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Abstract

Detailed analysis of the squeezing of the cavity as well as the output radiation and

statistical properties of the cavity radiation of a nondegenerate three-level cascade laser,

in which the top and bottom levels of the injected atoms are coupled by an external

coherent radiation, and whose cavity is coupled to a two-mode squeezed vacuum reservoir

is presented. The generated radiation exhibits a high degree of squeezing in the minus

quadrature either for a weak or strong driving radiation. In general, the degree of

squeezing and mean number of photon pairs increase with the linear gain coefficient

and squeeze parameter. The driving radiation leads to squeezing of the cavity radiation

even when η = 0 and η = 1. Moreover, it is found that there is no distinct difference

between the probability for finding odd and even number of photon pairs in the cavity.

In addition, the mean number of photons in mode a turns out to be greater than that

in mode b.
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Introduction

The interaction of atoms with radiation is one of the central problems in quantum

optics. In particular the interaction of three-level atoms, in different configurations,

with radiation has attracted a great deal of interest for the last 20 years or so [1, 2, 3, 4].

In these studies, atomic coherence is found to be responsible for various important

features of the emitted radiation. In recent years, a three-level cascade laser has drawn

a considerable attention in connection with its potential as a source of squeezed light

[4, 5, 6, 7, 8, 9, 10, 11]. The squeezing feature of the emitted radiation is due to atomic

coherence that can be induced either by preparing the atoms initially in a coherent

superposition of the top and bottom levels [4, 5, 6] or coupling these levels by an external

radiation [7, 8, 9] or using these mechanisms simultaneously [10, 12, 13, 14].

The top, intermediate, and bottom levels of a three-level cascade atom can be con-

veniently denoted by |a〉, |b〉, and |c〉, respectively. A direct transition between levels |a〉
and |c〉 is taken to be dipole forbidden. When a three-level cascade atom decays from

the top level to the bottom level via the intermediate level, two photons are emitted.

If the two photons have the same frequency, the three-level atom is called degenerate

otherwise nondegenerate. We define a three-level cascade laser as a quantum optical

system in which three-level atoms in a cascade configuration and initially prepared in a

coherent superposition of the top and bottom levels are injected at a constant rate into

a cavity coupled to a vacuum reservoir. These atoms are removed from the cavity after

sometime, which is long enough for the atoms to decay spontaneously to levels other

than the middle or bottom.
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A three-level laser has been studied by some authors [4, 5, 6] and the cavity radiation

is found to be in a squeezed state under certain conditions. In addition, the mean

and variance of the photon number for a degenerate three-level cascade laser have been

calculated [15]. It is found that the mean photon number of the cavity radiation increases

with the linear gain coefficient and the cavity radiation exhibits super-Poissonian photon

statistics. Recently, a three-level laser whose cavity contains a parametric amplifier has

been studied [16]. It is found that the parametric amplifier enhances the degree of

squeezing of the cavity radiation. Furthermore, a three-level laser in which atomic

coherence is induced by coupling the top and bottom levels by an external radiation

has been studied by different authors [8, 11]. It is found that for a strong driving

radiation this three-level cascade laser resembles a parametric oscillator. The atomic

coherence induced by initially preparing the atoms in a coherent superposition of the

top and bottom levels and by coupling these levels by a coherent radiation do not

generally lead to the same degree of squeezing. Moreover, the cavity radiation of a

degenerate three-level cascade laser in which the top and bottom levels are coupled by a

strong coherent radiation has been investigated [10, 12, 13]. It is found that the cavity

radiation exhibits second-order squeezing and the photon number distribution does not

show different features in finding even and odd number of photons [10].

Although the degenerate three-level cascade scheme is mathematically more attrac-

tive, the study of the nondegenerate case has also attracted attention over the years.

In this regard, An and Sargent III [17] developed a quantum theory of a nondegenerate

multi-wave mixing for a three-level system in the presence of a two-mode radiation in the

cavity. These authors predicted that this quantum system can be a source of a two-mode

squeezed radiation. Recently Villas-Boas and Mousa [18] showed that a single driven

nondegenerate three-level atom in a cascade configuration which is initially prepared in

the coherent superposition of the top and bottom levels and placed in a cavity can be

used to generate superposition of highly squeezed two-mode radiation in a weak driving

limit and they also found that squeezing is relatively better in a strong driving limit.

Moreover, Hu and Xu [19] most recently have extensively studied a collection of N non-

degenerate three-level atoms in the cascade configuration confined in a cavity when the
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atoms are excited by two step external driving radiation. After calculating the Mandel

Q-parameter and intensity fluctuations spectrum they found that due to the coherent

excitation the laser intensity fluctuations are suppressed up to 50% below the shot noise

limit and the laser line width is reduced below the ordinary laser. Furthermore, recent

experiment by Buhner and Tamm [20] shows that there is an additional narrow peak

due to an electron shelving in a driven nondegenerate three-level cascade atomic system.

The theoretical explanation of this experimental result was given by Evers and Keitel

[21] via calculating the resonance fluorescence spectrum using numerical analysis.

Nondegenerate three-level cascade laser is a source of a two-mode squeezed radiation

that is characterized by a strong correlation of the modes at two different frequencies.

The squeezing does not exist in each mode, but in the correlated state formed by the two

modes. Due to the strong correlation between the modes, the two-mode squeezed radia-

tion generally violates certain classical inequalities and hence can be applied in preparing

Einstein-Podolsky-Rosen (EPR) [22] type entanglement [18], in quantum teleportation

of continuous variables [23], and in testing of quantum nonlocality [24, 25] among oth-

ers. Nondegenerate parametric oscillator [26], nondegenerate four-wave mixing [27],

and optical kerr medium [28] are some sources of the two-mode squeezed radiation. In

these quantum systems the optical losses and extra noise sources fundamentally asso-

ciated with the optical nonlinearity required to generate squeezing limit the maximum

achievable squeezing. For instance, the maximum two-mode squeezing produced by a

nondegenerate parametric oscillator is limited to 50% [26]. However, we expect that the

squeezing can be substantially improved for the nondegenerate three-level cascade laser,

since the atoms left the cavity after sometime which is usually short.

In this dissertation, we seek to analyze a radiation generated by a nondegenerate

three-level cascade laser in which the top and bottom levels of the three-level atoms are

coupled by a strong coherent radiation. And the two-mode cavity radiation is coupled to

a two-mode squeezed vacuum reservoir via a single-port mirror. We study the squeezing

of the cavity radiation as well as the output radiation and the statistical properties of

the cavity radiation. We carry out our analysis applying the solutions of the pertinent

stochastic differential equations associated with the normal ordering. These differential

3
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equations are obtained following the procedure introduced by Fesseha [16]. We calculate

in particular the quadrature variances, squeezing spectrum, mean and variance of the

photon number pairs, photon number distribution, and variance of the photon number

difference. To this end, we first derive the master equation for the quantum optical

system under consideration in the linear and adiabatic approximation schemes following

the approach described in Ref. [29]. Applying this master equation, we obtain stochastic

differential equations associated with the normal ordering. We then find the solutions

of these stochastic differential equations and the correlation properties of the associated

noise forces following the procedure described in Refs. [30] and [16], respectively.

4
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Master Equation

The Hamiltonian describing the coupling of the upper and bottom levels by coherent

radiation at resonance can be expressed as

ĤC = i
Ω

2
[|c〉〈a| − |a〉〈c|], (2.1)

where Ω is a constant proportional to the amplitude of the coherent radiation. In

addition, the interaction of a three-level cascade atom with a two-mode cavity radiation

can be described in the interaction picture by the Hamiltonian

ĤI = ig[â|a〉〈b| − |b〉〈a|â† + b̂|b〉〈c| − |c〉〈b|b̂†], (2.2)

where g is the coupling constant, taken to be the same for both transitions, and (â, b̂)

are the annihilation operators for the two cavity modes. On the basis of Eqs. (2.1)

and (2.2) the interaction of a three-level cascade atom, whose top and bottom levels are

initially prepared in an arbitrary coherent superposition and also coupled by external

coherent radiation, with two-mode cavity radiation can be described in the interaction

picture by the Hamiltonian

Ĥ = ig[â|a〉〈b| − |b〉〈a|â† + b̂|b〉〈c| − |c〉〈b|b̂†] + i
Ω

2
[|c〉〈a| − |a〉〈c|]. (2.3)
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Fig. 2.1. Schematic representation of a nondegenerate three-level atom in a cascade configuration.

We take the initial state of a three-level atom to be

|ΨA(0)〉 = Ca(0)|a〉+ Cc(0)|c〉, (2.4)

where Ca(0) = 〈a|ΨA(0)〉 and Cc(0) = 〈c|ΨA(0)〉 are probability amplitudes for the atom

to be initially in the top and bottom levels, respectively. Hence the corresponding initial

density operator is

ρ̂A(0) = ρ(0)
aa |a〉〈a|+ ρ(0)

ac |a〉〈c|+ ρ(0)
ca |c〉〈a|+ ρ(0)

cc |c〉〈c|, (2.5)

where ρ
(0)
aa = |Ca(0)|2, ρ

(0)
ac = Ca(0)C∗

c (0), ρ
(0)
ca = Cc(0)C∗

a(0), and ρ
(0)
cc = |Cc(0)|2.

Here we wish to consider the case in which three-level atoms in a cascade configu-

ration and initially prepared in a coherent superposition of the top and bottom levels

are injected into a cavity at constant rate ra and removed after sometime τ , which is

long enough for the atoms to spontaneously decay to levels other than the middle or

the bottom level. We denote the density operator for the cavity radiation plus a single

atom injected into the cavity at time tj by ρAR(t, tj), in which t − τ ≤ tj ≤ t. The

density operator for all the atoms in the cavity plus the cavity radiation at time t can

be expressed as

ρ̂AR(t) = ra

∑
j

ρ̂AR(t, tj)∆tj, (2.6)

6
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where ra∆tj represents the number of atoms injected into the cavity in a time interval

of ∆tj. Assuming that the atoms are continuously injected into the cavity and taking

the limit that ∆tj → 0, the summation over j can be converted into integration with

respect to t′:

ρ̂AR(t) = ra

∫ t

t−τ

ρ̂AR(t, t′)dt′. (2.7)

Now differentiating Eq. (2.7) with respect to t and then applying the identity,

d

dx

∫ x

a

f(x, y)dy = f(x, x)− f(x, a) +

∫ x

a

∂

∂x
f(x, y)dy, (2.8)

we obtain

d

dt
ρ̂AR(t) = ra[ρAR(t, t)− ρ̂AR(t, t− τ)] + ra

∫ t

t−τ

∂

∂t
ρ̂AR(t, t′)dt′. (2.9)

We notice that ρ̂AR(t, t) represents the density operator for an atom plus the cavity

radiation at a time when the atom is injected into the cavity, whereas ρ̂AR(t, t − τ)

represents the density operator when the atom is removed from the cavity. Since the

atomic and radiation variables are not correlated at the instant the atoms are injected

into or removed from the cavity,

ρ̂AR(t, t) = ρ̂A(0)ρ̂(t), (2.10)

ρ̂AR(t, t− τ) = ρ̂A(t− τ)ρ̂(t), (2.11)

where

ρ̂A(0) = ρ̂A(t). (2.12)

With the aid of (2.10) and (2.11), Eq. (2.9) can be put in the form

d

dt
ρ̂AR(t) = ra[ρ̂A(0)− ρ̂A(t− τ)]ρ̂(t) + ra

∫ t

t−τ

∂

∂t
ρ̂AR(t, t′)dt′. (2.13)

On the other hand, the density operator ρ̂AR(t, t′) evolves in time according to

∂

∂t
ρ̂AR(t, t′) = −i[Ĥ, ρ̂AR(t, t′)]. (2.14)

7



Master Equation

In view of (2.7) and (2.14), Eq. (2.13) takes the form

d

dt
ρ̂AR(t) = ra[ρ̂A(0)− ρ̂A(t− τ)]ρ̂(t)− i[Ĥ, ρ̂AR(t)]. (2.15)

Moreover, taking the trace over the atomic variables and using the fact that

TrA(ρ̂A(0)) = TrA(ρ̂A(t− τ)) = 1, (2.16)

we see that

dρ̂(t)

dt
= −iT rA[Ĥ, ρ̂AR(t)]. (2.17)

Employing Eqs. (2.3) and (2.17), the time development of the reduced density operator

for radiation is found to be

dρ̂(t)

dt
= g[ρ̂abâ

† − â†ρ̂ab − b̂†ρ̂bc + ρ̂bcb̂
† + âρ̂ba − ρ̂baâ + b̂ρ̂cb − ρ̂cbb̂], (2.18)

in which

ρ̂αβ = 〈α|ρ̂AR|β〉, (2.19)

with α, β = a, b, c.

On the basis of Eqs. (2.15) and (2.19), one can write

d

dt
ρ̂αβ(t) = ra〈α|ρ̂A(0)|β〉ρ̂− ra〈α|ρ̂A(t− τ)|β〉ρ̂− i〈α|[Ĥ, ρ̂AR(t)]|β〉 − γρ̂αβ, (2.20)

where the last term is included to account for the decay of the atoms due to spontaneous

emission. Here γ is the atomic decay rate taken to be the same for the three levels.

Assuming the atoms to be removed from the cavity after they have decayed to levels

other than the middle or the bottom level, we notice that

〈α|ρ̂A(t− τ)|β〉 = 0. (2.21)

On account of Eqs. (2.3), (2.5), (2.20), and (2.21), we get

d

dt
ρ̂αβ(t) = ra[ρ

(0)
aa δαaδaβ + ρ(0)

ac δαaδcβ + ρ(0)
ca δαcδaβ + ρ(0)

cc δαcδcβ]ρ̂(t)

− g[â†ρ̂aβδαb + b̂†ρ̂bβδαc − âρ̂bβδαa − b̂ρ̂cβδαb + ρ̂αaâδbβ + ρ̂αbb̂δcβ

− ρ̂αbâ
†δaβ − ρ̂αcb̂

†δbβ]− Ω

2
[ρ̂cβδaα − ρ̂aβδcα − ρ̂αaδcβ + ρ̂αcδaβ]− γρ̂αβ. (2.22)

8



Master Equation

It then follows that

d

dt
ρ̂aa(t) = raρ

(0)
aa ρ̂(t) + g(âρ̂ba + ρ̂abâ

†)− Ω

2
(ρ̂ac + ρ̂ca)− γρ̂aa, (2.23)

d

dt
ρ̂bb(t) = −g(â†ρ̂ab + ρ̂baâ− b̂ρ̂cb − ρ̂bcb̂

†)− γρ̂bb, (2.24)

d

dt
ρ̂cc(t) = raρ

(0)
cc ρ̂(t)− g(b̂†ρ̂bc + ρ̂cbb̂) +

Ω

2
(ρ̂ac + ρ̂ca)− γρ̂cc, (2.25)

d

dt
ρ̂ab(t) = g(âρ̂bb − ρ̂aaâ + ρ̂acb̂

†)− Ω

2
ρ̂cb − γρ̂ab, (2.26)

d

dt
ρ̂ac(t) = raρ̂

(0)
ac ρ̂ + g(âρ̂bc − ρ̂abb̂)− Ω

2
(ρ̂cc − ρ̂aa)− γρ̂ac, (2.27)

d

dt
ρ̂cb(t) = −g(ρ̂caâ− ρ̂ccb̂

† + b̂†ρ̂bb) +
Ω

2
ρ̂ab − γρ̂cb. (2.28)

In the good cavity limit (γ À κ), the cavity mode variables change slowly when

compared to the atomic variables. Hence the atomic variables will reach steady state

in a relatively short time. The time derivative of such variables can then be set equal

to zero, while keeping the remaining atomic and cavity mode variables at time t. This

procedure is referred to as the adiabatic approximation scheme. Confining ourselves to

linear analysis, which amounts to dropping the terms containing g in Eqs. (2.23), (2.24),

(2.25), and (2.27), and applying the adiabatic approximation scheme, we have

raρ
(0)
aa ρ̂(t)− Ω

2
(ρ̂ac + ρ̂ca)− γρ̂aa = 0, (2.29)

ρ̂bb = 0, (2.30)

raρ
(0)
cc ρ̂(t) +

Ω

2
(ρ̂ac + ρ̂ca)− γρ̂cc = 0, (2.31)

raρ
(0)
ac ρ̂(t)− Ω

2
(ρ̂cc − ρ̂aa)− γρ̂ac = 0. (2.32)

9
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Upon setting ρ
(0)
ac = ρ

(0)
ca , we see from Eq. (2.32) that

ρ̂ac = ρ̂ca. (2.33)

Thus in view of Eqs. (2.29), (2.31), (2.32), and (2.33), we find

ρ̂aa =
raρ̂

2γ(γ2 + Ω2)

[
(2γ2 + Ω2)ρ(0)

aa − 2γΩρ(0)
ac + Ω2ρ(0)

cc

]
, (2.34)

ρ̂cc =
raρ̂

2γ(γ2 + Ω2)

[
Ω2ρ(0)

aa + 2γΩρ(0)
ac + (2γ2 + Ω2)ρ(0)

cc

]
, (2.35)

ρ̂ac =
raρ̂

2(γ2 + Ω2)

[
Ω(ρ(0)

aa − ρ(0)
cc ) + 2γρ(0)

ac

]
, (2.36)

with ρ̂ = ρ̂(t). Now making use of Eqs. (2.26), (2.28), (2.30), (2.34), (2.35), and (2.36),

we obtain applying the adiabatic approximation scheme once again that

ρ̂ab = − graρ̂

(4γ2 + Ω2)(γ2 + Ω2)

[
â[(4γ2 + Ω2)ρ(0)

aa − 6γΩρ(0)
ac + 3Ω2ρ(0)

cc ]

+b̂†
[
−Ω(2γ2 − Ω2)

γ
ρ(0)

aa + 2(Ω2 − 2γ2)ρ(0)
ac +

Ω(Ω2 + 4γ2)

γ
ρ(0)

cc

]]
, (2.37)

ρ̂cb =
graρ̂

(4γ2 + Ω2)(γ2 + Ω2)

[
â

[
−Ω(4γ2 + Ω2)

γ
ρ(0)

aa − 2(2γ2 − Ω2)ρ(0)
ac

−Ω(Ω2 − 2γ2)

γ
ρ(0)

cc

]
+ b̂†

[
3Ω2ρ(0)

aa + 6Ωγρ(0)
ac + (Ω2 + 4γ2)ρ(0)

cc

]]
. (2.38)

Employing Eqs. (2.37) and (2.38), Eq. (2.18) can be put in the form

dρ̂

dt
=

AC

2B

[
2â†ρ̂â− ρ̂ââ† − ââ†ρ̂

]
+

AD

2B

[
2b̂ρ̂b̂† − ρ̂b̂†b̂− b̂†b̂ρ̂

]

+
AE

2B

[
â†ρ̂b̂† − ρ̂b̂†â† + b̂ρ̂â− âb̂ρ̂

]
+

AF

2B

[
â†ρ̂b̂† − b̂†â†ρ̂ + b̂ρ̂â− ρ̂âb̂

]
, (2.39)

where

A =
2rag

2

γ2
, (2.40)

is the linear gain coefficient and

B =

(
1 +

Ω2

γ2

) (
1 +

Ω2

4γ2

)
, (2.41)

10
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C = ρ(0)
aa

(
1 +

Ω2

4γ2

)
− ρ(0)

ac

3Ω

2γ
+ ρ(0)

cc

3Ω2

4γ2
, (2.42)

D = ρ(0)
aa

3Ω2

4γ2
+ ρ(0)

ac

3Ω

2γ
+ ρ(0)

cc

(
1 +

Ω2

4γ2

)
, (2.43)

E = −ρ(0)
aa

Ω

2γ

(
1− Ω2

2γ2

)
− ρ(0)

ac

(
1− Ω2

2γ2

)
+ ρ(0)

cc

Ω

γ

(
1 +

Ω2

4γ2

)
, (2.44)

F = −ρ(0)
aa

Ω

γ

(
1 +

Ω2

4γ2

)
− ρ(0)

ac

(
1− Ω2

2γ2

)
+ ρ(0)

cc

Ω

2γ

(
1− Ω2

2γ2

)
. (2.45)

We next seek to obtain the time evolution of the density operator for a two-mode

cavity radiation coupled to a two-mode squeezed vacuum reservoir via a single-port

mirror. In general, the time evolution of the reduced density operator for the cavity

radiation coupled to a reservoir has, in the Born approximation [33], the form

dρ̂(t)

dt
= −i[ĤS, ρ̂(t)]− i[〈ĤSR(t)〉R, ρ̂(0)]−

∫ t

0

[〈ĤSR(t)〉R, [ĤS(t′), ρ̂(t′)]]dt′

−
∫ t

0

TrR[ĤSR(t), [ĤSR(t′), ρ̂(t′)R̂]]dt′, (2.46)

where S and R refer to the system and reservoir variables. Furthermore, the interac-

tion of a two-mode cavity radiation with a two-mode reservoir can be described in the

interaction picture by the Hamiltonian

ĤSR(t) = i
∑

k

λk[â
†âke

i(ω0−ωk)t − ââ†ke
−i(ω0−ωk)t + b̂†b̂ke

i(ω0−ωk)t − b̂b̂†ke
−i(ω0−ωk)t],

(2.47)

where ω0 = ωa+ωb

2
, with ωa and ωb representing the frequencies and (â, b̂) being the

annihilation operators for the cavity modes. In addition, (âk, b̂k) are the annihilation

operators, wk is the frequency, and λk is the cavity damping constant for the kth mode

representing the reservpor. In view of Eq. (2.47), we can write

〈ĤSR(t)〉R = i
∑

k

λk[â
†〈âk〉Rei(ω0−ωk)t − â〈â†k〉Re−i(ω0−ωk)t

+ b̂†〈b̂k〉Rei(ω0−ωk)t − b̂〈b̂†k〉Re−i(ω0−ωk)t]. (2.48)

11
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For a two-mode squeezed vacuum reservoir (See Appendix 7.1), we find

〈âk〉R = 〈b̂k〉R = 0. (2.49)

Hence one can easily see that

〈ĤSR〉R = 0. (2.50)

We therefore see that

[〈ĤSR〉R, ρ̂(0)] = 0, (2.51)

[〈ĤSR〉R, [Ĥ(t′), ρ̂(t′)]] = 0. (2.52)

On account of (2.51) and (2.52), Eq. (2.46) can be put in the form

dρ̂(t)

dt
= −i[ĤS, ρ̂(t)]−

∫ t

0

TrR(R̂ĤSR(t)ĤSR(t′))ρ̂(t′)dt′

−
∫ t

0

ρ̂(t′)TrR(R̂ĤSR(t′)ĤSR(t))dt′ +
∫ t

0

TrR(ĤSR(t)ρ̂(t′)R̂ĤSR(t′))dt′

+

∫ t

0

TrR(ĤSR(t′)ρ̂(t′)R̂ĤSR(t))dt′. (2.53)

Making use of Eq. (2.47) and the fact that the cavity and reservoir operators commute,

we find

TrR(R̂ĤSR(t)ĤSR(t′)) = I1ââ† + I2â
†â + I3â

†2 + I4â
2 + I5b̂b̂

† + I6b̂
†b̂ + I7b̂

†2

+ I8b̂
2 + I92â

†b̂† + I102âb̂ + I112â
†b̂ + I122âb̂†, (2.54)

where

I1 =
∑

kj

λkλj〈â†kâj〉Re−i(ω0−ωk)t+i(ω0−ωj)t
′
, (2.55)

I2 =
∑

kj

λkλj〈âkâ
†
j〉Rei(ω0−ωk)t−i(ω0−ωj)t

′
, (2.56)

I3 = −
∑

kj

λkλj〈âkâj〉Rei(ω0−ωk)t+i(ω0−ωj)t
′
, (2.57)

12
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I4 = −
∑

kj

λkλj〈â†kâ†j〉Re−i(ω0−ωk)t−i(ω0−ωj)t
′
, (2.58)

I5 =
∑

kj

λkλj〈b̂†kb̂j〉Re−i(ω0−ωk)t+i(ω0−ωj)t
′
, (2.59)

I6 =
∑

kj

λkλj〈b̂kb̂
†
j〉Rei(ω0−ωk)t−i(ω0−ωj)t

′
, (2.60)

I7 = −
∑

kj

λkλj〈b̂kb̂j〉Rei(ω0−ωk)t+i(ω0−ωj)t
′
, (2.61)

I8 = −
∑

kj

λkλj〈b̂†kb̂†j〉Re−i(ω0−ωk)t−i(ω0−ωj)t
′
, (2.62)

I9 = −
∑

kj

λkλj〈âkb̂j〉Rei(ω0−ωk)t+i(ω0−ωj)t
′
, (2.63)

I10 = −
∑

kj

λkλj〈â†kb̂†j〉Re−i(ω0−ωk)t−i(ω0−ωj)t
′
, (2.64)

I11 =
∑

kj

λkλj〈âkb̂
†
j〉Rei(ω0−ωk)t−i(ω0−ωj)t

′
, (2.65)

I12 =
∑

kj

λkλj〈â†kb̂j〉Re−i(ω0−ωk)t+i(ω0−ωj)t
′
. (2.66)

We note with the aid of Eqs. (A21), (A25), and (A29) (See Appendix 7.1) that

I3 = I4 = I7 = I8 = I11 = I12 = 0. (2.67)

On the other hand, using Eqs. (A17), (A20), (A23), (A24), and (A31) one can easily

see that

I1 = I5 = N
∑

k

λ2
ke
−i(ω0−ωk)(t−t′), (2.68)
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I2 = I6 = (N + 1)
∑

k

λ2
ke

i(ω0−ωk)(t−t′), (2.69)

I9 = −M
∑

k

λkλκa+κb−ke
i(ω0−ωk)(t−t′), (2.70)

I10 = −M
∑

k

λkλκa+κb−ke
−i(ω0−ωk)(t−t′), (2.71)

where

N = sinh2 r (2.72)

is the mean photon number of the squeezed vacuum modes and

M = sinh r cosh r. (2.73)

Assuming the reservoir mode frequencies (ωk’s to be closely spaced, a summation

over k can be converted into an integration over ω. In view of this fact, one can write

∑

k

λ2
ke
±i(ω0−ωk)(t−t′) =

∫ ∞

0

g(ω)λ2(ω)e±i(ω0−ω)(t−t′)dω, (2.74)

where g(ω) is the density of the modes for which the frequency lies between ω and

ω + dω. We assume that ω varies very little around ω0. In view of this, we can replace

g(ω) and λ2(ω) by g(ω0) and λ2(ω0) and extend the lower limit of the integration to

−∞. Consequently, we have

∑

k

λ2
ke
±i(ω0−ωk)(t−t′) = g(ω0)λ

2(ω0)

∫ ∞

−∞
e±i(ω0−ω)(t−t′)dω. (2.75)

Moreover, upon setting ω′ = ω − ω0 we notice that

∑

k

λ2
ke
±i(ω0−ωk)(t−t′) = g(ω0)λ

2(ω0)

∫ ∞

−∞
e∓iω′(t−t′)dω′. (2.76)

It then follows that

∑

k

λ2
ke
±i(ω0−ωk)(t−t′) = κδ(t− t′), (2.77)
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where

κ = 2πg(ω0)λ
2(ω0), (2.78)

is defined as the cavity damping constant. Following the same procedure, it is possible

to write

∑

k

λkλka+kb−ke
±i(ω0−ωk)(t−t′) = g(ω0)λ

2(ω0)

∫ ∞

−∞
e∓iω′(t−t′)dω′. (2.79)

On the basis of Eqs. (2.76), (2.77), and (2.78), we see that

∑

k

λkλka+kb−ke
±i(ω0−ωk)(t−t′) = κδ(t− t′). (2.80)

Hence on account of Eqs. (2.77) and (2.80), one can put Eqs. (2.68), (2.69), (2.70), and

(2.71) in the form

I1 = I5 = Nκδ(t− t′), (2.81)

I2 = I6 = (N + 1)κδ(t− t′), (2.82)

I9 = I10 = −Mκδ(t− t′). (2.83)

Furthermore, applying Eqs. (2.67), (2.81), (2.82), and (2.83), we can express Eq.

(2.54) as

TrR(R̂ĤSR(t)ĤSR(t′)) = {κ[(N + 1)â†â + Nââ†] + κ[(N + 1)b̂†b̂ + Nb̂b̂†]

− 2Mκ(â†b̂† + âb̂)}δ(t− t′). (2.84)

We easily see that

∫ t

0

TrR(R̂ĤSR(t)ĤSR(t′))ρ̂(t′)dt′ =
κ

2
[(N + 1)â†âρ̂ + Nââ†ρ̂]

+
κ

2
[(N + 1)b̂†b̂ρ̂ + Nb̂b̂†ρ̂]−Mκ(â†b̂†ρ̂ + âb̂ρ̂),

(2.85)
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with ρ̂ = ρ̂(t). We also see that

∫ t

0

ρ̂(t′)TrR(R̂ĤSR(t)ĤSR(t′))dt′ =
κ

2
[(N + 1)ρ̂â†â + Nρ̂ââ†]

+
κ

2
[(N + 1)ρ̂b̂†b̂ + Nρ̂b̂b̂†]−Mκ(ρ̂â†b̂† + ρ̂âb̂).

(2.86)

Using Eq. (2.47) and the cyclic property of the trace operation, one can verify that

TrR(ĤSR(t)ρ̂(t′)R̂ĤSR(t′)) = I1â
†ρ̂â + I2âρ̂â† + I3â

†ρ̂â† + I4âρ̂â + I5b̂
†ρ̂b̂ + I6b̂ρ̂b̂†

+ I7b̂
†ρ̂b̂† + I8b̂ρ̂b̂ + I9(â

†ρ̂b̂† + b̂†ρ̂â†) + I10(âρ̂b̂ + b̂ρ̂â)

+ I11(â
†ρ̂b̂ + b̂ρ̂â†) + I12(âρ̂b̂† + b̂†ρ̂â). (2.87)

Hence in view of Eqs. (2.67), (2.81), (2.82), and (2.83), we note that

TrR(ĤSR(t)ρ̂(t′)R̂ĤSR(t′)) = {κ[(N + 1)âρ̂(t′)â† + Nâ†ρ̂(t′)â] + κ[(N + 1)b̂ρ̂(t′)b̂†

+ Nb̂†ρ̂(t′)b̂]−Mκ[â†ρ̂b̂† + b̂†ρ̂â† + âρ̂b̂ + b̂ρ̂â]}δ(t− t′),

(2.88)

from which follows

∫ t

0

TrR(ĤSR(t)ρ̂(t′)R̂ĤSR(t′)) =
κ

2
[(N + 1)âρ̂â† + Nâ†ρ̂â] +

κ

2
[(N + 1)b̂ρ̂b̂† + Nb̂†ρ̂b̂]

− Mκ

2
[â†ρ̂b̂† + b̂†ρ̂â† + âρ̂b̂ + b̂ρ̂â] (2.89)

and

∫ t

0

TrR(ĤSR(t′)ρ̂(t)R̂ĤSR(t)) =
κ

2
[(N + 1)âρ̂â† + Nâ†ρ̂â] +

κ

2
[(N + 1)b̂ρ̂b̂† + +Nb̂†ρ̂b̂]

− Mκ

2
[â†ρ̂b̂† + b̂†ρ̂â† + âρ̂b̂ + b̂ρ̂â]. (2.90)

Substitution of Eqs. (2.85), (2.86), (2.89), and (2.90) into Eq. (2.53) results in

dρ̂(t)

dt
= −i[ĤS(t), ρ̂(t)] +

κ(N + 1)

2
[2âρ̂â† − â†âρ̂− ρ̂â†â] +

κN

2
[2â†ρ̂â− ââ†ρ̂− ρ̂ââ†]

+
κ(N + 1)

2
[2b̂ρ̂b̂† − b̂†b̂ρ̂− ρ̂b̂†b̂] +

κN

2
[2b̂†ρ̂b̂− b̂b̂†ρ̂− ρ̂b̂b̂†]

−Mκ[â†ρ̂b̂† + b̂†ρ̂â† + âρ̂b̂ + b̂ρ̂â− â†b̂†ρ̂− âb̂ρ̂− ρ̂â†b̂† − ρ̂âb̂]. (2.91)
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On account of Eqs. (2.39) and (2.91), the master equation for the cavity radiation of

the quantum optical system under consideration finally turns out to be

dρ̂(t)

dt
=

κ(N + 1)

2
[2âρ̂â† − â†âρ̂− ρ̂â†â] +

1

2

(
AC

B
+ κN

)
[2â†ρ̂â− ââ†ρ̂− ρ̂ââ†]

+
1

2

(
AD

B
+ κ(N + 1)

)
[2b̂ρ̂b̂† − b̂†b̂ρ̂− ρ̂b̂†b̂] +

κN

2
[2b̂†ρ̂b̂− b̂b̂†ρ̂− ρ̂b̂b̂†]

+
AE

2B
[â†ρ̂b̂† − âb̂ρ̂− ρ̂â†b̂† + b̂ρ̂â] +

AF

2B
[â†ρ̂b̂† − â†b̂†ρ̂− ρ̂âb̂ + b̂ρ̂â]

−Mκ[â†ρ̂b̂† + b̂†ρ̂â† + âρ̂b̂ + b̂ρ̂â− â†b̂†ρ̂− âb̂ρ̂− ρ̂â†b̂† − ρ̂âb̂]. (2.92)
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3

Stochastic Differential Equations

We now seek to obtain the stochastic differential equations associated with the normal

ordering for the cavity mode variables applying the pertinent master equation. To this

end, employing Eq. (2.92) it can be verified that

d

dt
〈â(t)〉 = −µa

2
〈â(t)〉+

AE

2B
〈b̂†(t)〉, (3.1)

d

dt
〈b̂†(t)〉 = −µb

2
〈b̂†(t)〉 − AF

2B
〈â(t)〉, (3.2)

d

dt
〈â†(t)â(t)〉 = −µa〈â†(t)â(t)〉+

AE

2B
[〈â†(t)b̂†(t)〉+ 〈â(t)b̂(t)〉] +

AC

B
+ κN, (3.3)

d

dt
〈b̂†(t)b̂(t)〉 = −µb〈b̂†(t)b̂(t)〉 − AF

2B
[〈â†(t)b̂†(t)〉+ 〈â(t)b̂(t)〉] + κN, (3.4)

d

dt
〈â2(t)〉 = −µa〈â2(t)〉+

AE

B
〈b̂†(t)â(t)〉, (3.5)

d

dt
〈b̂†2(t)〉 = −µb〈b̂†2(t)〉 − AF

B
〈â(t)b̂†(t)〉, (3.6)

d

dt
〈â(t)b̂(t)〉 = −µb + µa

2
〈â(t)b̂(t)〉 − AF

2B
〈â†(t)â(t)〉+

AE

2B
〈b̂†(t)b̂(t)〉 − AF

2B
+ κM,

(3.7)

d

dt
〈â†(t)b̂(t)〉 = −µb + µa

2
〈â†(t)b̂(t)〉 − AF

2B
〈â†2(t)〉+

AE

2B
〈b̂2(t)〉, (3.8)
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in which

µa = κ− AC

B
, (3.9)

µb = κ +
AD

B
. (3.10)

We note that the operators in the above equations are in the normal order. The c-

number equations corresponding to (3.1), (3.2), (3.3), (3.4), (3.5), (3.6), (3.7), and (3.8)

are

d

dt
〈α(t)〉 = −µa

2
〈α(t)〉+

AE

2B
〈β∗(t)〉, (3.11)

d

dt
〈β∗(t)〉 = −µb

2
〈β∗(t)〉 − AF

2B
〈α(t)〉, (3.12)

d

dt
〈α∗(t)α(t)〉 = −µa〈α∗(t)α(t)〉+

AE

2B
(〈α∗(t)β∗(t)〉+ 〈α(t)β(t)〉) +

AC

B
+ κN, (3.13)

d

dt
〈β∗(t)β(t)〉 = −µb〈β∗(t)β(t)〉 − AF

2B
[〈α∗(t)β∗(t)〉+ 〈α(t)β(t)〉] + κN, (3.14)

d

dt
〈α2(t)〉 = −µa〈α2(t)〉+

AE

B
〈β∗(t)α(t)〉, (3.15)

d

dt
〈β∗2(t)〉 = −µb〈β∗2(t)〉 − AF

B
〈α(t)β∗(t)〉, (3.16)

d

dt
〈α(t)β(t)〉 = −µb + µa

2
〈α(t)β(t)〉 − AF

2B
〈α∗(t)α(t)〉+

AE

2B
〈β∗(t)β(t)〉

− AF

2B
+ κM, (3.17)

d

dt
〈α∗(t)β(t)〉 = −µb + µa

2
〈α∗(t)β(t)〉 − AF

2B
〈α∗2(t)〉+

AE

2B
〈β2(t)〉. (3.18)

On the basis of Eqs. (3.11) and (3.12), one can write

d

dt
α(t) = −µa

2
α(t) +

AE

2B
β∗(t) + fa(t), (3.19)
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d

dt
β∗(t) = −µb

2
β∗(t)− AF

2B
α(t) + f ∗b (t), (3.20)

where fa(t) and f ∗b (t) are noise forces the properties of which remain to be determined.

The expectation values of Eqs. (3.19) and (3.20) would be identical to (3.11) and (3.12)

provided that

〈fa(t)〉 = 0, (3.21)

〈f ∗b (t)〉 = 0. (3.22)

On the other hand, making use of the fact that

d

dt
〈α∗(t)α(t)〉 =

〈
α(t)

d

dt
α∗(t)

〉
+

〈
α∗(t)

d

dt
α(t)

〉
(3.23)

along with Eq. (3.19), we find

d

dt
〈α∗(t)α(t)〉 = −µa〈α∗(t)α(t)〉+

AE

2B
[〈α∗(t)β∗(t)〉+ 〈α(t)β(t)〉]

+ 〈α∗(t)fa(t)〉+ 〈α(t)f ∗a (t)〉. (3.24)

Upon comparing Eqs. (3.13) and (3.24), one can see that

〈α∗(t)fa(t)〉+ 〈α(t)f ∗a (t)〉 =
AC

B
+ κN. (3.25)

It can also be verified following a similar procedure that

〈β∗(t)fb(t)〉+ 〈β(t)f ∗b (t)〉 = κN, (3.26)

〈α(t)fa(t)〉 = 0, (3.27)

〈β∗(t)f ∗b (t)〉 = 0, (3.28)

〈β(t)fa(t)〉+ 〈α(t)fb(t)〉 = −AF

2B
+ κM, (3.29)

〈β(t)f ∗a (t)〉+ 〈α∗(t)fb(t)〉 = 0. (3.30)
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Furthermore, the formal solutions of Eqs. (3.19) and (3.20) can be written as

α(t) = α(0)e−
µa
2

t +

∫ t

0

e−
µa
2

(t−t′)
(

fa(t
′) +

AE

2B
β∗(t′)

)
dt′, (3.31)

β∗(t) = β∗(0)e−
µb
2

t +

∫ t

0

e−
µb
2

(t−t′)
(

f ∗b (t′)− AF

2B
α(t′)

)
dt′. (3.32)

Applying Eq. (3.31), we get

〈α(t)f ∗a (t)〉 = 〈α(0)f ∗a (t)〉e−µa
2

t

+

∫ t

0

e−
µa
2

(t−t′)
(
〈fa(t

′)f ∗a (t)〉+
AE

2B
〈β∗(t′)f ∗a (t)〉

)
dt′, (3.33)

〈α∗(t)fa(t)〉 = 〈α∗(0)fa(t)〉e−
µa
2

t

+

∫ t

0

e−
µa
2

(t−t′)
(
〈f ∗a (t′)fa(t)〉+

AE

2B
〈β(t′)fa(t)〉

)
dt′. (3.34)

Based on the fact that the noise force at time t does not affect the cavity mode variables

at earlier times, we have

〈α(0)f ∗a (t)〉 = 〈β∗(t′)f ∗a (t)〉 = 0. (3.35)

Now making use of Eqs. (3.33), (3.34), and (3.35), we obtain

〈α∗(t)fa(t)〉+ 〈α(t)f ∗a (t)〉 =

∫ t

0

e−
µa
2

(t−t′)〈fa(t
′)f ∗a (t)〉dt′

+

∫ t

0

e−
µa
2

(t−t′)〈f ∗a (t′)fa(t)〉dt′. (3.36)

Hence on account of Eqs. (3.25) and (3.36), we see that

∫ t

0

e−
µa
2

(t−t′)〈fa(t
′)f ∗a (t)〉dt′ +

∫ t

0

e−
µa
2

(t−t′)〈f ∗a (t′)fa(t)〉dt′ =
AC

B
+ κN. (3.37)

Claiming

〈fa(t
′)f ∗a (t)〉 = 〈f ∗a (t′)fa(t)〉, (3.38)

we have

∫ t

0

e−
µa
2

(t−t′)〈fa(t
′)f ∗a (t)〉dt′ =

1

2

(
AC

B
+ κN

)
. (3.39)
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Now on the basis of the relation

∫ t

0

e−a(t−t′)〈f(t′)g(t)〉dt′ = c, (3.40)

it can be asserted that

〈f(t′)g(t)〉 = 2cδ(t− t′), (3.41)

with a being a constant. Therefore, in view of Eqs. (3.38), (3.40), and (3.41), we get

〈fa(t
′)f ∗a (t)〉 =

(
AC

B
+ κN

)
δ(t− t′). (3.42)

One can also readily establish following a similar procedure that

〈fa(t
′)fa(t)〉 = 0, (3.43)

〈fb(t
′)f ∗b (t)〉 = κNδ(t− t′), (3.44)

〈fb(t
′)fb(t)〉 = 0. (3.45)

Moreover, with the aid of Eqs. (3.31) and (3.32), we find

〈α(t)fb(t)〉 = 〈α(0)fb(t)〉e−
µa
2

t

+

∫ t

0

e−
µa
2

(t−t′)
(
〈fa(t

′)fb(t)〉+
AE

2B
〈β∗(t′)fb(t)〉

)
dt′, (3.46)

〈β(t)fa(t)〉 = 〈β(0)fa(t)〉e−
µb
2

t

+

∫ t

0

e−
µb
2

(t−t′)
(
〈fb(t

′)fa(t)〉 − AF

2B
〈α∗(t′)fa(t)〉

)
dt′, (3.47)

so that taking into account Eqs. (3.29) and (3.35), we have

∫ t

0

e−
µa
2

(t−t′)〈fa(t
′)fb(t)〉dt′ +

∫ t

0

e−
µb
2

(t−t′)〈fb(t
′)fa(t)〉dt′ = −

(
AF

2B
− κM

)
. (3.48)

Assuming

〈fa(t
′)fb(t)〉 = 〈fb(t

′)fa(t)〉, (3.49)
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and taking into account Eqs. (3.40) and (3.41), we get

〈fb(t
′)fa(t)〉 = −

(
AF

2B
− κM

)
δ(t− t′). (3.50)

It can also be shown in a similar manner that

〈f ∗b (t′)fa(t)〉 = 0. (3.51)

We notice that Eqs. (3.21), (3.22), (3.42), (3.43), (3.44), (3.45), (3.50), and (3.51)

describe various correlation properties of the noise forces.

We now introduce a variable defined by

ρ(0)
aa =

1− η

2
, (3.52)

with −1 ≤ η ≤ 1. It then follows, for three-level atoms are initially prepared to be in a

coherent superposition of the top and bottom levels, that

ρ(0)
cc =

1 + η

2
, (3.53)

ρ(0)
ac =

√
1− η2

2
, (3.54)

where we have taken that ρ
(0)
ac = ρ∗

(0)

ac . Hence employing (2.42), (2.43), (2.44), (3.9),

(3.10), (3.52), (3.53), and (3.54), it is possible to express Eqs. (3.19) and (3.20) as

d

dt
α(t) = −a+α(t)− b+β∗(t) + fa(t), (3.55)

d

dt
β∗(t) = −a−β∗(t)− b−α(t) + f ∗b (t), (3.56)

where

a± =
κ

2
+

A

4B

[
3Ω

2γ

√
1− η2 + η

(
1− Ω2

2γ2

)
∓

(
1 +

Ω2

γ2

)]
, (3.57)

b± = − A

4B

[
Ω

2γ

(
1 +

Ω2

γ2

)
±

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]]
. (3.58)
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We realize that Eqs. (3.55) and (3.56) are coupled differential equations. In order to

solve these differential equations, we introduce a matrix equation of the form

d

dt
A(t) = −BA(t) + C(t), (3.59)

where

A(t) =


 α(t)

β∗(t)


 , (3.60)

B =


a+ b+

b− a−


 , (3.61)

C(t) =


fa(t)

f ∗b (t)


 . (3.62)

We next determine the eigenvalues and eigenvectors of the matrix B applying the relation

BV i = λiVi, (3.63)

in which

Vi =


xi

yi


 , (3.64)

with the normalization condition

x2
i + y2

i = 1, (3.65)

where i = 1, 2. Eq. (3.63) has a nontrivial solution provided that

∣∣∣∣∣∣
a+ − λ b+

b− a− − λ

∣∣∣∣∣∣
= 0, (3.66)

from which follows

λ1 =

(
a+ + a−

2

)
+

√
b+b− +

(
a+ − a−

2

)2

, (3.67)
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λ2 =

(
a+ + a−

2

)
−

√
b+b− +

(
a+ − a−

2

)2

. (3.68)

Now we proceed to determine the corresponding eigenvectors. To this end, using

Eqs. (3.63) and (3.64), we see that

a+x1 + b+y1 = λ1x1, (3.69)

b−x1 + a−y1 = λ1y1. (3.70)

In addition, upon solving simultaneously Eqs. (3.65) and (3.69) with i = 1, we get

x1 =
b+√

b2
+ + (λ1 − a+)2

, (3.71)

y1 =
λ1 − a+√

b2
+ + (λ1 − a+)2

. (3.72)

It can also be verified in a similar manner that

x2 =
b+√

b2
+ + (λ2 − a+)2

, (3.73)

y2 =
λ2 − a+√

b2
+ + (λ2 − a+)2

. (3.74)

Thus on account of Eqs. (3.71), (3.72), (3.73), and (3.74), the vector defined by

V =


x1 x2

y1 y2


 (3.75)

is expressible as

V =




b+√
b2++(λ1−a+)2

b+√
b2++(λ2−a+)2

λ1−a+√
b2++(λ1−a+)2

λ2−a+√
b2++(λ2−a+)2


 . (3.76)

In order to determine the inverse of the matrix (3.76), we first obtain its characteristic

equation, which is

λ2 − λ

(
b+√

b2
+ + (λ1 − a+)2

+
λ2 − a+√

b2
+ + (λ2 − a+)2

)

− b+(λ1 − λ2)√
b2
+ + (λ1 − a+)2

√
b2
+ + (λ2 − a+)2

= 0. (3.77)
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Thus using the fact that a matrix satisfies its own characteristic equation, we notice that

V
[
V − I

(
b+√

b2
+ + (λ1 − a+)2

+
λ2 − a+√

b2
+ + (λ2 − a+)2

)]

=
b+(λ1 − λ2)I√

b2
+ + (λ1 − a+)2

√
b2
+ + (λ2 − a+)2

, (3.78)

from which follows

V−1 =

√
b2
+ + (λ1 − a+)2

√
b2
+ + (λ2 − a+)2

b+(λ1 − λ2)

×
[
V − I

(
b+√

b2
+ + (λ1 − a+)2

+
λ2 − a+√

b2
+ + (λ2 − a+)2

)]
. (3.79)

Hence making use of Eq. (3.76), one can readily obtain

V−1 =
1

λ1 − λ2


−

λ2−a+

b+

√
b2
+ + (λ1 − a+)2

√
b2
+ + (λ1 − a+)2

λ1−a+

b+

√
b2
+ + (λ2 − a+)2 −√

b2
+ + (λ2 − a+)2


 . (3.80)

Furthermore, employing the fact that

V−1V = VV−1 = I, (3.81)

we can rewrite Eq. (3.59) as

d

dt
A(t) = −VV−1BVV−1A(t) + C(t). (3.82)

Upon multiplying Eq. (3.82) from left by V−1, we get

d

dt
(V−1A(t)) = −R(V−1A)(t) + V−1C(t), (3.83)

where

R = V−1BV =


λ1 0

0 λ2


 . (3.84)

We observe that Eq. (3.83) has a well-behaved solution provided that the matrix R is

positive. We thus see from Eq. (3.84) that R is positive if both λ1 and λ2 are positive.

The formal solution of Eq. (3.83) can be written as

V−1A(t + τ) = e−RτV−1A(t) +

∫ τ

0

e−R(τ−τ ′)V−1C(t + τ ′)dτ ′. (3.85)
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Hence multiplying Eq. (3.85) from the left by V results in

A(t + τ) = Ve−RτV−1A(t) +

∫ τ

0

Ve−R(τ−τ ′)V−1C(t + τ ′)dτ ′. (3.86)

We note that

e−Rτ =


e−λ1τ 0

0 e−λ2τ


 . (3.87)

In addition, using Eqs. (3.59), (3.76), (3.80), and (3.87), we find

Ve−RτV−1A(t) =
1

λ1 − λ2

×

 ((λ1 − a+)e−λ2τ − (λ2 − a+)e−λ1τ )α(t) + b+(e−λ1τ − e−λ2τ )β∗(t)

(λ1−a+)(λ2−a+)
b+

(e−λ2τ − e−λ1τ )α(t) + ((λ1 − a+)e−λ1τ − (λ2 − a+)e−λ2τ )β∗(t)


 .

(3.88)

And applying Eq. (3.62), (3.76), and (3.80), we get

Ve−R(τ−τ ′)V−1C(t + τ ′) =
1

λ1 − λ2


r

s


 , (3.89)

where

r = ((λ1 − a+)e−λ2(τ−τ ′) − (λ2 − a+)e−λ1(τ−τ ′))fa(t + τ ′)

+ b+(e−λ1(τ−τ ′) − e−λ2(τ−τ ′))f ∗b (t + τ ′), (3.90)

s =
(λ1 − a+)(λ2 − a+)

b+

(e−λ2(τ−τ ′) − e−λ1(τ−τ ′))fa(t + τ ′)

+ ((λ1 − a+)e−λ1(τ−τ ′) − (λ2 − a+)e−λ2(τ−τ ′))f ∗b (t + τ ′). (3.91)

Now with the aid of Eqs. (3.60), (3.62), (3.86), (3.88), and (3.89), we obtain

α(t + τ) = A+(τ)α(t) + B+(τ)β∗(t) + F+(t + τ) + G+(t + τ), (3.92)

β(t + τ) = A−(τ)β(t) + B−(τ)α∗(t) + F−(t + τ) + G−(t + τ), (3.93)
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where

A±(τ) =
1

2

[
(1± p)e−λ2τ + (1∓ p)e−λ1τ

]
, (3.94)

B±(τ) =
q±
2

[e−λ1τ − e−λ2τ ], (3.95)

F+(t + τ) =
1

2

∫ τ

0

[(1 + p)e−λ2(τ−τ ′) + (1− p)e−λ1(τ−τ ′)]fa(t + τ ′)dτ ′, (3.96)

F−(t + τ) =
1

2

∫ τ

0

[(1− p)e−λ2(τ−τ ′) + (1 + p)e−λ1(τ−τ ′)]fb(t + τ ′)dτ ′, (3.97)

G+(t + τ) =
q+

2

∫ τ

0

[e−λ1(τ−τ ′) − e−λ2(τ−τ ′)]f ∗b (t + τ ′)dτ ′, (3.98)

G−(t + τ) =
q−
2

∫ τ

0

[e−λ1(τ−τ ′) − e−λ2(τ−τ ′)]f ∗a (t + τ ′)dτ ′, (3.99)

with

p =
1 + Ω2

γ2

[(
1 + Ω2

γ2

)2 (
1 + Ω2

4γ2

)
−

(
3ηΩ
2γ
−

√
1− η2

(
1− Ω2

2γ2

))2
] 1

2

, (3.100)

q± =
− Ω

2γ
(1 + Ω2

γ2 )∓
[

3ηΩ
2γ
−

√
1− η2

(
1− Ω2

2γ2

)]

[(
1 + Ω2

γ2

)2 (
1 + Ω2

4γ2

)
−

(
3ηΩ
2γ
−

√
1− η2

(
1− Ω2

2γ2

))2
] 1

2

, (3.101)

Upon setting t = 0 and then replacing τ by t in Eqs. (3.92) and (3.93), we see that

α(t) = A+(t)α(0) + B+(t)β∗(0) + F+(t) + G+(t), (3.102)

β(t) = A−(t)β(0) + B−(t)α∗(0) + F−(t) + G−(t), (3.103)

where

A±(t) =
1

2

[
(1± p)e−λ2t + (1∓ p)e−λ1t

]
, (3.104)
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B±(t) =
q±
2

[e−λ1t − e−λ2t], (3.105)

F+(t) =
1

2

∫ t

0

[(1 + p)e−λ2(t−t′) + (1− p)e−λ1(t−t′)]fa(t
′)dt′, (3.106)

F−(t) =
1

2

∫ t

0

[(1− p)e−λ2(t−t′) + (1 + p)e−λ1(t−t′)]fb(t
′)dt′, (3.107)

G+(t) =
q+

2

∫ t

0

[e−λ1(t−t′) − e−λ2(t−t′)]f ∗b (t′)dt′, (3.108)

G−(t) =
q−
2

∫ t

0

[e−λ1(t−t′) − e−λ2(t−t′)]f ∗a (t′)dt′. (3.109)

It is perhaps worth mentioning that Eqs. (3.92), (3.93), (3.102), and (3.103) will be used

to calculate various quantities of interest in the forth coming Sections.
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4

Quadrature Fluctuations

4.1 Quadrature variances

A two-mode cavity radiation can be described by an operator

ĉ =
1√
2

(
â + b̂

)
, (4.1)

where â and b̂ represent the separate modes. We notice that the c-number equation

corresponding to (4.1) can be expressed as

γ =
1√
2

(
α + β

)
. (4.2)

On the other hand, employing the commutation relations

[
â, â†

]
=

[
b̂, b̂†

]
= 1, (4.3)

[
â, b̂

]
=

[
â†, b̂

]
= 0, (4.4)

we get

[
ĉ, ĉ†

]
= 1, (4.5)

[
ĉ, ĉ

]
= 0. (4.6)

The squeezing of the two-mode cavity radiation can be studied applying the quadrature

operators defined by

ĉ+ = ĉ† + ĉ, (4.7)



4.1 Quadrature variances Quadrature Fluctuations

ĉ− = i(ĉ† − ĉ). (4.8)

Using Eqs. (4.5) and (4.6), one can verify that

[
ĉ+, ĉ−

]
= 2i. (4.9)

We now seek to calculate the variance of the quadrature operators (4.7) and (4.8).

To begin with, making use of the commutation relations (4.5), we find

∆c2
± = 1± [〈ĉ†2〉+ 〈ĉ2〉 ± 2〈ĉ†ĉ〉+ 〈ĉ†〉2 + 〈ĉ〉2 ± 2〈ĉ〉〈ĉ†〉]. (4.10)

We notice that all operators in Eq. (4.10) are in the normal order. Therefore, the

c-number equation corresponding to (4.10) can be expressed in a more appealing form

as

∆c2
± = 1± [〈γ2

±(t)〉+ 〈γ±(t)〉2], (4.11)

where

γ±(t) = γ∗(t)± γ(t). (4.12)

Hence in view of Eqs. (4.2) and (4.12), we note that

∆c2
± = 1 +

1

2

[
2〈α∗α〉 ± 〈α∗2〉 ± 〈α2〉 − 〈α∗〉2 − 〈α〉2 ± 〈β∗2〉 ± 〈β2〉

+ 2〈β∗β〉 − 〈β∗〉2 − 〈β〉2]± 〈α∗β∗〉+ 〈α∗β〉+ 〈αβ∗〉 ± 〈αβ〉
∓ 〈α∗〉〈α〉 − 〈α∗〉〈β∗〉 ∓ 〈α∗〉〈β〉 ∓ 〈α〉〈β∗〉 − 〈α〉〈β〉 ∓ 〈β∗〉〈β〉. (4.13)

The various expectation values in Eq. (4.13) can be determined using Eqs. (3.102)

and (3.103). Thus on account of Eqs. (3.102) and (3.103), and assuming the cavity

modes to be initially in a two-mode vacuum state, one can readily verify that

〈α(t)〉 = 〈β(t)〉 = 0, (4.14)

as a result

∆c2
± = 1 + 〈α∗α〉+ 〈β∗β〉+ 〈α∗β〉+ 〈αβ∗〉

±
[
〈α∗β∗〉+ 〈αβ〉+

1

2

(
〈α∗2〉+ 〈α2〉+ 〈β∗2〉+ 〈β2〉

)]
. (4.15)
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We now proceed to obtain the expectation values involved in (4.15). To this effect,

taking Eq. (3.102) into account, we write

〈α∗(t)α(t)〉 = A+(t)〈α∗(t)α(0)〉+ B+(t)〈α∗(t)β∗(0)〉+ 〈α∗(t)F+(t)〉+ 〈α∗(t)G+(t)〉.
(4.16)

Using the complex conjugate of Eq. (3.102), we easily see that

〈α∗(t)α(0)〉 = A+(t)〈α∗(0)α(0)〉+ B+(t)〈α(0)β(0)〉+ 〈α(0)F ∗
+(t)〉+ 〈α(0)G∗

+(t)〉.
(4.17)

With the aid of the assumption that the noise force at time t does not affect the cavity

mode variables at earlier times and taking the cavity modes to be initially in a vacuum

state, we get

〈α∗(t)α(0)〉 = 0. (4.18)

It is also possible to show in a similar manner that

〈α∗(t)β(0)〉 = 0, (4.19)

〈α∗(t)F+(t)〉 = 〈F ∗
+(t)F+(t) + 〈G∗

+(t)F+(t), (4.20)

〈α∗(t)G+(t)〉 = 〈F ∗
+(t)G+(t) + 〈G∗

+(t)G+(t). (4.21)

Hence on substituting Eqs. (4.18), (4.19), (4.20), and (4.21) into (4.16), we obtain

〈α∗(t)α(t)〉 = 〈F ∗
+(t)F+(t)〉+ 〈G∗

+(t)G+(t)〉+ 〈F ∗
+(t)G+(t)〉+ 〈G∗

+(t)F+(t)〉. (4.22)

Next we evaluate the correlation functions in (4.22). To this end, on the basis of Eq.

(3.106), we have

〈F ∗
+(t)F+(t)〉 =

1

4

∫ t

0

∫ t

0

[(1− p)e−λ1(t−t′) + (1 + p)e−λ2(t−t′)]

× [(1− p)e−λ1(t−t′′) + (1 + p)e−λ2(t−t′′)]〈fa(t
′′)f ∗a (t′)〉dt′dt′′. (4.23)
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It then follows on account of Eq. (3.42) that

〈F ∗
+(t)F+(t)〉 =

AC
B

+ κN

4

∫ t

0

∫ t

0

[(1− p)2e−λ1(2t−t′−t′′) + (1 + p)2e−λ2(2t−t′−t′′)

+ (1− p2)e−(λ1(t−t′)+λ2(t−t′′)) + (1− p2)e−(λ2(t−t′)+λ1(t−t′′))]δ(t′ − t′′)dt′dt′′.

(4.24)

On carrying out the integrations, one gets

〈F ∗
+(t)F+(t)〉 =

(
AC

B
+ κN

)[
(1− p)2(1− e−2λ1t)

8λ1

+
(1 + p)2(1− e−2λ2t)

8λ2

+
(1− p2)(1− e−(λ1+λ2)t)

2(λ1 + λ2)

]
. (4.25)

It is also possible to verify in a similar manner that

〈G∗
+(t)G+(t)〉 = κNq2

+

[
(1− e−2λ1t)

8λ1

+
(1− e−2λ2t)

8λ2

− (1− e−(λ1+λ2)t)

2(λ1 + λ2)

]
, (4.26)

〈F ∗
+(t)G+(t)〉 = 〈G∗

+(t)F+(t)〉 = −
(

AF

2B
− κM

)
q+ ×

[
(1− p)(1− e−2λ1t)

8λ1

−(1 + p)(1− e−2λ2t)

8λ2

+
p(1− e−(λ1+λ2)t)

2(λ1 + λ2)

]
. (4.27)

In view of Eqs. (4.22), (4.25), (4.26), and (4.27), we find

〈α∗(t)α(t)〉 =

[
(AC

B
+ κN)(1− p)2 + κNq2

+ − (AF
B
− 2κM)q+(1− p)

8λ1

]
[1− e−2λ1t]

+

[
(AC

B
+ κN)(1 + p)2 + κNq2

+ + (AF
B
− 2κM)q+(1 + p)

8λ2

]
[1− e−2λ2t]

+

[
(AC

B
+ κN)(1− p2)− κNq2

+ − (AF
B
− 2κM)q+p

2(λ1 + λ2)

]
[1− e−(λ1+λ2)t]. (4.28)

It can also be established following a similar procedure that

〈β∗(t)β(t)〉 =

[
(AC

B
+ κN)q2

− + κN(1 + p)2 − (AF
B
− 2κM)q−(1 + p)

8λ1

]
[1− e−2λ1t]

+

[
(AC

B
+ κN)q2

− + κN(1− p)2 + (AF
B
− 2κM)q−(1− p)

8λ2

]
[1− e−2λ2t]

−
[

(AC
B

+ κN)q2
− − κN(1− p2)− (AF

B
− 2κM)q−p

2(λ1 + λ2)

]
[1− e−(λ1+λ2)t]. (4.29)
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In addition, applying Eq. (3.102) it is easy to check that

〈α2(t)〉 = 〈F 2
+(t)〉+ 〈G2

+(t)〉+ 2〈F+(t)G+(t)〉. (4.30)

Now taking into account Eq. (3.106), we can write

〈F 2
+(t)〉 =

1

4

∫ t

0

∫ t

0

[(1− p)e−λ1(t−t′) + (1 + p)e−λ2(t−t′)]2〈fa(t
′′)fa(t

′)〉dt′dt′′, (4.31)

so that employing (3.43), we have

〈F 2
+(t)〉 = 0. (4.32)

It can also be verified in a similar manner that

〈G2
+(t)〉 = 〈G+(t)F+(t)〉 = 0. (4.33)

On the basis of Eqs. (4.30), (4.32), and (4.33), we note that

〈α2(t)〉 = 0. (4.34)

It can also be shown in a similar way that

〈β2(t)〉 = 0. (4.35)

Furthermore, making use of Eqs. (3.102) and (3.103), we obtain

〈α(t)β(t)〉 = 〈F+(t)F−(t)〉+ 〈G+(t)G−(t)〉+ 〈F+(t)G−(t)〉+ 〈G+(t)F−(t)〉. (4.36)

We see that

〈F+(t)F−(t)〉 =
1

4

∫ t

0

∫ t

0

[(1− p)e−λ1(t−t′) + (1 + p)e−λ2(t−t′)]

× [(1 + p)e−λ1(t−t′′) + (1− p)e−λ2(t−t′′)]〈fa(t
′′)fb(t

′)〉dt′dt′′. (4.37)

Thus on account of Eq. (3.49), we get

〈F+(t)F−(t)〉 = −
(

AF
2B
− κM

4

) ∫ t

0

∫ t

0

[(1− p2)e−λ1(2t−t′−t′′) + (1− p2)e−λ2(2t−t′−t′′)

+ (1− p)2e−(λ1(t−t′)+λ2(t−t′′)) + (1 + p)2e−(λ2(t−t′)+λ1(t−t′′))]δ(t′ − t′′)dt′dt′′.

(4.38)
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Therefore, on carrying out the integrations, we find

〈F+(t)F−(t)〉 = −
(

AF

2B
− κM

)[
(1− p2)(1− e−2λ1t)

8λ1

+
(1− p2)(1− e−2λ2t)

8λ2

+
(1 + p2)(1− e−(λ1+λ2)t)

2(λ1 + λ2)

]
. (4.39)

One can also show in a similar manner that

〈G+(t)G−(t)〉 = −
(

AF

2B
− κM

)
q−q+

[
(1− e−2λ1t)

8λ1

+
(1− e−2λ2t)

8λ2

− (1− e−(λ1+λ2)t)

2(λ1 + λ2)

]
, (4.40)

〈F+(t)G−(t)〉 =

(
AC

B
+ κN

)
q−

[
(1− p)(1− e−2λ1t)

8λ1

−(1 + p)(1− e−2λ2t)

8λ2

+
p(1− e−(λ1+λ2)t)

2(λ1 + λ2)

]
, (4.41)

〈G+(t)F−(t)〉 = κNq+

[
(1 + p)(1− e−2λ1t)

8λ1

−(1− p)(1− e−2λ2t)

8λ2

− p(1− e−(λ1+λ2)t)

2(λ1 + λ2)

]
. (4.42)

Hence using Eqs. (4.36), (4.39), (4.40), (4.41), and (4.42), we reach at

〈α(t)β(t)〉 =

[
(AC

B
+ κN)q−(1− p) + κNq+(1 + p)

8λ1

]
[1− e−2λ1t]

−
[

(AF
2B
− κM)(1− p2 + q−q+)

8λ1

]
[1− e−2λ1t]

−
[

(AC
B

+ κN)q−(1 + p) + κNq+(1− p)

8λ2

]
[1− e−2λ2t]

−
[

(AF
2B
− κM)(1− p2 + q−q+)

8λ2

]
[1− e−2λ2t]

+

[
(AC

B
+ κN)q−p− κNq+p− (AF

2B
− κM)(1 + p2 − q−q+)

2(λ1 + λ2)

]
[1− e−(λ1+λ2)t].

(4.43)

Besides, we see from Eq. (4.43) that

〈α∗(t)β∗(t)〉 = 〈α(t)β(t)〉. (4.44)
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Following a similar procedure, one can verify that

〈α∗(t)β(t)〉 = 0. (4.45)

Now with the aid of Eqs. (4.15), (4.28), (4.29), (4.34), (4.35), (4.43), and (4.45), we

arrive at

∆c2
± = 1 +

[(
AC

B
+ κN

) [
(1− p)2 + q2

− ± 2q−(1− p)
]

+κN
[
(1 + p)2 + q2

+ ± 2q+(1 + p)
]

−
(

AF

2B
− κM

) [
q+(1− p) + q−(1 + p)± 2(1− p2 + q−q+)

]] [
1− e−2λ1t

8λ1

]

+

[(
AC

B
+ κN

) [
(1 + p)2 + q2

− ∓ 2q−(1 + p)
]
+ κN

[
(1− p)2 + q2

+ ∓ 2q+(1− p)
]

+

(
AF

2B
− κM

) [
q+(1 + p) + q−(1− p)∓ 2(1− p2 + q−q+)

]] [
1− e−2λ2t

8λ2

]

+

[(
AC

B
+ κN

) [
1− p2 − q2

− ± 2q−p
]
+ κN

[
1− q2

+ − p2 ∓ 2q+p
]

−
(

AF

2B
− κM

) [
p(q+ − q−)± 2(1 + p2 − q−q+)

]] [
1− e−(λ1+λ2)t

2(λ1 + λ2)

]
. (4.46)

We see that Eq. (4.46) takes at steady state the form

∆c2
± = 1 +

[
A

B
(C ∓ F ) + 2κ(N ±M)

]
(λ1 + λ2)

2 + 4λ1λ2

8λ1λ2(λ1 + λ2)

+

[(
AC

B
+ κN

) (
p2 + q2

− ∓ 2q−p
)

+ κN
(
p2 + q2

+ ± 2q+p
)

+

(
AF

B
− 2κM

) (
p(q+ − q−)± (p2 − q−q+)

)] (λ1 + λ2)
2 − 4λ1λ2

8λ1λ2(λ1 + λ2)

+

[(
AC

B
+ κN

)
(p∓ q−)− κN (p± q+) +

(
AF

2B
− κM

)
(q+ + q−)

]
λ1 − λ2

4λ1λ2

,

(4.47)

in which

C =
1− η

2
+

Ω2

4γ2
(2 + η)− 3Ω

4γ

√
1− η2, (4.48)

F = − Ω

4γ

(
1 +

Ω2

γ2

)
+

3ηΩ

4γ
−

√
1− η2

2

(
1− Ω2

2γ2

)
, (4.49)
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λ1 =
κ

2
+

A

4B

[
3Ω

2γ

√
1− η2 + η

(
1− Ω2

2γ2

)
+ χ

]
, (4.50)

λ2 =
κ

2
+

A

4B

[
3Ω

2γ

√
1− η2 + η

(
1− Ω2

2γ2

)
− χ

]
, (4.51)

p2 + q2
− ∓ 2q−p =

1

χ2

[(
1 +

Ω2

γ2

)2 [
1 +

Ω

γ

(
Ω

4γ
± 1

)]
−

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]

×
[
−3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

)
+

(
1 +

Ω2

γ2

) (
Ω

γ
± 2

)]]
, (4.52)

p2 + q2
+ ± 2q+p =

1

χ2

[(
1 +

Ω2

γ2

)2 [
1 +

Ω

γ

(
Ω

4γ
∓ 1

)]
−

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]

×
[
−3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

)
−

(
1 +

Ω2

γ2

)(
Ω

γ
∓ 2

)]]
, (4.53)

p(q+ − q−)± (p2 − q+q−) =
1

χ2

[[
−3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

)] [
2

(
1 +

Ω2

γ2

)

∓
(

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))]

±
(

1 +
Ω2

γ2

)2 (
1− Ω2

4γ2

)]
, (4.54)

p∓ q− =
1

χ

[(
1 +

Ω2

γ2

)(
1± Ω

2γ

)
∓

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]]
, (4.55)

p± q+ =
1

χ

[(
1 +

Ω2

γ2

)(
1∓ Ω

2γ

)
∓

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]]
, (4.56)

q+ + q− = − Ω

χγ

(
1 +

Ω2

γ2

)
, (4.57)

where

χ =

[(
1 +

Ω2

γ2

)2 (
1 +

Ω2

4γ2

)
−

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]2
] 1

2

. (4.58)

In order to investigate the dependence of the squeezing on the amplitude of the driv-

ing radiation, initial preparation of the atoms, and linear gain coefficient more closely,
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4.1 Quadrature variances Quadrature Fluctuations

we plot the minus quadrature variance versus these parameters. We also obtain the max-

imum squeezing for various cases considered along with the values of the parameters for

which the maximum squeezing occurs. To this end, we first consider the dependence of

the squeezing on the amplitude of the driving radiation and initial preparation of the

atoms while the linear gain coefficient, squeeze parameter, and cavity damping constant

are fixed. In view of the discussion given in chapter 3, Eqs. (3.55) and (3.56) have a

well-behaved solutions for λ2 ≥ 0. It is found using Eq. (4.51) that λ2 ≥ 0 for 0 ≤ η ≤ 1,

0 ≤ Ω ≤ 10γ, and A ≤ 1.3. Based on this, we plot the quadrature variance given by Eq.

(4.47) versus Ω/γ and η in which the linear gain coefficient is taken to be A = 1.3.
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Fig. 4.1: Plot of the quadrature variance ∆c2− (Eq. (4.47)) of the two-mode cavity radiation

at steady state for r = 0.75, κ = 0.5, and A = 1.3.

We clearly see from Fig. 4.1 that the two-mode cavity radiation does not exhibit

squeezing for certain values of Ω/γ and η even when it is coupled to a two-mode squeezed

vacuum reservoir. It is found, for example when η = 1, r = 0.75, κ = 0.5, and A = 1.3,

that there is no squeezing for values of Ω ranging between 0.1γ and 4.1γ. However, a

maximum squeezing of 81% occurs for η = 0 and Ω = 0.1γ.
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4.1 Quadrature variances Quadrature Fluctuations

We next plot the quadrature variance versus A and η in which the squeeze parameter

and cavity damping constant are fixed at the previous values. We also take the amplitude

of the driving radiation for which the maximum squeezing occurs in the previous case

(Ω = 0.1γ).
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Fig. 4.2: Plot of the quadrature variance ∆c2− (Eq. (4.47)) of the two-mode cavity radiation

at steady state for r = 0.75, κ = 0.5, and Ω = 0.1γ.

It is not difficult to observe from Fig. 4.2 that the two-mode cavity radiation exhibits

squeezing for certain values of A and η. It is also possible to see that the degree of

squeezing decreases with the linear gain coefficient for some values of η. Moreover, a

maximum squeezing of 85% is found to occur for η = 0 and A = 9.2.

We next plot the quadrature variance versus A and Ω/γ for η = 0.1 and for the same

values of r and κ as in the previous case.
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Fig. 4.3: Plot of the quadrature variance ∆c2− (Eq. (4.47)) of the two-mode cavity radiation

at steady state for r = 0.75, κ = 0.5, and η = 0.1.

Fig. 4.3 clearly indicates that the two-mode cavity radiation does not exhibit squeez-

ing for certain values of A and Ω/γ. It is also possible to verify that the degree of

squeezing decreases with the linear gain coefficient for some values of Ω/γ. In addition,

a maximum squeezing of 82% is obtained for Ω = 0.1γ and A = 2.3 (the maximum

possible value).

As we can infer from Figs. 4.1, 4.2, and 4.3 the quadrature variance of the two-

mode cavity radiation strongly depends on the linear gain coefficient A, amplitude of

the driving radiation Ω, and initial preparation of the atoms η. However, the explicit

dependence of the degree of squeezing on these parameters is not directly evident from

these figures. We hence seek to consider various specific cases to study the dependence

of the squeezing of the two-mode cavity radiation on these parameters. To this end, we

consider the dependence of the squeezing on the squeeze parameter as well as the linear

gain coefficient, amplitude of the driving radiation, and initial preparation of the atoms

by alternatively fixing two of these parameters. As in the previous cases we also find
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4.1 Quadrature variances Quadrature Fluctuations

the maximum squeezing and values of the parameters at which the maximum squeezing

occurs. Moreover, we generate data from Eq. (4.47) and present it in a tabular form.

We first plot the quadrature variance versus the linear gain coefficient for different values

of the squeeze parameter while the values of the amplitude of the driving radiation and

initial preparation of the atoms are fixed based on the previous results.
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Fig. 4.4: Plots of the quadrature variance ∆c2− (Eq. (4.47)) of the cavity radiation at steady

state for η = 0.1, κ = 0.5, Ω = 0.1γ, and different values of r.

In order to see the maximum squeezing and values of A for which the maximum squeezing

occurs for each value of r, we generate the data shown in Table (4.1) from Eq. (4.47).
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4.1 Quadrature variances Quadrature Fluctuations

r Maximum squeezing Maximum squeezing occurs for

0.00 55% A=14

0.25 70% A=13

0.50 78% A=11

0.75 84% A=8

Table 4.1: Maximum squeezing for η = 0.1, κ = 0.5, Ω = 0.1γ, and different values of r.

We see from Fig. 4.4 that the degree of squeezing increases with the squeeze parameter.

We also notice from the data given in Table (4.1) that the maximum squeezing occurs

for different values A corresponding to different values of r. Closer observation of Fig.

4.4 reveals that the variation in the degree of squeezing of the two-mode radiation due

to the squeeze parameter decreases with the linear gain coefficient. We notice that the

number of photons emitted by the atoms for smaller values of A is smaller. But the

number of photons of the squeezed light entering the cavity is independent of A. Hence

the degree of squeezing of the cavity radiation would be dominated by the squeezed light

entering the cavity when A is small, which must be the reason for the difference in the

variation of the degree of squeezing shown in Fig. 4.4.

Next we plot the quadrature variance versus η for A = 14 and different values of r.
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Fig. 4.5: Plots of the quadrature variance ∆c2− (Eq. (4.47)) of the cavity radiation at steady

state for A = 14, κ = 0.5, Ω = 0.1γ, and different values of r.

Following the same procedure the maximum squeezing, values of η for which the max-

imum squeezing occurs, and values of η for which the squeezing occurs are generated

from Eq. (4.47).

r Max. squeezing Max. Squeezing occurs for Squeezing occurs for

0.00 56% η=0.17 η < 0.98

0.25 70% η=0.10 η < 0.97

0.50 78% η=0.05 η < 0.95

0.75 84% η=0.00 η < 0.89

Table 4.2: Maximum squeezing for A = 14, κ = 0.5, Ω = 0.1γ, and different values of r.

As shown in Fig. 4.5 the cavity radiation exhibits squeezing for certain values of η.

We realize that the degree of squeezing increases with the squeeze parameter for smaller

values of η, but decreases for larger values. Based on the definition of η (3.52) we note
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that larger values of η means larger number of the atoms are initially prepared to be

in the bottom level. These atoms can absorb one of the modes in the cavity to make

a transition to the next upper level. Since the two-mode squeezing is associated with

the correlation between the modes, this process undoubtedly affects the squeezing. It

is good to note that these excited atoms may not emit radiation that contribute to the

squeezing, which may lead to the depletion in the degree of squeezing. We also notice

from Table (4.2) that the maximum squeezing occurs for different values of η correspond-

ing to different r. We hence infer from the results shown in Tables (4.1) and (4.2) that a

higher degree of squeezing can be obtained by altering the values of A and η for a given

value of r.

Now we plot the quadrature variance versus Ω/γ for different values of the linear

gain coefficient. Here we take η = 0.1.
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Fig. 4.6: Plots of the quadrature variance ∆c2− (Eq. (4.47)) of the cavity radiation at steady

state for η = 0.1, κ = 0.5, r = 0.75, and different values of A.

In a similar manner the maximum squeezing, values of Ω/γ for which the maximum
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squeezing occurs as well as values of Ω/γ for which the squeezing does not occur are

generated from Eq. (4.47).

A Max. squeezing Max. Squeezing occurs for Squeezing does not occur for

1.6 81.0% Ω = 0.07γ 0.84 < Ω/γ < 4.11

1.8 81.2% Ω = 0.07γ 0.85 < Ω/γ < 4.47

2.0 81.6% Ω = 0.07γ 0.81 < Ω/γ < 4.89

2.3 82.1% Ω = 0.07γ 0.73 < Ω/γ < 5.51

Table 4.3: Maximum squeezing for η = 0.1, κ = 0.5, r = 0.75, and different values of A.

As clearly indicated in Fig. 4.6, the cavity radiation exhibits squeezing either for smaller

or larger values of Ω/γ. We find that the maximum degree of squeezing increases with

the linear gain coefficient in both cases. We also see from the result shown in Table (4.3)

that the range of the values of Ω/γ for which the squeezing does not exist increases with

the linear gain coefficient.

We next plot the quadrature variance versus Ω/γ for different values of r. The steady

state consideration (λ2 ≥ 0) is found to hold for A ≤ 2.3 when η = 0.1 and 0 ≤ Ω ≤ 10γ.
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Fig. 4.7: Plots of the quadrature variance ∆c2− (Eq. (4.47)) of the cavity radiation at steady

state for A = 2.3, κ = 0.5, η = 0.1, and different values of r.

Following a similar method the maximum squeezing, values of Ω/γ for which the max-

imum squeezing occurs, and values of Ω/γ for which the squeezing does not occur are

generated from Eq. (4.47).

r Max. squeezing Max. Squeezing occurs for Squeezing does not occur for

0.00 38% Ω = 0.25γ 0.79 < Ω/γ < 5.17

0.25 59% Ω = 0.18γ 0.84 < Ω/γ < 4.93

0.50 73% Ω = 0.12γ 0.81 < Ω/γ < 5.12

0.75 82% Ω = 0.07γ 0.73 < Ω/γ < 5.51

Table 4.4: Maximum squeezing for η = 0.1, κ = 0.5, A = 2.3, and different values of r.

We see from Fig. 4.7 that the cavity radiation exhibits squeezing either for smaller

or larger values of Ω/γ. We also find that the degree of squeezing increases with the

squeeze parameter in both cases.
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We gather from what we have seen so far that it is possible to get radiation with a

substantial degree of squeezing by properly choosing the linear gain coefficient, amplitude

of the driving radiation, and initial preparation of the atoms. Nonetheless, we observe

that the degree of squeezing does not increase for all cases with the linear gain coefficient

and squeeze parameter as generally expected. In order to study the degree of squeezing

of the two-mode cavity radiation more closely, we next consider special cases of interest.

4.1.1 When half of the atoms are initially in the top level

When half of the atoms are initially prepared to be in the top level (η = 0), Eq. (4.47)

takes the form

∆c2
± = 1 +

[
A

B
(C ′ ∓ F ′) + 2κ(N ±M)

]
(λ′1 + λ′2)

2 + 4λ′1λ
′
2

8λ′1λ
′
2(λ

′
1 + λ′2)

+

[(
AC ′

B
+ κN

) (
p
′2 + q

′2
− ∓ 2q′−p′

)
+ κN

(
p
′2 + q

′2
+ ± 2q′+p′

)

+

(
AF ′

B
− 2κM

) (
p′(q′+ − q′−)± (p

′2 − q′−q′+)
)] (λ′1 + λ′2)

2 − 4λ′1λ
′
2

8λ′1λ
′
2(λ

′
1 + λ′2)

+

[(
AC ′

B
+ κN

) (
p′ ∓ q′−

)− κN
(
p′ ± q′+

)

+

(
AF ′

2B
− κM

)
(q′+ + q′−)

]
λ′1 − λ′2
4λ′1λ

′
2

, (4.59)

with

C ′ =
1

2
+

Ω2

2γ2
− 3Ω

4γ
, (4.60)

F ′ = − Ω

4γ

(
1 +

Ω2

γ2

)
−

(
1− Ω2

2γ2

)
, (4.61)

λ′1 =
κ

2
+

A

4B

[
3Ω

2γ
+ χ′

]
, (4.62)

λ′2 =
κ

2
+

A

4B

[
3Ω

2γ
− χ′

]
, (4.63)

p
′2 + q

′2
− ∓ 2q′−p′ =

1

χ′2

[(
1 +

Ω2

γ2

)2 [
1 +

Ω

γ

(
Ω

4γ
± 1

)]

+

(
1− Ω2

2γ2

)[(
1− Ω2

2γ2

)
+

(
1 +

Ω2

γ2

)(
Ω

γ
± 2

)]]
, (4.64)
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p
′2 + q

′2
+ ± 2q′+p′ =

1

χ′2

[(
1 +

Ω2

γ2

)2 [
1 +

Ω

γ

(
Ω

4γ
∓ 1

)]

+

(
1− Ω2

2γ2

)[(
1− Ω2

2γ2

)
−

(
1 +

Ω2

γ2

)(
Ω

γ
∓ 2

)]]
, (4.65)

p′(q′+ − q′−)± (p
′2 − q′+q′−) =

1

χ′2

[(
1− Ω2

2γ2

)[
2

(
1 +

Ω2

γ2

)
±

(
1− Ω2

2γ2

)]

±
(

1 +
Ω2

γ2

)2 (
1− Ω2

4γ2

)]
, (4.66)

p′ ∓ q′− =
1

χ′

[(
1 +

Ω2

γ2

)(
1± Ω

2γ

)
±

(
1− Ω2

2γ2

)]
, (4.67)

p′ ± q′+ =
1

χ′

[(
1 +

Ω2

γ2

)(
1∓ Ω

2γ

)
±

(
1− Ω2

2γ2

)]
, (4.68)

q′+ + q′− = − Ω

χ′γ

(
1 +

Ω2

γ2

)
, (4.69)

and

χ′ =

[(
1 +

Ω2

γ2

)2 (
1 +

Ω2

4γ2

)
−

(
1− Ω2

2γ2

)2
] 1

2

. (4.70)

We now seek to analyze the squeezing of the radiation generated when half of the

atoms are initially prepared to be in the top level. In this case, we notice from Eqs.

(3.52), (3.53), and (3.54) that ρ
(0)
aa = ρ

(0)
cc = ρ

(0)
ac = 1/2. It is also possible to see from Eq.

(3.54) that ρ
(0)
ac can attain a maximum value of 1/2. Therefore, the case for which η = 0

corresponds to the maximum atomic coherence. In order to study the dependence of the

squeezing on the amplitude of the driving radiation, linear gain coefficient, and squeeze

parameter more closely, we first plot the quadrature variance versus Ω/γ for different

values of A where r is arbitrarily fixed. We consider when Ω/γ is very small.
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Fig. 4.8: Plots of the quadrature variance ∆c2− (Eq. (4.59)) of the two-mode cavity radiation

at steady state for r = 0.75, κ = 0.5, η = 0, and different values of A.

The maximum squeezing and values of Ω/γ for which the maximum squeezing occurs

are generated from Eq. (4.59).

A Maximum squeezing Maximum squeezing occurs for

1 80% Ω = 0.10γ

10 86% Ω = 0.06γ

20 87% Ω = 0.04γ

30 88% Ω = 0.03γ

Table 4.5: Maximum squeezing for η = 0, κ = 0.5, r = 0.75, and different values of A.

As clearly indicated in Fig. 4.8, the cavity radiation exhibits squeezing when half of

the atoms are initially prepared to be in the top level for smaller values of Ω/γ. We

notice that the degree of squeezing increases with the linear gain coefficient for relatively

smaller values of Ω/γ, but decreases for larger values. It is also found that the maxi-
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mum obtainable squeezing increases with the linear gain coefficient. Moreover, it is not

difficult to see from Table (4.5) that driving radiation of smaller amplitude is required

to generate radiation with a higher degree of squeezing for larger values of the linear

gain coefficient.

We next plot the quadrature variance versus Ω/γ for different values of r. Since the

steady state consideration (λ′2 ≥ 0) is found using Eq. (4.63) to be valid for A ≤ 30

when 0 ≤ Ω ≤ 0.1γ and η = 0, we take A = 30.
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Fig. 4.9: Plots of the quadrature variance ∆c2− (Eq. (4.59)) of the two-mode cavity radiation

at steady state for A = 30, κ = 0.5, η = 0, and different values of r.

Following a similar approach, the maximum squeezing and values of Ω/γ for which the

maximum squeezing occurs are generated from Eq. (4.59).
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r Maximum squeezing Maximum squeezing occurs for

0.00 53% Ω = 0.05γ

0.25 71% Ω = 0.04γ

0.50 82% Ω = 0.04γ

0.75 88% Ω = 0.03γ

Table 4.6: Maximum squeezing for η = 0, κ = 0.5, A = 30, and different values of r.

We see from Fig. 4.9 that the degree of squeezing increases with the squeeze parameter.

We also notice from Table (4.6) that the maximum squeezing occurs for almost the same

value of Ω/γ for different values of r. As clearly shown in Figs. 4.1 and 4.6 the squeezing

is found to occur either for smaller or larger values of Ω/γ, as a result we in the following

plot the quadrature variance versus Ω/γ for larger values of Ω/γ.
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Fig. 4.10: Plots of the quadrature variance ∆c2− (Eq. (4.59)) of the two-mode cavity radiation

at steady state for r = 0.75, κ = 0.5, η = 0, and different values of A.
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In a similar manner the maximum squeezing and values of Ω/γ for which the maximum

squeezing occurs for different values of A are generated from Eq. (4.59).

A Maximum squeezing Maximum squeezing occurs for

2 79% Ω = 31γ

3 80% Ω = 33γ

4 80% Ω = 35γ

5 81% Ω = 37γ

Table 4.7: Maximum squeezing for η = 0, κ = 0.5, r = 0.75, and different values of A.

One can easily see from Fig. 4.10, the cavity radiation exhibits a significant degree

of squeezing. We also notice that the degree of squeezing increases with the linear gain

coefficient for relatively larger values of Ω/γ, but decreases for smaller values. More-

over, according to the data given in Table (4.7) a strong external radiation is required

to generate a radiation with a higher degree of squeezing when the linear gain coefficient

is taken to be large.

We now plot the quadrature variance versus Ω/γ for different values of r. We take

the linear gain coefficient to be A = 5, the maximum value for which the steady state

consideration remains to be valid for the intended range of Ω/γ.
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Fig. 4.11: Plots of the quadrature variance ∆c2− (Eq. (4.59)) of the two-mode cavity radiation

at steady state for A = 5, κ = 0.5, η = 0, and different values of r.

The maximum squeezing and values of Ω/γ for which the maximum squeezing occurs

are generated from Eq. (4.59) following the same approach.

r Maximum squeezing Maximum squeezing occurs for

0.00 31% Ω = 15γ

0.25 54% Ω = 20γ

0.50 70% Ω = 27γ

0.75 81% Ω = 37γ

Table 4.8: Maximum squeezing for η = 0, κ = 0.5, A = 5, and different values of r.

As one can easily see from Fig. 4.11, the degree of squeezing increases with the squeeze

parameter. It is also clearly indicated in Table (4.8) that the realizable maximum squeez-

ing occurs for larger values of Ω/γ when r is taken to be large, contrary to the result
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given in Table (4.6) for smaller values of Ω/γ. Comparing the results shown in Figs.

4.8 and 4.10 as well as Tables (4.5) and (4.7) reveals that for η = 0 a higher degree of

squeezing occurs for very small values of Ω/γ. Though the squeezing is found to increase

with the linear gain coefficient, we cannot use arbitrarily large values of A.

4.1.2 When all the atoms are initially in the bottom level

When all the atoms are initially prepared to be in the bottom level (η = 1), it is possible

to put Eq. (4.47) in the form

∆c2
± = 1 +

[
A

B
(C ′′ ∓ F ′′) + 2κ(N ±M)

]
(λ′′1 + λ′′2)

2 + 4λ′′1λ
′′
2

8λ′′1λ
′′
2(λ

′′
1 + λ′′2)

+

[(
AC ′′

B
+ κN

) (
p
′′2 + q

′′2
− ∓ 2q′′−p′′

)
+ κN

(
p
′′2 + q

′′2
+ ± 2q′′+p′′

)

+

(
AF ′′

B
− 2κM

) (
p′′(q′′+ − q′′−)± (p

′′2 − q′′−q′′+)
)] (λ′′1 + λ′′2)

2 − 4λ′′1λ
′′
2

8λ′′1λ
′′
2(λ

′′
1 + λ′′2)

+

[(
AC ′′

B
+ κN

) (
p′′ ∓ q′′−

)− κN
(
p′′ ± q′′+

)

+

(
AF ′′

2B
− κM

)
(q′′+ + q′′−)

]
λ′′1 − λ′′2
4λ′′1λ

′′
2

, (4.71)

in which

C ′′ =
3Ω2

4γ2
, (4.72)

F ′′ = − Ω

4γ

(
1 +

Ω2

γ2

)
+

3Ω

4γ
, (4.73)

λ′′1 =
κ

2
+

A

4B

[(
1− Ω2

2γ2

)
+ χ′′

]
, (4.74)

λ′′2 =
κ

2
+

A

4B

[(
1− Ω2

2γ2

)
− χ′′

]
, (4.75)

p
′′2 + q

′′2
− ∓ 2q′′−p′′ =

1

χ′′2

[(
1 +

Ω2

γ2

)2 [
1 +

Ω

γ

(
Ω

4γ
± 1

)]

−3Ω

2γ

[
−3Ω

2γ
+

(
1 +

Ω2

γ2

)(
Ω

γ
± 2

)]]
, (4.76)
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p
′′2 + q

′′2
+ ± 2q′′+p′′ =

1

χ′′2

[(
1 +

Ω2

γ2

)2 [
1 +

Ω

γ

(
Ω

4γ
∓ 1

)]

+
3Ω

2γ

[
3Ω

2γ
+

(
1 +

Ω2

γ2

)(
Ω

γ
∓ 2

)]]
, (4.77)

p′′(q′′+ − q′′−)± (p
′′2 − q′′+q′′−) = − 1

χ′′2

[
3Ω

2γ

[
2

(
1 +

Ω2

γ2

)
∓ 3Ω

2γ

]

∓
(

1 +
Ω2

γ2

)2 (
1− Ω2

4γ2

)]
, (4.78)

p′′ ∓ q′′− =
1

χ′′

[(
1 +

Ω2

γ2

)(
1± Ω

2γ

)
∓ 3Ω

2γ

]
, (4.79)

p′′ ± q′′+ =
1

χ′′

[(
1 +

Ω2

γ2

)(
1∓ Ω

2γ

)
∓ 3Ω

2γ

]
, (4.80)

q′′+ + q′′− = − Ω

χ′′γ

(
1 +

Ω2

γ2

)
, (4.81)

with

χ′′ =

[(
1 +

Ω2

γ2

)2 (
1 +

Ω2

4γ2

)
− 3Ω

2γ

] 1
2

. (4.82)

We now seek to analyze the degree of squeezing of the cavity radiation when the

atoms are initially prepared to be in the bottom level. In this case, it is possible to see

from Eqs. (3.52), (3.53), and (3.54) that ρ
(0)
aa = ρ

(0)
ac = 0 and ρ

(0)
cc = 1, which corresponds

to the minimum atomic coherence. In order to study the dependence of the squeezing

on the amplitude of the driving radiation, linear gain coefficient, and squeeze parameter,

we first plot the quadrature variance versus Ω/γ for different values of A. We consider

the case when Ω/γ is large.
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Fig. 4.12: Plots of the quadrature variance ∆c2− (Eq. (4.71)) of the two-mode cavity radiation

at steady state for r = 0.75, κ = 0.5, η = 1, and different values of A.

Following a similar procedure the maximum squeezing and values of Ω/γ for which the

maximum squeezing occurs are generated from Eq. (4.71).

A Maximum squeezing Maximum squeezing occurs for

2 79% Ω = 27γ

3 80% Ω = 28γ

4 81% Ω = 30γ

5 81% Ω = 31γ

Table 4.9: Maximum squeezing for η = 1, κ = 0.5, r = 0.75, and different values of A.

It is clearly shown in Fig. 4.12 that the cavity radiation exhibits a significant degree

of squeezing. Like in the case of η = 0 (See Fig. 4.10), the degree of squeezing in-

creases with the linear gain coefficient for relatively larger values of Ω/γ, but decreases

for smaller values. Moreover, it is possible to see from Figs. 4.10 and 4.12 that the
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dependence of the degree of squeezing on Ω/γ for η = 0 and η = 1 is almost the same,

however as shown in Table (4.7) and (4.9) the maximum squeezing for η = 1 occurs for

comparably smaller values of Ω/γ.

We next plot the quadrature variance versus Ω/γ for different values of r. We take

A = 5 so that a comparison between the results for η = 0 and η = 1 can be made.
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Fig. 4.13: Plots of the quadrature variance ∆c2− (Eq. (4.71)) of the two-mode cavity radiation

at steady state for A = 5, κ = 0.5, η = 1, and different values of r.

Following a similar approach the maximum squeezing and values of Ω/γ for which the

maximum squeezing occurs are generated from Eq. (4.71).

57



4.1 Quadrature variances Quadrature Fluctuations

r Maximum squeezing Maximum squeezing occurs for

0.00 31% Ω = 15γ

0.25 55% Ω = 18γ

0.50 71% Ω = 23γ

0.75 81% Ω = 30γ

Table 4.10: Maximum squeezing for η = 1, κ = 0.5, A = 5, and different values of r.

As we can see from Fig. 4.13, the degree of squeezing increases with the squeeze param-

eter. Now comparison of the results indicated in Figs. 4.11 and 4.13 as well as Tables

(4.8) and (4.10) shows that the dependence of the degree of squeezing on the squeeze

parameter is almost the same for η = 0 and η = 1, but a maximum degree of squeezing

is realizable for relatively smaller values of Ω/γ for η = 1.

4.1.3 In the absence of the external driving radiation

Next we consider the case when the top and bottom levels of the atoms are not coupled

externally by a coherent radiation. We note for Ω = 0 that

B = 1, (4.83)

C =
1− η

2
, (4.84)

F = −
√

1− η2

2
, (4.85)

λ1 =
κ + Aη

2
, (4.86)

λ2 =
κ

2
, (4.87)

p2 + q2
− ∓ 2q−p =

2(1±
√

1− η2)

η2
− 1, (4.88)
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p2 + q2
+ ± 2q+p =

2(1±
√

1− η2)

η2
− 1, (4.89)

p(q+ − q−)± (p2 − q−q+) = ±
[

2(1±
√

1− η2)

η2
− 1

]
, (4.90)

p∓ q− =
1±

√
1− η2

η
, (4.91)

p± q+ =
1±

√
1− η2

η
, (4.92)

q+ + q− = 0. (4.93)

Employing Eqs. (4.86) and (4.87), we obtain

(λ1 + λ2)
2 + 4λ1λ2

8λ1λ2(λ1 + λ2)
=

8κ(κ + Aη) + A2η2

4κ(2κ + Aη)(κ + Aη)
, (4.94)

(λ1 + λ2)
2 − 4λ1λ2

8λ1λ2(λ1 + λ2)
=

A2η2

4κ(2κ + Aη)(κ + Aη)
, (4.95)

λ1 − λ2

4λ1λ2

=
Aη

2κ(κ + Aη)
. (4.96)

Hence on the basis of Eqs. (4.47), (4.83), (4.84), (4.85), (4.88), (4.89), (4.90), (4.91),

(4.92), (4.93), (4.94), (4.95), and (4.96), we find

∆c2
± = 1 + A(1− η)

4κ(κ + Aη) + A[A(1 + η) + 2κ](1±
√

1− η2)

4κ(2κ + Aη)(κ + Aη)

± A
√

1− η2
4κ(κ + Aη) + A2(η2 − 1∓

√
1− η2)

4κ(2κ + Aη)(κ + Aη)

+ (N ±M)
4κ(κ + Aη) + A2(1±

√
1− η2)

(2κ + Aη)(κ + Aη)
. (4.97)

Now we seek to analyze the dependence of the squeezing on the linear gain coefficient,

initial preparation of the atoms, and squeeze parameter when there is no external driving

radiation more closely. To this end, we first plot the quadrature variance versus η for

different values of the linear gain coefficient when r = 0. We observe that there is no

limit in the value of A if Ω = 0 and η ≥ 0.
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Fig. 4.14: Plots of the quadrature variance ∆c2− (Eq. (4.97)) of the two-mode cavity radiation

at steady state for Ω = 0, κ = 0.5, r = 0, and different values of A.

The maximum squeezing and values of η for which the maximum squeezing occurs are

generated from Eq. (4.97) in the same manner.

A Maximum squeezing Maximum squeezing occurs for

1 27% η=0.63

10 52% η=0.30

100 67% η=0.15

1000 73% η=0.05

Table 4.11: Maximum squeezing for Ω = 0, κ = 0.5, r = 0, and different values of A.

It is clearly shown in Fig. 4.14 that the cavity radiation of a system under consid-

eration exhibits squeezing for values of η between 0 and 1 when there is no external

driving radiation. This corresponds to when the atoms are initially prepared in such a

way that there are more atoms in the bottom level than the top level. We notice that
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the degree of squeezing increases with the linear gain coefficient. We also realize that

a higher degree of squeezing is observed for smaller values of η and larger values of A.

Besides, it is not difficult to see from Fig. 4.14 that squeezing is not exhibited when the

atoms are initially prepared with a maximum or minimum atomic coherence. Hence the

degree of squeezing of the cavity radiation shown in Figs. 4.9, 4.11, and 4.13 for r = 0

is entirely attributed to driving mechanism due to the external coherent radiation.

We next plot the quadrature variance versus η for different values of r. The linear

gain coefficient is arbitrarily fixed at A = 1000.
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Fig. 4.15: Plots of the quadrature variance ∆c2− (Eq. (4.97)) of the two-mode cavity radiation

at steady state for Ω = 0, κ = 0.5, A = 1000, and different values of r.

Following a similar approach the maximum squeezing and values of η for which the

maximum squeezing occurs are generated from Eq. (4.97).
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r Maximum squeezing Max. squeezing occurs for Squeezing occurs for

0.00 73% η=0.05 η < 0.99

0.25 83% η=0.04 η < 0.99

0.50 89% η=0.03 η < 0.98

0.75 93% η=0.02 η < 0.94

Table 4.12: Maximum squeezing for Ω = 0, κ = 0.5, A = 1000, and different values of r.

We see from Fig. 4.15 that the cavity radiation of the system under consideration

exhibits squeezing for certain values of η. We observe that the degree of squeezing is

substantially enhanced by the squeezed radiation that enters the cavity for smaller val-

ues of η. However, it is found that the degree of squeezing decreases with the squeeze

parameter for values of η close to 1. As shown in Fig. 4.5, the same dependence of the

squeezing on the r and η is observed for Ω = 0.1γ. As we have already discussed the

degree of squeezing decreases with the squeeze parameter near η = 1, since the atoms

in the bottom level absorb the squeezed radiation in the cavity and then emit radiation

that does not contribute to the squeezing.

4.1.4 For a weak driving radiation

Next we consider when the amplitude of the driving radiation is taken to be very small

(Ω ¿ γ). In this case, the quadrature variance (4.47) can be written as

∆c2
± = 1 +

[
A

B′′′ (C
′′′ ∓ F ′′′) + 2κ(N ±M)

]
(λ′′′1 + λ′′′2 )2 + 4λ′′′1 λ′′′2

8λ′′′1 λ′′′2 (λ′′′1 + λ′′′2 )

+

[(
AC ′′′

B′′′ + κN

) (
p′′′2 + q′′′2− ∓ 2q′′′−p′′′

)
+ κN

(
p′′′2 + q′′′2+ ± 2q′′′+p′′′

)

+

(
AF ′′′

B′′′ − 2κM

) (
p′′′(q′′′+ − q′′′−)± (p′′′2 − q′′′−q′′′+)

)] (λ′′′1 + λ′′′2 )2 − 4λ′′′1 λ′′′2
8λ′′′1 λ′′′2 (λ′′′1 + λ′′′2 )

+

[(
AC ′′′

B′′′ + κN

) (
p′′′ ∓ q′′′−

)− κN
(
p′′′ ± q′′′+

)

+

(
AF ′′′

2B′′′ − κM

)
(q′′′+ + q′′′−)

]
λ′′′1 − λ′′′2
4λ′′′1 λ′′′2

, (4.98)

with

B′′′ = 1, (4.99)
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C ′′′ =
1− η

2
− 3Ω

4γ

√
1− η2, (4.100)

F ′′′ = − Ω

4γ
(1− 3η)−

√
1− η2

2
, (4.101)

λ′′′1 =
κ

2
+

A

4

[
3Ω

2γ

√
1− η2 + η +

√
η2 +

3Ω

γ
η
√

1− η2

]
, (4.102)

λ′′′2 =
κ

2
+

A

4

[
3Ω

2γ

√
1− η2 + η −

√
η2 +

3Ω

γ
η
√

1− η2

]
, (4.103)

p′′′2 + q′′′2− ∓ 2q′′′−p′′′ =
2
(
1±

√
1− η2

)
− η2 − Ω

γ
(3η − 1)

(√
1− η2 ± 1

)

η2 + 3Ω
γ

η
√

1− η2
, (4.104)

p′′′2 + q′′′2+ ± 2q′′′+p′′′ =
2
(
1±

√
1− η2

)
− η2 − Ω

γ
(3η + 1)

(√
1− η2 ± 1

)

η2 + 3Ω
γ

η
√

1− η2
, (4.105)

p′′′(q′′′+ − q′′′−)± (p′′′2 − q′′′+q′′′−) =
−3ηΩ

γ

(
1±

√
1− η2

)
±

[
2
(
1±

√
1− η2

)
− η2

]

η2 + 3Ω
γ

η
√

1− η2
,

(4.106)

p′′′ ∓ q′′′− =
1± Ω

2γ
∓

(
3ηΩ
2γ
−

√
1− η2

)

[
η2 + 3Ω

γ
η
√

1− η2
] 1

2

, (4.107)

p′′′ ± q′′′+ =
1∓ Ω

2γ
∓

(
3ηΩ
2γ
−

√
1− η2

)

[
η2 + 3Ω

γ
η
√

1− η2
] 1

2

, (4.108)

q′′′+ + q′′′− = − Ω

γ
[
η2 + 3Ω

γ
η
√

1− η2
] 1

2

. (4.109)

In order to study the squeezing of the cavity radiation in the weak driving limit more

closely, we plot the quadrature variance versus Ω/γ and η. It is found using Eq. (4.103)

that λ′′′2 ≥ 0 for 0 ≤ η ≤ 1 and 0 ≤ Ω ≤ 0.1γ when A ≤ 32, in view of which the linear

gain coefficient is taken to be A = 32.
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Fig. 4.16: Plot of the quadrature variance ∆c2− (Eq. (4.98)) of the two-mode cavity radiation

at steady state for Ω ¿ γ, r = 0.75, κ = 0.5, and A = 32.

One can clearly see from Fig. 4.16 that the squeezing exists for certain values of Ω/γ

and η. We also notice that the degree of squeezing significantly depends on the initial

preparation of the atoms. It is found that a maximum squeezing of 89% occurs for

η = 0.06 and Ω = 0.02γ.

We next plot the quadrature variance versus Ω/γ and A. Here η is fixed to the value

for which the squeezing is maximum in the previous case (η = 0.06).
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Fig. 4.17: Plot of the quadrature variance ∆c2− (Eq. (4.98)) of the two-mode cavity radiation

at steady state for Ω ¿ γ, r = 0.75, κ = 0.5, and η = 0.06.

For η = 0.06 a maximum squeezing of 90% occurs for A = 40 and Ω = 0.02γ when

r = 0.75. It is not difficult to see from Fig. 4.17 that the degree of squeezing decreases

with the linear gain coefficient for some values of Ω/γ, although it is found to increase

with the linear gain coefficient for values of Ω/γ near 0.

We now plot the quadrature variance versus Ω/γ for different values of r. A and η

are fixed to the values for which the squeezing is found to be maximum in the previous

cases.
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Fig. 4.18: Plots of the quadrature variance ∆c2− (Eq. (4.98)) of the two-mode cavity radiation

at steady state for Ω ¿ γ, A = 40, κ = 0.5, η = 0.06, and different values of r.

In the same manner the maximum squeezing, values of Ω/γ for which the maximum

squeezing occurs, and values of Ω/γ for which the squeezing does not occur are gener-

ated from Eq. (4.98).

r Max. squeezing Max. squeezing occurs for Squeezing does not occur for

0.00 63% Ω = 0.028γ Ω > 0.087γ

0.25 76% Ω = 0.024γ Ω > 0.092γ

0.50 85% Ω = 0.019γ Ω > 0.098γ

0.75 90% Ω = 0.015γ -

Table 4.13: Maximum squeezing for A = 40, κ = 0.5, η = 0.06, and different values of r.

As shown in Fig. 4.18, the squeezing exists for certain values of Ω/γ for smaller values

of r. We notice that the degree of squeezing increases with the squeeze parameter.
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4.1.5 For a strong driving radiation

On the other hand, when the amplitude of the driving radiation is taken to be very large

(Ω À γ), we see that

B =
Ω4

4γ4
, (4.110)

C =
Ω2

4γ2
(2 + η), (4.111)

F = − Ω3

4γ3
, (4.112)

λ1 =
κ

2
+

Aγ

2Ω
, (4.113)

λ2 =
κ

2
− Aγ

2Ω
, (4.114)

p2 + q2
− ∓ 2q−p = 1, (4.115)

p2 + q2
+ ± 2q+p = 1, (4.116)

p(q+ − q−)± (p2 − q−q+) = ∓1, (4.117)

p∓ q− = ∓1, (4.118)

p± q+ = ±1, (4.119)

q+ + q− = −2. (4.120)

Using Eqs. (4.113) and (4.114), we obtain

(λ1 + λ2)
2 + 4λ1λ2

8λ1λ2(λ1 + λ2)
=

2κ2Ω2 − A2γ2

2κ[κ2Ω2 − A2γ2]
, (4.121)
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(λ1 + λ2)
2 − 4λ1λ2

8λ1λ2(λ1 + λ2)
=

A2γ2

2κ[κ2Ω2 − A2γ2]
, (4.122)

λ1 − λ2

4λ1λ2

=
AγΩ

κ2Ω2 − A2γ2
. (4.123)

Hence application of Eqs. (4.110), (4.111), (4.112), (4.115), (4.116), (4.117), (4.118),

(4.119), (4.120), (4.121), (4.122), and (4.123) leads to

∆c2
± = 1 +

[
Aγ

Ω

[ γ

Ω
(2 + η)± 1

]
+ 2κ(N ±M)

]
κΩ2

κ2Ω2 − A2γ2

+

[
Aγ

Ω

[
1∓ γ

Ω
(2 + η)

]
+ 2κ (M ∓N)

]
AγΩ

κ2Ω2 − A2γ2
. (4.124)

To study the squeezing properties of the cavity radiation in the strong driving limit in

detail, we first plot the quadrature variance versus Ω/γ and η. The linear gain coefficient

is taken to be A = 48.
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Fig. 4.19: Plot of the quadrature variance ∆c2− (Eq. (4.124)) of the cavity radiation at steady

state for Ω À γ, κ = 0.5, r = 0.75, and A = 48.
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We see from Fig. 4.19 that a significant degree of squeezing can be obtained when

Ω À γ. It is found that a maximum squeezing of 87% occurs for η = 1 and Ω = 108γ.

Moreover, comparison of Figs. 4.16 and 4.19 reveals that the squeezing varies more

slowly with the initial preparation of the atoms in the strong driving limit than in the

weak driving limit.

We next plot the quadrature variance versus Ω/γ and A, where η is fixed to the value

for which the squeezing is maximum in the previous case (η = 1).
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Fig. 4.20: Plot of the quadrature variance ∆c2− (Eq. (4.124)) of the cavity radiation at steady

state for Ω À γ, κ = 0.5, r = 0.75, and η = 1.

Fig. 4.20 clearly indicates that for Ω À γ, the degree of squeezing decreases with the

linear gain coefficient for some values of Ω/γ. It is found that the maximum squeezing

of 87% occurs for A = 48 and Ω = 108γ.

We next plot the quadrature variance versus Ω/γ for different values of r. Here η

is fixed to the value for which the maximum squeezing is obtained in the previous case

and the linear gain coefficient on the other hand is taken to be A = 49.4.
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Fig. 4.21: Plots of the quadrature variance ∆c2− (Eq. (4.124)) of the cavity radiation at steady

state for Ω À γ, κ = 0.5, η = 1, A = 49.4, and different values of r.

Following a similar procedure the maximum squeezing and values of Ω/γ for which the

maximum squeezing occurs are generated from Eq. (4.124).

r Maximum squeezing Maximum squeezing occurs for

0.00 48% Ω = 102γ

0.25 68% Ω = 104γ

0.50 80% Ω = 106γ

0.75 87% Ω = 110γ

Table 4.14: Maximum squeezing for κ = 0.5, η = 1, A = 49.4, and different values of r.

One can clearly see from Fig. 4.21 that for Ω À γ the degree of squeezing increases with

the squeeze parameter. We also notice from Table (4.14) that the maximum squeezing

occurs for nearly the same values of Ω/γ when different values of r are taken. It is found

that when there is no initial atomic coherence a squeezing close to 50% can be obtained
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for r = 0. This result agrees with the claim of Xiong et al. [11] that a nondegenerate

three-level cascade laser in which the atoms are initially prepared in the lower level and

externally driven by a strong radiation resembles parametric oscillator.

4.2 Squeezing spectrum

The squeezing spectrum of a two-mode light is expressed as

Sout
± (ω) = 2Re

∫ ∞

0

〈ĉout
± (t), ĉout

± (t + τ)〉sseiωτdτ, (4.125)

where the quadrature operators ĉ+(t) and ĉ−(t) are defined by Eqs. (4.7) and (4.8), and

〈ĉout
± (t), ĉout

± (t + τ)〉 = 〈ĉout
± (t)ĉout

± (t + τ)〉 − 〈ĉout
± (t)〉〈ĉout

± (t + τ)〉. (4.126)

With the aid of the commutation relation

[
ĉout(t), ĉ†out(t + τ)

]
= δ(τ), (4.127)

Eq. (4.125) can be put in the form

Sout
± (ω) = 1 + 2Re

∫ ∞

0

〈: ĉout
± (t), ĉout

± (t + τ) :〉sseiωτdτ, (4.128)

where :: denotes that the operators are put in the normal order. The squeezing spectrum

can also be written in terms of c-number variables associated with the normal ordering

as

Sout
± (ω) = 1± 2Re

∫ ∞

0

〈γout
± (t), γout

± (t + τ)〉sseiωτdτ, (4.129)

in which

γout
± (t) = γ∗out(t)± γout(t). (4.130)

Hence in view of Eq. (4.2), we see that

γout
± (t) =

1√
2

[
α∗out(t) + β∗out(t)± (αout(t) + βout(t))

]
. (4.131)

Furthermore, the output and cavity mode variables are related by

αout(t) =
√

κα(t)− αin(t), (4.132)
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βout(t) =
√

κβ(t)− βin(t). (4.133)

Upon substituting Eqs. (4.132) and (4.133) into (4.131), we have

γout
± (t) =

1√
2

[√
κ
[
α∗(t) + β∗(t)± (α(t) + β(t))

]

− [
α∗in(t) + β∗in(t)± (αin(t) + βin(t))

]]
, (4.134)

which can also be put in the form

γout
± (t) =

√
κγ±(t)− γin

± (t), (4.135)

where

γ±(t) =
1√
2

[
α∗(t) + β∗(t)± (α(t) + β(t))

]
, (4.136)

γin
± (t) =

1√
2

[
α∗in(t) + β∗in(t)± (αin(t) + βin(t))

]
. (4.137)

On the other hand, the input variables can be expressed in terms of the noise forces

associated with the reservoir as

αin(t) =
1√
κ
FRα(t), (4.138)

βin(t) =
1√
κ
FRβ(t). (4.139)

Now making use of (4.138) and (4.139), Eq. (4.137) can be written as

γin
± (t) =

1√
κ
FR±(t), (4.140)

where

FR±(t) =
1√
2

[
F ∗

Rα(t) + F ∗
Rβ(t)± (FRα(t) + FRβ(t))

]
. (4.141)

As shown in Appendix 7.2, the noise forces FRi(t) with i = α, β satisfy the correlation

properties:

〈FRi(t)〉 = 0, (4.142)
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〈F ∗
Ri(t)FRi(t

′)〉 = κNδ(t− t′), (4.143)

〈FRi(t)FRj(t
′)〉i6=j = κMδ(t− t′), (4.144)

〈F ∗
Ri(t)FRj(t

′)〉i 6=j = 〈FRi(t)FRi(t
′)〉 = 0. (4.145)

It is not difficult to see that the expectation value of Eq. (4.134) would be

〈γout
± (t)〉 =

1√
2

[√
κ
[〈α∗(t)〉+ 〈β∗(t)〉 ± (〈α(t)〉+ 〈β(t)〉)]

− [〈α∗in(t)〉+ 〈β∗in(t)〉 ± (〈αin(t)〉+ 〈βin(t)〉)]]. (4.146)

Applying Eqs. (4.138), (4.139), and (4.142), one can readily verify that

〈αin(t)〉 = 0, (4.147)

〈βin(t)〉 = 0. (4.148)

Upon inserting Eqs. (4.34), (4.147), and (4.148) into (4.146), we obtain

〈γout
± (t)〉 = 0, (4.149)

as a result of which Eq. (4.129) becomes

Sout
± (ω) = 1± 2Re

∫ ∞

0

〈γout
± (t)γout

± (t + τ)〉sseiωτdτ. (4.150)

Furthermore taking Eq. (4.135) into consideration, we write

〈γout
± (t)γout

± (t + τ)〉 = κ〈γ±(t)γ±(t + τ)〉+ 〈γin
± (t)γin

± (t + τ)〉
− √κ[〈γin

± (t)γ±(t + τ)〉+ 〈γ±(t)γin
± (t + τ)〉] (4.151)

so that employing Eq. (4.140), we have

〈γout
± (t)γout

± (t + τ)〉 = κ〈γ±(t)γ±(t + τ)〉+
1

κ
〈FR±(t)FR±(t + τ)〉

− [〈FR±(t)γ±(t + τ)〉+ 〈γ±(t)FR±(t + τ)〉]. (4.152)
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In view of the fact that the noise forces at t+ τ do not affect the system variables at the

earlier time t, we get

〈γout
± (t)γout

± (t + τ)〉 = κ〈γ±(t)γ±(t + τ)〉

+
1

κ
〈FR±(t)FR±(t + τ)〉 − 〈FR±(t)γ±(t + τ)〉. (4.153)

On the basis of Eq. (4.136), we find

〈γ±(t)γ±(t + τ)〉 =
1

2
[〈α(t)α(t + τ)〉+ 〈β(t)α(t + τ)〉+ 〈α(t)β(t + τ)〉

+ 〈β(t)β(t + τ)〉 ± [〈α(t)α∗(t + τ)〉+ 〈β(t)α∗(t + τ)〉
+ 〈β(t)β∗(t + τ)〉+ 〈α(t)β∗(t + τ)〉]] + c.c., (4.154)

where c.c. stands for complex conjugate. We now proceed to determine the various

correlation functions involved in Eq. (4.154). Using Eq. (3.92), we see that

〈α(t)α(t + τ)〉ss = A+(τ)〈α2(t)〉ss + B+(τ)〈α(t)β∗(t)〉ss
+ 〈α(t)F+(t + τ)〉ss + 〈α(t)G+(t + τ)〉ss. (4.155)

Applying Eqs. (4.34) and (4.45) along with the fact that the noise forces at t+ τ do not

affect the system variables at the earlier times, one readily gets

〈α(t)α(t + τ)〉ss = 0. (4.156)

It can also be verified in a similar manner that

〈β(t)β(t + τ)〉ss = 0, (4.157)

〈α(t)β∗(t + τ)〉ss = 0, (4.158)

〈α∗(t + τ)β(t)〉ss = 0, (4.159)

〈α∗(t)α(t + τ)〉ss = A+(τ)〈α∗(t)α(t)〉ss + B+(τ)〈α(t)β(t)〉ss, (4.160)

〈β∗(t)β(t + τ)〉ss = A−(τ)〈β∗(t)β(t)〉ss + B−(τ)〈α(t)β(t)〉ss, (4.161)

74



4.2 Squeezing spectrum Quadrature Fluctuations

〈β(t)α(t + τ)〉ss = A+(τ)〈α(t)β(t)〉ss + B+(τ)〈β(t)β∗(t)〉ss, (4.162)

〈α(t)β(t + τ)〉ss = A−(τ)〈α(t)β(t)〉ss + B−(τ)〈α(t)α∗(t)〉ss. (4.163)

Hence on account of Eqs. (4.154), (4.156), (4.157), (4.158), (4.159) (4.160), (4.161),

(4.162), and (4.163), we arrive at

〈γ±(t)γ±(t + τ)〉ss =
(
A+(τ) + A−(τ)

)〈α(t)β(t)〉ss + B+(τ)〈β∗(t)β(t)〉ss
+ B−(τ)〈α(t)α∗(t)〉ss ±

[(
B+(τ) + B−(τ)

)〈α(t)β(t)〉ss
+ A−(τ)〈β∗(t)β(t)〉ss + A+(τ)〈α(t)α∗(t)〉ss

]
, (4.164)

which can also be put, employing Eqs. (3.94) and (3.95), in a more appealing form as

〈γ±(t)γ±(t + τ)〉ss = (D± + E±)e−λ1τ + (D± − E±)e−λ2τ , (4.165)

where

D± = 〈α(t)β(t)〉ss ± 1

2

[〈β∗(t)β(t)〉ss + 〈α∗(t)α(t)〉ss
]
, (4.166)

E± =
1

2

[〈α∗(t)α(t)〉ss(q− ∓ p) + 〈β∗(t)β(t)〉ss(q+ ± p)± 〈α(t)β(t)〉ss(q− + q+)
]
.

(4.167)

Moreover, on the basis of Eq. (4.141), we write

〈FR±(t)FR±(t + τ)〉 =
1

2
[〈FRα(t)FRβ(t + τ)〉+ 〈FRβ(t)FRβ(t + τ)〉+ 〈FRβ(t)FRα(t + τ)〉

+ 〈FRα(t)FRα(t + τ)〉 ± [〈FRα(t)F ∗
Rβ(t + τ)〉+ 〈F ∗

Rβ(t)FRβ(t + τ)〉
+ 〈FRα(t)F ∗

Rα(t + τ)〉+ 〈F ∗
Rβ(t)FRα(t + τ)〉]] + c.c. (4.168)

so that using Eqs. (4.143), (4.144), and (4.145), we obtain

〈FR±(t)FR±(t + τ)〉 = 2κ(M ±N)δ(τ). (4.169)

Furthermore, with the aid of Eqs. (4.136) and (4.141), we find

〈FR±(t)γ±(t + τ)〉 =
1

2
[〈FRβ(t)α(t + τ)〉+ 〈FRα(t)α(t + τ)〉+ 〈FRβ(t)β(t + τ)〉

+ 〈FRα(t)β(t + τ)〉 ± [〈FRα(t)α∗(t + τ)〉+ 〈F ∗
Rβ(t)α(t + τ)〉

+ 〈FRα(t)β∗(t + τ)〉+ 〈F ∗
Rβ(t)β(t + τ)〉]] + c.c. (4.170)

75



4.2 Squeezing spectrum Quadrature Fluctuations

Now making use of Eq. (3.92), we see that

〈FRα(t)α∗(t + τ)〉 = A+(τ)〈FRα(t)α∗(t)〉+ B+(τ)〈FRα(t)β(t)〉
+ 〈FRα(t)F ∗

+(t + τ)〉+ 〈FRα(t)G∗
+(t + τ)〉. (4.171)

In addition, in view of Eq. (3.102), we note that

〈FRα(t)α∗(t)〉 = A+(t)〈FRα(t)α∗(0)〉+ B+(t)〈FRα(t)β(0)〉
+ 〈FRα(t)F ∗

+(t)〉+ 〈FRα(t)G∗
+(t)〉, (4.172)

from which follows

〈FRα(t)α∗(t)〉 = 〈FRα(t)F ∗
+(t)〉+ 〈FRα(t)G∗

+(t)〉. (4.173)

Next employing Eq. (3.106), we see that

〈FRα(t)F ∗
+(t)〉 =

1

2

∫ t

0

[
(1 + p)e−λ2(t−t′) + (1− p)e−λ1(t−t′)]〈FRα(t)f ∗α(t′)〉dt′. (4.174)

We observe that the noise forces fi(t), with i = α, β, can be written as

fi(t) = FCi(t) + FRi(t), (4.175)

where FCi(t) is the noise force associated with the cavity radiation. It then follows using

Eq. (4.175) that

〈FRα(t)f ∗α(t′)〉 = 〈FRα(t)F ∗
Cα(t′)〉+ 〈FRα(t)F ∗

Rα(t′)〉. (4.176)

On account of the fact that FRα(t) and FCα(t) do not correlate, we notice that

〈FRα(t)F ∗
Cα(t′)〉 = 0. (4.177)

Now applying Eqs. (4.143) and (4.177), we obtain

〈FRα(t)f ∗α(t′)〉 = κNδ(t− t′). (4.178)

Therefore, substituting Eq. (4.178) into (4.174) and then carrying out the integration

results in

〈FRα(t)F ∗
+(t)〉 =

κN

2
. (4.179)
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Following a similar procedure it is possible to show that

〈FRα(t)G∗
+(t)〉 = 0. (4.180)

Hence we see with the aid of Eqs. (4.172), (4.179), and (4.180) that

〈FRα(t)α∗(t)〉 =
κN

2
. (4.181)

One can also find in a similar manner that

〈FRα(t)β(t)〉 =
κM

2
. (4.182)

On the other hand, taking Eq. (3.96) into consideration, we write

〈FRα(t)F ∗
+(t + τ)〉 =

1

2

∫ τ

0

[(1 + p)e−λ2(τ−τ ′) + (1− p)e−λ1(τ−τ ′)]〈FRα(t)f ∗α(t + τ ′)〉dτ ′

(4.183)

so that on taking into account Eqs. (4.143), (4.175), and (4.177), there follows

〈FRα(t)F ∗
+(t + τ)〉 =

κN

2

∫ τ

0

[(1 + p)e−λ2(τ−τ ′) + (1− p)e−λ1(τ−τ ′)]δ(τ ′)dτ ′ (4.184)

and on carrying out this integration, we get

〈FRα(t)F ∗
+(t + τ)〉 =

κN

4

[
(1 + p)e−λ2τ + (1− p)e−λ1τ

]
. (4.185)

It can also be verified in a similar way that

〈FRα(t)G∗
+(t + τ)〉 =

κMq+

4

[
e−λ1τ − e−λ2τ

]
. (4.186)

Thus making use of Eqs. (3.94), (3.95), (4.171), (4.181), (4.182), (4.185), and (4.186),

we find

〈FRα(t)α∗(t + τ)〉 =
κN

2
[(1 + p)e−λ2τ + (1− p)e−λ1τ ] +

κMq+

2
[e−λ1τ − e−λ2τ ]. (4.187)

It is also possible to show following a similar procedure that

〈F ∗
Rβ(t)β(t + τ)〉 =

κN

2
[(1− p)e−λ2τ + (1 + p)e−λ1τ ] +

κMq−
2

[e−λ1τ − e−λ2τ ], (4.188)

〈FRβ(t)α(t + τ)〉 =
κM

2
[(1 + p)e−λ2τ + (1− p)e−λ1τ ] +

κNq+

2
[e−λ1τ − e−λ2τ ], (4.189)
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〈FRα(t)β(t + τ)〉 =
κM

2
[(1− p)e−λ2τ + (1 + p)e−λ1τ ] +

κNq−
2

[e−λ1τ − e−λ2τ ], (4.190)

〈F ∗
Rβ(t)α(t + τ)〉 = 0, (4.191)

〈FRα(t)α(t + τ)〉 = 0, (4.192)

〈FRβ(t)β(t + τ)〉 = 0, (4.193)

〈FRα(t)β∗(t + τ)〉 = 0. (4.194)

Hence on the basis of Eqs. (4.170), (4.187), (4.188), (4.189), (4.190), (4.191), (4.192),

(4.193), and (4.194), we arrive at

〈FR±(t)γ±(t + τ)〉 = ±κ(N ±M)

[(
1± (q+ + q−)

2

)
e−λ1τ

+

(
1∓ (q+ + q−)

2

)
e−λ2τ

]
. (4.195)

Now inserting Eqs. (4.165), (4.169), and (4.195) into (4.153), we obtain

〈γout
± (t)γout

± (t + τ)〉 = 2(M ±N)δ(τ)

+ κ

[(
D± + E± −

(
(M ±N)

(
1± (q+ + q−)

2

)))
e−λ1τ

+

(
D± − E± −

(
(M ±N)

(
1∓ (q+ + q−)

2

)))
e−λ2τ

]
. (4.196)

Therefore, the squeezing spectrum (4.150) takes the form

Sout
± (ω) = 1 + 4(N ±M)Re

∫ ∞

0

eiωτδ(τ)dτ

± 2κRe

∫ ∞

0

[
D± + E± −

(
(M ±N)

(
1± (q+ + q−)

2

))]
e−(λ1−iω)τdτ

± 2κRe

∫ ∞

0

[
D± − E± −

(
(M ±N)

(
1∓ (q+ + q−)

2

))]
e−(λ2−iω)τdτ. (4.197)
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Finally, upon carrying out the integrations in Eq. (4.197) and then taking the real part

of the resulting expressions, we get

Sout
± (ω) = 1 + 2N ± 2M +

κλ1

λ2
1 + ω2

[〈α∗(t)α(t)〉ss + 〈β∗(t)β(t)〉ss − 2(N ±M)

+(〈α(t)β(t)〉ss − (M ±N))(q+ + q−) + (〈β∗(t)β(t)〉ss − 〈α∗(t)α(t)〉ss)p
±(2(〈α(t)β(t)〉ss) + 〈α∗(t)α(t)〉ssq− + 〈β∗(t)β(t)〉ssq+)]

+
κλ2

λ2
2 + ω2

[〈α∗(t)α(t)〉ss + 〈β∗(t)β(t)〉ss − 2(N ±M)

−(〈α(t)β(t)〉ss − (M ±N))(q+ + q−) + (〈α∗(t)α(t)〉ss − 〈β∗(t)β(t)〉ss)p
±(2〈α(t)β(t)〉ss − 〈α∗(t)α(t)〉ssq− − 〈β∗(t)β(t)〉ssq+)] , (4.198)
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which can also be put using Eqs. (4.28), (4.29), and (4.43) in the form

Sout
± (ω) = 1 + 2N ± 2M +

κλ1

λ2
1 + ω2

{[(
AC

B
+ κN

) (
1− p± q−

)
+ κN

(
1 + p± q+

)

−
(

AF

2B
− κM

) (
q+ + q− ± 2

)] (
λ1 + λ2

)2
+ 4λ1λ2

8λ1λ2(λ1 + λ2)

+

[(
AC

B
+ κN

) [
p2(1− p) + q2

−(1± q+)− q−p(q+ ± (2− p))
]

+κN
[
q2
+(1± q−) + p2(1 + p) + q+p(q− ± (2 + p))

]
+

(
AF

2B
− κM

)

×[
2p(q+ − q−) + (p2 − q+q−)(1± 1)− 2p2(q− + q+)

]] (
λ1 + λ2

)2 − 4λ1λ2

8λ1λ2(λ1 + λ2)

+

[(
AC

B
+ κN

) [
p(1− p)− q−(q− + q+ ± (2− p))

]

+κN
[
p(p− 1)− q+(q− + q+ ± (2 + p))

]

+

(
AF

2B
− κM

) [
2q+(1− p + q−) + 2q−(1 + p + q+)

]] λ1 − λ2

4λ1λ2

}

+
κλ2

λ2
2 + ω2

{[(
AC

B
+ κN

) (
1 + p∓ q−

)
+ κN

(
1− q+ ∓ p

)

+

(
AF

2B
− κM

) (
q+ + q− ∓ 2

)] (
λ1 + λ2

)2
+ 4λ1λ2

8λ1λ2(λ1 + λ2)

+

[(
AC

B
+ κN

) [
q2
−(1∓ q+) + p2(1 + p) + q−p(q+ ∓ (2 + p))

]

+κN
[
q2
+(1∓ q−) + p2(1− p)− q+p(q− ∓ (2− p))

]
+

(
AF

2B
− κM

)

×[
p(q+ − q−) + 2p2(q− + q+)− (p2 − q+q−)(1∓ 1)

]] (
λ1 + λ2

)2 − 4λ1λ2

8λ1λ2(λ1 + λ2)

+

[(
AC

B
+ κN

) [
p(1 + p) + q−(q− + q+ ∓ (2 + p))

]

+κN
[− p(p + 1) + q+(q− + q+ ∓ (2− p))

]

+

(
AF

2B
− κM

) [
2q+(1− q− + p) + 2q−(1− p− q+)

]] λ1 − λ2

4λ1λ2

}
, (4.199)

where

1− p± q− = 1−
1 + Ω2

γ2 ±
[

Ω
2γ

(
1 + Ω2

γ2

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

)]

χ
, (4.200)

1 + p± q+ = 1 +
1 + Ω2

γ2 ∓
[

Ω
2γ

(
1 + Ω2

γ2

)
+ 3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]

χ
, (4.201)
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q+ + q− ± 2 = − Ω

χγ

(
1 +

Ω2

γ2

)
± 2, (4.202)

p2(1− p) + q2
−(1± q+)− q−p(q+ ± (2− p))

=
1

χ3

[(
1 +

Ω2

γ2

)2 (
χ−

(
1 +

Ω2

γ2

))
−

[
Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ

+
√

1− η2

(
1− Ω2

2γ2

)][(
− Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))

×
(

χ∓
(

Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)))
−

(
1 +

Ω2

γ2

)

×
(
− Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

)
±

(
2χ−

(
1 +

Ω2

γ2

)))]]
,

(4.203)

p2(1 + p) + q2
+(1± q−) + q+p(q− ± (2 + p))

=
1

χ3

[(
1 +

Ω2

γ2

)2 (
χ +

(
1 +

Ω2

γ2

))
−

[
Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ

−
√

1− η2

(
1− Ω2

2γ2

)][(
− Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

))

×
(

χ∓
(

Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

)))
+

(
1 +

Ω2

γ2

)

×
(
− Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)
±

(
2χ +

(
1 +

Ω2

γ2

)))]]
,

(4.204)

(p2 − q−q+)(1± 1) + 2p(q+ − q−)− 2p2(q− + q+)

=
1

χ3

[((
1 +

Ω2

γ2

)2 (
1− Ω2

4γ2

)
+

(
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))2
)

(χ± χ)

−4χ

(
1 +

Ω2

γ2

)(
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))
+

2Ω

γ

(
1 +

Ω2

γ2

)3
]

, (4.205)

p(1− p)− q−(q− + q+ ± (2− p))

=
1

χ2

[(
1 +

Ω2

γ2

) (
χ−

(
1 +

Ω2

γ2

))
+

(
Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ

+
√

1− η2

(
1− Ω2

2γ2

)) (
−Ω

γ

(
1 +

Ω2

γ2

)
±

(
2χ−

(
1 +

Ω2

γ2

)))]
, (4.206)
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p(p− 1)− q+(q− + q+ ± (2 + p))

=
1

χ2

[(
1 +

Ω2

γ2

) ((
1 +

Ω2

γ2

)
− χ

)
−

(
Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ

−
√

1− η2

(
1− Ω2

2γ2

))(
−Ω

γ

(
1 +

Ω2

γ2

)
±

(
2χ +

(
1 +

Ω2

γ2

)))]
, (4.207)

2q+(1− p + q−) + 2q−(1 + p + q+)

= − 2

χ2

[(
Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))

×
(

χ−
(

1 +
Ω2

γ2

) (
1 +

Ω

2γ

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))

+

(
Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

))

×
(

χ +

(
1 +

Ω2

γ2

)(
1− Ω

2γ

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

))]
, (4.208)

1 + p∓ q− = 1 +
1 + Ω2

γ2 ±
[

Ω
2γ

(
1 + Ω2

γ2

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

)]

χ
, (4.209)

1− q+ ∓ p = 1 +

Ω
2γ

(
1 + Ω2

γ2

)
+ 3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)
∓

(
1 + Ω2

γ2

)

χ
, (4.210)

p2(1 + p) + q2
−(1∓ q+) + q−p(q+ ∓ (2 + p))

=
1

χ3

[(
1 +

Ω2

γ2

)2 (
χ +

(
1 +

Ω2

γ2

))
−

[
Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ

+
√

1− η2

(
1− Ω2

2γ2

)][(
− Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))

×
(

χ±
(

Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)))
+

(
1 +

Ω2

γ2

)

×
(
− Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

)
∓

(
2χ +

(
1 +

Ω2

γ2

)))]]
,

(4.211)
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p2(1− p) + q2
+(1∓ q−)− q+p(q− ∓ (2− p))

=
1

χ3

[(
1 +

Ω2

γ2

)2 (
χ−

(
1 +

Ω2

γ2

))
−

[
Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ

−
√

1− η2

(
1− Ω2

2γ2

)][(
− Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

))

×
(

χ∓
(
− Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)))
−

(
1 +

Ω2

γ2

)

×
(
− Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)
∓

(
2χ +

(
1 +

Ω2

γ2

)))]]
,

(4.212)

(q−q+ − p2)(1∓ 1) + p(q+ − q−) + 2p2(q+ + q−)

=
1

χ3

[((
Ω2

4γ2
− 1

)(
1 +

Ω2

γ2

)2

−
(

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))2
)

(χ∓ χ)

−2χ

(
1 +

Ω2

γ2

)(
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))
− 2Ω

γ

(
1 +

Ω2

γ2

)3
]

, (4.213)

p(1 + p) + q−(q− + q+ ∓ (2 + p))

=
1

χ2

[(
1 +

Ω2

γ2

)(
χ +

(
1 +

Ω2

γ2

))
−

(
Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ

+
√

1− η2

(
1− Ω2

2γ2

))(
−Ω

γ

(
1 +

Ω2

γ2

)
∓

(
2χ +

(
1 +

Ω2

γ2

)))]
, (4.214)

− p(p + 1) + q+(q− + q+ ∓ (2− p))

=
1

χ2

[
−

(
1 +

Ω2

γ2

)((
1 +

Ω2

γ2

)
+ χ

)
−

(
Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ

−
√

1− η2

(
1− Ω2

2γ2

))(
−Ω

γ

(
1 +

Ω2

γ2

)
∓

(
2χ−

(
1 +

Ω2

γ2

)))]
, (4.215)
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2q+(1 + p− q−) + 2q−(1− p− q+)

= − 2

χ2

[(
Ω

2γ

(
1 +

Ω2

γ2

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))

×
(

χ +

(
1 +

Ω2

γ2

)(
1 +

Ω

2γ

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

))

+

(
Ω

2γ

(
1 +

Ω2

γ2

)
− 3ηΩ

2γ
+

√
1− η2

(
1− Ω2

2γ2

))

×
(

χ−
(

1 +
Ω2

γ2

)(
1− Ω

2γ

)
+

3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

))]
. (4.216)

In order to study the dependence of the squeezing spectrum on the linear gain coef-

ficient, amplitude of the driving radiation, initial preparation of the atoms, and squeeze

parameter, we plot the squeezing spectrum versus these parameters by alternatively fix-

ing two of them. We first plot the squeezing spectrum versus Ω/γ and η for A = 1.3

and r = 0.75. We take similar parameters as in Section 4.1.1 so that comparison of the

squeezing inside and outside the cavity can be made.
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Fig. 4.22: Plot of the squeezing spectrum Sout− (0) (Eq. (4.199)) of the two-mode output

radiation at steady state for κ = 0.5, r = 0.75, and A = 1.3.
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It is clearly shown in Fig. 4.22 that the two-mode radiation generated by the system

under consideration does not exhibit squeezing outside the cavity even when the cavity

is coupled to a two-mode squeezed vacuum reservoir for certain values of Ω/γ and η.

Like for the cavity radiation, the maximum squeezing of the output radiation occurs for

η = 0 and Ω = 0.1γ. It is also found that the squeezing, for example, does not occur for

values of Ω less than 6.6γ when η = 1, r = 0.75, κ = 0.5, and A = 1.3.

We next plot the squeezing spectrum versus A and η, where the amplitude of the

driving radiation is fixed to the value for which the maximum squeezing is obtained in

the previous case (Ω = 0.1γ).
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Fig. 4.23: Plot of the squeezing spectrum Sout− (0) (Eq. (4.199)) of the two-mode output

radiation at steady state for κ = 0.5, r = 0.75, and Ω = 0.1γ.

It is not difficult to see from Fig. 4.23 that the two-mode output radiation does not

exhibit squeezing for certain values of A and η. It is also possible to see that the degree

of squeezing decreases with the linear gain coefficient for some values of η. It is found

that the maximum squeezing occurs for η = 0 and A = 5. We hence come to understand
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that the maximum squeezing for the output and cavity radiation occurs for the same

value of η, but for different linear gain coefficient.

We now plot the squeezing spectrum versus Ω/γ and A. Here η is fixed arbitrarily

to 0.1.
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Fig. 4.24: Plot of the squeezing spectrum Sout− (0) (Eq. (4.199)) of the two-mode output

radiation at steady state for κ = 0.5, r = 0.75, and η = 0.1.

One can clearly see from Fig. 4.24 that the two-mode output radiation does not

exhibit squeezing for certain values of A and Ω/γ. As in the case of the cavity radiation,

the degree of squeezing is found to decrease with the linear gain coefficient for some

values of Ω/γ. We also found that the maximum squeezing occurs for some values of

Ω/γ when A = 0. This indicates that the squeezing for the output radiation is less than

what it would be when we have the squeezed vacuum reservoir with squeeze parameter

of r = 0.75.

In order to study the dependence of the squeezing spectrum particularly on the

squeeze parameter, we plot the squeezing spectrum versus the linear gain coefficient,
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initial preparation of the atoms, and amplitude of the driving radiation for different

values of r. We fix two of these parameters to the values we have taken while studying

the squeezing of the cavity radiation so that comparison of the squeezing inside and

outside the cavity can be made. To this end, we first plot the squeezing spectrum versus

the linear gain coefficient. We take Ω = 0.1γ and η = 0.1.
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Fig. 4.25: Plots of the squeezing spectrum Sout− (0) (Eq. (4.199)) of the two-mode output

radiation at steady state for κ = 0.5, Ω = 0.1γ, and η = 0.1 and different values of

r.

We see from Fig. 4.25 that the squeezing of the output radiation increases with the

squeeze parameter for smaller values of A, but decreases for larger values. It is found

that the maximum squeezing occurs for r = 0.25 and A = 6.7. Moreover, as clearly

shown in Figs. 4.4 and 4.25, the minimum value of the squeezing spectrum is less than

the corresponding minimum value of the quadrature variance, in spite of the unbiased

noise introduced while the radiation crosses the mirror.

We next plot the squeezing spectrum versus η. We take Ω = 0.1γ and A = 1.
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Fig. 4.26: Plots of the squeezing spectrum Sout− (0) (Eq. (4.199)) of the two-mode output

radiation at steady state for κ = 0.5, Ω = 0.1γ, and A = 1.

According to the result given in Fig. 4.26 the squeezing spectrum decreases with the

squeeze parameter for smaller values of η, but increases with larger values. It is also

found that the minimum value of the squeezing spectrum is less than the corresponding

minimum value of the quadrature variance.

We now plot the squeezing spectrum versus Ω/γ for different values of r. We take

η = 0.1 and A = 2.3.
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Fig. 4.27: Plots of the squeezing spectrum Sout− (0) (Eq. (4.199)) of the two-mode output

radiation at steady state for κ = 0.5, η = 0.1, and A = 1.

As in the case of the cavity radiation, the squeezing of the output radiation occurs

either for smaller or larger values of Ω/γ. We also see from Fig. 4.27 that the squeezing

increases with the squeeze parameter for some values of Ω/γ.

In order to study the squeezing of the output radiation more closely, we consider

various cases of interest. In the first place, when there is no driving radiation (Ω = 0),

we see that

1− p± q− = 1− 1±
√

1− η2

η
, (4.217)

1 + p± q+ = 1 +
1±

√
1− η2

η
, (4.218)

q+ + q− ± 2 = ±2, (4.219)
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p2(1− p) + q2
−(1± q+)− q−p(q+ ± (2− p))

=
1

η3

[
η − 1 + (1− η2)(η ±

√
1− η2)−

√
1− η2 ∓ (2η − 1)

]
, (4.220)

p2(1 + p) + q2
+(1± q−) + q+p(q− ± (2 + p))

=
1

η3

[
η + 1 + (1− η2)(η ∓

√
1− η2)−

√
1− η2 ± (2η − 1)

]
, (4.221)

(p2 − q−q+)(1± 1) + 2p(q+ − q−)− 2p2(q− + q+)

=
1

η2

[
(2− η2)(1± 1) + 2

√
1− η2

]
, (4.222)

p(1− p)− q−(q− + q+ ± (2− p)) =
1

η2

[
η − 1±

√
1− η2(2η − 1)

]
, (4.223)

p(p− 1)− q+(q− + q+ ± (2 + p)) =
1

η2

[
1− η ±

√
1− η2(2η + 1)

]
, (4.224)

2q+(1− p + q−) + 2q−(1 + p + q+) = −4
√

1− η2

η2
(1 +

√
1− η2), (4.225)

1 + p∓ q− = 1 +
1±

√
1− η2

η
, (4.226)

1− q+ ∓ p = 1−
√

1− η2 ± 1

η
, (4.227)

p2(1 + p) + q2
−(1∓ q+) + q−p(q+ ∓ (2 + p))

=
1

η3

[
η + 1 + (1− η2)(η ∓

√
1− η2) +

√
1− η2 ∓ (2η + 1)

]
, (4.228)

p2(1− p) + q2
+(1∓ q−)− q+p(q− ∓ (2− p))

=
1

η3

[
η − 1− (1− η2)(η ±

√
1− η2) +

√
1− η2 ∓ (2η + 1)

]
, (4.229)

(q−q+ − p2)(1∓ 1) + p(q+ − q−) + 2p2(q+ + q−) =
1

η2

[
η2(1∓ 1) + 2

√
1− η2

]
,

(4.230)
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p(1 + p) + q−(q− + q+ ∓ (2 + p)) =
1

η2

[
η + 1±

√
1− η2(2η + 1)

]
, (4.231)

− p(p + 1) + q+(q− + q+ ∓ (2− p)) =
1

η2

[
−η − 1∓

√
1− η2(2η − 1)

]
, (4.232)

2q+(1 + p− q−) + 2q−(1− p− q+) =
4

η2

[√
1− η2(1 +

√
1− η2)

]
. (4.233)

Now making use of Eqs. (4.83), (4.84), (4.85), (4.86), (4.87), (4.94), (4.95), (4.96),

(4.217), (4.218), (4.219), (4.220), (4.221), (4.222), (4.223), (4.224), (4.225), (4.226),

(4.227), (4.228), (4.229), (4.230), (4.231), (4.232), and (4.233), we obtain

Sout
± (0) = 1 +

κ

2η
(
(κ + Aη)2 + 4ω2

)
(2κ + Aη)

[
2(N ±M)

(
8κη(κ + Aη) + A2η3

)

+ 2NA2
(
2− η3 ±

√
1− η2(2η − 1)

)−MA2η
(
(2η − η2)(1± 1)

+ 4
√

1− η2
)

+ 8A
√

1− η2
(
M(1 +

√
1− η2)±Nη

)
(2κ + Aη)

]

+
κ

2η(κ + Aη)(2κ + Aη)(κ2 + +4ω2)

[
2(N ±M)

(
8κη(κ + Aη) + A2η3

)

+ 2NA2
(
2η − η3 ±

√
1− η2(2η + 1)

)−MA2
(
η3(1± 1) + 2

√
1− η2

)

± 4NA
√

1− η2(2κ + Aη)− 8MA
√

1− η2
(
1 +

√
1− η2

)
(2κ + Aη)

]

+
A

4η
(
(κ + Aη)2 + 4ω2

)
(2κ + Aη)

[(
8κ(κ + Aη) + A2η2

)(
2η − 1± η2

√
1− η2

)

+ A2
[
(1− η)

(
η − η2 + (1− η2)(η ±

√
1− η2)

)±
√

1− η2(2η − 1)

− η
√

1− η2

2

(
(2− η2)(1± 1) + 4

√
1− η2

)]
+ 2A(2κ + Aη)

× (
(2− η)

(
η − 1±

√
1− η2(2η − 1) + 2(1− η2)(1 +

√
1− η2)

))]

+
A

8η(κ + Aη)(2κ + Aη)(κ + 4ω2)

[(
8κ(κ + Aη) + A2η2

)

× (
(1− η)(1 + η ±

√
1− η2)± η

√
1− η2

)
+ A2

[
(1− η)

(
η + η2

+ (1− η2)(η ±
√

1− η2)±
√

1− η2(2η + 1)− η
√

1− η2(η2(1± 1)

+ 2
√

1− η2)
)]

+ 2A(2κ + Aη)
(
(1− η)(η + 1±

√
1− η2(2η + 1)

+
√

1− η2(1 + η ±
√

1− η2(2η − 1))
))]

. (4.234)

In the following, we seek to analyze the dependence of the squeezing spectrum on the

linear gain coefficient, initial preparation of the atoms, and squeeze parameter. To this
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end, we first plot the squeezing spectrum versus η for different values of A and r = 0.

The values of A are arbitrarily chosen.
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Fig. 4.28: Plots of the squeezing spectrum Sout− (0) (Eq. (4.234)) of the two-mode output

radiation at steady state for ω = 0, κ = 0.5, r = 0, Ω = 0, and different values of A.

We see from Fig. 4.28 that the output radiation exhibits squeezing for values of η

between 0 and 1. We also notice that the squeezing spectrum decreases with the linear

gain coefficient. Moreover, it is found that a maximum squeezing occurs for values of η

near 0.1 for A = 100. Comparison of the results given in Figs. 4.14 and 4.28 reveals that

the minimum squeezing spectrum of the output radiation is less than the corresponding

quadrature variance of the cavity radiation.

We next plot the squeezing spectrum versus η for different values of r. Here A = 1

is taken for convenience.
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Fig. 4.29: Plots of the squeezing spectrum Sout− (0) (Eq. (4.234)) of the two-mode output

radiation at steady state for ω = 0, κ = 0.5, A = 1, Ω = 0, and different values r.

According to the result given in Fig. 4.29 the squeezing spectrum decreases with

the squeeze parameter for smaller values of η, but increases for larger values. As shown

in Fig. 4.15, similar effect of the squeezed parameter is also observed for the cavity

radiation. It is found that a maximum squeezing occurs at η = 0.19.

We now seek to study the dependence of the squeezing spectrum on the amplitude

of the driving radiation, linear gain coefficient, and squeeze parameter when half of the

atoms are initially prepared to be in the upper level (η = 0). To this effect, we first plot

the squeezing spectrum versus Ω/γ for different values of A. We consider very small

values of Ω/γ.
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Fig. 4.30: Plots of the squeezing spectrum Sout− (0) (Eq. (4.199)) of the two-mode output

radiation at steady state for ω = 0, η = 0, κ = 0.5, r = 0, and different values of A.

We clearly see from Fig. 4.30 that the squeezing spectrum decreases with the linear

gain coefficient for smaller values of Ω/γ, but increases for larger values. As shown in

Fig. 4.8, similar effect of the amplitude of the driving radiation on squeezing for cavity

radiation is observed. It is found that a maximum squeezing occurs for A = 40 and

Ω = 0.017γ. On the other hand, comparison of Figs. 4.28 and 4.30 reveals that coupling

the top and bottom levels of the atoms by an external coherent radiation significantly

enhances the squeezing of the output radiation for η = 0.

We next plot the squeezing spectrum versus Ω/γ for different values of r. The linear

gain coefficient is taken to be A = 40.
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Fig. 4.31: Plots of the squeezing spectrum Sout− (0) (Eq. (4.199)) of the two-mode output

radiation at steady state for ω = 0, η = 0, κ = 0.5, A = 40, and different values of

r.

It is not difficult to see from Fig. 4.31 that the squeezing spectrum decreases with

the squeeze parameter. It turns out that a maximum squeezing occurs for Ω = 0.015γ

and r = 0.75. Just like in the cavity radiation, the maximum squeezing for the output

radiation is found to occur for nearly the same values of Ω/γ for different values of r.

Finally, in order to study the dependence of the squeezing spectrum on the amplitude

of the driving radiation, linear gain coefficient, and squeezing parameter when all the

atoms are initially prepared to be in the bottom level (η = 1), we first plot the squeezing

spectrum versus Ω/γ for different values of A. We consider the case when Ω/γ is large.
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Fig. 4.32: Plots of the squeezing spectrum Sout− (0) (Eq. (4.199)) of the two-mode output

radiation at steady state for ω = 0, η = 1, κ = 0.5, r = 0, and different values of A.

As clearly shown in Fig. 4.32, the squeezing spectrum decreases with the linear gain

coefficient for relatively larger values of Ω/γ, but increases for smaller values. It is found

that a maximum squeezing occurs for A = 23 and Ω = 62.5γ. On the other hand,

comparison of Figs. 4.28 and 4.32 reveals that the degree of squeezing of the output

radiation is substantially increased for η = 1, if the top and bottom levels of the atoms

are coupled externally by a strong external radiation.

We next plot the squeezing spectrum versus Ω/γ for different values of r. We take

the linear gain coefficient to be A = 23.
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Fig. 4.33: Plots of the squeezing spectrum Sout− (0) (Eq. (4.199)) of the two-mode output

radiation at steady state for ω = 0, η = 1, κ = 0.5, A = 23, and different values of

r.

It is possible to see from Fig. 4.33 that the squeezing spectrum decreases with the

squeeze parameter for relatively larger values of Ω/γ, but increases for smaller values.

It is found that a maximum squeezing occurs for r = 0.75 near Ω = 90γ.
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5

Photon Statistics

5.1 Mean number of photon pairs

We now seek to determine the mean number of photon pairs of a two-mode cavity

radiation. To this end, we first write based on Eq. (4.1) that

〈ĉ†(t)ĉ(t)〉 =
1

2

[〈â†(t)â(t)〉+ 〈b̂†(t)b̂(t)〉+ 〈â†(t)b̂(t)〉+ 〈b̂†(t)â(t)〉]. (5.1)

We notice that the operators in Eq. (5.1) are in the normal order. Hence it is possible to

express Eq. (5.1) in terms of the c-number variables associated with the normal ordering

as

〈ĉ†(t)ĉ(t)〉 =
1

2

[〈α∗(t)α(t)〉+ 〈β∗(t)β(t)〉+ 〈α∗(t)β(t)〉+ 〈β∗(t)α(t)〉], (5.2)

which can be written in a more compact form as

〈ĉ†(t)ĉ(t)〉 = 〈γ∗(t)γ(t)〉. (5.3)

It is not difficult to see using Eq. (4.45) that

〈ĉ†(t)ĉ(t)〉 =
1

2

[〈α∗(t)α(t)〉+ 〈β∗(t)β(t)〉]. (5.4)
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Therefore, 〈ĉ†(t)ĉ(t)〉 can be interpret as the mean number of photon pairs n̄. On account

of Eqs. (4.28) and (4.29), we find

n̄ =

(
AC
B

+ κN
)(

1− 2p + p2 + q2
−
)

+ κN
(
1 + 2p + p2 + q2

+

)

16λ1

[
1− e−2λ1t]

−
(

AF
B
− 2κM

)(
q− + q+ + p

(
q− − q+

))

16λ1

[
1− e−2λ1t]

+

(
AC
B

+ κN
)(

1 + 2p + p2 + q2
−
)

+ κN
(
1− 2p + p2 + q2

+

)

16λ2

[
1− e−2λ2t]

+

(
AF
B
− 2κM

)(
q− + q+ − p

(
q− − q+

))

16λ2

[
1− e−2λ2t]

+

(
AC
B

+ κN
)(

1− p2 − q2
−
)

+ κN
(
1− p2 − q2

+

)

4(λ1 + λ2)

[
1− e−(λ1+λ2)t]

+

(
AF
B
− 2κM

)
p
(
q− − q+

)

4(λ1 + λ2)

[
1− e−(λ1+λ2)t], (5.5)

which reduces at steady state to

n̄ =

(
AC

B
+ 2κN

)
(λ1 + λ2)

2 + 4λ1λ2

16λ1λ2(λ1 + λ2)
+

[
AC

B
(p2 + q2

−)

+κN(2p2 + q2
− + q2

+) +

(
AF

B
− 2κM

)
p(q+ − q−)

]
(λ1 + λ2)

2 − 4λ1λ2

16λ1λ2(λ1 + λ2)

+

[
AC

B
p +

(
AF

2B
− κM

)
(q+ + q−)

]
λ1 − λ2

8λ1λ2

, (5.6)

in which

p2 + q2
− =

1

χ2

[(
1 +

Ω2

γ2

)2 (
1 +

Ω2

4γ2

)
− Ω

γ

(
1 +

Ω2

γ2

)[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]

+

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]2
]

, (5.7)

2p2 + q2
− + q2

+ =
2

χ2

[(
1 +

Ω2

γ2

)2 (
1 +

Ω2

4γ2

)
+

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]2
]

,

(5.8)

p(q+ − q−) = − 2

χ2

[(
1 +

Ω2

γ2

)[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]]
. (5.9)

In the following, we seek to study the dependence of the mean number of photon

pairs on the amplitude of the driving radiation, linear gain coefficient, initial preparation
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of the atoms, and squeeze parameter. To this end, we plot the mean number of photon

pairs versus Ω/γ, A, and η by alternatively fixing one of them and taking r = 0.75 for

convenience. We first consider the dependence of the mean number of photon pairs on

the amplitude of the driving radiation and initial preparation of the atoms for A = 1.3.

It is found using Eq. (4.51) that λ2 ≥ 0 for 0 ≤ η ≤ 1 and 0 ≤ Ω ≤ 10γ when A ≤ 1.3

for which the mean number of photon pairs takes physically acceptable values (n̄ ≥ 0)

at steady state.
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Fig. 5.1: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at steady

state for κ = 0.5, r = 0.75, and A = 1.3.

We see from Fig. 5.1 that the mean number of photon pairs is larger for certain values

of η and Ω/γ. It is found that the mean number of photon pairs takes its maximum

value when η = 1 and Ω = 2γ. From the results shown in Figs. 4.1 and 5.1, we observe

that the mean number of photon pairs would be larger for values of Ω/γ and η for which

there is no squeezing. Moreover, for η = 0, A = 1.3, r = 0.75, and Ω = 0.1γ the

mean number of photon pairs is found to be n̄ = 1.17. We recall that the squeezing is

maximum for these values of the involved parameters.
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We next plot the mean number of photon pairs versus A and η. Here the amplitude

of the driving radiation is fixed at the value for which the degree of squeezing is found

to be maximum with the linear gain coefficient and initial preparation of the atoms.
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Fig. 5.2: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at steady

state for κ = 0.5, r = 0.75, and Ω = 0.1γ.

According to the result shown in Fig. 5.2, the mean number of photon pairs increases

with the linear gain coefficient. Particularly, the mean number of photon pairs rapidly

increases with the linear gain coefficient when the atoms are initially prepared in such

a way that there are nearly half of them in the top level. The mean number of photon

pairs turns out to be n̄ = 3.67 for η = 0, r = 0.75, Ω = 0.1γ, and A = 9.2 at which the

squeezing is maximum.

We now plot the mean number of photon pairs versus A and Ω/γ. The initial prepa-

ration of the atoms is represented by η = 0.1 so that comparison with the corresponding

degree of squeezing of the cavity radiation can be made.
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Fig. 5.3: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at steady

state for κ = 0.5, r = 0.75, and η = 0.1.

It is found that the mean number of photon pairs attains a maximum value of n̄ =

34.9 for Ω = 2.5γ and A = 2.3. We see from Figs. 4.3 and 5.3 that the mean number

of photon pairs is maximum for values of Ω/γ and A for which there is no squeezing.

Moreover, a mean number of photon pairs of n̄ = 1.15 is obtained at Ω = 0.1γ and

A = 2.3 where the squeezing is maximum. As can readily be inferred from Figs. 5.1,

5.2, and 5.3, the mean number of photon pairs of the cavity radiation strongly depends

on the linear gain coefficient, amplitude of the driving radiation, and initial preparation

of the atoms. Therefore, we next seek to consider various specific cases to analyze the

dependence of the mean number of photon pairs of the two-mode cavity radiation on

Ω/γ, A, η, and r in detail. To this effect, we first plot the mean number of photon pairs

versus A for different values of r, Ω = 0.1γ, and η = 0.1.
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Fig. 5.4: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at

steady state for η = 0.1, κ = 0.5, Ω = 0.1γ, and different values of r.

As clearly shown in Fig. 5.4 the mean number of photon pairs increases with the

squeeze parameter for smaller values of the linear gain coefficient, but decreases for larger

values. One can also see that the mean number of photon pairs increases with the linear

gain coefficient. We notice that the mean number of photon pairs for A = 0 is entirely

associated with the two-mode squeezed radiation entering the cavity.

We next plot the mean number of photon pairs versus η for different values of r. We

take A = 14 and Ω = 0.1γ.
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Fig. 5.5: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at

steady state for A = 14, κ = 0.5, Ω = 0.1γ, and different values of r.

We see from Fig. 5.5 that the mean number of photon pairs decreases with the

squeeze parameter for smaller values of η, but increases for larger values. We also notice

that the mean number of photon pairs is larger for values of η at which the squeezing

is found to be relatively higher. However, the mean number of photon pairs near η = 0

decreases with the squeeze parameter contrary to the degree of squeezing which increases

with the squeeze parameter in this case. We obtain n̄ = 5.3 for A = 14, Ω = 0.1γ, η = 0,

and r = 0.75 at which the squeezing is found to be maximum.

We now plot the mean number of photon pairs versus Ω/γ for different values of A.

Here we take η = 0.1 so that comparison with the previous results can be made when

required.
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Fig. 5.6: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at

steady state for η = 0.1, κ = 0.5, r = 0.75, and different values of A.

As clearly indicated in Fig. 5.6, the mean number of photon pairs increases with

the linear gain coefficient. It is also possible to infer from Figs. 4.6 and 5.6 that the

mean number of photon pairs is larger for values of Ω/γ for which there is no squeezing.

Moreover, the mean number of photon pairs is found to be n̄ = 1.24 for A = 2.3, η = 0.1,

r = 0.75, and Ω = 0.07γ at which the squeezing is maximum.

We next plot the mean number of photon pairs versus Ω/γ for different values of r.

A = 2.3 and η = 0.1 are also taken so that a relation with the corresponding squeezing

can be made.
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Fig. 5.7: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at

steady state for A = 2.3, κ = 0.5, η = 0.1, and different values of r.

According to the result given in Fig. 5.7, the mean number of photon pairs turns

out to increase with the squeeze parameter. Although the mean number of photon pairs

is smaller for values of Ω/γ for which there is squeezing (See the results shown in Figs.

4.7 and 5.7), it is found to be larger for values of the squeeze parameter for which the

squeezing is higher. It is possible to deduce from what we have discussed so far that the

system under consideration can generate a relatively strong radiation. We also realize

that the mean number of photon pairs can be optimized by properly choosing the values

of the linear gain coefficient, initial preparation of the atoms, amplitude of the driving

radiation, and squeeze parameter. In order to study the dependence of the mean number

of photon pairs on these parameters more closely, we seek to consider special cases of

interest.
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5.1.1 When half of the atoms are initially in the top level

When half of the atoms are initially in the top level (η = 0), Eq. (5.6) takes the form

n̄ =

(
AC ′

B
+ 2κN

)
(λ′1 + λ′2)

2 + 4λ′1λ
′
2

16λ′1λ
′
2(λ

′
1 + λ′2)

+

[
AC ′

B
(p′2 + q

′2
−)

+κN(2p′2 + q
′2
− + q

′2
+) +

(
AF ′

B
− 2κM

)
p′(q′+ − q′−)

]
(λ′1 + λ′2)

2 − 4λ′1λ
′
2

16λ′1λ
′
2(λ

′
1 + λ′2)

+

[
AC ′

B
p′ +

(
AF ′

2B
− κM

)
(q′+ + q′−)

]
λ′1 − λ′2
8λ′1λ

′
2

, (5.10)

with

p′2 + q
′2
− =

1

χ′2

[(
1 +

Ω2

γ2

)2 (
1 +

Ω2

4γ2

)
+

Ω

γ

(
1 +

Ω2

γ2

)(
1− Ω2

2γ2

)
+

(
1− Ω2

2γ2

)2
]

,

(5.11)

2p′2 + q
′2
− + q

′2
+ =

2

χ′2

[(
1 +

Ω2

γ2

)2 (
1 +

Ω2

4γ2

)
+

(
1− Ω2

2γ2

)2
]

, (5.12)

p′(q′+ − q′−) =
2

χ′2

[(
1 +

Ω2

γ2

)(
1− Ω2

2γ2

)]
. (5.13)

p′ =
1

χ′

(
1 +

Ω2

γ2

)
. (5.14)

In the following, we seek to investigate the dependence of the mean number of photon

pairs on the amplitude of the driving radiation, linear gain coefficient, and squeeze

parameter in detail when half of the atoms are initially prepared to be in the top level.

To this end, we first plot the mean number of photon pairs versus Ω/γ for different

values of A and r = 0. It is found using Eq. (4.63) that the mean number of photon

pairs takes physically admissible values for η = 0 and 0 ≤ Ω ≤ 50γ when A ≤ 2.35.
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Fig. 5.8: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.10)) at

steady state for η = 0, κ = 0.5, r = 0, and different values A.

As shown in Fig. 5.8, the mean number of photon pairs increases with the linear

gain coefficient. We also see with the aid of Fig. 4.1 that the mean number of photon

pairs would be larger for values of Ω/γ for which there is no squeezing. We notice that

the mean number of photon pairs is quite small for larger values of Ω/γ regardless of

the values of A. The mean number of photon pairs is found to be n̄ = 21.4 for η = 0,

A = 30, r = 0.75, and Ω = 0.03γ at which the squeezing is maximum.

We next plot the mean number of photon pairs versus the squeeze parameter and

Ω/γ. The value of the linear gain coefficient is arbitrarily taken to be A = 2.25 so that

the dependence of the mean number of photon pairs on parameters under consideration

is directly evident from the figure.
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Fig. 5.9: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.10)) at

steady state for η = 0, κ = 0.5, and A = 2.25.

It is not difficult to see from Fig. 5.9 that the mean number of photon pairs of the

cavity radiation decreases with the squeeze parameter for certain values of Ω/γ. We

also notice that the mean number of photon pairs decreases with the amplitude of the

driving radiation for smaller and larger values of Ω/γ, but increases for other values.

5.1.2 When all the atoms are initially in the bottom level

When all the atoms are initially in the bottom level (η = 1), it is possible to put Eq.

(5.6) in the form

n̄ =

(
AC ′′

B
+ 2κN

)
(λ′′1 + λ′′2)

2 + 4λ′′1λ
′′
2

16λ′′1λ
′′
2(λ

′′
1 + λ′′2)

+

[
AC ′′

B
(p′′2 + q

′′2
− )

+κN(2p′′2 + q
′′2
− + q

′′2
+ ) +

(
AF ′′

B
− 2κM

)
p′′(q′′+ − q′′−)

]
(λ′′1 + λ′′2)

2 − 4λ′′1λ
′′
2

16λ′′1λ
′′
2(λ

′′
1 + λ′′2)

+

[
AC ′′

B
p′′ +

(
AF ′′

2B
− κM

)
(q′′+ + q′′−)

]
λ′′1 − λ′′2
8λ′′1λ

′′
2

, (5.15)
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where

p′′2 + q
′′2
− =

1

χ′′2

[(
1 +

Ω2

γ2

)2 (
1 +

Ω2

4γ2

)
+

3Ω2

4γ2

(
1− 2Ω2

γ2

)]
, (5.16)

2p′′2 + q
′′2
− + q

′′2
+ =

2

χ′′2

[(
1 +

Ω2

γ2

)2 (
1 +

Ω2

4γ2

)
+

9Ω2

4γ2

]
, (5.17)

p′′(q′′+ − q′′−) = − 3Ω

γχ′′2

(
1 +

Ω2

γ2

)
. (5.18)

p′′ =
1

χ′′

(
1 +

Ω2

γ2

)
. (5.19)

We now seek to evaluate the dependence of the mean number of photon pairs on

the amplitude of the driving radiation, linear gain coefficient, and squeeze parameter

in detail when all the atoms are initially prepared to be in the bottom level. We first

plot the mean number of photon pairs versus Ω/γ for different values of A and r = 0.

The values of the linear gain coefficient are arbitrarily fixed in such a way that the

dependence of the mean number of photon pairs on parameters under consideration is

clearly seen from the figure.

110



5.1 Mean number of photon pairs Photon Statistics

0 5 10 15 20 25 30 35 40 45 50
0

2

4

6

8

10

12

Ω/γ

M
ea

n 
ph

ot
on

 n
um

be
r

A=1.3

A=1.25

A=1.2

Fig. 5.10: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.15)) at

steady state for η = 1, κ = 0.5, r = 0, and different values A.

It is possible to see from Fig. 5.10 that the mean number of photon pairs is very

small for larger values of Ω/γ. We also notice that the mean number of photon pairs

is zero when there is no external driving radiation and in the absence of the squeezed

vacuum reservoir for all admissible values of A. In relation to the result shown in Fig.

4.1 we observe that although a strong radiation can be generated near Ω = 1.8γ for

η = 1, the mean number of photon pairs for values of Ω/γ at which the squeezing exists

is still small. The mean number of photon pairs is found to be n̄ = 1.3 for η = 1, A = 5,

Ω = 31γ, and r = 0.75 at which the squeezing is maximum.

Next the mean number of photon pairs versus Ω/γ and r is plotted when all the

atoms are initially prepared to be in the bottom level. The linear gain coefficient is

arbitrarily taken to be A = 1.25 so that the dependence of the mean number of photon

pairs on parameters under consideration can easily be seen from the figure.
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Fig. 5.11: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.15)) at

steady state for η = 1, κ = 0.5, and A = 1.25.

As indicated in Fig. 5.11 the mean number of photon pairs increases with the squeeze

parameter and amplitude of the driving radiation for smaller values of Ω/γ, contrary to

what we have obtained for η = 0 case. Moreover, one can easily see from Fig. 5.11 that

the mean number of photon pairs increases with the squeeze parameter for all values of

Ω/γ.

5.1.3 In the absence of the external driving radiation

Now we consider the case when the top and bottom levels of the atoms are not externally

coupled. We note for Ω = 0 that

p2 + q2
− =

2− η2

η2
, (5.20)

2p2 + q2
− + q2

+ =
2(2− η2)

η2
, (5.21)
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p(q+ − q−) =
2
√

1− η2

η2
, (5.22)

p =
1

η
. (5.23)

Thus on account of Eqs. (4.83), (4.84), (4.85), (4.93), (4.94), (4.95), (4.96), (5.6), (5.20),

(5.21), (5.22), and (5.23), we reach at

n̄ = A(1− η)
4κ(κ + Aη) + A2 + A(2κ + Aη)

8κ(2κ + Aη)(κ + Aη)
+ κN

4κ(κ + Aη) + A2

2κ(2κ + Aη)(κ + Aη)

−
(
A

√
1− η2 + 4κM

)
A2

√
1− η2

8κ(2κ + Aη)(κ + Aη)
. (5.24)

In order to study the dependence of the mean number of photon pairs on the linear

gain coefficient, squeeze parameter, and initial preparation of the atoms more closely,

we first plot the mean number of photon pairs versus η for different values of A. The

values of A are arbitrarily chosen.
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Fig. 5.12: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.24)) at

steady state for Ω = 0, κ = 0.5, r = 0, and different values A.
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When Ω = 0 a strong radiation can be generated in principle for η = 0, since the

mean number of photon pairs increases with the linear gain coefficient as clearly shown

in Fig. 5.12 and there is no limit on the values of the linear gain coefficient in this case.

For instance, the mean number of photon pairs is found to be n̄ = 101.5 when A = 1000,

η = 0.05, Ω = 0, and r = 0 at which the squeezing is maximum. We also see from Fig.

5.12 that the mean number of photon pairs is zero when η = 1 for all values of A when

r = 0.

We next plot the mean number of photon pairs versus the squeeze parameter and η.

The linear gain coefficient is arbitrarily taken to be A = 3.5.
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Fig. 5.13: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.24)) at

steady state for Ω = 0, κ = 0.5, and A = 3.5.

One can see from Fig. 5.13 that the mean number of photon pairs decreases with

the squeeze parameter for certain values of the squeeze parameter and η. We also found

that a similar situation exists except for very small values of the linear gain coefficient,

where the mean number of photon pairs increases with r for all values of η. The mean
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number of photon pairs is found to be n̄ = 141.6 for r = 0.75, η = 0.02, Ω = 0, and

A = 1000 where the degree of squeezing is maximum.

5.1.4 For a weak driving radiation

In the weak driving limit (Ω ¿ γ), we note that

n̄ =

(
AC ′′′

B
+ 2κN

)
(λ′′′1 + λ′′′2 )2 + 4λ′′′1 λ′′′2
16λ′′′1 λ′′′2 (λ′′′1 + λ′′′2 )

+

[
AC ′′′

B
(p′′′2 + q

′′′2
− )

+κN(2p′′′2 + q
′′′2
− + q

′′′2
+ ) +

(
AF ′′′

B
− 2κM

)
p′′′(q′′′+ − q′′′−)

]
(λ′′′1 + λ′′′2 )2 − 4λ′′′1 λ′′′2
16λ′′′1 λ′′′2 (λ′′′1 + λ′′′2 )

+

[
AC ′′′

B
p′′′ +

(
AF ′′′

2B
− κM

)
(q′′′+ + q′′′−)

]
λ′′′1 − λ′′′2
8λ′′′1 λ′′′2

, (5.25)

where

p′′′2 + q
′′′2
− =

2− η2 − Ω
γ

√
1− η2(3η − 1)

η2 + 3ηΩ
γ

√
1− η2

, (5.26)

2p′′′2 + q
′′′2
− + q

′′′2
+ =

2
[
2− η2 − 3ηΩ

γ

√
1− η2

]

η2 + 3ηΩ
γ

√
1− η2

, (5.27)

p′′′(q′′′+ − q′′′−) = −
2
(

3ηΩ
2γ
−

√
1− η2

)

η2 + 3ηΩ
γ

√
1− η2

, (5.28)

p′′′ =
1

[
η2 + 3ηΩ

γ

√
1− η2

] 1
2

. (5.29)

We now seek to analyze the dependence of the mean number of photon pairs on

the amplitude of the driving radiation, initial preparation of the atoms, linear gain

coefficient, and squeeze parameter in the weak driving limit more closely. To this end, we

first plot the mean number of photon pairs versus Ω/γ and η. The linear gain coefficient

and squeeze parameter are taken to be A = 32 and r = 0.75 so that comparison with

the squeezing of the cavity can be made.

115



5.1 Mean number of photon pairs Photon Statistics

0
0.2

0.4
0.6

0.8
1

0

0.02

0.04

0.06

0.08

0.1
0

20

40

60

80

100

120

140

ηΩ/γ

M
ea

n 
ph

ot
on

 n
um

be
r

Fig. 5.14: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.25)) at

steady state for Ω ¿ γ, κ = 0.5, r = 0.75, and A = 32.

As clearly indicated in Fig. 5.14, the mean number of photon pairs significantly

depends on the amplitude of the driving radiation for very small values of η. The mean

number of photon pairs is found to be n̄ = 2.2 for A = 32, η = 0.06 and Ω = 0.02γ at

which the squeezing is maximum.

We next plot the mean number of photon pairs versus A and Ω/γ. We fix the initial

preparation of the atoms to the value at which the squeezing is maximum for the same

choice of other parameters (η = 0.06).
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Fig. 5.15: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.25)) at

steady state for Ω ¿ γ, κ = 0.5, r = 0.75, and η = 0.06.

It is not difficult to see from Fig. 5.15 that the mean number of photon pairs increases

with the linear gain coefficient for smaller values of Ω/γ. Moreover, the mean number

of photon pairs is found to be n̄ = 8 for A = 40, η = 0.06, r = 0.075, and Ω = 0.02γ at

which the squeezing is maximum.

We next plot the mean number of photon pairs versus Ω/γ for different values of r.

We take A = 40 and η = 0.06, the values for which the squeezing is maximum.
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Fig. 5.16: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.25)) at

steady state for Ω ¿ γ, κ = 0.5, η = 0.06, A = 40, and different values of r.

According to the result given in Fig. 5.16, the mean number of photon pairs decreases

with the squeeze parameter for smaller values of Ω/γ. As can be inferred from Fig. 5.9

similar effect of the squeezed vacuum reservoir is observed for η = 0.

5.1.5 For a strong driving radiation

On the other hand, when the driving radiation is taken to be very large (Ω À γ), we

see that

p2 + q2
− = 1, (5.30)

2p2 + q2
− + q2

+ = 2, (5.31)

p(q+ − q−) = −4γ2

Ω2

√
1− η2, (5.32)
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p =
2γ

Ω
. (5.33)

Hence making use of Eqs. (4.110), (4.111), (4.112), (4.120), (4.121),(4.122), (4.123),

(5.6), (5.30), (5.31), (5.32), and (5.33), we find

n̄ =

(
Aγ2

Ω2
(2 + η) + 2κN

)
Ω2

2(κ2Ω2 − A2γ2)

+

[(
Aγ

Ω
+ 2κM

)
γ2

Ω2

√
1− η2

]
A2γ2

κ(κ2Ω2 − A2γ2)

−
[
Aγ3

Ω3
(2 + η) +

(
Aγ

2Ω
+ κM

)]
AγΩ

(κ2Ω2 − A2γ2)
. (5.34)

In order to study the dependence of the mean number of photon pairs on the am-

plitude of the driving radiation, initial preparation of the atoms, linear gain coefficient,

and squeeze parameter more closely in the strong driving limit, we first plot the mean

number of photon pairs versus Ω/γ and η. We fix the linear gain coefficient and squeeze

parameter to A = 48 and r = 0.75 so that comparison with the corresponding squeezing

can be made.
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Fig. 5.17: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.34)) at

steady state for Ω À γ, κ = 0.5, r = 0.75, and A = 48.

119



5.1 Mean number of photon pairs Photon Statistics

As one can easily see from Fig. 5.17, the mean number of photon pairs decreases

with the amplitude of the driving radiation in the same manner regardless of how the

atoms are initially prepared. We also see that the mean number of photon pairs increases

with η. Moreover, the mean number of photon pairs is found to be n̄ = 10.4 for η = 1,

A = 48, r = 0.75, and Ω = 108γ at which the squeezing is maximum.

We next plot the mean number of photon pairs versus Ω/γ and A. Hence we take

η = 1 so that comparison with the squeezing for the strong driving limit can be made.
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Fig. 5.18: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.34)) at

steady state for Ω À γ, κ = 0.5, r = 0.75, and η = 1.

We clearly see from Fig. 5.18 that a large mean number of photon pairs is obtained

for some values of A and Ω/γ. In particular, the mean number of photon pairs is found

to be n̄ = 11.5 for A = 49.4, η = 1, r = 0.75, and Ω = 110γ at which the squeezing is

maximum.
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We next plot the mean number of photon pairs versus Ω/γ for different values of r.

A and η are taken to be 49.4 and 1 so that comparison with the squeezing can be made.
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Fig. 5.19: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.34)) at

steady state for Ω À γ, κ = 0.5, A = 49.4, η = 1, and different values of A.

We see from Fig. 5.19 that the mean number of photon pairs increases with the

squeeze parameter in the strong driving limit. As in previous cases, the mean number

of photon pairs decreases with the amplitude of the driving radiation for a given value

of A.

5.2 Variance of the number of photon pairs

The variance of the photon number is defined as

∆n2 = 〈n̂2(t)〉 − 〈n̂(t)〉2, (5.35)

where

n̂ = ĉ†(t)ĉ(t). (5.36)
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Using the boson commutation relation (4.7), it is possible to rewrite Eq. (5.35) in the

normal order as

∆n2 = 〈ĉ†2(t)ĉ2(t)〉+ 〈ĉ†(t)ĉ(t)〉 − 〈ĉ†(t)ĉ(t)〉2. (5.37)

Therefore, we express Eq. (5.37) in terms of the c-number variables associated with the

normal ordering as

∆n2 = 〈γ∗2(t)γ2(t)〉+ 〈γ∗(t)γ(t)〉 − 〈γ∗(t)γ(t)〉2. (5.38)

We realize that γ(t) is a Gaussian variable with zero mean, since α(t) and β(t) are

Gaussian variables with zero mean. As a result, we can write [34]

〈γ∗2(t)γ2(t)〉 = 〈γ∗2(t)〉〈γ2(t)〉+ 2〈γ∗(t)γ(t)〉2. (5.39)

Hence substitution of (5.39) into Eq. (5.38) yields

∆n2 = 〈γ∗2(t)〉〈γ2(t)〉+ 〈γ∗(t)γ(t)〉+ 〈γ∗(t)γ(t)〉2. (5.40)

Next we proceed to calculate the correlations involved in Eq. (5.40). In view of Eq.

(4.2), we see that

〈γ2(t)〉 =
1

2

[〈α2(t)〉+ 2〈α(t)β(t)〉+ 〈β2(t)〉] , (5.41)

in which taking Eqs. (4.34) and (4.35) into consideration leads to

〈γ2(t)〉 = 〈α(t)β(t)〉. (5.42)

On the basis of Eqs. (5.2), (5.40), and (5.42), we get

∆n2 = 〈α(t)β(t)〉2 + n̄ + n̄2. (5.43)

Since 〈α(t)β(t)〉2 is positive, ∆n2 ≥ n̄. We hence observe that the cavity radiation

exhibits a super-Poissonian photon statistics for all cases. The super-Poissonian photon

statistics has been also reported for the cavity radiation of a degenerate three-level

cascade laser in which the atoms are initially prepared in a coherent superposition of

the top and bottom levels [15].
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5.3 Photon number distribution

5.3.1 Probability for finding n photon pairs

In this section, we seek to determine the probability for finding n photon pairs in the

cavity. It is a well established fact that the photon number distribution for the su-

perimposed cavity radiation can be expressed in terms of the corresponding Q-function

as

P (n, t) =
π

n!

∂2n

∂γn∂γ∗n

[
Q(γ, t) exp

(
γ∗γ

)]
γ=γ∗=0

, (5.44)

in which the Q-function for the cavity radiation is defined as

Q(γ, t) =
1

π2

∫
d2z ζ(z, t) exp(z∗γ − zγ∗), (5.45)

where

ζ(z, t) = Tr
[
ρ̂(0)e−z∗ĉ(t)ezĉ†(t)

]
, (5.46)

is the antinormally ordered characteristic function. Now making use of the operator

identity,

eÂeB̂ = eB̂eÂe[Â, B̂], (5.47)

it is possible to put Eq. (5.46) in the form

ζ(z, t) = e−z∗zTr
[
ρ̂(0)ezĉ†(t)e−z∗ĉ(t)

]
(5.48)

that can also be expressed in terms of the c-number variables associated with the normal

ordering as

ζ(z, t) = e−z∗z〈 exp
(
zγ∗(t)− z∗γ(t)

)〉
. (5.49)

On the other hand, since γ(t) is a Gaussian variable with zero mean, one can verify

[35] that

〈
exp

(
zγ∗(t)− z∗γ(t)

)〉
= exp

[
1

2

〈(
zγ∗(t)− z∗γ(t)

)2〉]
, (5.50)
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as a result

ζ(z, t) = e−z∗z exp

[
1

2

(
z2〈γ∗2(t)〉+ z∗

2〈γ2(t)〉 − 2z∗z〈γ∗(t)γ(t)〉
)]

. (5.51)

Moreover, in view of Eqs. (4.2), (4.34), (4.35), (5.2), (5.42), and (5.51), we see that

ζ(z, t) = exp

[
−az∗z +

b

2
(z2 + z∗

2

)

]
, (5.52)

where

a = 1 + n̄, (5.53)

b = 〈α(t)β(t)〉. (5.54)

Therefore, substitution of Eq. (5.52) into (5.45) results in

Q(γ, t) =
1

π2

∫
d2z exp

[
−az∗z +

b

2

(
z2 + z∗

2)
+ z∗γ − zγ∗

]
(5.55)

so that carrying out the integration yields

Q(γ, t) =

√
u2 − v2

π
exp

[
−uγ∗γ +

v

2

(
γ2 + γ∗

2)]
, (5.56)

in which

u =
a

a2 − b2
, (5.57)

v =
b

a2 − b2
. (5.58)

Furthermore, with the aid of Eq. (5.56) the photon number distribution (5.44) can

be rewritten in the form

P (n, t) =

√
u2 − v2

n!

∂2n

∂γn∂γ∗n exp
[(

1− u
)
γ∗γ +

v

2

(
γ2 + γ∗

2)]
γ=γ∗=0

. (5.59)

This can be expressed in power series as

P (n, t) =

√
u2 − v2

n!

∂2n

∂γn∂γ∗n

∞∑

i,j,k=0

(1− u)ivj+k

2j+ki!j!k!
γi+2jγ∗

(i+2k)|γ=γ∗=0. (5.60)
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Performing these differentiations leads to

P (n, t) =

√
u2 − v2

n!

×
∞∑

i,j,k=0

(1− u)ivj+k

2j+ki!j!k!

(i + 2j)!

(i + 2j − n)!

(i + 2k)!

(i + 2k − n)!
γi+2j−nγ∗

(i+2k−n)|γ=γ∗=0. (5.61)

Next employing the condition

γ = γ∗ = 0, (5.62)

we see that

P (n, t) =

√
u2 − v2

n!

∞∑

i,j,k=0

(1− u)ivj+k

2j+ki!j!k!

(i + 2j)!

(i + 2j − n)!

(i + 2k)!

(i + 2k − n)!
δi+2k,nδi+2j,n. (5.63)

We realize that P (n, t) 6= 0 provided that

2j = n− i, (5.64)

2k = n− i, (5.65)

which implies that

j = k, (5.66)

j =
n− i

2
. (5.67)

Now upon taking Eqs. (5.66) and (5.67) into consideration, we get

P (n, t) = n!
√

u2 − v2

∞∑
i=0

(1− u)ivn−i

2n−ii!
[(

n−i
2

)
!
]2 (5.68)

that can also be written using Eqs. (5.53), (5.54), (5.57), and (5.58) at steady state as

P (n, t) =
n!

[
1 + 2n̄ + n̄2 − C2

αβ

] 1
2

(
Cαβ

1 + 2n̄ + n̄2 − C2
αβ

)n

×
∞∑
i=0

1

2n−ii!
[(n−i)

2

)
!
]2

(
n̄ + n̄2 − C2

αβ

Cαβ

)i

, (5.69)
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Cαβ = −
(

AF

B
− κM

)
(λ1 + λ2)

2 + 4λ1λ2

8λ1λ2(λ1 + λ2)

+

[
κNp(q+ − q−)− AC

B
pq− +

(
AF

2B
− κM

)
(p2 − q−q+)

]
(λ1 + λ2)

2 − 4λ1λ2

8λ1λ2(λ1 + λ2)

−
[(

AC

B
q− + κN(q+ + q−)

)]
λ1 − λ2

4λ1λ2

, (5.70)

with

pq− =
1

χ2

(
1 +

Ω2

γ2

)[
Ω

2γ

(
1 +

Ω2

γ2

)
−

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]]
, (5.71)

q− − q+ =
2

χ

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]
, (5.72)

q−q+ − p2 =
1

χ2

[(
1 +

Ω2

γ2

)(
Ω2

4γ2
− 1

)
−

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]2
]

, (5.73)

and q− + q+ and χ are given in Eqs. (4.57) and (4.58). We notice that the factorials are

defined for nonnegative integers, which implies that

i ≤ n (5.74)

and i should take odd values when n is odd and even values when n is even. To ensure

these conditions, we define i = 2p when n is even and i = 2q + 1 when n is odd. In view

of Eq. (5.74) and these restrictions Eq. (5.69) can be put for even n in the form

P (n, t) =
n!

[
1 + 2n̄ + n̄2 − C2

αβ

] 1
2

(
Cαβ

1 + 2n̄ + n̄2 − C2
αβ

)n

×
n/2∑
p=0

1

2n−2p(2p)!
[(

n−2p
2

)
!
]2

(
n̄ + n̄2 − C2

αβ

Cαβ

)2p

(5.75)

and

P (n, t) =
n!

[
1 + 2n̄ + n̄2 − C2

αβ

] 1
2

(
Cαβ

1 + 2n̄ + n̄2 − C2
αβ

)n

×
(n−1)/2∑

q=0

1

2n−(2q+1)(2q + 1)!
[(n−(2q+1)

2

)
!
]2

(
n̄ + n̄2 − C2

αβ

Cαβ

)2q+1

, (5.76)

for odd n.
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We now seek to study the probability for finding n pairs of photons generated by the

system under consideration. To this end, we investigate the dependence of the photon

number distribution on the linear gain coefficient, squeeze parameter, and amplitude of

the driving radiation by alternatively varying these parameters. We first plot the photon

number distribution versus the number of photons to be counted for different values of

r when Ω = 0. The values of the squeeze parameter are arbitrarily chosen so that the

dependence of the photon number distribution is evident from the figure. Moreover, we

take A = 10 and η = 0.1.
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Fig. 5.20: Plots of the photon number distribution of the cavity radiation (Eq. (5.75) and

(5.76)) at steady state for κ = 0.5, Ω = 0, A = 10, η = 0.1, and different values of r.

We clearly see from Fig. 5.20 that the photon number distribution decreases rapidly

with the pairs of photons to be counted. We notice that there is no distinct difference in

the probability for finding even and odd pairs of photon numbers in the cavity. The pho-

ton number distribution increases with the squeeze parameter for n = 0, but decreases

for n 6= 0.
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We next plot the photon number distribution versus the number of photons to be

counted for different values of r when Ω 6= 0. The values of r, A, and η are taken to be

the same as the previous case so that comparison can be made.
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Fig. 5.21: Plots of the photon number distribution of the cavity radiation (Eq. (5.75) and

(5.76)) at steady state for κ = 0.5, Ω = 0.1γ, A = 10, η = 0.1, and different values

of r.

It is not difficult to see from Fig. 5.21 that the probability for finding n pairs of

photons in the cavity decreases rapidly with n. Moreover, comparison of Figs. 5.20 and

5.21 reveals that the probability for finding larger number of photons is lesser in the

absence of an external driving radiation.

In the following, we plot the photon number distribution versus the number of pairs

of photons to be counted for different values of A, r = 0.5, and η = 0.1. We first consider

the case in which Ω = 0.
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Fig. 5.22: Plots of the photon number distribution of the cavity radiation (Eq. (5.75) and

(5.76)) at steady state for κ = 0.5, Ω = 0, r = 0.5, η = 0.1, and different values of

A.

According to the result given in Fig. 5.22, the probability for finding no photon pairs

in the cavity decreases with the linear gain coefficient.

We next plot the photon number distribution for similar values of r, A, and η, but

Ω = 0.1γ.
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Fig. 5.23: Plots of the photon number distribution of the cavity radiation (Eq. (5.75) and

(5.76)) at steady state for κ = 0.5, Ω = 0.1γ, r = 0.5, η = 0.1, and different values

of A.

It is possible to see from Figs. 5.22 and 5.23 that the probability for finding larger

numbers of photons is larger when there is an external driving radiation. Moreover,

we notice that the probability distribution decreases with the number of photons to be

counted relatively faster for smaller values of the linear gain coefficient.

5.3.2 Joint probability for finding n photons of mode a and m pho-

tons of mode b

We now seek to determine the joint probability for finding n and m photons in a and

b cavity modes, respectively, which can be expressed in terms of the corresponding Q-

function as

P (n,m, t) =
π2

n!m!

∂2n

∂α∗n∂αn

∂2m

∂β∗m∂βm

[
Q(α, β, t) exp

(
α∗α + β∗β

)]
α∗=α=β∗=β=0

. (5.77)
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The Q-function for a two-mode radiation, on the other hand, can be defined as

Q(α, β, t) =
1

π4

∫
d2zd2η ζ(z, η, t) exp

[
z∗α + η∗β − zα∗ − ηβ∗

]
, (5.78)

where the antinormally ordered characteristic function ζ(z, η, t) for the two-mode radi-

ation is

ζ(z, η, t) = Tr
{
ρ̂(0)e−z∗â(t)e−η∗b̂(t)ezâ†(t)eηb̂†(t)}. (5.79)

Using the operator identity (5.47), it is possible to express Eq. (5.79) in terms of c-

number variables associated with the normal ordering as

ζ(z, η, t) = e−z∗z−η∗η〈 exp
[
zα∗(t) + ηβ∗(t)− z∗α(t)− η∗β(t)

]〉
. (5.80)

Since α(t) and β(t) are Gaussian variables with zero mean, one can verify that [35]

〈
exp

[
zα∗(t) + ηβ∗(t)− z∗α(t)− η∗(t)β(t)

]〉

= exp

[
1

2

〈
(zα∗(t) + ηβ∗(t)− z∗α(t)− η∗β(t))2

〉]
, (5.81)

as a result

ζ(z, η, t) = e−z∗z−η∗η exp

[
1

2

(
z2〈α∗2(t)〉+ z∗

2〈α2(t)〉+ η2〈β∗2(t)〉+ η2〈β2(t)〉

−2z∗z〈α∗(t)α(t)〉 − 2η∗η〈β∗(t)β(t)〉+ 2zη〈α∗(t)β∗(t)〉+ 2z∗η∗〈α(t)β(t)〉
−2zη∗〈α∗(t)β(t)〉 − 2z∗η〈α(t)β∗(t)〉)] . (5.82)

On account of (4.34), (4.35), (4.44), and (4.45), Eq. (5.82) turns out to be

ζ(z, η, t) = exp
[− az∗z − bη∗η + c(zη + z∗η∗)

]
, (5.83)

where

a = 1 + 〈α∗(t)α(t)〉, (5.84)

b = 1 + 〈β∗(t)β(t)〉, (5.85)

c = 〈α(t)β(t)〉. (5.86)
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Substituting Eq. (5.83) into (5.78) and then carrying out the integration yield

Q(α, β) =
uv − w2

π2
exp [−uα∗α− vβ∗β + w(αβ + α∗β∗)] , (5.87)

in which

u =
b

ab− c2
, (5.88)

v =
a

ab− c2
, (5.89)

w =
c

ab− c2
. (5.90)

Upon inserting Eq. (5.87) into (5.77), the joint probability distribution function can be

expressed in power series as

P (n,m, t) =
uv − w2

n!m!

∂2n

∂α∗n∂αn

∂2m

∂β∗m∂βm

×
∞∑

i,j,k,l=0

(1− u)i(1− v)jwk+l

i!j!k!l!
αi+kα∗

i+l

βj+kβ∗
j+l|α=α∗=β=β∗=0. (5.91)

Then performing the differentiation and employing the condition

α = α∗ = β = β∗ = 0, (5.92)

we find

P (n,m, t) = n!m!(uv − w2)
n∑

i=n−m

(1− u)i(1− v)i+m−nw2(n−i)

i!(i + m− n)![(n− i)!]2
. (5.93)

This result indicates that there is no finite joint probability for finding more photons in

mode b than mode a in the cavity. For n = m, we see that

P (n, n) = (n!)2(uv − w2)
n∑

i=0

[(1− u)(1− v)]iw2(n−i)

(i!)2[(n− i)!]2
. (5.94)

It is possible to infer that there is a finite probability for getting equal number of photons

in the two modes.
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5.4 Variance of the photon number difference

The variance of the photon number difference can be expressed as

∆I2
D = 〈Î2

D〉 − 〈ÎD〉2, (5.95)

where the photon number difference ÎD is defined as

ÎD = â†(t)â(t)− b̂†(t)b̂(t). (5.96)

One can easily see using Eq. (5.96) that

〈Î2
D〉 = 〈â†(t)â(t)â†(t)â(t)〉+ 〈b̂†(t)b̂(t)b̂†(t)b̂(t)〉 − 2〈â†(t)â(t)b̂†(t)b̂(t)〉, (5.97)

which can also be put applying the boson commutation relation (4.3) in the form

〈Î2
D〉 = 〈â†2(t)â2(t)〉+ 〈b̂†2(t)b̂2(t)〉 − 2〈â†(t)â(t)b̂†(t)b̂(t)〉

+ 〈â†(t)â(t)〉+ 〈b̂†(t)b̂(t)〉. (5.98)

We notice that the operators in Eq. (5.98) are in the normal order. Hence Eq. (5.98) is

expressible in terms of the c-number variables associated with the normal ordering as

〈Î2
D〉 = 〈α∗2(t)α2(t)〉+ 〈β∗2(t)β2(t)〉 − 2〈α∗(t)α(t)β∗(t)β(t)〉

+ 〈α∗(t)α(t)〉+ 〈β∗(t)β(t)〉. (5.99)

Since α(t) and β(t) are the Gaussian variables with zero mean, one can readily see

that

〈Î2
D〉 = 〈α∗2(t)〉〈α2(t)〉+ 2〈α∗(t)α(t)〉2 + 〈β∗2(t)〉〈β2(t)〉+ 2〈β∗(t)β(t)〉2 − 2〈α(t)β(t)〉2

− 2〈α∗(t)α(t)〉〈β∗(t)β(t)〉 − 2〈α∗(t)β(t)〉2 + 〈α∗(t)α(t)〉+ 〈β∗(t)β(t)〉. (5.100)

It is also possible to express Eq. (5.96) in terms of the c-number variables associated

with the normal ordering as

〈ÎD〉 = 〈α∗(t)α(t)〉 − 〈β∗(t)β(t)〉, (5.101)

from which follows

〈ÎD〉2 = 〈α∗(t)α(t)〉2 + 〈β∗(t)β(t)〉2 − 2〈α∗(t)α(t)〉〈β∗(t)β(t)〉. (5.102)
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Now making use of Eqs. (5.95), (5.100), and (5.102), we get

∆I2
D = 〈α∗2(t)〉〈α2(t)〉+ 〈α∗(t)α(t)〉2 + 〈β∗2(t)〉〈β2(t)〉+ 〈β∗(t)β(t)〉2

− 2〈α(t)β(t)〉2 − 2〈α∗(t)β(t)〉2 + 〈α∗(t)α(t)〉+ 〈β∗(t)β(t)〉. (5.103)

Therefore, application of Eqs. (4.34), (4.35), and (4.45) finally leads at steady state to

∆I2
D = Nα

(
1 + Nα

)
+ Nβ

(
1 + Nβ

)− 2C2
αβ, (5.104)

where

Nα =

(
AC

B
+ κN

)
(λ1 + λ2)

2 + 4λ1λ2

8λ1λ2(λ1 + λ2)

+

[
AC

B
p2 + κN(p2 + q2

+) +

(
AF

B
− 2κM

)
pq+

]
(λ1 + λ2)

2 − 4λ1λ2

8λ1λ2(λ1 + λ2)

+

[(
AC

B
+ κN

)
p +

(
AF

2B
− κM

)
q+

]
λ1 − λ2

4λ1λ2

, (5.105)

Nβ = κN
(λ1 + λ2)

2 + 4λ1λ2

8λ1λ2(λ1 + λ2)

+

[
AC

B
q2
− + κN(p2 + q2

−)−
(

AF

B
− 2κM

)
pq−

]
(λ1 + λ2)

2 − 4λ1λ2

8λ1λ2(λ1 + λ2)

−
[
κNp−

(
AF

2B
− κM

)
q−

]
λ1 − λ2

4λ1λ2

, (5.106)

with

p2 =
1

χ2

(
1 +

Ω2

γ2

)2

, (5.107)

q2
+ + p2 =

1

χ2

[(
1 +

Ω2

γ2

)2 (
1 +

Ω2

4γ2

)
+

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]2

+
Ω

γ

(
1 +

Ω2

γ2

)[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]]
, (5.108)

pq± =
1

χ2

(
1 +

Ω2

γ2

)[
− Ω

2γ

(
1 +

Ω2

γ2

)
∓

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]]
, (5.109)

q2
− =

1

χ2

[
Ω2

4γ2

(
1 +

Ω2

γ2

)2

+

[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]2

−Ω

γ

(
1 +

Ω2

γ2

)[
3ηΩ

2γ
−

√
1− η2

(
1− Ω2

2γ2

)]]
. (5.110)
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In the following, we seek to study the dependence of the variance of the photon num-

ber difference on the linear gain coefficient, initial preparation of the atoms, amplitude

of the driving radiation, and squeeze parameter by alternatively fixing these parameters.

We first plot the variance of the photon number difference versus A for different values

of r. η = 0.1 and Ω = 0.1γ are taken so that comparison with the previous discussions

can be made.
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Fig. 5.24: Plots of the variance of the photon number difference of the cavity radiation (Eq.

(5.104)) at steady state for κ = 0.5, η = 0.1, Ω = 0.1, and different values of r

It is clearly shown in Fig. 5.24 that the variance of the photon number difference

increases with the linear gain coefficient, but decreases with the squeeze parameter.

Comparison of Figs. 5.4 and 5.24 reveals that the mean number of photon pairs and

variance of the photon number difference depend on the squeeze parameter and linear

gain coefficient in a similar manner for larger values of A. On the other hand, we observe

that the degree of squeezing and variance of the photon number difference increases with

the linear gain coefficient for smaller values of A. However, the variance of the photon
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number difference decreases with the squeeze parameter as opposed to the degree of

squeezing.

We next plot the variance of the photon number difference versus the initial prepa-

ration of the atoms for different values of A. The squeeze parameter and amplitude of

the driving radiation are taken to be r = 0.75 and Ω = 0.1γ.
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Fig. 5.25: Plots of the variance of the photon number difference of the cavity radiation (Eq.

(5.104)) at steady state for κ = 0.5, Ω = 0.1γ, r = 0.75, and different values of A.

Fig. 5.25 indicates that the variance of the photon number difference increases with

the linear gain coefficient as in the previous case. One can see that the variance of

the photon number difference is larger for a maximum or minimum atomic coherence.

On the basis of the result given in Fig. 4.2, we notice that the quadrature variance and

variance of the photon number difference depend on the linear gain coefficient and initial

preparation of the atoms in a similar manner in the given ranges.

We next plot the variance of the photon number difference versus Ω/γ for different

values of r. We take η = 0.1 and A = 1.3.
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Fig. 5.26: Plots of the variance of the photon number difference of the cavity radiation (Eq.

(5.104)) at steady state for κ = 0.5, A = 1.3, η = 0.1, and different values of r

As clearly shown in Fig. 4.7, the degree of squeezing increases with the squeeze

parameter for smaller values of Ω/γ, unlike the variance of the photon number difference.

It is not difficult to see from Figs. 5.7 and 5.26 that the mean number of photon pairs

and variance of the photon number difference take large values for the same range of

Ω/γ and both increase with the squeeze parameter when there is no squeezing.

We next plot the variance of the photon number difference versus η for different

values of A when Ω = 0. The squeeze parameter is taken to be r = 0.75.
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Fig. 5.27: Plots of the variance of the photon number difference of the cavity radiation (Eq.

(5.104)) at steady state for κ = 0.5, Ω = 0, r = 0.75, and different values of A.

We see from Fig. 5.27 that the variance of the photon number difference increases

with the linear gain coefficient. It is not difficult to see that the variance of the photon

number difference near η = 0.4 is zero for all values of A when r = 0.75.

We next plot the variance of the photon number difference versus η for different

values of r when Ω = 0. The linear gain coefficient is taken to be A = 1 so that the

dependence of the variance of the photon number difference is evident from the figure.
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Fig. 5.28: Plots of the variance of the photon number difference of the cavity radiation (Eq.

(5.104)) at steady state for κ = 0.5, Ω = 0, A = 1, and different values of r.

As clearly shown in Fig. 5.28, the variance of the photon number difference turns

out to be zero for specific values of η corresponding to each squeeze parameter. The

larger the squeeze parameter, the smaller the value of η for which the variance of the

photon number difference would be zero.

We next plot the variance of the photon number difference versus Ω/γ for different

values of A when η = 0 and r = 0.
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Fig. 5.29: Plots of the variance of the photon number difference of the cavity radiation (Eq.

(5.104)) at steady state for κ = 0.5, η = 0, r = 0, and different values of A.

It is not difficult to see from Fig. 5.29 that the variance of the photon number

difference generally increases with the linear gain coefficient. Moreover, comparison of

Figs. 5.8 and 5.29 shows that the variance of the photon number difference can be

greater than the corresponding mean number of the photon number.

We next plot the variance of the photon number difference versus Ω/γ for different

values of r when η = 0 and A = 2.35.
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Fig. 5.30: Plots of the variance of the photon number difference of the cavity radiation (Eq.

(5.104)) at steady state for κ = 0.5, η = 0, A = 2.35, and different values of r.

As clearly shown in Fig. 5.30, the variance of the photon number difference turns

out to be very large for some values of the amplitude of the driving radiation. It is also

possible to observe that the variance of the photon number difference can increase with

the squeeze parameter.

We next plot the variance of the photon number difference versus Ω/γ and η. The

linear gain coefficient and squeeze parameter are taken to be A = 48 and r = 0.75.
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Fig. 5.31: Plot of the variance of the photon number difference of the cavity radiation (Eq.

(5.104)) at steady state for κ = 0.5, A = 48, and r = 0.75

We see from Fig. 5.31 that the variance of the photon number difference decreases

with the amplitude of the driving radiation in the strong driving limit. We notice that

the dependence of the variance of the photon number difference on the way the atoms

are initial prepared is insignificant in this case. Comparison of the results shown in Figs.

5.17 and 5.31 reveals that the mean number of photon pairs and variance of the photon

number difference depend on the initial preparation of the atoms and amplitude of the

driving radiation in a similar manner.
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6

Conclusion

In this dissertation the squeezing of the cavity radition as well as the output radiation and

the statistical properties of the cavity radiation of a nondegenerate three-level cascade

laser, in which the tope and bottom levels of the atoms are coupled by a strong radiation

and the cavity is coupled to a two-mode squeezed vacuum reservoir, are analyzed. It

is found that a strong squeezed radiation can be generated either for a weak or strong

driving radiation for certain values of A, r, and η, whereas the cavity radiation exhibits

super-Poissonian photon statistics for all values of the amplitude of the driving radiation.

Even though the squeezing of the cavity radiation and the mean number of photon pairs

in general increase with A, the values of A cannot be arbitrarily large when there is an

external coherent radiation. However one can produce a strong squeezed radiation in

the absence of an external coherent radiation, since there is no limit to the values of A

in this case.

The mean number of photon pairs is relatively small for many cases for which the

degree of squeezing is relatively high. But this does not hold true when there is no

external coherent radiation. Although the degree of squeezing and mean number of

photon pairs increase with r under various conditions, it turns out that the degree of

squeezing decreases with r when η is close to 1 and the mean number of photon pairs

decreases with r when η is close to 0. Moreover, it is found that there is no distinct

difference in the probability for finding odd and even pairs of photons in the cavity which

agrees with the result obtained by Ansari [10] for the degenerate case. In addition, the

mean number of photons in mode a turns out to be greater than that in mode b.



Conclusion

The variance of the photon number difference turns out to be zero for certain values

of η, A, and r when Ω = 0. On top of this, there is an indication that ∆c2
− can be

related to ∆I2
D. If this claim is proved to be correct, the quantification of the available

degree of squeezing can be carried out by ordinary photon counting techniques which is

far more easy when compared to the otherwise employed hetrodyne measurement. In

general terms, this study at large demonstrates that the degree of squeezing and n̄ can

be increased by carefully selecting the involved parameters. It is, hence, hoped that

the versatility in the system under consideration perhaps makes it an attractive viable

scheme to produce a bright two-mode squeezed light that can be applied in testing of

various continuous variable nonclassical correlations.

144



7

Appendix

7.1 Expectation values of reservoir modes

In this appendix we seek to obtain various expectation values involving the squeezed vac-

uum reservoir modes following the procedure introduced by Fesseha [29]. In particular,

we consider the case in which a two-mode squeezed vacuum is incident on a single-port

mirror. The reservoir modes in this case can be described by

|r〉k = Ŝk(r)|0, 0〉, (A1)

where

Ŝk(r) = er(â†k
ˆ
b†k−âk b̂k) (A2)

is the two-mode squeeze operator. Here k varies around (ka + kb)/2, in which ka and

kb are the wave numbers of the cavity modes. We note that the corresponding density

operator is expressible as

ρ̂k = Ŝk(r)|0, 0〉〈0, 0|Ŝ†k(r). (A3)

Applying this density operator, one can write

〈âk〉 = 〈0, 0|âk(r)|0, 0〉, (A4)

〈b̂k〉 = 〈0, 0|b̂k(r)|0, 0〉, (A5)

where

âk(r) = Ŝ†k(r)âkŜk(r), (A6)



7.1 Expectation values of reservoir modes Appendix

b̂k(r) = Ŝ†k(r)b̂kŜk(r). (A7)

Now with the aid of Eqs. (A2), (A6), and (A7), one can verify that

âk(r) = âk cosh r + b̂†k sinh r, (A8)

b̂k(r) = b̂k cosh r + â†k sinh r, (A9)

in which

âk = âk(0), (A10)

b̂k = b̂k(0). (A11)

Substituting (A8) into Eq. (A4), we have

〈âk〉 = cosh r〈0, 0|âk|0, 0〉+ sinh r〈0, 0|b̂†k|0, 0〉, (A12)

from which follows

〈âk〉 = 0. (A13)

Furthermore, using the fact that

Ŝ†k(r)Ŝk(r) = Î (A14)

along with Eqs. (A3), (A6), and (A14), we obtain

〈â†kâk′〉 = 〈0, 0|â†k(r)âk′(r)|0, 0〉. (A15)

With the aid of Eq. (A8), one can put (A15) in the form

〈â†kâk′〉 = cosh2 r〈0, 0|â†kâk′|0, 0〉+ sinh2 r〈0, 0|b̂kb̂
†
k′ |0, 0〉

+ cosh r sinh r〈0, 0|b̂kâk′|0, 0〉+ cosh r sinh r〈0, 0|â†kb̂†k′ |0, 0〉. (A16)

It then follows that

〈â†kâk′〉 = Nδkk′ , (A17)

where

N = sinh2 r. (A18)
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Now employing the commutation relation

[âk, â
†
k′ ] = δkk′ , (A19)

and Eq. (A17), one readily obtains

〈âkâ
†
k′〉 = (N + 1)δkk′ . (A20)

Following the same procedure, one can easily verify that

〈âkâk′〉 = 0. (A21)

It can also be established in a similar manner that

〈b̂k〉 = 0, (A22)

〈b̂†kb̂k′〉 = Nδkk′ , (A23)

〈b̂kb̂
†
k′〉 = (N + 1)δkk′ , (A24)

〈b̂kb̂k′〉 = 0. (A25)

Moreover, applying Eqs. (A8) and (A9), one can write

〈âkb̂k′〉 = cosh2 r〈0, 0|âkb̂k′|0, 0〉+ sinh2 r〈0, 0|b̂†kâ†k′|0, 0〉

+ cosh r sinh r〈0, 0|âkâ
†
k′|0, 0〉+ cosh r sinh r〈0, 0|b̂†kb̂k′ |0, 0〉, (A26)

from which follows

〈âkb̂k′〉 = Mδkk′ , (A27)

where

M = cosh r sinh r. (A28)

It can also be shown in a similar manner that

〈âkb̂
†
k′〉 = 0. (A29)

We assume that k varies very little around (ka + kb)/2. We can then write

k ≈ ka + kb − k. (A30)

Hence on the basis of (A30), Eq. (A27) can be put in form

〈âkb̂k′〉 = Mδka+kb−k,k′ . (A31)
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7.2 Correlation properties of the noise operators

The noise operators associated with a two-mode squeezed vacuum reservoir are defined

by

F̂Ra(t) =
∑

k

λkâke
i(ωa−ωk)t, (B1)

F̂Rb(t) =
∑

j

λj b̂je
i(ωb−ωj)t, (B2)

where λk and λj are the coupling constants. It is not difficult to see from Eqs. (A13)

and (A22) that

〈F̂Ra(t
′)〉 = 〈F̂Rb(t

′)〉 = 0. (B3)

With the aid of Eq. (B1), it is possible to write

〈F̂ †
Ra(t)F̂Ra(t

′)〉 =
∑

k,k′
λkλk′〈â†kâk′〉e−i(ωa−ωk)t+i(ωa−ωk)t′ . (B4)

It then follows from the application of Eq. (A17) that

〈F̂ †
Ra(t)F̂Ra(t

′)〉 = N
∑

k

λ2
ke
−i(ωa−ωk)(t−t′). (B5)

On account of Eq. (2.77), one readily gets

〈F̂ †
Ra(t)F̂Ra(t

′)〉 = κNδ(t− t′). (B6)

It can be verified in a similar manner that

〈F̂Ra(t)F̂
†
Ra(t

′)〉 = 〈F̂Rb(t)F̂
†
Rb(t

′)〉 = κ(N + 1)δ(t− t′), (B7)

〈F̂Ra(t)F̂Ra(t
′)〉 = 〈F̂Rb(t)F̂Rb(t

′)〉 = 0, (B8)

〈F̂ †
Rb(t)F̂Rb(t

′)〉 = κNδ(t− t′), (B9)

where the mean photon numbers for the two modes are taken to be the same. Further-

more, making use of Eqs. (B1) and (B2), we see that

〈F̂Rb(t)F̂Ra(t
′)〉 =

∑

k,j

λkλj〈âkb̂j〉ei(ωa−ωk)t+i(ωb−ωj)t
′
. (B10)
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Hence in view of Eq. (A23), we find

〈F̂Rb(t)F̂Ra(t
′)〉 = κMδ(t− t′). (B11)

It can also be obtained in a similar manner that

〈F̂ †
Rb(t)F̂Ra(t

′)〉 = 0, (B12)

〈F̂Ra(t)F̂Rb(t
′)〉 = κMδ(t− t′). (B13)
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