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ABSTRACT

e oo e Tl

In this work a string theoretic approach is made to
the éa1cu1qtion of the critical exponents o and B of the
3D Ising Model. This approach which has been pursued by
polyakov and collaborators has been pushed upto N = 1
supersymmetry (SUSY) of the world sheet. No rea]isticv
results have been obtained for N = 1 SUSY. Since it is now
known that SUSY in space-time is given by N = 2 SUSY 1in
world sheet, an N = 2 supersymmetric approach has been
pursued in this worg. Polyakov has given arguments showing
the identity of the'string'theory away from the critical

dimension and 2D superconformal field theory. It has been

‘found here that for N

il

2 SUSY the gauge coupling of the
2D super conformal field theory (or the Wess-Zumino-Witten
model) with the induced 2D super gravity does not renormalise.
This enables,an_ans;ﬁz to be made for a and B in terms of
the conformal dimensions of 2D superconformal field theory.

The latter are known now and the ansgtz, which 15 analogous

to Polyakov's ansatz for vy, seem to give excellent values

for o and 8, . -




INTRODUCTION

Ising model was introduced in 1925 as the simplest -
model of a magnetic-system which was expected to 8how
second ordér phase transition. In the event it was found |
by analytic methods of statisticaT'mechanics that this
model in one dimension (1D) does not show phase transition.
The solution of the two-dimensional Ising model (2B) which
was considered intractable for about twenty years was
finally achieved by Onsager in 1944 in what has been consid-
ered a 'tour de force'. Solution of the three-dimensional

Ising model (3DIM) has proved still more intractable.

Though progress has been made towards an eventual
_solution of the problem by using numerical methods, a
fully analytic solution has not yet béen dchieved., It -
appears that conventioné] methbds of statistical mechanics
is yet incapable of treating the problem; new methods in

string theory have been suggested.

Since the application of string theory is mostly
chused on the area of high energy phenomenology, success
o% the effort .fowards a solution of 3DIM will confirm the
belief in the universality of string theory. The methods
and techinques developed in this co;nection may open the

way to more extensive use of string theory techinques in’

statistical mechanics,




The plan, as given in the table of contents, {is as
follows, Chapter 1 and I are basically 1nt}oductory in
nature. Chapter III discusses the élements of string
theory and the simplest approach to supersymmetry via 3
superspace. In this chapter it is shown that the 2D super-
conformal guantum field theory which is equivalent to a
Wess~Zumino-Witten model has a 9s%(2/1) current algebra
symmetry. 1In chapter IV after an introduction to the idea
of critical exponents arguments are'given’iedding to an
ans;tz for o and B for the 3D Ising model. This ans;tz

which is in line with polyakov's ansatz for y seems to lead

to excellent values, !




CHAPTER - 1

INTRODUCTION TO ONE AND TWO

DIMENSIONAL ISING MODELS

The statiétical study of systems of interacting partiq}es
is besset by many probiems of largely mathematical nature,
These difficulties have motivated theorists to devote a great
deal of effort to devising and studying the simplest sorts of
model systems which show any resemblance to those occurring
in nature, The most sucessful of these models is one intro-
duced by E. Iéing in an attempt to explain the ferromagnetic
phase transition.

Many aspects of the Ising model have been investigated
by exact methods since the rigorous results obtained by
Onéager for two dimensional Ising system., In addition to
their direct significance for the theory of phase transitions,
the results obtained were important as a test for the various
approximation méthdds. -

We shall begin our discussion with the one dimensional
Isihg model (2DIM). The solution [ 1 ] for this case is given

here because it demonstrates the general feature of the model.

’ Fa

Sec A: One dimensional Ising model,

’

Consider an Ising system on a line of N sites with

periodic boundary conditions as shown in fig. 1.

t ) ! ] £ § 3
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Fig.1. The one dimensional lattice.




Let the state of each site be described by a spin vari-
able ¢ with values + 1, If we assume each unit to interact
with its two direct neighbors, the energy of interaction is
aiven by

E. = «=d £ o @
n

1 n+l

where J is the exchange couplting constant. periodic boundary

condition means 0N+1 = 04

If the system is in an external magnetic field H, the

associated energy is given by

E2 = =4 E én

Therefore, the total energy of the system is

E 'El-%-E2

-J %L o @ - HEI o
n n

n+l

The thermodynamic variable of interest is the partition

function £,.

¢ =3 exp (-8E)

. Conf,
= g exp {BJd = o 9t gH = a }
If we introduce tﬁewabbreviations
K= gd ang h =8 H g

the partition function takes the form

2 = L, exp { K & 9.9, + h I cn} (1)

+1

Let us now construct the transfer matrix.formalism

for the one dimensional Ising model.
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Expanding the Sum in eq. (1) yields

g, + .., 4+ g Gl}

3 N

= +
£ g exp K { a0, *ta,

X exp h { Ul+02+o,e.+cN}

Now define

V(cn, 0n+l) = exp K STy * h (Un+on+l)
2
then
¥
£ = 3 nfl v (Un’ Un+1)
g n=

It is easy to see that this is the trace of the N th
power of a 2 X 2 matrix T+ where the roys {columns) of T are
labelled by the possible configurations of the initial {final)

member of a neighboring pair of spins, ije,

V(+5+) V(""s“’)
V{-s+) V(-,-)

T=

- ek+h e»k
eﬁk ekah
and
£ = trace TN
The matrix T is calied the transfer matrix.
The value of the trace is unchanged if we replace T by
Y2V1 so that

£ = trace (Vzifl)N




s

-6 -
where
~ k -k
Vl «(,e e )
gk ok
and ‘
_ h :
v, _(’e 0 )
_ 0 el
The eigen values are determined by the equation
eK+h -1 e—k
= 0
e K ek"huk
with solutions
. 7 -
- eX Cosh h + (eZk Sinh "h+e 2k)é

Al;é

Fence the nartition function is simply

In practice, we assume N to be very large so that our chain
is nearly infinite in length, Therefore only the'1argest

eigenualue of T is at all important,

As N » o ,( i%)'N +' 0

M

Therefore, the free energy per site

1

Fo= ~% (L
) B% 1n l eX cosh h +(e?k sinh25+e“2k)i
The magnetization per spin is
M= - 3F
aH :
Rek sinh h { e?¥ s*in)12h+e"2k}ﬂé




For any temperature T>0, zero magnetic field corresponds
to h = 0. The equation for the magnetization asserts that in
this Timit M » 0, so that there is no spontaneous magnetization
at finite températures. Thus the one-dimensional Ising system

does not exhibit a phase transition.

Sec B: Two dimensional Ising model,

There are two main approaches to the exact solution of
two-dimentional Ising model (2DIM), fhe first exact solution
for the square lattice was obtained by Onsager in 1944 by a
spinor algebric method.,. The second one is a combinatorial
solution of the problem'found by Kac and Ward. Other simpler
and more direct modified forms of these two approaches are
now available, Here we shall follow the method of Schultz
[2].

Consider a set of spin arranged on a square 1a$tice of
M columns and N‘rows, interacting only with nearest neighbours,
Since this problem has not been solved in the preéeﬂce of an
external magnetic field, we shall put H=0, The figure below

shows a two dimensional spin system,

“~




s
. e
LY
¥

:{%ﬁ@%}  ézf

fig. 2. Square tattice

The enerqy of the system is given by

E=-4J, £ o o
1 nm  n+l,m 322 0nm°n,m+1

Jl and J2 are, respectively, the exchange couplings

within the columns and within the rows,

To find the transfer matrix for the 2D case we write the
matrices Vl and ngor the 1D case in terms of the paoli

matrices =%

We first note that Vl and V2 can bg expressed as

N [ exp K ] I+ [ exp (-K) ] ¥

1 cosh h + Tz sinh h

L
H

<o
it

Tt




Since 2

(Ta) = 1,

I cosh a + % sinh a-

exp (a %)

cosh a (I + % ganh 2)

which means that
V2 = exp (h Tz)
SimiTarly by defining a quantity
*
K such that
*
tan h K = exp (-2K)

we can write Vl as

. ll. * oz
v, = (2 Sin h 2K} exp (K %)

The'matrix Vl and Ve-caﬁ be generalised for the 2D case. Now
instead of summing over two configurations of each spin, we
sum gver the EM'configuration of each row. The matrix Ve is
diagonal and can be written as

i Z

V, =exp ( Kz T Tm+l)
Similary

. o} +

V. = {2 sin h 2K)2 exp (K 1 < %)

1 m

- x z ld " I’i b Y »

The matrices T and T, are 27 x 2° matrices defined by

%mz ST X oo XTI X a2 X 1% ou T

TR I I ST S ST S S

m
and N

2 = trace ¥

where

-
[H

Vi¥a




To determine the eigen values of the matvixn V, we intro-
. . . . + -
duce a spin raising and spin lowering.operators ¢« and g

respecitively as

+ - : 4 - -
@Z = ¢ 4@ 5 uk = ¢ F =G cF -
wh#ch obey
[Gid‘flzo for 3 # %
i’ 4,
+ =
{Q,j,aj}-*l

ey
J J

The operators obey the mixed set 6f commutation and

1t
ge——
Q
[
]
w
<
[
bl
[ SO
it
[}
-

anticommutation rules. However it is possible to introduce

new operators which convert the commutation into anticommu-

tation
+ + m-=1 b 4
== ﬁ' R
Cm wm I U-w
v=l
el
Cw = 0, H avx
: v=l

The C's all anticommute with each other and even with them-

selves, except for the one non-vanishing anticommutator

b
£

ctec +¢cc =.1
I m m I

In terms of these Fermion operators, V. becomes

1
’ %/ 2 m * +
Vp = (2 osinh 2 Ky) exp K7, (€0~ o0y )




Similarly

- H 4
Vo exp [ K2 wfl(Cv" Cv) (Cv+1+ §“+l) ]

It i3 possibleé to impose cyclic boundary conditions so that

the system will acquire translational invariance. However

we shall ignore this point here since it has no influence on

the final result. We now make a further transformations

tn/4 Mol -
Cn= . L exp [ - g;ﬁﬂg ]nu
‘M p=0 M

. H-1
ot . Eﬁfﬂ/4 A exp[Zﬂinu]n:
n M u=0 M-

In this case we get

Ty 2sin h 2k.) |K* M-l s *
o= (2sin b2k, [ uigé (nymy~ "u"u)]

' M1 2nip
i = 1
\2 axp [&2 bA {ie o n

pe- M TR

ZRiy + _S2miy +
- <@ g }
NNy oy

. =Z2TZu/M
&
‘ie n; gﬁ e o M

Since we freat y and -y as independent variables we can

write the exponential of the sum as a product of exponentials,

We set therefore, ‘ .

. M -
vla(z sinh ZKl) z Vl(“)
p=0
M
Vo= n v, (n)
u=0




¥

_‘1') v

with

. P N T
Vi(p) = exp { 2K, [‘nunu o nul}

=3

Vz(u) = @xp { ZKZ[- C?s gﬁg (n; neny gﬁ)

+ Sin 2y (n+ n¥4 n_n
W TR ST uq}

With these relations we can write the corresponding matrix as

MM
v= (2 sinn 2k Mo v oo vyo0 voRon

Since each p factor in this product commutes with any othef
v factor, the problem is decomposed into a direct product of
independent matrix probiems. Any product of individual
eigenvalues will be an eigenvalue of the matrix.

' Rigorous analysis shows that all eigenvalues will have
the farm

/2

. : exp % e{u)
X (2 Slqh 2 Kl) "

where e(p) is defined by the relation

Cosh e(u) = Cosh 2K * Cosh 2K,

= Sinh 2K* Sinh 2K, Cos 20y
2 ¥

In the 1imit N, M + o, the other eigenvalues have negligible
effect, The partition function is jusf the N th power of the
largest eigenvalue of Vl, in analogy with the 1D Case.

It
M/E P}zﬁ I E(_q)dqcb
Amax = {2 Sinh 2K1) eXP 3T o
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CHAPTER 11

e s ket i

Three—dimensional Ising Hodel,

Random Surfaces and String Theory

Sec., A: Polyakov's Arguments.

The simplie arguments connecting Ising Model with strings

was given by Polyakoev | 3]. Here we shall review his arguments,

One starts by considering 2D Case., Since there are only
two orientations in the Ising model, we denote 'up' spins by
a cross and 'down' spins by a small circle. If one starts ~*
high tewmperature, the crosses and circles on a two dimensional
structure will be randomly distributed. This is the parama-
anetic phase. When the temperature is lowered towards the
the critical temperature it is believed that small drops of
spin appears in the system. All spins in one drop_have the
same orientation, The shapz, size and location of these drops
are randowm, As the critical temperature TC is abnroached
these drops become bigger and eventualiy at TC they coalesce
form a ?evromagne?fc system, The situation at Tgfc and

T<TC are shown in Fige, 3 and §,

A A B ox oW BT R S
' w kB P AG o e |
E g 4 0 e % d e ?

g % g 4 9 A & %' R :

X % f

T oo T RO

wl P oy ¥ O o0

g +le & i
=

p
.

u‘;a'l”'
T g T gl

fi

i

[y
o

VO e gy P
g
*oflp ol
g ™ W . o D $
Wi oA
S0
o oe o

Fig. 3, ODrop of fl%pﬁ%d spins for Ty TC.
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have anti-parallel spins., This applies for T,éTC (Fig.5)

B0, 0. " b O Tyeg © (L) (-1)b-(1){2) L
d rops arounditate
gL

where L is the perimeter of the drop,

Therefore a configuration with a singie drop contributes a te)
£ = exp (-2L)

to the partition function.

It is evidert that such & drop may appear anywhere on the

Tattice. Moreover the sizes and shapis of the drops may also

vary. Summing over shaﬁes and numbey of drops gives

2= 3y oo

drop

The sum over drops can pe changed to a sum over paths.
. This is done by giving weights to the intersection points.
If we have a self-intersection drops as shown below, it has

three possible paths,

RN

Pt j‘—,,u::, = sI [:«:a.i*, .‘I 1

Fig. 6. Possible paths fYor a self-intevsection

drops.
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Nkena single parton moves, it describes a path of length L and
contributes e " to the partition function., The string which
is a collection of §ree bosonic partoné in its motion spans

an area A and therefore contributes e_A to the partition
function, If the partons have spin, then we have to add an
extra factor (-1)“ for each parton, while the string acquires
a factor (—1)1.

Since it is known that a fermionic string can be vigwed
as a collection of spin 3 partons, the 3DIM can be expliained
interms of string theory.

As we have seen, the calculation of the partition function
of a 3DIM is reduced to the summation over random surfaces,
These sums are similar to the sum over random paths in
ordinary quantum mechanics, ,Jt will be seen in the following
that even though £ as given by equation (2) cannot be re-
fiably calculated by analytic methods, the analogy with the
string theory permits calculations of at least the critical

exponents.

Sec B: Theoretical Justification for d § 1.

Until very recEnt1y the 1ink between the critical proper-
ties of random surfaces and the continuuum string theories
has been much weaker than in the case of field theory.
However, in a new remarkable work Knizhnik et al [4] have
calculated the critical exponent vy for random surfaces for
dimensions of the embedding space d < 1, Although such

embedding dimensions are not physically, they are very
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important from the conceptual point of view. The reason is
y can be exabtiy calculated for triangulated bosonic random
surfaces for a number of these unphysiéal dimensions (5], In

fact the values are

d = =2, y = -1
d =0, y =~}

d =3, «yv=-1/3
d = 1, y = 0

These values compare well with those calculated using the

formula obtained in ref [4],

v{d) = d=1"= V04 1y(d-25)

12

Thé agreement can be considered a proof of the identity of
’the_modeT of random surfaces and the continuum string theory
for embedding dimensions d 5 1, [6]. -

It will be seen in ChIII that this restr1ct10n on d seems
to t.r disappear in the N = 2 supersymmetric case, Thus

further strengthens the identification mentioned above.

a



CHAPTER I11

String Theory and Two Dimensional

Sgperconformgitﬂu#ntdmrFie]d Theory

Sec.A: Bosonic String Theory

The string theory originated in the analysis of elemén-
tary particles, Instead of assuming elementary particles as
point like objects with no internal structure a theory is
~devised in which elementary particles are thought of as one
dimensional curves with infinitesimal thickness or so-callec
strings which 1nteractiby joining and splitting.

Since there is a belief that string theory can explain
the four fundamental forces of nature, it is studied much
extensively in modern physics., In this section we develop
the equation of motion for a free string [4].

The motiom of a particle along its path is deséribed by
stating the functional dependénce of the three space

coordinates on the time t.

SIS

This kind of description is possip]e in the theory of
retativity as well as in non—re]ativ{;tic physics., But in
the theory of relativity, it is useful to choose a descrip-
tion in which .the time is not set apart from the spatial
coordinates, Therefore we have to describe its motion in

Minkowski space.



The path followed by the particle in this particular

space is called the "world-Tine" and-its parametric repre-
sentation is given by

XY = fu(T)
where 1 is the parameter which is called the proper time.

The relattvisticaction for a free particle is given by

s = -m "2 | ax"y BlE de
T 9T

The motion of the string can be studied in a similar fasii-~»

Mathematically a string is a one-dimensional finite curve
in space which changes its shape and position as a function
of time. As the string moves in space - time a two - dimen-
sional strip is generated. In analyogy with world-line we
shsll call such a configuration a world sheet, If the
intrinsic parameter of the string is o, then its barametric
equation is given by

X" = x¥ (o)
Any range of varigtion can be taken for o and we fix
0 <o <ii .
A second variable t js required whicﬁlcan parametrize the
evolution of the state of the string. Ffrom the view point
of World-sheets the variables o and v are merely a pair of
co-ordinates labelling the points of the sheet. The

dynamical variables X"(o,t) introduced define the space %...

lTocation of (o; 1) and therefore the configuration of the
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World-sheet. -

The area element spanned by twe infinitesimal displace-

-

ments is given by

.l‘:2l
, opgBx Ax)T - a0 T 8X1243
d°A = {(ao - (33) {3?) ¥¢ do dr
The dynamics of the string is determined by the action,
Nambu (1970) suggested that the relativistic action for
a free string be proportiohal to the area of the surface

spanned by the string. We therefore define the action to

H

be . o
§ = =1 2 dr-fn"‘da "(ax 3x,2_ 2X,2 3x,2 (3)
anel 1 o lmp gy - 57) Gg) - -

"Let us define a 1&grangian densi;y

I » 2 lz v ‘
L = =i { =% x + (§Lx~)2}5
2Nel ) .
here ~ % = 2%, ' : 25
W T 3o ? o3t

The equation of motion of the string follows from the

principle of least action

N K

§s = 0 -
9. n
= 1 dt g do &L

ooy

9 8x + 3l 3 6y
L3 X 3¢




But
2,8l &y 2 L 3 8
S 3 = B3P ex o+ I 2 )
and hence ‘
9 (8L &xy . B 8y, . 3L 3
?T(W ) 3ﬁ (3?36}( = 3 3 (6){)
Similar equation for 3L 3 (8x)
3xt 3¢
Therefore
T2
e 1y, 3L [T2 3k jo=n
Gs,odo 3% &x | +Ti_tjft 531
Sty U=

!

2 i "9 8L , 3 ab
I o eorama s o
n dr Tdo (31 2% * 35 ax‘)ﬁx

Since 6§y is arhitrary, we get the equationsg

2.8 v 3 3L .y
3t 9 %0 ay!

and

a

L2 . = ). ©
53 = 0 at «a 0] i

-

He can see that the dynamics of'free string is analogous
to quantum field theory in which X" veplaces the field and

g represénts the sHace and + the time.

We can introduce a more symmetric notation
1z -
(6 v £) = (r,0)
The metric tensor is then given by

9up () = 3.x" 2px 5 «i8 = 1,0



i

By construction the action for the string is invariant undov

any reparametrization of the varfables

£ 4 (eM)

Consequently the two dimensional stﬁagﬁmenergy tensor

vanishes, This symmetry is called reparametrisation syietry,
There is another symmetry for string theory which is

known as conforma1‘symmetry. This aritses from the require-

that strings do not appear spontanecusly from the vacuum.

This non-trivial condition on 20 field theory appears v

the theory is conforma?iy-invariant. Mathematically the

following transformation

¢(Qg3)

Tab (0'5.1") + 8 Yot {Jg'f)

is called a conformal transformation. Foy a conftor~='%y
invariant theory, the Lagrangian should be invariant under

this transformation,

.. A



Sec, B: Conformal Field Theory fn

Two Dimensions

In this section we shall discuss two dimensional con-

formal field theory [E].

To begin with, consider the general coordinate trans~

formation

Ea = (%)

Under this transformation the metric tensor 9ab transform as

t

S a R ai E-Ebl
LI . .
Sab ™ 9ap’ 3%3 aab Yar'b’
~ The conformal group is then defined as those coordinate
transformations which leave the metric (4) invarfant up to
a scale factor, ie '

i (g, &
PoplE) géb(z") # e‘é(ss'-‘g)qab(g-
T 1

()

52).
In two dimensions this conformal grdup is 1nfin1£e dimeyi-

sional, To describe the group in two dimensions, it 1s

comhon to introduce complex variables,

ke

Let 2 = x+ix’ .
- and '
2 = x%-4x"

The two dimensional conformal group consists of all trans-

formations of the form



I (E)
g o+ 1 (E)

Where £ and ¥-are arbitrary analytical functions.
The metric in the compliex coordinate will be

ds? = dedi

The infinitesimal generators of the ¢group can be determined

by considering the infinitesimal coordinate transformation

g > ' =2+ e(r) (5)

P it e @+ 3(E)

B - 1

where c(2) and (E) are: infinitesimal analytical function.
Equation (5) constitute local conformal transformations,

Making Lagrent expansions of e(2) and €(2) we get

n+d

e(r) = % aR
flzeon

e(g) = £ e M+l

If we introduce generators

L s gtFd d andT.‘m = ghtd d_
n ds dz

EER

Then

L

™t
b3
w
[l
[ —
]
—
=
H
=
o
=t
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This classical algebra is sometimes called-loop algebra,
In the quantam case, the algebras will be corrected to inc-
tude an extra .ternm, S%nce this algebra is defined locally,
they are local conformal aldebra in two dimensions, We can
also have the global conformal group which is defined to be
the daroup of conformal transformations, The infinitesimal

generators are globatly defined and the generators are

{ Loysbos Ly} and { Log,boy Dy,

The global conformal algebra is useful for characterizing
properties of physica]lstates. If we work in a basis of
eigenstates of the.twozoperators L, and Ig, and denote their
eigenvalues by h and ki respectively, then h and h are known

as the conformal weight of the state,

"We define now a fieid theory with conformal invariance
in d-dimensions. One assumes the existence of a set of
fields (A4}, where the index i specifias different fields
This set of fields in general is infinite and contains 1&
particular the derivatives of all the fields A;(x).

YWe now consider the case of two dimensiens., The line

‘element ds? = dedd transforms undey

2> f(n) and & F(3) as

2 2 f

(3 (2 ds®

ds
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we shall generalize fhis'transformation taw to. the %orm

A2l e (re), P (6)

3

—by

$ (2, ;) + |

e

where h aﬂd ﬁ‘are real Qa1qed nositive quantities and N
{¢£} is a subset of {Ai}‘ The transformation property (6)
defines what is known as a primary Fier ¢ of conformal
weight (h,h). Not all fields in confo%ma]rfieId theory will
turn out to have this transformation property. The rest
of the fields are known as secondery f{elds.

In the conformal field theory the s@ale transformation
is also important, Thé scale transformation is given by

| g2 » ag?

where aa’s are cpordinates.

In the quantum field theory this scé]e symmetry takes
place provided the stress-energy tensor is traceless

a
Ta 0

The stress-energy tensor infact satiéfy the usual.conserva-

tion equation
2,722 (2) = 0

In two dimensions these two equations can be reduced to

agf =0 BET.x 0
where

T o= Tip = Ty =217,

T o= Ty " Ty =21 Ty,

Sl
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The fields T(z) and T(2) represent the generations of the

infinitesimal conformal transformations,

-~

The operator product expansion of the stress-energy

tensor with itselif is given by

e —T O

(E-m)2 (B=w) "~

+ regular terms (7)

This equation is derived by noting the general variation of

the field T{2)

t

8o T(2) = e(z) THe) + 2eh(e) T(2) + 3 ¢ Hp)

Under
) 2 > z+e(n).

This expression combined with the general definition of any

conformal field A(ZEE),

seh(x.8) = $T(e)e() Mni§) d

gives eq (7}

Expanding the .siress-energy tensor in a Laurent series

we get

T(2) g e "% Im

R (Y

Equation (8) can be inverted using cauchy's theorem to give

14

3

.
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+1
Lﬂ = g«-ﬁ-i {.!an T(i‘.‘)
- - = nFl e
Ly =@ de & T(e)
U £§‘§ui

To derive the algebra for bn, consider
[Lh, T(w)] =L, T(o) - T(e)ly

_pde 2"t ' dz 2" v(e) T(e)
X 2 THERRIOUORE 3

using Cauchy's theorem we get

Lo T(e)] = Sonn’s 1) W™ 4 2(ne)a” T(e)

12
+ ll)n+1 am T(U))

The expansion (8) yields
2
¢ n(n -1) &

[Lh’ Lm] = {n=m) Lt o, im0
Similarly
, 2
e 0. - T C n(n==1)
[Ln,LnJ‘ = (n=m) Loio + % M, 0

i

[Lh’ Eﬁ] 0

This 1s the virasoro algebra for two-dimensional conformal
field theory. The constant C is called the central charge

and its value in general depends on the particular theory

under consideration.

A
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Sec C: TheHStFTng Theory Effective Action

The arguments adguced by P01yak6v Connecting the 3DIM
with the String theory have been mentioned in the previous
chapter, This argument réﬁuires the intermediation of the
theory of random surfaces, If one could solve the theory of
random surfaces then the 3DIM problem could have been solved.
But no satisfactory analytic solution has not been found yet,

At this point it is necessary to give a short discussion
about Supersymmetry (SUSY) and its implication for String
theory. The concept Gf SUSY belongs to the realm of high
eneray physics where it is believed that at very high
energies the fermion and the boson have the same properties.
For the purpose here, this concept is immaterial., Instead,
one is interested in finding a suitable mathematical
précedure for converting a theory which describes bosonic
objects to one’ describing fermionic objects. It ié very
well known now that the world sheet of the bosonf& String
can be converted into a world sheet for the fermionic string
by 1ntroducing an apﬁronriate number of anticommuting
fermicnib coordinages for paramefrizing the Horld sheet,.

The question then arises as to hqy many such fermionic
coordinates are needed as parameters of the fermionic World
sheet, In this connection one needs to make a distinction
between the coordinate parameters transforming locally or
globally on the World sheeit under reparametrisation. This
matter will be discussed in greater detail in the next sectien.

One Arstes that basically one is interested in supersymmetri-



sation of the 4D space~time properties of a theory. The pro-
cedure of 1ntroduc1ngﬂfermionic parameters on the World sheet
is only a mathematical construction to ensure sbace~tﬁme SUsY,
It has been proved recently /"g.7 that space-time SUSY is
obtained in String theory by introducing N = 2 (global)
Supersymmetry ie by introduc}ng two global fermionic parame;ers
on the World sheet. It has also been noted in chapter II
that the String World sheet has conformal symmetry. The
combination of conformal symmetry and N=2(global) supersymmetry
is called N=2(global) superconformal symmetry, The theory
of a 2D superconfarmal symmetry has been discussed at length
recently /10 7. o

Coming back to the‘éb IM, if one accepts Polyakov's
arguments, then it is necessary to.find the action of the
fermionic String in order to calculate tﬁe partition function
and/or the critical exponents, The calculation of the ‘
effective action for the bosonic String, starting from eg(3)
was performed by Polyakov / 11 7. '

At this point it 1s necessary to mention that‘ihe
fermionic String theory is no longer in use; it has bean
found that it is more convenient from the phenomenological
point‘of view to replace the fermionic String by the
so-called heterotic string / 12_7., Both, the bosonic and
heterotic Strings can be quantised at tﬁéi? respective
critical dimensions and the effective action at other than

critical dimension are given by / 11,13 7



" Bosonic:~

26-d 5 427 p LR (9)

48n

W

eff

R

R

Scalar Curvature

Heterotic (N=1):-

. 10-d 2 -1+ v +
Sepp = o o dTF doETTET k1
161 Ej+§; v,

(10)
where A in the first equation is the_LapTace Baltrami Operator in
2D0. These actions are ¢alled anomally actions. The meaning
of the symbols in the second eg, (10) are in reference 713 7.

These equations are quoted here mainly to point out
thaf the effective action disappears when-d = 26 and 10
respgcfively. only at which dimensions the theories can be'
quantised., [t may be ment1oned here that the effective
action going to zero in the critical dimension does'not mean
absence of dynamics which are determ1ned by the symmetrieslh
of the theory [/ 14_7. |

An interesting observation /  15a_/ that.made it
possible to use the above forms egs (9,10) of the effective
action for the 3DIM is that even though' D=3 now, is the
foilowing. Oné may peid on the immediate quantisétion and
instead notice the identiéy of Seff above wfth'the action of
the two~ dimensional quantum field theory. For eg (9)
explicit identity has been proved / 15a_/, for N=1,2 the
identity 15 accepted. In section B 2DCET haé been discus-

sed; the N=2 two dimensional supevconformal field theery
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(2DSCFT). will be discussed in the next sectio.

Sec. D£ The'Heteroﬁfﬁ'Striqgfﬁnd'de'DimensTdnaT Super

' COndeméJ'Ffef&'fHedry .

Before Taunching into a discussionlof the proper topics
of this section, it would be appropriété to comment on the
analogy between the Seff {(egs. 9 and 10} and those of the
corresponding two dimensional theoriéﬁ, As already mentioned
onlty in the N=0 case (Bosonic String) has an explicit prodf
been given by showing ﬁhe equivalence of the actions. The
simpler path is to shoé, as has been done for the N=1 case
/715 , 16, 13_] that it is possible to find a field in
superspace (superfield) which satisfies the same equation
of motion as that obtained from the anomaly action, This‘
latter superfield can be replaced by an equivaIent.superfieid
which gives an Wess-Zumino-Nitten (WZW) « like action.

The general W2W theory is another manifestation of the
ZDSCOFT. The details of this p?ocedure will be demonstrated
in the following for the case of the heterotic string on a
worid-sheet with " N=2 global SUSY.

As already méntioned the heterotig string / 12_/ has
replaced the ?ermioni& as having phenomenologyically desirable
qualities., It is a closed string. In the critical dimen-
sion, the degrees of freedom of the string, being.massless
2D free fields, can be decomposed into right and Teft movers,
ie functions of t-¢ and t+o respectively. The hetevrntic

string may be constructed with the follewing degrees of _
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freedom:

a) The right movfng sector of fermionic superstring
consists of 8 transverse bosonic coordinates and 8 fermionfc
coordinates,

b) The T1eft moving bosonic sector consists of 8 tran-
serse bosonic coordinates and 16 internal bosonic coordinates.

This heterotic string lives on a 2D Horld=-sheet, %hese
are reasons why any siring, whether bosonic or heterotic
should have conformal symmetry. To ensure 4D space~time
SUSY one introduces twéiindependent qlobat fermionic para-
meters 6, and @_on the World-sheet. On this Yorld-sheet

one can then define the covariant derivatives V4, (7.7,

11}

EA + WAM

-N
= Ep Dy + WM

]

with
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where
wb = x% ¢ xt
x* = x% e xt
£ = - %0 +_ixl
2 = X% .oyt i
0 1

¥° and x~ are the parameter space coordinates. The second
forms of D+ and ﬁ+ are obtained by ana1y£ic continuation
Eﬁ 's are the vielbein fields which can be expanded around
the flat background; |

£y = &, + Hy

M is the Lorentz generaﬁor and NA'S are the Spin connections.
The formalism is similar to that of 2D relativity.

It is known that 2D manifold can be described locally
by a single superfield, But the superfieids Eg (or Hz) are
Targe in number and redundant, By a combination of constra-
ints on the covariant derivatives and gauge transformations
of reparametrization and Lorentz invariances, the number of
superfields will be reduced to one in the following, |

Brooks et al / 17_7 have given the foliowing constraints

and associated identities,

EV+= V+} = 0 K
r v, §+} = 27
EV*_,V%} = 0

[ves vy = 46, v ~ 2¢87N

4 wd =
= t, o - N
z !+ p) V.%_ RN

i

Lvg, v}
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and
V+G= = R
ot
v, = 0
0 ‘I‘ “3"%. ‘-"
Vi VD = R
. =t
VR = 2¢v, § (13)
R 1s the scalar curvature of the world sheet.
Writing the covariant derivatives in full
- gt ¥ T A
v, © E+D+ + E+3%J1 E+3=_+ H+ﬁw
- R =4 ) * . =, -
v,o= BB+ Eje, +r ELa_ + WM,
v, = E'D. + ESa, +:+ ET 2 4 WM
0 TE £ =
- - = .
v_s ETD, + Lia% + ESo_ 4 WM (14)

One may note that + is a fermionic and % and = are :bsonic
indices with lorentz weights 3, +1 and -1, respectively,

Fore example,

ME_ = ~E_
MW, = M,
i, Wy | (15)

It may be pqsiib1e to solve the constraints and
identities in egs (11) in general case. It is, however,
po§sible to achieve simplification by-ﬁoting that the
derivatives vﬂ‘s are covariant under general super coordi-

nates and local Lorentz transformations.
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= ef oy e"g (16)

with gauge parameters KN and” A respectively.

From eg, (16)

& Uy = Yy om V= ['K,VA] o (17)

for infinitesimal gauge transformations,.One can notice

that the vielbein fields are

+ a7 + + ' =
A - 5 N S 5 A -
E, + + + + * CF +
+ 1 = . .
E_ . E_ , £ numbering ten in total.

The constraints are five in number. So following Ref [18]
We take the following independent fields often the constr-

aints are applied,

e L E% g

+ “+ 7 E

e 3

s E

W oo

-,
One can set the three fields

+ b =

£, Ef and E]
equal to zero by adjdéting the components of the gauge

parameter, namely .

K%, k¥ oand K7,

E_ may by eliminated by adjusting A,

This is5 a standard procedure and one is left with only one
independent vielbein Ei . Thus the only independent gauge

superfield is Hi which is identified with the gravitational



superfield in 2D.

The solution of the constraints and identities in egs(ll)

now becomes simpler. These have been found to be /719 7,

E, =D

+ +
E =
+ =D,
E# = 3%—

W, =0

W, =0

Hy =0

W, = 3 Hf

R = nainj

2t s % 5+3#Hf
s+ % D; a$Hf
v,6 =i =06

Transformation of Hi is now,

sHE = — gkt

%

+ 3¥H

But
Ty

- Lo Hi % - % (D+Hi)5¥ ) % (5+Hi)ﬂ+

k¢

(18i



So
v

1]

sh?

S RTT AU
“ 5 (DHAD- 5 (BH2)D,

-{a_ ¢ Hta#

Ny

T3 (20)

One can now write

8S

dz § do,_ fd§+d*6Hi
= degde, 'do J,

= dzddo,’ do,v_J

v_x¥

#K‘f'

on integqrating by part, J# is an appropriate supercurvent;

The equation of motion given by 6S = 0 leads to

v, =0

Again consider the general relation / 11,20 7

a _ .
To= T T = SR (22)

where T is the Stress-energy tensor, One notes that the
Stress-energy tensor is a higher tensorial current with

Torentz weight nil, so are R and \:f=d,f and one sets,

R = 0. - (23)

Thus the equation of motion is from eg, (18)

2

P
L W = 0. (24)

3
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This appears to be a new result for N=2 superspace,

Following Refs /715,13 7 one introduces a ney scalar

superfield f which is determined by Hi through the equation,

(25 )

Using eq (25) one now finds the transformation of f which induces £q(20)

Ll

In other words, the intention is to Tonk for the classical equation of

motion of the suverfield f and try to obtain the quantum -analogue ih a

generalised form. To this end, from eq (25},

a_8f = <sH A f - HT 5 af 4 = (D+sHI )R, f
= = & = ES Z =
i ¥ = i = k=
+ 5 (D+H:)D+6f + 5 (D+8H:)D+f
TR g ‘
+ > (D, HO)D &f (26)

Now using eq (20)

R N IR ST
; % (D HT)D sF - ; (D,v_k")p,f
+ = (D HE)D sf
or
L 05, (60 e
= v Kk g (b,v k"), ¢
- L (B v K")p f

; L VR)D | (27)



Solution of equation (27) leads to / 197 ,

st = kFo, f - i sk

ra
-+
+

Setting of = 0, one would get the classical equation of
motion for the superfield. It is not necessary, however, to
find the equation of motion, and following Polyakov / 13 7

the assumption is made that the quantum analogue of eq(28) is

i} .k Fof -
6f = K o, f - 2D KD,

A ovE

Moo,

Here the assumption essentially is that due to gauge inter-
action of the superconformal field with the gravitational
{gqauge) field the form of the transformation law is not
changed, More generally, the eq (29) is assumed to be of the

form /1,13 7

. B g, - Lo +
f = Ko f 5 D K7D, f 5 D+K D, f
e K5y
(30)
where the symbol : : means that the operator products at

coincident points have been suitably defined, The constants
K and » could be determined from consistency conditions

arising from the properties of the superconformal field f,

Sec. E: N = 2 Superconformal Ward Tdentity and the Graded

Algebra gsl (2/1).

Hard identities are identities that corresnond to the

symmetry properties of a theory. In the case of N = 1



superconformal symmetry the ward identities for general
variation of 2DQFT are known / 15, 13_7 , for the N = 2
case also they have been calculated / 19 /. Only the result

is quoted here for N = 2

< fa > o= el 3
Ja Y <X <y > (31}
where y = f(2,) .«a.f(zﬂ); N is the number of poles in a

given domain of 2, and

X . = x - X,
O [¢] 1

3%7s are defined by,

TMIEIE AL R MLS L RPN LIPS
+ o+jé . x#g -3+ é+3% + q oot (32)

and L%'S are defined by,

Lt = 3

Lo = X*E#” % G+D+ - % 5+5+ - A

LH . x#23¢ - ix%o D, - ot - 2axT

Lot - axtets, v axtp o+ otat2 - 220"

+ aot

7P =67 = 2eTe, k4D,

it L6t 2xF8ta v it -e"e" 2y - 28"

(7% - 6% - 25 ° ay i,

pooE =8t e o %@* (33)
It turns out that Lil’o are the generators of the projective

transformation in superspace, Gy, §+1 are the generators

L~

of SUSY called superchanges and is the zero mode J° of an
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(1) current which has charge q, -

The L'S in eq (33) satisfy the N = 2 graded algebra

of the group SL (2,R) ie gsl1{2/1), given by ,

[ Lm’ LI‘I ] m+n

{n-m) L

m+n

—
-
3
o
=
M
IH

= (im-m) G

ta", 6"y = 8™ gy - 0

-(;m-n)_Gm+"

ey
=
=2
-
o
=
Frermererks
i

(L™, 0] =0 (34)
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CHAPTER 1V

An Ansatz for Critical Exponents

of 3D Ising model

Sec A: Critical Exponents

At present there is no quantitative theory of phase
transition. But it is known that phase transitions are
characterized by the abpearahce of some non-zero quantity
in the ordered state. In a ferromagnetic this quantity
is the spontaneous magnetization. Such a quantity is
called the order parameter, The order parameter is expected
to be zero above the critical temperature and non zero
below TC. The study of critical phenomena has come to focus,
in recent years, more and more on the value of a set of
indices called criticéT exponents which describe the
behaviour near the critical region of the various quantities
of interest f 11].

The critical exponent for a general thermo&ynamic
function f (e ) is defined in terms of a dimensionless
variable ¢ called the reduced tenmperature
T- T,

£ =

Te

If for the function f (e ) which is assumed to be
positive and continucus for sufficiently small positive

values of ¢ the 1imit

A= 2im Enfge!

e>0 gne
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exist, then X is called the critical exponent of the
function f(e). |

In short we frequently write this relation in the
form

fle) n et

which does not imply

f{e) = Aex

But in general there are correction terms and the relation
is replaced by

fle) = Ac (1+Be¥+...) , y>0

Here we shall consider some of the critical exponents
associated with a magnetic systém.

Consider the magnetization M as a function of T and
H., At fixed T, let H tend to zero. If M remains non-zero,
the system is said to experience spontaneous magnetization.
It is known that the qualitative plot for the spontaneous
magnetization as a function of temperature in zero magnetic

field is as shown in fig 1,

As
M

et g k7 R A A.%,

o T T
Fig'f. Magnetization as a funcition of
temperature.
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For ¢ -fegion .near Tc’ M should vanish. Therefore, we can
approximate this behaviour by
(1) ~ (e)®

where B is the critical exponent for the magnetization.
Also, the susceptibility x is found to diverage as T

approaches TC,

X~ (e) Y
Another gquantity of interest is the specific heat
_ 3 2F
¢ = =7 “m-
3 T?

It also may diverge as the temperature is reduced to Tc

¢ v (e)”
where a is the specific heat critical exponent.
A similar power law can be obtained for other variables by
analyzing tﬁeir corresponding qualitative graphs. In general
however, the critical exponents may differ above and below
the critical temperature. ' In this case we must define two
different critical exponents. For example, the susceptibi-

1ity and the specific heat have each two critical exponents.

x v {(e)Y - T T. from above
1

(-e) Y T > T, from below

C ~ (e) @ T > T, from above

(~e) @ T ”?Tc from below
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Interest in critical exponents is due to the fact that,

a]thbugh the corresponding exponents may differ slightly

from material to material they seem to depend primarely

on fundamental parameters such as the dimensionality of

the system. This independence of the critical exponents

on the nature of the system is referred to as "universality
The exact solution for the 2DIM is obtained in zero

magnetic field. Therefore it is not possible to obtain

directly the spontaneous magnetization and the exponents

B, v, and yl. The spontaneous magnetization and the exponen

R was , however, obtained later by Yang indirectly. The.

susceptibility of the 2DIM has not yet been calculated, we

have only approximate values for the exponent yl. Since no

one has yet succeeded in solving the three dimensional Isin

Model exactly all exponents are obtained by approximation

technigues ti11 now.

Sec B: Nonrvenormalisation of Coupled

N = 2 SCQFT and the Ansatz for a and 8

One notices that the 2D gravity superfield H is the
gauge field of SUSY and according to the rules of gauge
interaction it couples with the matter field which is the
N = 2 2DSCQFT. It is expected in general that due to this
coupling the characterstices of the coupled field will be
different from the original fields., This has been shown
to be the case for N = 1 SUSY in ref |1§b|, In the same

reference it has been shown that the coupled superfield has
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inherent local currents which take on va]ués in the N=1
super 1ie algebra gsi (2). ‘

In ch.IIf above itrhas been shown that for N=2
SUSY the coupled superfield contaihs currents which take
on values in the N=2 super lie algebra gsl (2/1). 1In
general the lie algebra of currents, in addition to
conformal symmetry, characterises the Wess-Zumino Witten
(WZW) model and as is well known that the 2DSCQFT has a
one-to-one correspondence with this model [21]. The WZW
model is characterized by k, a positive integer, which is
known as the central charge of the model. The 2DSCQFT, as
in the case of ordinaryAZDCFT, is characterised by the
conformal dimension h, From which ever point of view
one lcoks at the coupled gauge-matter field, it has been
found that both h and k are renormalized for N=0 and
1 [ 15 ]. For the case of N = 2 SUSY it is expected that
such renormalisation would not occur but has not been
explicitly demonstrated., This is done in the following
for the conformal dimension h for N=2 2D superconformal
primary field.

Since the specific formalism for N = 2 is rather
complicated [ 23,724 ] it has been found that an approach
via N = 0 formalism followed by a generalisation at the
end suffice to demonstrate the nonrenormalisation of h.
One may start from the variation of the fields ja(z) under
the gauge group of the WIW model [ 8 ], |

5, 3% (z) = if 3¢ WP(z) 3%2) + & 3y W (2).

. ‘1&"



which combined with the relation

8, Alz,2)= [ a%(g) W' (E) Alz:2) dg
z
gives the operator product expansion (OPE),
_ . .ab . cabcC
32y ey - K I

i© (w) + regular terms
(z-w)  (z-w)

(3%)
/
This is the OPE for what is known as an affine, or affine
Kac - Mo@dy (KM) algebra or 2D current algebra for WZIW
Model. This is an exactly solvable model of 2DQFT. For

physical reasons k is required to be a positive integer.

In terms of mode expansion

i* (z) = = Jﬁ 2~ (n+l)

=
~N

which with eq. (35) gives

' [ i; s Jg i = jpabe e + kmaab6m+n, 0

m+n
(36)
where fabc are structure constants of the gauge groups of
the WZW model. m, nez and a,b,c, run over | G]= dim G.

The represeq?ation theory of KM algebra has many
features similar to a virasoro algebra. There exists the
notion of primary fields ¢2(r), a muftipiet of fields with
index %, with respec; to the affine KM algebra, for which

the OPE has the leading singularity,
a
t

392) oy (0) = ZEL o, (@) s 47



- 50 ~

This should be recognised as the statement that ¢(r)
transform as some representation (r) of G where the right
side numerator is shorthand for

K
Jﬂ,k "

ta
[ {(r) (r)

and t?r) are representation matrices for G in the represent-
ation (r). The representation metnioned above may bhe taken
as the irreducible representation. The primary fields

¢(r) create states out'of vacuum called the highest weight

states,

oy (D102 = [(r)>

~a multiplet of states that provide a representation of the

zero-mode algebra,

3 [(r)> = t?r)J(r)>

JB(z)(r)> = 0, n>0 . (38)

The algebric structure characterising an affine or
current algebra turns out to incorporate a natural definition

of T(z), the stress-energy tensor,

Ty
T(z) = + 3 3 (z) 3%(2)
B a = 1]
{a) -
-t r 3%z 0Pw) - KlEl
z+  a=} {z-w)?



Mode expansion on either side of (39) gives

1 a a . '
bh 7§ Inen Som (40)

538

B has been evaluated in ref[ 8 7,

B = 21( + CA’

6ab

) - facd fbcd

C

ie CA is the casimir operator in the adjoint representation
of G. |
Thus
Ly 1(r)> = —Lr gﬂ}- E o g 92 r)>
(41)

Genera1isation of this procedure to superalgebra is given
in ref [25 [ and that a direct generalisation is possible

is obvious. Using eq. (38), (40) and (41),

o

|G}
_ 1 a a
o 1= Ch o Em e

Since by definition_
|G| s a
z t t
a0 tr) Hn)

is the quadratic casmir operator of the representation (r),

C .
Lo f(r)> = —L (r)> (43)
0 2k + €,




ie. the eigenvalues of L0 is

Cp

2k+CA

Again, by definition, the conformal highest

weight hr of a primary multiplet ¢(r)(z) is given by,

Lol (r)> = h f(r)>

where hr is also the éonformal dimension of the field

¢ . Thus
(r)(z) u ¢
h o o= r
F 2k+C . 44
A (44)

gives the dimension of the (super) conformal field. Cr
for the N = 2 graded '52(2,R) z35(2/1) which appears in the
notation of ref [22] as spt (2/]) has been found in the

same reference as n?-82, where p is the highest weight of

the irreducible representation of gs&(2/1},
ons%s]s 3/2, (45)

and 8 is any real number. In order to find CA qﬁe notices
that it has been pointed out in ref [24] that for both Lie
algebra and superalgebras Ca = 29 where g is called the
dual coexter number., g has been calcutated for the super-
group SU(m/n) in-ref. [24] as equal to m-n where m and n
are, respecively, the number of bosoqic and fermionic super
Lie generators, Such calculation does not appear to exist
for gs2(2/1) but it is safe to take that the relevant g is
a positive or negative integer. However, CA for QOsp (2/2)
has been calculated [25] by a method very different from
that of ref. [24] and found to be 1, |

Since ¢gs&(2/1) and Osp (2/2) are isomorphic the casimir



- 53 =

operators are expected to be the same, Remembering CA = 29,
the only appropriate choice of CA « 2 , The departure
from the result of ref[25] is presumably due to difference
in normalisation in the two cases.
Finally one sets B = 0 and obtains from eq (44),
P ' - (46)

r 2(k+1)

Again; in ref { 15b ], k has been calculated as a

a function of d for the N = 2 supersymmetric case,

d -~ 3 = 2k (47)

Since WZW models caﬁ have only k = 0,1,2,3,... etc., one
can see from eq ( 47 ) that the values of d consistent

_with this constraint is
d = 3,5]7,99]],-.:0

It may noted in.this connection that Gervais and Neveu

[ 26] have found that away from the critical dimension of
10, a fermionic string can be quantised only at dimension=
3,5 and 7. Also at k = O corresponding to d = 3 above the
wa theory has properties which are qualitatively different
from those at higher k values, These matters need further
investigation, - ’

To continue with the case of 3D Ising model

corresponding to k = 0, one finds from eq. (46),

hr = '?m-o,'g'; %‘s ' (48)



One may compare these.values of hr with those of the
free N = 2 20SC primary fields, qudted for eiamp]e, in
Ref [ 10 ] , fig. 2.,

, L, (49)
2

It hus appears that in the permitted spectrum of
primary fields, three out of four dimensions from the
relevant Kac spectrum appear in nonrenormalised from. The
reason why the other ie % does not appear is not obvious;

it may have something to do with the fact that the three

that appear, namely, 0, 1 , and 1l are enough to provide
8

2
excellent values for a and 8 for 3D Ising model,

For N = 1 global SUSY on the world sheet polyakov

1l
et al [ 15 ] made the ansatz y = h. and arrived at the

value

v (d) = 41 A I EED))

4

An equation which is meaningless in realistic dimensions.
An ansatz is necessary, however, as even though the
critical exponents are functions of %r the exact functional
form is unknown in general. What is more is that, unlike

the case of N = 0, the identification of the superconformatl



~ K5 .

primary fields for N =1, 2, ... etc is also unknown.
Finally, using the two nontrivial values of primary field

dimensions in eq. {48) one may make the ansatz

g=+-L. 3. 90.375
8

and o =

and compare them with other available values in table 1.

Table 1.
3DIM 4 This
Expt Series RG ¢ - theory b lcula-
expan tion
o 0n0.2 0,125 0.08 0.17 0.125
8 0-3-0:4 0.313 0.34 0.33 0.375

Source: * (1) L.E Reichl, A modern course
ip statistical physics
(Unff. of Texas press, Austin 1980)
P 344, g

(2 H. Eyring, Statistical mechanics and
dynamics (Wiley, Newyork 1982) P 475

~
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CONCLUSTON

Though this caliculation is not very rigorous because
of the current state of development of the theory-of 2D,
superconformal fields and the a?geBra of supergroups the
agreement appears excellent. It is important to point out
that while the theory of 2D conformaT.fields has been
useful in the study of critical systems in 2D, the &pproach
of ref |15] is exceptional in the sense that for the first
time a 3D c¢ritical system has been treated via the thecry
of 2D superconformal fields. This has been made possible

by the use of string theory methods.

-~
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