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Preface 

Widely used techniques of solving optimization problems are penalty and Lagrange 

methods. The methods indicate candidates for the so lution depending on properties of 

objective function and a feasible set .In some conditions numerical comparisons among 

the candidates is the only way to determine the solution. 

Relaxation method is an iterative method for approximating the solution of 

optimization problems numerically. 

This seminar paper consist three chapters. The first chapter introduces the notion of 

relaxation process and explains the behavior 0 f convex and strongly convex f unctions 

with respect to relaxation sequences. The second chapter is mainly about estimation of 

relaxation process of convex and strongly convex functions. Chapter three comprises 

different techniques of constructing relaxation sequences. 

Finally, I would like to thank Prof. Dr. R. Dellllllich , my advisor, for his will ing to 

provide materials and for many valuable discussions and suggestions with regard to 

various improvement of the paper. 

Abiyot Aye\e 

Addis Ababa, Ethiopia 
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Chapter 1 

Introduction 

1.1. The Notion of Relaxation Process: 

Consider the problem of minimizing <p: X ~ ~\. The procedure of constructing a 

sequence of points (Xk) is called a relaxation process if 

xk E X and <P(Xk+l) ~ <P(Xk) k E No · 

In what follows we shall always assume that the so lution set of the original problem is 

non empty. When investigating convergency of relaxation process we shall also assume 

that (x,,) is an infinite sequence and consequently, it' s all points lie out side of the 

solution set. 

1.2.Auxilary Materials 

We shall consider several auxiliary assertions as a necessary apparatus for 

investigati ng the convergence of a relaxation procure. 

Definition 1.2.1: A differentiable function f on a set X is said to be of lass CI,I(X) iff 

there is a constant L > 0 such that for any x, y E X with [x, y 1 c X, 

IIf'(x) - f'(y) II ~ L II x - L II is holds . 

Example 1.2.1. 

Let X: = ~n, f: U~~, U <;;; 9in be convex 

[(x): = (Ax, x ) + (p , x) 

where A is a symmetrical positive definite n x n matrix, 

" 
f'(x) = I (2Ax + p, ej) ej 

11= 1 

" " 
11f'(x) - f'(y) II = II I (2Ax - p, ej) ej '" I (2Ay + p, ej) ej II 

1'=1 I=1 

" 
= II I (2A(x-y) ej) ej ll 

j= l 

" 
= I 1I(2A(x-y), ej) ed l 

) =1 

" 
= I 12(A(x-y), e j)1 

)= 1 
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" 
~ L: 2 1IA(x-y) 11 

j=1 

~ 2nl lAl llix - yl l 
There fore f E CI ,I (X) 

Lemma 1.2.1: Iff ECI,I (X), then for any x, y elements of X such that [x, y] e X 

f(x) - f(y):2: ( r(x), x _ y) _ L Ilx _ y112, holds. 
2 

Proof: Since fE C I,I (X). 

Let F(t) = fey + t(x - y)), t E[O, 1]. So F is differentiable, by mean value Theorem for a 

function F of one variable, 

F(1) - F(O) = F'(t) for some t E (0, 1) , 

this implies f(x) - fey) = (f(y + t(x - y)), x - y) 

I I 

So f(x) - f{y) = Jf(x) - f(y))dt = f(l'(y+t(x- y)),x- y)dt 
o 0 

I 

= (f(x), x - y) + f (1'( y + t(x - y)) - f'(x),x - y)dt 
o 

I 

:2: (r(x), x - y)- f ll f'(y+t(x- y) - f'(x)llllx- Ylldt 
o 

By Couchy - Swartz inequality and by definition of class CI ,I (x); 

I 

f(x) - f(y) :2: (f'(x), x - y) - JL II(y+t(x- y)-xllllx- Ylldt 
o 

I 

= (f'(x), X - y) - A JL lt - llllx- y ll' dt 
o 

I 

= ( f'(x) , x - y) - Lllx - yl l J(I - t}it 
o 

L 
= (f'(x), x - y) - -llx- YII· 

2 

Consider, X c;;; <),n , Y c;;; 9,n such that Y c;;; X and X '* Y, Let f: X -t <J1 satisfying fey) = ° 
for all 

y E Y. Consider an arbitrary sequence (Xk) c X such that f(x k) k .... ~ ) ° . 

2 



Given € > 0, we introduce the set UE := {x EXI d(x, Y) :-:; €}, were d(x , Y) is the distance 

between the set Y and the paint x. i.e. d(x, Y) = min d(x , y). In our case d(x, Y) = min 
yeY ye f 

Ilx - yll · 

Theorem 1.2.1: Let X <;; 9, ", Y <;; 9," such that Y <;; X and X # Y. Let f: X <;; 9, ", such 

that 

1. fey) = 0 for all YEY 

2. there is an arbitrary sequence {Xk} <;; X such that f(Xk) k~~ ) 0 

3. for any € > 0 there is 0 = o(€) > 0 such that f(xk) ~ 0, for all Xk EX\UE. 

Then d(xk, Y) k~~ ) 0 . 

Proof: 

From 3. of the supposition , for any € > 0 there is 0 = o(€) > 0 such that f(xk) ~ 0 

whenever, XkEX\UE. 

It's contra positive is stated as , 

XkEX\UE whenever f(xk) < 0, 

hence d.(xk, Y) :-:; € whenever f(X k) < 0 and also from 2. for o(€) > 0, there is ko(€) > 0 

such that f(x k) :-:; 0, for all k ~ ko(€). 

Hence we see that d(xk, Y) :-:; €, for all k ~ ko(€) this shows d(xk, Y) k ~ ro ) 0 . 

Remark1.2.1: We consider the application of Theorem l.2 .1 to the study of convergence 

of relaxation fo r minimizing a functi on on a set X. Consider the set, 

Xo := {x EX I h (x) :-:; h (x)} and the set X* c Xo of points where the necessary conditions 

fo r local minimum of the function h are fulfill ed. 

Assume we know the function f such that f (x) > 0 fo r all x E Xo\X' and f (x ') = 

0, for all X*EX*. 

Let the inequality h (Xk) - h(Xk+l) ~ f(Xk) fo r all XkEXo\X* hence 

h (Xk) - h(Xk+l) ~ f(Xk) > 0 kENo impl ies h(xo) > h(Xl» . .. > h(xk) > h(Xk+l » .... 

Hence {h (Xk)} is monotone and bounded sequence, 

lim [h (Xk) - h (xk+d = lim h(xk) - lim h(Xk+l) = 0 
k~OC) k -H/) k -H~) 

h(xk) - h(Xk+l) ~ f(xk) > 0 

So, lim f(xk) = o. 
k~~ 

3 
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If f satisfi es condition 3. of Theorem 1.2.1, we have d(xk, X*) = 0, i.e. the sequence (Xk) 

converges to a local minima of the function h on X 

Theorem 1. 2.2: If 

1) <p is convex function of class C l 
, I (9jn), 

2) X* = {x* I <p*(x*) = O} '# 0, 

3) for any E > 0 there is 8 = 8(E) > 0 such that 1I<p'(x) lI 2: 8 for all x such that 

d(x , X*) = IIx - p* lI2: E, 

then, any sequence (Xk ) C Xo = {x l<p(x) ~ <p(xo)} satisfies IIXh - Pk *1111 ~ 11 < 00, k ENo, 

where p* and p; are best approximations ofx and Xk with respect to X*, respectively. 

Proof: <p has a minimum value on 9tn , 

x* EX* implies <p'(x*) = 0 

Subgradi ent inequality imply, for all x E9jn 

<p(x) - <p(x*) 2: (<p'(x*), x - x* ) = 0 , 

hence <p(x) 2: <p(x*), for all x E9in 

Put <p(x*): = <p* (The minimum valve of (p on mn) 

Let C: = <p(xo) - <p* , for the sequence (Xk) C Xo , 

<P(Xk) - <p* ~ <p(xo) - <p* = c < 00 , kENo , 

by the condition 3. of the Theorem, for an E > 0 and index k such that 

4 



hence by he conditions 3. of the Theorem [[ <p'(Yk) [[ <! 8(E). 

() * > () ( 8 <p'(y, )) k N <PYk - <P-<PYk - <PYk- - · II , II ' E 
L <p(y,) 

Applying Lemma 1.2.1 to the right side of inequality we obtain, 

_ * > ' 8 <p'(y, ) _ ~ 8 <p'(y, ) ( ) 
, 

<p(Ykl <p - <P (y,) , L 11<p'(y, )11 2 L 11<p'(y, )11 

8, 8' 8' 8' 8' 
= -11<p (y )11 - - <! ~ - - = - > 0 

L ~ 2L L 2L 2L >. 

Assume the Theorem is false. i.e. there is a sequence(xk) C;;; X such that 

d(xk'X*) --> 00 . 

Since <p* = <p (p; ) [ as <p is convex and p; EX*]. 

<P(Yk) ~ Ilx, ~ p;11 <P(Xk) + [1-llx, ~ p;IIJ <p(p; ) 

= <p* + (<p(x,) - <p *), II ~ 'II 
~ x, p, « 

Hence lim <P(Yk) ~ <p* + lim II E.C 'II <p* , 
k~a:) k - -H;rJ X

k 
- P k 

which is a contradiction to the result in (a) of the proof. II 

Remark 1.2.2: 

The set X* in the above Theorem is closed and convex. 

i) convexity: 

Let XEX*, YEX*, z: = Ax + (1 - A.)y A.E(O, I) 

<p(z) ~ A.<p(x) + <p(y) (1 - I) = <p(x), since <p(x) = <p(y) 

5 
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hence cp(z) + cp(y), which implies ZEX' 

so, convexity of X* fo llows 

ii) Closeness: 

Let (x~) ~ X' be a convergent sequence such that x;' ---+ x. 

Nowcp(x)=cp 1lim xk )= lim\p(x, ) =cp* 
'* -.<0 k--+<'J 

hence XEX*, closeness ofX* , follows, 

The above theorem plays an important ro le in justify ing the rate of convergence of 

minimization method fo r convex functions. Since these estimates are essentially based 

on conditions that Ilxk - p;'11 is bounded. 

Consider the graph of funct ion of one-variab le as shown below 

IR 

IR 

graph 

X : = [0,00), Y; = [0, I), f: [0,00) ---+ m such that fey) = 0, for all YEY. 

Let (Xk) be a sequence in X such that I < Xk < Xk + I , kEN and f(xd 
k+-oo ) 0, but 

d(xk ,r)= IXk -11 k ..... '" )00 ,wh ich v iolates the condition 3 .. of Theorem 1.2. 1 . Hence, 

bounded ness of X is material. 

We now investigate the properties of the sets X and Y , and the function f that 

guarantee the fu lfi llment of the condition 3, of Theorem 1.2 .1. 

T heorem 1.2,3: 

If I. the set X ~ 9," is bounded and closed, 

2. f: X---+9l is continuous and fey) = 0 for all YEY, f(x) > 0 fo r all XEXW '" 0, 

then for E > 0 there a = aCE) > 0 such that Xk EXIU, implies f(xk) ~ a. 
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Proof: 

Assume the theorem is false . 

i.e. there is a sequence (Xk ) ~ X\U, and an E > ° such that f(X k) '->~ ) 0. 

Since x, ~U, implies d(x, ,Y) ~ E , , 

So d(x, Y) = d ( lim xk ,y) = lim d(xk YJ ~ E , 
1-+00 I , -)ow I 

hence XEX\Y. The continuity [implies 

f( x, ) i->«» f(x), , 

Since (f(Xk)) is convergent sequence, f(x) = 0, which implies x EY. Is a contradiction. II 

Theorem 1.2.4: If the set Y (Y c X) of accumulation points of a sequence (Xk) c X is 

fin ite (Y = {Y I, Y2, . . . , Ym}), lim Ilxk - xk+dl = ° and lim d (Xk, Y) = 0, then the sequence 
k~~ k~~ 

is convergent 

Proof: Uo(Y): = {x EX Id(x, y) ~ o} 

Case 1. m = I , i.e. Y = {y} 

d(Xk, Y) = Ilxk - y ll h~) ° 
hence lim Xk = Y ,so (Xk) is convergent. 

,->~ 

Case 2. m > 1, Let 0 = min Ily; - Yjll > 0, i, j = 1, 2, .. , m from the condition 
i~j 

, ->~ ) 0, we have an index ko(o) > 0, such that d(Xk, Y) ~ 0 , for all k ~ ko , 
4 

which implies XkE Ua (Yi) = {x EXI d(x, Yi) ~ 0 } for some i E {J , 2, .. . ,m}and hence 
- 4 
4 

Xk E U a (Yi )\ik ~ ko(oo). 
4 

From the condition Ilxk - xk+dl ,->~ ) ° for 0 > ° there is ko > ° such that 
4 
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WOLG ko = max {k'o, ko}. 

Since y, is the accum ulation point of the sequence , there is a subsequence (x., ) 

which converges to YI. So, there is x" E U , (y , ) for some k l 2 ko. 
, 

For any j E {2, 3, ... , m} 

IIYj - x" " II = II (Yj - YI) + (YI-X,; ) + (x,; -x,; +1) 11 

211Yj - yi/I - II (YI - x,;) + (x,; -x,; + 1) 11 

000 
> 0- - - - =-
- 4 4 2' 

There for IIYJ' - x, +1/1 2 ~ > ~ for allj E {2, 3, ... ,m} . 
, 2 4 

Hence x,; + I !l U , (y j) j E {2, 3, . . . m}, and for all k 2 ko(o) XkE U , (y ,) for all k; 2 ko. 
4 "4 

XkE U , (y, ) for all k 2 ko ( by induction on k), hence Xk k ~~ ) YI. II 
, 

Remark 1.2.3 . 

Observe the following property of convex function of real vari able, which IS 

differenti able. 

Let f: 91 ~ 91 , and tl E~H , t2E 91. 

Since f is convex it satisfies subgradiant inequali ty, 

(j'(tl), t2 - t l) ~ f(t2) - f(t l) 

<-1'(t2), t2 - tl) ~ f(t l) - f(t2) 

adding eq (1) and eq (2) we have 

(j' (t l) - l'(t2), t2 - tl) ~ 0 

Implies (1'(t l) - l'(t2)) (t2 - tl) ~ 0, since tl < t2, I'(tl) ~ l'(t2)' 

(I) 

(2) 

Theorem 1.2. S. If f is convex and differentiab le function on a convex set X and the set 

Y: = M (f, X) is bounded, then for all e > 0 there is 0 = O(e) > 0: Vx EXO\UE(y) : III'(x) 112 

0, where UE(Y) = {x ld(x, Y) ~ e} and M(f,X):={x If(x) ~ f (y )Vy EX} . 
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Proof: Let G be a boundary of U,(Y) . 

LetG I = GnX. 

(a) G1 is bounded and closed set, 

(i) To, show whether G1 is bounded: 

Let x EG1. Implies x EG, hence d (x , y):O; E, for some y* EY. 

Since Y is bounded Jlxll - Ily*11 :0; Jlx - y*11 :0; E, this shows Ilxll:O; E + Ily*11 :0; E + Mo, 

(Mo is the bound of Y) so, G1 is bounded. 

(ii) To show whether G1 is closed : 

Let (Xk) be a sequence in G1 such that Xk ~ X. 

d(x, Y) = d(limXb Y) = lim d(xk, Y) = E . Implies x EG1, hence G1 is closed. 
k~oo k~oo 

Since G1 is closed and bounded [i .e. compact] and f is continuous, f possesses 

minimum on G1. For arbitrary fixed y E Y, 

1:, : =min (f(z) - fey)) > 0 
zeGI 

Let x EX\U (Y) and Let y EY 

U,(Y) 

d(x, G1) = liz - xii, for some z EG 1 . 

Ily - zll :0; II x - YII, since Y <;; U,(Y) and y E Y. 

Implies 0 < IIY - zll :0; I . 
Ilx-YII 

Let z' : = IIY - xii x + (I Jy -xll)y. 
Ilx - YII Ilx - YII 

d(z',Y) = min Jlz' - yl l 
YEr 
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= mm (1IY-Zllx +(IJY - ZII)yJ _y 
yer Ilx -YII Ilx - YII 

= mm (1 Jy-zll)(x_ y 
ye r Ilx -YII 

= min Ily - zll = E . 
),EY 

There for z' E G. 

So we have ZEG n [y, x] for all x EX\U, (Y) and y EY. Let liz - yll = 11 < 00, since 

X n U,(Y) is bounded and f is convex, 

F(A): = fez + A(Z - y)) is convex and differentiable hence, 

AI < A2 implies F(AI) :'> F'(A2) (Remark 1.2.3), which implies 

(f'(z + AI(Z - y)), (z - y) :,> f'(z + A(Z-y). 

If AI = 0 < A < 1, we have (f'(z), (z - y) :'> (f'(z + A(X - y)), Z - y), hence 

x = Z + A(Z - y). Since Z E[y, x], 

~ :'> fez) - fey) :'> (f'(z), Z - Y ) :'> (f'(x), Z - y) 

:'> 11f'(x) 11 liz - yll :'>l1l lf'(x) ll· 

Implies .; :'>11f'(x) 11 ,there forchoose 0 = .; . II 
ry ry 

Assume that for a relaxation process in Theorem 1.2.2 it is proved that lim d(xk, X*) = 
k~~ 

O. 

If the set X* of points oflocal minima of the function (jJ is finite and the condition 

lim Ilxk - yx+ dl = 0 is fulfilled , then Theorem 1.2.5.implies the entire sequence converges 
k~~ 

to a point x* of local minimum ( depends on choice of xo). Now we consider some 

conditions guaranteeing the fulfi llment of the result Ilxk - xk+dl k~~ ) 0 . 

Definition 1.2. 2: A function f call ed linearly non-constant on a set X if there are no two 

different point 's x EX, y EX such that [x , y] c X and fez) = f(x) fo r all ZE [X, y]. 

Example 1.2.2: Let f: X ~ 9'{, be strictly convex and X (;; 9'{ n be convex. 

For any x, y EX, [x, y] (;; X , 

Z: = XA + (1 - A)Y, AE(O, 1] 

10 



fez) = f( h+(l - A)Y) !> H(x) + (1 - A)f(y) . 

W OLG Assume fez) = fey) , so fez) !> H(x) + (l -A)f(z) , implies fez) < f(x) 

Hence f is linearly non-constant. 

Example 1.2.2: f: X ~ 91 be a function satisfying the condition fez) < max {f(x), fey)} 

for all Z E(X, y) . 

Definitionl.2. 3: A sequence (Xk) C X is said to be strongly lowering for a function f on 

the set X if[xk, Xk+'] C X and f(xk) ~ fez) ~ f(Xk+'), for all z E[Xk, Xk+']. 

Theorem1.2.6: If a function f is continuous and linearly - non constant on a closed and 

bounded set X, then any strongly lowering sequence (Xk) satisfies the condition 

lim x Ilxk-xk+,11 = o. 
k~oo 

Proof: Assume the Theorem is false, i.e. there is E > 0 and a subsequence ( x k' ) of (Xk) 
I 

such that 

II x, - xk II ~ E > 0, for all i > 0 
1+1 ] 

Since X is bounded (xk ' ) has a convergent subsequence (Bolzano-wearistrass 
I 

theorem) . 

WOLG we take ( x,, ) as it is a convergent subsequence and we have lim x,; =: x and ..... ~ 

lim X " +I = : Y . 
..... " 

Ilx - yll = II lim x,; - lim x,;+, II = lim II x,; - x,,+, 11 ~ E 
1-)0') 1-t00 I-JoGO 

Since X is closed and [x" - x,,+,] C X implies [x, y] eX. 

As f is continuous on X [compact -set] f has both minimum and maximum value 

and moreover (Xk) is strongly lowering sequence for f, hence (f(Xk)) is a monotone and 

bounded sequence. 

Consequently for the subsequence V(xk, )), 

lim (f( x,; ) - f( x,;+ ,)) = 0 
i -')CIJ 

11 



° = lim (f( x,;) - f( x. )) = f( lim x,; ) - f(lim X .i+ l) = f(x) - f(y) which contrad icts the 
I~OO 1+ 1 )-)00 J-+OO 

linearl y - non constant ness of f on X . 

Lemma1.2.2. If a sequence (flk) is such that flk - flk+l ~ 'k ~ 0, then 

flm :S flo [1 + flo IT. ]-1 , mEN. 
k"'O 

Proof: flk > O, flk-flk+ l ~ 'kfLi for k EN 

. I' fLk 1 1 fL 2 k 1 Imp les -- - ~ + 'k -- ~ 

fLk +1 fL hl 

", - I [1 1] ", - I 
Implies I --- ~ IT. , 

' =0 fL k+ 1 fl . <=0 

1 1 1/1 - 1 

implies --- ~ IT, 
Jim Po ke D 

1 1 III - I 

-~-+ IT, 
Jim Po k:: O 

I [ m-I] 
= - l+fLoIT, , 

flo ' =0 

imlies - ~ - 1+ fLo I" . 1 1 [ m-I] 
filii I-L o k=O 

Remark 1.2.4: h: =[0, I) ~91 by h (x) = In(1-x) + x, x E[O,I) 

- 1 -x 
h'(x) = - + 1 = -

I-x I -x 

x = ° and x = 1 are critical points and also end paints of the interval .h attains 

maximum value at, x = ° i. e. h(O) = ° is the maximum value ofh for all x E(O, 1). There 

for In (1 - x):S - x, for all x E[O, 1). 

12 



Lemma 1.2. 3: If a number sequence (~k) is such that ~k - ~k+1 ~ 'tk~k , ~k ~ 0, then 

~m ::; ~o exp [ - ~ r" l m EN . 

P f . I' I Ji.k+l roo: ~k - ~k+ 1 ~ 'tk~k Imp les - -- ~ 'tk . kENo. 
Ji., 

Since ~k ~ ~k+1 > 0, I ~ Ji. k+ l > 0 for all k ENo. 
Ji., 

But I - 'tk ~ Ji.k+ l > O. 
Ji., 

Therefore 0 < I - 'tk ::; I for all k ENo . 

Implies 

Hence ~ I ::; (I - 'to) ~o 

~ I ::; (I - r,) ~I ::; (I - 'to) (I - 'tl) ~o 

III-I 

~m::; (1 - 'to) (I - 'tl) .. . (I - 'tm-I) ~o = ~o TI (1- r" ) 

= ~o exp {In[il (I-rh )]} 

= ~oexp {"I'ln( 1-rll J} 
k=O 

::; ~ exp, {-~ - r " } m EN. II 

k=O 

Theorem1.2.7: Let f: X --+ 91" be convex and differentiable on a convex set X and Let 

the set Y = Na(f) be bounded . 

If a sequence (Xk) C X is such that II !'(xk)11 ,~OO ) 0, then lim d(xk, Y) = 0 . 
,~OO 

13 



Proof: 

(i) first we need to prove the bounded ness of (Xk) . Assume it is not bounded, i.e. 

Ilxkll---o> co. There is E > 0, and an index ko, such that XkEX\U.(Y). 

To make clear; 

Let M be a bound ofY 

Ilxk - yll ::; lIyll + Ilxkll::; M + Ilxkll = : E . 

Since Il xkl l ---0> co, there is ko > 0: E < Ilxkll, for all k ;:>: ko. Hence Xk EX\U,(Y), for all k ;:>: ko. 

There for X * U,(Y). 

By Theorem 1.2.5 there is 8 = 8(E) > 0: \iXkE X\U,(Y) : 11f'(Xk)11 > 8 > 0 \ik;:>: ko, 

Which is a contradiction to the assumption, 11f'(Xk) 11 k~oo) 0 . 

Let Pk be the best approximation of x with respect to Y. Since both Y and (Xk) are 

bounded, there is 11 > 0 such that Ilxk - p kll ::; 11 < co. A s f is convex b y subgradiant 

inequality, 

0 ::; f(x k) - fey) = f(Xk) - f(Pk)::; (f'(Xk), Xk - Pk) 

::; 11f'(Xk)llllxk - Pkll ::; 11 11f'(Xk)1I 

implies f(Xk) k~oo) fey) 

Since (Xk) is bounded, there is a convergent subsequence (Xk, )(Bolzano-Wearistrass 

Theorem) there for f (xk, ) ; .... "') f(y). Since (f (Xk)) is a convergent sequence, more 

over 

f (Xk) k~OO) f (y) and is f continuous too, 

lim d(xk'Y) = O. II 
k~oo 
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1.3 STRONGLY CONVEX FUNCTIONS 

Definition 1.3.1 <p := X ~ 91 is said to be strongly convex if there is a constant p>O such 

that for any x and y elements of X such that [x,y]cX and any UE [0, 1] , 

Example: 1.3.1 

Let rp:m" ~m 
rp(x) = (Ax,x) + (p, x) , p Em n and A is a positive definite symmetrical matrix. 

Let AE [O,l],XEm,YEm. 

Now rp(Ax + (i - A)y) = (A (Ax + (i - A)y), Ax + (i - A)y) + (p,Ax + (i - A)y) 

=A2 (Ax, x) + n(J - AXAx,y) + (J - A)2 (Ay,y) + A(p,X) + (J - AXp,y) = 

[A(Ax,x) + A(p,X)]+ [(J - AXAy,y) + (/- AXp,y)]+ A2 (Ax, x) - A(Ax,x) 

+ (J - AY (Ay,y) - (J - AXAy,y) + n(/- A(Ax,y)) 
= Arp(X) + (I - A)rp(y) + A(J - AXAx, x) + A(A -1XAy,y) + n(J - AXAx,y) 
= Arp(X) + (/- A)rp(y)- A(1- AXA(x - y),x - y). 
Since A is appositive definite, there is p > 0 such that 

(A (x - y),x - y) ~ pi Ix - yf, implies 

rp(Ax+ (1- A)y):-:; Arp(X) + (J - A)rp(X)- A(J - A)pllx _ Y112 . 
Remarkl.3.I: Strongly convex functions are strictly convex. 
Lemma 1. 3. 1: If I. rp :=X ~ 91 is strongly convex, 

2. X 0;;; m" is closed and convex, 

then for any point y E X the set X 0 := {x E X I rp(x):-:; rp(y)} is bounded. 

Proof: Let yE X be arbitrary. Obviously rp is continuous as it is convex. Sincerp IS 

strongly convex there is p ~ 0 for any x E X and y E X such that, 

rp(ax+(J - a)y):-:;arp(x)+(J-a)rp(y)- a(J -a~lx - YI1 2, for all aE [O,l ] By 

continuity of rp for p > 0, There is c > 0, such that Irp(x)- rp(y ~ :-:; p, whenever 

x E U = {x E X Illx - YII < c }. 

15 



Let XE X \ U. Then Ilx - YII > 6, and hence a = Ilx ~ YII < 1. Strong convex ity of rp 

impliesarp(x) ~ rp(y + a(x - y)) - (1-a )rp(y) + a(I - a )pllx _ Y112 . 

(2) 

z:=y+a(x - y).So Ilx - YII=lly -a(x - y~1 =allx - YII = 6, 

therefor ZE U, and hence rp(z) ~ rp(y)- p. (3) 

From (2) and (3) it follows that arp(x) ~ - P + arp(y) + a(1 - a )pllx - yf 

Therefor rp(x) ~ rp(y) + pllx - Y(llx - YII- b'+ D ' 
If X 0 is unbounded, there is a sequence (Xk) C Xo such that Ilxk II k-->", ) co. 

Implies rp (Xk ) k-->", )co , then we get ko (Y)E N such that rp (Xk ) ~rp(y) for k ~ko (Y) . 
This contradicts the assumption Xk E Xo, for all kEN. II 

Lemma1.3.2: If rp is strongly convex on a convex and closed set X, 

then !.for all x EX, Ilx - x f ~ 2. (rp(x) - rp(x' )) is fulfilled , 
P 

Proof: 

2. if rp E C' (X), then 

i. for all x, yE X,(rp' (x)-rp'(y), x- y) ~ pllx- yf 

ii· llx - x'il ~ ~lIrp'(x l 
P 

iii . 0 ~ rp(x)- rp(x' ) ~ ~lIrp'(4 
P 

Where x 'EM (rp, X). 

I. Strong convexity of rp and the assumption x' E M(rp, X) imply 

rpk) ~ rp( x + x *) ~ ~rp(x) - rp(x' )- ~ pi Ix - x f , 
2 2 4 

which implies Ilx - x'I12 ~ 2. (rp(x ) - rp(x' )) 
P 

16 



From convexity and di fferentiab ility of rp it follows, 

~ pi Ix _ YI12 ~ (rp'(X), x ~ Y) + (_ rp'(y), x ~ Y) 

=~(rp'(X)-rp'(y), X~Y) , 
hence pllx - YI1 2 ~ (rp'(x) - rp'(Y), x - y). 

ii . From i . above (rp'(x) - rp'(y)x - Y) ~ pllx - yr Since X*EX and rp'(x' )=0, 

(rp'(x), x - x') ~ pllx - x' r. By couch- Schwarz inequality, 

pllx - x 'I12 ~ (rp'(x ),x - x') ~ IIrp'(x ~lllx - x 'il 

By uniqueness ofx*·llx - xii * o. 

Hence Ilx -x'II~ ~ llrp'(xl 
p 

ii i.rp (x) - rp(x · )~ (rp'(x),x-x') ~ Ilrp'(x~lllx-x' l l. Combining with the result in ii.we get 

O ~rp(x) -rp(x' )~~ lIrp'(xl II 
p 

Definition 1.3.2: Let rp : 9"1 " ~ 9\. A function rp ': = 9"1" ~ 9"1 defined as 

rp' (y):= sup {(y,x)-rp(y)} isaconjugateo f (jl . 
YE91" 

We will consider the following Theorem with out proof. 

Theorem1.3.1: Le rp: 9\" ~ 91 be convex and has a gradient mapping Lipschitzian with a 

constant L > 0 on 9"1": For all (x/,x2 ) E 9\" x 9"1", 

II rp' (x/)- rp'(xJ ~ Lllx/ - xJ 
Then rp' is convex on each convex subset of domain of rp' . 
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Example 1.3.2: IV (x ) = Ilxll + e -N , x E 91" . 

, _ (I-e-H ) " 
Now IV (x)- IIxll x, xE 91 

, 
, _ , _ [,,(~ _V -e+~ ) J2]2 ._ 

=> IIIV (x) IV (Y~I- i~' IIXIl vi IIYII Vi ,x.- (v" ... ,v,,}and 

Y'= (v" ... ,v,, ) . 

. "l-e+
1 

( 1-e-
1X1 J (l-e+

IJ . Smce \fxE 91 IIxll <1, IIxll v,- IIYII Vi ::;jv,-Vil ,IE{J, ... ,n) . 

Therefore 

, 
[ " 2]2 

::; i~)Vi - Vii 

=lIx-YII· 

Therefore IV E C'.I(91"). 
Now IV' (y) = SllP~y,x)-lIxll-e+! }YE 91" 

xE~H n 

Let h (x):= (y, x) -lIxll- e -Ixll,x E 91" and (y E 91" is arbitrary but fixed). So h is concave 

and differentiable. 
1_e-11xl 

h'(x) = y - IIxll x 

1-e-!xI 
h'(x) = 0 => Y = IIxll x (a) 

_l_e-llxll. _ ( -N) 
=> (y,x)- IIxll (x ,x ) -lIxIl1 -e (b) 

_ 1- e-ix~. _( -H Y 
And (y, y )- IIxll (x,Y) -l-e } (c) 

h attains its maximum value for those x satisfying condition (a) above .Hence from 
condition (b) and (c) above and Theorem 1.3.1 

IV' (y) = ~IYII-1 x,. -lnV -lIyll)] is strongl y convex for y E 91" and IIYII < 1 

18 
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CHAPTER 2. 

THEOREMS ON ESTIMATES 

In this section we consider estimates for the rate of convergence of relaxation 
minimization process of a general type irrespective of their specific realization. It is 
important that the estimates are valid only for convex optimization problems. 

Thus, through out the section it is assumed that the rp: =X ---+ 91 and the feasible 

region X are convex. 

Notations. rp ' =minrp(x),X'={X EXI rp(x)srp(y)\iYEX}, 11k =rp(xk) -rp', 
XEX 

d (Xk ,X' ) = IIXk - p; II, where p: is the beast approximation of the point Xk 
, 

on the set X . 

The convexity of rpimplies O<l1k s(rp'(Xk),Xk - p;), 
For all Xk: q:>(Xk) '" rp ' . 

Theorem 2.I.If 
1. rp := X ---+ 91 is convex and differentiable, 

2. X is convex and closed, 
3. X'",0, 
4. (Xk) is a relaxation sequence, 

then 

11k -11k+! =rp(Xk)- rp(Xk+/) 

= ~(Xk)-rp(Xk+:)2 (rp'(x),xk - p;) 
(rp (Xk ),xk - Pk) 

~ rp(xk)-rp(Xk+/ )2
11

;. 

(rp' (Xk),Xk - p;) 

19 
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The last inequality above fol lows from condition (2.1). By LemmaI.2.2. and 

T .= <p(Xd-<P(Xk+l) " .=<p(x )_<p' 
~ k . 2 ' rm . m 

\ <P'(Xk), Xk - p~) 
the conclusion of the Theorem fo llows. II 

The estimate (2.2) is of non-constructive character, since its right-hand side involves the 
unknown projection on to X· .Ifthe inequality (2 .2), then the relaxation process is weakly 

convergent (i.e. q:>(X/II ) /11->00 ) q:>'). In thi s case the strong convexity of <p guarantees the 

strong convergence of the process (x m /11->00 ) x' ) . To investigate the convergence of 

relaxation process using formul a (2.2) one should be able to estimate fro m below the 
ratio, 

q:>h )- q:>(Xk+/) 

(q:>'(Xk),Xk -p;/ 
Theorem.2.3: 

If 1. X:=9i, 
2 .<p: =X~9in is convex and differentiable, 

3. Xo :={xlq:>(x),,; q:>(xo )} is bounded and diam X , = 77 < 00, 

4. (Xk) is a relaxation sequence, 
then 

Proof: Since <p is differentiable and P:, XkE Xo for each k EN , 

implies (q:>'(xk ),Xk - p; ),.; 11q:> '(xdliixk - p;ii,.; 77 11q:> '(Xk ~I,· 

Hence 

inequality we get the result in (2.3). II 

(2.3) 

Remark .2.1: If there is an index mo such that q:>(X/II' » q:>(X/II,+I ) ,implies 

/II-I q:>(Xk )- q:>(Xk+/ ) 
L: 2 >0, 111 =1110+ 1 ,1110+ 2 , . . . 

k=O 11q:>'(xk ~I 
the inequality in (3 .3) becomes, 
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( ) _ • < fl5 [m-ICP(Xk) -cP(xk+/)]-1 _ CPXk cP - 2 I 2 ,m-mO+l,mO+2, .... 
17 k=O IICP' (Xk ~I 

For convex functions of class Cl.l (in") the condition that "Xo is bounded" can be 

weakened by replacing it by the conditions of Theorem 2.5. 

Theorem 2.4: 
If l.X :=91", 

2. cP E Cl.l (91" ) is convex, 

3. X\ t0, 
4.for any & > 0 there is 6 = 6(&) > 0 such that IIcp'(x ~I > 6 for all x 

Proof: 

withd(x,X'Hx-p'II~& , 

5. (Xk) is a relaxation sequence, 
then the estimate (2.3) holds. 

Let Xo .= Na (cp ),a .= cp(xo), X· = \Xlcp(x) = 0) and {Xk h; Xo· 
Since X· is convex and closed , 

'dxk E Xo3Pk EX' .' d(Xk'X')= Ih -p;11 

By Theoreml.2.2. there is llE91+\{O}such that Ilxk - Pkll::;17, for all kE No· 

(cp '(xk ), xk - Pk) ::; Ilcp'(xdlllxk - Pk II::; 17llcp'(xdl ' k EN 0 

implies (CP' (Xk)' xk - Pk) 2 ::; 17 2 I1cp'(Xk r . 
The assertion of the Theorem follows from Theorem 2.2. II 

Theorem 2,5 : 

If I . cp:= 9~" ~ 91 is strongly convex and differentiable, 

2.(Xk) is a relaxation sequence, 
then 

cp(x )_ cpo ::; fl exp[- /i' CP(Xk)- CP(Xk+1 )]-1 
'" 0 k=O IICP'(Xk ~12 

,mEN 

and 

II 
'1122 ["~/CP(Xk)-CP(Xk+/)] x", - X ::; - flo exp - P ~ 2 

P k=O IICP'(Xk ~I 
,mEN, 

where p is a parameter of strong convexity. 

21 



proof: ,uk :=qJ(xk)- q.>' ~ 0 , Tk := P qJ(Xk)- qJ(~k+I) ~ 0 

IlqJ '(Xk ~I 
_ ( ) ( ) _ qJ(Xk)-qJ(Xk+I ) 11 '( ~12 

implies ,uk - ,uk+I - qJ xk - qJ Xk+I - IlqJ'(xdI2 qJ Xq . (2.4) 

Since qJ isstronglyconvex,,uk =qJ(Xk)-qJ' :-;~llqJ' (xdI2 
P 

holds by Lemma 1.3.2. From condition (2.4) and the last inequality we get 

> qJ(Xk)-qJ(Xk+I) 
,uk - ,uk+I - P IlqJ'(X

k 
~I ,uk 

(2.5) 

Again by Lemma 1.2.3. Ilxk - x'I12 :-; l..- ,uk .The conclusion of the theorem fo llows from 
P 

Lemma 
The estimates above allow one to accumulate, during the computation process, 

information about the rate of convergence of qJ(x",) (oqJ ' or in case of strong convexity 

x'" to x' .We note that as long as the order of magnitude of the ratio 

qJ(Xk)- qJ(Xk+ I) 

IlqJ '(Xk ~12 

is not lower than o(l /k) ,the relaxation minimization process remains convergent. 
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CHAPTER 3 

DESCENT METHODS 

In chapter 2. and chapter 1. we have seen the general properties of functions, which allow 
the convergence of relaxation sequence and give an estimate for them. Here we wi ll 
construct such sequences using descent techniques. 

Thus we wi ll consider the solution of the problem of minimizing a function tp.' 91" -+ 91. 

The descent method consists the following procedure of constructing the sequence (Xk) 

(i) Xo E 91 " is arbitrarily chosen. 
(ii) Xk ,k~ 1 is constructed recursively as follows. 

1. a direction of descent - Sk at the point Xk is se lected. 
2. the (k+ 1 )th approximation is found by the formulas 

Xk+J =Xk- P kSk, \fk ~ 0 
(3 .1) 

In relaxation methods the choice of - Sk and the parameter P k is so as to satisfies the 

ineql1ality<p(xd~ <p(xk+,),k E No . The parameter Pk usually called the step length or 

simply a step. 
3.1. Choosing the step length. From the formu la we can see P k determines the distance 
between Xk and Xk+1 .In this section we assume - Sk as it was already selected. Now we 
wi ll see three methods for selecting the step at each iteration. 
3.1.1. Duplication method. The procedure of the method is as follows . 

(i) we take Pk=Pk_l,if <P(Xk+I )< <P(xk),we either pass to the next iteration s or 

(ii) 

(ii i) 

(iv) 

~ k= P k+1· if <p( Xk» <p( Xk 11),the duplication process continues until the 
decrease stops. 

I 
If <pC Xk+ I) ~ <pC Xk), then we take P k= - P k-I. 

2 
1 1 

If <pC Xk- - P k- I Sk)< <pC Xk), Xk+l : = Xk- - P k-I Sk and pass to the next iteration. 
2 2 

1 1 
If <pC Xk-Z- P k-I Sk) ~ <pC Xk), P k= '4 P k-I and the process continues. 

3.1.2:0ne dimensional optimization method for selecting a step. 
Ij/( fJ)= tp(xk - fJsk ),fJ E [0,00). 

Since -Sk is a direction of descent of <p at Xk we expect P kE M(Ij/,(O, oo) ). Hence Pk>O 

and Xk+I:= Xk- P kSk. 
We introduce a new parameter A. in order to strengthen the inequality <p( Xk+I) :> 

<pC Xk) with respect to the chosen P k as follows: 

<pC Xk-P kSk) :> (1- A.k )tp( xk ) + A.kCOk 

(3 .2) 

where co k = ill! tp( xk - fJs k) 
p>o 
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and Ak:-:; <P(Xk)-<P(xk +l) E (0,1] . 
<p(X k) - ffik 

So, condition 2 and theorem 3.3 imply 

<p(x m) - <p(x *) :-:; flO[1 + fl ~ II I <p(x k) - (P( \ k+1 ) j_1 

11 k=O 11<p'(Xk)11 

< [ fl o 11 - 1 <P(X k) - ffikj _1 
- flo 1+2 z: Ak 2 

11 k=O 11<p'(Xk)11 

The last inequality shows the increase or decrease of the parameter Ak in the feasible 

manner affects the rate of convergence of the sequence (<p(xk)) to the minimum value 

<p(x*). 

3.1.3.Numerical implimentable condition for selecting the step (note in the sense of 
sec.3.1.2) 
Let Q be a proposition such that 

Q(fJ):=<P(Xk)-<P(Xk - (JSk)? qfJ( ((J'(Xk),Sk ), q > O,fJ >O. (3.3) 

As -Sk is a direction of descent of <p at Xk, ( <p' (Xk ), S k ) > a and consequently 

<p(x k) - <p(x k - ~Sk) ? 0 for all ~ ? 0, which satisfi es the condition (3.3) . 

fJ k := max{fJIQ(fJ)} , 
/1>0 

and hence Xk+1 :=Xk +~kSk . 
The question is that weather a real number ~ ? ° , such that Q(~) is true exists. The 
following corollary assures the existence of a positive number sati sfying condition (3.3) 

Corollary 3.1 : Let <P E CI,I (91" ) ,let -Sk be the direction of descent of <p at Xk 

and q E(O, I) , then 

- :=2(1- )(<p'(Xk),Sk) 
fJ

k 
q Llhl1 2 

satisfies condition (3.3) . 
proof: Applying Lemma 3.(chap. 2.) obtain 

<p(xk )- <P(Xk -PkSk )?' Pk(<P'(Xk ),Sk) - ~ Nih 112 

= Pk[(<P'(Xk ),Sk)- ~ Pk llsdl2
] 

=qPk(<P' (Xk ),Sk ) . 

Moreover fJk > 0 and q > 0 . II 
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Condition (3.3) can be rewritten for certain qk E(O, I) and the corresponding 
calculated fJk as fo llows: 

tph )-tp(Xk - fJkSk )?' qkfJk (tp '(Xk), Sk) 
(3.4) 

By (tp '(Xk),Sk ) > 0 we get 

(tp '(Xk),Sk)=cosBk IItp '(xdlhll ' where 

Lemma 3.1: 

If 1. tp E CI.I (9~n ) and Co $ tp(x) ,'ix E 9~n , 

2. the sequence (Xk) constructed by the fOlmula (3.1) and sati sfies 
condition (3.2), 

Proof: From condition (3.2) and the definition ofinfimurn , 
tp(xk) - tp(Xk+/)?' ,{k (tp(Xk ) - aJ k) 

=,{k(tp(Xk )- in/ tp(Xk - fJSk)) 
p>o 

?',{k (tp(Xk) - tp(Xk - fJs k)) 
By Lemma 1.2.3. and by definition of a k , 

tp(Xk) - tp(Xk+/ )?',{k (tp(Xk)- tp(Xk - fJsk)) 

?',{k( fJ(tp'h),Sk)- ~ fJ 2h112) 

=,{k ( fJak Iltp'(xdlllskll - ~ fJ2 11sk112) . 
The inequality holds for all fJ E 91 + . Fortunately the ri ght side expression is a quadratic 

form with respect to p with a leading coefficient - L lis k 112 , also the inequality holds true 
2 

where the quadratic expression attains its maximum value . There 

for the assertion of the theorem follows. 
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Lemma .3.4 ; 

If I . rp E CI.I (91 /1) and Co :5 rp(x) 'Ix E 91/1 , 

2. the sequence (Xk) is constructed by formula (3.1) and sati sfies condition (3.4), 

then rp(Xk) - rp(Xk+/ ) ~.£.Yka/llrp'(xdI2, where Yk =2qk (J -qk ) and 
L 

qk E(O, I) . 
proof; Since Pk is the maximum number sati sfying the inequality in (3.4) and by 

- (rp'(Xk),Sk) 
corollary.(3.1) , fJk~ fJk=2(1- qk) 2 ' 

Lhll 
rp(Xk ) - rp(Xk+/ ) = rp(Xk) - rp(Xk - fJk S k) 

~ q kfJk (rp'(xk), Sk ) 

~ qJJk(rp'h),Sk) < Ykaillrp'(xdl . II 

Let cp: 91 n ~91 be continuously differentiable . 

Defniton 3.1. The set of stationary points: 

X' := {x'lrp' (xk) = O} is called the set of stationary points ofcp. 

Xo := N a (rp), where a:=cp(xo) and X; := X· n X 0 

Definition 3.2: Let e> O. UE:= ~ld(x,X; ) :5C}, where d(x,X; )= ~nf.llx-x·ll. 
x eXo 

From the point of view ofTheorem1.2.1. and the assignment of 

y :=Xo, X :=X ~ f(xk) :=llrp'(Xk ~I ' we observe for each E> 0 there is O=O(E) such that 

Ilrp '(xdl ~ b for all Xk EX; IU E 

(3.5) 
Theorem 3.1; 

If I. ffJECI.I(91/1) ,rp(x)~C 'dxE 91/1 and X; ;<0, 
2. the sequence (Xk) is constructed by formu la (3. 1) and satisfies either 

(3.2) for 0 < A:5 Ak :5 1 , kENo or condition (3.4 ) for 

O<c:5 Qk:5 /-C ,E<Y, andkENo , 

3. ak~a>O,kENo 
4.conditon (3.5) is fulfill ed, 
then 
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proof: If(xk) satisfies condition (3.2), rp(Xk - fJkSk):O; (i - Ak )rp(xk)+ Ak{(}k 

where 0 < A:O; Ak :0; 1 , k ENo. By Lemma (3.1) 

rp(Xk ) - rp(Xk+!) ~ ~ Aka k Ilrp'(Xk ~12 
2L 

~ ~Aa2I1rp'(xdI2 . 
2L 

If (xk) satisfi es condition (3.4) , by Lemma 3.2 : 

<P(Xk) - <P(Xk - ~k s k) ~ ~ Yk Uk
2

11<p'(Xkf'Yk =2Qk(\ - Qk),qk E (O,I) 

(a) 

~ YU211<p'(X k)f (b) 

Since 0< 8:0; Q k :0; 1- Q and 8 < ~ it follows 
2 

2 1 
0< Y < 28 :0; Yk :0; - , k=O,I, ... 

2 
For condition (a) and (b) of the proof we obtain 

<P(xk) -<P(x k+l) ~ c 11<p '(Xk f 

u 2 I 
Where c: =-min{y,-A}. 

L 2 
As {<P(xk)} is monotone decreasing and bounded, 

0= lim (<P(xk) -<P(xk +l»~c lim 11<p '(Xk)11
2 
~O. 

k --+00 k --+oo 

Hence 

from Ilrp' (Xk JI12 k->", ) 0 and supposition of the theorem the assertion follo ws. II 

Remark 3. 1: according to Theorem 3.1 , choice of the initial point Xo determines the 

stationary points that lie in X; .Off course the choice is inmlaterial , if <P is convex. 
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Theorem 3.2: 
Let 

I. <P is convex and <p E C I,1 (R n) , 

2. diam Xo = 11 < 00, 

3. the sequence (Xk) is constructed according to formula (3.1) , 

4. ak > 0, k E N o . 

If condition (3 .2) is fulfilled then 

<p(xm) - <p(x *) :0; !-lo[l + c!-lo nf\ka k 2 ] - 1, 
k ~ O 

1 
where 0 < c :O; --2 and m E No . 

2L11 
If condition (3.4) holds, then 

[ 
111 - 1 2] - 1 

<p(xm) - <p(x *) :O; !-lo I +c!-lo I Ykak , 
k ~ O 

I 
where 0 < c :O; - -2 and m E N . 

L11 
Proof: (I) if condi tion (3.2) is fulfilled, by Theorem 2.3: and Lemma 3. 1: we obtain 

<p(Xm) - <p ' :0; !-lO[1 + ~l~ nil <P(Xk) - <P(X~ +d ]_ I , m E N 

11 k=O 11 <p ' (Xk)11 

[ 
1 m- I 1 2] - 1 

:O; !-lo 1+ !-lo 2 I -Akak 
11 k ~O 2L 

-::: !-lo [I + !-l o(_1 ~2)nfI Akak2], mEN. 
2L11 k ~ O 

Let c:= _ 1_2 the inequality follows. 
2L17 

(II) if condition (3.2) is fulfilled ,by Theorem 3(chap.3) and Lemma 2 we have 

<p(xm)-<P(x *) :O; !-lO[l+ !-l~ nil <P(X k) - <P(X; +I)] - 1 

11 k ~ O 11<p'(Xk)11 

[ 
I m- I 1 2 ]-1 

:O; !-lo 1 + !-lo 2 I ~Ykak 
11 k ~ O L 
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[ 
1 III- I 2]-1 

= fl o I + fl o --2 L: Ykak 
L r; k=O 

, mEN 

C := ~ , hence the assertion follows. II 
LTJ 

Theorem3.3: 
Let 

1. <p be strongly convex and <p E CI ,1 (mn
), 

2.the sequence (xk)is constructed by fom1llia ( I) , 
3. uk >O,k=O,I,2, .... 

If condition (3.2) holds, then 

<p(xm) - <p(x *) ~ ~o exp[- p I\kUk 2], m EN 
2L k=O 

II 
'112 2 [_p"'-I 2] X'" -x ~ - floexp - L: A.kak ,mE N. 

P 2L k=O 

If condition (3.4) holds, then 

* [_pm-l 2] 
<p(xm)-<p(x )~~oexp - L: Ykuk ,mEN 

L k=O 

IIX m _x'11
2 ~;~oexp[ -::~>kUk2l mE N. 

and 

and 

Proof: 1. If condition (3 .1 ) ho lds for the sequence (xn), by Lemma 3.1 and Theorem 2.5 

and 

[
_pm-l 2] 

= ~o exp - L: "'kUk ,mEN. 
2L k=O 
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2 [ m- I 1 2] $ - fl o exp - p I -Akak ' m EN 
p k=02L 

II .If condition (3.4) holds for the sequence (Xk) , by Lemma 3. 2 and Theorem 2. 5 

q>(x m) - q>(x ') $ fl o exp[ - P III q>(Xk~ -q>(\k +1 ) ], mEN 

k=O 11q> (Xk)11 

and 

[
_pm- I 2] 

= f.1.o exp - I Ykak ,mEN 
L k=O 

Ilx m _x'11
2 $~ floexp[-pni l q>(X k ~- q>(X~+ I )l' m EN 

p k=O 11q> (x k ) 11 

2 [_p m- I 2] =- f.1.o exp - I Yka k ,m EN . 
p L k=O 

Remark3.2:lf a k ~a> O , 1k ~1> O , Ak ~A> O for allk ENo, 

Theorem 3.1 implies tp{xm )-tp' $ C!"~., m ENo. 
m 

Where C1:= min {y , A } (~J . 
2 2Lry 

and 

Theorem 3.2 implies 

tp{xm)-tp' $ f.1.oexp{-C]m} , m ENO and 
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Ilx", -x'11 2 ~2. ,uoexp[- Clml ,m ENo 
p 

Where C 2:= min{r.~}( p;2). II 

3.2 Choice of the direction of descent. 

As we have said, the choice of - Sk and ~k in relaxation sequence is to 

satisfy the inequality <P(Xk) - <P(Xk +1) ~ 0, where Xk +1 = Xk - ~kSk, kENo. Now we 

consider <P E C' (~nn), 

(<P'(Xk)' Sk) = <p'+ (Xk,Sk)= li,m <P(Xk-IS~)-<P(Xk) so the decrease in the direction -Sk at 
1 .. 0 

Xk is guaranteed if (<P'(Xk)-Sk) >0. 

3.3 Classification of descent methods 

The classification is mostly based on the choice of the direction of descent. We will 

consider three major classes of descent methods. 

I . Zero - order method 

2. First - order method 

3. Second - order method 

3.3.1 Zero - order methods 

The direction of descent in all of the methods in this class is the direction along 

the coordinate axis. 

I. Coordinate - wise decent: - As the name imply, the direction of descent - Sk at Xk is 

either-ejorej (ej = (Oji~ i, j E{O, ... , n}) . 

So the general trend of the sequence (Xk) is as follows: 

Xk+1 = Xk ± ~k ej (k), 

wherej(k)= k (mod n) + 1, kENo, 

(3.6) 

Depending on the methods of calculating the step we consider three way's of 

constmcting the sequence (Xk). 

A. Coordinate-wise descent with duplication of step (the first Version). 
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The parameter Pk in (3 .6) calculated at each iteration using the duplication method 

and Xo is chosen arbitrarily. 

B. Coordinate wise descent with duplication of step (second version). 

Still calculated in duplication method with a slit modification, as follows . 

Let I be the t h cycle and each cycle consists n-iterations: 

Xk, Xk+], .. . , Xk+(n-l ) is taken as the iterati ons in the t h cycle, 

where k+ i = n ( I - I)+ i, i E {O, .. . , n-I }, l EN. 

So in the fonnula (3 .6) the index k can be replaced by n( I-I )+i. 

The duplication technique in thi s case takes place in tenns of the cycle I. i.e the 

parameter P remains constant for each iteration within the cycle. 

i) We take Pk- l = Pk+i , iE {O, ... , n-!} 

where k = n(l - I) 

In the I th cycle the construction ofxk is as follows 

ii) If <P(Xkti - Pt1(k+l)) < <P(Xk+;), 

Xk+i+l := xk+i-pej(k+i) and pass to the next iteration. 

iii) if (P(Xk+i - pej(k+i») ~ <P(Xkti), then we chenge the di rection of descent to 

- ej(k+l) 

iv) If <P(Xk+i + P ej(k+i») <qJ(Xk +/ ) , then 

Xk+i+l := Xk+i + ~ej(k+i) 

V) If in case <P(Xk+i+l+pej(k+i») ~ <P(Xk+i), then 

Xk+i+! := Xk+i, 

When the inequality in (ii) and (V) ho lds for each iterations of the cycle, the 

coming cyc le proceeds with step length P = Y, Pk-l, and so the process continues. 

Therorem 3.4: Let <p EC1,1 (91 n) and Xo:= Na (qJ ) be bounded, then 

2. limd(x u'X ~ ) = O. 
k~oo 
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Proof: 
1. From the construction of P , (Pk) is a decreasing and bounded sequence. Suppose 

Pk k .... ", ) 0, hence there is ko EN such that 

Pk =P 'lik 2: ko with <P(Xk+I)< <P(Xk) for all k 2: ko. Hence we have 

II Xk+1 - Xk II = p 'lik 2: ko as a result there is kl > ko such that Xk 0 Xo for all 

k 2: kl which contradicts the definition ofXo. 

2. Let us consider a cycle for which the inequality (ii) & (V) hold simultaneously 

for all i E { 0, ... , n-l}. Let re index these cycle by m, keeping there original order. 

Hence we have Xm:= Xkl; for all 

iE {O, ... , n-l} in the m1h cycle. 

Since <p(xm+Pm ej+l) 2: <p( xm), iE {O, ... , n- l}, mEN, 

And <p(xm-Pme;+l) 2: <p(xm), i E {O, .. . n-l}, m EN, 

implies 

<p(Xm+ Pm ej+l) - <p(Xm)= Pm (<P(Xm+81 Pme;+I) , ej+l) 2: 0 

and <p(xm-Pm ej+I)- <p(Xm)= Pm (<p' (xm+82 Pme;+I), - ej+l) 2: 0 

Hence we have «p' (xm + 8 1 Pme;+I), ei+l) 2: 0 

and 

i E {0,1 .. . , n-l} , 

«p' (xm - 82 Pme;+ I), - ei+ 1) 2: 0 

i E {0,1 ... , n-1} 

(a) 

(b) 

Since (xm) 0;;; Xo (a bounded set) so (xm) posses a convergent subsequence tX"'JJ 

(Bolzano-Wearistrass Theorem). 

and 

x := lim x", ' and applying property 1. of the Theorem 
i-~«J I 

0:-:; lim (<p'( xmj + 8IPmjei+' ),ei+I) = (<p'(x), e+l) , i E {O, 1, ... , n-1} 
J-->OO 

0 :-:; lim (<p'( Xmj - 82Pmjei +I), ei+1 1= (<p'(x),-e;+l) ,i E {O, 1, ... , n-l} 
J-->OO 
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implies <p '(x) = 0, Consequently x E Xo 

Hence lim d(Xk ,X;) = O. 
k-+", 

Example 3.1: <p(x) = 1]7 - 21]/172 + 17J - 277/ -1, x :=(1]/ , 1]2) E 91 2 

Now xo:=(I, I), 

implies<p(xo) = -1. 

Let ~o ~ y" 

hence (1 ,1 ) - V, (1,0) = (V" I). 

But <p(y" I) = -3/4 > - I , undesired result, so we change the direction of descent to 

(-1,0), hence 

(1,1) +112(1,0) = (3/2, I) 

~ <p(3 /2, I) = -7/4<-1 

so set Xl = (3/2, I) . 

Let ~ =y, 

~ (3/2, 1 )-112 (0,1) = (3/2, y,) . 

~ <p(3/2, V, ) = -5/2 < -7/4 

Again we set X2 := (3/2, y,) 

Then we change the direction of descent to either (1 , 0) or (-1,0) 

Now, (3/2, V,) - V, (1,0) = (1 , V,) 

~ <p(l , 1/2) > 2 undesired. 

Let (3/2, V,) + 112 (I , 0) = (2, V,) 

~ <p (2, V,) = -9/4 > -8/2 undesired. 

So we set X3 := X2. 

Now changing the direction of descent to either (0,1) or (0,- 1) for 4th iteration. 

Let (3/2, V,) - v, (0, 1) = (3/2, 0) 

<p(3 /2, 0) = -7/4 > -5/2 undesired. 

34 



Again we let (3 /2, Y:,)+ Y:, (0, I) = (3 /2, 1), so 

<p(3 /2, 1) = -514 >-5 /2 undesired. 

Hence X4 = XJ = X2 

for Xj we let 13 = v., but still Xj = X2 

and also this is true for all k <': 2, i. e Xk = X2 'ik <':2 . 

So Xk -+ X2 = (312, Y:, ) T. 

Therefore (3 /2, Y:,) T is a minimal point of <po 

II.CycIic coordinate wise descent. The only difference of this method from the methods 

I is in the selection of 13. In this method one- dimensional minimization technique 

or the technique in section 4.1.3 is used for selecting 13. 

Theorem 3.5: 

Let 1. 

2. 

3. 

4. 

<p E CI.I(\f!") and <p(x)<':co 'ix E Xo, 

X; #0 

(Xk) satisfies condition (3.6) 

(Xk) stifles either condition (3.2) for 1<':A.k <':1..>0 or condition (3.4) 

for Y:, <': qk <,:q>O 

5. II Xk+1 - Xk 11-+ 0, 

6. 'iE >0 38 >0: II <P'(Xk) II <':8 'ix E X; \ Uc . 

Proof: since (Xk) satisfies assumption 3. and 4. of the Theorem. By Lemma 3.1 and 

Lemma 3.2 we have, 

Where 

implies 

Since <p is bounded on Xo and (<p(Xk» is monotone decreasing sequence. 
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Hence. lim (q>'(xk),ej(k)) = 0 
k->oo 

Consequently given E > 0 there is kl E N such that 

(<P'(Xk), ej (k)I:s L E, 'v' k ~ kl and also there is k2 > 0 such that 

II Xk+ I - Xk II :s E 'v'k~k2. 

:s ~ i :s E for i :s nand k ~ ko 
n 

Where ko = max (kJ, k2}. 

As <p E C I,I((mll
), 

II <P'(Xk+;)- <P'(Xk) II :s L II Xk+i-Xk 11 :s LE, i E {I , . . . n-I }, 'v'k~ko. 

Also 

I( <p '(xk), ej(k) )1=1 «p' (Xk) - <P'(Xk+i), ej(k+i) + «p'(xk+i»1 

~ [( tp'(Xk) - tp'(Xk+i), e j(k+i»)[ + [( tp'(Xk+i)' ej(k+i»)[ 

~ Iltp '(Xk) - tp'(Xk+i ~I + [( tp'(Xk+i), ej(k+i»)[ 

~ 2LE, i E {O, ... , n- I } and for all k ~ko 

implies . max [(q>'(xk),e j(k» )[~2LE. 
IE{I, ... ,n} 

n 2 

Now II <P '(Xk) II = L( <P'(Xk ),ej(k)) 
i=1 

~Fnmax [(q> '(Xk ),ej(k+i» )[ ~2FnLE . 
IE{I,.,n~ 

Hence lim q>' (x k) = O. Then the assertion of the Theorem follows from Theoreml.2.5. II 
k->oo 
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III. The classical scheme: even though the direction of descent of <p at a point is ei ther 

ej or-ej (i E {I, ... n}) the choice of jlh coordinate axis is dependant of continuously 

partially differentiability of <p at that 

where 

And the process of minimization stops. 

Theorem 3.6: 

(<P'(xk ),eY 

n(<p'(xk ),ej) n 

Let I. <p E C 1,1 (91 n), and <p(x) 2: Co V X E Xo, 
• 2. X ~ 0, 

3. (Xk) Satisfies condition (3.7 ) above, 

1 

n 

4. (Xk) sati sfies either condition (3.2) or condition 
(3.4) . 

• Then d(xk, X ) -70. 

Proof: Uk2 2: lin > 0 'Ilk E N, where n is the dimension of91n 

Hence the assertion follows immediately from Theorem 3.2. II 

Example 3.2. 

Let rp(x ) = JJx JJ + e -llxll, x E 91 2 

By example 1.3 .2. rp E CI,I ( 91 2 
) 
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, (1 -e-lxll ) 
More over rp ( xo) = Ilxll x 

Choose xo:(I.I) 

(
1 --/2 J => rp'(xo)= -:n (Uf 

1 - -/2 
=> l(rp'(xo),e,>1 =1(rp'(xo ) ,e2>1 = -:n 

where e,=(1,O) and e2=(0,1) 
So we can choose So = ±e,or So = ±e2 

Let So =e, 

'1/( fJ) .. = rp( Xo - (Je , ) 

=> '1/ '( fJ ) = (rp'(xo - (Je , j ,-e, > 

1 _ e-h -/k,1 
IJxo - (Je,11 (xo - (Je,,- e, > 

rp '( fJ ) = 0 => (xo - (Je"e,> = 0 

=> fJ = (xo,e, > 

= «( U /, (1,0 /> 

fJo := 1 

x, := xo -fJo 

= 1 

·=(l,l/~(1, of =(0,1/ 

So rp '( x,) = (1 - e- ' )(O,1)T 

I(rp '( x, ),e, >1 = 1«(1 - e-' )(0,1 f ,(1,0 f>1 = 0 

and 

I(rp '( x, ) ,e2 >1 = 1«(1 - e- ' )(0,1 f ,( 0,1 f>1 = 1- e-1 

Here we choose s] = ± e2 

rp(x,- (Je2)=rp((0,1) - fJ(0,1)) , 

= rp(( 1- fJ )(0,1)) 

= 11 - fJl + e -I,-pl 

'1/ 2 ( fJ ) = 11 - fJl + e -I'-pi 

then 'I/~ ( fJ) = 11 - fJl (1 - e -it-PI ) 
1- fJ 

Since 'I/~ is continuous over [0, ex:> ) , 
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If; UJ) = a if /3 =1 

so/3I :=1 

X2:=XI-/3 le2 
= (0,1)-1(0,1) 
= (0,0) 

and !p'(X2) = 0, but (!p'(X2 - f3e,J ,e,) = O,fori E {l,2} and/3 E [0,(0) 

=> /3 = 0 

=>X3 =x2 ± /32 e, =X2 
=>xk =x2 Vk ?2, 

:. x 2 = (0,0) is a minimal point of II' over \Jl 2 

3.3.2 First order methods. Descent methods under this class involve either - <P(Xk) or -

Ak<P'(Xk) as a direction of descent. Where 

Ak is a symmetrical positive definite matrix. 

I.Gradient descent methods: 

Let Sk: = <P'(Xk), k ENo 

Xk+;:= Xk - 13k <P'(Xk) 

Usually 13k is calculated uSll1g one dimensional minimization method 

(see. 3. 2. I). 

Theorem 3.7: 

Then 

Let: 1. <p E CI,I(91 11
) and convex, 

2. X* *0, 

3. (Xk) satisfies condition (3.4) with qk E (1 /2 , I) , 

4. Sk = <P'(Xk) 

lim d(xk, X*) = a 
k..-+ 00 

Proof: Let y 8 X* * O. Hence <p(y):S:; <p(x) 'Ix E\Jl n. 

By sub gradient inequality and supposition 3. of the Theorem, 
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(<P'(Xk), Xk_y)?, <P(Xk)- <p(y) ? <P(Xk)- <P(Xk+l) 

? qk 13k (<P'(Xk)' Sk) 

= qk 13k II <P'(Xk) 11 2 



implies (<P'(Xk), Xk-y) ~ qk ~k II <P'(Xk) 11 2 

Multiplying the expression in (a) by - ~k and adding 

~2k II <p'(xk) 11 2 to both sides of the inequality we obtain, 

(a) 

- ~k (<P'(Xk), Xk-Y) + ~2k II (<P'(Xk) 11 2 :::; ~2k(l-2qk) II <p' (Xk) 11 2 (b) 

For qk E (Yz , J), (l-2qk) < 0 

From this and condition (b) 

II Xk- ~k <P'(Xk) _ Y 11 2 

II (Xk_Y)- ~k <P'(Xk) 11 2 

= «Xk-Y) - ~k <P'(Xk), (Xk-Y)- ~k <P'(Xk» 

= (Xk-Y, Xk-Y) -2~k «P'(Xk), Xk-Y) + ~2k (<P'(Xk), <P'(Xk» 

:::; II Xk-Y 11 2 + ~\ (l-qk) II <P'(Xk) 11 2 

< Il xk-y I1 2. 

Implies the sequence ( II Xk - Y II ) is a monotone decreasing. By 

Bolzano-werestrasses Theorem (Xk) possesses a convergent subsequence (Xkj) . 

* I' x := 1m xk" 
j~oo J 

As <p is convex, X* *' 0, and (Xk) a relation sequence, (<P(Xk» is a mouton 
decreasing and bounded. 

lim <P(Xk)= <po = min <p(x) . 
k~oo XE~nn 

Since <p(x*)= <p(lim Xk J = lim <P(Xk)= lim <P(Xk)' x* E X* and xk ----,-,k-->--,--oo-t) x*. 
J~CO J J~CO J k~co 

Therefore d(xkoX*) k-->oo ) O. II 
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Example 3.2 

in Example l.3 .2 we have seen rp E CI.l(91 2
) and 

Let xo :=(1,ly 

=> rp'(1,l) = ~(1- e--/2 X1,lY 

'1/,((3) .'= rp(xo - (3rp'(xo )) , [3 E[O,OO) 

=> '1//((3) = (rp'(xo - (3rp'(xo)),-rp'h )) 

1 _e-(x.-Pw'(x,~ 

= IIxo - (3rp'(xo ~1 (xo - (3rp'(xo),-rp'(xo)) 

'1/:((3) = 0 => (3(rp'(xo),rp'(xo)) = (xo ,rp'(xo)) 

=> (3 = .J2 
J --/2 -e 

=(1 ,I) T-( .J2 )( _1 (1-e--/2 ~1,ly 
1- e--/2.J2 J 

= 0 

=> rp'(x,) = rp'(O) = 0 

Example3.3: <p(x) = 11 21 +11 22 + 11 1 + 11 2 , X=(11 I , 112 ) E 9~ 2 

<p'(x) = (211 1+1,211 2+1). 

=> II <p'(x) - <p' (y) II = 211 x - y II ,X,yE 91 2 

=> <p E CI ,I (R2) 
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Choose Xo: = (1 ,1) 

<p'{Xo) = (3, 3) 

~JIW) : = <p(xo-~(xo)) 

= <p(1-3~, l-3~) 

= 2{1 _3 ~) 2 + 2(1-3~) 

, ~ E CO, O()) 

=9 1jI1' (~) = - l2{1-3~) + 2(1-3~) 

=> ljIi'{~) = 0 iff ~ = y, 

~I: = y, 

and XI: = (1,1) - Y, {3 ,3) = {-1I2, -1I2)T 

similarly <P '{XI ) = CO, 0) T 

So, for any ~ <: 0 

Xz: = XI - ~I <p' (XI)= XI 

Hence Xk = X I , I;fk <: 2 

There for Xk ~ X = {-I /2, _l /2)T 

=> (-1 /2, -1 /2) is the minima of<p over m 2 

II. Generalized gradient descent method 

This method is a little bit modified from gradient descent method -Sk: = Ak <P{Xk)' k E No, 

where Ak is symmetrical positive definite matrix. 

Theorem 3.8: 

1. <P E CI,1 (m ") and <p{x) <: c I;fx E Xo, 

2. X* *0, 

3. Xk+1 = Xk - ~kAk<P'{Xk) , k E No, 

4. ~k satisfies either condition (3.2) 

or (3.4), 

5. 1;f£>030 > 0: II <P '{Xk) II > OI;fXk EUe, 

6. II A.k II ~ 1'" I;fk E No, 

7. There is v > 0 lower bound for all eigen values of Sk (k E No) 

Then lim d(Xk> X' )= O. 
k-><Xl 

42 



Proof: 

Since Ak is symmetrical positive defi nite, all it's eigen values are positive and 

(AkX, x) ~ Vk (x,x) ~ v (x, x) 'dx E 9'l n, k E No, 

Where Vk is the minimum eigen value of Ak. 

Hence by Theorems 3.1 the assertion follows. 

Note: if Ak = In (In = nxn identi fy matrix) for all k E No , -Sk = -Ak q>'(Xk)= -q> '(Xk) . 

3.3.Second order methods. 

I. Newton's methods: 

Let q> : 9\ n --)0 91 be strongly and suffic iently smooth (has derivative of all order) in a 

neighbor hood U of the point x* E X' . For each Xk E U we defi ne \!I : U --)0 9'l by 

\!I(x) = q>(Xk) + (q>'(Xk), x - Xk) + 1, (q>"(Xk), (x-xk».Obliviously \!I approximants q> on U 

hence, \!I is strongly convex and sufficiently smooth on U 

x E M(\!I, U) iff \!I '(x) = 0 

implies 

Now 

= q>"(Xky l [q>"(Xk)(Xk-X*)-q>'(Xk)] 

= q>"(Xkyl [q>" (Xk) (Xk-X*) - (q>'(Xk) - q> '(x*» ] 

Were X* E X* implies q>'(Xk) = 0 . 

Since q> is sufficiently smooth (i.e has a derivative of all order) and hence it IS 

quadratic from on U . 
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q>"(Xk) = q>"(x*) + q>"'(x*) (Xk - x*) + W(Xk + x*), 

where (] w(xk, x*)1l :S CI ~Xk -X* 11. 
But q>"'(x) = 0 'dx E U implies 



Similarly 

where tf ~(Xk, x*)tJ S C2l=txk - x*(:V 

Therefore 

II <P'(Xk) - <p'(xo) - <P"(Xk)(Xk-X*)II = II <p"(X*)(Xk-X*)+ ~(Xk' x*) - <p"(X*)(Xk-X*) 

- W(Xk' x*) (Xk - X*) II 

< II ~(Xk, x*)11 + II W (Xk, x*)11 II Xk - x*II 

< II E (Xk' x*)11 + II W(Xk, x*)11 II Xk - x*II 

< c211 Xk -x*II 2+ c1 ll xk - x*II II xk-x*II 

< c II Xk - x* II 2 

where c: = C2 + Cl 

implies II xk+l-x*II S cll Xk-x*II 2 kE No 

W.O.L.G. take II Xk -x* II < l.As x* is a stationary point a nd <p is strongly convex 

onU, 

We can put the above argumentation as a theorem. 

Theorem 3.9 
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Let 1. <p:91n~91 . be strongly convex and sufficiently Smooth 

on a neighbor hood U of the point X* E X*, 

2. -Sk:=<p"(Xkr1<p'(Xk), where - Sk is a direction of descent of 

at the point Xk . 

Then 



implies <p '(x) = (8'111 + 

" (8 3) <p (x) = 3 4 

Since the hesse matrix is positive definite, <p is strongly convex over 9j2. 

(<p"(x)t
l 

= 2
1
3 (_43 -8

3
)­

Let xo:= (1 ,0 f' . 
=> x I := Xo - (<p"(xot l<p'(xo )) 

T 1 (4 -83)(83) = (1,0) - 23 _ 3 

Hence (O,O? is a global minimal of <po 

In practice it is not easy to calculate (( <p"(X»'1 at each iteration, so it is advisable to take 

(<p"(X)yl constant for a fixed umber of iterations say m ~ 1. For each Ith cycle with length 

m we construct a recurrence relation as follows: 

Xlm+i+1 = Xlm+i - ~Im+i (<p"(Xlm)yl <p'(xlm+D, then pass to the next ( 1 + I)th cycle. The 
above method is usually called modified Newton methods. 

II Method of conjugate direction 

The scheme of the method is as follows. 

where Sk is a certain parameter to be determined. 
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The various choices of the parameter ~k is a base fo r the classification of the 

method. we will see two methods for calculating ~k' Before that we prove two important 

Lemmas. 

Lemma 3.3: Let q> be differentiable function, and (Xk) be a sequence satisfies i. , ii. , and iii . 

above. 

Then 

a) (q>' (Xk+l), Sk) = 0 , k ENo. 

b) (q>'(Xh), Sk) = II(p'(Xk)112, kENo. 

Proof: a) since qk EM (q>(Xk - PSk), P 2': 0) and q> is differentiable, 

d 
IfPk > 0, then-q>(xk - PSk) IP~h = 0 and 

df3 

d 
If PlPO, then - q>(Xk - psd l p~Pk 2': 0; 

df3 

. d ( ~ )1 I ' q>(x k - pSk) 0 ( . ~ O· h .. f ( ~) I.e. - q> Xk - jJk P~Pk = 1m 2': s1l1ce jJk = IS t e m1l11mUm 0 q> Xk - jJSk 
df3 p~o P 

on (0, co) . 

Now, If Pk > 0, then 

= (q>'(Xk-PkSk), -Sk). 

For Pk = 0, we prove by induction on k 

Let Po = 0, then Xl = Xo and So = q>'(xo) = q>'(Xl)' 

d o ~ - q>(xo - pso) l p~o = (q>'(Xl)' -so)= (q>'(xo), - so) 
df3 

= -(q>'(xo), q>'(xo» ~ o. 

Implies (q>'(Xl)' so) = O. 

We assume the relation (q>'(Xk), Sk.l) = 0 holds for k > O. 

If Pk-l = 0, 
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o ~ !!...- q>'(Xk - PSk) IP~Pk = (q>'(Xk+l), -Sk) 
df3 



= - (<P'(Xk+I), <P ' (Xk Hk Sk_l) 

= - (<P'(Xk+I)' <P'(Xk) -C,k (<P'(Xk+I)' Sk-I) 

= - 11<p'(Xk)11
2 

$; ° . 

The three equations from the last are followed from ii. and Xk+1 = Xk. 

In all cases (<P'(Xk+I)' Sk) = 0, kE No. /I 

b) The proof is easily follows from ii. and a) of he Lemma. 

(<P'(Xk), Sk) = (<P'(Xk), <P'(Xk) -C,k Sk-l) 

= (<P'(Xh), <P'(Xk) -C,k (<P'(Xk), Sk_l) 

= 11<p'(Xk)112 , k ENo. 

Lemma 3.4: If < Ilip '(x, )11 > 
ISkl - e lls , -III , k EN for some c 0, 

then 
(<P'(Xk),Sk) 1 

Uk= 2:-
11<p '(Xk)llllskll l +c 

Proof: from Lemma 3.3 and ii. we have the following 

Sk = <p'(xd - C,k Sk-J, kENo, 

so, a) IIskl12 = (<P'(Xk), Sk) - C,k (Sk-J, Sk) 

= 11 <p'(Xk), skl12 
- C,k (Sk_l, Sk) 

b) (Sk, Sk-l) = (<P'(Xk), Sk_l) - C,k(Sk-J, Sk_l) 

= -C,k II Sk_1 f 
From a), b) and the definition of Uk, 

From the supposition of the Lemma we have 
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(3.8) 



2 , 2 ( 11q;'(xk )IIJ' 2 
II skl l $;11 <p (xk)11 + C Ifs.-lll . h·dl 

= 11 <p'(Xk) 11 2 (1 + c2
) 

$;11<p'(Xk) 11 2 (1 + cl 
implies II sk ll $;11<p'(Xk) 1I (1 + c) 

Substituting in (3 .8), we obtain 

(CP'(Xk ),Sk ) 
U k = . II 

Ilcp'(x k )llllsk II 

Let us consider two methods for selecting the parameter C,k. 

A. First Method 

Theorem 3.10: 

Let I. <p ECI.I(91") and strongly convex. 

2. the sequence (xd is constructed as in i. , ii , and iii . 

3. C,k is calculated by condition (3 .9). 

Then 

cp(xm) - cp(x*) $; flo exp [c lm] and. 

2 
Ilxm - x*11 $; - ~lexp [-clm], 

p 

3 

where 0 < CI $; P , and p a parameter of strong convexity. 
L(p +L) 

Proof: from assumption of strong convexity Lemma 1.3.2 

( CP '(Xk) - <P'(Xk.I), Xk - Xk.n) 2: P IIXk = xk+dI2
. 

Since Xk - Xk.1 = ~k. 1 Sk.J, and by Lemma 3.3 
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p pi Ilsk·dl2 $; -~k. I(<P'(Xk) - <P'(Xk. I), Sk·1 ) 

= -~k. I ( CP'(X k ) - <P'(Xk.I), Sk.l) 

= ~k.I(CP'(Xk ) , Sk.l) + ~k.1 (<P'(Xk. I), C,k.l) 

(3.9) 



From the definition of ~k we always assume q>'(Xk) * 0, k EN. Hence Pk > 0 otherwise by 

Lemma 3.3 we have 

Xk = Xk_1 and 

II (p'(Xk)112 = (q>'(Xk), Sk) = (q>'(Xk_ l) Sk) = O. 

This implies PPk-1 Ilsk_dl2 :$11q>'(Xk-l )f 

As q>E C"'(W). 

11q>'(xdI12 - q>'(Xk-I )11 :$ Lllxk - xk-d l· 

I~k l = II ' 1 II ' I ( q>'(Xk), q>(Xk) - q>'(Xk_l) ) I 
rp (Xk_1) 

:$ 1 2 11q> '(Xk) 11 IIXk - xk_dlL 
pPk- lh -111 

\ 1Iq>'(Xk)11 

- p Iisk-III . 

1 \ 
C: = -, by Lemma 3.4: Uk ~ --, kEN. 

P L+p 

The conclusion follows from Remark 3.2:. II 

Example3_S: Let 

implies -- ( 42 24) (P'(x) = (4111 + 2112 + \, 4112 + 2111 + \) and q>"(x) 

(positive definite) hence q> is strongly convex. 

x:=(11,,112) Y:=(VI,V2) 

11q>'(x) - q>'(y) 11 = 11(111 + 2112 - 4v I - 2V2, 411 2 + 2111 - 4V2 - 2vI)11 

= 11 4(111 - V" 112 - V2) + 2(112 - v2, 11 1 - vI) 11 

:$ 4 Ilx - yll + 2 Ilx - yll = 611x - YII · 

Hence q>EC"1 (~H n ). 

Let Xo: = (0, 0) 

~ So = q>'(xo) = (I , \) 
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=> XI = Xo - ~oso = (~o, ~o) 

where ~o E M (<p(xo - ~so), ~ ~ 0) 

1jI1(~): = <p(xo - ~so) , ~ E (O , 00) 

= 5~2 - 2~ 

implies 1jI: (~) = 1 O~ - 2 

1jI: (~) = 0 iff~ = Ys 
~ -- Ys ,,0- - 5-

implies (-1 1)' <P'(XI) = --
5 ' 5 

hence Sl = <P '(XI ) - ~ISO 

= H~1)+215(:)=;5(-64). 

where ~I EM (<P(X I - ~S I ) ' ~ ~ 0)_ 

IjII (~): = <P(X I - ~SI), ~E(O, 00) 

= <p (2-(- I) __ I (-4) 5 -I 25 6 

= <p ( 2-(- I + /34)J 5 -5 -6/3 
1jI'1(~) = Oiff~ =.% 
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There for 

= H=:)-%(:)U5(-64
)) 

= H -:IJ 

= [ ~1 J. 

-I 
and also 1;2 = 2 (<P'(X2), <P'(X2) - <p'(X,) ) = 0 ,hence S2 = o. 

11q.>'(x, )11 

Implies X3 = X2 - ~2S2 = X2 = [ -:1 J . 
therefore Xk = X2 'ltk ~ 2 

Hence Xk k~~ ) [ ~1 J. 

Therefore [ -:1 J is the minimal point of <p. 

Example 3.6: Let c!J(x) = ~lxll- 1 XI - In(I -llxIOl, x E U := {y E ~H 21 11yII :0; Co < Ii ' 0< co. 

By example 1.2.3 : c!J is strongly convex. 

For all XE U\{O}, 
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j 



V(X,Y)E Ux U. 

=> <D E C I,I(91 2 ) 

\jJ 1 (p):= <D(X 0 - PSO)' P E [0.00) 

=> \jJ; (p) = (<D'(X 0 - PSO )' SO) . 

In(I- IIYII) In(l- co) IIX _ YII ' 
IIYII y :O: Co 

'() In(I -llxo- pSo ll) 
\jJ 1 p = o => II II (XO- PSO )= O Xo - PSO 

XI:= Xo -POSO=O 

=> <D'(XI ) = 0 

Hence C,I := - I 2 (<D'(XI),<D'(XI) - <D'(XO))= 0 ands l := <D'(X I)-C, I<D'(XO )= O. 
11<D'(X o ~I 

Implies x 2 := x I - PIS 1 = XI .And also x k = xI, Vk 2: I. 

So xI = (O,O)T is the minimal of <D. 
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B.Second Method 

Still the method is serving only for strongly convex functions. 

Theorem 3 

Let I. 

2. 

3. 

4. 

5. 

Then 

Let ~k : = (rp"(X,)S'_I' rp'(X/,)) 
(rp"(X, )S'_1 ,S,_,) 

<p.EC2 (~H n) and strongly convex, 

II <pU(x) II $ v < co, '<Ix E Na(<p), 

<p o E C1,1(9tn), 

~k be calculated using fomlU la (3. 10) 

the sequence (Xk) is constructed by i., ii. and iii., 

• <p(xm) - <p(x ) $ f.l exp {- C2 m} 

2 
Ilxm - x* II $ - f.l exp {-C2 m}, 

p 

where 0 < C2 $ (P), ,mEN. 
2 < p+v 

Proof: Let ljI(t): = <p'(x + sty) 0 $ t $ 1 

by the mean value theorem for differentiab le function IjI 

implies 

hence 

IjI ( I) - IjI (0) = 1jI'(to) , fo r some to E (0, 1). 

<p'(x + ~y) - <p'(x) = <pU(x + stoY) (ey), 

(<pU(x + eto y) (y), y ) = ( <p'(x + ey) - <p' (x), y) 

~ pllyl12 

(3.10) 

The inequali ty fo llows fo rm strong convexity of <p , Lemma 1.3 .2, moreover it holds for all 

e E [0, co). 

Letting e ~ 0 we obtain 

( <pU(x)y, y) ~ pllyl12, for all y Em". 

I~k 1= l( rp"(x, )sk-I, rp(x, ))1 

I( rp"(x, )S'_I ,s'-I)1 
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< 11q>'(x,)lllls,_,IIIIq>'(x,)11 = ~ 11q>'(x,)11 
- plls ,_, II' p lis ,-,II 

By Lemma 3.4, we have Uk ~ ~ Vk ~ O. 
p+v 

The conclusion ofthe proof follows from Remark 3.2. II 

" 
Example3.7: <p(X) = Illx-x,ll' ,where x E91"and x j Em" i E {1 , . . . ,n} are fixed. 

j:l 

" n 
Obviously <p(x) = n (x, x) - 2 (x, Ix; ) + I (x;, x;), implies <p quadrati c form with 

i =1 i=l 

<p"(x) = In (In is n x n identity matri x). Hence <p is strongly convex. 

" 
<p '(x) = 2nx - 2 I x; 

j:l 

Implies 11<p'(x) - <p'(y)1I = 112n(x - 2)11 = 2n IIx - YII, V(x, y) E 91 n . 

Let n=3 and x 0 = (1 ,1,1) 

Let XI = G,o,o r. X2 = (o,~,o r Xl = (o,o, ~J 
2 T 1 

Therefor<p(x) = 3 (x,x)- -(x,(I, I , I) )+ -
3 3 

[

I 
2 T 

and also (P'(x) = 6x - - ( I, I , I) , <p"(x) = 6 0 
3 0 
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so : = <p'(xo) = 6(1 , I, I)T - ~ (I , I , I)T 
3 

= ~( I ,I, I ) T 
3 

XI := Xo -f3oso where f30E M (<p(xo - f3so) , 13 ~ 0) 

[I] 3 - 16/1 
Ij/I(f3) =<p(xo - f3so),xo - f3 so = ( 3 ) : . 

2 2 1 => Ij/I(f3) = (3 - 16(3) - - (3 - 16(3) + -
3 3 



, 2 
::::. IjII (P) = (2)(-16)(3 - 16P) - - (-16), 

3 

I 
Po: =-

6 

, I T 2 T 
::::. <P (XI) = 6 x '9 (1 , I , I) - '3( 1, I , I) = ° 

~I = (q:>"(x,)so,q:>'(x,)) = ° 
(q:>"(x)so,so) 

There fore Sl = <P'(XI) - ~IS I = 0, 

Implies X2 = Xl - P sSI = Xl 

hence we have Xk = XI for all kEN, 
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