NENY,

THE NONDEGENERATE
PARAMETRIC OSCILLATOR
COUPLED TO
SQUEEZED VACUUM
RESERVOIRS

A Thesis
Submitted to the
School of Graduate Studies
of Addis Ababa University
‘in Partial Fulfillment
of the Requirements for the
Degree of Master of Science in

Physics
by

Alem Mebrahtu

May 1998 iR
s QJLL AN r‘_«{
o \

- &
0 ‘I\“.\\»‘F\?“ oy
Addis Ababa Y f;;psi‘;@«s _
pﬁ{’\% oo




Dedication

This work is totally dedicated to my beloved kids: Meazet and Fjden.




Acknowledgements

I am very much indebted and would like to thank from the bottom of my heart to my
instructor and advisor, Dr. Fesseha Kassahun, head, Department of physics, AAU, for his
sustained advice, careful follow up and fatherly treatment, and without his help this thesis
would not have had its present form. [ would like also to express my deepest gratitude to
my beloved wife, w/o Mulu Hailu, not only for her indefinite moral and financial assistance
during my stay here for two years but also for her decisions to confront the difficulties
of loneliness and look after alone our two kids, Meazet and Eden, when I was supposed
to join this program. My mother, father, brothers and sisters, Ato Gizaw Mengistu, Ato
Misrak Gethun, Ato Tesfu Kassaye, Ato Daniel Bekele, my families, friends and intimates
also deserve my heart felt thanks for their contributions to the success of the thesis in one
way or another.

Lastly, I would like to acknowledge the National Regional Government of Tigrai for

sponsoring me to join the School of Graduate Studies.

L

L T
Yl

e [
L



Abstract

Employing the pertinent quantum Hamiltonian describing the interaction of a bwo-
mode light with two uncorrelated squeezed vacuum reservoirs, we derive the equation gov-
erning the time evolution of the reduced density operator. With the help of the resulting
equation, we obtain the master cquation for the signal-idler modes produced by a non-
degenerate parametric oscillator coupled to two uncorrelated squeezed VACUUTR reservoirs.
The corresponding Fokker-Planck equation for the Q-funetion’ 18 then solved employing
the method of evaluating the propagator developed by Fesseha [1]. Finally, applying this
Q-function, we caleulate the quadrature fluctuations and the photon number distributions

for the signal mode as well as the signal-idler modes.
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1. Introduction

In recent times, the subject of squeezing of light has received a great deal of attention
by several authors {2-11]. These nonclassical states of light {squeezed states) are chas-
acterized by a reduction of quantum fluctuations (noise) in one quadrature component
of the light below the vacuum level, or below that achievable in a coherent state, at the
expense of increased fuctuations in the other component such that the product of these
fluctuations still obeys the uncertainty relation {11-21}.

It was Takahashi [16] who first pointed out that a parametric amplifier enhances the
noise in one quadrature component of the signal mode and attenuates the noise in the other
quadrature. This prediction has been confirmed by several authors {11-15,17,18,22 23].
In the initial experiments carried out to observe squeezing, a noise reduction of 4-17%
relative to the quantum standard limit has been obtained [3}. In order to increase the
gain, the parametric medium may be placed inside an optical cavity where it is coherently
pumped and becomes a parametric oscillator {4,8,9,24,25]. Optical parametric oscillators
are quantum devices with a definite threshold for self sustained oscillations [26-28).

Because of the inherent two photon nature of the interaction, the parametric processes
have been studied as a source of squeezed states [4,8,9,26-28]. A quantum analysis of the
parametric oscillation was first given by Grabam and Haken {17]. It had been experimen-
tally reported that, squeezing amounting to a noise reduction of greater than 60% below
the quantum limit, has been achieved in a degenerate parametric oscillator operating be-
low threshold {4,18]. This simple dessipative quantum system has played an important
role in the studies of squeezing.

In a parametric oscillator a strong pump photon interacts with a nonlinear-medium
(crystal) and is down converted into two photons of smaller frequencies. If the two photons
produced in the down conversion have the same [requencies, the oscillator is refe;rred to as
a degenerate parametric oscillator [25,27], otherwise it is called a nondegenerate paramet-
ric oscillator [9} and the two different photons are called the signal and idler photons. The
down conversion of the pump photon into highly correlated signal and idler photons was

observed for the first time in parametric amplification by Burham and Weinberg [29] and



later by Friberg et al {30]. A quantum-mechanical treatment of the nondegenerate para-
metric oscillator is essential since it generates squeezed states with nonclassical properties
which have potential applications in optical communications, gravitational wave detection
[31-33], interferometry [10,34,35], spectroscopical measurements [36] and for the study of
fundamental concepts. '

In quantum mechanics, one can tackle the problem of system-reservoir interaction
based on either the schrédinger formalism which leads to the so called master equation
or the Heisenberg approach which leads to the Quantum Langevin equations. One can
determine the evolution of expectation values of various observables using the master
equation. However, this equation does not provide much physical intuition into the evo-
fution of the system. As a result, the analysis of such physical systems is often carried
out by converting the master equation into a corresponding c-number partial differential
equation called the Fokker-Planck equation . Depending on the nature of the system, this
can be done applying the Glauber-Sudarshan P-function, the positive P-function, or the
Q-function. For systems with nonclassical features such as the nondegenerate parametric
oscillator, for which the Glauber- Sudarshan P-function is highly singular, one may use
the Q-function.

The main objective of this thesis is to calculate, using the Q-function, the quadra-
ture fluctuations and the photon number distribution for the signal mode as well as the
signal-idler modes produced by the nondegenerate parametric oscillator coupled to bwo
uncorrelated squeezed vacuum reservoirs.

The Q-function is expressible in terms of the Q-function propagator and the initial
Q-function. [t is possible to determine the Q-function propagator using the path integral
methods [37] or by directly solving the Fokker-Planck equation. However, we find it to
be convenient to evaluate the Q-function propagator applying the method developed by
Fesseha (1].

The thesis is organized as follows: In chapter two we derive the master equation for the
signal-idler modes produced by the nondegenerate parametric oscillator coupled to two
uncorrelated squeezed vacuum reservoirs. The solubion of the pertinent Fokker-Planck
equation for the Q-function is obtained using the propagator method discussed in Ref.

{1]. From the resulting Q-function, we also obtain the Q-function for the signal mode




as well as for two special cases of interest. In chapter three we calculate, using the Q-
function, the quadrature Aluctuations of the signal mode as well as the signal-idler modes.
We also determine the quadrature fluctuations of the signal mode as well as the signal
idler modes for three special cases of interest. In chapter four we first derive a general
expression for the photon number distribution for a two-mode light in terms of the Q-
function. This is then used to obtain the photon number distribution for the signal mode
as well as the signal-idler modes. Finally, in chapter five we present a summary of the

important results and discuss certain issues of interest.




2. The Q-function

- In this chapter we first derive the equation of evolution for the reduced density operator
for a two-mode light in a cavity coupled to two independent squeezed vacuum reservoirs.
We then obtain the master equation and the corresponding Fokker-Plank equation for
the Q-function for signal-idler modes produced by a nondegenerate parametric oscillator
coupled to the two uncorrelated squeezed vacuum reservoirs. We finally solve the Fokker-
Planck equation and obtain the explicit form of the Q-function applying the propagator
method developed by Fesseha [1].

2.1 The Master Equation

In this section we seek to derive the equation of evolution for the reduced density
operator of a system of two-mode lisht and two uncorrelated squeezed vacuum reservoirs
applying the Hamiltonian describing the interaction between the system and the reser-
voirs. Considering the system to be a nondegenerate parametric oscillator that generates
signal-idler modes, we obtain the corresponding master equation.

Denoting the density operator for the system and the reservoirs by %(t}, the density

operator for the system alone is defined by

A(t) = Tra(x(1)), (2.1)

where T'rg indicates that the trace is taken over the reservoir variables only. The density

operator y(2) evolves in time according to

dﬁ—gt) = % [ﬁSR(t)ai(t)] ) (2'2)

where Hgp(t) is the Hamiltonian describing the interaction between the systern and the

reservoir, A formal solution of this equation can be written as

10 =10+ [t [Honlt) 1(0)], (2:3)

where Y(0) is the density operator at the initial time.




Since the system is not correlated with the reservoir at the initial time {12}, we can

write that

-

X(0) = A(0) R,
in which 5(0) and £ are respectively the density operators of the system and the reservoir
at the initial time. Then in view of this relation, (2.3) becomes
. 1 ft n
20 = i)+ 5 [t [Fsn(t), 2(0)]. 2.4)
0
Substituting this result into expression (2.2}, we get

di(t) _ 1

dt ik

ﬁsa(t),ﬁ([})fi} - %/:dt' [ffSR(t)i [ﬁSR(t,):?%(tl)H

and applying the Born approximation for which
() = HE) 8,
we see that

d‘il(;) = %TTR [f;’sa(t),ﬁ(O)R] — %fot dt'Trg [ﬁfsa(t), [ESR(t,),ﬁ(t,)R]} ) (2.5)

We now consider the system to be a two-mode light with frequencies w, and w; in a
“cavity (one of the end mirrors of this cavity is taken to be partially transmittive) cdupled
to two independent squeezed vacuum reservoirs. The interaction between the two-mode
light and the squeezed vacuum reservoirs is describable, in the interaction picture, by the

Hamiltonian

Hsr(t) =ih |3 A(al A; efteameidt g A}f RIS

}

+ 57 0u(bt By efterantt _ 3 Bf gty | (2.6)
k

in which a (ELT) and E(BT) are the annihilation {creation) operators for the .cavity modes,
fij (/1:[) and By (B;[ ) are the annihilation (creation) operators for the reservoir modes with
frequencies w; and wg, respectively and A; andAg are the coupling constants describing the
interaction between the intracavity modes and the reservoir modes. Applying the cyclic

property of trace and the fact that
Tra (RAsa(t)) = (Hsa()n,
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one can easily see that

g [ Asnl0), 30V = < (sn(0) 70) = 3O Fs(t)a) -

In view of (2.6), we note that

( — 1k 1:2 /‘\ ei(wa-—wj)t _ a(Aj)Re—i(wa—uj)t)

+ Z ’\k(gf<ék)R8£(wbﬂwk)t . B(BI)Re—i(ub—wk)t):l ]

However, for squeezed vacuum reservoirs

(Aihp = (AD), = (Budp = (B =0.

Thus
1 . o
T [Fsa(t) p(O)R] =0,
and as a result, expression (2.5) takes the form

d.«t 1 4 R . PN
dplt) L / di' Try [Hsr(8), [Hsalt), p(¢) B
dt k* Jo

Applying the Markov approximation, in which p(t) is replaced by j(t), and using the

cyclic property of the trace in the first term, we have

_% /Otdt’ [T-rg (R ﬁsg(t)gsR(t’)) pt) —Trr (ﬁsR(i) ﬁ(t)R ﬂSR(t'))

dp(t)
dt
—Trg (ffgg(t') PO):: ffSR(t)) 4 5()Trr (R ﬂsR(f)ﬁSR(t))] .

This can be rewritten as

@) _ 52/ dt (Fsn(t) Fsr() n

T ——/dt t) HSR(t )fISR(t))

- o L[ (8 s
+““5/ dt' Trg (HSR(t)P(t)RHSR(t’)) + / dt' Trr (Hsg(t )p(t)R HSR(i)) .
h* Jo _ R* Jo

We now set {or convenience




(2.8¢)

- 1 ff p 2 ar NP L '
Py = -h—"’f dt' Trr (HSR(t)p(t)RHSR(t )) ’
0

. [ L - U
o=z | @ T (Hsn(®)pl0) 15(2)) (2.:84)

On account of (2.6}, we see that

ﬁSR(t)ﬁSR(t’) = Ph? [z /\j (&TAJ ei(wu-wj)t - &AI e—i(wa~Wj)t)
)
+ Z A}; (%iék e’-(wb—wk)t _ BBI e—t'(wb—w;;)t)]
k

y {\; (3t et — g )

{

b5 A (31 Bt — 18], ())] |

from which follows

(Hsn(t)Hsa(t)r = —F° [Z XA (&TQ(A,—A;)Rei(“’°‘“‘5)‘+5(°’°‘°’*)t'
jl’ '
—&T&(Ajfi:f)ﬁ ei(tua—wj)t—-i(wq—w:)t’)

(aT'BT (Ame)R 6i(wa—w}-)t-!—i(wb—-wm)t" _ &1’ B(AJ};L)R ei(ua-wj)t-i(wb—wm)t’)

i
~ > A (aaf (AEA,) . o ilwamwierilwa—adt _ 32 A} A]) . e-e(wa~wj>t_s(wa_wl):')
Al
— 3 Ahn (aéf(;‘xj{ B, e ilnmntritmem)t ab(AlBL) . g luamui =il )t
fim
+5 AN (?ﬁ&’f (B  lrnsilen—et paiBedl) . ei(wb—wk)t—i(wa_w,)z’)
kl
+) 0 MAm (ETZ( Bi B g eilrmenttilssmemlt BB R es(wb-wk)aﬂe(wbﬂwm)t:)
kym

JI:AI)Re—i(w{,—w;:)th(wa—w;)t’ _ BEL(BLA?)RB—i(wb—wk)i_i{w;_(’;‘)tr)

- ’\k/\m. (BBT (B‘I Bm)R e“'(wb—w;;)t-l-i(wb—wm)t’
k,m
Bl iy itememitamem) |




We note that for squeezed vacuum reservoirs,

(A;AN 5 = —Ma 81250, " (2.102)
(BB g = —Mp bm 2tk (2.100)
(/ﬁ/‘il)g = Nadj, (2.10¢)
(Bl Bua)p = N bm, (2.10d)
(1‘1:‘/1:[)3 = (NVa+ 1)1, (2.10¢)
<Bkér];) = (Ng + 1)éx,m, (2.10£)

At

(AjBu)p = (A;Bl)p = (A B],

7

Ye=0, (2.10¢)

where the subscripts A and B denote the two squeezed vacuum reservoirs, and the pa-
rameters NV, Ng, M., Mp describe the effects of squeezing of these reservoirs. Actually,
the parameters NV and M represent the mean photon number and the phase property of
these reservoirs respectively. For a squeezed vacuum reservoir, the relation between N

and M can be expressed as

IM|? = N(V + 1).

On account of (2.10), expression (2.9) takes the form
(HSR(t)HSR — _ﬁz [Z /\J/\! ( IV_{A 5['3;;0_)' ei(wa—w,')t-[-i(wq—w()t'a'f?

—(Na + 1), fe'(w""”’)t—'(%"w‘)t ala — vy §; 1 e amw)iFilwa—en)t y af

—-1‘/_[‘4 51,2J'a—j e—-i(wa—wj)t—i(wa-—w‘):'az) + Z Ak/\m (“I‘VIB 5m,2k5~k ei(w;,—wk)t-}—i(wb—wm)tfl")fZ

kam

(N 1) T erlermem 31 vy 5, ilnmenttitonan i
so that applying the properties of the Kronecker delta symbol

1 forn=m, ,
Onym = orn=m (2.11)
0 for n different from m,

we get

(isw(t) Hsn(t)g = B [Z (Ajhases Mg eieemssdeitomsmncit
2

8




"f‘/\? (IVA + 1)6i(wq—wj)(t—:')&1'& 4+ /\? IVA e—;(wo_wj)(t—'i')&&‘l'
+AjAgja-; Ma o~ ilwa=wj)t- i{wa—wnja— 1 5 2) +

Z ()\k/\'zkb—k Mg e‘-(“’*’_“"‘)’H"-("’""“’”‘b““)t bh
2

FAL (Vg + L)eflrn =515 4 X3 N; =il =) 3T
ks My e~ momliitanenn 25 |
Now (2.8a¢) can be written as
P = (IMMA&J” b hu(Na+ Dala+ Leaaal + f4a1vaa2) 5(t)
(IleB?)T? + Ing(Ng + 1)bTb + L Ngbb + LuMp 32) FON (2.12)

where we have set

[4
- f 45" Aaiees i)t i(a—wsa -t (2.130)
0 p

[4
= | ar A2 8i(wa-w1')(f—¢'), (?.135)
fa |
i
— dt! AQ e“i(wa—“’j)(t"t‘)’ (2130)
fe sy

14
Lo = /dt' ,\./\2.0_.e""(“’a_wj)t“i(wa—“’?m—:)t" (2.13d)
4 o z 1\ 21a—d

with similar expressions for Iis, los, {3 and Igp. Upon introducing the density of states

g(w), in which
S Ay = [ g 2 = )
: 0
J

we get
/ dw g(W)Mw)M 2w, — @) /dt' gilwa)(t=t) (2.14a)
Ine = / dw g(w)\2{(w) f dt! ¢ilwa=)=1), (2.14b)
I_3a:/ dw g(w) A {w ] dt! et E=E) (2.14¢)
Jo

€

Iie = / dw g(w)Mw)M 2w, — w) f dt! e wee)i=6), (2.144)
0 0




setting t —t' =T, We se€ that

¢ ¢
f At e:i:i(wu—-w)(tv-t’) — f dr eii(wrw)f_
0 0

function of time, the upper Yimit of

Furthermore,
(2.15)

Since the exponential function is a rapidly oscillating
of the approximate relation

integration can be extended to infinity. Thus making use

f pEwa=9)T = 1 §{wa — w) (2.16)
0
one finds
Lo = f dw g(w)A(w) M2wa — w)m d{wa — w), (2.17)
0
and applying the property of the Dirac delta function we obtain
f1a = '”'g(wa))‘?(wu) = léi: (2'18)
where
Y4 = 91 g(wa) A {wa)
s the cavity damping rate for mode A. It is easy to check that
m:m=m:m:%. (2.19)
Similarly, one can also show that
Jip = Top = Iy = Lyp = :%B‘: (‘2-20)
in which
5 = 2rg(ws) A (we)
is the cavity damping rate for mode B.
Substituting (2.19) and (2.20) into (2.12), we have
f=2 (M a4 (N, + )ala+ Na aal + Mad®) A1)
(2.21)

5 (5 512 + (Vo + 1)b1D+ Vg bl + M ) o0

Moreover, using the fact that

¢ t A
f dt’ HSR(t)H_gR(t’) = [ dt’ HSR(t')HSR(i),
0 0

one readily gets the resulf

10




Iy = —2— (M p(t)a al? + (Na +1)p(t)a &+ Napit )aa,f + M p(t)a )
7—;— (JWB ﬁ(t)éh + (Ng -+ l)ﬁ(t)BTE + Np ﬁ(t)bbt + Mg ﬁ(t)i)z) . (2.22)

Applying once more (2.6), expression (2.8¢c) can be rewritten as

i t T T R L S
3=~ fo H#Tre |y N (a Apeiteamuid — g Aj ™" )
J

+ Z Ak (?)T Bk ei(Wb—wk)f _ BBI e—-i(w,;,—wg)t)} ﬁ(t)R
k
x [Z A( (&tAl ei(WG_w()?’ . &A:F e—’i(lﬂ'a—W()t')
l

4+ Z A (i)T B, eilwomwm)t _ f)B:L e"i(“”_w"‘)tlﬂ ;

m

from which follows

A t(wa—Wj)f-%-i{wa_w;)t'

_ ftdt'TrR [Z,\ A,( fa)al A;RAre

_atpad; R Al (ionma=itan=)?)
+2Aj,\m (a’f,a(t) b A; B B ettt _ ot p(1)bA; At ei(waf-wji)t—-i(wb—wm)t')

- Z AjAL ( ERA e'i(“’a""’i)f+5(%—w)i' _ af)(t)&/:l;[}ﬂ%}ﬂ g iwa

- Z A5 A (a,s(t)bT AR Bue

_wj)t—i(wa—wg)t')

—i(wa—w;)t+i(w¢,—wm)t' _ aﬁ(t)?)AIf%Bj'n 8—-i(wu—wj)t—i(wb-wm)t’)

+ Z AkAl ( t)aT BLR A 6'(L'”’_W’")H_'-("”’_w‘)t,r - ?)T A1) ELBA:R fﬂ ei(w“—w*)t“i(“°—“‘)tr)

t(wb—wk)t-l-i(wg,—wm)t' . ?)Tﬁ(t)?)BLR BL ei(wb—wk)t—i(wbv—wm)t')

+z,\k (6t p(e)b Bkt Bme

- Z Y ( t)aTBj fo Ay e ilomonerilunmenlt — bp(H)aBL R Al e-i(wb—wk)t-*(%—wr)t’)

-*z'(wb—wk)t-]-i(wb-wm)t"

- 2 Ao (BR(OH BiRBue

e—-i(wbwwk)t—-i(wb‘wm)t')} . (223)
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Applying the cyclic property of the trace and making use of relations (2.10), (2.11) and
(2.14), expression (2.23) can be put in the form

Py = (11 M @ 5001 + Faa Va1 5(1)0 + Lo W + 15001 + L Ws ap(2)a)

(Iu, M b (03 + Ly Ng BT 5(8)b + as(Ns + 1)) -+ L, Ms Bp(t )“)
so that, in view of (2.19) and (2.20}, we have

’2 (MA atp)al + maalp(t)a + (Va + Dast)a T-|—1\fhc‘zﬁ(t)&)

Ty =
1B it I
5 Mg (t)b Np ( )b +(Ng + 1) (t)b + Mp bp( )b (2.24)
Similarly, one can easily establish that

f= 22 (maalp@al + vaatp(a + (Va+ Daseal + a(1)a)

%B (MB b 5(1)bT g 6T p(1)b + (N + 1) bp(0)B! + M Bﬁ(t)?;) _ (2.25)
Now combining expressions (2.21}, (2.22), (2.24) and (2.25) we arrive at,

dp(t)
di

=L (Na 1) (2ap(af - alap() - prala) + '”éVA (2aTh0)a —aalat)

"tb;-

(2 B a1 + 2550800 — b12p(¢) — pe)bl? — 25ty — p‘(t)z?) . (2.26)

This is the equation of evolution for the reduced density operator of the two-mode light
in a cavity coupled to two independent squeezed vacuum reservoirs. We note that the
effects of the reservoirs are incorporated via the parameters N4, M4, Ng and Mp.

We now consider the two-mode light in the cavity to be the signal-idler modes produced
by a nondegenerate parametric oscillator. In a nondegenerate parametric oscillator a
strong pump light of frequency wy interacts with a nonlinear-medium {crystal) inside the
cavity and gives rise to a fwo-mode squeezed light (the signal-idler modes) with frequencies
w, and wy such that we = w, + wy. We take w, and wy to be the frequencies of the signal

and idler modes, respectively. With the pump mode treated classically {in which the

12




amplitude of the pump mode is assumed to be real and constant), the nondegenerate

parametric oscillator is described in the interaction picture by the Harmiltonian
1, = ihwro (@b~ afdt), (2.27)

where & is the coupling consbant and 7o is the amplitude of the pump mode. Hence the
naster equation for the signal-idler modes coupled to bwo independent squeezed vacuum
reservoirs, in view of (2.26) and (2.27), has the form

‘dn _t 5 . 4 R 12 A At .
) _ i (ahpte) = DR+ pojalbt —albla)

11 (Nt 1) (2 aptyal — alap() ,a(t)a\‘a) + '“;VA (2 alp(tya — aalp(t) - 3(t)aal )

+AM2/IA (24! syl +2apa—alp(t) = plal — A #H0)

"‘{ N B

(N +1) <2ap(t F - 3hpt) — p(t)bTb) ( 2bl 5 (t)bebbtp(t)—-p(t)bbT)

+”_d’32”13 (Qbfp(f)b’wsz(t)b—b’f p(t) — A _p(e) — PO (2.28)

This master equation, which is the basis of our analysis, describes the interaction inside the
cavity as well as the interaction of the signal-idler modes produced DY the nondegenerate
parametric oscillator and the squeezed vacuum reservoirs via the partially gransmitting

mirror.

2.2 The Fokker-Planck Equation

In this section we derive the Fokker-Plank equation for the Q-function and then obtain
the solution of the resulting equation. In order to obtain the Fokker-Planck equation for
the Q-function corresponding to the master equabion (2.28), we first put all terms in

normal order. Applying the commutation relations

i
[a,5(@.aD)] = o (29
aal
{aT fla,a ‘L)} —f;af(aéa ) (2.290)
we see thab
iy
a5 = pi+ Eﬂ% (2.300)




where the density operator

b= p(a,al,5,57,0)

(2.300)

is considered to be in normal order. On the basis of (2.30) and the relation

(&, be] = bla, & + [8,8)3,

we see that

R . dp
abp = apb+ &a——-
SRR

Furthermore, employing the identity
8,0 dp . 9%p
_T == —a _l._. o
“ouf T ot atobi

along with (2.30a), one can put (2.31a) in the normal order as

95 . Op, 0%

—a+ —+ -
ot " T oat T aatant

abp = pab +

Similarly, applying (2.306) and the relation

Obst _ 3100, 9%
Fao =0 92 " 9a0h’

one readily obtains

Then combination of expressions (2.31¢) and (2.32b) leads to the resuls

-~ ‘2-\
5 ap*_}_ Tap bfap 8p3+ dp

(2.31a)

(2.31b)

(2.31¢)

(2.32q)

(2.32b)

2A.

d*p

i35 g+ galih il = |
WP PO TP m A= o 0T8T gl T padh

Applying (2.29) once more, one gets

_0_8 apA - a%p
“Pa " da" gadal’
ap P 9*p
Pt o080
95" 0a  gadal’
from which we can easily show that
N OUUC S RS DA i
ala =apal — a
P = pe = oo r )~ Gagat

o (239)

(2.34a)

(2.340)

(2.34¢)




atan _ sant J . .. a%p )
alap = apa' — —(pa 34dd
In view of the last two expressions, we obtain
7 d 5*p
susal - atap— pata = 2(58) + —p(al p) + 2—L=. 2.35
p p—p PG aaT( P)+2 s ( )v
Since
aat =ala+1, (2.36)
we get
aialp + paal = atap + pala + 2p. (2.37a)
On account of (2.30), the above expression can be put in the form
_ a
st s+ paal = 2atpa + 2 (at5) + = (p2), (2.375)
oal da
which can be rearranged o give
as _ants_saat = — (-2 qats _élu) | 2.3
26! pa — aa' p — pag 8&‘1(a DEEAVONE (2.38)
Employing the relations
atpat = af2pyat 22, (2.394)
da
. aap, 0P
apa = pa” + P a, (2.396)
43
Aotz oxi 0P 0%
sal? = al?p 4 2l o+ o (2.39)
dp 8*p
@p=pat+2——a+ , 2.39d
| p=p T ot (2.39d)
one can readily show that
2 A 2 A
oot s gaan_atts_salt s pato — (224 ZEY (24
72@ pal + 2apa —a'“p — pa a%p — pa 55 -+ a2 (2.40)

Now combining expressions (2.33), (2.35), (2.38), (2.40) and similar expressions asso-
ciated with b and bf, the master equation (2.28) has the form ‘

dp(t) [39 51 4192 Tap 0p, 0 O }
e =R b 4+ —b+ —=+ =
g Ty e O T el 2a0b | oalobl

74 d
+ L Na + 1) [aA(pa)-l-

9 (st ﬁi}_ﬁ&{a ot _?mu}_
(@) 2 7 | 5T @R + a0~
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"/A 8%p Bzﬁ] 18 [0 0 it 0%p J
M + + BV +1 B+ 2ot ) 4222
A [8 i pal? (N3 +1) Bb(p) PP
'.(BNB{ Q apn, 0 ] 78 [62 02;3]
- —(b + b Mg 2.41
2 |0 A 0| - M o o (241)

In order to transform the above master equation into a c-number Fokker-Planck equa-
tion for the founction, we multiply (2.41) on the left by {a,f | and on the right by
| a, B), so that

2Q [n(aﬁ #? 9 9 9 a,)

@+ zaa + 5+ 50

En 5208 T sarap- V5%t o8
32 YA d 3} " ",(AA/IA 02 ik
Fralat Vatae T2 (aa % ) B (80:2 - 305“2)
o* B d d - B Mp o? o*
++v8(N5 + 1)8_85,8" + o (aéﬂ + B—Eﬁ ) - (662 + 95 ] @, (2.42)

where
E * 1 AL A ~ 7 7
Q= Qe 0,8, 8,8) = —la 8 | plal, a5, b,6) | o, 6).

This is the Fokker-Planck equation for the Q-function for the signal-idler modes produced
by the nondegenerate parametric oscillator coupled to two uncorrelated squeezed vacuum
Teservoirs.

We now proceed to obtain the solution of this equation. Introducing Cartesian coor-

dinates defined by

a =2, + iy, (2.43a)

af =z — i, (2.43b)

B = z2 +dys, (2.43¢)

B™ = zy — iy, (2.43d)

we note that

z = %(a +af), (2.43¢)

y= e a), (2.43f)

= BE), (2.439)

— %(ﬁ — 6. (2.43R)
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Otie can easily show that

% _ %(2;% - 631)’ (2.44a)
ai* = %(8%1 + i%), (2.44b)
% - %(é"?j; - iaiyg)’ (2.44¢)
% _ é(a%? 4 iaiyg)' (2.44d)
Making use of these relations, it can be verified that
2 2 2
ari;ﬁ = 411 (ax?amz - 33;?;1/2 B iaa:?@yz ” iay?am) (2.45a)
5%‘& = ! (3i2 «8—?-’;5{1 + zaa z1 + 2a—a*;y1> (2.450)
c‘;z*ﬁ = % (% 2y — 881 Yo + ¢ 6aly2 + zaiylwcg) , (2.45c)
2 2
%a_ I (ail - ailyl+i5%yl_i5%xl>, (2.45¢)
2 ) 2
2= (o o 55w (2557
a% - % (&% )+ aa y2+zaiy2—ia%m2), (2.45h)
2
g;zi(ié“ié‘%&im>' (2.453)

Thus combination of the these results and their complex conjugates along with expression

(2.43), one readily obtains

a_Q“[m,o ¢ * N, (a o 9 _i-)
3t |2 \92:82s  0yidym) | P\B dz T I Byt

_i_"{A(JVA + 1) ( o* n h@i) v a4 ( d? % )

4 02 T 95 ) T T4 \oad 0y

w(Np+1) (0 9\ ysMp (ﬁ_ﬁ)] 9 46
i (amg+ay§ r \oat " 9)| 9 (246)

where ) = Q($1:$2:y1)y2!t)‘
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Next introducing the transformation defined by

T =T+ U,
Ty =% — U,
n=y+v,
Ya =0V — Y,

one easily gets

I
2 = (21 + 29),

1

’U.:—(:?Il—i,“g),
1
y—ﬁ(yl—yg),
= St
——2!}1 Yo )

In view of these relations, we have

o _1(0 2

8931—2 3:1, 81& !
J _1 ﬁ_ﬂ)
dry 2\9z Ou/’
2 _1(8,2)
Ay 2\9y /)’
9 1(9 9

Ay, 2\0v Oy)’

from which one readily obtains

r__i(r 2
Oz,0zy 4 \0z2 Ju?)’

v__1(2
Oy Oyy 4 \ Ov?

82
571

é?gl—xgxikwiﬂa;— ‘u—l-

d 170 d d 0
&—";:m = 5 (-8—$—:r:-l— 5_;;“_ E'c— 3—uu>
d 170 0

5_341'% 5(“8";

.2 i_fl)
v ay-i-ay By

(2.47q)

(2.475)
(2.47¢)

(2.47d)

(2.484a)
(2.43b)
{(2.48¢)

(2.484)

(2.49a)

(2.490)
(2.49¢)

(2.49d)

(2.500)

(2.506)

(2.50¢)

(2.50d)

(2.50§)




%l—é(%x+%u+%x+%u>, (2.509)
a%yl = % (%y + %u + ; y+ a—i”) , (2.504)
9  1/9 @ 9 .
=] (a_ R a—) , (2.50)
a—i‘;y? -3 (%y S ) ’ (2:507)
aa—;f - i (;%25 . aﬁ; gaj; ) , (2.500)

) 2 :
aa_a,-g = LlI (503,_2 Ea{ﬁ B 8fdu> ! (2:50m)

) e 2
,5%_% - i (86_312 % 256—0) _ {(2.50n)

On account of expressions (2.49) and (2.50), the Fokker-Planck equation given by (2.46)
can be written as '

3Q [sp(d & & & (o, 0 9 0
o 18 \Gm T ow o) TP\ T e Tt a

+ ('TA(JNA +1) +v5(Ng +1)) (az 2 9 o ) .

G 52 "o T T o

YalNVa + 1) = 9(Np + 1) & 9* 7 -f-’YB) (ﬂ g
( 3 doin yaw) T\ 4 92" T aatt

012 T4~ 1aMs+ 18 M
—y+ —v |+ u iu_l_im_'_?,_.v_’_gﬂ _(fAJf AT YBMp
Uy o y 16

82 82 62 62 “)’AI‘/IA — "TBA/-[B 62 82 :l
8 (sz t 5 T ar %) * ( 8 ) (axau - 8y3’u> 9 (28

where Q = Q(z,y,u,v,t).

Now setting

YA =B =17, (2.52a)
Ny = [VB = !\r, ‘ (2.525)
My = Mg =M, (2.520)
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expression (2.51) takes the form

0Q _ [sro+y(N-M+ 1)£“’_ 4+ B + (N + M+ I)_@i
at 8 dz? 8 dy?

=YV -M+1) & k(N +M+1) 87

3 ou? 8 dv?
26047 (8 8 N 2kp-v(0 9 )
T (am” Dy ) " a9 (2.53)

In order to solve this differential equation using the propagator method discussed
in Ref. [1], we need to transform the above equation into a schrodinger-type equa-

tion. This can be achieved upon replacing (%,g—y,;—u,%,m,y,u,v) and Q(z,y,u,v,t)

by (ipz, 1Py, tPu, Py, T, ¥, %, 9) and | Q(t)). Hence equation (2.53) becomes
d’Q(t)) -[_/\lﬁz_"j\zq _’}3«2 As o

: ASaa s
e ey e R Y SRy PR Ry %)

~igtivi+ )] 1Q(0) = 1Q0), (25)
in which

M=Ky + (N — M + 1), (2.55a)

Ar=wy+y(N+M+1), (2.550)

N = w90 — (N — M + 1), (2.55¢)

As = myo — (N + M +1), (2.55d)

As = 2670 + 7, (2.55¢)

e = 2670 ~ 7. (2.551)

A formal solution of (2.54) can be put in the form

| Q@) =U(1) | Q(0)), (2.56a)
where .
U(t) = exp(—i Ht) (2.56b)
and
ad ,/\ ~ ,A " ./\ A ./\ - /\ A A ’ P /\ A A * A
H = —zgl—pi - 3§2p§ + z§p§ + 2—8‘-1-}:)3 - Ei(pzw + pyy) + ?ﬁ(puu + pu0). (2.56¢)
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Upon multiplying (2.56a) by (z,y,u,v | on the left, we have

Q(z, g, u,v,8) = (z,9,%,v | U(t) | QO), (2.57a)
where
Q(z,y,u,v,t) = (z,¥,u,v | Q(t)). (2.57b)

Introducing the four-dimensional completeness relation for the position eigenstates
= /d:c’ dy' du' dv' | oy u ey v (2.58)
in expression (2.57a), we see that
Qz,y,u,v, t) = /da:' dy’ du' dv' Q(a:,y,u,-v,ﬂ:c’,y',u’, v, 0)Q.(2', ¥, u', v, (2.59a)
in which

Qole!, ' ') = (3,2, 0'|Q(0)) (2.506)

is the initial Q-function and
Q(z,y,u v, b, ¢, v, v, 0) = {(z,y,u, 2Ty, ) (2.59¢)

is the Q-function propagator.
According to Fesseha {1], the propagator associated with a quadratic Hamiltonian of

the form
n

ﬂ@hm@@M@mﬂ:E:Mﬁ+mm@ﬁ+qmﬁ] (2.60)

i=1

is expressible as

Q(2y, - -Tn, tla], 2, 0) = [ ] H 825 ex p[ 5/ t")dt' +15'c}, (2.61)

where S, is the classical action, { is a parameter connected with operator ordering and &;

is a constant different from zero. On comparing (2.60) and (2.56¢), we see that
('IBIJ Loy T3, :1:4) = (:I:: Y, U, U)J

cx::cy:cu:c.,:[),

by = by = —2




Ag

bu=bu=—2—

and for the antistandard operator ordering { = 1. Thus the Q-function propagator asso-

ciated with the Hamiltonian (2.56¢) is expressible as

2 2 29 & 3 -
L[S %S, %5 9%5: )% isalazle (g 6o

. v.1 LA 10 e e T
Qz,y,w vty v, v, ) 42 3x’3may'3yau'3u8v’5v

In order to obtain the explicit form of this expression, we should first determine the

classical action. To this end, we note that the Hamiltonian function corresponding to the

quanturmn Hamiltonian (2.56¢) is given by

A A A
H:-—iglpi—i—é A

3 8

With the help of the Lagrangian

L=y api—H

and the Hamilton equations

. oH
B =
O
one can readily show that
22 /\5 24 As 22 /\6 o 21

2

D= B eyt g+ ) - - ) - 50
1

Applying the Euler-Lagrange equations

4fony oL
dt \ 0%; a:r:;——’

along with (2.66), it can be easily verified that

/\5 P .
A

i — (gs)zy =0,
A

% - (?ﬁ)zu =0,
1\‘

v - (?b)zv =0

The solutions of these differential equations can be written as

As LY,
z(t) = are? " +age” T,

22

(A A A
Pl i i - —;(pz—m +pyy) T f(pu‘u + puv)-

(2.63)

(2.67)

(2.68a)

(2.68b)
(2.68¢)

(2.684)

(2.692)




y(t) = ble%it + bze_‘%it, (2696)

u(t) = et + e, (2.69¢)
-3 (2.69d)

o() = dre® + dae

Now substituting these expressions and the corresponding first order time derivatives into

(2.66), the Lagrangian takes the form
2 bz o2 dz
P L AP S W At 2.
1 5(,\1+,\2 e 21 Ag )\3+/\4 e (2.70)

On account of the above result, the classical action defined by

Se = j;TL(t)dt

takes the form
2
2 dg) (1), @7

a?. b?,
c — }\ "_1‘ L AET —_ -/ - -
S. =% 5(,\1+)\g> (e 1) + 2ide /\3+/\'§

Applying the boundary conditions 2;(0) = 2} and zi(T) =2{ n (2.69), one gets
A
o"ezT — 2
=T (2.72a)
A
B yue-—zﬁ-’r _ yr
—Ag
_ufie—TT —u
Cy = e—»\sT ) ' (2726)
—ig
v”e‘TT '
Inserting the above expressions into (2.71) and replacing (z,3" w' v, T) by (&4, ¥ 1)
we get
2 -z e%’i‘y y =y e%&‘)2
S, =2 | v =) A ——
X | o) (@ D)
' Fuezzﬁt)z (v’ —ve:%s“t)2 )
%k | ——7T v S 2.73
ToAs TN (et - 1) u e (et — 1) (273)
5o that employing this relation, we obtain the following results:
2 Dy pmt
0*S, dids €7 (2.740)

520z M(et —1)
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PS5, didged _
Byoy = h (e 1) (2.746)

9%S. 4idg e~
dudw A (e=dst — 1)’ (2.74¢)
%3S, PN e Rt

41)56 2 (274d)

Budy' | Agle—t—1)
Thus, in view of (2.74), the Q-function propagator (2.62) takes the form
4)\5/\6 6(‘\5_'\6)1‘
T,Y,U, 1t-’: ’: ’:'110 = e
Q( y u,v ‘?: y U U ) ﬂ_-z ,\1/\2/\3,\4(6'\5‘—1)(3_)‘5':—1)

e 25 2% — 9y ei}ami + pletst . ym — 2y e%ﬁ-tyf 4+ yze.\st
xT —
Pl o) n e

2 w? — Oy ettty 4 yle—tet N 0 — 9y e Tty ple=tet . (2.75)
(e=2et — 1) As Ad

Considering the signal-idler modes produced by the nondegenerate parametric oscil-

lator to be initially in a two-mode vacuum state, we see that the initial Q-function is

Qole, 8) = =5(el, B10,0(0, 01!, 8) = eap(~a"a’ ~ 6F'), (2.76)

and in terms of the Cartesian variables (2.43¢-2.43d), this equation becomes

1
Qo= 20,41, 12) = —eap [ (27 + 27 +37 +47)] (2.77)
Furthermore, in terms of 2/, 3/, v’ and v/, one can write

/dmi da:lZ dy; dy; QD(:B;.! 3:,2, y;)y;) = V/da:f dy’ dul dv’ QO (3;,3 y’? u’? v’)!

. in which
QU wf’yf’ ul’ 'U’ — l—J*J*e:IJp _2 mfz + y"z + ulz + Uf2
2

and J is the Jacobian of the transformation given by

8z dzy Oz 87y
gz By Ou Jv
8z2 83y 81y Or
J = 8z 8y Bu B
dy 3y dyy dm
dr 8y 8u dv
8ys wr 9y By
dz Oy du dv

Making use of (2.47) in the above expression, one can easily show that |J| = 4. Hence
4
Qo(e’, ', v, v) = S exp [-2 (27 + 97 +u” + v (2.78)
T
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Moreover, combination of (2.75) and (2.78) along with (2.59a) leads to

16As g etrs o)t z Y

_2/\5 2 2)
YJ ) )t = . M A2
Qeryrmwt) =5 ,\1,\2,\3,\4@'\5*—1)(e-f\sf—1)e”'pL"ﬁ‘—l s

Ag
2)6 u? o v? o As dz g e
e N d‘l 211 A 12 e
e ()l L “p[ (14 D) e
A
o0 )\5 ’ 4‘9’)\5 Ekﬁit
_ N _2 1 ¥ !
X _mdy exp [ ( + ————,\1(8'\5‘ — 1)) yo+ —-——*——Az(e,\sg — 1)y
(0]

Ast

[ /\6 4le\6 e—T
! /2 ey
e /; du' exp | —2 (1 + '__H_—‘/\l(e"‘ﬁf — 1)) w+ -__F_,\l(e""sf — 1)1::}

r A
o e o du g e~
e 2 o
X f_m dv' exp | -2 (1 + ——-+—-—/\1(6_Ast — 1)) v+ d—MAl(e“'\st — 1)0_ . (2.79)

Then carrying out the integrations applying the relation

/ da’ exp [ﬂkx’z +dz'] = \/% exp [%} , k>0 (2.80)

oo

the Q-function (2.79) turns out to be

4 2 2 2 2
E t:-—""‘"—“"_' _.___2____2_.___.2____2 2.81
Ay, ) Wz\/mexp { a1$ azy asu a4U ’ ( )
where
At (6’\“ — 1) + As
a; = Ase‘\sf , (282(1)
)\g (8/\55 - 1) + )\5
g = Asg'\sf y (282b)
/\3 (C—Ast — 1) + /\6
ag = Se et (2.82¢)
and
Ay (6720 = 1) + A
G )+ e (2.824)

)\56_)‘st
It can be easily verified that the Jacobian of the inverse transformation is |J/| = %-

We can then write
fd:c dy dudv Q(z,y,u,v,t) = /d$1 dzs dyy dy2 Q' (1, CuYuY t), (2.83)

in which
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1 1 .
— (2 + 22)* — — (1 — y2)’

4
' !
T x y ,t = '] ———————C%
Q' (w1, 22,41, Y2, 1) | lﬁz (0102030, p[ 2aq 2ay

1 2_ L 2
)~ et 4 )] (2.84)
is obtained from (2.81) employing the inverse transformations (2.48). Now taking into
account expressions (2.43e-2.43%) along with (2.84), one can readily verify that
Qo e, 8,57, 1) = S H—l——(a-}-a“-l-,@-*-ﬁ*)?'-% -}*(a—a“ - B+ 37
1EHE T 2 Ja g da Gy P 8ay 8a,
—-—}m(a-{-a‘ ﬁ—ﬂ*)g"}'"l—(a—ag-l-ﬂ—ﬁ')?
Bas 8(14 .

Finally, the Q-function for the signal-idler modes produced by the the nondegenerate

parametric oscillator coupled to two squeezed vacuum reservoirs is given by

Qa, 0", 3,87,1) = %e&"p [—by(a e+ B7B) + ba(aB + " 07)

. s 1 . 9 ” w
+bg(aﬁ* -+ C).’*,B) + 554(0‘.’2.-%- a"? + ,B‘ "“ ,8 2)] f (280)
where
1
D= ———, 2.86
Ay e Q3 Ay ) ( )
1 /71 1 1 1
blz—(—+~—+-—+—), (2.87a)
4 [e5] ag (45 Gy
. 1 1
4 a4 Gy a3 Q4
wet(clpli L), 2570
4 ay G a3 Q4
by = - (—i LI i) (2.87d)
4 ay ax a3 U4 '

It can be readily verified that the Q-function (2.85) is normalized.
We now proceed to obtain the expression for the Q-function for some special cases
of interest. When there are no squeezed vacuum reservoirs (r = 0), that is, when the

external environment is an ordinary vacuum, the quantities given by (2.55) reduce to
A1 = /\'2 = K + Yy (288&)

A3 =AM =KYo — 7 (2.88a)
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As = 2870+ 7» (2.88a)
e = 2kv0 — - (2.88a)

and in view of these results, (2.82) becomes

M (2% 1) + s

ay = ay — AseAst y (289{1)
Ag (6—‘\“ - 1) + /\6
— o, =
g = 4 — Ase—’\st . (2896)
Furthermore, applying these relations in (2.86), one readily gets
1
D=—, (2.90)
ai1ds
1 /1
b= = (F LY, (2.91a)
VAR az
by = - (l_ _ L) , (2.915)
2 \ a3 ay

b3 = b.; = 0. (2916)

Thus, the Q-function (2.85) for this case takes the form

\

Ola, oy B*1) = =P [—3 (i—f—“—) (oo + 676)

T2 aids 2 aiaa
1 - .
2 ayas

This is the Q-function for the nondegenerate parametric oscillator coupled to ordinary
vacuum [2]. On the other hand, in the absence of damping (v = 0), expressions (2.55)
and (2.82) reduce to |

A = g = Az = Ag = K0 (2.93a)

A = Do = 21 = 2570, (2.93)
ay = aq = "7 cosh kYot (2.93¢)
as = ag = € cosh &0t ' (2.93d)

Then applying these results, one can easily obtain

D= L sech*&7ot, . (2.94¢)
@103
b= BBy (2.946)
2&1(13
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a1 — dz

N
I

= — tanh kot (2.94c)
26&1&3

bg = 54 = 0. (2.94(1)
Making use of (2.93) and (2.94), one can put expression {2.85) in the form

. . sech? kot . . . g
Qla, ", 8,87°,t) = ——?T?iemp [~a'a— 576 — (te.x-nh wot)(aff + o B7)]. (2.95)

This is the Q-function for the nondegenerate parametric amplifier.
We next seek to obtain the Q-function for the signal mode. We note that the Q-

function for the signal mode is given by

Qe 1) = / 28 Q(a,a", B, B 1),

so that using (2.85) and the relation

d*a 1
— & —(IIO[* -|—bla_}_’*+A’ 2+Br 2] . -
T P[ : o “ “ ] Va* —4A' B
T r 42 11.2
xemp[abCIAC +Bb], o >0 (2.96)
a“ —4A'B
one finds the Q-function for the signal mode to be
, D A A .
Qoo™ t) = Wewp [ﬁaa*oz + 3 (a2 + a*2)] , (2.97)
in which
Y = b — b3, (2.984a)
i
a = o (b + ba) [bu(by ~ ba) + 2baba) = by [ba + bo]") (2.980)
1
=y ((bl + by) [ba{b1 — by) + 2b253] + ba [0 + 53]2) . (2.98c¢)

Upon integrating (2.92) and (2.95) with respect to 8 by employing (2.96), one readily
finds the Q-Tunction for signal mode in the absence of a squeezed vacuum reservoirs and

in the absence of damping to be

, 2 2 A
0,07 1) = e | — oo 2.99
o ) w{ay + aa) “op [ a1+ as ] ( )
and
. sech?kyot ) .
Qla, 0", 1) = ———"Loewp [-~(sech’syot) ()] (2.100)
respectively.
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3. Quadrature Squeezing

!';.'!\

[n this chapter we seek to analyze the intracavily quadrature fluctuations for the
signal mode as well as the signal-idler modes produced by the nondegenerate parametric
oscillator counpled to two squeezed vacuum reservoirs using the Q-functions (2.85) and

(2.97).

3.1 Quadrature Squeezing of the Signal Mode

The squeezing properties of a signal-mode light are described by two Hermitian oper-
ators defined as

= al +a, (3.1a)
by = i(al — &) (3.10)

These quadrature operators obey the commutation relation
(G4, &z] = 2. (3.1¢)

The variance of these quadrature operators can be put in the form

(Aa)? =1+ 20202y + @1 + @ — @h) ~ @ —2ehy@, (320
(Aa) =1+ 20ata) - @1 - @)+ @)+ @ —2ah@. e

We now proceed to calculate the expectation values involved in expression (3.2). Ap-
plying the relation
\ ©0
(Aa,al)) = f PaQla, o, ) Aua, o), (3.3)

in which A.(a, @*) is the c-number equivalent of the operator ;1(&, &‘L) for the antinormal

ordering, one can write that

(a) = /_oodzaQ(a',a*,t) . (3.4)

[we)

In view of (2.97), this can be written as

o D9 [T de LA . e
(a)—\/}_/ab _mTemp[maaa—l—z(a + o )-l-ba]

)
5=0
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and on the basis of (2.96) for which ¢d=0and A'=B= %, one can verify that

(a) = D E_[MH = 0. (3.5a)
b=0

Tl o A

Similarly, one can show that

(@l =o. (3.5b)
Now on account of (3.5), expression (3.2} reduces to
(Ba)? = 1+ 2af &) + @) + @), (3.60)

(Aa)? =1 +2(ata) — (a1?) - @), (3.6b)

Making use of the fact that the c-number equivalent of &1 4 for the antinormal ordering

‘s o — 1 and applying (2.97), one can express (3.6a) in the form
D d a 9

- 2 = i, i i

(Adq)" = 7 [1+2( 5 1) +5 acl

oo g2 " A
o f d“_ﬁa_ exp {—aa‘a + (% + b’ + (5 + c)cz"‘?}

s
b=c=0

-0

from which, with the help of (2.96), one obtains

D g 9 0 1
(A&1)2:_{M1_g_u+_+__]__d~___—— ,
YL Toe 0b 0 del o a(4 4 B)(5 +9)

b=c=0
so that upon carrying out the differentiation and setting b=c =0, we get
D : 2a 2A
Ag ) = e | =1 5 T T 3.7
(Ad) Y(a* — A?) [ 1+a2——A2+a2»—Az] (37

1t can be easily shown that

P (3.8)
/Y (a% — A?)
Hence the variance of d; given by (3.7) reduces to
(Ady)? = 2y (3.9a)
a—A
Similarly, one can verify that
‘ 2
Aby)® = - 1. 3.9b
(Ade) ot A (3.99)
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Now on account of (2.87) and (2.98), expression (3.9) takes the form

(A& =ay+tas— 1, (3.10a}
(Adg)* = a2 +as— 1, (3.106)
so that in view of (2.82) we see that
DS Gl D+A A (e — 1)+ A
ARG S G L Asle™™ — )8 :
(Ath) = /\56‘\“ + /\38_’\“ 1, (SIIa)
M@= A A (et —1) +A :
" N2 2 5 4 1] .
(B = ot T e L. (3.110)
We note that the nondegenerate parametric oscillator < in a steady state for 7 > 2670
Hence at steady state (t — o), the variances described by (3.11) reduce to
Ay A
(D) =T+ b (3.120)
/\5 /\5
A b
(Ady)* = T+ Mo, (3.12b)
s As
and with the aid of (2.55) one can rewrite these expressions as
. AN — M) +1
(Ad)* = -’—‘“'—*‘_"‘_1 (B ) (3.13a)
¥
(A& = AN+ M) +1 (3.130)
YT T L (e :
it
We recall that for a squeezed vacuum reservoir
N = sinh®r, (3.14a)
M = sinhr coshr. (3.14b)
. On account

where 7 is the squeeze parameter taken to be real and positive for convenience

take the form

—2r .
N e
(Ady)* = *1—_—(5_@,—);, (3.154)

4

of these relations, expressions (3.13)

2r
N e
(Ad)* = Ty o (3.15b)
¥
Using (3.15) one can show that
(3.16a)

(A&1)2 <1,
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when

"> —%ln (1 - (2?’")2) (3.16b)

(DNég)? > 1, (3.16¢)

and

for any value . This shows that the squeezing of the signal mode occurs in the first
quadrature for the value of r specified by (3.165). |
We now consider some special cases of interest. When r = 0, substitution of (2.88)
and (2.89) into (3.11) leads to
1 — g (r-2mn)t {(1 — gm0ty . 20 (1 4 gmixnt)
o]

At steady state, when the parametric oscillator is operating below threshold, this equation

(3.17q)

reduces to

(Bd)? = (Ad)? = | 1 (3.17)

— (Evey2
1— (22
which is greater than unity. Hence the signal mode in this case is not in a squeezed state.

In the absence of damping, application of (2.93) and (2.94) in expression (3.11) yields
(Aa)? = (Ady)? = 2 + 1, (3.18a)

where

7 = shin® kot (3.180)

is the mean photon number for the signal mode in this case. The variances (3.18a) indicate
that the signal mode is in a chaotic state as expected.
Furthermore, in the absence of parametric interaction (& = 0), comhiﬁation of (2.55)

and (3.14) yields

M=V M) =D (e, (3.194)
d= (N 4+ M+ 1) =2 (7 +1), (3.196)
Az = — Ay, (3.19¢)

A= g, © (319d)

ds = —ds =, (3.19€)



so that in view of these results expression (2.82) becomes

1

a =g (e"zr +1) -+ %e“”t (1- e}, (3.20a)
s = % (¥ 4 1) + %e”’t (1—¢"), (3.200)
as = a1, (3.200)
ay = Gy (3.20d)

Employing these values in (3.11), one obtains
(Ad)? =20 —1=1- (1-e") 1 - ] <1, (3.21a)
(Alp)? =202 -1 =1+ (1—e™™) [ —1] > 1L, (3.21b)

and at steady state these relations reduce to

(8a) =™, (3.22a)
(M) =€, ’ (3.220)

which are the quadrature fluctuations of the squeezed vacuum reservoir A.

3.2 Quadrature Squeezing of the Signal-Idler Modes

In this section we seek, applying the Q-function (2.85), to investigate the squeezing
properties of the signal-idler modes produced by the nondegenerate parametric oscillator
coupled to the two squeeged vacuun reservoirs.

The squeezing properties of a two-mode light are described by two quadrature opera:

tors defined by

1 “
b= (an+ b)), (3.230)

1 “
fy = —— a : 323b
Ca 5 (ag -+ bz) . ( )

where 7

4, = @l +a), (3.240)
b = (b +B), | (3.245)
i, = i(al — &), (3.240)




by = i(bT — b) (3.244)

and & (B) denotes the annihilation operator for the intracavity mode a (b). The quadrature
operators & and & satisfy the commutation relation [&1, &2) = 2.

On account of expression (3.23), the variances

(A&): = (&) - (&1)%, (3.25a)
(A&)* = (&) — (&) (3.25b)
can be written as
U DU VSV
(A&)? = §(Aa1)2 + —2-(13131)2 + (@1, b1), (3.26a)
, 1, ., 1, - . .
(A&)* = §(Aaz)2 + §(Abg)2 4+ (@, ba), (3.266)

in which
(a, by) = (abi) — (@ (o) (3.27)
In particular, when a and b represent the signal and idler modes, respectively, i, can be

shown that

(A& = (8B, (3.28a)
(Dén)? = (BB2)". (3.28b)
It then follows that
| (A& = (Ad) + {8, b, (3.290)
(A&)? = (Ada)* + (B2 by). (3.295)

We now proceed to obtain the explicit form of (3.29). In view of expressions (3.24) and
(3.3), we sec that

(8:by) = / PadBla" +a)(F +B)Qaa™ B8 (3.30)
Then applying the Q-function(2.89) in this equation, we have

5 o . _ b .
(a1b1) = D] da (e + a)exp [——bm"‘a + %(oﬂ2 + a"Q)}

o T

X /Oo d—jrﬁ(ﬁ‘ + ﬁ) exp {——b;ﬂ*ﬁ + (b‘z&' + bg&’*)ﬂ JrA(bngx + béa)ﬂ* + %th;(ﬁg + ﬁ)‘?)} .
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On setting
K = by + bsor”,

- © o, , . b . ) 3,
(a161} = Df —ﬂ_—(a -!-Oi)eillp \:—bla o + E‘i(a2 -E‘C{z)] (5}? + aI{*>

— 00

x [ eap (60878 + (b boo?)B + (s B8 ¢ L+ 0

so that performing the integration with respect to 3 on the basis of {2.96) and carrying

out the differentiation, we obtain

. D
a1b) =
(@b = 77

 {? _ A
(by + ba)(bz + b3) ] f~ﬂ_—0[(a2 +a™ + 20" a)exp {—aa‘a + E(a2 + a‘z)l ,

from which follows
.3 D 0 d *® d? . A .
(quI) = '},—%'(lh + bq)(bg + bg) (Q'B—A' - 2%) ‘/_00 —ﬂ—e:r,p {HCLQ’C{ + E‘(Cz’? + (_‘r.'?'):\ .
Next, integrating over o and carrying out the differentiation, we get

e D '2A+2a) 1
a1h1) = — T . 3.31
(@ba) Y3 (by + be) (b2 + b3) (a?—A2 Vet — A? (3:31)

Making use of expression (3.8) along with (2.87) and (2.98), the above equation reduces

ko

(&151) = {1 — @3- (332)

(&1)(51> =0. (3.33)
Therefore,
(a1, b)) = a1 — a3 (3.34)
Similarly, one can easily show that
(&27?32> = 3 — 04. _ : (3-35)

Now application of (3.11), (3.29), (3.34) and (3.35) in (3.26) gives the result
(A&)? =241 -1, (3.364)

(A&)* = 2aq4 — L. (3.36b)

35




On account of (2.82a), (2.82d), and (2.55), the quadrature fluctuations of the signal-idier

modes take the form

. +y(NV - M +1) (on (2

A 2 _9 KYo 1 — (250t + (25’)0+“f)t _ 1, 3.37

(0 =2 [T ) e (3.370)
g — (N + M

(L\ég)2 ~9 {h’)‘o ;’J‘E’fy + if[ + 1) (1 _ e—(q—?ﬁ'ru)t) + e—(ﬂ,r—2m'o)t] _1. (3375)
o —

Finally, in view of (3.14), we have

(A& =1- (1— Gy {1 - e ] <1 (3.380)
7 + 2%
and
@2 &,

Ad) = 1 4 (1 — g~ (2wl r—”e————1] > 1. 3.38b
(Aa) =1+(1—e¢ ) "y (3.380)

Hence the signal-idler modes of the nondegenerate parametric oscillator coupled to two
independent squeezed vacuum reservoirs are in a squeezed state.
We now proceed to consider some cases of interest regarding the above quadrature

Quctuations. At steady state (2 — 0), (3-38) can be put in the form

(Aél)zz( ! )e'z", (3.394)

v+ 2670

(Aag)%( 1 )e?r. (3.39b)

v — 26%0
In addition, at threshold (7 = 2k70) one easily obtains

(A&) = %6“2", (3.40a)
(A&)? — oo (3.400)

These results indicate that, for large value of 7, 2 squeezing approaching 100% below
the vacuum level can be achieved ‘0 the first quadrature whereas an infinitely enhanced
fluctuations occurs in the second quadrature.

In the absence of squeezed vacuum reservoirs (r = 0), expression (3.38) becomes

oyt (et )

(A&) = W <1, (3.41a)
‘ — (9% —(v—2x0)¢
(Ad)? =2 ( Jf‘;mﬂ ) o1 (3.410)
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This shows that the signal-idler modes produced by the nondegenerate parametric oscil-
lator in the absence of squeezed vacuum reservoirs is also in a squeezed state. At steady

state and at threshold, these relations reduce to
e
(881)° = 2, (3.41¢)

(A&)* — co. (3.41d)

We see that for this case there is only a 50% reduction of noise below the vacuum level
in the first quadrature. This result is in complete agreement with result obtained by B.
Daniel and K. Fesseha [2]. Moreover, in the absence of damping (v = 0}, expression {3.38)

reduces to

AR = o7l < ] (3.42q)
AR = e¥mt 5 1 (3.420)

which are the quadrature fluctuations of the the signal-idler modes produced by the
nondegenerate parametric amplifier,
Finally, when there is no parametric interaction inside the cavity (£ = 0), expression
(3.38) reduce to
(A& =1-(1-e")[1-e"] <1, (3.43a)

(A& =1+ (1—-e) [ =1] > 1, (3.43b)

which leads, at steady state, to the quadrature fluctuations of the reservoir modes A and
B given by
(A&) =e™™, (3.440)

(A&)? = e, (3.44b)

When we compare relations (3.41¢), (3.41d) and (3.44) with (3.39), we see that the quadra-
ture variances at steady state is the product of the variances of the nondegen'era,te para-
metric oscillator coupled to ordinary vacuum and the the variances pertaining to the
squeezed vacuum reservoirs. Furthermore upon comparing expressions (3.22) and {3.44)
vwe observe that, at steady state the variances of a single-mode squeezed vacuum reservoir

as well as those of two independent squeezed vacuum reservoirs are the same.
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4._ The Photon Number Distribution

In this chapter we seek to derive a general expression for the photon number distri-
bution in terms of the Q-function for a two-mode light. Employing this result we next
determine the explicit form of the photon number distribution for the signal mode as well
as the signal—idler modes produced by the nondegenerate parametric oscillator coupled
to two independent squeezed vacuum reservoirs. We also calculate the photon number
distribution for the signal mode as well as the the signal-idler modes for three himiting
cases. .

The photon number distribution for a two-mode light, described by the density oper-
ator p(al, 4,81, 5,1), is defined by

~

Plnym, 8) = (n,mlp(al, & b1, 3, 0)ln, m), (4.1)

which represents the joint probability of finding n photons of mode a and m photons of
mode b at any time ¢. Introducing the two-mode completeness relation for coherent states
5 * Pod?p
- [ =2 e pen (42
o BT

cO

twice in (4.1), we see that

T

o Podf b P e
P(n,m,t):f —“—57”-;—@,m|a,ﬁ)<a,ﬁ|p(af,a,bf,b,t)m,y)(n,m,m). (4.3)

We recall that
(n,mla, B) = (n|a)(m|B), (4.4a)
g1, (4.40)

In view of these results, expression (4.3) can be put in the form

1 dzad‘zﬁyndz P L
P(”’m’t):n[msf s
1. 1.1 1 s
xewp | —ga'a - 78— on'n — ov V}( Bla(at,a,b1, 5,8/, ). (4.5)

Expanding the density operator in normal order we have

pla ]L B b,1) Z Cijm(?) ALLER

i]lk {=0
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and noting
(o, BT My, v) = o807V (adn) (BIv),
“latata® f?"‘i"?'ﬂ,

{afp) =77

one can easily show that

® dZa n o xt_—c'c ~ dzn Joxn—nntotn
R

1,7,k 0=0 -2

e d26 i * oo CI?V . . *
x/ —7; .Bmﬁ*keuﬁﬁ/ —?T—u!u“"‘e“" L
—_C = 0O

This expression can be rewritten as

d2 «f —ou
P(n,m i) = Z Cisue(t) / _;:_Yana te

l.},i.l 0

n i 0o ]
% o~ 9 {/ d2’76—n'n+a‘n+an’l
Jar 0o | J_w T =0

dﬁﬁ m =k -—ﬁ I B am a{ © d2V —U'v-l-ﬂ‘v-l-bv'j\
X/_w P T f_w .

Now carrying out the integrations with respect to 7 and ¥ according to the relation

b=20

(2.96), one readily obtains

——dga Nyt o o [e*]
il T e dar Dot

(n m, t a=0
ik d=0
d?lg m =k -,Gﬁa a( bﬁ'
X /—00 ﬁ 'B abm aﬁxl ]|b:0'
Then performing the differentiations with respect to o* and 87, we get
o
* da n *i_—a'a " j ata
P(n,m,t) = Z Cini(t) [ Ta oe Ban [“’JB ”.;:o

d2 m p=k — a *
X/_ 5.8 ABL JGﬁabm [b[eﬁ b] Ib:o'

This can be put in the form
]

1 bt o am a” B' *® o —a‘a+aa*+ca)l
P(n,m,t) = p—"y Z Ciju(t) YT { bac B ([_m —¢ L

i),k d=0
b:d-_-:()‘l

o o / dzﬁ _ppbp’ +dﬁ)
3dm Bb* T
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Furthermore, carrying out the integrations over o and §, and differentiating with respect

to a { 7 times) and & ( k times), one readily obtains

1 an an o™ am e - bd
P = - igkptene
(,m, %) n! m!dan Hem Gbm 9dm | ; . Cisnalt) € L ¢
L A=

a=¢=b=d=0
Finally, upon replacing (g, ¢, b, d) by (o*, o, 87, 8), the photon number distribution for a
two-mode light takes the form

ﬂ_2 a?n an

Pl t) = o s g (@ e BN e ey (46)

where

Qona BB ) = > Ciult) a'a 6.

ik, =0
From (4.6), it can be verified that the photon number distribution for a single-mode light

has the form

a?n } e
;;-!‘ 30{”3&*”’ [Q(a’ o Jt) ¢ ] |a=a-=0 , (4:7)

Pln,t) =

4.1 The Photon Number Distribution of the Signal Mode

In this section we seek to obtain the explicit form of the photon number distribution
for the signal mode produced by the nondegenerate parametric oscillator. Employing the
Q-function (2.97) in expression (4.7), the photon number distribution for the signal mode

can be written as

_ D 62n * A 2 %2 jl
P(n,t) = T V7 Gonda exp [(1 —a)a o+ 5 (o? + )

(4.8)

a=o*=0

Now expanding the exponential in power series, we have

e(l—a)a'o: - i (i:a_)i(asa)i} (49‘1)

3!

O

:i( ) ﬂ', (4.95)
:i( ) *%. (4.9¢)

On account of these relations, expression ( ) takes the form
D 1 _ A itk an 1.;.2;‘ an ax:’-}-?k
Pln,1) = a)l (AN o (o) 0" (o)
z' LR\ 2 Ba“ da*m
1 J ’s 0 a=c*"=0
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Carrying out the differentiations using the identity

m! N
33:“( ") = (= n)!a: (4.10)

and applying the condition

one finds

D& (—a) (&Y G+ (42
= —— Sivain Oivakn. (411
Py =75 2 K e - Gzl (i

Thus applying the property of the Kronecker delta symbol described by (2.11), one can

1,J,k=0

easily see that

i+ 27 =n,
i+ 2k =mn,
from which follows
j=k
i=n-—2].

Since factorials are defined for nonnegative integers, we note that

3 < (4.12a)

n
2
when » is even and .

jg”;1 (4.125)

when 7 is odd. Consequently, -the photon number distribution for the signal mode 1s

oy

expressible as

n!

() ; H
Pt = Zo() - iy

in which
for n even

[n] =

FErTIE]

2=l for n odd
This result indicates that there is a finite probability of finding an odd number of signal

photons in the cavity.
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Now we consider three special cases of interest. We first take the case for which r = 0.

For this case application of (2.91) in expression (2.98) leads to

ay + a3

Y=b6= 4.14
! 2&1&3 k ( U:)
2
a= : (4.145)
a1+ as
A =0, (4.14¢)

so that combination of these results and expression (2.90) along with {4.13) yields

(=] n—2;
2 2 ! n!
Pln,t)= ———— 31~ —"— LN
() (a1 4 a3) & (1 a + a3> (G1)? (n —2)! o2

Then making use of the property of the Kronecker delta symbol again we have

P(n,t) = _ % (1 __3_.)’1 (4.15a)

- (a1 + as) —O‘.1+a3
On account of relation {3.3) and the Q-function (2.99), the mean photon number for the

signal mode in this case takes the form

-1 ' (4.15b)

and substituting this result into expression {4.15a) we get

P(n,t) = t—ﬁd%m (4156)

This is the photon number distribution for the signal mode in the absence of the squeezed

vacuum Teservoir.

In the absence of damping, substituting expression (2.94) into (2.98) results in

Y =1, (4.16a)
a=1-0b =1 - tanh? KYot, ‘ (4.165)
A=0, (4.16¢)

and in view of these results expression (4.13) can be put in the form

b (Lanh? kyot)” n!
— eenh? Yot) ™
P(n,t) = sech” rvyot § G (n = 29)!

j=0

80,25
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Then making use of relation (2.11) we have

n 2
tanh fvmt] - (4.17)

Pn,t) = [ cosh x7yot
This is the photon number distribution for the signal mode produced by the nondegenerate
parametric oscillator in the absence of cavity damping.

Now we would like to calculate the photon number distribution in the absence of

parametric interaction and at steady state. For this case expressions (3.20) reduce to

ay = e coshr, (4.18a)
as = e’ coshr, - (4.18b)
a3 = Gy, (4.18¢),
ay = ds. (4.18d)

Then substituting these results into expressions {2.86) and (2.87), one easily gets

D= - sechr, (4.19a)
ai0y
b= 9 g (4.19b)
2(11(12
by = b3 =0, (4.19¢)
by= L= % _ _tanhr, (4.19d)
2a1ay

Furthermore, application of these results in (2.98) yields

Y = 1 — tanh®r = sech® r, (4.20a)
a=1, (4.200)
A = —tanhr, (4.20¢)

and on the basis of these results, (4.13) can be put in the form

{n} 2j
tanhr n!
P(n, f) = sechr E (—- 5 ) (j')2 (n — zj)!50,n—2j.

i=0

Applying relation (2.11) once more, we see that

“
H
M| S




and hence

1))
However, factorials are defined for nonnegative integers only and as a result we have

0 if nis odd

tanh™r__ (=1)*(n)?
nt M coshr  [(Z)]?

P(n) =

if o is even

Finally, the photon number distribution can be expressed as

_ 1 tanh™r _
P(n) = 9% coshr H;(0), (4.21a)
in which
—1\Enl -
H,(0) = ZHEn (4.21b)

()
is a Hermite Polynomial. Expression (4.21a) is identical to the photon number distribution
for a single-mode squeezed vacuum state . This result shows that for £ = 0 and at steady
state (¢ — co) what we have in the cavity is only the squeezed vacuum reservoir A. One

can also see that (4.21a) has the same form as the photon number distribution of a

degenerate parametric amplifier with r replaced by x+ot.

4.2 Photon Number Distribution of the Signal-Idler Modes

Next, we seek to obtain the photon number distribution for the signal-idler modes ap-
plying the Q-function. Then substituting expression (2.85) into (4.6), the photon number
distribution for signal-idler modes produced by the nondegenerate parametric oscillator

coupled to two uncorellated squeezed vacuum reservoirs can be put in the form

D 82na2m
nl m! o dardpmopm

P(n,m,t) = ezp((1 — bi)(a"a + F78) + ba(af + o™ F7)]

xexp |az(af* + o B) + %4-(0:2 +a?+ 8%+ ﬁﬂ)} (4.22)

In order to carry out the differentiations, it proves to be convenient first to expand

ar*=a=p*=0F=0

the exponential functions involved in expression (4.22) in power series:

. (=]
. — Vo af
8(1—5;)(1&: § :(l 1}!0{ i 1

/=0

bprp S~ (1= b )75
s 5 (L)

}
g=0
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= hhﬁh

Bbgaﬁ - Z b?‘o;bf H

h=0

eI KR s I
bga'ﬁ‘ . bga ﬁ
e = E A
1.

1=0

® i i
ebsaﬁ' _ b3a ﬂ
= E N RPN

|
= 7

00 gk <k ok
ebaa'ﬁ _ Z b3a B
T

k=0
00 byl 2
e(éi)al _ Z ( -2) a
' 1
(=0 !
o0 b *2
A%mz__zz(%V“ i
= I
p=0

r=0
Introducing these expressions into (4.22), we see that

oo (1——b1)fbg+ib§+k(%)r+p _g"_[(a)f+h+j+'2!l

D
P(n,m,t) =l Z . TN AR n
nt £ hai gkl p=0 fUatdl gkl Il pl Dox

a=0

o wy fHi+k+2p _}_ = (1= bl)g(%”)q“
X Haen [(a ) ] oroo T M,};:O gt g r!

o gt+hik+2g agHiti+er

L[| g L

Application of (4.10) and the condition a =a* = =f"=0 leads to
o (L= b)) (fHhtg+2d)

P{n,m,t) = f Z

fherk{)p 0

BV T )
ARa Il (frhti+t2=n) fehkivdh

=2, (1-b )9(4)”’ (g+h+k+29)

y (f+itk+2p) o 23
(f+2+k+2p n)! f+z+A+2pn ng ” gq*rl (g.{_h_*.k_}_gqr_m)[

(g+i+j+2r)

. At SR SN AF e, ST NR PR Y 4,23

><65'+h+k+2<;r,m (g n ; +j 1o — m)! g+itit2r, ( )

Making use of the property of the Kronecker delta symbol, one gets
F+hti+2l-n=0, (4.24a)
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f+i+k+2p—n=0

(4.24)
g+h+k+2¢—m=0, (4.24¢)
g+i+j+2r—-m=0, (4.244d)

so that, in view of these results, expression (4.23) takes the form
nlm! (1 — bl)f+gbg+fb§+*(é4_)i+p+q+r
P(n,m,t) =D Z : —— 2 . (4.25)
! Poal R st ELTE ol gl pl
I flgt LG UENT plogl rt

This is the photon number distribution for the signal-idler modes.

Now we proceed to obtain the photon number distribution for the three cases previ-

ously considered. In the absence of squeezed vacuum reservoirs (r = 0), application of
expressions (2.90) and (2.91¢} in (4.25) leads to

P(n,m,t) = 1 Z nlml (1= )/ 403" 654k0 Stpptatro (4.26)
T 4102, g o frgthtdt gLk ploglr! !

from which, in view of (2.11), one easily obtains

Then substituting (4.27) into expression (4.24), we get

f+h—n=0

f+i—n=0
g+th—m=0,

g+t—m=0.
It then follows that

h =1,
f=n-—h,
g=m-—h,

and consequently expression (4.26) takes the form

min(n,m) m—2h 12h

1 ntm! (1 — o))"t b3
N . 4.28
P(n,m,t) t1as g bl (n— ) AL (m — A)! (428)
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Furthermore, when n = m, we obtain [2]

P(n,n,t) = —l—-jgj [577733———~}2(1 by )R g2, (4.29)

— AM
aydq heo n h).
When the port-mirror is assumed to be hundred percent reflective (v = 0), substituting

(2.94) into (4.25), one can easily verify that

oo

3 nd m! (= tanh ky0t)*"*" 8715,00544,0 Sttptarro
FrglALil LRI pl qi ot '

P(n,m,t) = sech® kot
f!gihjfvj:krlvppq,‘l':(}

(4.30)
Now applying relation (2.11) in this expression, we get
f=g=j=l=p=qg=r=0
and in view of these results, (4.24) reduce to
h—n=070,
1—n =70,
1 —m =,
h—m=20,
which leads to
h=i=n=m
Consequently, expression (4.30) turns out to be
n 2
P(n,n,t) = [%} (4.31)

which represents the photon number distribution of the signal-idler modes produced by the
nondegenerate parametric amplifier. Comparison of expressions (4.17) and (4.31) shows
that the photon number distributions for the signal mode and the signal-idler modes are
identical. This indicates that, in the absence of damping, the probabilities of observing »
signal photons and the joint probability of observing n signal and n idler photons are the
same.

Lastly, we consider l.:he case when there is no parametric interaction inside the cavity
(« = 0). Application of (3.20) in expressions {2.86} and (2.87} yields

= % = [I + (I — 6"2'”) sinh? 7']“1 , (4.32)
102
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aytaz  (1—e)sinh?r

by = Q0,03 1+ (1 — e~27) sinh? r (4.33a)
by = by =0, (4.335)
by = ar—az _ —{1 —e""}sinhrcoshr (4330)

2aqia3 1+ (1 — ") sink?r
Then substituting (4.33b) into expression (4.25) and making use of relation (2.11), one
can easily verify that

h=j=i=k=0,

and on the basis of this result, (4.24} reduce to

f+2l—n=0,
f+2p—n=0,
g+2¢—m =10,
g+2r—m=20,
from which we see that
I=p,
r=gq,
f=n-2l
g=m— 2q.

Consequently, expression (4.25) takes the form

(2], [m] n—20 (byy2l m—2g {B412 ]
) (&) nl (1 —b)"" ()% m!
P(n,m,1) {; T CICE (4.34)
where
(n] = % for n even,
n=1 for n odd,

2
and with a similar expression for m. From this expression we note that there is a finite
probability of finding an odd number of photons associated with each squeezed vacuum
reservoir mode. This is due to the fact that, although photons in each reservoir exist in
pairs, there is some probability for an odd number of photons from each mode to enter

through the port-mirror.
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At steady state, expressions (4.32) and (4.33) reduce to

D = sech® r, (4.35)
b= 1, (4.350)

by = by =0, (4.358),

by = —tanhr. (4.35¢)

Applying once more (2.11)}, one can readily obtain
n—20=0,

m — 2¢q = 0.
Thus, in view of these results, expression (4.34) takes the form

1 tanhnt™
nl ml! 2ntm cosh

P(n,m) " H2(0) HZ(0), (4.36)

in which H,(0) or (H,(0) is the Hermit Polynomial described by (4.21b). From the
property of the Hermite Polynomial, we see that the joint probability of finding an odd
number of n photons of the squeezed vacuum reservoir A and m photons of the squeezed
vacuum reservoir B is zero. Expression (4.36) represents the photon number distribution
for two independent squeezed vacuum reservoirs. When we made a comparison between
expressions (4.21a) and (4.36) we see that, at steady state, the photon number distribution
for two independent squeezed vacuum reservoirs is the product of the photon number

distributions of each squeezed vacuum reservoir.
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5. Conclusion

We have derived the time evolution of the reduced density operator for a two- mode
light coupled to two uncorrelated squeezed vacuum reservoirs. Employing the resulting
equation, we have obtained the master eqﬁation for the signal-idler modes produced by a
nondegenerate parametric oscillator coupled to two independent squeezed vacuum reser-
voirs and consequently the pertinent Fokker-Planck equation for the Q-function. We have
solved this Fokker-Planck equation applying the propagator method developed by Fesseha
(1].

We have calculated the intracavity quadrature fluctuations for the signal mode and
signal-idler modes using the pertinent Q-functions. We have also obtained the quadrature
fluctuations for the signal mode and the signal-idler modes for three cases of interest.

We have seen that the signal mode at steady state is in a squeezed state for cerfain
values of r. We have also shown that the signal-idler modes produced by the nondegen-
erate parametric oscillator coupled to two squeezed va,cuum-reservoirs are in a two-mode
squeezed state at any time ¢ and for any value of r. Furthermore, we have shown that
at steady state and at threshold it is possible to produce an arbitrarily large squeezing
(approaching 100%) in the first quadrature with enhanced noise in the second quadra-
ture. In the absence of squeezed vacuum reservoirs, at steady state and at threshold, we
have seen that a maximum of 50% suppression of noise below the quantum limit can be
achieved. This is in complete agreement with results obtained in Ref. [2].

We have derived a general expression for the photon number distribution for a two-
mode light in terms of the Q-function. Applying the resulting expression, we have obtained
the photon number distributions for the signal mode‘ and for the signal-idler modes.

In the absence of squeezed vacuum reservoirs, we have shown that the photon number
distribution for equal number of signal and idler photons has the same form as the result
obtained in Ref. [2). We have also seen that photon number distribution, in the absence
of cavity damping, has the same form as the photon number distribution of a two-mode
squeezed vacuum reservoir [38] with r replaced by s+yot. For the case when there is no

parametric interaction inside the cavity, we have found that there is a finite joint proba-

50




bility of finding odd numbers of photons associated with the squeezed vacuum reservoirs.
This indicates the possibility for odd numbers of photons to enter into the port-mirror.
However, at steady state the joint probability of finding odd numbers of photons is zero
and this joint probability is simply the product of the photon number distributions of the
squeezed vacuum reservoirs A and B.

Finally, we would like to point out that one of the main tasks in the this thesis has
been solving the pertinent Fokker-Planck equation for the Q-function. This has been done
by transforming the the Fokker-Planck equation in Cartesian Coordinates (2.53) into a
schrodinger-type equation and then determining the corresponding Q-function propagator
using the method discussed in Ref. {1]. This method is applicable for obtaining an explicit
form of the propagator associated with a quadratic Hamiltonian of arbitrary form. The
task of evaluating the propagator using this method essentially reduces to the problem of

solving the Euler-Lagrange equations.
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