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Preface

Widely used techniques of solving optimization problems are penalty and Lagrange
methods. The methods indicate candidates for the solution depending on properties of
objective function and a feasible set .In some conditions numerical comparisons among
the candidates is the only way to determine the solution.

Relaxation method is an iterative method for approximating the solution of
optimization problems numerically.

This seminar paper consist three chapters. The first chapter introduces the notion of
relaxation process and e xplains the b ehavior o f convex and strongly convex functions
with respect to relaxation sequences. The second chapter is mainly about estimation of
relaxation process of convex and strongly convex functions. Chapter three comprises
different techniques of constructing relaxation sequences.

Finally, T would like to thank Prof. Dr. R. Deumlich, my advisor, for his willing to
provide materials and for many valuable discussions and suggestions with regard to

various improvement of the paper.
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Chapter 1
Introduction

1.1. The Notion of Relaxation Process:

Consider the problem of minimizing ¢:X — . The procedure of constructing a
sequence of points (xi) is called a relaxation process if

xic € Xand @(xiq) < olxi) ke Ng.

In what follows we shall always assume that the solution set of the original problem is
non empty. When investigating convergency of relaxation process we shall also assume
that (x,) is an infinite sequence and consequently, it’s all points lie out side of the
solution set.
1.2.Auxilary Materials

We shall consider several auxiliary assertions as a necessary apparatus for
investigating the convergence of a relaxation procure.
Definition 1.2.1: A differentiable function f on a set X is said to be of lass C"'(X) iff
there is a constant L > 0 such that for any x, y € X with [x, y] € X,

IF'(x) = f'(¥) | L[| x - L] is holds.
Example 1.2.1.
Let X: =R", f: U>NR, U R" be convex
f(x): = (Ax, x ) +(p, %)

where A is a symmetrical positive definite n x n matrix,

=3 QAx+p ee

n=l

110~ @ I=11Y, CAx-peye=d. QAy+p edel
=Y, @Ay el

=1

_ Z K2A(x-y), &) i

= PAGY), @)



<> 2AGy)

< 2n||Al [lx =yl
There fore f € C"(X)

Lemma 1.2.1: If f eC"'(X), then for any x, y elements of X such that [x, y] = X
L
fx) () 2 (P00, x ~ ) - - llx - yl[*, holds.

Proof: Since fe C "'(X).
Let F(t) = f(y + t(x - y)), t €[0, 1]. So F is differentiable, by mean value Theorem for a
function F of one variable,

F(1) - F(0) = F'(t) for somet € (0, 1),

this implies f(x) — f(y) = (f'(y + t(x - y)), x - y)
/

1
So f{x) - f(y) = if(X)—f(y)]dt = [{f'(y+t(x~y)),x~y)dt

0

1
=(fx),x-y)+ ({(f'(y+t(x—y))—f'(x),x—y)dt

!
2 (00, x =) - [|f'(y+t(x=y) = f'(x )~ y]at
0
By Couchy — Swartz inequality and by definition of class chix);

fx) ~ £(y) 2 (f'(), x =y = [L|(y+1(x— )= e — e
=(f'(x),x—y)-A J-L|t - 1“|x— y”:a &
=(f'(0), x =y - Llix —y]| [(1—c)

= (£, x-y)- = v -],

Consider, Xc R", Y c R"suchthat Y ¢ X and X # Y, Let f: X — R satisfying f{y) =0
for all

y €Y. Consider an arbitrary sequence (xx) < X such that f(x;) —=2->0.



Given € > 0, we introduce the set U := {x eX| d(x, Y) < &}, were d(x, Y) is the distance

between the set Y and the paint x. i.e. d(x, Y) = mi}p d(x, y). In our case d(x, Y) = min
ye

yeY

lIx = ll -
Theorem 1.2.1: Let X c R", Y c R"suchthat Y = X and X # Y. Let f: X < R", such
that
1. fly)=0forall yeY
2. there is an arbitrary sequence {x} < X such that f(x;) —=22—-0
3. for any € > 0 there is 6 = 8(g) > 0 such that f(xy) = §, for all x;, e X\U,.
Then d(xy, Y) —=2250.
Proof:

From 3. of the supposition , for any € > 0 there is 6 = &(g) > 0 such that f(xx) = &
whenever, x,eX\Us.
It’s contra positive is stated as ,

xxe X\U; whenever f(xx) <90,
hence d.(xy, Y) <& whenever f(xy) < & and also from 2. for &(g) > 0, there is ko(g) > 0
such that f(xx) < 9, for all k > ko(g).
Hence we see that d(x, Y) < g, for all k > ko(g) this shows d(xi, Y) —=220.
Remark1.2.1: We consider the application of Theorem 1.2.1 to the study of convergence
of relaxation for minimizing a function on a set X. Consider the set,
Xo = {x €X | h (x) £h (x)} and the set X* < X, of points where the necessary conditions
for local minimum of the function h are fulfilled.

Assume we know the function f such that f (x) > 0 for all x € Xo\X" and f (x") =
0, for all x*eX*.

Let the inequality h (xx) — h(xy+1) = f(xx) for all xxe Xo\X* hence
h (xx) — h(xgs1) = f(xk) > 0 k €Ny implies h(xg) > h(x;)> ...> h(xx) > h(X+1)>... .
Hence {h (xi)} is monotone and bounded sequence,

lim [h (xi) — h (1] = lim h(x) - lim h(x1) =0
k—o k—wm k—w ,f_.-,:!ﬁ-'":”'m-’-’kr :

_,/:'”7\' 5 h E:i E‘S ‘:‘i"i.»,,\.
h(x) — (i) 2 f(x) > 0 o O TREN
F @ 7 Nl %
. & ? r i K
So, lim f(xyx) = 0. ' e Qﬁ;
k—»o0 y & ~ % \ & ¢
! ’\ :
i « " i l‘:\?\“‘é g §
| |\ BTG og 4
3 : 1p? L‘;\/
e



If f satisfies condition 3. of Theorem 1.2.1, we have d(xx, X*) = 0, i.e. the sequence (xy)
converges to a local minima of the function h on X .
Theorem 1. 2.2: If

1) @ is convex function of class chi(R",

2) X*={x*|o*x*)=0}#J,

3) for any € > 0 there is & = 8(€) > 0 such that ||¢p’(x)|| = & for all x such that

d(x, X*) =[x — p*|| 2 &,

then, any sequence (xx ) © Xo = {x |[@p(x) < @(Xo)} satisfies |[xn — px*|| || £n < o0, k €Ny,

where p* and p, are best approximations of x and x; with respect to X*, respectively.

Proof: ¢ has a minimum value on R" ,
x* eX* implies ¢'(x*)=0

Subgradient inequality imply, for all x eR"

o(x) — o(x*) 2 (' (x*), x —x*) =0,
hence @(x) = @(x*), for all x eR"
Put ¢(x*): = ¢* (The minimum valve of ¢ on R")
Let C: = @(x0) — ¢*, for the sequence (xi) C Xy,

P(xx) — 9* < @(x0) - p* =c <0, k eNo ,

by the condition 3. of the Theorem, for an € > 0 and index k such that

*

X — P

TS PR =
”xk_pk

“x] = Py

Xk - p; || = & implies ”L £ 1,

Let v =

Obviously yie[ p; - xx]-

d(yio X*) = lyk - pell = (ﬁ% G {1 —MJ& = P;J
k k h k




=g "

[k

hence by he conditions 3. of the Theorem ||’ (yx)|| = 8(€).

90— 0* = o) — oy - = . Ly g e
L o'

Applying Lemma 1.2.1 to the right side of inequality we obtain,

2

' 3 (P'(.yk) 1 || (P'(yk)
_p* > = "5 7
P(y) — ¢ <‘P O L”q,f(yk)”> 2 Lo
T OO B A
L lﬂfﬂl‘ A TN T

28
Assume the Theorem is false. i.e. there is a sequence(xx) < X such that
d(x,X*) = 0.

Since ¢* = ¢ (p;) [ as @ is convex and p: e X*].

P(yi) < —ox) + | 1-——— | o(p})
. - il -]
=¥t (@(xk)—m*), ¢ -
T A‘k_pk\
<o*+ &0 — .
- il
Hence lim (P(Yk)S(P*+}im Jl = ry Eal
i 7T X — P

which is a contradiction to the result in (a) of the proof. //
Remark 1.2.2:
The set X* in the above Theorem is closed and convex.
i)  convexity:
Let xeX*, yeX* z:=Ax + (1 - A)y re(0,1)
9(z) < 2o(x) + ¢(y) (1 = 1) = p(x), since p(x) = P(y)

(a).



hence ¢(z) + ¢(y), which implies ze X*
so, convexity of X* follows

i)  Closeness:

Let (x;) < X* be a convergent sequence such that x, — x.
Now ¢(x) = ¢ [limx, | = limp(x,) = ¢*
hence xe X*, closeness of X*, follows,
The above theorem plays an important role in justifying the rate of convergence of
minimization method for convex functions. Since these estimates are essentially based
on conditions that |[xi - p, || is bounded.

Consider the graph of function of one-variable as shown below

IR A

/N ®

!

Y

graph
X:=[0, ), Y;=[0, 1), f: [0, ©) = R such that f(y) =0, for all yeY.
Let (i) be a sequence in X such that 1 < xx < xx+ 1. keN and f(xy) —<2-0, but

d(x;,¥)=|x, —1|—=20 ,which violates the condition 3.. of Theorem 1.2.1 . Hence,

bounded ness of X is material.

We now investigate the properties of the sets X and Y, and the function f that
guarantee the fulfillment of the condition 3. of Theorem 1.2.1.
Theorem 1.2.3:
If 1.the set X = R" is bounded and closed,
2. f: X—>N s continuous and f(y) = 0 for all ye'Y, f(x) > 0 for all xeX\Y # &,
then for € > 0 there 6 = 8(¢) > 0 such that xx € X\U, implies f(xx) = d.



Proof:

Assume the theorem is false.
i.e. there is a sequence (xy ) < X\U; and an € > 0 such that f(x,) —=2-0.

Since x, U, implies d(x, ,Y)>¢

Sod(x,Y)= d({im X ,Y) = lim d(xk Y) 28 ,
i—»o ! -0 J
hence xeX\Y. The continuity fimplies
(25, ) —="— f(x),

Since (f (xi)) is convergent sequence, f (x) = 0, which implies x €Y. Is a contradiction. //

Theorem 1.2.4: If the set Y (Y < X) of accumulation points of a sequence (xx) < X is

finite (Y = {y1, ¥2, ..., ¥Ym}), ll_r)zlu Ik - Xi1]| = 0 and }me d (xx, Y) = 0, then the sequence

is convergent
Proof: Us(y): = {x €X |d(x, Y) <8}
Casel.m=1,ie. Y = {y}

d(xi, Y) = [Ixic— yl| —2250

hence lim xx =y , so (Xx) is convergent.
k—o

Case2. m>1, Let 8 = min|ly; -yl >0,1,j =1, 2, .., m from the condition
i)
d(x, Y) —22 0, we have an index ko(8) > 0, such that d(xy, Y) < g, for all k > ko ,

which implies xxe U (yi) = {x eX|d(x, yi) < %}for somei € {1, 2, ....,m}and hence
4

XkE Uf (y,‘ )Vk > k(}(ao)
4

. s ) :
From the condition |[xy — Xy+1]| - . B forz > () there is kg > 0 such that

“Xk = Xk+1|l %= g, for all k > k'g )



WOLG kg = max {k'o, ko}.

Since y, is the accumulation point of the sequence , there is a subsequence ( x, )

which converges to y;. So, there is X, € U i (y,) for some k; = kq.

Forany je€{2,3,...,m}
lly; = X, 1= 15— y1) + (=%, ) + (%, -x, +1)|]

i+l

2 [lyi = will - ll(yr = x,, ) + (%, - x5, + D

>y =] [y =2 | e~ +1)

2d S% <%
i e 3 e
4 4 2
d_ & .
There for |ly; - x, «|| 2 5> 2 forallj € {2,3, ...,m}.

Hence x, +1¢ U (yj)j € {2,3,...m}, and for all k =2 ko(8) xxe U '(y,) for all k; > kg .

8
4

xxe U ) (y,) for all k > ko ( by induction on k), hence i — T yi. //

4

Remark 1.2.3.
Observe the following property of convex function of real variable, which is
differentiable.
Let f: R — R, and t;eN, t,eN.
Since fis convex it satisfies subgradiant inequality,
f'(t), b —t1) < f(tz) — f{t1) (1)

-f'(t2), 2 —t) < f(ty) — f(tr) ()

adding eq (1) and eq (2) we have
ft)-ft), -t)<0

Implies (f'(t1) = f'() (2 — t1) < 0, since t; <ty, f'(t1) < f'(t2).
Theorem 1.2. 5. If fis convex and differentiable function on a convex set X and the set
Y: =M (f, X) is bounded, then for all € > 0 there is = 8(g) > 0: Vx eXo\U(y): ||[f'(x) || =
8, where Ug(Y) = {x|d(x, Y) < &} and M(f,X):={x [f(x) < f(y)Vye X} .



Proof: Let G be a boundary of Ug(Y).
LetGi=Gn X.
(a) G, is bounded and closed set,
(i) To, show whether G; is bounded:
Let x €G;  Implies x €G, hence d (x, y) < g, for some y* €Y.
Since Y is bounded [[x|| - [[y*]| < [|x — y*|| < &, this shows |[[x]| <&+ |y*|| < &+ My,
(Mp is the bound of Y) so, G, is bounded.
(i) To show whether G is closed:
Let (xx) be a sequence in G; such that x; — x.
dx,Y)= d(liknlik,YJ = kh_r)rc}O d(xx, Y)=¢ . Implies x €Gy, hence G; is closed.
Since G is closed and bounded [i.e. compact] and f is continuous, f possesses

minimum on Gj. For arbitrary fixedy €Y,
& =min (f(2)-~£(1))>0 .
ze(;
Letx eX\U(Y)and Lety €Y

UL(Y)
Y)

d(x, G) = ||z — x||, for some z €G; .

ly—z|| <] x—yl|,since Y c U(Y)and y €Y.

b-d _,
>l

Letz':= _“y _ x|| X+ [1 - _—“y = x”Jy.
-] e =51

Implies 0 <

d(z'.Y) = min|[z’ - y|



— [IIJ’—ZHH 1_|lyﬁZHJyJ_y
< k-] e =1

= min || 1 —M (x—y
2 Qe

min |y —z||=¢€.
yeY

There for z'eG.
So we have ze G N[y, x] for all x eX\U(Y) and y €Y. Let ||z — y|| =1 <o, since
X M Ug(Y) is bounded and f is convex,
F(A): =f(z + M(z — y)) 1s convex and differentiable hence,
A1 <Ay implies F'(A)) £ F'(A;) (Remark 1.2.3), which implies

f'z+hz-y), (z-y)) < f(z+ Mzy)).
If A, =0<A<l,wehave(f'(z), (z—y))<{f'(z+A(x-Y)),z-Yy), hence
x =z+ Mz—y). Since z €[y, x],
E<f(z) - f{y) <{f (2, z-y)<{f(x), z-y)

<G Iz =yl < mllf Gl -

Implies L < || (x)]| ,there forchoose & = i /!
n 7

Assume that for a relaxation process in Theorem 1.2.2 it is proved that lim d(xg, X*) =

0.
If the set X* of points of local minima of the function ¢ is finite and the condition

}im |[xx — yx+1]| = 0 1s fulfilled, then Theorem1.2.5.implies the entire sequence converges

to a point x* of local minimum ( depends on choice of xo ). Now we consider some
conditions guaranteeing the fulfillment of the result ||x — Xj41|| —=2-0 .
Definition 1.2. 2: A function f called linearly non-constant on a set X if there are no two
different point’s x €X, y €X such that [x, y] ¢ X and f(z) = f(x) for all ze[x, y].
Example 1.2.2: Let f: X — R, be strictly convex and X < R" be convex.
Foranyx,yeX, [x,y]c X,

z:=xA+ (1 -1A)y, Ae(0, 1]

10



f(z) = f{ Ax+(1 — A)y) < Af(x) + (1 — M)f(y) .
WOLG Assume (z) = f(y) , so f(z) < AMi(x) + (1-M)f(z) , implies f(z) < f(x) .
Hence f'is linearly non-constant.
Example 1.2.2: f: X — R be a function satisfying the condition f(z) < max {f(x), f(y)}
forall z e(x,y) .

Definition1.2. 3: A sequence (xx) < X is said to be strongly lowering for a function f on
the set X if [xy, Xx+1] © X and f(xx) = f(z) = f(xy+1), for all z €[xy, Xi+1].

Theorem1.2.6: If a function fis continuous and linearly — non constant on a closed and
bounded set X, then any strongly lowering sequence (x) satisfies the condition

lim x ||xk-Xk+1]] = 0.
k—0

Proof : Assume the Theorem is false, i.e. there is € > 0 and a subsequence (X ) of (xi)

such that
Il %, - X; [2€>0,foralli>0
Since X is bounded (xki) has a convergent subsequence (Bolzano-wearistrass

theorem).

WOLG we take (x,;) as it is a convergent subsequence and we have lim x,; =: x and

lim x,;,, =:y.

Ix—yll =l }EE X = }er} X |l = }g&l |- X ll 2 €
Since X is closed and [ x,;- x,;,,] € X implies [x,y]c X .

As f is continuous on X [compact -set] f has both minimum and maximum value
and moreover (xg) is strongly lowering sequence for f, hence (f{(xy)) is a monotone and
bounded sequence.

iim (f(xx) — f(xx+1)) = ;l(im f(xx) - %im f(xx+1) =0 .

Consequently for the subsequence (f (xk' )),

lim (f(x;) - f(x,,,))=0 .

11



0= lm({(x,) - f(x, ))=f(limx,) - f(limx,,+,) = f(x) — f(y) which contradicts the
i-»o0 et Jj—o j—ro

linearly — non constant ness of f on X .
Lemmal.2.2. If a sequence (py) is such that py — g = 1 = 0, then

m-1

=1
g,,,£u0|:l+,u02rkjl , meN.
k=0

Proof: >0, pyi- Py = Tk #kz for keN

2
Hi s KK

2 Tk -1
#k+.’ ﬂk+l
2
implies L —121+rk#k21_
/uk+] /ukq-]
e 1 Tl 3
Therefore % Hin _ s > kHy = Hy Sk

M My Mg He Ml My

Implies il { L —i}z"irk 5

k=0 | Hra My k=0
implies - 2 EH
Hu Ho k=0
1 1 & 1 =
ZZEJr Zr;r,‘ = E{Hyu;rJ ;
imlies i = 23 {1+,uomirkJ ;
Hy Ho k=0

k=0

m—1 =
Hence pm<Ho [1+p02rk} M

Remark 1.2.4: h:=[0, 1) >R by h (x)=In(1-x) +x, x €[0,1)

b

-1
hK(x)=—— +1=
) 1—x 1—x

x = 0 and x = 1 are critical points and also end paints of the interval .h attains
maximum value at, x = 0 i.e. h(0) = 0 is the maximum value of h for all x (0, 1). There

forln(1 —x)<-x, forallx €0, 1).

12



Lemma 1.2. 3: If a number sequence (L) is such that py — ey = Ty, p = 0, then

m—1

Hm < Ho €Xp {_Zﬁ}m eN .
k=0

Proof: py — py+1 = Tk implies 1 - Hin >1 . keNg
Hi

Since Py = s > 0,12 Hin 5 0 for all k eNy.
Hy

Butl—‘t:kzm > ().
Hy

Therefore 0 <1 -1 <1 forall k eNp
Implies Mice1 < i — Tkpk = (1 — Tk, k €N,
Hence p; < (1 — 1) Mo

p<(1-7) i <(1-710) (1-711) po

m—1

m<(1=t) (1-1) ... A =tm) Bo=po [ J1-7,)

= Ho exp {ln[ﬁ(l -5 }}
k=0

m—1
= HoCXp { 2in(l-1, )}
k=0

< o exp, {_ —Th} m eN. //

m
k=0

Theorem1.2.7: Let f: X = R" be convex and differentiable on a convex set X and Let

the set Y = Ny (f) be bounded .

If a sequence (xi) < X is such that || f'(x)|| —=2— 0, then llcim d(xx, Y)=0 .

13



Proof:

(i) first we need to prove the bounded ness of (xi). Assume it is not bounded, i.e.
|[xk|| = 0. There is € > 0, and an index ko, such that x,e X\U(Y).

To make clear;

Let M be a bound of Y
[Ixx =yl < [yl + [lxil] < M+ x| = €.
Since |[xk|| = o, there is ko > 0: € <||xk||, for all k > ko Hence xx € X\Ug(Y), for all k > kg,
There for X # Ug(Y).
By Theorem 1.2.5 there is & = 8(g) > 0: Vxe X\U(Y) : ||f'(xw)|| > & > 0 Vi = ko,
Which is a contradiction to the assumption, ||f'(x)|| —=2—0.
Let px be the best approximation of x with respect to Y. Since both Y and (xy) are
bounded, thereisn > 0 suchthat ||xx — pil|<n <. Asfisconvex by subgradiant
inequality,
0 < f(xx) — f(y) = f(xx) — f(p) < (f'(Xi)s Xk - P
S I GOl x—pidl < [IF G-

As /(x| —=2>0,

implies fix) —=22>f(y) .
Since (xx) is bounded, there is a convergent subsequence (xk‘ )(Bolzano—Wearistrass
Theorem) there for f (xk_ )% f (y) Since (f (xx)) is a convergent sequence, more

over
f (xx) —=2>f(y)andis f continuous too,

lim d(xi,Y) = 0. //

14



1.3 STRONGLY CONVEX FUNCTIONS

Definition 1.3.1¢:= X — R is said to be strongly convex if there is a constant p>0 such
that for any x and y elements of X such that [x,y]cX and any ae[0,1],

oo + (1 - a)y) < ag(x) + (1 - o pl(y) - a1 — e )plx — v

Example: 1.3.1
Let ¢:R" >R

q)(x) = (Ax, x) + ( P, x) , peR" and A is a positive definite symmetrical matrix .
Let Ael0,],xeR, yeR.
Now @(x+(7-A)y)=(A(x+ (1= A)y) 2x+ (1= A)p)+(p, Ax+(1- A)y)

=22 {Ax,x)+ 221 - A Ax, )+ (1 = AV (A, y) + A p.x)+ (1 - A p. y) =

[a(ax, x)+ A(p,x)]+ [(1 - 2X Ay, y) + (1= 2X p. y)]+ 27 (4, x) - A, x)
+(1 =AY {4y, y) = (1 =AY Ay, y) + 21~ AAx, y))
= 20(x)+ (1 = () + A1 - ¥ Ax, x) + A — I\ Ay, y) + 22(1 - 2} Ax, y)

=20(x)+ (1= 2)p(y)- 201 - 2K Alx - y) x - y).
Since A is appositive definite, there is p > 0 such that

-
, implies

(Ax=y)x-y)z -y

p(ax +(1- 2)y) < p(x)+ (1= Yp(x)- 21 - A)ple -]
Remark]1.3.1: Strongly convex functions are strictly convex.
Lemmal.3.1: If 1. ¢ :=X— R is strongly convex,

2. Xc R" is closed and convex,
then for any point ye X the set X ,:={xe X | qp(x) < go(y)} is bounded.

Proof: Let ye X be arbitrary. Obviously ¢ is continuous as it is convex. Sinceq is
strongly convex there is p = 0 for any xe X and ye X such that,

plox + (1 -a)y) < ap(x)+ (1 -a)p(y)- a(]—amx—y!z, for all aef0] . By
continuity of ¢ for p>0, There is &> 0,such that Iq)(x)—qp(y] < p,whenever
xeU={xe X/||.x—y|| <e}.
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Let xe X | U. Then “x —y” > ¢,and hence « = ——: < [.Strong convexity of ¢

1
impliesap(x) 2 p(y-+ (s~ )~ (1-ahp(y)+ ali - a)pf -
©)

z=y+a(x—-y).So |x— y|=|y -alx- y)|=a|x- | =

there for ze U, and hence ¢(z)= ¢(y)- p. (3)
From (2)and (3) it follows that ag(x)2> —p +ag(y)+a(l-a)p|x -y .
1Y &
Therefor go(x) > gp(y) + p“x - y”(”x - y“ ~&+ EJ
If X, is unbounded, there is a sequence (xi) c X such that [Jx, [ —2%—> 0.

Implies ¢ (x, )—"23’—)00, then we get ko (y)e N such that ¢(x, )= ¢(y) for k= k,(y).
This contradicts the assumption xy e Xy, forall ke N. //

Lemmal.3.2: If ¢ is strongly convex on a convex and closed set X,

‘g %(go(x)— gp(x* )) is fulfilled,

2.ifpe C’(X), then
1. for all x, ye X, (gp’(x)—@’(y).x —y) 2 p”x—y”z,

ii. ||x x ||<—||g0'(x l

oG

iii. 0 < p(x)— go(x') )
P
Where x e M (¢, X).

Proof:
1. Strong convexity of ¢ and the assumption xeM (q),X ) imply

o' )s o T2 Jole)-obe' ) ol
which implies “x—-x*”z < %(go(x)—q?(x'))

; . 1 1 1 1
2. Strong convexity of @ imply, qa[z (2~ y)] < E¢,(x)+ Eqp(y)_ Zp"x B y"2,

. Si¢(x)+§go(y)—qo(x;y) . Hence

2

for some p>0.Then 3 plx- ]

16



2ok’ <o)+ ol)-o 222

fror e foo:2]

From convexity and differentiability of ¢ it follows,

Z o=t < <¢”’(x)’ > y) ' <_ e %>

=i<¢’(x)— o'(v) x_;;_;> ;

2

hence pl—3|7 < (p/(x) =g (¥) ¥~ y).

ii. From i. above <¢'(x)— g.o’(y)x— y} > p||x - y||2.Since x*e X and qo’(x* )=0,

2
. By couch- Schwarz inequality,

<gp'(x), X — x') > p”x -x

go'(x}[”x -x" “

p“x —-x" ” ’< <go’(x),x = x*) <
By uniqueness of x*. “x - ,\.“ #0.
Hence Hx - x'” < é”cp'(xm .

iii. o (x) - q)(x* )S <q)'(x), x— x*> < “ap’(x””x -x ” Combining with the result in ii.we get

0<p(x) - qa(x* )S ;];”qo’(xm M
Definition 1.3.2: Let ¢:R" > R. A function ?": = R" — R defined as
qo'(y) = suf {(y x)— qo(y)} is a conjugate of ¢ .
We will consider the follo:ing Theorem with out proof.
Theorem1.3.1: Le ¢ :R" — R be convex and has a gradient mapping Lipschitzian with a
constant L > 0 on R": Forall (x,,x,)e R" xR",

||¢9'(x, )-¢'(x; ]l S L"x: - xz” :

Then ¢@" is convex on each convex subset of domain of ¢".

17



Example 1.3.2:  ¢(x)= x|+ e xemn.

_ o
§—% x, xeR"

Now ¢/}~

n {(I - e‘ll@ (l —e‘yli)vi]'?}E x:=(v,...,v,)and

- ““’”“’“’”‘{5 W
i lipn)
_e M _e ™ _e bl
Since Vx e R" i 7, [!——e—]v, -[i}uf <|v;-v) ,iefl,...n}.
[~ [~ ¥
. L
B wf(1—e ) (1oePl) Y
Therefore ||go (x)-o'( y]| = ‘:][(ﬁ) V;—~ LT;“—_) v;
) !
= i|v,-—u,' j|2

=[x-.
Therefore ¢ € C”( ”).
Now ¢ (y) = sup {( y, x) - ||x" - e'"x“} yeR"
xeR"
Leth (x):= (y,x) —Hx“ —e_“xu,x e R" and (y € R"is arbitrary but fixed). So h is concave
and differentiable .

I+
! ]_
He)=r-—p

_ o
Hix)=0 = y=1”%“x (a)
J—eh 2
= (ox )= gg—(nr ) =l ®)
_o
And { ».y )=I_IT§T Xy ) =(I—e_!|xﬁ)2 (c)

h attains its maximum value for those x satisfying condition (a) above .Hence from

condition (b) and (c) above and Theorem 1.3.1
' (y)= (”y“ - IX] —In(1- "y”)] is strongly convex for y e ®"and |y </

18



CHAPTER 2.
THEOREMS ON ESTIMATES

In this section we consider estimates for the rate of convergence of relaxation
minimization process of a general type irrespective of their specific realization. It is
important that the estimates are valid only for convex optimization problems.

Thus, through out the section it is assumed that the ¢: =X— R and the feasible

region X are convex.

Notations. ¢° = ming(x), X'={xe X | p()< o)y < X /. 5, = o)~
Xe
d(xk X )= ”xk -p; ” where p; is the beast approximation of the pomnt xi
on the set X
The convexity of gimplies 0<p, < (qa'(xk ) Xy = p; > : (2.1)
For all i (x, ) # @" .

Theorem 2.1.If
l.p := X — R 1s convex and differentiable,

2. X is convex and closed,

3. X 20,
4. (xy)1is a relaxation sequence,
then

=1

mz_! gp(xk ) & (p(xkh') holds. (2.2)

*

P(x)—" < po| 1+ 4
' = <¢9'(xk )%, _Pk>

Proof: Since y; = go(xk)—qs'* and py.; = (0(xk+1)_¢’*,

MM = @(xk ) = go(xk” )
PEARYCw WR—

p
<§9'(xk ):xk —P;> k

@(xk )“ @(xmi) 2
oe)m-n)

19



The last inequality above follows from condition (2.1). By Lemmal.2.2. and

¥

- (P(Xk)—<P(Xk+1)2 o = 0%, ) - 0
<<P'(Xk)sxk —PT(>

the conclusion of the Theorem follows. //

The estimate (2.2) is of noq-constructive character, since its right-hand side involves the
unknown projection on to X .If the inequality (2.2), then the relaxation process is weakly

m—»o0

convergent (i.e. ¢(x,, )—2=%5¢"). In this case the strong convexity of ¢ guarantees the

strong convergence of the process (x , —~——=x" ). To investigate the convergence of

m

relaxation process using formula (2.2) one should be able to estimate from below the
ratio,

@(xk )_ @(x;m' )

<§9r(xk )X~ py >
Theorem.2.3:
If1. X:=%R,
2.¢:=X—>R" is convex and differentiable,
3.Xy):= {x|go(x) < o(x, )} is bounded and diam X =7 <o,

2

4. (xx) is a relaxation sequence,
then

—1
o(v,)-0" < pio| 1+, LS (D(xk),_qp(x“’) ,meN, (2.3)
pico [o'Cx,)

where 15 = ¢(xy)-¢".

Proof: Since ¢ is differentiable and p , xxe X for each keN ,

implies (¢'(x; ). x, - pi ) <o G M — pi| < llo' G )

#\ 2 : sy
Hence <go'(x,{),xk— pk> S”qp’(kaznz . Applying condition (2.2) to the last
inequality we get the result in (2.3). //

Remark .2.1: If there is an index my such that go(xma )> go(x,,,u+ ,) , implies

wct o) plep)

=0 o)
the inequality in (3.3) becomes,

sm=my+1 ,my+2,....

20



of

2 m— Py

ga(xk)—ga*ﬁﬂ—g{ggp(xk) q)(ik”) sm=my+1,my+2,....
k=0 o', )

For convex functions of class C'’ (ER") the condition that X, is bounded” can be
weakened by replacing it by the conditions of Theorem 2.5.

Theorem 2.4:
If1.X :=R",
2.p€ C“( ”) is convex,
3. X #3,

4.for any £ > 0 thereis & = 5(g)> 0 such that go'(xm > forall x

with d(x , x*):”x— p*“ >e
5. (xx) 1s a relaxation sequence ,
then the estimate (2.3) holds .

Proof:
Let X, =N (p),a :=p(x,) X" = {xlgo(x) = 0} and {x, }c X,.
Since X' is convex and closed ,

Vi, € X,3p, € X* dlx, X )= v - 2t -
By Theorem1.2.2. there is ne®R:\{0}such that |x, — p,[ <7, forallke Ny .
(W’(xk )% —Py) S |\¢'(xk]|”xk I E WHQ"(’% }1 keNo
implies (p'(x; ) x; — 2 )" <0G )|

The assertion of the Theorem follows from Theorem 2.2 . //

Theorem 2.5 :
If1. :=R" > R is strongly convex and differentiable,

2.(xx) 1s a relaxation sequence ,
then

=
qo(xm)— qp* < 1, exp[— pmz-f qo(xk ),_ 9’9(3;“1 )] e N
=0 o' (e )|

and

. ”x*Hz i el p"*z—’co(xk)—cﬂ(?”q meN |
P =0 o' )

where p is a parameter of strong convexity .

21



Cﬂ(xk )_ q)(xkﬂ‘) >
o' Gei )

implies 41 = ) plegar) = L2 PEresd 2 4
||¢0 (xk )”

; " .
Since ¢ is strongly convex , i, = go(xk )—(p < —!
e,

proof : u, :=¢(x,)-¢" 20 ,7,:=p

p 2
¢'(x )||

holds by Lemma 1.3.2 . From condition (2.4) and the last inequality we get
40()‘:: )‘ (f’(xku)

Hy =M 2P ; Hy
’ |¢0 (o ll
(2.5)
2
Again by Lemma 1.2.3. ”xk - x*” < L ;. .The conclusion of the theorem follows from
P
Lemma

The estimates above allow one to accumulate, during the computation process,

information about the rate of convergence of ¢(x,,) tog® or in case of strong convexity

m

X,, tox .We note that as long as the order of magnitude of the ratio

@(xk )_ ‘?D(xkﬂ)

||¢'(xk Mz

is not lower than o(1/k) ,the relaxation minimization process remains convergent .
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CHAPTER 3
DESCENT METHODS

In chapter 2. and chapter 1. we have seen the general properties of functions, which allow
the convergence of relaxation sequence and give an estimate for them. Here we will
construct such sequences using descent techniques.
Thus we will consider the solution of the problem of minimizing a functiong : R" - R .
The descent method consists the following procedure of constructing the sequence (xx)
(1) Xo € M"1s arbitrarily chosen.
(i1) Xk .k =1 is constructed recursively as follows.
1. adirection of descent —si at the point x is selected.
2. the (k+1)™ approximation is found by the formulas
Xie+1 =Xk~ P kS, Vk = 0

(3.1)

In relaxation methods the choice of —sy and the parameter Py is so as to satisfies the
inequality(p(xk)z (p(xk +1)=k € Nj. The parameter Bx usually called the step length or
simply a step.

3.1. Choosing the step length. From the formula we can see B x determines the distance

between xi and Xy .In this section we assume —sy as it was already selected. Now we
will see three methods for selecting the step at each iteration.
3.1.1. Duplication method. The procedure of the method is as follows.

(1) we take B =P k-1,1f @(xx+1)< @(xx),we either pass to the next iteration s or

Bi=B ke if o(x)> @(xki1),the duplication process continues until the
decrease stops.

(i)  If o(xk+1)= @(xy), then we take Bk:% B k1.

()  If o xk-% B k18K)< @( Xk), X+1: = xk-% B k.18x and pass to the next iteration.

1
(iv) If o xk-% BraSk)= o(xk), B k:Z B k-1 and the process continues.

3.1.2:0ne dimensional optimization method for selecting a step.
w(p)=o(x,—Psg)fel0,x).

Since -sy is a direction of descent of ¢ at xy we expect Bre M (W.(Or"o )). Hence >0
and Xy+1:= Xk~ P xSk

We introduce a new parameter A in order to strengthen the inequality ¢@(Xy+i)<
¢( xx) with respect to the chosen [}  as follows:
O(Xk-Brsi) S (1= 4 )p( Xy ) + A0
(3.2)

where @, =inf o(x, — f5; )
B0

23



PX) — Xk 41) ©1] .
o(xk) - ok
So, condition 2 and theorem 3.3 imply

and ;\.kS

-1

L Ho HZI P(xk ) — P(Xg 41)

s -e0sn i s

Ko nz_lx P(xy ) — o)
n” k=0 o (xk)ﬂ

The last inequality shows  the increase or decrease of the parameter A, in the feasible

= Pyl 14—

manner affects the rate of convergence of the sequence (qo(xk )) to the minimum value

#
P(x").
3.1.3.Numerical implimentable condition for selecting the step (note in the sense of
sec.3.1.2)
Let Q be a proposition such that
QB)=0(xi )= (x = B8, )= af( ¢ (x, )5y ).q>0.8>0. (3.3)

As -sx is a direction of descent of @at xy, ( o( Xp )5Sk ) >(0and consequently
o(xy ) —@(xy —BSi) =0 forall B =0, which satisfies the condition (3.3).

Br=max{plo(p)} .

and hence Xy+1:=Xx xSk .
The question is that weather a real number B > 0 , such that Q(f) is true exists .The
following corollary assures the existence of a positive number satisfying condition (3.3)

Corollary 3.1: Let p e C L (‘EH ") ,let -s¢ be the direction of descent of ¢ at x
and qe(0,1) , then
0'(x )
=2

satisfies condition (3.3) .
proof : Applying Lemma 3.(chap. 2.) obtain

olx)- ol - Bosi )2 Belo'Gu)se) = Bl
A [AETAN

=qu<@’(xk )’Sk> .
Moreover 8, >0 andq>0 . //
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Condition (3.3) can be rewritten for certain qx €(0,1) and the corresponding
calculated S, as follows:

()= o, = Besi) 2 4i B (o' (i ) st )
(3.4)
By (¢'(x¢)s5¢)>0 we get

{@'(x )5 )=cos6,

058 5=,
2

a; :=cosf, =

((9'(3% ) Sk)

i
Lemma 3.1:

I 1. goeC”( ”) andcoggg(x),vxei}{" )
2. the sequence (xx) constructed by the formula (3.1) and satisfies
condition (3.2),

0'(x, 1|

Proof : From condition (3.2) and the definition of infimum ,

olxe )= 9l )2 4 (p(x, ) - o)
=X (@(xk )— inf @(xk - Bs )]
f=0

2 ﬁk(@(ﬁ)‘?’(xk —ﬁsk)) .
By Lemma 1.2.3. and by definition of «, ,

olxi ) - 9lxees) 2 4 (0l ) - o(x, - fs,)
24 (ﬁ((D'(Xk ) Sk) - % ansk ”2J

-4 sl M- £ 8%l )

The inequality holds for all # € R . Fortunately the right side expression is a quadratic

then  o(x;)-olx,,,)>

form with respect to 3 with a leading coefficient — g”.f,‘ ||2 , also the inequality holds true

for,

oy o' ()]
ﬂz_*

L s

for the assertion of the theorem follows .

,  where the quadratic expression attains its maximum value . There
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Lemma .3.4 :
Ifl. pe C"(R") and C, <p(x) VxeR",
2. the sequence (xy) is constructed by formula (3.1) and satisfies condition (3.4) ,

, where 7, =2¢,(1-¢,) and

1
then p(x; )-(x,.,)= 7 Vk% ”49 (ka

qu(O,l) s
proof : Since Py is the maximum number satisfying the inequality in (3.4) and by

( )Sk> '

corollary.(3.1), B, =B, =2(1-q, )(

L,
o(x; )= ()= () - 9lx, - Bisy)
2 gy ﬂk( ( ) )
2 q, By ((9 (o, ) Sk>
Z%yk £ gv’(xk m L

Let ¢ : R" >N be continuously differentiable .

Defniton 3.1. The set of stationary points:
X":= { i ga’(xk): 0} 1s called the set of stationary points of ¢.

Xo:= N, (@), where a:=¢(x¢) and X, := X* n X,
Definition 3.2: Lete> 0. Ug= {x‘d(x, X, )S 5}, where d (x, X )= inf Hx -x’”.
xeX,

From the point of view of Theorem1.2.1. and the assignment of
Y =X, X :=X, f(xx) :=||go'(xk) , we observe for each € >0 thereis 8=0(g) such that

lp'Ce, )| =6 forall x, € X; U,

Theorem 3.1:
If 1. peCH®"),p(x)2C VxeR" and X; 22,
2. the sequence (xx) is constructed by formula (3.1) and satisfies either
(3.2) for 0<A<A, <1 , keNp or  condition (3.4 ) for
O<e<gq,<l-¢ ,e<)2 andkeNy,
3. g, 2a>0,keNy

4.conditon (3.5) is fulfilled,
then

(3.5)

lim d(xk.Xo) =0.

k—o
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proof : If (x,) satisfies condition (3.2), ¢(x, — B,s, )< (1= 4, Jo(x, )+ 4,0,
where 0 <A<A4, <7,k eNy ByLemma (3.1)

1 ;
¢’(xk )_¢’(xk+])2 E’lkak ”(’) (xk ]|2

! :
= zﬁoﬂ“gp (xk ]}2 : (a)

If (xk) satisfies condition (3.4) , by Lemma 3.2 :

2
Yk =29 (1-qg).qx € (0,1)

1 '
P(xg) —p(xg —Pksk) 2 IYkakZHCP (Xk)l
2 oo P
2 y0? o' (i) (®)
Since 0<e <qy <l-q and ¢ <% it follows

0<y<2e? <y s%,k=0,1,...
For condition (a) and (b) of the proof we obtain

: 2
P(xg) —p(xg41) 2 € Hip (Xk)”

2
o 1
Where c: =—min{y,—A}.
3 min{y 5 }

As {p(xy )} is monotone decreasing and bounded,
' 2
0= lim (9(xi) ~0(xc,1))2 ¢ lim Jo'(xp)” 2 0.
k—w k—w
Hence

; 2
from ”go (x; )H —£2% 50 and supposition of the theorem the assertion follows. //

Remark 3.1: according to Theorem 3.1, choice of the initial point X, determines the
stationary points that lie in X, .Off course the choice is immaterial , if ¢ is convex.
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Theorem 3.2:
Let
1. @isconvex and ¢ € CM(R™),
2. diam Xo=n<w,
3. the sequence (xy) 1s constructed according to formula (3.1),
4. o >0,k eN, .
If condition (3.2) is fulfilled then

-1
& m-1
(P(xm)_(P(x )Suof:l'i'cuokz )\‘ka‘kzj, ’
=0

where 0 <c <

5 and me N, .
2Ln
If condition (3.4) holds, then

m-1 ) -1
P(Xm)— (P(x ) SHo|l+cp, Z TkOk s
=0

where 0<c£——1— and me N .
Ln

Proof: (I) if condition (3.2) is fulfilled, by Theorem 2. 3: and Lemma 3. 1: we obtain
-
* L. n—1 X —o(x
P(xXm)—9 <M, 1+Lg— ¥ 4 k). @( 2k+1)
n- k=0 M(P (xk)H

-1
SP-O|:1+P~0 Z _xkak :l
n? k=02L

u0[1+p0( )Z Aoy ],meN.

2Ln’
Letc:=

the inequality follows.
2Ln?
(II) if condition (3.2) is fulfilled ,by Theorem 3(chap.3) and Lemma 2 we have
=1

(P(Xm)_QD(X*) < Ho 1+Lgn21 P(Xk) ~ P(Xi41)

P

i

1 m-1] 2—‘

<Ko |:1+Ho_ 2 —Yikok
N k=o0L
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=
] m—1
=ﬂo[1+#o Znak } , meN
Ly’ «

G= " , hence the assertion follows. //
L 2
|
Theorem3.3:
Let

1. ¢ be strongly convex and @ e C*(R™),
2.the sequence (xx)is constructed by formula (1),
3. 0y >0, k=0,1,2,....

If condition (3.2) holds, then

(X)) —0(x )<uoexp[2 Z Ay } m eN and

m—1

|xm —x'”z <£,uo exp{—p > Ay },me N.
P 2

If condition (3.4) holds, then

-1

P(X ) — @(x )<uoexp[— 2 Yk%k } me N and
k=0

m-1

2 =
xm—x* Szpoexp[—p > ykak2j|, me N.
P L k=0

Proof: I. If condition (3.1) holds for the sequence (x,), by Lemma 3.1 and Theorem 2.5

(P(Xm) (P(X )<“0 exp| - p Z (P(xk) (P(xk-i-l) ,meN

HCP (xx )H

s -1
< Ko EXp| —p Z leak ,meN
| k=02L

=U, exp — Ao meN .
Ho PszZOkk}

2 n-1 =
Sguo oxpl —n B P(xk ) — (XK 41) g

k=0 H‘PI(Xk)“Z
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Z — Ay

2 m-1 1 N
S—Hgex , Me
pl—lo P| — = 2L

—Wo Xp [ — Z ?Lkak ,meN.

2L k=0

1T .If condition (3.4) holds for the sequence (xi) , by Lemma 3. 2 and Theorem 2. 5
Lo(xy) =Xy 41) N

@(xm) —O(x") < pg expl —p Z
oo

m-1 | 2
SHo €Xp|—p E —ykak ,meN

cow [ E ] e

and
2
“xm_x*” Sz” - pz({)(xk) O(Xk+1) e
Hcp(mu
m-—I
! 2},meN

2
S—Ho©Xp| —p 2 —YKOk
p k=0 L

) —pm-1
=—M, exp [_p Y ykasz,meN .
L k=0

Remark 3.2:If o, 2a >0, y, 2y >0, A, 2A>0 forallke N,,
Theorem 3.1 implies ¢(x,, )—¢" <C, i, meN,
m
-
Where Ci:=min {y,— } = and
2 "\ 2Ln

Theorem 3.2 implies
gD( m) (0 <#G exp{ sz} ,mENo and
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”xm _X*Hz 53#0 exp[-C,m] ,meN, |
P

2
Where C,.= min{y,i}(’aa J I
2/ L

3.2 Choice of the direction of descent.
As we have said, the choice of — sy and [Py in relaxation sequence is to

satisfy the inequality @(xx) - @(xk +1y = 0, where X +1 = xx - Bxsk, keNy Now we

consider pe C' (R"),

@ (X —tsg)—p(xk)
1

(@'(Xk), sk) = @'+ (Xk.8K)= Iiﬁ)l so the decrease in the direction —sy at
t

Xk is guaranteed if {(@'(xy)-sk) >0.

3.3 Classification of descent methods
The classification is mostly based on the choice of the direction of descent. We will
consider three major classes of descent methods.
1. Zero — order method
2. First — order method

3. Second — order method

3.3.1 Zero — order methods
The direction of descent in all of the methods in this class is the direction along
the coordinate axis.
I. Coordinate — wise decent: - As the name imply, the direction of descent — si at xy is
either —ejorej (e;=(8;) i,je {0,...,n}.
So the general trend of the sequence (x) is as follows :
X+ = Xk £ P € (1), (3.6)
where j(k)= k (mod n) +1, keNy,
Depending on the methods of calculating the step we consider three way’s of
constructing the sequence (xy).

A. Coordinate-wise descent with duplication of step (the first Version).
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The parameter Py in (3.6) calculated at each iteration using the duplication method
and xg is chosen arbitrarily.
Coordinate wise descent with duplication of step (second version).
Still calculated in duplication method with a slit modification, as follows.
Let / be the /™ cycle and each cycle consists n-iterations:
Xk, Xk+1, - - » Xk+(n-1) 18 taken as the iterations in the i cycle,
where k+i=n (/-1)+i,1 € {0,...,n-1}, 1eN.
So in the formula (3.6) the index k can be replaced by n(/-1)+i.

The duplication technique in this case takes place in terms of the cycle /. i.e the

parameter B remains constant for each iteration within the cycle.

)

We take By.; = Pk+i, 1€{0, ..., n-1}
where k =n(/ -1)

In the /™ cycle the construction of xy is as follows

V)

If p(Xkii - Pejerny) < P(Xi+i),
Xk+i+l = Xk+i-Bejae+i) and pass to the next iteration.
if o(xi+i - Pejw+iy) =  @(Xki) , then we chenge the direction of descent to
= €j(k+i)
If @(xicri + B i) <@z, ) » then
Xicti+1 += Xicri + B€jgesi)
If in case Q(Xi+i+1HPejgc+)) = (Xk+i), then
Xit+i+l = Xk,

When the inequality in (ii) and (V) holds for each iterations of the cycle, the

coming cycle proceeds with step length B = % Py.1, and so the process continues.

Therorem 3.4: Let peC"'(R") and X, := N, (p) be bounded , then

1. ﬂk—k‘—>m_>0 )

2. limd(x,,X})=0.
k—o0

32



Proof:
1. From the construction of  , (Bx) is a decreasing and bounded sequence. Suppose

B &0, hence there is k, €N such that

Bx =B Vk = ko with @(xx+1)< @(xi) for all k > ko. Hence we have
n Xkt = Xk ” =B Vk 2=k as a result there is k; > kg such that xi [J X, for all
k >k, which contradicts the definition of Xj.

2. Let us consider a cycle for which the inequality (ii) & (V) hold simultaneously
forallie {0, ... n-1}. Let re index these cycle by m , keeping there original order.
Hence we have X,:= Xy for all

i€ {0,..., n-1} in the m" cycle.
Since  Q(XmHPm €j+1) = @( Xm), 1€{0,...,n-1}, m €N,
And Q(Xm-PBmeic1) 2 @(Xm), 1 € {0,...n-1}, m eN,
implies
QX Bm €r1) = O(Xm)= Pm (P(Xm 101 Pm€is1), €j+1) 2 0
and Q(XuBm €j+1)- P(Xm)= Pm (@' (Xm+02 Pmeis1), - €j11) 2 0
Hence we have (@' (Xp + 01 Bueir1) €i1) 20 (a)
ie 0.1 oumll,
and
(@' (X - 02 Buie1), - €+1) 20 . (b)
ie {0,1 ..,n-1}

Since (xm) < Xo (a bounded set) so (x;,) posses a convergent subsequence (xmj)

(Bolzano-Wearistrass Theorem).
X :=lim x,, , and applying property 1. of the Theorem
Jo® 4
0< Hm{(Q'(Xmj +81Brmj€is1 ), €isy =(P'(x), €41) , 1 € { 0,1, .., n-1}
j

and

0< li)rg«p'(xmj _GZijeiH)!eiH >= <(P'(X),-Cj+1> Je {01, . .., 01}
J
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implies ¢'(X) =0, Consequently X € X
As!{z‘m By =0, we have [x, — Xy, [ —2250
.

Hence limd(x,,X,)=0.
k—w

Example 3.1: o(x) =7; = 21,11, + 15 =2, =1, % :=(7,,m,) € R’.
Now x¢:=(1,1),
impliesq(xg) = -1.
Let Bo-="2,
hence (1,1)-%(1,0)=('%,1).
But ¢(%, 1) =-3/4 > -1, undesired result, so we change the direction of descent
(-1, 0), hence
(1,1) +1/2(1,0) = (3/2, 1)
= ¢(3/2,1)=-7/4<-1
soset x;=(3/2,1).
Let =%
=  (3/2,1)-1/2(0,1)=(3/2, 5) .
=  ¢(3/2,%)=-5/2<-7/4
Again we set x, := (3/2, ¥4)
Then we change the direction of descent to either (1, 0) or (-1,0)
Now, (3/2, 2) - 2 (1,0) = (1, }2)
= ¢(1, 1/2) > 2 undesired.
Let (3/2,%)+1/2(1,0)=(2, 'A)
= ¢ (2, ¥%2) =-9/4 > -8/2 undesired.
So we set X3 := X».
Now changing the direction of descent to either (0,1) or (0,-1) for 4" iteration .
Let (3/2,2)-%(0,1)=(3/2,0)
¢(3/2, 0) =-7/4 > -5/2 undesired.
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Again we let (3/2, Y2)+ Y2 (0,1) = (3/2, 1), so
¢(3/2, 1) =-5/4 >-5/2 undesired.

Hence x4=xX3=X»

for xs we let P ="', butstill xs =x;

and also thisis true forallk =2, i.e x, =% Vk>2.

Soxk = x2=(3/2, % )".

Therefore (3/2, %) " is a minimal point of ¢.

II.Cyclic coordinate wise descent. The only difference of this method from the methods
I is in the selection of P. In this method one- dimensional minimization technique
or the technique in section 4.1.3 is used for selecting 3.

Theorem 3.5:

Let 1. ¢ € CH(R") and p(x)>co Vx e Xy,

2, X,#@

3. (xx) satisfies condition (3.6)

4. (Xk) stifles either condition (3.2) for 12Ax =A>0 or condition (3.4)
for '2 > qx 2g>0

5 | X1 —xi || =0,

6. Ve >038>0: ||o'(x)| 28 vxe X;\U,.
i Xo)=0.
Then klgr:od(xk, 0)

Proof: since (xi) satisfies assumption 3. and 4. of the Theorem. By Lemma 3.1 and

Lemma 3.2 we have,

0 (xi) = O(xier1) = cac || @'(xie) ||

(x, )e;
Where i =min{&,y} , O = M >0
- o' G )
implies PX) = P(X k1) = C (Q'(x), ey’ = 0

Since ¢ is bounded on X, and (¢(xy)) is monotone decreasing sequence.

0= o) - ol 2 CJim (s o) 20
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Hence. lim <(p (x4 e J(k)) =0

k—w

Consequently given € > 0 there is k; € N such that
{9'(Xk), €j x| <L €, ¥ k > k; and also there is k, > o such that
|| xk+1 - xxc[| < € Yk,
Now " Xk+1 = Xk " = " Xkt — XkHi-1HXicti1 - ~+Xk+1'Xk“
< Nirixicri1 [+ - + [ xper-xc |

. A
< —i<gfori<nand k >k
n

Where ko = max (ki, kz}.
As @ e CHl(®M),

| @'Cxeisi)- @'(xi0) || <Ll xiri-xi|| < Leyi e {1, ... n-1}, Vk=ko
Also

K'(xx)s €j =] (" (Xk) = @' (Xcsi)s ki) + (@' (Xki)|
s |< ( ) @ (xk+:) k+1)>

= "(d(xk )= (e ]| + |<§0'(xk+i)r ¢ j(k+1'))

<2Lg, i€ {0,...,n-1} and forall k >k .

<<p (xy e €j(k ))’ <2Le.

+ K(P'(’%n )e i)

implies max
iefl,....n}

n

Now [lo'xi) || = \/Z<<P'(xk),ej(k)>2

i=1

< \/H.I{DaX }<‘P'(Xk)=ej(k+i)>2

igil,..,n

<«F max

IE] n

< (xi )e k+|>)——2‘/_L5-

Hence l(llm ¢'(xy )= 0. Then the assertion of the Theorem follows from Theorem1.2.5. //
—o
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[II. The classical scheme: even though the direction of descent of ¢ at a point is either
e or-¢; (i € {1, .. .n}) the choice of j“‘ coordinate axis is dependant of continuously
partially differentiability of ¢ at that
Xic+1: = Xk £ P €j, {3.7)
where

¢j is selected if max ’ ’ei)l - |(pf(xk),ej|
ie{l,.n}

we assume |(p'(xk ),ej| >0 otherwise ¢'(x, )= 0.

And the process of minimization stops.

(Q'(xk)=3k>2

2
C(k =
Jo'Ges )i
2 2
_ < '(Xk)»e'> % (‘P'(xk)’ej> o p Bl
> (@i ey noGeiche;) "
i=]
Theorem 3.6:
Let1.¢ € C"' (R™), and @(x) > ¢y V x e Xy,
2. X'# @,

3. (xy) Satisfies condition ( 3.7 ) above,
4. (xy) satisfies either condition (3.2) or condition
(3.4).

Then d(xi, X' ) —0.
Proof: o> 1/n> 0 Vk e N, where n is the dimension of R".

Hence the assertion follows immediately from Theorem 3.2. //

Example 3.2.
Let o(x) =[x +e M, x e ®?
By example 1.3.2. ¢ € C"'(R?)
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( T ef“-*” )

More over ¢'(x, )= —”—”—x
X

Choose Xo=(1,1)

1-&?
= I(Co'(xo ),e,)l = }((ﬁl(xo )re; >| = NG}
where e;=(1,0) and e,=(0,1)
So we can choose s, = te,or 5, = e,
Let 5, = ¢
w(pB):=p(x,—pPe;)
=Y (B)=(0'(x, — Pe; )—e;)
]_e—Hx,,—ﬂe.."
o = fei|
P'(B)=0=(xg—Pe;.e,)=0
= f=(xp.¢;)

=((1,1)",(1,0)")
=1

(%9 — Be;—e;)

ﬁo =1
=x9— Py
4u)aw2mnf
So ¢'(x;)=(1-¢")(0,1)"
Ko'x )l =[(1-e )(0.0)" (10)")| =

and

(o'(xi )] = (1= )(0.0)" 0.1)")] = 1=

Here we choose s;=*e¢,

o(x; = fPe;)=((0,1)- p(0.1)),

=p((1-4)(01))
=|I—ﬂ|+e_'1‘ﬁ|

va(B) =1 pl+e "

then (9 =1~ ﬁw A

Since /5 is continuous over [0, 0 ),
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Wy (B)=0if =1
so f1:=1
xg.':x;-ﬂ 1€2
=(0,1)-1(0,1)
= (0,0)
and ¢'(x,)=0but (p'(x, - fe,)e;)=01forie{l,2}and S e [0,%)

= p=0
= X3 =X, fe; =x,

. x,=(0,0) is a minimal point of ¢ over N7

3.3.2 First order methods. Descent methods under this class involve either - @(xy) or -

AiQ'(xx) as a direction of descent. Where

Ay is a symmetrical positive definite matrix.
I.Gradient descent methods:

Let sk = @'(xx), k € Ny

X+ = Xk - Pr @'(Xk)

calculated using one

Usually Bk 1is dimensional minimization method

(sce. 3. 2. 1)
Theorem 3.7:

Let: 1. ¢ € C"'(9") and convex,

2. X* =,
3. (xx) satisfies condition (3.4) with qx € (1/2, 1),
4. sx = 0'(xk)
Then
glgdogxk, X*¥)y =20
Proof: Let y € X* # &. Hence @(y) < o(x) Vx eR .
By sub gradient inequality and supposition 3. of the Theorem,
(@'(xi)s xiy) 2 O(Xi)- 0(Y) = O(Xi)- P(Xi+1)
2 Gk Pr (P'(xx), Sk

= qi Bx | p'x0) |2
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implies (@'(xi). xy) = qicBi [| ') || (a)
Multiplying the expression in (a) by - Bx and adding
B || 9'(xk) ||* to both sides of the inequality we obtain,
- B (@'x0, 31y Y+ B[ (@0 [|* = Fri-2a0 ] o' (o] (b)
Forqx € (2, 1), (1-2q) <0
From this and condition (b)
Ixen-y1? = lxe B @) - |2
= [ ey Be o' oI
= {(xy) = B @'(x), (Xiy)- B '(x10))
= (XY, Xiey) -2Pic Q% Xy + B (0'(xx), 9'(xu)
< ey + B (t-a | @' 12
< Ixc-yll*
Implies the sequence (|| xx - y||) is a monotone decreasing. By

Bolzano-werestrasses Theorem (xx) possesses a convergent subsequence (xy).

X" = limxy..
jooo
As ¢ is convex, X* # &, and (xi) a relation sequence, (¢(Xx)) is a mouton
decreasing and bounded.
lim o(xy )=¢" = min ¢(x) .
k—oo xenh

Since (p(x*)=(p{lim xkj]=jlirg@(xkj)= klgrolocp(xk), x* e X" and x, —=2>x".

jow

Therefore d(x kX )ﬂ) 0. //
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Example 3.2
o(x) = x| + e xew?

in Example 1.3.2 we have seen ¢ € C"’(‘R‘?) and

Let xo:=(11)

= ¢(11)= é(] —gV }J,J)T

W/(ﬂ) = ‘?’(xo _ﬂ¢'(xo )) ,» Be[0,0)
= ¥ 1' (ﬁ ) = (@l(xo = ﬂ??'(xo )):‘€9'(xo )>

I= e‘ilxn"ﬂﬁi"(xn )"

= ”xa B ﬂ¢'(xg ]’ (xo - P (xo)f¢9 (xo»
w1 (B)=0 = Bl (x,).0'(xy)) = (x0.0'(xy))
V2
=#= /- ef‘E
V2 ;
Bo = g hence xi:=x, — B,¢'(x;)

V2 o
=(1,1) "~ ( = li-a 1Y
( ]—e‘ﬁ)(ﬁ( . l )

=0
= /()= 00)=0

Since x.,; =X, - B’ (x,) VkeN, ,x, =x, =0
X, =x;, =0
Example3.3: ¢(x) =n21+n22+m+1']2 , X=(M ,le)emz-

@' (x) = 2mit+l, 2natl).
= lo -0 M| =2[x-y| xye®?>

= o0oe C'@®
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Choose Xo: =(1,1)
9'(x0) =(3,3)
yi(B) 1 = o(Xo-P(x0)) , B e (0,)
=@(1-3p, 1-3p)
= 2(1-3p)* +2(1-3p)
= yi' (B) = - 12(1-3B) +2(1-3B)
= yi'(B) =0iffp =%
Pi1:=%
and xpi:= (1,L1)-%(3,3)=(-1/2, -12)7

similarly @'(x;) = (0, 0)"
So, foranyp=0
X2: =X -f1 0 (x1)=x4
Hence xx=x;, Vk=2
There for X =5 x=[-1/2,-172)
= (-1/2, -1/2) is the minima of ¢ over R 2.
Il. Generalized gradient descent method
This method is a little bit modified from gradient descent method -si: = Ax ©(Xx), k € No,

where Ay is symmetrical positive definite matrix.

Theorem 3.8:
1. ¢eC"(M"and p(x)=c Vx e Xy,
2. X*=2d,
3. Xk#l =Xk - PrAx9@'(xk) , k € No,
4

Bk satisfies either condition (3.2)

or (3.4),
5. Ve>038>0: [|o'(x) [|> 8 Vxi €U,
6. [n| <&, Vk e No,

7. Thereis v>0 lower bound for all eigen values of s, (k € Ny)

Then lim d(xk,x*)= 0.

k—w

“onlgg Ry
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Proof:
Since Ay 1s symmetrical positive definite, all it’s eigen values are positive and
(A, x) 2 vie x) 2 v X)) Ve R™. keN,,

Where vy is the minimum eigen value of Ay.

(@) A () . VeGP v

e A & o Plac] &

Hence by Theorems 3.1 the assertion follows.
Note : if Ag = I, (In = nxn identify matrix) for all k € Ny, -sx = -Ax @'(xx)= -0'(Xk).
3.3.Second order methods.
I. Newton’s methods:
Let @: ® " — N be strongly and sufficiently smooth (has derivative of all order) in a
neighbor hood U of the point x* € X*. For each x; € U we define y: U > R by
Wx) = okt (@'(xk), X =xx» + ¥ {(@"(xk), (x-xx)).Obliviously y approximants ¢ on U
hence, v is strongly convex and sufficiently smooth on U
x € M(y, U)iff ' (x)=0
implies X = X — (¢"(x1))" ¢'(x¢)-
Now
Xir1= Xk- 9"(x1)” '(x)
Xr—X* = X -x* - Q" (x)” 9'(xi)
= ") [0" (X)X *)-'(xi)]
= 9"(x)" [0" (xi) (xix*) - ('(xi) - Q'(x*)]
Were x* € X* implies @'(xx) =0.
Since ¢ is sufficiently smooth (i.e has a derivative of all order) and hence it is

quadratic from on U.

P"(xk) = @"(x*) +@"(x*) (xk - x*) + o(xk + x*),
where [lo(xy x*)l <c;filx, —x* [1.

But @"(x) =0 ¥x € U implies
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P"(x) = Q"(x*) + o(xi, x*); fotxe, x*) <ciffxi - x*[)

Similarly P'(xx) -0'(x*) =0¢"(x*) X-x*) +& (Xi, x*)
where [ £(xi, x*)] < ¢ [y - x*(jz.

Therefore
| ') - 9'x%) - 9" xex®)| = | @EF) i F) Exig, X*) - 9"(x*) (Xi-x*)

- 0k, X¥) (%~ X¥)|

< | gox] +] 0 Gox] | xe-xv]
< etux] +] ot ] | x-xv]
<l x-x] vl xex] | nee]
< of n-w] ?

where c:= c;+ ¢

implies | xenx*| < ¢ xex*] 2 ke No.

W.O.LG. take | xi —x*| < 1.As x* is a stationary pointand ¢ is strongly convex

on U, '

Ky — BB
We can put the above argumentation as a theorem.
Theorem 3.9

Let 1. @:R">R . be strongly convex and sufficiently Smooth

on a neighbor hood U of the point x* € X*,
2. -s=0"(xi)" ¢'(xx), where —sy is a direction of descent of
at the point xi .

Then

lim d(xk,X*)= 0.

k—w
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Example 3.4: let  o(x)=4n7 +3nm, +2n2, x: =(n;,n,) € R >

implies ©'(x) = (81 + 3my, 4n; +3n;)' and

. . (8 3
q>(><)—34

Since the hesse matrix is positive definite, ¢ is strongly convex over R”.

aied  1f % =3
wor-%(% 7))
Let x4 = (l,O)T.

= X1 =X —((P"(Xo)_ICP'(XO))

w4 7
(o)
o O

Hence (0,0)" is a global minimal of ¢.
In practice it is not easy to calculate ((¢"(x))" at each iteration, so it is advisable to take
((p"(x))'I constant for a fixed umber of iterations say m > 1. For each * cycle with length

m we construct a recurrence relation as follows:

Xim+i+1 = Xim#i - Pim+ ((p"(x,m))'l O'(Xim+i), then pass to the next (1+1)lh cycle. The
above method is usually called modified Newton methods.

II Method of conjugate direction
The scheme of the method is as follows.
i) Xk+1 = Xk — Pxsk, k €Np,
i)  s0=@'(X0), sk = @'(xx) — &k sk-1, k €N
where & is a certain parameter to be determined .

ii1) Bre M(p(xk — Bsk), p=0),k eNy .
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The various choices of the parameter £ is a base for the classification of the
method. we will see two methods for calculating &, . Before that we prove two important
Lemmas.

Lemma 3.3: Let ¢ be differentiable function, and (xx) be a sequence satisfies i., ii., and iii.

above.
Then
a) (@" (xk+1), skp =0 , k €No.
b)) (@'(xa) s = [l (xll%, k eNo
Proof: a)since qx €M (@(xk — Bsk), B = 0) and ¢ is differentiable,

If By > 0, theni(p(xk —PBsy) [p=h = 0 and
ap
d
If By=o, then E Q(xx — Bsi)|p=pk = 0;

. d . N
L& @‘P(Xk = Bulp=px = 151301 W

on (0, ) .

>0 (since Bk = 0 is the minimum of @(xy — Bsk)

d
Now, If By > 0, then 0= @cp(xk — BSy)lp=px = @' (xk — PxSk), Sk )

= (@' (Xk-Pxsk)s -sx)-
For Bx = 0, we prove by induction on k
Let Bo =0, then x; = Xg and so = ¢'(x0) = @'(x)).
d
0< E(P(XO — Bso)lp=0 = (@' (x1), -0 )= {¢'(X0), - So)
= -(¢'(x0), '(x0)) = 0.
Implies (¢'(x1), so) = 0.

We assume the relation (@'(xy), sk-1) = 0 holds for k > 0.
If Bt =0,

0< % @' (xic — Psi) [p=pk = (@' (xkr1), -5
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= - (@' (Xx+1), @’ (xXk )-Ek Sk-1)
= =" (Xk+1), @' (Xx )) -Ex (@' (Xic1), Sk-1)
=-Jlo' (I <0.

Implies {@'(Xk+1), sky = 0.
The three equations from the last are followed from ii. and X+ = Xy.

In all cases (¢'(Xk+1), Sk) =0, ke No_ 4

b) The proofis easily follows from ii. and a) of he Lemma.
(@' (x10), s> = @' (1), @' (xk) ~Exc k1)

= (' (Xn), @' (Xx) -Ex (@' (Xx), Sk-1)
=lo'x , k €N

o' Gxo)l

”S k-1 ”

Lemma 3.4: If | <c , k eN for some ¢ >0,

<@’(Xk)ssk> S 1
lo'xiOfsk]|  1+e

then oy =

Proof: from Lemma 3.3 and ii. we have the following
Sk = @'(Xk) - &k sk-1, k €No,
so,  a) lsil* = (" (xx), s) - Ex (S, SiE)

= lp"(x1)s SKll” - Ex { Skt 8K )

b) (Sks Sk-1) = {Q'(XK); Sk-1) - ExlS15 Ske1)
=& || siall%
From a), b) and the definition of oy,

(@'Gxn)ssk) _ o'
le'Cacdllscl |

and || sil* = [lo')l* + &7 1] sk’ k €No.

From the supposition of the Lemma we have
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I'sid® < llo’ (x)|I* + [C o't )"J o skall?

Jsial

= llp'Gull* (1 +¢?)
< Jlp' (xulf* (1 + )™
implies || sil| < [lo"(xi)l| (1 + ¢)
Substituting in (3.8), we obtain
('(xic )-S5 )
o Ceioflsc |
Let us consider two methods for selecting the parameter &.

A . First Method

Oly i

1

Letfyl = ——un=
Joo'Ge)|

(@' (%), P(xK) — 9'(xk-1) ) k €N (3.9)

Theorem 3.10:
L&t 1. (peCI’l(‘R“) and strongly convex.
2. the sequence (xy) is constructed as in i., ii, and iii.
3. &g is calculated by condition (3.9).
Then

9(Xm) — P(x*) < po exp [cym] and.
2
en =¥ = wexp e}

3
o .
5~ and p a parameter of strong convexity .

L(p+L)

where 0 <c¢; <

Proof: from assumption of strong convexity Lemma 1.3.2
{@'(xk) — @' (Xka1), Xk — Xien) 2 P [[Xkc = Xpe [

Since Xk — Xk.1 = Pk-1 Sk-1, and by Lemma 3.3
p B lIsiat? < -Brad’ (xi) — @' (Xict), St )

= -Br1(@"(X) — ' (Xk-1), Sk-1)
= Br1{@'(Xx ), Sk-1) + Pret (@' (Xk-1), Ek-1)
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= B [l (i)

From the definition of & we always assume ¢'(xx) # 0, k eN. Hence By > 0 otherwise by
Lemma 3.3 we have

Xk = Xk.1 and

[CYC R G AR E CY G ENE )
This implies pict [lsea > < o' Gae)
As pe CH'(RM).

o' Gaill* = @' Geacn)]| < L s = i

Bl = ——— {96, (%) — 9'(xr) ) |

lp" G|

< —— ol 10’ (x) — 9 ()
"49 (xk—l)"

< —— el e xallL
Bt s

_ 1 o' (xi0))
P skl

C:=l,byLemma3.4: oy = . ,keN.
p L+p

The conclusion follows from Remark 3. 2:. //

Example3.5: Let P(x) =210 +2mmz+ N3 + M + N2, x=(MM2) R

4 2
implies e'x) = (4m + 2n2 + 1, 42 + 2y + 1) and @"'(x) = [2 4}

(positive definite) hence ¢ is strongly convex.
xi=(mmM2)  y:=(vi,va)
[l9"(x) = @' (W = l(M1 + 2M2 — 4vi = 2vy, 41y + 215 — 4v; - 2v))|

=41 —vi, N2 —v2) + 22— v2, M —vi1)|
<4 |x—yll+2[x-yll=6lx -yl

Hence peC"' (R").

Let x0:=(0,0)
= s=¢'(x0)=(1,1)
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= X1 = X0 — Boso = (Bo, Po)

where Bo € M (9(x0 — PBso), B = 0)
W1(B): = ¢(xo — Pso), Pe(0, )
=5p° 2B

implies 1 (B)=10p -2
wi®)=0iffp= 15

Bf)::%.

=1 1Y
implies Q'(x1) = (—S—g) .

Er= — (@), 9'x1) ~ 9'(x0) )
lp" (xo)
-1 /1(-1)1(-1) [1
S2\s{1)s5l1)
_ -1
257

hence s;=@'(x1)— &S0

302

_1(-4
=)
X2:=X1 = P1 s

where B; eM (o(x; —PBs1), p=0).
Wi (B) = (P(Xl - ﬁsl)s [36(0, OO)

-o{301)5(%)

1
1
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Bﬂ:%

There for X2 =X —Pis

-{0)-30)0)

s2 = @'(x2) — &28

hence ¢'(x2)=¢'| -1 =( J
2 0

=i

oG’

and also &; = (9'(x2), ©'(x2) — ¢'(x1) ) = 0 ,hence s, =0.

0
Implies X3=X;—PBasy=x2= {—_1J .
2

therefore xy = x, Vk =2

0
Hence xx—'=2= {—1} .
2
0
Therefore | —1 | is the minimal point of .

2

Example 3.6: Let ®(x)= (|x| - 1fi-In(1-[x[)], xe U = {y e R |y|<co < 1} , 0< ¢o.

By example 1.2.3: @ is strongly convex.

D'(x)= - ln(1“;|”X”) -

n(1-co) _ In(l-[x])

For all xe U\{0}, : £
o ||
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infi—f]) _ n01—co)

TN ST

T R :|1n(1—||x||)x_1n(1-||Yh) |<_1n(1-co)x_
|@'(x)-@'(y)| ] ] -y .
V(x,y)e UxU.

:>CDGC"I(912)

Let x0=%(1,1)T.
So =d'(x¢) = —gln(l - %JG]
y1(B)=D(x( —Psy).p €[0.0)
= 1 (B)=(D'(xg —Bsg .50 ) -
In(1 -0 - Bso|)

W (B)=O:> ”XO_BSO” <XO_BSO>=O
(x9,80) |
— = 0-
:>B <50950> _\/E]n(l_«/iJ>
2
Boi=—““—_1 =
ﬁln[l—ﬁ]
X1 =Xo -B()So =0
= @'(x)=0.
-1

Hence &, := ((D'(xl),(b'(x])—CD’(xO))zo ands, = ®'(x,)-&,®'(x,)

' Gxo )

Implies x, ==X, —p;s; =x;.And also x; =x,,Vk>1.

So x;=(0,0)" is the minimal of ®.
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B.Second Method

Still the method is serving only for strongly convex functions.

@"(x)8,0,9'(x, )>

_
Let &: (0" )8 s 8

(3.10)

Theorem 3
Let 1. (|).eC2 (R") and strongly convex,
2. 0" (x) || £ v <0, VX € Nu(),

3. =S G 1 g
4, Ex be calculated using formula (3.10)
5. the sequence (xy) is constructed by i., ii. and iii.,
Then
P(xm) ~ (x) < pexp {- ¢, m}

2
[[Xm —x* || < ; 1 exp {-c; mj},

Yo,

—_— N .
2<(p+v)

where 0<c¢; <

Proof: Let y(t): =¢'(x+ety) 0<t<l
by the mean value theorem for differentiable function y

v (1) =y (0)=y'(ty) , for some to € (0, 1).

implies P'(x+E&y)—0'(x) =@"(x + &toy) (ey),
hence (@"(x+ etoy) (), y)=(o'x+ey)-¢'(x), ¥
2 pllyl.

The inequality follows form strong convexity of ¢ , Lemma 1.3.2, moreover it holds for all
g € [0, ).
Letting € — 0 we obtain

(@"()y, y) 2 pllyl, for all y ",

|(¢’"(xk )81 @(x; ))|
qun(xk ) L >|

Sk | =



el bl el _ v el
IS

By Lemma 3.4, we have oy > 2 vk = 0.
p+V

The conclusion of the proof follows from Remark 3.2. //

Example3.7: ¢(x)= i“x— x|

j=

* where x eR" andx; eR"1 e{l,...,n} are fixed.

n n
Obviously p(x) =n { x, x) - 2 (X, le. Yt Z (i, Xi), implies ¢ quadratic form with

J=! i=l
¢@"'(x) = In (In is n x n identity matrix). Hence ¢ is strongly convex.
¢'(x) =2nx - ZZx,.
J=1

Implies [[¢'(x) — '(Y)|| = 2n(x - 2)[| = 2n |x - y||, ¥(x,y)e R".
Let n=3 and x 5= (1,1,1)

. 1) 1Y
Let x, = (—,0,0] L X2 = (0,—,0) X3 = [0,0,—,J
3 3 3

There for @(x) =3 {x,Xx ) - %(X,(l, LD+ %

1 00
and also @'(x) = 6x - % (1,1, D)5 90"x)=6{0 1 0.
0 0 1

s0:=9/0) =601, 1, D"~ 21,1, 1"

16 T
=—(1,1,n"
% )

X) :=Xo -Poso where Poe M (p(xo— Bso), p = 0)

1
3—16,6] |

y1(B) = @(x0 — Pso), Xo — Pso = ( -

1
= yi(B)=(3-16B)° - %(3 —16B) + %
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= i (B)= Q)(-16) (3 - 16p)- %(-16).

- : 1
yi(B)=0ifff=—
6
1
Bo-—g
1 1
= x=|1 -l(ﬁj 1 =l(1,1,1)T.
; 6\ 3 N

= ¢'(x;)=6x %(1, I iy %(1, LD'=0

_ ((Dﬂ(xl )80, 9" (x, )) _
- & <§0"(x)5mso> Y

There fore s1=@'(x1)—&151=0.

Implies X2 =X — BsS1 = %

hence we have xi, =x; forall k eN .

1
Therefore L 1| is a minima of .
1
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