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ABS TRACT 

Th<? t hree-d i mens io nal I sing mod p.l (3 D1M) ha s be en one or 

the un so lved problems i n physic s . Polyak ov has s uggested lhaL 

it may be pos s ible to solve this model via the st ri ng th'!Ol 'Y 

meth ods . The 3D 1M in th e critical regime can be ass u~d t ~ 

correspond to the ferm i oni c s t ring which >.pans a 20 world-sheet. 

The 3D 1M a ls o co rr esponds to the conventional , .2 a~d . 4 La gr an gia 

field t heori es . It can be shown that t he scaling di~ens i o ns of 

these two and three-d i mensi ona l fie l ds are proportional. The 

co ns t an t of proportionalttz is he uristically ide nt ified wi th 

the Ha usdorff dimens 'ion o f the world -sheet . Com puter cal cu la tio" 

of th e Hausdorff di mension and t he scal i ng dimensions of the 3D 

conven tio nal field , the resu l ts of which are available tn the 

literature , enable numer i cal evaluation of the critical exponent~ 

" a nd B 0'" t he · Ising mode l. These agree we ll with ex peri me ntal 

results . 

. . 

. ~ .. ~. 



Th e l si ng mod e l f ir st appaa r ~d i n the t hesi s of Ernst 

I si ng i n 1925. Thi s mode l was. of cour se . one di mens i ona l and. 

to 1 5 in 9 '~ di sap poi ntment, d i d no t exh ib i t a phas e t r ansiti on. 

The t wo and t hr ee-d i me nsional Is in g mode l s are i ndeed only t wo 

of s t at i stica l mo de l s wh ich un dergo phase trans it i ons •. 

Th e two-dimens i onal Is i ng model wa s first consi der ed by 
,"" 

Pei erl s i n 1936. In 194 1. Kramers and . Wanni-er de t ermined th e 

critical t emperature (the t r ans i tion point) by assum ing i ts 

existe nce . The yea r 1944 cou ld be thought of as the beg i rt ~ n g 

of a ne w era in the s tu dy of the phys i cs of phas e tran s i t i ons. 
-- .... 

1n t hi s year, L.Ons ager pre sen t ed a paper i n which i t has been 

sh own r ig oro us l y thdt the two - dimens i onal ISing medel 8)!hibit ed 

a phase t ra ns ition. 

The pa r t i tion funct i on f or the two-dimens i onal Is in g mod el 

was oota i ne d by co nve rt ing t he model into a system of fr ee 

~ ', a jorana f er mi ons . This shows tha t t he two-dimen s ional 1's'; ng 

mode l is equivalent t o a free quantum field theory of 

fe rm i /) i'iS, 1 , 2 

,.,e t hods . 3 
The model is also treated by usi ng combinatorial 

The three-dmensional Ising madel ' (301M) still rema i ns , 

one of the problems in phySics for which no exact solutio ns 

have been pos sib le yet. Even if the partition func t ion ha s ' 

not been found the critica l exponen t s have been determined by 

t he ser i es and r eno rmal is a t ion group methods . The values of 
J 

the c r itica l ~xpone nts obtained i n th i s manner have been 

• 
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c om pared witt, those obtained experimentally . Rece nt develop- , 

mellts :n the string theory i,a ve l ed t o the expectation tha t the 

3DIM might be ~oJ va b le in the not to o distant f ut ur e ty 

t ~chntij~es t hat are bei ng developed cu;rently. It, hDwe~er . 

a pp ear~ th a t the current leuel of development has not yet 

reached the stage where one could bPply t he st ri ng tl,eory to 

calculate t he partition function or even the critica l expone nts . 

Ho wever, a s we shall see . by a combination of the id eas of the 
, 

string t heory with the results of renormalisation group stud i es 

one could predict some of the critical exponents. 

This paper is organized as follows: 

Chapter 1 i s a r eview of the 301M and its possible 

representation by the string theory. Of course. here. we made 

use of analogy to the two-dimensional Ising model in deriving 

th e partition function. Polyakov' s interpretation is menti oned. 

Chapter Ii deal s with thf bQsonic string, Also, in this 

chapter. the s upersymme trised form of the string~that is to 

say the fermloni c str i ng- is considered. 

Chapter III is a discussion of the attempts at the 

calculati on of the ' values of the critical exponent. In Chapter­

IV we have a short discussion of the a,pplication tJ:ki ~ the r e­

normalization group t~ the Ising model. 

A heuristic application of the ideas of the string model 

is made to some result of the re norma lization group for caltu­

lattng the numerical values of the critical exponents. This 

is done in Chapter V. Finally, we discuss ' briefly the results 

and the fut ~re ' possib'litte~. 

• 



CHAPTER 

THE IS I NG MODE!.. 

The two dimensional I sing model . 

We fi nd i t convenient to start with the two- diffle ~ s i ona l 

Is ing model (2 01M). The pa r tition function for the 201M 

is given by* 

z = t ( 1. 1) 
{(l~= 

where 3 is a la tt ice site and th e neigh bo ri ng si te s are 

ind ica ted by the unit vec tor 8. 

At low t em peratu r e (large B) th e configura t ion of t he 

t wo- dimens iona l l att ice i s such that a ll spin s are 

ffl utual 1y ~ ar al1el. When t he t emperat ure is i ncreased 

s low l y "d rop" f luc tuatio ns (i.e .• domain fluct ua t ions) 

wi 11 a ppear here a nd there. All s.-ins in a drop have a r'eversed 

direct ion and hence we get antiparallel spin pa i rs a long 

the pe r ipherY' of the dr op. It is obv i ous from eq . ( 1. 1 ) 

that t here is en e r gy 1055 on ly alo ng the per ip hery 0+ 

a drop: 

E a r:I . -

(drop) ~ ~§ 
L a a -16 

(ground)c' ! '-
= -2L , ( 1. 2) 

state 

we thus write 
Z = L e -2 8L (LJ) 

!\'lrops} 

* See Ap pend ix A for a brief review of the algebra i c 

methods. 
• 
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,where L is th e periph e r a l l ~n g th a~ d t he summati on is 

over al l poss i ble dr 0ps . 

In th e abov e sum, E ~ . (1. 3) • a r e i nel ude d drop s wh i ch 

to uc h e ach other a t a point like t hose s hown i n the 

figu r e below. 

Su ppo se we ide ntify an ' inte r s ec ti on3 as shown in f ig.la 

Th e above f i gure is then equivalent to a set of three 

clo s ed path s which could be traced piecewise continuously 

Wi t h each path is associated a weighting factor 

(-1 )nQ of intersections 

+ -+-
f 

+ - + + -+ 

• 

1 1 + i i 
.' ,z,.;, 

ftl) 

ctJ - ctJ ctJ % -

(b ) 

Fig. 1. An intersect i on poin t and a gr aphi ca l re pre se nt ati 
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No w, if there are vIp} intersections in a closed path, P. 

then we ta ke "into ac cou nt the weight ( _",)v(p) i n 

eq. ( 1.3 ). The partition fu nct ion then bec ome s 

Z = E e- 2al (p}(_1)v(P), 
(p) 

where p labels a closed curve . 

With this brief accoun t of the 201M we now pass to 

th e 301M . 

I . 2. The three-dimensional Ising model . 

(104 ) 

The drops in the three-d i mensional case are bounded by 

two-dimensional surfaces . By going through similar 

a r guments as in the case of the 201M, one has t he 

following expression for the partition function of the 

301M; 

(10 5) 

in whi ch S labe ls a clos ed surface whose area is A(S); 

I{S) is the total length of the self- in ter sec tion line 

for t he surface S in units of the lattice parameter. 

Eq . ( 1.5) Fias' been interpreted by Polyakov in terms of 

the string-tlieory language . An ?rdinary bosonic string 

could be visualized as a collection of free bosoni c 

partons . These partons are joined together and move 

trans vers ally to t he stri ng . One parton gi ves a 

contr ib ution e - L t o the partition function whe re as the 

collection as a whole contribut es e- A Here Lis 
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i dentified as the length of a pa th traced out by a 

r~rton 1n motion. The mo tio n of the "co ll ecti on" 

is of course t he motion of the string and ~ is t he 

a r ea of the surface sp an ne d by the string ' s motion. In 

general. we could have a s warm of str i ngs, t heir motion 

desc r i bing t opologic al surfa ces. Suppose now th e 

partons carry spin. This gives them fermio ni c characte r 

and we may a ssi gn a fac tor (_l)v fr om each parton whe reas 

the s tr ing, which is now end owed with s pin struc t ur e, 

a cquires th e factor (- 1 J ~ . On the other hand , a s we 

shall see in t he next chapter, th e mode s of the fermioni c 

s tring carry a s pin ~. 

These ar e the re as on s to believe that the fermioni c 

strin g theory desc ri bes t he 3D 1M . 
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CHAc'f ER II 

Tl,£ Sl~ING THEORY 

Among ex t e nded obj~ct~ which a re endowed with s ome 

inte rnal str uctu r e one i s the str ing. A stri ng ~oul a 

be visual ized as a one-dimensional extended r e lativistic 

ob j e c t. It is possi ble to i magine the mo t ion of this 

one-dimensional extended object in aD-dimensiona l 

s pecetime. One the n defines a functional integral 

(the action) and s tud i es the dynamics of the string. 

We begin with the Nambu-Goto action . 

It. l. The Nambu-Go t o action 

Let us first say a few words about a relativistic (f ree) 

point particle. A free point part i cle moving in 

space time tr ace s out a time-like cure which is known as 

a world-l i ne. A single variable, say T , could serve as 

a parameter of the world-line and hence the equation 

(U . 1 ) 

des c ri bes t he position of the particle on the world-line 

for each specified value of T. The relativistic action 

is then taken t o be proportional to the length of the 

path traversed between given initial and final values of 

T . That i s , 

(I] . 2) 
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~h~r e (dX/u r )2 s t and s fo r 

dX" dX 

Th e Na mbu -Goto action 4 is a natura l general iz ati on of 

the a c t i on (11. 2) to the one-dimensional extend ed 

obje c t-the s tring. Con s ide r a fi xed background spac e t i me 

with coor d in a tes X~, p = 1,2, .. ., , 0, D be ; n9 the space -

time dimension (we do not restrict ourse l ves to the 

Mi nkowski space). A string which move s in this spacetime 

sweeps out a bid i mensional surface . As usual, we para­

metr i ze the bidimensional surface by sa = (T,a), a = OJ 1 . 

We call the bidimensional surface a world-sheet. 

Let G be a me tric fo r t he background spac e t i me and 
jl V 

let hab be th e world-sheet metric These two metrics, 

which are se cond-rank tensors, are related by the 

fa mili ar transformat i on rule for te ns ors, i.e., 

h b e!;) = a x \l ob X" G (X( ~ )) ( B.3) a a jJ " ' 

The two-dimensional s urface spanned between the initial 

and final s hapes of the stri ng has the area 

(2 -
(11.4) , d E 1- h ) . 

i n which h = det hab • The Nambu-Goto action i s then 

pro[1ortional to this area: 4 

SN 
1 Jd 2 ~r-n (11.5a) = -Til? 
1 f d 2 ~ J -p.'!-/ (.~~/ +(.~.! ~-~./ (II .5b) = -2n ~, aT 0 0 aT aa 



- 9 -

In eq . (II.S b ) we ~ad e use of th e tr ans f ormat i on r ule 

(11.3 ). 

Us i ng t he notations 

aX = X 3X = X' , 
aT 30 

we rewrite eq . (11. 5b ) as 

I Jd2~{'2/2 SN = -Tria' (i<x)2 ( I L 5c) -x X + 

The constan t T = T~a' is known a s the string tension. 

The geometrical constructi on of thi s action is responsible 

for invariance under reparametrization of the world- shee t . 4 

The equations of motion follow from the action SN by 

us ing the principle of l east action. It turns out t hat 

a different stri ng action, which we consider in the 

following sect i on, gi ves the s ame eq uat ions of motion. 

11.2. Poly a kov' s action and quantization 

Quantization becomes managea bl e if we use the fol lowing action 

5 I Jd 2 ,- ab G X~ XV 
p =- ZIT Cv- g 9 \lv"a db ( 1 L 6) 

The metric tensor gab in Polyakov's actio n is taken 

t o be an i nd ependent dynamical variable. Th e conforma l 

gauge 

(iI. 7) 
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where. is arbi trary, connects the two metr ics hab and 

In the li te r at ure t ~e background metr ic G is 
~v 

rest ric ted to the f l at Mink ow ski metric, G = n • for 
IJ V \JV' 

t he sake of simplicity. 

The discussion upt o now is true for a bo son i c stri ng . 

A part i cularly interest ing cla ss of st r i ng theories 

ar ise whe n the string is endowe d with spin structure; 

the s tructure of the string i s enriched by the polariza tion 

i nf ormation car rie d by the spins. As already mentioned 

such a string is be l iev ed to rep resent the 301M. 

For the moment , ho wever, we proceed with the bosonic 

stri ng as given by the Polyakov action, eq.{11.6). The 

problem before calc ul a tin g the partition function was 

the qu anti zat i on of t he ac t ion . The equation s of motion 

which follow from the action (ll 06) a re seen to be 

invariant under the transformation 9 ~e·g. This is a 

confo rm al invariance which is cr ucial i n string theory. 

This sy mm etry makes it po ss ib l e for one to work in a 

parti cular conformal ga uge, namely 

(I1.8) 

Th e possibility of this gauge can also be seen fr om 

a we ll -k now theorem in differential geometry wh i ch 

states th at for a 20 rea l manifold the ab ov e gauge is 

permiss i bl e. Po l yakov 5 per fo r med the quantization of 
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the act·:o n (11.6) by !Ising th f! cor: f ol"lcal 1Hgi' (; ; , 8) an d 

int egr at i ng out XIJ, Hi s result was 

= 26-0 0 ~ 2 
fd ' ~ 'L( ·'1; \J ­

~ 
+ (1 1. 9 ) 

In eq ( 11 . 9) ~ is a constan t . The ~ec o nd term i s known 

tn represent the Lio uvi l le mode which i s a n addi tion to 

the free mode. Thu s we have a two-dimensional quantum 

field th eory with t he Liouville mode Wh i ch nas not yet 

been solved. 

In orde r to be ab l e t o use the string theory for our 

purpose one needs to do the followings: 

( . ) \ 1 s olve the Liouvi l l e theory which i s twodimensional 

and r enormalisable, 

( i i) convert the purely boson i c theory, mentioned above, 

into a fermioni c str in g theory. 

Both of the above procedures are, of course, among the 

most recent aspects of resear ch in string theory . 

We shall briefly indicate them in the fo l lowing. 

It lS seen from eq. (11.9) that the effective action 

is nonzero for 0 t 26 . For the IS ing problem we are 

now considering D = 3, so one ~as to find a way of 

treating the Liouville mode . A recent proposal has 

been to a tt ack the problem of the two dimensional field 

t he ory with Lio uville mode by casting it i n a form 

tha t bears strong resemblan ce to th e two -dimens i onal 
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Ness - Zu mina mode,G . This Model has already been solve d 

and th e critical exponent v ~as calculated by t his me t ho d 

for ce r tain v alu e ~ 0f Oa 

Th e pr obl em i n doing this ki nd of calculati on wi t h a 

fe r mioni c th eory i s con s i derably more compl icate d than 

that with a bo soni c fie l d t heory . Since the 301M is 

bel i eved t o be the same as the fermion i c theory it is 

necessary to conve r t the boso nic theory into the 

fermio nic theory, and of course, th is conversion has 

a l re ad y bee n carried out? , The analytic procedur e 

invo l ve d in the conversi on is what is known as super-

symmetrisation and by this procedure the equation for 

fermions corresponding to eq(II . 9) has been found . The 

theory ex pounded i n re f .? has given the fol l owing 

result for th e st r ing c rit ic al e xpo nent: 

y( O) = D-l'±/ fJ-D)(9-D) 

4 

It is easily seen that the above express io n gives a 

nonsensical res ult for our case, D = 3. For the time 

being, we simply comment that with substanti al modi fi-

cation of this approach we may yet use this analytic 

method for calc~lating the c ritical exponents of the 

3DIM. 
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CHAPTER r i I 

THE MOD EL OF TRI ANGULAT ED SURFACES 

I~ our d i scussion in chapter I vie nay e ITI811tioned, vl hen 

the temperatu re is incr ea se d from its value T = D, t ha t 

three-dimensional "drops" appear in the s pin syst em . 

The surfaces of these drops can be approx imated by 

triangulated random surfac es. The mode l of triangulat ed 

random s urfaces may be defind as the collection of 

random ly constructed neighboring triangles embedded in 

a D-dimensional euclidean space . We have mentioned in 

the In t roduction that for regular lattices there is 

equivalence between the I Si ng model and Majorana fermion 

model ( refs . 1 , 2) - It has been conjectured that an 

equivale nce relation between the two models wi th some 

proper definitions occurs for an arbit r ary surface . 

The triangulat ed random surface mod e l can be viewed 

a s a suitable r e presentat ion of Polyakov' s 5 string 



mudel wh ere the in te grati on over metr ics is r eplaced 

by s ummation over t r ia ng ula tion s. This s umma t'on lias 

bee n carried out by a combination of an a l ytic an d 

numerica l methods and has been confined to "pur e l y· 

boso nic surfaces. That is no account ha s bee n taken 

of the Ising spins on the lattice. The problem wi t h 

these bosonic surfaces has been that the wor ldsheet 

becomes extremely rough and the Hausdorff dimension 

dF of the surface s panned by the string has been found 

to tend infinity in some early work. 

Two approac hes ha ve been made to overcome this difficulty 

in the model of triangulated random surface.g,1D,11 

The approach of refs. 9 and 10 is to ta ke into account 

the extrinsic curvature of the surface . It appears tha t 

th e inclusion of the extrinsic curvature term imp r oves 

the pathological features of a bosonic surface . In refs , 

II and 12 the model of triangulated random surface endowed 

with fe rmionic degrees of freedom has been discussed . In 

ref . 11 the partition function of the triangula ted su rface 

cont ains ISing variables whcih now reside at the verti ces 

of the triangulated surface " In the same paper the author s 

have done numer ical work to calculate the critical pa r ame ter ·, ... 
A study of table I of ref. 11 for the three-dimensional cas e 

can give us some idea of B. y and d'F for this model . He r e 6 

and yare the usual critical exponents and dF is the 

Haus dorff dimens ion of the surface. The value s of 

Band ya re not in good agreement with the values 

• 
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s~ow n in uur table 1 (Chapter V) 

" h,' ,1!J'nE>r, cal rvaiuatlon of tile i1au c; dorft di mension d r 

9 i v e 5 LJ 5 d ;u~ n j 1 !~ toe val u ate t h Q C r i tic a 1 ex 0 0 n (.1 n t $ 

in depe ndently by us i n] res u lts fro m re no r malisa t io n 

g r oup calcl, l ations and he ur i s t ic not i on s abo ut the s t ri ng 

th e o ry, 

J 
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Cti/\PT[R [V 

TilE RENORMMISATION GROUP 

Tile ren0rmJ li sa tion g r"o up theory "i s applic a h l<> to s uch 

a reas of physic s as the relativistic field theory and 

crit ical phen omena in s tatistical mechanic s . Indeed, 

in s tatisti ca l mechanics the theo ry has been eminently 

s uccessf ul in calc ul ating numerical l y the critical 

exponents by makinq use of the sca ling ideas. 13 Also, 

in i t s field theory incarnation,the renormali s ation 

I 4 group has been us ed to s tudy c riti cal phenomena . It 

wa s early pointed out by K.Wilson , who advanced the 

2 4 ,' e nor mal isation group theory, that bot h the ~ a nd ~ 

tneories Cdn be used to represent the Ising mo del in 

tilE' continu um lim"it. Stro ng arguments ha ve been given 

which indi cate tha t the l ong-distance propertie s of 

ph ysic al sy ste~ s s uch a s fer r omagnets, fluids, bin a ry 

mixt ures in the neighborh ood of a second order phase 

trans i t io n can be described by a continuous Eu c lidean 

field theory 

Sy stems whi ch we meet both in statistical me chanics and 

qua ntum field theory consi st of infinite degrees of 

fr eedom This is und erstood because in the forme r case 

sys tems like th e Ising Inodel are treated in th e 

thermodynamic limit where their s ize is ver y ld rq~, 

and in the latt er the fi elds .(x) assume values at e ac h 

s pacetime point so that even in a very small region of 
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3pace time the r e are infi n ite degrees af fre e dan In 

both cases standard te c hniq ues of Green fu nction , 

Fey nman diagrams e tc ar e used Tne se t ech ni ques maj 

be derive d f r om functional integrals with weigh : ex p(i S) 

in Quantum field theory and exp ( - SH) in stat isti cal 

mechanics. For instance, c on s id er a s calar field theory 

descr i bed by the Lagrangian de nsi ty 

L ( x ) 
4 " 
~ l{ ' ~)z .. ,~ ~\ (},.., 

U ~ I :' 
+ V ( ¢ ) ( I V I) 

One can see that Feynman rules can be derived from the 

pos itive ",eight 

exp{- + V(cpJ)} . (IV . 2 ) 

Se ver al prop e r ties of quantum fi eld theory may be 

understood th rou gh this co nne c tion, but it is near 

the c ritica l point th at we ex pect the similarities to 

be more ap parent. Let US cons ide r a periodi c lattice 

wit h lattice spaci ng a . At each lattice site n we have 

" di sc rete variable Sn 

(I n Chapt e r I we have indi cated Lattice site s by ~ 

He re we prefer to use ~) A sp i n at a given site interact, 

with it s immediate ne ig hbors. The range of cor relatio n 

betwee n spi ns increases when we approac h t he critical 

po i nt. (Mathematic a lly, the c rit ical regim~ i s c i1aracteri ze 

by t he singularit i e s of th e thermodynamic fu nctio ns such 

as sp ecific heat an d mag net ic s ucce: , t i bil ity ) . 
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j sys tem at tilP cr itiC dl poi nt has an in f inite cor rel ation 

'IC1g t. h , 2. fa c t supporteri by t he seal ing hy pot he sis. Ne~ r 

tile critical point. the cOl'relatio n length, de note,J by ,; T ] 

is not i nf i nite but i s much much l arger than t h e l a ttic e 

sp aci ng. In this ca se detailed microscopic i nt prac t iun s , 

who se scale is of the order of the latti ce spacing, are 

irrelevant in a correct explanation of critical phenomena, 

and we can rep l ace the discrete variables by continuous 

ones (the equivalent of a field in OFT) by averaging o ver 

regions whose size is very small compared to E but still 

large with respe c t to the latti ce spacing b . 

It has been pointe d out that t he observed critical 

chara c ter s are larg e scale phenomena This mean s that 

t he f luc tuations ne a r the cr itical point involve wave-

lenQths which are at least of the order of a. To pu t 

it i n a d i fferent way. Olle need s to consider only th os e 

spin fl uctuations S (~) wh ose wave numb e r k is less th a n 

a certain cut-off value A. -1 The minimum leng t h A is a 

basic element of the renormalisation group. 

We star t from the .4 theor y and se e how the cut-off A i s 

introduced in the renormalisation procedure. 

As already mentioned we can represent the Ising model 

in the cr itical regime by the .2 and .4 theory. In 

eq. ( IV.I) \'Ie can write the function V( q,) explicitl y an d 

have 

L = 
222 

( ;' ~(x)) - ,' m ~ (x) -
p 

4 
). q, (x) , 
4! 

(T V.3 ) 
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where the coupling constant \ describes th e self-

Inter action. We try to under s tand how the renorma'isation 

~ r oce G ure is dPp lie d v ia the Feynman r ul es. 

In quantum field theory the Green fun ction in coordina te 

space is given by the vacuum expectation value of the time 

orde re d pro duct of fiel d operators ~(x) , The Fourier 

tra nsform of this Green fun ctio n is 

r.(n)/p' p P) 
\.l \' 1, 2,'·" n-l ' 

where the p's are momenta of particles involved in the 

in t erac tion. 

I f G(n) ; , expa nded in powers of the coupiing constant 

~ , the rule is to writ e down all possible connected graph' 

with n e xternal l i nes a nd any number of internal lines, 

cal led propagators, joined together by four-~oint vert i ce 

The various li nes have momenta assigned to them by l ettln 

the external lin es c arry t he momenta Pi and i nsisting 

that momentum be conserved at each vertex. This leav e s 

a certain num be r of internal loop momenta which must be 

integrated over Further the integration over inte r na l 

momenta must cover only true l y independ ent configu, a tion~ 

Below are given graphical e l e men ts and their mathemati ca l 

equivalent accord in g to Feynman rules . 

Propagator: • -
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Vertex: -i , 

lc(;p i n tegr a t ion : 

It i s convenient to intro duce th e not i on of a one - pa r ticle 

Green function r (n) corresponding t o G( n ) by th r owi ng 

a way all graphs which decompose into two disconnected 

pieces on cutt i ng one internal propagator and then 

removing t he external propagator from what remains. 

We t r y to under st and why so me renorma lisat ion pr oc edure 

is need ed to make s en s e of the above rules Let a 

( n \ particu l ar grap h o f r J have n external line s , I in t e rnal 

li nes and p vertices . Then the number of indepen dent 

i.lterna l momenta, Ki , which must be integrated over is 

Lol - p+l (IV.5) 

One then wr i t es the general form of r(n) as 

L 
4 I (--2--1 

"2 S 
d K i ) n 
( 2 r: ) 4 

n 
j;f jd £ . - m + i ( 

J 

( I V 6) 

In eq (IV _6) each l j is a linear combination of the 

externa l Inomenta and the loop momenta. The na ive over-all 

degree of divergence of thi s integral is 

D ( 1 )~ 4L-2[ ( I V 7) 
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It has been sho wn that th i s integra l or i ts subintegral 

d iv e ' ges f or n c 2, 4, Th e problem is to make 

s om e s ense of ttlese dive rge nt integral s. 

In 4 
$ theory it i s known that the over-all degree of 

d -iver ge nce of r(n ) is positive for fin it e n a nd i s a 

funct i on of the external lin e s and not of the order in 

A. The spacetime dimensionality of a theory also 

determin es whether th e theory is r enormalisab le or not. 

In order to obtain the renormal isat ion group equation 

we hav e to learn how to define the renormalizat ion poin ts, 

the points wh ere the divergences a re subtracted ou t. 

One method is the so called multiplicativ e renormalisation , 

Here one proceeds in two steps Fi rs t, the propagators 

8re modified so a s to make the m vanish s o rapidly at 

inf inity s o that all loop integrations are e xp li citly 

convergent. For instance, one might make the rep l acement 

1 -. 
2 2 p - m 

= 

2 2 P - In 

2 
(p - 2) ( 2 m, p-

2 2 
In - A ) 

I n t he limit A ~ - the divergent expres si on for the 

Feynman graph is recovered. On the other hand , it is 

ar gue d that since the divergences are associated with 
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just a finite numbe r of Gr een fu nc tion s in 4 
.j; t lleOY'j, 

they might be removed by add in g co unt er terms to th e 

origi nal Lagrangian den s it y, i e., 

L>L+ 6L , 

wher e L is given by eq IV. 3 and 

6L = 
6Z 

2 

1 0 2,,2 - zo m ~ - (IV .. 8 ) 

It is imagined that 6 Z, 6m,6l all diverge as A • - in 

such a way that the divergences due to loop integrations 

a re precisely cancelled. Sin ce L + 6L ha s the same form 

a s L the divergence analy s is remai ns the same. We ex pect 

the divergence can cellatio n scheme to be self consistenL . 

If we combine like terms in eqs (IV . 3) and (IV.8) and 

res ca le the field we get 

L =, (a $ ) 2 _ 11112 $ 2 
o 2}JO 2 00 

(I V.9) 

We note here that any arbitrary rescaling of the field 

• in the kinetic term is inconsequential . The quantities 

.0' mo and ,10 are referred to as the bare field, bare mass 

and bare coupli ng constant, respectively They are 

gi ven by 

m~ = (m 2 
+ 6m 2}Z, 

Ao = (l + 6l)Z 2, 
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The Gr een functio ns 

calc ul a t ed from th e Lag r ang i an (l V. 9) ar e relate d to th e 

fini t e Gre e n f unctions 

of f i nit e parameter s by 

( IV 10) 

He omit te d the mom e nta p f or simplic i ty. 

We now introduce the cut- off A explicitly. Of cour s e, 

t he bar e par amete rs A and m as well as the parameter Z 
o 0 

a re A- de pend en t a nd d iverge when A + - . Th e finit e 

parameter s are pre c i sely defined in theory. 

Eq . (I V. 10 ) c an be rewritten explicitly as 

( IV .ll ) 

wher e, for s impli c ity, we ignore the re normalisation Of 

mass . The new parameter ~ introduced in eq. (IV . ll ) , is 

ca lled the re normalisation point . The coup l ing con s ta nt 

~ de pe nd s on th e r e normalization point: 
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When the limit A ~ <. i ~ take n , A is supposed to approach 

i1 func':il) n o f \_ a ' one wh ich is called the running coupl "ing 

consta nt). (,,) The enti re con t ent of eq. (IV . 1 1 ) rests on 

t he ch oice of argume nts i n th e var i ous functi ons an d the 

asse r tio n t hat ~( n ) and A, m ap pro ach f i nite lim it s a s 

( n ' A· m whil e r ! , Z, a nd)., m may diverge.We note tha t 
o 0 

th e r igh t- hand side of eq. (IV . 11 ) does not depend on th e 

par ame te r ~ , a nd takin g t he derivative with respect to ~ 

g iv es 

or 

dZ -en ) ( ar(n) r +-
d ~ all 

+ 

whi c h, a f te r multiplying by u and cancelling zn / 2, 

beco me s 

n d 
Z l1d ~ lnZ+ + = 0 

We in t r od uce two dimensionless factors B and n via 

th e def i nit ion s 

B( ).(~I») a A (~_ , A 0 ) = ~-
a~ ~ 

'l(J. (p)) d 
1 n Z ( ~ , A 0 ) = P-a;;- u 

o 

(IV.1 2 ) 

We now writ e the ren o r ma lis a ti on gr oup equa t i on in te rms 
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+ + .z ,,) r (n)( ~ , A) = 0 (IV . 13) 

The i nf r a -re d ze r o of " i s je fi ned by 

Ll(i *) = 0 

and w . the exponent that gover ns the leading corre c tion 

to sc a l i ng theory,is defined by 

d _(' ) ' 
;;-;:- ~ , A I 

A = A * 
= w 

By further analysis, numeri cal and ot herw ise, th e critica l 
? 4 

expone nts have been cal c ulated for . and. theo r ies. 

We however restri c t ourselve s in the followin g to an 

in vesti gat io n of ho w by us i ng the ideas of string the 

with some input from the renormal i sation grou p t he crit i ca l 

exponents ca n be ca l c ulated. 
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CHAf' E k V 

CALCULATION OF CF: ITICAL EXPONENTS 

We ha ve see n in C~apt e r II that for 0=3 the critic a l 

exoonents can no t b ~ cal culate d at t he present level 

of de vel opnle nt of the string theory. As mentioned in 

Chap t er III t he in c l us ion of t he ext ri nsic c urv atu r e 

term in th e fermi oni c s t r ing theory is po ss ibly one way 

to procee d i n thi s matter. We s hall, however, co nten t 

oUrselves by doing ca l culat i ons les s rigorou s l y an d by 

apply in g heuri s t ically i de as f rom th e pr evi ous c hapter s. 

Before we go di rect ly to the cal c ulat i ons, we find it 

appr opriate to rev iew so me importa nt aspects of criti ca l 

behavior We do t his in the following sectio n . 

V. I . Revie w of crit ical phe nome~a and sc aling hypothesis , 

T~er e a re many materia ls whose s tat isti cal fea t ure ca n 

be expla ined by studying the Isi ng model. Le t us, for 

in st ance, con s ider a fe rromagneti c sa mpl e , At a pa r t i-

c ul a r tem pera ture T=T c ' ca ll ed the critical temperature, 

t he sampl e un de rgoes a pha se transiti on, i.e ., its state 

changes fr om ferromagn e tic to pa ram agnetic or vi ce ve r sa 

acco rding as T is be low or above Tc ' Below Tc there 

is a sp ontane ous mag neti zati on , but above Tc th e r e i s 

not fts men tioned in Chap ter IV , the phase tr a nsit i on is 

char a cter i zed by the singular i t ie s of some ob s ervable 
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Al l d iv er s e ncEs Dccuring dt 1=T are crit:cal behaviors c 

and are explained by the t heory of cri~ i cal phenomen a . 

The amount of o r dering which i s built up in the reg im e 

of T= Tc is measu r ed by t he order par am eter whiCh, irl t he 

cas e of f erromagn ets , is the sp on t an eo us ma gnet i za ti on 

Mo (T ) . Ve ry ne a r th e criti cal point Mo( T) behave s like 

a s t ., 0 

where t = T-Tc , and e is one of the criti c a l e x po ne nts' -'r-c 
Such a powe r-la w behavior s tem s from th e idea of sc a li ng . 

Let us se e t he cri t i cal beh avior s of some other quantiti es . 

The ma qnetic susce pt ib ility 

a s t ..,. 0+ 

x( t ) = dM( H, Tli 
~ , H = 0 as t ..,. 0 

t he prime over y d i s t i nguishe s exponent s bel ow and above 

Tc ' Similarly, the c riti ca l ex ponent cr characterizes 

the speci f ic heat at co nstant volume near Tc: 

C (T) v 
as t -> 0+ 

as t ..,. 0 

A ve ry i mportan t quantity in cr i tical phenomena i s the 

cor r e l ation l en gth [,( T) . It s c ritical behavior is 

gove r ne d by t he cr i t i cal ex ponent v, i . e. , 
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{ t-
V 

a~ t + 0+ 

~ ( T ) ~ It I -v' t 0 as ~ 

(We hav e al read y seen the symbol t as wo rld-sheet 

par ameter. The d i fference i s understood. ) 

In ad dition to the above crit ical exponent s we have two 

more, namely the cr it ica l exponents for magnetizatio n 6, 

and for corre l ation function ~ , Tota l ly, th ere are nine 

critical expo nent s. These exponents are not all indepen-

dent: the scaling hypothesis predicts certain rela t ion s 

be t ween them. We s impl y write down the s caling pr edic -

tions. (For the derivation s ee Append i x 8) 

y = 8 ( 6-1 ) y =y 

2 = + 2 £ + 
, = , 

a y , a a , 

y = (2-n)v , u = 
, 

v , 

Ou = 2-a, 

wh ere D is the d i mens io nal i ty of the sy st em . 

V.2., Calculations 

811al and Gerv ai s l5 t ried to co nnect critical behaviors 

in two and three dimension s _ Here their a pproa ch is of 

help to us. As before we consider a two-dimensional 

world-sheet embedd ed in a three - dimensional space . Then , 

the basic idea i n th is approach is that, due to quantum 

f l uctuations of the s tr i ng position ope rator s X , the 
~ 

corre sp onding two-dimen sio nal world- s heet embedded i n 

the ' t hree- di mensio nal space is certai nly very ir regular 
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f o r t~e most im portan t s t ri ng confi gu r a t i ons . Such an 

ir r eg ular s t r i ng sur f ace ma y po s s i bily hav e a nontr i vi a l 

Ha usdorf f d i me ns i on in t he l arge d i s tanc e l i mi t. NOW 

i mag in e mea s uri ng the distdn ce bet wee rl two poi nt s i n t he 

wor ld - s he e t . The t hr ee -d i me ns i ona l di s t ance a nd th e 

par ameter- s pace di sta nc e a r e re la ted t hr ough t he ge ner al 

f o rm 

( V " I ) 

wh e re' ~ 1 a nd ~ 2 are the parame ter s of the worl d - sh eet, 

d D t he Hausdor f f d i me ns i on of the world-shee t . The le f t-
~. 

ha nd s id e o f eq , ( V. I ) is t he squ are of the euclidea n 

norm in t hre e di me ns i ons . The fl uc tua ti on s have bee n 

s mootl,ed out by t a king s ome q uantum average over the 

x - f i el d " Simi l arl y, t he right - hand side cont ai ns t~ e 

sq uar e of the two - dime nsio na l e uc l i de a n no r m. He r e a f t e r, 

we s ha ll denote th e no r ms s i mply by vert ica l ba r s . 

Let us con s ide r t he cri t i ca l fe at ure s o f th e 30 1M i n t erm 
4 

df t he. f i eld t he ory i n t hree dimen s i ons, i , e . , we 

t a ke t he f i eld operators 

where X~ i s a poin t in th e th ree -d i mensi onal e uclidean 

s pace. We now t ake th e fo ll owin g l a rge di s tance behavio r 

( V • 2 I 
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~>I·' ¥ red . S de f ~ rl e 1 to b I: t rl e ~ .. j 1 S 0 n sc ali n 9 d im e f! s i on 
~ 

of ",' v,hier. are the -; ca I in] operators of the three-

dllll e nsio""l ~1c;ry, a'1d p , appearrr,g on the left-hand 

: i de, i ' an i 1 u"g P. ". Th three-dinens i anal f ermi oni c 

str ing theory ma y be r2garded forma l ly as defining an 

embeddIng of U,e two - dimen<;io na l vlorl d -s hee t i nto th e 

three - dimensional s pace, tha t is, we have the map pin g 

., x~(F,) 

We have me nti oned ~p(x) as the s ca ling operators i n 

three- di mensional theory . The in verse of the mapping 

just ment i oned may be assum ed to co nv er t these operators 

into primary fields in the world-s hee t . Th us under this 

assumption .p(~) is as much a field i n the two-dim e ns ional 

world-sheet as X( ~ ) is " If this ass umption is co rre ct 

and f urther i f .p(() are cons idered as pri ma r y fields 

in two dimensiona l quantum fie l d the ory, th e n we also 

have 

where 6 is by defi ni tion one of th e sca ling dimensions of 

tllP two-dimensional field t heo r y . By co mbi ning eq s . 

(;,~) ,(V.2) and ( V.3) we get 
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.1.., men t: oiH.d in Chapter I I I, the va 1 ue of the Hausdorff 

dime nsio n d
F 

for the f~r mioni t surface ca lcul ated 

numeri cal l y is in the range 7.3 ± 0 2 to 8.3 ! 0.4. 

Since the Hausdorff dimension for a purely bosonic 

s ur fa ce has been found to be 8.3 ± O. I, it ap pea rs 

probable t ha t th e actual d F for the fermionic surface 

is c l oser to 7.3 than to 8.3 . Fo r calcula ting t he 

c r itical exponents we prefer to take dF = 7. 3. We also 

have the val ues of d, t he Wi l so n scaling dimen sio n , 

ca l culated 16 for the $2 and ~4 theo ries by Brez in and 
14 Coworkers , 

for a gener al spacetime dimensio n D. Here w gives the 

correction to scaling and v is a c ritical expone nt . 

Numerical calculat i ons for D = 3 by the sa me methods gi ve 

w = 0.81 and v = 0.631. 

Using these values in eqs. (V.S), together with D = 3, 

we obtain 

(V .6) 

Now using eq.( V 4) we obtain t.IO values of 6 for 

d F = 7.3 : 



°1 =1.41') 

6
2 

= 0 .5 237 
(V.7) 

As we have already mentio ned, 61 a nd 62 ca n be iden t ified 

wi th the sc a ~ lng dime nsi on s of tile tv/o - dimensio na l 

confo r mal quantum fie ld the ory. I t is i nteresti ng th at 

the a l mo st heuristi c a rgu ment s givell above enables us 

t o obtai n f rom the t hr ee -d ime nsional s caling d im e nsion s 

the two-dimensiona l scaling dime ns ions via the strin g 

pic t ure. 

W t d d 1 · l ' 16, 17 e use now he stan a r s ea l"g re atlon s 

Ct = 8 = ( V • 3 ) 

In the abov e relati on s a and B are , respectively, the 

specific heat and spontaneo us magnet i zation cr itical 

exponents ; 

In the ori ginal work of Fi sh e r 16 61 and 62 a r e, respecti" ' ­

the s caling dim e nsion s of th e energy density and magneti -

zation fie lds. In eq. (V. 7) above we have 

02 as the scaling dim e nsions of the 2D ~4 _ 

deri ved "1 an d 

a nd ~2 - fi e ld 

the ories respectively. By th i s indentificat ion we hav e 

ta c i t l y assu med the ~4 and ~2 theories to corresp ond t o 

the energy density and mag netization fie lds, respectivel y. 

In the discussions that were given by Wilson 13 re ga rdins 

the cor responden ce between the IS in g mo del c.nct the Lagrangian 

fie ld t~eor i es ~ 2 - field wa s id e nt ified with the Ising 
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mooe l i n the continuum limit At a higher level of approx-
4 

imat ion. - theory was also ident i fied with t he ISing model. 

It is, ho ,lever, obviou s that while q,2_ theory co n t a ir.s on ly 

t he Ki net ic energy term, the .4 _ ~heory con tain s a s~ l f­

interaction t erm. Th us, an identifica tion of the .2 _ theo ry 

with only the magn etizat i on field and of the . 4_ th eory wi tt 

the energy density field app ears physic ally reaso nable . Th d( 

i s wha t we have done in calculatin g a and B by using eqs . 

(V.7) and (V.8) 

a:::O . 113, B = 0 , 329 

We have also calculated t he val ue s of a and B using 

dF = 8.3 just for the sake of co mporison . As we have 

mentioned before in Chapter III early work on the bo so ni c 

surface gave very l arge Hau sdorff dimensions while the 

lat e st wo r k (ref.ll ) gave the above val ue of dF. Of the 

two sets of result s available for the ferm ionic s urface 

in ref . ll the higher one coinc ides with the above valu Q 

while the lower one i s 7.3 . Considering this circum stanc e 

and i n agreement with the general belief that t he Hau s dorl T 

dimension of the fermionic sur face shou ld be less than 

that bosonic surface , we expect 7.3 to be the more correct 

valu e and of interest to us. 

The values of a and B calcuic.tt!d wIth d
F = 8 ,3 are 

a = 0.212, B = 0.293 . As sh own in Table 1 the agre ement -
'wi th othe r known values ; 5 le s s sat; sfactory than th at 
with d

F = 7. 3 
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The ta ble below compares our results with result s obt a ined by 

ot he r methods. 

Table 1 -
Cri tical Expt. 3DI M ~4 mod e l Our resul ts .--exponent 

series RG D = 3 dF = 7.3 dF = 8 .3 

e xp 

a 0 - 0 ,,2 O. 125 0.08 O. 1 7 O. 11 3 

8 0 .3 - 0.4 0 , 313 0.34 0. 33 0.3 29 
I 

Source: H, Eyring, Statistica l Mech anic s and dynamic s, 2d ed " 
Wiley Inters cience, New York, 1982 . P. 47S 

0 . 212 
0 ,, 293 

L.E . Reichl, A Modern Course in Stati s tical Ph YS ics, Un iv er s ity 

of Texa s Press, Austin, 1980,P . 344 . 

The other exponent s cou ld be calculated by using the scaling 

rel a tions mentione d previously. 

In conclusion, we have calculated the critical expon e nts a and 
B by usi ng heur i sti notions of the string theory. Of course, 
the se ex ponents have been calculated be f ore by other methods 
wit h great accu r acy, eq., series expans i on and renormalisation 

group. However, these methods are not capable of calculating 
the free energy , There is a hope that the free energy ca n 

eventual l y be calculated by the str ing theory approach . If th a t 
becomes pOS Sible, it will be a great achievement of this theory . 

-



APP ENDIX A 

TH E TWO-DIMENSIONAL ISING MODEL 

In tIlls app e rldjx we br i e fly r eview th e a na l ytic method s 

used t o s0 l'te th e 201M in the a bsence of an external magne t ic 

field. 

(a ) The partition function in terms of the I Sing variables . 

con s ider an N X M square l a t t i ce . At eac h latti ce site 

we have an Isi ng spin interacting with its nearest 

ne i ghbors . The Hamiltonia n of the spin system is t hen 

- J E (J ° 2 nm n,m+l, ( A. I ) 

whe r e the 0nm's are the ISi ng variables each taking t he 

values f l. J l and J 2 are , respectively, the vertical and 

horizontal interactio n st rengths . ~e now write th e 

partit i on function; 

• • • f. (A. 2 ) 
= ±l = ±l 

(b ) Transformation to Pauli spin matr ice s 

A vital observation shows th at the partition f uncti on 

(A.2) is the trace of the Nth power of a !r~sfer matri x 

V. The transfer matrix can convenie ntly be expressed in 

terms of Pauli spin matrices : T X,TY,T
Z

, and the unit 

matri x I. There are 2M possibl e confi gura t ion s in a 

give ll row as it cont a ins M spins . We need, th erefore, 
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(c) 

- 30 

a 2M X 2~ matrix to de sc r ibe t hi s sta t e of affair s . 

We define 

z r X • • • X I X z X I X < , ~ X I • Tm = T 

(A. 3 
x I X ~ . .. X I X x X I X , 0<. X L T = T 
m 

In terms of these direc t-product matri ces we can wri te 

the generalized matrices Vl and V2 as 

( A. 4 

* where K1= 6J l , K2= 6J2 and Kl is defined by 

* tanh Kl = exp( - 2K l ). 

The partition functio~ is then 

N ! N z = tr(V1V2 ) = ' t r V • ( Ao5 

I 

In troductio n of f e r mipn operators through the Jord an- Wi g 

tran sformation. I 
The di rect-product ma~ rices tm obey the sa me commutat i on 

rel at i ons as the paul li matrice s . One then con s tructs 
I 

' raising' and 'lowering' operat0rs. the usual 

manner: 

( A. ( 

These spin r aising and lowe ring ope r ator s obey mi xed 

commutation-anticommu t at io n r ules which are n e it ~er bos . 
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nor f e rmioni c in charac t er _ But th is is not a seriou s 

problem as one could introduce a t r an sformatio n (cal le d 

the Jordan-~ i gn e r transformation) to fermion operators 

which obey anticommutation rules only o Den oting the 

fermion operators by em for the Mth s i te in a given r ow, 

we write the JW transformation as 

m-l 
em = {exp(ni E 

~ = 1 

e~= (exp( ni 

an d the anticommutat i on rules are 

( e e) = { c+ e+} = 0, m, n m' n 

(Cm,C~) = 6mn 

The number operator N m is given by 

N C+C + -= = T T m m m In m, 

with eigenvalues 0 or 1. 

(A . B) 

After considerable algebra, the matrices VI and V2 in 

equation (A.4) can be expressed in t erms of the fermion 

operators C e+o m, m 
refs o 1 and 2). 

(The interested re ader may consult 

The partition function is calculated by classifying th e 

s tates of the system according to the eigenvalues of 

+ the total number ope r ator N = E e C 0 VI are bilinear 
m m m 

i n the fermion operators and states of even or odd n 
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nloj' bp considered separa t el y. 

(d) Eigenvalues of the transfer ma trix 

The nex: step is tf) diagona l ize t he transfer ma tr ix Vo One mig ht 

t hink of a l inear t !'ansforma tion to new fermion operators of the type 

( = E(A C + B C+) q m qm m qm m 

such tha t V attai ns the si mplest fo rm 

+ V « exp(-~ Eq(q ~ q + canst . ) 

where cq are the single-fermi on 'energ ies' and are defined by 

* * Cosh Eq = Cosh 2K2 Cos h 2Kl - sinh 2K2 si nh 2Kl Cos qo 

Thi s co uld be ach ieved by introducing running wave operators whi ch is 

permissib le due to translational symmetry . (Again one can see t he 

details in reL 1) 

The thermodynamic properties of the 2D 1M are all contai ned in the 

part ition function is just the Nth power of the larges t eigenva l ue 

of V i n t he li mit M, N + m . 

This ei genvalue is given by 

M/2 M Jll A = (2 s inh 2Kl ) exp(- E dq) . max 4ll q 
- ll 

The f ree energy per spin is 

F = - KB T 1 nZ , 
MN 

= -KBT rn (2 

as M, N + m 

IT 

si nh 2Kl )i +4* JI Eqd~ 
-IT 

whi ch i s the fi nal re sult. 

(A.l1 ' 
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In t he purel y combinatori c method Kac and Ward devised a method to 

write the partition function as a sum over c losed directed paths . 

See reference 3. 



APPENDI X B 

, HE CRIT ICAL EXPONENT RELAT IONS 

Tn" f ree ene rgy per s pin ca n be decomposed in t o two par ts ; t he 

regular par t Fr (T,B) . and the s ingu l ar pa r t Fs(t,B). The s i ngJl a:· 

part is r esponsi b-Ie for the obseloved critical behavior of t he syste' >I 

as t he sys t em ' s temperature approaches the transi t ion pOi 'lt > We wr'it' 

where t " (To'\)/Tc and B is the external magne t ic field . 

The singular part in eq o (B . l ) is assumed to be 3 homogeneous 

function of the parameters t and B. i . e . , 

(B. 2 ) 

Differentiate eq.(B . 2) vl . r.t . B and set A = (-tf1/p arid B = O. 

The res ult i~ 

M(t,O) = i -t )11-Q)/P M(-I,O) . 

But nea.r Te ~' (t.O) '" (_t)S: Thus. we see that 

1 - q fl= - - . 
P 

To de termine -oF·differentiate eq . (B. 2) w. r . t , B and then put 

t " 0, l = B - l/q to get 

~l(O,B) = B ll - -l q)/q M(O , l) . 

Compari ng this to t he power-law behavior 

/4(O,B) '" Bl/6 

(B .3: 

(BA 



we ge t 

1 
7: 

: 1 - 0. (B.5 j _._-
q 

Diffel'entHting eq (B.2) t\~i ce w. r .t . B gi ves the magnet i<: susce pt "j bi!it 

I f we put A = t - 1/ p and B = 0 we have 

But we know the power-law behavior for X (page 27). Comparison yield ~ 

y:2q-l, (13 . 6) 
P 

simi 1 ar"ly, y~ = y. 

The exponent a is determined by exactly similar arguments: 

a=2- 1 
p 

Combining eqs . (B.4-7) we ge t 

y. = y' " p (6 - 1 ) 

2 = a + 2fl + y 

Near the critical point the magnetic susceptibil ity and the correl aUoH 

lengt h are Y'elated by (see ref.18) 

2 - I) 
x "" c · 

Comparing this with the power laws for x · and ~ (pages 27, 28) we see 

that 

" = ,, ', (2 - n)v = y. 

Similar argument give the other re lations betwee'1 the critica1 expot\2/lt 

ref. 18 ~nd t he first source mentioned under rabl.:: i See , for example, -
on page 34 . 
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