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ABSTRACT 

The problem of a concrete cross section under flexural and axial loading is indeterminate 

due to the existence of more unknowns than equations. Therefore proper analysis of 

reinforced concrete member is important for understanding the actual behavior and 

economical use of sections. The main objective of this Thesis is to investigate geometric 

nonlinear effect of axial load on flexural deformation of reinforced concrete members. 

Flexural members, which are subjected to gravity central point load, external 

compressive axial load and combination of those load with different support conditions, 

cross section and span length are analysed using linear and geometric nonlinear method 

of analysis to investigate the effect of axial load on flexural deformation of flexural 

members. The percentage variation of flexural deformation under linear and geometric 

nonlinear analysis for various conditions of members is calculated to achieve the 

objective. Finally four story reinforced concrete residential building frame is analysed 

using linear and geometric nonlinear analysis. Both linear and geometric nonlinear 

analysis is done by using STAAD Pro and linear analysis using FEM based code using 

Scilab and ETABS. After the analysis of flexural members it is found that: The 

percentage variation of linear and geometrical nonlinear deflection is very high for beam 

with lesser depth. It was found that the support conditions also affect variation of 

deflection for the linear and nonlinear cases. The variation between linear and 

geometrical nonlinear deflection of beam is negligible when the ends are fixed. But for 

the same beam with simply supported end conditions the defections were found having 

variation up to 17.571 percentages. Geometrical nonlinearity is more when the load is 

very high and lesser depth. At the initial stages of loading behavior of beam is linear only 

and it behaves nonlinear when we go for higher loads. As the deforming of middle plane 

(Neutral axis) starts, the stiffness of structure increases (axial stiffness is added with 

bending stiffness).Thus the beam becomes stiffer progressively. It is a positive aspect of 

geometric nonlinearity. 

Keywords: - Nonlinear Analysis, Finite Element Method, Flexural Deformation, 

Reinforced Concrete Beam, STAAD.Pro, Scilab.code 
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1. Introduction 

1.1 Background 

Reinforced concrete beams may also be subjected to axial forces, acting simultaneously 

with shear and flexure, due to a variety of causes. These include external axial loads, 

longitudinal prestressing and restrains forces introduced as a result of shrinkage of the 

concrete or temperature changes. Beams may have their strength in shear significantly 

modified in presence of axial tension or compression [1]. It is important to study the real 

behavior of the reinforced concrete beam loaded at the ends and the mid-span. For 

simplicity the linear nature of both material and geometry of structures are considered. In 

this assumption displacements and rotations are small, supports do not settle, stress is 

directly proportional to strain and loads maintain their original direction as the structure 

deforms. Equilibrium equation (Eq. 1.1) are written for original support condition, elastic 

stress-strain relation, load-force configuration and load directions.  

UKF *  (1.1) 

 

in which [K] = a linear-elastic stiffness matrix  

                U   = Displacement 

                F=    force 

FKU *1  
(1.2) 

 

Displacement Eq. 1.2 are obtained in a single step of equation solving. Fortunate that so 

many practical problems can be solved by so simple an approximation. However, any of 

the convenient assumptions that leads to a linear analysis may be at odds with reality. 

Adjacent parts may make or break contact. A contact area may change as load changes. 

Elastic material may be come plastic, or the material may not have a linear stress- strain 

relation at any stress level. Part of the structure may lose stiffness because of buckling or 

failure of the material. Displacement and rotations may be come large enough that 

equilibrium equation must be written for the deformed configuration rather than the 
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original configuration. Thus, a geometric nonlinear analysis is carried out when a 

structure undergoes large displacements and the change of its geometric shape causes a 

nonlinear displacement-strain relationship. To address such concern geometric nonlinear 

method of analysis must be employed. Thus, there is a growing need for analysis method 

to study the real behavior of reinforced concrete members subjected to axial load. 

1.2 Objective 

The objective of this thesis is to investigate linear and geometric nonlinear effect of axial 

load on flexural deformation of reinforced concrete members.  

1.3 Scope of the research 

This thesis focuses on flexural deformation of reinforced concrete flexural members. 

This to emphasize on the role of axial load on flexural deformation for Reinforced 

concrete members. Such approach was used as it will show the objective of the thesis 

clearly. 

1.4 Thesis organization 

This thesis organized in five Chapters. Reasons for investigation and main objective are 

discussed in the first Chapter. The second Chapter presents literature review on axial 

load effect on flexural deformation. Furthermore the different source of nonlinearity, 

specifically geometric nonlinear analysis, are reviewed. Additionally theoretical 

background of linear and geometric nonlinear analysis is presented. This is accomplished 

by taking a representative flexural finite element members with six degree of freedom. 

The finite element member with six degree of freedom is used to derive elastic stiffness 

matrix and later geometric stiffness matrix is derived by considering the effect of axial 

load. Furthermore the different levels of analysis are presented and finally the combined 

effect of axial load and bending moment has been discussed 

The third Chapter presents types of models that are going to be used in the analysis and 

finally the analysis of those modes have been done.  
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The fourth chapter presents the finding of analysis and discussion of the result. Three 

nodded beam with different support conditions, span length and thickness are analysed 

using software. Linear behavior is carried out using STAAD Pro and by finite element 

based scilab code. Nonlinear behavior is carried out using STAAD Pro. The effect of 

beam depth, length and support conditions on linear and geometric nonlinear problems 

are investigated. Furthermore four story reinforced concrete residential building is 

considered. The building first subjected to only earthquake (EQ) load and the 

corresponding lateral load at each story levels are calculated by using equivalent static 

analysis. Later the building is loaded both gravity load and earthquake load and the 

corresponding load in beams at each story has been transferred by using coefficient 

method. Then the representative frame is selected and linear and geometric nonlinear 

analysis is done to investigate the effect of axial load on flexural deformation of beam at 

a given story. The fifth Chapter presents the conclusion of the results made in chapter 

four. Recommendations are expressed at the end of the Chapter. 
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2. Literature Review 

Structural analyses can be divided into two categories: linear and nonlinear. Nonlinear 

analyses consider the nonlinear system response. Nonlinear analyses are more difficult to 

perform than linear analyses however, they are more widely applicable. Many systems 

can be satisfactorily analyzed while assuming that the response of the system is linear 

under small loads and /or applied fields. However, nonlinear analysis techniques are 

required when analyses employing the linear assumption cannot satisfactorily describe 

the response of the system to large loads and/or applied fields. 

Typical geometric nonlinearity arises from mid plane stretching of a thin structure 

coupled with transverse vibrations or loading. This stretching leads to a nonlinear 

relationship between the strain and the displacement. The non-linear analysis of beam is 

due to the bending of beam, and due to thin thickness of beam the neutral axis of beam is 

stretched due to this additional axial force is induced in the beam [2]. 

2.1 Linear Analysis 

Linear analysis (first order analysis) is also known as linear elastic analysis. The term of 

Elastic means that when the structure is unloaded it follows the same deformation path as 

when loaded. In linear elastic analysis, the material is assumed to be unyielding and its 

properties invariable and the equations of equilibrium are formulated on the geometry of 

the unloaded structure. It is assumed that the subsequent deflections will be small and 

will have insignificant effect on the stability and mode of response of the structure [2]. 

In linear Finite element analysis, response is directly proportional to load. Linearity may 

be a good representation of reality or may only be the inevitable result of assumptions 

made for analysis purposes. In linear analysis we assume that displacements and 

rotations are small, supports do not settle, stress is directly proportional to strain and 

loads maintain their original direction as the structure deforms. Equilibrium equation 

Eq.1.1are written for original support condition, elastic stress-strain relation, load-force 

configuration and load directions. Displacement Eq.1.2 are obtained in a single step of 

equation solving. 
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Linear analysis in which structure which returns into original form after the removal of 

loads and there will be small changes in shape stiffness and no change in loading 

direction or magnitude. A linear FEA analysis is undertaken when a structure is expected 

to behave linearly, i.e. obeys Hook’s Law. In linear elastic analysis, the material is 

assumed to be unyielding and its properties consistent and the equations of equilibrium 

are formulated on the geometry of the unloaded structure [3]. In this approach the 

primary unknowns are the joint displacements, which are determined first by solving the 

structure equation of equilibrium. Then, the unknown forces can be obtained through 

compatibility consideration. In geometrically linear analysis, the equations of 

equilibrium are formulated in the un-deformed state and are not updated with the 

deformation. This is valid in case of small deformation only.  

2.1.1 Shape functions 

The values of the field variable computed at the nodes are used to approximate the values 

at non nodal points (that is, in the element interior) by interpolation of the nodal values. 
For the three-node triangle example, the field variable is described by the approximate 

relation 

332211 ),(),(),(),(  yxNyxNyxNyx   2.1 

 

where φ1, φ2, and φ3 are the values of the field variable at the nodes, and N1, N2, and N3 

are the interpolation functions, also known as shape functions or blending functions. In 

the finite element approach, the nodal values of the field variable are treated as unknown 

constants that are to be determined. The interpolation functions are most often 

polynomial forms of the independent variables, derived to satisfy certain required 

conditions at the nodes. 

The interpolation functions are predetermined, known functions of the independent 

variables; and these functions describe the variation of the field variable within the finite 

element. 
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Axial member 

 

Figure 2.1 Axial Finite Element 

With reference to Fig.2.1 one can start with 

2211 uNuNu   (2.2) 

 

2211 xxx NN    (2.3) 

Since there are two degree of freedom, it can be assumed a linear deformation state 

21 axau   (2.4) 

Where u can be either u or  and the boundary conditions are given by 1uu   at x=0 and 

2uu   at x=L. Thus we have: 

21 au   (2.5) 

 

212 aLau   (2.6) 

Solving for 
1a  and 

2a  in terms of 1u  and 2u   then obtain: 

L

u

L

u
a

12

1   
(2.7) 

 

12 ua   (2.8) 

Substituting and rearranging those expression in to Eq. 2.4 obtain: 


2

2

1

1

1
12

)()
2

1( u
L

x
u

x
u

ux
L

u

L

u
u

NN




















 

(2.9) 

 



 

Page 7 of 72 

Or: 

L

x
N

L

x
N





2

1 1

 

(2.10) 

Flexural Member 

 

Figure 2.2 Flexural finite element [4] 

With reference to Fig.2.2 one have four degree of freedoms
14}{ xu : and hence will need 

four shape functions, N1 to N4 and those can be obtained through four boundary 

conditions. Therefore it is needed to assume a polynomial approximation for 

displacements of degree 3. 

43

2

2

3

1 axaxaxav   (2.11) 

 

32

2

1 23 axaxa
dx

dv
  

(2.12) 

Note that v can be rewritten as: 

 
 

 


  

u

P
a

a

a

a

xxxv



























4

3

2

1

23 1  

(2.13) 

       now apply the boundary conditions: 

1. 1vv                      at x=0 

2. 2vv                      at x=L 
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3. 
dx

dv
 1            at x=0 

4. 
dx

dv
 2            at x=L 

Or: 

     


a
u

a

a

a

a

LL

LLv

v































































4

3

2

1

L

2

23

2

2

1

1

0123

11

0100

1000

  



 

(2.14) 

Table 2-1Characteristics of Beam Element Shape Functions 

 

Function 

ξ = 0 ξ = 1 

Ni Ni,x Ni Ni,x 

N1 = (1 + 2ξ3 − 3ξ2) 1 0 0 0 

N2 = x(1 − ξ)2 0 1 0 0 

N3 = (3ξ2 − 2ξ3) 0 0 1 0 

N4 = x(ξ2 − ξ) 0 0 0 1 

 

When Eq.2.14 is inverted, it yields: 

 


   


ua

v

v

L

L

L

LLLL

LL

L

a

a

a

a





































































2

2

1

1

3

3

22

3

4

3

2

1

1

000

000

323

22

1





  

 

(2.15) 

Combining Eq. 2.15 with Eq. 2.13 to obtain: 

 
 

   


u

P
v

v

L

L

L

LLLL

LL

L
xxxu



















































2
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Where 
l

x
  

Hence the shape functions for the flexural element are given by: 

 23

1 31  N  (2.17a) 

 

 22 1  xN  (2.17b) 

 

 32

3 3  N  (2.17c) 

 

   2

4N  (2.17d) 

The shape functions were obtained in earlier approach is based on lagrangian 

interpolation function and by: 

1. Assumption of a polynomial function: u = [p]{a} 

2. Application of the boundary conditions {u} = [L]{a} 

3.  Inversion of [L] 

4. And finally [N] = [p][ L]−1     

2.1.2 Finite Strain – Displacement Relation 

The displacement ∆ at any point inside an element can be written in terms of the shape 

functions N and the nodal displacements {∆} 

   N  (2.18) 

The strain is then defined as: 

   B  (2.19) 

Where [B] is the matrix which relates joint displacement to strain fields 
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Axial Member 

Using the shape function for axial member previously derived in Eq.2.10 one have: 
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Flexural Member 

Using the shape function for axial member previously derived in Eq.2.17 to have:  

2

2

dx
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y
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(2.21a) 
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(2.21d) 

2.1.3 Linear Elastic Stiffness matrix 

The beam element will be assumed to be a straight bar of uniform cross section capable 

of resisting axial forces, bending moments about the two principal axes in the plane of its 
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cross section, and twisting moments about its centroid axis. The following forces are 

acting on the beam in two-dimensional problems: axial forces S1 and S4; shearing forces 

S2and S5; bending moments S3and S6. The location and positive direction of these forces 

are shown in Fig. 2.3. The corresponding displacements u...... u6 will be taken, as before, 

to be positive in the positive directions of the forces.  

 

Figure 2.3 Beam element for two-dimensional structures [5] 

In order to demonstrate the third method for obtaining force-displacement relationships, 

the stiffness properties for a uniform beam element will be derived directly from the 

differential equations for beam displacements used in the engineering beam theory. The 

stiffness coefficients derived from these equations will be exact within the limits of the 

assumptions in the general engineering theory of beams subjected to loads.  

Axial Forces (S1 and S4) 

The differential equation for the axial displacement u of the uniform beam shown in Fig. 

2.4a is 

EA
dx

du
S 








1  

(2.22) 

 

Figure 2.4 Axial Forces S1 &S4 

Equation (2.22) can be integrated directly, so that 

11 CuEAxS   (2.23) 

Where C1 is a constant of integration. We shall assume that the left end of the beam at x 

= 0 has displacement u, while the displacement is zero at x = L. Hence 
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LSC 11   (2.24) 

Using Eqs. (2.23) and (2.24), for x = 0 we get 

11 u
L

EA
S   

(2.25) 

Also from the equation of equilibrium in the x direction it follows that 

41 SS   (2.26) 

Algebraic interpretation of the force-displacement relation kuS  can be used to define 

individual stiffness coefficients kij.  For example, kii represents the element force Si due to 

unit displacement uj when all other displacements are equal to zero.  

L

EA
k 11  

(2.27) 

 

L

EA
k 41  

(2.28) 

While all other coefficients in the first column of k are equal to zero. 

Similarly, if u1 = 0 and we allow u4 to be nonzero (see Fig.2.4b), it can be shown, either 

from symmetry or from the solution for u that 

L

EA
k 44  

(2.29) 

 

L

EA
k 14  

(2.30) 

Shearing Forces (S2 and S5) 

The lateral deflection v on the beam subjected to shearing forces and associated 

moments, as shown in Fig. 2.5a, is given by 

sb vvv   (2.31) 

Where vb is the lateral deflection due to bending strains and vs is the additional deflection 

due to shearing strains, such that 

s

s

GA

S

dx

dv 2
  

(2.32) 

With A, representing the beam cross-sectional area effective in shear. The bending 

deflection for the beam shown in Fig. 2.5a is governed by the differential equation 

522

2

SxS
dx

vd
EI b   

(2.33) 
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From integration of Eqs. (2.32) and (2.33) it follows that 

2

22

3

3

2 1
26

Cx
GA

EIS
C

xSxS
EIv

s











  

(2.34) 

Where C, and C2 are the constants of integration. Using the boundary conditions in Fig. 

2.5a, 

s

s

GA

S

dx

dv

dx

dv 2                     at x= 0, x =L 
(2.35) 

 

0v                                       at x =L   (2.36) 

 

Figure 2.5 Shear forces S1 and S5 

Eq. (2.34) becomes 

 
12

1
1226

2

32

2

2

3

3

2 SLxLSxSxS
EIv 


  

(2.37) 

Where 

2

2
3

LS
S          and  

(2.38) 

 

2

12

LGA

EI

s

          
(2.39) 

It should be noted here that the boundary condition for the built-in end in the engineering 

theory of bending when shear deformations vs are included is taken as dvb/dx = 0; that is, 

slope due to bending deformation is equal to zero. The remaining forces acting on the 

beam can be determined from the equations of equilibrium; thus we have 

25 SS   (2.40) 

and 

LSSS 236   (2.41) 
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Now at x = 0, v = u2, and hence from Eq. (2.37) 

 
EI

SL
u

12
1 2

3

2   
(2.42) 

Using Equations. (2.38), and (2.40) to (2.42), to have 

  32,2
1

12

L

EI
k


  

(2.43) 

 

  22,3
1

6

L

EI
k


  

(2.44) 

 

  32,5
1

12

L

EI
k


  

(2.45) 

 

  22,6
1

6

L

EI
k


  

(2.46) 

Similarly, if the left-hand end of the beam is built-in, as shown in Fig2.5b, then by use of 

the differential equations for the beam deflections or the condition of symmetry it can be 

demonstrated that 

  32,25,5
1

12

L

EI
kk


  

(2.47) 

  

 

  22,35,6
1

6

L

EI
kk


  

(2.48) 

Bending Moments (S3 AND S6) 

In order to determine the stiffness coefficients associated with the rotations u3 and u6 the 

beam is subjected to bending moments and the associated shears, as shown in Fig. 2.6a 

and b. The deflections can be determined from Eq. (2.34), but the constants C1 and C2 in 

these equations must now be evaluated from a different set of boundary conditions. With 

the boundary conditions (Fig. 2.6a) 

0v                                       at  x= 0,  x=L (2.49) 

and 
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S

s

GA

S

dx

dv

dx

dv 2
                    at x = L       

(2.50) 

Eq. (2.34) becomes 

   26222

26
xLx

S
xLx

S
EIv                             

(2.51) 

and 

 L
S

S



4

6 6

2                            
(2.52) 

As before, the remaining forces acting on the beam can be determined from the equations 

of equilibrium, i.e., Eqs. (2.40) and (2.41). 

 

Figure 2.6 Bending moments S3 and S6. 

Now at x = 0 

3u
dx

dv

dx

dv

dx

dv sb                             
(2.53) 

So that 

 
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
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EI
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u                            

(2.54) 

Hence from Eqs. (2.40), (2.41), (2.52) and (2.54) 
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If the deflection of the left-hand end of the beam is equal to zero, as shown in Fig. 2.6b, 

it is evident from symmetry that 

 
 L

EI
kk








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1

4
3,36,6                            

(2.58) 

The results obtained in these subsections can now be compiled into a matrix equation 

relating the element forces to their corresponding displacements in the presence of 

temperature gradients across the beam cross section. This relationship is given by 
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       (2.59) 

 

 

 

If the shear deformations are neglected, that is, ( = 0), the stiffness matrix in (2.59) 

simplifies to  
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2.2 Nonlinear Analysis 

In order to approach the real behavior of the structure, rather than the approximate 

solutions with linear analysis, nonlinear analysis is preferred. In nonlinear analysis the 

structure will not regain its original shape after the removal of load. Its geometry will 

changes resulting in stiffness change. 

We fortunate that so many practical problems can be solved by so simple an 

approximation. However, any of the convenient assumptions that leads to a linear 

analysis may be at odds with reality. Adjacent parts may make or break contact. A 

contact area may change as load changes. Elastic material may be come plastic, or the 

material may not have a linear stress- strain relation at stress beyond elastic limit. Part of 

the structure may lose stiffness because of buckling or failure of the material. 

Displacement and rotations may be come large enough that equilibrium equation must be 

written for the deformed configuration rather than the original configuration. Large 

rotation caused pressure loads to change in direction, also to change in magnitude if there 

is a change in the area to which they are applied. Thus, for various reasons, problem may 

be come nonlinear [6]. 

Based on source of nonlinearities [7]grouped various non-linear problems in finite 

element analysis into the following three categories. 

1. Material Non-Linearity Problems  

2. Geometric Non-Linearity Problems and  

3. Both material and Geometric Non-linearity Problems. 

In addition to the above source of nonlinearities [8] adds boundary condition nonlinearity 

problem, which accounts for changes in boundary conditions with respect to structural 

deformation. One example of boundary condition nonlinearity is structural interaction. 

 2.2.1 Material Non-Linearity 

When addressing the issue of material nonlinearity, one must first define the materials 

that one is analyzing and the variables that lead to those nonlinearities. The two most 

widespread materials in structural engineering are concrete and steel. The first has a 
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well-known brittle behavior, with very dissimilar responses for tension and compression 

[9]. 

The stress-strain relation for the material i.e. the constitutive law may not be linear and 

may be some times time-dependent too. For example, for concrete actual stress strain 

curve is as shown in Fig.2.7. Even for steel, if one is interested to study the actual 

behavior of the structure beyond yielding, the stress strain relation is non-linear. Hence 

Young’s Modulus depends upon the deformation. Apart from these basic nonlinear 

relations, there are time dependent complex constitutive relations like plasticity, creep 

which make the problem non-linear. The Hognestad parabola, as shown in Figure 2.7, is 

a simple compression response curve, suitable for normal concrete strengths (<40 MPa). 

 

Figure 2.7 Hognestad parabolic pre- and post-peak concrete compression response 

2.2.2 Geometric Non-Linearity 

In many problems strains – displacement relations are not linear. They need 

consideration of actual strain displacement relations rather than the linear strain 

displacement. If a structure experiences large deformations, its changing geometric 

configuration can cause the structure to respond nonlinearly. Geometric nonlinearity is 

characterized by large displacements or rotations. It arises due to the lateral loading also 

and this stretching leads to a nonlinear relationship between the strain and the 

displacement. 

Nonlinearity is achieved by updating element stiffness matrices with respect to nodal 

displacements. The element stiffness matrix is the function of displacement. 
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     FddK   (2.61) 

            Where: d is nodal displacement 

                            [K(d)] is element stiffness matrix as a function of nodal displacement  

                            F is force 

 

Figure 2.8 Slender elastic beam loaded by a follower force P 

A simple example of geometric nonlinear problem appears in Fig. 2.8 a slender beam is 

loaded by a force P that acts normal to the beam axis at all times. This is an instance of a 

“follower force”. The displacement shown is intended to represent actual displacement, 

not the scaling up of a linear small-displacement solution. In this case nonlinearity is 

geometric, meaning that nonlinearity arise s because of significant changes in the 

geometry of the structure [6].   

Geometric nonlinearities are a common effect that is present in a wide range of fields. In 

a structural sense, they assume an important role when elements are subjected to 

compression forces, for they lead to a loss in stiffness in the elements of the structure, 

and, as such, should be taken into account in frame design, as opposed to only 

performing a first-order analysis. Tension forces are not usually a problem for they lead 

to an increase in stiffness of the elements in the system [9]. 

Large deflection /geometric nonlinear/ problem it doesn’t mean that necessarily large 

deflections occur, but rather because stresses exist which, in the presence of certain 
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displacements, exert a significant influence on structural deformations. The beam-

column problem illustrates this typical, large deflection behavior. Existence of axial 

loading in the presence of bending displacements does affect the stiffness of the member. 

In fact, if the loading is compressive and approaches the critical value, the bending 

stiffness tends toward zero. Consequently, the need for an “initial stress stiffness matrix” 

becomes evident.  

The geometrically non-linear static responses of a cantilevered beam subjected to a non-

follower point load at the free end of the beam has been studied by [10]. The authors 

construct the finite element model of the beam by using total Lagrangian finite element 

model of two dimensional solid continua for a twelve-node quadratic element. The same 

author try to investigate the effects of the geometric non-linearity on the displacements 

and on the stresses by solving non-linear problem using incremental displacement-based 

finite element method in connection with Newton-Raphson iteration method. 

 

 

Figure 2.9 Cantilever beam subjected to a point load. [10] 

[11] Presented the comparative study of linear and geometric nonlinear load-deflection 

behavior of beams under vertical load. In this paper a three nodded steel beam is 

formulated for linear and nonlinear analysis. 

 

Figure 2.10 Degree of Freedom of the Beam Elements. [11] 
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The incremental central point load is applied to the beam. Linear and geometrically 

nonlinear deflection is computed for the beams. Three beams of the same length were 

taken for analysis, but having different thickness & support conditions. The linear and 

geometrical nonlinear load-deflection behavior is studied using STAAD PRO. The linear 

deflection is also computed by developing a finite element based code using MATLAB. 

The author concluded that thickness of beams significantly affect the behavior of beams. 

The percentage variation of linear and nonlinear deflection is very high for beam with 

lesser depth. Support conditions affect variation of deflection between linear and 

nonlinear considerably. 

2.3 Material Nonlinear analysis  

2.3.1 Composite Material Stiffness Matrix 

In the most general case, total strains, [ε] = [εx, εy, γxy] T, are comprised of net concrete 

strains [εc], elastic strain offsets [εo
c] (due to thermal, prestrains, shrinkage and lateral 

expansion effects), plastic strain offsets in the concrete, [εc
p], (due to cyclic loading or 

damage), and strains due to crack shear slip, [εs ] (as considered by the distributed stress 

field model) as per [12]. 

         s
c

p
c

o
c    

(2.62) 

 

As well, compatibility relationships determine that the strain in the ith smeared 

reinforcement component is the sum of the total strain, elastic strain offsets [εo s] i (due to 

thermal and prestrain effects) and plastic strain offsets [ε s p] i (due to cyclic loading or 

damage): 

       is
p

is
o

is    
(2.63) 

At any point within the reinforced concrete continuum, the total strains are related to 

stresses [σ] by the composite material stiffness matrix, [D], as follows: 

      oD    
(2.64) 
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The composite material stiffness matrix is the sum of the concrete material stiffness 

matrix, [Dc], and the reinforcement component material stiffness matrices, [Ds] i, as 

follows 

     
i

n

i

sc DDD 




1

 

(2.65) 

While the composite material stiffness matrix operates on total strains, element stresses 

can be directly related only to net strains of the concrete and reinforcement. Therefore, it 

is necessary to subtract the stress contribution of strain offsets and shear slip strains by 

use of the pseudo stress vector [σo] calculated as follows: 

                 is
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c
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c
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c
o DD   

1  

(2.66) 

As the MCFT and DSFM model the reinforced concrete as an orthotropic material in the 

principal stress directions, it is necessary to formulate the concrete material stiffness 

matrix,[Dc]’, relative to these directions. If it is assumed that the Poisson’s effect is 

negligible, then [Dc]’ is computed as follows: 
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(2.67) 

The secant moduli 1cE , 1cE , cG , as shown in Figure 8, are computed from the current 

values of the principal stresses, fc1 and fc2, and the corresponding principal net concrete 

strains, εc1 and εc2, as follows:. 
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(2.68) 

Likewise, material stiffness matrices [Ds] i’ for each reinforcement component must first 

be determined relative to their longitudinal axes. As the reinforcement is assumed only to 

resist uniaxial stresses, [Ds] i’ is computed as follows: 
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(2.69) 
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where ρi is the reinforcement ratio of the reinforcement component. The secant modulus

siE , as shown in Figure 2.11, is computed from its current value of stress, fsi and the 

corresponding strain, εsi as follows: 

si

si
si

f
E


  

(2.70) 

 

Figure 2.11 Definition of secant moduli for a) concrete b) reinforcement [12] 

Likewise, in the case of FRC, the material stiffness matrix for fibers can be determined 

based on the net strains in the direction of the crack. The fibre material stiffness matrix, 

[Df], , is computed as follows: 
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(2.71) 

 

The secant modulus, 1fE , is computed from the tensile stress attained by fibres which is 

averaged between cracks and from the strain: 

cf

favg

fi

f
E




  

(2.72) 
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f
cccc

cf 


 2cos
22

2121 



  

(2.73) 

 

cr
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w


 1tan  

(2.74) 

 

The material stiffness matrices, [Dc]’, [Df]’, and [Ds]’i, are transformed from their 

respective principal axes to the x,y axes by means of the transformation matrix, [T], 

as follows: 

             ff
T

fcc
T

cc TDTTDTD
,,

  
(2.75) 

      

where [Tc] is calculated using θσ, and [Tf] is calculated using θσ + f, and: 

       sis
T

isis TDTD
,

  
(2.76) 
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(2.77) 

 

For the concrete, the angle ψ is the inclination of the principal tensile stress axis, θσ, with 

respect to the positive x-axis. For the fibres, the angle ψ is the inclination of the principal 

tensile stress axis, θσ+θf with respect to the positive x-axis. For the reinforcement, the 

angle ψ is the orientation, αi, of each reinforcement component, with respect to the 

positive x-axis. 
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2.3.2 Element Stiffness Matrices 

The element stiffness matrix, [k] relates nodal forces to nodal displacements of the 

element. It is determined from the composite material stiffness matrix as follows: 

      dvBDBk
T

vol

  
(2.78) 

 

The strain-displacement matrix [B], interpolates strains throughout the element 

continuum by operating on nodal displacements of the element. The form of the strain 

displacement matrix depends on the type of the element, and the resulting value of the 

above integration will depend on the composite material stiffness matrix, the element 

geometry and the exactness of the integration method. It is also possible to separate the 

element stiffness matrix into contributions from the stiffness of the concrete, [kc], and 

stiffness of the reinforcement components, [ks]i, by substituting the respective material 

stiffness matrix for the composite material stiffness matrix: 

      dvBDBk c

T

vol

c   
(2.79) 

 

       dvBDBk
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(2.80) 
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2.4 Geometric Nonlinear Analysis 

Geometric nonlinearity occurs when the deflections are large enough to cause significant 

changes in the geometry of the structure, so that the equations of equilibrium must be 

formulated for the deformed configuration. The general goal of analysis is to construct 

the nonlinear relation between applied load and the resulting deformation. 

2.4.1 Strain Energy 

Considering a uniform section prismatic element, Fig.2.3, subjected to axial and flexural 

deformation (no shear), the Lagrangian finite strain-displacement relation is given by, 

from linear analysis, 

 x

2

x

2

x

2

xx ,w,v,u
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1
 xu  

(2.81) 

Thus, the total strain would be 
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(2.82) 

We note that the first and second terms are the familiar components of axial and flexural 

strains respectively, and the third one (which is nonlinear) is obtained from large-

deflection strain-displacement. 

The Strain energy of the element is given by 
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(2.83) 
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(2.84) 

Note that             ,AdAA            ;0 AA yd         Idy AA  2
 

           For y measured from the centroid, Ue reduces to 
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We discard the highest order term, 

4

4









dx

dvA
in order to transform the above equation into 

a linear instability formulation. 

Under the assumption of an independent pre buckling analysis for axial loading, the axial 

load Px is        

dx

du
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(2.86) 

Thus Eq. 2.85 reduces to 
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(2.87) 

It can be thus decoupled the strain energy into two components, one associated with axial 

and the other with flexural deformations 
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(2.88b) 

2.4.2 Potential Energy 

Model body by dividing it into an equivalent system of many smaller bodies or units 

(finite elements discretization) interconnected at points common to two or more elements 

(nodes or nodal points) and/or boundary lines and/or surfaces. 

Assuming a functional representation of the transverse displacements in terms of the four 

joint displacements 

u Nv   (2.89a) 

 

u
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(2.89b) 
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Substituting this last equation into Eq.2.88b, the element potential energy is given by 
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Where   
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(2.91&2.92) 

Where [ke] is the conventional element flexural stiffness matrix. 

[kg] introduces the considerations related to elastic instability. It is noted that its terms in 

addition to axial load depend on geometric parameters (length), therefore this matrix is 

often referred to as the geometric stiffness matrix. 

From linear analysis we have shape function given in Eq.2. 17a – 2.17d 

Using the shape functions for flexural elements, Eq.2. 17a – 2.17d, and substituting into 

Eq. 2.91 and Eq. 2.92 to obtain 
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(2.93) 

                            which is the same element stiffness matrix derived earlier in Eq. 2.60 

The geometric stiffness matrix is given by 
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The equilibrium relation is thus 

PK u   
(2.95) 

In a global formulation, we would have 

g
K

e
KK 

 

(2.96) 

We note that the structure becomes stiffer for tensile load P applied through Kg, and 

weaker in compression. 

 

*gg KK   
(2.97) 

Where Kg* corresponds to the geometric stiffness matrix for unit values of the applied 

loading (λ = 1). 

The elastic stiffness matrix Ke remains a constant, hence we can write 

  0**  PuKK ge   (2.98) 

The displacements are in turn given by 

  **
1

PKKu ge 


  
(2.99) 

and for the displacements to tend toward infinity (i.e. buckling/bifurcation/instability), 

then 

0*  ge KK   

(2.100) 

which can also be expressed as 

0
1




IKK eg   

(2.101) 

Alternatively, it can simply be argued that there is no unique solution (bifurcation 

condition) to u. 

The lowest value of λ, λcrit will give the buckling load for the structure and the buckling 

loads will be given by 

*PP crcr   
(2.102) 

The corresponding deformed shape is directly obtained from the corresponding 

eigenvector. 
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2.4.4 Second-Order Elastic Analysis 

 

From Eq. 2.94 it is evident that since kg depends on the magnitude of Px, which itself 

may be an unknown in a framework, then we do have a geometrically   non-linear 

problem. 

We rewrite Eq. 2.96 as 

  PuKK ge   (2.103) 

but since Kg depends on the axial load P, the problem is nonlinear. A simple way to 

solve this nonlinear equation is to use a step-by-step incremental procedure. The 

linearized incremental formulation can be obtained by applying an incremental operator 

Δ. 

     iigei uKKP
1

  (2.104) 

 

2.5 Effect of Axial load on Flexural Deformation  

So many literatures have been conducted on the flexural design method and flexural 

design theorems of RC members. [13] Derived three theorems of the flexural theory for 

RC members to identify two critical points on a moment–curvature curve: (1) the onset 

of flexural strength and (2) the onset of the so-called true ultimate curvature. The true 

ultimate curvature is reached at the exact moment when a RC member loses its integrity. 

Three theorems are derived for RC flexural behavior: one for the flexural strength of 

under reinforced members (reinforcement yields before the onset of the peak moment), 

another for that of general flexural members, and a third for the evaluation of ultimate 

deformation. In this literature the theorems are derived for RC members with a constant 

axial load. 

Members carrying both axial force and bending moment are subjected to an interaction 

between these effects. The analysis of a beam-column using stability functions as an 

alternative to the stress stiffness matrix is discussed by [14]. In this literature the Authors 

derive an explicit expressions for stability functions for three-dimensional beam-

columns, in terms of member length, cross-sectional properties, axial force, and the end 

moments. The effect of flexure on axial stiffness and the effect of axial force on flexural 

stiffness and stiffness against translation are considered in the derivation of stability 
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functions. The nonlinear stiffness matrix of a three dimensional beam-column using the 

stability functions is presented by modifying the linear elastic stiffness matrix for a 

beam-column (which includes the effect of shear deformations) available in the 

literature. 

The authors outlined the theoretical considerations for the derivation of stability 

functions sl to s9, where s1 = stability function for the effect of flexure on axial stiffness; 

s2 = stability function for the effect of axial force on flexural stiffness against rotation of 

near end about z-axis; s3 = stability function for the effect of axial force on flexural 

stiffness against rotation of far end about z-axis; s4 = stability function for the effect of 

axial force on flexural stiffness against rotation of near end about y-axis; s5 = stability 

function for the effect of axial force on flexural stiffness against rotation of far end about 

y-axis; s6 = stability function for the effect of axial force on flexural stiffness (about z-

axis) against translation in y-direction; s7 = stability function for the effect of axial force 

on shear stiffness in y-direction against translation in y-direction; s8 = stability function 

for the effect of axial force on flexural stiffness (about y-axis) against translation in z 

direction; and s9 -stability function for the effect of axial force on shear stiffness in z-

direction against translation in z-direction. The effect of axial force on torsional stiffness 

and the effect of torsional moment on axial stiffness are neglected in the theoretical 

formulation. 

The axial stiffness of the beam in the absence of end moments is given by EA/l, and the 

axial deformation due to axial load P is given by Pl/EA. However, the end moments 

produce an additional axial deformation in the beam. In order to include the effect of 

flexure on axial deformation, the axial stiffness of the beam-column must be modified. 

Let the modified axial stiffness be s1 (EA/l) where s, is the modification factor or the 

stability function for the effect of flexure on axial stiffness. Then the authors derived an 

expression for s1. 
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    (a) 

 

 

   (b) 

 

Figure 2.12 Effect of Flexure on Axial Stiffness: (a) Bending in X-Y plane; (b) Bending 

in X-Z plane [14] 

The stability function s2, s3 and s4, s5, which are corresponding to the effect of axial force 

on flexural stiffness against rotation, have been derived using the differential equation of 

the beam-column bending in the X-Y plane, Fig.2.12 (a), and X-Z plane, Fig.2.12 (b), 

respectively. Similarly the function s6, s7, s8, and s9, which are corresponding to the effect 

of axial force on flexural stiffness against translation, have been derived using the slope-

deflection equation. 

 

 

 

 

 

 

 

 Figure 2.13 Effect of Axial Force on Stiffness against Translation [14] 

The lateral deflection of a member causes additional bending moment when subjected to 

a simultaneously applied axial force. This alters the flexural stiffness of the member. In a 

like manner, the presence of bending moments affects the axial stiffness of the member 

due to an apparent shortening of the member caused by the bending deformations. If the 
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deformations are small, the interaction between bending and axial forces can be ignored, 

in which case the force deformation relationship for a beam-column is given by Eq.1.1.  

The problem of a concrete cross section under flexural and axial loading is indeterminate 

due to the existence of more unknowns than equations. Among the infinite solutions, it is 

possible to find the optimum, which is that of minimum reinforcement that satisfies 

certain design constraints (section ductility, minimum reinforcement area, etc.).  In the 

design of members under combined flexure and axial load it is common to use 

conventional methods to obtain the reinforcement with symmetrical distribution. This 

may be appropriate in some cases of flexural moments with different signs and similar 

values. However, in other cases this distribution may result in uneconomical constructive 

simplification and be environmentally inadequate, with it being more interesting not to 

use the symmetrical distribution, but to search for another distribution with optimum 

reinforcement [15]. 

The author proposed the automation of the optimum reinforcement calculation under any 

combination of flexural and axial loading. The procedure has been implemented in a 

program code. According to the literature when solving the problem of optimum 

reinforcement what is mainly achieved is automating, with a negligible computational 

time, the reinforcement calculation of a cross section subjected to flexural and axial 

loading. Moreover, when observing the graphical results, particularly the depth of neutral 

axis, the physical sense of the problem can be visualized, since the stress-strain state of 

the section is known instantly. 

[16] Carried out geometrical nonlinear analysis of the prismatic plane frames using the 

stability functions and updating the stiffness matrix in every iteration. At the first stage 

of the analysis the author assumed that the axial forces acting on the members as zero, 

and then, the system was solved linearly under the initially set external loads, and the 

member axial forces were determined. The Stability Functions were calculated by using 

the obtained axial forces and the system was resolved under the same external loads. The 

operations were repeated for each iteration under the same external loads until the axial 

forces became constant. At the end of the iteration, the determinant and the eigenvalues 

of the system stiffness matrices, the system displacements and the axial forces of the 

members were determined. The external loads were regularly increased at the beginning 

of each iteration by multiplying them with a load factor of , or the operations were 
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continued until the least Eigenvalue became zero. Thus, at this stage, the critical load or 

buckling load of the system was found. 

 

Figure 2.14 The application of λ load factor to the external load system [16] 

Finite difference technique is the familiar method of identifying the buckling load of a 

beam-column. [17] Present a method named Multi segment Integration technique to 

identifying the buckling load of a structural member which is subjected simultaneously 

to axial compressive force and bending moment (beam-column). The different end 

support condition  i) hinged at both ends; ii) fixed at both ends; and iii) fixed at one end 

and hinged at the other end were assumed as a boundary condition for the development 

of boundary- value problem for the beam-column equation.  

The authors used a mathematical model based on the basic equation of beam-column 

theory which is a differential equation, linking the displacement of the center line w(x) to 

the axial compressive load P and the lateral load q(x). That is, 

q
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wd
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wd
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2

2

4

4

 
(2.105) 

 

                 together with the boundary condition  

i) w(0) = w′′(0) = w(l) ( = w′′(l) = 0                                                            

ii) w(0) = w′(0) = w(l) ( = w′( l) = 0                                                              

iii) w(0) = w′(0) = w(l) ( = w′′( l) = 0                                                             

Where E is the Young’s modulus of the beam, I is the area moment of inertia of the 
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beam’s cross section. 

                                                                         

 

 

 

 

 

Figure 2.15(a). Beam-column with both ends hinged. 

 

 

 

 

 

Figure 2.15(b). Beam-column with both ends fixed 

 

Figure 2.15 (c). Beam-column with one end fixed and other end hinged. [17] 

The authors presented the analytical expression of the deflection equation for different 

boundary conditions.  Then the Euler buckling load for q(x) = 0; the formulation of the 

fourth order non homogeneous beam-column equation using both Finite Difference 

method and Multi-segment Integration technique were presented. Finally they 

established some results on critical load and graphical presentation of buckling load 

obtained from Multi-segment Integration technique. Based on the result the authors have 

found that the Multi-segment Integration technique is seen to be capable of solving this 

kind of problem and that the method is both effective and efficient. 
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This work will focus mainly on the axial load effect on flexural deformation in linear and 

geometric nonlinear analysis. The percentage difference of flexural deformation in linear 

and geometric nonlinear analysis under incremental axial load with varied depth, length 

and support condition of reinforced concrete member will be investigated. 

2.6 Solution Technique for Geometric Nonlinear Problems 

In linear analysis of the structure there is no appreciable change in the geometry of the 

structure after loading. Hence the transformation matrix used to connect global and local 

values remained constant through and the following relations could be used: 

 

  }{}{ dLd
T

g   (2.106) 

 

  andLkLk e

T

g }}{{}{   (2.107) 

 

  }{}{ e

T

g FLF     

(2.108) 

 

Where, subscript g refers to global values and d refers to local values. [L] is the rotation 

(transformation) matrix. 

In cable structures, the deflections are large. Hence change of geometry with loads are 

not negligible. There are attempts to study the effect of changes in geometry on 

structures like shells also. Consider a bar element shown in Fig. 2.16. The line 1-2 shows 

initial position. After loading the element takes position 1’- 2’. Hence its inclination to 

global x-axis changes from θ to θ+ Δ θ. Hence the rotation matrix L changes. Thus L is 

not constant throughout but it is a function of displacement. We can represent this by 

writing    }{dLL  . Hence the stiffness matrix varies with displacements. This type of 

non-linear problems may be handled by incremental iterative or mixed method similar to 

handling material non-linearity problems. 
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Figure 2.16 Geometric non-linearity [18] 

Incremental procedure 

      ll

T

gg FFLLFF  {}{}{}{  

                                         }{}{}{}{ l

T

l

T

l

T

l

T
FLFLFLFL   

Neglecting the small quantity of higher order, the above equation will be 

                                    }{}{}{}{}{ l

T

l

T

l

T

gg FLFLFLFF   

               Since     }{ l

T

g FLF  , the above equation reduces to 

    }{}{}{ l

T

l

T

g FLFLF                   (2.109) 

From the stiffness equation, we know 

                                                            }{}{ ggl

T
dkFL   

 

 ∴ Equation 2.109 reduces to 

    }{}{}{ l

T

ggg FLdkF   (2.110) 

In the above equation, the term    e

T
FL represents the change in stiffness 

equation due to change in the geometry. Let us consider this term further 

  



n

i

ill

T
LFFL

1

}}{{}{  
(2.111) 
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                                    ∴    
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Substituting it in equation 2.110, to get 

                                            



n

i

giiegge dGFdkF
1

}{}{}{}{  

                                                     



n

i

giiegg dGFdk
1

}{(                                    

  }{ gGg dkk   (2.113) 

  

Where    



n

i

iieG GFk
1

 

Since it is normally talked about global values in the final analysis, for simplicity 

can be dropped subscript ‘g’ and write equation 2.113 as 

     }{}{ dkkF G   (2.114) 

  

From ith stage, if we want to proceed to i + 1nth stage, the equation 2.11 is 

     11}{   iiiG Fdkk  (2.115) 
 

  

Thus to get additional deflections due to geometric non-linearity we need stiffness 

matrices [k] and [kG] at the beginning of an increment. Hence evaluation effort required 

is more. However it may be noted that to find [kG] there is no need to evaluate the 

stiffness matrix afresh. Only modifications to transformation matrix [L] is needed. 

Iterative procedure 

This method is straight forward. For the initial geometry, the transformation matrix is 

assembled. Using this it is found, 

      ol

T

o LkLk 0  (2.116) 

  

 

     l

T

o FLF 0  (2.117) 

  

Then after solving stiffness equation, 

   oFdk }{ 10  (2.118) 

  

One can get d values of 1st stage. Using these displacements, the new coordinates of the 

nodes are determined. For the new geometry the above process is repeated to get 

displacements d2 of second stage. The process is repeated until the displacements no 

longer change significantly. Though the process is simple, it has limitations of the 

iterative techniques i.e. convergence is slow. It is time consuming. 
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Mixed procedure 

Instead of applying total load in each iteration, if we apply load in the increments and for 

every incremented load carryout the iterative procedure, better results may be obtained. It 

involves lot of computational effort. 
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3. Nonlinear Analysis 

3.1 Nonlinear analysis of Flexural members 

To check the validity of the formulation of linear and geometrical nonlinear load-

deflection behavior, eight types of three nodded beams are analysed using software’s. 

Linear behavior is carried out using STAAD Pro and by a finite element based Sci.lab 

code and nonlinear behavior by using STAAD Pro. For checking the effect of beam 

depth, length and supporting condition on linear and geometric nonlinear effect of axial 

load the   following eight beams are considered:- 

3.1.1 Simply supported beam 

Material Property 

fck = 25 N/mm2 (concrete strength class C25/30) 

fyk =500N/mm2 (Steel B500B) 

 Simply supported RC beams with depth 200mm and length of 4m, 6m, 8m 

 

 

Figure 3.1 Model Type 1. 

 

 Simply supported RC beam with depth 300mm and 8m length  
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Figure 3.2 Model Type 2. 

 

 Simply supported RC beam with one end roller support having depth of 200mm, 

length 6m and subjected to external axial load 

 

 

Figure 3.3 Model Type 3. 

 

  Simply supported RC beam with one end roller support having depth of 200mm, 

length 6m and without external axial load 
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Figure 3.4 Model Type 4. 

 

3.1.2 Fixed supported beam 

Material Property 

fck = 25 N/mm2 (concrete strength class C25/30) 

fyk =500N/mm2 (Steel B500B) 

 Both end fixed supported RC beam with depth 200mm and 6m in length 

 

 

Figure 3.5 Model Type 5. 

 

 Both end fixed supported RC beam with depth 200mm and 6m in length 
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Figure 3.6 Model Type 6. 

 

3.2 Four story RC building Frame Analysis 

Four-story reinforced concrete residential building shown in Fig.3.7. The column and 

beam sizes are assumed as 0.2 X 0.3m and 0.3 m X 0.4m respectively.  

Material Property 

fck = 25 N/mm2 (concrete strength class C25/30) 

fyk =500N/mm2 (Steel B500B) 

The building is analysed by equivalent static analysis procedure for getting lateral loads 

at each story. After getting the lateral forces load deformation behavior for linear and 

geometric nonlinear analysis is carried out by using STAAD PRO and ETABS 2016. 

Then the building frame loaded both lateral load and gravity load and linear and 

geometric nonlinear analysis is carried out once again. To investigate the effect of axial 

load in selected story beams. For nonlinear analysis deformation, load step is taken as ten 

which means it divide the total loads into ten increments and number of iteration is taken 

as 100, which is enough for getting accurate answer. In nonlinear analysis at each load 

increment case the tangent stiffness matrix is updating. 
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Plane 

 

Elevation 

Figure 3.7 Building configuration 
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4. Result and Discussion 

In this chapter the result of linear and geometric nonlinear analysis is displayed and the 

discussion based on the result will be presented. 

4.1 Flexural Members 

Table 4-1 Deflection of 200 mm depth Simply Supported RC Beam length 4m 

Load 

percentage 

Load in  

(kN) 

Deflection under the load 

(mm) 

Difference 

between linear 

and nonlinear 

(%) 
Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using Scilab 

10 1.8 0.834 0.834 0.829 0.000 

20 3.6 1.669 1.669 1.658 0.000 

30 5.4 2.503 2.503 2.486 0.000 

40 7.2 3.326 3.338 3.315 0.359 

50 9 4.148 4.172 4.144 0.575 

60 10.8 4.959 5.007 4.973 0.959 

70 12.6 5.763 5.841 5.802 1.335 

80 14.4 6.562 6.676 6.63 1.708 

90 16.2 7.348 7.51 7.459 2.157 

100 18 8.123 8.345 8.288 2.660 

 

Figure 4.1 Load vs. Deflection Curve for Simply Supported Beam with depth 200 mm 

and 4m in length 
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Table 4-2 Internal effects for simple supported beam with depth 200mm and 4m in 

length 

Internal Effects 

 

Geometric 

nonlinear 

Analysis 

(GNLA) 

   Linear 

Analysis 

   (LA) 

Max Axial Force (kN) 7.499 0 

Max bending moment (kNm) 17.944 18 

Max Shear Force (kN) 8.973 9 

Max Combined tensile Stress(N/mm2) 10.271 10.5 

Max Combined compression Stress(N/mm2) 10.645 10.5 
 

Load- deflection curve for simply supported beam with depth 200mm and 4m in length 

shows geometric nonlinear analysis result is almost similar to linear analysis and the 

curve is linear. In this particular flexural member the internal induced axial load due to 

concentrated gravity load is 7.499kN. Since the axial load small in magnitude the global 

stiffness matrix of member for both analysis nearly equal due to this the result from both 

analysis nearly equal.  

Table 4-3 Deflection of 200 mm depth Simply Supported RC Beam length 6m 

 

Load 

percentage 

Load in  

(kN) 

Deflection under the load 

(mm) 

Difference 

between linear 

and nonlinear 

(%) 
Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using Scilab 

10 1.8 2.491 2.494 2.486 0.120 

20 3.6 4.967 4.988 4.973 0.421 

30 5.4 7.407 7.482 7.459 1.002 

40 7.2 9.790 9.976 9.945 1.864 

50 9 12.104 12.47 12.432 2.935 

60 10.8 14.337 14.964 14.918 4.190 

70 12.6 16.474 17.458 17.405 5.636 

80 14.4 18.509 19.952 19.891 7.232 

90 16.2 20.439 22.446 22.377 8.941 

100 18 22.261 24.94 24.864 10.742 
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Table 4-4 Internal effects for simple supported beam with depth 200mm and 6m in 

length 

Internal Effects 

 

Geometric 

nonlinear 

Analysis 

(GNLA) 

   Linear 

Analysis 

   (LA) 

Max Axial Force (kN) 28.019 0 

Max bending moment (kNm) 23.385 24 

Max Shear Force (kN) 7.802 8 

Max Combined tensile Stress(N/mm2) 10.838 11 

Max Combined compression Stress(N/mm2) 10.239 11 
 

 

Figure 4.2 Load vs. Deflection Curve for Simply Supported Beam with depth 200 mm 

and 6m in length 

Load – deflection curve shown in fig.4.2 shows its geometric nonlinear behavior starts at 

a load of forty percentage of the total load (7.2kN). Since in geometric analysis 

equilibrium equation of the member formulated for deformed condition of the member 

the stiffness matrix is also updated in each load iteration. In this flexural member the 

internal tensile axial load induced under geometric analysis is 28.019 kN. This tensile 

axial load update the stiffness matrix of the member as a result of this the flexural 

member becomes more stiff than that of linear analysis, in which only elastic stiffness 

matrix is considered by ignoring axial load effect. As a result of this the flexural 
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deformation under geometric analysis is lower than the corresponding flexural 

deformation under linear analysis with the percentage variation is 10.74. Once again the 

tensile and compressive stress are no more linear relationships. Since the combined 

tensile stress more than the compressive one with percentage variation of 6. This is due 

to the internal tensile axial load causes an additional tensile stress. 

Table 4-5 Deflection of 200 mm depth Simply Supported RC Beam length 8m 

Load 

percentage 

Deflection under the load 

(mm) 

Difference 

between linear 

and nonlinear 

(%) 
Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using Scilab 

10 3.315 3.321 3.315 0.181 

20 6.591 6.642 6.630 0.768 

30 9.783 9.963 9.945 1.807 

40 12.854 13.283 13.260 3.230 

50 15.764 16.604 16.575 5.059 

60 18.489 19.926 19.890 7.212 

70 21.018 23.247 23.205 9.588 

80 23.343 26.568 26.520 12.139 

90 25.458 29.889 29.835 14.825 

100 27.374 33.209 33.150 17.571 

 

Figure 4.3 Load vs. Deflection Curve for Simply Supported Beam with depth 200 mm 

and 8m in length 
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Table 4-6 Internal effects for simple supported beam with depth 200mm and 8m in 

length 

Internal Effects 

 

Geometric 

nonlinear 

Analysis 

(GNLA) 

   Linear 

Analysis 

   (LA) 

Max Axial Force (kN) 30.685 0 

Max bending moment (kNm) 17.231 18 

Max Shear Force (kN) 4.314 4.5 

Max Combined tensile Stress(N/mm2) 9.256 10.5 

Max Combined compression Stress(N/mm2) 10.59 10.5 

 

From the load –deflection curve for simply supported beam with depth 200mm and 

length 8m it can be observed that its geometric nonlinear behavior is starts at thirty 

percentage of the total load. In this member the internal tensile axial load at the early 

stage of load iteration is enough to make the analysis nonlinear by developing geometric 

stiffness matrix in addition to elastic matrix.  

Table 4-7 Deflection of 300 mm depth Simply Supported RC Beam length 8m 

 

Load 

percentage 

Deflection under the load 

(mm) 

Difference 

between linear 

and nonlinear 

(%) 
Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using Scilab 

10 1.972 1.972 1.965 0.000 

20 3.941 3.944 3.929 0.076 

30 5.901 5.916 5.894 0.254 

40 7.847 7.889 7.858 0.532 

50 9.777 9.861 9.823 0.852 

60 11.689 11.833 11.787 1.217 

70 13.580 13.805 13.752 1.630 

80 15.441 15.777 15.716 2.130 

90 17.278 17.749 17.681 2.654 

100 19.082 19.721 19.645 3.240 
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Figure 4.4 Load vs. Deflection Curve for Simply Supported Beam with depth 300 mm 

and 8m in length 

 

Table 4-8 Internal Effects for simple supported beam with depth 300mm and 8m in 

length 

Internal Effects 

 

Geometric 

nonlinear 

Analysis 

(GNLA) 

   Linear 

Analysis 

   (LA) 

Max Axial Force (kN) 15.518 0 

Max bending moment (kNm) 35.727 36 

Max Shear Force (kN) 8.934 9 

Max Combined tensile Stress(N/mm2) 8.65 9 

Max Combined compression Stress(N/mm2) 9.168 9 

 

From load- deflection curve shown in Fig.4.4 the nonlinear behavior starts at a load of 

eighty percentage (14.4kN). This tell us the geometric stiffness matrix due internal 

tensile axial load update the global stiffness matrix and the member starts to be stiffer 

than the corresponding linear analysis. As a result the flexural deformation is lower 

under geometric nonlinear analysis than the corresponding linear analysis. 
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Table 4-9 Deflection of 200 mm depth Fixed Supported RC Beam length 6m 

 

Load 

percentage 

Deflection under the load 

(mm) 

Difference 

between linear 

and nonlinear Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using Scilab 

10 0.708 0.708 0.699 0.000 

20 1.416 1.416 1.399 0.000 

30 2.123 2.124 2.098 0.001 

40 2.831 2.831 2.797 0.000 

50 3.539 3.539 3.496 0.000 

60 4.246 4.247 4.196 0.001 

70 4.953 4.955 4.895 0.002 

80 5.660 5.663 5.594 0.003 

90 6.366 6.371 6.294 0.005 

100 7.073 7.078 6.993 0.005 
 

 

 

 

 

Figure 4.5 Load vs. Deflection Curve for Fixed Supported Beam with depth 200 
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Table 4-10 Internal reactions for Fixed supported beam with depth 200mm and 6m in 

length 

Internal Reactions 

 

Geometric 

nonlinear 

Analysis 

(GNLA) 

   Linear 

Analysis 

   (LA) 

Max Axial Force (kN) 2.415 0 

Max bending moment (kNm) 13.492 13.5 

Max Shear Force (kN) 8.995 9 

Max Combined tensile Stress(N/mm2) 10.059 10.125 

Max Combined compression Stress(N/mm2) 10.18 10.125 

 

From fixed supported flexural member with depth 200mm can be observed that the curve 

is linear for both method of analysis. This is due to a very small internal axial load 

induced under geometric nonlinear analysis and the geometric stiffness matrix becomes 

negligible. The global stiffness matrix for both method of analysis is equal to elastic 

stiffness matrix of the member. 

Table 4-11 Deflection of 200 mm depth Fixed Supported RC Beam subjected to external 

compressive axial load length 6m 

 

Load 

percentage 

Deflection under the load 

(mm) 

Difference 

between linear 

and nonlinear Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using Scilab 

10 0.708 0.708 0.699 0.000 

20 1.416 1.416 1.399 0.000 

30 2.123 2.124 2.098 0.001 

40 2.831 2.831 2.797 0.000 

50 3.539 3.539 3.496 0.000 

60 4.246 4.247 4.196 0.001 

70 4.953 4.955 4.895 0.002 

80 5.660 5.663 5.594 0.003 

90 6.366 6.371 6.294 0.005 

100 7.073 7.078 6.993 0.005 
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Figure 4.6 Load vs. Deflection Curve for Fixed Supported Beam with subjected to 

external compressive axial load depth 200 

 

Table 4-12 Internal effects for Fixed supported beam subjected to external compressive 

axial load with depth 200mm and 6m in length 

 

Internal Effects 

 

Geometric 

nonlinear 

Analysis 

(GNLA) 

   Linear 

Analysis 

   (LA) 

Max Axial Force (kN) 2.415 0 

Max bending moment (kNm) 13.492 13.5 

Max Shear Force (kN) 8.995 9 

Max Combined tensile Stress(N/mm2) 10.059 10.125 

Max Combined compression Stress(N/mm2) 10.18 10.125 
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 Table 4-13 Deflection of 200 mm depth simply Supported RC Beam with one end roller 

support and subjected to external compressive axial load length 6m 

 

Load 

percentage 

Deflection under the load 

(mm) 

Difference 

between linear 

and nonlinear 

(%) 
Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using Scilab 

10 2.848 2.806 2.797 1.475 

20 5.779 5.611 5.594 2.907 

30 8.840 8.417 8.391 4.785 

40 12.024 11.223 11.187 6.662 

50 15.328 14.029 13.986 8.475 

60 18.745 16.834 16.783 10.195 

70 22.265 19.640 19.580 11.790 

80 25.884 22.446 22.377 13.282 

90 29.595 25.251 25.174 14.678 

100 33.385 28.057 27.972 15.959 
  

 

 

Figure 4.7 Load vs. Deflection Curve for one end roller Supported Beam with depth 

200mm and 6m in length, subjected to external compressive axial load at roller end 
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Table 4-14 Internal effects for one end roller Supported Beam with depth 200mm and 

6m in length, subjected to external compressive axial load at roller end 

Internal Effects 

 

Geometric 

nonlinear 

Analysis 

(GNLA) 

   Linear 

Analysis 

   (LA) 

Max Axial Force (kN) -49.449 -50 

Max bending moment (kNm) 28.44 27 

Max Shear Force (kN) 9.457 9 

   

   
 

So far the effect of internal tensile axial load that induces due to the external central point 

load has been discussed and it has been seen that this tensile axial load improve the 

stiffness matrix of flexural member results the deflection lower. Now let’s apply external 

compressive axial load at the roller supported end of simply supported beam with depth 

200mm and 6m in length. From the load- deflection curve  the nonlinear behavior starts 

at a load of thirty percentage but here the flexural deformation under geometric nonlinear 

analysis is higher than the corresponding linear analysis this is due to the compressive 

axial load reduce the elastic stiffness matrix of the member. 

Table 4-15 Deflection of 200 mm depth simply Supported RC Beam with one end roller 

support length 6m 

Load 

percentage 

Deflection under the load 

(mm) 

Difference 

between linear 

and nonlinear Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using Scilab 

10 2.806 2.806 2.797 0.014 

20 5.611 5.611 5.594 0.056 

30 8.418 8.417 8.391 0.141 

40 11.227 11.223 11.187 0.267 

50 14.036 14.029 13.986 0.433 

60 16.847 16.834 16.783 0.637 

70 19.659 19.640 19.580 0.875 

80 22.472 22.446 22.377 1.146 

90 25.287 25.251 25.174 1.448 

100 28.103 28.057 27.972 1.776 
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Figure 4.8 Load vs. Deflection Curve for one end roller Supported Beam with depth 

200mm and 6m in length 

Table 4-16 Internal effects for one end roller Supported Beam with depth 200mm and 

6m in length 

Internal Effects 

 

Geometric 

nonlinear 

Analysis 

(GNLA) 

   Linear 

Analysis 

   (LA) 

Max Axial Force (kN) 0.455 0 

Max bending moment (kNm) 26.988 27 

Max Shear Force (kN) 8.996 9 

   

   
 

The result obtained from geometric nonlinear analysis for simply supported beam with 

one end roller support, which is subjected to only gravity load, is almost linear. Since 

there is an axial deformation under geometric analysis the stress in the member is reduce 

result in very small tensile axial load is induced. 
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Table 4-17 Axial Deflection of 200 mm depth simply Supported RC Beam with one end 

roller support and subjected to external compressive axial load length 6m 

 

Load 

percentage 

Axial Deflection at Node 1(at appoint 

of axial load is applied) 

(mm) 

Difference 

between linear 

and nonlinear 

Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using Scilab 

10 0.037 0.035 0.035 0.002 

20 0.08 0.069 0.069 0.011 

30 0.128 0.104 0.104 0.024 

40 0.182 0.138 0.138 0.044 

50 0.242 0.173 0.173 0.069 

60 0.309 0.207 0.207 0.102 

70 0.382 0.242 0.242 0.14 

80 0.461 0.276 0.276 0.185 

90 0.548 0.311 0.311 0.237 

100 0.641 0.345 0.345 0.296 

 

 

 

Figure4.9 Load vs. Deflection Curve for one end roller Supported Beam with depth 

200mm and 6m in length, subjected to external compressive axial load at roller end 
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4.2 Four Story RC building Frame 

Analysis is done using STAAD Pro for both linear and geometric nonlinear case and 

ETABS for linear case. In the first part of the analysis only the lateral forces that is 

obtained from equivalent static analysis based on EBCS EN 1998(part 8) has been 

considered.  

The lateral forces on building frame are obtained by seismic equivalent static analysis is 

given in Fig.4.10 in the second part of the analysis both seismic equivalent lateral forces 

and gravity load are considered as shown in Fig 4.12.  

4.2. 1 Four Story RC building Frame under Lateral Load 

After the frame is analysed the load- deflection curve for flexural member at second 

story between axis A and B is shown in Fig 4.11. From the curve the nonlinear behavior 

starts at a load of thirty percentage. Since a compressive axial load is induced in flexural 

member due to external lateral force the global stiffness matrix will be reduced and this 

result the deflection is more under geometric nonlinear analysis than the corresponding 

linear analysis. This is based on the fact that the geometric stiffness matrix due to 

compressive axial load is negative and it reduce the elastic stiffness matrix of a member 

when the global stiffness matrix is calculated. 

 

Figure 4.10 Lateral forces on building frame by equivalent static method 
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Table 4-18 Deflection of flexural member at Second Story Between axis A and B 

Load 

percentage 

Deflection under the load 

(mm) 

Difference 

between 

linear and 

nonlinear 
Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using ETABS 

10 1.119 1.099 1.199 0.020 

20 2.276 2.198 2.298 0.078 

30 3.473 3.297 3.397 0.176 

40 4.711 4.396 4.496 0.315 

50 5.989 5.495 5.595 0.494 

60 7.307 6.594 6.694 0.713 

70 8.665 7.693 7.793 0.972 

80 10.062 8.792 8.892 1.270 

90 11.498 9.891 9.991 1.607 

100 12.973 10.994 11.094 1.979 
 

 

Figure 4.11 Load – Deflection curve of Second Story Flexural Member between Axis A & B 

4.2.2 Four Story RC building Frame under Lateral and Gravity Load 

Now the frame is analysed for both load cases. From the load- deflection curve shown in 

Fig 4.13. The nonlinear behavior o starts at a load of twenty percentage. Once again due 

to compressive axial load the global stiffness matrix become lower than the elastic one 

under geometric nonlinear analysis and result in higher deflection.  
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Figure 4.12 Lateral forces and Gravity on building frame 

 

Table 4-19 Deflection of flexural member at Second Story Between axis A and B 

 

Load 

percentage 

Deflection under the load 

(mm) 

Difference 

between 

linear and 

nonlinear 
Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using ETABS 

10 1.604 1.578 1.538 0.026 

20 3.261 3.156 3.116 0.105 

30 4.973 4.734 4.694 0.239 

40 6.743 6.312 6.272 0.431 

50 8.572 7.890 7.850 0.682 

60 10.462 9.468 9.428 0.994 

70 12.421 11.046 11.006 1.375 

80 14.438 12.624 12.584 1.814 

90 16.527 14.202 14.162 2.325 

100 18.680 15.776 15.736 2.904 
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Figure 4.13 Load – Deflection curve of Second Story Flexural Member between Axis A & B 

For the flexural member at the fourth story between axis A and B it is observed similar 

scenario in fact its nonlinear behavior starts at early load percentage than the flexural 

member at the second story this is due the fact that the compressive axial load at the forth 

story member is more than the second story member. Therefore the corresponding 

percentage variation of flexural deformation under geometric nonlinear analysis and 

linear analysis is 25.22. 

Table 4-20 Deflection of flexural member at Fourth Story Between axis A and B 

Load 

percentage 

Deflection under the load 

(mm) 

Difference 

between 

linear and 

nonlinear 
Geometric 

Nonlinear 

Analysis 

Linear 

Analysis 

using Staad 

Linear 

Analysis 

using ETABS 

10 1.127 1.093 1.043 0.034 

20 2.320 2.186 2.136 0.134 

30 3.591 3.279 3.229 0.312 

40 4.934 4.372 4.322 0.562 

50 6.354 5.465 5.415 0.889 

60 7.853 6.558 6.508 1.295 

70 9.437 7.651 7.601 1.786 

80 11.103 8.744 8.694 2.359 

90 12.858 9.837 9.787 3.021 

100 14.702 10.930 10.880 3.772 
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Figure 4.14 Load – Deflection curve of Fourth Story Flexural Member between Axis A & B 

4.3 Comparison  

Table 4-21 Percentage Variation of Linear and Geometric Nonlinear Deflection of Beam 

with Different Span Length 

Load 

percentage 

Percentage variation 

of linear and 

Geometric 

nonlinear( L=4m) 

Percentage 

variation of linear 

and Geometric 

nonlinear( L=6m) 

Percentage 

variation of linear 

and Geometric 

nonlinear( L=8m) 

10 0.00 0.120 0.181 

20 0.00 0.421 0.768 

30 0.00 1.002 1.807 

40 0.359 1.864 3.230 

50 0.575 2.935 5.059 

60 0.959 4.190 7.212 

70 1.335 5.636 9.588 

80 1.708 7.232 12.139 

90 2.157 8.941 14.825 

100 2.660 10.742 17.571 
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 Figure 4.15 Load Deflection Curve of Beam with Different Span Length 

Load – deflection curve shown in Fig.4.15 shows that the axial effect under geometric 

nonlinear analysis increase as the length of the flexural member increases. The 

percentage difference between linear and geometric nonlinear deflection is more in case 

of simply supported beam with longer span length as shown in table 4.21. This is due to 

the fact that the induced tensile axial load is increases as span length the flexural member 

increases.  

Table 4-22 Percentage Variation of Linear and Geometric Nonlinear Deflection of 

Beams with Different depth 

Load 

percentage 

Percentage  

variation of linear 

and Geometric 

nonlinear 

( H=200mm) 

Percentage 

variation of linear 

and Geometric 

nonlinear 

( H=300mm) 

10 0.181 0.000 

20 0.768 0.076 

30 1.807 0.254 

40 3.230 0.532 

50 5.059 0.852 

60 7.212 1.217 

70 9.588 1.630 

80 12.139 2.130 

90 14.825 2.654 

100 17.571 3.240 
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Figure 4.16 Load Deflection Curve of Beam with Different Depth  

In full load condition the percentage variation of linear and geometric nonlinear flexural 

deformation is 17.571 for flexural member having 200mm depth while it is only 3.240 

for beam with 300mm depth. The tensile axial; load induced in 200mm beam is 

30.685kN while is 15.518kN in beam 300mm in depth under geometric nonlinear 

analysis this makes big difference in deflection. Hence the depth of beam affects the 

behavior of beams significantly.  

Table 4-23 Percentage Variation of Linear and Geometric Nonlinear Deflection of Beam 

with Different End Conditions 

Load 

percentage 

Percentage variation 

of linear and 

Geometric nonlinear              

Simply supported 

Percentage variation 

of linear and 

Geometric nonlinear              

Fixed Supported 

10 0.120 0.000 

20 0.421 0.000 

30 1.002 0.000 

40 1.864 0.000 

50 2.935 0.000 

60 4.190 0.001 

70 5.636 0.002 

80 7.232 0.003 

90 8.941 0.005 

100 10.742 0.005 
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Figure 4.17 Load Deflection Curve of Beam with Different End Conditions 

 

 The difference between linear and geometric nonlinear deflection is more in case of 

simply supported beam with depth 200mm and 6m in length. The tensile axial load in 

simply supported beam is 28.019kN while it is only 2.415kN in fixed supported beam 

this make the corresponding percentage variation of linear and geometric nonlinear 

deflection is more in simple supported beam than the fixed one as shown in table 10.742.  
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5 Conclusions and Recommendations 

In this thesis the linear and geometric nonlinear flexural deformation of reinforced 

concrete members subjected to central point load and with and without external 

compressive axial load was carried out to investigate the effect of axial load. Four story 

RC residential building is analysed and the flexural deformation behavior of selected 

flexural member was studied for the illustration of linear and geometric nonlinear effect 

of axial load in actual building frame. The studies on software and theoretical results 

associated with them lead to the following conclusion and recommendations. 

5.1 Conclusions 

 Linear analysis of flexural members ignore the effect of axial load in flexural 

deformation this result in uneconomical design since it over estimates the flexural 

deformation under gravity load. 

 Support conditions affect variation of flexural deflection between linear and 

geometric nonlinear analysis considerably. For fixed end flexural members the 

variation between linear and geometric nonlinear deflection is negligible but 

same flexural member with simply supported condition was giving variation in 

deflection up to 17.57 percent. 

 At initial stage of loading the effect of axial load is negligible as a result the 

flexural deflection behavior of linear and geometric nonlinear analysis is linear. 

While it becomes nonlinear with increasing the load value. 

 Geometric nonlinearity is not induced in the higher depth beam when the load 

intensity is small and it is induced in the higher depth beam when the big load 

intensity goes on increasing. 

 Geometric nonlinearity is induced in the beam because of its lesser depth. It is 

produced more in the lesser depth beam, when load is increased. 

 As the deforming of middle plane (Neutral axis) starts, the stiffness of structure 

increases (axial stiffness is added with bending stiffness).Thus the beam becomes 

stiffer progressively. It is a positive aspect of geometric nonlinearity. 
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5.2 Recommendations 

 The flexural members ‘strength significantly modified in the present of tension or 

compression axial load. The tensile axial load increase the strength of the flexural 

members by modifying its stiffness while the compressive axial load reduce its 

strength under geometric nonlinear analysis. 

 The effect of axial load under geometric nonlinear analysis is very significant for 

sections with lesser depth, it is better to analyses RC building which contains 

such kinds of members using geometric nonlinear analysis. 

 RC building which is located in seismic zone is subjected lateral load which 

induce compression axial load on flexural members and this compression axial 

load reduce its stiffness so the flexural deflection become higher than the 

corresponding linear analysis. Therefore it is better to analysis such building 

using geometric nonlinear analysis. 

 To be safe and economical it is better to study the real behavior of our structure. 

The real behavior of the structure is nonlinear in its nature. Therefore it is 

advisable to analysis using nonlinear analysis and compare their result with the 

linear analysis and then design the structures based on the governed method of 

analysis.  
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Appendix A      Finite Element method Based Scilab.code 

// 3 noded 20X20 Simply supported beam L=4m// 

E=21.7185 

I=200^4/12 

L=2000 

P=-18 

K=(E*I/L^3)*[4*L^2,-6*L,2*L^2,0; 

-6*L,24,0,6*L; 

2*L^2,0,8*L^2,2*L^2; 

0,6*L,2*L^2,4*L^2] 

KK=inv(K) 

f=[0;P;0;0] 

d=KK*f 

 

// 3 noded 20X20 Simply supported beam L=6m// 

E=21.7185 

I=200^4/12 

L=3000 

P=-16 

K=(E*I/L^3)*[4*L^2,-6*L,2*L^2,0; 

-6*L,24,0,6*L; 

2*L^2,0,8*L^2,2*L^2; 

0,6*L,2*L^2,4*L^2] 

KK=inv(K) 

f=[0;P;0;0] 

d=KK*f 

 

 

// 3 noded 20X20 Simply supported beam L=8m// 

E=21.7185 

I=200^4/12 

L=4000 

P=-9 

K=(E*I/L^3)*[4*L^2,-6*L,2*L^2,0; 

-6*L,24,0,6*L; 

2*L^2,0,8*L^2,2*L^2; 

0,6*L,2*L^2,4*L^2] 

KK=inv(K) 

f=[0;P;0;0] 

d=KK*f 

 

 

 

// 3 noded 20X30 Simply supported beam L=8m// 

E=21.7185 

I=200*300^3/12 

L=4000 

P=-18 

K=(E*I/L^3)*[4*L^2,-6*L,2*L^2,0; 

-6*L,24,0,6*L; 

2*L^2,0,8*L^2,2*L^2; 

0,6*L,2*L^2,4*L^2] 

KK=inv(K) 

f=[0;P;0;0] 

d=KK*f 

 

 

// 3 noded 20X20 Fixed supported beam L=8m// 

E=21.7185 

I=200^4/12 

L=4000 

P=-11 

Keff=(E*I/L^3)*[24,0,;0,8*L^2] 
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KK=inv(Keff) 

f=[P;0] 

d=KK*f 

 

// 3 noded 20X20 Simply supported beam L=6m one end with roller support// 

E=21.7185 

I=200^4/12 

A=200*200 

L=3000 

P=-18 

Pa=0 

K=(E*I/L^3)*[A*L^2/I,0,-A*L^2/I,0,0,0; 

0,4*L^2,0,-6*L,0,0; 

-A*L^2/I,0,2*(A*L^2/I),0,0,0; 

0,-6*L,0,24,6*L,6*L; 

0,2*L^2,0,0,4*L^2,2*L^2; 

0,0,0,6*L,2*L^2,4*L^2] 

KK=inv(K) 

f=[Pa;0;0;P;0;0] 

d=KK*f 

 

// 3 noded 20X20 Simply supported beam L=6m one end with roller support// 

// which is subjected to axial load inaddition to gravity load// 

E=21.7185 

I=200^4/12 

A=200*200 

L=3000 

P=-18 

Pa=50 

Keff=(E*I/L^3)*[A*L^2/I,0,-A*L^2/I,0,0,0; 

0,4*L^2,0,-6*L,0,0; 

-A*L^2/I,0,2*(A*L^2/I),0,0,0; 

0,-6*L,0,24,6*L,6*L; 

0,2*L^2,0,0,4*L^2,2*L^2; 

0,0,0,6*L,2*L^2,4*L^2] 

KK=inv(Keff) 

f=[Pa;0;0;P;0;0] 

d=KK*f 
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