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ABSTRACT

e ol v

The three-dimensional ising model (3DIM) nas been one ol
the unsoived problems in physics. Folyakov has suggested thati
it mey be possible to solve this model via the string thzory
methods. The 3DIM in the critical regime can be assumed in

correspond to the fermionic string which spans a 2D worid-sheet.

2 4

The 3DIM also corresponds to the conventional ¢ Lagrangia

and ¢
field theories. It can be shown that the scaling dimensions of
these two and three-dimensional fields are proportional. The
constant of proportionality is heuristically identified with

the Hausdorff dimension of the wor]d-éheet. Computer calcultatio.
of the Hausdorff dimension and the scaling dimensions of the 3D
conventional field, the resuits of which are available in the
1iterature, enable numerical evaluation of the critical exponents

« and B of the.Ising model. These agree well with experimental

results.



ihe Ising model first appeared in the thesis of Ernst
Ising in 1925, This model was, of course, one dimensiona! and,
to Ising's disappointment, did net exhibit a phase transition.
The two and three-dimensional Ising models are indeed only two

of statistical models which undergo phase transitiens.

The two-dimensional Ising model was first considered by
Peigrls in 1936. In 1941, Kramers and Wannier determined the
critical temperature (the transition point) by assuming its
existence. The year 1944 could be thought of as the beginung
of a new era in the study of the physics of phase transitions.
In this year, L.Onsager p;;sented a éaper {ﬁ which it has been

shown rigorously that the two-dimensional Ising model exhibited

a phase transition.

The partition function for the two-dimensional Ising model
was obtained by converting the model into a system of freae
Majorana fermions, This shows that the two-dimensional Ising
model is equivalent to a free quantum field theory of

fermicns;}‘z The model is also treated by using combinatorial

,nEthOdS.B S

The three-dimensional Ising model (3DIM) still remains
one of the problems in physics for which no exact selutions
have been possible yet. Even if the partition function has
not beern Tound the critical exponents have been determined by
the seriei and renormalisation group methods. The values of

the critical ®xponents obtained in this manner have been



compered with those obtained experimentally. Recent develop-
mehts in the string theory have led to the oxpectation that the
301H might be solvabie in the not too distant future by

tachnigues that are being developed currently, It, however,

i

2

appears that the current level of development has not vy
reached the stage where one could apply the string theory to
calculate the partition function or even the critical exponents.
However, as we shall see, by a combination of the ideas of the
string theory with the results of renormalisation group studies

one could predict some of the critical exponents,.
This paper is organized as fTollows:

Chapter I is a review of the 3DIM and its possible
representation by the striug theory. Ofcourse, here, we made
use of analogy to the two-dimensional Ising model in deriving

the partition function. Polyakov's interpretation is mentioned.

Chapter I[1 deals with the besonic string. Also, in this
chapter, the supersymmetrised form of the string~ that is to

say the fermionic string— is coensidered.

-

Chapter II] is & discussion of the attempts at the
calculation of thé values of the critical exponent. In Chapter
IV we have a short discussion of the application ofirthe re-

normalization group Ho the Ising model.

A heuristic application of the ideas of the string model
is made to some result of the renormalization group for calcu-
lating the numerica: vaiues of the critical exponents. This
is done in Chapter V. Finally, we discuss briefly the results

and the future<possibilittes.



CHAPTER 1

THE ISING MODEL

The two dimensional! Ising model.

We find it convenient to start with the two-dimensional
Ising model (2DIM). The partition function for the ZDIM

is given by*

7 = y E - exp sig 0$05+5]’ 8 Tt (1.1)

where x i a lattice site and the neighboring sites are

indicated by the unit vector 4.

At low temperature (large g) the configuration of the
two~dimensional lattice is such that all spins are
mutualiy perallei. When the temperature is5 increased
stowiy "drop"” fluctuations (i.e., domain fluctuations)
will appear here and there. 41l srins in a drop have 3 reversed
direction and hence we get antiparaliel spin pairs along
the periphery-of the drop. It is ebvious from e¢, (i.1)

that there is energy loss only along the periphery oF

a drop: -
z g a._ . - b2 = "2L * 1.2
(drop) X %¥¢ (gréund)iicff§ (L2}
state
we thus write v o . e*QBL (1.3)
{drops}

* See Appendix A for a brief review of the algebraic

methods.



where L is the peripheral léngth ard the summation is
aver all possible drops.

In the above sum, eq.{1.3), are included drops which
touch each other at a point like those shown in the

figqure below.

g=

; ; id 3 3 :
Suppose we identify an intersection as shown in fig.la

The above figure is then eguivaient to a set of three
closed paths which could be traced piecewise continuously
With each path is associated a weighting factor

(_})ng of intersections

| — __J S & et
= r—* + "_"\‘
1 1 |
o @)

] [ [

e

i
o~

(b)

Fig. 1. An intersection point and a graphical representati



Now, if there are v(p) intersections in a closed path, F:
then we take into account the weight (»T)“(p)
eq. (1.3). The partition function then becomes

= ¥ E'EBL(D}(__])V(F’), (Inf)
(p) '

where p labelis a closed curve.

With this brief account of the 2DIM we now pass te

the 3DIM.
The three-dimensional Ising model.

The drops in the three-dimensional case are bounded by
two-dimensional surfaces. By going through similar
arguments as in the case of the éDIM, oﬁe has the
following expression for the partition function of the

IDTM:

7= e-zaA(S)(,])z(S), (1.5)

z
S
in which S labels a c¢losed surface whose area is A{S};

L(S) is the total Tength of the self-intersection line

for the surface S in units of the lattice parameter,

Eq. (I1.5) has been interpreted by Polyakov in terms of
the string-theory language. An ?rdinary bosonic string
could be visualized as a collection of free bosonic
partons. These partons are joined together and move
transversally to the string. One parton gives a
contribution e™" to the partition function whereas the

collection as a whole contributes e ®. Here L is



identified as the tength of a path traced out by a

narton 1n motion, The motion of the "collection®

is of course the motion of the string and A is ihe

area of the surface spanrned by the string's motion. In
general, we could have a swarm of strings, their motion
describing topological surfaces. Suppose now the

partons carry spin., This gives them fermionic character
and we may assign a factor (-l)v from each parton whereas
the string, which is now endowed with spin structure,
acquires the factor (-1)£, On the other hand, as we
shall see in the next chapter, the modes of the fermionic

string carry a spin 3.

These are the reasons to believe that the fermionic

string theory describes the 3DIM.
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CHAPTER 1T

THE STRING THEORY

i il T

Among extended objects which are endowed with some
internal structure one is the string. A string could

be visualized as a3 one-dimensionai extended relativistic
obiect. It is possibie to imagine the motion of this
one~dimensional extended object in a D-dimensional
specetime. One then defines a functional integral

(the action) and studies the dynamics of the string.

We begin with the Nambu-Goto action.
The Nambu-Goto action

Let us first say a few words about a relativistic (free)
point particle. A free point particle moving in

spacetime traces out a time-like cure which is known as
a worid-line. A single variable, say t, could serve as

a parametér of the world-1ine and hence the equation

X" = x¥(1) (11.1)
describes the position of the particle on the world-line
for each specified value of v. The relativistic action
is then taken to be proportional to the length of the
path traversed between given initial and final values of

te That iss

s ol - otz [@y Tle @)
i
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whare {(dX/dr)~ stands for

(o

L X

dr  dt
The Nambu-Goto action4 is a natural generalization of
the action (I11.2) to the one-dimensional extended
object—the string. Consider a fixed background spacetime
with coordinates X", » = 1,2, ..., D, D being the space-
time dimension (we do not restrict ourselves to the
Minkowski space). A string which moves in this spacetime
sweeps out a bidimensional surface. As usual, we para-

metrize the bidimensional surface by ga = (1,0}, @ = 0y1.

We cail the bidimensional surface a world-sheet.

Let Guube a metric for the background spacetime and

let h be the world-sheet metric These two metrics,

ab
which are second-rank tensors, are related by the

familiar transformaticn rule for tensors, i.e.,
FLE i v . (1%
hab(g) aax abx Guv(X(g)} (1F . 3)
The two-dimensional surface spanned between the initial

and final shapes of the string has the area

f{d?e/ (11.4)
in which h = det hab' The Nambu-Goto action is then
proportional to this area:4

1 7

& & . -
VH m jd th—h— (11.53)
d gJ _ ? 5
3 X X aX aX IT.5b
e [T @ )



In eq. (1I.5b) we made use of the transformation rule

r11.3).

-,

Using the notations

(%]
><
"
>
w
e
1}]
>

we rewrite eq. (11.5b) as

.7 B :
Sy = tmme JUH T L ()2 (11.5c)

The constant T = ?lz;is known as the string tension.

i

The geometrical construction of this action is responsible

for invariance under reparametrization of the world-sheet,4

The equations of motion follow from the action SN by
using the principle of least action. It turns out that
a different string action, which we consider in the

following section, gives the same equations of motion,

Polyakov's action and quantization

Quantization becomes manageable if we use the following action

1 2_,— _ab u v
Sp = = fd"ev=q g Guuaax abx (11.6)

The metric tensor 9ab in Polyakov's action is taken
to be an indepenaent dynamical variable. The conformal

gauge

_ o0(8)
9ap &) = ¢ (e, (11.7)
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where ¢ i1s arbitrary, connects the two metrics h*b and
21

In the literature the background metric G_LN is

gab‘

restricted to tne flat Minkowski metric, G = I for
SR 1

the sake of simpiicity.

The discussion upto now is true for a bosonic string.

A particularly interesting class of string theories

arise when the string is endowed with spin structure;

the structure of the string is enriched by the polarization
information carried by the spins. As already mentioned

such a string is believed to represent the 3DIM.

For the moment, however, we proceed with the bosonic
string as given by the Polyakov action, eq.(I1.6). The
problem before calculating the partition function was
the quantization of the action. The equations of motion
which follow from the action (I1.6) are seen to be
invariant.under the transformation g +e¢g. This is a
conformal invariance which is crucial in string theory.
This symmetry makes it possible for one to work in a

particular conformal gauge, namely
_ .6(8)
9,(E) = e §., - - (11.8)

The possibility of this gauge can also be seen from
a well-know theorem in differential geometry which
states that for a 2D real manifold the above gauge is

permissible. Polyakov® performed the quantization of



the action (11.6) by using the cornformal gauge (I1.8) and
integrating out X". His result was
5 = 26-D z I 2 2 2¢ {11.9)
eff i fd t(24) + e X
‘ 481 2 ikl i i

In eq {I1.9) w is a constant. Thea second term is known

to represent the Licuviile mode which is an addition to

the free mode. Thus we have a two-dimensional quantum

field theory with the Licuville mode which nas not vet

been solved,

In order to be able to use the string theory for our

purpose one needs to do the followings:

{i) solve the Liouville theory which is twodimensional

and renormalisable,
(ii) convert the purely bosonic theory, mentioned above,
inte a fermionic string theory.
Both of the above procedures are, of course, among the
most recent aspects of research in string theory.

We shall briefly indicate them in the following.

It is seen from eqg. (I1.%) that the effective action

is nonzero for D # 26. For the Ising problem we are
now considering § = 3, so one has to find a way of
treating the Liouville mode. A recent proposal has
been to attack the problem of the two dimensional fieid
theory with Liouville mode by casting it in a form

that bears strong resemblance to the two-dimensional
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Wess-Zumino mode!° . This model has already been solved

and the criticai exponent v was calculated by this method

©

~

for certain values of D.

The probiem in doing this kind of calculation with a
fermionic theory is considerably more compliicated than
that with a bosonic fieid theory. Since the 3DIM is
believed to be the same as the fermionic theory it is
necessary to convert the bosonic theory into the
fermionic theory, and of course, this conversion has
already been carried autyd The analytic procedure
invoived in the conversion is what is known as super-
symmetrisation and by this procedure the equation for
fermions corresponding to eq(II.9) has been found. The
theory expounded in ref.7 has given the following

result for the string critical exponent:

((py = 212/ {1-0)(9-D)
4
It is easily seen that the above expression gives a
nonsensical result for our case, D = 3. For the time
being, we simply comment that with substantial modifi-
cation of this approach we may yet use this analytic
method for calculating the critical exponents of the

3DIM,



CHAPTER II1]

SR

THE MODEL OF TRIANGULATED SURFACES

In our discussion in chapter 1 we have menticaned, when
the temperature is increased from its value T = 0, that
three-dimensional "drops" appear in the spin system.

The surfaces of these drops can be approximated by
triangulated random surfaces. The model of trianguiated
random surfaces may be defind as the collection of
randomly constructed neighboring triangles embedded in

a D-dimensional eucliidean space. We have mentioned in

AN

the Introduction that for regular lattices there is
equivalence between the Ising model and Majorana fermion
model(refs. 1,2)- It has been conjectured that an
equivalence relation between the two models with some

proper definitions occurs for an arbitrary surface.

The triangulated random surface model can be viewed

as a suitable representation of Po]yakov'ss string



model where the integration over metrics is replaced
by summation over triangulations., This summation has
been carried out by a combination of analytic and
numerical methods and has been confined to "purely”
bosonic surfaces. That is no account has been taken

of the Ising spins on the lattice. The problem with
these bosonic surfaces has been that the worlidsheet
becomes extremely rough and the Hausdorff dimension

dF of the surface spanned by thg string has been found

to tend infinity in some early work.

Two approaches have been made to overcome this difficulty
in the model of triangulated random surface, ' 0s 11
The approach of refs., 9 and 10 is to take into account

the extrinsic curvature of the surface. It appears that
the inclusion of the extrinsic curvature term improves

the pathological features of a bosonic surface. In refs.
11 and 12 the model of triangulated random surface endowed
with fermionic degrees of freedom has been discussed. In
ref. 11 the partition function of the triangulated surface
contains Ising variables whcih now reside at the vertices
of the triangulated surface. In the same paper the authors
have done numerjca1 work to calculate the critical parametsrc.
A study of table 1 of ref. 11 for the three-dimensional case
can give us some idea of B, y and dF for this model. lere &4

1 1 +
and y are the usual critical exponents and dF i Yl

Hausdorff dimension of the surface. The values of

B and y are not in good agreement with the values



shown in our table 1 (Chapter V).

The numerical evaluation of the Hausdorff dimension dF
gives us a handle to evaluate the critical exponents
independently by using results from renorma?isatioﬁ

group calculations and heuristic notions about the string

theory.



CHAPTLR [V

THE_RENORMALISATION GROUP

The rennrmalisation group theory is applicabie to such
ar¢as of physics as the relativistic field theory and
critical phencmena in statistical mechanics., Ipdeed,
in stetistical mechanics the theory has been eminently
successful in calculating numerically the critical
exponents by making use of the scaling ideas.13 Also,
in its field theory incarnationsthe renormalisation
group has been used to study critical phenoﬁwena..”’l It
was early pointed out by K.Wilscn, who advanced the
renormalisation group theory, that both the ¢2 and ¢ﬁ
tneories can be used to represent the Ising model in
the continuum 1imit. Strong arguments have been given
which indicate that the long-distance properties of
physisaf systems such as ferromagnets, fluids, binary
mixtures in the neighborhood of a second order phase

transition can be described by a continuous Euclidean

field theory

Systems which we meet both in statistical mechanics and
quantum field theory consist of infinite degrees of
freedom This 15 understood because in the former case
systems like the Ising model are treated in the
thermodynamic 1imit where their size is very large,

and in the latter the fields ¢(x) assume values at each

spacetime point so that even in a very small region of
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spacetime there are infinite degrees of freedon . I
both cases standard techniques of Green function,
Feynman diagrams etc are used These tecnniques may

be derived from functional integrals with weight exp(i§])
in guantum field theory and exp {(-3H) in statistical
mechanics. For instance, consider a scalar field theory

described by the Lagrangian density

™7 -

B3 ) + V(s) (1V.1)

L{x} = . '

11
-

"

One can see that Feynman rules can be derived from the

positive weight

—

expi- fa*x( # 203 )% + vien} . (1V.2

Several properties of quantum field theory may be
understood through this connection, but it is near

the critical point that we expect the similarities to
he more apparent. Let us consider a periodic lattice
with lattice spacing 4. At each lattice site n we have

a discrete variable Sn

(In Chapter I we have indicated Lattice sites by x

Here we prefer to use n) A spin at a given site interact.
with its immediate neighbors. The range of correlation
between spins increases when we approach the c¢ritical

point., (Mathematically, the critical regime is characterize
by the singularities of the thermodynamic functions such

as specific heat and magnetic succeptibility). Infact,
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a system at the critical point has an infinite correlation
lencth,a fact supported by the scaling hypothesis. Near
the c¢ritical point the correlation length, denoted by ¢(T)
is not infinite but is much much larger than the lattice
spacing. In this case detailed microscopic interactions,
whose scale is of the order of the lattice spacing, are
irrelevant in a correct explanation of critical phenomena,
and we can replace the discrete variables by continuous
ones (the equivalent of a field in QFT) by averaging over

regions whose size is very small compared to ¢ but still

large with respect to the lattice spacing g.

[t has been pointed out that the observed critical

characters are large scale phenomena This means that

the fluctuations near the critical point invoive wave-

lennths which are at least of the order of a. To put

it in a different way, one needs toc consider only those

spin fluctuations S{(k) whose wave number k is less than
-1

a certain cut-off value 2. The minimum Tength & is a

basic element of the renormalisation group.

We start from the ¢4 theory and see how the cut-cff a is

introduced in the renormalisation procedure.

As already mentioned we can represent the Ising model
in the critical regime by the ¢2and ¢4 theory. In
eq.{IV.1) we can write the function V(¢) explicitly and

have

L=t e e () - mnfef 00 - a et i, (1V.3)



where the coupling constant . describes the self-
interaction. We try to understand how the rencrmalisation

procedure is applied via the Feynman rules.

In quantum field theory the Green function in coordinate
space is given by the vacuum expectation value of the time
ordered product of field operators ¢{(x). The Fourier

transform of this Green function is

)

{(n) .
G {ﬁ,st..., Pn-1=

‘Jfﬂd"'i 9xp(i§;p}.xi}<0|T[¢(x1 )---¢(Xn_] )4’(0)] {0> (Iv.4)

where the p's are momenta of particles inveived in the

interaction.

1f G(n) is expanded in powers of the coupiing constant

A, the rule is to write down all possible connected graphs
with n external lines and any number of internal lines,
called p#opagators, joined together by four-jcint vertice
The various lines have momenta assigned to them by lettin
the external lines carry the momenta Pi and insisting
that momentum be conserved at each vertex., This leaves

a certain number of internal loop momenta which must be
integrated over Further the integration over internal
momenta must cover only truely independent configurationsc
Below are given graphical elements and their mathematical

equivalent according to Feynman rules.

Propagator: i



Vertex: : ~ia
T¢ intec i . f 4
lcop inteqgration: dp_
B
(2m)
It is convenient to introduce the notion of a one-particie

Green function r(n) corresponding to G(n) by throwing
away all graphs which decompose into two discorinected
pieces on cutting one internal propagator and then

removing the external propagator from what remains.

He try to understand why some renormaiisation procedure

is needed to make sense of the above rules. Let a
particular graph of r(n} have n external lines, 1 internal
Tines and p vertices. Then the number of independent

internal momenta, Ky, which must be integrated over is

L=1-p#T (1V.5)

r(n)

One then writes the general form of I as

4 . 1

J» L d7K; ]'_i ( ) (IV.6)
B N 2 .
(2m)” i1 of B L

-~y
(1]
-—h

In eq (IV.6) each ij is a linear combination of the
external momenta and the loop momenta. The naive over-all

degree of divergence of this integral is



It has been shown that this integral or its subintegral
diverges forn = 2, 4, ... . The problem is to make

some sense of these divergent integrals.

In mq theory it is known that the over-all degree of
divergence of r(n) is positive for finite n and is a
function of the external lines and not of the order in

A. The spacetime dimensionality of a theory also
determines whether the theory is renormalisable or not.

In crder to obtain the renormalisation group equation

we have to learn how to define the renormalization points,
the points where the divergences are subtracted out.

One method is the so called multiplicative renormalisation.
Here one proceeds in two steps First, the propagators
are modified so as to make them vanish so rapidly at
infinity so that all loop integrations are explicitly

convergenft. For instance, one might make the replacement

<3 S -

(p2- m?) (p%- m2-a2)

In the 1imit A + =, the divergent expression for the
Feynman graph is recovered. On the other hand, it is

arqued that since the divergences are associated with



4

just a finite number of Green functions in ¢ theory,
they might be removed by adding counter terms to the

originai Lagrangian density, i e.,

L.+ L #+ 8L,

where L is given by eq. IV.3 and

2 2 4
s = 8Z (a3 ¢)" - 1sm%e® - s 0" (IV.8)
H 4!
2 -

It is imagined that &6Z, &m,éx all diverge as A - « in
such a way that the divergences due to loop integrations
are precisely cancelled. Since L + &L has the same form
as L the divergence analysis remains the same. We expect
the diveragence cancellation scheme to be self consistent.
If we combine like terms in eqs. (IV.3) and (IV.8) and
rescale the field we get

2 2 Ao ¢4

- im2 . I
LS & (1V.9)

L, =3 (3,9 ) 2l

0 d uo

We note here that any arbitrary rescaling of the field
¢ in the kinetic term is inconsequential, The quantities
$ s M and A, are referred to as the bare field, bare mass

and bare coupling constant, respectively. They are

given by

P
]
—
S
+
o
b
—
~N
-
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he Green functions

'I'(n)(p; :‘ao, m )

n

calculated from the Lagrangian {(iV.9) are related to the

finite Green functions
(") (psx, m)
of finite parameters by

pi®es . ) =z W #0lg . ag (1V.10)

B n
We omitted the momenta p for simplicity.

We now introduce the cut-off A explicitty. Of course,
the bare parameters Aeand m as well as the parameter Z
are A-dependent and diverge when A » «, The finite

parameters are precisely defined in theory.

Eq.(IV.10) can be rewritten explicitly as

piMiex ooy = 272 &k Ay 70 () ), (1V.11)

Q H (e}

where, for simplicity, we ignore the renormalisation of
mass. The new parameter py introduced in eq. (IV.11), 1is
called the renormalisation point. The coupling constant

» depends on the renormalization point:



When the 1imit A » = is taken, A is supposed to approach

a function of ;. a’one which is called the running coupling
constant A{u). The entire content of eq.(IV.11) rests on
the choice of arguments in the various functions and the
assertion that f(n) and », m approach finite 1imits as

A » = while r(n}' Z, and Ao' m, omay diverge. We note that
the right-hand side of eq. (IV.11) does not depend on the
parameter u, and taking the derivative with respect to u
gives

gm‘[zn/z(ﬁ_, lo)f:(n) 0, U)] 5 &

u

or
nan/2 1 dZ F(n} ) ii(n) v o2 ﬁj(n))zn/z -0
2 7 du i 3p AA
which, after multiplying by p and cancelling Zn/g’
becomes
(R p L v ule & B2 25000 g
= odp T au VIu 3 = (IV.12)

We introduce two dimensionliess factors B and n via

the definitions

B{A(u)) = pe— A(i—'} s )‘0)

—~
-
——
=
S
S
[
=
'Hoa
=
——al
>
M
—
™=
-
o
o
S

We now write the renormalisation group equation in terms

of £ and i:



o} PO, a) = @ (Iv.13)

The infra-red zero of A is defined by

and w, the exponent that governs the leading correction

to scaling theory,is defined by

Q| e
e
———
)
p—

By further analysis,numerical and otherwise, the critical
exponents have been calculated for ¢? and ¢k theories.

We however restrict ourselives in the following to an
investigation of how by using the ideas of string the

with some input from the renormalisation group the critical

exponents can be calculated.
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CALCULATION OF CRITICAL EXPOMENTS

SR AR T ST T € T St S U NS, O s PO e S g S L I

We have seen in Chapter 11 that for =3 the critical
expanents can not be caiculated at the present Jevel

of development of the string theory. As mentioned in
Chapter 11 the inclusion of the extrinsic curvature
term in the fermicnic string theory is possibly one way
to proceed in this matter. We shall, however, content
ourselves by doing calculations less rigorously and by

applying heuristically ideas from the previous chapters.

Before we go directly to the calculations, we find it
appropriate to review some important aspects of critical

behavior We do this in the following section,

Review of critical phenomena and scaling hypothesis

There are many materials whose statistical feature can
be explained by studying the Ising model. Let us, for
instance, consider a ferromagnetic sample. At a parti-
cular temperature T=Tc, called the critical temperature,
the sample undergoes a phase transition, i.e., its state
changes from ferromagnetic to paramagnetic or vice versa
according as T is below or above TC. Below TC there

is a spontaneous magnetization, but above TC there 1is
not As mentioned in Chapter IV, the phase transition is

characterized by the singularities of some observable
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thermodynamic guantit:es at the critical temperature
A1l divercences occuring at 1=T_ are critical behaviors
and are explained by the theory of criticai phenomena.
The amount of ordering which is built up in the regime
of T=TC is measured by the order parameter which, ifd the

case of ferromagnets, is the spontaneous magnetization

M,(T). Very near the critical point M,(T) behaves like

as t » 0

where t = T"IE > and B is one of the critical exponents-
Such a powerEIaw behavior stems from the idea of scaling.
Let us see the critical behaviors of some other guantities.
The maanetic susceptibility

&=¥ as t - ot

xiT = "”Eﬁ"" l {jt]Y. as t » 07

the prime over y distinguishes exponents below and above
T.. Similarly, the critical exponent o characterizes

the specific heat at constant volume near TC

- 5 +
CV(T) N t as t 0
8] % as t » 0,

A very important quantity in critical phenomena is the
correlation ltength £(T). Its critical behavior is

governed by the critical exponent v, i.e.,



g as t - 0"

LTy ]t as t + 0

(We have already seen the symbel £ as worid-sheet

parameter. The difference is understood. )

In addition to the above critical exponents we have two
more, namely the critical exponents for magnetization §,
and for correlation function n. Totally, there are nine
critical exponents. These exponents are not all indepen-
dent: the scaling hypothesis predicts certain relations
between them. We simply write down the scaiing predic-

tions. (For the derivation see Appendix B)

¥' = B8~1}) & ¥ =¥

2 = a + 28 +v', a = a',
y = {2-n)v, v = ou',
Dv = 2-a,

where D is the dimensionality of the system.

Calculations

Bilal and Gervais]5 tried to connect critical behaviors
in two and three dimensions. Here their approach is of
help to us. As before we consider a two-dimensional
world-sheet embedded in a three-dimensional space. Then,
the basic idea in this approach is that, due to quantum
fluctuations of the string position operators Xu* the
corresponding two-dimensional world-sheet embedded in

the three~dimensional space is certainly very irregular



for tke most important string configurations. Such an
irregular string surface may possibily have a nontrivial
Hausdorff dimension in the large distance Timit. Now
imagine measuring the distance between two points in the
world-sheet. The three-dimensional distance and the
parameter-space distance are related through the general
form

i

<u§1[x“(5]) . X“(e:?_)]2 > [(51 = 52)2].5; (¥.1)

wher€ g, and ¢ are the parameters of the world-sheet,
d, the Hausdorff dimension of the worid-sheet., The left-
hand side of eq. (V.1) is the square of the euclidean
norm in three dimensions. The fluctuations have been
smoothed out by taking some quantum average over the
X - field. Similarly, the right-hand side contains tre
square of the two-dimensional eucliidean norm. Hereafter,
we shall denote the norms simply by vertical bars.
Let us consider the critical features of the 3DIM in term
of the ¢H field theory in three dimensions, i.2., we
take the field operators

¢ = ¢(x%)
where X" is a point in the thrée~dimensiona] euclidean

space. We now take the following large distance behavio:

< oP (X gPIX2) 5 v |Xgm X (v.2)
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where d is defined to bhe the Wilson scaliing dimension
of @ﬁ whicn are the scaling operators of the three-

dimensional Ctheory, and p, appearing on the left-hand
side, 1 an integer. Th three-dimensional fermionic

string theory may be rzgarded formally as defining an
embedding of ine two-dimensional world-sheet into the

three-dimensional space, that is, we have the mapping

We have mentioned ¢p(x) as the scaling operators in
three-dimensicnal theory. The inverse of the mapping
just mentiorned may be assumed to convert these operators
into primary fields in the world-sheet. Thus under this
assumption ¢P(g) is as much a field in the two-dimensional
worid-sheet as X(&) is. If this assumption is correct

and further if ¢p(£) are considered as primary fields

in twe dimensional quantum field theory, then we also

have

S, &

<P O (gg)eP (X (6,)) > — < 4P ()P (e,

I (V.3)

where & is by definition one of the scaling dimensions of

the two-dimensional field theory. By combining egs.

(é.1),{V.2) and (V.3) we get



L. = & (V.4)

JdF
As mentioned in Chapter III, the value of the Hausdorff
dimension dF for the fermionic surface calculated
numerically is in the range 7.3 = 0.2 to 8.3 = 0.4,
Since the Hausdorff dimension for a purely bosonic
surface has been found to be 8.3 £ 0.1, it appears
probable that the actual dF for the fermionic surface
is closer to 7.3 than to 8.3. For calculating the
critical exponents we prefer to take dF = 7.3. MWe also
have the values of d, the Wilson scaling dimension,

16 Va

calculated for the ¢ and ¢4 theories by Brezin and

Coworkers]q,

d16™y » 0 + u 30d d4°) = D = (V.5)

for a general spacetime dimension D. Here w gives the

carrection to scaling and v is a critical exponent.

Numerical calculations for D = 3 by the same methods give
w = 0.81 and v = 0.631.

Using these values in eqs. (V.5), together with D = 3,

we obtain

Z

d(6") = 3.81, d(¢°) = 1.415 (V.6)

Now using eq.(V.4) we obtain two values of & for

dF = 7,33



- (V.7)

As we nhave already mentioned, 5] and 62 can be identified
with the scaling dimensions of the two-dimensional
conformal quantum field theory. It is interesting that
the almost heuristic arguments given above enables us

to obtain from the three-dimensional scaling dimensions
the two-dimensional scaling dimensions via the string
picture.

16, 17

We use now the standard scaling relations

. D = 26

g 2 b (V.B)
D - 6] D - 6]

In the above relations o and £ are, respectively, the
specific heat and spontaneous magnetization critical

exponents:

16

In the original work of Fisher 84 and 6, are, respectiv-’

the scaling dimensions of the energy density and magneti-

zation fields. In eq. (V.7) above we have derived &7 and

5§, as the scaling dimensions of the 2D ¢4- and ¢2 - field

theories respectively. By this indentification we have

tacitly assumed the ¢4 and ¢2 theories to correspond to

the energy density and magnetization fields, respectively.

b regardino

In the discussions that were given by Wilson
the correspondence between the Ising model &nd the Lagrangian

field theories ¢° - field was identified with the Ising



model in the continuum limit At a higher level of approx-

4y
imation 4 - theory was also jdentified with the Ising model.

It is, however, obvicus that while ¢?- theory contains only
the Kinetic energy term, the ¢4- theory contains a sz21f-
interaction term. Thus, an identification of the ¢2- theory
with only the magnetization field and of the ¢4- theory wittl
the energy density field appears physically reasonable. That

is what we have done in calculating o and B by using egs.

(V.7) and (V.8)

a = 0.113, B = 0.329

e have also calculated the values of o« and 8 using

dF = 8.3 just for the sake of comporison. As we have
mentioned before in Chapter III early work on the bosonic
surface gave very large Hausdorff dimensions while the
Tatest work {(ref.11) gave the above value of dF. 0f the
two sets of results availablie for the fermionic surface

in ref.11 the higher one coincides with the above value
while the lower one is 7.3. Considering this circumstance
and in agreement with the general belief that the Hausdor:rv
dimension of the fermionic surface should be JTess than
that bosonic surface, we expect 7.3 to be the more correct

value and of interest to us.

The values of a and B calcuiated with dF = 8.3 are
a = 0.212, g8 = 0,293. As shown in Table 1 the agreement
with other known values is less satisfactory than that

with dF s F.3
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The table below compares our results with results obtained by

other methods.

Table 1 -
Critical Expt. 3D IM 3? moden Bur resuls
exponent

series RG B = 3 d. = 7.3 de = 8
F F
exp
. 0-0.21{ 0.125/ 0.08{ 0.17 0.113 0.212
0.3 - 0.4, 0.313] 0.34] 0.33 0.329 0.293

—

Source: H. Eyring, Statistical Mechanics and dynamics, 2d ed.,
Wiley Interscience, New York, 1982. P.475

L.E.Reichl, A Modern Course in Statistical Physics, University
of Texas Press, Austin, 1980,P. 344.

The other exponents could be calculated by using the scaling

relations mentioned previously.

In conclusion, we have calculated the critical exponents a and

B by using heuristi notions of the string theory. Of course,
these exponents have been calculated before by other methods
with great accuracy, eq., series expansion and renormalisation
group. However, these methods are not capable of calculating
the free enerqy. There is a hope that the free energy can
eventually be calculated by the string theory approach. If that
becomes possible, it will be a great achievement of this theory.



APPENDIX A

THE TWO-DIMENSIONAL TSING MODEL

In this appendix we briefly review the analytic methods

used to solve the 2DIM in the absernce of an external magnetic
field.
(a}) The partition function in terms of the Ising variables.

(b)

consider an N X M square lattice. At each lattice site
we have an Ising spin interacting with its nearest

neighbors. The Hamiltonian of the spin system is then

Hlogq, = ooonm) = =T opOiiiom V2% %an®n,mel,  (A.1)

where the cnm‘s are the Ising variables each taking the
values =1, J1 and J2 are, respectively, the vertical and
horizontal interaction strengths. We now write the

partition function:

z = b cwn B exp{-BH(o]] ...,cNM)} (A.2)
5

= #1

Transformation to Pauli spin matrices

A vital observation shows that the partition function
(A.2) is the trace of the N®" power of a transfer matrix
V. The transfer matrix can conveniently be expressed in
terms of Pauli spin matrices: Tx,Ty,Tz, and the unit

matrix I. There are ZM possible configurations in a

given row as it contains M spins. We need, therefore,
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(c)

a 2" x 2" matrix to describe this state of affairs.

We define

]

r; E X X X" BT sl I,
(A.3

e e T X e X EX N E Y ...% 1.

i

In terms of these direct-product matrices we can write

the generalized matrices V] and V2 as

. M/2 %
1 (2 sinh 2K]) / exp K]ET;,
(A.4

z
m+1,

)

v

z
2 exp K22rmr

*
where K]= BJ], K2= BJZ and K1 is defined by

tanh K; = exp(—2K1).

The partition function is then

l
Z = tr(vyVp )N = tr vV, (A.5

Introduction of fermibn operators through the Jordan-Wig

transformation. ,

The direct-product matrices Ty obey the same commutation

relations as the Paulji matrices. One then constructs
5.5 g . S
*raising’ and 'lowering' operators, Tos in the usual
manner: _
£ _ X .. ¥ r
Tm %(Tm i'll'm). (‘A.E
These spin raising and lowering operators obey mixed

commutation-anticommutation rules which are neither bos:



nor fermionic in character. But this is not a serious
problem as one could introduce a transformation (called
the Jordan-wWigner transformation) to fermion operators

which obey anticommutation rules only. Denoting the

fermion operators by Cm for the m site in a given row,

we write the JW transformation as

m-1

C, = lexp(mi = <jt7)le,
i=1
m-1
: + -
C;= {exp(mi Z£1TZTZ)}T;s

and the anticommutation rules are

= + + =
{Cm,cn} fCs C.3 = 0y
+
{Cm,cn} % B

The number operator Nm s given by

P PO
Mo = Cala = m'm, (A.8)

with eigenvalues 0 or 1.

After considerable algebra, the matrices v] and Vz in

equation (A.4) can be expressed in terms of the fermion

operators Cm C;, (The interested reader may consult

refs. 1 and 2).

The partition function is calculated by classifying the
states of the system according to the eigenvalues of
the total number operator N = % C;Cm’ V1 are bilinear

m
in the fermion operators and states of even or odd n : (



(d)
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may be considered separately.
Eigenvalucs of the transfer matrix

Tne next step is to diagonalize the transfer matrix V. One might

think of a linear transformation to new fermion operatomns of the type

B >
£q = EgnCn * By Cp) (A.9)

such that V attains the simplest form

+
V « -7 + const.
exp( ; £q8q%q )

where € are the single-fermion 'energies' and are defined by

*

*
Cosh sq = Cosh 2K2 Cosh ZK] - sinh 2K2 sinh ZK] Cos q.

This could be achieved by introducing running wave operators which is
permissible due to translational symmetry. (Again one can see the

details in ref. 1)

The thermodynamic properties of the 2DIM are all contained in the
partition function is just the Nth power of the largest eigenvalue
of V in the 1imit M, N » =,

This eigenvalue is given by
1l

. : M/2 M .
Mgy = (2 sinh 2K) exp(zn.[ £qda)- (A1
|
The free energy per spin is
F=- EQI InZ, asM, N> =
MN .
. 1
- KT [ln (2 sinh 2K, ) +4fJ’ aqdq] (A.12)
=T

which is the fimal result.
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In the purely combinatoric method Kac and Ward devised a method to
write the partition function as a sum over closed directed paths.

See reference 3,



APPENDIX B
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THE CRITICAL EXPONENT RELATIONS

The free energy per spin can be decomposed info two parts: the
reguiar part F _(T,B), and the singular part Fs(t,ﬁ}a The singular
part is responsible for the observed critical behavior of {he systom

as the system's temperature approaches the transition point, We writ
F(T,B) = F(T,B) + F (t.8) , (B.7)
where t = (T--Tc)/Tc and B is the external magnetic fieid,
The singular part in eq. (B.1) is assumed to be a homogeneous
function of the parameters t and B, i.e.,
F(Pta%) = aF(t,8). (8.2)
Differentiate eq.(B.2} w.r.t. B and set ) = (ut)'}/p and B = Q.

The result is

M(t,0) = (~t)DP w0y, (B.2,

But near T_ M(t,0) n (-t)® = Thus, we see that

8 =-1—é~9 : (B.4

To determine &, differentiate eq.(B.2) w.r.t. B and then put

t=0,2=8" "9 ¢ get
Mo,B) = 8 V7 O/ ywoy .
Comparing this to the power-law behavior

M(0,8) ~ B¢



we get

Differentiating eq (B.2) twice w.r.t. B gives the magnetic susceptibiiit

If we put A = t Ve and B = 0 we have
x(t,0) = t{1 = 2P 1y g

But we know the power-law behavior for y (page 27). Comparison yields

o & EB:_.‘_ , (B.6)

similarly, ¥ o= v,

The exponent o is determined by exactly similar arguments:

Combining eqs. (B.4-7) we get

=y =8 (6= 1)

2 =a+2B +y
Near the critical point the magnetic susceptibility and the corvelatic:
length are related by (see ref,18)

x wgs "D

L)

Comparing this with the power laws for y-and £ (pages 27, 28) we ses

that

v =v'y (2 -1n)v =v.

Similar arqument give the ather relations between the critical exponzcal

i sour intd nder Table 1
a, for example, ref, 18 and the first source mentioned u

on page 34,

Sea
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