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PREFACE 

We have said that multiobj ective optllTI lzation is concerned wi th minimizing or 
maximizing problems and giving a chance for decision makers to have alternatives for 
their decision making problems. Unlike single objective optimization problems, in 
solving, multiobjective optimization problems we have solution sets that is called 
efficient set. I t is from this set decision is made by taking elements of efficient set as 
alternatives, which is given by analysts. 
Today, the problem of multiobjective optimization is a central problem in optimization 
due to its importance in different fi elds such as marketing, transport, engineering, 
environmental control, managing pollution problems and so on. 
The main instrument in solving multiobjective optimization problems is the concept of 
domination structure (ordering cone): using the ordering cone as a preference we usually 
find a solution set. Also multipliers have a great help in solving multiobjective 
optimization problems. 
This report is a completion of the two seminars I have delivered, for the qualification for 
M.Sc. in mathematics. In this report, discussions about solution concepts and some 
properti es solutions, multiplier rules, and necessary and sufficient conditions in the sense 
of Kuhn-Tucker are made in five chapters . 
I take thi s opportunity to thank my advisor: Dr. Semu Mitiku for his continuous follows 
up and made suggestions for the improvement of the report. And finally I would like to 
thank my friends who helped me in typing manuscripts and my family for their help and 
encouragement. 

Assaye Walelign 
July 2004 
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CHAPTER ONE 

Introduction 

We want to have a good life, which may mean more wealth, more power, more respect 
and more time for ourselves, together with good health and a good second generation, 
etc. to fulfill these and other unlimited needs we made multi-criteria decision making 
problems in our everyday life even though might not be perceived explicitly. 
Optimization problems occur, for example, when buying things (like a car or a house) or 
selecting a means of transport to work, in engineering when designing focus ing systems, 
space craft structures, bridges, in economics when planning production systems or 
pricing products, and in environment control when managing pollution problems. What is 
common in most of these optimization problems is that they have several at least partly 
conflicting criteria to be taken in to consideration at the same time. A number of different 
goals are desired to attain simultaneously. In this case, methods of traditional (single 
objective) optimization are not enough, but we need new ways of thanking, new 
concepts, and new methods. 
Although analysis of multicriteria problems have been scattered in human history, putting 
thi s analysis into a formal mathematical getting is fairly new. Although there are a 
number of scholars and scientists who have made contributions in this mathematical 
analysis of multicriteria decision-making problems, Pareto is perhaps one of the most 
recognized pioneers. 
In treating multicriteria decision making problems, constructing models used to know the 
structure of the problem, what the problem is, which factors . Comprise the problem, how 
they interrelate and so on. 
Through the process, the objective of the problem and alternatives to perform it are 
specified. Hereafter, we shall use the notation 0 for the objective and X for the set of 
alternatives, which is supposed to be a subset of an n-dimensional vector space. 
To solve decision-making problems by some systems, analytical methods, we usually 
required that degrees of objectives be represented in numerical terms, which may be of 
multiple kinds even for one objective. We restrict numerical terms to physical measures 
(money, weight, length, time . .. ). As a performance index, for the objective Oi, an 
objective function 

f; : X-7R1 

is introduced. The values of f;(x) indicates how much impact is given on the objective Oi 
by perfollning an alternative x. In thi s paper, we assume that a smaller value for each 
objective function is pre felTed to a larger one. 
Now we formulate our decision-making problems as a multiobjective optimization 
problem: 

(P) minimize f(x) = (f1(x), f2(x), .. . , fp(x)) over XEX 

This kind of problem is also called a vector optimization. In some cases, some of the 
objective functions are required to be maintained under given levels prior to minimize 
other objective functions . We require these objective functions gj{x) :s OJ=1.. .m, which 
are called constraint functions. We will consider the problem (P) itself or (P) 
accompanied by the constraint gj{x) :S 0, (j= l ... m), of course, an equality constraint hk(x) 
= 0 may be replaced by two inequalities hk(x) :S 0 and - hk(x) :S o . 

.. 



Unlike a single objective function, an optimal solution in the sense of one that minimizes 
all objective functions simultaneously may not exist in multi objective problems, and, 
hence we are troubled with conflicts among objectives in decision-making problems with 
multiple objectives. Taking the total balance of the objectives into account should make 
the final decision. Here is the responsibility of the decision maker to give final decision 
among suggested alternatives. 
The decision maker's value is usually represented by saying whether or not an alternative 
x is preferred to an other alternative x', or equivalently whether or not f(x) is preferred to 
f(x ' ). This means the decision value is represented by some binary relation defined over 
X or f(X). Such a binary relation representing the decision maker's preference becomes 
an 0 rder. It i s called preference 0 rder. The decision maker's preference 0 rder shall be 
defined on the so-called criteria space Y, which includes the set f(X).Several kinds of 
preference orders is possible, sometimes, the decision-maker can not judge whether or 
not f(x) is preferred to f(x'). Such an order that admits incomparability for a pair of 
objects is called a partial order, whereas the order requiring the comparability for every 
pair of objects is a weak (or a total order). In practice, we often observe a partial order for 
the decision maker's preference. Unfortunately, however, an optimal solution in the sense 
of one that is most preferred with respect to the other, whence the notion of optimality do 
not necessarily exist for partial orders. So, instead of strict optimality, we introduce the 
notion of efficiency in multi-objective optimization. A vector f(x') is said to be efficient 
if there is no f(x) preferred to f(x ' ) with respect to the preference order. The final decision 
is usually made among the set of efficient solutions. 
This paper is mainly concerned with some of the theoretical aspects in vector 
optimization problems; in particular we will focus on existence, necessary and sufficient 
conditions of efficient solutions. 
Chapter two is devoted to some mathematical notations and preliminaries. The first 
section gives a review of convex sets, cones, convex functions and other properties 
related to convexity, which have important role in multi-objective optimization. The 
second section introduces preference order as a binary relation and the concept of 
ordering cone. The ordering cone that is the main tool in solving multiobjective 
optimization problem will be formulated. 
Chapter three begins with the introduction of several concepts for solutions in 
multiobjective optimization. Above all, efficient solutions will be the subject of primary 
considerations in subsequent theories. Next, some properties of efficient solutions and 
existence of efficient solutions will be discussed in the second section. 
Chapter four will discuss on multipliers in vector optimization. Some concepts that can 
be used in the fOlmulation of multipliers will be considered in the first section. The 
second section discuss as to how the idea of multipliers can be extended from single 
objective to multiobjective optimization case, alternative ways of proving theorem of 
multipliers rule and regularity conditions. 
In chapter five we see Kuhn-Tucker conditions for multi objective problems. First section 
introduces the concept of characterization efficiency and proper efficiency by 
scalarization that shall be used in the proof of necessary and sufficient conditions for 
efficient solution. The second section that is the main target of the paper is discussed on 
necessary and sufficient conditions in the sense of Kuhn-Tucker. That means deals with 
conditions for efficient solution with mUltipliers. 
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CHAPTER 2 

NOTATIONS AND PRELIMINARIES 

The chapter is devoted mainly to mathematical preliminaries. First, some basic properties 
of convex sets and functions are introduced. Second, the concept of preference order and 
ordering cones are discussed. 

2.1 . Some Properties of Convexity 
As convexity plays an important role in the theory of optimization with a single objective 
it is fundamental in the theory of multi objective optimization, so the concepts of convex 
sets and convex functions will b e introduced. In this section a II spaces considered are 
finite-dimensional Euclidean spaces. 

2.1.1. Convex Sets 
Convex sets, which are fundamental in convex analysis, will be introduced. 
Definition 2.1.1. 
A subset X ofRn is called convex if ax + (1 - a)y E X for any x, yE X and a E [0,1]. 

Definition 2.1.2. 
A subset K of R n is said to be a cone if ax E K whenever x E K and a > O. Moreover it is 
called convex cone if it is convex. From the above definition it follows immediately: 
Proposition 2.1.1. 
A set K in Rn is convex if and only if 

i) ax E K for all x E K and a > O. 
ii) x + yE K for each x ,YE K. 

Definition 2.1.3. 
A cone K in Rn is called pointed if - x Ii" K whenever x 7' 0, X E K, that IS, 

K n (-K) = {OJ . Moreover K is acute if there is an open half space 

o + 0 + 

H = {x E R" : (x ,x' ) > O;x*"# O} Such that clK c H U {O}. 
From Definition 2.1.3 it can be easi ly seen that a convex cone K is acute if and only if 
clK is pointed. That means the two concepts coincide if K is closed convex cone. 
Definition 2.1.4 (Polar and Strict Polar) 
For a subset X in !Rn

, its positive polar XO is defined by 

X" = {x' E R" : (x, X') :2: 0 for any XE X} . 

The strict positive polar XSO of X is defined by .---=:--., !"J-
X '" = {x' ER' : (x,x') >0 for any nonzero XEX}. 

Proposition 2.1.2 
Let X, Xl, and X2 be sets in Rn. Then 

(i) The polar XO is a closed convex cone, 
(ii) The strict polar XSO is a convex cone, 

/' 
I' 

(iii) XO = (clX)", • 
(iv) lfX is open, Xsou {OJ = Xo, 

(v) Xl C X2 implies X ; e X ," and X ;o c X /0 , and 

(vi) IfK is nonempty convex cone, K "" = elK . 
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Definition 2.1.5 
A set X in IRn is said to be a polyhedral convex set if it can be expressed as the 
intersection of some finite co llection of half spaces, 

i. e. X = {X : (b i ,X)~/3; {i=1,2, ... ,n»)where b;E IR",/3; E JR. If /3;=0 for all i, 

then X is called polyhedral convex cone. 
Definition 2.1.6 
A set X in IRn is said to be finitely generated convex set if there exist vectors ai, a2, ... , 
am such that for a fixed integer k (0 ~ k ~ m). X can be expressed as: 

m k 

X = {x : x = L a;a;, a; 2': 0 (i = 1,2, ... , In), La ; = 1} 
;= 1 

m 

If X = {x: x = I ala ;, a; 2': 0 (i = 1,2, ... , m»), then X is said to be a finitely 
i=l 

generated convex cone and {ai , a2, .. . , am) is called the set of generators for the cone. 
Proposition 2.1.3. 
Let X be a polyhedral convex set in IRn and let f be a li near vector valued function from 
Rn into RP then the set f(X) is a polyhedral convex set in RP. 

m k 

i.e. if X = {x : x = L a ;a ;, a ; 2': 0 (i = 1, 2, ... , In), La ; = I) , then 
;= 1 f=1 

m k 

f(X) = {x: x = L a ;b ;, a ; 2': 0 (i = 1,2, ... , In) , La; = I) , 

where bi 
= f(a i

) (i = 1,2, ... , m) 
Corollary 2.1.1 

;= 1 

If Xl and X2 are polyhedral convex sets, then Xl + X2 is polyhedral. 
Definition 2.1. 7 
Given a set X and a convex cone K in R", X is said to be K- convex if 
convex set. 
Remark 2.1.1 

X + K is 

A set X is convex if and only if X is {OJ-convex. Moreover, if X is a convex set it is D­
convex for any arbitrary, non-empty convex cone D. 

2. 1.2. Convex Functions 
This subsection is concerned with convex functions, which are instrumental in 

optimization problems. Recall that a function f from a convex set X in to (-00,00) IS 

called convex on X if and only if 

cif(x) +(l -a)f(y):;:: f(an (l -a)f(y)), Which can be rewritten as 

cif(x)+(l-a)f(y)- f(an(l-a)y) E R+ 
Note that R+ is a convex cone. we extend this idea in to multi-objective optimization 
problems. 
Definition 2.1.8 
Let X be a convex set in Rn , D be a convex cone in RP Then a function f from X in to RP 

is said to be D-col1vex if 

cif(x) +(l-a)f(y) - flax + (l -a)y] ED , for any X,yE X and a E [0,1]. 
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We state the following two propositions to be used later in chapter five. 
Proposition 2.1.4 
Let X be a convex set in Rn and let f be a function from Rn in to RP, and D be a convex 
cone in RP 

If the function f is D-convex, then the set f(X) is D-convex. 
Proposition 2.1.5 
Let X be a convex set in Rn and f = (fl , f2 , • .. , fp) be functions from RIl in to RP . The 

function f is R: -convex if and only if each t; is convex, in this case f(X) is R: -convex. 

Proof: 
i) Let f is R: -convex function. 

If x,YERIl, then Af(x) + (1 -A)f(y) - f[Ax +(1 -A)Y] E R: ,for 

A E [0,1] ,which implies 

A(fl (x), f 2 (x), ... ,fp (x)) + (1- A)(;; (y), f2 (y), ... , fp(Y))-

(;;[Ax+(1- A)Y ],f2 [AX+ (1- A)y], . . . ,fp[AX+ (1-A)Y]) E R: 

(A;; (x) + (1- A);; (y) , ... , Alp (x) + (1 - A )fp (y)-

(;; [AX + (1- A)Y], f 2[AX + (1- A)y] , .. . , f p[Ax + (1- A)Y]) E R: 

=> AJ;(X) + (1- A)J;(y) - J;[Ax + (1- A)Y)] E R+ 
Therefore t; is convex for each i 

ii) If t; IS convex for each I, 

At(x) + (1- A)(f(y)) - flAx + (1- A)Y) = 

(Aft (x) + (1 - A);; (y), ... , Alp (x) + (1- A)fp (y) 

- (J;[AX + (1- A)Y], ... , fp[Ax + (1- A)Y] 

by convexity oft; , AJ; (x) + (1- A)J;(y) - J;[ Ax+ (1- A)Y) E R+ for each i. 

Therefore Af(x)+(1- A)f(y)- f[Ax+(l- A)Y] E R: 

2.2. Preference orders and Ordering Cones 

then 

In single objective optimization problems, the word optimality means the minimization of 
a certain objective function under given constraints. On the other hand, in multi objective 
optimization problems, it is not clear, since the objectives usually conflict with one 
another. Therefore, the objectives must be traded off. 
In multi objective optimization problems, the preference attitudes of the decision maker 
play an essential role that specifies the meaning of optimality. These are often 
represented as binary relations on the objective space and are called preference orders. 
This section deals with preference orders and their representations by set-valued maps 
which can be called ordering cones. 
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2.2.1. Preference Orders 
As mentioned above the preference attitude of the decision maker represents a preference 
order in the objective space. That means it is a binary relation on a set Y = f(X) c R P

, 

where f is the vector valued objective function and X is the feasible decision set. 
The basic binary relation ~means strict preference; i.e., y~z for y, ZEY means the result 

(objective value) y is preferred to z. We define two binary relations ~ and <':; , in 

relation with strict preference ( ~ ), as 

y ~ Z ifand only if not y ~ Z and not Z ~y, 

Y <':; Z ifand onlyif y~ z orz ~ y. 

The relation ~ is called indifference (y ~ z as y is indifference to z), and <':; is called 

preference-indifference (y <':; z as z is not preferred to y). 
The binary relations used as preference or indifference relations have interesting 
properties. Some of these properties of a binary relation are listed below: 
A binary relation R on a set Y is 

I) Reflexive if yRy for every y E Y. 
2) Irreflexive ifnot yRy. 
3) Symmetric ifyRz implies zRy. 
4) Asymmetric ifyRz implies not zRy. 
5) Antisymmetric ifyRz, zRy imply y = z. 
6) Transitive if yRz, zRw imply yRw. 
7) Negatively transitive if not yRz, not zRw imply not yRw. 
8) Connected or complete if yRz or zRy (possibly both). 
9) Weakly connected if y;< z implies yRz or zRy for every y, z, w E Y. 
Lemma 2.2.1 
Let R be a binary relation on Y. 
i) IfR is transitive and irreflexive, it is asymmetric. 
ii) IfR is negatively transitive and asymmetric, it is transitive. 
iii) IfR is transitive, in'eflexive, and weakly connected, it is negatively transitive. 

Definition 2.2.1 
A binary relation R on a set Y is said to be 

i) a strict partial order ifR is irreflexive and transitive. 
ii) a weak order ifR is asymmetric and Negatively transitive. 
iii) a total order ifR is in'eflexive, transitive, and weakly connected. 

From lemma 2.2.1 and definition 2.2 .1, it can be redefined that a binary relation R is: 
i) a strict partial order if it is asymmetric. 
ii) A weak order if it is transitive. 
iii) A total order if it is negatively transitive. 

Remark 2.2.1 
If R is a total order, then it is a weak order; and if R is a weak order then it is a strict 
partial order. 

The preference order is usually assumed to be at least a strict partial order; that is, 
irreflexivity of preference (y is not preferred to itself) and transitivity of preference. 
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Definition 2.2.2 

Let Y be a feasible set in the objective space RP and :>- be a preference order on Y. Then 

an element y' E Y is said to an efficient (noninferior) element of Y with respect to the 

order :>- ifthere does not exist an element yE Y such that y:>- y'. The set of all efficient 

elements is denoted by ¢"(Y,D) ={y' E Y: there is no yE Y such that y>- y'. } 

Remark 2.2.2 
The set of efficient elements in the decision space X may be defined in an analogous way 
as: 
¢"(X,r' ('r)) = {X'E X: there is no x E X such that f(x) 'r f(x' ), where r' ('r) 

is the order on X induced by >- as x r' ('r) x' if and only if f(x) >- f(x '). 

2.2.2 Ordering cones 
Preference order (binary relations) on a set Y c an be represented by as et-valued map 
from Y in to Y. In fact, a binary relation may be considered to be a subset of the product 
set TxT, and so it can be regarded as a graph of a set-valued map from Y in to Y. That 

means we identify the preference order >- with the graph of the set-valued map P: 
P(y)={y' E Y :y >- y'}, (P(y) is a set of elements in Y which are less preferred to y). 
Graph P: ={(y,y') E YxY, y' E p(y)}={(y,y') E YxY: y>- y'}. 
An other way of representing preference orders by set-valued maps is the concept of 
domination structure (ordering cone). 
For each y EYe R P , we define the set of domination factors 

D(y):= {d E R" :y>- y+d} U {OJ. 

Clearly the set-valued map D from Y to RP represents the given preference orders. We 
call D the domination structure (ordering cone). 
We need to have asymmetric domination structure D(.). That means if d E D(y), d;.t 0, 

then -d~ D(y+d) for all y. In other words if y E y'+D(y'), y' E y+D(y), then y=y' . 
As D is a preference orders (ordering cone), the set of efficient elements of a set Yin R P 

be restated as: 
¢"(Y,D) = {Y'E Y:there is no y;.ty'E Y such that Y'E y+ D(y)} 

Remark 2.2.3 
We induce a domination structure D' on X from a given domination structure Don Y as: 
D'(x)={d' ERn: f(x+d' ) E f(x)+D(f(x))\{O}} U {OJ. 
The most important and interesting case of the domination structure is when D(.) is a 

constant set-valued map, particularly when D(y) is a constant cone for all y. i.e. , when 
D(y)=D (a cone). 
D as preferences order is: 

asymmetric if and only if dE D, d;.t 0, which implies -d ~ D. Again this IS true 
if and only if D is pointed. 

transitive if and only if d,d ' ED implies d+d' ED and again this is true if and 
only ifD is convex. 

We usually take a pointed convex cone to define domination structure and write y ~D y' 

for y,y' E RP if and only if y'-y E D for a convex cone D in R P .Also Y ~D y' means that 
y'-y ED but y-y' ~ D. 
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When D is pointed y ~ D y' ifand only if y' -yE D\{O}. 

The subscript D is omitted from y ~ D y' and written simply as y ~ y' if D= R: . 
There are different kinds of preference orders. Some of them are li sted below: 

i) Pareto order: when the domination structure IS the cone R:, it is usually 

denoted by >- ,which is equivalent to :s; . 
o 

ii) Weak Pareto order: when the domination cone is D\{O} = RP = {yE R:: y>O}. 
+ 

iii) Lexicographic order: usually denoted by >:- and y >:- y' if and only if there IS 

kE {1,2 ... p} such that Yi=Yi' for all i<k and Yk<Yk·. 

iv) Order by a polyhedral convex cone: when D={d E RP : Ad 2: O} with an lxp matrix. 
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CHAPTER THREE 

SOLUTION CONCEPTS AND SOME PROPERTIES OF SOLUTIONS 

In this chapter we discuss solution concepts for multi objective optimization problems and 

investigate some properties of solution. Efficiency and proper efficiency are introduced 

as solution concepts in the first section. In the second section, existence of efficient 

solution is discussed 

3.1. Solution Concepts 

The concepts of optimal solutions to multi objective optimization problems are closely 

related to the preference attitudes of the decision makers. The most fundamental solution 

concept is that of efficient solutions with respect to the domination structure of the 

decision maker. 

3.1.1 Efficient Solutions 

We consider the multiobjective optimization problem 

(P) minimize f(x) = (f1(x),f2(x) , ... ,fp(x» subjected to XE X c Rn and 

letY = f(X) = {y: y = f(X) , XE X}. 

A domination structure representing a preference attitude of the decision maker IS 

supposed to be given as a set-valued map D from Y to RP 

Definition 3.1.1; 

A decision vector x' E X is said to be an efficient solution to the multiobjective 

optimization problem (p) with respect to the domination structure D if 

f(x') E q(Y,D). This means ifthere is no XEX such that f(X')E f(x) + D and 

f(x') * f(x) (f(x') E f(x) + D\{O}).In other words, 

(Y-f(x'»n (-D)= {O} . Or equivalently (f(x')-D) n Y= {f(x')} . 

Definition 3.1.2 

A decision vector x 'E Xis Pareto 0 ptimal (D = R: ) if there does not exist an 0 ther 

decision vector x E X such that f;(x)~ f;(x') for all i = 1,2, ... ,p and 

f;(x)< f;(x') for at least one objective function. In this case, 

(f(x') - Rnn (Y) = (f(x')} or equivalently (Y - f(x') ) n (-Rn = {O} 
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Definition 3.1.3. 

A point x' E X is said to be a weak pareto optimal solution to the problem (P) if there is 

no x E X such that f(x) < f(x ' ). That means, 

(Y - f(x')) n (-intD) = (Y-f(x')) n (-D\{O}) = (Y - f(x') n (- RP) = 0 
+ 

(if there is no another x E X such that fi(x)< f,(x') for all i = 1,2, ... ,p.) 

Proposition 3.1.1. 

Let D J and D2 be domination structures, then DJ is said to be included by D2 if 

DJ(Y) c D2(Y) for all y E Y. In this case q (Y, D2) c q (Y, DJ). 

When D is a constant set valued map (whose value is convex cone), we identify the map 

(domination structure) with the cone D. Then x' E X is an efficient so lution to the 

problem (P) ifand only if there is no XEX such that f(x') - f(x) E D\{O}; namely, x' is 

efficient if and only if 

(f(X) - f(x ')) n(-D) = {O}. This can be expressed also as (f(x') - D) n f(X)={f(x ' )}. 

The usual notation for this is that (y'- D) il Y = {y'} as Y=f(X) , y'= f(x'). 

Proposition 3.1.2 

Let D be nonempty cone containing 0, then q(Y + D,D) c q(Y,D) . Moreover 

~( Y , D) = ~(Y + D, D) ifD pointed and convex. 

Proof: 

Suppose y E q(Y + D,D) but y!i" q(Y,D). 

If Y!i" Y, then there exist y' E Y and d E D such that y = y' + d. 

Sine 0 E D, Y c Y +D implies y!i" q (Y + D, D), which is a contradiction. If y E Y and 

Y!i"q(Y, D), then there is y' such that yE y'+D(y') which implies y=y'+d, that means y 

!i" q (Y + D, D) again a contradiction to our supposition. 

To prove the second part of the proposition, let D be pointed and convex. We have 

shown that q(Y + D,D) c q(Y,D), now it left to show q(Y,D) c q(Y + D ,D). 

Suppose y E q(Y, D) but Y !i" q (Y + D, D), then there exists y' E Y + D with 

y - y' = d ' ED\{O}. Then y' = y" + d" with Y"E Y, d" ED. 

Hence y = y' + d = y"+ d"+ d' =y"+(d"+d ' )=y"+d'" E Y+D, since D is convex ( 

d'+d"=d' " E D) and d '+d" # 0 because D is pointed. 

, 
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i.e y = y"+d'" implies yil q (Y , D), contradicts to our supposi tion. 

This shows a larger set has less efficient set with respect to the same ordering cone. 

Proposition 3.L3. 

Let Y and Z be two sets in R P , and let D be a constant ordering cone on R P then q (Y + 

Z, D) c q(Y,D) + q(Z,D) 

Proof: 

Let Y E q (Y +Z, D), then y = y + Z for some yE Y, ZEZ. We have to show yE 

q(Y,D) and z E q(Z, D). 

Suppose not, there is y' E Y and a nonzero d ED such that y = y' +d 

Then y = y' + Z + d and y' +Z E Y+ Z which contradicts the supposition 

Y E q (Y +Z, D). Similarly for Z 

Remark3.LL 

The converse inclusion of Proposition 3. 1.3. is not always true. 

Example: -

Let Y = Z = {(y, . y, ):y,' + yi :-:; I} c R ' and D = R; , then 

y = (-1 ,0) E q(Y,D) and Z = (0, -I) E q(Z,D) . However 

~ ~ -.[2-.[2 
y+z=(-I,- I»( -", 2 ,-", 2) = (-2- '-2-) 

Proposition 3.L4. 

-.[2 -.[2 
+(-- --)EY+D. 

2 ' 2 

Let Y be a set in R P , D be a cone in R P and a be a positive number, then 

q(aY,D) = a q(Y,D). 

Proof: 

If a = I the statement holds trivially. 

If a,. I , then yE q(aY,D) implies there is y' E Y such that y = a y' it follows 

a y' E a q(Y,D) implies y' E q(Y,D) . 

3.1.2 Properly Efficient Solutions 

Recall that q (Y,D) is a set, that means, the decision maker has to choose an alternative 

among infinitely many optimal so lutions. So we need to have a relatively smaller size 

optimal so lution set. Although weakly (pareto) optimal solutions are important for 
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theoretical considerations, they are not always useful in practice because of its big size. 

Therefore it needs a more restricted concept than efficient (pareto optimal) so lutions, 

which are properly efficient solutions. 

The concept of properly efficient so lutions is studied and developed by different scholars 

such as Borwein, Benson, Henig, Geoffrion, Kuhn-Tucker and others. 

Definition 3.1.4 (Tangent cone) 

Let S c R P and yE S. The tangent cone to S at y, denoted by T(S,y), is the set of limits of 

the form h=lim tk(1 -y), where {tk} is a sequence of nonnegative numbers and { I} is a 

sequence in S with limit y. 

It can easi ly verified that T(S,y) is always a closed cone. 

Definition 3.1.5 (Borwein's proper efficiency) 

A point X' EX is said to be a properly efficient solution of (P) if T(Y+D,f(x '»n(-

D)= {O}. 

Proposition 3.1.5 

If a point x' E X is a properly efficient solution of (P) by definition of Borwein, then it is 

also an efficient solution of (P). 

Proof: (proof by contra positive) 

If x' is not efficient, then there exists a nonzero vector dE D such that d = f(x ')-y for 

some YEY. 

Let 
k 1 

d = (l-k)dED k for k 1, 2, 

y+d k = f(x')-d + (1-~)d = f(x')-(~)d ---+ f(x') as k ---+00 and 
k k 

k 1 
tk(y+d - f(x'»=k(-d+(1- -)d)= -d~-d ask~ oo 

k 

Hence, T(Y+D, f(x '»n (-D) .. {O}, and x' is not properly efficient. 

The converse of proposition 3.1.5 is not always true. (See example 3.1.1) 

Definition 3.1.6 (proj ection cone) 

Then 

Let S c R P • The projection cone of S, denoted by P(S) , is the set of all points h of the 

form h = (J. y, where (J. ? 0 and YES . 

12 



Definition 3.1.7 (Benson's proper effi ciency) 

A point x' E X is said to be a properl y effici ent solution of the problem (P) if 

clP(Y + D- f( x'» n (- D) = (OJ 

Since T(Y + D,J(x'» c cl P(Y + D - f( x'» , Benson's proper efficiency strengthens 

Borwein 's proper efficiency. 

Lemma 3.1.1 

Let S be a convex set and YE S, then 

T(S,y) = clP(S-y), which is a closed convex cone. 

Proof: 

It is obvious that cIP(S-y) is a closed convex cone. So it suffices to show that 

clP(S-y) c T(S,y), since the converse follows directly from the definitions. Now since 

T(S,y) is closed, we have to prove P(S-y) c T(S,y) 

Let h E P(S-y). Then h = ~(y'-y) for some ~ i'; 0 and y' E S. 

Let l = [1- (I I k)]y + (1/ k)y' and tk = jJk i'; O. Then 

t k (yk - y ) = jJ(y '- y ) . Hence / E S from convexity of S, and / -7Y and tk(/­

y) -7h as k -7 00 . 

Thus h E T(S,y), and the proof is completed. ---//--­

Theorem 3.1.1 

If x' is a properly efficient solution if (P) in the sense of Benson, it is also a properly 

efficient solution of (P) in the sense of Borwein. 

If X is a convex set and if f is a D-convex function on X, then the converse also holds; 

that is, they are equivalent. 

Proof: 

If D is a convex cone and f is D-convex on the convex set X, the set Y +D is a convex set 

(by proposition 2.1.3), hence, cIP(Y+D- [(x '» = T(Y+D, f(x'» by lemma 3. 1.1. 

Therefore, the proper efficiency in the sense of Borwein is equivalent to that of Benson. 

13 



Example 3.1.1 

{ 
2 2 < 2 Let X = (x!, X2): x , + x , = I} c R 

fl(x) = xl, f2(x) =x2, andD = R : , i.e. f=GJ:R2 ~R2 . 
Then, (- I , 0) and (0, -I) are efficient so lutions but not properly efficient so lutions (in the 

sense of Benson or Borwein). 

Let us see the example in the sense of Benson, 

X2 ::: Y 2 

, -1) 

-1 
,;t------i>- V1 = Y1 

-1 Y1 ~Y1 

Fig . 1 6) b) c) 

d) 

The projection cone of Y+D in c) is the first and the second quadrant except the non­

positive Y1 axis (of course its closure includes this axis) 

cI P(Y+D)- (0, - I)) n (-D) = cI P(Y+ R : - (0, -I )) n (- R : ) 

= {(YI, Y2): Y2 = 0, YI :O;O};t to} 
Similarly in d) 

cl P(Y+D)- (-I , O)) n (-D) = cl P(Y+ R : - (-I , 0)) n (-R : ) 

= {(y!, Y2):Y1 = 0, Y2:O; O};t {O}. 

14 



Definition 3.1.8 (Geoffrion's proper efficiency) 

Let D = R~, a point x' is said to be a properly efficient solution of (P) if it is efficient 

and if there is some real M > 0 such that for each i and each x E X satisfyi ng f;(x) < f;(x'), 

there ex ists at least one j such that fj(x') < fj(x) and 

Theorem 3.1.2. 

When D = R~ , Geoffrion's proper efficiency is equivalent to Benson's proper efficiency, 

and therefore stronger than Borwein ' s efficiency. 

Proof (see [I] ). 

We consider another type of proper efficiency, taking a multiobjective problems: 

(P') mlJ1lml ze f(x) = (fl(x), ... , fp(x» subject to 

XE X = {x: g(x) = (gl(X), ... , g",(x»;:::; OJ. 

where all f; and gj are assumed to be continuously differentiable. 

Definition 3.1.9 (Kuhn-Tucker proper efficiency) 

A point x' is said to be a properly efficient solution of (P') if it is efficient and there is no 

h E Rn such that 

(Vfi (x'),h);:::; 0 for any i = 1, . .. , p; 

(Vfi (x'),h ) < 0 for some i, 

and (Vg;Cx') ,h);:::; 0 for any j E J(x') = {j: glx') = OJ. 

Theorem 3.1.3 

Suppose that the functions f; and gj are convex. If x' is a properly efficient solution of 

(P') in the sense of Kuhn-Tucker, then it is also properly efficient in the sense of 

Geoffrion. 

Proof: 

This Theorem can be establi shed as a corollary of Theorem 5.4 and 5.5, which will be 

gi ven in Chapter 5. 
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Definition 3.1.10 (Kuhn-Tucker constraint qualification) 

Problem (P') is said to satisfy the Kuhn-Tucker constraint qualification at x' E X if, for 

any h E Rn such that (Vg/x') ,h) ~ 0 and for any j E J(x'), there exist t > 0, a vector-

valued function 9 on [0, t 1 differentiable at t = 0, and a real number ex > 0, such that 

9 (0) = x', g(9 (t» ~ 0 for any t E [0, t], 8(0) = ah 

Theorem 3.1.4 

Suppose that (P ') satisfies the Kuhn-Tucker constraint qualifications at x' . If x ' is a 

properly efficient solution of (P ' ) in the sense of Geoffrion, then it is also properly 

efficient in the sense of Kuhn-Tucker. 

Proof: 

Suppose that x ' efficient but not properly efficient in the sense of Kuhn-Tucker. Then 

there exists an h E Rn such that 

(Vf. (x') ,h) < 0, 

(Vfi (x'),h ) ~ 0 for any i = 2, ' '' ' p; 

(V g j (x') ,h) ~ 0 for any j E J(x') (Reorder the objective functions, if necessary). 

From Kuhn-Tucker constraint qualification, there exists a continuously differentiable arc 

9 (t) such that 9 (0) = x' , g(9 (t» ~ O, and 9(0) = ah. 

Consider a sequence of positive numbers {td -70. By taking a subsequence if necessary, 

we may assume that 

I = {i: f;(8 (tk» > f;(x'») is constant. 

Since, for i E I, 

f;(9 (tk» - f;(x ') = tk(Vfi (x'),ah) + O(tk) > 0 

and (Wi (x'),h) ~ 0, 

we have ( Vfi(x'),ah) = 0, iEI. 

Then, since (Vfl (x'),h) < 0, 
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f1 (x') - f1 (8(tk» 

fj (8(t k» -fj (x') 

- (Vfl (x'),uh) +o(t k ) / 

= ____________ ~/~tt~~k 
(Vfi (x'),uh)+o(t k )/ 

/ tk 

diverges to + 00 as 

k -7 00 . This implies that x' is not properly efficient in the sense of Geoffiion. 

Any properly efficient solution is, in general, an efficient solution, but not vice versa. 

However, they coincide when Y is a polyhedral convex set. 

Lemma 3.1.2 

Let Y be a polyhedral convex set, i.e., 

Y = {y: (bl,y)~ Pi,i = I , 2, ... ,m},y' EYand 

I(y' ) = {i : (bl , y') = Pi J. Then T(Y,y') = P(Y-y') = {h: (bl , h) ~ 0, for i E I(y ')} . 

Theorem 3.1.5 

Let Y be a polyhedral convex set and D be a pointed closed convex cone, then any 

efficient solution is properly efficient. 

Proof: 

Suppose that x' E X is not a properly efficient solution. Then we can prove that there 

exists a non-zero hE D such that -hE T(Y, f(x ' )), i.e., 

(b i ,-h) ~ 0 for all i E I(f(x'». 

Then for sufficiently small a > 0, (b l ,f(x') - ah> ~ Pi, for all i = 1,2, ... , m. 

Thus, f(x') - (f(x ' ) - ah) E D\{O} since ah > 0 implies f(x') > f(x') - ah , therefore and 

f(x') - ah E Y by definition ofY above. 

Therefore, f(x') '" c,(Y, D) 

3.2 Existence of Efficient Solution 

Recall that in ordinary optimization problem, 

minimize f(x) subjecttox EXc R" , 

the existence of optimal solution x' is guaranteed if X is compact and the objective 

function f is lower semi continuous. T his idea can bee xtended to vector 0 ptimization 

problem (P). 

The existence of efficient solutions requires acyc licity of the domination structure. 
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Definition 3.2.1 

A domination structure D is said to be acyclic if it has no cycle; 

That means, for n= I ,2, ... it never occurs that 

yl E I+D(I)I{O}, IE I+D(/)I{O}, .......... , y" E yl+D(/)I{O}. 

in other words, (yl -< /-< ....... -< y" -< yl should not hold.) 

Remark 3.2.1 

A domination structure D is asymmetric if it is acyclic. Conversely, every transitive and 

asymmetric domination structure is acyc lic. 

Theorem 3.2.1 

If a domination structure D on Y is acyclic, the sets D(y)I{O} are open and Y is nonempty 

and compact, then 

.; (Y,D)>' ¢ 

Proof: 

Suppose the contrary, that is 

~(Y,D)= ¢, then for any yE Y there exists y' E Y such that yE y'+D(y')I{O) . 

This shows Y c U (y + D(y) I (O}) . 
yeY 

Since the sets D(y)I{O} are open, the family of the sets {y+D(y)I{O}} forms an open 

cover ofY and Y is compact, there is a finite sub cover {yi+D(J)I{O}} (i= I ,2, .. ,n). 

Then for any i E {1 ,2, .. ,n), 

yi E y+D(I)I{O} for some j E {l,2, .. ,n). 

This contradicts that D is acycli c. 

Hence 

.; (Y,D) >' ¢ II. 

If the ordering cone D(y) is a constant convex cone D for all yE Y, the elements of 

.; (Y,D) are called cone extreme points ofY. They are characterized as 

y' E .; (Y,D) if and only if (y' -D u {O})n Y={y'}. 

lJl ordinary scalar optimization problem (D= R~ ), the existence of minimal element is 

guaranteed under the condition that Y is bounded from below and Y + R~ is closed. That 
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means, under a kind of semicompactness condition. We extend this condition to 

multiobjective optimization problems. 

Definition 3.2.2. 

Let Y be a set and D be a cone in R P • 

Y is said to be D-semicompact if every open cover ofY of the form 

{(yY - c! D/ : yY E Y,y E ,} has a finite sub cover. 

Theorem 3.2.2. 

If D is acute convex cone and Y IS a non empty D-semicompact set In RP, then 

Proof: 

Dec! D implies q(Y,c! D) e q(Y ,D) . (by Proposition 3.1.2.) 

It is enough to show the case in which D is a pointed closed convex cone. In this case, D 

defines a particular order ~D on Y as 

y l ~ Dy2 ifandonlyifi-ylED 

An element in q(Y, D) is a minimal element with respect to ~D. Therefore we can show 

that Y is inductively ordered and applying Zorn's lemma to establish the existence of 

minimal element. 

Now, suppose the contrary that Y is not inductively ordered. Then there exists a totally 

ordered set Y = {yY : Y E ,} in Y, which has no lower bound in Y. Thus, 

n ley r -D)nyj=¢. 
rH 

Otherwise any element of this intersection is a lower bound of Y in Y .Now it fo llows 

that for any y E Y, there exists yY E Y such that y il yY - D. Since yY - D is closed, 

the family {(yY - D)c : Y E ,} forms an open cover ofY. Moreover, yY - D e yY - D 

, 
if and only if yY ~ D yY ,and so they are totally ordered by inclusion. 

Since Y is D-compact, the cover has a finite sub cover, and hence there exists a single 

yY E Y such that Ye (yY - D)c . 
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However this contradicts the fact that yY E Y. Therefore Y is inductively ordered by ~D 

and q(Y, D) * ¢ by Zorn's lemma. 

It is a bit difficult to check whether Y is D-semi compact or not, we shall introduce a 

more stronger concept that is called cone compactness. 

Definition 3.2.3. 

Let D be a cone and Y be a set in R p. Y is said to be D-compact if the set (y - clD) n Y 

is com pact for any y E Y . 

Remark 3.2.2 

I) If Y is D-compact, then Y is D-semicompact. 

2) A compact set is D-compact and so D-semicompact. However D-compact 

set is not necessaril y compact. 

Example: let D= R+ 2 and Y = {y E R' : y, + y , ~ O} 

y 

(y-cl R; ) n Y 

--------------~~~-r~-r+_-----. Yl 

Here Y is not bounded, which implies not compact. But Y is D-compact. 

Theorem 3.2.3. 

Let D be an acute convex cone in RP. If Y c RP is nonempty and 

D-compact, then q(Y, D) * ¢. 
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Proof: 

Follows immediately from theorem 3.2.2. and remark 3.2.2. 

Sometimes terms of recession cones of feasible sets are used since Y is not necessarily 

convex . 

Definition 3.2.4 (Recession cone) 

Let Y be a convex set in R". Its recession cone O+Y is defined by 

O+Y={Y'ER":y+ay'EY for any yE Y and a>O}. 

Of course O+Y is a convex cone containing the origin. 

This definition can be extended to an other concept as 

{y' : there exist 

(a,}cR and {y'} c Y such that a , > 0, a, ---+ 0 and a,y' ---+ y'. 

Remark 3,2.3 

Tt is clear that y + is a closed cone and O+Y C Y+. 

On the other hand, O+Y is not necessarily closed even ifY is convex. 

Lemma 3,2.1 

Let Y be a non empty set. Then 

i) Y is bounded ifand only ifY+ = {O}, 

ii) ifY is closed and convex, y+ =O+Y. 

Lemma 3.2.2 

Let {r;} ;e l be an arbitrary collection of non empty closed sets. Then 

(nr;rcnr;+ 
ie l le I 

Definition 3.2.5. 

Let Y be a non empty set in R P , then Y is said to be 

I) D-closed ifY+c1D is closed. 

2) D-bounded if y+ n (-clD) = {O} 

Lemma 2.2.3. 

sequences 

Let 0 be a pointed, closed, convex cone and Y be a nonempty set 111 R p . Then, 

y + n (-D) = {O} ifand only if (Y + D)+ n (-D) = {O} 
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Proof: 

( .:=): Let (Y + D) + n (-D) = {OJ 

Since y+ c (Y + D) + , it is clear that y+ n (- D) = {OJ 

(=»: Let y+ n (- D) = {OJ but (Y +D)+ n(-D) *- {O}. 

Then there exist sequences 

ak -+ O,ak > O,yk E Y ,d k E D,a,(y' + d,) -+ -d *- 0 E -D. there are two cases. 

1) {akd k } has a convergent subsequence and 

2) {akd k } has no convergent subsequence. 

Case 1: by taking a subsequence we may assume without lose of generality that 

akdk -+ d'. Since D is closed d' ED. Therefore, akyk -+ -d - d', which is a nonzero 

vector in y+ n (-D). Since D is pointed and convex. Hence y+ n (-D) *- {OJ . 

Case 2: {akdk} is bounded, so {akdk} + *- {OJ . By taking a subsequence of (akdk) we 

may assume that there exists another subsequence {,ok} such that ,ok >0, ,ok -+ Oand 

Since D is closed If ED. Then 

(pkak )yk -+ -d with Pkak >0, Pkak -+ 0 

II(pkak)yk +dll=llpk [ak(yk +dk)+d)-(pkakdk -d)-pkdll 

~ Pkllak(yk +dk)+dHIPkakd
k -dll+ Pklldll 

-+Oask-+oo 

Thus we have proved that y + n (-D) *- {OJ 

Lemma 3.2.4.Let D be a convex cone and Y be a set III R P
. If Y+ cl D is D-

semi compact, then Y is also D-semicompact. 
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Proof: 

Let {(yY - clD)c : yY E Y,y E ,} be an open cover ofY. 

Let y E (y Y - clD)c with yY E Y . 

Since clD is a convex cone, y+clD c (y Y - C/D)c 

if y+d E yY - clD ,for some d E clD, yE yY - C/D ,which IS a contradiction. Hence 

{(yY - C/D/ : yY E Y,y E ,} is also an open cover ofY+clD. 

Since Y +clD is D -semicompact t his cover h as a finite s ubcover, which is 0 f course a 

subcover ofY. 

Hence Y is D-semicompact. 

Proposition 3.2.1. 

Let D be an acute convex cone in R P and Y be a nonempty set in R p. If Y is D-closed 

and D-bounded, then Y+cID is D-compact and Y is D-semicompact. 

Proof: 

Let y E Y + clD . 

Since y-clD and y+clD are both non empty closed sets y-clD n y+clD IS closed. 

Therefore, from Lemma 3.2.2 and Lemma 3.2.3, 

((y-cID) n ( y+cID» + c (y - clD) + n (y + clD)+ 

=(-clD)+(y+clD) + 

={O} since Y is D-bounded. 

Thus y-clD n y+clD is bounded. Therefore y+clD is D-compact, and so y+clD is D-semi 

compact from Proposition 3.2.1 

Hence fi'om Lemma 3.2.4, Y is D-semi compact. 

Theorem 3.2.4. 

Let D be an acute convex cone in R P and Y be a nonempty, D-closed, D-bounded set in 

W, then ,;(Y, D) i' ¢. 

Proof: 

Follows immediately from Proposition 3.2.1 and Theorem 3.2.4. 

23 ) ~ , 
/ <:j.'f' J 
.' , 



CHAPTER FOUR 

MULTIPLIERS IN VECTOR OPTIMIZATION 

Necessary optimality conditions expressed as multiplier rules are fundamental in the 

theory of optimization. Lagrange and Euler started such conditions by means of the 

differential calculus for the case in which a real-valued function is optimized subject to 

equality constraints. 

Since then much work has been done to extend these classical results to more general 

optimization problems involving both equality and inequality constraints in one hand and 

functions that are not necessarily differentiable on the other hand. 

There are different methods to obtain multipliers. In the case of scalar optimization 

problems containing finitely many inequality and equality constraints it needs to shift, the 

analysis of the given problem from the space in which the domain of the objective and 

constraints functions li es to the image space of the vector-valued function. 

In this paper Breckner's multiplier rule-so called derived sets is used. There are some 

optimality conditions related with the theory of derived sets . We deal with a vector­

minimization problem by taking K as ordering cone and introducing new term called K­

derived sets. 

This topic constitutes two sUbtopics. The first introduces new concepts such as K­

derived sets and optimality conditions. The second deals with existence of multipliers in 

vector optimization. 

4.1. Basic Concepts of Multipliers 

In ordinary non-linear optimization Lagrange multipliers playa central role for finding 

optimal solution of a given minimization problem. 

(P) minimize f(x) subj ect to X ES 

S = {XEX: g(x) $0 and hex) = O} . 
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If x· is a so lution for (P) and be regular with respect to S, then there exists a A E R:' and a 

j.J E R p such that 

[f' (x ,)]T+ AT g' (x')+ j.J T h ' (x ')=0 and 

Aigi (X') = 0 , i E {l, 2, .'" m}. 

Where g: U <;;;R" -7Rm, and h: U <;;;R" -7 RP are differentiable 

and 

8f(x) og, (x) og , (x) oh, (x) oh, (x) 

ox, ox, aXil ox, aXil 

f'(x) = ,g'(x)= ,h'(x) = 

of (x) og", (x) og", (x) oh P (x) ohp(x) 

aXil ox, aXil ox, aXil 

(see [5]: Optimization and Theory of Approximations:Section4.4.3 . Theorem 1) 

Here we see the vector-minimization optimization problem in a way different from the 

above forms. In previous chapters we have seen that the objective function 

f: R" -7 RP without constraint functions. Now we tum our discussion to these functions 

and multipliers. And we consider the problem as a whole as fo llows. 

Consider the optimization problem. 

[

f.. (X): 
Let X be a non-empty subset of a topological space and f(x) = ~x) :X --+ R'" , where, 

~(x) 

K] <;;; R"" ,K2<;;; R"" ,KJ<;;; R"" , are convex cones (ordering cones) , for which intK] '" ¢, 

intK2'" ¢ , while K2 and K3 are closed convex cones. 

The problem is: 

qx) -7 K]- mm subject to S = (x E X: f2(x) E - K2, f3(x) E - K3}, 

(where f](x)-7K]-min is equivalent to mean f](x)-7min with respect to the ordering cone 

K). 

Let L:= (YEK2'; <y, hex»~ = o}, with K]', K2' , K3' describe the respective dual cones 

ofK], K2 and K3. 
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According to the convention constructed above every vector yE Rm is interpreted as the 

. I ( ) R11I[ RI1I2 Rill ) d K K Rm tnpe y = YI,Y2 ,Y3 E X X an K:= Kl x 2X 3 ~ . 

Definition 4.1. 

A point Xo E X is said to be 

i) a weakly pareto KI-minimal point for the function fl over S if XoE Sand 

(fl(xo)- intKI)n fl(S) = ¢; 

ii) a local weakly pareto KI-minimal point for the function fl over S if xoE Sand 

ifthere is a neighborhood V of xo such that (fl(xo) + intKI) n fl(Sn V) = ¢. 

We try to formulate multipliers in relation with new terms called K-derived cones. 

Definition 4.2. 

The tuple {db d2, ... , dm+d of points in Rm is called a D-derived convex cone for fat Xo if 

there exists a number r > 0, a function w: B:'+I ( r) -7 X 

(where B:'+I( r):= {xEB:'+ I ,llxll~ r }) , and a function P=(PI,P2'P3): B:HI( r) 

-7 R"" XR"'2 XR"" such that the following conditions are fulfilled: 

I) f(w(t))- f(xo)- (t ld l + e d2 + ... + tm+l dm+l) - K 'VI =(1 1 
, • • • ,lm+l) E B:'+I (r) 

2) w(O) = Xo and w is continuous at o. 

3) There exists YIO E K I ,Y~ E K , so that for each E: > 0 there is a number 

r£ E (0, r 1 such that pJI) E E: y~ - K p p, (I) E E: Y~ - K , (respectively) 

4) P3 (0) = 0 and P3 is continuous. 

Multipliers rul e can be deduced using a simple separation theorem. 

For this let us see the concepts of separation of sets . 

Definition 4.3 

A subset H of R n is called a hyper plane if it is represented as 

H= {x E Rn: (x,x ') = fJ} , for nonzero x ' E R" andfJ E R .In this case, x· is call ed a 

normal to the hyperplane H. Moreover, the sets 
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o 

H - (res.H ) = {X E R" : (x,x,) 5, (resp. <)f3} 
o + 

H +(resp.H ) = {X E R" : (x,x ,) <! (resp. » f3} 

are called closed(resp. open) half spaces associated with hyperplane H. 

Definition 4.4 

Let Xl and X2 be nonempty sets in Rn. A hyperplane H is said to separate Xl and X2 if 

X, c H +and X , c H - (or X, c H -and X , c H +). 

It is said to separate Xl and X2 properly if, in addition, Xl U X2 cz: H. It is said to 

separate Xl and X2 strongly if, there exists a positive number & > 0 such that 

X l+ &B C H + and X2+& B C H - ( Xl + &B C H - and Xl+&B C H +). 

Proposition 4.1 

Let X, and X2 be nonempty sets in Rn. There exists a hyperplane separating X, and 

X l properly if and only if there ex ists a vector x' such that 

i) inf{ (x,x') : X E X,} <! sup{(x ,x'): x E X , } 

ii) sup {(x, x') : x E X,} > inf{(x,x' ) : x E X , } 

There ex ists a hyperplane separating X, and X l strongly if and only if there exists a 

vector x' such that 

inf{ (x ,x') : x E X ,} > sup{(x ,x'): x E X ,} 

Theorem 4.1 

Let X ,and X2 be non empty convex subsets of Rn. There exists a hyperplane separating 

X,and Xl properly if and only ifriX, n riX, = ¢. 

Theorem 4.2 

Let X,and Xl be nonempty, disjoint convex sets. If X,is compact and Xl is closed, then 

there ex ists a hyperplane separating X, and X2 strongly. 

4.2. Existence of Multipliers 

In optimization problems multipliers playa central role to get optimal element (set). As 

we indicated earli er we are trying to extend the existence of multipliers of single 

objective problems tom ulticriteria problems. C onceming th is i dea we h ave a theorem 

that states the ex istence of a multiplier vector in so lvi ng vector optimization problems. 
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The proof of this theorem can be given in two ways: proof without using the theory of 

nonlinear inequaliti es and app lying separation theorem. The main target of this chapter is 

to prove the fo llowing: 

Theorem 4.3 

Let XoE X be a local weakly minimal point for the function f, over S and let D c Rm be 

K-derived convex cone for f at Xo. Then there exists a mUltiplier vector 

A = (A" A2 , AJ ) E K,' XK2 'xKJ ', A * 0, such that 

(A, d ) <: OVd E D , 

(A2 ,/, (xo» = 0 

For the sake of proving the multiplier rule (theorem 4.3), first let us state the following 

proposition (called Breckner's assertion) 

Proposition 4.2. 

Let to be a vector in Rill, let k be a closed convex cone in the space RP, and let 

F: R'" -7RP, be a continuous function, differentiable at the origin, satisfies the following 

conditions: 

i) F(O) E -K, 

ii) F'(O)(to) E -K , 

iii) F'(O) [R m]-K= R P. 

Then there exists a sequence {an} (n = 1,2, . . . ) of positive numbers with lim a, = 0, and a 
II ~OO 

sequence {tn} (n = 1,2, ... ) of vectors in the space R'" with lim!" = to such that 
,,~<I) 

F(antn) E -K Vn. 

We state and prove the following lemma to be used in the proof of the Proposition4.2. 

Lemma 4.1. 

Let U c Rm be a non-empty convex and compact set, let A:U -7 RP be a continuous 

function, B: R'" -7RP be a li near function , and let K be a convex c losed cone (ordering 

cone) of the space RP Then the set-valued mapping r:U ---+ 2u given by 

r(u) = {if E U : A(u) E B (U) - K } possesses a fi xed point for every u E U, the set r (u) 

is non-empty. 
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Proo( 

We have to check that the assumption ofKAKUTANI'S fixed-point theorem is fulfi lled. 

That is the mapping , to be closed, and the image , (u) to be convex and closed for 

every UE U. 

a) For closedness of , : 

Consider two converging sequences {un} cU and {u,.} c U with 

UII er(u,J Vn Or equivalently A(u) E B(u,,) - K 'd n . 

Let u:= lim u" and u = lim u" . 
11---t 00 11--+ 00 

-
Then UEU and U EU (since U is closed) 

By continuity of A and B and by the closedness of K, 

A(u) EB(u)-K, 

That means U E , (u) . 

b) For convexity of, (u): 

Let UE U be fi xed. Consider two arbitrary points u, and u, in ,(u). 

Since U is convex, A. U, + (1 - A. )u, E U 'If A. E [0,1] . Furthermore 

A(u) = A. A(u) + (1- A. )A(u) 

E AB( u, ) + (1 - A. )B(u, ) - K 

= B(,1.u, + (1 - ,1.)u,) - K 'If A. E [0,1] (Because B is linear) 

Hence ,1.( u,) + (1- A. )(u, ) E ,(u) for all A. E [0, 1] 

c) For closedness of , (u): 

Let u E U be fi xed. Consider a converging sequence {u,.} c ,(u) with u = lim u" 
II---too 

Since U" E U for all n and by closedness ofU, we have u E U. 

From A(u) E B(u,,) - K, by continuity of Band closedness of K, it follows 

A(U)E B(u ) - K , which means U E ,(u). 
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Remark 4,2: 

The above lemma 4.2 is still valid, even if the linearity of B is rep laced by 

K-concavity. 

Proof:_ (of Proposition 4.2) 

If to = 0, the proposition is fulfilled trivially taking {tn} = {O, 0, ... } and arbitrary 

sequence {an} of positive numbers converging to zero. Now we assume to;t O. 

Let U" = {u E R'" : llull ~ _1 } for every natural number n = 1, 2, .... It is easy to see that 
2n 

Un is convex, closed, and bounded for each n, and hence compact. 

By linearity of F'(to)(.) and condition (iii), the set v" =-(F'(to)[u,J+ K) IS a 

neighbourhood of the origin ofRP. Taking into account 

lim~l [F(x)-F(O) -F'(O)(x)] =O, we find a constant 0" > 0 for every n, such that 
Holl~1 

F(x) - F(xo)-F'(O)(x) Ellxllv" \ix:llxll <s", 

Hence we have 

F(x) E F(O)+ F'(O)-l lxll(F'(lo)[U,,]- K) 

=F(O)+F'(O)(x)-llxIIF'(tol[u,, ]- K \ix: llxll<s", \in 

By (i), this implies 

F(x) E F'(O)(x)-llxIIF'(lo)[U,,]- K \ix : Ilxll < 0", \in 

Let {a..l be a sequence of positive numbers converging to zero with 

O<a"~s,, \in.From 

to < lito II II 11< 1 1 -II-II+ U --11-11+ U _-+-< 1 2 10 2 to 2 2n 

to 
weget a'.(21Itoll +U) <0" \iu E u",\in.Sofrom(1)wehave 

(1) 

(2) 

F( a"(2;:oll +U)) E F'CO{ a"C21!:oll +u))-a" C2;:011 +u) F'(to)[u,,] - K 

= 2~1:('(O)(l o ) + aJ '(O)(1I) - aJ'(lo{11(211:oII + 11) 11""] - K 'VUE ll n ,'r:i n 
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By (ii), we have 

2~'~r('(O)(tO ) E -K 'Vn; 

10 
andby(2) (2 11/ o ll + U)U"~ U ,, 'V n E u", 'V n , 

Hence it holds that 

. --"-2"" Now let TI/ . Un ----r be the set valued mapping for every natural number n, defined 

by: 

Due to (3), each UEUn for every n, the set T,,(U) is non-empty. 

In addition the mapping F l a " (211:oll+ .) ) - a n F'(O)(.) IS continuous and the 

mapping - a"F'(O)(.) is linear 

Applying lemma 4.1 , for every n the mapping T" has a fixed point Un E Un fulfill ing 

UnE T" (un), that means 

(4) 

Therefore, the sequences {an} and {tn } defined by 

a" 
a" := 211 l ol1 

'lin 

'lin have the property claimed in the proposition. 
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Remark 4.3 

An additional complimentarity condition (,13 ,13 (xo » = 0 can be derived, which is not 

given in theorem 4.3.In this case theorem 4.3 can be reformulated as: 

Let Xo E X be a local weakly KI-minimal point for the function fl over S and let DER
m 

be an K-derived convex cone for f at Xo. Then there exist a multiplier vector 

,1 = (,1",1" ,13 ) E K;xK;xK; ,A *" 0 such that 

(,1,d) ~ OVd E D, 

(,1,,/, (xo» = 0, 

(,13'/3 (x.» = O. 

A Direct Approach by Using a Separation Theorem 

Breckner's Multiplier rule can be deduced using a simple separation theorem. In proving 

for the ex istence of a multiplier vector the main idea we have to show is that the derived 

cones constructed at an optimal point never contain a vector belonging to the interior of 

the ordering cone. 

For simplicity of the proof, we take K 3 = {o 111 3 } , any problem that fulfi lls the 

requirements stated initially can be reformulated equivalently. As we have mentioned 

above the main task we have to do is that the following proposition is true. 

Proposition 4.3 

Let Xo E X be a local weakly KI-minimal point for the function fl over S and let DE R m be 

an K-deri ved cone for fat Xo. Then there exists a sequence {bk} c Rm 

(k = I, 2, ... ) convergmg to zero, such that 

Dn(- bk -(K lxL'x{OIll,} » =¢ Vk (5) 

Remark 4.4: 

Property (5) implies the ongm of Rm being an extremal point of the system 

{D, (-KI )x( - L ')X{OIll,} } 

Since D n (-bk - (KlxL'x{O""}» = ¢ V k, 

there IS a closed hyperplane that separates the convex sets D and 

Hence, there exists a multiplier vector ,1k fo r each k 
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Ak = ( Ak"Ak"Ak,) E R""xR "" xR "", 11,1,,11 =1, fulfilling 

(A"d)~O VdE D 

<~ ,y)~<~ ,bk ) 'v'YE~ 
I I I 

<-\ ,y) ~<-\ ,b~) 'v'y Et 
Since the unit ball in finite dimensional space is compact, the sequence {A,} IS 

convergent. Let it converges to A = (AI ' ,1,2 ' A) E R "" xR "" xR "" , A oF 0 with 

<~,y)~ O 'v'YE~ 

<~,y)~O 'v'YEt , Since b, ~O,k~oo 

Hence, ~ EKI' ,A2 E L c K ; and (A2 ,f2 (XO»=0 

If so, it only remains to prove the assertion of Proposition 4.3, but to do thi s we require 

some additional conditions. Whence we state the following lemma with out proof (see 

[6]). 

Lemma 4.2: 

Let DERm be a K-deri ved convex cone for a function f: X -7Rm at XOES. If 

there are some dl E- intK\, and d2 E- intL' with (d\, d2, d)) ED V d, ER"', then there 

exists a sequence {xn} E X (n = 1,2, .. . ) converging to Xo such that 

fl (xn) - fl (xo) E - intKI V n 

f2(xn) E - K2 Vn 

f)(xn) = 0 V n. 

Now we are in a position to proof the main proposition. 

33 



Proof: (o f proposition 4 .3) 

Taking a vector b l E intK!, and a vector b2 E intL' one can always fi nd a vector b, E R m, 

to b l and b2 such that 

[

bl +KI] 
- b2b~ L' n D = ¢ , if not so, we would have 

Th"" ,",re i, d" ,b,- K,,, -i,OC" "d d" -b,- L" ,,- i"L" w"h [ ~J ' D Vb , R' . 

But by lemma 4.2, there must ex ist a sequence {xn} E X converging to Xo such that 

fl(xn) - fl(xO)E - intKI Vn 

fi (xn) E - K2 Vn 

f3(xn) = O Vn. 

[

b
l +KI: 

But thi s contradicts the local K I- minimality of Xo. Hence we have - b2b~ L' nD = ¢. 

Theo <h, "q""~ {b,) c R" d,O,ed by b, " : [~l { k " 1, 2, .. ,) """g'" '" " re 

and fulfill s property (5) in proposition 4.3. 
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Corollary 4.1 

Let XoEX real or complex normed linear space that does not reduce to its origin) be a 

local weakly Pareto solution of f satisfying the following conditions: 

i) Xo is interior to X; 

ii) f is Frechet differentiable at Xo; 

iii) there exists a number r>O such that f3 is continuous on B(xo,ro) n x. 
Then there exists a vector ;( E R'" \ {O} such that 

III! 11/2 IIIJ 

2>l;i /'~(Xo)+ L ,l,;J ;i(XJ+ L ,l,;J ,'i(XJ =O 
i=1 

Proof: Seer?] 

4.3. Regularity Conditions 

A multiplier rule is usually associated with a condition called regUlarity. A regularity 

condition ensures that the multip lier corresponding with the objective function does not 

vanish. 

We did not have this condition 111 theorem 4.3. Next we state Hestenes regularity 

condition. 

Theor em 4.4 

Let the assumptions of theorem 4.3 be fulfilled. 

a) If there is a vector c E intKl with 

(-c, 0, 0) E D + K ]xL'xKl, then for the multiplier ,l, in theorem 4.3,the first 

component, can be chosen as A, = 0 

b) If there is an arbitrary vector C E Rill, with 

(-c, 0, 0) ,,; D + K]xL'xKl , then a multiplier,l, in theorem 4.3 can be chosen as A, '" 0 

Proof: 

a) Since (-c, 0, 0) ED + K]xL'xKl, there is a vector (x ], X2, Xl) E K]xL'xKl such 

that 

(-c, 0, 0) - (x ], X2, Xl) E D 
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Let 2 be the multiplier In theorem 4.3. Then it follows that 

(2, (-c,0, 0) -(x" x" x 3D <! 0 

Since A, E K; ,2, E K; ,23 E K;, we have 

(A,t> c) = -(A" (-c,O,O) 

::; -(A,,(Xt> X2,X3) 

= -(..1], X]) - (Az, X2) - (..13, X3) 

::;0 

On the other hand (2" x) <! 0 'Vx E K , , hence (A,t> c) = 0 

cE intK\ implies that ..1] = o. 

b) Every such vector can be written as 

(- c, 0, 0) = x - A, with 

X E 0 + K ,xCxK , 

and (A"X) = 0 . 

It follows A, '* 0, otherwise (- c, 0, 0) = XED + K ,xL·xK , . 

< / 

Due to D ,;; D + K ,xL' xK ) or [D + K I xL" xK ) r ,;; D' implies A E D' hence 

(A"d) ;:: 0 'v'd ED 

Due to K,xCxK , ~ 0 + K ,xCxK, or [0 + K,xL'xK,j' ~ K;xL xK;, 

we have Moreover it IS clear that 

(A,I'C) = -(A"(-c,O,O) = - (A"X) + (..1,..1) = 11..1112> 0 

Assuming A, = 0, we would get the contradiction. 
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CHAPTER FIVE 

KUHN-TUKER CONDITIONS FOR MULTI OBJECTIVE PROBLEMS 

The chapter deals with the Kuhn-Tucker conditions for a given multiobjective 

optimization problem: 

(P) minimize f(x) = (fl(x), .. "." ... , fp(x))T 

Subject to xEX = {xE R": g(x) = (gl(X), ............... 'gm(x))T ~O} with 

ordering cone D = R: 
We prefer to see the chapter in two parts. The first section discusses some concepts that 

are needed in the proof of the main idea of the chapter. The necessary and sufficient 

conditions for existence of proper efficiency (pareto optimality) wi ll be di scussed in the 

second part of the chapter. 

5. 1 Characterization of Efficiency and Proper Efficiency by Scalarization 

In this section we develop the concept of scalarization for efficient and properly efficient 

points. The efficient point ofY with respect to a convex cone D is denoted by c,(Y,D) as 

before. 

That is y'Ec,(Y,D)ifa ndonlyif (Y-y') n (-D)= {O} (or empty w hen D d oesnot 

contain the origin). 

The set of all properly efficient points ofY in the sense of Benson is denoted by 

p (Y,D) where D is a closed convex cone. 

y' E P (Y,D) if and only if clP(Y+D-y') n (-D) = {O}. 

The characterization of efficient (properly efficient) points is scalarization by vectors in 

polar or strict polar cone of the domination cone. 

Let S(~,Y) = {y' :< ~,y'> = inf{<~,y>:y E Y}. 

S( ~,Y) is the set supporting points ofY with the inner normal vector ~. It is obvious that 

S( a~,Y) = S(~,Y) for any a>O. Hence we may normalize ~ as 11,u11 = I . 
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Let 

Ij/(Y, D) = U S()1, Y) and Ij/ ' (Y,D) = US()1, Y) 
pED!iO JI€DO\ {O) 

From these 

Ij/ (Y, D) C Ij/ '(Y, D) . 

For investigation of the relationships between p(Y, D) (or C, (Y,D)) and Ij/ (Y,D) (or 

Ij/ '(Y,D) we state the following 

Theorem 5.1 

IfD is closed convex cone inR P
, then for arbitrary Yin R P

, 

Ij/ (Y, D) c p(Y, D) 

Proof: 

Let)1 E DSO and y' E S()1 ,Y), If we suppose that -d E clP(Y+D-y' ) and dE D, 

then there exist sequences {I} c Y, { dk
} C D and {bk } c R such that bk 2 0 and bk 

(i +dk -y' )-7 -d as k-7 CIJ . 

Taking the inner product with )1 ,we have 

limb, {( ()1, y ') - ()1, y' ) + ()1, d ')} = -()1, d ). 
,~OO 

Since y' E S ()1 , Y), dk E D, and )1 EDso
, the left hand side is nonnegative, So 

< )1 , d >~D and hence d = 0 

Thus we have estab li shed that 

clP(Y+D-y') n (-D)= {O} 

That means y' E p (Y, D) , II , 

Theorem 5.2: 

If D is a convex cone and Y is a set in R P , then 

Ij/ (Y, D) c C, (Y, D). 
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Proof: 

Suppose y' E Ij/ (Y, D) but y' '" ~(Y, D). 

If y' ",Y, then it is clear that y' '" Ij/ (Y,D),so assume y' E Y\~(Y,D), and there exists a 

y* E Y such that y'-y* E D\{O} 

Then for any fL E DSo, 

(fL, y '- y*) > 0 

Thus 

y' '" Ij/ (Y, D), as was to be proved.!l. 

Theorem 5.3 

IfD is an acute convex cone and Y is a D-convex set in RP, then 

S(Y, D) C Ij/ , (Y, D). 

Proof: 

Let y' E ~ (Y, D). From proposition 3.1.2, y' E~ (Y+D, D) and so 

(Y+D-y')n (-D)={O} (or ~ when D does not contain the origin). 

Applying the separation theorem, we have the existence of a nonzero vector fL E R P 

such that 

( fL ,y+d-y') i:; 0 for all y E Y and d E D, 

( fL ,-d ) ~ 0 for all d' E D. 

From the latter, fL E DO and from the former, ( u, y) i:; (u, y') for all y EY, since we 

can take d=O( or as nearly equal to zero as desired). Thus we have established that 

y' E S(fL ,Y)clj/ ' (Y, D). 

This completes the proof.ll . 

Corollary 5.1: 

Let D be an acute, open, convex cone and Y be a D-convex set in R P • Then 

~(Y, D) = Ij/ '(Y,D) 

Proof: 

In view ofproposition.2.1.2, Dso=DO\{O} when D is open. 
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Hence 11/ (Y, D) = 11/ ' (Y, D), and the corollary directly fo llows from theorem S. 

5.2 Necessary and Sufficient Conditions 

In chapter four we have seen certain conditions for the existence of multipliers. Now it is 

time to derive necessary and sufficient conditions for optimality under the assumption 

that every f;( i=1.. .p) and giCj= I , .... ,m) is continuously differentiable. 

Theorem 5.4 

Let x' E X be a properly efficient solution to (P) in the sense of Kuhn-Tucker, then 

there exist 11' E R P and /t' E R'" such that 

i) (u', V'f(x') + (/t ' , V' g(x') = 0 

ii) (/t ' ,g(x') = 0 

iii) J1.'> 0, /t' ~O 

where (J1.', V'f(x') and (/l " V'g(x') stands for I;=1 J1.iV'/i (x') and 

Proof: 

From Kuhn-Tucker definition of proper efficiency, there is no h E R OO such that 

(h, V'fi(x') ;'2 0 (i=I , ... ,p) with strict inequality for at least one i and 

(h, V'gj(x') ;'20 j E J(x')={j:gj{x')=O} 

Then, from Kuhn-Tucker theorem of alternatives, there exist 

Il'j > 0 (i=I, ... ,p) and /l 'j ~ 0 (j E J(x')) 

such that 

I;=l J1.iV'fi (x') + I /l'jV'g j (x') = 0 
jEJ(X') 

Letting /l 'j=O for j il J(x'), we can immediately establish the theorem.!/. 

In ordinary optimization problems we know that the sufficient condition for x' E X to be 

the efficient solution is that X is convex, and the objective function is convex. In case of 

vector objective optimization problems (P) a sufficient condition for x' E X to be a 

properly efficient so lution is given in the following theorems. 
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Theorem 5.5 

Let x ' EX, the functions f and g (for alii ,j) are convex, and t here exist Jl' E R P and 

;t' E R m such that 

i) (Jl ', 'Vf(x'» + (A', 'Yg(x '» = 0 

ii) (A' , g(x'» = 0 

iii) A' ~O , Jl' >0 

Then x' is a properly efficient solution of (P) . 

Proof: 

The condition in theorem 5.4 implies that f(x') E S(Jl' ,Y) so also f(x') E !f(Y,D) and 

hence, from 

Theorem 5.1, f(x') E !f(Y,D) c p (Y,D) 

That means x' is a properly efficient solution of (P)'// . 

Weak optimality conditions play an interesting role in the theory of vector optimization. 

The necessary and sufficient conditions for x' E X to be a weak pareto optimal solution to 

(P) is discussed as follows ; 

Theorem 5.6 

Suppose that (P) satisfies the Kuhn-Tucker constraint qualification. Then, a necessary 

condition for x' to be a weak Pareto optimal solution to (P) is that there exist Jl' E R P and 

;t' E R m such that 

i) (Jl', 'Yf(x'» + (A', 'Yg(x'» = 0 

ii)(A',g(x'» = 0 , 

iii) ;t' ~ 0 , Jl' ~ 0 

Proof: 

Let x' be a weak Pareto optimal solution of (P), 

We proof that there is no h such that 

('Vfj(x'),h)<O i= l , ... ,p 

('Yg j(x'),h) ~O j EJ(X ')={j:gj{x' )=O}. 
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Suppose to the contrary, that there exist an h satisfying the above inequalities. From 

Kuhn-Tucker constraint qualification, there exists a continuously differentiable arc OCt) 

(O~t~ t ) such that 0 (0) =x, g(O(t» ~O and e(t) = ah (a > 0) as 

I, (B(t» = I, (x') + t(V I, (x'), ah) + OCt) 

Since (VI, (x') , h) < 0 for all i = 1, 2, ... , p, then I, (B(t» < I, (x') for t sufficiently small. 

This contradicts the weak Pareto optimality ofx' .//. 

Theorem 5.7. 

If every function f; (i = 1, 2, ... , p) and gj (j = 1, 2, ... , m) is convex, the condition in 

theorem 5.6 is also sufficient for x' E X to be a weak Pareto optimal solution to (P). 

Proof: 

The condition in theorem 5.6 implies that f(x')E S(,u',Y) , where ,u'E R: \ {O}. Since in 

view of corollary 5.1 , S(,u' ,Y) c S'(Y,intRn under the convexity assumption, x' IS a 

weak Pareto optimal solution of (P) '//. 
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