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l. Green's function s 

1.1 The concept of Green's Functions 

Boundary value problems arc almost inevitable consequences of using mathematics to study 

problems arising in the real world and it is not at all surprising that their solution has been the 

major concern of many mathematicians. The result of al l this endeavors is that nowaday the 

approach towards a sol ution of a spec ific boundary val ue problem can be made in anyone of 

many ways. In thi s topic we shall examine in detail that one panicular method which requires 

the construction of an auxil iary function known as Green 's function. To show how such 

func tions arise, and to initiate a further study of the method we will first solve, elementary 

method, a lypical boundary va lue problem. 

Consider the problem or the rorced, transverse vibrat ions of a taut string of length I.If the 

time dependent part or the so lution are first removed by the usual separation of variables 

technique, we obtain the rollowing difrere ntiaJ equation containing the transverse 

displacement or the string, U, as unknown; 

d 2u 2 
-, + k u = -/(x), O<x<l 
<i, 

1.1 

Ir the ends of the stri ng are kept fixed ,then thi s equation must be solved ror 11 subject to the 

boundary conditions: 

u(O) = uti) = 0 1.2 

To so lve the boundary va lue problem posed by ordinary second order difTerenti al equati on 

( 1.1 ) and associated bOllndary condit ions (1.2), we wi ll employ the mcthod of variation o r 

parameters, that is we wi ll assume that a so lution of the problem actually cx ists, and that, 

furthcmlore it has the precise fonn: 

I/(x) = A(x)cosla + B(x)sin Ia 

I r we dirrerentiate ( 1.3) twice with respect to x , and assuming that 

A'(x)cos kx + B'(x)sin Ia = 0 

Then we find that (1.3 ) has a solution provided that 

- kA'(x)sin kx + kB'(x)coskx = - I (x) 

1.3 

1.4 

1.5 



A lthough assu mpti on ( 1.4) was introduced pri marily to ease the ensuring algebra, equation 

( 1.4) and (1.5) are two linear algebraic eq uations fo r the unknowns A'(x) and 8'(x) . 

Solving these equations 

1'( ) _ [(x)sin kx ) x -
k ' 

B'(x) = - [(x)eoskx 
k 

Th us, fonna ll y we can wrile the solution of (1. 1) in the fonn 

cos lex ~J . sin lex "J lI (x) =-k - [(y)s on kydy - -
k

- [(y)eoskydy 
c, c, 

1.6 

1.7 

where Cl and C2 are constants which must be so chosen as to ensure that the boundary 

cond itions ( 1.2) are s~ ' i s fi ed . 

Insert ing the conditions 1/ (0) = 0 in to ( 1.7) we find that we must choose Cl such that 

o 
f f (y )sinkydy= O 1.8 

<, 

Sincef(y) is assumed arbitrary, this impl ies that we must choose c,:O. The condi tion /1 (1) =0 

when inserted in to ( J. 7) wi ll req uire that 

COSk/ IJ . sin k/ IJ 
u(l) =-- [(y)son kydy--- [(y)eoskydy=O 

k 0 k c, , 

This can be written as 

COSk/ IJ . sin kl lJ sin kf oJ -- [(y)sonkydy--- [(y)eoskydy--- [(y)eoskydy=O 
k o k o k c, 

which impl ies 

sin kl OJ I 'J . --- [(y)eoskydy+ - [(y)son k(y- /)dy= O 
k c, k 0 

Combining the results ( 1.8) and ( 1.9), we see that the solut ions ( 1.7) can now be written in 

the form 

1.9 

I , . kx ' 

J . son J . II(X) =- [(y)son k(y-x)dy - . [(y)son k(y -/)dy 1.1 0 
k o ksm kl o 

= f [(y) sin kysi ~ k(/ - x) dy + f [(y) sin kxsin k(/ - y) dy 
o kmnH , kmnH 
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, 
~ f/(y)G(x, y)dy 1.11 , 

Where 

(

sin kysin k(f - x) 

G(x ) ~ k sin kl ' 
,y sinkx sink(f - y) 

ksinkl ' 

OSy$ X 
1. 12 

x S Y $ I 

This funct ion G(x,y) is a two po int function of posit ion known as the Green's func ti on for 

the equation ( 1.1 ) and associated boundary condition (1.2) .lt s existence is assured in this 

particular problem . provided that sinkl '* 0 The case when sin kl = 0 will be examined 

in muc h more detail later. 

One of the main ad vantages of the representat ion ( 1.11 ) of the so lution to our boundary val ue 

problem is that the Green ' s func tionG(x,y) ,is independent of the forc ing term lex) ,and 

depends onl y upon the particu lar differential equation be ing examined and the boundary 

condit ions which arc imposed. Consequentl y, the solution to all such problems as that 

examined above but having different forcing term!, is known in the form (1. 11 ) once 

G(x, y) has been determined; always provided that the resulting integral in ( 1.11 ) ex ists. 

The fundamental equation we must be able to answer is : 'Given a differenti al equation and 

associated boundary conditions, is it possible to construct a function G(x,y),the Green's 

functio n and obta in the requi red solution in the form ( 1.11) , without first havi ng to solve the 

given boundary val ue problem ?' Thi s question leads us to the method of constructing of the 

Green' s functi on and the study of further properties o f Grecn's function. 

Wi th a view to constructing Green's func ti ons for more general problems, let us examine 

more closely the particular Green's function we have already constructed .We notice that 

G(x , y) as defined in( I .12) the following properties: 

1. It sat is fi es the homogeneous form o r the given differen tial equation. That is 

G"+ k'G ~ 0 

3 



in each of the interval 0 S Y < x, x < y S I .The behavior of G at x = y is ,at the moment, 

ll nccrtain . 

2.The function G is continuous at x = y since 

I, G( ) sinicrsink(l - x) I' G( ) lin x,y = = lin x,y 
y-u k sin kl y -u' 

3. The de rivative of G with respect to y is discontinuous at x=y .This can be seen as 

G'( - ) I' G'( ) coskxsink(/ - x) x x = 1m x y = 
• y-u' sinkl 

G '( ' ) - 1' G'( )_ -sinicrcosk(/ -,,) ;r ,;r - 1m .T, y -
y-~' sin kl 

where G '(x, y) represen ts the differentiation with respect to y. I-Ience 

G'(x,x')-G'(x, x- ) =-1 

4. The function G(x,y) sat isfi es thc relations G(x,O) = G(x, /) = 0 and thus sat isfi es the 

boundary conditions of the problem. 

5. The funct ion G(x,y) is symmetric in its arguments, hence 

G(", y) = G(y,x) 

With th is several properties of the Green's function in mind, let us now try to so lve the given 

boundary va lue problem, (1.1) and ( 1.2), by assuming from the out set ex istence of a Green's 

function, G(x, y). If such an assumption is valued, we should be able to recover directly from 

the different ial equation, not only the representati on ( 1.11 ) but also the several properties of 

G(x,y) and integrating with respect to x over the range 0 S x S I , we obtain 

, , 
f (II"+k ' II )G(x,y)dr = - f f(x)G(x,y)dr 1. 13 
o 0 

The onl y assum pti on we shall make regard ing the behavior of G(x,y) is that it is possibly not 

a wel l- behaved function of x when x approaches the value y. Consequently, since the above 

integral may be improper; we exelude the point x =y from the range of integration and write : 
, , , 
f (II"+k' II )G(x,y)dr = lim f (II"+k ' II)G(x,y)dx+ lim, f (II"+k ' II)G(x ,y)dr 

c"') '1- ' Y o 0 , 

1.14 
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Treating cach in tcgral on thc right hand side scparnlely, we have, on integrating twice by 

part: 
, , 
f(u"+k ' u)G(x,y)c(, = [Gu'- G'uJ; + f u(G"+k ' G)(l, 
o 0 

and 

I I 

f(u"+k ' u)G(x, y)c(, = [Gu'-G'ul~ + fu(G"+k ' G)(lt 
, , 

If we choose C(x,y) to sati sfy, as a function of x, C"+k 1C = 0 in the range 0 S x s; and 

1] S x S I , then the integral on the right hand side vanish . Inserting the remaining integrated 

te rms in to (1. 14) t<lking the appropriate limits, and employing the boundary condit ion ( 1.2) 

we fi nd that (1.13) reduces 

I 

- f/ (x)G(x ,y)dx = (c(y,y - )u'(y- ) - G'(y,y - )u(y - ) - G(O,y)u'(O) 
o 

+ G(/, y)u' (I) - G(y,y ' )u' (y ' ) + G'(y,y ' )u(y') } 

Provided 

G(x,y) = G(y, x) . 

I f now we assume that G(x, y) satisfies the boundary condi tions (1.2) we can effect a further 

reduction, and obtain: 

I 

f f (x)G(x ,y)c(, = -u(y)(c'(y,y') - G'(Yf)l+ u'(y)(c(y ,y ' )-G(y,y - )l 1. 15 
o 

Where we have lIsed the assumed continuity of u(x) and written II (Y') = /I (Y- ) = /I (y) and 

/I '(Y' ) = /I'(Y - ) = /I '(Y) .Finally, if we assert that G(x,y) is continuous at x=y, whereas 

C'(x,y) has discontinuity there specified by property 3, thcn ( 1.1 5) reduces to 

I 

u(y) = f f(x)G(x,y)dy 1.1 6 
o 

And we thus obtain the desi red representat ion of the so lution to the given boundary value 

problem. The represen tation (1.16) is in terms of a two-point flllletion of position G(x,y) 

which sati sfi es 
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G(O,y) = G(I,y) = 0 

G(x ,Y) continuous at x" y 

G'(y,y' ) - G'(yf ) = 1 

and 

G(x,y) = G(y, x ) 

Clearl y these arc the five properties that we establi shed carl ier. 

2 Differential Operators 

The difTeren ti al equation ( 1.1) can be rewritten in the form 

Lu =-J 
where we introduce as a separate quantity for our consideration the different ial operator L . In 

that speci fi c example 

d ' 
L ~ (-, +k '). 

<Ix 

Definition 2.1: A transfo rmation or opcralor L on a vector space V to a vector space IV is an 

operation on a subset D(L) of V I ca lled thc domain of defini tion of thc operator L ,which 

ass igns to each vector y in D(L) another vector Ly in IV called the image of y under L . 

Two operators Ll and L2 arc said 10 be equal if 

(a) D(L, ) = D(L, ) 

(b) L,y= L,y for all y in D(L,) and D(L, ). 

The range , R(L ) , of a transformati on L is thc set of all vectors x orthe fOfm x = Ly for all 

y inD(L). 

Definition 2.2 : The operator L is said 10 be linear if D( L )is a linear manifold of V and if 

6 



Where y, and h in D(L ) and a and b arc scalars. 

Now we are at the time at whi ch we define the differentia l operator and differential 

equati ons. Suppose aO,a , •... , a" are continuous functions of x defined on a real inlervallCl,b J 

and let L n denote the forma l differential operator of o rder fl . (fl is a natural num ber) then 

d" d"· ' d 
L,,= ao--+ a,--,+ .. . +a .-+0 

dx" dy:"· ". dx " 

The assoc iated d ifferential equation for any function y which is a functi on o f x which 

possesses fl deri vati ves (and the lower derivatives) on the interval [a,b] can be wri tten as 

tr y d "·'y dy 
L"y=ao dx" + (II dX"· ' + ... + a ". 1 dy: + a"y 

Where ao(x) *" 0 for all x in (a,b]. 

The typical problem ( 1.1 ) can be rewritten now in the operator fornl as 

Lu =-f 

d ' 
where L = --,- + 

fl, 
k 2 ...!!...- , /I the unknown function which must sati sfy thi s equation and 

fl, 

certain imposed boundary conditions, and f a knO\vn func tion. 

One method of deternlining the func tion II is to find the operator whi ch is inverse to L .That 

is find the operator which is sueh that Le' = elL = / , the identity operator. When such an 

inverse operator exists we have seen that it takes the fonn of an integral operator. the kernel 

of which is known as the Green' s function for the operator L .We have already found one 

such kernel for the problem we examined in the previous topic and to enable us to find the 

Green's function for more general operator we will first de fine the Dirac de lta function O. 

2.1 Inverse Operator and the 0 -Fullction 

LeI I. be a linear, ord inary differential operator act ing on the space o f func tions lI(x) .The 

inverse operalor 10 L is C l and it is such that L C' = C ' 1. =/. We assume that C'is an 

integral operator wi th kernel k(x, /) so Ihal 
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C ' II (X) = [ k(X,I )II(I )"1 

Then 

II(X) = I II(x) = LC' II (x) = L [ k(x, 1)11(1)"1 

Since L is a differenti al operator with respect to the variable x, we sec that 

II (X ) = [ Lk(x,I )II(I )"1 

We may wri te the ke rnel o f thi s integral operator in the Conn 

Lk(x,l ) = g(x,l ) 

and we obtain 

II (X) = [8(X,I)II (I)"1 

2. 1 

2.2 

Now, if thi s result is to be true for all continuous functions /I it follows that g(x,r) must be 

zero whenever # I and when x = r the integra l on the write must rcdue,c identicall y to u(x). To 

ensure thai thi s was al ways the case Dirac in troduced the so called B function in place of 

g ('r,/) and obtain 

II(X) = [6(1 - X)II(I )"I 2.3 

Where b(.r::) = 0 if x:f;O. Such a functi on is zero every where except at the ori gin , where il 

becomes infinite in such a way as to ensure 

• 
[6(x )"x = 1 

This expression slates that the 'surface area' under the delta functi on is equal 10 zero. As the 

width of thi s function goes to zero, the value of the functi on must become infinite to ensure 

that 

• 
[6(x)"x = 1 

is sat isfied. Important property o f tbe 0- function, and that which makes it so useful , is: lo r 

every cont inuous function ~ . 

• 
[ o(x)¢(X)<lT = ¢(O) 2.4 
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That is the delta func tion picks out the value of a continuous function at the ongm. 

Consequently 

o(x,- x) = o(x - x, ) 

That is the delta func tion operates like an even function . This means that the delta function 

may be used without worrying about whether 8(x, - x) or 8(x - x,) appears. The Dirac 

del ta function is also the derivat ive of the Heaviside uni t step function H(x - x, ) 

{
O,x < x, 

H(x-x, )= 
I,x> x, 

d 
o(x, - x)= - H(x -x, ) 

dx 

, 
H(x -x.) = f o(x, - x,)d<, -. 

Another important property of the del ta function is that 

1 
o[c(x, - x)] = I/(X - x.) 

To show this substitute y=cx we have 

• • 1 
fo[c(x - x.)f(x)d< = fO(Y - cx, )f(y) - dy 

c c -. 
Carrying the y- integration using property 2.3 of the delta function we have 

• 1 
{8 [c(x - Xi )l[(x)d< = - [(Xi ) , when c>0 

_. c 

and 

• 1 
fo[ c(x - x,)lf(x)dx = - - f(x , ) , when e<O 

_. c 

Combining 2.8 and 2.9 we have 

• 1 18[C(X-x, )][(X)dx = Icl[(X') 

The right hand side of equation 2. 10 can also be written as 

9 
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I -IcllO(X - X, )[(x)dx 2.11 

Combining 2. 1 0 and 2. 11 gives us that 

I 
o[c(x, - x)] = lef o(x - x,) 2.12 

as desired. In similar manner we can show that 

• 
f O«(lX - b)/(x)dT = la-' I/(b(l -' ) 2.13 -. 

2.2 The Domain of a Linear Differential Operator 

Before we can continue with the problem o f invcning a differentiation operator, we should 

specify the domain of the ope rator where it acts. 

LeI 

be our operator where °0 (x) , ... , G,,(x) are continuous functions and ao{x)::t. 0 for all x in 

(a,b]. Let the space S of all rcal - valued functions whic h are (Lebesgue) square integrable 

over la,b).That is, S contains all real functions II defined for a$r:S:/J and such that 

• 
j(lI(x)) ' dx < 00 

Then the operator L acts on the subspace S' such that S'k S and for /I e S' , L,,(x) is also 

in S' . Because we have no rcason to suppose that every function in S is in fact differentiable. 

Also,even when a certain funct ion II is in S, but LUlllay not be. r o r example II(X) = xsinx- I 

is in S, where S is a vector space o f all real valued functions which arc Lebesgue integrable 

over rO, 11, and is differentiable, but its deri vative 

u'(x) = sin X- I - X- I COS(X - I ) 

is not in S. Moreove r in order to obtain a unique solution of tile differential equation 

/, I/ (X) = I(x) 2. 14 

10 



it is not sufficicni simply to specify L, we also require conditions on II(X) itse lf. These 

conditions to be the boundary conditions 

I1L (/I): a LOIl(O) + a Ll II' (0) + PLo lI(b) + PLL II' (b) = 0 

8, (11): a " lI(lI ) + a" II' (lI) + P" II(b) + Pn ll' (b) = 0 2.15 

where the a" and p. are known constan ts. 

We can now define the domain of the operator L as follows: it is the set of all functions II in 

S which have piecewise contin uous n" order derivatives which satisfy the boundary 

condi tions (2.15) and ensure that LII is also in S. 

The domain of L, which is clearly a linear manifold of S, need not necessarily, be a subspace 

(i.e. a complete linear man ifold) of S. That is there could exist a sequence of functions II ,. in 

the domain, wh ich converges to a limit II in S, although thi s li mit, II is not in the domain of L. 

2,3 Adjoint Differentia l O perators 

Let S be the linear vector space of all rea l valued funct ions /I defined on 0 :5:c '5:.b such that 

• 
J(II(x» ' dx < '" 
• 

If II and \' arc funct ions belong to S, we define an inner product in to S, by 

• 
(II, v) = J" (x)v(x)dx 

• 
In order that we apply the theory of linear operator to the difTerential operator L, we need to 

be able to define adjoint operator L •. 

)}efini t ion 2.3: The adjoint of a difTere ntia l operator L is defined to be the operator L· for 

which 

(LII.v)={II,[<V) 

fo r <11111 in the domain of L and v in the domain of L·. 
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This defini tion detemlines not only the operational definition of U . but its domain as \\ell. 

Consider the example 

du 
/..11 =­

d, 

with boundary condi tions u(O) =2u (I) wi th inner product 

I 

(Lu. v) ~ f u'(x)v(x)d, 
o 

I 

- (uvl~ - fu(x)v'(x)dr 
o 

I d 
- u(I)(v( /)-2v(O)) - fU-':d, 

o dr 

In order to make (Lu. \~= (u, L·v ) we must have L · v: - v' with the boundary condition 

\1(1) =2\1(0). We notice that in this cxample L acts on the manifold o f square integrable 

function II which satisfi es 11(0) =211(1) , but L· act s on tbe manifold of square integrab le 

function v('rJ which arc such that v(O) : ..!. v(l) . In general the manifold on which L * acts is 
2 

differential from that on wh ich L aCIS. 

Definition 2.4: If L=L* the difTerentia l ope rator is said to be formally self- adjoint .If in 

addition the boundary conditions for /.. and L * are equivalent in the sense that they define the 

same manifold, then the difTerential operator is said 10 be self- adjoint . 

Exa mple 2.1 Let 

On the mani fo ld defined by u' (0) : 0, u(/) : O then 

( ) 'f { , d ' , d } d v,LII = ve -, +e - I , 
o (it: dr 

I : I v(e ~ II')' dt 
o 

12 



1 

= [ve'/I'1 - [v'e' /I]: + f /l(e' v')'dt 
o 

1 

= /I'(1)v(1). ' + v'(O)/I(O) + f" (e ' v"+e' v')dx 
o 

Thus we see that the differenti al operator in thc adjoint operator has Ihc form 

d ' d 
e'--+e' -

dr ' dx 

And L is consequent ly formally se lr.adjoint. In order that 

(\',L/I) = (L ·V,II) 

for all II , thc boundary conditions satisfied by v must be "'(0) =0 .. v(l) =O. Therefore since 

u(x) and v(x) now sati sfy the same boundary conditions, it fo llows that L is self - adjoint. 

Notice that thc general second order operator 

d IU till 
LII = a(x)-, + b(x)- + C(X) II 

(b: dx 
2.16 

where a(.t),b(.'C) and c(xJ arc continuous fu nctions, ai-O for all x in thc given interva l , has a 

fonnal adjiont defined by 

2.17 

Multiplying (2. 16) by v and (2. 17) by 11 and then subtracting (2.17) from (2. 16) and 

integrat ing on [a ,Pl gives , 
JI vLII - ilL • vJdr = [J (v, II n! 2. 18 
, 

Where 

) ( \I,U) = O\l/l '-II(a\~ '+ buv. 

J (v,/I) is ca lled Ihc conjunct of the functions v and II .Equations (2. 18) is cal1ed Green ' s 

identity. 

2.4 Self Adjoint Second- Ordered Differentilll Operators 

In thi s section we consider second order difTerenti al operator in some detail. Consider the 

general ronn or second order difTerential operator 

13 



1 
LII . -- {pU ' )'+qll 

" 
This operator is self adjoint, provided that the scalar product is chosen to be 

, 
(II , v) = J" (X),·(x)U'(x)d, 

o 

2.19 

2.20 

The minus sign in the defini ti on o f L is to ensure that the ope rator is posi ti ve definite . ThaI 

th is is the case can be seen as follows: 

, 
(II, LIl) = IIl( - ~(plI ')'+qll)wdt 

o II' 

, 
= J(plI·2+qw1I 2)dr + p1l1l 1~ 

o 

Consequently, if p>O,q>O,w>O, and the boundary conditions arc such that the integrated 

te rms van ish, we have thaI 

(/1 ,\'»0 

as required . 

Apart from th is one mention of boundary cond itions, all we have achieved so far is the 

requirement for L to be fommll y self adjoint We now wish to find the conditions which will 

ensure thaI L is self adjoint. To this end, if we examine the difference (u , Lv) - (Lv, 1/ ), we sec 

thaI 

(/I , Lv) - (Lv, /I ) = l(v,II)I: = - p(X)(\III'-UV'~: 

Therefore, L will be sel f adjoint if ) (v,u) vanishes identically when /I and v are in the same 

manifo ld. Two particular special cases arise which will havc important application later. 

I. Unmixed bounda ry condilion 

Boundary conditions are said to be unmi xed if they invo lve tilt:; function and its derivatives ot 

ei ther x =0 or x= /, but not at both. For example 

(1(/(0) + bll'(O) = 0 

If II sati sfies an unmixed condition at x- O and an unmixed condition at x=/ then L is self 

adjoin t . 
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2. 11eriodic boundary conditions 

Boundary conditions are said to be periodic if they have the fonn 

1/(0) = I/(J ), 1/'(0) = 1/ '(1) . 

Again if /I satisfies pe riodic boundary condit ions, L is self adjoint (provided that p is 

period ic, i.e 1'(0) =1'( /)). 

Theorem 2.1: If II is any solution of LII=O and v is any so lution of L ·v::O, then the conjunct 

o f II and v is a constant whose val ue depends on II and v. 

Corollary 2.2: If L is a fOnllall y self adjoint operator and II . and 11 2 are two so lutions of 

LII= O, then the conjunct of II . and " 2 is a constant whose va lue depends on II . and 11 2 . 

Coro lla ry 2.3: If L is sel f adjoint and II . and 1I2 are two solutions of LII=O and if J(U. ,"2) 

vani shes for some value ofx for which p(x)'f:.O thcn II . and 11 2 linearly depcndent. 

Proor: from coroll ary 2.2 it follows that thc conjunct must vanish for all x. Conscquently 

This implies that 

U .U'2-U'l lI 2 , 
tI , 

(~)' = 0 
1/ , 

( '" )-- - c 

'" 
Hencc If . and 11 2 are lincarly dependent 

T heorem 2.4: Consider the differential equation 

= 0 

d ' dy 
Ly = G, (x)---f +a,(x) -+ a, (x)y = 0 

dx - dx 

IS 

2.2 1 



where lIo has continuous second derivative, III has continuous fi rst derivative and li z is 

continuous and lIo'* 0 for all x in lll.b]. A necessary and sufficient condition that the 

diITercntial equation be selfadjoin t is that 

d 
- (Go (x)) = G,(x) on [a,bJ . 
<Ix 

Proof: the adjoint equation is given by equation 2.7 i.e. 

d ' d 
L' y = - , (aoY) - - (a ,y) + a, y = 0 

dr: dr: 

eI ' y ely 
= ao(x) -, + [2ao'(x) - a, (x)]- + [oo" (x) - a, '(x) + a, (x)]y = 0 2.22 

dx · dr: 

owif 

on lll,b] wc havc 

d 
- (Go (x» = G,(x) 
dr 

2ao' (x) - a,(x) = a,(x) 

ao "(x) - a, '(x) + a, (x) = a, (x) 

This shows that equations (2.2 1) and (2.22) are identic'l!' Conversely if (2.21) and (2 .22) arc 

idcntical then 

2a, (x) - G, (x) = a, (x) 

Go "(x) - G, '(x) + a, (x) = G, (x) 

The second of these equations shows that 

ao'(x) = a, (x) + c 

where c is arbi trary constant. From the first condition we see that 

Thus c= 0 and we have 

G, (x) = a, (x) . 

d 
- [ao(x)] = a ,(x) , 
dr 

16 

for all x in lll.bl 



Coroll:lry 2.5: suppose the second order difTerential equlltion (2.21 ) is se lr adjiont. Then it 

can be rewritten in the ronn 

tI tly 
- [ao(x) - ] + " , (x)y = 0 
dr tlx 

Proof: Let 

el 1y ely 
aO{x) --2 + a l (x) - + a 1{x)y = 0 

dr dx 

is selr adjo int by theorem 2.4 we have that 

d 
dx [" , (x)1 = a,(x) 

subst it uting thi s in (2. 10) gives 

This implies 

d dy 
- [a, (x) - J + " , (x)y = O. 
lir: dx 

Theorem 2.6: Ir the coeffici ents aO.al.a2 in (2.2 1) arc continllolls on [a,b] and 0 0 (x) = 0 ror 

all x in !,a,b'], then (2 .21 ) can be transromlcd in to equivalent selr adjo int equation 

where 

and 

~I p(x/y I+ q(x)y = 0 
dx dr: 

pIx) = cxp( t , (x) dr) 
a, (x) 

() " , (x) p( f " ' (x) L) qx =--ex u 
a, (x) a, (x) 

by multiplying throughout the equati on by thc ractor 
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~cxp( j tl,(x) dx) . 
a, (x) a, (x) 

Proof: Consider 

(2.23) 

muiliplying (2.23) by the fac tor 

I ( j tl ,(x) Ix) --exp --< 
ao(x) ao(x) 

gives 

(JtI,(x)d) " tI,(x) p( j a ,(x)dx)' tI , (x) ( j tl ,(x)d) 0 cxp -- x y +--ex -- y+--exp -- r y= 
(lo(x) llo(X) ao(x) llo{X) ao(x) 

If we let 

and 

_ () tI ,(x) ( j a,(x)d) 
0 1 x =--cxp -- , 

a, (x) a, (x) 

we observe that 00 '(x) = G1 (x) .From this we have 

til ( j a,(x)d)"Y I tI ,(x) ( j a,(x) d) _ O - cxp -- x - +--cxp -- x y-
dx (lo(x) dt 0 0 (x) 0o(x) 

ThaI is 

~I p(x) tlY J + q(x)y = O. 
fix dt 
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3 Sturm-Liou ville Problems 

Partial diffe rential equat ions can be so lved using the so ca lled method of separation of 

variables. Under separable conditions the second order homogeneous partial differential 

equations arc transformed into ordinary differential equations of the (onn 

d 1y dy 
o,(x)-, +o, (x) - + [o, (x) + A[y = O 

(ll: dx 

I r we introduce 

fo (x) ° pix) = exp[ - '-'iT[, q(x) = -' p(x) , 
a. (x) a. 

six) = pix) pix) 
o,(x) 

Into equat ion 3. 1, we obtain 

d ely 
- [p(x) - J + [q(x ) + ).s(x)ly = 0 
dr tiT 

This is known as the Sturm-Liouvi lle problem. In tcnns or the operator if 

equation 3.3 can be written as 

d d 
L s - Ip - J+ q , 

ely: dl: 

Ly + J.s(x)y = 0 

3.1 

3.2 

3.4 

where J. is a parameter independent of x, and p. q and s a f C rea l-valued functions of x. To 

ensure the existence of so lut ions, we leI q and s be cont inuous and p be continuously 

differentiable in a closed finite interval [a,b]. 

The Stunn-Liouville problem is called regular in the in terval [a,b] if the function p(.'C) and 

sex) are positive in the interval [a,b]. Thus, for a given). there exist two linearl y independent 

solut ions ofa regular Sturm-Liouvi ll e equations in the interval [a,b]. 

The Sturm-Liouville equation 

Ly + J.s(x)y = 0, 0S<9J 

togethe r with the separated boundary conditions 

{
a,y(a) + a ,y'(a) = 0 

p ,y(b) + p ,y'(b) = 0 
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where the constants a . anda l' and likewise p. andPl are not both zero and are gi\cn real 

numbe rs, is called a regular Sturm-Liouvil lc boundary va lue problem. The valuc of). for 

whic h the Stunn-Liouville problem has a nontrivial solution arc called the eigenvalues, and 

the corresponding solutions arc called the eigenfunctions 

Ex:tmplc 3. 1. Consider the regular tuml- Liouville problem 

y" + ).y - O. O:5x:51f. 

y(O) - O, y'M - O. 

When ), :5 0, it can be readi ly shown that}, is not an eigenvalue. However, when). > 0, the 

solution of the Stunn- Liouvill e equation is 

y (.'() = II cos/i x + 8 sin ). x. 

Applying the condition y (0) = 0, we obtain A = O. The condition y' (It) = 0 yields 

8 .JX cos.JX rr - O. 

Since A t o and B = 0 yields a trivial so lution , we must have 

cos.JX rr = 0, 8# O. 

This equation is sati sfied if 

.JX = (2/1 - 1) 
2 ' 

n= 1,2,3, .... 

(2/1_ 1) ' d h d" f . and hence the eigenvalues arc A = ,an t e correspon mg elgen unctions arc , " 4 

¢
_ . (2 /1 - 1) 
- Sin x , 

" 2 
n = 1, 2,3, .... 

Exa mple 3.2: Consider Ihe Euler equation 

X l y" + xy' + ).y - O, l :5 x :5 e 

with the end condi ti on 

y( I ) - O,y\e) = O. 

By using the Iransfommtion (3.2), the Euler equat ion can be put into the IlIml- Liouvilie 

fonn: 

d dy 1 
- (X - )+ - AY = 0 
d'C dx X 
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The so lution of the Eu ler equalion is 

y(x) = c1x ·./A + c1x-di 

Noting that x
,a 

= e/Q I" x - cos (a In x) + i sill (a In x). the so lution y (x) becomes 

y (x) = Acos( J, III x)+ 8 sill( ./X III x). 

where A and B are constants related to c, and C/ . The end condi tion y( 1) - 0 gives A - 0, and 

the end cond ition y(e) :::: 0 gives 

sin ./X - 0, Bt O, 

which in turn yields the eigenvalues 

An= n2~, n=- 1, 2,3, ...• 

and the corresponding eigenfunc ti ons 

sin (mr I" x). n= 1,2,3, " .. 

Another type of problem that often occurs in practice is the periodic Stunn- Liouville system. 

The Stunn- Liouville equation 

d dy 
- Ip(x) - I+ Iq(x)+ ;"'(x) ly = 0, (15 x 5 b, 
li" tit: 

in which p (a) = p (b). together with the period ic end cond itions 

y(a) = y(b), y'((I) = y'(b) 

is ca lled a period ic Sturm- Liouville system. 

Exa mple 3.3. Consider the periodic Stunn- l iouvil lc system 

y" + J.y - O. - 1l' $x $1l'. 

y (- H) = y (H), y ' (- rr) = y' (H). 

Here we note that p (.'C) = I. hence p (- If) = p (If). When J. > 0, we see that the so lution of the 

Sturm- liouville equation is 

y M = A cos ./Xx + B sin ./Xx 

Application of the periodic end conditions yields 

(2 sin ./X n)B = 0, 

(2./X sin ./X n)A = 0. 

Thus, to obtain a nont rivial so lution, we must have 
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Consequentl y, 

)", '" n2
, n== 1,2,3, .... 

Since sin JI 1[ = 0 is sati sfied for arbitrary A and B. we obtain two linearly independent 

eigenfunctions cos(nx) , and sin(nx) correspondi ng to the same eigenvalue n2• 

It can be readily shown that if /.. < 0, the solution of the tunn- Liouville equation docs not 

satis fy the periodic end conditions. However, when ), ." 0 the corresponding eigenfunction is 

J. Thus, the eigenvalues of the periodic tunn- Liouville system arc 0, & " I, and the 

corresponding eigenfunctions arc I, {cos(nx)} , (sin(nx) }. where n is a posi tive integer. 

3.1 Eigenvalues a nd Eigenfunctions 

In examples 1 and 2 of the regular Stunn- Liouville systems in the preceding section, we see 

that there ex ists on ly one linearly independen t eigenfunction corresponding to the eigenvalue 

/.., whic h is call ed an eigenva lue of multiplicity one (or a simple eigenvalue) . An eigenvalue 

is said to be of multiplic ity k if there ex ist k linearl y independe nt eigenfunctions 

corresponding to the same eigenvalue. In Example 3.3 of the periodic tunn- Liouvillc 

system, the eigenfunctions COSIIX. sinnx correspond to the same eigenval ue ,/ Thus, this 

eigenvalue is of multiplic ity two. 

In the preceding examples, we see that the eigenfunct ions arc COSILY: and sin nY: for n = 1, 2, 3, 

.... It can be easi ly shown by us ing trigonometric identities that 

• J cos mx cos IIxdr = 0 , 11Ij:. II. 
-. 
• J cos IIIX sin IIxdr = 0, for all integers 111, II , 

-. 
• J sin mx s in " xcix = 0 , 111#'1 . -. 
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We say that these funct ions are orthogonal to cach othc r in the interval I ,n). The 

orthogonal ity relat ion ho lds in general for the eigenfunctions of turm- Liouville systems 

Let rp ('C) and VI ('C) be any real·va lued integrable func tions on an interva l I. Then fP and If! are 

said to be orthogonal on 1 with respect to a weight function p (x) > O. if and onl y if, 

(~. "') = f ~ (x) '" (x) p (x) dx - O. (3 .6) 

The interval! may be of infinite extent or it may be ei ther open or closed at one or both ends 

of the finite interval. When rp = If! in (3.6) we define the norm of fP by 

, 
II <p II =rJ ~}(x)p(x) dx] ' (3.7) 

T heorem 3.1. Let the coefficients p , q, and s in the Sturm- Liouville system be continuous in 

[a, b]. Let the eigenfunctions fPJ and ({JJ;, corresponding to )1 and h be continuously 

differentiable. Then lpj and ({JJ; are orthogonal with respect to the weight funct ion s(x) in [a, b]. 

Proof. Since lpj corresponding to ).} satisfies the Sturm- Liouvi lle equation, we ha ve 

and for the same reason 

!!.- (P~',)+(q + hs) ~, = O. 
dx 

Multiplying equation (3.8) by ({Jk and equation (3.9) by ({Jj, and subtracting, we obtain 

d , d , 
(i,- I.,) s~,~, = ~,- (P~ ,) - ~'-d (p~ , ) 

{iI: x 

and integrating yields 

• 
(i,- I.J f s~,~,(L' = [p(~j~" - ~ j~,] : 

• 

= p (b)[~j(b) ~', (b) - ~ J (b)~. (b)] 
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We say that these functions are onhogonal to each other in the interval l-n, n) . The 

orthogonality rela1ion holds in general for the eigenfunctions of turm- Lio uvillc systems 

Let fP (x) and tjJ (.t) be any real·valued integrable functions on an interval I. Then rp and If' are 

said to be orthogonal on I with respect to a we ight function p (x) > 0, if and onl y if, 

(3.6) 

The interval I may be of infinite extent or it may be ei ther open or closed at one or both ends 

of the finite interval. When fP = tjJ in (3.6) we define the nonn o f fjJ by 

(3.7) 

T heorem 3.1. Let the coefficients p, q, and s in the Sturm- Liouvill e systcm be continuous in 

[a, b]. Let the eigenfunctions !p} and !Pt. corresponding to )1 and ).t. be continuously 

differentiable . Then fPj and !Pk are orthogonal wi th respect to thc weight func tion s(x) in la, b]. 

Proof. Since fPj cOlTcsponding to )1' sati sfies the Sturm- Liouvillc equation. we ho ve 

~(P!P ;1 +(q + l,s) ~I ~ 0 
dx 

and for the same reason 

~ (p~'.)+(q + I.",)~. ~ O. 
ci, 

Multiplying equatio n (3 .8) by fPt and equation (3.9) by 'PJ' and subtracti ng, we obtain 

d (p ') d (p ' ) (i,- I.,)s~I~' ~ ~j- ~ . - ~'-l ~ I 
dx (,X 

and integrating yic lds 

• 
(1,- I,J f s~I~,d, ~[P(~I~ " - ~ ;~. I : 

• 

~ p (b) r~, (b) ~'. (b) - 9; (b) ~. (b) ] 
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(3 . 10) 

the right side of which is called the boundary lenn of the lunn-Liouville system. The cnd 

conditions for the eigenfunctions ~J and ti',tarc 

b'~j (b)+b}<p j (b) - O. 

b,~db)+b}<p'. (b) - O. 

If b} #0, we multiply the first condit ion bY V'I; (b) and the second condition by fPJ (b). and 

sublract to obtain 

[~db) ~'. (b) - vj (b) ~db)l - O. (3 .11 ) 

In a similar manner, if Q2 *0, we obtain 

I~J (a) ~ '. (a) - ~j (a)~. (a) J- O. (3 .12) 

We see by virtue of (3. 11 ) and (3. 12) that 

• 
(IJ - i.k) J s~J ~' ti, = O. (3 . 13) 

• 

If )1 and lk are distinct eigenvalues, then 

(3 . 14) 

• 
Theorem 3.2.The eigenfunctions of a periodic turm- Liouvillc system In la, b] arc 

orthogonal with respect to the weight function sell in [a, b]. 

Proof. The periodic conditions for the eigenfunctions 'PJ and ({l it are 

~J (a) = ~J (b). ~ j (a) = ~j (b). 

~da) = ~. (b). ~'. (a) = ~'. (b) . 

Substituti on ofthesc into equation (3. 10) yields 

• 
(i, - i.'; J S~j~' ti, = [p (b) - p (a)Jl ~J (a) ~'.ra) - ~ j (a)~. (a)1 

• 
Since p (a) = p (b), we have 

• 
(i, - i·1l J s~J ~'dx = O . 

• 

For distinct eigenvalues )~i t- Ai, Pi - l,Jt- 0 and thus, 
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• 
T heorem 3.3. For any y, Z E D(L), we have the Lagrange identity 

yL [zj - zL LY] - 'I' [p o-z' - zy j ] . 
<T 

Proof. Using the defi nition of the Sturm- Liouville operator, we have 

yL[z] - zLLYj z y _ p - + qyz - z - p __ qyz eI ( elz ) eI ( ely ) 
dl; dx dr til; 

eI 
=- [p (yz' - zy)] . 

el, 

(3.16) 

(3. I 7) 

T heorem 3.4: The Sturm- Liouville operator L is self-adjoi nt. In other words, fo r any y. = e 

OIL). we have 

(LLY! . z) =(y.L [z]), 

where (.) is the inner product in L} ([a, b]) defi ned by 

• 
if. g) - f 1M g(x) el,. 

• 

(3. I 8) 

(3. 19) 

Proof. Since all constants involved in the boundary conditions ofStuml Liouville system arc 
- -

rea l, if z e O(L), then Z E O(L).A lso since p. q and s arc rcal-valued, L[:! = L[:!. 

Consequently, we have 

• 
(Lb'] . z) - (y.L[z]) = f - -

( : LLYJ - yL[: V el, 
• 

= [p (zy' - yz)J:. by(3 .17). (3 .20) 

We nex t show that the right hand side of th is equality vanishes for a regular RSL system. If 

p(a) = 0, the result fo llows immediately. If pro) > 0, then y and: satisfy the boundary 

condi tions of the ronn (3.5) at X " tI. That is, 

[
:(a) Y'(a)][a,] = 0 
zeal z '(a) a, 

Since (I , and (I } arc not both zc ro, we havc 
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; (a) y' (a) - y (a) ; , (a) 0 

A similar argument can be used to the OIhcr cnd point x _ h, so that the ri ght.hand side of 

(3.10) vanishes. This proves the theorem. 

T heorem 3.5: All the eigenvalues of a regular Stunn- Liouvillc system with s(x) > 0 arc real. 

Proof. Let A be an eigenvalue of a RSL system and let y (x) be the corresponding 

eigenfunction. Thi s means that y :f:. 0 and 

L[y] = - ).sy. 

Then 

• 
0 = (L[y] , y) . (y,L[yj)=( ;! . A) J s (x) IY (x)I' dx. 

Since s(x»O in [a,b] and riO, the integrand is a positi ve number. Thus, :i- A, and hence, the 

eigenvalues are real. This completes the proof. 

T heorem 3.6: If ({J J ('r) and f/J} (x) arc any two solutions of the equation 

L[y] + ).sy = 0 on [a.bl, 

then 

p (x) ' V(~ 1, ~,)(x)=conS1an t , 

where W is the Wronskian. 

Proof. Since 'P I and f.P2 arc so lutions of L[yJ+}.jy = 0, we have 

d d 
- (p - ~I)+(q + ).s) ~I = 0, 
dl til 

d d ) 0 - (p - ~})(q + ,,)~}= . 
,it: tit 

Mult iplying the fi rst equation by '1'1 and the second equation by 'PI. and subtmcling, we 

obtain 

d d d d 0 
~1- (p- ~,)' ~l-l (Pdx ~I)-

dx (il: ( I; 

Integrating this equation from a to x, we obtain 
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p (x) [~ , M ~'] (x) - ~', (x)~] (x) ) - p (a) [~, (a) ~'] (a) ,', (a) ,do)) 

=constant. (3 .2 J) 

This is called Abel's fo rm ula where IV is the Wronskian. 

Theorem 3.7 An eigenfunct ion of a regular tunn- liouville system is unique except for n 

constant factor. 

Proof. Let fIJ I (x) and f/J} (x) be eigenfunctions corresponding to an eigenvalue A. Then, 

accord ing to Abel' s fannula (3.2 1) we have 

p (x) W (~,, ~,JM = conSlant, pM > 0, 

where W is the Wronskian. Thus, if IV vanishes at a point in la, bJ, it must vanish for all x E 

[a, b}.Since fIJI and tp}sali sfy the end condition alx "" a, we have 

a,~, (a)+a}tp', (a) - 0, 

a,~,(a)+a}tp ',(a) - O. 

Since G, and o } are not both zero, we have 

~, (a) ~', (a)- ~', (a)~ , (a) - IV (~,, ~,J(a) - O. 

Therefore, W (f/J/,f/Jz)(x) = 0 for all x E [a, b] , which is a sufficient condit ion for the linear 

dependence of two functions fIJ I and f{J } . Hence, (fJ 1 (x) differs frolll (PI (r) only by a constant 

factor. 

Theorem 3.5 states that all eigenvalues of a regu lar tunn- Liouville systcm are rea l, but it 

does not guarantee that any eigenvalue ex ists. However, it ean be proved that a se lf-adjoin t 

regular Stunn- Liouville system has a denumerably infinite number of cigenvalues. To 

ill ustrate this, we consider the following example. 

Example 3.4 . Consider the Stunn- Liouville system 

y" + I.y = 0, 0 ~ x ~ I. 

Y (0) = O. 

y(l) + hy' (I) - 0, h>O n constant. 

Here p = I, q = 0, S = J. The solution of the Sturm- Liouvi lle equation is 

y (x) = A cos ,fJ,,, + Bsin AX 
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Since y (0) = 0, gives A .. 0, we have 

y (x) ~ 8 sin Ax 

Applying the second boundary condition, we ha\'e 

sill fX + II ). cos ). - 0, 8 j 0 
which can be rewritten as 

Ian A. "" - 1/ ;. 

If Cl = JI is introduced in th is equat ion, we have 

(({II 0 "" - "a. 
This equation does not possess an expl icit soluti on. Thus, we de termi ne the solution 

graphica ll y by plotting the functions ( =: Ian a and ( "" - 110 agai nst a , as shown in Figure 3. 1. 

The roots are given by the intersection of two curves, and as is evident from the graph, there 

are infi nitely many roots a" fo r n = 1, 2, 3, .... To each root a", there corresponds an 

eigenva lue 

An "" a;, n= 1,2,3,. 

Thus, there ex ists an ordered sequence of eigenvalues 

~ < AI < A2 < A3 < . . . with 

lim,,_ ..!, =00 

The correspond ing eigenfunctions arc 

¢, =sin( fX II x) 
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Fig. 3. 1 

Theorem 3.8: A self.adjoint regular Slunn- Liouvilie system has an infinite sequence of real 

eigenvalues 

)./ < ).1 < J.J < ... with 

For each n the corresponding eigenfunct ion fP" (x). unique ly dctcnnincd up 10 a constant 

facto r, has exactly n zeros in the interval (a, b). 

3.2 Eigenfunction Ex pansions 

A rea l-va lued function rp(x) is sa id to be square-integrable with respect to a weight function 

p(.'() > 0, if, on an interval!, 

f ~} (x) p (x) dx < +"'. (3 .22) 
, 

An immediate consequence of this definit ion is the Schwan inequality 

1 f ~(x)~(x)p(x)dx I' ~ f l(x)p (x) dx f v/(x)p(x)dx , 
(3.23) 

fo r square-integrable functions rp (.r::) and'll (x). 
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Let {lPn (x) }, for posit ive integers n, be an orthogonal sct of square integrable functions with 

a positive weight function p (.r) on an interval I. Let l (x) be a given function that can be 

represented by a uniformly convergent series of the form 

• 
I (x) = L: c, ~, (x), (3 .24) 

"" 
where the coeffic ients Cn are constants. Now multiplying both sides of (3.24) by 9,. (x) P (x) 

and integrati ng term by tenn over the interval 1 (uniform convergence of the scries is a 

suffic ient condition for Ihis), we obtain 

• f I (x)~m (x)p(x) dx = I f c,~,(t)~m(x)p(x)dt. 
, "" , 

and hence, fo r n = m, 

f I(x)~,(x)p(t)d,= c, f ~,'(x)p(x)cl,. , , 
Thus, 

(3.25) 

Hence, we have the fo llowing theorem: 

T heorem 3.9: If[is represented by a uniforml y convergent series 

• 
I (x) = I c,~, (x) ., 

1 1 h m. are square· ,·ntegrable func tions orthogonal wi th respec t to a on an interva ,were 't'" 

positive weight function p (x), then en are determined by 

• d h ' t' fiCt)=x over the interval O<.r<;r using the so lution to the Example 3.5: Expan t e lunc IOn I ' 

regular Sturm- Liouville problem of 
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y" + !.y: O, y(O) Z},(. ) _O 

The eigenfunctions are y,.(x) ""sin1nx) 11 ""1 23 $(. ) - 1 0 b- II !' , ". ... x . a- , - lC. en e 

Co
: r xsin(nx)dt ___ -_x_C_O_s(:.."-,r):.c/ __ n_+-=s:::in2(::nx~)! ::.n _' k' 

o 2 2 ( ). r =--COS II" =-- I 
sin ' (nx)dt ~ _ sin(2/tt) / 4n I; n n 

Hence 

• (- I)" . 
!(x): - 2L --sm(",,) , 09«. 

"." " 

4. Green's Functions for Sturm-Liouville Problems 

4.1 Problems with homogeneous boundary condilions 

Suppose that the operator L is defined by 

d dy 
Ly 5 -[p(x)-) + q(x)y = (p(x)y')'+q(x)y 

dT dr: 
(4.1) 

where y is twice continuously differentiable, p is continuously differentiable, q is conti nuous 

and p(r» O for all x E [a,b] .Clearly L is the Slunn-Liouville operator .Suppose further Ly=O 

has the only trivial solution when subject to the that boundary conditions 

B/[y]: a ,y(a) + a ,y'(a) : 0 

a, [y]: p ,y(b) + p,y' (b): 0 

Lemma 4.1. There is a solution y ==u of Ly=O sati sfying B,[)!]:a .y(a) + a 2y' (a) = O. 

la,i +ia,i " Oond 0 solution rv of Lr O satisfying 1J,[y) : p,y(b)+ P,l(b) = 0 

IpII + IPll '* 0 such that u and v are linearl y independent over [a,bl· 

Proof: Noting that Ly='O is the linear equation 

p(x)y"+p'(x)y'+q(x)y: 0 (X E la,b)) 

where p , p' and q are continuous on ra,bl and p(x» O fo r cach x in La,b 1. \\C sec Ihot \\ c may 
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apply the existence part orthe we ll ImO\\' "b " d ' n aSlc CXlsten can umqueness theorem" or the 

initial value problem 10 fi nd functions II, v solving 

Lli == 0, II (0) = (1.1. 1I'(a) 0. /. 

Lv = 0, v (b) = P" v'(b) - p ,. 

Then, certain ly y "" 11 solves Ly '" 0 taken with a1y(a) + al y'(a) = 0 and y v soh'cs Ly 0 

taken with Ply(b) + P2y' (b) = O. Further, II, v must both be not identically zero in la. hi. 

because of the conditions placed on 0.1. 0.1. P, and Pl. 
Suppose that C. D are constants such that 

CuM + Dv(x) = 0, for each x in la, b] . 

As II, v solve Ly ., 0, they must be di rfcrenliablc and hence we may deduce 

Cu' (x) + Dv'(x) = 0, fo r each x in la, bl . 

Multiplying (4.2) by p, and (4.3) by P" adding and evaluating at x = b gives 

C(p, u(b) + p",' (b)) - O. 

(4.2) 

(4.3) 

If C ;t 0, II satisfies p,y(b) + P,y'(b) = 0 , as well as Ly - 0 and a ,y(a) + a ,y'(a) = 0 , and 

must be the trivial so lution II := O. This contradicts the fact that /I is not identically zero in 

(a, b]. Similarly, we can show that 

D(a ,v(a) + a, v' (a)) - 0 

and hence, i f D ,#0, that v = 0 in [0, b]. also giving a contradiction. 0, C and 0 must both be 

zero and u, v must be linearly independent over [a, bj. 

T heorem 4.2: Suppose that the operator Ly is the Sturm·Liouville problem deli ned by (4.1). 

Suppose further that the homogeneous equation 

Ly = O. (x€ la, bl) (4.4) 

has only the trivial solution (that is, the solution y "" 0 identically on lao bJ) when ubject to 

both boundary conditions 

where 

O,LYI : a ,y(a) +a,y'(a) = 0 

My]: p,y(b) +p,y'(b)=O 
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and 

If[ is continuous on [a, b] , then the non-homogeneous equation 

Ly = / (.r), (xc la, b)) (4.6) 

taken together with both conditions BILvI and 8l IYI, has a unique solution \\hich may be 

written in the form 

• 
y(x) = J G(.r, ()f({) Ii (, (x cia, b)) 

• 

the Grecn' s function G is continuous on [a, bJ2, is twice contin uously diffcrcntinblc on 

{(x, () E [a, b]2: X:f:. (}. and sati sfies the jump condi tion 

iJG (C~) _ iJG (C~) = _ l_ 
Ox Ox p(~) 

(~ e la,b)) 

Where the Green 's funct ion G(x.'l satisfies L(G(t, ?))=o(x- {) subject to 

B,[G]= B,[Gj=O. 

(4.7) 

I)roof: Let YI and Y2 be the functions given by lemma 4.1. The Grecn 's function sati sfi es the 

homogeneous equation for x f; { and satisfies the homogeneous boundary condition. Thus it 

must have the following form: 

G(x .~ ) = {c,(~)y,(x) 
c, (~)y, (x) 

/0' a S x S~ 

/0' ~ S x Sb 

Here c, and c} are unknown functions of ,. The fi rst const ra in on c, nnd c} comes from the 

continuity condition at x == (. Hence 

Now since 

we have that 

G(C~) = G(C~) 

c,(~)y, (~) = c, (~)y, (~) 

c,(~)y,(~) - c, (~)y, (~) = 0 

L(G(.r. W=Ii(.r- {) 

p(x)G"(x,~) + p'(x)G'(x, ~) + q(x)G(x, ~) = 5(x -~) 

Wri ting this in standard fonn we have 
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G"(x,~) + p'(x) G'(x,~) + q(x) G(x,~) = 6(x - ~) 
pix) pi x) pix) 

Integrating both sides from ; . to ; ' we obtain 

and 

since G(x, () is continuous . Putting this together, we have 

G'W,~)-G'(C~)=~ 
p(~) 

c, (~)y', W - C , (~)y' , (~) = ~ 
p(~) 

(4.10) 

(4. 11 ) 

(4. 12) 

which is the second constraint on c, and c} . Now equations (4.8) and (4.1 2) give us the 
system 

{

C1 (~)YI(~) - C, (~)y,(~) = 0 1 

c,(~)y, (~)-c, (~)y, (~) = _ p(~) 

Solving this system using Kramer's rule 

C - y, (~) 
,(~) - - p(~)(-W(~)) C (') - YI (~) 

, , - - p(~)(-IV(~ )) 

where W(x) is the Wronskian of YI(.r::) and YZ(.T). By theorem 3.6 we have plV=A for some 

constant A, Then the Green's function is 

r(X)Y' (~) f or lI SXS; 

for ~S ., Sb 

Hence G is continuous on [a, 6]2, as can be seen by Iclti ng ( 10 X both from above and below. 

Clearly, G is also twice continuously differentiable when x« and when :c>(. 

Ow it is lime to prove that, for x in [a. b) 
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• 
y(x) - f G(x. ()J(() d (. and B,LY]- B,LYI- O 

• 
that is 

• 
LLY]- L[ f G(.,. ()f(() d (J. 

• -f L[ G(x. ()]((() d ? 
• 

• -f ~(., - ()f(() d ? 
• 

- J(x). 

The integral also sati sfies the boundary conditions: 

• • 
B,[ f G(x. ()f(() d (J - f 8;[G(., . ()V(() d? 

• • 

- 0. ;- 1.2.3 .... 

Now it remains to prove that the solut ion is unique. Suppose th,HYI. Y/solvc 

Ly-f(x) 

together wi th B,and B}.Then ,i l is easy to sec that Y "'Y' ·Y1 solve Ly- O together with B/nnd 

Bl · By hypothesis of the thcorcm y must be the tri vial so lution (y is ident ically zero). $0 

YI- Y1 =0 

which implies 

YI=Y}· 

Thus if a so lution to Ly=f(.t) together with HJ and 8 1 exists, it must be unique. Hence the 

proof is completed. 

Note that the Grecn's function G=G(.'(, <J as constructed in the above proof, is independent of 

the function/on the right hand side of (4.6), That is the same G works for every cont inuous 

funct ion! 
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The method of the proof of theorem 4.2 actually gives a technique for solving equations of 

the fonn (4.6), with boundary conditions B, and B1• which arc now outline and exemplify. 

(i) Find YI satisfying Ly=O, B, and Yl satisfying Ly=B, Bl which are linearly independent 

(iO Calculate W=W(YI,Yz) which is non-zero and A=pW is al so non-zero. 

(iii) Write down the unique solution 

• 
y(x) - J G(x, ~f(~ d t" (x E la, bl) 

where 

l
Y'(X)y,(~) 

A ' 
G(x,~) -

y, (x)y, (~) 
A ' 

for a 5x5~ 

for ~ 5 x 5b 

Example 4.1: Find the Green 's function G(x. {) which allows the unique solution of the 

problem 

y"+ Y - f(x) , y(0)- y(>tI2)- 0, (x in [0, >tI21) 

where / is continuous on [0, ro2] to be expressed in the fonn 

• 
y(x) - J G(x, ~f@ d t" (x in 10, >tI2 ]) 

o 

Solution (i) The function y,=sin x satisfies 

y"+y- O, y(O) - O 

and Yl =COS x sati sfies 

So that 

y"+ Y _ 0 , y(>tI2)- 0 

(ii) The Wronskian IV- W(y /,y,) is given by 

sin x COSX J 
lV(y/,y,)(,,) - . - -I 

cos x - Sill 
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A- pW- · f , (as p- f) 

(ii i)The required Green's func tion is 

G(X,~) _{-sin xcos ~, for O ~x~~~;r/2 
-cos x sm~, for 0 ~ ~ ~ x ~ ,,/ 2 

4.2 Problems with Nonhomogeneuos Boundary Condilions 

In the preceding sect ion the boundary conditions 8,. ill arc homogeneous. If the boundary 

conditions B, and Bl are nonhomogencuos, what will happen? 

Consider L[y] be given by (4.1) subject to the boundary conditions: 

BJlYl : a ,y(a) + a ,y'(a) - y, 

B,lYl: p ,y(b) + P,y' (b) - y, 

The solution wi ll be Y= II+V where 

(pu'y+qu - f (x ), a ,u(a) + a , II' (a) - 0, P,II(b) + P, II '(b) - 0 

and 

(pI" y+qv - f(x) , a , v(a) + a , v'(a) - y" p, v(b) + p , v' (b) - y, 

(4.13) 

(4.14) 

(4.15) 

The problem for v may have no solution, a unique solution or an infinite number of solutions. 

We consider only the case that there is a unique solution for v. In thi s case the homogeneous 

equation subject to homogeneolls boundary cond ition has only the tri vial so lution. 

We observe that equation (4.14) is identical with equat ion (4.1) subject to boundary 

cond itions (4 .5) and by theorem 4.2 the soluti on for /I is gi ve n by 

• 
II(X) - J Gr." {)f({) d {, 

• 

where 

1
" '(X)II ' (~) 

A ' 
G(x, ~) -

U , (X)II ,(~) 

A ' 

37 



Thus if there is a unique solution for v, the solution for y is 

• 
y ; y + J Gr." ()f(() d " 

4,3 Eigenfunction Expansion for Green 's Funclion 

Consider the general Sturm-Liouville non-tlOmogeneous ordinary difTerenti al equation: 

LII; (pII')'+qll ; J(x) (~. 16) 

subject to two homogeneous boundary cond itions (4.5). We introduce a related eigenvalue 

problem: 

(4.17) 

Subject to the same homogeneous boundary conditions (4.5).Thc weight function s can be 

chosen arbitrarily. We solve (4. 16 ) by seeking II(X) as a genera lized Fourier series of the 

eigenfuncti ons: 

• 
u(x) ; L>.9'. (x) (4.18) .. , 

we differentiate this twice term by term since both fP lI and I/(x) solve the same homogeneous 

boundary conditions 

• • 
2.". L9'. ; - 2. 0. ) .• s9'. ; J(x) . 
~ - I ~ -I 

where (4. 17) has been used. The orthogonality of the eigenfuncti ons (with we ight s) implies 

that 

• 
JJ(x)9'. dx 

- a ), ; ""-,---­., . 
J ({J ; sd'l; 

" 

(4.19) 

The so lution of the boundary value problem for the non-homogeneous ordinary differential 

equation is thus (after interchanging summation and integration) 

'J ~ 9'.(x)9'. (x, ) 'JJ( )dx II(X) ; J(x, )L.. r ' d" = x, )G(x,x, , 
u ~.I- A rn-sdx .. • T. 

(4.20) 
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For this problem, the Green 's function has the representation in terms of the eigenfunctions: 

G(x,x, ) = f q>. (x~q>. (x, ) 
,,-I _ A" Jq1~ sd'( 

• 

(4.2 1) 

Again the symmetry is explici tly shown. The Green's function docs not exist if one of the 

eigenvalues is zero. So for this reason }."i:0 fo r each n=1 ,2,3, .... 

Example 4.2: For the boundary value problem 

d ' ~' = f(x), 
dx 

The related eigenvalues problems, 

11(0) =0 and II (L)=O 

d 2q1 
dx ' = -,lq>, ~(O)=O and ~(L)=O 

IS well known. The eigenvalucs areA" = (n;1} , n=I,2,3, .. . and the corresponding 

eigenfunctions are sin(IIl~Y~J Hence the Green 's function is givcn by 

and the solution 
, 

II(X) = f J(x)G(x,x, )dx 
o 

4.4 Fredholm Alternative and Generalized Green's Functions 

As we have seen in the preceding section if ).=0 is an eigenvalues, then the Green's function 

does not exist. In order to understand the difficulty. we reexamine the non-homogeneous 

problem 

LII=f(x) (4.22) 
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subject to homogeneous boundary conditions. By the method of eigenfunctions expansion, in 

the preceding section we obtained 

• 
II (X)= ~.:a.I'. (X) (4.23) .. , 

where by substitution 

• 
f f(x)I'.«, 

- a A = -".' ;:---n" b (4.24) 

f cp~sd'( 
If ).11 = 0 (for some n, often the lowest eigenvalue), there may not be any solutions to the non­

homogeneous boundary value problem. In particular, if 

• 
fJ(x)I'.( x )dx,. 0 . 
, 

for the eigenfunctions corresponding to )'11=0, then (4.24) can not be satisfied . 

Example 4.3: Consider the following simple non-homogeneous boundary value problem: 

d
2u x • dll dll 

-, = e wuh - (0)=0 and - (L)%O 
d'( d'( ci'( 

We attempt to solve thi s problem by integrating 

dll .r -=e +c 
dx 

The two boundary conditions can not be satisfi ed as they are contradictory: 

O=l+c 

o=i +c 

There is no guarantee that there arc any so lutions to a homogeneous boundary value problem 

when ).= 0 is an eigenvalue for the related eigenvalue problem 

d2
f{J" 

--2 = -)."rp" «, 
. dl'. dtp. () 0 wuh -(0) = 0 and -- L = 

dt dx 

If ).= 0 is an eigenvalue, we have shown that there may be difficulty in so lving 

LII=f(x) 

subject to homogeneous boundary conditions. The eigenfunctions 'I'll 
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L~"=-).,.s~" 

subject to the same homogeneous boundary conditions. Thus if )."'0 is an eigenvalue, the 

corresponding eigenfunctions (fJ,,(x) sati sfies 

L~h=O 

with the same homogeneous boundary condition. Thus, rp,,(x) is a non tri vial homogeneous 

solution of (4.22). This is important: Non-trivial homogeneous solutions of(4.22) solving the 

same homogeneous boundary condi tions arc equiva lent to eigenfunctions corresponding to 

the zero eigenvalue. If there are no non-trivial homogeneous solutions (so lving the same 

homogeneous boundary conditions), then ).=0 is not an eigenvalue. If there arc non-trivial 

homogeneous so lut ions, then ),=0 is an eigenvalue. 

The notion of a homogeneous solution is less confusing than can be a zero eigenva lue. For 

example consider 

d 11l .. 
- + u = e with u(O) z O and u(~)=O 
dx' 

The homogeneous so lution for this problem is 

,,""sinx 

However, it may cause some confusion to say ).= 0 is an eigenvalue (although it is true). The 

defin ition of the eigenvalue for thi s problem is 

This is best written as 

d' -'f.. + rp = -Arp with ~(O) =O and ~(~)zO 
dx' 

d' 
-t-+(). + I)rp = 0 
dx 

Therefore. ). + I ::: (mrlL}} =.,l, It= 1, 2,3, ... and it is now clear that),""O is an eigenvalue (,,=1). 

4.4.1 l'redholm Alternative 

Important conclusions can be reached fonn (4.19) obtained by the method of eigenfunctions 

expansion. The Fredholm alternati ve summarizes these results for non-homogeneous 

problems: 

LII=/(x) (4.22) 
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subject to homogeneous boundary cond itions (of the selfadjo int type). Ei ther 

(0 u=O is the only homogeneous so lution (i.e. },,=O is not an eigenvalue) in which case 

the non·homogeneous problem has a uniq ue solution or 

(ii)There are nontrivial homogeneous solut ions fP,,(x) (i .e. ). r:O is an eigenvalue), in 

which case the non·homogeneous problem has no solutions or an inlinitc number of 

so lutions. 

Let us describe in more detail what occurs if fPn(x) is a nontriv ial homogenous so lution. By 

(4. 19) there is an infinite number of so lutions of (4.22) if 

• 
f f (x)<P. (x )dt = 0 (4.25) 

" 
because the corresponding an is arbitrary. Thus non·unique so lutions correspond to an 

arbitrary add itive mu lt iple of a homogeneous solution fP,,(x). Eq uat ion (4 .25) corresponds to 

the forcing function being orthogonal to the homogeneous so lution (with weight I). If 

(4.26) 

" 
then the non·homogeneous problem (with homogeneous boundary condi tion) has no 

so lution. Here is the summary in table fonn 

Condi tion Number of • 
f f(x)'P. (x)d, 

Solut ions 
" 

~.(x)-O (140) I 0 

~.(x)#0 (i. - O) OC) 0 

~.(x)# (" =0) 0 #0 

A d ifferent phrasing of the Fredholm alternat ive states that for the homogeneous problem 

(4.22) with homogeneous boundary cond itions, solutions cxist onl y if the forcing function is 

orthogonal to all homoge neous so lulions. 

Note that if 11=0 is the on ly homogeneous solution, then f(x) is automatically orthogonal 10 it 

(in a somewhat tri vial way) , and there is a solution. 

Part of the Fredholm alternative can be shown without us ing an eigenfunction expansion. If 

the non·homogeneous problem has a solution, then 

LII=f(x) 
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All homogeneous so lution, ({Jh(X) , satisfy L({Jh=O . We now use Grccn 's fonnu la with v"'" 91. 

and obtain 

• 
IluL IP, -IP.LII ) :::O 
• 

• 
flll.O - [(x )(11, (x)el'l = 0 
• 

or 

• 
f[(x)(II, (x)cit = 0 
• 

Since u and ({Jh sati sfy the same homogeneous boundary condition. 

Example 4.4: cons ider d
2

u = e Z 

cit ' 
· du du 

with -(0)=0 and -(L)=O 
cit el, 

11=1 is a homogeneous solut ion. According to Fredholm alternative theorem, there is a 

so lution to this problem only if eX is orthogonal to thi s homogeneous solution, since 

• 
there are no solut ion. 

Example 4.5: consider 

d ' u 
- + 211 = e t with u(O) =0 and lI (rc) =O 
d'( 2 

Since there are no so lution of the correspondi ng homogeneous problem other than 11=0, the 

Fredholm alternati ve implies that there is a unique so lution. 

Example 4.6: consider agai n 

d U 1r , ()' dx '-+ L lI = fJ + X with 11(0)=0 and II(L)- O 

Since ({Jh(x) =sin rcx/L is a solution of the homogeneolls prob lem, the non-homogeneous 

problem only has a solution if the right-hand side is orthogonal to sin rrxlL: 

,. 
0= f(p+x)Sin ::O,l, 

o L 

This can be used to determine the only value of P for wh ich there is a solution: 
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I. 

- xS Ln - tl, f . IfX 

p _ 0 L 
I. 

4.4.2 Genera lized Grecn's Functions 

In this section, we analyze 

f . IfX 
sm- d\" 

o L 

Lu=/(x) 

L 
=--

2 

(4.22) 

subject to homogeneous boundary conditions when )..=0 is an eigenvalue. If a soluti on to 

(4.22) exists, we will produce a particular solut ion of (4.22) by defining and constructi ng a 

modified or genera lized Green's funclion. 

If)"=O is not an eigenvalue, then there is a uniq ue so lution orlhe non-homogeneous boundary 

va lue problem, (4.22), subject to homogeneous boundary condition. In (preceding section) 

we represent the solution using a Green 's function G(x,xoJ satisfy ing 

L[ G(x,xail =J(x-xai (4.27) 

subject to the same homogeneous boundary conditions. Here we aDalYl.e the case in which 

],,=0 is an eigenvalue. There are non-trivial homogeneous so lutions ((J1r(.r::) or (4.22) L({JIr:O. We 

will assume that there are solutions or (4.22) that is 

• 
fJ(x)q1, (x)tl, = 0 (4.28) 

" 
However, the Green's runction defined by (4.27) docs not exist ror all Xo rollowing rrom 

(4.26) since J(r-xo) is not orthogonal to solutions or the homogeneous problem ror all Xo: 

• 
fo(x -xo)q1,(x)d, = q1, (xo) 

where ((J1r(xo) is not ident ically zero. Instead we introduce a simple compari son problem that 

has a so lution. J(.t-xo) is not orthogonal to ((J1r(t) because it has a component in the di rection 

91r(X) . However, there is a solution or (4.22) ror all.Yo ror the rorcing runction: 

J(x-xai +c q1,(.T) 

ir c is properl y chosen. In particular, we determine c easily sllch that thi s runction is 

orthogonal to q1,(.T): 

• • 
0= fqi, (x) [8(x - xo) + cq1, (x)Jdx = qi, (xo) + C fqi; (x)tl, 

" " 
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Thus, we introduce the generalized Green's function Gm(x,xo), which satisfies 

L[G. (x,x, )] =o(x-x, )- ~: (x)~. (X, ) 
f~;(x)dx 
• 

(4.29) 

subject to the same homogeneous boundary conditions. Since the right hand side of (4.29) is 

orthogonal to flJh(X), unfortunate ly there are an infinite number of so lutions. 

Using Green's formula we can easily show that the generalized Green 's function is 

symmetric: 

(4.30) 

If g",(x.xo) is one symmetric generalized Green 's func tion then the fo llowing is also a 

symmetric generali zed Green's funct ion. 

Gm(x,xo) =gm(x,xO) +h.rXo)~h(X) 

For any constant ~ (independent of x and xo). Thus there arc an in fi nite number of symmetric 

general ized Green 's functions. 

We use Green's formula to derive a representation formula for u(.r) us ing the generalized 

Green 's function. Letting u=u(x) and v=Gm(x,xJ,green 's formula states that 

, 
f {lI(x) L[G. (x, x, )} - G. (x , x,)L[II(x)l)dx = 0 

since both u(.r) and Gm(x.xo) satisfy the same 

di fferenti al equation (4.22) and (4.29) imply that 

'f () « - ) - ~. (x)~.(x, ) 
/I X u x.to I> 

" f~;(x)dx 

homogeneous boundary conditions. The 

-G. (x,x, )f(x) dx = O 

Usi ng the fundamental Di rae delta property (and reversing the role of x and x.) yields: 

'J ~W 'J . tI(x} = f (xo}G. (x , xo}dxo + f , tI(XO }~h(X O )dxO 
• 1 ~h(x}dx . 

where the symmetry of Gm(.r,xo) has also been utilized . The last expression is n multiple of 

the homogeneous so lution, and thus a simple particular solution of (4.22) is 
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, 
u(x) ~ f f(xo)G.(x ,xo)dx (4.3 I) 

The same fonn as occurs when ).=0 is not an eigenvalue. 

Example 4.7: consider the problem with nontrivial homogeneous so lution: 

d 2
1l • du du -, ~f(x),wllh -(O)~Oand - (L)~O 

dx elt dx 
(4.32) 

A constant is a homogeneous so lution (eigenfunction corresponding to the zero eigenvalue). 

I. 

For a so lution to exist, by the Fredholm alternative, f /(x)dr=O. We assumcf(t} is of thi s , 
type [examplef(x) =x-U2]. The generalized Green 's function Gm(x,xaJ sati sfies: 

d'G 
__ ,_III =o(x-xo) +c 

dx 
(4.33) 

dG dG 
-" (O)~O and -" (L)~O 

dx elt 
(4 .34) 

since a constant is the eigenfunction. For there to be such a generalized Grecn 's function, the 

right hand side must be orthogonal to the homogeneous solutions: 

, 
f[O(x -x,) + cJd, ~ 0, or c~ -I lL 

We use properties of the Dirac delta function 10 solve (4.33) with (4.34). For rl=xo 

d'G -_ .. =--
dy l L 

By integration 

(4.35) 

where the constants o f integration have been chosen to sat isfy the boundary conditions at x- O 

and at x=L. The jump condi tion for the deri vati ve, 

46 

dG ..; 
--2!. = I , obtained by integrating 

dx ..; 



(4 .33), is al ready satisfied by (4.35). We integrate aga in to obtain G",(.'C,xo). Assume that 

Gm(x,xo) is continuous at X=Xo yields: 

where c{xu) is an arbitrary add itive constant that depends on X o and corresponds to an 

arbi trary multiple of the homogeneous so lution. This is the representation of all possible 

generalized Green's functions. Often we desire Gm{x,xu) to be symmetric. For example 

Gm{X,xoJ=Gm{Xo. x) fo r x<xoyields: 

I x 2 1 x 2 

- __ 0 + Xo + c(x) = --- + Xo + c(xo) or 
L 2 L 2 

1 x~ 
c(x) = ---+ fJ 

L 2 

where P is arbitrary constant. Thus fi nall y we obtain the genera lized Grecn 's function : 

G(x, x) = 

I (x ' + x; ) fJ 
- - +xo + , 

L 2 

I (x'+x;) fJ 
-- +x+ 

L 2 ' 

x <xo 

x> Xo 

A solution of (4.32) is given by 

L 

u(x) = j l(xo)Gm(x,xo)dt. 
o 

47 



Reference 

I. R.Be llman; Partial Differential Equations, D.Reidel Publishing Company, Bosten, (1985). 

2. R.J-Iabennan; Applied Partial Differential Equations wilh Fourier Series and Boundary 

Value Problems; Pirson Education Inc., New Jersey. (2004). 

3. S.Mauch; Advanced Mathematical Methods/or Scientists and Engineers,(200I) . 

4. T.Myint-U; Linear Partial Differential Equations/or Scienlisls and Engineers, PTR 

Prentice Hall , New Jerscy,(2007). 

5. G.R.Roach; Green's Functions, Cambridge University Press, New York, (1970). 

48 


