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1. Green’s functions

1.1 The concept of Green’s Functions

Boundary value problems are almost inevitable consequences of using mathematics to study
problems arising in the real world and it is not at all surprising that their solution has been the
major concern of many mathematicians. The result of all this endeavors is that now a day the
approach towards a solution of a specific boundary value problem can be made in any one of
many ways. In this topic we shall examine in detail that one particular method which requires
the construction of an auxiliary function known as Green's function. To show how such
functions arise, and to initiate a further study of the method we will first solve, elementary
method, a typical boundary value problem.

Consider the problem of the forced, transverse vibrations of a taut string of length /.If the
time dependent part of the solution are first removed by the usual separation of variables
technique, we obtain the following differential equation containing the transverse

displacement of the string, u, as unknown;
2
i—?+k2u=-—f(x), 0O<x<l 1.1
If the ends of the string are kept fixed ,then this equation must be solved for u subject to the
boundary conditions :
u(0)=u(l)=0 1.2

To solve the boundary value problem posed by ordinary second order differential equation
(1.1) and associated boundary conditions (1.2), we will employ the method of variation of
parameters, that is we will assume that a solution of the problem actually exists, and that,
furthermore it has the precise form:

u(x) = A(x)coskx + B(x)sin kx 1.3
If we differentiate (1.3) twice with respect to x, and assuming that

A'(x)coskx+ B'(x)sinkx =0 1.4
Then we find that (1.3) has a solution provided that

— kA'(x)sin kx + kB'(x)coskx = — f(x) )



Although assumption (1.4) was introduced primarily to ease the ensuring algebra, equation
(1.4) and (1.5) are two linear algebraic equations for the unknowns A'(x) and B'(x).
Solving these equations

- f(x)coskx

A'(x) = ﬂx’:ﬂ . B@=—1= 1.6
Thus, formally we can write the solution of (1.1) in the form
coskx
u(x) = If(y)smkydy———I[(y)coslgdy 1.7

where ¢, and c; are constants which must be so chosen as to ensure that the boundary

conditions (1.2) are satisfied.

Inserting the conditions u(0) =0 into (1.7) we find that we must choose ¢, such that

[7(v)sinkydy=0 18

Since f(y) is assumed arbitrary, this implies that we must choose ¢,=0. The condition u(l)=0

when inserted in to (1.7) will require that

cos k sin ki

u(l) =

mes- kydy - Jf(y)coskydy 0

This can be written as

cos kl sinkl ' sin k!

jf(y)m n kydy - If(y)co kydy ~ _[f(y Jeoskydy =0

which implies

bln kl "

jf(y)coskydy+ jf(y)smk(y Idy =0 1.9

Combining the results (1.8) and (1.9), we see that the solutions (1.7) can now be written in

the form

e . sinkx ' ; :
u(x) —Iél'f())smk(y-—x)d'. g !_f(})smk(_; ~1)dy 1.10

sin Ig sink(/ -
ink/

sin kxsink(/ - y)
ksin kl

jf( ) D gy + jf( )



= [1()G(x, y)dy L1
0

Where
s DS kiR N Dysy
G(x,.V) = - hk,smkkif &
sin ksin (I-y) <ys<l
ksin kl

This function G(x,y)is a two point function of position known as the Green's function for
the equation (1.1) and associated boundary condition (1.2) .Its existence is assured in this

particular problem , provided that sink/+# 0 .The case when sink/=0 will be examined

in much more detail later.

One of the main advantages of the representation (1.11) of the solution to our boundary value
problem is that the Green’s functionG(x, y),is independent of the forcing term f(x).and
depends only upon the particular differential equation being examined and the boundary
conditions which are imposed . Consequently, the solution to all such problems as that

examined above but having different forcing term f, is known in the form (1.11) once

G(x, y)has been determined; always provided that the resulting integral in (1.11) exists.

The fundamental equation we must be able to answer is : *Given a differential equation and
associated boundary conditions , is it possible to construct a function G(x, y),the Green’s
function and obtain the required solution in the form (1.11) , without first having to solve the
given boundary value problem ?° This question leads us to the method of constructing of the

Green’s function and the study of further properties of Green’s function.

With a view to constructing Green’s functions for more general problems, let us examine
more closely the particular Green's function we have already constructed .We notice that
G(x,y) as defined in(1.12) the following properties:

1. It satisfies the homogeneous form of the given differential equation. That is

G'+ k'G=0



in each of the interval 0< y <x, x<y</ .The behavior of G at x = yis ,at the moment,

uncertain,

2.The function G is continuous at x = y since

fii O 530w SRR ER) i Gl
px” ksin kl yax'

3. The derivative of G with respect to y is discontinuous at x=y .This can be seen as

G'(x,x )= lim G'(x,y) = Coslcxs.lnk(z'—x)
A sink/

—sin kx cosk(/ - x)
sin k/

where G'(x,y)represents the differentiation with respect to y. Hence

G'(x,x") = lim G'(x,y) =
y=sx

G'(x,x")-CG'(x,x")=-1
4. The function G(x,y) satisfies the relations G(x,0)= G(x,/) =0 and thus satisfies the
boundary conditions of the problem.
5. The function G(x, y) is symmetric in its arguments, hence

G(x,»)=G(y,x)

With this several properties of the Green’s function in mind, let us now try to solve the given
boundary value problem, (1.1) and (1.2), by assuming from the out set existence of a Green's
function, G(x, y). If such an assumption is valued, we should be able to recover directly from
the differential equation, not only the representation (1.11) but also the several properties of

G(x,y) and integrating with respect to x over the range 0 < x </, we obtain
I I
[ k2 w)G(x, y)dx = = [ £(x)G(x, y)dx 1.13
0 0

The only assumption we shall make regarding the behavior of G(x, y)is that it is possibly not

a well- behaved function of x when x approaches the value y. Consequently, since the above

integral may be improper; we exclude the point x=y from the range of integration and write:

I [ 4 ()
I(:J"+k1u)G(x.y)dr = lim I(u"+k2c:)0(.r.}’)dr + lim I(u"+k2u)(}(x,y)dr 1.14
sy 5 n=+y »

0



Treating each integral on the right hand side separately, we have, on integrating twice by
part:

I(u"+kﬁ:)(i'(x.y)dr =|Gu'-G'ul; + ju((}”+k1(})dr
(/]

0
and

I !
_[(u"+k3u)(i(x, y)dx = [Gu'-G'u]L + In(G"Mc’G)dr
n

"
If we choose G(x, y) to satisfy, as a function of x, G"+k’G =0 inthe range 0 < x < ¢ and
n < x </, then the integral on the right hand side vanish . Inserting the remaining integrated
terms in to (1.14) taking the appropriate limits, and employing the boundary condition (1.2)
we find that (1.13) reduces

- [f0GG »)dx =G,y W' (v =G (3,3 uly™) - GO, ) (0)

+GUU (D) =Gy W (¥ )+ Gy uy’) |
Provided
G(x,y)=G(y,x).
If now we assume that G(x, y) satisfies the boundary conditions (1.2) we can effect a further

reduction, and obtain:
']
[F0)G@. s = a6 (7.3 -G .y )+ Gy ) -Gy 115
0

Where we have used the assumed continuity of u(x) and written u(y")=u(y ) =u(y) and
w'(y')=u'(y )=u'(y) Finally, if we assert that G(x,y) is continuous at x=y, whereas

G'(x, y) has discontinuity there specified by property 3, then (1.15) reduces to

!
u(y) = [f(x)G(x,y)dy 116

And we thus obtain the desired representation of the solution to the given boundary value

problem. The representation (1.16) is in terms of a two-point function of position G(x,y)
which satisfies

G'+ k'G=0 Xty



GO,y)=G(l,y)=0
G(x, y) continuous at x=y
Gy )-G(y,y ) =1
and
G(x,y)=G(y,x)

Clearly these are the five properties that we established earlier.

2 Differential Operators

The differential equation (1.1) can be rewritten in the form
Lu=-f
where we introduce as a separate quantity for our consideration the differential operator L . In

that specific example

d'.’

2

L=(—+k?).

Definition 2.1: A transformation or operator L on a vector space / to a vector space W is an

operation on a subset D(L)of V', called the domain of definition of the operator L ,which

assigns to each vector y in D(L) another vector Ly in W called the image of y under L .

Two operators L, and L, are said to be equal if

(a) D(L,)=D(L,)

(b) Liy=L,y forallyin D(L,)and D(L,).

The range , R(L ), of a transformation L is the set of all vectors x of the form x = Ly for all

yinD(L ).

Definition 2.2: The operator L is said to be linear if D(L )is a linear manifold of ¥ and if

L(ay, +by,)=aly, +blLy,.



Where y,and y,in D(L ) and a and b are scalars.

Now we are at the time at which we define the differential operator and differential

equations. Suppose a, a, ..., a, are continuous functions of x defined on a real interval [a,5)

and let L, denote the formal differential operator of order n, (» is a natural number) then

n n-1
Lﬂ =C¢UF+U|—:—+...+(I

The associated differential equation for any function y which is a function of x which

possesses n derivatives (and the lower derivatives) on the interval [a,b] can be written as

d"y d"'y dy
!¢ﬂy=aoz—+a| +...+a”_,i+any

n dxn-!

Where a,(x)# 0 forall x in [a,b].

The typical problem (1.1) can be rewritten now in the operator form as

Lu=-f

where L = : -, + k? d‘;— , u the unknown function which must satisfy this equation and
=

certain imposed boundary conditions, and f a known function.

One method of determining the function « is to find the operator which is inverse to L .That
is find the operator which is such that LL"' = L'L =/, the identity operator. When such an
inverse operator exists we have seen that it takes the form of an integral operator, the kernel
of which is known as the Green’s function for the operator L .We have already found one
such kernel for the problem we examined in the previous topic and to enable us to find the

Green’s function for more general operator we will first define the Dirac delta function 8.

2.1 Inverse Operator and the 6 —Function

Let L be a linear, ordinary differential operator acting on the space of functions u(x).The

inverse operator to L is L™ and it is such that L L'=L" L =I. We assume that L 'is an

integral operator with kernel k(x. 1) so that



L'u(x) = J-k(.r.()u(f)d!
u(x)=lu(x)=LL 'u(x)=L Ik(.r,!)u(l)dt

Since L is a differential operator with respect to the variable x, we see that
u(x) = ILk(x,f)u(!)dt 2.1
We may write the kernel of this integral operator in the form
Lk(x,t) = g(x.1)
and we obtain
u(x) = j'g(x,z)u(:)d: 2.2
Now, if this result is to be true for all continuous functions u it follows that g(x,r) must be

zero whenever x# 1 and when x= ¢ the integral on the write must reduce identically to u(x). To
ensure that this was always the case Dirac introduced the so called & function in place of

g(x,t) and obtain
u(x) = [5(: — x)u(t)dr 23

Where d(x) = 0 if x#0. Such a function is zero every where except at the origin, where it

becomes infinite in such a way as to ensure
[y =1

This expression states that the ‘surface area’ under the delta function is equal to zero. As the
width of this function goes to zero, the value of the function must become infinite to ensure

that
ja(x)dx =1

is satisfied. Important property of the 8- function, and that which makes it so useful, is: for

every continuous functiong .

u]‘é(.r):)&(.t)dt =¢(0) 24



That is the delta function picks out the value of a continuous function at the origin.

Consequently

o(x, -x)=0(x-x,)
That is the delta function operates like an even function. This means that the delta function
may be used without worrying about whether &(x, —x) or 6(x—x,) appears. The Dirac

delta function is also the derivative of the Heaviside unit step function H(x -x,)

O x<x;
H(x—x,)={ 25
Lx>x,
B, ~5)y =S e ) 2.6
i _dx ' [ d
H(x-x)= [ 8(x, —x,)dx, 2.7

Another important property of the delta function is that
1

J[C(I‘, F: X)] = |C|

o(x—x,)
To show this substitute y=cx we have
fole(x—x)f (v = [o(y=ex)f () —dy

Carrying the y- integration using property 2.3 of the delta function we have

n]‘c? [e(x = x)1f (x)dx = %f (x,), whenc>0 2.8
and

]5[0(1' —x)]f (X)dx = —% f(x), whenc<0 29
Combining 2.8 and 2.9 we have

15[c(x — %)) () = |]:|f(x,) 210

The right hand side of equation 2.10 can also be written as



17
H Jlars(:r—:l‘I ) (x)dx 211

Combining 2.10 and 2.11 gives us that
. 1S
ole(x, =x)] = —d(x—x,) 2.12

g

as desired. In similar manner we can show that

u]‘b'(a.r—b)f(x)dr =Ja"|j'(ba") Z:.13

2.2 The Domain of a Linear Differential Operator

Before we can continue with the problem of inverting a differentiation operator, we should
specify the domain of the operator where it acts.

Let

n n=1

d
L, =a0(x)F+a,(x) | +...+an__,(.r)a+a"(x)

dx"™
be our operator where a,(x),...,a,(x) are continuous functions and a,(x) =0 for all x in

[a,b). Let the space S of all real — valued functions which are (Lebesgue) square integrable

over |a,b] .That is , S contains all real functions u defined for a<x<b and such that
b
j(u(x))zcir <o

Then the operator L acts on the subspace S' such that S'c S and for ¥ € §', Lu(x) 1is also
in S'. Because we have no reason to suppose that every function in S is in fact differentiable.
Also,even when a certain function  is in S, but Lz may not be. For example u(x) = xsinx™'

is in S, where S is a vector space of all real valued functions which are Lebesgue integrable
over [0, 1], and is differentiable, but its derivative

w'(x)=sinx' —x"'cos(x™")

is not in S. Moreover in order to obtain a unique solution of the differential equation

Lu(x) = f(x) 2.14

10



it is not sufficient simply to specify L, we also require conditions on u(x) itself. These

conditions to be the boundary conditions
B (u): a,u(a)+a,u'(a)+ pulb)+ p u'(b)=0
B,(u): au(a)+a,u'(a)+ p,ulb)+ f,,u'(b)=0 2.15

where theg, and g, are known constants.

We can now define the domain of the operator L as follows: it is the set of all functions u in

S which have piecewise continuous 7" order derivatives which satisfy the boundary

conditions (2.15) and ensure that Lu is also in S.

The domain of L, which is clearly a linear manifold of S, need not necessarily, be a subspace

(i.e. a complete linear manifold) of S. That is there could exist a sequence of functions u, in

the domain, which converges to a limit « in S, although this limit, « is not in the domain of L.
2.3 Adjoint Differential Operators

Let S be the linear vector space of all real valued functions u defined on a <x <b such that
]
I(u(x))zdx <o

If u and v are functions belong to S, we define an inner product in to S, by

(u,v) = Ju(x)v(x)dx

In order that we apply the theory of linear operator to the differential operator L, we need to

be able to define adjoint operator L*,

Definition 2.3: The adjoint of a differential operator L is defined to be the operator L* for
which
(Luv)=(ul*v)

for all w in the domain of L and v in the domain of L*

11



This definition determines not only the operational definition of L*, but its domain as well.

Consider the example

_ du
dx

with boundary conditions u(0) =2u (1) with inner product

Lu

(Lu,v)= Ju'(x)v(x)dx

0

=[uv], - JuCev (x)dx

0
~u(1)[v(1)-2v(0)] - l]'uﬁdx
I

In order to make (Lu,v)=(u,L*v ) we must have L*v= -v' with the boundary condition
v(1)=2v(0). We notice that in this example L acts on the manifold of square integrable

function » which satisfies w(0)=2u(l) , but L* acts on the manifold of square integrable
function v(x) which are such that v(0)= %v(l). In general the manifold on which L* acts is

differential from that on which L acts.

Definition 2.4: If L=L* the differential operator is said to be formally self- adjoint .If in
addition the boundary conditions for L and L* are equivalent in the sense that they define the

same manifold, then the differential operator is said to be self- adjoint .

Example 2.1 Let

f— e —
dx” dx
On the manifold defined by «'(0)=0, wu(l)=0then
1 2
d d
JLu)= |we* —+e* — udx
(v,Lu) Il{e dr‘ e d.t}u

0

(
= Iv(e'u' )'dx
0

12



I
=[ve'u'], = [v'e*u], + Iu(e'v' )'dx
0

=u'(v(he" +v'(0)u(0) + Iu(e'v“+e'v’}d’c

0

Thus we see that the differential operator in the adjoint operator has the form

x d: x d
6 SEa= A it
dx- dx
And L is consequently formally self-adjoint. In order that
(v,Lu)=(L*v,u)
for all u, the boundary conditions satisfied by v must be v'(0)=0 ; v(1)=0. Therefore since
u(x) and v(x) now satisfy the same boundary conditions, it follows that L is self — adjoint.

Notice that the general second order operator

d’u du
BT a(:c)F+b(x)E+c(.t)u 2.16
where a(x),b(x) and ¢(x) are continuous functions , a#0 for all x in the given interval , has a

formal adjiont defined by

2

L*v= L

2

d
——(bv) + 217
(av) dx( V) +cv

Multiplying (2.16) by v and (2.17) by « and then subtracting (2.17) from (2.16) and

integrating on [a,fB] gives
A
[ivLu—uL *vidx = [J(v,u)) 2.18

Where
Jvu)=avu -ufav) '+buv.
Jv,u) is called the conjunct of the functions v and « .Equations (2.18) is called Green's
identity.
2.4 Self Adjoint Second- Ordered Differential Operators

In this section we consider second order differential operator in some detail. Consider the

general form of second order differential operator

13



LuE—l(pu')'d-qu 2.19
w
This operator is self adjoint, provided that the scalar product is chosen to be

I
(u,v) = J.u(x)v(x)n-'{x)dr 2.20

The minus sign in the definition of L is to ensure that the operator is positive definite. That

this is the case can be seen as follows:

1
(u,Lu) = Iu(—l(pu' )4+ qu)wdx
w

0
1

= I(pu" +gqwu’ )dx + puu']:,
0

Consequently, if p>0,q>0,w>0, and the boundary conditions are such that the integrated
terms vanish, we have that
(u,v) >0

as required.

Apart from this one mention of boundary conditions, all we have achieved so far is the
requirement for L to be formally self adjoint. We now wish to find the conditions which will

ensure that L is self adjoint. To this end, if we examine the difference (u, Lv) - (Lv,u), we see

that
(u, Lv) = (Lv,u) = J(v, u)|L = = p(x)(vu'-uv’ )I;

Therefore, L will be self adjoint if J(v,u) vanishes identically when « and v are in the same

manifold. Two particular special cases arise which will have important application later.

1. Unmixed boundary condition
Boundary conditions are said to be unmixed if they involve the function and its derivatives at
either x =0 or x=1/, but not at both. For example
au(0)+ bu'(0)=0
If u satisfies an unmixed condition at x=0 and an unmixed condition at x=/ then L is self

adjoint ,

14



2. Periodic boundary conditions
Boundary conditions are said to be periodic if they have the form
u(0) = u(l), u(0)=u'(1).
Again if u satisfies periodic boundary conditions, L is self adjoint (provided that p is
periodic, i.e p(0)=p(l) ).

Theorem 2.1: If u is any solution of Lu=0 and v is any solution of L*v=0, then the conjunct

of u and v is a constant whose value depends on u and v.

Corollary 2.2: If L is a formally self adjoint operator and u, and u, are two solutions of

Lu=0, then the conjunct of u, and u, is a constant whose value depends on u, andu, .

Corollary 2.3: If L is self adjoint and «, and u, are two solutions of Lu=0 and if J(u,,u,)

vanishes for some value of x for which p(x)#0 then u, and u, linearly dependent.

Proof: from corollary 2.2 it follows that the conjunct must vanish for all x. Consequently
uu'y - u" uy,=0

This implies that

u'y —u's u, ~0
;
[”_IJ =0
U,
Wl_,
U,
Hence u, and u, are linearly dependent
Theorem 2.4: Consider the differential equation
d’y dy
Ly=a,(x)—+a,(x)—+a,(x)y=0 2.21
V ao( )dx" 1( )dx _{ }.V

15



where a,has continuous second derivative, a, has continuous first derivative and a,is

continuous and a,# 0 for all x in [ab). A necessary and sufficient condition that the

differential equation be self adjoint is that

%(C‘o (x))=a,(x) on[ab).

Proof: the adjoint equation is given by equation 2.7 i.e.

-
-

L*y= 4

d
e (a,y)— Z(ahv)-i-azy =0

-

= ()2 +[20,'(0) - 0, (N L +[a," () -0, (W) + @, (W =0 222
dx dx

Now if

d
Z(ao (x)) = a,(x)
on [a,b] we have
2a,'(x)-a,(x) = a,(x)
a,"(x)-a,'"(x)+a,(x)=a,(x)

This shows that equations (2.21) and (2.22) are identical. Conversely if (2.21) and (2.22) are

identical then
2a,'(x)—a,(x)=a,(x)
a,"(x)-a,'(x)+a,(x)=a,(x)
The second of these equations shows that
a,'(x)=a,(x)+c
where ¢ is arbitrary constant. From the first condition we see that
a,'(x)=a,(x).

Thus ¢= 0 and we have

%[ao(x)] =a,(x), for all x in [a.b].

16



Corollary 2.5: suppose the second order differential equation (2.21) is self adjiont. Then it
can be rewritten in the form

d d
E[%(I)ﬁ] +a,(x)y=0

Proof: Let

2
“u(x)d y+a(x)dx+ul(x)y=0

is self adjoint by theorem 2.4 we have that
d
_d_x[au(x)] =4 (I)
substituting this in (2.10) gives
2

dy

a,(x)—+a (x) +az(x)y=0
This implies

—[a (x) ]+a (x)y=0.

Theorem 2.6: If the coefficients a, a, a, in (2.21) are continuous on [a,h] and a,(x) =0 for

all x in [a,b], then (2.21) can be transformed in to equivalent self adjoint equation
d dy
= . 0
[ [P(X) J+q(x)y=

where

,(r)

p(x) = exp( j (t)

and

a, (x)

o(f) p(_[ao( X)

by multiplying throughout the equation by the factor

17



1 (Ia (x)

a® ey @
Proof: Consider
au(x)d.y+a,(x)—+a (x)y=0 (2.23)
dx
multiplying (2.23) by the factor
a(.r)
( 1
a( il Fee
gives
(x) a (x) a,(x )
ex ! g 4 ! 0
W o Y p(j i )exP(Iau( 0P
If we let
a,(x) = exp( Ia (x)
a,(x )
and
= ey BT (A
Lt xp( [ Ak
we observe that @,'(x) = @,(x) .From this we have
da a(x) dy a,(x) a,(x) o
[ xp( _[ =% cxP(Iau(.r) dx)y =0

a,(x)
That is

—[P(X)_]+q(x)} 0.

18



3 Sturm-Liouville Problems

Partial differential equations can be solved using the so called method of separation of
variables. Under separable conditions the second order homogeneous partial differential

equations are transformed into ordinary differential equations of the form

a,(x - Aly = 3.1
( )dx a, (X) +la (x)+ 4]y
If we introduce
plx)= exP[I )dt] g(x)= —p(x) Six)= Ax) plx) 3.2
a,(x
Into equation 3.1, we obtain
1P L1+ 1g(0) + 250l =0 33
This is known as the Sturm-Liouville problem. In terms of the operator if
d d
L=—[p— 5
=la=rleg
equation 3.3 can be written as
Ly + As(x)y =0 34

where Z is a parameter independent of x, and p, ¢ and s are real-valued functions of x. To
ensure the existence of solutions, we let ¢ and s be continuous and p be continuously

differentiable in a closed finite interval [a,b].

The Sturm-Liouville problem is called regular in the interval [a,b] if the function p(x) and
s(x) are positive in the interval [a,b). Thus, for a given A there exist two linearly independent

solutions of a regular Sturm-Liouville equations in the interval [a,b].

The Sturm-Liouville equation
Ly+As(x)y =0, asx<h
together with the separated boundary conditions

aya)+a,y'(a)=0
By(b)+ B,y'(b)=0 3.5




where the constants @, anda,, and likewise , and g, are not both zero and are given real

numbers, is called a regular Sturm-Liouville boundary value problem. The value of A for
which the Sturm-Liouville problem has a nontrivial solution are called the eigenvalues, and

the corresponding solutions are called the eigenfunctions

Example 3.1. Consider the regular Sturm-Liouville problem

y'"+Ay=0 0<x<nm,

y(0) =0, y'(m)=0.
When A <0, it can be readily shown that X is not an eigenvalue. However, when A > 0, the
solution of the Sturm-Liouville equation is

y(x)=4 msﬁ X+ .s‘in\/z X,

Applying the condition y (0) = 0, we obtain A = 0. The condition y'(m) = 0 yields

BJI cos\/z n=20.
Since A #0 and B = 0 yields a trivial solution, we must have

cosv/A n=0, B0,

This equation is satisfied if

\H=(2"2_I), e ) Lch 11 I

; 2n-1)°
and hence, the eigenvalues are 4, = ELs),

, and the corresponding eigenfunctions are

¢n=8in@;—”x. L [y K RO

Example 3.2: Consider the Euler equation
xy" +xy'+iy=0,1<x<e

with the end condition

y(1)=0, )= 0.
By using the transformation (3.2), the Euler equation can be put into the Sturm-Liouville
form:
d, 6 dy |1
—(x=)+=4Ay=0

= dx} x g

dx
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The solution of the Euler equation is

¥(x) = c,x"* 4 ¢,x

Noting that x'“ = € Inx = cos (alnx) + i sin (a In x), the solution y (x) becomes
¥ (x) = Acos( J A In x)+ B sin( \"—/f Inx),
where A4 and B are constants related to ¢; and ¢,. The end condition y(1) = 0 gives 4 = 0, and
the end condition y(e) = 0 gives
sinv = 0, B0,

which in turn yields the eigenvalues

hm=n’m,n=1,23,...,
and the corresponding eigenfunctions

sintncinx), n=12,3,....

Another type of problem that often occurs in practice is the periodic Sturm-Liouville system.

The Sturm-Liouville equation
i[p(.\')gzl +[g(x)+ As(x)]y =0, a<x<bh,
dx dx

in which p (@) = p (b), together with the periodic end conditions
y(a=y(®), y'(=y'(b)

is called a periodic Sturm-Liouville system.

Example 3.3. Consider the periodic Sturm-Liouville system

"

y" +ly=0 -n<x<m
y(-n) =y, y'(-=n=y'(m.
Here we note that p (x) = 1, hence p (~x) = p (). When 4 > (), we see that the solution of the
Sturm-Liouville equation is
y(x) = Acos JAx + Bsinvix
Application of the periodic end conditions yields
(2sinyvAmB =0,
(2 \/7 sin JE mA = 0.

Thus, to obtain a nontrivial solution, we must have
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sinyA =0, AZ0, B# 0.
Consequently,
ba=n’n=123,....

Since sinvA ® = 0 is satisfied for arbitrary 4 and B, we obtain two linearly independent
eigenfunctions cos(nx), and sin(nx) corresponding to the same eigenvalue n’.
It can be readily shown that if & < 0, the solution of the Sturm-Liouville equation does not
satisfy the periodic end conditions. However, when % = 0 the corresponding eigenfunction is
1. Thus, the eigenvalues of the periodic Sturm-Liouville system are 0, & »n’, and the

corresponding eigenfunctions are 1, {cos(nx)}, {sin(nx)}, where n is a positive integer.
3.1 Eigenvalues and Eigenfunctions

In examples 1 and 2 of the regular Sturm-Liouville systems in the preceding section, we see
that there exists only one linearly independent eigenfunction corresponding to the eigenvalue
A, which is called an eigenvalue of multiplicity one (or a simple eigenvalue). An eigenvalue
is said to be of multiplicity k if there exist & linearly independent eigenfunctions
corresponding to the same eigenvalue. In Example 3.3 of the periodic Sturm-Liouville
system, the eigenfunctions cosnx, sinnx correspond to the same eigenvalue n’. Thus, this

eigenvalue is of multiplicity two.

In the preceding examples, we see that the eigenfunctions are cosnx and sin nx forn= 1,2, 3,

.. .. It can be easily shown by using trigonometric identities that

F
Icos mx cos nxdx =0, m# n,

=K

"
Icos mxsin nxdx = 0, for all integers m, n,

-%

b 3
Isin mxsin nxdx =0, m#n.

-8
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We say that these functions are orthogonal to each other in the interval [-x, z]. The

orthogonality relation holds in general for the eigenfunctions of Sturm-Liouville systems

Let ¢ (x) and y (x) be any real-valued integrable functions on an interval / Then ¢ and i are

said to be orthogonal on / with respect to a weight function p (x) > 0, if and only if,

w= [ o@w®p ) de=0. (3.6)
I

The interval / may be of infinite extent or it may be either open or closed at one or both ends

of the finite interval. When ¢ = y in (3.6) we define the norm of ¢ by

| ol =t] ¢ () p (o) ] G.7)

1

Theorem 3.1. Let the coefficients p, ¢, and s in the Sturm-Liouville system be continuous in
[a. b]. Let the eigenfunctions ¢, and ¢4, corresponding to 4, and 4, be continuously

differentiable. Then ¢, and ¢ are orthogonal with respect to the weight function s(x) in [a, b].

Proof. Since ¢, corresponding to 4, satisfies the Sturm-Liouville equation, we have

d

;,;(Pw}) Hg +45) ¢, =0 (3.8)
and for the same reason

d : é

— (Po'0H(q + u48) pi=0. (3.9)

dx
Multiplying equation (3.8) by ¢4 and equation (3.9) by ¢, , and subtracting, we obtain

d , d ;
(4 — A) sQ,0= w;d—t(pw ) i mz(ma;)

d ,
ey [(po') ¢, —(P9 ol
and integrating yields
b
(= 4 _[ souds =[po,9’s — 0104l s

=p (b)[9;(b) 0« (b) = ¢; (b) ¢i (b)]
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We say that these functions are orthogonal to each other in the interval [, x). The

orthogonality relation holds in general for the eigenfunctions of Sturm-Liouville systems

Let ¢ (x) and y (x) be any real-valued integrable functions on an interval / Then ¢ and y are

said to be orthogonal on / with respect to a weight function p (x) > 0, if and only if,

@)= [ 9w p ) de=0. (3.6)
/)

The interval / may be of infinite extent or it may be either open or closed at one or both ends

of the finite interval. When ¢ = y in (3.6) we define the norm of ¢ by

“ tI’" =lj w"(x)p(x)drllf (3.7)

1

Theorem 3.1. Let the coefficients p, ¢, and s in the Sturm-Liouville system be continuous in
[a. b]. Let the eigenfunctions ¢, and ¢, corresponding to 4 and 4; be continuously
differentiable. Then ¢; and ¢, are orthogonal with respect to the weight function s(x) in [a, b].
Proof. Since ¢, corresponding to /4, satisfies the Sturm-Liouville equation, we have
' :
—(pe)Hg +45) ¢, =0 (3.8)
dx
and for the same re:ason
d
— (Po')H(g + 4s) 9x = 0. (3.9)
dx
Multiplying equation (3.8) by ¢x and equation (3.9) by ¢, , and subtracting, we obtain

d, - T
= 20 s00e= 0 P9'0) ~ s (P9)

'—‘% [(Pe's) 0, ~(P9)osl
and integrating yields
b
(A= A) j soupudx =o'y - 9’}@]2

=p (b)lg;(b) ¢'s (b) = ¢ (b) ¢x (b))
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~p (@), (@) ¢'s (a) - ¢, (a) px (@) (3.10)
the right side of which is called the boundary term of the Sturm-Liouville system. The end
conditions for the eigenfunctions @,and ¢, are

bf@; (b)+b2¢:r (b) = (),
bk (b)+bp" (b) = 0.

If b, #0, we multiply the first condition by p; (b) and the second condition by ¢ (b). and
subtract to obtain

[9; (B) ¢'c (b) — ¢'; (b) ¢4 (b)]= 0. (3.11)
In a similar manner, if a; #0, we obtain

l9; (@) 9’k (@) ~ ', (@) i (@)]= 0. (3.12)
We see by virtue of (3.11) and (3.12) that

b
(4j = 7k) I 5@ ppdx = 0. (3.13)
If 4, and / are distinct eigenvalues, then
b
I 5¢; g dx = 0. (3.14)

Theorem 3.2.The eigenfunctions of a periodic Sturm-Liouville system in [a, b] are

orthogonal with respect to the weight function s(x) in [a, b].

Proof. The periodic conditions for the eigenfunctions ¢, and ¢; are
¢ (@) = ¢, (b). 9 (a) = ¢'s(b),
ok(@) = ok (b). 9's (@) = 9'x (b) .
Substitution of these into equation (3.10) yields

b
Gy [ soouds =[p®) - p@Ile, @ ¢'s (@) ~ 0 (@) o (@)
Since p (a) = p (b), we have

b
(=4 [ 50,04 dx=0. (3.15)

For distinct eigenvalues 4, # A, (4 — A4J# 0 and thus,
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L

[ soouax 0. (3.16)

a

Theorem 3.3. Forany y, z € D(L), we have the Lagrange identity

YL[z] - zL [y) =% [P vz’ - 2y)]. (3.17)

Proof. Using the definition of the Sturm-Liouville operator, we have

d dz d dy
[ bl }dx pdx o zdr pdx o

[pOz'—2y9].

&=

Theorem 3.4: The Sturm-Liouville operator L is self-adjoint. In other words, for any y, z €
D(L), we have

(L], 2) =(v.L[z) , (3.18)
where (,) is the inner product in £’ ([a, b]) defined by

b _—
(=7 gx) dx. (3.19)

Proof. Since all constants involved in the boundary conditions of Sturm Liouville system are
real, if z € D(L), then z € D(L).Also since p, ¢ and s are real-valued, T::] = [[z ].

Consequently, we have
(Lly]. 2)-0L[z) =j (z Lly] - yL[z ) dx

=lpzy' —yz)],. by (3.17). (3.20)
We next show that the right hand side of this equality vanishes for a regular RSL system. If
pla) = 0, the result follows immediately. If p(a) > 0, then y and z satisfy the boundary

conditions of the form (3.5) at x = a. That is,

y(a) y'(a) [ar}ﬂ
2(a) z'(a) | @

Since a; and a> are not both zero, we have
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Era)y'(a) ~y(a) z "fa) = 0
A similar argument can be used to the other end point x = b, so that the right-hand side of
(3.10) vanishes. This proves the theorem.

Theorem 3.5: All the eigenvalues of a regular Sturm-Liouville system with s(x) > 0 are real.

Proof. Let A be an eigenvalue of a RSL system and let Y (x) be the corresponding
eigenfunction. This means that y # ) and

Ly] = —hsy.
Then

0=D1») - GLID= 2-2) [ 5 () () d.

Since s(x)>0 in [a,b] and y#0, the integrand is a positive number. Thus, 4= A, and hence, the

cigenvalues are real. This completes the proof.

Theorem 3.6: If ¢, (x) and ¢ (x) are any two solutions of the equation
L[y] + isy = 0 on [a,b],
then

Px)W(p,,02)(x)=constant,
where W is the Wronskian.

Proof. Since ¢, and @, are solutions of L[y]+4sy = 0, we have

d, 6 d ;
—(p— @)Hqg + 4 =0,
: (» : P1)H(g +45) 9y

d ~od :
—P— p2)(g +4s) 92=0.
a!r(pdx‘p q

Multiplying the first equation by ¢, and the second equation by ¢, and subtracting, we

obtain

d, d a . ;
s | I e - 1—( _ )0
wd.\-@dxw} ¢.drﬂdx¢?!

Integrating this equation from a to x, we obtain
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P& 191 () 02 () = 0'1 () 9: ) = p (@) (91 (@) 93 (@) ~ 9" (a) 9 (@)]

=constant. (3.21)
This is called Abel’s formula where W is the Wronskian.

Theorem 3.7 An eigenfunction of a regular Sturm-Liouville system is unique except for a
constant factor.

Proof. Let ¢; (x) and ¢, (x) be eigenfunctions corresponding to an eigenvalue . Then,
according to Abel’s formula (3.21) we have
P (X)W (91,92)(x) = constant, p(x) > 0,

where W is the Wronskian. Thus, if W vanishes at a point in [a, 5], it must vanish for all x &
[a, b].Since ¢, and ¢; satisfy the end condition at x = g, we have

ap; (a)+axp's (a) = 0,

ap; (@)+axp”; (a) = 0.
Since a; and a; are not both zero, we have

Q1(a) 9'2(a)- 91 (@) 9; (@) = W (p1,02)(a) = 0.

Therefore, W ( ¢,,92)(x) = 0 for all x € [a, b], which is a sufficient condition for the linear
dependence of two functions ¢, and ¢,. Hence, ¢, (x) differs from ¢, (x) only by a constant

factor.

Theorem 3.5 states that all eigenvalues of a regular Sturm-Liouville system are real, but it
does not guarantee that any eigenvalue exists. However, it can be proved that a self-adjoint
regular Sturm-Liouville system has a denumerably infinite number of eigenvalues. To

illustrate this, we consider the following example.

Example 3.4 . Consider the Sturm-Liouville system
y'+ily=0 0=x=<l,
y(0) =0,
y(l) +hy'(1) =0, h>() a constant.

Herep =1,q=0,5=1.The solution of the Sturm-Liouville equation is

y (&) = AcosyAx + BsinJAx
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Since y (0) = 0, gives 4 = (). we have

Y(x) = Bsin \/l
Applying the second boundary condition. we have
sini +h VA cos Vi =0, B£0
which can be rewritten as
lan \;"I’:;.- = —h \«"f/i

If « = v/2 is introduced in this equation, we have

tan o = —ha
This equation does not possess an explicit solution. Thus. we determine the solution
graphically by plotting the functions §=tanaand ¢ = ~ha against a, as shown in Figure 3.1.
The roots are given by the intersection of two curves, and as is evident from the graph, there
are infinitely many roots a, for n = 1. 2. 3, .. .. To each root a,, there corresponds an
eigenvalue

h=al, =1,23,....

Thus, there exists an ordered sequence of eigenvalues

M<h< M<Mh<...with
lim__ A =
The corresponding eigenfunctions are

@, =sin(v/A n x)



E(a) A

£ = wuna

2

—ha

Fig. 3.1

Theorem 3.8: A self-adjoint regular Sturm-Liouville system has an infinite sequence of real

eigenvalues
A <lry<iz<...with
lim, A4,=»

For each n the corresponding eigenfunction ¢, (x), uniquely determined up to a constant

factor, has exactly n zeros in the interval (a, b).

3.2 Eigenfunction Expansions

A real-valued function g(x) is said to be square-integrable with respect to a weight function
p(x) > 0, if, on an interval /,

[ 0 0p @ de< s+ (3.22)
!

An immediate consequence of this definition is the Schwarz inequality

| _[ 0 (x) v (x) p (x) dx |2 5]‘ go-’ (x)p (x) dr_[ W (%) p (x) dx (3.23)
I ! I
for square-integrable functions ¢ (x) and y/ (x).

29



Let {¢n (x)}, for positive integers n, be an orthogonal set of square integrable functions with

a positive weight function p (x) on an interval /. Let f (x) be a given function that can be

represented by a uniformly convergent series of the form

fx) =ch 9n (x), (3.29)
nd

where the coefficients ¢, are constants, Now multiplying both sides of (3.24) by ¢m (x) p (x)

and integrating term by term over the interval / (uniform convergence of the series is a

sufficient condition for this), we obtain

_[ S )om ()p(x) dx = I CnPn(X)Pm(x)p(x)dx,
1 LI

and hence, for n = m,

| f®0tpds=c, | o pdx
! 1

Thus,

[0, px

¢ (3.25)

Hence, we have the following theorem:

Theorem 3.9; If fis represented by a uniformly convergent series
J&) =Z CnPn ()
=l

on an interval /, where ¢, are square-integrable functions orthogonal with respect to a

positive weight function p (x), then ¢, are determined by

|70, pdx

!

C"ZW
!

Example 3.5: Expand the function f{x)=x over the interval O<x<z using the solution to the

regular Sturm- Liouville problem of
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YO rhy=0.  y0)=y@)=0
The eigenfunctions are y,(x)=sin(nx), n=1,2,3.... s()=1, a=0, b=x. Hence

fxsin(nx)d\‘ _ ~xcos(nx) / n+sin(nx) / n* | 2 .

Ca™ - ~—=—=cosnx =—(-1)"
.2
fsm (nx)dx %—Sin(2nx)',»"' in l: n n

Hence

f(x) =—2i (_;)" sin(nx), 0<x<x

n=|

4. Green’s Functions for Sturm-Liouville Problems

4.1 Problems with homogeneous boundary conditions

Suppose that the operator L is defined by

Ly= %[p(x)%] +q(x)y =(p(x)y')+q(x)y 4.1)

where y is twice continuously differentiable, p is continuously differentiable, ¢ is continuous
and p(x)>0 for all x €[a,b] .Clearly L is the Sturm-Liouville operator .Suppose further Ly=0

has the only trivial solution when subject to the that boundary conditions
Bily]: ey y(a) +a,y'(a) =0
B:ly): By(b)+ B,y (b)=0
Lemma 4.1. There is a solution y=u of Ly=0 satisfying B,[v]:a,y(a)+a,y'(a)=0,

\Ori\+|c>:2 #0and a solution y=v of Ly=0 satisfying B:y]:fy(b)+f,y'(b)=0

AR |ﬁzl # 0 such that » and v are linearly independent over [a,b].

Proof: Noting that Ly=0 is the linear equation
p(x)y"+p'(x)y'+q(x)y =0 (xe[a.b])

where p , p' and g are continuous on [a,b] and p(x)>0 for each x in [a,b], we sce that we may
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apply the existence part of the well known “basic existence and uniqueness theorem™ of the
initial value problem to find functions u, v solving
Lu=0, wu(a)=a, u'(a) = ~a,,
Lv=0, v)=p, vp) = -,
Then, certainly y = u solves Ly = () taken with a,ya)+a,y'(a)=0 and y= v solves Ly = 0
taken with B, y(b) + f,y'(b) =0. Further, u, v must both be not identically zero in [a, b],
because of the conditions placed on a; «; £ and f3;.
Suppose that C, D are constants such that
Cu(x) + Dv(x) = 0, for each x in [a, b]. (4.2)

As u, v solve Ly = 0, they must be differentiable and hence we may deduce

Cu'(x)+ Dv'(x)=0, for each x in [a, ). (4.3)

Multiplying (4.2) by /3, and (4.3) by /3., adding and evaluating at x = b gives

CBru() + Bau' (b)) = 0.
If C # 0, u satisfies §,y(b) + B,)'(b) =0, as well as Ly = 0 and a,y(a)+a,y'(a)=0, and
must be the trivial solution # = 0. This contradicts the fact that « is not identically zero in
|a. b]. Similarly, we can show that

D(av(a) + azv'(a)) = 0
and hence, if D #0, that v = 0 in [a, b], also giving a contradiction. So, €’ and D must both be

zero and u, v must be linearly independent over [a, b].

Theorem 4.2: Suppose that the operator Ly is the Sturm-Liouville problem defined by (4.1).

Suppose further that the homogeneous equation
Ly =0, (x€la b)) (4.4)

has only the trivial solution (that is, the solution y = 0 identically on [a, b]) when subject to
both boundary conditions

Bily): a\y(a)+a,y'(a)=0

Baly): By(b)+ Py (b)=0 (4.5)

where
#0

la| + e,
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and

|ﬂ||+|ﬂz‘ #0 .
If fis continuous on [a, ], then the non-homogeneous equation
Ly = fix), (xe[a b)) (4.6)

taken together with both conditions B,[y] and Bi[y], has a unique solution which may be
written in the form

¥ =[ G Of ) dE  (xela, b]) 4.7)

the Green’s function G is continuous on [a, b]%, is twice continuously differentiable on
{(x, &) € [a !:r]2 ' x # ¢}, and satisfies the jump condition
oG oG 1
—(EO-=EH=—— (¢ lab)
Ox Ox p(é) SR
Where the Green’s function G(x,¢) satisfies L(G(x, &))=d(x- ¢) subject to

B/[G]= B5[G]=0.

Proof: Let y; and y, be the functions given by lemma 4.1. The Green's function satisfies the
homogeneous equation for x # ¢ and satisfies the homogeneous boundary condition. Thus it
must have the following form:

oy (x) for asxsé
e,(E)y,(x) for £sx<b

Here ¢; and ¢, are unknown functions of & The first constrain on ¢; and ¢; comes from the

G(x&) = {

continuity condition at x= ¢ Hence

G(§,6)=G(".9)
C|(§))’1 (g) = c] (5)}’3 (5)
6 (EM(E) -6 (E)y,(6) =0 (4.8)

Now since
L(G(x, &)=0(x- &)

we have that
P(0)G"(x,€) + P'(¥)G'(x,8) +g(x)G(x.£) = d(x =) (4.9)

Writing this in standard form we have
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G"(x,&)+ 2 . q(x) _d(x=¢)
2] (x,&)+2 ()G( .5 P e 7

(4.10)
plx)
Integrating both sides from & to &' we obtain
,jEG'(x Edx =0 = gj_q_(;(x &)
SR ppieTE
and
‘[5(x 5 ) b
& plx) p(af )
since G(x, &) is continuous | Putting this together, we have
< 1
G'(¢",8)-G' (¢ ,&)=— 4.11)
p(g)
€)Y ()¢, (€)= —— 4.12)
p(&)

which is the second constraint on ¢;and ¢; . Now equations (4.8) and (4.12) give us the
system

(& (6) =, (§)y,(6) =0

]
¢ (5))"1 &)- cz(f)%@) = _}T'f)

Solving this system using Kramer’s rule

_ e - ¥ ()
s pewey ¢ pEN-W ()

where W(x) is the Wronskian of y;(x) and y:(x). By theorem 3.6 we have pW=4 for some
constant 4, Then the Green’s function is

yl(x}yl(‘f)‘ Jor asx<¢
A
G(x,¢) =

Hence G is continuous on [a, b]z, as can be seen by letting ¢ to x both from above and below
Clearly, G is also twice continuously differentiable when x<¢ and when x>¢

Now it is time to prove that, for x in [a,b]
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Y0 = [ G Ofi9de  and Biy|=Bify]=0

that is

LDILL [ G 9fie) d &),
= [LIG& 9 d &

= [o6-On9ac

=1x).

The integral also satisfies the boundary conditions:

BL[ Gt 99 dd= [ BIGE 9Ific)d ¢

b
=[onya¢

=0, i=123...

Now it remains to prove that the solution is unique. Suppose that y;, y;solve

Ly=fx)
together with Bjand B;.Then ,it is easy to see that y=y;-y; solve Ly=0 together with B,and
B,. By hypothesis of the theorem y must be the trivial solution (y is identically zero). So

Yi-y:=0
which implies

Yi=yz.
Thus if a solution to Ly=f{x) together with B, and B; exists, it must be unique. Hence the

proof is completed.

Note that the Green’s function G=G(x, ¢) as constructed in the above proof, is independent of

the function fon the right hand side of (4.6). That is the same G works for every continuous

function £
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The method of the proof of theorem 4.2 actually gives a technique for solving equations of

the form (4.6), with boundary conditions B, and B, which are now outline and exemplify.
(i) Find y, satisfying Ly=0, B, and y; satisfying L,=0, B, which are linearly independent.
(ii) Calculate W=W(y,,y) which is non-zero and A=pW is also non-zero.

(iii) Write down the unique solution
b
y&) = [ G, 9f dé (x € [a. b))

where

Y, (x)y,(8) for a<x<é
T

Y2 (x)3,(5)
o 3

G(x,&) =
for E<x<b

Example 4.1: Find the Green’s function G(x, ¢) which allows the unique solution of the

problem

y4y=f(x), yO0)=y@2)=0, (x in [0, w/2])

where fis continuous on [0, /2] to be expressed in the form

L g

yo) = [ G Of©dé  (xin [0.72))

0

Solution (/) The function y,=sin x satisfies
y'+y=0, y(0)=0
and y;=cos x satisfies
y'+y=0, ym2)=0
(ii) The Wronskian W= Wi(y,.y2) is given by

sinx COSX

WiyLy)(x)= =]

cosX —Ssinx

So that
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A=pW= -1, (as p=1)
(iii) The required Green’s function is

-sinxcosg, for 0<x<é<x/2
—-cosxsing, for 0<&<x<x/2

G(x,¢) ={

4.2 Problems with Nonhomogeneuos Boundary Conditions

In the preceding section the boundary conditions B, B are homogeneous. If the boundary

conditions B, and B; are nonhomogeneuos, what will happen?

Consider L[y] be given by (4.1) subject to the boundary conditions:
Bslyl: eyy(a)+a,y'(a)=y,

Byyl: By(b)+ B,y (b)=7, (4.13)
The solution will be y=u+v where
(pu')+qu= f(x), au(a)+a,u'(a)=0, PLulb)+ pu'(b)=0 (4.14)
and
(pV')+qv=f(x), ava@)+ay(a)=y,, Pwb)+p,V(b)=7, (4.15)

The problem for v may have no solution, a unique solution or an infinite number of solutions.
We consider only the case that there is a unique solution for v. In this case the homogeneous
equation subject to homogeneous boundary condition has only the trivial solution.

We observe that equation (4.14) is identical with equation (4.1) subject to boundary

conditions (4.5) and by theorem 4.2 the solution for u is given by

ufx) = | G, 9fi9 dé

where
() (£) a<x<&<h
A : ]
G(x,&) =
u, (x)u, () <Ef<x<h
AN Y
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Thus if there is a unique solution for v, the solution for y is

b

y=v+ [ G&x 9fi9 d¢

a

4.3 Eigenfunction Expansion for Green’s Function

Consider the general Sturm-Liouville non-homogeneous ordinary differential equation:
Lu=(pu')+qu= f(x) (4.16)
subject to two homogeneous boundary conditions (4.5). We introduce a related cigenvalue
problem:
Lo=-isg 4.17)
Subject to the same homogeneous boundary conditions (4.5).The weight function s can be
chosen arbitrarily. We solve (4.16 ) by seeking u(x) as a generalized Fourier series of the
eigenfunctions:
u(x)=2anqpﬂ(x) (4.18)
we differentiate this twice term by term since both ¢, and u(x) solve the same homogeneous

boundary conditions

[ ]

Y a,lg,= -3 a,4,50, = f(x).

n=| n=|

where (4.17) has been used. The orthogonality of the eigenfunctions (with weight 5) implies

that

b
[0
=~8.A, = (4.19)
I @, sdx

The solution of the boundary value problem for the non-homogeneous ordinary differential

equation is thus (after interchanging summation and integration)

u(x) = _[f( u); i: }t i Iy = Jﬂx" )G (x, X, )dx, (4.20)
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For this problem, the Green’s function has the representation in terms of the eigenfunctions:

G(x,x,) =) L 00 %) (ngo"{xo) (4.21)
-2, [olsdx

Again the symmetry is explicitly shown. The Green's function does not exist if one of the

eigenvalues is zero. So for this reason 4,70 for each n=1,2,3.....

Example 4.2: For the boundary value problem

d!
d; = f(x), u(0)=0 and u(L)=0
The related eigenvalues problems,
dZ
P10, pO0and gL)0

is well known. The eigenvalues are, = "%)3, n=1,2,3,... and the corresponding

eigenfunctions are sin(” %) Hence the Green's function is given by

sm(nm-L )Sin("m_'.’»'LJ

G(x.x[,) =:Lgi (mr, ),

n=|
and the solution

L
u(x) = I f(x)G(x,x,)dx
0
4.4 Fredholm Alternative and Generalized Green’s Functions
As we have seen in the preceding section if 2=0 is an eigenvalues, then the Green’s function

does not exist. In order to understand the difficulty, we reexamine the non-homogencous

problem
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subject to homogeneous boundary conditions. By the method of cigenfunctions expansion, in

the preceding section we obtained

u(x)= Za"qa”(x) (4.23)
n=l
where by substitution
h
[£(x)0,dx
—ah, = (4.24)
I @] sdx

If 4,=0 (for some n, often the lowest eigenvalue), there may not be any solutions to the non-

homogeneous boundary value problem. In particular, if
b
[rxp,(x)dx 20

for the eigenfunctions corresponding to 4,=0, then (4.24) can not be satisfied.

Example 4.3: Consider the following simple non-homogeneous boundary value problem:

d’u x du du
=€ with —(0)=0 and —(L)=0
& PPt A
We attempt to solve this problem by integrating
au. .5
—=¢'+c

The two boundary conditions can not be satisfied as they are contradictory:
0=1+¢c
0=e“+c
There is no guarantee that there are any solutions to a homogeneous boundary value problem

when A=0 is an eigenvalue for the related eigenvalue problem

d’p .. do a9, ien

—r = ith —=(0)=0 and — (L) =0
dx’ i " @) dx

If A=0 is an eigenvalue, we have shown that there may be difficulty in solving

Lu=f(x)

subject to homogeneous boundary conditions. The eigenfunctions ¢,
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Lon=-AnSy
subject to the same homogeneous boundary conditions. Thus if =0 is an eigenvalue, the
corresponding eigenfunctions ¢y(x) satisfies
Lpp=0
with the same homogeneous boundary condition. Thus, @(x) is a non trivial homogeneous
solution of (4.22). This is important: Non-trivial homogeneous solutions of (4.22) solving the
same homogeneous boundary conditions are equivalent to eigenfunctions corresponding to
the zero eigenvalue. If there are no non-trivial homogeneous solutions (solving the same
homogeneous boundary conditions), then =0 is not an eigenvalue. If there are non-trivial

homogeneous solutions, then 4=0 is an eigenvalue.

The notion of a homogeneous solution is less confusing than can be a zero cigenvalue. For

example consider

du

2

+u=e" withu(0)=0 and u(x)=0

The homogeneous solution for this problem is
@=sinx
However, it may cause some confusion to say A=0 is an cigenvalue (although it is true). The

definition of the eigenvalue for this problem is

40 1o~ -2p with o(0)=0and e()=0
.d?+(9_— @ with ¢(0)=0and ¢(m)=

This is best written as
12

49 (A+Dp=0

2

Therefore, A+ 1= (nw/L) 2on?, n=1,2,3,...and it is now clear that 2=0 is an eigenvalue (7=1).

4.4.1 Fredholm Alternative
Important conclusions can be reached form (4.19) obtained by the method of eigenfunctions

expansion. The Fredholm alternative summarizes these results for non-homogeneous

problems:
Lu=f(x) (4.22)
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subject to homogeneous boundary conditions (of the self adjoint type). Either
(i) u=0 is the only homogeneous solution (i.e. 2=0 is not an eigenvalue) in which case
the non-homogeneous problem has a unique solution or
(ii)There are nontrivial homogeneous solutions g(x) (i.e. =0 is an eigenvalue), in

which case the non-homogeneous problem has no solutions or an infinite number of

solutions.

Let us describe in more detail what occurs if @n(x) is a nontrivial homogenous solution. By

(4.19) there is an infinite number of solutions of (4.22) if
h
[7 )0, (x)dx =0 (4.25)

because the corresponding a, is arbitrary. Thus non-unique solutions correspond to an
arbitrary additive multiple of a homogeneous solution ¢(x). Equation (4.25) corresponds to

the forcing function being orthogonal to the homogeneous solution (with weight 1). If
b
[£(x)p, (x)dx %0 (4.26)

then the non-homogeneous problem (with homogeneous boundary condition) has no

solution. Here is the summary in table form

Condition T ’ s
Solutions J f(x)p,(x)
on(x)=0 (2#0) I :
Q’k(x)?‘—'o (41:0) o ;
Q’IJ(x)#O (,l—-*ﬂ) 0 ¢O

A different phrasing of the Fredholm alternative states that for the homogeneous problem
(4.22) with homogeneous boundary conditions, solutions exist only if the forcing function is
orthogonal to all homogeneous solutions.

Note that if =0 is the only homogeneous solution, then f{x) is automatically orthogonal to it

(in a somewhat trivial way), and there is a solution.

Part of the Fredholm alternative can be shown without using an eigenfunction expansion. If

the non-homogeneous problem has a solution, then
Lu=f(x)
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All homogeneous solution, g;(x), satisfy Lp,=0 .We now use Green’s formula with v- On

and obtain

]
fiskos ~gyta=d

b

[0~ f(x)p, (x)dx] = 0

a

or
[7 ()9, (x)dx =0

Since u and g, satisfy the same homogeneous boundary condition.

: d*u St T du
Example 4.4: consider ——=¢* with —(0)=0 and —(L)=
p i e i dir( )=0 an dt(L)“O

u=1 is a homogeneous solution. According to Fredholm alternative theorem, there is a

solution to this problem only if e is orthogonal to this homogeneous solution, since

B
je'.ldwo,

a
there are no solution,

Example 4.5: consider

2

Y +2u=e* with u(0)=0 and u(m)=0

2

Since there are no solution of the corresponding homogeneous problem other than u=0, the
Fredholm alternative implies that there is a unique solution.

Example 4.6: consider again
du (7Y

—+|— | u=F+x with u0)=0 and u(L)=0
™\ L

Since @u(x)=sin mx/L is a solution of the homogeneous problem, the non-homogeneous

problem only has a solution if the right-hand side is orthogonal to sin /L
L
x
0= + x)sin—dx
J(ﬁ )sin=—"

This can be used to determine the only value of # for which there is a solution:
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L
- Jx sin —?dr :
B= f = —3—

Isin de

: L
4.4.2 Generalized Green’s Functions
In this section, we analyze

Lu =ﬂx) (422)

subject to homogeneous boundary conditions when =0 is an eigenvalue. If a solution to
(4.22) exists, we will produce a particular solution of (4.22) by defining and constructing a
modified or generalized Green's function.
If 2=0 is not an eigenvalue, then there is a unique solution of the non-homogeneous boundary
value problem, (4.22), subject to homogeneous boundary condition. In (preceding section)
we represent the solution using a Green'’s function G(x,x) satisfying

L[G(x,x0)]=0(x-x0) (4.27)
subject to the same homogeneous boundary conditions. Here we analyze the case in which
2=0 is an eigenvalue. There are non-trivial homogeneous solutions @,(x) of (4.22) Lg,=0. We

will assume that there are solutions of (4.22) that is
b
[/ ()@, (x)ax =0 (4.28)

However, the Green’s function defined by (4.27) does not exist for all x; following from

(4.26) since d(x-xy) is not orthogonal to solutions of the homogeneous problem for all xp:
b
[6(x=x,)0, (x)dx = 9, (x,)

where ¢(xp) is not identically zero. Instead we introduce a simple comparison problem that
has a solution. d(x-xp) is not orthogonal to ¢4(x) because it has a component in the direction
on(x) . However, there is a solution of (4.22) for all x; for the forcing function:

d(x-Xp) +¢ Qu(x)

if ¢ is properly chosen. In particular, we determine ¢ casily such that this function is

orthogonal to ¢,(x):

b b
0= [, (G —x,)+ ¢, (0l = @, (x;) + ¢ [} (x)dx

a
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Thus, we introduce the generalized Green’s function G,,(x,x;), which satisfies

L[G, (x, %, )] = 8(x - x,) - 210 (%) (4.29)

]

[0} (x)ax

subject to the same homogeneous boundary conditions. Since the right hand side of (4.29) is
orthogonal to ¢,(x), unfortunately there are an infinite number of solutions.
Using Green’s formula we can easily show that the generalized Green's function is
symmetric:

Gm(x,x0)=Gm(x0,X) (4.30)
If gu(x.xp) is one symmetric generalized Green’s function then the following is also a
symmetric generalized Green’s function.

Gn(x,X0) =gm(X,X0) +Pon(x0)pn(x)

For any constant f (independent of x and x, ). Thus there are an infinite number of symmetric
generalized Green'’s functions.
We use Green’s formula to derive a representation formula for u(x) using the generalized

Green’s function. Letting #=u(x) and v=G,(x,x,),green’s formula states that
b
[fu)LIG, (x, %)} = G, (v, 3 L[u(x)lfeix = 0

since both u(x) and G,(xx,) satisfy the same homogeneous boundary conditions. The

differential equation (4.22) and (4.29) imply that

h

[{utx) 5(x-x0)—fj;(’ﬂ*(-i”—) ~G, (x,%,)f(x) bedx =0

" oi (x)ds
Using the fundamental Dirac delta property (and reversing the role of x and x,) yields:
3 0, (x)
u(x) = j f(x,)G,, (x,x,)dx, + —~"—-— J‘u(xU )@, (x, )dx,
a f(o;(x)a‘x a

where the symmetry of G,(x,x,) has also been utilized. The last expression is a multiple of

the homogeneous solution, and thus a simple particular solution of (4.22)is
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u(x) = If(xn )G, (x,x, )dx (4.31)

The same form as occurs when A=0 is not an eigenvalue.

Example 4.7: consider the problem with nontrivial homogeneous solution:
d’u . du d
7 = /() with == (0)=0 and ﬁ(L)=0 (4.32)

A constant is a homogeneous solution (eigenfunction corresponding to the zero eigenvalue).

L
For a solution to exist, by the Fredholm alternative, If (x)dx =0. We assume f{x) is of this
0

type [example f{(x) =x-L/2]. The generalized Green's function G,(x,xy) satisfies:

d‘:;' = 8(x—x,)+¢ (4.33)
dG dG

= (0)=0 and 2= (L)=0 434
p» (0)=0 an = (L) (4.34)

since a constant is the eigenfunction. For there to be such a generalized Green’s function, the

right hand side must be orthogonal to the homogeneous solutions:

b
j[c?(x—xn)+c]dr= 0,orc=-1/L

We use properties of the Dirac delta function to solve (4.33) with (4.34). For x#xp
4G, 1

dx* L
By integration

N w2 k<%
aG, | L (4.35)

dx x
-—7+ LX>%

where the constants of integration have been chosen to satisfy the boundary conditions at x=0

dG, |

and at x=L. The jump condition for the derivative, B =1, obtained by integrating
Xy
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(4.33), is already satisfied by (4.35). We integrate again to obtain G,(x,xs). Assume that

Gm(x,xg) is continuous at x=x, yields:

2

X
__+xo +c(xo)’ b 2 <x0
G, (x,x,)=

2
x
=== X FClX )y F2Xp
2L

where c(x;) is an arbitrary additive constant that depends on x, and corresponds to an
arbitrary multiple of the homogeneous solution. This is the representation of all possible
generalized Green’s functions. Often we desire G,(x,x,) to be symmetric. For example
Gm(X,X0)=Gm(x,x) for x<x,yields:

2 2 1 B

1 x 1 x X
—Z?"-l-xu+c(x)=—~L——2—+x0+c(x0)or c(x)=—z?°+ﬂ

where B is arbitrary constant. Thus finally we obtain the generalized Green’s function:

2 2
_l(x—+{9—)+x0+ﬂ, x<xu
' 2
G(x,x) = T
L 2 ’ :

A solution of (4.32) is given by

u(x) = [£(x,)G, (x,x,)dx

47



Reference

1. R.Bellman; Partial Differential Equations, D.Reidel Publishing Company, Bosten, (1985).
2. R.Haberman; Applied Partial Differential Equations with Fourier Series and Boundary
Value Problems: Pirson Education Inc., New Jersey, (2004).

3. S.Mauch; Advanced Mathematical Methods for Scientists and Engineers,(2001).

4. T.Myint-U; Linear Partial Differential Equations for Scientists and Engineers, PTR
Prentice Hall, New Jersey,(2007).

5. G.R.Roach; Green’s Functions, Cambridge University Press, New York, (1970).

48



