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Abstract

In this thesis, we have analyzed the quantum properties of light generated by coherently
driven two level atom in a cavity containing a parametric amplifier and coupled to a squeezed
vacuum reservoir. The equations of evolution for the expectation values of cavity mode and
atomic operators are determined with the aid of the system’s master equation. Applying
the large time approximation to the cavity mode quantum Langiven equation, we obtain the
steady-state solutions for the expectation values of cavity mode and atomic operators. Utiliz-
ing these solutions, we calculate the mean photon number, the power spectrum, second-order
correlation function, quadrature variance and squeezing of the cavity mode.

Our results indicate that the two-level atom has larger probability of being found in the lower
level than being found in the upper level and the photons of the fluorescent light produced
by the two-level atom are found to be anti-bunched. Moreover, the cavity mode is observed
to be squeezed, with squeezing being occurring in the plus quadrature.

In addition, the squeezing increases as the amplitude of driving coherent light increases; with
a maximum squeezing of 60% for (¢ = 0.1) and 50% in the absence of parametric amplifier.
And the degree of squeezing enhances with the increase of stimulated emission decay constant

and reaches a maximum value of 70% below the vacuum state level.

vi
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Chapter 1

Introduction

Quantum optics deals with the study of the quantum properties of radiation generated by
various optical systems and its interaction with matter. The interaction of radiation with
the atom involves absorption and emission of radiation by the atom depending on the initial
energy level of the atom. The quantum properties of light are determined by the quantum
states of light such as the squeezed state, the coherent state, chaotic state and the number
state[1l]. When the uncertainty in one of the quadrature is below the vacuum state level at
the expense of enhanced fluctuations in the other quadrature, with the product of the uncer-
tainties in the two quadratures satisfying the uncertainty relation, the light is said to be in a
squeezed state[l, 2].

Two level lasers are the source of coherent or chaotic light that is emitted by two level atom
in a cavity coupled to a reservoir via a port mirror [1, 2, 3]. The effect of the squeezed light
on the properties of the fluorescent light emitted by the two-level atom has attracted a great
deal of interest[1-4]. The squeezing properties of the fluorescent light emitted by a two-level
atom has attracted a great deal of interest. It has been recently reported that a two-level
atom interacting with coherently driven cavity mode generates squeezed light with maximum
squeezing of 50% below the vacuum state level[5]. In a parametric amplifier, a pump photon
interacts with the nonlinear crystal inside a cavity and is down converted in to two correlated
photons[1-9]. In a degenerate Subharmonic generator a pump photon of frequency w is down
converted into highly correlated signal and idler photons which have the same frequency wj,.
Moreover, during non-degenerate Subharmonic generator a pump photon of frequency w is
down converted into highly correlated signal and idler photons which have different frequen-
cies w, and wy. In this paper, we analyze the quantum properties of the cavity light produced

by a two-level atom driven by coherent light and in a cavity containing parametric amplifier



and coupled to squeezed vacuum reservoir.

The equations of evolution for the expectation values of cavity mode and atomic operators
are determined with the aid of the system’s master equation. Applying the large time approx-
imation to the cavity mode quantum Langiven equation, we obtain the steady-state solutions
for the expectation values of cavity mode and atomic operators. Utilizing these solutions, we
calculate the mean photon number, the power spectrum, second-order correlation function,

quadrature variance and squeezing of the cavity mode.



Chapter 2

Operator Dynamics

We consider a two level atom driven by a coherent light and in a cavity containing degenerate
subharmonic generating system and coupled to a squeezed vacuum reservoir. We represent
the upper and lower levels of the atom by |a) and |b), respectively. The upper and lower levels

of the atom are coupled by driving coherent light.

|a>

Driving coherent light(<2) w k

[b>

Pumping mode () DPA

Squeezed vacuum
reservoir

Figure 2.1: Schematic representation of a two-level atom in a cavity containing a parametric
amplifier, a driving coherent light and a squeezed vacuum reservoir.



2.1 Equation of evolution for the expectation values of
cavity mode and atomic operators

The Hamiltonian describing the coupling of the top and bottom levels of the atom by the

coherent light can be expressed as [4-9]
Hy = iX6,'b—bla,), (2.1)

where b is annihilation operator for the deriving coherent light, \ is coupling constant between
the two level atom and the coherent light, o, = |b){a| is lowering atomic operator. Treating
the deriving coherent light classically, we can replace b by a c-number p; and re-write the
above Hamiltonian as

. 0
H, = 7;5(0:1* — Ga), (2.2)

where €2 = 2u1\ is a real constant proportional to the amplitude of the deriving coherent
light. Moreover, the interaction of a two level atom with a cavity mode is described by the

Hamiltonian [10]

H, =ig(d,'a —a'a,), (2.3)

where a is annihilation operator for the cavity mode and g is the atom-cavity mode coupling

constant. The process of parametric interaction with the pump mode is described by

Hj = ié(d%* — éat?), (2.4)

where (3 is the coupling constant, ¢ is annihilation operator for the pump mode and a is
annihilation operator for the cavity mode. For the pump mode treated classically, ¢ can be

replaced by c-number p5 and the Hamiltonian in Eq. (2.4) can be put as

~ €. A~
Hj; = z§(a2 —a'?), (2.5)
where € = (s is a positive and real constant proportional to the amplitude of the pump
mode. Now the total Hamiltonian operator for the parametric interaction and the interaction
of a two-level atom with the coupling coherent light and cavity mode can be expressed as

0
H = ig(c.fa—a'd,) +i5 (0. = 5) + i%(dQ —af?), (2.6)



The master equation for the light produced by the quantum optical system under considera-

tion can be written as [1]

dp - k k
d—f = —i[H, p] + 5(N +1)(2apa’ — atap — pata) + §N(25ﬂﬁa —aa'p — paal)

k k
— §M(2eﬁﬁeﬁ —a?p — pa'?) — §M(2&ﬁd —a%p — pa®), (2.7)
where £ is the cavity damping constant and p is the density operator. The effects of the

reservoir are incorporated via the parameters N and M as

N = sinh?r
_ # (2.8)
and
M = sinhr coshr
_ o2 _46—27" 2.9)

with r being the squeeze parameter. The time evolution of the expectation value of an

operator in the Schrodinger picture can be written as [11]

d(A(t)) dp(t) 4
_ L = (L2 A), (2.10)

Now taking into account Eq. (2.7) and Eq. (2.10), the time evolution of (a()) can be written

+ g(N + 1)Tr(2apa’a — atapa — pata?)
+ SNTr(2at pa® — aa'pa — pad'a)

— SMTr(2a'pata — apa — pat*a)

— gMTr(Qdﬁ&Q — a%pa — pad)

— T, + g(N F T+ gNTg - gMT4 - gMT5, (2.11)



where

T, = Tr([H, pla), (2.12)

Ty = Tr(2apa‘a — a'apa — pa’a?), (2.13)
Ts = Tr(2a'pa* — aa'pa — paata), (2.14)
Ty = Tr(2a'pa‘a — a™pa — paa), (2.15)
Ts = Tr(2apa® — a’pa — pa). (2.16)

Now by applying cyclic property of trace operation, we can calculate the traces in Eqs. (2.12)-

(2.16) as

= ([a, H]), (2.17)

= (&), (2.18)



= (a), (2.19)

— 0, (2.20)

Ty = Tr(2apaa — aapa — paad)
= Tr(2paaa — paaa — paaa)
= Tr(2paaa — 2paaa)

— 0. (2.21)

Substituting Eqs. (2.17)-(2.21) into Eq. (2.11), we obtain

d - K

) = —ila, H]) — Z(a(1). (2.22)

Following the same procedure used to arrive at Eq. (2.22), we easily obtain

d A2\ A2 T A2
(%) = —i([@, H]) = x(a) + rM, (223)
—(aa) = —i{laa, H]) - n(a'a) + kN, (2.24)
L aaly = —(laat, B)) — wlaat) + (N +1). (2.25)

dt



Moreover, taking into account Eq. (2.7) and Eq. (2.10), the time evolution of (7,(t)) can be

written as
d dp(t)
N Aa t) =Tr(——= Aa
o) =Tr( )
— —iTr ([ 16
r oilc. — atasd. — salad
+ E(N + )Tr(2apa'c, — a'apo, — pa'ac,
+ gNTr(2&Tﬁdda — aatpd, — paata,)
- gMTr(zaT,saT(fa —a'%pé, — pal?s,)
- gMTr(Q&ﬁdda — 4%pG, — pa2d,)
— —iP + g(N +1)P + ngg - gMP4 ~Zup,
where

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)



and

Inserting Eqs. (2.32)-(2.36) into Eq. (2.26), we easily get

d . A
E<0a> = —i([04, H]).

Following the same procedure used to arrive at Eq. (2.37), one can verify that

i) = —idbie, ),

00 =~ H]).

We now seek to evaluate the commutators in Egs. (2.22), (2.23), (2.24),

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.25), (2.37), (2.38) and (2.39) using the Hamiltonian specified by Eq. (2.6) along with the

commutation property



We thus note that

~

(la, 7)) = (fa,ig(6,1a — a16,) + i (6! — 6) +i5(a — ™)

2
—ig((ad.'a — aa'c, — g, aa + a'd,a))

+ i%((aaﬂ — (0, — Gul G+ Godt))

i (@ - aa™ - & + %))

= ig{(d,'[a, a) + d,[at, a))) + z‘%(([d,dj] + [Ga,a])) + i%([de, a)). (2.40)

Applying the commutation relations

[a',a] = —1, (2.41)
[a'? a) = —2a, (2.42)
[a,d,'] =0, (2.43)
[Ga,d] =0, (2.44)
we can put Eq. (2.40) as
([a, H]) = —ig(da) —ic(a’). (2.45)

Now in view of Eq. (2.45), the time evolution described by Eq. (2.22) becomes

d K

@) = —g(d.) - ela) - S (a). (2.46)

Following the same procedure used to arrive at Eq. (2.46), one can re-write Egs. (2.23),

(2.24), (2.25), (2.37), (2.38) and Eq. (2.39) as

%<a2> = —g((ad,) + (F.a)) — e({aa’) + (a'a)) — k(a?) + kM, (2.47)
%<d*&> _ _g((Ga1a) + (ald) — e((a2) + (a12)) — K(aTa) + KN, (2.48)
%meﬂ) = —g((ad,") + (d.a")) — e((a®) + (a'*)) — k(aa) + k(N + 1), (2.49)

10



@ 62) = 9({ha) — () + () — (), (250)
i) = 9(68) + (@1.)) + 3 (67} + (), (2:51)
i) = ~g({618) + {@6)) — S () + (6). (2.52)

Taking Eq. (2.46) in to consideration, we can write the quantum Langevin equation for the

cavity mode operator as

%&(t) = —gd,(t) — gd(t) —sal(t) + f(t), (2.53)

where f (t) is a cavity mode noise operator whose correlation properties can be determined.

Then the expectation value of Eq. (2.53) is equal to Eq. (2.46), if and only if

(f(1)) =o0. (2.54)

We observe that Eqgs. (2.47), (2.48), (2.49), (2.50), (2.51) and Eq. (2.52) are nonlinear coupled
differential equations and hence we can not obtain the exact solutions of these equations. Thus
we seek to overcome this problem by using the large-time approximation scheme to Eq. (2.53)

and write its solution as [12]

R 2g . 2e . 2 4
at) = —La,(t) - Zal(t) + ~ (), (255
and its adjoint is
At 2q . t 2e 2 ot
a'(t) = —?aa (t) — ;a(t) + Ef (1). (2.56)
Substituting Eq. (2.56) into Eq. (2.55), we have
) 2. 2 2 . 2 . 2 . 2.
) = 1= al0) — 22a )+ 0] - L)+ - f0
4e? 4ge .+ 4e o 29 . 2 .
=7z (t) + —2 Oa (t) — pf (t) — ?Ua(t) + Ef(t)
4ge . ; 2kg . 4e ot 2k N
= L 5 - = =6.(t) — —— 1) + —— f (D), 2.
k2—4520 (*) k:2—4520() k2—452f<)+k2—462f() (2.57)
and its adjoint is
R 4ge 2kg . 4e N 2k A
T — _ T T
a (t) ]{'2 _ 452 a(t) k,z _ 452 a ( ) k'2 _4€2f(t) + kf2 _ 4€2f (t) (258)



Then by inserting Eq. (2.57) and Eq. (2.58) into Eqgs. (2.46), (2.47), (2.48), (2.49), (2.50),
(2.51) and (2.52), we can obtain the decoupled differential equations. Now multiplying Eq.
(2.57) from the right by 7,(t) and taking the expectation value of the product, we obtain
2k

4dge 2kg . de

(a(t)oa(t)) = ([,€2_—4€25J(t) ~ 1 g0at) — o 4€2fT(t) tao 4€2f(t)]fa(t)>
dge . . 2kg ., . 4e N
= 13 (0 (00u(0) — 55 FalD)Fu() = 5 (P (5u()
2%k .
+m<f(t))ga(t)>
= %Ma(ﬂ) ~ 12 48452 (f1(t)oa(t)) + " ik ()01, (2.59)
where
(dada) = ([b){alb){al) = 0. (2.60)
and
(0a'0a) = (Ja)(Blb)(al) = (|a)(al) = (17a)- (2.61)

Similarly, multiplying Eq. (2.57) from the left by ¢,(¢) and taking the expectation value of
the product and using Eq. (2.60), we arrive at
4dge 4e 2k

Gu0al1) = 132 D) — g GO () + (W), (262)
where
(Gudal) = () ala) bl) = ()81 = () (2.63)
Adding Eq. (2.59) and Eq. (2.62), we get
(@6 (0) + (G000} = 1525 (0RO + (D)) — Ty (P00 + (Gl 1)
b S 050) + {07 0)). (2.64)

Assuming that the cavity mode noise and atomic operators are not correlated [4], and taking

Eq. (2.54) into account, we obtain

(Fa(t) (1)) = (Fult))(F(£)) = O, (2.65)
(f(0)da(t)) = (f(£)(da(t)) =0, (2.66)
(Ga() 1)) = (Gu(D)(fT() =0, (2.67)



(fT(1)Ga(1)) = (fT(£))(da(t)) = 0.
Therefore in view of Egs. (2.65)-(2.68), we can reduce Eq. (2.64) to

(@060 + (G030} = 1525 (G0 + (D)

Substituting Eq. (2.69) into Eq. (2.47), we get

) = I () + () — e((aa) + (a1a)) — k(@) + kM,
where
= 492
T2

Following the same procedure used to arrive at Eq. (2.70), one can express

Egs. (2.48), (2.49), (2.50), (2.51) and Eq. (2.52) as

@ ata) = i) — ({62 + (@12) — n(ala) + wN,

L) =n0) — S0

Now taking into account the completeness relation
ﬁa + ﬁb = [7

we notice that

(2.68)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

(2.77)

(2.78)

where (1],) is probability of finding a two level atom in the upper level and (1j,) is probability

of finding it in the lower level.

13



2.2 Correlation property

In this section, we seek to determine the correlation properties of the cavity mode noise

~

operator f(t). Now applying the relation

d da'(t)

S a) = (o awm) + @S0, (2.79)
along with Eq.(2.53) and its conjugate, it follows that
a1 (a(0) = ol (1a(0) — S (@' (1a(1)) — <(@(1) + {71 (a(o)

— gla'(t)da(t)) — §<d7(t)d(t)> — (@) + @' f (1))
= —g({a'(t)da(t)) + (0" (t)a(1))) — k{a'(t)a(t))
—e((@ (1) + (@) + (f1va) + @ (1) f (1)) (2.80)

Then in view of Eq. (2.48) and Eq. (2.80), we get
(fl®a() + (@' f (1) = kN. (2.81)

The solution of Eq. (2.53) can be written as

t , R
at) = a(0)e=" + / e 5 (—gd(t) — eal () + f(t))dt, (2.82)
0
and its conjugate is
t , R
af(t) = af(0)e " + / e 5 (gt () — ca(t) + f(t))adt. (2.83)
0

Then multiplying Eq. (2.82) from the left by f(¢) and taking the expectation value of the

product, we get

—kt

(fiwa)) = (f1(H)a)e= +/0 e (g (T (D) — (T AT (1)) + (FH0) F(e)))de
(2.84)
Again multiplying Eq. (2.83) from the right by f(¢) and taking the expectation value of the

product, we get

—Kt

(@' () () = (@'(0)f(t)e? + /O 5 (—gla, ()] () — lal!) (1)) + (FHE) f(0))de'
(2.85)

14



Assuming that a noise operator at a time ”t” has no effect on a system operator at earlier

times, one can re-write Eq. (2.84) and Eq. (2.85) respectively as follows:

(Fean) = [ PO,

@fo) = [ oo
Now combining Eqs. (2.86) and (2.87) with Eq. (2.81), we find that
[ ey + Feioal = .

Assuming that

we obtain

we arrive at
(f1()f(t)) = kNSt —1').

In a similar procedure, it can be verified that

(FOFE) = w(N +1)d(t — 1),

() f(t) = wMS(t 1),

(FIOFI() = MOt — 1),
2.3 Steady-state solutions

(2.86)

(2.87)

(2.88)

(2.89)

(2.90)

(2.91)

(2.92)

(2.93)

(2.94)

(2.95)

Here we need to obtained the steady-state solutions for the equations of evolution for the

expectation values of cavity mode and atomic operators. The steady-state solution of Eq.

(2.74), can be written as

(2.96)



and its adjoint is

(1) = (7ha))- (2.97)

(@) = = 221220 + 0 = )]+ 5 () = ()
4e? 2eQ) . . .
= 5@} = ") = () + () — ()
o=
= )~ )
= (i)~ i 2.98)
77(1+2_’:)(<77b> (17a))- (2.

Again substituting Eq. (2.96) into Eq. (2.97) and following the same procedure to arrive at

Eq. (2.98), we obtain

(@1 = s (0} = (). (2.99)

In view of Eq. (2.98) and Eq. (2.99), we note that
(Ga) = (da"). (2.100)

In addition, the steady-state solution of Eq. (2.75) can be written as

. Q. . R
{1ia) = 5~ ((Fa) + (da)), (2.101)
Ui
so that taking into account Egs. (2.98) and Eq. (2.100), we can express Eq. (2.101) as
QQ
Ja) = ) 2.102
which with the aid of Eq. (2.78) becomes
. Q2
(77a) (2.103)

T2 (14 )
On the base of Eq. (2.78) and Eq. (2.103), we obtain
X Q%+ (14 %)
(7o)

T2+ 21+ E)
In view of Eq. (2.103) and Eq. (2.104), we observe that the probability of finding two

(2.104)

level atom in the lower level is greater than the probability of finding it in the upper level.

Substituting Eq. (2.103) and Eq. (2.104) into Eq. (2.98), we get

(G0 = st
TP+ E)

(2.105)

16



The steady-state solution of Eq. (2.46) can be written as

N 29y 2E 921
(@) = ~2i,) - Zgah, (2.106)
from which follows
29 2e
A = — 22 a Ty 22 0a). 2.107
(@) = ~2 (5.t - = (a) (2107)

Now substituting Eq. (2.107) into Eq. (2.106) and taking into account Egs. (2.100) and
(2.105), we obtain

(@) = ~22i5.) - Z1- 25, - Za))
= Mo+ i+ 2
= - 20 -y
R
mERaLd
—298n

N R(L+ 2)(202 + n2(1+ Z)) (2.108)

Similarly substituting Eq. (2.106) into Eq. (2.107) and in view of Eq. (2.100) and Eq.
(2.105), we get

. —295i
M = : 2.109
) = T B (1 E)) (2:109)
On account of Eq. (2.108) and Eq. (2.109), we see that
(a) = (a'). (2.110)

(%) =~ () + () — = ((aa") + (a'a)) + M. (2.111)
(a'a) = L) — =((a) + (@) + N, (2.112)
(aa') = L3 = =((@) + (@) + N + 1. (2.113)
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The conjugate of Eq. (2.111) is expressible as

(@) = () + () — —((aa!) + (a'a)) + M. (2.114)

In view of Eq. (2.78), we can write Eqs. (2.111) and (2.114) as

(@?) = _TT _ Z(<&d*> + (@ta)) + M, (2.115)
(@'?) = _,ng - %(@aw +(afa)) + M, (2.116)

from which we conclude that
(a*) = (a'). (2.117)

Moreover, in view of Eqs. (2.78), (2.116), and (2.117), the sum of Eqgs. (2.112) and (2.113)

can be written as

4
@hay + @ah =2 — (a2 12N + 1. (2.118)
K K

Substituting Eq. (2.118) into Eq. (2.115), we get

_ —2ne —er(2N + 1) + M~?

~2
(%) T (2.119)
In view of Eq. (2.117), we have
. —2ne — ek(2N + 1) + M x>
12y = : 2.12
(@) N (2.120)
Adding Eq. (2.119) and Eq. (2.120), we get
. . —4dne — 2ex(2N + 1) + 2M K?
2 ) = : 2.121
(a%) + (a™) Y (2.121)
Substituting Eq. (2.104) and Eq. (2.121) into Eq. (2.113), one can obtain
o n, O +n*(1+29) e —4ne — 2ke(2N + 1) + 2M k2
<6LCLT>:—(2QZ 2 B )__[ 2 2 ]+<N+1)
K +n*(1+25)" K K2 —4de
0% 4 (1 +2¢ nde? 4 22 9NfE 4 N
_ 2] e e m M AN (2.122)
K[29% + 0% (1 + 25)] — i

Now Egs. (2.103), (2.104), (2.105), (2.108), (2.109), (2.119), (2.120) and (2.122) represent
the steady-state solutions for the equations of evolution for the expectation values of cavity

mode and atomic operators.
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Chapter 3

Photon Statistics

In this section, we seek to study the statistical properties of the light produced by a two level
atom driven by a coherent light and available in a cavity containing degenerate subharmonic
generator and coupled to squeezed vacuum reservoir. To this end we calculate the mean

photon number, power spectrum and second order correlation function for the cavity mode.

3.1 Mean photon number
The mean photon number of the cavity light can be expressed as
n = Tr(pa‘a)
= (a'a). (3.1)

Now combining Egs. (2.103), (2.112), and (2.121), the steady-state mean photon number of

the cavity mode can be expressed as

ﬁ—ﬂ( 0? )_E[—4n5—2m6(2N+1)+2M/<92]+N
CR2M 21+ E)Y K K? — 4e?
B 17( 02 )+477%—{—4]\752—1—252—2M/<95+N/<2—4N€2
R 202+ (1 4 E) K% — 4e?
_n( 0?2 )+47]%+282—2M/£8+NH2
R4+ p2(1+ E) K2 — 42
R (1 )] — i ’ '
where
Ve
n= g (3.3)



in which v, = % is the stimulated emission decay constant.

Furthermore in view of Egs. (2.8), (2.9) and (3.3), we can re-write Eq. (3.2) as

2 T_eT2r el Le 2T
_ ’}/CQQ(l - %) H(:;ia4£2) + QHL; - 2_,5[62 4 - ] + 2t 42 2 34
TR E e B - S
K2 /yC K K2

This is the steady-state mean photon number of the cavity light. For the case in which the

parametric amplifier is removed from the cavity (¢ = 0), Eq. (3.4) has the form

7092 627’ + €—2r -9
(292 4 42) 4 ‘

(3.5)

n =

The first term represents the mean photon number due to the interaction of the two-level
atom with the cavity mode and the driving coherent light and the second term represents the
mean photon number due to the squeezed vacuum reservoir.
For the case in which the driving coherent light is absent (2 = 0) and the cavity is coupled
to vacuum reservoir(r = 0), the mean photon number specified by Eq. (3.4) reduces to

4Ky e 22

n= e s (3.6)

This is the mean photon number produced by a two-level atom in a cavity containing para-

metric amplifier and coupled to a vacuum reservoir.
Moreover, neglecting the interaction of the two-level atom with cavity mode (7. = 0) and
considering a cavity coupled to ordinary vacuum (r = 0), the cavity mean photon number in
Eq. (3.4) reduced to

2¢?

This represents the mean photon number of the degenerate parametric amplifier in a cavity
coupled to vacuum reservoir. Again in the absence of both parametric amplifier (¢ = 0) and
driving coherent light (2 = 0), we obtain the mean photon number due to a cavity coupled
to squeezed vacuum reservoir:

e 42 _ 9

n= — (3.8)
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For the case in which their is no parametric amplifier (¢ = 0) and the cavity is coupled to
vacuum reservoir (r = 0), the mean photon number becomes

Yo o QP

K (292 +12) (3.9)

n =

This represents the mean photon number due to the interaction of the two-level atom with

the cavity mode and the driving coherent light.

mean photon mumber

Figure 3.1: The plot of cavity mode mean photon number [Eq. (3.4)] versus ¢ for 7. = 0.7,
k=028, Q2=0.6and r =0.7.
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Figure 3.2: The plots of cavity mode mean photon number [Eq. (3.4)] versus Q2 for 7. = 0.7,
k= 0.8, ¢ = 0.27 and different values of r.

The plots in Figure 3.1 and Figure 3.2 indicate that the squeeze parameter, the amplitudes
of the driving coherent light and the parametric pump mode have the effect of increase the

mean photon number of the cavity mode.

3.2 Power spectrum of cavity mode

In this section, we need to determine the power spectrum and local mean photon number
of a cavity light produced by our quantum optical system under consideration. The power

spectrum of the cavity light with the central frequency w, can be expressed as [1]

P(w) ! /OO (af(t)a(t 4+ 7)) s’ @) dr., (3.10)

" or

—00

Integrating both side with respect to w, we have

/ P(w)dw = 2—/ / (@' (t)a(t + 7)) s’ @) drdw
- T J-oJ-oco

[e.o]

o0 . 1 oo
:/ <dT(t)d(t—|—7')>sseﬂ“"’TdT X 2—/ e“Tdw. (3.11)
—00 T J -0
In view of the relation
1 eo
e e“Tdw = (1), (3.12)
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we can put Eq. (3.11) as

/ " P(w)dw = /_ @ (0(t + ))we =TS (3.13)

—00 o0

Moreover in view of the relation

/_OO A(7)o(T)dT = A(T) /=0, (3.14)
we get
/_ P(w)dw = (& (t)a(t))ss. (3.15)

On the basis of Egs. (3.1) and (3.15) one can conclude that P(w)dw represents the steady-
state mean photon number of light mode from the frequency interval w to w + dw [2, 3|. For
convenient, Eq. (3.10) can be written as

1 [° : I
P(w) / (af(t)a(t + 7)) e’ ) dr + —

== (af(t)a(t + 7)) s 7dr.  (3.16)
27T 27T 0

Now replacing t by t + 7 and 7 by —7 in the first term of the above equation, we have

1
o7

P(w) / (@ (¢ 7)a0) e + / (@ (Dt + 7))’ dr. (3.17)
0 0

The first term is the complex conjugate of the second term. Thus the power spectrum can

be written as

P(w) = L re / Oo(&*(t)&(t + 7)) ss€' @) dr, (3.18)

™

where ”Re”represents the real part of the integration. In view of Eqs. (2.74), (2.78), (2.100)

and (2.101), one can obtain

d . —ne , . n, . Q .
E(%(t)) = T(%(t)) - §<0a(t)> + 5(1 - Z(2<Ja<t>>))
= —v(d,(t)) + %, (3.19)
where
1 e Q2
(% :77(§+E—|—F). (320)

A formal solution of Eq. (3.19) can be written as

= (Ga(t))e™T + ——(1—e™vT). (3.21)



Applying the quantum regression theorem to Eq. (3.21), we get
~t ~ ! ~t ~ —or’ Q ~t —or
(@' (t)da(t + 7)) = (@' (t)da(t))e™™ + S-(a' () (1 —e™").

In view of Egs. (2.46) and (2.110), we obtain

where

A formal solution of Eq. (3.23) can be written as

(@t +7))ss = (@(t))sse ™ — geo" /0 " ear (Galt + 7)) ssdr .

Applying the quantum regression theorem to Eq. (3.25), we get

(@' (t)at +71))ss = (@' (t)a(t))sse™ — ge™ /OT €T (! (1)Ga(t + 7 ))astlr .

Inserting Eq. (3.22) into Eq. (3.26) and carrying out the integration, we get

+%<eﬁ<t>><em' e~ ) g7’
— @00+ G )T = )
S O 0) € =) + L)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

Upon multiplying Eq. (2.58) from the right by ,(¢) and taking expectation values and using

the assumption that the atomic and cavity mode noise operators are not correlated and in

view of Eq. (2.103), we obtain

g
ARG E - @25+ )

K

24

(3.28)



Moreover, on account of Egs. (2.109), (3.1), (3.3) and (3.28), we can re-write Eq. (3.27)

as

(df(t)d(t +7))ss =ne T4+ [(e™ T —e )+ 0(e T —

where

6—1}7’) + ¢(e—a7 _

64v(a —v)(t — A + )2+ 25— (L 4=

2
16(5—53)? K

16(c = v)(5 = £)(3

+ £)(22 +

Gt E)

2
16(5—3)?

640”)(411 - Z—z)(% + £)(Q2 +

Substituting Eq. (3.29) into Eq. (3.18), we obtain

n
—i—éRe/
T 0
—l—gRe/
™ 0
—i-?Re/
™ -0

Carrying out the integration

Re/ e~ (Wmilw—w)Tqr — Re
0

Similarly, we obtain

Re/ e~ (amilw—wo))T g —
0

Re/ e~ (amilw—wo))T 1
0

—(v—i(w—wo))T
e
[ef(ozfi(wfwo))T

[6—(a—i(w—wo))7'

TG+ D)

1 2
16(i—2)2

K

. 6—(a—i(w—wo))r]d7_
et g

— ei(“’_‘”")T]dT.

e—(v—i(w—wo))T fooo

—(v—i(w —w,))

—1

—(v—i(w —w,))
v+ i(w—w,)

V2 4+ (W — w,)?

v

02 (W —w)?

«

a? 4+ (w—w,)?

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)



Moreover, applying Dirac delta function, we have
1 > H(w—wo)T
eI = 6 (w — wy). (3.36)

2r )
In view of Egs. (3.34), (3.35) and (3.36), the power spectrum described by Eq. (3.33) can be

expressed as

P(w) - ;[az + (Ld — wo)g]

I} v «

+;[U2—|—(w wo)? a2+(w—wo)2]
0 @ v

* %[cﬂ +(W—wy)? ¥+ (w— wO)Q]
e
T o2+ (w—w,)?

— ¢O(w — wy). (3.37)

And with the aid of Eq. (3.3), one can write Eq. (3.20) as
_ R+ 27+ Q21— %)

4e?

ol ) (3.38)

Now on account of Eq. (3.15), the mean photon number in the frequency interval -z to z can
be written as

Ty, = / ) P(w)dw', (3.39)

where w' = w — w,. Substituting Eq. (3.37) in to (3.39), we have

/ /

B noofF dw +5[  dw 2 dw |
Ny=—-a [ ——p+ -V ST % -« G
¥ a2+ w? o o vt 4w a2+ w?

!

6 (7 dw Fodw ¢ [P dw
+;[a/zm_U/ZUQ—FWIZ]—'—;O(/ZQ(Z—{—W/Q_gb/za(w)dw' (340)

Carrying out the integration, by using the relation

/Z W _ 2 13, (3.41)

I T

8

and
/ §(w)dw =1, (3.42)

the local mean photon number is expressible as

2n 2
ne = 2t (2 + Ltan () - tan ()
20 1% 1,7 2¢ 1, %
+ —fran ™ () — tan”' ()] + —tan T (5) — ¢ (3.43)
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Figure 3.3: The plots of local mean photon number [Eq. (3.43)] versus z, for 7. = 0.7, k = 0.8,
Q) = 0.5, r = 0.2 and different values of e.

Figure 3.4: The plots of local mean photon number [Eq. (3.43)] versus z, for 7. = 0.7, k = 0.8,
€ = 0.2, r = 0.3 and different values of €.
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Figure 3.5: The plots of local mean photon number [Eq. (3.43)] versus z, for 7. = 0.7, k = 0.8,

Q = 0.5, e = 0.27 and different values of r.

We observe from the plots in figures 3.3, 3.4 and 3.5 that the cavity mode local mean

photon number increases significantly with the increase of frequency interval, the squeeze pa-

rameter, the amplitudes of the driving coherent light and parametric pump mode. Moreover,

in view of Figures 3.2 and 3.5, we notice that the local mean photon number approaches to

the global mean photon number as the frequency interval increases for a squeezed parame-

ter(r)=0.9.

3.3 Second order correlation function

The normalized second order correlation function for the light emitted by a two level atom

in a cavity can be expressed, in terms of atomic operators as[12-16]

(G (1)Fa" (t + T)Fa(t + T)Fa(1))
CAOEAGIE
In view of Egs. (2.98) and (2.100), we can express Eq. (2.75) as

g?(r) =

%%(t» = —n{17a(t)) + Q(a(1))
A~ Q2 2 S
= —n{ra(t)) + n<1—+%)(<m(t)> — (1a(1)))-
Again on the base of Eq. (2.78), we arrive at
d 23

) = M) + oy

28
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(3.45)

(3.46)



where
292+ n*(1+ %))
n(1+ )
Moreover, with the base of Eq. (3.3), we can rewrite Eq. (3.47) as

K2

5 — 202(1 — 15)2 4 42(1 4 %)
Ye(l+ E)(1 - &)

A formal solution of Eq. (3.46) can be expressed as

(Gt + 7)) = (ia(B)e™ + Q—) / T e gy

n(1+%
02
= (1ja(t))e ™" + m(l —e ),
so that using the relation
(a' (1)Fa(t)) = (17 (D)),
Eq. (3.49) can be expressed as
(G (t+7)Gu(t + 7)) = (Ga (t)Fa(t))e ™ + Q—2(1 —e™).
An(1+ %)

Applying the quantum regression theorem to Eq. (3.51), we obtain

<(7AaT<t>UAaT(t +7)0u(t + T)du(t)) = <UAaT2(t)‘fa2(t)>e_)\T + (1 + 2_(Z> (1
o Qz<daT(t)da<t)> — AT
= i1+ ) (1 —e"7).

Substituting Eq. (3.52) into Eq. (3.44) and using Eq. (3.50), we obtain

QQ
Ap(rfa(t)) (1 + )

With the aid of Egs. (2.103) and (3.47) , one can express Eq. (3.53) as

g?(r) = (1—e™).

Q2

(2) — AT
g7(7) ( 02 )((292+n2(1+2§))) (1+ k)u e
202472 (14+2) n(1+3) " r

—1—e V.

This is the steady state second order correlation function and it is similar

described in references[3] and [12].
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Figure 3.6: The plot of second order correlation function g (7) in [Egs.(3.48) and (3.54)]
versus 7, for Q = 0.7,7. = 0.7, k = 0.8 and € = 0.2.

In view of Figure 3.6, we observe that ¢(0) = 0 and ¢®(r) > 0 for 7 > 0. This
implies ¢® (1) > ¢®(0), and the fluorescent light thus exhibits the phenomenon of photon
anti-bunching. Because a two level atom can not emit two or more photons simultaneously.
After each emission the atom returns to the lower level and absorb a photon before another
emission takes place and the photons have a tendency to arrive at a detector separately rather

than in pair.
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Chapter 4

Quadrature Squeezing

4.1 Quadrature variance for the cavity mode

Here, we seek to analyze the quadrature variance and the quadrature squeezing of the light
emitted by the system under consideration. The squeezing properties of a single-mode light

can be described by plus and minus quadrature operators|11-14]
ar =a' +a, (4.1)

and

a_ =i(a' —a). (4.2)

The minus quadrature variance for a light beam in terms of the minus quadrature operator

can be expressed as

(Aa_)? = (a2) — (a-)*, (4.3)

which on the base of Eq. (4.2) becomes

(Aa_)* = —(a™) + (a'a) + (aa') — (a®) + (a")? + (a)? — 2(a')(a). (4.4)
Applying the same procedure, the plus quadrature variance is expressed as

(Day)? = (@) + (%) + (aa) + (aa') — (@')? — (@)% — 2(a'){a). (4.5)
In view of Egs. (2.110) and (2.117), we can re-write Eqgs. (4.4) and (4.5) as

(Aa_)? = —2(a®) + (a'a) + (aa'), (4.6)



and
(Aay)? =2(a%) + (a'a) + (aa’) — 4(a)>. (4.7)
Moreover, in view of Eqgs. (2.108), (2.110) and (3.3), we have
392
T 16k(1— =)Ly ez + +( =P+ P

2

(4.8)

Substituting Eqgs. (2.119), (2.122) and (3.2) into Eq. (4.6) and applying Eqgs. (2.8), (2.9) and
(3.3), we obtain

(ha )2 =+, (4.9)

and again substituting Eqs. (2.119), (2.122), (3.2), and (4.8) into Eq. (4.7) and taking into
account Eqs. (2.8), (2.9) and (3.3), we get

(Nay)’ =0 -V —T, (4.10)

where

2 2 _
e +4 2r 2r
Ye (K %) € [e2r e—2r] e +62 2 1

k(K2 —4e2 K
P = £ — , (4.11)
w2
46’70 2 62r+672r_2 62r_e 2r
T+ S (T —+1) - (5—)
U — (k2—4e?) K 2 ) 2 ’ (412)
1 — 4
2
392
(4.13)

T T6m(1— R(E T 0 1 (e

32



(A_ 2 gan M (an, hay

Figure 4.1: The plots of minus and plus quadrature variances in [Eqgs. (4.9) and (4.10)] versus
Ye, for (6 = 0.3, 2 = 0.7, Kk = 0.8, r = 0.5) and plus quadrature variance in vacuum level.

The plots show that the plus quadrature variance is less than the plus quadrature variance
in vacuum level. This shows that the cavity light is in a squeezed state and the squeezing

occurs in the plus quadrature.

4.2 Quadrature squeezing

Here, we seek to study the squeezing properties of the light generated by two level atom. The
quadrature squeezing of the cavity light, relative to the vacuum level, can be expressed as

[15- 18]
(Aa-i-)ga B (Aa+)2
(Aa-i-)%a

where S is quadrature squeezing of the cavity light and (Aay )

S = : (4.14)

2

2o 1s the quadrature variance

of the cavity light in vacuum state. The quadrature variance of the cavity light in vacuum

state can be obtained by putting 2, e and r = 0 in Eq. (4.10). We therefore obtain
2 Ye
(Lay)?, =22 41, (4.15)
K
Now substituting Eqs. (4.10) and (4.15) into (4.14), we obtain

S=1—-(0+&+ M), (4.16)
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where

) e — o] 4 (226 2) 4
2

k(k2—4e2) K
- , 417
Eri-8) o
deve 2e (2" 4e2r—2 e2r _e—2r
€:‘<n2—182>—:(—+2 +1) + 5 — (418
(= +1)(1 - %) ’ '
_ 3Q2
A = Ye 462 1 ’ycg Ye 1 < 2- (419)
1655 + 1)(1 = 5)%(5 + 22 + (Ziz)* (3 + 2]
2
B :
1 1 :.; 1 1 1 4I._

Figure 4.2: The plots of quadrature squeezing [Eq. (4.16)] versus €, for (7. = 0.7, k = 0.8,;r =
0.2) and different values of e.

The plot shows that the squeezing increases as the amplitude of driving coherent light in-
creases; with a maximum squeezing of 60% for (¢ = 0.1) and 50% in the absence of parametric
amplifier. We thus observe that the presence of the parametric amplifier enhances the degree

of squeezing and this result is similar with the results given in references[17] and [18].
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Cundmbure squeczing|8)

Figure 4.3: The plot of quadrature squeezing [Eq. (4.16)] versus 7. for Q = 0.9, k = 0.8,
e=0.3 and r =0.2.

The plot in Figure 4.3 shows that the degree of squeezing enhances with the increase of
stimulated emission decay constant and reaches a maximum value of 70% below the vacuum

state level and this result is similar with the result given in reference[17].
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Figure 4.4: The plot of quadrature squeezing [Eq. (4.16)] versus r for = 0.8, k = 0.8,
e =0.3 and 7. = 0.7.

The plot in Figure 4.4 shows that the degree of squeezing enhances with the increase of

squeezed parameter (1) and reaches a maximum value of 50% below the vacuum state level.
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Chapter 5

Conclusion

We have studied the quantum properties of a light produced by coherently driven two-level
atom available in a cavity containing parametric amplifier and coupled to squeezed vacuum
reservoir. Applying the Master equation, the time evolution of the expectation values of the
cavity and atomic operators have been determined. Applying the large -time approximation
scheme, we obtained the steady-state solutions of the cavity mode and atomic operators.
The mean photon number, the power spectrum of the cavity mode, second order correlation
function and quadrature squeezing are also calculated employing the steady-state solutions.
Our results indicated that the probability of finding two level atom in the lower level is greater
than the probability of finding it in the upper level. As we easily observed from Figures, 3.1
and 3.2, the presence of parametric amplifier, driving coherent light and squeezed vacuum
reservoir enhance the global mean photon number significantly.

Again in view of Figures, 3.3, 3.4 and 3.5, we note that the increase of the amplitude (€2) of the
atomic level coupling coherent light, the amplitude (¢) of the light pumping the parametric
amplifier, and squeeze parameter (r) enhance the local mean photon number of the cavity
light. We have observed that the photons of the fluorescent light are anti-bunched. Moreover,
our results have shown that the light generated by the system is squeezed and the squeezing
occurs in the plus quadrature. In addition, the squeezing increases as the amplitude of driving
coherent light increases; with a maximum squeezing of 60% for (e = 0.1) and 50% in the
absence of parametric amplifier. And the degree of squeezing enhances with the increasing of
stimulated emission decay constant and reaches a maximum value of 70% below the vacuum

state level.
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