.3.
2.2.3 Squeezing spectrum of the output mode

The squeezing spectrum for a single-mode light can then be defined in the normal order as

[47]
S (w) = 1+ 2Re / (a3 (1), a5 (4 7) ) sse’ @07 dr, (2.134)
0
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in which :: refers to normal-ordering. This can be expressed in terms of c-number variables

associated with the normal ordering as
59U (w) =1+ 2Re / (a3t (1), aQ(t 4 7)) 55’ @90 dr, (2.135)
0

For a cavity mode coupled to a vacuum reservoir, the output and cavity variables can be re-
lated by
Q" = kay. (2.136)

On account of Eq. (2.136) the squeezing spectrum takes the form
S (w) =1+ 2/~$Re/ (as(t), s (t + 7)) sse @0 dr. (2.137)
0
The solution of Eq. (2.95) can be written as

ar(t+7) = asL(t)e T + /T e AF(T=7") (ptp)+ ffE+7)EfE+7))dr. (2.138)
0

Now multiplying Eq. (2.138) by «+ (¢) and taking the the expectation value of the resulting
expression along with the fact that the noise force at time ¢ + 7’ does not affect the system

variables at the earlier time ¢, there follows
(o (t)as(t + 7)) s = (02(1))sse ™ FT + (1 £ p) (o (1)) / e F =g (2.139)
0

With the aid of Egs. (2.110) and (2.115), we have

(% pf s,e  e=2WE2R

<Ozi(t)a:|:(t + T)>ss =32 ¢ -
2 A%
2 T
NGRS / e A=) gr! (2.140)

Upon carrying out the integration, we obtain

(4 p)? 6_2Vi2Re_>‘

=8 (2.141)
2 2
A2 A2

<ai (t)ai(t + T)>ss =

Furthermore, with the help of Eq. (2.138), one readily gets

(at(t+7))ss = “j“. (2.142)
:F

Therefore, application of (2.110), (2.141), and in Eq. leads to

e—2V4+2R [

2 6(i(w—w0)—>¢)7d7—’ (2.143)
e 0

SP(w) =14 2kRe

so that upon performing the integration, we find

2k(e — 2V £ 2R)
)\?F + (w - w0)2 .

S (w) =14+ (2.144)



2.2 Quadrature Squeezing 25

Thus substitution of (2.59), (2.62), and into Eq. (2.144) results in

(25 A +32-2)(1—n?)! 2= A2+ 24 207 4 00) 4 A(22 “2+2>n>

2(1+ 02 (1+ 522)

Sout =1 + S " 5 (2145)
242 (1)1 = A2 (14 B+ AT )n
Kk _ 2 0l ] ol _ 2
=t 40+95)(1+ 23) * (w = wo)
and
A% -39 (1-r?) 12+ A2- 24+ 25 - 03)1 4321 2 _2)y
T 20 B )
72 4v2

- (2.146)

2
3AQ (1 _ 1/2+AQ 1+92 +A(2—922
A2 (1-n2) (+Srae-Sam) " e

4<1+“2 )1+ “2 7)

Fig. 2.7: Plots of the squeezing spectrum [Eq. (2.146)] versus 7 for % = 0.01,e = 0.1, w = wy, and for

different values of the linear gain coefficient.

Fig. 2.7 shows that there appears to be perfect squeezing around A = 30 and for values of 7

very close to zero.

Next we wish to examine some special cases. We first consider the case in which the non-
linear crystal is removed from the cavity, with the top and bottom levels of the atoms coupled

by the pump mode. Thus upon setting e = 0 (with gy # 0) in Egs. (2.145) and (2.146), we have
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2 2 3 2
A% +32-2) (1)}~ A2+ 42 4 33>+A<33—32+2>n>

" <_ 20+ 21+ 1)
SS9 (w) =1+ 5 (2.147)
(n I i A“<1+“2>+A<2”2>n> + (W —wo)?
3 o2 w — Wy
a1+ %) 1+ )
and
A% 82 -2)(1-2) 2+ A2- 2+ %—“3>+A<3§2 +2—2)n
. 2(1+—2)(1+4—2)
So(w) =1 — . (2.148)
JASZ 1 n )1/2+Aﬂ(1+£22 )+A(27£)T] )
Kk _
1
0.9}
0.8}
0.7F //:@\ — — —ie001 N
o6 /7 Q/y=0.02 i
il
5\./ 0.5 T
@ 04fF ! - B
SN
0.3 : .
e
0.25 : i
0.af: ]
0 -_~ 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5

Fig. 2.8: Plots of the squeezing spectrum [Eq. (2.148)] versus n for A = 100, x = 0.8, w = wy, and

different values of %

We easily see from the plots of Fig. 2.8 that the coupling of the top and bottom levels of
the three level atoms by the pump mode emerging from the nonlinear crystal increase the
squeezing spectrum only when there are nearly equal number of atoms initially in the top
and bottom levels (n = 0). Otherwise, it decreases the squeezing spectrum. Furthermore,
employing Egs. with % =0,k = 0.8 A = 100, and w = wy we find that there is
perfect squeezing at = 0.04. In addition, we consider the special case in which the pump

mode emerging from the nonlinear crystal does not couple the top and bottom levels of the
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three-level atoms. Thus upon setting % = 0 (with 8y # 0) in Egs. (2.145) and (2.146), we find

k(26 + A1 —n?)/2 — A+ A)

STt w) =1+ 5
(%—&-F%) + (w — wp)?

(2.149)

and

k(26 + AL —n?)V/2 + Ap — A)

SO (w) = 1— L
(g+s+%) + (w —wp)?

(2.150)

0.9F ]

0.8 _— i

0.7

0.6
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~
\
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Fig. 2.9: Plots of the squeezing spectrum [Eq. (2.150)] verses n A = 100, x = 0.8, w = wp, and e = 0.4

(solid curve) and € = 0 (dashed curve).

We observe from Fig. 2.9 that the effect of the parametric amplifier is to increase the squeez-
ing spectrum for 0 < 1 < 0.02 and to decrease it for 0.02 < n < 0.32. In addition, applying Eq.
with A = 100, k = 0.8, and w = wp we find that there is perfect squeezing at n = 0 for
¢ =0.4and atn = 0.04 fore = 0.

2.3 Photon number statistics of the cavity mode

We first determine, using the solutions of the c-number Langevin equations and the corre-
lation properties of the noise forces, the antinormally ordered characteristic function de-
fined in the Heisenberg picture for the cavity mode. With the aid of the resulting charac-
teristic function, we obtain the () function which is then used to calculate the mean and the

normally-ordered variance of the photon number and the photon number distribution for
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the cavity mode. The @ function for a single-mode light is expressible as
Qo™ a,t) = % /d2z¢(z*,z,t)emp(z*a — za™), (2.151)
with the characteristic function ¢(z*, z, t) defined in the Heisenberg picture by
o(z*,z,t) =Tr (p(AO)e_Z*d(t)eZdT(t)) . (2.152)

Using the identity

eAeB = qf:BeAe[‘éi’B]7 (2.153)

the characteristic function can be put in the normal order as
P(2*, 2, t) = e * *lexp(zal — z*a)). (2.154)

This can be expressed in terms of c-number variables associated with the normal ordering as

(2%, 2, t) = e #lexp(za® — 2 ). (2.155)
One can rewrite Eq. (2.98) as
a(t) =d(t) + E(t), (2.156)

where

&/(t) = By (t)a(0) + B_(£)a* () + F(t). (2.157)

Now using Eq. and its complex conjugate, we have
P(2*, 2,t) = e FHEZE (exp(za* — 2*a)). (2.158)

Employing (2.157) along with Eq. (2.96), the equation of evolution for the expectation value
of o/(t) can be expressed as
d
£<o/(t)> =—(S—R)(d/(t)) + (U =V +e){a"(1)). (2.159)
Inspection of this equation indicate that /(¢) is a Gaussian variable [21]. Moreover, on ac-
count of (2.157) along with the assumption that the cavity mode is initially in a vacuum state,
we easily show that (o/(¢)) = 0. Hence «/(t) is a Gaussian variable with vanishing mean. One

can then express (2.158) in the form [21]

* * 1
P(2*, 2,t) = e TEEIE yepp <2 ([za*? + 22/ — 2zz*o/o/*]>) . (2.160)
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On the other hand, employing Eqs. 2.101), (2.102), and (2.157) along with the assumption

that the cavity mode is initially in a vacuum state one readily finds

1

@P0) = | [ B 4 SO + )

0

+ /0 e MBI () — S F(E) = £(E1))) de'de”
+/t e_[(,\7+,\+)t+/\,t’+/\+t”] <(f(t,) —I-f(t/)*)(f(t”) _ f(t”)*)>dt’dt”

0

+/t e IA=FAL AL +A1] <(f(t,) _ f(t/)*)(f(t//) +f(t//)*)>dt/dt// ) (2.161)

0

With the aid of Egs. (2.85) and (2.93), we get

t
<O/2(t)> _ 2R -2V +¢ / e_A*(zt_t,_t”)(S(t, _ t”)dt/dt”
2 0
2R+2V —¢ [! I
0

so that upon carrying out the integration, we obtain

B 2R -2V + ¢
N AN_

2R+ 2V — ¢

1 — =20ty _
(I—e") I

(a2(t)) (1 —e 21, (2.163)

It can also be established following a similar procedure that

_2R-2V +¢

(™ () (1)) T(l et 4 2R+2V —¢

1 — e M1, 2.164
I (1-e ) ( )

On account of Eq. and its complex conjugate along with (2.164), there follows

o(2*, 2z,t) = exp(—az*z — 3(22 +2%) + (2 — 2")E), (2.165)
in which
o142V e _4?_/ (1) El R Zif — (1) (2.166)
and
b= % (1-e1) - QRZ?I_F’ (1-e2). (2.167)

Furthermore, substitution of Eq. (2.165) into (2.151) leads to
* 1 2 * b 2 *2 * *
Q(a",at) = — [ d°zexp | —az"z — 5(2 +2)+(a—E)z" — (o — E)z ). (2.168)
T

Upon carrying out the integration, the @) function is found to be

(62 _ d2)1/2

Qo™ a,t) = e:vp[ —c¢(a*a — aE — o*E + E?)

d
— 5(oﬂ +a*? —2Ba — 2Ba* + 2E2)] : (2.169)
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where

poa— (2.170)

and

b
d= 0y (2.171)

2.3.1 Normally-ordered variance of the photon number

We next seek to calculate, applying the @) function we have found, the mean and variance of

the photon number for the cavity mode.
Mean of the photon number
The interacavity photon number is represented by the operator
h=ala. (2.172)

On the other hand, the expectation value of an operator function A(af,a) can be calculated

using the @ function as [21, 22]

(A) = / PaQ(a)A.(a), (2.173)

in which A4, (a) is the c-number function corresponding to the operator function A in the
antinormal order. Hence with the aid of Eq. (2.173) the mean photon number for the cavity
mode can be expressed as

i = /d2aQ(a)(a*a —1). (2.174)

Now applying the @ function (2.169), we have

2 g2\1/2
n= (Cd>6_(6E2+dE2)/d2ozexp[—ca*a+(cE+dE)(a*+a)—;i(a*2+a2)]a*oz—1. (2.175)
™

This can be put in the form

(¢ —d*)'/? o (cE2+dE?)
C

d1 d
X §—— /d2a exp[—ycata + (cE + dE) (o + a) — = (a*? 4 a?)] -1, (2.176)
dy ™ 2 y=1

n=—

so that carrying out the integration, we get

n= _we-@mm a1 2 exp (cy — d)(cE + dE)? T
c dy \y%c? — d? Y22 — 2 . .

(2.177)
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Furthermore, upon performing the differentiation and applying the condition y = 1, we ob-

tain

n = exp [—(cE2 +dE?) + (c—d)(cE+ dE)Z]

2 _ 2
c [2¢c(c —d) — (¢* — d?)] (cE + dE)?
X [02 — + (&= @) (2.178)
With the aid of Egs. (2.170) and (2.171), one can readily show that
— E E)?
exp |—(cB? + ap?) + L= DCE+AE7) 2.179)
2 _ 42
C
and
[2¢(c — d) = (2 — d*)] (cE + dE)? 9
= F~. 2.181
(2 — d2)? ( )
Thus substitution of (2.179), (2.180), and (2.181) into Eq. (2.178) results in
n=F?+a—1. (2.182)

Therefore, on account of Eqgs. (2.100) and (2.166), the mean photon number for the cavity

mode turns out to be
2

2R—2
ﬁ/zzééz (1%_642A_t__267A_t)_+ Afing%;j;§,<1__egzx_t)

2R+2V—E —9A.t
— (1 - . 2.1
NE vl Chty @.183)

At steady state the mean photon number goes over into

Hz+2R—2V+5+2R+2V—6
A2 4N ANy

Finally, application of (2.59), (2.62), and (2.117) in Eq. (2.184) yields

(2.184)

Ngs =
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2 2
16%(1 4+ &) (1 + 5)?

Ngs = 5
(k= a2)1 4 510+ ) + 20 )12 = 42014 02) 4 42~ Fyn)
2 2 2
N 25(1—1—%)(1—#3?)—A(%+29?_1)(1_772)1/2
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2 3 2
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- 2 2 2 2
Ak +20)(1+ H) (1 + 45) + 842 (1 — )2 + 2481 + L) 4+ 24(2 - G
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Fig. 2.10: The mean photon number [Eq. (2.185) with % = 0.04, A = 100, and x = 0.8] versus 7 for
¢ = u = 0 (solid curve), for e = 3.5 and p = 0 (dashed curve), and fore = 3.5and u = 5

(dotted curve).

The plots in Fig. 2.10 clearly indicate that the parametric amplifier and the driving light con-
tribute significantly to the mean photon number. Moreover, we observe that in general the

mean of the photon number decreases as 7 increases.
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Fig. 2.11: The mean photon number [Eq. (2.185)] versus n fore = 3.5, u = 5, A = 100, x = 0.8, and

different values of %

The plots in Fig. 2.11 show that the mean photon number decreases with % This must be
due to the stimulated emission induced by the pump mode. The photons emitted this way

are not included in the mean photon number for the cavity mode.

We next wish to examine some interesting special cases. First we consider the case in
which the atoms are not injected into the cavity. Thus upon setting A = 0 in Eq. (2.185), we

get [35]
442 n 2¢?
(k—2e)% K2 —4e?

This represent the mean photon number of the cavity mode for a degenerate parametric os-

(2.186)

Ngs =

cillator driven by coherent light. Furthermore, we consider the case in which the parametric
amplifier and the driving light are absent. Thus upon setting ¢ = 1 = 0 (with % = 0) in Eq.
(2.185), we obtain [21]

Al —n)

ﬁ&; = m (2.187)

This represent the steady-state mean photon number for a degenerate three-level laser.

Normally-ordered variance of the photon number

We next proceed to calculate the normally-ordered variance of the photon number. The

normally-ordered variance of the photon number is defined as [48]

CAR? = (02 ) — ()2, (2.188)
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Furthermore, using Eqgs. (2.172), the normally-ordered variance of the photon number takes
the form

: An? = An? — 7, (2.189)

with An? and 7 being the variance and the mean of the photon number. The variance of the

photon number for the cavity mode is expressible as
An? = (A%) — (R)2. (2.190)
The variance of the photon number can also be put in the form
An? = (a%a™?) — % — 3a — 2. (2.191)
Employing one can write
(a2a'?) = / aQ(a)o’a*?. (2.192)
Now applying the @ function in Eq. (2.192), we have

2 oN1/2
(a2a1?) = %e_(CEQ"'dEQ) /dza exp[—ca*a + (cE 4+ dE)(a* + a) — é(a*2 + a?)]a*?a?

s 2
(2.193)
or
<d2&T2> _ (C2 — d2)1/2 67(0E2+dE'2)
2
d? 1 2 « x d, v, o
X e d°aexp[—yca*a + (cE + dE)(a* + o) — 5(0( + o)) , (2.194)
y=1

so that carrying out the integration, we get

(a%at?) = (¢ —d*)'/? o~ (CE*+dE?) { d < 1 >1/2 exp ((Cl/ —d)(cE + dE)2> }
y2c2 :
=1

2 d73/2 — 2 Y22 — d2

(2.195)
Furthermore, upon performing the differentiation and applying the condition y = 1, we ob-

tain

(@%at?) = exp |—(cE? + dE?) + (C—d)(cE+dE)2]

( [2¢(c — d) — (2 — d2)] (cE + dE)2> ’

2 _ 2 (2 — d2)2
3c? 1 6c[2c(c— d) — (2 — d*)] (cE+dE)?  2(c — d)(cE + dE)?
+(02 —2)? - (2 — d?)(2 — d?)2 n (2 —d?)?
(2.196)

With the aid of Egs. (2.170) and (2.171), one can easily show that

1

2 2
=t b (2.197)
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and
2(c — d)(cE + dE)?
(2 — &2)2

Thus substitution of (2.179), (2.180), (2.181), (2.197), and (2.198) into Eq. (2.196) leads to

= 2E%(a +b). (2.198)

(a2a'?) = B* + 4E%a — 2E%b + 24 + b2 (2.199)

Application of (2.182) and (2.199) in Eq. (2.191) results in

An? = 2F%a +a® +b* —2E%h — E? — q. (2.200)

Therefore, with the aid of Egs. (2.100), (2.166), and (2.167) the variance of the photon number

turns out to be

2 _
o 12 (B )

A2 4N

2R —2V +¢e\° Con g\ 2 2R+2V —e\? o r\2
(=) (me? ) 2 () (- 2o
+ ( o ) e + I e (2.201)

At steady state the photon number variance goes over into

Ap? (2R -2V +¢ 2R —2V +¢\? 2R+2V —e\?
An?, =fig + —5 [ ————— 2( —— 2| ——88 | . 2.202
e ”+A2< o >+< e >+< W > (2:202)

Finally, in view of this result the normally-ordered variance of the photon number (2.189)
takes at steady state the form

412 (2R — 2V + 2R —2V +¢)\? QR+ 2V —¢\?
CAn?, = —)\g <4)\ 5) +2 <4)\ 5) +2 <4)\ €> . (2.203)
- - - -+

We see from Fig. 2.12 that the normally-ordered variance of the photon number is posi-
tive. This indicates that the photon number statistics is super-Poissonian. Furthermore, we
note that one effect of the coupling of the top and bottom levels is to decrease the normally-
ordered variance of the photon number. In addition, the same plots show that the normally-

ordered variance of the photon number decreases with 7.
2.3.2 Photon number distribution

We next seek to obtain, employing the @) function, the photon number distribution for the
cavity mode of the system under consideration. The photon number distribution for a single-

mode light is expressible in terms of the @ function as [21]

2n
Pln,t) = =9

* a*a
mﬁa*”aa” Q(a ,Oé,t)€

(2.204)

a*=a=0
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Fig. 2.12: Plots of the normally-ordered variance of the photon number [Eq. (2.203)] versus 7 for ¢ =
3.5, =5, A =100, x = 0.8, and % = 0.2 (solid curve) and % = 0.3 (dotted curve).

Now using the @) function (2.169), the photon number distribution for the cavity mode under

consideration can be written in the form

P 1) = C =P era

(&
n!
X 672633 (1-c)a*a+ (cE+dE)a+ (cE +dE)a* — goﬂ _dn
darndar P 27 2 Jar—ao
(2.205)
Furthermore, upon expanding the exponential functions in power series, we find
_(@-P) gp (DI o) + dEY ()
Plnt) = —— ¢ 2 olFm 11 im]
ijklm
2
« & [a*i+k+2mai+j+2’} : (2.206)
oa*" oo™ a*=a=0

In addition, performing the differentiation and using the condition o* = a = 0, we get

P(n,t) =

(02 _ d2)1/2 (erd)E? Z (_1)l+m(1 _ c)i(cE + dE)j"‘k(d)H‘m
— ¢

n! 20+m gl J1 k1 m!

ijklm

(i+j+20)!  (i+Fk+2m)
G+j+2—n)(i+k+2om— n)!5i+j+2l,n5i+k+2m,n~ (2.207)

Applying the properties of the Kronecker delta, we have

j=n—i-2l (2.208)
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and

k=n—1i—2m. (2.209)

Finally, with the aid of these results, the photon number distribution is found to be of the

form

| l+m1 _ A\ 2(n—i—l—m) jl+m
Pln,t) = (& — )2 (erp 3 DAL= O (el + dE) 7 2w

P 2Emiml(n — i — 20! (n — i — 2m)!

It is interesting to consider a special case in which the coherent driving light is absent

(e = 0). Thus upon setting ¢ = 0 in Eq. (2.100), we get

E=0. (2.211)
In view of this we see that
j=k=0 (2.212)
and
l=m=(n—1)/2. (2.213)

Hence on account of Egs. (2.211) and (2.213) along with the fact that a factorial is defined for

nonnegative integers, the photon number distribution can be put in the form

90172 n QldQZ
P(n,t) = (c* — d*) Z 22[ 21 o (2.214)

where [n] = n/2 for even n and [n] = (n — 1)/2 for odd n.

As can be seen from Fig. 2.13 the steady-state photon number distribution decreases with the
photon number. Though the photons are generated in pairs in this quantum optical system,
there is a finite probability to find odd number of photons inside the cavity. This is due to the
damping of the cavity mode. In addition, the probability of finding even number of photons
is in general greater than the probability of finding odd number of photons. One can also
obtain using that the probability of finding n photons, with n < 17, is smaller for the
light generated by the three-level laser with the parametric amplifier. And the opposite of this
holds for n > 18.
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Fig. 2.13: Plots of the photon number distribution [Eq. (2.214)] at steady state versus the photon num-
ber for % =0,7=0.1, A= 100, x = 0.8, and ¢ = 5.3 (solid curve) and ¢ = 0 (dotted curve).

2.4 Photon number and count statistics of the output mode

We first express the mean and the normally-ordered variance of the photon number for the
output mode in terms of the mean and the normally-ordered variance of the photon num-
ber for the cavity mode. Then using the expression for the /"* moment of the photon count
in terms of the photon number distribution along with the resulting mean and normally-
ordered variance of the photon number for the output mode, we calculate the mean and

normally-ordered variance of the photon count for the output mode.
2.4.1 Normally-ordered variance of the photon number
The mean photon number of the output mode is defined as
Tiout = (gut (t) Qout (t))- (2.215)

For a cavity mode coupled to a vacuum reservoir, the output and cavity variables can be re-
lated by
a(t) = vVEaeu(t), (2.216)

so that in view of this, the mean photon number for the output mode takes the form

Nout = KN, (22 17)
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with 7 being the mean photon number for the cavity mode. Thus with the aid of Eq. (2.185),

the mean photon number for the output mode can be put at steady state in the form

2 2
16502(1+ %)% (1 + )

A ((2/<; —4e)(1+ B)(1+ L)+ 221 —p2)1/2 - 4214 02) 4 A2 - %22)702
26e(1+ L)1+ &) - A2 + & - 1)(1 - )2
P a0 Ty ) ¢ R )1/2 2AQ(1 T Al S
—kAS2 - L+ 1)+ A +Q—2+1)
+4(“—2€>(1+92)(1+ )+ 88 (1 - )1/2 2491+ 8 +44(1 - L)
2ke(1 + 21+ 92) A(% S )1 -
- 4<m+2s><1+%§><1+%>+%1 )2 + 2491 4 By 4242 - Ty

30 | 02 Q2 93 Q
_ —RA(g t o - ACGs — g — 5 Y (2.218)
2 2 2 2 N *
Ak +22) (14 Z)(1+ ) + B2 (1 —92)1/2 + 2221+ £) 4 242 — &)

We next proceed to determine the normally-ordered variance of the photon number for
the output mode. The normally-ordered variance of the photon number for the output mode
can be defined as

PANRZ = (2 ) — (Row). (2.219)

out *

With the aid of the input-output relation, we obtain for a cavity mode coupled to a vacuum
reservoir

cAn2, = k2 AR? . (2.220)
in which : An? : is the normally-ordered variance of the photon number for the cavity mode

given by (2.203). Therefore, on account of Eq. (2.203) the normally-ordered variance of the

photon number for the output mode is found to be

412K2 (2R — 2 2R — 2 2 2R+ 2V —
u;; R—-2V +¢ 492 R—-2V +¢ pw R+2V —¢
22 4N AN W

2
) . (2.221)

Anaut

We note that « is always positive. Thus one easily observes that the photon number statistics
for the output mode is similar to that for the cavity mode. Moreover, in view of Egs.
and along with the fact that « is less than one, we easily see that the mean and the
normally-ordered variance of the photon number for the output mode are less than that for

the cavity mode.
2.4.2 Normally-ordered variance of the photon count

We next wish to calculate, employing the ["* moment of the photon count along with the

mean and the normally-ordered variance of the photon number, the mean and the normally-
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ordered variance of the photon count for the output mode. To this end, we recall that the /*

moment of the photon count is expressible as [21, 48]

: (2.222)
A=0

ml = i P(nout) <(A - 1)ddA>l (1 — )™t

Nout=0

where P(n,,;) is the photon number distribution for the output mode and « represents the
probability for the detection of a single photon. Thus using Eq. (2.222) the mean photon

count for the output mode can be written as

e = d Nout
m= > P(nou) (()\ — 1)d)\) (1—ul) - (2.223)
Nout=0 -
Upon carrying out the differentiation and employing the condition A = 0, we get
m=u Y PNout)nout, (2.224)
Nout=0
from which follows
M = UNoyt- (2.225)

Moreover, on account of Eq. (2.222) the second moment of the photon count is given by

_ s d 2
2 _ P(ngy —1)— 1— Mout 2.22
= Y Pl (A=0g5) -y (2.226
Nout=0 -
Upon performing the differentiation and applying the condition A = 0, we find
m2 = u? Z P(nout) (N2 — Nout) + Z P(nout)Mout, (2.227)
Nout=0 Nout=0
so that
m2 = u?(n2out — Tout) + UTout- (2.228)
The normally-ordered second moment of the photon count can be written as
:m?2 :=m?2 — . (2.229)
Combining this equation with (2.225) and (2.228), we obtain
cm2 =’ % : (2.230)

The normally-ordered variance of the photon count is defined by

c Am? = m2: —m>. (2.231)
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Hence substitution of and (2.230) into Eq. (2.231) results in

. 2._,2. 2 .
tAmTi=ut  Angy,

(2.232)

On account of Eq. (2.220), the normally-ordered variance of the photon count (2.232) takes
the form

- Am? = k2% . An? : (2.233)
where : An? : for the cavity mode under consideration is given by (2.203). Therefore, in view

of Eq. (2.203) the normally-ordered variance of the photon count turns over at steady state

into

4p2u?k? (2R —2V +¢ 2R — 2V +¢\? 2R+2V —¢e\?
. A 2 — 2 2 2 2 2 2 .
Mot N2 I + 2k%u T + 2r7u 74/\+

(2.234)

Since k and u are always positive, one can easily assert that the photon number count statis-
tics for the output mode is similar to the photon number statistics for the output mode as
well as cavity mode. Moreover, inspection of Egs. and along with the fact »
and u are less than one, we observe that the mean and the normally-ordered variance of the
photon count for the output mode is less than the mean and the normally-ordered variance

of the photon number for the output and cavity modes.



Nondegenerate Three-Level Laser with Parametric Amplifier

We consider a nondegenerate three-level laser whose cavity contains a nondegenerate para-
metric amplifier (NOPA) and with the cavity modes driven by a strong coherent light and
coupled to a vacuum reservoir. The three-level atoms injected into the cavity are initially pre-
pared in a coherent superposition of the top and bottom levels. Moreover, the top and bottom

levels of the three-level atoms are coupled by the pump mode emerging from the parametric
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-
Y o
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Fig. 3.1: A nondegenerate three-level laser with a parametric amplifier and strong coherent light.

We first derive the master equation (equation of evolution of the density operator) for the cav-
ity modes and with the aid of this master equation, c-number Langevin equations associated

with the normal ordering are obtained. Employing the solutions of the resulting c-number



3.1 c-number Langevin equations 43

Langevin equations, we determine the quadrature variance, the mean and the normally-
ordered variance of the photon number sum and difference, and the photon number dis-
tribution of the cavity modes. In addition, applying the same solutions and the input-output
relation, we calculate the quadrature variance, the squeezing spectrum, and the mean and

the normally-ordered variance of the photon count sum and difference for the output modes.
3.1 c-number Langevin equations

We derive in the linear and adiabatic approximations schemes, the master equation for the
cavity modes under consideration. Applying this master equation, we find the c-number
Langevin equations associated with the normal ordering. Finally, we obtain the correlation

properties of the noise forces.
3.1.1 Master equation

In a nondegenerate three-level laser, nondegenerate three-level atoms in a cascade configu-
ration and initially prepared in coherent superposition of the top and bottom levels are in-
jected at a constant rate r, into a cavity coupled to a vacuum reservoir via a single port mirror
and removed after a certain time 7. We denote the top, intermediate, and bottom levels of
a three-level atom by |a), |b), and |c), respectively. We assume that the transitions between
levels |a) and |b) and between |b) and |c) to be dipole allowed, with direct transition between
levels |a) and |c) to be dipole forbidden. Further we assume the cavity mode a to be at reso-
nance with transition |a) — |b) and the cavity mode b to be at resonance with the transition
|b) — |c), with the top and bottom levels coupled by the pump mode emerging from the para-
metric amplifier. To this end, treating the pump mode classically, the coupling between the

|a) and |c) levels can be described by the Hamiltonian

A’ = Ze)al ~ lapiel), .1

in which

Q = 2)\f,. 3.2)

Here [y, considered to be real and constant, is proportional to the amplitude of the pump
mode and ) is the coupling constant between the pump mode and a three-level atom. In
addition, the interaction of a three-level atom with the cavity modes can be described by the
Hamiltonian

A" = ig[al|b) (a] — ala) (b] + bT]c) (6] — blb) (el (3.3)
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where g is the coupling constant between the cavity modes and a three-level atom, and a and
b are the annihilation operators for the cavity modes. Thus upon combining (3.1) and (3.3) the
interaction of a three-level atom with the cavity modes and the pump mode can be described

by the Hamiltonian
H = ig[af|b){al — ala)(b] + b'|c)(b] — blb)(c]] + % [le){al = la){el] - (3.4)

With the aid of Eqgs. (2.13) and (3.4), and following a similar procedure we have used for the
degenerate case and taking into account the damping of the cavity modes by the vacuum
reservoir, the master equation associated with the interactions described by the Hamiltonian

(3.4) can be put in the form

dp _

T [&* Pab = payi’

+ ﬁbad - aﬁba + BTﬁbc - pAbcl;T + ﬁcbi) - Bﬁcb:|
L oasat — sata—atasl + L l2bsbt — sbth — blis
+§/<a 2apa’ — pa'a —a'ap +§/£ 2bpb" — pb'b —b'bp | . (3.5)
Applying Eq. (2.29) and taking into account (3.4) and (2.13), the equations of evolution of the
matrix elements in Eq. (3.5) are found to be

dp A - Q. R
Pab _ g [Paaa — APy — pacbq — 5 Pcb — YPab, (3.6)
dt 2
C[l):c =g [anac + ﬂbbb - bpcc} + gpba — 7V Pbe) 3.7
dp T . A At Q. . .
2:“ =5 (1=mat) =g [PabaT + apba] = 5 (Pea + Pac) = Vhaa; (3.8)
dp R i A A3 5 R
% =g [anab + Ppat — pbch - bpcb] — Y Pbb, (3.9)
dpac _ Ta 2 i0 A P S Q. A -
dt = Eﬂe p(t) +g [Pabb - apbc} - 5 (Pcc - Paa) — YPac; (3.10)
dp T R TN . 3 Q. A A
5;0 = 5 (L+mpt) +g [b*pbc + Pcbb] + 5 (Pac + Pea) = VPec: (3.11)

In the linear and adiabatic approximation schemes, we find

r ~ Q R
i(l —n)p— g(pac + Pea), 3.12)

ﬁaa =

Py =0, (3.13)
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. T 0. Q. .
Pac = ;Mewp - 7(pcc - Paa)a (314)
Y 2y
. r . Q. .
Pec = 5 (L4 mp+ 5 (Pac + fa). 3.15)

With the aid of Eq.(3.14) along with its complex conjugate, we get

R R Ta, /T3 Q.
Pac + Pca = ;( 1- )COS 0p — ;(pcc - paa)- (3.16)

On account of this, Egs. (3.12) and (3.15) take the forms

) o (| _pyp— — e TP eosbp+ L (3.17)
=12 (1— S — — 1% Cos —_— .

paa 72 + QQ T] p 272 + Q2 77 p 2’}/2 + szCCJ

) VTa ) Qr, 0?2 R

Pee = 5y qp (I H P+ 5o g VL= eosp o s oa: (5.18)

Substitution of (3.18) into (3.17) as well as (3.17) into (3.18) results in

. TaY . Qr, ~ . Ta .
=— — V1—n2cosbp+ == 3.19
Paa 22 oz 997 1 202 n°cosup + 2707 3.19)
. TaY . Qrg ~ . Ta .
= 1—n? 0 —P. 3.20
Pec = 504 92 np + 297 § 202 v1—n*costp+ 270 (3.20)

Furthermore, application of (3.19) and (3.20) in Eq. yields

. (292 + Q?) . 74,8} ) r,? o
paCZV—w/ n2et 5 79277/)_“—\/1—7726 W5 (3.21)

2v(292 + 202) 272 42 2v(2v2 4 202)
Now combination of (3.6), (3.13), (3.19), and (3.20) as well as (3.7), (3.13), (3.20), and (3.21)

leads to

R 2 2 2
dpar _ g7 [ B B S U e J Y S O e P

ity |22 ez T e 12 1 402
2
g o1 Qy L Q2 R
S A “hi— —— T n2cos0pi| — — puy — 3.22
2724_2(2277/)@"‘ 2pa 272_’_292 1~ cos pa’:| 2p0b YPab, ( )
dpre _ gra v? YU P Qy - Qv 4
—Tat T s hp— —— /1 n2cosbp— —— L _pal
at v | 22+202 P T 2P T 2 a2 R eI To PR
2'}’24‘92 i0 ~ QZ . Q
S T n2eats— — 11— n2e 6T 5| 4 — Ve 3.23
+ 472 +4QQ 77 € ap— 472 —|—492 n-e a p + 2pba Y Pbe ( )

Using once more the adiabatic approximation scheme, we easily find

Q 0?2 e 272 + 02 e
Pab = gra[ v bT—l— 1/1_7726—19ﬁbT_L,/l_nQezGﬁbT

222 20277 T 2 a2 102 + 402

it Lo D AT Ecostpal — L (3.24)
— ————=npa+ —pa — —————+/1 —n?cosbpa| — — .
972 1 202 1P T 5P T 9002 1EOSTPA| TG Pebs
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2
R gra g PR T Oy 2 o Qy At A
=22 - _nbp— =bp— ————1/1 —n? Obp — —— _pal
Poe 72 2/yz+2927] 1Y ) 14 272+292 \/777COS 14 272+29277a 1Y
272 4+ 2 A 02 A Q
AT p2eifats 2T p2e 04T 5 iy 3.25
T agEV i T rear 472+4Q2\/7776 GP| TP (8.29)

Moreover, substitution of the complex conjugate of (3.25) into (3.24) as well as the complex
conjugate of (3.24) into (3.25), we get

o= (B L1+ By o L)V o BV VI i
pab_4Bg ol g 2y 2 22 2 22 g 17
02 02 Q917 Q 0 J1-n2 ..
+[(272—1)n+(¥+1)+(273—;)7e9—(2;+W)Te 9]pa> (3.26)
A 30 Q 02 Q2 J1-n% , 3021-n% _,
Aczi - —(1 — 2 il V0 A AP - e A S ) 2
02 02 Q2 91—, Q 02 1T—102 s
7_1 — (— 1 - w77 2 S —1 ~
gz == Ca T 0+ (g = )Y g e = (24 5g) g e ),
(3.27)
where
02 02
and
2
A= 2 3.29)

,}/2

is the linear gain coefficient. Finally, on account of Eqgs. (3.26), (3.27), and their complex
conjugates the master equation for the cavity modes of a nondegenerate three-level laser

given by (3.5) takes, for 6 = 0, the form
d—f = R(%ﬁ pa — paat — aa%) + S(%ﬁbT —bTbp— ﬁbTb> +U (&T pbT + bpa — pbTal — &bﬁ)

+V (&Tpiﬁ +bpa — batp — pai)) + g <2&peﬁ _atap— ﬁfﬁ&) + g <2l§ﬁl§T — bthp — pbt B>,

(3.30)
in which
_AT 32 s (2 ?
k= 43[ 27(1 ) +(272 Dn+(1+ 72) : (3.31)
_ A3 2\1/2 o o
_43[27( )+ 272)n+(1+ 5) |5 (3.32)
= A v 2 2 2 533
4B 242 2 2y A2/ .
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AT, Q2

Q 02

3Q
)M o= 5 (1

> 5 ). (3.34)

On the other hand, a nondegenerate parametric amplifier with the pump mode treated

classically is described by the Hamiltonian
Hy = ie(a'b’ — ab), (3.35)

in which ¢ = )3y, with )\’ being the coupling constant and /3, proportional to the amplitude
of the pump mode. In addition, the interaction of the cavity modes with the strong driving

light can be described by the Hamiltonian
Hy = ip <&T —a+bl - 6), (3.36)

where p, considered to be real and constant, is proportional to the amplitude of the driving

light. The master equation associated with the interactions described by the Hamiltonians
(3.35) and (3.36) has the form
d—f =¢ (dTbTﬁ — abp + pab — ﬁaTbT) + u(a*;s +bfp—ap—bp— pat — pbt + pa + ﬁb). (3.37)

Hence on combining Eqgs. (3.30) and (3.37) the master equation for the cavity modes of the

optical system under consideration turns out to be
dp

o :M<aTﬁ+6*ﬁ—ap—z}ﬁ—ﬁa*—;313*+p“a+p8> +s<aT6Tﬁ—aéﬁ+ﬁaé—paTbT)

(3.38)

3.1.2 c-number Langevin equations

Now employing the relation %(/D = Tr(%A) along with the master equation (3.38), one

readily obtains the following equations

D a) = (& ~ Rya(o) + U + )b 1) + (3.39)
S(0) = ~(5+ )b} — (V — )@l (1) + (3.40)
L G2 (1)) = — (5 — 2R) (@3(1) + 2(U + )bl (B)a(t)) + 2u(a(t)), (3.41)

dt
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D a(0b(e) = (s + 5~ B)a(b(e)) + (U + ) HOBD) — (V - 2)(ala)
T ul(a) + (o)) — (V — 2, (3.42)
d . i St it
Gl 0a) =~ = 2Rl @ato) + © + o) (@O ) + @i
+ u((at(t)) + (a(t))) + 2R, (3.43)
d iy i e
L 0b0) = (s -+ 28) (@b — (V ~ o) <<a (1) (1)) + <a<t>b<t>>)
+ u((b(8)) + (b(1))). (3.44)

We note that the operators in the above set of equations are in the normal-order. Thus the

c-number equations associated with this ordering are

9 at)) = ~(5 = B)alt) + (U +)(5"(0) + 1 (3.45)
L16(0) = (5 +9)(B(0) ~ (V — Yo" (1)) + . (3.46)
D (02(1)) = ~(x — 2) (02(1) + 2(U + 2) (@) (1) + 2l (8. (3.47)
L (a(B1) = (5 + S~ R)a(®B®) + (U +)(FBBB) — (V - (e (Da (D)
T u(la®) + (BE) - (V — ) (3.48)
d * * * *
{0 (Ba (1) = ~(x — 2R) (@ (Da(t) + (U +2) (<a (0)6° (1)) + <a(t>@<t>>)
+ u({a”(t)) + (a(t))) + 2R, (3.49)
d * * * *
3 0B0) = (s + 293 OBO) ~ (V - 2) (<a (OB (1)) + <a(t)ﬁ(t)>)
(B (0) + B, (3.50)

We claim that the equation of evolution of «(¢) and 5(¢) (c-number Langevin equations) can
be obtained from that of («(¢)) and (5(¢)). This can be achieved by dropping the angular
brackets in Egs. (3.45) and (3.46) and adding the noise forces f,(t) and f3(t), so that

L a(t) = ~(5 ~ Ba(t) + (U +2)5°(1) + Jult) + 1 @3.50)
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and

%ﬁ(t) = —<§ +9)B(t) — (V —e)a™(t) + fs(t) + p. (3.52)

We next seek to determine the properties of the noise forces f(¢) and f3(t). We note that Eq.
(3.45) and the expectation value of (3.51) as well as Eq. and the expectation value of
(3.52) will have the same forms if

(fa(t)) = (f5(t)) = 0. (3.53)

Now employing Egs. (3.51) and (3.52) together with the relation

< alt)p) = <a(t)dflff)> " <doc‘lff)5(t)> , (3.54)

one easily gets

d

a®)B(t)) = —(k+5 = R){a(t)5(t)) + (U +e){F"()5()) — (V = e){a(t)al?))

+ p({a(t)) + (B(t))) + (a(t) f5(1)) + (B(t) fa(t))- (3.55)
Comparison of Egs. and indicates that
(a(t)fa(t)) + (B(t) fa(t)) = =(V —e). (3.56)

The solutions of Egs. (3.51) and (3.52) can be put in the form

t
Oé(t) = a(o)e(K/QR)t_i_/ ef(li/2fpb)(t7t/) [M—i_foé(tl) + (U+€)/8*(tl)]dt/ (3.57)
0

and
t
B(t) = B(0)eR/2Ht / eI 4 fa(t) — (V — e)a* ()] dt. (3.58)
0
Upon multiplying Eq. on the right by f3(¢) and taking the expectation value of the

resulting expression, we find

(@(t)f5(1)) = (@(0) f5(t))e” /20 4 / o™ (/2R [H<fﬁ(t)>

0

) f5(00) + (U + ) <ﬁ*(t’)fﬁ(t)>] . (3.59)

Assuming the noise force fj at time t can not affect the system variables at the earlier times

together with Eq. (3.53), we have

((0)f5(t)) = (a(0))(f(t)) = 0, (3.60)
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(Bt) f(8)) = (B(E)(f5(t)) = 0. (3.61)
Hence on account of Egs. (3.53), (3.60), and (3.61), we obtain
(@0)fs(0) = [ R ) 662
It can also be verified in a similar fashion that
BOLO) = [ &0 o .69
Therefore, in view of Egs. (3.56), (3.62), (3.63), and the assumption that
(fa)fa(t)) = (fs(t) fa (1)), (3.64)
we arrive at
[t @ o = [ om0 gy samar = -2 me
Now on the basis of the relations (2.83) and , one readily gets
(fat) f3(t)) = (fa(t) fa(£)) = =(V =)o (t — 1) (3.66)
Furthermore, applying Eq. along with the relation
4 (ata) =2(“4an). (3.67)
we obtain
%@2(0) = —(k = 2R)(a®(t)) +2(U + e){(a(t)5" (1)) + 2u(a(t) + 2a(t) fa(t)).  (3.68)
Comparison of Egs. (3.68) and shows that
{a(t) fa(t)) = 0. (3.69)
Using Eq. together with (3.69), we find
/0 t e~ W2=RE=) (p (1) fo(t))dE = 0, (3.70)
from which follows
(fa(t) fa(t')) = 0. 3.71)
It can also be established in a similar manner that
(fat)fa(t) = (fa(t)fs(t)) = 0. (8.72)
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On the other hand, using Eq. and its complex conjugate along with the relation
d , . ) da(t) da*(t)
o7 (o™ (t)a(t)) = <a (t)idt > + <a(t) o , (3.73)

we find

9 (a(t) = —(k— 2R) (0" (Ha(t) + (U +¢) ((a*(t>ﬁ*(t)> n <a(t)ﬂ(t)>>

dt
+ {a(t) fa(t)) + (" () fa(t)) + p({a” (1)) + (a(t))). (3.74)
Inspection of Egs. and indicates that
(a(t)fa(t)) + (a*(t) fa(t)) = 2R. (3.75)

With the aid of Eq. (3.57) and its complex conjugate, we get

(@30 = [ RO 0 576
0
and
t
(@ (000 = [ &R ) e 3.77)
0
On account of Egs. (3.75), (3.76), (3.77), and the assumption that
(fa) fa(t)) = (falt) fal)), (3.78)
there follows
/ RO ) (1)) = / Lo 2B () (Y = R (3.79)
0 0

With the help of Egs. (2.83) and (2.84), we have

(fa®)fa()) = (fa(t)fa(t) = 2R4(t —1'). (3.80)

In addition, employing Eq. and its complex conjugate together with the relation
d, . . dB(t dG* (t
sy = (050 ) + (5020, @81

dt dt
we readily get

d

T 0B0) = s+ 293 BO) - (v ~2) <<a*(t)ﬁ*(t)> n <a<t>ﬁ<t>>)

+ (87 (1) + (B())) + (B(E) f3(1)) + (B7(£) fa(1))- (3.82)

Comparison of Egs. (3.82) and shows that

(B(t)f5(2)) + (87 () f3(t)) = 0. (3.83)
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On account of Egs. and (3.83), we obtain

/t e—(n/2+S)(t—t’)<f;(t)fﬂ(t/)>dt/ + /t e—(n/?-ﬁ-S)(t—t’)<fﬁ(t)fg(t/)>dt/ —0. (3.84)
0 0
Assuming that
(F3@0) fs() = (fs(t) f5()), (3.85)
we find
(F30) fs(t) = (fs(t) f5(t)) = 0. (3.86)

We note that Egs. (3.53), (3.66), (3.71), (3.72), (3.80), and (3.86) describe the correlation prop-

erties of the noise forces f,(t) and fz(t) associated with the normal ordering.
3.2 Quadrature squeezing

Applying the solutions of the c-number Langevin equations we have obtained in Appendix
B, we calculate the quadrature variance for the cavity modes. We also determine, employing
the same solutions and the input-output relation, the quadrature variance and the squeezing

spectrum for the output modes.
3.2.1 Quadrature variance of the cavity modes

We next proceed to determine the quadrature variance for the cavity radiation produced by
the system under consideration. The squeezing properties of a two-mode light are described

by two quadrature operators

ey =él e (3.87)
and
e =i(et —¢), (3.88)
where
1 R
¢ = ﬁ(& +b). (3.89)
It can easily be shown that
[, el =1 (3.90)
and
(64, é_] = 2i. (3.91)

A two-mode light is said to be in a squeezed state if either Ac; < 1and Ac_ > 1orAcy > 1

and Ac_ < 1such that Ac; Ac_ > 1. The variance of the quadrature operators are defined by



3.2 Quadrature squeezing 53

Aci(t) = (E4(1) — (ex(t))*. (3.92)
Applying Egs. and (3.88), one can write in the normal order as
ACL(t) = 14 (e2(t) + &2(t) £ 26T (1)é(t)) F (&7(2) + é(t))>. (3.93)

This can be expressed in terms of c-number variables associated with the normal ordering as

Act(t) =1 (Y (&) £O)) F (7 (1) £4(1))%, (3.94)
where v(t) is the c-number variable corresponding to the operator ¢(¢). The c- number equa-
tion corresponding to Eq. (3.89) can be written as

2(t) = é(a(t) +B(1) (3.95)

and application of to Eq. leads to
AG(H) =1+ |5 ({0(0) + (02(0) + (5(0) + (52(0)) + 2a()B(0) + 2o (1)5* (1))
£ ({0 (Balt) + (3 (OBE) + (0" (BBE) + (5" (Dal)
F 5 (@7 (0) + 5°(0)  (a(t) + B(1)*. (3.96)

With the aid of Egs. (B34) and (B35) along with the assumption that the cavity modes are

initially in a two-mode vacuum state, we find
(a(t)) = EL(t) (3.97)

and

(B(t)) = E-(1). (3.98)

Taking into account the fact that the noise forces f,(t') and f3(t') do not affect «(0) and 3(0),
one readily obtains applying Eqgs. (B34), (B35), (3.97), and (3.98) that

AC(t) = 1+ (FL0)F4 () + (FX(O)F- (1)) + (FL (O F- (1)) + (FX(t) Fy. (1))
% [ + (FE2()) + (F2(6) + (F22(1)) + 2(F4 () F- (1)) + 2(FL () FE (1))
B (t) + E2(t) + B2 (t) + E**(t) + 2B, () E* (t) + 2B () E_ (1))

EX(t)+ E_(H)EX(t)+ EL(t)EX(t) + E_(t)Ey)

+ (B4
%[(E*( )+ E-(1)) + (E+(t) + E*(1))]%. (3.99)
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It then follows that
A (t) = 1+ (FLO)F (1) + (FX () F- (1)) + (FLO) F- (1)) + (FX () Fy(¢))
i% (F(t) + (F2(1) + (F2(8)) + (F2()) + 2(Fy (1) F-(t)) + 2(FL(6) F*( )>]

(3.100)
Now employing Eq. (B38), we have

<F-|2-(t)> = jl</0 [(1 _|_p)e—>\2(t—t’) +(1 —p)e_’\l(t_t/)}
X [(1 —|-p)€—>\2(t—t”) + (1 _p) =1 (t—t") ]<fa( )fa(t”»dt,dtu)

2 t
+ qi’/o [e—)\l(t—t’) _ e—)\g(t—t’)] [e—)\l(t—t”) _ e—)\Q(t—t")] <f5(t/)fg(t”)>dt/dt”

t
o (/ [+ p)e 20 4 (1= p)e M 1)]
0

x [efAl(tft”) f)\g t—t") ]<f0¢( )f;(t”))dt/dt//)
+ I+ ( /t [B*Al(t*t') _ e*/\z(t*t')]
A2\ /o

x [(1+p)e 2= 4 (1 — p)e= D (pr(t)) fa(t”))dt’dt”> : (3.101)
In view of Egs. and (3.72), we see that
(F(t)) =0. (3.102)
One can also establish in a similar manner that
(F2(t)) = (FL(t)F*(t)) = 0. (3.103)
Hence introducing Eqgs. (3.102), (3.103), and their complex conjugates into (3.100), one finds
AC() = 1+ (FLOFL () + (FX(OF_(8) + [(F(OF-(0) + (FLOF ()] (3.104)

On the other hand, using Eq. (B38) and its complex conjugate one can write

<F+(t)Fj_(t)> = i(/o [(1 _|_p)e—/\2(t—t’) +(1 _p)e_kl(t_t/)]

x (L p)e 2 4 (1= p)e )] <fa(t’)f2(t”)>dt’dt”>

+ qj /0 t [e M U=t) — gm0 fem M=) e =X (=D (1)) fo(t") ) dt dt”

([0 e (1 e [N g 1y
+4 < /0 t [e 171D — =220 [(1 4 p)e 21 4 (1 — p)e= M (f3(1) f;;(t’/))dt/dt/’).

(3.105)
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With the aid of (3.66), (3.80), and (3.86), we get

<F+(t)F_T_(t)> = 1;(/0 [(1 _|_p)e—/\2(t—t’) +(1 _p)e—h(t—t’)]

x [(1+p)e 207 4 (1= p)e =] 5(¢ — t”)dt’dt”)
V- t / ,
- (4)%< /0 [(14 p)e 2071 4 (1 = p)e 1]

> [efAl(tft”) _ ef)\g(tft”)](s(t/ _ t”)dt’dt”)
. (V _45)Q+ (/t [e—Al(t—t’) . e—AQ(t—t’)]
0
% [(1 +p)e—>\2(t—t”) + (1 _p) —)\1 t— t” :|<fﬂ( )f ( ,)>dt,dt”>. (3.106)

Upon carrying out the integration, we obtain

R(1—p)*> = (V —e)qr(1 —p)

(FL(OF; (1) = e (1= ™)
R(1+4p)> = (V —e)g; (1 +p) —2)ot
+ A (=)
— ) — —
L RA pA)1 +(;/2 6)q+p(1 _ e Oaha)ty, (3.107)

Furthermore, employing (B39) and its complex conjugate, we have

4

- i(/ot [(1+ p)e™ 1) 4 (1 — p)eR2(t=1)]

x [+ p)e M 4 (1= p)e 1Y) <f5(t')f§(t”)>dt’dt”)
v ( /0 Cemhalt) g h-0))

X [(14 Py 4 (1= p)e 2 () f5(2)) dt! dt”)

t
7 < [T P s (1= et
0

x [e2(t=t") _ g=M(t=t)] <fﬁ<t'>fa<t”>>dt’dt">' S

(F_(O)F* (1)) = &= /Ot o220t = M(=t)] [=Xa(t=t") =M=t (P () fo ("))t dt”
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Applying Egs. (3.66), (3.80), and (3.86), we find

t
<F, (t)Fi (t)> — % [e—)\g(t—t’) _ e—)xl(t—tl)] [€_>\2(t_tu) _ e—)q(t—t”)]é(t/ _ t”)dt/dt”

2 Jo

. (V —45)61— (/t [e—)\z(t—t’) . e—)\l(t—t’)}
0

) [(14 PYe X0 4 (1 = p)e 2] 51! — t">dt’d’f")

_ (V —46)(1 (/0 [(1 1 P)ef)\l(tft’) (1 _p)eng(tft’)]

> [e—)\z(t—t”) _ e_Al(t_t”)}&t/ . t//)dt/dt//),

so that performing the integration there follows

_ Rq® — (V —e)q_(1+p) (1- 6—2A1)

(F-(6)FZ(t))

4\
R +(V —&)g_(1—p) —ox
1 _ 2
* A\ (1=e™)
B R¢®> — (V — E)Q—P(l ety
AL+ A2

Moreover, using Eqgs. (B38) and (B39), we get

4
x [en 2T — em ] <fa(t’)f2(t”)>dt'dt”)

¢
4 q+</ [e—Al(t—t’) _ e—)\z(t—t”)]
4\ Jo

(14 e (1= e O] (et

t
“ ( [T e 4 1 g
0

<F+(t)F_(t)> = q</0 [(1 _i_p)ef)\z(tft’) + (1 _p)ef)q(tft’)]

4
x [(14p)e M=) 4 (1 — p)e 20 <fa(t')fﬁ(t")>dt'dt”>

(3.109)

(3.110)

t
+ q+4q— / [ef)\l(t—t’) . 67)\2(t7t//):| [67)\2(157)&//) _ e*)\l(t*t//)] <f;(t/)f;(t”)>dt/dt//

4 Jo

(3.111)
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In view of Egs. (3.66), (3.80), and (3.86), we see that

Rg—( [ (it At
-5 (/ (1 p)e 270 4 (1= ple 0]

> [e—Ag(t—t”) _ e—)\l(t—t”)](s(t/ N t”)dt/dt”>

_ W</O [(1 _|_p)e—)\2(t—t') + (1 _p)e—Al(t—t,)]

x [(1+p)e ™) 4 (1 — ple 2= 5(¢ - t“)> dt'dt”

(F(8)F-(¢))

B (V —e)g+q- /t [6*)\1(15715/) _ e*)\z(tft”)] [eng(tft”) . ef)\l(tft”)]é(t/ —")dt'dt"
0

4
(3.112)
and carrying out the integration, we obtain
2Rq_(1—p)—(V —e)[1 —p?® +qiq_ 9\
(Pr(oyF-(n) = 2L =R =TS o)
C2Rg (1+p)+ (V-9 —p*+qsq ] (1— &)
82
2Rq-p— (V —¢)[1 +p* — q1q] “(AtAe)t
1-— 1Aty 3.113
* 200 + \a) (1-e ) (5-119)

Finally, on account of Egs. (3.107), (3.110), (3.113), and the complex conjugate of (3.113), the
quadrature variance (3.104) takes the form

Ak =1+ <R[(1 —p)’+¢ +2¢ (1-p)]—(V—-e)lg(1—p)+q-(1+p)

et
+(1-p*+ q+q—)]> (14;) + (R[(l +p)2 4+ ¢% F2¢-(1+p)]

(1 _ €—2>\2t)
+(V=-9)le+(1+p) +q-(1-p)FA-p*+ q+q—)]) Ny
(1 — e~(atra)ty
AL+ A

(3.114)

+ (R[l —pP = £2¢_p]— (V=e)lgep—q-p+ (1 +p° — q+Q—)]>

At steady state the quadrature variance (3.114) goes over into

A+ )\2)2 —4X1 X
A2 =1+ [R(p* + ¢% F2¢_ V- —q )+ (p® — qiq_ (
A =1+ R+ F2¢-p) +(V—¢) (pla+ —q-) = (p* — q4q-))] Dot )

(A1 +A2)? + 4 Ny (A1 = A2)
2R _ V — )

(3.115)

+[RF (V —¢)

We see from Eq. (3.115) that the driving light has no effect on the quadrature variance. Now
inspection of Egs. (B13) and (B14) shows that )\; is nonnegative while )\, can be positive,

negative, or zero. We observe that the equations of evolutions of «(¢) and 3(t), described by
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(B1) and (B2), do not have well-behaved solutions for Ay < 0. We then identify, using Eq.
(B14)

-0+ VD) +4U;/+(S R+rk)?2—(R+0S) (3.116)

as the threshold condition.

We next proceed to analyze the quadrature variance of the light generated by the system

operating below threshold. Using Egs. (B14), (3.115), and (3.116) and writing a simple Matlab

program, we have obtained for A = 100 and x = 0.8 the values of 7, %, g, and Ac? for which
Egs. (B1) and (B2) have solutions. It so turns out that these equations have solutions for
0 <np<landfor0 < % < 1. We indicate in the table below the values of 7, %, and ¢

corresponding to the two smallest values of the quadrature variance.

n % € Ac?
0 0.0100 0.4000 0.3789
0.1000 0 0.7000 0.2923

Tab. 3.1: Values of Ac2 for A = 100 and x = 0.8.

We note that when there are equal number of atoms initially in the top and bottom levels
(n = 0), the maximum interacavity squeezing is 62% below the coherent-state level for % =
0.01. On the other hand, when there are slightly more atoms initially in the bottom level than
in the top level (n = 0.1), the maximum interacavity squeezing is found to be 70% below the

coherent-state level for % =0.

We next seek to examine some special cases. We first consider the case in which the non-
linear crystal is removed from the cavity, with the top and bottom levels of the atoms coupled
by the pump mode. Thus upon setting ¢ = 0 (with 3y # 0) in Eq. (3.115), we get

(M +X5)% — 4N A
AN A5 (N] +A5)

Act =1+ [R(p%+ 2524 p) +V (¥/(d} —d0) = (07 = didD))]

(AL + A5)2 4+ 4NN,
AN A (A] +A5)

+ 2R( F L) +V(dy + L) (1= ) (3.117)

+[RF V)] BBV

where
Q2
/ 1+

p: 1/27

(3.118)
2 2 2 2
[(14‘22)2"' (%(1"‘%)) —(%77—(1—%) 1 —n?)?
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2+ B F - (- %)V
¢ = IR LR 7 (3.119)

2 2 2 2
e (204 5) - (Bn- (- BV

Vo (ar +a)++/(ay —a_)2 —4UV
1 — )

3.120
5 ( )
and

ar +a_)—+/(ar —a_)2—4U0V
It can be shown using (3.117) that for n = £ = 0 and any values of A and « the light generated

5
isnotin a squeezed state. However, forn = 0, A = 100, and x = 0.8, we readily get applying the

same equation that the maximum squeezing to be 54% for % = 0.02. We therefore deduce that
the squeezing in this case is solely due to coupling of the top and bottom levels. Moreover,
for n = 0.1 and for the above values of A and «, we find the maximum squeezing to be 64% for
£ — (. The squeezing in this case is due to the specific superposition of the top and bottom

Y
levels.

1.1
1+ e Q=0
- — —Ql=0.02 ]
0.9F Q/=0.04 A

Fig. 3.2: Plots of the quadrature variance [Eq. (3.117)] versus n for A = 100, x = 0.8, and different

values of %

In addition, one can also observe from the plots in Fig. 3.2 that for small values of the am-

plitude of the pump mode, the coupling of the top and bottom levels significantly enhances
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the intracavity squeezing particularly when there are nearly equal number of atoms initially
in the top and bottom levels ( around n = 0). Otherwise, it leads to the decrease in the in-

tercavity squeezing. On the other hand, for a strong pump mode (©2 > ~), we readily find

Q4
B=— 3.122
ees ( )
Ary?
Ay
= —— 124
4 20 (3.124)
p' =0, (3.125)
¢e=-1, (3.126)
Pk, A
No= 5+ o (3.127)
P f A
=5~ 5o (3.128)
Now applying the above results in Eq. (3.117), we get
A~? Ay 2k2Q2% — A%42
At =1+ ( ==5(2 +
“x + <292 (2+n) 2Q ) k(K2Q2 — A242)
Ar? A~y A2~ Ar? A~y 2Av8Q
—(2 + — + 2 +— | = 12
(292 (2+m) 29) sz — a2y T\ o Gt E 5 ) g gzee G129
It then follows that
A~? A~y 2K 94y
A =1+ <(2 b a2 +_“0 | (3.130)
202 20 ) \ k2 — (%)2 K2 — (%)2
so that on dropping the term AQ—'Y; there follows
- (3.131)
:t 1 q: % . .

This result indicates that a nondegenerate three-level laser driven by a strong light behaves

like a nondegenerate parametric oscillator [14].



3.2 Quadrature squeezing 61

Furthermore, it is interesting to analyze the case in which the pump mode emerging from
the nonlinear crystal does not couple the top and bottom levels. Hence upon setting % =0
(with 5y # 0), Eq.(3.115) reduces to
4e + A\/1 — n?[8ke + An(de — A\/1 — n?)]

42k + An)(K% 4+ KA — 4e2)
A(l —n)(2k + An)[2k + A(1 +n)]
42k + An)(K% 4+ KA — 4e2)
— 2
226+ A(1+n)](4de + A\/1—n ) (3.132)

At =1+

4(2k + An) (K% + kAn — 4€?)

0.2 1 1 1 1 1 1 1 1 1

Fig. 3.3: Plots of the quadrature variance [Eq. (3.132)] versusn for A = 100, x = 0.8, and ¢ = 0.5 (dashed

curve) and € = 0 (Solid curve).

Inspection of the plots in Fig. 3.3 shows that the presence of the nonlinear crystal leads to
better squeezing. Furthermore, applying Eq. (3.132) with A = 100, x = 0.8, and = 0.1
the maximum interacavity squeezing is found to be 70% below the coherent-state level for

e = 0.5.
3.2.2 Quadrature variance of the output modes

We next proceed to calculate the quadrature variance of the output modes. Following a simi-
lar procedure as in Appendix A, one can express the quadrature variance for the output modes

of the system under consideration as

Aciout = ﬁAci +(1- KJ)AC?H:E, (3.133)
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where the first and the second terms represent the quadrature variance of the transmitted and
reflected modes. Taking into account Eq. (3.115) and the fact that the quadrature variance of
the vacuum reservoir is unity, the quadrature variance for the output modes of the system

under consideration takes at steady sate the form

()\1 + )\2)2 —4X1 X
4/\1)\2()\1 + Az)

Acdy =145 [R (P + % F2¢-p) + (V —¢) (plas+ — g-) = (0* — a1q-))]

A1+ A2)? + 40 A1 —A
wrlrF (v -] CESIEI kR ) 4V - e +)] Oy
(3.134)

0.2 1 1 1 1
0 . .

Fig. 3.4: Plots of the quadrature variance for the cavity modes [Eq. (3.115), solid cure] and for the
output modes [Eq. (3.134), dashed curve] versus 7 for % =0.01,e = 0.5, A =100, and x = 0.8.

It can be seen from the plots in Fig. 3.4 that generally the degree of squeezing of the cavity
modes is greater than the degree of squeezing of the output modes. Furthermore, applying
Eq. (3.134) withn = 0.1, = 0.5, A = 100, and x = 0.8, the maximum squeezing for the output

modes is found to be 56% (occurs at % =0).

We next wish to consider some special cases. We first take into consideration the case in
which the nonlinear crystal is removed from the cavity, with the top and bottom levels of the

atoms coupled by the pump mode. Thus upon setting ¢ = 0 (with 3y # 0) in Eq. (3.134), we
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find

A/+)\/>2—4)\/)\/
Ac? -1 /2 2 9y o _ g —d V(2 —d d (1 2 172
Ctout +R[R (p +qZF p_p)—|—(V 6) (p (qJ,- Q—) (p Q-f—q_))] 4)\/1)\/2()\/1+>\/2)

(Xl + /\,2)2 + 4X1>‘,2 / / / / ()‘/1 — >‘,2)
FRIRF (V=) gy TR RROF )+ (V- o) +dD)] g
(3.135)

with p/, ¢/, \|, and )} given by Eqs. (3.118)-(3.121).

1.1
----------- Q=0
1r ——— QI=0.04
————— Q=0.02 A

—)out

(A c?

Fig. 3.5: Plots of the quadrature variance for the output modes [Eq. (3.135)] versus n for A = 100,

k = 0.8, and different values of %

We can easily see from the plots in Fig. 3.5 that the coupling of the top and bottom levels of
the three-level atoms by the pump mode leads to the decrease in the squeezing of the output
modes, except when there are nearly equal number of atoms initially in the top and bottom
levels. Furthermore, applying Eq. with n = 0.1, A = 100, and x = 0.8, the maximum

squeezing for the output modes is found to be 53% (occurs at % = 0.02).

In addition, for the special case in which the pump mode emerging from the nonlinear

crystal does not couple the top and bottom levels. Upon setting % = 0 (with 5y # 0), Eq.
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reduces to
k(e + Ay/1 — n?)[8ke + An(4e — A1 —172)]
42k + An) (K2 + kAN — 4€?)
KA1 — 1) (26 + An)[2k + A(1 + 1))
A(26 + An) (12 + kAn — 4€2)
222k + A(1 +1))(de + A\/T— 1) (3.136)

2
AC:I:out =1+

42k + An) (K% + KAn — 4£?)

Fig. 3.6: Plots of the quadrature variance for the output modes [Eq. (3.136)] versus n for A = 100,

x = 0.8, and ¢ = 0.5 (dashed curve) and ¢ = 0 (Solid curve).

The plots in Fig. 3.6 shows that the presence of the nonlinear crystal leads to better squeezing
of the output modes. Furthermore, applying Eq. (3.136) with A = 100, x = 0.8, and n = 0.1

the maximum output modes squeezing is 56% below the coherent-state level for ¢ = 0.5.
3.2.3 Squeezing spectrum of the output modes
The squeezing spectrum of a two-mode light can be expressed as

59" (w) =1+ 2Re /0 OO<: (L), e (t 4 1) 2) g’ @0 7, (3.137)

This can be expressed in terms of c-number variables associated with the normal ordering as

S (w) = 1+ 2Re /0 (Y2 (), YL (E + 7)) 55’0 dr, (3.138)
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in which

Vfocut (t) = ’Y;kut (t) * Yout (t)

(3.139)

For a cavity mode coupled to vacuum reservoir the output and cavity variables can be related

by
V() = V(1)

On account of Eq. (3.140) the squeezing spectrum takes the form
S2(w) = 1+ 26 Re / (e (D)4 (t + 7)) ss 07
0
With the aid of Eq. (3.95), one can readily show that

V£(t) = —= [a*(t) + 57(t) £ (a(t) + B(2))]

Sl

and

Ta(E+7) = —= [0 (E+7) + B (E+7) £ (alt +7) + Bt + )]

V2
We note that Egs. (B34) and (B35) can be put in the form

at+7)=As(t+71)a(t)+ BL(t+ 1) (t) + Fr(t+7)+ EL(t+7)

and

Bt+71)=A_(t+71)8(t)+B_(t+ 7)o" (t) + F_(t+7)+ E_(t+ 7).

Now using Egs. (3.142) and (3.143), we have

(i (D (t+7))ss = — | (@lD)alt + 7))ss + ()t + T))as + (a()B(E +7))ss

2

+
+(

(B7 () (t 4 7))ss + (@ (1) B (t 4 7))ss + (BT ()BT (E + 7)) ss

+
+ [ (t)a(t 4+ 7))ss + (B ()t + 7))ss + (B (&) B(t + 7))ss

H (OB +T))ss] |-

BB+ 7))ss £ [(a(t)a™(t +7))ss + (B(H)"(E+ 7)) ss

BBt +7))ss + ()5 (E 4+ 7))ss] + (@ ()" (E + 7))ss

(3.140)

(3.141)

(3.142)

(3.143)

(3.144)

(3.145)

(3.146)

With the aid of Egs. (B34), (B35), (3.144), (3.145) along with the fact that the noise force att +7

do not affect the system variables at the earlier times, we get

(@(B)a(t +7))ss = A (T)E () + By (1) E4 () E_(t) + B4 (1) B4 (1),

(3.147)
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(Bt + 7)) = Ay (1) (E (0. (1) + <F<t>F+<t>>ss)
+ By(7) <E2(t) +(F (t)F*(t))SS> + B (NE_(b), (3.148)
(@(t)B(t + 7)) s = A_(7) (E (OE.(t) + <F_<t>F+<t>>ss)
) (BLO + (R OFL(0)) + Bo(OE-(@), (3149
BB+ 7)) = A_(DVE(1) + B_(E_(VE4 (1) + B_(NE_(t), (3150
(alt)a(t 1 7)) = As(7) (Eia) n <F+<t)Fi(t>>ss>
+ B (B OB-() + (FUOF-(0)) + BADELD, (315D
(B)a™(t 4 T))es = Ap (1) E_ (1) B () + By (7)E () + By (1) E_(1), (3.152)
(BB (¢ + 7)) = A_(7) (EE (1) + (F_(t)F" <t>>ss)
+ B_(r) (E () E+(t) + (F_()Fs (t)>ss) +E_(1E_(b), (3.153)
and
(@B (t 4 7))es = A (1) B4 () E_(t) + B_(r)E% () + E_(r) B+ (1) (3.154)
Furthermore, employing Eqgs. (B34), (B35), (3:144), and (3:145), we find
(e () ae i (- ))e = | A (F) B (8) + By (1) B () E—(t) + A—(7) E_ (1) B (1
BL()E2 (1) + Ay (1) B4 () E—() + By (r)E () + A_()E (1)
B_(r)EL () E_(t) £ [Ay (N E2 (1) + Bo () E4 (0 E_ (1)
AL(P)E_()E4 () + B_(1)E2 () + A4 (1) E4 (1) E_(1)
By () B2 (0] + A_(r)E2 (1) + B_(r) 4 (1) E_ ()
(B (r) + E_(0E_() + Eo(0)E_(r) + E_(t)E4 (r)
+ [BL()EL(7) + E_()E_(7) + E+ () E_(7) + E_(O)E+(7)]|. (3.155)
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Hence applying Eqgs. (3.147)-(3.154) and their complex conjugate in and subtracting
Eq. (3.155) from the resulting equation, we obtain

(£ (), 12 (7))ss = (272t 4 7))ss — (Y2 () ss (V£ (E + 7)) ss = By (T)(F_F")ss
+ [Ar (1) + A (T)[(F- () F.(t))ss + B (T)(Fy F ) ss
£ (A4 (TFL () FL(8))ss + A—(T)(F- () FZ (1)) ss
+ [B4(7) + B () [(F () F())ss)- (3.156)

On account of Egs. (B36) and (B37), we have
(v (), 7+ s = 5 [(2 £ (g1 + N (OF (1) % [(1 40 £ ¢ ){F- (02 (0))

g ) (EL (O F (1)l [ e

+(L+pF g ) (Fy(OFL(E))ss] | €7 (3.157)
Now substitution of into Eq. yields
S (w)=1%x {(2 £ (g4 +q-))F_ () F())ss £ [(1+p £ g )(F () FZ(1))ss

b (1—ptq )(F 1| e / e~ (—(wso))r gy
0

+r [(QZF(Q++Q IF-_(t)Fy(t))ss £ [(1 —p F qu )(F- () FX (1)) s
+(1+pFq)(F ]

|| Re / ~Qe=(w—wo)7 g, (3.158)
0

Finally, upon carrying out the integration, the squeezing spectrum is found to be

KA1
A7 + (w —wp)?

L[t pt g ) (P (OF (D) + (1— p+ q><F+<t>Fi<t>>ss@

S (w) = 1+ [(2 £ (g4 + 4 P () Fe (D)

KA
T |27 (0 + 4P )
(1= DT 0 - OF O)ee + (19T ) OF () 3159

We see from Eq. (3.159) that the driving mode has no effect on the squeezing spectrum. More-
over, inspection of the plot in Fig. 3.7 indicates that almost perfect squeezing occurs for small

values of 7.
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Fig. 3.7: Plots of the squeezing spectrum [Eq. (3:159)] versus 7 for w = wg, A = 100, x = 0.8, ¢ = 0.3,
and £ =0.01.

We next proceed to analyze some special cases. For the case in which the nonlinear crystal
is removed from the cavity, with the top and bottom levels of the atoms coupled by the pump
mode. Thus upon setting e = 0 (with 3y # 0) in Eq. (3.159), we have plotted the graph of the

resulting equation

04r
0.35f
0.3
out, 0:25 :
s™(@,)
0.2
0.15[
0af}

0.05

Fig. 3.8: Plots of the squeezing spectrum [Eq. (3.159)] versus 7 for w = wg, A = 100, x = 0.8, ¢ = 0, and

% = 0 (dotted curve) and % = (.02 (solid curve).

The plots in Fig. 3.8 show that for small values of the amplitude of the pump mode, the cou-
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pling of the top and bottom levels significantly enhances the squeezing spectrum particularly
when there are nearly equal number of atoms initially in the top and bottom levels ( around
n = 0). Otherwise, it leads to the decrease in the squeezing spectrum. Furthermore, it is inter-
esting to consider the special case in which the parametric amplifier is present but the pump
mode emerging from the nonlinear crystal does not couple the top and bottom levels. Hence
upon setting % = 0 (with 5y # 0) in Eq.(3.159), we have plotted the graph of the resulting

equation.

0.1
0.09F
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sy |
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0.01F 1

0 0.1 0.2 0.3 0.4 0.5 0.6

Fig. 3.9: Plots of the squeezing spectrum [Eq. (3.159)] versus 7 for w = wy, 4 = 100, k = 0.8, % =0,and

e = 0 (solid curve) and € = 0.3 (dotted curve).

We easily see from the plots in Fig. 3.9 that the presence of the parametric amplifier leads to
the increase in the squeezing spectrum. On the other hand, we observe from the same plots
that for w = wg, A = 100, k = 0.8, % = 0, and € = 0.3 almost perfect squeezing occurs for small

values of 7.
3.3 Photon statistics of the cavity modes

We first determine, using the solutions of the c-number Langevin equations, the antinormally
ordered characteristic function defined in the Heisenberg picture for the cavity modes. With
the aid of the resulting characteristic function, we obtain the @ function which is then used

to calculate the mean and the normally-ordered variance of the photon number sum and
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difference and the photon number distribution for the cavity modes. The @ function for a

two-mode light is expressible as [21]
Qa.0,1) = = [ el eap(a s B2 < xF), (@160
with the characteristic function ¢(z, x, t) defined in Heisenberg picture by
o(z,x,t) = Tr{pA(O)e*Z*d(t)efX*B(t)eZdT(t)eXi’T(t)}. (3.161)

Employing the identity

eAeB = qf:BeAe[A’B]7 (3.162)

the characteristic function can be put in the normal order as
Pz, x,t) = exp [—(2*z + x*X)] (exp(za’ — z*a + b = x*b)). (3.163)

This can be expressed in terms of c-number variables associated with the normal ordering as

(2, x,t) = exp[—(2"2 + X*x)] {exp(2a” — z"a + xB" — X" B))- (3.164)

One can rewrite Egs. (B34) and (B35) as

at) =d(t) + EL(t) (3.165)
and
Bt) = B'(t) + E-(t), (3.166)
in which
o/ (t) = Ay (£)a(0) + B, B*(0) + Fy (¢) (3.167)
and
B(t) = A_(t)B(0) + B_a*(0) + F* (t). (3.168)

Furthermore, using Egs. (3.165) and (3.166) along with their complex conjugates, we have

Pz, x;t) = exp [—(2"2 + X"x) + (2 = 2")EL + (x — X)) E-]

X <exp(zo/* — 2% +xp"* — X*ﬁ’)> ) (3.169)

In view of Egs. (3.165) and (3.166) we see that a(t) = /(t) and 5(t) = §'(t) if Ex(t) = 0. One

can also easily see from Eq. (B40) that £, (¢) = 0 provided that i = 0. Thus we note that upon
setting 1 = 0 in Eqgs. (3.45) and (3.46), the equations of evolution take the forms

Do/ (1) = (5 — Ry (1)) + (U +2)(8" (1) (3.170)
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and

91 0) = ~(5 + SHI D)~ (V — ) o (1). 317D

Inspection of these equations indicate that o’(¢) and '(t) are Gaussian variables [21]. In ad-

dition, on account of (3.167) and (3.168) along with the assumption that the cavity radiation

is initially in a two-mode vacuum state, we easily see that (¢/(¢)) = (#'(t)) = 0. Thus ¢/(¢) and
(' (t) are Gaussian variables with vanishing means. One can then express (3.169) in the form
(21]

P(z,x,t) = exp [~ ("2 + x"x) + (2 — ") E4(t) + (x — x") E-(1)]

1
X exp 3 <[zo/* — 2% +xp"* - X*ﬁ’]2> (3.172)
or

Pz, x,t) = exp[= (272 + X"X) + (2 = 27) B4 (t) + (x =X E-(1)]
2

2*2 2 *2

7<O{l2> + %(ﬁ/*2> + L<ﬂ/2> o ZZ*<O/O/*>

z
X exp ?(a'ﬁ} + 5 5

—(B'B™) + ax{a”B) + 2 X ) — X (o' B7) — ax (8] - (3.173)

Moreover, applying Egs. (3.167) and (3.168), we get

d(z,x,t) = exp [~ ("2 + x"x) + (2 = 2") B4+ (t) + (x — x") E-(1)]
2 *2 *2

z z 2
T F2W) + 5 (F20) + (P2 (0) + 2 (F2(1)

X exp

2
—22" (Fy (D FL () = xx"(F- () FZ(1)) + 2x(FE(0) FZ(1))

+2 X (FL () F-(t)) — 2" X (FL () FX(t)) — 2x* (Fy (H) F-(1))] - (3.174)

On account of Egs. (3.102) and (3.103), the characteristic function is found to be

¢(2,x,1) = exp[—az"z —bx"x + c(ax + 2°x7) + B () (2 = 2") + E_() (x —x")],  (8.175)

where

a =1+ (Fy(t)F (1), (3.176)

b=1+ (F_(t)F*(t)), (3.177)

and

c = (Fy()F_(t)). (3.178)
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Now substitution of Eq. into the expression for the @ function (3.160), there follows
1 2 2 * * * *
Q=— [ dad xexp(zfa+ x* 8 — za* — xf3%)
xexp[—az'z —bx* x +clzx +2°X") + EL(t)(z — 2%) + E_(t)(x — x7)] » (3.179)

so that upon carrying out the integration, the @ function turns out to be

UU—lU2

Q= - e’ exp [—uata —vB* B +w(af + o %) + y(a + a) + 2(8" + 5)], (3.180)
in which
b
= (3.181)
a
V= (3.182)
c
w=——s, (3.183)
x=2E, () E_(tHyw — E2(tyu — B2 (t)v, (3.184)
y=FE;(t)u — E_(t)w, (3.185)
and
z=FE_(t)v — E4(t)w. (3.186)

3.3.1 Normally-ordered variance of the photon number sum and difference

We next proceed to determine, employing the resulting @ function, the mean and the normally-
ordered variance of the photon number sum and difference for the cavity radiation produced

by the system under consideration.
Mean of the photon number sum and difference

The interacavity photon number for mode a and mode b can be represented by the operators

(3.187)

3>
Q
Il
Q>
ity
Q>

>
s
Il
>
—
S

(3.188)
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Using the mean photon number for mode a and b can be expressed as

g = /and2ﬁQ(a,ﬂ)a*a -1 (3.189)
and
p = / d?ad?*BQ(a, B)B%5 — 1. (3.190)
Now applying the @ function (3.180), we have
_ uv — w? >
Ng = s e

X /d2ad2ﬁ exp (—ua*a —vB* B +w(af + o 6%) + y(a™ + a) + 2(6* + 8)) o — 1.

(3.191)
This can be put in the form
_ w —w? ,d [1
e UedgLr2
X /d2ad2,6’exp (—guaa—vB* B+ w(af + a* %) + y(a* +a) + 2(8" + 5))} X -1,
g=
(3.192)
so that upon carrying out the integration, we get
et e o )i e ()]

Furthermore, upon performing the differentiation and applying the condition g = 1, we ob-

tain
2 wz\2 wz\2
+ oz 1
n — exp <$+ 2 W Zﬂ) > (y 132)2 N w2] 1 (3.194)
-5 ) =57 u-%

With the aid of Egs. (3.181), (3.182), (3.183), (3.184), (3.185), and (3.186), one can readily show
that

y+— = : (3.195)
v a
2
1
w2 -2 (3.196)
v a
and
2 wz\2
exp (:c TR M) —1. (3.197)
v U— WT

Application of these results in (3.194) yields

Mo =E3 +a—1. (3.198)
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One can also establish following a similar procedure that
np = E% +b—1. (3.199)

Thus in view of (3.176) and (3.177), the mean photon number for mode a« and mode b takes

the forms

Mo = E3(t) + (Fy(t)FL(t)) (3.200)
and

iy = B2 (t) + (F_(t)F*(t)). (3.201)
Therefore, on account of Egs. (B40), (3.107), and (3.110), the mean photon number for mode

a and mode b at steady state turns over into

_ 1 p2+qi+2q+—2p—2pq++1+p2+qi+2p—2q+—2pq++1

nass = —

1 N2 22
Apgy — 2p® —2q4 +2 L Ba —p)’ = (V-¢)g:(1-p)
/\1/\2 4/\1
1 2 1 1—p%) — (V-
L BA4p)+(VAe)e+p) RA-p) -V 6)q+p7 (3.202)
4 A+ Ag
_ w2 p?+q® +2¢- +2p+2pq_ +1 p?>+¢*> —2p—2q_ +2pq_ +1
Nbss = - 2 + 2
4 \2 A2
2 —dpg_ —2p® —2q_ N Rg2 — (V —¢e)g_(1+p)
)\1)\2 4>\1
R +(V—e)g-(1—p) Rg*—(V—e)gp
- 3.203
+ 4 AL+ Ao ( )

We easily see from Egs. (3.202) and (3.203) that the driving coherent light increases the mean
photon number of mode a and mode b significantly. In addition, employing these same equa-
tions one can readily find that the parametric amplifier also enhance the mean photon num-

ber of mode a« and mode b considerably.

The intracavity photon number sum and difference is defined by

Ny = Mg £ Tp. (3.204)
The mean of the photon number sum and difference can then be expressed as

N4 = Ng £ M. (3.205)

Hence introducing (3.202) and (3.203) in Eq. (3.205), the mean of the photon number sum
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and difference takes at steady state the form

P[P+ 29 — 20— 2pg +1 | PP+ q5 +2p—2q —2pgy + 1
ke = 7 A2 * A3
L Apas —2p? — 2q4 +2 N R(1—p)* = (V —e)g.(1—p)
)\1)\2 4)\1
R(1+p)?+ (V+e)g(1+p) | R1—p?)—(V—e)gyp
+ +
4)\2 >\1 + )\2
PP +¢E+2¢- +2p+2pg- +1 pP+q® —2p—2¢_ +2pg_ +1
+ |2 +
i ¥ N
+2—4pq7—2p2—2q7 N Rg®> — (V —¢)g-(1+p)
A AN
R2 +(V —e)g_(1 — R —(V —¢€)q_
LBE A (V—e)g-(-p) R —(V—e)gp] (3.206)
4)\2 )\1 + >\2
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ﬁ_GO* B
50 B
a0t -
30 B
20 B
10+ B
0 l T
0 0.2 0.4 0.6 0.8 1
n

Fig. 3.10: A plot of the photon number difference for the cavity modes [Eq. (3.206)] versus 7 for % =
0.01,e = 4 =0.5, A =100,and x = 0.8.

The plot in Fig. 3.10 clearly indicates that the mean of the photon number difference is pos-
itive. This indicates that the mean photon number of mode « is greater than that of mode .
Moreover, we observe that in general the mean of the photon number difference decreases as

7n increases.
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Fig. 3.11: Plots of the photon number sum [Eq. (3.206)] versus n fore = ;= 0, A = 100, x = 0.8, and

different values of %

The plots in Fig. 3.11 show that the mean photon number decreases with % This must be
due to stimulated emission induced by the pump mode. The photons emitted this way do

not contribute to the mean photon number of the cavity modes.

We next wish to analyze some interesting special cases. First we consider the case in which

the atoms are not injected into the cavity and in the absence of the driving light. Thus upon

setting A = ;1 = 0in Eq. (3.206), we get

2 2
iy = (1£1) [#—6452] . (3.207)

This represent the mean of the photon number sum and difference of the cavity modes for
a nondegenerate parametric oscillator. Inspection of Eq. (3.207) indicates that the mean
of the photon number difference is zero. Furthermore, we consider the case in which the

parametric amplifier and the driving light are absent. Thus upon setting e = p = 0 (with

% = 0) in Eq. (3.206), we obtain

2A(1 —n)(25 + An) + (1 £1)A%(1 — 172)‘

4(k + An)(2k + An) (3.208)

ny =

This is the mean of the photon number sum and difference for the cavity modes for a non-
degenerate three-level laser. One can easily see from Eq. (3.208) that the mean of the photon
number difference is always positive, this indicates that the mean photon number of mode

a is greater than that of mode b. Hence inspection of Egs. and (3.208) shows that the
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mean of the photon number difference is due to the three-level laser. This must be due to
the decay of some atoms from the intermediate level to levels other than the bottom level

spontaneously.
Normally-ordered variance of the photon number sum and difference

Next we wish to determine the normally-ordered variance of the photon number sum and
difference. To this end, the normally-ordered variance of the photon number sum and differ-
ence is defined as [48]

CAnE = (AR ) — (he)? (3.209)

Furthermore, employing Egs. (3.187) and (3.188), the normally-ordered variance of the pho-

ton number sum and difference takes the form
cAn% = An? — iy, (3.210)

with An2 and 7, being the variance of the photon number sum and difference and the mean
of the photon number sum. The variance of the photon number sum and difference is ex-
pressible as

An% = (A1) — (ne)? (3.211)

With the aid of Eq. (3.204) the variance of the photon number sum and difference can be put
in the form

An% = An2 4+ Anj £ 2((Rafp) — (a) (). (3.212)
The photon number variance for mode « is expressible as
An2 = (d2) — (7). (3.213)
This can be put in the form

An? = (a%a?) — a2 — 37, — 2. (3.214)

Now employing Eq. (2.173), we have

(a2at?) = / Pad?8Q(a, B)a? 3. (3.215)
Introducing the @ function (3.180) in Eq. (3.215), we get
2
<&2dT2> _w —2’11} et
s

X /d2ad25a2a*2 exp[—uca —vf* B+ w(af + o) + y(o* + o) + 2(6* + B)).

(3.216)
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This can be put in the form
2 2
2.t UV — W d
<(I (IT > = Te d7g2
1
X [w? /dzad26 exp[—ua*a — v B +w(af +a* %) +y(o™ +a) + 2(6" + ﬂ)]] ,
g=1
(3.217)
so that carrying out the integration, we obtain
_ a2 22 (2 1 wz\2
(@2at?) = L ert v [2 exp <(y ) >] . (3.218)
vu dg* | gu — % gu—="J| _
v v g=1
Differentiating with respect to g and applying the condition g = 1, there follows
2 wz\2 a2
(deTz) = explz + z + +5% 2 ]UU 2w
gu—*- " U
3ut(y + 42)2  uP(y+ w&)t 202 u?(y + L2)?
(y w2v4) (y i 5) - : (y i z (3.219)
-2 @-%P (- (@)
On account of Egs. (3.195), (3.196), and (3.197), we find
(a*a'?) = BY + 4E%a + 24°. (3.220)
Furthermore, substitution of this result into Eq. (3.214) yields
AnZ =2E%a+d® — E? —a. (3.221)
Finally, employing Eq. (3.176), we get
AnZ =g + 2E3 (FL () FF (1)) + (Fy () Fr(t))2 (3.222)
Following a similar procedure one can also establish that
Ani = ny + 2E% (F_(t)F* (t)) + (F_(t)F* (t))>. (3.223)
On the other hand, one can write
(ghy) = (adbbT) — fig — 7y — 1. (3.224)
Now using Eq. (2.173) along with the @) function (3.180), we have
2
(aa'bbt)y = u 2“’ e” / d?ad?Baa* BB exp[—ua*a — vG*3
s
+w(af +o*B) +y(a* + a) + 2(8* + B)]. (3.225)
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It then follows that
~e —w?  d® [1
(aaTbb') = u’uuvw e’ dhdg [7@ /d2ad2ﬁexp[—guoz*a — hvB*p6
+w(af+a*B%) +y(a™ +a) + 2(8" + ﬂ)]} , (3.226)
g=h=1
so that upon performing the integration, we obtain
2 2 w22 2
<ddT[;I§T> _wow d [ 1 _—exp ((y + lﬁiz + Z>] . (3.227)
vu dhdg hv(gu —_ m) qu — o hv heg=1
Furthermore, differentiating with respect to g, there follows
2 w22 2
(aalbbl) = w-ow emi — [ hruw 5—— exp W+ %2 + 2
vu dh o Lfho(gu— 22\ gu— 12 o
wz )2 wz\2 2
N u(y + hz}z exp (y + hzjz + 2 ] (3.228)
ho(gu — 35)° gu—Tty ) g
and differentiating with respect to 4 and applying the conditions g = h = 1, we find
8 p pplying
. 4 wz 2 2 a2
(@athhty = exp <(y2) p | Y
u— = v U
y { uw Ay+ %) — )+ 5+ %), 2
v (u — 47)? (u— 222 v
N 2u(y + =) (u — %Q)wz +u(y + %)2[3102 +v(u— “;}2)]
v2(u — “’72)4
wz\2 (9 wzywz (o w?y | w? wz\2 2 _wly 9,2
PSR (A ) PR ) e ) )
o(u— )} (u— ) v) e
(3.229)
Employing Eqgs. (3.195), (3.196), and (3.197), we get
o E?
(aaTbb') = % (2B wz + E2w? + 22) + 5—2 <2E+wz +3E1w? + ;U)
Ei 2.2 2 a
+ — (2Bjwz 4+ E{w® + 2%) — (1= 2ua). (3.230)
(%
With the aid of Egs. (3.181), (3.182), and (3.183), we have
(aa'bbt) = E2a + 2E,E_c+ E2b+ E2E? + ab+ . (3.231)
Application of this result in Eq. (3.224) leads to
(Agfp) = 2By E_c+ E5b+ E1E% + ab+¢* — g — 7 — 1. (3.232)
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Moreover, using Eqgs. (3:198) and (3.199), there follows

(gip) = B2E% + E2a+ Eib+ab—a—b+1+2E;E_c+c* (3.233)
This can be put in the form
(Rafp) = Tigiy + 2B, E_c + ¢2. (3.234)
In view of Eq. (3.178), we see that
(gfy) = Mgy + 2B E_(Fy () F_(t)) + (Fy (t)F_ (1)) (3.235)

Hence upon substituting Egs. (3.222), (3.223), and into (3.212), the variance of the

photon number sum and difference turns out to be
AR’ (t) = ng + 7y + 2E2 (Fy F1) + 2E2(F_F*) + (Fy F})? + (F_F*)?
+2 <2E+E_ (FyF_) + <F+F_)2> . (3.236)

Therefore, on account of Eq. (3.236), the normally-ordered variance of the photon number

sum and difference (3.210) takes the form

D ARA (1) 1 = 2E% (Fy F}) + 2B (F_F*) + (Fy F1)? + (F_F*)?

+2 <2E+E_<F+F_> + (F+F_)2>. (3.237)
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Fig. 3.12: Plots of the normally-ordered variance of the photon number sum [Eq. (8.237)] versus 7 for
pw=0.2¢e=0.3,A=100,r = 0.8, and % = 0 (dotted curve) and £ = 0.04 (solid curve).
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We see from Fig. 3.12 that the normally-ordered variance of the photon number sum is pos-
itive. This indicates that the photon number sum statistics is super-Poissonian. Further-
more, we note that one effect of the coupling of the top and bottom levels is to decrease
the normally-ordered variance of the photon number sum. In addition, we observe that the

normally-ordered variance of the photon sum decreases as 7 increases.
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Fig. 3.13: Plots of the normally-ordered variance of the photon number difference [Eq. (3.237)] versus
nforu=02¢=0.3A4=100,« = 0.8, and % = 0.04.

We observe from Fig. 3.13 that the normally-ordered variance of the photon number differ-
ence is negative. This indicates that the photon number difference statistics is sub-Poissonian.
Moreover, the plot shows that the normally-ordered variance of the photon number differ-

ence increases with 7.
3.3.2 Photon number distribution

The joint probability to find n photons of mode « and m photons of mode b can be written in
terms of the () function as [21]

7.‘.2 a?n an

P(n,m,t) =
(o t) = ol Gernfar o pm

[Q(e, B, t) exp(a’a + B°B)] oy _ge_g_gr  (3:238)
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so that on account of Eq.(3.180), we have

a2 8271 82m
P(n,m,t) = [u2|mﬁu ]ewaa*naan 8ﬁ*m8ﬁm €Xp |:(1 - u>a*a + (1 - U)ﬁ*ﬁ
w(af + o 5%) +y(a* +a) + 2(B* + ﬁ)] . (3.239)
a*=a=p*=06=0

Upon expanding in power series, we get

P(n, m, t) = M x Z (1 - U)i(.l.— ’l))jwk+lyp+qzr+s
nim! KN plgtrts!
ijklpgrs
H2n o2m ithtg AP i it
’ ol BT . 3.240
daxmda™ QB B™ [a a B B i ( )

Then carrying out the differentiation and applying the condition o* = o = * = § = 0, we

obtain
[uv — w?] (1 —w)i(1 — v)Jwhtlyptayrts
P(n,m,t) = ———¢" Z e
Im! il plglr!s)

nlm! iitmars i1k Iplglrls!
(i+k+q! (+1+p) (j+k+s) (G+1+r)

(i+k+qg—n)(i+l+p—n)(G+k+s—m)(G+I+r—m)

X 5i+k+q,n5i+l+p,n5j+k+s,m5j+l+r,m~ (3.241)

With the aid of the properties of the Kronecker delta symbol, we have
(1 — w)i(1 — v)iawh+y2n—i)—h—1,2(m—j)—k-1
z'j'k:'l' n—Il—)n—k—i)l(m—101—7)(m—k—j

P(n,m,t) = [uv — w enmz

(3.242)

Itis interesting to consider the special case in which the driving coherent light is absent. Thus

upon setting (u = EL = E_ = 0), we find

r=y=z=0. (3.243)
In view of this, we see that
k=l=(n—1i)=(m-—j) (3.244)
and
J=1i+m-—n. (3.245)

With the aid of these results the photon number distribution takes the form

)i+mfnw2(n7i)

P(n,m,t) = [uv — w?nlm! i (1—w)i(l—v

il(i +m —n)![(n —0)!)? (3.246)

it=n—m
From the fact that a factorial is defined for nonnegative integers, one can easily show that

n —m < ¢ < n. Thus we realize that the joint probability of observing n photons of mode a
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and m photons of mode b inside the cavity with m > n is zero. On the other hand, forn = m

the photon number distribution takes the form

_ 2(n—1)
P(n,n,t) = [uv — w 'QZ g%ni)]z;‘]g . (3.247)

From this result we note that there is a finite probability of finding equal number of photons

in the two modes.
3.4 Photon number and count statistics of the output modes

We first seek to express the mean and the normally-ordered variance of the photon number
sum and difference for the output modes in terms of the mean and the normally-ordered
variance of the photon number sum and difference for the cavity modes. Then using the
expression for the {** moment of the photon count in terms of the photon number distri-
bution along with the resulting mean and normally-ordered variance of the photon number
sum and difference for the output modes, we calculate the mean and the normally-ordered
variance of the photon count sum and difference for the output modes of the system under

consideration.
3.4.1 Normally-ordered variance of the photon number sum and difference
The photon number sum and difference of the output modes is defined by
ﬁiut _ out + 5 Aout (3.248)
The mean photon number sum and difference of the output modes can then be given as
ut £ gt (3.249)

For a cavity mode coupled to a vacuum reservoir, one can write using the input-output rela-
tion (A4) that
PO = K (3.250)

and
ﬁZ“t = KNp. (3.251)

In view of these results the mean photon number sum and difference for the output modes
takes the form

Pt = iy, (3.252)
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with 74 being the mean of the photon number sum and difference. Thus on account of Eq.
(3.206), the mean of the photon number sum and difference for the output modes takes at

steady state the form

cout _ MK p2+fﬁ+2Q+—2p—2ch++1+p2+qi+2p—2q+—2pq++1
:tss 4 )\% )\%

+4pq+—2p2—2q++2 +HR(1—p)2—(V—€)Q+(1—p)
)\1)\2 4)\1
2 2 _
+,<R(1 +p)° + (V+e)qe (1 +p) +;<R(1 p°) —(V —¢e)gyp
4)\2 )\1 + )\2
u% p2+q3+2q_+2p+2pq_+1 p2+qz—2p—2q_+2pq_+1
+ |20 +
1 22 22
2 —dpq —2p* —2q_ +KRq3 —(V—-¢)g-(1+p)
)\1)\2 4)\1
R +(V —¢e)g-(1—p)  R¢® —(V —¢e)g_p
_ , 3.253
T Dy A (3.253)

Next we want to express the normally-ordered variance of the photon number sum and
difference for the output modes in terms of the normally-ordered variance of the photon
number sum and difference for the cavity modes. The normally-ordered variance of the pho-

ton number sum and difference for the output modes can be written as
CANA L = AL Dowr — (D)2, (3.254)
This can also be rewritten employing Eq. as

cAnk, = (: AnZ:) + (: An? :)out £ 2[(: nafp Dout — (Na)out (Mb)out] - (3.255)

out

On account of (3.250) and (3.251) along with Egs. (2.220), we find

CANRE = R AR ARG L £2(( gty 1) — Ty |, (3.256)
so that in view of Eq. (3.212), we see that
CAn% = K2 And (3.257)

where : An3 : is the normally-ordered variance of the photon number sum and difference
for the cavity modes. With the aid of (3.237) the normally-ordered variance of the photon

number for the output mode is found to be
P ARA (1) 1 = 262 E2 (FLF) + 2k2E2 (F_F*) + k2(Fy F1)? + k2 (F_F*)?

+ 252 <2E+E_<F+F_> + (F+F_)2> : (3.258)
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We note that x is always positive. Thus one can easily see that the photon number sum and
difference statistics for the output modes is similar to that for the cavity modes. Moreover, on

account of Egs. (3.252) and (3.257) along with the fact that « is less than one, we observe that

the mean and the normally-ordered variance of the photon number sum and difference for

the output modes are less than that for the cavity modes.
3.4.2 Normally-ordered variance of the photon count sum and difference

We next seek to obtain, using the expression for the I moment of the photon count along
with the resulting mean and normally-ordered variance of the photon number sum and dif-
ference for the output modes, the normally-ordered variance of the photon number sum and
difference for the output mode. To this end, the /** moment of the photon count sum and

difference is expressible as

> d d 1!
P, A—l—i/\—l 1—ud)™(1 — udg)™ 3.259

Thus using this relation, the mean of the photon count sum and difference can be written as

Ma = 3 Paelnom) |0 = D O = 150 (0= 0a)"(1 = wre)”

n,m=0

(3.260)

A1=A2=0

Upon carrying out the differentiation and applying the conditions A\; = A2 = 0, we obtain
My = un™t. (3.261)

In view of Eq. (3.252), we see that

M+ = UKN4. (3.262)

Furthermore, with the help of Eq. (3.259) the second moment of the photon count sum and

difference can be expressed as

L 00 d d 2
m2y = Y P(n,m)ous [()\1 - 1)K + (A2 — 1)(»@} (1 —uA)™(1 —uA)™ N (3.263)
n,m=0 1=A2
It then follows that
m2y = i P(n,m)ou | (A —1)2d—2+(A ,1)i + [(A f1)2d—2+(A —l)i
+ = e 5 out 1 d)\% 1 d)\l 2 d)\% 2 d)\Q
d? d?
+ {(Al —1)(A\g — 1)m + A =1\ — 1)d)\2d)\1] (I —uN)™(1 —uN) /\1:)\2:0‘

(3.264)
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Upon performing the differentiation and applying the conditions A; = Ay = 0, we find

W:I: - UQ <<ﬁz>out - <ﬁa>out) + u<ﬁa>out + U2 <<ﬁ§>out - <ﬁb>out> + u<ﬁb>out + 2u2 <ﬁgutﬁgm>-

(3.265)
This can also be put in the form
m?x = u* (L) our + u(l — u)n", (3.266)
with
<ﬁ3:>out - <ﬁ3>out + <ﬁg>out =+ 2<ﬁaﬁb>out- (3267)

On the other hand, the normally-ordered second moment of the photon count sum and dif-

ference is expressible as

mZy = my — T (3.268)

Combination of this equation with (3.261) and (3.266) results in

cm24 = w2 nd Douts (3.269)
in which
(: ﬁi Dout = <n3:>out — Ntout- (3.270)
The normally-ordered variance of the photon count sum and difference is defined by
CAML =m2y  —ma. (3.271)
Hence substitution of and into Eq. leads to
CAMEL =t ARk, (3.272)

In view of Eq. (3.257), the normally-ordered variance of the photon number count sum and
difference is found to be

: Ami = u?k?: An?t : (3.273)
with : An? : being the normally-ordered variance of the photon number sum and difference
for the cavity modes. Finally, with the help of Eq. the normally-ordered variance of

the photon number count sum and difference for the output modes of the system under con-

sideration goes over into.
tAm? = 2620 B (FLFY) 4 26w B2 (F_F*) + k2 (FLF)? + k2 (F_F*)?

+ 2k%u? <2E+E_ (FLF_) + <F+F_>2). (3.274)
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Since x and u are always positive, one can easily assert that the photon count statistics for the
output modes are similar to the photon number statistics for the output and cavity modes.

Moreover, in view of Egs. (3.262) and (3.273) along with the fact that x and « are less than one,

we also see that the mean and the normally-ordered variance of the photon count sum and
difference for the output modes are less than the mean and the normally-ordered variance of

the photon number sum and difference for the output as well as cavity modes.



Conclusion

In this dissertation we have seen the simplicity with which the squeezing and statistical prop-
erties of the light, generated by coherently driven degenerate as well as nondegenerate three-
level lasers whose cavity contains a parametric amplifier, could be analyzed with the aid of
c-number Langevin equations. Applying the solutions of these equations, we have calculated
the quadrature variance for the cavity and output modes and the squeezing spectrum for
the output mode(s) for both the degenerate and nondegenerate cases. Our results show that
the light produced in both cases is in a squeezed state, with the degree of squeezing for the
degenerate case being greater than that for the nondegenerate. We have also seen that for
various initial superpositions of the three-level atoms, the presence of the parametric ampli-
fier enhances the squeezing of the light generated by the systems under consideration, while
the driving light has no effect on the squeezing. Furthermore, we have found that the pump
mode which couples the top and bottom levels of the three-level atoms enhances the degree
of squeezing particularly when there are nearly equal number of atoms initially in the top and

bottom levels.

It so turns out that for » = 0, A = 100, and x = 0.8 the maximum interacavity squeezing
is 93% (for the degenerate case) and 62% (for the nondegenerate case) below the coherent-
state level. This squeezing is exclusively due to the parametric amplifier and the coupling
of the top and bottom levels. Furthermore, for » = 0.1 and the above values of A and
the maximum interacavity squeezing is found to be 94% (for the degenerate case) and 70%
(for the nondegenerate case) below the coherent-state level. This squeezing is due to the
parametric amplifier and the superposition of the top and bottom levels. In addition, we
have shown that the cavity mode(s) squeezing is greater than the output mode(s) squeezing

by 19% (for the degenerate case) and by 14% (for the nondegenerate case).
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On the other hand, for the degenerate case, we have determined via the @ function, the
mean and variance of the photon number, the photon number distribution for the cavity
mode, and the normally-ordered variance of the photon count for the output mode. From the
results we have found, we note that the driving coherent light and the parametric amplifier
increase the mean of the photon number significantly. We have seen that one effect of the
coupling of the top and bottom levels is to decrease the mean of the photon number. This
could be due to stimulated emission induced by the pump mode. The photons emitted this
way do not contribute to the mean photon number of the cavity mode. Furthermore, we
have also observed that the photon number as well as the photon count statistics are super-
Poissonian. In addition, we found that there is a finite probability to find odd number of

photons inside the cavity.

Moreover, for the nondegenerate case following a similar procedure as in the degenerate
case, we have determined the mean and variance of the photon number sum and difference,
the photon number distribution for the cavity modes, and the normally-ordered variance of
the photon count sum and difference for the output modes. From the results we have ob-
tained, we have seen that the driving coherent light and the parametric amplifier increase
the mean of the photon number for mode a« and mode b significantly. We have also found
that the mean photon number of mode « is greater than that of mode b. This must be due to
spontaneous decay of some atoms from the intermediate level to levels other than the bot-
tom level. We have seen that another effect of the coupling of the top and bottom levels is
to decrease the mean of the photon number sum. Furthermore, we have also observed that
the photon number sum statistics is super-Poissonian while the photon number difference
statistics is sub-Poissonian. In addition, we have noted that the joint probability of observ-
ing more photons of mode b than mode « inside the cavity is zero. And there is also a finite

probability of finding equal number of photons in the two modes.
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Appendix A

Quadrature variance of the output mode for a cavity
coupled to a squeezed vacuum

The squeezing properties of the output mode can be described by the quadrature operators
diw: = dlut + dout (Al)
and
@t = i(al ., — dour). (A2)
The quadrature variance of the output mode is given by
AaZ 1 (1) = (@3 oue (1)) — (Butour(t)). (A3)

We next proceed to obtain a general expression for the quadrature variance of the output
mode in terms of the quadrature variance of the cavity mode as well as the input mode. Using

the input-output relation
Gout = \/Ed — Qin (A4)
along with Egs. (2.103), (2.104), (A1), and (A2), we have
A+out = \/E&i — din. (A5)
Thus on account of Eq. (A5), the quadrature variance (A3) takes the form

Ad%,,, = kAd% 4+ Ad%,, — ﬁ((ab ain) + (Gtin, ai>>. (A6)

The quantum Langevin equation for the operator a(¢) has a general form

%d(t) = —Aa(t) + Ba'(t) + F(t) + C, (A7)

in which 4, B, and C are constants and the noise operator F(¢) has a vanishing mean. In

addition, for a squeezed vacuum reservoir this operator satisfies the correlation functions

(F@)ET(H)) = k(N 4+ 1)6(t — '), (A8)
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A~

(FOE)) = (FT)F(t) = sMa(t — 1), (A10)

where for a squeezed vacuum reservoir
N = sinh?r, (A11)
M = sinhr coshr, (A12)

and r is the squeeze parameter. On account of Egs. (2.103), (2.104), and (A7), the equation of
evolution for the quadrature operators can be written as

d

J0x(t) = —Azax(t) + O£ C+ Fi(t), (A13)
in which
A+ = AF B, (A14)
F(t) = Fi(t) + F(t), (A15)
and
F_(t) = i(FT(t) = F(t)). (A16)

The formal solution of Eq. (A13) is expressible as

t
dx(t) = as(0)e ¥ & / e AT (t=t) (c +C+ By (t’)) dt'. (A17)
0

The annihilation operator for the input mode is defined by

Qi (t) = ;EF@)- (A18)

With the aid of Egs. (A15), (A16), and (A17) along with the fact that the noise operator has a

vanishing mean, we have
(Gxin(t), 0+ (1)) = —=(F(t)ax(t)). (A19)

Furthermore, multiplying Eq. (A17) from the left by F'(¢) and taking the expectation value of

the resulting expression, we get

~ ~

t
(Pe(0)s(0) = (FracO)e ¥+ [ e300 ((Fe(0)C £ (Fa(0)C + (Bl B2 (t)) de.
0
(A20)
On account of the fact that the noise operator has a vanishing mean and does not affect the

cavity mode operator at an earlier time, we find

(Fe(t)ax(t) = /Ot e OB () Fe(t)) dt . (A21)
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Moreover, with the aid of Egs. (A15) and (A16), one readily gets

~ A ~ ~

(Pt (v) = [ 50 ((BOFIE) + FOF ) £ (POPE) + (FOF ) .

(A22)
so that with the aid of Egs. (A8), (A9), and (A10), we obtain
t
(Fy(t)ax(t)) = k(1 + 2N £ 2M) / e Mg — 1)t (A23)
0
Finally, upon carrying out the integration, we find
~ . K
(Fe(t)ax(t)) = SAal, (A24)
where
Ad3;, =1+2N +2M (A25)

being the quadrature variance of the input squeezed vacuum. Thus substitution of (A24) into
Eq. (A19) leads to
(ain(t), ax (1)) = 5= Aat,,. (A26)

Following a similar procedure one can also obtain

(@5(0) (D) = L Ak, (a27)

Therefore, application of (A26) and (A27) in Eq. (A6) yields

Aa?l:out = ’{Aagt + (1 - R)Aagtinv (A28)

where the first and the second terms represent the quadrature variance of the transmitted

and reflected modes.
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Solutions of the c-number Langevin equations

One can rewrite Eq. (3.51) and the complex conjugate of Eq. (3.52) as

d *
Zralt) = —aza(t) = b5 (1) + falt) + 1 (B1)
and
d . X x
70 (1) = —a-F"(t) = b-a(t) + f3(t) + 1, (B2)
in which
kA [3Q 5 0? 0?
e =5t o VI (= s (14 5)] (B
and
A [4Bs  Q 0? 30 02
N i _ i Ty o _ 2
by = 43{ 1 +2,y(1+72)i<2777 (1 272)\/1 n)] (B4)
To solve the coupled differential equations (B1) and (B2), we write the single-matrix equation
d
@U(t) =—-MU(t)+ N(t), (B5)
in which
at
U(t) = : (B6)
B(t)
b
M= " ", (B7)
b— a-—
and
a(l) +
Ny = [ PO (BS)
f3) +p

In order to solve Eq. (B5), we need the eigenvalues and eigenvectors of M such that

MV, = \,V;, (B9)



Appendix B 95

Vi = (xz) 7 (B10)
Yi

x? +y? = 1. (B11)

with ¢ = 1,2 and the eigenvectors

subject to the normalization condition

The eigenvalue equation (B9) has nontrivial solution, provided that
det(M — \I) =0, (B12)

so that applying Egs. (B7), the eigenvalues are found to be

(a+ +a-) ++/(ay —a_)? +4byb_

AL = 5

(B13)

and

Ny = (a4 +a-)— \/(a; —a_)?+4bsb (B14)

We next seek to obtain the eigenvectors of M. To this end, the eigenvector corresponding

to )\ is expressible as

X
Vi = (B15)
Y1

Then employing Egs. (B7) and (B9), we write the matrix equation

a b T T
AR I e SOV R (B16)
b_ a_ Y1 Y1

Taking into account this equation and the normalization condition
wi oyt =1, (B17)

we get
by

\/b2 (M —ay)? \ M\ —as

The eigenvector corresponding to A2 can also be established following a similar procedure

(B18)

that

x b
Vo= " . (B19)

Y2 \/b2 2—6L+ >\2—a+
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Finally, we construct a matrix V' consisting of the eigenvectors of the matrix M as column

matrices
by by
v=(vi )= \/bi+<;ra+>2 VoL Camec? (B20)
1 2

\/b?~_+()\17a+)2 \/b2 /\2 a+
We next proceed to determine the inverse of the matrix V. To this end, it can be readily

verified that the characteristic equation
det(V — ) =0 (B21)

has explicit form

by Ao —ay bi(A — A2)

1 —
[\/52 (M —ay)? \/52 A2a+} \/bQ (M —as) \/b2 (Mo —ay)?

I1=0.

(B22)

Thus applying the Cayley-Hamilton theorem that a matrix satisfies its own characteristic

equation, we have

2

by Ay — a ] by(AL — M) o

1 —
[\/bQ (M — ay)? \/b2 (M2 — ayp)? \/b2 + (M —ay) \/b2 + (M2 — ayp)?

(B23)

In view of this, we obtain

-1 _
v A - )\2

>\2 a+ \/b2 )\1 _ a+ \/bQ )\1 _ a+ (B24)
ALz a+\/62 Ao —ay)? \/1)2 Ay —ay)? ‘
Using the fact that VV ! = I, Eq. (B5) can be rewritten as

d

ZU®) = ~VVIMVVTIU() 4+ N(1). (B25)

Multiplying this equation by V! from the left, we get

d

L (V7IU@®) =-DVTIU®) + VTIN(), (B26)
where
D=V-MV = (Al 0) : (B27)
0 o

The formal solution of Eq. (B26) can be written as

t
VU@) = e PtV Tu(0) + / e PEOY=IN @ dt, (B28)
0
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from which follows
Ut) =Ve Pv=tU(0 / Ve Py =IN(# )t (B29)

In view of the fact that D is diagonal, we have

-\t

e 0

e Dt = ( . ) (B30)
0 e~ A2t

—AL(t—t')
D=ty _ [ 0 . (B31)
0 e—2(t—t')

Therefore, on account of Eq. (B29) along with (B6), (B8), (B20), (B24), (B30), and (B31), we

and

obtain

Ve PtV -lU(0) =

1 ( (A1 — ay)e™ — (Ay — ap)e ] a(0) + by [e™ M1 — e 1] 3%(0) )

A — Ao ()\1fa+b)J(r>\zfa+) [engt _ 67)‘1’5]04(0) + [()\1 . a+)ef)‘1t — (A — a_;_)e*)‘Qt]ﬁ*(O)
(B32)
and
t
/ Ve PO y=IN@dt =
0
1 Jo [ = ag)e™207) — (g — ap)e ] £ ()t
Al — Ao (>\1—a+b)J(r>\2—a+) fg [e—Ag(t—t’) e Mt—t) ] S(t)dt!
L1 by Ji [e 000 — =] (it yat
A1 — Ag f(;f [()\1 . a+)e’)‘ 1(t—t) _ (g — a+)€7/\2(t*t/)]fg(t')dt/
by—(a=ay) (1 _ =) 4 Qazap)=by (g ot
L H A (I—e™) X2 (1—e™) ' (B33)
A1 — Ay (>\1—f§:)+b7 (1 _ 6—A1) _ (>\2—%\4;)+b7 (1 _ e—>\2t)
Finally, application of (B32) and (B33) in Eq. (B29) results in
a(t) = AL (H)a(0) + B4(1)8°(0) + FL. (1) + E4(t) (B34)
and
B(t) = A_(1)B(0) + B_(t)a"(0) + FL(t) + E_(t), (B35)
where
1
As(t) = B (1£p)e 2 + (1 Fpe M|, (B36)
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Bi(t) = %i [e—ht - e_’\Qt} : (B37)
I / ,
Fo(t) = 2/ [(1 4 p)e 221 4 (1 — p)e D] £ () at!
0
t
+q7+ /0 [e M=) — =22 (=] i) dt, (B38)
t
. (t) _ (12—\/0 [ef)\z(tft’) _ e*/\l(tft’)}f;(t/)dt/
1/t , )
+5 /0 (14 p)e M 4 (1 = p)e D] fo(t')dt, (B39)
and
p[1Fp+aqs oty L EP g ot
Eift)=Z|————(1—e ™M)+ ——=(1 —e )|, B40
() = | FTEE I ooy LR (g o (B10)
in which
lasp =220 (B41)
Z
1 )\2 — a4
“(p—1) = B42
(b-1)="2_" (B42)
and
g+ _ by
5= (B43)
Employing Egs. (B41)-(B43), one can readily show that
1+
2 c 2
RO B F En - (- 2V
q+ = 7 , (B45)
with
2=0e B Rae By 2B 32, (2 e (e
a "2 277 427 A 27" 272 !
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