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Abstract 

 

Direct segregated systems of boundary-domain integral equations are formulated from the mixed 
(Dirichlet-Neumann) boundary value problems for a scalar second order divergent elliptic partial 
differential equation with a variable coefficient in an exterior three-dimensional domain. 

The boundary-domain integral equation system equivalence to the original boundary value problems 
and the Fredholm properties and invertibility of the corresponding boundary-domain integral operators 
are analyzed in weighted Sobolev spaces suitable for infinite domains. This analysis is based on the 
corresponding properties of the BVPs in Weighted Sobolev spaces that are proved as well. 
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                        Chapter I 

                           Preliminaries 

  1.1. Introduction 

 
Partial Differential Equations (PDEs) with variable coefficients often arise in 
Mathematical modeling of inhomogeneous media (e.g. functionally graded materials or 
materials with damage induced in homogeneity) in solid mechanics, electro magnectics 
thermo-conductivity; fluid flows through porous media and other areas of Medias of 
Physics and engineering. 
Generally, explicit fundamental solutions are not available if the PDE coefficients are not 
constant, Preventing reduction of Boundary Value Problems (BVPs) for such PDEs to 
explicit boundary integral equations to be effectively solved numerically. 
 Nevertheless, for a rather wide class of variable-coefficients PDEs it is possible to use 
instead an explicit parametrix (Levi function) associated with a fundamental solution of 
corresponding frozen-coefficient PDEs and reduce BVPs for such PDEs in interior 
domains to systems of Boundary-Domain Integral Equations (BDIEs) for further 
numerical solution. 
Our main goal here is to show that the mixed problems with variable coefficients in 
exterior domains can be reduced to some systems of BDIEs and investigate equivalence 
of the reduction and invertibility of the corresponding boundary-domain integral 
operators in the Weighted Sobolev spaces (that are more suitable for exterior domains 
than the standard Sobolev spaces). 
To do this, we extend to exterior domains and Weighted spaces the methods developed 
for exterior domains and standard Sobolev (Bessel potential) spaces.  
The analysis of the BDIEs is not only an intersecting and challenging Mathematical 
problems on its own right but is also useful for the BDIE discretisation and numerical 
solution to obtain by this way a numerical solution of the associated BVP. 
Although the BDIE numerical applications are beyond the scope of this paper, this paper 
is arranged as follows. Chapter I describes some Prelimnaries. Chapter II is about 
Boundary Value Problems, Parametrix and Parametrix-Based Potentials and Integral 
equations. In Chapter III Segregated Boundary-Domain Integral Equation sytems  
(BDIEs)for a Mixed Problems, Equivalence and Uniqueness and Theorems and 
Boundary-Domain Integral operators (BDIO) Fredhmolm properties and Invetibilty are 
analyzed. 
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 1.2 .Basic notation and spaces 

Let  =
  be some unbounded (exterior) open three-dimensional region of ℝ

3  of such that            
 =ℝ

3

\ is a bounded open domain. For simplicity, we assume that the boundary   
is simply connected, complete, infinitely smooth surface. 

We consider below some boundary-domain integral equation systems associated with a mixed 
BVP for the following scalar elliptic differential equation. 

))()((:)(),(:)(
3

1 xi
xuxa

xi
xuxxAxAu

i 





 


=f(x)    x                                                    1.1 

Where u is the unknown function, while )(xa >0 and f are given functions in . 

In what follows, )()( 2  ss HH .  )()( 2  ss HH                                                                           
Denote the Bessel potential spaces (coinciding with the Sobolev Slobodeskii spaces of s 0) 

),(:{)( 3
2 RHggH ss  psup }g   

We also denote  

 11 )(sup),(:)(~ SgpSHggSH ss   

)}(:{)(
11 SHggrSH s

s
s  ,where 1S  is a proper sub-manifold of a closed surface  s  and 1s

r is 

the restriction operator on 1S . 

To make boundary value problems for(1.1) in infinite domains uniquely solvable. We will use 
Weighted Sobolev Spaces. 

Let   2
121)( xx   be the Weight function, 

)}(:{:),( 2
11

2   LggL  Be the Weighted Lebesgue space and  )(1 H  be the Weighted 
Sobolev (Beppo-Levi) space. 

 ,)(:);()( 2
1

2
1   LgLgH   

2

)(

2

)(

1
)(

2

22

1 :



 

LL
H ggg 

                                                                              1.2    
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For ܪ߳ݑଵ(Ω) it follows that ܪ߳ݑଵ(Ω±), then ܪ߳ݑ±ߛ
భ
మ(߲Ω)  where ߛ± = డஐߛ

± are the trace 

operators on ߲Ω fromΩ±. We use ݑߛ for the traces  ݑ±ߛ,ifߛାݑ =  We will also use .ݑିߛ
notations ݑ± for the tracesݑ±ߛ. 

Assume that there are constants  ܽ଴,ܽଵ such that 

 )( 3RLa  and   10 )(0 axaa  for  ..ea  )( 3Rx .                                          1.3 

For ܪ߳ݑଵ(Ω) the co-normal derivative operators ߲ܽ௡ݑ on ߲Ω may not exist in the classical 
(trace) sense. 

However, if for a linear operator A, we introduce the space  

);(0,1 AH  ={ )};(:)( 2
1  LAgHg  

.: 2

)(

2

)(

2

),( 2
10,1 

 LHAH Aggg   

If  ܪ߳ݑଵ,଴(Ω,ܣ) one can correctly define the canonical co-normal derivative ܶ±ܪ߳ݑ
షభ
మ (߲Ω) as 

 dxwuEAuwwuT 








  ),()(:, 11         )(2
1

 Hw                                                1.4 

Where ିߛ ଵ
± ܪ :

భ
మ(߲Ω)  →  ଵ(Ω) is the bounded right inverse to the trace operatorܪ

→ ଵ(Ω)ܪ :±ߛ ܪ 
భ
మ(߲Ω). 

The operator ܶା:  ܪ߳ݒ,ݑଵ,଴(Ω;ܣ)  is continuous and gives the continuous extension on 
of the classical co-normal derivative operator ߲ܽ௡, where߲௡ (ܣ;Ω)ଵ,଴ܪ = ݊.∇ and ݊ = ݊ା is 
normal vector on ߲Ω directed out ward the exterior domain Ω. Whenܽ ≡ 1 we employ for ܶା 
the notation ∆ܶ

ା, which is continuous on ܪଵ,଴(Ω;ܣ) of classical co-normal derivative߲௡. 

For  ݑ,   the first Green identity holds in the form  (ܣ;Ω)ଵ,଴ܪ߳ݒ

 




  dxvuEvAuvuT ),(:,         )(1  Hv .                                                1.5 

            
)()()(:)()()(:),(

3

1

xvxuxa
xi
xv

xi
xuxavuE

i









                                         1.6

 

For any functions ݑ, .we have the second Green identity (ܣ;Ω)ଵ,଴ܪ߳ݒ
                                   











 uvTvuTdxuAvvAu  ,, .                                                        1.7 
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        Chapter II 

Boundary Value Problems, Parametrix and Parametrix-Based Potentials and Integral Equations 

2.1. Boundary value problems 

The mixed boundary value problem in an exterior domain   is defined as follows, 

      Find a function );(0,1 AHu  satisfying the conditions  

                              Au = f  in                                                                                                  2.1 

                            
0

 u   On  D                                                                                        2.2 

                           0uT   On  N                                                                                       2.3 

Where     o  2
1

H ( D ), o  2
1

H ( N ),     f   );(2 L                                                 2.4 

Here     ND   , while  D  ∅ and N  ∅ are non intersecting  

Simply connected sub-manifolds of   with an infinitely smooth boundary curve  

l: =  ND  C    

If N = ∅, i.e. D =  , then we arrive at the Dirichlet problem for   

);(0,1 AHu   ,  

                                        Au = f  in                                                                                 2.5 

                                       
0

 u   On                                                                              2.6 

Where o  2
1

H (  ), f   );(2 L   

If    D = ∅ i.e. N =   in (2.1)-(2.4), then we arrive at the Neumann Problem 

 for );(0,1 AHu   ,    

                                       Au = f  in                                                                                   2.7 

                                        0uT   On                                                                           2.8 
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where o  2
1

H (  ) ,     f   );(2 L , 

Let us denote by 

A
M

: )()();();( 2
1

2
1

2
0,1 



ND HHLAH   

A D : );(0,1 AH  )  );(2 L  2
1

H (  ), 

A N : );(0,1 AH    );(2 L    2
1

H (  )  

The left hand side operators of, respectively, the mixed BVP (2.1)-(2.3),the Dirichlet BVP  

(2.5)-(2.6) and the Neumann BVP (2.7)-(2.8), which is evidently continuous. 

Theorem 2.1  

 Under conditions (1.3) the mixed, Dirichlet and Neumann homogeneous problems are uniquely  

Solvable in H 0,1 ( ;A) and the corresponding inverse operators   

A 1
M : );(2 L  2

1

H ( D )  2
1

H ( N )  );(0,1 AH   

 A 1
D : );(2 L  2

1

H (  )    );(0,1 AH   

 1
NA : );(2 L   2

1

H (  ) );(0,1 AH  ) are continuous. 

2.2. Parametrix and parametrix-based potentials 

 It is well known that the function 

yxya
yxP





)(4
1),(


                                          yx,  ℝ 3                      2.9 

Is the parametrix (Levi-function) for the operator ),( xxA   
..ei  ),( xxA  ),()(),( yxRyxyxP    

 

Where 
xi
xa

yxya
yixiyxR

i 









)(
)(4

),(
3

1
3

                          yx,  ℝ 3           2.10 
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Proof: 

              To show P(x, y) is the parametrix (Levi-function) for the operator ),( xxA   

We have to show: 
),( xxA  ),()(),( yxRyxyxP    

  ),( xxA  














 xi

yxpxa
xi

yxP
i

),()(:),(
3

1

 

 

                                       ]),()(),()([:
3

1 xi
yxp

xi
xa

xi
yxp

xi
xa

i 






















 

                                                     ]
)(

),()(
)(

),(
)([:

3

1




































 


 ya

yxp
xixi

xa
ya

yxp
xixi

xa
i

 

                                                    ]
)(

),(
)([:

3

1
2

2












 


 ya

yxp
xi

xa
i

+ ])(
)(

),(
[

3

1 xi
xa

ya
yxp

xii 















  

                                                   ]
)(4
1)([:

3

1
2

2

yxyaxi
xa

i 






 

 + ])(
)(4 3

3

1 xi
xa

yxya
yixi

i 





 

 

                                                  ),()(: yxRyx                     (Since
yx 


4

1  is the 

fundamental solution of the Laplacian operator ).                                                                                                                          

           ∴  ),( xxA  ),()(),( yxRyxyxP                      yx,  ℝ 3
                         2.11 

To obtain boundary-domain in integral equations, we will consider the coefficient ܽ such that 

                  a  )( 31 RC   And )( 3RLa                                                              2.12 

Remark 2.1:  If  a  satisfies conditions 3.1 and  the ondsec condition in 12.2 .  Then   

)()( 1
1

1  HgCHga  , )()( 1
2

1  HgCHa
g

 

Where constants ܥଵ and ܥଶ are independent of݃߳ܪଵ(Ω) . 

i.e. ܽ and 1 ܽൗ  are multipliers in space ܪଵ(Ω). 
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For any fixed ߳ݕΩ and any ball Ω\ݕ∋ܤ  centered at ݕ with sufficiently small radius ∈→ 0, we 
have ܴ(. ,ݕ)݌ and thus ((ݕ∋ܤ\Ω;ߩ))ଶܮ߳(ݕ, .  .by 2.11 (ݕ∋ܤ\Ω;ߩ)ଵ,଴ܪ߳(

For any );(0,1 AHu  .Here  




 ,)(),(:)( dxxgyxPyPg          


 dxxgyxRyRg )(),(:)(             y ℝ 3 .                               2.13                                    

are respectively, the parametrix-based volume Newton type and remainder potentials. While  

)()(),(:)( 


 xdsxgyxpyVg   ,   


 )()(),(,),(,:)( xdsxgyxPxxnxTyWg   y ℝ 3 /    2.14 

are the parametrix-based surface single layer and double layer potentials. The Newton type and 
the remainder potentials operators given by (2.13), for  = ℝ 3 will be denoted as P and R 
respectively.  

Applying the second Green identity (1.7) with ݒ = ,ݕ)݌ . ) and assuming ݑ is the solution of 
operator ܣ, We get the third Green identity.i.e: 

 








  uvTvuTdxuAvvAu  ,,  

 
 





  )()()()()()()()()()()()( xdxAvxuxdxAuxvxdSxuxvTxdSxvxuT   

 
 





  )(),()()()(),()()(),()(),()( xdyxAPxuxdxAuyxPxdSxuyxPTxdSyxPxuT 

 

  
 





  )(),()()()()(),()()(),()(),()( xdyxRyxxuxdxAuyxPxdSxuyxPTxdSyxPxuT 

 

 
 

)()(),(

)()(),()()(),()()(),()()()(

xdxAuyxP

xdSxuyxPTxdSxuTyxPxdxuyxRxdyxxu






















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)()(),()()(),()()(),()()(),()( xdxAuyxPxdSxuyxPTxdSxuTyxPxdxuyxRyu  












Using equations 2.9,2.11,2.13 and 2.14 one operator third Green identity can be written as 
pAuuWuVTRuu      in                                                             2.15                                                                                                  

From definition (2.13) - (2.14) one can obtain representations of the parametrix-based potential 
operators in terms of their counter parts for 1a (i.e. associated with the Laplace operator ) 

gP
a

Pg 
1   ,                


 

3

1

1
i

jagpj
a

Rg
                                          2.16

 

gV
a

Vg 
1  ,                )(1 agW

a
Wg 

                                                           2.17
 

Proof: 

a) 


 dxxgyxPyPg )(),(:)(  

              := 
 

 dxxg
yxya

)(
)(4
1


 

              
 


 dxxg

yxya
)(

4
1

)(
1:

      
              

                



 dxxgyxP
ya

)(),(
)(

1:
              

where
  yx

yxP



 4

1),(
 
 

                             )(
)(

1: ygP
ya     

 gP
a

Pg 
1

. 

b)           



 dxxgyxRyRg )(),(:)(
 

                     
 
  


















 dxxg

xi
xa

yxya
yixi

i
)()(

)(4
:

3

1
3  

                      
 
  


















 dx

xi
xaxg

yxya
yixi

i

3

1
3

)()(
)(4

:
  
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 
  
































 dx
xi
xaxg

yxyiyai

3

1

)()(
4

1
)(

1:
  

                   
 
 

 













 dx
xi
xaxgyxP

yiyai

3

1

)()(),(
)(

1:
 

                
dx

xi
xaxg

yxyiyai 



















 


)()(
4

1
)(

1:
3

1   

             
 
 

 













 dx
xi
xaxgyxP

yiya i

3

1

)()()),((
)(

1:
 

          
                

                  
  


 




3

1

)()(
)(

1:
j

yjaygpj
ya  

 

   


 
3

1

1
i

jagpj
a

Rg
                       

where
    

dx
yx

xhyhp  



)(

4
1)(


  

c)               



 )()(),(:)( xdsxgyxpyVg
 

                                
 


 )()(

)(4
1: xdsxg

yxya  

                                 
 


 )()(

4
1

)(
1: xdsxg

yxya   

                                                 



 )()(),(
)(

1: xdsxgyxp
ya  

                                                   
)(

)(
1 ygV
ya 

  

 gV
a

Vg 
1

 

d)    
  



 )()(),(),(,:)( xdsxgyxPxxnxTyWg
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                   
 












 )()(),()()(:
3

1
xdsxgyxP

xi
xnixa

i  
 

                                     
 













 )())((
)(

),(
)(:

3

1
xdsxag

ya
yxP

xi
xni

i            

                               
 













 )())((
)(

),(
)(:

3

1
xdsxag

ya
yxP

xi
xni

i  

                              
 

 










 )())((),()(
)(

1:
3

1
xdsxagyxP

xi
xni

ya i  

                                
))((

)(
1 yagW
ya 

 

 )(1 agW
a

Wg 
 

In addition to conditions (1.3) and (2.12) on the coefficient ܽ, we will sometimes also need the 
condition 

)( 32 RLa 
                                                                                         2.18 

Theorem 2.2   

The following operators are continuous under the second condition in (2.12) 

)()(: 3131 RHRHP 
                                                                               2.19 

)()(~: 311 RHHp 
                                                                                  2.20 

)();(: 131
2  HRLR                                                                              2.21 

)()(: 12
1




HHV                                                                                  2.22 

)()(: 12
1

 HHW                                                                                   2.23 
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While the following operators are continuous under the second condition in (2.12) and condition 

(2.18). 

 

);();(: 30,1
2 ARHLp                                                                         2.24 

);()(: 0,11 AHHR                                                                              2.25 

);()(: 0,12
1

AHHV 


                                                                       2.26 

);()(: 0,12
1

AHHW                                                                           2.27 

Proof:                                                                                                                                                                                                                       

Let
  

)()( 313 RHRD  . Then the Newton
 

potential
   

dx
yx

xP
R
 




3

)(
4

1 



 

Evidently belongs to )( 31 RH
 
and solves

 
the

 
poisson

 
equation

   
v

   
in 3R . On the

other
  

hand , the Laplace operator form )( 31 RH to )( 31 RH 

 
possesses a continuous inverse

operator )()(: 31311 RHRH  

.                                                                                                                            
Thus  1

 P
,
which due to the density of )( 3RD  in )( 31 RH  gives

 
a continuous

exetension of
 

P  to the
 
operator )()( 3131 RHRH 

. Then the first relation in (2.16) and 
implies (2.19) under condition (2.12) and thus (2.20) immediately follows. 

To prove (2.24), let us denote by g~ the extension of a function );(2  Lg  by zero outside . 

Evidently )();(~ 313
2 RHRLg     and  31~ RHgPgP    

Taking into account that 


 





 

3

1j
gp

a
jajgAPg   conditions (2.12) and (2.18) imply (2.24) 

Let us prove the continuity of the operators (2.22) and (2.26)  

For )(  C , let us consider the single layer potential for the Laplace operator  

)()(1
4
1 xdx

yx
V 


 


 



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Which
 
evidently belongs

 
to

 
);(1 H  and  solves the Dirichlet problem 0V  in  

wv 
  

on 
   

for );(1 Hv , where   Vw . By theorem (2.1), problem (2.28) is 
uniquely solvable and its solution is delivered by a continuous operator

);()(: 0,12
1

 HHQ ;  

..ei    VQV . 

Taking into account the continuity of the operator )()(: 2
1

2
1




 HHV and the density of 

)( C  in )(2
1




H .  We arrive at the continuity of );()(: 12
1




 HHV . 

Then the first relation in (2.17) imply the continuity of (2.22) and of (2.26) under conditions 
(2.12), (2.18), the continuity of (2.23) and (2.16) is proved by similar argument. 

To prove the continuity of (2.21), let us consider );( 31
2 RLg    due to the condition (2.12),  

We have )( 3
2 RLjag  . The second relation in (2.17) gives 

dxxjaxg
yx

yj
ya

yRg
j R

)()(1
)(4

1)(
3

1 3















  

  

                dxxjaxg
yx

yj
ya j R

)()(1
)(4

1 3

1 3















  

  

                    )(
3

1
yjagjP

j



                                                                   2.28 

To justify the Gauss divergence theorem employed in (2.28), one can introduce a sequence of 

functions from )( 3RD converging to jag  in )( 3
2 RL , which gradients with then converge to the 

gradient of jag in  )( 31 RH 
 and thus )( 31 RH 

. Then the continuity of (2.19) implies continuity 
of (2.21). 

Let us prove continuity of (2.25). Since )( 31 RH  is continuously embedded in );( 11 C ,then 

the continuity of the operator )()(: 11  HHR  is implied by (2.21). Form any )(1 Hg  

We have  
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  RgaRgakRakARg
k




.
3

1
 

          aRgaRg
a

aRg
a

aRga 




















 .121. 2

                                   2.29 

By the second relation in equation (2.17) 

    agagjagPjaRg
j

 


 .
3

1
 

Then (2.29) along with the conditions (2.12) and (2.18) imply the continuity of the operator 
);()(: 1

2
1  LHAR  and thus the operator (2.25). 

Let us introduce the following boundary integral (pseudo differential) operators of the direct 
values and co-normal derivatives of the single and double layer potentials: 

            


 )()(),(:)( xdsxgyxPyvg                                                                       2.30 

             


 )()(),(),(,:)( xdsxgyxPxxnxTywg                                                  2.31 

            


 )()(),(),(,:)(' xdsxgyxPyynyTygw                                                 2.32 

           )(:)(),(,:)( yWgTyWgyynyTygL                                                   2.33                       
Where y . 

They can be also presented in terms of their counter parts for ܽ = 1 

i.e. associated with the Laplace ∆ .  

gv
a

vg 
1

           )(1 agw
a

wg                                                                         2.34 

gv
an

agwgw  



















1''

,                                                                               2.35 

)(1)( agW
an

aagLgL 
























                                                                  2.36 
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 


 )()(),(:)( xdsxgyxPyvg  


 


 )()(

)(4
1: xdsxg

yxya  


 


 )()(

4
1

)(
1: xdsxg

yxya   







 )()(),(
)(

1: xdsxgyxP
ya  

)(
)(

1 ygv
ya   

 

 gv
a

vg 
1

 

 

   


 )()(),(),(,:)( xdsxgyxPxxnxTywg  

                 
 












 )()(),()()(:
3

1
xdsxgyxP

xi
xnixa

i
 

                 
 













 )())((
)(

),(
)(:

3

1
xdsxag

ya
yxP

xi
xni

i
 

                   
 

 










 )())((),()(
)(

1:
3

1
xdsxagyxP

xi
xni

ya i
  

                                          

                   ))((
)(

1: yagw
ya   

 )(1 agw
a

wg   

 

   


 )()(),(),(,:)(' xdsxgyxPyynyTygw  

                     
 












 )()(),()()(:
3

1
xdsxgyxP

yi
yniya

i
 

                     
 





















 )()(
)(

),(
)()(:

3

1
xdsxg

ya
yxP

yi
yniya

i
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  
 

 






















 )()()}(),(),()(
)(

1){()(:
3

1
2 xdsxgya

yi
yxPyxP

yi
ya

ya
yniya

i
 

                      

 
  

 
 























 )()()}(),()()(),()()({
)(

1:
3

1

2
2 xdsxgya

yi
yxPyniyayxP

yi
yniya

yai
 

 

 
 

 


















 )()(),()(:
3

1
xdsxgyxP

yi
yni

i

 
 

 


















 )()()(),()(
)(

13

1
xdsxgya

yi
yxPyni

yai
 

  )(' ygw 



 


 )()(),()(

)(
)(3

1

xdsxgyxP
yi
ya

ya
yni

i
 

  )(' ygw )(
)(

1
)(

)( ygv
yayn

ya 


















 

 gv
an

agwgw  



















1''

 

   )(),(,:)( yWgyynyTygL  
 

               










 


 )()()(:

3

1
yWg

yi
yniya

i
  

               










  )(
)(

)(: yWg
yn

ya   

              










 

)(
))((

)(
)(:

ya
yagW

yn
ya   

              

               






















 


)(
1

)(
))(())((

)()(
1)(:

yayn
yagWyagW

ynya
ya   

 

               ))((
)(

1
)(

)())((
)()(

1).(: yagW
yayn

yayagW
ynya

ya 

























   

                ))((
)(

1
)(

)())((
)(

: yagW
yayn

yayagW
yn



































   
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                ))((
)(

1
)(

)(())(( yagW
yayn

yayagL 
























  

 )(1)( agW
an

aagLgL 
























  

Where as well the subscript means that the corresponding surface potentials are based 

on the harmonic fundamental solution   14),( 
  yxyxP   

 
 
Theorem 2.3:    

Jump ;relations Let  ),(2
1

1 


Hg  and  )(2
1

2 Hg  and )( 31 RCa . Then: 
)()( 11 ywgyVg                                                                                                2.37 

)()(
2
1)( 222 ywgygyWg                                                                            2.38 

)(')(
2
1)( 111 ygwygyVgT 

                                                                         2.39 

 

Where
 

y . 

Taking trace and co-normal derivative of the third Green identity    (2.15),  

..ei from
     

pAuuWuVTRuu   
  

Take the trace of equation   (2.15) ,we obtain 

    pAuuWuVTRuu     

 pAuuwuuvTRuu   
2
1

 

 pAuuwuvTRuu   
2
1

                on     

Again by taking the co-normal derivative of (2.15)  

 ..ei  pAuTuWuVTTRuTuT     

 pAuTuLuTwuTRuTuT   '
2
1
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 pAuTuLuTwRuTuT   '
2
1

          on      

Therefore;  

PfuWuVTRuu        in                                                                             2.40 

 pAuuwuvTRuu   
2
1

         on                                               2.41 

 pAuuwuvTRuu   
2
1

        on                                                2.42 

For arbitrary functions ,,, fu , let us consider a more general “indirect” integral relation, 
associated with (2.15). 

pfWVRuu      in                                                                                       2.43 

Lemma 2.1 

Let )(),(),;(),( 2
1

2
1

2
1 



HHLfHu   satisfy (2.43) and conditions 

(2.12),(2.18) hold. Then u  belongs to );(0,1 AH  u is a solutions of the equation 

fAu      In                                                                                                                2.44 

While     0)()(   uWuTV    in                                                                2.45 

Proof: 

First of all, let us prove that ܪ߳ݑଵ,଴(Ω;ܣ) 

Since ݑܣ = Δ(ܽݑ)−∑ డ
డ௫௜

ଷ
௜ୀଵ (ݔ)ݑ) డ௔(௫)

డ௫௜
) 

And the last term is belongs to  ܮଶ(ߩ;Ω) . We need only to show that Δ(ܽݑ)߳ܮଶ(ߩ;Ω) , 

Rewriting (2.43) as a function of ݑ . 

                   WVRupfu , 

Then multiply by ܽ(ݕ) 

              aWaVaRuapfau  
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                   )(   aWVaRufp  

Then take the Laplacian of the last equation 

            ))(()()()()(   aWVaRufpau  

The last two terms in the right hand side are harmonic and also  ܴܪ߳ݑଶ(Ω)  for ܪ߳ݑଵ(Ω) 

                 );()( 2   Lffp  

Implies   Δ(ܽݑ)߳ܮଶ(ߩ;Ω)  

Hence  Au߳ܮଶ(ߩ;Ω), u߳ܮଶ(ߩ;Ω) ,  Subtracting (2.43) from third Green identity (2.15)  

..ei  −൝
PAuuWuVTRuu   

  
in

PfWVRuu 
 
in

      


    

)()()( fAuPuWuTV       in       

 )( fAuPWV  
            in                                                            2.46 

Where   uT: ,    u:  

Multiplying equality (2.46) by )(ya   we get 

- )(ya )()()( fAuPyaWyaV    

 )( fAuPWV  





   in   

Applying the Laplace operator    to the last equation and taking in to consideration that the both 
functions in the left hand-side are harmonic surface potentials, while the right-hand side 
functions is the classical Newtonian volume potential, We arrive at equation (2.44),substituting 
(2.44)  back in to (2.46) leads to (2.45). 

Lemma 2.2: 

Let conditions (2.12), (2.18) hold  

i) If  )(2
1




 H and,  0 V  in   then,  0
 

ii) If )(2
1

 H and,  0W  in   then,  )()( xacx 
 

Where  C  is tcons tan . 
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iii) Let    ND  where,  D  and  N  are non-empty non -intersecting, 

simply connected sub-manifolds of   with infinitely smooth boundaries. If

)(~),(~ 2
1

2
1

 



ND HH , then  

0)()(   yWyV  in  , and 0 and 0 on  . 

 Proof:  

The proofs of item (i) and (ii) coincide with the proofs of their counter parts for interior domains 
in [2, lemma 4.2]. 

To prove item (ii), we first remark that C  satisfies the equation 0W  in the exterior 

domain  for any .constC   (This follows from the first Green identity (1.5) for the interior 

domain  
  employed for Cxv )( , A ,  yxu  41  and for any y ). Let us check 

that there is no other solution of the equation in   in )(2
1

H . By the Lyapunov-Tauber 

theorem, 0 




 WTWT  on  ,Which  implies .constW  in the interior domain 

  due to the uniqueness up to a constant of the solution of the Neumann problem in )(1 H . 
Then the jump properties of the double layer potential give. Applying the second relation of 
(2.12) finalizes the proof of item (ii) 
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                  Chapter III 

 Segregated BDIEs for the Mixed Problems, Equivalence and Uniqueness Theorems and BDIO 
Fredholm Properties and Invertibility 

3.1. Segregated BDIEs for the Mixed Problem 

Let us fix an extension )(2
1

0  H of the given function 0  in the Dirichlet boundary 

condition (2.2) from D to the whole of   and an extension )(2
1

0 


H of the given 

function 0 in the Neumann boundary condition (2.3) from  N  to the whole  . 

We will explore different possibilities of the reducing BVP (2.1)-(2.3) to a system Boundary-
Domain Integral Equation (BDIEs) and in all of them we represent in (2.40), (2.41), and (2.42) 

the trace of the function  u  and its co-normal derivative as  
0u  , )(~ 2

1

 NH ; 


0uT , )(~ 2

1




DH . And will regard the new unknown functions  and   as 
formally segregated ofu . 

Thus we will look for the triplet: 

  )(~)(~);(:,,: 2
1

2
1

0,1 


ND
T HHAHHuU   

                             )(~)(~)(: 2
1

2
1

1 


ND HHHX    

Formulation of BDIE system (M11) 

Using equation (2.40) in  we get 
PfWVRuu  )()( 00                     in     

00  WVPfWVRuu   
0FWVRuu                                                in                               3.1 

Where 000  WVPfF  
Taking the restriction (2.41) on D  we obtain 

][]
2
1[ PfruwuvTRuur

DD





  

   
on D  

 ][]
2
1[ PfruwruvTrRurur

DDDDD














  
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     ][]
2
1 PfruwruvTrRurur

DDDDD














  

 

 
 ][)]()()(

2
1

000 PfrwrvrRurr
DDDDD





  

 

 000 ][
2
1

 





 WrVrPfrwrvrRur
DDDDDD


 

 000 2
1][   





 WrVrPfrwrvrRur

DDDDDD  

Where 000  WVPfF  

          ][ 000   WVPfF   

         000   WVPfF   

          0000 2
1

  wvPfF   

             00000 2
1
  wvPfF   

             ]
2
1[][ 00000  




 
wvPfrFr

DD
  

              00000 2
1  





 

wrvrPfrFr
DDDD  

  00   



 FrwrvrRur

DDDD           
on D                        3.2 

Taking the nrestrictio of )42.2(  on  N  we get  

                        
][

2
1[ ' PfTruLuTwRuTuTr

Nn





    

                                ][)]()()(
2
1[ 00

'
0 PfTrLwRuTr

Nn





    

                              000
''

2
1][  










 LwrPfTrLrwrRuTr
NNNNN


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Where        

                              
000  WVPfF  

                                ][ 000   WVPfTFT  

                               000   WTVTPfTFT
 

                                          00
'

00 2
1

  LwPfTFT  

                             000
'

00 2
1
  LwPfTFT  

                            ]
2
1[][ 000

'
00  




 LwPfTrFTr
NN  

                            000
'

00 2
1  







 LrwrPfTrFTr
NNNN  

00
'   







 FTrLrwrRuTr
NNNN       

on
 

 N                                           3.3 

Hence the above BDIEs (3.1)-(3.3) to gather 

           0FWVRuu      in      

      00   



 FrwrvrRur

DDDD      
on

   
D  

   00
'   







 FTrLrwrRuTr
NNNN     

on  N  

System (3.1)-(3.3) can be written as: 

                                 1111 FUM     

Where 000  WVPfF  

And  TFTrFrFF
ND 00000

11 ,,:   



   (where the superscript T-denotes transposition). 

We denote the matrix operator of the left hand side of the system )( 11M as 
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


































Lrwrr
wrvrRr

WVRI
M

nN
N

DDD

RT

'

11   

The notation 11M  and the corresponding superscripts mean that the system includes the integral 
operators of the first kind both on the Dirichlet and Neumann parts of the boundary. 

Formulation of BDIE system   (M12) 

If we use equation (2.40) in  and equation (2.41) on the whole of  , we arrive at the BDIE 
system (M12)  

Using equation (2.40) in we get  
PfWVRuu  )()( 00    in     

00  WVPfWVRuu   
0FWVRuu       in                                     3.4 

Where 000  WVPfF  
Taking the restriction of equation (2.41) on   we get 

][]
2
1[ PfruwuvTRuur

D





  

 

            PfuwuvTRuu   
2
1

      
on

 


 

           PfwvRu    )()()(
2
1

000
   

on
 
  

           000 2
1

2
1

  wvPfwvRu 
 

Where  

                    
000  WVPfF  

                   000  WVPfF  

                   ][ 000   WVPfTFT  

                  0000 2
1

  wvPfF   
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                  00000 2
1
  wvPfF   

   002
1

  FwvRu 
      

on
  

                                    3.5 

The above BDIEs (3.4)-(3.5) to gather 
0FWVRuu      in    

002
1

  FwvRu 
   

on   

 
The system (3.4)-(3.5) can be written as  
 
                      1212 FUM 

 
Where 000  WVPfF  

We denote the matrix operator of the left hand side of the systems (M12) 


























 wIvR

WVRI
M

2
1

:12



   

And  TFFF 000
11 ,:   . 

Formulation of BDIE system (M21) 

Using equation (2.40) in   we get 
PfWVRuu  )()( 00  in       

               00  WVPfWVRuu    in   

                0FWVRuu              in                                                       3.6 

Where            000  WVPfF  

Use equation (2.42) on the whole  , we get 

                     
][]

2
1[ ' PfTruLuTwRuTuTr

Nn





  

  
on   
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  PfTuLuTwRuTuT   '

2
1

    
on   

 PfTLwRuT   )()()(
2
1

00
'

0 
  

on   

 PfTLwRuT    '

2
1

000
'

2
1
 Lw  

Where       000  WVPfF  

                   ][ 000   WVPfTFT  

                  000
'

00 2
1
  LwPfTFT  

   
00

'

2
1

  FTLwRuT 
   

on                                                         3.7 

The above BDIEs (3.6)-(3.7) to gather 

                0FWVRuu   in    

               00
'

2
1

  FTLwRuT  on   

The system (3.6)-(3.7) can be written in the form 

                             
2121 FUM   

Where     )(~)(~;,,: 2
1

2
1

0,1 


ND
T HHAHuU   

We denote the matrix operator of the left hand side of the systems (M21) as 


























 LwIRT

WVRI
M

'

21

2
1

                                                                     3.8                  

 

And   TFTFF 000
21 ,:  
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 Formulation of BDIE system (M22) 

Using equation (2.40) in   we get  
PfWVRuu  )()( 00    in     

 00  WVPfWVRuu     in   
 0FWVRuu                 in                                                    3.9 
Where    000  WVPfF  

Taking the restriction (2.42) on D  we get 

][
2
1[ ' PfTruLuTwRuTuTr

ND





  

  
on

 
D

 

 ][)]()()(
2
1[ 00

'
0 PfTrLwRuTr

DND





  

    
on D  

 00
''

0 ][
2
1

2
1

 









 LwrPfTrLrwrRuTr

DDNDDD


  

 000
''

2
1][

2
1

 









 LrwrPfTrLrwrRuTr

DDDNDDD


 
Where     

                 
000  WVPfF  

                  ][ 000   WVPfTFT  

                000   WTVTPfTFT  

                00
'

00 2
1

  LwPfTFT
 

                000
'

00 2
1
  LwPfTFT

 

               ]
2
1[][ 000

'
00  




 LwPfTrFTr
DD  

               000
'

00 2
1
 







 LrwrPfTrFTr
DDDD  

    00
'

2
1

 






 FTrLrwrRuTr

DDDD


 
on D                               3.10 

 Again by taking the restriction (2.41) on  N  

][]
2
1[ PfruwuvTRuur

NN





    

 ][]
2
1 PfruwruvTrRurur

NDDDDN














    
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  ][)]()()(
2
1

000 PfrwrvrRurr
NNNNN





               

 000 ][
2
1

2
1

 





 wrvrPfrwrvrRur
NNNNNN


 

 000 2
1][

2
1

 





 wrvrPfrwrvrRur
NNNNNN


 

Where  

                   
000  WVPfF  

                     000   WVPfF   

                   0000 2
1

  wvPfF 
 

                  00000 2
1
  wvPfF 

 

                   ]
2
1[][ 00000  




 
wvPfrFr

NN


 

                    00000 2
1
 





 

wrvrPfrFr
NNNN


 

    002
1

 



 FrwrvrRur

NNNN


    
on

  
 N                              3.11 

The above BDIEs (3.9)-(3.11) to gather  

                        0FWVRuu       in       

                      
00

'

2
1

 






 FTrLrwrRuTr

dDDD
 on

 
D  

                    
002

1
 




 FrwrvrRur
NNNN


  
on

 
 N  

The system (3.9)-(3.11) can be written in the form  

                       
2222 FUM   
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Where     )(~)(~;,,: 2
1

2
1

0,1 


ND
T HHAHuU   

We denote the matrix operator of the left hand side of the systems (M22) as 










































)
2
1(

)
2
1(: '22

wIrvrRr

LrwIrRTr
WVRI

M

NNN

DDD



 

And   TFrFTrFF
ND 00000

22 ,,:  



   

Remark 3.1 

Note that the second relation in (2.16) means that if consta   outside a bounded Sub-domain  

 '
, then the operator R acts only on the restriction u'''

 . 

This implies that all the BDIE systems reduce in this case to the BDIEs over 
' and   , that 

are supplemented with the integral representation for u in '\   given by the first equations of 
the systems. 

The systems (M11), (M12), (M21) and (M22) can be written as  

                         
 FUM  , 

Where 
F  denote their right hand sides and .2,1,   If conditions (2.12) and (2.18) hold, 

then due to the mapping properties of the potentials,
 XF  .while the operators 

 FHM :  and 
 YXM :  are continuous for any .2,1,   Here we denoted. 

),()();(: 2
1

2
1

0,111 


ND xHxHAHF   

),();(: 2
1

0,112  xHAHF  

),();(: 2
1

0,121 


xHAHF  

),()();(: 2
1

2
1

0,122 


ND xHxHAHF  
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),()();(: 2
1

2
1

0,111 


ND xHxHAHY                                                               

),()(: 2
1

112  xHHY  

),()(: 2
1

121 


xHHY  

),()();(: 2
1

2
1

0,122 


ND xHxHAHY  

 

3.2. Equivalence and Uniqueness Theorems 

Let us first prove the equivalence theorems. 

Theorem 3.1 

 Let );(),(),( 2
2
1

0
2
1

0 


 LfHH ND  and let )(2
1

0  H  and )(2
1

0 


H  

be some extension of 0   and 0 , respectively and conditions (2.12), (2.18) hold. 

(i) If a function );(0,1 AHu  solves the BVP (2.1)-(2.3); then the triplet ),,( u  

,where ),(~ 2
1

0 



DHuT  ),(~ 2

1

0  
NHu                  3.12 

Solves the BDIE systems (3.1)-(3.3) . 

(ii) If a triplet ),,( u )(~)(~);( 2
1

2
1

0,1 


ND HHAH , solves BDIE systems  
(3.1)- (3.3),   then this solution is unique and u solves the BVP (2.1)-(2.3) and 
relations (3.12). 

Proof: 

(i) Let );(0,1 AHu  be the solution to BVP (2.1)-(2.3). Its unique due to the 

homogeneous of the BVP (2.1)-(2.3), i.e. with  0,0,0 00  f  , has only the 
trivial solution. 

Set ),(~ 2
1

0 



DHuT , ),(~ 2

1

0  
NHu . Then immediately 

follows from (2.40)-(2.42). This completes the proof (i). 

(ii) Let now a triple  ),,( u )(~)(~);( 2
1

2
1

0,1 


ND HHAH  solves the BDIEs  

(3.1)-(3.3). 
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Taking the trace of (3.1) on D  using (2.37)-(2.38) and subtracting (3.2) from it, 

−ቐ
0FrwrvrRurur

DDDDD








  

  

    00   



 FrwrvrRur

DDDD

 

 

We obtain                                        

                                                
0 ur

D

               on   D                                                 3.13 

i.e. u Satisfies the Dirichlet condition (2.2).  

Taking the co-normal derivate of equation (3.1) on  N  using (2.33), (4.39) and 
subtracting equation (3.3) from it, 
 

-ቐ 0
' FTrLrwrRuTruTr

NNNNN











  

00
'   







 FTrLrwrRuTr
NNNN

 

 
We obtain, 

                  
0

 uTr
N

          on         N                                             3.14 

i.e., u satisfies the Neumann condition (2.3). Taking in to account 00,0     on

D  
And 00,0    on  N , equation (3.13) and (3.14) imply that the first equation 

(3.12) is satisfied on  N  and the second (3.12) is satisfied on D . 

Equation (3.1) and lemma 2.1 with 0  , 0   imply that u is the 

solution of PDE (3.1) and  
                              0  WV                      in   , 
 where uT   0   and u  0 . Due to the first equation (6.1) 

on  N  and the second condition (6.1) on D , Already proved, ),(~ 2
1

* 


DH

),(~ 2
1

*  DH . Lemma 2.2 (iii) implies 0 

, which completes the proof 
of conditions (3.12). 
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Uniqueness of the to BDIE system (2.1)-(2.3) follows from (3.12) along with remark (3.1) and 
theorem (2.1) 

Theorem 3.2: 

Let );(),(),( 2
2
1

0
2
1

0 


 LfHH ND  and let )(2
1

0  H  and )(2
1

0 


H  

be some extension of 0   and 0 , respectively and conditions (2.12), (2.18) hold. 

(i) If a function );(0,1 AHu  solves the BVP (2.1)-(2.3); then the triplet ),,( u , 

where ),(~ 2
1

0 



DHuT ,     ),(~ 2

1

0  
NHu                                    

3.15 Solves the BDIE systems (3.4)-(3.5). 

(ii) If a triplet ),,( u )(~)(~);( 2
1

2
1

0,1 


ND HHAH , solves BDIE systems  
(3.4)- (3.5),   then this solution is unique and u solves the BVP (2.1)-(2.3) and 
relations (3.15) hold. 

Proof:  

(i) Let );(0,1 AHu  be the solution to BVP (2.1)-(2.3). Its unique, due to the 

homogeneous of the BVP (2.1)-(2.3), i.e. with  0,0,0 00  f  , has only the 
trivial solution. 

Set ),(~ 2
1

0 



DHuT , ),(~ 2

1

0  
NHu . Then immediately 

follows from (2.40)-(2.42). This completes the proof (i). 

(iii) Let now a triple  ),,( u )(~)(~);( 2
1

2
1

0,1 


ND HHAH  solves the BDIEs     
(3.4)-(3.5). 

Using the properties of the single and double layer potentials take the trace of (3.4) on
  and subtract it from equation (3.5) 

 −

⎩
⎪
⎨

⎪
⎧

0

00

2
1

2
1

FwvRuu

FwvRu












 

We obtain  

                    
0u    on                                                               3.16 
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This means that the second equation in (3.15) holds.  Since 0)( y   on  D  and 00  on

D , we see that the Dirichlet condition (2.1) is satisfied. 

Equation (3.4) and lemma 2.1 with 0  , 0  imply that u is the solution of 
equation (2.1) and  

                0)()( 00   uWuTV    in                                          3.17 

Due to (3.16) the second equation in (3.17) vanishes, and by lemma 2.2 (i) WE obtain  

               00  uT  on                                                                                       3.18 

This means that the first equation (3.15) is satisfied as well.  Since 0 on  N  and 00 

on   

 N , equation (3.18) implies that u satisfies the Neumann boundary condition (2.3). 

Unique solvability of the BDIEs (3.4)-(3.5) then follows from remark (5.5).The unique 
solvability of the BVP (2.1)-(2.3) (from theorem 2.1), and (.15). 

Theorem 3.3 

Let );(),(),( 2
2
1

0
2
1

0 


 LfHH ND  and let )(2
1

0  H  and )(2
1

0 


H  

be some extension of 0   and 0 , respectively and conditions (2.12), (2.18) hold. 

(i) If a function );(0,1 AHu  solves the BVP (2.1)-(2.3); then the triplet ),,( u  

,where ),(~ 2
1

0 



DHuT     ),(~ 2

1

0  
NHu                                              

3.19 
Solves the BDIE systems   (3.9)-(3.11). 

(ii) If a triplet ),,( u )(~)(~);( 2
1

2
1

0,1 


ND HHAH , solves BDIE systems  
(3.9)- (3.11),   then this solution is unique and u solves the BVP (2.1)-(2.3) and 
relations (3.19). 

Proof: 

(i) Let );(0,1 AHu  be the solution to BVP (3.1)-(3.3). It’s unique, due to the 

homogeneous of the BVP (3.1)-(3.3), i.e. with  0,0,0 00  f  , has only the 
trivial solution. 



33 
 

Set ),(~ 2
1

0 



DHuT , ),(~ 2

1

0  
NHu . Then immediately 

follows from (2.40)-(2.42). This completes the proof (i). 

(ii)       Let now a triplet ),,( u )(~)(~);( 2
1

2
1

0,1 


ND HHAH , solves BDIE 
systems (3.9)- (3.11),   

Take the co-normal derivative of equation (3.9) on D  and subtract it from equation (3.10) 

_

⎩
⎪
⎨

⎪
⎧

0
'

00
'

2
1

2
1

FrLrwrRuTruTr

rFTrLrwrRuTr

DDDDD

DDDDD






























 

We obtain  

                   0 


 DD
ruTr   on  D                                                  3.20 

Further, take equation (3.9) on  N  and subtract it from equation (3.11). 

_

⎩
⎪
⎨

⎪
⎧

0

00

2
1

2
1

FrwrvrRurur

rFrwrvrRur

NNDNN

NNNNN
























   

We obtain  

                  0 


 NN
rur     on    N                                                       3.21 

Equation (3.20) and (3.21) imply that the first equation in (3.19) is satisfied on D and the 
second equation (3.19) is satisfied on  N . 

Equation (3.9) and Lemma 2.1 with 0  , 0   imply that u is the solution of 

equation )1.3( and  0)()(   yWyV        y , where uT   0 and

u  0 . 

Due to (3.20) and (3.21), we have )(~ 2
1

* 


DH , )(~ 2
1

*  NH . Lemma 2.2 (iii) implies 
0 

 which completes the proof of conditions (3.19) the whole boundary  . 
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Taking in to account that 0  on D  00   on D , and 0  on   N  and  

00   on  N , equations (3.19) imply the boundary conditions (2.2) and (2.3). 

Unique solvability of (3.9)-(3.11) then follows from remark 3.1, the unique solvability of BVP 
(2.1)-(2.3) from (3.19). 

 

The situation with uniqueness and equivalence for the (M21) differs from the one from the other 
systems. 

Theorem 3.4: 

Let );(),(),( 2
2
1

0
2
1

0 


 LfHH ND  and let )(2
1

0  H  and )(2
1

0 


H  

be some extension of 0   and 0 , respectively and conditions (2.12), (2.18) hold 

(i) Homogeneous BDIE system (M21)admits only one linearly independent solution 

),,( 000 u )(~)(~);( 2
1

2
1

0,1 


ND HHAH , where  
0u  is the solution of the 

mixed BVP 
 
 

                  00 Au      in                                                             3.22 

    )(
10

xa
ur

D


             on    D                                             3.23 

00 
 uTr

N                       on         N                                        3.24 

While  

          )(
1, 0

0
0

0 xauuT          on                                              3.25 

(ii) The non homogeneous (M21)is solvable , and any its solution  

),,( u )(~)(~);( 2
1

2
1

0,1 


ND HHAH  Can be represented as  
0~ Cuuu   in                                                                                 3.26 

where    u~  solves the  BVP )3.2(1.2(  and C  is a ,tan tcons while  

00
~  CuT  

,     00
~  Cu  

  on                                          3.27 
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Proof: 

Problem (3.22)-(3.24) is uniquely solvable in );(0,1 AH   by theorem (2.1). Consequently the 

third Green identity (2.13) is applicable to 
0u leading to  

                       00000   WVRuu            in                                            3.28 

With notations (3.25), if we take into account that  0))(
1( xaW  in  due to the second 

relation in (2.17) and the equality 01W  in   (proof of lemma 2.2(ii)). Taking the co-normal 
derivative (3.28)    

                    ..ei  ]0[ 0000   WVTRuuT    on    

                      0
2
1 00'000    LwRuTuT  on   

And substituting the first equation of (3.25) again we arrive at 

                   0'
2
1 0000    LwRuT on                                          3.29 

 Equation (3.28)-(3.29) mean that the triplet ),,( 000 u solves the homogeneous BDIE system 
(M21). 

To prove item (ii) and check that there exists only one linearly independent solution of the 
homogeneous BDIE system (M21), we proceed as follows. First we remark that the solvability of 
the non-homogeneous system (M21) follows from the solvability of the BVP (2.1)-(3.3) in 

);(0,1 AH   and the deduction of the system (M21). 

Let now a triplet Tu ),,(  )(~)(~);( 2
1

2
1

0,1 


ND HHAH , solves (generally non-
homogeneous) BDIE systems (M21). Take the co-normal derivative of equation (3.6) on  

And subtract it from equation (3.7).  

_

⎩
⎪
⎨

⎪
⎧

0
'

00
'

2
1

2
1

FTLwRuTu

FTLwRuT












 

We obtain  
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                   00  uT  on                                                           3.30 

        Taking into account 0 on  N  and 00   on   N , this implies that  u  satisfies 

the Neumann condition (2.3).And equation (3.6) and Lemma 2.2 with 0  , 0   
imply that u  is a solution of equation (2.1) and  

                       0)()( 00   uWuTV     in                                          3.31 

Due to (3.30) the first term vanishes in (3.31), and by Lemma 2.2 (ii) we obtain  

                )(0 xaCu            on                                                                   3.32   

Where C  is a constant.Taking into account 0  on   D   and 00   on  D , we 
conclude that u  satisfies the Dirichlet condition (2.2). 

         )(0 xaCu   on                                                                                             3.33         
instead of (2.1).  Introducing notation u~ by (3.26) in (3.30) prove the claim of item (ii). 

The case 0,0,0,0,0 0000  f  leading to the homogeneous BVP system (M21) 
also implies the u~ for this case satisfies homogeneous BVP (2.1)-(2.3) and thus 0~ u  in (3.17) 

and (3.18) meaning that the triplet ),,( 000 u  is the only linearly independent solution of the 
homogeneous BDIE system (M21). 

This completes the proof of item (ii) and   of the whole theorem.                                                                     

 

3.3. BDIO Fredholm Properties and Invertibility 

 We will consider in this section the Fredholm properties and invertibility of the boundary-

domain integral operators (BDIOs), starting from 
 FHM :  and then, under more 

restrictive conditions on the coefficient  a  , of the operators
 FXM : , 2,1,  . 

3.3.1 Properties of operators  
 FHM :  

In this section, we will analyze the operator invertibility ( or the Fredholm property when 
there is no invertibility ) by proving first that the arbitrary right hand side functions from the 
corresponding spaces can be represented in terms of the parametrix-based potentials  and 
using then the equivalence theorems. 

To start with, Let us prove the following for exterior domain. 
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Lemma 3.1  

For any function );(0,1 AHF  , there exists a unique couple 

)()(),( 2
1

2* 


 xHLCFf such that  

            )()()( *** yVypfyF  ,           y                                                                 3.34 

Where )();();(: 2
1

2
0,1 



xHLAHC   is linear bounded operator. 

Proof: 

Suppose first there exist some functions )(* yf and )(* y  satisfying (3.34) and find their 
expressions in terms of )(* yF . Taking into account relations (2.17) and (2.18) for the volume 
and single layer potentials, can be rewritten as  

                          )()()()( *** yVyfpyFya   ,            y                                 3.35 

Applying the Laplace operator to (3.35) we obtain that  

                              )( ** aFf    in                                                                           3.36 

Then (3.35) can be rewritten as  

                            ),()(* yQyV  y                                                                     3.37 

Where      

                   yyaFpyFyayQ ),()()(:( **                                                        3.38 

The trace of (3.37) on the boundary gives  

                   ),()(* yQyv 
       y                                                                    3.39 

Where 1/:   avv  is the direct value on   of the single layer operator V  associated with 

the Laplace operator. Since )()(: 1  


ss HHv , ,Rs is isomorphism. We obtain the 
following expression for *  

                    ),()( 1
* yQvy 

  y                                                                     3.40 

Relations (3.35) and (3.40) imply uniqueness of the couple ** ,f . 
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Now we have to prove that )(),( ** yyf   give by (3.36) and (3.40) satisfy (3.34). Indeed, the 
potential )(* yV   with )(* y  given by (3.40) is a harmonic function, and one can check 
that Q given by (3.38) is also harmonic in .Then condition (3.39) implies that )(* yV  and 

)( yQ coincide in the   holds true, which implies (3.34). Thus (3.36)-(3.40) and (3.38)give 

  )(),(:),( **
1

**** aFpaFvaFCFf  


  , 

And thus by remark 2.1 )();();(: 2
1

2
0,1 



xHLAHC   is bounded operator. 

Corollary 3.1 

A couple )();(),( 2
1

0,1
10  xHAHFF can be uniquely represented as  

                           ***0  WVpfF in                                                                3.41 

                           *01  FF   on                                                                        3.42 

For some TFFCf ),(),,( 10****  , where 

)()()();()();(: 2
1

2
1

2
1

2
2
1

0,1
* 



xHxHxHLxHAHC   is a linear bounded 
operator. 

Proof: 

Taking 10* FF    and applying Lemma 3.1 to ,*0*  WFF We prove existence of 
representation (3.41)-(3.42).  To prove its uniqueness, we consider its homogeneous case, 
i.e., with 0,0 10  FF . Then (3.42) implies 0*   and thus by (3.41) and Lemma 3.1 we 

also obtain 0,0 **  f . 

Using essentially the same reasoning as in Lemma 3.1 and corollary 3.1, one can prove the 
following statement that is similar to its counterpart for bounded domains. 

Lemma 3.2  

Let  ND  , where D  and  N  are nonempty nonintersecting simply 
connected sub manifolds of   with infinitely smooth boundaries. For an arbitrary triplet 

                       )()();(),,( 2
1

2
1

0,1
210 



DN
T xHxHAHFFFF  

There exists a unique triplet  
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     )()();(),,( 2
1

2
1

2,*** 


 xHxHLFCf
DN

T                      3.43 

Such that  

    ***0  WVpfF  in                                                               3.44 

   *01  


 NN
rFTrF    on  N                                                         3.45 

   *02  


 DD
rFrF   on D                                                            3.46 

Where  

      )()();()()();(: 2
1

2
1

2
2
1

2
1

0,1
, 



 xHxHLxHxHAHC
DN

 is linear 
bounded operator. 

Theorem 3.5  

If conditions (2.12) and (2.18) hold, then the operators 

         ,: 1111 FHM  ,: 1212 FHM  ,: 2222 FHM                                         3.47                    
are continuous and continuously invertible. 

Proof: 

Continuity of operators (3.47) follows from the volume and boundary potential mapping 
properties, Theorem 2.1. 

Let us prove continuous invertibility of operator ,: 1111 FHM   By Lemma 3.2, any right 
hand side 11

0
11 ),,( FFFFF ND    of the equation 1111 FUM   can be uniquely represented 

in form (3.44)-(3.46) , where  11
,*** ),,( FCf

DN

T
  and the operator 

)()();()()();(: 2
1

2
1

2
2
1

2
1

0,111
, 



 xHxHLxHxHAHFC NDDN
  is 

continuous.  

Then the equivalence Theorem 3.1 for the system (M11) and invertibility theorem 3.1 for the 

mixed problem imply that the equation 
1111 FUM   has a solution

11111 )(),,( FMuU T   , where the operator HFM  11111 :)( is given by 
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 TM ND
rrfAu ***

1 ,,  
 , ,* uT ,* u                                           3.48        

Where 11
,*** ),,( FCf

DN

T
 , and is evidently continuous. Thus the operators 

111)( M         

is the right inverse of the operator ,: 1111 FHM  but due to the injectivity of the latter 

implied by the equivalence theorem 3.1, the operator 111)( M  is in fact the two-side inverse. 

Continuous invertibility of the operator ,: 2222 FHM  is proved similarly. 

Let us prove the continuous invertibility of 1212 : FHM  . By corollary 3.1, any right hand 
side 12

10
12 ),( FFFF   of equation 1212 FUM   can be uniquely represented in form 

(3.41)-(3.42) for some 12
**** ),,( FCf T  , where the operator 

)()()();()();(: 2
1

2
1

2
1

2
2
1

0,112
* 



xHxHxHLxHAHFC   is continuous. 

Then the equivalence Theorem 3.2 for the system (M12) and invertibility Theorem 3.1 for 
the mixed problem imply that the equation 1212 FUM   has a solution

12112 )(),,( FMuU T   , where the operator HFM  12112 :)(  is given by expressions 

(3.48), where 12
**** ),,( FCf T  , and is evidently continuous. Thus the operator 

112 )( M  

is the right inverse operator 1212 : FHM  , but due to the injectivity of the latter implied by 
the equivalence theorem 3.2, the operator 112 )( M  is in fact the two-side inverse. 

Let us prove an assertion implied by Theorem 7.1 for the operator 2222 : FHM   for the 
particular case 1a in , i.e., essentially for the purely boundary integral equation. We will 
need it to prove invertibility of the operator 2222 : YXM  for variable a  in section 3.3.2. 

If 1a in , then (2.1) becomes the classical Laplace equation, the remainder operator R
vanishes, and the BDIE system (M22) splits into the system of two Boundary Integral 
Equations (BDIEs), 

            00
'

2
1







  





 DDD

rFTrLwr  on D ,                                       3.49 

             002
1







  


 NNN

rFrwvr   on   N                                        3.50 

And the representation formula for u in terms of   and , 

                                   WVFu 0  in  . 

System (3.49)-(3.50) can be rewritten in the form  



41 
 

                      ,
2222









 FUM                                                                                   3.51 

Where     ),(~)(~),(:ˆ 2
1

2
1




 ND
T HHU   

                       ,

2
1

2
1

:

'
22

























 







 












wIrvr

LrwIr
M

NN

DD

                                       3.52 

                     )()(: 2
1

2
1

00

00
22

































ND xHH
rFr
rFTr

F
NN

DD


 

Moreover, the operator )()()(~)(~:ˆ 2
1

2
1

2
1

2
1

22 


 NDND HHHHM  is bounded 

and by Theorem 3.3 (employed for 1a ) is also injective. 

Theorem 3.6 

The operator )()()(~)(~:ˆ 2
1

2
1

2
1

2
1

22 


 NDND HHHHM  is continuous 
invertible. 

Proof: 

A solution of system (3.51) with an arbitrary   )()(, 2
1

2
1

22
2

22
1

22








 





ND

T

xHHFFF  is 

delivered by the couple ),(  satisfying the extended system ,022
  FUM  where

TT FFFuU ),,0(,),,( 22
2

22
1

0
   , and  

                   








































)
2
1(0

)
2
1(0: '22

wIrvr

LrwIr

WVI

M

NN

DD
. 

The operator 2222 : FHM   has a continuous inverse due to Theorem 3.5 for 1a . 

Consequently, the operator 
22





M  has a right bounded inverse, which is also a two-side 
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inverse due to injectivity of the operator
22





M . To analyze properties of the operator
21M , we will 

need the following assertion that appeared to be quite different from its counterpart for interior 
domains proved in [2]. 

 Lemma 3.3 

If the conditions (2.12) and (2.18) hold, then a function );(0,1
* AHF   can represented as 

                              ),()()( *** yWypfyF             y                                   3.53 

For some      
2
1

2 ;, HLf  if and only if  

                                0)( * 



 dSaFT                                                                       3.54 

Proof: 

Suppose first there exists some functions )(* yf and )(* y  satisfying (3.53). 

Taking into account relations (2.16) and (2.17) for the Newtonian-type and double layer 
potentials, ansatz (3.53) can be rewritten as  

                            ),]([)()()( *** yaWyfpyFya             y                     3.55  

Applying the Laplace operator to (3.55) we obtain that  

                                    )( ** aFf               in   .                                                  3.56 

 

Then (3.55) can be rewritten as  

                                    ),()]([ * yQyaW      y                                                 3.57 

Where 

                 )()())](([:)( ** yFyayaFpyQ   ,           y                                     3.58 

The trace of (3.57) on the boundary gives  

                                 )(
2
1

*



 


 awI      on                                                       3.59 
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Equation (3.59) admits a solution )(2
1

*  Ha  if and only if the right hand side 

)(2
1

 HQ  

Satisfies the condition  

                                         ,0)()( 




 xdSxvTxQ                                                             3.60 

Where )(1  Hv solves the Dirichlet problem 0v in  , 1v  on   .  

Employing the second Green identity (1.7) associated with the operator   and substituting there 
(3.58), we have 

                                 0})]([{ ** 




 dSaFaFpT .                                                          3.61 

We have 

 )]([ *aFpT )]([ *aFpT 


 on   since )();()]([ 3230,1

* RHRHaFp loc  by 

Theorem 2.2. Keeping in mind that )]([ *aFp  is a harmonic function in bounded
 , we obtain  

                                    0)]([ * 




 dSaFpT , 

Which reduces (3.61)-(3.54). 

Let now (3.54) be satisfied. We have to prove that there exists a representation (3.53). First of 

all, let us note that if ),;(0,1
* AHF  then conditions (2.12) and (2.18) imply ),;(0,1

*  HaF

and the              co-normal derivative )( *aFT 
  is well defined on  . Then (3.54) implies (3.61). 

Let )(2
1

*  Ha  be a solution of (3.59) with Q  given by (3.58), while );(2*  Lf  be 

given by (3.56). Then the potential )(][ 1
*  HaW   is a harmonic function, and one can 

check that )(1  HQ  is             also harmonic. Since (3.59) implies that they coincide on the 
boundary, the two harmonic functions should coincide also in the domain, which implies (3.53). 

Lemma 3.3 implies the following corollary 

Corollary 3.2 

If conditions (2.12) and (2.18) hold, then a couple )();(),( 2
1

0,1
10 



xHAHFF  can be 
represented as  
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                     ),()()()( ***0 yWyVypfyF              y ,                                       3.62 

                    ),()()( *01 yyFTyF  
   y                                                                    3.63 

For some )()();(),,( 2
1

2
1

2*** 


xHxHLf  if and only if  

0])[(),( 1010  


 dSFFaFFf n  .                                                                                 3.64 

Proof: 

We take 10* FFT  
 and apply Lemma 3.3 to *0*  VFF , which proves representation 

(3.61) if and only if  

                          0))](([ 100 



 dSFFTVFaT .                                                          3.65 

Taking in to account the jump property of single layer potential and that gVaVg  is a 

harmonic function in the bounded domain
 , condition (3.65) reduces to  
















  dSFFTVTdSFFTFaTFaT )(])[(0 101000  

    = dSFFan


  ])[( 10 . 

 One can check on the example 01 FTF   that condition (3.65) and thus (3.64) is satisfied not 

for all )();(),( 2
1

0,1
10 



xHAHFF . 

Theorem 3.7 

If condition (2.12) and (2.18) hold, then the operator 2121 : FHM   is  a continuous Freedom 
operator with zero index. It has one dimensional null-space spanned over the element 

),,( 000 u defined in Theorem 3.4(i) and the cokernel spanned over the function f defined by 
(3.64). 

Proof: 

The claim about the null-space particularly that its dimension is 1, follows from Theorem 3.4(i)  
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Let us now consider the equation ,),( 10
21 TFFUM                                                                                       

i.e.,           0FWVRuu    in  , 

                1
'

2
1 FLwRuT     on   . 

With arbitrary 
21

10 ),( FFF   for Hu ),,(  . By corollary 3.2 , if 0),( 10 FFf , where the 

linear functional 
*21Ff  is defined in (3.64), then the right hand side is represent able in form 

(3.62)-(3.63) and the equation is solvable due to Theorem 3.4 (ii) . 

On the other hand, we have from (3.8), the jump Theorem 2.2 and Lemma 

dSLwRuTWVRuuTVWVRuuaTuMf T























  




 )

2
1()()),,(( '21 

                                     






  .dSapAuTdSuVTWRuuaT                                  3.66 

Since );(0,1 AHu  , by Theorem 2.2 we have );( 30,1 ARHapAu  and thus
)();( 3230,1 RHRHapAu loc . This implies that }{}{ apAuTapAuT 



  on   and the last 

integral (3.66) is zero because apAu is harmonic in the bounded domain
 . Thus the range of 

the operator 
2121 : FHM  coincides with the elements of 

21
21 ),( FFF  such that 0),( 21 FFf

, which implies that the dimension of the Coker 
2121 : FHM  is 1. Since the dimension of the 

null-space is also 1, we conclude that the operator is Fredholm with zero index. 

3.3.2. Properties of operators 
 YXM :  

To prove in [2] the invertibility of the operators  YXM :  for bounded domains, we 

essentially used the compactness of the operator )()(: 11  HHR based on the Rellich 
compactness theorem. However, the latter theorem does not hold for unbounded domains with 
compact boundaries, and to cope with this, we will split the operator R  into two parts, one of 
which can be made arbitrarily small while the other one is compact, if the PDE coefficient 
satisfies the additional condition 

                              0)()(lim 


xax
x

                                                                        3.67 
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Lemma 3.4  

Let conditions (2.12) and (3.67) hold. Then for any 0 the operator R  can be represented as 

sc RRR  , where ,)()( 11 
 HHsR while )()(: 11  HHRc is compact. 

Proof: 

Let B be a ball centered at 0 with a radius  such that B and let )( 3RD be a cut-off 

function such that 1 in B , 0 in 2
3 \ BR and 1)(0  x in 3R  Denote )(: gRgRs 

))1((: gRgRs  . 

Bf (??) we have for arbitrary )(1 Hg  , 

,])1[(
)()(

)(

3

1
)( 11

1

1 



  HH

Hj
Hs pQjagjpgR   

Where 

            
 


 

3

1

3

1
)()( 2

1 )1(])1[(:
j j

LH
jagjagjQ   

               
)()\()\();( 1331

2
33

 
 

HBRLBRLL
gaag





 

Thus for the norm of the operator sR we have  

03 )()()\()()( 11311 



 HHBRLHHs paR


 as , as claimed. 

Let us prove the claim about the operator .cR . Since the support of  belongs to B , for any 

fixed  the operator )()(: 11  HHRc can be represented as ][
22 

  rRgRc ,where 
 22 B and the operator 2R  is given by the second relation in (4.6) with replaced by 

2 . The operator )()(: 2
1

222   HLR is continuous by (4.13) since 
);()( 2

1
222    LL for the bounded domain 2 . 

On the other hand, the restriction operator )()()(: 2
1

2
11

2 
 HHHr is continuous 

while the embedding of )( 2
1

H  in )( 22 L is compact, which implies that the operator 
)()(: 11  HHRc  is compact. 
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Lemma 3.4 implies the following corollary. 

Corollary 3.3  

Let conditions (2.12) and (3.67)  hold. Then the operator )()(: 11  HHRI is Fredholm 
with zero index. 

Proof: 

Representing sc RRR   by Lemma 7.4 so that 1)(1 
HsR  and )()(: 11  HHRc is 

compact, we obtain that )()(: 11  HHRI s is invertible, which implies the Lemma claim. 

Theorem 3.8 

If the conditions (2.12),(2.18) and (3.67) hold, then the operators 

1111 : YXM                                                                                                       3.68 

is continuous and continuously invertible. 

Proof: 

By the mapping properties of the potentials, operators (3.68) are continuous and we now prove 
the invertibility of operator 11M .  Let us consider the operator  

 

                                    1111
0 : YXM  ,                                                                  3.69 

Where 

                    

















 











Lr

wrvr
WVI

M

N

DD

00

0:11
0  ,                                                            3.70                                            

Evidently operator (3.68) is continuous. The diagonal operators of the triangular matrix operator
11
0M  are continuously invertible, implying that the operator 111

0 )( M inverse to (3.69) is 
continuous. 

Let us now represent sc RRR  by Lemma 3.4 so that the operator sR is sufficiently small for 
the operator  



48 
 

                               
























00
00
00

:11

s

s

s

s

RTr
Rr

R
M

N

D


                                                                3.71

 

To satisfy the inequality  

                     XYYXs MM





 1111

111
0

11 )(1 . 

Then the operator 
111111

0 : YXMM s   is continuously invertible, while the operator 
11111111 :: YXMMM sc   is compact by Lemma 3.4 and by the properties of the operators 

'w

and


  LL . This implies that operator 
1111 : YXM   is a Fredholm operator with zero index.  

Since by Theorem (3.1) it is also injective, we conclude that it is invertible. 

Theorem 3.9 

If the conditions (2.12), (2.18) and (3.67) hold, then the operator 

1212 : YXM                                                                                                                       3.72                             
is continuous and continuously invertible. 

Proof : 

By the mapping properties of the potentials, operator (3.72) is continuous and we now prove the 
invertibility of operator 12M . Let us consider the auxiliary operator 

                                          .:

2
10

: 1212
0 YX

Iv

WVI
M 
























                                                3.73 

Evidently operator (3.73) is continuous. Any solution XuU T  ),,(  of the equation  

,12
0 FUM  Where )()(),( 2

1
1

10  xHHFFF T
 will solve also the following extended 

system of three equations, 

                          0FVWu    in                                                                                  3.74 

                             12
1 Fv    on                                                                                   3.75 
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                         1Frvr
dD     on D                                                                             3.76                     

and vice-versa. Taking into account that the invertibility of the operator vr
D follows form the 

first relation in (2.35), the diagonal operators of the system, 

                             )()(: 11  HHI  

                           )()(:
2
1 2

1
2
1




HHI  

                        )()(~: 2
1

2
1




 DD HHvr
D  

 are continuously invertible implying that the triangular matrix operator of the system is also 
invertible.  

If )(~ 2
1




DH solves equation (3.76), then   )(~2 2
1

1  DHvF    by equation (3.75), 

and we arrive at invertibility of the operator (3.73). The rest of the proof for the operator 
12M is 

similar to the one for
11M . 

Theorem 3.10 

If the conditions (2.12), (2.18) and (3.67) hold, then the operator 

2222 : YXM                                                                                                                         3.77                            
is continuous and continuously invertible. 

Proof: 

By the mapping properties of the potentials, operator (3.77) is continuous and we now prove the 
invertibility of operator 22M .  Let us consider the auxiliary operator  

                                              ,: 2222
0 YXM                                                                          3.78 

Where 

               































 







 











wIrvr

LrwIr

WVI

M

NN

DD

2
10

2
10: '22

0 ,                                               
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Operator (3.78) is evidently continuous and can be considered as a matrix block-triangle operator 
with the lower diagonal block 

























 







 









wIrvr

LrwIr
M

NN

DD

2
1

2
1

:

'

22
0 . 

Taking into account relations (2.35) and (2.37), we can represent 

  ,,1ˆ1,1 2222
0 gadiagM

a
diaggM 






  

For any ),(~)(~),( 2
1

2
1

21 


ND
T HHggg  Where )1,1(

a
diag and ),1( adiag  are diagonal  

2x2 matrices, while the operator 
22





M given by (3.52) is invertible by Theorem 3.6.                                       
Since  10 )(0 axaa  , this implies the invertibility of the operator  

)()()(~)(~:ˆ 2
1

2
1

2
1

2
1

22
0 



NDND HHHHM  and thus of operator (3.78). The rest of 

the proof for the operator  22M  is similar to the one for
11M . 

Theorem 3.11 

If conditions (2.12),(4.18) and (3.67) hold, then the operator 
2121 : YXM  is continuous 

Fredholm operator with zero index. It has one-dimensional null-space spanned over the element 
 000 ,, u defined in Theorem 3.4 (i). 

Proof: 

The claim about the null-space, particularly that its dimension is 1, follows from Theorem 
(3.4)(i). 

                     Let us consider the auxiliary operator  

                               .:

2
10

: 2121
0 YX

LI

WVI
M 




























                                                  3.79 
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Evidently operator )79.3( is continuous

 

.

 

Any solution

 

XuU T  ),,(  of the

 

equation

,21
0 FM  where )()(),( 2

1
1

10 


xHHFFF T
Will also solve the following extended 

system of three equations,                

                            0FWVu            in   

                           
12

1 FL 



            

on     

                          1FrLr
NN 



         on N ,  

and vice-versa. Taking into account that invertibility of the operator 


 Lr
N follows from relation 

(2.42), the diagonal operators of the system,  

                           )()(: 11  HHI  

                          )()(:
2
1 2

1
2
1




HHI  

                        )(~)(~:ˆ 2
1

2
1




 DD HHLr
N                                                 

 

  are continuously invertible implying that the triangular matrix operator of the system is also 

invertible. If )(~ 2
1

 DH solves the third equation of the system, then )(~ˆ 2
1




NHLF  , 
and we arrive at invertibility of the operator (3.79).

 
Then the reasoning similar to the second paragraph of the proof for operator 11M in Theorem 3.8 
implies that operator 2121 : YXM  is Fredholm with zero index. 

Finally, the last sentence of the theorem follows from Theorem (3.4) (i). 
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Concluding remarks 

Four different segregated direct boundary-domain integral equation systems associated with the 
mixed (Dirichlet-Neumann) BVP for the scalar “Laplace” PDE with variable coefficient on a 
three-dimensional unbounded domain, have been formulated and analyzed in this paper. 
Equivalence of the three BDIE systems to the original BVPs was proved in case when right hand 

side of the PDE is from );(2 L and the Dirichlet and the Neumann data are from the spaces 

)(2
1

DH and )(2
1




NH , respectively. The inertibility of the BDIE operators these three 
systems were proved in the corresponding Weighted Sobolev spaces. Fredholm properties of the 
fourth system were studied as well. This analysis was based 

on the invertibility in the Weighted Sobolev spaces of the variable-coefficient BVPs in 
unbounded domains also proved in the paper.  

Using the approach of [17], the united direct boundary-domain integro-differential systems can 
be also formulated and analyzed for the BVPs in exterior domains. The approach can be 
extended also more general PDEs and to systems of PDEs, while smoothness of the boundary 
can be essentially relaxed, and the PDE right hand side can be considered in more general spaces 
cf.[16].  

Employing methods of [3], one can consider also the localized counterparts of the BDIEs for 
BVPs in exterior domains. 
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