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Abstract

Detailed analysis of the squeezing of the cavity as well as the output radiation and
statistical properties of the cavity radiation of a nondegenerate three-level cascade laser,
in which the top and bottom levels of the injected atoms are coupled by an external
coherent radiation, and whose cavity is coupled to a two-mode squeezed vacuum reservoir
is presented. The generated radiation exhibits a high degree of squeezing in the minus
quadrature either for a weak or strong driving radiation. In general, the degree of
squeezing and mean number of photon pairs increase with the linear gain coefficient
and squeeze parameter. The driving radiation leads to squeezing of the cavity radiation
even when 7 = 0 and n = 1. Moreover, it is found that there is no distinct difference
between the probability for finding odd and even number of photon pairs in the cavity.
In addition, the mean number of photons in mode a turns out to be greater than that

in mode b.
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Introduction

The interaction of atoms with radiation is one of the central problems in quantum
optics. In particular the interaction of three-level atoms, in different configurations,
with radiation has attracted a great deal of interest for the last 20 years or so [11 2] 3] 14].
In these studies, atomic coherence is found to be responsible for various important
features of the emitted radiation. In recent years, a three-level cascade laser has drawn
a considerable attention in connection with its potential as a source of squeezed light
[4, 15, 6, [7, 8, 9 10, 11]. The squeezing feature of the emitted radiation is due to atomic
coherence that can be induced either by preparing the atoms initially in a coherent
superposition of the top and bottom levels [4, 5, 6] or coupling these levels by an external
radiation [7, 8, 9] or using these mechanisms simultaneously [10} 12} 13, [14].

The top, intermediate, and bottom levels of a three-level cascade atom can be con-
veniently denoted by |a), |b), and |c), respectively. A direct transition between levels |a)
and |c) is taken to be dipole forbidden. When a three-level cascade atom decays from
the top level to the bottom level via the intermediate level, two photons are emitted.
If the two photons have the same frequency, the three-level atom is called degenerate
otherwise nondegenerate. We define a three-level cascade laser as a quantum optical
system in which three-level atoms in a cascade configuration and initially prepared in a
coherent superposition of the top and bottom levels are injected at a constant rate into
a cavity coupled to a vacuum reservoir. These atoms are removed from the cavity after
sometime, which is long enough for the atoms to decay spontaneously to levels other

than the middle or bottom.
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A three-level laser has been studied by some authors [4, 5, 6] and the cavity radiation
is found to be in a squeezed state under certain conditions. In addition, the mean
and variance of the photon number for a degenerate three-level cascade laser have been
calculated [15]. It is found that the mean photon number of the cavity radiation increases
with the linear gain coefficient and the cavity radiation exhibits super-Poissonian photon
statistics. Recently, a three-level laser whose cavity contains a parametric amplifier has
been studied [16]. It is found that the parametric amplifier enhances the degree of
squeezing of the cavity radiation. Furthermore, a three-level laser in which atomic
coherence is induced by coupling the top and bottom levels by an external radiation
has been studied by different authors [8, 11]. It is found that for a strong driving
radiation this three-level cascade laser resembles a parametric oscillator. The atomic
coherence induced by initially preparing the atoms in a coherent superposition of the
top and bottom levels and by coupling these levels by a coherent radiation do not
generally lead to the same degree of squeezing. Moreover, the cavity radiation of a
degenerate three-level cascade laser in which the top and bottom levels are coupled by a
strong coherent radiation has been investigated [10, 12, 13]. It is found that the cavity
radiation exhibits second-order squeezing and the photon number distribution does not
show different features in finding even and odd number of photons [10].

Although the degenerate three-level cascade scheme is mathematically more attrac-
tive, the study of the nondegenerate case has also attracted attention over the years.
In this regard, An and Sargent III [17] developed a quantum theory of a nondegenerate
multi-wave mixing for a three-level system in the presence of a two-mode radiation in the
cavity. These authors predicted that this quantum system can be a source of a two-mode
squeezed radiation. Recently Villas-Boas and Mousa [18] showed that a single driven
nondegenerate three-level atom in a cascade configuration which is initially prepared in
the coherent superposition of the top and bottom levels and placed in a cavity can be
used to generate superposition of highly squeezed two-mode radiation in a weak driving
limit and they also found that squeezing is relatively better in a strong driving limit.
Moreover, Hu and Xu [19] most recently have extensively studied a collection of N non-

degenerate three-level atoms in the cascade configuration confined in a cavity when the
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atoms are excited by two step external driving radiation. After calculating the Mandel
Q-parameter and intensity fluctuations spectrum they found that due to the coherent
excitation the laser intensity fluctuations are suppressed up to 50% below the shot noise
limit and the laser line width is reduced below the ordinary laser. Furthermore, recent
experiment by Buhner and Tamm [20] shows that there is an additional narrow peak
due to an electron shelving in a driven nondegenerate three-level cascade atomic system.
The theoretical explanation of this experimental result was given by Evers and Keitel
[21] via calculating the resonance fluorescence spectrum using numerical analysis.

Nondegenerate three-level cascade laser is a source of a two-mode squeezed radiation
that is characterized by a strong correlation of the modes at two different frequencies.
The squeezing does not exist in each mode, but in the correlated state formed by the two
modes. Due to the strong correlation between the modes, the two-mode squeezed radia-
tion generally violates certain classical inequalities and hence can be applied in preparing
Einstein-Podolsky-Rosen (EPR) [22] type entanglement [1§], in quantum teleportation
of continuous variables [23], and in testing of quantum nonlocality [24, 25] among oth-
ers. Nondegenerate parametric oscillator [26], nondegenerate four-wave mixing [27],
and optical kerr medium [28] are some sources of the two-mode squeezed radiation. In
these quantum systems the optical losses and extra noise sources fundamentally asso-
ciated with the optical nonlinearity required to generate squeezing limit the maximum
achievable squeezing. For instance, the maximum two-mode squeezing produced by a
nondegenerate parametric oscillator is limited to 50% [26]. However, we expect that the
squeezing can be substantially improved for the nondegenerate three-level cascade laser,
since the atoms left the cavity after sometime which is usually short.

In this dissertation, we seek to analyze a radiation generated by a nondegenerate
three-level cascade laser in which the top and bottom levels of the three-level atoms are
coupled by a strong coherent radiation. And the two-mode cavity radiation is coupled to
a two-mode squeezed vacuum reservoir via a single-port mirror. We study the squeezing
of the cavity radiation as well as the output radiation and the statistical properties of
the cavity radiation. We carry out our analysis applying the solutions of the pertinent

stochastic differential equations associated with the normal ordering. These differential
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equations are obtained following the procedure introduced by Fesseha [16]. We calculate
in particular the quadrature variances, squeezing spectrum, mean and variance of the
photon number pairs, photon number distribution, and variance of the photon number
difference. To this end, we first derive the master equation for the quantum optical
system under consideration in the linear and adiabatic approximation schemes following
the approach described in Ref. [29]. Applying this master equation, we obtain stochastic
differential equations associated with the normal ordering. We then find the solutions
of these stochastic differential equations and the correlation properties of the associated

noise forces following the procedure described in Refs. [30] and [16], respectively.



Master Equation

The Hamiltonian describing the coupling of the upper and bottom levels by coherent

radiation at resonance can be expressed as

Ao =i (¢ al — la) el (2.1)

where () is a constant proportional to the amplitude of the coherent radiation. In
addition, the interaction of a three-level cascade atom with a two-mode cavity radiation

can be described in the interaction picture by the Hamiltonian
Hy = iglala)(b| — |b){ala’ + blb)(c| — |e)(b]bT], (2.2)

where ¢ is the coupling constant, taken to be the same for both transitions, and (a, l;)
are the annihilation operators for the two cavity modes. On the basis of Eqgs. (2.1)
and (2.2) the interaction of a three-level cascade atom, whose top and bottom levels are
initially prepared in an arbitrary coherent superposition and also coupled by external
coherent radiation, with two-mode cavity radiation can be described in the interaction

picture by the Hamiltonian

H = iglala) (b] — [b){ala’ + DJb)(c| — ) (b[b'] + i%[l@(d! = la)(c]. (2.3)
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Fig. 2.1. Schematic representation of a nondegenerate three-level atom in a cascade configuration.

We take the initial state of a three-level atom to be

[W4(0)) = Ca(0)]a) + Ce(0)]c), (2.4)

where C,(0) = (a|¥4(0)) and C.(0) = (| W 4(0)) are probability amplitudes for the atom
to be initially in the top and bottom levels, respectively. Hence the corresponding initial

density operator is

pa(0) = plla)(al + p2la)(c] + pi e} (al + plle) (el, (2.5)

where pha = [C.(0)?, phe’ = Ca(0)C2(0), pia) = Ce(0)C;(0), and 4l = |CL(0)]*.

Here we wish to consider the case in which three-level atoms in a cascade configu-
ration and initially prepared in a coherent superposition of the top and bottom levels
are injected into a cavity at constant rate r, and removed after sometime 7, which is
long enough for the atoms to spontaneously decay to levels other than the middle or
the bottom level. We denote the density operator for the cavity radiation plus a single
atom injected into the cavity at time ¢; by pag(t,t;), in which t — 7 < t; < t. The
density operator for all the atoms in the cavity plus the cavity radiation at time ¢ can

be expressed as

par(t) = raZpAR (t,t5) (2.6)
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where r,At; represents the number of atoms injected into the cavity in a time interval
of At;. Assuming that the atoms are continuously injected into the cavity and taking
the limit that A¢; — 0, the summation over j can be converted into integration with

respect to t':

t
ﬁAR(t) = Ta/ ﬁAR(t, t/)dt/. (27)
t—T

Now differentiating Eq. (2.7) with respect to ¢ and then applying the identity,

d [* v 0
& | @i = two) ~ f@a+ [ i 2:5)
we obtain
%ﬁAR(t) = Ta[PAR(ta t) — ﬁAR(t,t - ’7')] + 7q /t_T %PAAR(L t/)dt,. (29)

We notice that pag(t,t) represents the density operator for an atom plus the cavity
radiation at a time when the atom is injected into the cavity, whereas pagr(t,t — 7)
represents the density operator when the atom is removed from the cavity. Since the
atomic and radiation variables are not correlated at the instant the atoms are injected

into or removed from the cavity,

par(t,t) = pa(0)p(t), (2.10)
par(t,t —7) = pa(t —7)p(t), (2.11)
where
54(0) = palt). (2.12)
With the aid of (2.10) and (2.11), Eq. (2.9) can be put in the form
d . . . . PO
GiPar(t) = 1a[pa(0) = palt = T)|p(t) +ra | 5 par(t,t)dt (2.13)
t—r1

On the other hand, the density operator par(t,t’) evolves in time according to

a ~ / e ~ /
gPar(t:t) = —ilH, par(t,)]. (2.14)
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In view of (2.7) and (2.14), Eq. (2.13) takes the form

%ﬁAR(t) = ra[pa(0) — pa(t — 7)]p(t) = i[H, par(t)] (2.15)

Moreover, taking the trace over the atomic variables and using the fact that

Tra(pa(0)) =Tra(palt — 7)) =1, (2.16)
we see that
%it) = —iTralH, par(t)). (2.17)

Employing Eqs. (2.3) and (2.17), the time development of the reduced density operator

for radiation is found to be

dp(t . A TR . 3 A PO A%
_f;i ) = g[ﬂabaT — GTPab — bTPbc + pbch + QpPpa — Poa@ + bPep — pcbb]7 (2'18)

in which
pas = (alparlB). (2.19)

with o, 3 = a, b, c.
On the basis of Egs. (2.15) and (2.19), one can write

d

giPas(t) = 1a(a]pa(0)|8) — ralelpa(t — 7)|5)p — il[H, par(t)]IB) = Vhaps (2:20)

where the last term is included to account for the decay of the atoms due to spontaneous
emission. Here ~ is the atomic decay rate taken to be the same for the three levels.
Assuming the atoms to be removed from the cavity after they have decayed to levels

other than the middle or the bottom level, we notice that
{alpa(t —7)|8) = 0. (2.21)

On account of Egs. (2.3), (2.5), (2.20), and (2.21), we get

d . .
A a0) = D aus + 92500+ b+ D10
- g[dTﬁaﬂdab + BTﬁbﬁéac - dﬁbﬁéaa - Z;/365604b + ﬁaadébﬂ + ﬁabl;(scﬁ

. - Q- . . R .
- Pabamaﬁ - pacbwbﬁ] - 5[90[3%@ — Papdca = Paadep + Pacdas] — VPap- (2.22)
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It then follows that

d . ~ L o Q R .
%paa(t) = Tapgz?ﬂ@) + g<apba + pabaT) - 5(:0% =+ pca) — YPaa) (2-23)
d N A.I. ~ ~ A [N ~ AT ~
27 Po(t) = —g(@"pap + Prat — bpes = Prcb') — P, (2.24)
d . 0) 5 it A A7 Q. A A
%pw(t) = TaPec p(t) - g(b Poe + pcbb) + E(pac + pca) — VPee; (2'25)
d . L o QO R
ZPab(t) = 9(@pu = Paatt + Pac") = T Peb = VPab (2.26)
d . 5(0) A oA 57 Q. P 5
%pat:(t) = TaPui P+ g<a/0bc - pabb) - E(pcc - paa) — YPacs (2-27)
d N P S PR U ;
Epcb&) = _g<pcaa — Pecb’ + b pbb) + §pab — VPcb- (2'28)

In the good cavity limit (v > k), the cavity mode variables change slowly when
compared to the atomic variables. Hence the atomic variables will reach steady state
in a relatively short time. The time derivative of such variables can then be set equal
to zero, while keeping the remaining atomic and cavity mode variables at time ¢. This
procedure is referred to as the adiabatic approximation scheme. Confining ourselves to
linear analysis, which amounts to dropping the terms containing ¢ in Eqgs. (2.23)), (2.24),

(2.25), and (2.27), and applying the adiabatic approximation scheme, we have

. Q. . .
Tapg?z)p(t) - §(pac + /)ca) — YPaa = O; (229)
pey = 0, (2.30)

(0) » Q . .
TaPee' P(t) + 5 (Pac + Pea) = Vec = 0, (2.31)

ON LT .
TaPqc p<t) - E(pcc - paa) — YPac = 0. (232)
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Upon setting p((l%) = p((;g), we see from Eq. (2.32) that
Pac = Pea- (2.33)

Thus in view of Egs. (2.29), (2.31), (2.32), and (2.33), we find

. Taf) 2, 2 (0) ©) 4 2,0

o = —— (292 4+ 0%)p© — 290p© 1+ 02pO] 2.34

Pow = 93 ) [(2y )p Y ps)] (2.34)

A Taf 2 (0) (0) 2 2\ (0)

o= ——L 102,00 4 21050 4 (242 4+ 02)p0] 2.35

p 27(72”22)[ p Qi) + (27 )% ] (2.35)
P =~ [0 = p0) + 2900 (2.36)

2(/)/24—92) aa cc ac |

with p = p(t). Now making use of Eqs. (2.26), (2.28), (2.30), (2.34), (2.35), and (2.36),

we obtain applying the adiabatic approximation scheme once again that

15 , = — graﬁ
¢ (42 + Q%) (2 + ?)

Q2 -2 QO + 497
Iy [_Lpgj} +2(0% = 291)p9 + %PQH : (2.37)

[a[(47* + %)) — 67l + 30%p)]

grap Q4+ ) 2 2y (0
S TR0 9242 —
(472 + Q%) (y2 +2) [a { g P T H e

Q02 — 2
0O -2y <0>} +0F [32%0) + 62902 + (2° +497)pY) }} : (2.38)

:acb -

Employing Eqgs. (2.37) and (2.38)), Eq. (2.18) can be put in the form

dp AC AD [ oo e e
d—f S [2a5a — paal — aa'p) + S [2bﬁb* — obth — bTbﬁ]
AE [ oo oo 1 AF [ ) )
+ 55 [ tabt — pbtat + bpa — dbﬁ] + 5= [eﬁﬁzﬁ — btatp + bpa — ﬁdb] L (2.39)
where
2
A= e (2.40)
72

is the linear gain coefficient and

02 02
B = (1 + ¥> (1 + 4_72) : (2.41)



Master Equation

0?2 9) 02
C=p<>(1+—) 03 03 (2.42)

e L > Pl el
D = plY iQQ + plY) 33 + (1 + 4Q—;> : (2.43)

We next seek to obtain the time evolution of the density operator for a two-mode
cavity radiation coupled to a two-mode squeezed vacuum reservoir via a single-port
mirror. In general, the time evolution of the reduced density operator for the cavity

radiation coupled to a reservoir has, in the Born approximation [33], the form

P — <iltts, p(0) ~ i Hsnlhm, 4]~ [ [Hsn(O)n [Hs(0). o)

- /0 t Tri[Hsr(t), [Hsr(t), p(t)R]|dt, (2.46)

where S and R refer to the system and reservoir variables. Furthermore, the interac-
tion of a two-mode cavity radiation with a two-mode reservoir can be described in the

interaction picture by the Hamiltonian

HSR — Z Al akez wo—wk)t __ ddT e~ Hwo—wi)t [;T(;kei(WO—wk)t _ [;(A)Le—i(wo—wk)'f]7
(2.47)
where wy = %TM’ with w, and wj, representing the frequencies and (a, l;) being the

annihilation operators for the cavity modes. In addition, (ay, I;k) are the annihilation
operators, wy, is the frequency, and )\, is the cavity damping constant for the kth mode

representing the reservpor. In view of Eq. (2.47), we can write

<HSR R =1 Z )\k ak Rel wo—wg)t __ d<dL>Refi(w0—wk)t

+ bH{(by,) gel“o =t p(bl) peTHwomwr)t), (2.48)

11



Master Equation

For a two-mode squeezed vacuum reservoir (See Appendix 7.1), we find

(ar)r = (bx)r = 0. (2.49)
Hence one can easily see that
(Hsgp)r = 0. (2.50)
We therefore see that
[(Hsr)r, p(0)] =0, (2.51)
[(Hsr)r, [H(), p(t)]] = 0. (2.52)

On account of (2.51) and (2.52), Eq. (2.46) can be put in the form

) _ i, o) - / Trp(RAsn(t) Hsn(t))p(¢)dt
— /(i pA(t/)TTR(ﬁf{SR(t,)HSR(t))dt/ + /Ot TTR(IA{SR(t)ﬁ(t/)RHSR(t/))dt,
+ / Tra(Hsn(t)p(t') RHsp(t))dt (2.53)

Making use of Eq. (2.47) and the fact that the cavity and reservoir operators commute,

we find

Tra(RHsr(t)Hsr(t')) = Laa! + Lata + Lal® + 1,a* + 15007 + Isb'b + 101

+ Ih® + 1y2a"bt + Ig2ab + 1112470 + I152ab!, (2.54)

where
Z /\k et (wo—wp)t—i(wo—wj )t , (256)
Z A (apa,) get@omwnttilwo—wt! (2.57)

12



Master Equation

Z A aka —i(wo—wy )t —i(wo—w; )’ 7 (2.58)

Iy = Z Ak <[A?Li?j>R€_i(w0_w’“)t+i(w°_wj)t/a (2.59)

Z)\k)\ z (wo—wpg )t—i(wo— "‘)J)t/’ (260)

Z )\k z (wo—wpg ) t+i(wo— ‘Ug)t , (261)

[8 _ Z)\k)\ <b b > —i(wo—wp )t—i(wo— Wj)t , (262)
kj

Iy = = 7 N (anh) e (oot (2.63)
kj

Fio = - Y Ay, 260
kj

Iy = Z )\k;)\j<€Lki?;'>R€i(w°_w’“)t_i(w°_w7)t,a (2.65)
kj

Iy = Z AkA; <&Ll;j>R€_i(w0_wk)t+i(w°_wj)tl- (2.66)
kj

We note with the aid of Egs. (A21), (A25), and (A29) (See Appendix 7.1) that
L=ILi=I=1Ig=1I=1I5=0. (2.67)

On the other hand, using Eqs. (A17), (A20), (A23), (A24), and (A31) one can easily
see that

L =1I;=NY \e o= (2.68)
k

13
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Li=1Ig=(N+1)) Aeilomenlt=t), (2.69)
k

Iy = =M " Mdgyy gl e, (2.70)

k
IlO =-M Z )\k’)\mﬁ-nb—ke_i(wo_wk)(t_t/)7 (271)

k

where

N = sinh?r (2.72)

is the mean photon number of the squeezed vacuum modes and
M = sinhr coshr. (2.73)

Assuming the reservoir mode frequencies (wy’s to be closely spaced, a summation
over k can be converted into an integration over w. In view of this fact, one can write
S et - [ gl e, (2.74)
k 0
where g(w) is the density of the modes for which the frequency lies between w and
w + dw. We assume that w varies very little around wy. In view of this, we can replace
g(w) and M\*(w) by g(wp) and A*(wg) and extend the lower limit of the integration to

—o0. Consequently, we have

Z )\ieﬂ(“’of“’k)(t’t,) = g(wo) N\ (wy) /OO eFwo—w)(t=t) g, (2.75)
B —o0
Moreover, upon setting w’ = w — wy we notice that
Z A2gFiwo—wi) =) — g0 ) A2 (wy) /00 eF =g, (2.76)
. —o0
It then follows that
D Agetieom et = gt — 1), (2.77)

k

14



Master Equation

where
Kk = 21 g(wo) A\ (wp), (2.78)

is defined as the cavity damping constant. Following the same procedure, it is possible

to write

oo

5 My b (0032 (1) / FOd . (2.79)
k

On the basis of Eqs. (2.76)), (2.77), and (2.78), we see that
S Mok — 51 — ¢1). (2.80)
k

Hence on account of Egs. (2.77) and (2.80), one can put Egs. (2.68), (2.69), (2.70), and
(2.71) in the form

Il 215 :N/ﬁ(s(t—t/), (281)
Ig = [10 = —M/ﬁlé(t - t/> (283)

Furthermore, applying Eqs. (2.67), (2.81), (2.82), and (2.83), we can express Eq.
(2.54) as

Trr(RHsr(t)Hsr(t)) = {k[(N + 1)a'a + Naa'] + s[(N + 1)b'b + Nbbf]
— 2Mr(a'bt + ab)}o(t —t'). (2.84)
We easily see that
t
/ Trr(RHsr(t) Hsr(t)p(t')dt' = S[(N + 1)alap + Naa'p]
0

+

NI o X

(N + 1)b'bp + NbbTp] — Mr(adtp+ abp),
(2.85)

15
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with p = p(t). We also see that

t
/ VT p(REsr(t) Hsp(t))dt = Z[(N + 1)pata + Npaal)
0

NI o

+ Z[(N + 1)pbth + Npbbt] — Mr(pa'dt + pab).

(2.86)
Using Eq. (2.47) and the cyclic property of the trace operation, one can verify that
Trr(Hsg(t)p(t ) RHsR(t')) = La'pa + Lapa' + Izapa’ + Liapa + IsbTpb + Igbpb!
+ I7bt bt + Isbpb + Io(af pbt + bTpat) + Lio(apb + bpa)
+ Iy (afpb + bpat) + Lp(apbt + bt pa). (2.87)
Hence in view of Eqs. (2.67), (2.81), (2.82), and (2.83), we note that
Trp(Hsn()p(t) REsn(t)) = {KI(N + Dap(t)a’ + Na'p()a] + x[(N + 1)ba()b!
+ Nbtp(t')b] — Mk[alpbt + bTpat + apb + bpa)}o(t — t'),
(2.88)
from which follows
t
/ Trr(Hsr(t)p(t ) RHsp(t)) = g[(N + Dapa' + Na'pa)] + g[(N + 1)bpbT + NbT b
0
ME 4ot L btast a1 bas
— T[a pb" +b'pa’ + apb + bpal (2.89)
and
t
~ A A K ~ A PN
/ Trr(Hsr(t)p(t) RHsn(t) = SN + Dapa' + Na'pa] + g[(N + 1)bpb’ + +Nb'po]
0
M S .
. 7“[&*;31)* + b pal + apb + bpa). (2.90)
Substitution of Egs. (2.85), (2.86), (2.89), and (2.90) into Eq. (2.53) results in

W0 — s, o) + D a

dt 2 2
NA1) e g o BN o
MulkL) - ) iobgbt — b — pith) + (2Bt — bb'p — pbb]

[2apal — a'ap — pa'al + ——[2a'pa — aa'p — paa')

— M&latpbt + b pa + apb + bpa — ab'p — abp — pa'dbt — pab). (2.91)
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On account of Egs. (2.39) and (2.91), the master equation for the cavity radiation of

the quantum optical system under consideration finally turns out to be

dp(t N+1 1 [AC
Zi ) _ A ; )papat — atap — pata] + : <? + KN) 2 — aatp— paal]
1 /AD e cor KN e -
+5 <§ + k(N + 1)) [2bpbT — bTbp — pbT] + %[Qbmb —bb'p — pbb']
AE . .. R AF . - . .
+ ﬁ[eﬁpzﬁ —abp — pa'd’ + bpa] + ﬁ[eﬁﬁb* —a'b'p — pab + bpal

— Mglatpbt + b pat + apb + bpa — aTvTp — abp — patdb’ — pab). (2.92)
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We now seek to obtain the stochastic differential equations associated with the normal
ordering for the cavity mode variables applying the pertinent master equation. To this

end, employing Eq. (2.92) it can be verified that

(1)) = L2 4a() + S ), 31)
%(ET(t)) = —%@T(t» - §—§<&(t>>7 (3.2)
%@T(t)a(t)) = —uglat(®)a(t)) + ?—ngT(tﬂ;T(t» +(a(t)b(1)] + Afc +raN,  (3.3)
%(BT(t)b(t» — — (b ()b(1)) — ’g—gw (6 (8)) + (a(®)b(t)] + KN, (34)
S (0) = —made(0) + 25 (4 (0a(0) (35)
SO (0) = b (1)) — S (a( 0) (36)
%(a(t)b(t)) = LTl i) - §—§<a*<t>a< ) ‘;‘—§<b?<t>b<t>> - ﬁ—g + kM




Stochastic Differential Equations

in which
AC
Ha =K — B (3.9)
=K+ AD (3 10
Iub = K B . . )

We note that the operators in the above equations are in the normal order. The c-

number equations corresponding to (3.1), (3.2), (3.3), (3.4), (3.5), (3.6), (3.7), and (3.8)

d Ha AE o,
Lot = ~2(a) + 5245 (1), (3.11)
d, b ) o AF
L) = -5 0) - 25 (o), (3.12)
0 (Da(1)) = —pala* (D) + 52 ({0 (0" (1) + (@(DFW) + o+ KN, (313)
d, . . AF s
L3 080) = w8 O80) — To 0" OF D) + (@WBO) + 5N, (3.14)
D 02(0) = —pale(0) + 2 (3 (Dar), (3.15)
G 0) = o (1)) — a5 (1), (3.16)
d Mo+ g AF AE
e 0910) =~ O0) ~ g i) + 35091
F
AP (3.17)
d, ., o+ fa ) AF, AE, ,
Lo () =~ 0 050 - D@ 0) + SR W), (3.18)
On the basis of Eqgs. (3.11) and (3.12), one can write
d Ha AE .
Do) = ~2a() + SEF(0) + 1), (3.19)

19



Stochastic Differential Equations

d

) [ AF ,
S0 = =) — Sgalt) + (1), (3.20)

where f,(t) and f;(t) are noise forces the properties of which remain to be determined.
The expectation values of Egs. (3.19) and (3.20) would be identical to (3.11) and (3.12))
provided that

(fa(t)) =0, (3.21)

(f5 () = 0. (3.22)

On the other hand, making use of the fact that

%(a*(t)a(t)} = <a(t)%a*(t)> + <a*(t)%a(t)> (3.23)
along with Eq. (3.19), we find
%(a*(t)@(f» = —pafa()a(t)) + g—g[@*(t)ﬁ*(t» + {a(t)B(1))]

+ (@ (8) fa(t)) + (a(t) f (1)) (3.24)

Upon comparing Egs. (3.13) and (3.24)), one can see that
(0" ()10 + (o) (0)) = 5+ . (3.25)

It can also be verified following a similar procedure that
(B () fo(t)) + (B f5 () = KN, (3.26)
(a(t)fa(t)) =0, (3.27)
(67(t) fy (£)) = 0, (3.28)
(BOL.0) + (0l D) = ~ 50 + wM. (3.29)
(B(t)fa () + (" (£) fo(t)) = 0. (3.30)



Stochastic Differential Equations

Furthermore, the formal solutions of Egs. (3.19) and (3.20) can be written as

a(t):a(O)e_#;t+/O e~ 7 (t) <fa( )+A—Eﬁ( )) dt’, (3.31)
B(t) = B*(0)e™ #" + / Het (fb (t') —f—ﬁa(t’)) dt' (3.32)
Applying Eq. (3.31), we get
(@ F(0) = (a(0) ;1)
v [ (s + e one) e )
(o (1) fa()) = (@ (0) fu(t))e™ "
b [0 (RO + 55 GORO) ) at. (530

Based on the fact that the noise force at time ¢ does not affect the cavity mode variables

at carlier times, we have
(@O)F2(0)) = (5 (1) F2(6)) = 0. (3.35)
Now making use of Eqs. (3.33), (3.34), and (3.35), we obtain
(@ OL0) + @ 0) = [ PO )
+ / O ) ) (3.36)

Hence on account of Egs. (3.25) and (3.36), we see that

[ et non + [ oo nma =N, @30
Claiming
(fa(®) f3(0)) = (fa(t) fa(D)), (3.38)
we have
/0 e S ) ()t = % (A?C + /@N) : (3.39)
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Stochastic Differential Equations

Now on the basis of the relation

/0 e (F(H)g ()t = e,

it can be asserted that

(f(t)g(t)) = 2co(t — 1),

(3.40)

(3.41)

with a being a constant. Therefore, in view of Egs. (3.38), (3.40), and (3.41), we get

1120 = (55 +n ) ale =0

One can also readily establish following a similar procedure that

{fa() fa(t)) =0,
(@) f5 (1)) = kNo(t —1'),

(fo(t')fo(t)) = 0.

Moreover, with the aid of Eqgs. (3.31) and (3.32)), we find

b [eren ((fb(t’)fa(t)> - ;‘—gwma») "

so that taking into account Eqs. (3.29) and (3.35), we have

[ e+ | e‘éb“‘t’><fb<t'>fa<t>>dt’:‘<A_F‘“M |
0 0

Assuming

(fa(t) fo(t)) = (fo(t') fa(t)),

22
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Stochastic Differential Equations

and taking into account Eqs. (3.40) and (3.41), we get

O =~ (55 — w1 ) ale 1) (3.50)

It can also be shown in a similar manner that

(f5 (t') fa(t)) = 0. (3.51)

We notice that Eqs. (3.21), (3.22), (3.42), (3.43), (3.44), (3.45), (3.50), and (3.51)
describe various correlation properties of the noise forces.

We now introduce a variable defined by

1 —
o) =~ (3.52)

with —1 <7 < 1. It then follows, for three-level atoms are initially prepared to be in a

coherent superposition of the top and bottom levels, that

1

o0 — _‘; i3 (3.53)
1 — n2

ol = Y—L, (3.54)

where we have taken that ple) = P Hence employing (2.42), (2.43), (2.44), (3.9),
(3.10), (3.52), (3.53)), and (3.54), it is possible to express Egs. (3.19) and (3.20) as

d

aa(t) = —Cl+06(t) - b+6*(t> + fa(ﬂ? (355)
%5*@) — —a (1) = b_a(t) + f; (1), (3.56)

where
A D),

biz—% [Q (1+Q—2)i[@—\/1—7n2<1—29—;)”. (3.58)

v 2y
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Stochastic Differential Equations

We realize that Eqs. (3.55) and (3.56) are coupled differential equations. In order to

solve these differential equations, we introduce a matrix equation of the form
d
EA(t) = —BA(t) + C(t), (3.59)

where

A(t) = : (3.60)
g(¢)
ay by

B= : (3.61)
b_ a_

C(t) = Jul?) . (3.62)
fo (1)

We next determine the eigenvalues and eigenvectors of the matrix B applying the relation

BY;, = \V;, (3.63)
in which
T
V;, = ) (3.64)
Yi
with the normalization condition
x? 4yl =1, (3.65)

where ¢ = 1,2. Eq. (3.63) has a nontrivial solution provided that

=0, (3.66)

from which follows

2
A= (“*;“‘) + \/b+b_ + <a+ > a‘) , (3.67)
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Ao = (“*;“‘) —\/b+b+ (“*;“‘>2. (3.68)

Now we proceed to determine the corresponding eigenvectors. To this end, using

Egs. (3.63) and (3.64), we see that

a4 + b+y1 = )\11’1, (369)

b_l'l +a_y; = )\1@/1. (370)

In addition, upon solving simultaneously Eqs. (3.65) and (3.69) with i = 1, we get
by

T , 3.71
= (3.71)
)\1 — a4
. 3.72
= \/62 T —a, ) ( )
It can also be verified in a similar manner that
by
x , 3.73
2Tt O —ay)? (373)
A2 —a
Yo = — et . (3.74)
\/b )\2 - a,+)
Thus on account of Eqs. (3.71)), (3.72)), (3.73)), and (3.74), the vector defined by
T X
y=|""" (3.75)
Y1 Y2
is expressible as
by by
p = | VEHOma? R t0ean)? (3.76)

A1—a4 Ao—a4

VOi+(i—aq)? /B2 +(Ne—ay)?

In order to determine the inverse of the matrix (3.76), we first obtain its characteristic

equation, which is

)\2 b+ )\2 — a4
\/bz )\1 — CL+ \/b2 )\2 — CL+)

by (A1 — M)
\/bQ )\1—a+ \/b +)\2—a+)

=0. (3.77)
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Thus using the fact that a matrix satisfies its own characteristic equation, we notice that

b+ )\2—a+
V- +
(\/b2 )\1—a,+ \/bi‘f‘()\g—aq_)g)]

by — Ao)T

S,

; 3.78
\/bZ /\1 _ a+ \/bZ /\2 — a+) ( )
from which follows
Y1 — V0L + (A — a2+ (A —ay)?
by (A1 = A2)
b+ )\2 — Q4
V-7 . 3.79
<\/b2 )\1—Cl+ \/62 )\2—CI,+) )] ( )
Hence making use of Eq. (3.76), one can readily obtain
_A2—a
1 203 4 (M — ay)? v+ (N —a
Y-l — \/ 1 +) \/ 1 +> (3.80)
A= | A \/bQ Fa—a)? VP F(a—a,)?
Furthermore, employing the fact that
Vy=yw'l=1, (3.81)
we can rewrite Eq. (3.59) as
d
A = —VVTIBVYTIA(L) + C(t). (3.82)
Upon multiplying Eq. (3.82) from left by V!, we get
d
-0 PA(t) = —R(VTTA) (1) + VIC(t), (3.83)
where
A0
R=V'BY = : (3.84)
0 A

We observe that Eq. (3.83) has a well-behaved solution provided that the matrix R is
positive. We thus see from Eq. (3.84) that R is positive if both A; and Ay are positive.
The formal solution of Eq. (3.83) can be written as

VI3IAt+7) = FVTTA®R) + / e RV IC(t + 7)dr (3.85)
0
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Hence multiplying Eq. (3.85) from the left by V results in

At +7) = Ve Rp=1 () / VeRE=V-1e(t 1 7')dr (3.56)

e M7 0
e R = ( : (3.87)
0 67)\27'

In addition, using Eqgs. (3.59), (3.76), (3.80), and (3.87), we find

We note that

1
A1 — Ao

(M —ap)e™2™ — (Ao —ag)e ™) a(t) + by (e7™MT — e=227)3%(1)
azeslazas) (o=dem — o= MT) (1) + (M — ap)e ™7 — (Ag — ay )e ™ 27)34(t)

Ve RTYLA®t) =

by
(3.88)
And applying Eq. (3.62), (3.76), and (3.80), we get
, 1 r
Ve RU=p=1o(t + 17') = , (3.89)
A=\
where
r= (= a)e ™ = g —ay)e ™M) fo(t +7)
0y (M) — 7R (4 ), (3.90)
g = ()\1 - a+)()\2 - CL+) (e—Ag(T—T') . e—/\l T—7' )fa,(t + 7_)
by
+ (M —agp)e™ ™) — (A —a)e 2 f2(t 4 7). (3.91)

Now with the aid of Eqgs. (3.60), (3.62), (3.86), (3.88), and (3.89), we obtain

at+7)=A(T)a(t) + B (1) (t) + Fy(t+7) + Gy (t + 1), (3.92)

Bt+71)=A_(7)B)+ B_(1)a*(t) + F_(t+7)+ G_(t+7), (3.93)
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where
1
Ac(r) = L[ p)e 4 1 F )], (3.99)
Bu(r) = Tle™ — 7], (3.95)
]_ T ! /
F (t+71)= 3 / (14 p)e™ 2™ 4 (1 — p)e ™M= £, (¢ + 7')dr, (3.96)
0
— 1 ! . —Xo(T—7") A1 (r—7") ! /
F (t+7) 5 [(1—pe + (1+p)e 1 fo(t + 7dr', (3.97)
0
Gi(t+71) = q% /0 [e M=) _ g7 (=T0) £ (¢ 4 7V d7, (3.98)
G_(t+71) = % /0 [e M=) _ g7 (=) £ (¢ 4 7V dr, (3.99)
with
1+ %
D= iR : (3.100)

2 2
RO F [ - VIR (- 5))

s = . T (3.101)
(08 (e 8)- (- v 1 £))]

Upon setting ¢t = 0 and then replacing 7 by t in Eqgs. (3.92) and (3.93)), we see that

N|—=

a(t) = Ap(t)a(0) + B (1)57(0) + F.(t) + G (1), (3.102)
B(t) = A_(¢)5(0) + B_(t)a*(0) + F_(t) + G_(t), (3.103)

where
AL(t) = % [(1£p)e ™ + (1 Fpe ™M, (3.104)
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Bi(t) = ‘%[e—m — e, (3.105)
1 [t . /
Fit) =5 / [(1+p)e 27 + (1 — p)e =D, ()t (3.106)
0
t
F_(t) = % / (1= p)e 207 4 (14 p)e M f(¢)at, (3.107)
0
q t ’ ’
Gi(t) =5 / [ M) — O () dt, (3.108)
0
q t ’ ’
G-(t) =% / [e M) — e (1)t (3.109)
0

It is perhaps worth mentioning that Eqgs. (3.92)), (3.93), (3.102)), and (3.103) will be used

to calculate various quantities of interest in the forth coming Sections.
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Quadrature Fluctuations

4.1 Quadrature variances

A two-mode cavity radiation can be described by an operator
1 N

ézﬁ(d—kb), (4.1)

where a and b represent the separate modes. We notice that the c-number equation

corresponding to (4.1) can be expressed as

1

= — : 4.2
0l 7 (o + ) (4.2)

On the other hand, employing the commutation relations
a, a'] = [b, b] =1, (4.3)
[a, o] = [a', B] =0, (4.4)

we get

e, ¢f] =1, (4.5)
e, ¢] =0. (4.6)

The squeezing of the two-mode cavity radiation can be studied applying the quadrature

operators defined by

ey =¢+e, (4.7)



4.1 Quadrature variances Quadrature Fluctuations

e =i(eh —e). (4.8)
Using Eqgs. (4.5) and (4.6)), one can verify that
ey, ] = 2i. (4.9)

We now seek to calculate the variance of the quadrature operators (4.7) and (4.8).

To begin with, making use of the commutation relations (4.5), we find
A =14 [(@) + (&) £ 2e¢) + (N2 + (&)? £ 22)(eh)]. (4.10)

We notice that all operators in Eq. (4.10) are in the normal order. Therefore, the
c-number equation corresponding to (4.10) can be expressed in a more appealing form

as

Ac =1 [(7i(t)) + (1=(1)], (4.11)

where

Y (t) =77 (t) £(1). (4.12)

Hence in view of Eqs. (4.2) and (4.12), we note that

AG =14 2 [2(a%a) + (%) & (0?) — (@) — (o & (5°) + (57)
+2(8°8) — (87)" = (8)"] £ (") + (") + (") & (af)
F (a%){a) — (0"} (8%) F 0")0) F (a8 — () F ()(8).  (413)
The various expectation values in Eq. (4.13) can be determined using Eqs. (3.102)
and (3.103). Thus on account of Eqs. (3.102) and (3.103), and assuming the cavity

modes to be initially in a two-mode vacuum state, one can readily verify that

(aft)) = (B(t)) =0, (4.14)

as a result

£ @)+ @iy (@@ e)|. a
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We now proceed to obtain the expectation values involved in (4.15). To this effect,

taking Eq. (3.102) into account, we write

(@ (t)a(t)) = Ap(){a” (H)(0)) + B4 (1){a"(1)57(0)) + (" (1) F1 (1)) + (" (1) G+ (1))-
(4.16)

Using the complex conjugate of Eq. (3.102)), we easily see that

(a*(t)a(0)) = AL(t)(a"(0)a(0)) + B4 (t)(a(0)3(0)) + (a(0)F (1)) + (a(0)G7L(t)).

With the aid of the assumption that the noise force at time t does not affect the cavity
mode variables at earlier times and taking the cavity modes to be initially in a vacuum

state, we get
(o (t)a(0)) = 0. (4.18)

It is also possible to show in a similar manner that

(a*(t)p(0)) =0, (4.19)
(@ () F4 () = (FLOF () + (GO FL (1), (4.20)
(@ (O)G+(1) = (FLO)G+(t) + (GLO)G+ (D). (4.21)

Hence on substituting Eqs. (4.18), (4.19), (4.20), and (4.21) into (4.16)), we obtain

(@ ()a(t)) = (FLOFL(1) +(GLOG (1)) + (FE(OG (1) +(GLOF (1), (4.22)

Next we evaluate the correlation functions in (4.22)). To this end, on the basis of Eq.

(3.106), we have

LN (L e OOV (125
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It then follows on account of Eq. (3.42) that

+K/N " 1 an
(F*( )FJr( / / 1_ 2 e~ M (2t— t t)+(1+p)2€f>\2(2t7t7t)

+ (1 — p?)e”Ml=)+220=t") 4 (] _ p2)e=(Galt=t)+Ault= t”))](g( t")dt'dt".
(4.24)

On carrying out the integrations, one gets

AC (1=p)2(1—e 2t (1+p)*(1 — e )
FitF.(t) = — N
(FroF.0) = (T + e ) [ SRR B
(1—p*)(1 —e-urral) 195
2(A1 + A2) } ' (4:25)
It is also possible to verify in a similar manner that
1 — 6—2>\1t) (1 . 6—2>\2t) (1 . 6—()\1+/\2)t)
(G (1) = kNG | — 4.2
(@G o) = nvg | =S EEe ) U e 2 )

(F3 ()G (1)) = (G () Fy (1)) = — (ﬂ _ KM) . [(1 _p)(1 = e

2B 81
(]‘ +p)(1 2)\2t) p(l _ 67()\1+)\2)t) (4 27)
8)s 2(A1 + Aa) '
In view of Eqs. (4.22), (4.25), (4.26), and (4.27), we find
AC L KN (1= p)2 4+ kN2 — (AE — 26 M) g, (1 —
(o (Bpa(r)) = | LR NG = (G = 26 Mgl =) g v
81
N (48 + kN)(1+p)? + kNG + (A — 26M)qs (1 + p) 1 o2
82
N (A—E? + /{N)(l — p2) — ,%]\7(]_2F — (A?F — QKM)Q—i-p [1 _ 6—(>\1+)\2)t]' (4.28)
2(A1 + A2)

It can also be established following a similar procedure that

e
R e e L
[ o 2]

_ (A€ + KN)g® — kN(1 —p?) — (48 — 26M)q_p 1 — e MitA2)t1 (4 99
2(A1 + A2) e s
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In addition, applying Eq. (3.102) it is easy to check that
(0 (1) = (FY(1)) + (GL(1) + 2(F ()G (1)),
Now taking into account Eq. (3.100), we can write

<F2 / / 1— —A1(t t)+(1 _|_p> —Aa(t—t") ] <fa( //>fa( >>dtdt”7

so that employing (3.43), we have

(F2(1)) = 0.
It can also be verified in a similar manner that
(GL(1) = (GL()Fi.(t)) = 0.
On the basis of Eqgs. (4.30), (4.32), and (4.33)), we note that
(a?(t)) = 0.
It can also be shown in a similar way that

(3%(t) =0

Furthermore, making use of Egs. (3.102) and (3.103), we obtain

(@@)B(t)) = (FLOF- (1) + (G ()G (1)) + (F ()G (1)) + (G () F-(2)).

We see that

x [(1+ p)e‘*l“‘t D4 (1= p)e 2N () fo(E))dt dt”.

Thus on account of Eq. (3.49), we get

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

<F+(t)F_(t)> _ ( KM) / / 1 o oM (2t—t'—t") + (1 D )e—/\2(2t—t/—t”)

+ (1 p)2 —(A (t—t")+ 2 (t— t”) (1 +p>2 —(A2(t—t")+A1(t— t”))](g(t/ o t”)dt/dtﬂ.
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Therefore, on carrying out the integrations, we find

(P ()P (1) = - (;1—5 _ KM) {“ =P -

(L=p)(L =) (1+p?)(1 = e
8\ 2(M + A2)

(4.39)

One can also show in a similar manner that

_ 672)\1t)

(G4 (G- (1)) = - (ﬁ - HM) o [OT
+(1 —e et (1 e(hﬂz)t)]l |
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Hence using Eqs. (4.36)), (4.39), (4.40)), (4.41)), and (4.42), we reach at

(G ())F_(1)) = kN, [(
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(4.43)

Besides, we see from Eq. (4.43) that

{a(0)5(1)) = {(t)B(1))- (4.44)
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Following a similar procedure, one can verify that
(@*(£)3(1)) = 0. (4.45)

Now with the aid of Eqs. (4.15), (4.28), (4.29), (4.34), (4.35), (4.43), and (4.45), we

arrive at
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We see that Eq. (4.40) takes at steady state the form
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In order to investigate the dependence of the squeezing on the amplitude of the driv-

ing radiation, initial preparation of the atoms, and linear gain coefficient more closely,
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4.1 Quadrature variances Quadrature Fluctuations

we plot the minus quadrature variance versus these parameters. We also obtain the max-
imum squeezing for various cases considered along with the values of the parameters for
which the maximum squeezing occurs. To this end, we first consider the dependence of
the squeezing on the amplitude of the driving radiation and initial preparation of the
atoms while the linear gain coefficient, squeeze parameter, and cavity damping constant
are fixed. In view of the discussion given in chapter 3, Eqgs. (3.55) and (3.56) have a
well-behaved solutions for Ay > 0. It is found using Eq. (4.51) that Ay > 0for 0 <n <1,
0 <Q <107, and A < 1.3. Based on this, we plot the quadrature variance given by Eq.
(4.47) versus €2/ and 7 in which the linear gain coefficient is taken to be A = 1.3.

50

Qly

Fig. 4.1: Plot of the quadrature variance Ac?> (Eq. (4.47)) of the two-mode cavity radiation
at steady state for » = 0.75, kK = 0.5, and A = 1.3.

We clearly see from Fig. 4.1 that the two-mode cavity radiation does not exhibit
squeezing for certain values of {2/ and 1 even when it is coupled to a two-mode squeezed
vacuum reservoir. It is found, for example when n =1, r = 0.75, kK = 0.5, and A = 1.3,
that there is no squeezing for values of € ranging between 0.1y and 4.1y. However, a

maximum squeezing of 81% occurs for n = 0 and Q = 0.1~.
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We next plot the quadrature variance versus A and 7 in which the squeeze parameter
and cavity damping constant are fixed at the previous values. We also take the amplitude
of the driving radiation for which the maximum squeezing occurs in the previous case

(Q=0.1v).

Fig. 4.2: Plot of the quadrature variance Ac?> (Eq. (4.47)) of the two-mode cavity radiation
at steady state for r = 0.75, Kk = 0.5, and = 0.17.

It is not difficult to observe from Fig. 4.2/that the two-mode cavity radiation exhibits
squeezing for certain values of A and 7. It is also possible to see that the degree of
squeezing decreases with the linear gain coefficient for some values of 7. Moreover, a
maximum squeezing of 85% is found to occur for n =0 and A = 9.2.

We next plot the quadrature variance versus A and €/~ for n = 0.1 and for the same

values of r and k as in the previous case.
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30
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Fig. 4.3: Plot of the quadrature variance Ac? (Eq. (4.47)) of the two-mode cavity radiation
at steady state for r = 0.75, Kk = 0.5, and n = 0.1.

Fig. 4.3/ clearly indicates that the two-mode cavity radiation does not exhibit squeez-
ing for certain values of A and €/v. It is also possible to verify that the degree of
squeezing decreases with the linear gain coefficient for some values of /. In addition,
a maximum squeezing of 82% is obtained for 2 = 0.1y and A = 2.3 (the maximum
possible value).

As we can infer from Figs. 4.1, 4.2 and 4.3 the quadrature variance of the two-
mode cavity radiation strongly depends on the linear gain coefficient A, amplitude of
the driving radiation €2, and initial preparation of the atoms 7. However, the explicit
dependence of the degree of squeezing on these parameters is not directly evident from
these figures. We hence seek to consider various specific cases to study the dependence
of the squeezing of the two-mode cavity radiation on these parameters. To this end, we
consider the dependence of the squeezing on the squeeze parameter as well as the linear
gain coefficient, amplitude of the driving radiation, and initial preparation of the atoms

by alternatively fixing two of these parameters. As in the previous cases we also find
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the maximum squeezing and values of the parameters at which the maximum squeezing
occurs. Moreover, we generate data from Eq. (4.47) and present it in a tabular form.
We first plot the quadrature variance versus the linear gain coefficient for different values
of the squeeze parameter while the values of the amplitude of the driving radiation and

initial preparation of the atoms are fixed based on the previous results.

0.1 I I I I I I I I I
0 2 4 6 8 10 12 14 16 18 20

Fig. 4.4: Plots of the quadrature variance Ac?> (Eq. (4.47)) of the cavity radiation at steady

state for n = 0.1, Kk = 0.5, © = 0.17, and different values of r.

In order to see the maximum squeezing and values of A for which the maximum squeezing

occurs for each value of r, we generate the data shown in Table (4.1) from Eq. (4.47).
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Quadrature Fluctuations

r | Maximum squeezing | Maximum squeezing occurs for
0.00 55% A=14
0.25 70% A=13
0.50 78% A=11
0.75 84% A=8

Table 4.1: Maximum squeezing for n = 0.1, k = 0.5, Q2 = 0.1+, and different values of r.

We see from Fig. 4.4/ that the degree of squeezing increases with the squeeze parameter.

We also notice from the data given in Table (4.1) that the maximum squeezing occurs

for different values A corresponding to different values of r. Closer observation of Fig.

4.4 reveals that the variation in the degree of squeezing of the two-mode radiation due

to the squeeze parameter decreases with the linear gain coefficient. We notice that the

number of photons emitted by the atoms for smaller values of A is smaller. But the

number of photons of the squeezed light entering the cavity is independent of A. Hence

the degree of squeezing of the cavity radiation would be dominated by the squeezed light

entering the cavity when A is small, which must be the reason for the difference in the

variation of the degree of squeezing shown in Fig. 4.4.

Next we plot the quadrature variance versus 7 for A = 14 and different values of r.
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25

Fig. 4.5: Plots of the quadrature variance Ac? (Eq. (4.47)) of the cavity radiation at steady
state for A = 14, k = 0.5, = 0.1+, and different values of r.

Following the same procedure the maximum squeezing, values of 7 for which the max-
imum squeezing occurs, and values of n for which the squeezing occurs are generated

from Eq. (4.47).

r | Max. squeezing | Max. Squeezing occurs for | Squeezing occurs for
0.00 56% n=0.17 n < 0.98
0.25 70% n=0.10 n < 0.97
0.50 78% n=0.05 n < 0.95
0.75 84% 1n=0.00 n < 0.89

Table 4.2: Maximum squeezing for A = 14, k = 0.5, 2 = 0.1, and different values of r.

As shown in Fig. 4.5 the cavity radiation exhibits squeezing for certain values of 7.
We realize that the degree of squeezing increases with the squeeze parameter for smaller

values of 7, but decreases for larger values. Based on the definition of 1 (3.52) we note
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that larger values of 1 means larger number of the atoms are initially prepared to be
in the bottom level. These atoms can absorb one of the modes in the cavity to make
a transition to the next upper level. Since the two-mode squeezing is associated with
the correlation between the modes, this process undoubtedly affects the squeezing. It
is good to note that these excited atoms may not emit radiation that contribute to the
squeezing, which may lead to the depletion in the degree of squeezing. We also notice
from Table (4.2) that the maximum squeezing occurs for different values of 1 correspond-
ing to different r. We hence infer from the results shown in Tables (4.1) and (4.2) that a
higher degree of squeezing can be obtained by altering the values of A and n for a given
value of r.

Now we plot the quadrature variance versus {2/~ for different values of the linear

gain coefficient. Here we take n = 0.1.

30

Fig. 4.6: Plots of the quadrature variance Ac?> (Eq. (4.47)) of the cavity radiation at steady
state for n = 0.1, k = 0.5, » = 0.75, and different values of A.

In a similar manner the maximum squeezing, values of €2/ for which the maximum
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squeezing occurs as well as values of 2/ for which the squeezing does not occur are

generated from Eq. (4.47).

A | Max. squeezing | Max. Squeezing occurs for | Squeezing does not occur for
1.6 81.0% Q2 =0.07y 0.84 < Q/y < 4.11
1.8 81.2% Q2 =0.07y 0.85 < Q/y < 4.47
2.0 81.6% Q2 =0.07y 0.81 < Q/y < 4.89
2.3 82.1% 2 =0.07y 0.73 < Q/y < 5.51

Table 4.3: Maximum squeezing for n = 0.1, Kk = 0.5, r = 0.75, and different values of A.

As clearly indicated in Fig. 4.6) the cavity radiation exhibits squeezing either for smaller
or larger values of ©2/y. We find that the maximum degree of squeezing increases with
the linear gain coefficient in both cases. We also see from the result shown in Table (4.3)
that the range of the values of 2/~ for which the squeezing does not exist increases with
the linear gain coefficient.

We next plot the quadrature variance versus €2/~ for different values of r. The steady

state consideration (A > 0) is found to hold for A < 2.3 whenn = 0.1 and 0 < Q < 107.
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Fig. 4.7: Plots of the quadrature variance Ac? (Eq. (4.47)) of the cavity radiation at steady

state for A = 2.3, k = 0.5, n = 0.1, and different values of r.

Following a similar method the maximum squeezing, values of 2/~ for which the max-

imum squeezing occurs, and values of €2/~ for which the squeezing does not occur are

generated from Eq. (4.47).

Max. Squeezing occurs for

Squeezing does not occur for

r | Max. squeezing
0.00 38%
0.25 59%
0.50 73%
0.75 82%

Q = 0.25y
Q2 =0.18y
2 =0.12y
Q=0.07y

0.79 < Q/y < 5.17
0.84 < Q/vy < 4.93
0.81 < Q/v < 5.12
0.73 < Q/v < 5.51

Table 4.4: Maximum squeezing for n = 0.1, Kk = 0.5, A = 2.3, and different values of r.

We see from Fig. 4.7 that the cavity radiation exhibits squeezing either for smaller

or larger values of Q/y. We also find that the degree of squeezing increases with the

squeeze parameter in both cases.
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We gather from what we have seen so far that it is possible to get radiation with a
substantial degree of squeezing by properly choosing the linear gain coefficient, amplitude
of the driving radiation, and initial preparation of the atoms. Nonetheless, we observe
that the degree of squeezing does not increase for all cases with the linear gain coefficient
and squeeze parameter as generally expected. In order to study the degree of squeezing

of the two-mode cavity radiation more closely, we next consider special cases of interest.

4.1.1 When half of the atoms are initially in the top level

When half of the atoms are initially prepared to be in the top level (n = 0), Eq. (4.47)
takes the form
N+ A2+ AN,

SN (N + D)

At =1
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We now seek to analyze the squeezing of the radiation generated when half of the

atoms are initially prepared to be in the top level. In this case, we notice from Egs.
(3.52), (3.53), and (3.54) that P9 = p0 = pl9 = 1/2. It is also possible to see from Eq.
(3.54) that P can attain a maximum value of 1 /2. Therefore, the case for which n =0
corresponds to the maximum atomic coherence. In order to study the dependence of the
squeezing on the amplitude of the driving radiation, linear gain coefficient, and squeeze
parameter more closely, we first plot the quadrature variance versus /v for different

values of A where r is arbitrarily fixed. We consider when €2/~ is very small.
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Fig. 4.8: Plots of the quadrature variance Ac? (Eq. (4.59)) of the two-mode cavity radiation
at steady state for r = 0.75, kK = 0.5, n = 0, and different values of A.

The maximum squeezing and values of /v for which the maximum squeezing occurs

are generated from Eq. (4.59).

A | Maximum squeezing | Maximum squeezing occurs for
1 80% Q2 =0.10y
10 86% Q = 0.06y
20 87% Q = 0.04y
30 88% 2 =0.03y

Table 4.5: Maximum squeezing for n = 0, K = 0.5, r = 0.75, and different values of A.

As clearly indicated in Fig. 4.8, the cavity radiation exhibits squeezing when half of
the atoms are initially prepared to be in the top level for smaller values of Q/v. We
notice that the degree of squeezing increases with the linear gain coefficient for relatively

smaller values of €2/7, but decreases for larger values. It is also found that the maxi-
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mum obtainable squeezing increases with the linear gain coefficient. Moreover, it is not
difficult to see from Table (4.5) that driving radiation of smaller amplitude is required
to generate radiation with a higher degree of squeezing for larger values of the linear
gain coefficient.

We next plot the quadrature variance versus €2/ for different values of r. Since the
steady state consideration (A, > 0) is found using Eq. (4.63) to be valid for A < 30
when 0 < 2 < 0.1y and n = 0, we take A = 30.

0 L L L L L L L L L
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Qly

Fig. 4.9: Plots of the quadrature variance Ac? (Eq. (4.59)) of the two-mode cavity radiation
at steady state for A = 30, k = 0.5, n = 0, and different values of r.

Following a similar approach, the maximum squeezing and values of 2/~ for which the

maximum squeezing occurs are generated from Eq. (4.59).
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r | Maximum squeezing | Maximum squeezing occurs for
0.00 53% 2 = 0.05v
0.25 1% Q2 =0.04y
0.50 82% Q = 0.04y
0.75 88% 2 =0.03y

Table 4.6: Maximum squeezing for n = 0, k = 0.5, A = 30, and different values of 7.

We see from Fig. 4.9 that the degree of squeezing increases with the squeeze parameter.
We also notice from Table (4.6) that the maximum squeezing occurs for almost the same
value of Q /v for different values of . As clearly shown in Figs. 4.1 and 4.6/ the squeezing
is found to occur either for smaller or larger values of 2/, as a result we in the following

plot the quadrature variance versus {2/~ for larger values of €2/7.
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Fig. 4.10: Plots of the quadrature variance Ac? (Eq. (4.59)) of the two-mode cavity radiation
at steady state for r = 0.75, kK = 0.5, n = 0, and different values of A.
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In a similar manner the maximum squeezing and values of 2/~ for which the maximum

squeezing occurs for different values of A are generated from Eq. (4.59).

A | Maximum squeezing | Maximum squeezing occurs for
2 79% Q= 3ly
3 80% Q =33y
4 80% Q = 35y
S 81% Q =37y

Table 4.7: Maximum squeezing for n = 0, Kk = 0.5, r = 0.75, and different values of A.

One can easily see from Fig. 14.10, the cavity radiation exhibits a significant degree
of squeezing. We also notice that the degree of squeezing increases with the linear gain
coefficient for relatively larger values of €2/7, but decreases for smaller values. More-
over, according to the data given in Table (4.7) a strong external radiation is required
to generate a radiation with a higher degree of squeezing when the linear gain coefficient
is taken to be large.

We now plot the quadrature variance versus €2/~ for different values of r. We take
the linear gain coefficient to be A = 5, the maximum value for which the steady state

consideration remains to be valid for the intended range of /7.
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Fig. 4.11: Plots of the quadrature variance Ac? (Eq. (4.59)) of the two-mode cavity radiation
at steady state for A =5, k = 0.5, n = 0, and different values of 7.

The maximum squeezing and values of /v for which the maximum squeezing occurs

are generated from Eq. (4.59) following the same approach.

r | Maximum squeezing | Maximum squeezing occurs for
0.00 31% Q =15y
0.25 54% Q = 20y
0.50 70% Q =27~
0.75 81% Q =37y

Table 4.8: Maximum squeezing for n = 0, kK = 0.5, A = 5, and different values of r.

As one can easily see from Fig. 4.11) the degree of squeezing increases with the squeeze
parameter. It is also clearly indicated in Table (4.8) that the realizable maximum squeez-

ing occurs for larger values of /v when r is taken to be large, contrary to the result
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given in Table (4.6) for smaller values of §2/v. Comparing the results shown in Figs.
4.8 and 4.10/ as well as Tables (4.5) and (4.7) reveals that for n = 0 a higher degree of
squeezing occurs for very small values of €2/+. Though the squeezing is found to increase

with the linear gain coefficient, we cannot use arbitrarily large values of A.

4.1.2 When all the atoms are initially in the bottom level
When all the atoms are initially prepared to be in the bottom level (n = 1), it is possible
to put Eq. (4.47) in the form
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We now seek to analyze the degree of squeezing of the cavity radiation when the

atoms are initially prepared to be in the bottom level. In this case, it is possible to see
from Eqgs. (3.52), (3.53)), and (3.54)) that P = p% =0 and p'¥ = 1, which corresponds
to the minimum atomic coherence. In order to study the dependence of the squeezing
on the amplitude of the driving radiation, linear gain coefficient, and squeeze parameter,
we first plot the quadrature variance versus 2/~ for different values of A. We consider

the case when Q/~ is large.
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Fig. 4.12: Plots of the quadrature variance Ac (Eq. (4.71)) of the two-mode cavity radiation

at steady state for r = 0.75, k = 0.5, n = 1, and different values of A.

Following a similar procedure the maximum squeezing and values of €/~ for which the

maximum squeezing occurs are generated from Eq. (4.71)).

A | Maximum squeezing
2 79%
3 80%
4 81%
5 81%

Maximum squeezing occurs for
Q =27y
Q) = 28~
Q = 30y
Q = 3ly

Table 4.9: Maximum squeezing for n = 1, kK = 0.5, r = 0.75, and different values of A.

It is clearly shown in Fig. 4.12/ that the cavity radiation exhibits a significant degree

of squeezing. Like in the case of n = 0 (See Fig. 4.10), the degree of squeezing in-

creases with the linear gain coefficient for relatively larger values of /v, but decreases

for smaller values. Moreover, it is possible to see from Figs. 4.10 and 4.12 that the
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dependence of the degree of squeezing on Q/v for n = 0 and n = 1 is almost the same,
however as shown in Table (4.7) and (4.9) the maximum squeezing for n = 1 occurs for
comparably smaller values of Q/~.

We next plot the quadrature variance versus €2/~ for different values of r. We take

A =5 so that a comparison between the results for n = 0 and 7 = 1 can be made.

0.1 L L L L L L L L
10 20 30 40 50 60 70 80 90 100

Qly

Fig. 4.13: Plots of the quadrature variance Ac? (Eq. (4.71)) of the two-mode cavity radiation

at steady state for A =5, k = 0.5, n = 1, and different values of r.

Following a similar approach the maximum squeezing and values of €2/~ for which the

maximum squeezing occurs are generated from Eq. (4.71).
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r | Maximum squeezing | Maximum squeezing occurs for
0.00 31% Q =15y
0.25 55% Q =18y
0.50 1% Q =23y
0.75 81% Q =30y

Table 4.10: Maximum squeezing for n =1, k = 0.5, A = 5, and different values of 7.

As we can see from Fig. 4.13) the degree of squeezing increases with the squeeze param-
eter. Now comparison of the results indicated in Figs. 4.11/ and 4.13 as well as Tables
(4.8) and (4.10) shows that the dependence of the degree of squeezing on the squeeze
parameter is almost the same for n = 0 and n = 1, but a maximum degree of squeezing

is realizable for relatively smaller values of {2/~ for n = 1.

4.1.3 In the absence of the external driving radiation

Next we consider the case when the top and bottom levels of the atoms are not coupled

externally by a coherent radiation. We note for 2 = 0 that

B=1, (4.83)
]_ _
c=-—1 (4.84)
2
1 — 2
F=— - (4.85)
2
A
A\ o= A (4.86)
2
K
21+ /1 — 12
P+a F2p= ( = ") 1, (4.88)
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2(1++/1—n?
P4t +£2qp = ( = ) -1, (4.89)
2(1++/1—n2
play —q-) £ (P —qqp) = % ( 7 ) 1] : (4.90)
14++/1-—n2
pFe=—Y T (4.91)
n
14+ /T—72
pEtg=—"—, (4.92)
n
g9+ +q- =0. (4.93)
Employing Eqs. (4.86) and (4.87), we obtain
()\1 + /\2)2 + 4)\1)\2 B 81{(/4, + An) + A2772 (4 94)
8A1A2(A1 + A2) 4k (2K + An)(k + An)’ '
(M +X2)? =4 A (4.95)
Shida( A1 +Xo)  4k(2k + An)(k + An)’ '
AL — A A
L2 — (4.96)

AM e 2k(Kk+ An)
Hence on the basis of Eqs. (4.47), (4.83), (4.84), (4.85), (4.88), (4.89), (4.90), (4.91),
(4.92), (4.93), (4.94), (4.95), and (4.96), we find
4k(k + An) + AJA(L 4+ n) + 26](1 £ /1 — n?)
4k(2K + An)(k + An)

iA\/l—ié‘LK/ K+ An)+ A2 —1F /1 —1n
4k(2k + An)(k + An)
4k(k + An) + A2 (1 £ /1 — n?)
(2K + An)(k + An)

Act =1+ A(1—n)

+ (N £ M)

(4.97)

Now we seek to analyze the dependence of the squeezing on the linear gain coefficient,
initial preparation of the atoms, and squeeze parameter when there is no external driving
radiation more closely. To this end, we first plot the quadrature variance versus 7 for
different values of the linear gain coefficient when » = 0. We observe that there is no

limit in the value of A if 2 =0 and n > 0.
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0.2 L L L L L L L L L

Fig. 4.14: Plots of the quadrature variance Ac? (Eq. (4.97)) of the two-mode cavity radiation
at steady state for Q =0, k = 0.5, r = 0, and different values of A.

The maximum squeezing and values of n for which the maximum squeezing occurs are

generated from Eq. (4.97) in the same manner.

A | Maximum squeezing | Maximum squeezing occurs for
1 27% n=0.63

10 52% n=0.30

100 67% n=0.15

1000 73% n=0.05

Table 4.11: Maximum squeezing for 2 = 0, k = 0.5, » = 0, and different values of A.

It is clearly shown in Fig. 4.14 that the cavity radiation of a system under consid-
eration exhibits squeezing for values of 7 between 0 and 1 when there is no external
driving radiation. This corresponds to when the atoms are initially prepared in such a

way that there are more atoms in the bottom level than the top level. We notice that
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the degree of squeezing increases with the linear gain coefficient. We also realize that
a higher degree of squeezing is observed for smaller values of n and larger values of A.
Besides, it is not difficult to see from Fig. [4.14 that squeezing is not exhibited when the
atoms are initially prepared with a maximum or minimum atomic coherence. Hence the
degree of squeezing of the cavity radiation shown in Figs. [4.9, 4.11, and [4.13 for r = 0
is entirely attributed to driving mechanism due to the external coherent radiation.

We next plot the quadrature variance versus 7 for different values of r. The linear

gain coefficient is arbitrarily fixed at A = 1000.

18

14

r=0.75

121 1

r=0.5

0.6 4
r=0.25

0af |0 4

Fig. 4.15: Plots of the quadrature variance Ac? (Eq. (4.97)) of the two-mode cavity radiation
at steady state for Q@ =0, Kk = 0.5, A = 1000, and different values of 7.

Following a similar approach the maximum squeezing and values of n for which the

maximum squeezing occurs are generated from Eq. (4.97).
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r | Maximum squeezing | Max. squeezing occurs for | Squeezing occurs for
0.00 73% 1n=0.05 n < 0.99
0.25 83% n=0.04 n < 0.99
0.50 89% 1n=0.03 n < 0.98
0.75 93% 1n=0.02 n < 0.94

Table 4.12: Maximum squeezing for 2 = 0, k = 0.5, A = 1000, and different values of r.

We see from Fig. 4.15/ that the cavity radiation of the system under consideration
exhibits squeezing for certain values of 7. We observe that the degree of squeezing is
substantially enhanced by the squeezed radiation that enters the cavity for smaller val-
ues of n. However, it is found that the degree of squeezing decreases with the squeeze
parameter for values of 7 close to 1. As shown in Fig. [4.5, the same dependence of the
squeezing on the r and 7 is observed for 2 = 0.1vy. As we have already discussed the
degree of squeezing decreases with the squeeze parameter near 1 = 1, since the atoms
in the bottom level absorb the squeezed radiation in the cavity and then emit radiation

that does not contribute to the squeezing.

4.1.4 For a weak driving radiation

Next we consider when the amplitude of the driving radiation is taken to be very small
(Q < 7). In this case, the quadrature variance (4.47) can be written as
A+ N)Z AN

SOV

A
Aci =1+ {Bm

(cmem+amNiA@}(

AC"
+ {( iz + KN) (p///2 + q///2 T 2q/// ///) + KN(pH/Z + qi/r/2 4 2qi/r/p///>

AF" ) ()\/1// + )\/2//>2 _ 4/\/1///\/2//

+<y,4mo(ﬂﬂ—WHwW—Wﬂﬂ BNIXY N+ Ny
C///

+ [( B/” + /{N) (p/// :F q///) K_/N (p/// :t q///)

AF/// )\/// _ )\///
+ <QB/// - ) (q:'/_, + q///)} 41)\/1//)\/2//2 ) (4'98)

with
B" =1, (4.99)
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1—n 3Q

C///: " 1_ 2 4.100
= 5 7, (4.100)
Q 1 —n?
F" — 22 (1 —3n) — ! 4.101
A [30 30 _
X =2+7 Z\/l—n2+n+\/n2+7n\/1—nz : (4.102)
ko Al30 3Q |
N=g+7 Z\/l—n2+n—\/ﬁ2+7nv1—n2 : (4.103)
o 2(1E/T=7) =t = 2@y - 1) (VI— P +1)
1" " "wom
PG F20pT = (4104
7+ Eny/1 -1
o 2(1 VT=7) =P = 23+ 1) (VI— 2% 1)
17 " "o m
S 9l — . (4.105)
+ + 7]2+¥77\/1—772

—3—22<1i 1—n2>i[2(1i 1—772)—772]

4+ Zny/1 -

Y

p///(qg/_/ o qZI) + (p///2 - qg/_/qzl) —

(4.106)

P = —2 2 , (4.107)

p" 4! = —, (4.108)

¢ +q” =~ (4.109)

v [n2 + Sy T= 7] :
In order to study the squeezing of the cavity radiation in the weak driving limit more

closely, we plot the quadrature variance versus €2/ and 7. It is found using Eq. (4.103))

that \J) > 0for 0 <n <1and 0 < <0.1y when A < 32, in view of which the linear

gain coefficient is taken to be A = 32.
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25

2 (Eq. (4.98)) of the two-mode cavity radiation

Fig. 4.16: Plot of the quadrature variance Ac

at steady state for Q < ~v, r =0.75, k = 0.5, and A = 32.

One can clearly see from Fig. 4.16] that the squeezing exists for certain values of €/

and 7. We also notice that the degree of squeezing significantly depends on the initial

It is found that a maximum squeezing of 89% occurs for

preparation of the atoms.

n = 0.06 and €2

0.02~.

We next plot the quadrature variance versus €2/ and A. Here 7 is fixed to the value

for which the squeezing is maximum in the previous case (7 = 0.06).
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Qly A

Fig. 4.17: Plot of the quadrature variance Ac? (Eq. (4.98)) of the two-mode cavity radiation
at steady state for Q < v, r = 0.75, Kk = 0.5, and n = 0.06.

For nn = 0.06 a maximum squeezing of 90% occurs for A = 40 and Q = 0.02~y when
r = 0.75. It is not difficult to see from Fig. 4.17 that the degree of squeezing decreases
with the linear gain coefficient for some values of €2/~, although it is found to increase
with the linear gain coefficient for values of €2/ near 0.

We now plot the quadrature variance versus €2/ for different values of r. A and 7
are fixed to the values for which the squeezing is found to be maximum in the previous

cases.
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25

1 1 1 1 1

1 1 1

0
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0.02 0.03 0.04 0.05 0.06

Qly

0.07 0.08 0.09 0.1

Fig. 4.18: Plots of the quadrature variance Ac? (Eq. (4.98)) of the two-mode cavity radiation

at steady state for Q < v, A =40, k = 0.5, n = 0.06, and different values of r.

In the same manner the maximum squeezing, values of €2/~ for which the maximum

squeezing occurs, and values of €/~ for which the squeezing does not occur are gener-

ated from Eq. (4.98).

r | Max. squeezing | Max. squeezing occurs for | Squeezing does not occur for
0.00 63% Q = 0.028~ Q> 0.087
0.25 76% Q = 0.024~ Q2 > 0.092v
0.50 85% Q2 =0.019y Q2 > 0.098~
0.75 90% 2 =0.015y -

Table 4.13: Maximum squeezing for A = 40, k = 0.5, n = 0.06, and different values of r.

As shown in Fig. 4.18, the squeezing exists for certain values of 2/~ for smaller values

of r. We notice that the degree of squeezing increases with the squeeze parameter.
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4.1.5 For a strong driving radiation

On the other hand, when the amplitude of the driving radiation is taken to be very large

(2> ), we see that

Q4
_ 4_74’

P +¢ F2qp=1,

PP Hq £2qp=1,

play —q-) £ (p* — q-qs) = F1,

pFq- =Fl,
pEqy ==*1,
q+ +q- = —2.

Using Eqs. (4.113) and (4.114), we obtain

(/\1 + )\2)2 + 4)\1)\2 2/@292 — A2’}/2

SAida( A1+ A2)  2k[K2Q2 — A242)
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AN A2
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(Eq. (4.124)) of the cavity radiation at steady

68

2

Qly

Quadrature variances

4.1

Hence application of Egs.

(4.120

(4.119),

To study the squeezing properties of the cavity radiation in the strong driving limit in

detail, we first plot the quadrature variance versus €2/ and 7. The linear gain coefficient

is taken to be A = 48.

Fig. 4.19: Plot of the quadrature variance Ac

state for Q> v, k = 0.5, r = 0.75, and A = 48.
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We see from Fig. 4.19 that a significant degree of squeezing can be obtained when
Q> ~. It is found that a maximum squeezing of 87% occurs for n = 1 and Q = 108~.
Moreover, comparison of Figs. 4.16 and 4.19 reveals that the squeezing varies more
slowly with the initial preparation of the atoms in the strong driving limit than in the
weak driving limit.

We next plot the quadrature variance versus 2/ and A, where 7 is fixed to the value

for which the squeezing is maximum in the previous case (n = 1).

0.24
0.22

0.2

0.16

0.14

0.12
200

aly 100 o A

Fig. 4.20: Plot of the quadrature variance Ac? (Eq. (4.124)) of the cavity radiation at steady
state for Q> v, k = 0.5, r =0.75, and n = 1.

Fig. [4.20/ clearly indicates that for 2 > v, the degree of squeezing decreases with the
linear gain coefficient for some values of 2/~. It is found that the maximum squeezing
of 87% occurs for A = 48 and 2 = 108~.

We next plot the quadrature variance versus /7 for different values of r. Here 7
is fixed to the value for which the maximum squeezing is obtained in the previous case

and the linear gain coefficient on the other hand is taken to be A = 49.4.
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0.8

2

01 1 1 1 1 1 1 1 1 1
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Qly

Fig. 4.21: Plots of the quadrature variance Ac? (Eq. (4.124)) of the cavity radiation at steady
state for Q> v, k = 0.5, n =1, A = 49.4, and different values of r.

Following a similar procedure the maximum squeezing and values of €/~ for which the

maximum squeezing occurs are generated from Eq. (4.124).

r | Maximum squeezing | Maximum squeezing occurs for
0.00 48% Q =102y
0.25 68% Q =104y
0.50 80% Q = 106y
0.75 87% Q =110y

Table 4.14: Maximum squeezing for £k = 0.5, n = 1, A = 49.4, and different values of r.

One can clearly see from Fig. 4.21 that for 2 > ~ the degree of squeezing increases with
the squeeze parameter. We also notice from Table (4.14) that the maximum squeezing
occurs for nearly the same values of {2/~ when different values of r are taken. It is found

that when there is no initial atomic coherence a squeezing close to 50% can be obtained
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for = 0. This result agrees with the claim of Xiong et al. [11] that a nondegenerate
three-level cascade laser in which the atoms are initially prepared in the lower level and

externally driven by a strong radiation resembles parametric oscillator.

4.2 Squeezing spectrum

The squeezing spectrum of a two-mode light is expressed as
9 (1s) = 2Re / ), e+ ) e dr, (4.125)
0
where the quadrature operators ¢ (t) and ¢_(t) are defined by Eqgs. (4.7) and (4.8)), and
(A0, (7)) = (A7) — ) 7). (4126)
With the aid of the commutation relation
[Cout(t), bt +7)] = d(7), (4.127)
Eq. (4.125) can be put in the form
S (w) =1+ 2Re /OO< e (t), e (t + T) 1) sse™TdrT, (4.128)
0

where :: denotes that the operators are put in the normal order. The squeezing spectrum

can also be written in terms of c-number variables associated with the normal ordering

as
S1(w) = 1 2Re [ (20, 220+ ) (1129)
in which
V() = Vour (8) £ Your(t). (4.130)

Hence in view of Eq. (4.2), we see that

1
= E[ out( ) + ﬁout( ) (aout(t) + ﬁout(t))} . (4131)

Furthermore, the output and cavity mode variables are related by

Qout(t) = VEa(t) — ain(t), (4.132)
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Bout(t) = VEB(t) — Bin(t)-
Upon substituting Eqs. (4.132) and (4.133)) into (4.131)), we have
out _ i P Oé* * o
12 (t) = \/5[\/_[ () +67(t) £ (at) + B(1))]
— [0 (8) + B3 (1) £ (in(t) + Bin(1))]]
which can also be put in the form

V() = ViEre(t) — A (),

where
1 * E3
15() = [0 () + 570 % (alt) + 50,
(1) = (o (1) + B (1) £ (in(t) + Bun(1))].

V2

(4.133)

(4.134)

(4.135)

(4.136)

(4.137)

On the other hand, the input variables can be expressed in terms of the noise forces

associated with the reservoir as

szn(t) = %FRa(t%
Bint) = = Fra(t)
in \/E RS .

Now making use of (4.138) and (4.139), Eq. (4.137) can be written as

Vi (t) = —KFRi(t),

VE

where

Fra(t) = —= [Fha(6) + Fip(t) £ (Fra(t) + Frs(t))].

1
7l

(4.138)

(4.139)

(4.140)

(4.141)

As shown in Appendix 7.2, the noise forces Fg;(t) with i = «, 3 satisfy the correlation

properties:
(Fri(t)) =0,
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(Fro(t)Fri(t)) = N6 (t = 1),

(Fri(t)Frj(t'))iz; = kMot — 1),

(Fri(t)Frj(t")izj = (Fri(t)Fri(t')) = 0.

It is not difficult to see that the expectation value of Eq. (4.134) would be

(1)) = —=[Ve[{a"(®) + (87(1)) = (1)) + (B(t)))]
— [{adn(®) + (B5.(1) £ (in(t)) + (Bin(1)))] ]

Applying Eqgs. (4.138), (4.139), and (4.142), one can readily verify that

{ain(t)) = 0,

(Bin(t)) = 0.
Upon inserting Eqs. (4.34), (4.147), and (4.148)) into (4.146), we obtain
(V1) =0,
as a result of which Eq. (4.129) becomes
S (w) =14 2Re /Oowjo[“t(t)’yi“t(t + 7)) ss€™7dT.
0
Furthermore taking Eq. (4.135) into consideration, we write

VN2t + 7)) = (Ot + 7)) + O (E+ 7))

— VE[(E Oyt + 7)) + (v (O (E+7))]

so that employing Eq. (4.140), we have

(2 (O3 (¢ + 7)) = mva (07t + 7)) + - (Fra () Fs (1 4 7))

— [(Fre(®)y=(t + 7)) + (12(8) Fre(t + 7))].
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In view of the fact that the noise forces at ¢t + 7 do not affect the system variables at the

earlier time ¢, we get

OVt + 7)) = K(ye(t) 2t + 7))

b (Fpa () P 1+ 7)) — (Fra (B¢ + 7). (4.153)
On the basis of Eq. (4.136)), we find
(e (Oet + 7)) = St + 1) + (BH)alt + 7)) + (@)l + 7))

+ (BBt + 7)) £ [{a@)a”(t+ 7)) + (B(H)a™(t + 7))
+ (BB (t+ 7)) + (at)5*(t + 7))]] + c.c., (4.154)

where c.c. stands for complex conjugate. We now proceed to determine the various

correlation functions involved in Eq. (4.154). Using Eq. (3.92), we see that

(a(t)a(t +7))ss = As(T)(@*(1)ss + B (T){a(t) 3 (t))ss
(@) Fi(t 4 7))ss + ()G (t + 7)) s (4.155)

Applying Eqs. (4.34) and (4.45) along with the fact that the noise forces at ¢ + 7 do not

affect the system variables at the earlier times, one readily gets
(a(t)a(t +7))ss = 0. (4.156)

It can also be verified in a similar manner that

(B(t)B(t+7))ss = 0, (4.157)
(a(t)B"(t+17))ss = 0, (4.158)
(a*(t+7)B(t))ss =0, (4.159)
(@ (H)a(t +7))ss = As(7){@"(t)a(t))ss + Bo(T){a(t) B(E))ss (4.160)

(G50t +7))ss = A(T)(B"()B())ss + B-(T){(t)5(t))ss; (4.161)
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<5(t)a(t + 7—>>ss - A—i—(T) <a(t)6(t)>ss + B+<T> <ﬁ(t)ﬁ*(t)>887 (4162)

(a(t)B(t +7))ss = A-(T){(t) B(2))ss + B-(T){c(t) " (£))ss- (4.163)
Hence on account of Eqs. (4.154), (4.156), (4.157), (4.158), (4.159) (4.160), (4.161),
(4.162), and (4.163), we arrive at
(Va1 (t + 7)) = (A4 (1) + A=(7)) (a(t)B(t))ss + B(T)(B*(£)B(1))ss
+ B_(1){a(t)a* (t))ss £ [(B(7) + B-(7)){(t) B(t))ss
+ A (T)(B" (1) B(1))ss + Ar(T)(a(t)"())ss], (4.164)

which can also be put, employing Egs. (3.94) and (3.95), in a more appealing form as

(ve(t)ye(t +7))ss = (Dx + Ex)e™ 7 + (Dy — Ey)e ™7, (4.165)
where
D = {a(N)B(0)) s £ 5 (5 (DD)es + (0" (D)), (4.166)
Be = [0 (a0l Fp) + (5" (O50)nas +p) = OWOBO)la- +4.)].

(4.167)

Moreover, on the basis of Eq. (4.141), we write

(Fre(t)Fre(t + 7)) = %KFRa(t)FR,B(t + 7)) + (Fra(t) Fra(t + 7)) + (Fra(t) Fra(t + 7))
+ (Fra(t) Fra(t + 7)) & [(Fra(t) Frg(t + 7)) + (Fra(t) Fra(t + 7))

+ (FRra(t) FRo(t + 7)) + (Fra(t) Fra(t +7))]] + c.c. (4.168)
so that using Eqs. (4.143), (4.144), and (4.145)), we obtain
(Fre(t)Fre(t + 7)) = 2(M £ N)o(7). (4.169)
Furthermore, with the aid of Eqs. (4.136) and (4.141), we find

(Fra(t)1a(t + 7)) = 3 [{Frs(®)alt + 7)) + (Fra(®)a(t + 7)) + (Frs(t)B(t +7)

2
+ (Fra(1)B(t + 7)) £ [(Fra(t)a"(t + 7)) + (Fg(t)a(t + 7))
+ (Fra(t)B*(t + 7)) + (Fps(t)B(t + 1))]] + c.c. (4.170)
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Now making use of Eq. (3.92), we see that

(Fra(t)a(t + 7)) = AL (7)(Fra(t)a” (t)) + B (1) (Fra(t) (%))
+ (Fra()FL(t+ 7)) + (Fra(t)G7L(t + 7). (4.171)

In addition, in view of Eq. (3.102), we note that

(Fra(t)a™ (1)) = Ay (t)(Fra(t)a™(0)) + By (1) {Fra(t)53(0))
+ (Fra(1) FE(1)) + (Fra(t)G3 (1)), (4.172)

from which follows
(Fra(t)a* () = (Fra(t)F{(1)) + (Fra(t)GL(1)). (4.173)

Next employing Eq. (3.106), we see that

(Fra(t)F5(0) = / (L4 p)e 200 4 (1= p)e MO (Fra(0)f5(¢))dE.  (4.174)

We observe that the noise forces f;(t), with i = a, 3, can be written as
fi(t) = Foi(t) + Fri(t), (4.175)

where Fg;(t) is the noise force associated with the cavity radiation. It then follows using

Eq. (4.175) that
(Fra(t)fa(t) = (Fra() Fea(t) + (Fra(t) Fpo (1) (4.176)
On account of the fact that Fr,(t) and Feo,(t) do not correlate, we notice that
(Fra(t)FE, (1)) = 0. (4.177)
Now applying Eqs. (4.143) and (4.177), we obtain
(Fra(t)f2(t')) = kNO(t —t'). (4.178)

Therefore, substituting Eq. (4.178)) into (4.174) and then carrying out the integration

results in

kN

(Fra(t)F5 (£)) = . (4.179)

76



4.2 Squeezing spectrum Quadrature Fluctuations

Following a similar procedure it is possible to show that
(Fra()G%(1)) = 0. (4.180)

Hence we see with the aid of Eqgs. (4.172), (4.179), and (4.180) that

kN
(Fra(t)a” (1) = - (1.181)
One can also find in a similar manner that
kM
(Fra()5(0)) = "~ (1182)

On the other hand, taking Eq. (3.96) into consideration, we write

(Fra P2 ¢+ 7)) = 5 [ [0+0)e 04 (1= e ) B (0) 0+ 7))

(4.183)

so that on taking into account Egs. (4.143), (4.175), and (4.177), there follows

(Fra()F2( 4+ 7)) = % /0 (14 p)e=) 4 (1= P T=5(r)dr (4.184)

and on carrying out this integration, we get

(Fra(t)F* ( +7)) = % (L4 p)e™ + (1—p)e™7], (4.185)

It can also be verified in a similar way that

(Fra ()G (t+ 7)) = 'd\{T(“ [e™M7 — 7T, (4.186)

Thus making use of Eqs. (3.94), (3.95), (4.171), (4.181), (4.182), (4.185), and (4.186),
we find

kMaqy

5 [e™MT —e7%27]. (4.187)

(Faalt)a* (7)) = V(14 p)e™ + (1= p)e™] +

It is also possible to show following a similar procedure that

kN

(Fra(t)B(t + 7)) = —-[(1 - p)e T 4 (14 p)e ™M) + T[e*AIT — e, (4.188)
(Fra(t)a(t + 7)) = %[(1 +ple™ + (1 —ple™M7] + M%[e"\” —e M7, (4.189)
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(Fralt)B(0 + 1)) = 2110 = p)e™ + (14 ple7] + B en o) (4.190)
(Fis(t)a(t + 1)) =0, (4.191)
(Fra(t)a(t + 7)) =0, (4.192)
(Fr(t)B(t + 7)) =0, (4.193)
(Fra(H)(t + 7)) = 0. (4.194)

Hence on the basis of Eqs. (4.170)), (4.187), (4.188)), (4.189), (4.190), (4.191)), (4.192),
(4.193), and (4.194), we arrive at

(Fpe(t)y2(t + 7)) = £x(N £ M) [(1 + w> R

+ <1 T w> e—m} : (4.195)

Now inserting Eqgs. (4.165), (4.169), and (4.195) into (4.153)), we obtain

(Ot + 7)) = 2(M £ N)o(7)

+ KDi+Ei - ((MiN) (&W))) .

+ (Di —Ey — ((M + N) (1 F W))) e_’\”} . (4.196)

Therefore, the squeezing spectrum (4.150) takes the form
S (w) =1+4(N + M)Re/ e“TS(T)dr
0

+ 2kRe /Ooo {Di + By — ((M + N) (1 + w))} e~ M-I gy

+ 2k Re /OOO [Di - ((M + N) (1 T w)ﬂ e~ P2 (4.197)
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4.2 Squeezing spectrum Quadrature Fluctuations

Finally, upon carrying out the integrations in Eq. (4.197) and then taking the real part

of the resulting expressions, we get

K)\l
2

Mol
(@B = (M £ N))as +4-) + (B OBO) — (" Da(t))e)p
£Q((@()B0)) + (0" (D)t + (5 (D5(0)na)

SP(w) =1+2N £ 2M + a*(B)at))ss + (B5()B(t))ss — 2(N &= M)

/{/\2 % %
Tro? [(a"()a(t))ss + (B ()B(1))ss — 2(N £ M)
—({a(t)B(t))ss — (M £ N))(qy +q-) + ({a"(t)a(t))ss — (B ()B(t))ss)p
£(2(a(t)B(t))ss — (@™ (t)au(t))ssq— — (87 (1) B(1))ss9+)] , (4.198)
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which can also be put using Eqs. (4.28), (4.29), and (4.43) in the form

A AC
S¢(w) =1+2N +2M + A?le? { K? + /-iN) (I-ptq)+rN(Q+p*qy)
1

AF (M + A0)” + 4A A
_ <_ — /@-M) (qr +q- % 2)} SHRINEW

+eN 5 (1 £ q-) +p*(1+p) + ¢p(a- £ (2+p))] + (A—F - HM)

x[2p(q+ — q-) + (P* — a4q-) (L £ 1) = 2p*(¢— + q4)]] </\§A+1>\A22()>\1:L4AA:)A2

+ K% + /fN) [p(1—p) —q-(¢- +qr £ (2-p))]

+aN[p(p — 1) — g (g- + g+ £ (2+p))]

AF AL — A
+( 55— kM) [20.(1—p+a ) +2-(1+p+aq.)] | =
4N\

2B
) AC
+)\§+2w2 {K 5 +/<;N) (1+pFq) +sN(1— g+ Fp)

AF (M + Ao)” + 4A A
2 kM T2
i (23 " ) (4r +0-7 )1 SA Ao (A1 + Ao

! KA—C + mN) [2(1F ¢2) + (14 p) + a-plas F (2+p))]

B
+6N L (1 F ¢-) +p*(1 —p) — 4p(q- F (2= p))] + (ﬁ - 'fM)

x[p(a+ — ¢-) + 20*(0- + ¢+) — (P — a49-) L F 1)]] (Az;;;i)kjril)&

+ [(A?C + K/N) [p(l +p)+q-(g-+q+ F(2 +p))}

+iN[=p(p+ 1)+ ¢1(g- + g F (2-p))]

AF A1 — Ao
S kM) [2¢.(1 =g 2_(1—p— A2 41
+<QB K )[q+( G- +p)+2¢-(1—p %)}} 4/\1&}7 (4.199)
where
1+Q—§i[ﬂ<1+9—§>—@+ 1—n2( —9—2)}
l—ptq =1-—2L 1= i ikl 2L (4.200)
X
02 Q 02 3nQ2 02
1+ ST [2(1+ %)+ 22 - VTP (1- &)
l4ptq. =1+ , (4.201)
X
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Q 0?2
q++q_izz—E (1+¥) +2, (4.202)

P*(1=p) +a2(1 £ q4) — ¢-plgs = (2 —p))
S5 (- () [E 0 5) -

e (- B2 ) 2 v (o)

2y o

(20-5)- 2w 2)) (-

(e
(o () i (ogn) = (- ()]

(4.203)

et e
() [(22) el 2)
(3 (F5)- 3 ()5
(R ) v () (e (- ).

(4.204)

(P* —q-q+)(1£1) +2p(qs — q-) — 20° (- + q4)

(0 (-2 (8- ) s
(2) (8- (- 2)) 2]

272

Y ALY T
() (20 (-

— v
|
(V]
‘3
2

MIQ

+
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4.2 Squeezing spectrum Quadrature Fluctuations

pp—1) = a:(¢- + ¢+ = (2+p))
[ B) (1)) (8 (- 5) 2
G EN (D) e ()] o

2¢.(1—p+q-)+2¢_(1+p+qy)

3 [(E(+2) -8 r=w (- 2)

X [\ 2y v?
02 Q\ 30 02
S (SR Y (S R VAT O
X(X (+72)(+27>+27 77( W))
Q 02\ 30 02
Sl ) = 222 1—n2(1 -2
+(2v(+72> 2 77< 27))

w (s (1+EY (12232 L A L (4.208)
* 2 2y 2y " 292) )] '
528 (105) v (1 B)
l+pFq =1+ ——— 7 - s Sy (4.209)
X

(1+Q§)+3’79 1 n2<1—9—)¢<1+9—§>
l—q Fp=1+22 172 2 & T2 (4.210)
X

o (- () [2(-2) 2
A B[R 2)
INETS 2 s B
() ) (- )]

1
X
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4.2 Squeezing spectrum Quadrature Fluctuations

T=p)+ (1 Fq) — qep(q- F (2—p))

)

w0 () 05

()[R (%) - (- )
o)) - ()

)= (- 5) = (o (2D

(4.212)

1
X

—_

(¢-q+ —P)AF1) +plgs —q-) + 20 (¢4 +q-)
@) 0% - (v (-55)) )

(4.213)
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2¢+(1+p—q-)+2¢-(1—p—gqy)
2 [/Q 0?2 3nQ 0?2
S N iy L I SN i R
x2[ 27( +72>+ 2 7 ( 272>>
0?2 0 309 0?2
T ) (2 ) =22 1—p2 (1= =
* X+(+72)(+27) 27+ 77( W))

<
)
(D)2 ()]

In order to study the dependence of the squeezing spectrum on the linear gain coef-
ficient, amplitude of the driving radiation, initial preparation of the atoms, and squeeze
parameter, we plot the squeezing spectrum versus these parameters by alternatively fix-
ing two of them. We first plot the squeezing spectrum versus /v and n for A = 1.3
and r = 0.75. We take similar parameters as in Section 4.1.1 so that comparison of the

squeezing inside and outside the cavity can be made.

6000
5000
4000

3000

s*(0)

2000

1000

Qly

Fig. 4.22: Plot of the squeezing spectrum S°“(0) (Eq. (4.199)) of the two-mode output
radiation at steady state for k = 0.5, r = 0.75, and A = 1.3.
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4.2 Squeezing spectrum Quadrature Fluctuations

It is clearly shown in Fig. 4.22/ that the two-mode radiation generated by the system
under consideration does not exhibit squeezing outside the cavity even when the cavity
is coupled to a two-mode squeezed vacuum reservoir for certain values of /v and 7.
Like for the cavity radiation, the maximum squeezing of the output radiation occurs for
n =0 and Q = 0.1v. It is also found that the squeezing, for example, does not occur for
values of 2 less than 6.6y when n =1, r =0.75, k = 0.5, and A = 1.3.

We next plot the squeezing spectrum versus A and 7, where the amplitude of the
driving radiation is fixed to the value for which the maximum squeezing is obtained in

the previous case (€2 = 0.17).

s*(0)

Fig. 4.23: Plot of the squeezing spectrum S°“*(0) (Eq. (4.199)) of the two-mode output
radiation at steady state for K = 0.5, = 0.75, and 2 = 0.1~.

It is not difficult to see from Fig. 4.23 that the two-mode output radiation does not
exhibit squeezing for certain values of A and 7. It is also possible to see that the degree
of squeezing decreases with the linear gain coefficient for some values of n. It is found

that the maximum squeezing occurs for n = 0 and A = 5. We hence come to understand
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4.2 Squeezing spectrum Quadrature Fluctuations

that the maximum squeezing for the output and cavity radiation occurs for the same
value of n, but for different linear gain coefficient.

We now plot the squeezing spectrum versus €2/ and A. Here 7 is fixed arbitrarily
to 0.1.

140

s2'0)

Qly A

Fig. 4.24: Plot of the squeezing spectrum S°%(0) (Eq. (4.199)) of the two-mode output

radiation at steady state for k = 0.5, r = 0.75, and n = 0.1.

One can clearly see from Fig. 14.24 that the two-mode output radiation does not
exhibit squeezing for certain values of A and §2/+. As in the case of the cavity radiation,
the degree of squeezing is found to decrease with the linear gain coefficient for some
values of Q/~. We also found that the maximum squeezing occurs for some values of
2/~ when A = 0. This indicates that the squeezing for the output radiation is less than
what it would be when we have the squeezed vacuum reservoir with squeeze parameter
of r =10.75.

In order to study the dependence of the squeezing spectrum particularly on the

squeeze parameter, we plot the squeezing spectrum versus the linear gain coefficient,
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4.2 Squeezing spectrum Quadrature Fluctuations

initial preparation of the atoms, and amplitude of the driving radiation for different
values of r. We fix two of these parameters to the values we have taken while studying
the squeezing of the cavity radiation so that comparison of the squeezing inside and
outside the cavity can be made. To this end, we first plot the squeezing spectrum versus

the linear gain coefficient. We take €2 = 0.1y and n = 0.1.

0.7

s(0)

0 2 4 6 8 10 12 14 16 18 20

Fig. 4.25: Plots of the squeezing spectrum S°“(0) (Eq. (4.199)) of the two-mode output
radiation at steady state for k = 0.5, Q = 0.1v, and n = 0.1 and different values of

T.

We see from Fig. 14.25 that the squeezing of the output radiation increases with the
squeeze parameter for smaller values of A, but decreases for larger values. It is found
that the maximum squeezing occurs for r = 0.25 and A = 6.7. Moreover, as clearly
shown in Figs. 4.4 and 14.25, the minimum value of the squeezing spectrum is less than
the corresponding minimum value of the quadrature variance, in spite of the unbiased
noise introduced while the radiation crosses the mirror.

We next plot the squeezing spectrum versus 7. We take 2 = 0.1y and A = 1.
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35

(0)

SOU‘

Fig. 4.26: Plots of the squeezing spectrum S°“*(0) (Eq. (4.199)) of the two-mode output
radiation at steady state for k = 0.5, 2 = 0.1v, and A = 1.

According to the result given in Fig. [4.26/ the squeezing spectrum decreases with the
squeeze parameter for smaller values of 7, but increases with larger values. It is also
found that the minimum value of the squeezing spectrum is less than the corresponding
minimum value of the quadrature variance.

We now plot the squeezing spectrum versus /v for different values of r. We take

n=0.1and A=2.3.

88



4.2 Squeezing spectrum Quadrature Fluctuations

Qly

Fig. 4.27: Plots of the squeezing spectrum S°“*(0) (Eq. (4.199)) of the two-mode output

radiation at steady state for Kk = 0.5, n =0.1, and A = 1.

As in the case of the cavity radiation, the squeezing of the output radiation occurs
either for smaller or larger values of ©/y. We also see from Fig. 4.27 that the squeezing
increases with the squeeze parameter for some values of Q/~.

In order to study the squeezing of the output radiation more closely, we consider
various cases of interest. In the first place, when there is no driving radiation (2 = 0),

we see that

14 /T =12
l—ptqg =1 V"1 (4.217)
n

14 /1= 12
lfptg =14 -V "1 (4.218)
n

G +q. £2 =42, (4.219)
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4.2 Squeezing spectrum Quadrature Fluctuations

P(1=p)+Z(1+q) —qplgy £(2-p))
:i[n_1+ - )£ V1—7? ¢(277—1)] (4.220)

773

pPP+p) + ¢t (1£q-) + qp(g- £ (2+p))

771 [n+1+ 1—)nF V117 — 1(277—1)} (4.221)
(0" =g ) (1 £ 1) +2p(qr — ¢-) — 2p*(a- + q4)
- % [(2 CA) 11+ 2\/1—7772] , (4.222)
=P =0 +a@=p) = - 1£VI=PE -], @223)
P =aile-+a @) = [1-nEVI=RE+1] a2

i
2¢:(1—p+q-)+2¢-(L+p+qs) = 7 1+ 1 (4.225)

1+ /172
1+ pFaq :1+%, (4.226)
JI—pE+1
l—qFp=1-Y__"T=" (4.227)
n

PA+p)+E(1Fq) +q-ples F(2+p))

— [ A= VI + VI F 20+ 1), (4.228)

p’1—p)+ ¢ (1 Fq-) — qip(a- F (2—p))

:%[n_1_1_ Y VT= 1)+ /1= 77 F 2+ 1)) (4.229)

(-q+ —P)AF 1) +p(gr —q-) + 20 (g4 +q-) = % [772(1 F1)+2y/1 - 772} ,

(4.230)
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p(l+p)+q-(¢-+¢+ F2+p)) = % [n +1+/1—72(2n+ 1)] : (4.231)

3

—p(p+1)+qi(e-+ar F(2-p) = % [—n —1FV1-n*2n- 1)] , o (4232)

2q+<1+p—q_>+2q_<1—p—q+>:%[¢1—n2<1+ =) )

Now making use of Eqgs. (4.83), (4.84), (4.85), (4.86), (4.87), (4.94), (4.95), (4.96),
(4.217), (4.218), (4.219), (4.220), (4.221), (4.222), (4.223), (4.224), (4.225), (4.226),
(4.227), (4.228), (4.229), (4.230), (4.231), (4.232), and (4.233), we obtain

277((/{ + An)? + 4w2) (2K + An)

+2NA* (2= £/1—n2(2n—1)) = MAn((2n —n*)(1 £ 1)
+4y/1—12) +8AV/1 — 2 (M(1+ /1 —n%) £ Nn)(2k + An)]

[2(N £ M) (8kn(k + An) + A%n?®)

SoU(0) =1 + [2(N + M)(8l-€77(l'€ + An) + A2773)

T 20k + An)(2r + An) (<2 + +42)
FONA2 (20— P £ /1T — 220+ 1)) — MA2(1P(1 £ 1) +2/1 — )
+ANAV1 — 1226 + An) — 8MAV/1 —n?(1+ /1 — %) (26 + An)]

A 2,2 9 5
+4n((%+An)2+4w2)(2ﬁ+A )[(8“(“+A77)+A77 ) (20— 1+ 7?1 —7?)

+ A2 (L= -7+ Q=) EV1—7?) £ (20 — 1)
_nvl=nw 12_ (2= n?)(1 1)+ 4y/T— )] + 24(26 + Ap)
X (2= —-1xV1-n22n=1)+2(1=n*)(1+ 1 -7?))]

4 2.2
i 8n(k + An)(2k + An)(k + 4w?) [(8k(k + An) + A%p?)

><((1—77)(1+77i\/1—7772)in\/ﬁ)+142[1— ) (n+n’

+ Q=) EV/1—1?) = 220 +1) — /1 —2(P(1 £ 1)
+2¢/1—12))] + 24( 2%+AT})(( nn+1+/1—n22n+1)

VI =21+ /1T—n22n-1))]. (4.234)

In the following, we seek to analyze the dependence of the squeezing spectrum on the

linear gain coefficient, initial preparation of the atoms, and squeeze parameter. To this
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end, we first plot the squeezing spectrum versus n for different values of A and r = 0.

The values of A are arbitrarily chosen.

()

SOUI

Fig. 4.28: Plots of the squeezing spectrum S°(0) (Eq. (4.234)) of the two-mode output

radiation at steady state for w =0, kK = 0.5, r = 0, Q2 = 0, and different values of A.

We see from Fig. 4.28 that the output radiation exhibits squeezing for values of n
between 0 and 1. We also notice that the squeezing spectrum decreases with the linear
gain coefficient. Moreover, it is found that a maximum squeezing occurs for values of n
near 0.1 for A = 100. Comparison of the results given in Figs. 4.14' and 4.28 reveals that
the minimum squeezing spectrum of the output radiation is less than the corresponding
quadrature variance of the cavity radiation.

We next plot the squeezing spectrum versus n for different values of r. Here A =1

is taken for convenience.
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Fig. 4.29: Plots of the squeezing spectrum S°“*(0) (Eq. (4.234)) of the two-mode output

radiation at steady state for w =0, Kk = 0.5, A =1, Q = 0, and different values r.

According to the result given in Fig. 4.29 the squeezing spectrum decreases with
the squeeze parameter for smaller values of 1, but increases for larger values. As shown
in Fig. 4.15, similar effect of the squeezed parameter is also observed for the cavity
radiation. It is found that a maximum squeezing occurs at n = 0.19.

We now seek to study the dependence of the squeezing spectrum on the amplitude
of the driving radiation, linear gain coefficient, and squeeze parameter when half of the
atoms are initially prepared to be in the upper level (n = 0). To this effect, we first plot
the squeezing spectrum versus 2/ for different values of A. We consider very small

values of €2/~.
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Fig. 4.30: Plots of the squeezing spectrum S°“*(0) (Eq. (4.199)) of the two-mode output

radiation at steady state for w =0, n =0, k = 0.5, » = 0, and different values of A.

We clearly see from Fig. 4.30 that the squeezing spectrum decreases with the linear
gain coefficient for smaller values of /v, but increases for larger values. As shown in
Fig. 4.8, similar effect of the amplitude of the driving radiation on squeezing for cavity
radiation is observed. It is found that a maximum squeezing occurs for A = 40 and
2 = 0.017~. On the other hand, comparison of Figs. 4.28 and 4.30) reveals that coupling
the top and bottom levels of the atoms by an external coherent radiation significantly
enhances the squeezing of the output radiation for n = 0.

We next plot the squeezing spectrum versus €2/~ for different values of r. The linear

gain coefficient is taken to be A = 40.
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Fig. 4.31: Plots of the squeezing spectrum S°“*(0) (Eq. (4.199)) of the two-mode output
radiation at steady state for w =0, n =0, Kk = 0.5, A = 40, and different values of

T.

It is not difficult to see from Fig. 4.31 that the squeezing spectrum decreases with
the squeeze parameter. It turns out that a maximum squeezing occurs for 2 = 0.015y
and r = 0.75. Just like in the cavity radiation, the maximum squeezing for the output
radiation is found to occur for nearly the same values of 2/~ for different values of r.

Finally, in order to study the dependence of the squeezing spectrum on the amplitude
of the driving radiation, linear gain coefficient, and squeezing parameter when all the
atoms are initially prepared to be in the bottom level (n = 1), we first plot the squeezing

spectrum versus {2/~ for different values of A. We consider the case when 2/~ is large.
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Fig. 4.32: Plots of the squeezing spectrum S°“*(0) (Eq. (4.199)) of the two-mode output

radiation at steady state for w =0, n =1, kK = 0.5, r = 0, and different values of A.

As clearly shown in Fig. [4.32 the squeezing spectrum decreases with the linear gain
coefficient for relatively larger values of 2/, but increases for smaller values. It is found
that a maximum squeezing occurs for A = 23 and 2 = 62.5y. On the other hand,
comparison of Figs. 14.28 and 14.32! reveals that the degree of squeezing of the output
radiation is substantially increased for n = 1, if the top and bottom levels of the atoms
are coupled externally by a strong external radiation.

We next plot the squeezing spectrum versus €2/ for different values of r. We take

the linear gain coefficient to be A = 23.
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Fig. 4.33: Plots of the squeezing spectrum S°“*(0) (Eq. (4.199)) of the two-mode output
radiation at steady state for w =0, n =1, Kk = 0.5, A = 23, and different values of

T.

It is possible to see from Fig. 4.33 that the squeezing spectrum decreases with the
squeeze parameter for relatively larger values of €2/v, but increases for smaller values.

It is found that a maximum squeezing occurs for r = 0.75 near Q2 = 90~.
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Photon Statistics

5.1 Mean number of photon pairs

We now seek to determine the mean number of photon pairs of a two-mode cavity

radiation. To this end, we first write based on Eq. (4.1) that

~ ~

(@ (t)e(t) = 5 [(a"(Ha(t) + B'(6)b(t)) + (@' (Ob(1)) + (BF (Da(t))]. (5.1)

N | —

We notice that the operators in Eq. (5.1) are in the normal order. Hence it is possible to
express Eq. (5.1) in terms of the c-number variables associated with the normal ordering

as

(@ e(t)) = (v (). (5.3)

It is not difficult to see using Eq. (4.45) that

(e )e(t)) = %[(a*(t)a(t» +(B"(1)B(1))]- (5.4)
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Therefore, (¢'(t)¢(t)) can be interpret as the mean number of photon pairs 7i. On account

of Eqgs. (4.28) and (4.29)), we find

(A2 4 kN) (1= 2p+p* + ¢2) + kN (1 + 20+ p* + ¢ )

= __ _ —2X1t
n= on, [1 e ]
B (% - QI{M) (Q— +q+ +p<Q— - Q—i-)) [1 B 6_2>\1t]
16\
n (%+/§N)(1+2p+p2+qz) +I€N(1 —2p+p2+qi) [1 —e’QAQt]
169
(% —26M) (g- + a5 —p(a- — q+)) 2t
+ 6N, [1 — e
N (B8 +kN)(1—p*—¢*) +rN(1—p*—¢2) - -]
4(A1 + A2)
(5 —26M)p(a- —a+) 1, oy
1 — e Out .
+ Y [1-e ], (5.5)

which reduces at steady state to

] (£+2/@N) (A + A2)? + 4N A [AC

_ 2 2
"=\B ey 1) B )

(A1 + A2)? — 4\ g

AF
+6N (20 + ¢ + 1) + (— - 2HM> play — Q)]

B 16A1 20 (A1 + o)
AC AF AL — Ay
il kM ~ 5.6
+{Bp+<2B K )(Q++Q)1 T (5.6)
in which
1 02\ 02 Q 02\ 379 02
2 2= |1+ T+ —— )21+ ) |22 1= 1= =
e X2 (+7 (+472) V(Jrv?){?v n( WH

p(Q+—q)=—32K1+Q—2) [@—ﬂ<1—2§2—;>n (5.9)

X ) L2y
In the following, we seek to study the dependence of the mean number of photon

pairs on the amplitude of the driving radiation, linear gain coefficient, initial preparation
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of the atoms, and squeeze parameter. To this end, we plot the mean number of photon
pairs versus /7, A, and n by alternatively fixing one of them and taking r = 0.75 for
convenience. We first consider the dependence of the mean number of photon pairs on
the amplitude of the driving radiation and initial preparation of the atoms for A = 1.3.
It is found using Eq. (4.51) that Ay > 0 for 0 <n <1and 0 < Q <10y when A < 1.3
for which the mean number of photon pairs takes physically acceptable values (7 > 0)

at steady state.

40

Mean photon number

Qly 0 o

Fig. 5.1: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at steady
state for k = 0.5, r = 0.75, and A = 1.3.

We see from Fig. 5.1 that the mean number of photon pairs is larger for certain values
of n and Q/~. Tt is found that the mean number of photon pairs takes its maximum
value when n = 1 and 2 = 27. From the results shown in Figs. 4.1/ and /5.1, we observe
that the mean number of photon pairs would be larger for values of 2/~ and n for which
there is no squeezing. Moreover, for n = 0, A = 1.3, r = 0.75, and 2 = 0.1v the
mean number of photon pairs is found to be n = 1.17. We recall that the squeezing is

maximum for these values of the involved parameters.
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We next plot the mean number of photon pairs versus A and 7. Here the amplitude
of the driving radiation is fixed at the value for which the degree of squeezing is found

to be maximum with the linear gain coefficient and initial preparation of the atoms.

45

Mean photon number

Fig. 5.2: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at steady
state for k = 0.5, r = 0.75, and 2 = 0.17.

According to the result shown in Fig. 5.2, the mean number of photon pairs increases
with the linear gain coefficient. Particularly, the mean number of photon pairs rapidly
increases with the linear gain coefficient when the atoms are initially prepared in such
a way that there are nearly half of them in the top level. The mean number of photon
pairs turns out to be n = 3.67 for n =0, r = 0.75, Q2 = 0.1v, and A = 9.2 at which the
squeezing is maximum.

We now plot the mean number of photon pairs versus A and €/v. The initial prepa-
ration of the atoms is represented by 1 = 0.1 so that comparison with the corresponding

degree of squeezing of the cavity radiation can be made.
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40

Mean photon number

Qly 0 A

Fig. 5.3: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at steady
state for k = 0.5, r = 0.75, and n = 0.1.

It is found that the mean number of photon pairs attains a maximum value of n =
34.9 for 2 = 2.5y and A = 2.3. We see from Figs. 4.3 and /5.3 that the mean number
of photon pairs is maximum for values of €2/y and A for which there is no squeezing.
Moreover, a mean number of photon pairs of n = 1.15 is obtained at 2 = 0.1y and
A = 2.3 where the squeezing is maximum. As can readily be inferred from Figs. 5.1,
5.2, and 5.3, the mean number of photon pairs of the cavity radiation strongly depends
on the linear gain coefficient, amplitude of the driving radiation, and initial preparation
of the atoms. Therefore, we next seek to consider various specific cases to analyze the
dependence of the mean number of photon pairs of the two-mode cavity radiation on
Q/~, A, n, and r in detail. To this effect, we first plot the mean number of photon pairs
versus A for different values of v, 2 = 0.17, and n = 0.1.

102



5.1 Mean number of photon pairs Photon Statistics

Mean photon number

Fig. 5.4: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at
steady state for n = 0.1, kK = 0.5, = 0.1+, and different values of r.

As clearly shown in Fig. 5.4 the mean number of photon pairs increases with the
squeeze parameter for smaller values of the linear gain coefficient, but decreases for larger
values. One can also see that the mean number of photon pairs increases with the linear
gain coefficient. We notice that the mean number of photon pairs for A = 0 is entirely
associated with the two-mode squeezed radiation entering the cavity.

We next plot the mean number of photon pairs versus n for different values of r. We

take A =14 and Q2 = 0.1~.
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Fig. 5.5: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at
steady state for A = 14, kK = 0.5, = 0.1, and different values of r.

We see from Fig. 5.5 that the mean number of photon pairs decreases with the
squeeze parameter for smaller values of 7, but increases for larger values. We also notice
that the mean number of photon pairs is larger for values of 1 at which the squeezing
is found to be relatively higher. However, the mean number of photon pairs near n = 0
decreases with the squeeze parameter contrary to the degree of squeezing which increases
with the squeeze parameter in this case. We obtain n = 5.3 for A =14, Q2 = 0.1y, n = 0,
and r = 0.75 at which the squeezing is found to be maximum.

We now plot the mean number of photon pairs versus /v for different values of A.
Here we take n = 0.1 so that comparison with the previous results can be made when

required.
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40

Mean photon number

Fig. 5.6: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at
steady state for n = 0.1, kK = 0.5, » = 0.75, and different values of A.

As clearly indicated in Fig. 5.6, the mean number of photon pairs increases with
the linear gain coefficient. It is also possible to infer from Figs. 4.6/ and 5.6/ that the
mean number of photon pairs is larger for values of €/~ for which there is no squeezing.
Moreover, the mean number of photon pairs is found to be n = 1.24 for A = 2.3, n = 0.1,
r = 0.75, and 2 = 0.07 at which the squeezing is maximum.

We next plot the mean number of photon pairs versus €2/ for different values of r.
A =23 and n = 0.1 are also taken so that a relation with the corresponding squeezing

can be made.
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40

Mean photon number

Fig. 5.7: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.6)) at
steady state for A = 2.3, Kk = 0.5, n = 0.1, and different values of r.

According to the result given in Fig. /5.7, the mean number of photon pairs turns
out to increase with the squeeze parameter. Although the mean number of photon pairs
is smaller for values of Q/~ for which there is squeezing (See the results shown in Figs.
4.7 and [5.7), it is found to be larger for values of the squeeze parameter for which the
squeezing is higher. It is possible to deduce from what we have discussed so far that the
system under consideration can generate a relatively strong radiation. We also realize
that the mean number of photon pairs can be optimized by properly choosing the values
of the linear gain coefficient, initial preparation of the atoms, amplitude of the driving
radiation, and squeeze parameter. In order to study the dependence of the mean number
of photon pairs on these parameters more closely, we seek to consider special cases of

Interest.
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5.1.1 When half of the atoms are initially in the top level
When half of the atoms are initially in the top level (n = 0), Eq. (5.6) takes the form

i (AC’ +2HN> (N + A5)2 + 4NN, {AC’

— 2 '2
"= NG ) LB W)

P AF’ (] + Ap)2 — 4NN
N(2 /2 2 2 —9%M el 1 2 172
+KN (2" + ¢ +Q+)+ ( B K )p(Q—i- q—>:| L6N N, (N + Ab)

AC' | [AF N, — N
_ M / / 1 2 .1
*[31”(23 K )(q++q_)] SN, (5.10)
with
L1 02\ 2 0?2 Q0 0?2 02 02\?
Prl=—|(1+=) (1+—=)+—(1+=)(1-— 1——
P X2 (+72) ( +472)+v< +v2>< 272>+( 272) ’
(5.11)
o 02\ 2 02 02\ ?
2 2 2
2p/ tq tal=—5 (14‘?) (1‘1'4—72)"—(1—2—72)]» (5.12)
9 02 02
=2 [ (1+5) (1-25) | o1
1 02
pf:;(H?). (5.14)

In the following, we seek to investigate the dependence of the mean number of photon
pairs on the amplitude of the driving radiation, linear gain coefficient, and squeeze
parameter in detail when half of the atoms are initially prepared to be in the top level.
To this end, we first plot the mean number of photon pairs versus /v for different
values of A and r = 0. It is found using Eq. (4.63) that the mean number of photon
pairs takes physically admissible values for n = 0 and 0 < < 50y when A < 2.35.
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Fig. 5.8: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.10)) at
steady state for n = 0, Kk = 0.5, r = 0, and different values A.

As shown in Fig. 5.8, the mean number of photon pairs increases with the linear
gain coefficient. We also see with the aid of Fig. 4.1/ that the mean number of photon
pairs would be larger for values of {2/~ for which there is no squeezing. We notice that
the mean number of photon pairs is quite small for larger values of {2/~ regardless of
the values of A. The mean number of photon pairs is found to be n = 21.4 for n = 0,
A =30,r=0.75, and 2 = 0.03y at which the squeezing is maximum.

We next plot the mean number of photon pairs versus the squeeze parameter and
2/~. The value of the linear gain coefficient is arbitrarily taken to be A = 2.25 so that
the dependence of the mean number of photon pairs on parameters under consideration

is directly evident from the figure.
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Fig. 5.9: Plot of the mean number of photon pairs of the cavity radiation (Eq.

steady state for n = 0, k = 0.5, and A = 2.25.

It is not difficult to see from Fig. 5.9 that the mean number of photon pairs of the

cavity radiation decreases with the squeeze parameter for certain values of /7. We

also notice that the mean number of photon pairs decreases with the amplitude of the

driving radiation for smaller and larger values of €2/~, but increases for other values.

5.1.2 When all the atoms are initially in the bottom level

1), it is possible to put Eq.

When all the atoms are initially in the bottom level (n

(5.6) in the form

//2)

(p//2 4 q

52+ AN | TACT
TN NN+ D) B
—ZMW)M@l—qD}

(A + A

+ 2/1N)

AC
B

+1€N(2p"2 _i_qu_}_q

|

IS

7 — 4y

L6ATNS (N + Ag)

"
2

(A + A

AF//
B

)+ (
—HM)@1+Q

//2

+

(5.15)

"
2

"o
2
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S

109

/!

AF!/
2B

p”+(

AC//
B




5.1 Mean number of photon pairs Photon Statistics

where
p”2+q”2:% <1+S—§>2(1+4Q—;)+i—if(l—27—§f) , (5.16)
2p”2+q2+qf:% <1+3—§>2(1+4Q—;>+i—3§ : (5.17)
P —d") = —% (1 + 3—22> : (5.18)

We now seek to evaluate the dependence of the mean number of photon pairs on
the amplitude of the driving radiation, linear gain coefficient, and squeeze parameter
in detail when all the atoms are initially prepared to be in the bottom level. We first
plot the mean number of photon pairs versus €2/ for different values of A and r = 0.
The values of the linear gain coefficient are arbitrarily fixed in such a way that the
dependence of the mean number of photon pairs on parameters under consideration is

clearly seen from the figure.
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Fig. 5.10: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.15)) at

steady state for n =1, kK = 0.5, = 0, and different values A.

It is possible to see from Fig. 5.10 that the mean number of photon pairs is very
small for larger values of /. We also notice that the mean number of photon pairs
is zero when there is no external driving radiation and in the absence of the squeezed
vacuum reservoir for all admissible values of A. In relation to the result shown in Fig.
4.1 we observe that although a strong radiation can be generated near {2 = 1.8y for
n = 1, the mean number of photon pairs for values of €2/~ at which the squeezing exists
is still small. The mean number of photon pairs is found to be n = 1.3 forn =1, A =5,
QQ = 317, and r = 0.75 at which the squeezing is maximum.

Next the mean number of photon pairs versus /v and r is plotted when all the
atoms are initially prepared to be in the bottom level. The linear gain coefficient is
arbitrarily taken to be A = 1.25 so that the dependence of the mean number of photon

pairs on parameters under consideration can easily be seen from the figure.
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5.1 Mean number of photon pairs

Plot of the mean number of photon pairs of the cavity radiation (Eq.

Fig. 5.11:

steady state for n =1, kK = 0.5, and A = 1.25.

As indicated in Fig. 5.11/the mean number of photon pairs increases with the squeeze

parameter and amplitude of the driving radiation for smaller values of €2/, contrary to

what we have obtained for n = 0 case. Moreover, one can easily see from Fig. 5.11 that

the mean number of photon pairs increases with the squeeze parameter for all values of

Q/y.

In the absence of the external dr

5.1.3

Now we consider the case when the top and bottom levels of the atoms are not externally

coupled. We note for 2 = 0 that
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21— (5.22)

o

plagr —q-) =

p= (5.23)

;.
Thus on account of Eqs. (4.83), (4.84), (4.85), (4.93)), (4.94), (4.95)), (4.96), (5.6)), (5.20),
(5.21), (5.22), and (5.23)), we reach at

= Al )4H(m+An)+A2+A(2m+A7]) - 4k (K + An) + A2
B 1 8k(2k + An)(k + An) 2k(2k + An)(k + An)
(AV/1—n? +4eM) A%\/1 — n?
— . (5.24)
8k(2k + An)(k + An)

In order to study the dependence of the mean number of photon pairs on the linear
gain coefficient, squeeze parameter, and initial preparation of the atoms more closely,
we first plot the mean number of photon pairs versus 7 for different values of A. The

values of A are arbitrarily chosen.

60

Mean photon number
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Fig. 5.12: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.24)) at

steady state for Q =0, k = 0.5, r = 0, and different values A.
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When €2 = 0 a strong radiation can be generated in principle for n = 0, since the
mean number of photon pairs increases with the linear gain coefficient as clearly shown
in Fig. 5.12 and there is no limit on the values of the linear gain coefficient in this case.
For instance, the mean number of photon pairs is found to be n = 101.5 when A = 1000,
n = 0.05, Q =0, and r = 0 at which the squeezing is maximum. We also see from Fig.
5.12 that the mean number of photon pairs is zero when 1 = 1 for all values of A when
r=0.

We next plot the mean number of photon pairs versus the squeeze parameter and 7.

The linear gain coefficient is arbitrarily taken to be A = 3.5.

[ N w
N U w o A

Mean photon number

=

Fig. 5.13: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.24)) at
steady state for Q =0, k = 0.5, and A = 3.5.

One can see from Fig. 5.13 that the mean number of photon pairs decreases with
the squeeze parameter for certain values of the squeeze parameter and n. We also found
that a similar situation exists except for very small values of the linear gain coefficient,

where the mean number of photon pairs increases with r for all values of 7. The mean
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number of photon pairs is found to be n = 141.6 for r = 0.75, n = 0.02, Q2 = 0, and

A = 1000 where the degree of squeezing is maximum.

5.1.4 For a weak driving radiation

In the weak driving limit (£2 < 7), we note that

B AC/II ()\/N + )\1/1)2 +4)\///)\/// AC/// ”
v= (55 o) e n t )
" " A m ()\,/, _'_ Ag/)Q - 4A/,/)\/2/,
+/€N(2pm2 + q_z +C]+2) + ( = _ QHM) p///(qi/ o qZ/):| 116)\/1//>\/2/,()\/1// = )\1/2,/)
AC/// AF/// )\/// _ )\///
+ {Tp”'jL < Y KM) (ql’#—qﬁ’)} W, (5.25)
where

w2 =S5V 1=12(3n = 1)
Pt = EETIRY R (5.26)
= vien

2[2- 2 - 22 /T p]

///2 /1/2 ///2 _ ’y
2p + q_ + 772 + w 1 — 7]2 ’ (527)
vy
3n2
///( n_ ///) — _2 <;7_'7 B 1 B 172) (5 28)
p\qy —q- + mﬂ ) .
ol
" 1
P = T (5.29)
[772 43 1 772] 2
Y

We now seek to analyze the dependence of the mean number of photon pairs on
the amplitude of the driving radiation, initial preparation of the atoms, linear gain
coefficient, and squeeze parameter in the weak driving limit more closely. To this end, we
first plot the mean number of photon pairs versus 2/ and 7. The linear gain coefficient
and squeeze parameter are taken to be A = 32 and r = 0.75 so that comparison with

the squeezing of the cavity can be made.
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Mean photon number

Fig. 5.14: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.25)) at
steady state for Q < v, k = 0.5, r = 0.75, and A = 32.

As clearly indicated in Fig. 5.14) the mean number of photon pairs significantly
depends on the amplitude of the driving radiation for very small values of . The mean
number of photon pairs is found to be n = 2.2 for A = 32, n = 0.06 and Q2 = 0.027y at
which the squeezing is maximum.

We next plot the mean number of photon pairs versus A and /. We fix the initial
preparation of the atoms to the value at which the squeezing is maximum for the same

choice of other parameters (n = 0.06).
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Fig. 5.15: Plot of the mean number of photon pairs of the cavity radiation (Eq.

steady state for Q < v, k = 0.5, r = 0.75, and 1 = 0.06.

It is not difficult to see from Fig. [5.15/that the mean number of photon pairs increases

Moreover, the mean number

with the linear gain coefficient for smaller values of €2/~.

= 0.075, and 2 = 0.02v at

of photon pairs is found to be n = 8 for A = 40, n = 0.06, r

which the squeezing is maximum.

We next plot the mean number of photon pairs versus €2/ for different values of r.

We take A

40 and n = 0.06, the values for which the squeezing is maximum.
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Fig. 5.16: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.25)) at
steady state for Q < v, k = 0.5, n = 0.06, A = 40, and different values of r.

According to the result given in Fig. 5.16, the mean number of photon pairs decreases
with the squeeze parameter for smaller values of {2/7. As can be inferred from Fig. 5.9

similar effect of the squeezed vacuum reservoir is observed for n = 0.

5.1.5 For a strong driving radiation

On the other hand, when the driving radiation is taken to be very large (2 > =), we

see that

pP+q =1, (5.30)

2°+ ¢+ =2, (5.31)
472 5
plgy —q-) = oz V 1 —n?% (5.32)
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p=" (5.33)

Hence making use of Eqgs. (4.110), (4.111)), (4.112), (4.120), (4.121),(4.122), (4.123),
(5.6), (5.30), (5.31), (5.32), and (5.33), we find

- A’}/2 QQ

02
A 2 A2 2

+ K—”HKM) i 1—772} i
Q K(

02 K202 — A22)
A3 Avy A~Q)

In order to study the dependence of the mean number of photon pairs on the am-
plitude of the driving radiation, initial preparation of the atoms, linear gain coefficient,
and squeeze parameter more closely in the strong driving limit, we first plot the mean
number of photon pairs versus /v and 1. We fix the linear gain coefficient and squeeze
parameter to A = 48 and r = 0.75 so that comparison with the corresponding squeezing

can be made.
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Fig. 5.17: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.34)) at
steady state for Q > v, k = 0.5, r = 0.75, and A = 48.
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5.1 Mean number of photon pairs

As one can easily see from Fig. [5.17, the mean number of photon pairs decreases

with the amplitude of the driving radiation in the same manner regardless of how the

atoms are initially prepared. We also see that the mean number of photon pairs increases

with 1. Moreover, the mean number of photon pairs is found to be n = 10.4 for n = 1,

A

o o o (=) o o
m ) © < N
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48, r = 0.75, and 2 = 108~y at which the squeezing is maximum.
We next plot the mean number of photon pairs versus €2/~ and A. Hence we take

17 = 1 so that comparison with the squeezing for the strong driving limit can be made.

Fig. 5.18: Plot of the mean number of photon pairs of the cavity radiation (Eq. (5.34)) at

steady state for 2 > v, kK = 0.5, r = 0.75, and n = 1.

We clearly see from Fig. 5.18 that a large mean number of photon pairs is obtained

for some values of A and /v. In particular, the mean number of photon pairs is found

11.5 for A =494, n =1, r = 0.75, and Q2 = 110y at which the squeezing is

to be nn

maximum.
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We next plot the mean number of photon pairs versus €2/ for different values of r.

A and 7 are taken to be 49.4 and 1 so that comparison with the squeezing can be made.

40

Mean photon number

0 1 T T T
100 110 120 130 140 150 160 170 180 190 200
Qly

Fig. 5.19: Plots of the mean number of photon pairs of the cavity radiation (Eq. (5.34)) at
steady state for 2 > v, k = 0.5, A =494, n = 1, and different values of A.

We see from Fig. 5.19/ that the mean number of photon pairs increases with the
squeeze parameter in the strong driving limit. As in previous cases, the mean number
of photon pairs decreases with the amplitude of the driving radiation for a given value

of A.

5.2 Variance of the number of photon pairs

The variance of the photon number is defined as
An® = (R (t)) — (Aa(1))*, (5.35)
where

n = él(t)é(t). (5.36)



5.3 Photon number distribution Photon Statistics

Using the boson commutation relation (4.7), it is possible to rewrite Eq. (5.35) in the

normal order as
An? = (@ () @)) + @ @)e@)) — @ (@)e))? (5.37)

Therefore, we express Eq. (5.37) in terms of the c-number variables associated with the

normal ordering as

An® = (v ()7 (1) + (7 (O)1(®) — () (1)*. (5.38)

We realize that v(t) is a Gaussian variable with zero mean, since «(t) and 3(t) are

Gaussian variables with zero mean. As a result, we can write [34]

2

(07 (1) = (7 () (0) + 207 ()v(1)*. (5.39)
Hence substitution of (5.39) into Eq. (5.38) yields
An® = (v () (7 (1) + (7 (1) + (7 ()v(1)*. (5.40)

Next we proceed to calculate the correlations involved in Eq. (5.40). In view of Eq.

(4.2), we see that

(V*(1)) = % [(*(1)) + 2(a(t)B(1)) + (B%(1))] . (5.41)

(V(1)) = {a(t)B(1))- (5.42)
On the basis of Eqgs. (5.2)), (5.40), and (5.42), we get
An? = (a(t)3(t)) + n + n’. (5.43)

Since (a(t)5(t))? is positive, An? > n. We hence observe that the cavity radiation
exhibits a super-Poissonian photon statistics for all cases. The super-Poissonian photon
statistics has been also reported for the cavity radiation of a degenerate three-level
cascade laser in which the atoms are initially prepared in a coherent superposition of

the top and bottom levels [15].

122



5.3 Photon number distribution Photon Statistics

5.3 Photon number distribution

5.3.1 Probability for finding n photon pairs

In this section, we seek to determine the probability for finding n photon pairs in the
cavity. It is a well established fact that the photon number distribution for the su-

perimposed cavity radiation can be expressed in terms of the corresponding Q-function

as
T a2n .
P(n,t) = Tl Gy [Q(7,t) exp (v V)L:w*:O’ (5.44)
in which the Q-function for the cavity radiation is defined as
1 * x
Q0.0 = =5 [ Cetexplery - o), (5.45)
where
_ ~ —z*¢(t) zét(¢)
C(z,t)=Tr [p(())e e , (5.46)

is the antinormally ordered characteristic function. Now making use of the operator
identity,

eleB = eBedeld Bl (5.47)
it is possible to put Eq. (5.46) in the form

C(z,t) = e *Tr [ﬁ(O)SZéT(t)e_Z*é(t) (5.48)

that can also be expressed in terms of the c-number variables associated with the normal

ordering as

((z,t) = e *(exp (27*(t) — 2*v(1)) ). (5.49)
On the other hand, since 7(¢) is a Gaussian variable with zero mean, one can verify

[35] that

1

(exp (27*(t) — 2*y(t))) = exp 5((27* (t) — 2 4(1)))] (5.50)
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as a result
C(z,t) = e Fexp B (2%*2 (£) + 27 (7(1)) — 2z*z<v*<t)v(t)>)] : (5.51)
Moreover, in view of Egs. (4.2), (4.34), (4.35), (5.2), (5.42), and (5.51)), we see that
C(z,t) = exp [—az*z + g(z2 + 2*2)] : (5.52)
where
a=1+n, (5.53)
b= (a(t)(t)). (5.54)

Therefore, substitution of Eq. (5.52)) into (5.45) results in
1 2 * b 2 *2 * *
Q(7,t) = = [ d*zexp |—az z—l—E(z +2°) + 2%y — 2y (5.55)
m

so that carrying out the integration yields

Vu? —v? . v 22
Qy:) = ————exp [—uv v+ 5(72 +v )] : (5.56)
in which
a
b

Furthermore, with the aid of Eq. (5.56) the photon number distribution (5.44) can

be rewritten in the form

Vuz —v? 9" ., U L2
P(n 1) = 0 g e [(1—u)yy+5(2+9 )Lm*:o' (5.59)

This can be expressed in power series as

Vu:—ov2 9% f: (1 — u)ipitk 2] 420

P(n,t) = .
(n, ) o 9yoyT At T RRIR

[, (5.60)
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Performing these differentiations leads to

P(n,t) = v '_ v
"2, ST T T e (501
Next employing the condition
vy=7"=0, (5.62)
we see that
P, 1) = # i (1 —w)i**  (i+20) (i +2Kk)! )!@Hkvn&ﬁj’n' (5.63)

Ryt 2kl (i 425 —n)! (i + 2k —

We realize that P(n,t) # 0 provided that

2j =n—1, (5.64)
2k =n —1, (5.65)
which implies that
Jj=k, (5.66)
n—1
| — 5.67
j=— (5.67)

Now upon taking Egs. (5.66) and (5.67) into consideration, we get

P(n,t) = nlWu? — 02 z; - 1%—' 12 )'v ”) '1]2 (5.68)

that can also be written using Eqs. (5.53)), (5.54)), (5.57), and (5.58) at steady state as
P(n,t) =
( ) [1+2’FL—|—7’L2 % ( 2n+n2 C{iﬂ)
>0 a2 — 25\
Xy —— H) ( ﬁ) (5.69)
im0 2l (%3 )'] Cas
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AF (A1 + A2)?2 + 4\ )\
== (2L kM
Cag ( B " ) SAida(\ + o)

(A1 + A2)? — 4\,

+ {&Np(cu —q-) — A—Opq_ + (£ - KM) (»* — Q—CI+)}

B 2B 8A1A2(A1 + A2)
AC AL — Ay
— —q_ N _ .
with
1 02\ [ 0? 30 0?
S 5L T e S TP [ il e [ 71
P x2( +72) {27( +72) {27 K ( 272)”’ (5.11)
2 [3nQ 02
S /e 72
== x{% 7 ( Wﬂ’ (5:72)

1 02\ [/ Q2 3nQ 02\1°
= i — == /1 — n2 _
TP T [<1+ 72) <4v2 1) [27 L (1 Wﬂ ] B

and ¢_ + ¢4 and x are given in Eqgs. (4.57) and (4.58). We notice that the factorials are

defined for nonnegative integers, which implies that
1 <n (5.74)

and ¢ should take odd values when n is odd and even values when n is even. To ensure
these conditions, we define ¢ = 2p when n is even and ¢ = 2¢ + 1 when n is odd. In view

of Eq. (5.74) and these restrictions Eq. (5.69) can be put for even n in the form

n Ca !
P(n,t) = g ( — )
|:1+2ﬁ+ﬁ2_002[ﬁ}§ 1+2n+n2—C’2ﬁ

n/2 B 9 9 o
1 n—+n° — C’a
S e ) 515
o 2 (2p)![(%52)!] op
and
n! Cap "
P(?’L,t) = — ax
[1+2ﬁ+ﬁ2—cc2wﬁ <1+2n+n2—025)
(n—1)/2 1 i+ n2— Cgéﬂ 2q+1
X n—(2+1) IT(n—(2q+1) ]2 C ; (5.76)
25 2Ge(ag + D[] >
for odd n.
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We now seek to study the probability for finding n pairs of photons generated by the
system under consideration. To this end, we investigate the dependence of the photon
number distribution on the linear gain coefficient, squeeze parameter, and amplitude of
the driving radiation by alternatively varying these parameters. We first plot the photon
number distribution versus the number of photons to be counted for different values of
r when 2 = 0. The values of the squeeze parameter are arbitrarily chosen so that the
dependence of the photon number distribution is evident from the figure. Moreover, we

take A =10 and n = 0.1.

0.45
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0.3

0.25

P(n)

0.2

0.15

0.1

0.05

Fig. 5.20: Plots of the photon number distribution of the cavity radiation (Eq. (5.75) and
(5.76)) at steady state for kK = 0.5, @ =0, A =10, n = 0.1, and different values of r.

We clearly see from Fig. 5.20 that the photon number distribution decreases rapidly
with the pairs of photons to be counted. We notice that there is no distinct difference in
the probability for finding even and odd pairs of photon numbers in the cavity. The pho-
ton number distribution increases with the squeeze parameter for n = 0, but decreases

for n # 0.
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We next plot the photon number distribution versus the number of photons to be
counted for different values of » when €2 # 0. The values of r, A, and 7 are taken to be

the same as the previous case so that comparison can be made.

0.4

0.35

0.3

0.25

0.2

P(n)

0.15

0.1
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Fig. 5.21: Plots of the photon number distribution of the cavity radiation (Eq. (5.75) and
(5.76)) at steady state for k = 0.5, Q = 0.1y, A = 10, n = 0.1, and different values

of r.

It is not difficult to see from Fig. 5.21 that the probability for finding n pairs of
photons in the cavity decreases rapidly with n. Moreover, comparison of Figs. 5.20/ and
5.21l reveals that the probability for finding larger number of photons is lesser in the
absence of an external driving radiation.

In the following, we plot the photon number distribution versus the number of pairs
of photons to be counted for different values of A, r = 0.5, and n = 0.1. We first consider
the case in which €2 = 0.
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Fig. 5.22: Plots of the photon number distribution of the cavity radiation (Eq. (5.75) and

(5.76)) at steady state for kK = 0.5, @ = 0, » = 0.5, n = 0.1, and different values of

A.

According to the result given in Fig. 5.22, the probability for finding no photon pairs

in the cavity decreases with the linear gain coefficient.

We next plot the photon number distribution for similar values of r, A, and 7, but

Q=0.1v.
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P(n)

!
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Fig. 5.23: Plots of the photon number distribution of the cavity radiation (Eq. (5.75) and
(5.76)) at steady state for k = 0.5, @ = 0.1y, » = 0.5, n = 0.1, and different values
of A.

It is possible to see from Figs. [5.22/ and 5.23 that the probability for finding larger
numbers of photons is larger when there is an external driving radiation. Moreover,
we notice that the probability distribution decreases with the number of photons to be

counted relatively faster for smaller values of the linear gain coefficient.

5.3.2 Joint probability for finding n photons of mode a and m pho-
tons of mode b

We now seek to determine the joint probability for finding n and m photons in a and
b cavity modes, respectively, which can be expressed in terms of the corresponding Q-
function as

7T2 aZn a2m

Plm,t) = o e gan a5 a5

[Q(a, B,t) exp (a*a + 6*6)]a*:a:ﬁ*:ﬁ:0. (5.77)
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The Q-function for a two-mode radiation, on the other hand, can be defined as

Qi) = = [y e [Faryi-za —F]. 619

where the antinormally ordered characteristic function ((z,7,t) for the two-mode radi-

ation is
C<Z7 n, t) — TT{ﬁ(o)efz*&(t)efn*lg(t)ez&f (t)enl;T(t) } (579)

Using the operator identity (5.47), it is possible to express Eq. (5.79) in terms of c-

number variables associated with the normal ordering as

C(z,m,t) = e*z*"’*"*"< exp [zoz*(t) +nB*(t) — z*a(t) — n*ﬁ(t)} > (5.80)

Since «a(t) and [(t) are Gaussian variables with zero mean, one can verify that [35]

(exp [za*(t) + nB*(t) — z"a(t) — n*(t)8(t)])

= exp [ (0’0 + 0 (0) - () - w50 (5.81)

as a result

2

Glavmt) = e exp [ (Ao () + @20 + (5 () + (200

—2z"z(a* (W)(t)) = 20" n(B* (1) B(1)) + 2zn{a”(£)57()) + 22"n* (a(t) 5(1))
=2z (1) B(t)) — 22" n{e(1)5"(1))) ] - (5.82)

On account of (4.34), (4.35), (4.44), and (4.45), Eq. (5.82) turns out to be

((z,n,t) = exp [ —az"z—bp'n+ c(zn + z*n*)}, (5.83)
where
a=1+ (" (t)a(t)), (5.84)
b=1+(6"(t)B(1)), (5.85)
¢ = {at)3(0). (5.56)



5.4 Variance of the photon number difference Photon Statistics

Substituting Eq. (5.83) into (5.78) and then carrying out the integration yield

U’U—U}2

Qo) = 5 exp [uata — "8 + w(af + o', (5.87)
in which
"= ﬁ (5.88)
v= ﬁ (5.89)
w = ﬁ (5.90)

Upon inserting Eq. (5.87) into (5.77), the joint probability distribution function can be
expressed in power series as

UL — w2 a2n a2m

n!m! Jda*"O0am 0B*™ 0™

(1= ) (1 — oYt e
x> ( )il(jlk;lll U a T Jacampmpmo. (5.91)

P(n,m,t) =

a=a"=pF=0("=0, (5.92)

we find

(1 _ U)Z(l _ U)i—l—m—an(n—i)

il(i +m —n)![(n —)?

P(n,m,t) = n!m!(uv — w?) Z

i=n—m

(5.93)

This result indicates that there is no finite joint probability for finding more photons in

mode b than mode a in the cavity. For n = m, we see that

2 2 "1 = u)(1 — v)aw?n—9
P(n,n) = (n!)*(uv - w) ; : (z‘!;g[(n —)jm?

It is possible to infer that there is a finite probability for getting equal number of photons

(5.94)

in the two modes.
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5.4 Variance of the photon number difference

The variance of the photon number difference can be expressed as

A

AID = (Ip) = (Ip)*, (5.95)

where the photon number difference Ip is defined as

A

Ip = at@®)a(t) — bl (£)b(¢). (5.96)
One can easily see using Eq. (5.96) that
(Ip) = (@' (a(t)a'(t)a() + BT (ObD (Db(1)) — 2@ ()bl (Hb(r)),  (5.97)
which can also be put applying the boson commutation relation (4.3) in the form
(Ip) = (@ (1)a*(6)) + (BT ()P (1)) — 2(a! (H)a ()b (£)b(t))
+(af(t)at)) + (O (1)b(t)). (5.98)

We notice that the operators in Eq. (5.98) are in the normal order. Hence Eq. (5.98) is

expressible in terms of the c-number variables associated with the normal ordering as
(IB) = (" (Da*(1)) + (57 (15 (1) — 2(a” (Nel)5* (1B(1))
+ (a*(t)a(t)) + (B7(1) (D)) (5.99)

Since a(t) and [(t) are the Gaussian variables with zero mean, one can readily see

that

(Ip) = (@ ())( () + 2(a"(Halt)* + (87 (D)(B(1)) + 2(5" (1) B())* — 2((t) B(1))?
= 2(a”(H)a()(B"()B(1)) — 2(a”(H)B(1))* + (o (t)a(t)) + (B7(1)B(t)).  (5.100)

It is also possible to express Eq. (5.96) in terms of the c-number variables associated

with the normal ordering as

(Ip) = {e"(t)a(t)) — (B°(1)B(1)), (5.101)

(Ip)* = (" (t)a(t))* + (B (£)B(1))* — 2(a" ()e(t))(B* () B(1)).- (5.102)
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Now making use of Eqgs. (5.95), (5.100), and (5.102), we get
AID = (@™ (O))(@*(#) + (@ (B)a(t)® + (57 (1) (B> (1) + (6" (1)B(1))”
= 2(a(t)B(t))” — 2" (H)B(1))* + (" ()a(t)) + (B (1) B(L)). (5.103)

Therefore, application of Egs. (4.34), (4.35), and (4.45) finally leads at steady state to

AT} = No(1+ N,) + Ng(1+ Ng) — 202, (5.104)
where
N, = (£ N) (AL + A2)” + 4N Ay
B 8A1A2( A1 + Ao)
AC o oy [AF (A1 +A2)? — 4N
L2021 kN & — M
+[Bp + kN (p +qu)Jr(B nA ) P 8A1A2(A1 + A2)
AC AF AR
ac AR 5.105
+[(B+H )p+<2B " )4 Aikg | o
(A +22)” + 4\
Ng = kN
p r 8)\1)\2(/\1 + /\2)
AC 2, oy (AF (M +22)* = 4MiAy
AC N —(ZE —2kM ) pg
+ [ B q~ + K (p +Q—) ( B a pq 8)\1)\2(/\1 +>\2)
AF AL — A
) (AR 1
o () con
with
1 02\’
2
e <1+¥) | (5.107)
1 02\’ 0 312 @\
) ) 1 i S A 1 2 1 o
¢ +p . (1_1_72) <1+472 +[27 \/777( 272)}
0

3n 02

v (1- 5] 5108
{ g ta (5:105)

1 02\ [ 0 02\ _ 340 S
— —(1+ ) = (S ) F |- Vi (1- S 1

P (1 72)[ 2y (H’yQ)jF[?’r L (1 W)H’ (109
Q? Q2\* | [350 y 0%\1°

o (0 5) 5 - vi7 (120)

X
0 02\ [3n0 0?2

Sl I VI N A T I i B b 11
V(Jrv?)l?v n( 272)H (5.110)
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In the following, we seek to study the dependence of the variance of the photon num-
ber difference on the linear gain coefficient, initial preparation of the atoms, amplitude
of the driving radiation, and squeeze parameter by alternatively fixing these parameters.
We first plot the variance of the photon number difference versus A for different values
of r. n =0.1 and Q = 0.1y are taken so that comparison with the previous discussions

can be made.

35F

25F b

AP

15F b
r=0.5

0 2 4 6 8 10 12 14 16 18 20

Fig. 5.24: Plots of the variance of the photon number difference of the cavity radiation (Eq.
(5.104)) at steady state for k = 0.5, n = 0.1, Q@ = 0.1, and different values of r

It is clearly shown in Fig. 15.24 that the variance of the photon number difference
increases with the linear gain coefficient, but decreases with the squeeze parameter.
Comparison of Figs. 5.4 and 5.24] reveals that the mean number of photon pairs and
variance of the photon number difference depend on the squeeze parameter and linear
gain coefficient in a similar manner for larger values of A. On the other hand, we observe
that the degree of squeezing and variance of the photon number difference increases with

the linear gain coefficient for smaller values of A. However, the variance of the photon
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number difference decreases with the squeeze parameter as opposed to the degree of
squeezing.

We next plot the variance of the photon number difference versus the initial prepa-
ration of the atoms for different values of A. The squeeze parameter and amplitude of

the driving radiation are taken to be r = 0.75 and Q = 0.17.

25

Fig. 5.25: Plots of the variance of the photon number difference of the cavity radiation (Eq.
(5.104)) at steady state for Kk = 0.5, Q = 0.1v, » = 0.75, and different values of A.

Fig. 5.25 indicates that the variance of the photon number difference increases with
the linear gain coefficient as in the previous case. One can see that the variance of
the photon number difference is larger for a maximum or minimum atomic coherence.
On the basis of the result given in Fig. 4.2, we notice that the quadrature variance and
variance of the photon number difference depend on the linear gain coefficient and initial
preparation of the atoms in a similar manner in the given ranges.

We next plot the variance of the photon number difference versus €2/ for different

values of r. We take n = 0.1 and A = 1.3.
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10

NG

Fig. 5.26: Plots of the variance of the photon number difference of the cavity radiation (Eq.
(5.104)) at steady state for k = 0.5, A = 1.3, n = 0.1, and different values of r

As clearly shown in Fig. 4.7, the degree of squeezing increases with the squeeze
parameter for smaller values of €2/, unlike the variance of the photon number difference.
It is not difficult to see from Figs. 5.7/ and [5.26/ that the mean number of photon pairs
and variance of the photon number difference take large values for the same range of
1/~ and both increase with the squeeze parameter when there is no squeezing,.

We next plot the variance of the photon number difference versus n for different

values of A when €2 = 0. The squeeze parameter is taken to be r = 0.75.
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Fig. 5.27: Plots of the variance of the photon number difference of the cavity radiation (Eq.
(5.104)) at steady state for k = 0.5, @ = 0, r = 0.75, and different values of A.

We see from Fig. 5.27 that the variance of the photon number difference increases
with the linear gain coefficient. It is not difficult to see that the variance of the photon
number difference near n = 0.4 is zero for all values of A when r = 0.75.

We next plot the variance of the photon number difference versus n for different
values of r when 2 = 0. The linear gain coefficient is taken to be A = 1 so that the

dependence of the variance of the photon number difference is evident from the figure.
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1.4

1.2+ =

Fig. 5.28: Plots of the variance of the photon number difference of the cavity radiation (Eq.
(5.104)) at steady state for k = 0.5, @ = 0, A = 1, and different values of r.

As clearly shown in Fig. [5.28 the variance of the photon number difference turns
out to be zero for specific values of 1 corresponding to each squeeze parameter. The
larger the squeeze parameter, the smaller the value of 1 for which the variance of the
photon number difference would be zero.

We next plot the variance of the photon number difference versus €/~ for different

values of A when n =0 and r = 0.
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Fig. 5.29: Plots of the variance of the photon number difference of the cavity radiation (Eq.
(5.104)) at steady state for k = 0.5, n =0, r = 0, and different values of A.

It is not difficult to see from Fig. 5.29 that the variance of the photon number
difference generally increases with the linear gain coefficient. Moreover, comparison of
Figs. 5.8 and 5.29/ shows that the variance of the photon number difference can be
greater than the corresponding mean number of the photon number.

We next plot the variance of the photon number difference versus 2/~ for different

values of r when n =0 and A = 2.35.
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Fig. 5.30: Plots of the variance of the photon number difference of the cavity radiation (Eq.
(5.104)) at steady state for k = 0.5, n = 0, A = 2.35, and different values of r.

As clearly shown in Fig. [5.30, the variance of the photon number difference turns
out to be very large for some values of the amplitude of the driving radiation. It is also
possible to observe that the variance of the photon number difference can increase with
the squeeze parameter.

We next plot the variance of the photon number difference versus Q/~ and 7. The

linear gain coefficient and squeeze parameter are taken to be A = 48 and r = 0.75.

141



5.4 Variance of the photon number difference Photon Statistics

//

/
/
)

7
\
7
/
.
0

//
7
.
|
\
mn
L
.
0
.

//
f’”
7
.
i,

i
/
/
/

/
7
//Z
7
/
0
0
%fé
n
n
.
0
0
|
n
0
0
/////

/
0
.

T

//
l
/

/
)
m
.
\
.
.

/
/
i

160 0.8

140 0.6

100 0

Qly

Fig. 5.31: Plot of the variance of the photon number difference of the cavity radiation (Eq.
(5.104)) at steady state for k = 0.5, A =48, and r = 0.75

We see from Fig. 5.31 that the variance of the photon number difference decreases
with the amplitude of the driving radiation in the strong driving limit. We notice that
the dependence of the variance of the photon number difference on the way the atoms
are initial prepared is insignificant in this case. Comparison of the results shown in Figs.
5.17 and 5.31 reveals that the mean number of photon pairs and variance of the photon
number difference depend on the initial preparation of the atoms and amplitude of the

driving radiation in a similar manner.
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Conclusion

In this dissertation the squeezing of the cavity radition as well as the output radiation and
the statistical properties of the cavity radiation of a nondegenerate three-level cascade
laser, in which the tope and bottom levels of the atoms are coupled by a strong radiation
and the cavity is coupled to a two-mode squeezed vacuum reservoir, are analyzed. It
is found that a strong squeezed radiation can be generated either for a weak or strong
driving radiation for certain values of A, r, and 7, whereas the cavity radiation exhibits
super-Poissonian photon statistics for all values of the amplitude of the driving radiation.
Even though the squeezing of the cavity radiation and the mean number of photon pairs
in general increase with A, the values of A cannot be arbitrarily large when there is an
external coherent radiation. However one can produce a strong squeezed radiation in
the absence of an external coherent radiation, since there is no limit to the values of A
in this case.

The mean number of photon pairs is relatively small for many cases for which the
degree of squeezing is relatively high. But this does not hold true when there is no
external coherent radiation. Although the degree of squeezing and mean number of
photon pairs increase with r under various conditions, it turns out that the degree of
squeezing decreases with r when 7 is close to 1 and the mean number of photon pairs
decreases with r when 7 is close to 0. Moreover, it is found that there is no distinct
difference in the probability for finding odd and even pairs of photons in the cavity which
agrees with the result obtained by Ansari [10] for the degenerate case. In addition, the

mean number of photons in mode a turns out to be greater than that in mode b.



Conclusion

The variance of the photon number difference turns out to be zero for certain values
of n, A, and r when Q = 0. On top of this, there is an indication that Ac? can be
related to AT%. If this claim is proved to be correct, the quantification of the available
degree of squeezing can be carried out by ordinary photon counting techniques which is
far more easy when compared to the otherwise employed hetrodyne measurement. In
general terms, this study at large demonstrates that the degree of squeezing and n can
be increased by carefully selecting the involved parameters. It is, hence, hoped that
the versatility in the system under consideration perhaps makes it an attractive viable
scheme to produce a bright two-mode squeezed light that can be applied in testing of

various continuous variable nonclassical correlations.
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Appendix

7.1 Expectation values of reservoir modes

In this appendix we seek to obtain various expectation values involving the squeezed vac-
uum reservoir modes following the procedure introduced by Fesseha [29]. In particular,
we consider the case in which a two-mode squeezed vacuum is incident on a single-port

mirror. The reservoir modes in this case can be described by
’T>k = gk(r>’07 0>7 (Al)

where

Su(r) = or(@hbl—arby) (A2)

is the two-mode squeeze operator. Here k varies around (k, + k;)/2, in which &, and
ky are the wave numbers of the cavity modes. We note that the corresponding density
operator is expressible as

pr = Sk()]0,0)(0, 0[5 (7). (A3)
Applying this density operator, one can write

<8k> = <07 O‘Bk(r)’(L 0>7 (A5)

where



7.1 Expectation values of reservoir modes

Appendix

Now with the aid of Egs. (A2), (A6), and (A7), one can verify that

N

i (r) = ay, coshr + b sinhr,

~

be(r) = by, coshr + al sinh 7,

in which

Substituting (A8) into Eq. (A4), we have
(ag) = coshr(0,0]ag|0, 0) + sinh (0, 0[bf |0, 0),

from which follows
(ax) = 0.

Furthermore, using the fact that

along with Eqgs. (A3), (A6), and (A14), we obtain
(ahan) = (0,0laj(r)aw (r)|0,0).
With the aid of Eq. (A8), one can put (A15) in the form

(afay) = cosh®r(0, 0]k a0, 0) + sinh? (0, 0]b,b!, |0, 0)

+ cosh 7 sinh (0, 0|bay |0, 0) + coshsinh (0, 0]} bl |0, 0).

It then follows that
(afap) = N,

where

N = sinh®r.
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Appendix

Now employing the commutation relation
[k, af] = O,
and Eq. (A17), one readily obtains
Following the same procedure, one can easily verify that
(aragy = 0.

It can also be established in a similar manner that

~

(bk) = 0,
(bbw) = Néww,
(bkbl,) = (N + 1)6p,
(bpbis) = 0.
Moreover, applying Egs. (A8) and (A9), one can write
(arbr) = cosh? (0, 0|agby |0, 0) + sinh? (0, 0[bLal, |0, 0)
+ coshrsinh (0, 0| axal, |0, 0) 4 coshr sinh (0, 0[bf b |0, 0),

from which follows

(apbr) = Mg,

where

M = coshrsinhr.

It can also be shown in a similar manner that

(axbl,) = 0.

We assume that k varies very little around (k, + kp)/2. We can then write

k~ky+ky,— k.
Hence on the basis of (A30), Eq. (A27) can be put in form

(abi) = My, py b
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7.2 Correlation properties of the noise operators
The noise operators associated with a two-mode squeezed vacuum reservoir are defined
by
FRa Z )\kake’(‘“a wi)t (Bl)

Ery(t) Z)\ bt mwit (B2)

where A\, and A; are the coupling constants. It is not difficult to see from Eqs. (A13)
and (A22) that
(Fra(t)) = (Fro(t)) = 0. (B3)

With the aid of Eq. (B1), it is possible to write

<F};a FRa Z )‘k)\k’ akakz’ —i(wq—wp ) t+i(wa —wi )t ‘ (34)
kK’

It then follows from the application of Eq. (A17) that
(FL () Fra(t’ NZ A2 gmiWamwi)(t=t), (B5)
On account of Eq. (2.77), one readily gets
(Fh, (1) Fra(t)) = kNS (t — ). (B6)

It can be verified in a similar manner that

(Fra(t)FL,(t)) = (Fry(t) Fh, () = 6(N + 1)3(t — 1), (B7)
(Fra(t)Fra(t)) = (Fry(t) Frs(t')) = 0, (B8)
(Fhy(t) Fro(t)) = kNS(t — 1), (B9)

where the mean photon numbers for the two modes are taken to be the same. Further-

more, making use of Egs. (B1) and (B2), we see that

<FRb Z )\k z (wa—wp ) t+i(wp—w; )t ) (Bl())
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Hence in view of Eq. (A23), we find

(Fro(t)Era(t))) = kM6(t — t').

It can also be obtained in a similar manner that
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