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Abstract

Direct segregated systems of boundary-domain integral equations are formulated from the mixed
(Dirichlet-Neumann) boundary value problems for a scalar second order divergent elliptic partial
differential equation with a variable coefficient in an exterior three-dimensional domain.

The boundary-domain integral equation system equivalence to the original boundary value problems
and the Fredholm properties and invertibility of the corresponding boundary-domain integral operators
are analyzed in weighted Sobolev spaces suitable for infinite domains. This analysis is based on the
corresponding properties of the BVPs in Weighted Sobolev spaces that are proved as well.
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Chapter |

Preliminaries

1.1. Introduction

Partial Differential Equations (PDESs) with variable coefficients often arise in

Mathematical modeling of inhomogeneous media (e.g. functionally graded materials or
materials with damage induced in homogeneity) in solid mechanics, electro magnectics
thermo-conductivity; fluid flows through porous media and other areas of Medias of
Physics and engineering.

Generally, explicit fundamental solutions are not available if the PDE coefficients are not
constant, Preventing reduction of Boundary Value Problems (BVPs) for such PDEs to
explicit boundary integral equations to be effectively solved numerically.

Nevertheless, for a rather wide class of variable-coefficients PDEs it is possible to use
instead an explicit parametrix (Levi function) associated with a fundamental solution of
corresponding frozen-coefficient PDEs and reduce BVPs for such PDESs in interior
domains to systems of Boundary-Domain Integral Equations (BDIESs) for further
numerical solution.

Our main goal here is to show that the mixed problems with variable coefficients in
exterior domains can be reduced to some systems of BDIEs and investigate equivalence
of the reduction and invertibility of the corresponding boundary-domain integral
operators in the Weighted Sobolev spaces (that are more suitable for exterior domains
than the standard Sobolev spaces).

To do this, we extend to exterior domains and Weighted spaces the methods developed
for exterior domains and standard Sobolev (Bessel potential) spaces.

The analysis of the BDIEs is not only an intersecting and challenging Mathematical
problems on its own right but is also useful for the BDIE discretisation and numerical
solution to obtain by this way a numerical solution of the associated BVP.

Although the BDIE numerical applications are beyond the scope of this paper, this paper
is arranged as follows. Chapter I describes some Prelimnaries. Chapter Il is about

Boundary Value Problems, Parametrix and Parametrix-Based Potentials and Integral
equations. In Chapter 111 Segregated Boundary-Domain Integral Equation sytems
(BDIEs)for a Mixed Problems, Equivalence and Uniqueness and Theorems and
Boundary-Domain Integral operators (BD1O) Fredhmolm properties and Invetibilty are
analyzed.



1.2 .Basic notation and spaces

Let Q=Q " pe some unbounded (exterior) open three-dimensional region of Rg of such that

Q 7:]1@3\!_2 is a bounded open domain. For simplicity, we assume that the boundary 0 = 0Q"
is simply connected, complete, infinitely smooth surface.

We consider below some boundary-domain integral equation systems associated with a mixed
BVP for the following scalar elliptic differential equation.

Au(x) = A(X,0x)u(x) == Z aii (a(x) 8;)((:()) =f(x) xeQ 1.1

i=1
Where U is the unknown function, while a(x) >0 and f are given functions in 2

In what follows, H*(Q)=H,(Q). H*(0Q)=H,(0Q)
Denote the Bessel potential spaces (coinciding with the Sobolev Slobodeskii spaces of s>0)

H3(Q)={g:9eH*(R?),supp gc o}
We also denote
He(8)={g:9 < H*(S).sup p(g) = 5,

H*(S,) ={r,9:9 € H*(S)},where S, is a proper sub-manifold of a closed surface s angr; is

the restriction operator on St

To make boundary value problems for(1.1) in infinite domains uniquely solvable. We will use
Weighted Sobolev Spaces.

Let p(x) = (1+|x|2)% be the Weight function,

L,(p™", Q) ={g: p'g € L,(€)} Be the Weighted Lebesgue space and H*(Q) be the Weighted
Sobolev (Beppo-Levi) space.

H'(Q) ={geL,(p9Q): Vg e L, (Q)}

”9”2"'1(9) = Hpilguiz(g) +||Vg iz(Q) 1.2



1
For ueH' (Q) it follows that ueH' (Q*), then y*ueHz(9Q) where y* = y;,are the trace
operators on aQ fromQ*. We use yu for the traces y*u,ifytu = y~u. We will also use
notations u™ for the tracesy*u.

Assume that there are constants a,,a, such that

ael,(R*)and O<a,<a(x)<a <o for ae xe(R%) 13

For ueH' () the co-normal derivative operators ad,,u on dQ may not exist in the classical
(trace) sense.

However, if for a linear operator A, we introduce the space

HlvO(Q; A):{ ge HI(Q) : Ag € LZ(P;Q)}

”9 2H“’(Q,A) = ||g 2Hl(Q) +||pAg||i2(Q).

-1
If ueH1°(Q, A) one can correctly define the canonical co-normal derivative T*ueH = (3() as

1

<Tiu,w>aQ = J. [(;/flw)Au +E(u, yflw)}jx vw e H2(8Q) 14
Q

1
Where y*,: H2(3Q) — H*(Q) is the bounded right inverse to the trace operator

v HL(Q) - H2(29).

The operator T*: u, veH°(Q; A) is continuous and gives the continuous extension on
H0(Q; A) of the classical co-normal derivative operator ad,,, whered, = n.Vand n = nt is
normal vector on dQ directed out ward the exterior domain Q. Whena = 1 we employ for T+
the notation T, which is continuous on H1°(Q; A) of classical co-normal derivativea,.

For u, veHY%(Q;A) the first Green identity holds in the form

<T*u,y*v>m = J.[vAu +E(u,v)]dx wWeH' Q) 15
Q

_x au(x) ov(x) .
Eu,v) =) a(x)—>—-==a(x)Vu(x)Vv(x)
) OXi  OXi 16

For any functions u, ve H°(Q; A) we have the second Green identity.
J.[vAu —uAv]dx:<T*u,;/*v>aQ —<T *v,y*u>m. 17

Q



Chapter Il

Boundary Value Problems, Parametrix and Parametrix-Based Potentials and Integral Equations

2.1. Boundary value problems
The mixed boundary value problem in an exterior domain Q is defined as follows,

Find a function u e H°(Q; A) satisfying the conditions

Au=f in Q 2.1
y'u=¢ On 0,0 2.2
T'u=y, On 0,Q 2.3
1 E!
Where ¢, e H2(0,Q), w,e H?(0,Q), f €L, (p;Q) 24
Here 0Q= aD_QuaN_Q , while 0,Q #gand 9,Q # g are non intersecting
Simply connected sub-manifolds of 6Q with an infinitely smooth boundary curve
l:= 9,QN6,Q eC”
If 0,Q2=0, i.e. 0,Q2=0Q, then we arrive at the Dirichlet problem for
ue HY(Q;A) ,
Au=f in Q 2.5
y'u=¢ On 0Q 2.6

1

Where ¢, € H2 (6Q), f € L,(p;Q)

If 0,Q=01le. 0,Q=0Q in(2.1)-(2.4), then we arrive at the Neumann Problem

forue HY*(Q; A) ,

Au=f in Q

T'u=y, On 0Q

2.7

2.8



1

wherey, e H2 (6Q), f eL,(p;Q),

Let us denote by

1 -1

A HY@QA) 5 L0, xH2(0,Q)xH 2 (0,0)

1

Ay HY(QA) > L(p;Q)x H? (6Q),

1

A HY(A) - Li(p:Q)x H%(GQ)

The left hand side operators of, respectively, the mixed BVP (2.1)-(2.3),the Dirichlet BVP
(2.5)-(2.6) and the Neumann BVP (2.7)-(2.8), which is evidently continuous.

Theorem 2.1

Under conditions (1.3) the mixed, Dirichlet and Neumann homogeneous problems are uniquely

Solvable in H® (Q;A) and the corresponding inverse operators

1 -1

Al L(pQ) x H2(6,Q)x H 2 (8,Q) - HY(Q; A)

1
Al L(pQ) xH2(0Q) —» HY (O A)
-1
Al L(p;Q) x H2(0Q)—> H"(Q;A)) are continuous.
2.2. Parametrix and parametrix-based potentials

It is well known that the function

-1
Am(y)x -y
Is the parametrix (Levi-function) for the operator A(X, x)
ie. A(x,0x) P(x,y)=06(x-Yy)+R(x,y)

P(x,y) x,ye R® 2.9

5 o
Where R(X,y) =Y. X1yl - 6a(?<)
1 4ma(y)x—y[ o

x,yeR? 2.10



Proof:
To show P(X, y) is the parametrix (Levi-function) for the operator A(X,ox)

We have to show:
A(x,0x) P(x,y) =d6(x—-Yy)+R(X,Y)

o AXH) P y) =32 (a(x) ap(x,_y)J

= oXi OXi

-~ 0 (op(x,y) ), 2a(x) op(xY)
'_izﬂ:[a(x)axi( oxi J+ oxi  oxi |

Pa(%y) )], da(x) 0 [ Ps(X.Y)
_z[ ( )6XI[6X|[ a(y) D+ OXi 8Xi[ a(y) j]

PA(xY) PA(xY) | 0a(x)
oxi’ ( j] Z[am( j OXi ]

a(y) a(y)
-1 2 xi—yi  da(x)
_Z[a( ) 47za(y)|x Yl +21: ama(y)x—y| oxi ]
=0(x—-Yy)+R(X,Y) (Smceﬁ is the
A

fundamental solution of the Laplacian operator A),

. A(X,0%) P(X,y) =5(Xx—Y)+R(X,Y) x,yeR? 211
To obtain boundary-domain in integral equations, we will consider the coefficient a such that

aeC'(R®) And pVael, (R 2.12

Remark 2.1: If a satisfies conditions1.3 and the second conditionin 2.12 . Then
JoallH*(@ = c.JolH* @ [9]H:@ <ol @)

Where constants C; and C, are independent of ge H1((2) .

i.e. a and 1/a are multipliers in space H1(().



For any fixed yeQ and any ball Q\B.y centered at y with sufficiently small radius €— 0, we
have R(.,y)eL,((p; Q\Bcy)) and thus p(y,.)eH>°(p; Q\Bcy) by 2.11.

For any ue H"®(Q; A) .Here

Pa(y):=[P(x,y)g()dx,  Rg(y):=[R(xy)g(x)dx yeRE 2.13
Q Q
are respectively, the parametrix-based volume Newton type and remainder potentials. While
Vg(y) =~ p(x,Y)g()ds(x) Wg(y)=~[[T(x.n(x),ox )P, N]g()ds(0) y cgi/aq 214
oQ oQ

are the parametrix-based surface single layer and double layer potentials. The Newton type and

the remainder potentials operators given by (2.13), for Q= R*will be denoted as P and R
respectively.

Applying the second Green identity (1.7) with v = p(y,.) and assuming u is the solution of
operator A, We get the third Green identity.i.e:

J.(vAu —UAV)dx = <T ‘u, ;/*v>aQ - <T ', ;/*u>aQ
Q

N j T u(x)y v(x)dS(x) — j T v(X)y u(x)dS(x) = j v(x) Au(x)dQ(x) - j u(x) Av(x)dQ(x)

& [Ty P, Y)dS(X) — [T P, y)y u()ds (x) = [ P(x, y) Au(x)dQ(x) - [u(x) AP(x, y)dO(x)
N j T u(x)P(x, y)dS(x) - j TP, y)y u()dS(x) = [ P(x, y) Au()dQ(x) - [u()[5(x - y) + R(x, y) HQ(x)

=N ju(x)s(x— y)dQ(x) + j R(x, y)u(x)dQ(x) + j P(x, )T "u(x)dS (x) — IT*P(X, y)y u(x)dS(x)

- J' P(x, y) Au(x)dQ(x)



& u(y) + RO y)u(x)dQ(x) + j P(x, Y)T “u(x)dS(x) - j T P(X, y)y u(x)dS(x) = [ P(x, y)Au(x)d(x)

Using equations 2.9,2.11,2.13 and 2.14 one operator third Green identity can be written as
U+Ru-VT u+Wy'u=pAu in Q 2.15

From definition (2.13) - (2.14) one can obtain representations of the parametrix-based potential
operators in terms of their counter parts for a =1 (i.e. associated with the Laplace operator A)

Pg=—P,g , =——281[|OA (gdja)]
a 1 2.16
Vg = lVAg ) Wg = EWA (ag)
a a 2.17
Proof:
a) Pg(y):=[P(x y)g(x)dx
-1
= — d
g[47ra(y)|><—y|g(x) "
1 -
- a(y) £47z|x— | g(x)dx
—LJ.PA(X, y)g(x)dx where P, (x,y)= —1
O Azlx—y|
1
=——P
a(y) £ 9(Y)

- Pg :éPAg
Rg(y) = [R(x,y)g(x)dx

s Xi—yi oa(x)
ih dma(y)x—y[ oxi ]g(X)dX

oa(x)
d
ﬂ-wna(y)lx y’ 79095 ] "




s -1 0 -1 oa(x)

'_ﬂ;a(y) 8y|(47r|x yJ ) oxi }dx
-1 0 aa()
'_ﬂza oy 2o }

= _1Ia[ 1 J()aa(x)dX

" Sa(y);oyil rjx -y oxi
_ 1 0 aa()
= a(y)igay (P, (X, ¥))g(x) }

-1 & . )
= E 0 0
a(y) 2 J[pA(g(Y) Ja(Y))]

3

-~ Rg = —éZaj[pA(gaja)]

o)

pAh(y>-—J| oy

where
Vg(y)=—[ p(x,y)g(x)ds(x)

-1
= _5!)—4na(y)|x v g(x)ds(x)

o1 -1
=20 j 4”|X_y|g(x)ds(x)

=- ( | —— [, (X, Y)g(x)ds(x)

1
=V
a(y) A9(Y)

1
~Vg==-V,g
a

g 0= [T (x,n(x), a)P(x, y)]a (x)ds(x)



= j{z a(x)nl(x)— P(x, y)}g(X)dS(X)

oL i=1

- j{ini(x) Pt y’}(ag)(x)ds(x)

ol i=1 oxXI a( )

=] {ini(x) L y)}<ag)(x)ols(x)

oql i=1 a( )

= a‘(;) j {Z |(X)—P (x, y)}(ag)(x)ds(x)

L w,
2(y) (ag)(y)

1
- Wg = EWA (ag)

In addition to conditions (1.3) and (2.12) on the coefficient a, we will sometimes also need the
condition

p’AaelL,(R?)
2.18

Theorem 2.2

The following operators are continuous under the second condition in (2.12)

P:Hil(RS)—)Hl(RS) 2.19
p:H Q) > H'(R?) 2.20
R: Lz(pil; RS) —> HI(Q) 221
-1
1

10



While the following operators are continuous under the second condition in (2.12) and condition
(2.18).

p:L,(p;Q) — H"(R%A) 204

R:HY(Q) - HY(Q; A) 2.25
-1

V:iH 2 (0Q) > HY(OQ; A) 2.26
1

Proof:

Let ¢ e D(R®) < H*(R®) .Then the Newton potential P q)_—jﬁd

Evidently belongs to H*(R?) and solves the poisson equation Av=¢ in R®.On the
other hand , the Laplace operator form H*(R®) to H *(R®) possesses a continuous inverse
operator A" : H(R®) - H*(R?)

Thus P,¢ = A™¢ which due to the density of D(R®) in H*(R®) gives a continuous

exetension of P, to the operator H™(R*) > H™(R®) e the first relation in (2.16) and
implies (2.19) under condition (2.12) and thus (2.20) immediately follows.

To prove (2.24), let us denote by 9 the extension of a function 9 € L2(2:2) by zero outside @

Evidently § e L,(p;R*) cH*(R®) and P,g=P,J € Hl(RS)

Taking into account that AP9 =9~ Zajt pAgJ conditions (2.12) and (2.18) imply (2.24)
Let us prove the continuity of the operators (2.22) and (2.26)

For ¢ € C*(09) et ys consider the single layer potential for the Laplace operator
= ﬁqs(x)dr(x)

11



Which evidently belongs to H*(Q;A) and AV =0 in Q

solves the Dirichlet problem
+ 1 . _
y'v=w onoQ forveH (Q;A) where w=N,¢ gy theorem (2.1), problem (2.28) is

uniquely solvable and its solution is delivered by a continuous operator
1

Q:HE(E}Q)—>H1'°(Q;A);

ie.V,¢=QN, ¢
1 1
Taking into account the continuity of the operator Vst H 2(0Q2) = H* () g the density of
=1 1

C*(69) in H 2 (3Q) " \we arrive at the continuity of Va - 2(0Q) > HI (@A),

Then the first relation in (2.17) imply the continuity of (2.22) and of (2.26) under conditions
(2.12), (2.18), the continuity of (2.23) and (2.16) is proved by similar argument.

-1.p3
To prove the continuity of (2.21), let us consider gel,(p iR due to the condition (2.12),

H 3
We have goja e L, (R ). The second relation in (2.17) gives

l 3
Rg(y) = pE—m >

=1 g3

[ayj L}g(x)@ja(x)dx
x-y]

Ly | [ayj }g(x)aja(x)dx

47za(y) j=1 R3

3
= _Z Ploi(gdia))y) 228
j=1
To justify the Gauss divergence theorem employed in (2.28), one can introduce a sequence of
- - 3
functions from D(Rs)converging to 90)a in L,(R ), which gradients with then converge to the

H -1 3 -1 3
gradient of gdjaj, H™(R%) and thus H (R ).Then the continuity of (2.19) implies continuity
of (2.21).

1 3 1 -1.
Let us prove continuity of (2.25). Since HY(RY) i continuously embedded inC (p:€2) ,then

R:HY(Q) > HY(Q) geHY(Q)

the continuity of the operator implied by (2.21). Form any

We have

12



3
ARg =" ok(ackR) = Va.VRg +aARg

k=1

=VaVRg +a’ {A[iﬂRg + ZaV[ij.V(aRg)Jr A(aRg) 299
By the second relation in equation (2.17)

3
A(aRg)=->"0jAP, (gdja) = -Vg.Va - gAa

j-1

Then (2.29) along with the conditions (2.12) and (2.18) imply the continuity of the operator
. 1 -1.
AR H Q) = L, (p71€) and thus the operator (2.25).

Let us introduce the following boundary integral (pseudo differential) operators of the direct
values and co-normal derivatives of the single and double layer potentials:

vg(y) = —L P(x,¥)g(x)ds(x) 2.30
wg (y) = —3{2 [T (x,n(x), x)P(x, y) Jg (x)ds(x) 2.31
wg(y)=— j [T (y.n(y),0y)P(x, ) ]g (x)ds (%) 2.32
L=g(y) = -[T*(y.n(y), oy Wg (y)]:= T *Wg(y) 233
Where y e 0Q

They can be also presented in terms of their counter parts fora = 1

i.e. associated with the Laplace A .

vg =2, wg L (ag)
=7V o Vs 2.34
WQg=Wag+ ai[ij vV,
—Wa on\ a AT 2.35
+ + 0(1 +
L'g=La(ag)+|a—|— “a(a
g=_L"x(ag) { an[aﬂw r(ag) 236

13



5 Vg(y) == [P(x,y)g(x)ds(x)

o -1
= FL e g(x)ds(x)

oQ

-1 -1
= a(y) J.47z|x— |g(x)ds(x)
( 3 [P, (x, Y)g()ds(x)

( ) v,a(y)

1
S.Vg ==V, g
a
5 Wg(y) = [[T(x,n(x),)P(x, y)lg (x)ds(x)

aqL i=

=] {Z a(Ni() - P(x, y)}g(x)ds(x)

=] {Z ni() 2 P Y)}(ag)(x)ds(x)

oql i= ( )
= a‘(;) j {; |(X)—P (%, y)}(ag)(x)ds(x)
.=%w (ag)(y)

- W =1WA(ag)
a
> Wo(y)=-[[T(y.n().0y)P(x, )]g()ds(x)
=]l Za(y)ni(y)ip(x, y)}g(x)ds(x)

1=—J > a(y)n (y)ay[ ralx y)ﬂg(x)ds(x)

a(y)

14



::_,[ Za(Y)n'(Y){[ 2T ( (Y)ay P, (X, y)— P, (X, y)ga(y)}ﬂg(x)ds(x)

3

§ nl()’)—F> (x,y) —a(y)ni(y)P, (x, Y)ga()’)}ﬂg(x)ds(x)

anl

=-] z[m(y)—P (X, y)ﬂg(x)ds(x)

o0l i=1

+F£LZ;, (1)[nl(Y)P (x, Y)ga(y)ﬂg(x)ds(x)

~wag(y)++ 3 I E 16 (xy)g (00

. 1
=wag(y)+ { (y)an(y)[a(y)ﬂ 29(Y)

LWg=Wag+ ai[ijv g
: on A

> La(y)=—{T*(y.n(y).oyWg(y)]

i c| 0
= iZzl’,c'i(y)m(y)y {aing(y)}

=a(y)y” {8—() 9()’)}

T 6 W)y
=2l {an(y) a(y) }

1 1
= L0y, W A
a(y)y { a(y) an(y) (ag)(y) +W,(a g)(y)a n( )[a(y)ﬂ

a(y) {

1
=yt W = |w:
Y {a ) (ag)(y)} { (y)a 0y )[ (y)j}m (ag)(y)

15

1 [ o o (1),
=a(y). y an(y)WA (ag)(y)}a(y) n(y) (a(y))WA (ag)(y)



= L' (ag)(y) + {a(y)(ani(y)[ﬁj}w 4 (@g)(y)

s Lfg= L*A(ag){aai[iﬂW*A(ag)
n\a

Where as well the subscript A means that the corresponding surface potentials are based

-1
on the harmonic fundamental solution P2 (% ¥) = _(4”|X - y|)

Theorem 2.3:
1 1

Jump relations; Let g, e H 2 (6Q), and g, e H?(8Q) and a€C*(R®) Tnen:
Vg, (y) = wg,(y)

2.37
. 1

Yy Wg,(y) = +§92(y)+wgz(y) 2.38
. 1 '

T7Vg,(y) =i§91(y)+w g.(y) 2.39

Where y € 0Q

Taking trace and co-normal derivative of the third Green identity (2.15),
ie. from  u+Ru-VT u+Wy'u= pAu
Take the trace of equation (2.15) ,we obtain

< YU+ RU—y VT u+y "Wy u=y"pAu
+ + + 1 + + +
< y'u+y Ru—vT u—zy u+wyu=y"pAu
1 + + + + +
@E;/ U+y Ru—-vT 'u+wy u=y"pAu on 0Q

Again by taking the co-normal derivative of (2.15)

ie. T'U+T 'RU=T'VT "u+Wy u=T" pAu

< T'u +T*Ru—%T*u —WT u+Ly"u=T"pAu

16



c>%T*u+T*Ru—w‘T*u+L*y*u=T*pAu on 0Q

Therefore;
U+RuU-VTu+Wy'u=Pf in Q 240
@E "U+y"Ru—vT 'u+wyu=y"pAu on oQ)

27 /4 /4 /4 241
@E "U+y"Ru—-VvT 'u+wyu=y"pAu on oQ

o7 BTy yas=y 2.42

For arbitrary functionsu, f,¥,®, let us consider a more general “indirect” integral relation,
associated with (2.15).

U+RU-V¥+WD =pf inQ 243

Lemma2.1

1 1

Let ue HY(Q), f e L,(p;Q),¥ e H 2 (6Q),® e H 2 (6Q) satisfy (2.43) and conditions
(2.12),(2.18) hold. Then u belongs to H®(Q; A) uis a solutions of the equation

AU: f In Q 244
Whlle V(lP—TJrU)—W(q)—}/JrU):O in Q 2.45
Proof:

First of all, let us prove that ue H*°(Q; A)

e Au = ) ~ Ty 22 1) 22

dxi
And the last term is belongs to L,(p; Q) . We need only to show that A(au)eL,(p; Q) ,
Rewriting (2.43) as a function of u .

u=pf —RU+V¥ -WdD

Then multiply by a(y)

au = apf —aRu+avV¥ —awo
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=p,f-aRu+V,¥ -W, (ad)
Then take the Laplacian of the last equation
A(au) = A(p, f) - A(aRu) + A(V, V) - AW, (a®))
The last two terms in the right hand side are harmonic and also RueH?(Q) for ueH(Q)
A(p,f) = f eL,(0i0)
Implies A(au)eL,(p; Q)

Hence Auel,(p;Q), ueL,(p; Q) , Subtracting (2.43) from third Green identity (2.15)

ie u+Ru-VT u+Wy u=PAu In o

U+Ru-V¥+Wd =Pf in Q
VT u-¥)-W(@Hu-o)=P(Au—-f) in Q
& -V -Wo* =P(Au-f) in  Q 246
Where ¥* :=T*u—\P’ O =y'u-o
Multiplying equality (2.46) by a(y) we get
-a(y) V" —a(y)Wo* =a(y)P(Au- f)
s VY -Wd" =P, (Au—-f) inQ

Applying the Laplace operator A o the last equation and taking in to consideration that the both
functions in the left hand-side are harmonic surface potentials, while the right-hand side
functions is the classical Newtonian volume potential, We arrive at equation (2.44),substituting
(2.44) back in to (2.46) leads to (2.45).

Lemma2.2:

Let conditions (2.12), (2.18) hold

-1
N If ¥ eH2(Q),and V¥ =0 in Q,then ¥* =0
1

i) If @ eH?2(6Q),and WP* =0 in Q ,then @’ (x)=c/a(x)
Where C is constant
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iy Let 0Q=0,QU0,Q where 0,Q and 5,0
£ 00

are non-empty non -intersecting,

simply connected sub-manifolds o
-1 1

Y'eH?2(0,Q),0 ecH2(0,Q) then

with infinitely smooth boundaries. If

VE* (y)—Wd*(y) =0 inQ and ¥* =0 and @° = 0 on &Q

Proof:

The proofs of item (i) and (ii) coincide with the proofs of their counter parts for interior domains
in [2, lemma 4.2].

To prove item (ii), we first remark that @, = C satisfies the equation W, ®, =0 i, the exterior

domain € for any C =const. hjs follows from the first Green identity (1.5) for the interior

domain 2 employed forV(X)=C A=A us= —1/(47z|x - y|) and for any y € Q). Let us check

1

that there is no other solution of the equationin Q ; H 5(69). By the Lyapunov-Tauber

theorem, TWd, =T,W,®, =0 on oQ ’Which implies W, @, = €onst i, the interior domain

_ P
Q" due to the unigqueness up to a constant of the solution of the Neumann problem in HY(Q),
Then the jump properties of the double layer potential give. Applying the second relation of
(2.12) finalizes the proof of item (ii)
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Chapter I

Segregated BDIEs for the Mixed Problems, Equivalence and Uniqueness Theorems and BDIO
Fredholm Properties and Invertibility

3.1. Segregated BDIEs for the Mixed Problem

1
Let us fix an extension @, € H 2(0Q) of the given function ¢, in the Dirichlet boundary
-1

condition (2.2) from 0,2 to the whole of 6Q and an extension ¥, € H 2 (8Q) of the given
function w, in the Neumann boundary condition (2.3) from 0,,Q to the whole 0Q.

We will explore different possibilities of the reducing BVP (2.1)-(2.3) to a system Boundary-
Domain Integral Equation (BDIEs) and in all of them we represent in (2.40), (2.41), and (2.42)

1
the trace of the function U and its co-normal derivative as 7 U=Po +¢ @€ H?(0,Q);
-1
T'u=¥,+y v eH?(0,Q). And will regard the new unknown functions ¢ and y as

formally segregated ofu

Thus we will look for the triplet:

-1 1

U=(uy,p) eH=HYQA)XHZ2(@,QxH2(0,Q)

-1 1

X =HYQ)xHZ(@,Q)xH?(,Q)
Formulation of BDIE system (M11)

Using equation (2.40) inQ we get

u+Ru-V(¥, +v)+W(D, +¢) = Pf in Q
u+Ru-Vy +We =Pf +V¥, -W®,
u+Ru-Vy +We =F, in Q 3.1

Where Fo = Pf -|-VlP0 —Wq)o
Taking the restriction (2.41) on 0,Q we obtain

raDQ[%eru+7+RU—VT+U+W}/+U]: saly P ono,0

1 + + + + +
< raDQ[EV Uu+r, o7 Ru — r’)DQVT U+r, oWy u] = aDQ[V Pf]

e
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1
S E;/*u + raDQ;/*Ru — 1 oVT u+ raDQw;/*u] =T, 0 [y Pf]
1 + +
= P E((I)0 + @)+ r.or RU- raDQv(\P0 +y)+ raDQW((I)0 +@)] = raDQ[;/ Pf]

1 + +
& E% +1 o7 RU=T, (VY +1, W =T, [y Pf]+ F.aV¥o — 1 QWO

+ + 1
< Y Ru— o, QVW + 1, QWO =T, o [y Pf]+ raDQV\Po - raDQW(Do _E(Do

Where F, = Pf +V¥, -WO,
<y R, =y [Pf +VY, -WD,]
<y R, =y Pl +y VY, -y " WO,
+ + 1
<y F, =y Pl +Vv¥, +E(D° -wod,

Sy R, -0, =y"Pf +V¥, -wd, —%(DO

+ + l
or [r'F-®]=r_[rPf+v¥, —wd, _ECDO]

R §

aDQ

+ + 1
Y R -, = MooV Pf + raDQV\Po - raDQW(Do _E(Do

raDQy*Ru — VY + 1, oW = raDQy*FO -, on 0,Q2 3.2

Taking the restriction of (2.42) on 0,Q we get
l + + T+ +, .+ +
ranQ[ET U+T'RU-wT u+Ly"'u=r, [T Pf]
1 + ! + +
And ranQ[E(\Po +y)+T ' RU-W (¥, +y) + L' (P, +9)] = raNQ[T Pf]

: . 1
< oT'Ru-—T, Wy +r, (L'o=r1, ([T"Pf]l+r, ;w¥, - L0, —E\PO
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Where

F, = Pf +V¥, -WO,
o T'F, =T [Pf +V¥, -W®,]

S TR =TP+TV¥,-T'WD,
+ + l ! +
< T'F, =T Pf +E\P0 +w¥,-LO,

STF-Y,=TPf+w¥,-L0, —%‘PO

+ N . . 1
&1 TR —Wl=r, o[TPf +W¥, - L@, _E\yo]

+ + ! + 1
& raNQT Fo-w, = raNQT Pf + oW ¥ — raNQL D, —Ewo

Lol RU—T, oWy +r, (L'o=r1, ;T'F) -y, on 0,Q 33
Hence the above BDIEs (3.1)-(3.3) to gather
U+Ru-Vy +Wep=F, in Q
raDQy*Ru — VY + 1, oW = raDQy*FO -p, on 0,Q
Lol RU—F oWy +1, (L'p=r1, T'F -y, 0noQ
System (3.1)-(3.3) can be written as:
M*U =F"
Where F, = Pf +V¥, -WO,

And FI = [FO, Lol Fo—0 1o 'Fy —WO]T (where the superscript T-denotes transposition).

We denote the matrix operator of the left hand side of the system (M™)as
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I +R -V W
11 +
M*™ = Foa? R - oVl To oW

—r

! +
w r,L
oxaT" R NQ Ne)

The notation M** and the corresponding superscripts mean that the system includes the integral
operators of the first kind both on the Dirichlet and Neumann parts of the boundary.

Formulation of BDIE system (M12)

If we use equation (2.40) inQ and equation (2.41) on the whole of 92 | we arrive at the BDIE
system (M12)

Using equation (2.40) in Qwe get

Uu+Ru-V(¥, +y)+W(®D,+¢p)=Pf in Q
u+Ru-Vy +We =Pf +V¥, -W®,

Uu+Ru-Vy +Wep=F, in Q 3.4
Where F, = Pf +V¥, -W®,

Taking the restriction of equation (2.41) on 6Q e get

rag[%;/*u+;/*Ru—vT*u+w;/*u]: aDQ[;/*Pf]
1 + + + + +
<:>§;/ U+y Ru—vT 'u+wy u=y"Pf on 0Q

S %((D0 +9)+y7 ' Ru—V(¥, +w)+W(D, +¢)=y"Pf on oQ

= %(o+y*Ru—vw+W¢:y*Pf +V¥, —wd, —%(DO

Where
F, =Pf +V¥, -W®,
< F, =Pf +V¥, -WO,

o T'F, =T [Pf +V¥, -W®,]

< y'Fy =y Pl +vY¥, +%(I)0 -wo,
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Sy R, -0, =y"Pf +V¥, —wd, —%(DO

%(o+7/+Ru—VV/+W(o:y+FO—(D0 on 0Q

The above BDIEs (3.4)-(3.5) to gather
Uu+Ru-Vy +Wep=F, in Q

%(o+7/+Ru—Vt// +Wo=y"F,-®, onoQ

The system (3.4)-(3.5) can be written as
M 12U — FlZ
Where F, = Pf +V¥, -WO,

We denote the matrix operator of the left hand side of the systems (M12)

I+R -V W
M* =

1
"R —-v =l+w
4 2
AndF" =[F,, 7 F -0, .
Formulation of BDIE system (M21)

Using equation (2.40) in Q we get
Uu+Ru-V¥, +y)+W(@D,+¢p)=Pfin Q

u+Ru-Vy +We =Pf +V¥, -WD, in Q
u+Ru-Vy +We =F, in Q
Where F, =Pf +V¥, -W®,

Use equation (2.42) on the whole 9Q | e get

ranQ[%T*u +TRU-WT u+Ly ul=r, ,[T*Pf] onoQ
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= %T*u +T*RU-WT u+Ly'u=T*Pf onoQ

& %(‘I’0 +y)+T'RU-W (¥, +y) + L (®, +9) =T "Pf onoQ

= %y/ +T'RU-Wy +Lo=T*Pf +wV¥,-L"®, —%\PO

Where F, =Pf +V¥, -W®,

o T'F, =T'[Pf +V¥, ~-W®,]

STF-Y,=TPf+w¥,-L0, —%‘PO

%V/+T+Ru—w'y/+L+(0:T+FO—‘PO on oQ 3.7

The above BDIEs (3.6)-(3.7) to gather

U+Ru-Vy +We =F;in Q
1 + ! + +
EW+T Ru-wy +L'¢=T"F, -, on 0Q

The system (3.6)-(3.7) can be written in the form

M21U :F21

-1

1
Where U = (U,y,0)" € H*(Q; A)x H 2 (0,Q)x H (8, Q)

We denote the matrix operator of the left hand side of the systems (M21) as

I+R -V W
M21=

T'R =l-w L'
3.8

And F# = [F01T+Fo _\PO]T
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Formulation of BDIE system (M22)
Using equation (2.40) in €2 we get
Uu+Ru-V(¥, +y)+W(®D,+¢p)=Pf in Q
< Uu+Ru-Vy +We =Pf +V¥, -WD, inQ
< U+Ru-Vy +We = F, in Q 3.9
Where F, = Pf +V¥, -WD,
Taking the restriction (2.42) on 9pL2 e get

raDQ[%T*u+T*Ru—W'T*u+L*;/*u:raNQ[T*Pf] on 0,Q2
1 .
c>raDQ[E(\PO+y/)+T*Ru—W(\PO+t//)+L*(CDO+(o)]:raDNQ[T*Pf] on 0,Q

1 1 : :
= E\PO +EW + ol 'RU=—T, Wy +1, (L'o=r, [T"Pf]l+r, w¥, -L®,

1 + ! + + ! + 1
= EW +1 ol 'Ru=—1, Wy +r1, L'o=r, [T"Pf]+r, Ww¥;—r, ,L"®, —E\PO

Where
F, = Pf +V¥, -WD,

< T'F, =T'[Pf +V¥, -W®,]
S TR =T Pf +TV¥, -T WD,
& TR, =T Pf +%‘PO +WW¥, - LD,

STF-¥,=TPf+w¥,-L 0, —%‘PO

+ N . . 1
& [T F =W l=r, [T Pf+w¥, - LD, _E\yo]

& T =¥ =1, ;TP +1,_W¥, 1, ,L'®, _%\Po

1 + ! + +
Ey/ +r 0T 'RU=1, Wy +1, L'o=r, ;T'F, =¥, ono,Q 3.10

» Again by taking the restriction (2.41) on Iy Q

raNQ[%y*u +y " RU—VT"u+wy ul=r, [y Pf]

1
= E;/*u + raDQ;/*Ru =1, VT U+ raDQw;/*u] =T.0 [y Pf]
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1 + +
= P E((I)0 + @)+ ro? RU- raNQv(\P0 +y)+ raNQW((I)0 +@)] = raNQ[;/ Pf]
1 1 + +
& ECDO +E¢ +1, o7 RU=T, (VY +T1, (Wo = raNQ[;/ Pf]+ roV¥o =1 oW,

1 . . 1
& Ego +1, o7 RU=T, (VY +1, (Wo = aNQ[;/ Pf]+ N oV¥o =1 oWP, _E(DO

Where
F, = Pf +V¥, -W®,
<y F=y"Pt+y' V¥, -y ' WO,
+ + l
< 7y R, =y Pf + VY, +E(D° -wo,
+ + 1
< y'R, @, =y Pf + V¥, —wO, _E(DO
+ + l
or [r'F-00=r, [y Pf+v¥, -—wd, _ECDO]
+ + l
S 0 Fo=@o =1, 7 PE A oV — 1 oW _E(Do
1 . )
E(o + raNQy Ru — raNQVV/ + raNQW(D = I’aNQ}/ Fo - (Do on aNQ 311

The above BDIEs (3.9)-(3.11) to gather

Uu+Ru-Vy +Wep=F, in Q
1 + ! + +
Ey/ +r 0T 'RU=1, Wy +1, L'o=r, ,T"F, —¥,0on 0,Q

1 + +
E(D"'raNQ?/ Ru_raNQVV/"‘raNQW(D: FNeY4 Fo—®, on 0,Q

The system (3.9)-(3.11) can be written in the form

MZZU :FZZ
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-1 1

Where U = (U,y,0)" € H*(Q; A)x H 2 (0,Q)x H2(8, Q)

We denote the matrix operator of the left hand side of the systems (M22) as

| +R -V W
MZ:=|r, ,T'R —raDQ(%I—W') ool

1
.
o/ R — IV r&’NQ(EI +W)

And FZ = [For, T Fy — Wy, 07 Fy @, |
Remark 3.1

Note that the second relation in (2.16) means that if a = const outside a bounded Sub-domain
Q< Q, then the operator R acts only on the restriction 7Y,

This implies that all the BDIE systems reduce in this case to the BDIES over Q and 0Q that

are supplemented with the integral representation for Ujn 2\ given by the first equations of
the systems.

The systems (M11), (M12), (M21) and (M22) can be written as

M“U =F"

Where F“ denote their right hand sides and @8 =12. If conditions (2.12) and (2.18) hold,
then due to the mapping properties of the potentials, F? < X while the operators
M?:H—>F and M7 X > Y are continuous for any @ 8 =12. Here we denoted.

1 -1

F* = HY(Q; A)xH 2(0,Q)xH 2 (8,,Q),

1

F2 = HY*(Q; A)xH 2 (80),

-1

F? = H™(Q; A)xH ? (6Q),

-1 1

F2 = HY(Q; A)xH 2 (6,Q)xH 2(0,,Q),
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1 -1
Y® = H™(Q; A)xH 2(0,Q)xH 2 (0,,Q),
1

Y2 = HY(Q)xH 2 (6Q),

1

Y2 = HYQ)xH 2(5Q),

-1 1

Y2 = HY(Q; A)xH 2 (8,Q)xH 2(0,,Q),

3.2. Equivalence and Uniqueness Theorems
Let us first prove the equivalence theorems.

Theorem 3.1

1 -1 1 1

Let g, e H2(0,Q),w, e H2(8,Q),f eL,(p;Q) and let ®, e H2(0Q) and ¥, € H 2(6Q)
be some extension of ¢, andy,, respectively and conditions (2.12), (2.18) hold.

(i) If a function u e H*°(Q; A) solves the BVP (2.1)-(2.3); then the triplet (u,y, )

-1

1
Where y =T u-¥, e H2(0,Q), p=yu-d, eH2(0,Q), 3.12
Solves the BDIE systems (3.1)-(3.3) .
-1 1
(i) Ifatriplet(u,y,p) e H (4 A)x H 2 (6,Q)x H2(0,,Q), solves BDIE systems
(3.1)- (3.3), then this solution is unique and u solves the BVP (2.1)-(2.3) and
relations (3.12).

Proof:

H 1,0 .
() LetueH" (X A)pe the solution to BVP (2.1)-(2.3). Its unique due to the

homogeneous of the BVP (2.1)-(2.3), i.e. with F=00,=0y,=0 pas only the
trivial solution.

-1 1
follows from (2.40)-(2.42). This completes the proof (i).

-1 1

(U,w,0) e H(Q; A)x H 2 (8,Q) x H2(0,,Q)

(i) Let now atriple solves the BDIEs

(3.1)-(3.3).
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Taking the trace of (3.1) onﬁDQ using (2.37)-(2.38) and subtracting (3.2) from it,

rODQJ/+u + raDQ7/+Ru VW + 1 oWo = raDQ7+Fo

raDQ7+Ru oW + 1 oWo = rngz?ﬁFo ~—®q

We obtain

raDQu :(D() on aDQ 313

i e. u Satisfies the Dirichlet condition (2.2).

Taking the co-normal derivate of equation (3.1) on 0y €2 using (2.33), (4.39) and
subtracting equation (3.3) from it,

JaT U+ Mool "Ru — oWy + rONQL*go =l ol F,
+ ! + +
roNQT Ru - lo, oWy + roNQL ¢ = roNQT Fo =W

We obtain,

raNQT+U =V, on I 3.14

i.e., usatisfies the Neumann condition (2.3). Taking in to account ¢ = 0,®, =9, on
0,Q

And ¥ =0 =¥o 0n9nQ equation (3.13) and (3.14) imply that the first equation
(3.12) is satisfied on InE2 and the second (3.12) is satisfied on 0p2.

Equation (3.1) and lemma 2.1 with T =¥ + %o @ =0+ g jmpy that uis the

solution of PDE (3.1) and
V¥ W =0 in Q
where " =¥, +y ~T"u and " =@y +¢~y U pye (g the first equation (6.1)

1

0,0 g ¥ e H 2 (6,9),

on 982 and the second condition (6.1) on
1

© e H*(@o): | emma 2.2 (iii) implies

of conditions (3.12).

, Already prove

P =0 =0 \hich completes the proof
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Uniqueness of the to BDIE system (2.1)-(2.3) follows from (3.12) along with remark (3.1) and
theorem (2.1)

Theorem 3.2:

1 -1 1 1

Let g, e H2(0,Q),p, e H2(8,Q),f € L,(p;Q) and let ®, e H2(6Q) and ¥, e H 2(5Q)
be some extension of ¢, andy,, respectively and conditions (2.12), (2.18) hold.

(i) If a function u e H*°(Q; A) solves the BVP (2.1)-(2.3); then the triplet (u,y, @),
-1 1

wherey =T u-¥, e H 2 (8,Q),, ¢=yu-d,eH2(0,Q),
3.15 Solves the BDIE systems (3.4)-(3.5).
-1 1
(i) Ifatriplet(u,y,p) e H (4 A)x H 2 (6,Q)x H2(0,,Q), solves BDIE systems
(3.4)- (3.5), then this solution is unique and u solves the BVP (2.1)-(2.3) and
relations (3.15) hold.

Proof:

H 1,0 .
() LetueH"(XA)pe the solution to BVP (2.1)-(2.3). Its unique, due to the

homogeneous of the BVP (2.1)-(2.3), i.e. with F=00,=0y,=0 pas only the

trivial solution.
-1

1
follows from (2.40)-(2.42). This completes the proof (i).

-1 1

1,0 . T )
Uy,e) e HT(QA)xH 2 (0,€) xH2(0y L) o465 the BDIES

(iti) Let now artriple
(3.4)-(3.5).
Using the properties of the single and double layer potentials take the trace of (3.4) on

oL and subtract it from equation (3.5)
(

=
Y

IV/+U+;/+RU—V1//—%(p+W(p=;/+FO

p+y ' Ru-vy +wp=y"F, —-®,

We obtain

yu=d,+¢ on oQ 316
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This means that the second equation in (3.15) holds. Since e(y)=0 on 5,Q and @, =g, on

E?DQ, we see that the Dirichlet condition (2.1) is satisfied.

Equation (3.4) and lemma 2.1 with ¥ =¥ * %o ® =0+ @1y that Yis the solution of
equation (2.1) and

VW, +y -Tu)-W(@,+¢—-y"u)=0 inQ 317
Due to (3.16) the second equation in (3.17) vanishes, and by lemma 2.2 (i) WE obtain

\PO +I//—T+U:0 on 0Q 3.18

This means that the first equation (3.15) is satisfied as well. Since ¥ =0 0N 9y and ¥, =y,

on

aNQ, equation (3.18) implies that U satisfies the Neumann boundary condition (2.3).

Unique solvability of the BDIEs (3.4)-(3.5) then follows from remark (5.5).The unique
solvability of the BVP (2.1)-(2.3) (from theorem 2.1), and (.15).

Theorem 3.3

1 -1 1 1

Let g, e H2(0,Q),w, e H2(8,Q),f € L,(p;Q) and let ®, e H2(6Q) and ¥, e H 2(5Q)
be some extension of ¢, andy,, respectively and conditions (2.12), (2.18) hold.

(i) If a function u e H*°(Q; A) solves the BVP (2.1)-(2.3); then the triplet (u,y, )

-1 1
Wwhere y =T uU-¥, e H2(0,Q), ¢@=yu-o,cH2(d,Q),
3.19

Solves the BDIE systems (3.9)-(3.11).

-1 1

(i) Ifatriplet(u,y,p) e H*(Q; A)x H 2 (6,Q) x H2(8,9Q), solves BDIE systems
(3.9)- (3.11), then this solution is unique and u solves the BVP (2.1)-(2.3) and
relations (3.19).

Proof:

H 1,0 .
() LetueH"(XA)pe the solution to BVP (3.1)-(3.3). It’s unique, due to the

homogeneous of the BVP (3.1)-(3.3), i.e. with F=00,=0y,=0 pas only the
trivial solution.
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-1 1
follows from (2.40)-(2.42). This completes the proof (i).

-1 1

(i)  Letnowatriplet &V ®) ¢ H20(: A)x H 2 (3,Q)x H2(0,,Q), solves BDIE
systems (3.9)- (3.11),

Take the co-normal derivative of equation (3.9) on 0,Q and subtract it from equation (3.10)

(
(1

{2

I + + l ' +
kraDQT u+ raDQT Ru _EW — oWy + raDQL P="T;q F,

+ ! + +
v+ raDQT Ru — WY + raDQL Q= raDQT F, - raDQ‘PO

We obtain
W=rol 'u-r, ¥, on 0,Q 3.20

Further, take equation (3.9) ono,Q and subtract it from equation (3.11).

(1
j E(D + raNQ7+Ru VW 1 QWO = 8NQ7/+FO —1;.0Po

| . . 1_
kraNsﬂ/ U+r, o7 Ru— lo,oVY +1; QWO _E = raNQFo

We obtain
P=r, or'u—r, ,®, on 4,Q 3.21

Equation (3.20) and (3.21) imply that the first equation in (3.19) is satisfied on ¢,C2and the
second equation (3.19) is satisfied on 0, Q.

Equation (3.9) and Lemma 2.1 with¥ =y + ¥, ’ D=9+, imply that Uis the solution of

equation (3.1) and V¥ (y)-Wd"(y)=0 yeQ where V' = Y, +y —T*u and

O =0, +p-y'U

-1 1
Due to (3.20) and (3.21), we havelP €H? (aDQ), ® eH Z(GNQ). Lemma 2.2 (iii) implies
W" =®" =0 which completes the proof of conditions (3.19) the whole boundary 92
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Taking in to account that ¢ =0 0N 0,2 @, =@, on 0,Q2,and y =0 on 0, Q and
Y, =y, on 0,Q, equations (3.19) imply the boundary conditions (2.2) and (2.3).

Unique solvability of (3.9)-(3.11) then follows from remark 3.1, the unique solvability of BVP
(2.1)-(2.3) from (3.19).

The situation with uniqueness and equivalence for the (M21) differs from the one from the other
systems.

Theorem 3.4:

1 -1 1 1

Let g, e H2(0,Q),w, e H2(8,Q),f e L,(p;Q) and let ®, e H2(6Q) and ¥, e H 2(5Q)
be some extension of ¢, andy,, respectively and conditions (2.12), (2.18) hold

() Homogeneous BDIE system (M21)admits only one linearly independent solution

-1 1
U p°,0°) e HM (O A)x H 2 (8,Q)xH 2(0,Q2) where U% s the solution of the
mixed BVP
Au®=0 inQ 3.22
1
r..yul=—no on 9.Q 3.23
o0V a(x) D
raNQTJruO =0 on GNQ 3.24
While
v, =T U 0, = 7°u° _%(X) on o0 3.25

(i)~ The non homogeneous (M21)is solvable , and any its solution
-1 1

Uy .9) € H™ (QA)x H 2 (0,Q)x H?(2,0) Can be represented as
u=U+Cu’in Q 3.26
where U solvesthe BVP (2.1-(2.3) and C is a constant, while

w=TU-¥,+Cy, @=y'U-®,+Cp, gn Q 3.27

34



Proof:

1,0 .
Problem (3.22)-(3.24) is uniquely solvable in HY (2 A) by theorem (2.1). Consequently the
0
third Green identity (2.13) is applicable to Y leading to

u® +Ru® -V +We° =0 in Q 3.28

With notations (3.25), if we take into account that W(%(x)) =0 in Qdue to the second

relation in (2.17) and the equality W,1=0 in Q (proof of lemma 2.2(ii)). Taking the co-normal
derivative (3.28)

ie. TU®+TRu’ -V’ +We°® =0] on 86Q
S TUu'+T Ru’ —%y/o ~wWy°+L9° =0 onaoQ
And substituting the first equation of (3.25) again we arrive at

= %z//O+T*Ru°—w'z//°+L+ °=0o0noQ 3.29

Equation (3.28)-(3.29) mean that the triplet (U°,¥°,9°) solves the homogeneous BDIE system
(M21).

To prove item (ii) and check that there exists only one linearly independent solution of the
homogeneous BDIE system (M21), we proceed as follows. First we remark that the solvability of
the non-homogeneous system (M21) follows from the solvability of the BVP (2.1)-(3.3) in

1,0 .
H™ (2 A) and the deduction of the system (M21).

-1 1

Let now a triplet (u,y, )" e H*°(Q; A)x H 2 (6,Q) x H 2(2,,Q) , solves (generally non-
homogeneous) BDIE systems (M21). Take the co-normal derivative of equation (3.6) on

And subtract it from equation (3.7).

(
[1

RE

lk;/*u +T*Ru—w'y/—%y/+ L'o=T"F,

w+T ' RU-wy +Lo=T"F, - ¥,

We obtain
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\PO +I//—T+U:0 on 0Q 3.30

Taking into account ¥ =0 0N On 2 gng o =Wo 0N 0y his implies that Y satisfies
the Neumann condition (2.3).And equation (3.6) and Lemma 2.2 with ¥ =w + ¥, ® =9+ @,
imply that Y is a solution of equation (2.1) and

V(W +y —-TU)-W(@,+p-y"u)=0 in Q 3.31

Due to (3.30) the first term vanishes in (3.31), and by Lemma 2.2 (ii) we obtain

CI)O+¢—7/+U:—C/a(X) on 0Q 3.32

Where C is a constant. Taking into account ¢ =0 on 9,Q and @, =¢, on 0,Q e
conclude that U satisfies the Dirichlet condition (2.2).

7 u=¢°+C/a(x) on 6Q 3.33
instead of (2.1). Introducing notation u by (3.26) in (3.30) prove the claim of item (ii).

The case ¥o =0, P, =0,y =0,%; =0, f =0 |eading to the homogeneous BVP system (M21)
also implies the U for this case satisfies homogeneous BVP (2.1)-(2.3) and thus U=0 jp (3.17)

. . 0 0 0
and (3.18) meaning that the triplet (U"¥",®") s the only linearly independent solution of the
homogeneous BDIE system (M21).

This completes the proof of item (ii) and of the whole theorem.

3.3. BDIO Fredholm Properties and Invertibility

We will consider in this section the Fredholm properties and invertibility of the boundary-

ap . af
M™ H = F™ and then, under more

P ‘s .. aff . ap _
restrictive conditions on the coefficient ,ofthe o erators'vI X —>F , a,p _1’2.
p

domain integral operators (BDI10Os), starting from
ap . af
3.3.1 Properties of operators M~ *H = F

In this section, we will analyze the operator invertibility ( or the Fredholm property when
there is no invertibility ) by proving first that the arbitrary right hand side functions from the
corresponding spaces can be represented in terms of the parametrix-based potentials and
using then the equivalence theorems.

To start with, Let us prove the following for exterior domain.
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Lemma 3.1
For any function F, € H*°(Q; A), there exists a unique couple
1

(f,,¥,) =CF. e L,(Q)xH 2 (6Q) such that

F.(y) = pf.(y) +VT.(y), yeQ 3.34

1

Where C: H(€; A) — L, (p; Q)xH 2 (6Q) is linear bounded operator.
Proof:

Suppose first there exist some functions f.(y)and Y.(y) satisfying (3.34) and find their

expressions in terms of F.(y) . Taking into account relations (2.17) and (2.18) for the volume
and single layer potentials, can be rewritten as

a(y)F.(y) = p, F.(y) +V, o (y), yeQ 3.35
Applying the Laplace operator to (3.35) we obtain that
f.=A(aFk.) in Q 3.36
Then (3.35) can be rewritten as
V2. (y) =Q(y), yeQ 3.37

Where

Q(y =a(y)F.(y) - p,[A(@F. (). y e Q@ 3.38

The trace of (3.37) on the boundary gives
v, (y) =7 "Q(y), yeoQ 3.39

Where v, =v/__, is the direct value on 0Q of the single layer operator V, associated with

the Laplace operator. Sincev, : H*(0Q) — H**(6Q), s € R, is isomorphism. We obtain the
following expression for ‘Y.

Y. (y) =V Q(Y), y € 0Q 3.40

Relations (3.35) and (3.40) imply uniqueness of the couple f., ..
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Now we have to prove that f.(y),¥V.(y) give by (3.36) and (3.40) satisfy (3.34). Indeed, the
potential V, Y. (y) with W¥.(y) given by (3.40) is a harmonic function, and one can check
that Q given by (3.38) is also harmonic in Q. Then condition (3.39) implies that V, V. (y) and
Q(y) coincide in the Q holds true, which implies (3.34). Thus (3.36)-(3.40) and (3.38)give
(f.,%.) = CF. = (A(aF.),v;'y " [aF. — p,A(aF.)]),

-1

And thus by remark 2.1 C: H**(€; A) — L, (p;Q)xH 2 (6Q) is bounded operator.

Corollary 3.1

1

A couple (F,,F,) e H**(Q; A)xH 2 (6€2) can be uniquely represented as
F, = pf. +V¥, —~W®, in Q 3.41
F,=y"F, —®. on oQ 3.42

For some (f.,¥.,®.)=C.(F,,F,)", where
1 -1 -1 1

C. :H™ (€ A)xH 2(8Q) — L, (p; Q)xH 2 (6Q)xH 2 (6Q)xH 2 (<) is a linear bounded
operator.

Proof:

Taking @. =y"F, — F, and applying Lemma 3.1 to F. = F, + W®.,, We prove existence of

representation (3.41)-(3.42). To prove its uniqueness, we consider its homogeneous case,
l.e., withF, =0,F, =0. Then (3.42) implies ®. =0 and thus by (3.41) and Lemma 3.1 we

also obtain ', =0, f, =0.

Using essentially the same reasoning as in Lemma 3.1 and corollary 3.1, one can prove the
following statement that is similar to its counterpart for bounded domains.

Lemma 3.2

LetoQ =0,QU0,Q, where 6,Q and 0, Q are nonempty nonintersecting simply
connected sub manifolds of 6Q with infinitely smooth boundaries. For an arbitrary triplet

-1 1

F=(F,F,F,)" e H*(Q; A)xH 2 (8, Q)xH 2(8,9Q)
There exists a unique triplet
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-1 1

(fo, W, @.)" =C, o, aF € L,(p;Q)xH 2 (3Q2)xH 2 (0Q2) 3.43
Such that
F, = pf. +V¥,. -W®D, in Q" 3.44
Fo=r, ol "F -1, oY, onoQ 3.45
F,=r, o7 Fy =1, o®. 0N 0,Q 3.46
Where

-1 1 -1 1

Coana - HY(Q A)XH 2 (8Q)XH 2(8Q) — L, (p; Q2)xH 2 (6Q)xH 2 (9Q) is linear
bounded operator.

Theorem 3.5
If conditions (2.12) and (2.18) hold, then the operators

MY :H-S>FY" M?:H->F% M#:H > F?%, 3.47
are continuous and continuously invertible.

Proof:

Continuity of operators (3.47) follows from the volume and boundary potential mapping
properties, Theorem 2.1.

Let us prove continuous invertibility of operatorM™ : H — F*, By Lemma 3.2, any right
hand side F* = (F,,F,,F,) e F* of the equation M™U = F* can be uniquely represented

. T _ 1
in form (3.44)-(3.46) , where (f.,¥.,®.) =C, 5, oF and the operator

1 -1 -1 1

Cornnpn  F = HY (QA)XH 2(9,Q)XH 2 (0, Q) — Ly (pQ)xH 2 (2Q)xH 2(29) 4
continuous.

Then the equivalence Theorem 3.1 for the system (M11) and invertibility theorem 3.1 for the

1 _ 1 .
mixed problem imply that the equation ™ © = © has a solution

U=(uw,p)" =(M")™F", where the operator (M) : F™ — H is given by
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u= A,(,ll[f*,I’aDQCI),k,I’aNQ‘Iﬁ]T Ww=Tu-¥,, p=y"u-a,, 3.48

T 11 11y -1
Where (f.,%.,®.)" = Cs.00,0F , and is evidently continuous. Thus the operators (M7)
is the right inverse of the operator M™ : H — F™, but due to the injectivity of the latter

implied by the equivalence theorem 3.1, the operator (M ™)™ is in fact the two-side inverse.
Continuous invertibility of the operator M : H — F % is proved similarly.

Let us prove the continuous invertibility of M > : H — F*. By corollary 3.1, any right hand
side F* = (F,,F,) e F* of equation M*U = F** can be uniquely represented in form

T 12
(3.41)-(3.42) for some (f.,¥.,®.) =C.F where the operator

1 -1 -1 1

C. i F = HY(Q A)XH 2 (2Q) — L, (p; Q)xH 2 (92)xH # (22)xH *(22) i continuous,

Then the equivalence Theorem 3.2 for the system (M12) and invertibility Theorem 3.1 for
the mixed problem imply that the equation M *“U = F** has a solution
U=(U,w,p)" =(M™?)"'F*, where the operator (M*)™: F*” — H is given by expressions

T _ 12 12y-1
(3.48), where (f.,¥.,@.)" =C.F , and is evidently continuous. Thus the operator (M™)

is the right inverse operator M *? : H — F*, but due to the injectivity of the latter implied by
the equivalence theorem 3.2, the operator (M)~ is in fact the two-side inverse.

Let us prove an assertion implied by Theorem 7.1 for the operator M * : H — F* for the
particular case a=1inQ, i.e., essentially for the purely boundary integral equation. We will
need it to prove invertibility of the operator M # : X — Y % for variable a in section 3.3.2.

If a=1inQ, then (2.1) becomes the classical Laplace equation, the remainder operator R
vanishes, and the BDIE system (M22) splits into the system of two Boundary Integral
Equations (BDIEs),

1 ! + +

) (EV/ —Wp + LA(DJ = raDQT Fo — Fr0Fo ON aDQ’ 3.49
1 ¥

LN E¢_VAW+WA¢ =l Fo—1; 0P, 0N 0,Q 3.50

And the representation formula for uin terms of ¢ andy ,
u=F,+V,iy -W,p in Q.
System (3.49)-(3.50) can be rewritten in the form
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22 22

l\/}l A l/J\ = |§A , 3.51
- ~1 1
Where U, =(y,p)eH 2(0,Q)xH2(0,Q),
1 ' +
A 22 rf)DQ[EI _WAJ raDQLA
Ma = 1 , 3.52
— T, aVa raNQ[EI +WAj

A2 TR -1, W 1 1
Fa=| @0 %% P1eH2(0,Q)xH2(0,Q)
P4 Fo_raNQ(Do

-1 1

-1 1
Moreover, the operator M ;* 1 H 2 (8,Q) x H2(8,,Q) - H 2 (6,Q) x H2(0,Q) is hounded

and by Theorem 3.3 (employed for & =1) 15 also injective.

Theorem 3.6
n 7t 1 -1 1
The operator M % 1 H 2 (8,Q)x H2(8,Q) - H 2 (8,Q)x H2(8,Q) is continuous
invertible.
Proof:

L 2\T -1 1
22 22 2 2
A solution of system (3.51) with an arbitrary [FA j - (FM  Faa )E H 2 (0,Q)xH2(0,Q) IS

21y _ 0
delivered by the couple /%) satisfying the extended system MY =Fi's where

U=@y.0)" F =0FF)" ang

| -V, W,
1 . +

Mzz = 0 I’aDQ (EI _WA) rf,’DQLA

1
0 - raNQVA r&’NQ(EI +WA)

The operator M * : H — F? has a continuous inverse due to Theorem 3.5 fora=1.
22

Consequently, the operator M a a4 right bounded inverse, which is also a two-side
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A 22

. 21 .
inverse due to injectivity of the operator M & . To analyze properties of the operator M ™, we will
need the following assertion that appeared to be quite different from its counterpart for interior
domains proved in [2].

Lemma 3.3

If the conditions (2.12) and (2.18) hold, then a function F- € H" (% A) can represented as

F.(y) = pf.(y) —Wd.(y), yeQ 3.53

1
For some (f..®.)e L, (0;Q)xH 2(2Q)if and only if

j T, (aF.)dS =0 354
o0Q

Proof:

Suppose first there exists some functions f<(¥)and P-(Y) satisfying (3.53).

Taking into account relations (2.16) and (2.17) for the Newtonian-type and double layer
potentials, ansatz (3.53) can be rewritten as

a(y)F.(y) = p, f.(y) W, [aD.](y), yeQ 3.55

Applying the Laplace operator to (3.55) we obtain that

f. =A(aF.) in Q 3.56

Then (3.55) can be rewritten as

W, [a®.](y) =Q(Y), yeQ 3.57

Where

Q(Y) = p,[A(@F)I(Y) —a(y)F.(y) yeQ 3.58

The trace of (3.57) on the boundary gives

[%I + W, }(ad)*) on 0Q 3.59
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1

Equation (3.59) admits a solution a®- € H2(8Q) if and only if the right hand side

1

y"Q e H?(6Q)
Satisfies the condition

[77 Q)T v(ds, =0, 3.60
oQ

Where V € H'(Q) solves the Dirichlet problem AV=0ijy Q y'v=1 on 0Q

Employing the second Green identity (1.7) associated with the operator A and substituting there
(3.58), we have

[T {p,[A@F.)]-aF.}dS =0, 3.61
oQ

We have T4 P,[A@F)1=T, p,[A(@F)]on 0 since Pa[A@@F)]e H™(R*A) < Hig (R®) py

Theorem 2.2. Keeping in mind that P.[A@F)]is a harmonic function in bounded €2, we obtain

j T, p,[A(@F.)1dS =0
oQ

Which reduces (3.61)-(3.54).

Let now (3.54) be satisfied. We have to prove that there exists a representation (3.53). First of
all, let us note that if F- € H"(€; A), then conditions (2.12) and (2.18) imply @F. € H™(©;4),
and the co-normal derivative Ta (8F) is well defined on @2 Then (3.54) implies (3.61).

1

Let a®. € H2(2Q) be a solution of (3.59) with Q given by (3.58), while f~ € L, (0:©) be
given by (3.56). Then the potential W.[a®.]€ H*(Q) s a harmonic function, and one can

check that Q € H'(Q) is also harmonic. Since (3.59) implies that they coincide on the
boundary, the two harmonic functions should coincide also in the domain, which implies (3.53).

Lemma 3.3 implies the following corollary
Corollary 3.2

-1

I conditions (2.12) and (2.18) hold, then a couple (Fo» F1) € H** (€ A)xH 2 (8Q) ¢an be
represented as
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Fo(y) = pf.(y) + VY. (y) -W®.(y), yeQ 3.62

F.(y) =T F(y)-"P.(y), yeoQ 3.63

1 1

For some (fo, ., ®.) € L, (p; Q)xH 2 (8Q)xH 2 (8Q) if and only if

f(Fy,Fy) = [[(0,2)y "F, + FJS =0 3.64
oQ

Proof:

We take ¥~ =T F, = F; and apply Lemma 3.3 to F = Fo =V'¥.. which proves representation
(3.61) if and only if

'[TAJr[a(FO _V(T+Fo - Fl))hs =0 . 3.65

Taking in to account the jump property of single layer potential and that avg=V,0isa
harmonic function in the bounded domain€2 , condition (3.65) reduces to

0= [[(T,a)y"F, +aT, F,~T F,+ RIS — [T,V,(T*F,—F)ds

oQ oQ

= [[@,2)y"F, + F1ds |
oQ

One can check on the example F. =T "Fy that condition (3.65) and thus (3.64) is satisfied not
-1

for all (Fo, 1) € HY (Q; A)xH 2 (6Q) |

Theorem 3.7

If condition (2.12) and (2.18) hold, then the operatorM ** : H — F* is a continuous Freedom
operator with zero index. It has one dimensional null-space spanned over the element

(u®,w°,¢°) defined in Theorem 3.4(i) and the cokernel spanned over the function f defined by
(3.64).

Proof:

The claim about the null-space particularly that its dimension is 1, follows from Theorem 3.4(i)
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Let us now consider the equation M *U = (F,,F,)",
le., U+Ru-Vy +We=F, in Q

%y/ +T'Ru-wy +L'p=F on oQ

With arbitrary (Fo.F) € F* ¢ Wy, @)eH By corollary 3.2 , if T(ForF) =0 \here the

21*
linear functional feF is defined in (3.64), then the right hand side is represent able in form
(3.62)-(3.63) and the equation is solvable due to Theorem 3.4 (ii) .

On the other hand, we have from (3.8), the jump Theorem 2.2 and Lemma

f(M%u,w,0)") = J.Tg{a{u +Ru-Vy +We —V(T*(u +Ru-Vy +We) - (%l// +T'RU—Wy + L*go)ﬂ}ds

oQ

= jTA* {alu + Ru+Wgp —vT ulds = '[TA {apAuds. 3.66

oQ oQ

1,0 . 1,0 3.
since¥ € H (X A) by Theorem 2.2 we have 2PAU € H (R™A) and thus

apAu € H*(R%A) = Hie (R°) This implies that Ta {8PAUY =T, {apAu} o, 02 and the fast
integral (3.66) is zero because aPAU i harmonic in the bounded domain<® . Thus the range of

the Operator M . ‘H—->F 21C0inCides with the elements of (Fl’ FZ) € FZl such that f (F1’ FZ) =0

21 . 21 . . . .
, which implies that the dimension of the Coker M~ *H = F 7is 1. Since the dimension of the
null-space is also 1, we conclude that the operator is Fredholm with zero index.

3.3.2. Properties of operators M : X =Y

To prove in [2] the invertibility of the operators M * : X — Y’ fr hounded domains, we

essentially used the compactness of the operator R : H'(Q) = H" () based on the Rellich
compactness theorem. However, the latter theorem does not hold for unbounded domains with

compact boundaries, and to cope with this, we will split the operator R into two parts, one of
which can be made arbitrarily small while the other one is compact, if the PDE coefficient
satisfies the additional condition

lim p(x)Va(x) =0 3.67
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Lemma 3.4

Let conditions (2.12) and (3.67) hold. Then for any & > 0the operatorR can e represented as
R= Rc + Rs , Where ”Rs

@i < Erwhile Re 1 H(Q) = H(Q) s compact.
Proof:

Let B, be a ball centered at O with a radius n such that 6Q < B, and let u e D(R?) be a cut-off
function such that 12 =1inB,, u =0in R*\B, and 0< u(x) <lin R® Denote R g = R(ug)
R,9=R(1-)9).

Bf (??) we have for arbitraryg € H'(Q) ,

IRg

3
HY(Q) ,Z:;‘ PAl - u)gdjal < Q”p”ﬁ’l(g)_ml(g)'

HY(Q)

Where
3 3
Q= Yol - ) gdially - < - )00l
= j=1

<39

L. (R%\B,) < 3||pVa

L(p10) ”pVa L. (R%\B,) ”g

HY(Q)
Thus for the norm of the operator R, we have

IR,

— 0as 7 — o, as claimed.

HY(Q)>HY(Q) < 3||pVa Lw(RS\Bq)” p”ﬁ’l(Q)—ml(Q)

Let us prove the claim about the operator R_ . Since the support of u belongs to B, for any

. 1 1 —
fixed "7 the operator R -HH(Q) > H(Q) can be represented as R.g= Ran [ rQZU] ,Where
Q,, =QB,, and the operator Raz, is given by the second relation in (4.6) with 2 replaced by

: 1
2, The operator Rezy L2 (Q,,) > H(Q,,)

L, (er,) =L, (pil;Q

is continuous by (4.13) since

2fl)for the bounded domaianfv )

THY(Q) > Hl(an) = Hl(an)

On the other hand, the restriction operator o, IS continuous

1
while the embedding of 1 (©220) jn L2(22,)

R.:HY(Q) > HY(Q)

is compact, which implies that the operator

IS compact.
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Lemma 3.4 implies the following corollary.

Corollary 3.3

| +R:HY(Q) - HY(Q)

Let conditions (2.12) and (3.67) hold. Then the operator is Fredholm

with zero index.

Proof:

R=R +R 1

R.:HY(Q) > HY(Q) ic

s by Lemma 7.4 so that ”RS Hi@ <+ and

[ +R, :H'(Q) > HY(Q)

Representing

compact, we obtain that is invertible, which implies the Lemma claim.
Theorem 3.8
If the conditions (2.12),(2.18) and (3.67) hold, then the operators

MY X > YY" 3.68
is continuous and continuously invertible.
Proof:

By the mapping properties of the potentials, operators (3.68) are continuous and we now prove
the invertibility of operator M* . Let us consider the operator

M X 5y, 3.69
Where
-V W
Mgt =0 1, o7V I, oW, 3.70
0 0 r,L

Evidently operator (3.68) is continuous. The diagonal operators of the triangular matrix operator
M " are continuously invertible, implying that the operator (M ;') "inverse to (3.69) is

continuous.

Let us now represent R=R_ +R R

sby Lemma 3.4 so that the operator "'s is sufficiently small for

the operator
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R, 00
M! = oy R, 0 0
o R, 0 0 371
To satisfy the inequality
11 11y-1
HMS Xyl <]/H(MO ) YU .

11 11 . 11
Then the operator Mo +Ms = X =Y

ME=M"-M®:X Y

is continuously invertible, while the operator
is compact by Lemma 3.4 and by the properties of the operators w

A

L' —L M™: X — Y is a Fredholm operator with zero index.

and . This implies that operator
Since by Theorem (3.1) it is also injective, we conclude that it is invertible.

Theorem 3.9
If the conditions (2.12), (2.18) and (3.67) hold, then the operator

M¥:X >Y*? 3.72
is continuous and continuously invertible.

Proof :

By the mapping properties of the potentials, operator (3.72) is continuous and we now prove the
invertibility of operator M ™ | et us consider the auxiliary operator

M2 = X > Y2, 3.73

Evidently operator (3.73) is continuous. Any solutionU = (U,y,9)" € X of the equation

1
Mg’U =F, where F = (Fy, F))" € H'(Q)xH 2(3Q) will solve also the following extended
system of three equations,

u+Wo-Vy =F; jh Q 3.74
1
SOV = F, on 0Q 3.75
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VW =10 Fi on 0pQ2 3.76

and vice-versa. Taking into account that the invertibility of the operator Ts,oV follows form the
first relation in (2.35), the diagonal operators of the system,

I:HY(Q) > HY(Q)

1 -1 1
EI :H 2 (0Q2) > H?2(0Q)

-1 1

— MoV H2(0,Q) > HZ?(0,0Q)

are continuously invertible implying that the triangular matrix operator of the system is also
invertible.

-1 1

1fw € H 2 (059) solves equation (3.76), then® = 2(F, +Vy) e HZ(3,Q) by equation (3.75),
and we arrive at invertibility of the operator (3.73). The rest of the proof for the operator M* IS

. . 11
similar to the one forM .

Theorem 3.10
If the conditions (2.12), (2.18) and (3.67) hold, then the operator

M%Z:X >Y? 3.77
is continuous and continuously invertible.

Proof:

By the mapping properties of the potentials, operator (3.77) is continuous and we now prove the
: hili 2 . -
invertibility of operator M | et us consider the auxiliary operator

MZ:X >Y?, 3.78
Where
I -V W
MZ =0 FQ(%I WAJ AP ,
1
0 FaV rFNQ(EI +WJ




Operator (3.78) is evidently continuous and can be considered as a matrix block-triangle operator
with the lower diagonal block

1 ) A
raDQ[EI —WAJ M0 L
MZ =

1 .
=T, oV raNQ[EI +W

Taking into account relations (2.35) and (2.37), we can represent

Mg = diag(l,ﬂlvI < [diag(1,a)g]

-1 1

Foranyg =(g,,9,)" € H 2 (8,Q)x H2(8,9Q), Where diag(l,é) and diag(l,a) are diagonal

22

2x2 matrices, while the operator I\?I A given by (3.52) is invertible by Theorem 3.6.
Since 0 <a, <a(x)<a, <o ,this implies the invertibility of the operator

-1 1 -1 1

MZ:H2(0,Q)xH?(6,Q) = H 2(0,Q)xH?(6,Q) and thus of operator (3.78). The rest of
the proof for the operator M s similar to the one forM "

Theorem 3.11

If conditions (2.12),(4.18) and (3.67) hold, then the operator M * : X =Y *js continuous
Fredholm operator with zero index. It has one-dimensional null-space spanned over the element

(u®w°,0° )defined in Theorem 3.4 (i).
Proof:

The claim about the null-space, particularly that its dimension is 1, follows from Theorem

(3.4)(i).

Let us consider the auxiliary operator

RVERYY
M2 = X Y2
0o -1 L
2

3.79
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Evidently operator (3.79) is continuous . Any solution U = (u,i,p)" € X of the equation
-1

Mg =F, where F = (F;,F,)" e H'(Q)xH 2 (6Q) will also solve the following extended

system of three equations,

u-Vo+Wy =F, in Q

—%V/+IA_(0:F1 on 0Q

0 IA_go:rENQF1 on o0, Q,
and vice-versa. Taking into account that invertibility of the operator > o L follows from relation
(2.42), the diagonal operators of the system,

I :HY(Q) > HY(Q)

1 -1 -
EI:HZ(GQ)%HZ(GQ)

-1 -1
ol iH?2(0,Q) > H?(0,Q)
are continuously invertible implying that the triangular matrix operator of the system is also
1 -1

invertible. If @ € H 2(0,Q) solves the third equation of the system, then F — Lo € H 2 (8,Q),
and we arrive at invertibility of the operator (3.79).

Then the reasoning similar to the second paragraph of the proof for operator M "in Theorem 3.8
implies that operator M : X — Y *is Fredholm with zero index.

Finally, the last sentence of the theorem follows from Theorem (3.4) (i).
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Concluding remarks

Four different segregated direct boundary-domain integral equation systems associated with the
mixed (Dirichlet-Neumann) BVP for the scalar “Laplace” PDE with variable coefficient on a
three-dimensional unbounded domain, have been formulated and analyzed in this paper.
Equivalence of the three BDIE systems to the original BVPs was proved in case when right hand

side of the PDE is from L, (p:€) and the Dirichlet and the Neumann data are from the spaces
1 -1

2 2
H*(0:0) and H (aNQ), respectively. The inertibility of the BDIE operators these three

systems were proved in the corresponding Weighted Sobolev spaces. Fredholm properties of the
fourth system were studied as well. This analysis was based

on the invertibility in the Weighted Sobolev spaces of the variable-coefficient BVPs in
unbounded domains also proved in the paper.

Using the approach of [17], the united direct boundary-domain integro-differential systems can
be also formulated and analyzed for the BVPs in exterior domains. The approach can be
extended also more general PDEs and to systems of PDEs, while smoothness of the boundary
can be essentially relaxed, and the PDE right hand side can be considered in more general spaces
cf.[16].

Employing methods of [3], one can consider also the localized counterparts of the BDIEs for
BVPs in exterior domains.
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