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Abstract 

Employing the pertinent quantum Hamiltonian describing the interaction of a tw;­

mode light with two uncorrelated squeezed vacuum reservoirs, we derive the equation gov­

erning the time evolution of the reduced density operator. With the help of the resulting 

equation, we obtain the master equation for the signal-idler modes produced by a non­

degenerate parametric oscillator coupled to two uncorrelated squeezed vacuum reservoirs. 

The corresponding Fokker-Planck equation for the Q-function' is then solved employing 

the method of evaluating the propagator developed by Fesseha [1}. Finally, applying this 

Q-function, we calculate the quadrature fluctuations and the photon number distributions 

for the signal mode as well as the signal-idler modes. 
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1. Introduction 

In recent times, the subject of squeezing of light has received a great deal of attention 

by several authors [2-11]. These nonclassical states of light (squeezed states) are char­

acterized by a reduction of quantum fluctuations (noise) in one quadrature component 

of the light below the vacuum level, or below that achievable in a coherent state, at the 

expense of increased fluctuations in the other component such that the product of these 

fluctuations still obeys the uncertainty relation [11-21] . 

.It was Takahashi [16] who first pointed out that a parametric amplifier enhances the 

noise in one quadrature component of the signal mode and attenuates the noise in the other 

quadrature. This prediction has been confirmed by several authors [11-15,17,18,22,23]. 

In the initial experiments carried out to observe squeezing, a noise reduction of 4-17% 

relative to the quantum standard limit has been obtained [3]. In order to increase the 

gain, the parametric medium may be placed inside an optical cavity where it is coherently 

pumped and becomes a parametric oscillator [4,8,9,24,25]. Optical parametric oscillators 

are quantum devices with a definite threshold for self sustained oscillations [26-28]. 

Because of the inherent twa photon nature of the interaction, the parametric processes 

have been studied as a source of squeezed states [4,8,9,26-28]. A quantum analysis of the 

parametric oscillation was first given by Graham and Haken (17]. It had been experimen­

tally reported that, squeezing amounting to a noise reduction of greater than 60% below 

the quantum limit, has been achieved in a degenerate parametric oscillator operating be­

low threshold [4,18J. This simple dessipative quantum system has played an important 

role in the studies of squeezing. 

In a parametric oscillator a strong pump photon interacts with a nonlinear-medium 

(crystal) and is dawn converted into twa photons of smaller frequencies. If the two photons 

produced in the down conversion have the same frequencies, the oscillator is referred to as 

a degenerate parametric oscillator [25,27]' otherwise it is called a nondegenerate paramet­

ric oscillator [9J and the two different photons are called the signal and idler photons. The 

dawn conversion of the pump photon into highly correlated signal and idler photons was 

observed for the first time in parametric amplification by Burham and Weinberg [29] and 
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later by Friberg et al [30]. A quantum-mechanical treatment of the nondegenerate para­

metric oscillator is essential since it generates squeezed states with nonclassical properties 

which have potential applications in optical communications, gravitational wave detection 

[31-33], interferometry [10,34,35], spectroscopical measurements [36] and for the study of 

fundamental concepts. 

In quantum mechanics, one can tackle the problem of system-reservoir interaction 

based on either the schriidinger formalism which leads to the so called master equation 

or the Heisenberg approach which leads to the Quantum Langevin equations. One can 

determine the evolution of expectation values of various observables using the master 

equation. However, this equation does not provide much physical intuition into the evo­

lution of the system. As a result, the analysis of such physical systems is often carried 

out by converting the master equation into a corresponding c-number partial differential 

equation called the Fokker-Planck equation. Depending on the nature of the system, this 

can be done applying the Glauber-Sudarshan P-function, the positive P-function, or the 

Q-function. For systems with nonclassical features such as the nondegenerate parametric 

oscillator, for which the Glauber- Sudarshan P-function is highly singular, one may use 

the Q-function. 

The main objective of this thesis is to calculate, using the Q-function, the quadra­

ture fluctuations and the photon number distribution for the signal mode as well as the 

signal-idler modes produced by the nondegenerate parametric oscillator coupled to two 

uncorrelated squeezed vacuum reservoirs. 

The Q-function is expressible in terms of the Q-function propagator and the initial 

Q-function. It is possible to determine the Q-function propagator using the path integral 

methods [37] or by directly solving the Fokker-Planck equation. However, we find it to 

be convenient to evaluate the Q-function propagator applying the method developed by 

Fesseha [1]. 

The thesis is organized as follows: In chapter two we derive the master equation for the 

signal-idler modes produced by the non degenerate parametric oscillator coupled to two 

uncorrelated squeezed vacuum reservoirs. The solution of the pertinent Fokker-Planck 

equation for the Q-function is obtained using the propagator method discussed in Ref. 

[1]. From the resulting Q-function, we also obtain the Q-function for the signal mode 
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as well as for two special cases of interest. In chapter three we calculate, using the Q­

function, the quadrature fluctuations of the signal mode as well as the signal-idler modes. 

We also determine the quadrature fluctuations of the signal mode as well as the signal 

idler modes for three special cases of interest. In chapter four we first derive a general 

expression for the photon number distribution for a two-mode light in terms of the Q­

function. This is then used to obtain the photon number distribution for the signal mode 

as well as the signal-idler modes. Finally, in chapter five we present a summary of the 

important results and discuss certain issues of interest. 
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2. The Q-function 

In this chapter we first derive the equation of evolution for the reduced density operator 

for a two-mode light in a cavity coupled to two independent squeezed vacuum reservoirs. 

We then obtain the master equation and the corresponding Fokker-Plank equation for 

the Q-function for signal-idler modes produced by a nondegenerate parametric oscillator 

coupled to the two uncorrelated squeezed vacuum reservoirs. We finally solve the Fokker­

Planck equation and obtain the explicit form of the Q-function applying the propagator 

method developed by Fesseha [1]. 

2.1 The Master Equation 

In this section we seek to derive the equation of evolution for the reduced density 

operator of a system of two-mode light and two uncorrelated squeezed vacuum reservoirs 

applying the Hamiltonian describing the interaction between the system and the reser­

voirs. Considering the system to be a non degenerate parametric oscillator that generates 

signal-idler modes, we obtain the corresponding master equation. 

Denoting the density operator for the system and the reservoirs by X(t), the density 

operator for the system alone is defined by 

p(t) = TrR(x(t)), (2.1) 

where TrR indicates that the trace is taken over the reservoir variables only. The density 

operator X(t) evolves in time according to 

dX(t) 1 [iI () '()] ---;J.t = iii SR t ,x t , (2.2) 

where iISR(t) is the Hamiltonian describing the interaction between the system and the 

reservOIr. A formal solution of this equation can be written as 

x(t) = X(O) + i~ 1'dt' [iISR(t'),x(t')] , (2.3) 

where X(O) is the density operator at the initial time. 
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Since the system is not correlated with the reservoir at the initial time [12], we can 

write that 

x(O) = j;(O)R, 

in which j;(O) and R are respectively the density operators of the system and the reservoir 

at the initial time. Then in view of this relation, (2.3) becomes 

x( t) = j;(O)R + i~ [ dt' [HSR ( t'), x(t')]. (2.4) 

Substituting this result into expression (2.2), we get 

dX( t) 1 [, ,,] 1 l' '[' [ , ,,' ]] ----;[t = ih HSR(t), p(O)R - h2 0 dt HSR(t), HSR(t), X(t) 

and applying the Born approximation for which 

x(t') = j;( t')R, 

we see that 

dp( t) 1 [ , ,] 1 1" [ , '" ,] ~ = ih TrR HSR(t), j;(O)R - h2 0 dt TrR HSR(t), [HSR(t), j;(t )R] . (2.5) 

We now consider the system to be a two-mode light with frequencies Wa and Wb in a 

cavity (one of the end mirrors of this cavity is taken to be partially transmittive) coupled 

to two independent squeezed vacuum reservoirs. The interaction between the two-mode 

light and the squeezed vacuum reservoirs is describable, in the interaction picture, by the 

Hamiltonian 

HSR(t) = ih [~,\(at rlj ei(Wa-Wj)' - aA) e-i(wa-w,),) 

+ L "\k(bt Bk ei(Wb-Wk)' - bBt e-ih- Wk )')] , 

k 

(2.6) 

in which a (a t) and b (bt) are the annihilation (creation) operators for the cavity modes, 

Aj (A}) and Bk (ilt) are the annihilation (creation) operators for the reservoir m'odes with 

frequencies Wj and Wk, respectively and '\ and"\k are the coupling constants describing the 

interaction between the intracavity modes and the reservoir modes. Applying the cyclic 

property of trace and the fact that 
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one can easily see that 

In view of (2.6), we note that 

+ L Ak(bt (ih) R ei(Wb-Wk)t - b(Bt) R e-i(Wb-Wk)t)] . 

k 

However, for squeezed vacuum reservoirs 

Thus 
(2.7) 

and as a result, expression (2.5) takes the form 

dp(t) 1 [' I [ • • I' I .] dt = -1i2 io dt TrR HSR(t), [HSR(t), p(t ) R] . 

Applying the Markov approximation, in which p(tl) is replaced by p(t), and using the 

cyclic property of the trace in the first term, we have 

d~~t) = _ ~2 [dt' [TrR (RHsR(t)HsR(t' )) p(t) - TrR (HSR(t) p(t)RHsR(t' )) 

- TrR ( HSR( tl)p( t)R HSR(t)) + p( t)TrR ( R HSR(t/)HsR( t)) ]. 

This can be rewri t ten as 

vVe now set for convenience 

. 1 l' . . f, = 2 dt/(HsR(t)HsR(t')hp(t), (2.8a) 
Ii 0 

(2.8b) 
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(2.8c) 

" 1 r', (" "") r 4 = li2 io dt TrR HSR(t')p(t)RHsR(t) . 
(2.8d) 

On account of (2.6), we see that 

HSR(t)HsR(t') = _liz [~>j (at Aj ei(wa-Wj)t - aA! e-i(wa-Wj)t) 

+ 2:= Ak (bt Ek ei(w,-w.)t - bEt e-i(Wb-W.)t)] 

k 

X [2( AC (at Ac ei(wa-W,)t' - aA! e-i(wa-w,)t') 

+ ~ Am (bt Bm ei('-"b-W';')t' - bBt e-i(Wb-Wm)t') ] , 

from which follows 

(HSR( t)H SR( t/)) R = -Ii 2 [2:= Aj AC (a t2 (Aj flc) R ei(wa-Wj )t+i(wa-w,jt' 

j,l 

-a t a(AjAI) R ei(Wa-Wj )t-i(Wa-W,jt') 

+ 2:= Aj '\m (at b t (AjEm) R ei(Wa-Wj )t+i(w.-Wm)t' - at b(AjEJ,) R ei(Wa -Wj)t-i(Wb-wm)t') 

J,m 

_ 2:= AjAC (a at (AIAc) R e-i(wa-Wj),+i(wa-w,),' - a2(A1 AI) R e-i(Wa-wj)t-i(Wa-w,)t') 

j,l 

_ 2:= AjAm (abt (AI Em) R e-i(wa-wj)t+i(w.-wm)t' - ah(AI El) R e-i(wa-Wj)t-i(w,-wm)t') 

J,m 

+ 2:= '\k'\C (ht at (EkAc) R ei(W'-Wk)t+i(Wa-w,jt' - bt a(BkAIl Rei(W,-Wk)'-i(wa-W,)t') 

h,l 

+ 2:= '\kAm (btZ(EkEm) R ei(w,-w.jt+i(w,-wm)t' - btb(AB1) R ei(W,-Wk)t-i(W,-Wm)t') 

k,m 

_ 2:= AkAC (bat (Et Ac) R e _i(Wb_Wk)t+i(wa-w,)t' - ba(E lAI) R e _i(Wb_Wk)t_i(W~_~,jt') 
k,l . 

_ 2:= AkA". (hbt (Bl Bm) R e_i(w,-W.)t+i(w,-Wm)t' 

k,m 
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vVe note that for squeezed vacuum reservoirs, 

(iJdJm)R == -lvls om,2kb-k, 

,t ' 
(Aj AI) R == NA OJ,l, 

,t ' _ 
. (BkBm)R - Nsok,m, 

(AjAI)R == (NA + I)Oj,t. 
, ,t 

(BkBm)R == (Ns + I)Ok,m, 

" _ "t - ,t,t -
(AjBm)R - (A)Bm)R - (AjBm)R - 0, 

(2.10a) 

(2.1Gb) 

(2.10c) 

(2.10d) 

(2.10e) 

(2.10/) 

(2.10g) 

where the subscripts A and B denote the two squeezed vacuum reservoirs, and the pa­

rameters NA , NE , lvlA , lv1s describe the effects of squeezing of these reservoirs. Actually, 

the parameters Nand M represent the mean photon number and the phase property of 

these reservoirs respectively. For a squeezed vacuum reservoir, the relation between N 

and lvl can be expressed as 

On account of (2.10), expression (2.9) takes the form 

(HSR(t)HsR(t')) R == _1i2 [L Aj'\1 ( -ivIA OI,2ja-j ei(wa-wj).+i(wa-wc)tl;ztz 
j,l 

_ 1vl 0 . . e -i(wa-wj )t-i(wa-wtJt'a' 2) + '\', , (-1'1 8 ei(wb-wk)t+i(Wb-Wm)t'b't2 
A 1,2}a-) L....; "'hAm :y. B m,2kb-k 

k,m . 

so that applying the properties of the Kronecker delta symbol 

for n == m, 
(2.11) 

for Il different from m, 

we get 

(H (t)H (t')) == 1i2 ['\' (A'A' ·lvl ei(w.-wj)t+i(wa-w"a-j)t';zt2 
SR SR R L.J) 2)a-) A 

j 
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+.\; (NA + l)ei(wa-Wj)(t-t')&t ii +.\; NA e-i(wa-Wj)(t-t')iiii t 

+.\j '\2ja- j lvlA e -i(wa-wj )t-i(Wa-Wlja-J)t' &2) + 

~ (" J"{ ei(Wb-Wk)t+i(Wb-W2kb-k)t'b't2 
U AkA2kb-kY" B 

k 

+.\1 (NB + l)ei(wb-wk)(t-t')bt b +.\1 NB e-i(Wb-Wk)(t-t')bbt 

Now (2"8a) can be written as 

J\ = (1
1a

JV1A iib + 12a (JVA + l)iitii + I3aNAa&t + I4a M A&2) p(t) 

(IlbM Bbl2 + I2b(NB + l)bt b + hNBbbt + 14bM Bb
2
) p(t) " (2"12) 

where we have set 

I 
- ['dt' '\' d -i(wa-wj)(t-t') 

3a - Jo uAj e 1 

o j 

I 
= l'dtl '\' , "'" " _i(wa-wj),-i(wa-W2Ja-J)t' 

4a D A)A2}a-J e } 
o " 

) 

(U3a) 

(2" 13b) 

(2.13c) 

(2.13d) 

with similar expressions for lib, 120 , I3b and I4b. Upon introducing the density of states 

g(w), in which 

we get 
1

1a 
= 100 

dw g(w),\(w)A(2wo - w) ldt' ei(wa-,.>)(t-t'), 

ha = 100 

dwg(W).\2(W) ldt' ei(wa-w)(t-,'), 

!:a = 100 

dwg(w).\2(W) l(ltl e-i(W.a-w)(t-t'), 

140 = 100 

dwg(w)A(w).\(2wa -w) ldt' e-i(wa-w)(t-t'). 
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Furthermore, setting t - t' = T, we see that 
(2.15) 

Since the exponential function is a rapidly oscillating function of time, the upper limit of 

integration can be extended to infinity. Thus making use of the approximate relation 

(2.16) 

one finds 
I

la 
= EO dw g(w)>.(w) >'(2wa - W)1f 5(wa - w), 

and applying the property of the Dirac delta function we obtain 

where 

is the cavity damping rate for mode A. It is easy to check that 

Similarly, one can also show that 

in which 

is the cavity damping rate for mode B. 

Substituting (2.19) and (2.20) into (2.12), we have 

1\ = 'I; (MA atz + (NA + l)at a + NA aat + kiA a
z
) p(t) 

1; (ME btz + (NE + l)btb + NE bbt + kiB b
Z

) p(t). 

Moreover, using the fact that 

one readily gets the result 
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'~h .,. 

r 2 = AI; (MA p(t)a t2 + (N A + 1 )p(t)a t a + NA p(t)aa t + lv!A p(t)a
2
) 

AI; (iv!a p(t)bT2 + (Na + l)p(t)btb + Na p(t)bbt + Ma p(tW) . (2.22) 

Applying once more (2.6), expression (2.8c) can be rewritten as 

+ ~ Ak (bt Ek ei(Wb-Wk)t - bE! e-
i
(Wb-

Wk
)t)1 p(t)R 

k 

x l2( Ae (at Ae ei(wa-WI)t' - aA! e-i(wa-wd
t
') 

+ ~ Am (bt Em ei(Wb-wm)t' - bEl e-i(Wb-wm)t') 1 ' 
from which follows 

_at p(t)aAjRAi ei(WO-Wj)t-i(Wa-WI)t') 

+ ~ AjAm (at p( t)bt AjR Em ei(wo-Wj)t+i(w,-wm)t' - aT p(t)bAjR El ei(wa-wj)t-i(Wb-wm)t') 

J,m . 

_ ~ AjAe (ap(t)a t A) RAe e_i(wa-Wj)t+i(wo-wI)" - ap(t)aA) R Ai e_i(wa-wJ)t-i(Wa-W!lt') 

j,l 

_ ~ AjAm (a
p
( t)bT AI REm e_i(wa_Wj)t+i(Wb-wm)t' - ap(t)bA) R El e_i(Wo-Wj)'-i(Wb-wm)t') 

1,m 

+ ~ AkAI (1, t p( t)a t EkR Al e'(wb-w.)t+i(Wb-wdt' - 1, t p(t)aEkR Ai ei(Wa-Wk )t-i(Wa-wI)t') 

k,1 

+ ~ AkAm (bt p(t)bt EkREm ei(W,-Wk)t+i(Wb-wm)t' - bt p(t)bEkREl ei(Wb-Wk)t-i(Wb-wm)t') 

k,m 

_ ~ AkAI (bp( t)a t E! R Al e_i(Wb-Wk)t+i(wa-WI)t' - b.D(t)aE1R AI e_~(Wb_Wk)t-i(Wa-wI)t') 
k,1 . 

_ ~ AkAm (bp(t)bt El R Em e_i(Wb-Wk)t+i(wb-wm)t' 

k,m 

-bp(t)bEIR El e_i(Wb_Wk)t-i(Wb-wm)t') 1· (2.23) 

• 
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Applying the cyclic property of the trace and making use of relations (2.10), (2.11) and 

(2.14), expression (2.23) can be put in the form 

f 3 = (Ila MA at p(l)a t + I2aNA at p( t)a + haC NA + 1 )apc t)a t + 14011,1,1 ape t)a) 

(lIb MB bt PCt)bt + I2bNB bt p(t)b + hb(NB + l)bp(t)bt + [Ib MB bp(t)b) 

so that, in view of (2.19) and (2.20), we have 

f3= -~A (MAatp(t)a t +NAatp(t)a+(NA+l)ap(t)at +MAap(t)a) 

'; (MB bt p(t)bt NB bt p(t)b + (NB + l)bPCt)bt + MB bp(t)b) . (2.24) 

Similarly, one can easily establish that 

f4= -; (MAatpct)at +NAatp(t)a+(NA+l)ap(t)at +MAap(t)a) 

-~ (MB bt p(t)bt NB bt p(t)b + (NB + 1) /,p(t)bt + MB bp(t)b) . (2.25) 

Now combining expressions (2.21), (2.22), (2.24) and (2.25) we arrive at 

dp(t) = IA(NA+l) (2ap(t)a t -atap(t)-p(t)ata) + lANA (2a t p(t)a-aat pct) 
dt 2 2 

-p(t)aat) + 1,1:1,1 (2at p(t)at + 2ap(t)a _ at2p(t) - p(t)at2 _ a2p(t) _ p(t)a2) 

-~ (NB + 1) (2apct)a t - btbp(t) - p(t)btb) + IB~VB (2b1p(t)b- bbtp(t) - PCt)bbt) 

+ I~:IB (2 bt p(t)bt + 2 bPC t)b - bt2 p(t) - p(t)bt2 - b2 PCt) - pct)b2) . (2.26) 

This is the equation of evolution for the reduced density operator of the two-mode light 

in a cavity coupled to two independent squeezed vacuum reservoirs. 'vVe note that the 

effects of the reservoirs are incorporated via the parameters NA, kIA, NB and lYIB. 

We now consider the two-mode light in the cavity to be the signal-idler modes produced 

by a nondegenerate parametric oscillator. In a nondegenerate parametric oscillator a 

strong pump light of frequency Wo interacts with a nonlinear-medium (crystal) inside the 

cavity and gives rise to a two-mode squeezed light (the signal-idler modes) with frequencies 

Wa and Wb such that tvo = tva + tvb. We take tva and tvb to be the frequencies of the signal 

and idler modes, respectively. With the pump mode treated classically (in which the 
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amplitude of the pump mode is assumed to be real and constant), the non degenerate 

parametric oscillator is described in the interaction picture by the Hamiltonian 

(2.27) 

where", is the coupling constant and '(o is the amplitude of the pump mode. Hence the 

master equation for the signal-idler modes coupled to two independent squeezed vacuum 

reservoirs, in view of (2.26) and (2.27), has the form 

d~~t) =' "',0 (abp(t) _ p(t)ab + p(t)atbt _atbt 
p(t)) 

+'~ (NA + 1) (2 ap(t)at _ at ap(t) _ p(t)at a) + 'A~VA (2 at p(t)a - aa
t 
p(t) - p(t)aa

t
) 

+'{A~IA (2 at p(t)a t + 2 ap(t)a _ at2 p(t) - p(t)a t2 - p(t)a
2 

- a
2 

p( t)) 

'; (NB + 1) (2 &p(t)at _ btbp(t) _ p(t)btb) + '{B~VB (2 bt p(t)b - b/,t p(t) - p(t)bb
t
) 

+'{B~IB (2 bt p(t)bt + 2 bp(t)b _ bt2 p(t) - p(t)b t2 
- b

2 
p(t) - p(t)b

2

) . (2.28) 

This master equation, which is the basis of our analysis, describes the interaction inside the 

cavity as well as the interaction of the signal-idler modes produced by the nondegenerate 

parametric oscillator and the squeezed vacuum reservoirs via the partially transmitting 

mIrror. 

2.2 The Fokker-Planck Equation 

In this section we derive the Fokker-Plank equation for the Q-function and then obtain 

the solution of the resulting equation. In order to obtain the Fokker-Planck equation for 

the Q-function corresponding to the master equation (2.28), we first put all terms in 

normal order. Applying the commutation relations 

we see that 

l' f(' ,t)1- of(a,iL
t
) 

a, a, a - t' oa 

['t f(' 't)1 = _ of(&,&t) la, a, a oiL' 

" " op 
ap = pa+ -t' 0& 

13 
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where the density operator 

, '(A ,t 'b 'bt t) p = p a, a ) 1 ) 

is considered to be in normal order. On the basis of (2.30) and the relation 

(a, be] == b(a, e] + [a, b]e, 

we see that 

Furthermore, employing the identity , 

along with (2.30a), one can put (2.31a) in the normal order as 

f)' fY [j2' AbA, "b' p, Pb'+ P 
a P = pa + ---:C-t a + -t t 't' ab aa aa ab 

Sirllilarly, applying (2.30b) and the relation 

one readily obtains 
a' a' a2 ' 'atbt = atgt' + at~ + bL~ +~. 

p P ab aa aaab 
Then combination of expressions (2.31c) and (2.32b) leads to the result 

Applying (2.29) once more, one gets 

ap,t _ ,tap azp 
a' a - a a' + t' a a aaaa 

from which we can easily show that 

"t, ,,,t a ('t') a2
p pa a = apa - - a p - , 

aat aaaat 
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(2.30b) 

(2.31a) 

(2.31b) 

(2.31c) 

(2.32a) 

(2.32b) 

(2.34a) 

(2.34b) 

(2.34c) 



.t.. . "t 0(,,) o2f; a ap = apa - -. pa - . oa oaoa t 
(2.34d) 

In view of the last two expressions, we obtain 

(2.35 ) 

Since 

aat = ata + 1, (2.36) 

we get 
(2.37 a) 

On account of (2.30), the above expression can be put in the form 

(2.37b) 

which can be rearranged to give 

.t.. ..". . .. L (a 'T'. a,,) 2a pa-aa'p-paa' =- -(a p)+-.(pa) . oa t oa 
(2.38) 

Employing the relations 
(2.39a) 

(2.39b) 

(2.39c) 

(2.39d) 

one can readily show that 

(2.40) 

Now combining expressions (2.33), (2.35), (2.38), (2.40) and similar expressions asso­

ciated with band bt, the master equation (2.28) has the form 
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(2.41 ) 

In order to transform the above master equation into a c-number Fokker-Planck equa­

tion for the Q:function, we multiply (2.41) on the left by (a, f3 I and on the right by 

I a, (3), so that 

(2.42) 

where 

Q = Q(a*,a,f3",f3,t) = ~(a"BI p(at,a,bt,b,t) I a"B). 
K 

This is the Fokker-Planck equation for the Q-function for the signal-idler modes produced 

by the nondegenerate parametric oscillator coupled to two un correlated squeezed vacuum 

reservOIrs. 

We now proceed to obtain the solution of this equation. Introducing Cartesian coor­

dinates defined by 

we note that 

Xl = ~(a + CI'), 

1 ( . Yl = 2" a - CI'), 

X2 = ~(f3 +- f3*), 
2 

Yz = ~(f3 - f3*). 
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(2.43a) 

(2.43b) 

(2.43c) 

(2.43d) 

(2.43e) 

(2.431) 

(2.43g) 

(2.43h) 



One can easily show that 

(2.44a) 

(2,44b) 

(2.44c) 

(2.44d) 

Making use of these relations, it can be verified that 

(2,45a) 

(2.45b) 

(2.45c) 

(2.45d) 

(2.45e) 

(2.45J) 

(2.45g) 

(2.45h) 

(2.45i) 

Thus combination of the these results and their complex conjugates along with expression 

(2.43), one readily obtains 

oQ = [Kia ( 0
2 

_ 0
2 

) + "'10 (~X2 + ~X! - ~Y2 - ~iJi) 
ot 2 OX!OX2 Oy!OY2 OXI OX2 oy! OY2 

+~fA(NA + 1) (02 + (2
) _ IA1VlA (02 

_ (
2

) 
4 oxi oy; 4 oxi oy; 

+ IE(NE + 1) (~ + ~) _ IBfvlB (~ _ ~)] Q (2.46) 
4 ox~ oy~ 4 ox~ oy~ , 

where Q = Q(X!,X2,Yl,Y2,t). 
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Next introducing the transformation defined by 

Xl == X + u, 

X2 = x - tt, 

YI == Y + v, 

Yz == v - Y, 

one easily gets 
1 

X == 2'(XI + xz), 

1 
u == 2'(XI - xz), 

1 
Y == 2'(YI - yz), 

1 
v == 2'(Yl + yz). 

In view of these relations, we have 

o 1(0 0) 
OX2 == 2' ox - au ' 

from which one readily obtains 
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(2.47a) 

(2.47b) 

(2.47c) 

(2.47d) 

(2.48a) 

(2.48b) 

(2.48c) 

(2.48d) 

(2.49a) 

(2.49b) 

(2.49c) 

(2.49d) 

(2.50a) 

(2.50b) 

(2.50c)· 

(2.50d) 

(2.50e) 



(2.50/) 

(2.50g) 

(2.50h) 

(2.50i) 

(2.50j) 

(2.50k) 

(2.501) 

(2.50m) 

(2.50n) 

On account of expressions (2.49) and (2.50), the Fokker-Planck equation given by (2.46) 

can be written as 

fJQ = ["'/0 (fJ
2 

+ fJ2 _ fJ2 _ fJ
2

) + "'/0 (~x + ~y _ ~u _ ~u) 
fJt 8 fJx2 fJy2 fJu2 fJu2 fJx fJy· fJu fJu 

(
'A(NA + 1) + 'IB(NB + 1)) ( fJ2 fJ2 fJ2 fJ2 ) 

+ 16 fJx2 + fJy2 + fJu2 + fJu2 + 

(
'A(NA + 1) -,B(NB + 1)) ( fJ2 fJ

2
) ('A +IB) (fJ fJ --+-- + -x+-u+ 

8 fJxfJu fJyfJu 4 fJx fJu 

fJ fJ) ('IA -IB) ( fJ fJ fJ fJ) ('IAJYfA + 'IBJY[B) -y + -u + -u + -x + -u + -y -
fJy fJu 4 fJx fJu fJy fJu 16 

(
fJ
2 

fJ2 fJ2 fJ
2

) ('A!V[A-,BJV[B) ( fJ2 fJ
2

)] 
X fJx2 + fJu2 - fJy2 - fJu2 + 8 fJxfJu - fJyfJu· Q, 

where Q = Q(x,y,u,u,t). 

Now setting 

IA = 'IB = " 
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(2.51) 

(2.52a) 

(2.52b) 

(2.52c) 



expression (2.51) takes the form 

oQ = [K10 + I(N - 1\;[ + 1) 02 + K"{O + "{(N + M + 1) 02 

ot 8 ox2 8 oy2 

K"{o -1(N -!V! + 1) 02 K10 - "{(LV + j'vf + 1) 02 

8 au2 8 ov2 

2K"{0 +"{ ( 0 a) 2K"{0 -"{ ( a 0)] Q + -x + -y - -u + -v 
2 ox oy 2 ou av . (2.53) 

In order to solve this differential equation using the propagator method discussed 

in Ref. [1], we need to transform the above equation into a schriidinger-type equa­

tion. This can be 'achieved upon replacing (;x,;y';U';u,X,y,U,v) and Q(x,y,u,v,t) 

by (ipx, ipy, ipu, ipu, X, fj, il, v) and I Q(t)). Hence equation (2.53) becomes 

in which 

-i'~6(Puil + puv)] I Q(t)) = iJ I Q(t)), 

'\3 = K"{O -1(N - I'vI + 1), 

'\4 = K10 - "{(N + jv! + 1), 

A formal solution of (2.54) can be put in the form 

I Q(t)) = U(t) I Q(O)), 

where 

U(t) = exp( -iflt) 

and 
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(2.54) 

(2.55a) 

(2.55b) 

(2.55c) 

(2.55d) 

(2.55e) 

(2.55/) 

(2.56a) 

(2.56b) 

(2.56c) 



Upon multiplying (2.56a) by (x, y, u, v 1 on the left, we have 

Q(x,y,u,v,t) = (x,y,u,v 1 U(t) 1 Q(O)), (2.57a) 

where 

Q(x,y,u,v,t) = (x,y,u,v 1 Q(t)). (2.57b) 

Introducing the four-dimensional completeness relation for the position eigenstates 

I' Jd I did I d I 1 I I I ') ( '. I I I 1 :;;::: x y u V. x,y,u,v x,y,u,v ) 

in expression (2.57a), we see that 

(2.58) 

Q( x, y, u, v, t) = J dx' dy' du' dv' Q( X, y, u,V, tlx', y' ,u' , Vi, O)Q o( x', y', u' , Vi), (2.59a) 

in which 

QO(X', y',u' , Vi) = (x', y', U/, v'IQ(O)) (2.59b) 

is the initial Q-function and 

Q( x, y ,u, v, tlx', y', U/, Vi, 0) = (x, y, u, vlU( t)IX', y', U/, '0') (2.59c) 

is the Q-function propagator. 

According to Fesseha [1], the propagator associated with a quadratic Hamiltonian of 

the form n 

H(Xl,,,.Xn,Pl''''Pn,t) = 2:= [aiP; + bi(t)PiXi+ Ci(t)Xn (2.60) 

i=l 

is expressible as 

(2.61 ) 

where Sc is the classical action, ~ is a parameter connected with operator ordering and aj 

is a constant different from zero. On comparing (2.60) and (2.56c), we see that 

AS 
bx=by =--, 

2 
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A6 
bu = bu ="2 

and for the antistandard operator ordering ~ = ~. Thus the Q-function propagator asso­

ciated with the Hamiltonian (2.56c) is expressible as 

(2.62) 

In order to obtain the explicit form of this expression, we should first determine the 

classical action. To this end, we note that the Hamiltonian function corresponding to the 

quantum Hamiltonian (2.56c) is given by 

With the help of the Lagrangian 

L = '2:=XiPi - H 

and the Hamilton equations oH 
x·--

I - " ' UPi 

one can readily show that 

L 
2i ( . '\5)2 2i ( . A5)2 2i ( . '\6)2 2i ( . A6)2 = _ x + -x + - y + -y - - u - -u - - v - -v . 
Al 2 A2 2 A3 2 A4 2 

Applying the Euler-Lagrange equations 

d (OL) oL_ O 
dt OXi - OXi - , 

along with (2.66), it can be easily verified that 

" ('\5)2 0 x- - x= 
2 ' 

" A5 2 
Y - ("2) y = 0, 

. A 
ii - ( ; )2U = 0, 

,\" " (v)2 0 v- "2v= . 

The solutions of these differential equations can be written as 
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(2.63) 

(2.64) 

(2.65) 

(2.66) 

(2.67) 

(2.68a) 

(2.68b) 

(2.68c) 

(2.68d) 

(2.69a) 



(2.69b) 

(2.69c) 

(2.69d) 

Now substituting these expressions and the corresponding first order time derivatives into 

(2.66), the Lagrangian takes the form 

L = 2i,\~ (ai + b1) e'\" _ 2i'\~ (c1 + d1) e-.\". 
'\1 '\2 '\3 '\4 

(2.70) 

On account of the above result, the classical action. defined by 

Sc = [ L(t)dt 

takes the form 

Applying the boundary conditions Xi(O) = x: and xi(T) = X:' in (2.69), one gets 

A'T x"eT - Xl (2.72a) 
al :::: e}"T - 1 

, 

O;.T 

b1 = 
y"e i -V' (2.72b) 

e}"T - 1 
, 

-"aT 
.U" e-z- -u' (2.72c) 

C2 = e-}"T - 1 
, 

-" V" e-z-T - v' (2.72d) 
d2 = e-}"T - 1 

Inserting the above expressions into (2.71) and replacing (x", y", u", v", T) by (x, y, u, v, t) 

we get 

(2.73) 

. so that employing this relation, we obtain the following results: 

(2.74a) 
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f]2Sc ~ 4i>'5 e 2 ' 

8y8y' = >'2 (eA't - 1)' 

82 Sc . ;<-t 4"\6 e----
8u8u' >'3 (e-.I,t -1)' 

82 Sc 
. "'-41>'6e- 2 t 

---
8v8u' '\4 (e-·16t - 1)' 

Thus, in view of (2.74), the Q-function propagator (2.62) takes the form 

4>. A e(,I'->'6)t 
Q(x,y,u,v,tlx',y',u',v',O) = 2)>.,\ >. >.5(6). t 1)( 

1f 1234e5- e >.,t _ 1) 

;>'6 U'2 - 2u e 2 'u' + u2e->"t + V,2 - 2v e-,-t u' + v2e->'6t . 
[ 

.::.0<. -"] ) 
(e 6

t - 1) >'3 '\4 

(2.74b) 

(2.74c) 

(2.74d) 

(2.75) 

Considering the signal-idler modes produced by the nondegenerate parametric oscil-

lator to be initially in a two-mode vacuum state, we see that the initial Q-function is 

Qo(a',p') = ~(a',P'IO,O)(O,Ola',p') = exp(-a'*a' - p'*p'), 
11' 

and in terms of the Cartesian variables (2.43a-2.43d), this equation becomes 

Furthermore, in terms of x', y', u' and v', one can write 
., J dx~ dx; dy; dy; Qo( x;, x;, y;, y;) = J dx' dy' du' dv' Qo (x', y', u', v'), 

. in which 

and J is the Jacobian of the transformation given by 

~ ££.t ~ £E.i 
ax By au (1) 

£E1. ~ 8x',2 ax',;! 
J = ax ay au au 

aYI ~ ~ ~ 
ax ay au all 
Q>n.Q>n.Q>n.Q>n. 
8x By au 8u 

(2.76) 

(2.77) 

Making use of (2.47) in the above expression, one can easily show that 111 = 4. Hence 

Qo(x',y',u',v') = 42 exp[_2(x12 +y'2+ u'2+ v'2)]. 
11' 
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(2.78) 



Moreover, combination of (2.75) and (2.78) along with (2.59a) leads to 

16'\5'\6 ep,,-.l,)t [-2A5 (x' Y') 
Q(x Y u v t)= exp -+-

, , " jf4v'AIA,A3A4(e,I,t - l)(e .I,t - 1) e,l,t - 1 '\1 A, 

/ 6 'U V d I A5 12 XI 5 e 2 I 2 \ 
(

' ')] ;00 [( \) 4 \ "'-' ] _ + _ x ex -2 1 + x + x 
c.l,t -1 A3 A4 -00 P AI(e,I,t -1) AI(e,I" -1) 

, 2 "5 " Y"se' , 
;

00 [( \) 4 \ "'-' ] 
x _oody exp - 1 + Al (e,I,. _ 1) Y + A,(eA,t - l)y 

;
00 [( \ ) 4 \ _O§., ] I A6 12 V A 6 e 2 , 

x dv exp -2 1 + (\ ) V + \ ( \, l)v . 
-00 Al e-' " - 1 "I e-" -

(2.79) 

Then carrying out the integrations applying the relation 

f: dx' exp [-kx" + dx'] = If exp [ ~], k > 0 
(2.80) 

the Q-fundion (2.79) turns out to be 

(2.81) 

where 
Al (e.l't -1) + As 

at :::: ) Ase,l,t 
(2.82a) 

A, (eA't - 1) + As 
az = ) As e,l, t 

(2.82b) 

A3 (e-.l,· -1) + '\6 
a3 = A6e- A,t 

(2.82c) 

and 
'\4 (e- A

" - 1) + A6 
a4 = . (2.82d) 

A6e-A,t 

It can be easily verified that the Jacobian of the inverse transformation is IJ'I = i· 
We can then write 

in which 
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(2.84) 

is obtained from (2.81) employing the inverse transformations (2.48). Now taking into 

account expressions (2.43e-2.43h) along with (2.84), one can readily verify that 

__ l_(Cd a* - (3 - (3*)2 + _1 (a - a* + (3 - (3*)2]. 
8a3 8a4 

Finally, the Q-function for the signal-idler modes produced by the the nondegenerate 

parametric oscillator coupled to two squeezed vacuum reservoirs is given by 

D 
Q(a,a*,(3,(3*,t) = 2'exp[-h(a'a + (3*(3) + b2 (a(3 + a*(3*) 

7r 

(2.85) 

where 
(2.86) 

(2.87a) 

(2.87b) 

b3 = ~ (-~ + ~ + ~ - ~) , 
4 al a2 a3 a4 

(2.87c) 

b4 = ~ (-~ + ~ - ~ + ~) . 
4 al a2 a3 a4 

(2.87 d) 

It can be readily verified that the Q-function (2.85) is normalized. 

We now proceed to obtain the expression for the Q-function for some special cases 

of interest. vVhen there are no squeezed vacuum reservoirs (1' = 0), that is, when the 

external environment is an ordinary vacuum, the quantities given by (2.55) reduce to 

(2.88a) 

(2.88a) 
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A5 = 21'10 + 1, 

and in view of these results, (2.82) becomes 

Furthermore, applying these relations in (2.86), one readily gets 

b2=~(~-~)' 2 a3 al 

b3 = b4 = O. 

Thus, the Q-function (2.85) for this case takes the form 

Q(cx,cx',f3,f3"t) = 21 exp f __ 12 (a1 
+a

3
) (cx"cx+f3"f3) 

1f al a3 l al a3 

(2.88a) 

(2.88a) 

(2.89a) 

(2.89b) 

(2.90) 

(2.91a) 

(2.91b) 

(2.91c) 

(2.92) 

This is the Q-function for the nondegenerate parametric oscillator coupled to ordinary 

vacuum [2J. On the other hand, in the absence of damping (1 = 0), expressions (2.55) 

and (2.82) reduce to 

Then applying these results, one can easily obtain 
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(2.93a) 

(2.93b) 

(2.93c) 

(2.93d) 

(2.94a) 

(2.94b) 

i 



", , 

Making use of (2.93) and (2.94), one can put expression (2.85) in the form 

Q( . f3 f3. ) sech
2 

K'(ot [ . 6*f3 (I )( f3 "f3")] 0',0'<, , <, t = 2 exp -0'<0' -,. - tan 1 K'/ot a + a . 
ff .. 

This is the Q-function for the nondegenerate parametric amplifier. 

(2.94c) 

(2.94d) 

(2.95) 

We next seek to obtain the Q-function for the signal mode. We note that the Q­

function for the signal mode is given by 

Q(a,a*,t) = jd2f3Q(a,a*,f3,f3"t), 

so that using (2.85) and the relation 

j d
2
a exp [-a'a*a + b'a + c'a* + A'a2 + B'a*2] = J 2 1 

ff a' - 4A' B' 

[
a'b'c' + A'c'2 + B'b2] 

xexp a,2 _ 4A'B' ' a' > 0 

one finds the Q-function for the signal mode to be 

Q(a,a*,t) = ff~exp [-aa*a+ ~ (0'2 + 0'*2)] , 

in which 

Y = bi - b~, 

a = ~ ((b1 + b4 ) [b1 (b1 - b4 ) + 2b2b3]- b1 [b2 + b3]2), 

A = ~ ((b1 + b4 ) [b4 (b 1 - b4 ) + 2b2b3 ] + b4 [b2 + b3]2) • 

(2.96) 

(2.97) 

(2.98a) 

(2.98b) 

(2.98c) 

Upon integrating (2.92) and (2.95) with respect to ,6 by employing (2.96), one readily 

finds the Q-function for signal mode in the absence of a squeezed vacuum reservoirs and 

in the absence of damping to be 

(2.99) . 

and 
* sech 2 K/ot 2 

Q(a,a ,t) = exp [-(sech K'(ot)(a*a)] , 
ff 

(2.100) 

respectively. 
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3. Quadrature Squeezing 
" ~",'\ 

In this chapter we seek to analyze the intracavity quadrature fluctuations for the 

signal mode as well as the signal-idler modes produced by the nondegenerate parametric 

oscillator coupled to two squeezed vacuum reservoirs using the Q-functions (2.85) and 

(2.97). 

3.1 Quadrature Squeezing of the Signal Mode 

The squeezing properties of a signal-mode light are described by two Hermitian oper­

ators defined as 

These quadrature operators obey the commutation relation 

The variance of these quadrature operators can be put in the form 

't t 2 , (L'lad'" 1 + 2(aTa) + (a 2) + (a2) - (a ) - (a)2 - 2(aT)(a), 

(L'la2)2", 1 + 2(at a) - (a t2 ) _ (a2) + (a t / + (a)2 - 2(at)(a). 

(3.la) 

(3.lb) 

(3.le) 

(3.2a) 

(3.2b) 

We now proceed to calculate the expectation values involved in expression (3.2). Ap­

plying the relation 

(3.3) 

in which Aa (a, ot) is the c-number equivalent of the operator A( a, at) for the antinormal 

ordering, one can write that 

(3.4) 

In view of (2.97), this can be written as 
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and on the basis of (2.96) for which c' = 0 and A' = B' = !f, one can verify that 

(3.5a) 

Similarly, one can show that 
(3.5b) 

Now on account of (3.5), expression (3.2) reduces to 

(3.6a) 

(3.6b) 

Making use of the fa~t that the c-number equivalent of at a for the antinormal ordering 

is c,a -1 and applying (2.97), one can express (3.6a) in the form 

.2 D [ (0 ) 0 0] (6 al) =- 1+2 ---1 +-+-v'Y oa ab oc 

x joo (Pa exp [-aa-a + (A + b)a' + (~ + c)a"11 ' 
-00 1f 2 b~c~O 

from which, with the help of (2.96), one obtains 

,2 D [ 0 0 01 1 (6a l) = - -1- 2- + - + - --r======~1 , 
v'Y aa ob OC VaZ-4(!f+b)(!f+c) b~c~O 

so that upon carrying out the differentiation a.nd setting b = c = 0, we get 

It ca.n be easily shown that 

Hence the variance of al given by (3.7) reduces to 

Similarly, one can verify that 

(6ad = _2 __ l. 
a-A 

(6&Z? = _2 __ l. 
a+A 
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(3.7) 

(3.8) 

(3.9a) 

(3.9b) 



Now on account of (2.87) and (2.98), expression (3.9) takes the form 

(3.10a) 

(3.l0b) 

so that in view of (2.82) we see that 

(3.lla) 

(3.llb) 

We note that the Ilondegenerate parametric oscillator is in a steady state for "/ > 21'-,0' 

Hence at steady state (t ---> co), the variances described by (3.11) reduce to 

( 
')Z Al A3 6.a l = - + - -1, 

'\5 A6 

(3.l2a) 

(6.&z)Z = AZ + '\4 _ 1, 
AS '\6 

and with the aid of (2.55) one can rewrite these expressions as 

(
6.& )2 = 2( N - 1'1'1) + 1 

1 1 _ C<~O)2 ' 
'Y 

(
6.& )2 = 2(N + 1'>,1) + 1 

2 1 _ (2~~)2 ' 

'vVe recall that for a squeezed vacuum reservoir 

(3.14a) 

lvI = sinh r cosh r. 
(3.14b) 

where r is the squeeze parameter taken to be real and positive for convenience. On account 

of these relations, expressions (3.13) take the form 
-2r 

(6.&I)Z = 1 _e(0;:-)2' 
(3.15a) 

2r 

(6.' )2 e a2 = -l-_-(~z-:;-O-)Z 

(3.15b) 

Using (3.15) one can show that (3.16a) 
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when 
1 2K/,/0 ( ( )2) r> -21n 1- --::;- (3.16b) 

and 

(3.16c) 

for any value r. This shows that the squeezing of the signal mode occurs in the first 

quadrature for the value of 1" specified by (3.16b). 

We now consider some special cases of interest. When r == 0, substitution of (2.88) 

and (2.89) into (3.11) leads to 

(3.17a) 

At steady state, when the parametric oscillator is operating below threshold, this equation 

reduces to 

(3.17b) 

which is greater than unity. Hence the signal mode in this case is not in a squeezed state. 

In the absence of damping, application of (2.93) and (2.94) in expression (3.11) yields 

(3.18a) 

where 

(3.18b) 

is the mean photon number for the signal mode in this case. The variances (3.18a) indicate 

that the signal mode is in a chaotic state as expected. 

Furthermore, in the absence of parametric interaction (Ii: == 0), combination of (2.55) 

and (3.14) yields 

A1 == ,(N - J'vf + 1) == ~ (e- 2
' + 1), 

A2 =,(N +M +1) == ~(e2' +1), 

As == -A6 == " 

32 

(3.19a) 

(3.19b) 

(3.19c) 

(3.19d) 

(3.1ge) 



so that in view of these results expression (2.82) becomes 

1 1 
Ul == "2 (e-2f + 1) + "2e-,t (1- e-

2f
), 

1 1 
U2 == "2 (e2f + 1) + ze-,t (1 - e

2f
) , 

Employing these values in (3.11), one obtains 

and at steady state these relations reduce to 

(
A' )2 _ -2r 
Ual - e , 

which are the quadrature fluctuations of the squeezed vacuum reservoir A. 

3.2 Quadrature Squeezing of the Signal-Idler Modes 

(3.20a) 

(3.20b) 

(3.20c) 

(3.20d) 

(3.21a) 

(3.21b) 

(3.22u) 

(3.22b) 

In this section we seek, applying the Q-function (2.85), to investigate the squeezing 

properties of the signal-idler modes produced by the nondegenerate parametric oscillator 

coupled to the two squeezed vacuum reservoirs. 
The squeezing properties of a two-mode light are described by two quadrature opera· 

tors defined by 
, 1 (' 'b ) C, == .j2 a, + 1 , 

where 
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(3. 23a) 

(3.23b) 

(3.24a) 

(3.24b) 

(3.24c) 



(3.24d) 

and a (h) denotes the annihilation operator for the intracavity mode a (b). The quadrature 

operators (;1 and (;2 satisfy the commutation relation [i\, C2] = 2i. 

On account of expression (3.23), the variances 

can be written as 

in which 

(6.Cl)2 = ~(Ml)2 + ~(6.hl)2 + (al, h1), 

(6.(;2? = ~(6.a2? + ~(6.h2)2 + (a2, h2)' 

(3.25a) 

(3.25b) 

(3.26a) 

(3.26b) 

(3.27) 

In particular, when a and b represent the signal and idler modes, respectively, it can be 

shown that 

It then follows that 

(6.ad2 = (6.hl)2, 

(6.a2? = (6.h2)2. 

(6.(;1)2 = (6.al)2 + (al,b1), 

(6.(;2)2 = (M2)2 + (a2, 1,2)' 

(3.28a) 

(3.28b) 

(3.29a) 

(3.29b) 

We now proceed to obtain the explicit form of (3.29). In view of expressions (3.24) and 

(3.3), we see that 

Then applying the Q-function(2.85) in this equation, we have 

(
' 'b ) D Joo ~ a (* ) [b' b

4 
( 2 + *2)) al 1 = -00 -;- a + a exp - l

a a + 2' a a 

34 



On setting 

(

A A JOO d' cx " f b4 2 <2) ( 8 8) 
a1 b1) = D -00 ---:;-(cx + cx) exp l-b1cxocx + 2(cx + cx) 8]( + 8](" 

x 1: d': exp (-b1IT,8 + (b2cx + b3 cx"),8 + (b2cx" + b3 cx),8" + ~b4(,82 + ,80
2

)) , 

so that performing the integration with respect to ,8 on the basis of (2.96) and carrying 

out the differentiation, we obtain 

from which follows 

Next, integrating over cx and carrying out the differentiation, we get 

A b D (2A + 2a) 1 
(all) = yt(bt + b

4
)(b2 + b3 ) a2 

- A2 va2 
- A2' 

(3.31 ) 

Making use of expression (3.8) along with (2.87) and (2.98), the above equation reduces 

to 
(3.32) 

In view of (3.5),(3.24a), and (3.24b), we see that 

(3.33) 

Therefore, 
(3.34) 

Similarly, one can easily show that 

(3.35) 

Now application of (3.11), (3.29), (3.34) and (3.35) in (3.26) gives the result 

(3.36a) 

(3.36b) 
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On account of (2.82a), (2.82d), and (2.55), the quadrature fluctuations of the signal-idler 

modes take the form 

(6.
C

O)2 =' 2 [ Klo -,(N + AI + 1) (1 _ e-b-OX-iO)t) + e-(~-ox-YO)t1- 1. 

l 2",0 - -I 

Finally, in view of (3.14), we have 

< 1 

and 

(3.37a) 

(3.37b) 

(3.38a) 

(3.38b) 

Hence the signal-idler modes of the nondegenerate parametric oscillator coupled to two 

independent squeezed vacuum reservoirs are in a squeezed state. 

We now proceed to consider some cases of interest regarding the above quadrature 

fluctuations. At steady state (t --> (0), (3.38) can be put in the form 

(6.C2)2 =' ( , ) e
2r

. 
-I - 2"70 

In addition, at threshold h =' 2",0) one easily obtains 

( 
" ' )2 _ 1 -2r 
UCI --e 

2 ' 

(3.39a) 

(3.39b) 

(3.40a) 

(3.40b) 

These results indicate that, for large value of r, a squeezing approaching 100% below 

the vacuum level can be achieved in the first quadrature whereas an infinitely enhanced 

fluctuations occurs in the second quadrature. 

In the absence of squeezed vacuum reservoirs (1" =' 0), expression (3.38) becomes 

,2 ,+ (2"'0 e-b+kro)t) 
(6.cl) =' < 1, 

7 + 2",0 

(3.41a) 

(3.41b) 
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· "- ':. ~ ' ... 

This shows that the signal-idler modes produced by the nondegenerate parametric oscil­

lator in the absence of squeezed vacuum reservoirs is also in a squeezed state. At steady 

state and at threshold, these relations reduce to 

(3.41c) 

(3.41d) 

We see that for this case there is only a 50% reduction of noise below the vacuum level 

in the first quadrature. This result is in complete agreement with result obtained by B. 

Daniel and K Fesseha [2J. Moreover, in the absence of damping h = 0), expression (3.38) 

reduces to 

(3.42a) 

(3.42b) 

which are the quadrature fluctuations of the the signal-idler modes produced by the 

nondegenerate parametric amplifier. 

Finally, when there is no parametric interaction inside the cavity (I\: = 0), expression 

(3.38) reduce to 

(6Ct}2 = 1- (1- e-~t) [1- e-2r ] < 1, 

(6C2)2 = 1 + (1- e-~t) [e 2r -1] > 1, 

(3.43a) 

(3.43b) 

which leads, at steady state, to the quadrature fluctuations of the reservoir modes A and 

B given by 

( A' )2 _ -2r 
uCl - e , (3.44a) 

(3.44b) 

When we compare relations (3.41c), (3.41d) and (3.44) with (3.39), we see that the quadra­

ture variances at steady state is the product of the variances of the non degenerate para­

metric oscillator coupled to ordinary vacuum and the the variances pertaining to the 

squeezed vacuum reservoirs. Furthermore upon comparing expressions (3.22) and (3.44) 

we observe that, at steady state the variances of a single-mode squeezed vacuum reservoir 

as well as those of two independent squeezed Vacuum reservoirs are the same. 
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4. The Photon Number Distribution 

In this chapter we seek to derive a general expression for the photon number distri­

bution in terms of the Q-function for a two-mode light. Employing this result we next 

determine the explicit form of the photon number distribution for the signal mode as well 

as the signal-idler modes produced by the non degenerate parametric oscillator coupled 

to two independent squeezed vacuum reservoirs. vVe also calculate the photon number 

distribution for the signal mode as well as the the signal-idler modes for three limiting 

cases. 

The photon number distribution for a two-mode light, described by the density oper­

ator p(at,a,bt,b,t), is defined by 

P(n, m, t) = (n, mlp(at , a, bt, b, t)ln, m), (4.1) 

which represents the joint probability of finding n photons of mode a and m photons of 

mode b at any time t. Introducing the two-mode completeness relation for coherent states 

, 100 
cf- a d2 {3 I = --la,{3)(a,,s1 

-00 1f 1r 

twice in (4.1), we see that 

P( ) _1ood2acf-{3cf-1]d2v/ I CI)( {31'('t'b't'b)1 )( I ) n,m,t ~ ----,n,ma,fJ 0', p a ,a, "t Tj,V T],lIn,'m. 
-00 7r 1r 1T 7r 

We recall that 

(n, mla,{3) = (nla)(ml,s), 

(nla) = ';;e+>·a. 
In view of these results, expression (4.3) can be put in the form 

P( ) I, 100 
d2 a cf-,s cf-1] d

2 
V n,sm .n .m n m t = -- ----a 1] v 

" I I n. m. -00 'if 1r 1f 7f 

(4.2) 

(4.3) 

( 4.4a) 

(4.4b) 

xexp [-~a'a - ~,s'{3 - ~1]*1] - ~v'v] (a,,slp(a t ,a,bt,b,t)I1], v). (4.5) 

Expanding the density operator in normal order we have 

00 

p(at,a,bt,b,t) = ~ Cijk1(t) ati btk oJ hi 
i)j,k,I=:;O 
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and noting 

one can easily show that 

J
OO cP,6f3mf3,k -fJ'P JOO cPv 1 .m -v'v+P'v 

X - e -vv e . 
-00 1r -00 IT 

This expression can be rewritten as 

( ) 
1 ~ C () JOO cPa n ,i -a'a 

P n, m, t == n! m! . L.., ijkl t -00 --;--a a e 
1,),k,I=O 

on oj [jOO cPT/ -o'"+a'"+ao'] \ 
X---. -e 

oan oa') -00 1f a=O 

X JOO cPf3 f3mf3*k e-P'P am L [jOO d
2
v e-v'V+P'V+bV'} \ . 

-00 1f obm 0,6-1 
-00 1f b=O 

Now carrying out the integrations with respect to T/ and v according to the relation 

(2.96), one readily obtains 

P( ) 
1 ~ C () JOO cPa n ,i -a'a on oj 

n, m, t == -, -, L.., ijkl t -a a e ""~ n. m. -00 1f van uCi~J 
i.i,kl;:;O 

x JOO cPf3 f3mf3*ke-P'P am L [ebP'll . 
-00 1f ob'" of3*1 0=0 

Then performing the differentiations with respect to a' and f3*, we get 

P( 
1 ~ ( ) JOO cPa n ,i -a'a on [j a'all 

n, m, t) == -, -. -, L.., Cijkl t -a a e oan a e a=O 
n. m ... k 1 -00 1f 

l,l,', :::;;0 

This can be put in the form 
I 

1 00 "n "m [ "n "i (100 

d
2 

) \ 
U U j (u u a _a*a+ua*+ca 

P(n,m,t) == -,-I ~ Cijkl(t) " n "bm a b" n!'li -e n. m. . . va u uC ua -00 1f a=c=O 
1,),k,I=O 
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Furthermore, carrying out the integrations over a and (3, and differentiating with respect 

to a ( i times) and b ( k times), one readily obtains 

) _ 1 fr 0" om om [ ~ i j k I ac bd] 
P(n, m, t - n! m! oan ocn obm odm . L-, Cijkl(t) cad bee 

1,},k,f=O a=c=b=d=O 

Finally, upon replacing (a, c, b, d) by (a", a, (3*, (3), the photon number distribution for a 

two-mode light takes the form 

11"2 

P(n,m,t) == ,. , 
n. m. 

02n 02m 

OanOa"n o(3mo(3*m [Q( • (3 (3* t) a'a+!3' !3ll 
0', Ci 1 ) ) e a=a.=j3=p"=o 1 (4.6) 

where 

Q(a,a',(3,(3*,t) == -\ ~ Cijkl(t) a ia'i(3k(3*I. 
11" L-, 

i,j,k,l=D 

From (4.6), it can be verified that the photon number distribution for a single-mode light 

has the form 

(4.7) 

4,1 The Photon Number Distribution of the Signal Mode 

In this section we seek to obtain the explicit form of the photon number distribution 

for the signal mode produced by the nondegenerate parametric oscillator. Employing the 

Q-fundion (2.97) in expression (4.7), the photon number distribution for the signal mode 

can be wri t ten as 

N ow expanding the exponential in power series, we have 

fa2 == ~ (A)j a
2j 

e L-, 2'" 
j=O J. 

e fa '2 == ~ (A)k a*2k. 
L-, 2 k! 
k=O 

On account of these relations, expression (4.8) takes the form 

D 
P(n,t) == VY 

n! Y 
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( 4.8) 

(4.9a) 

(4.9b) 

( 4.9c) 



" 

Carrying out the differentiations using the identity 

~( .m) _ m! .1n-Il 

OXn X - (m - n)!"' 
( 4.10) 

and applying the condition 

ex = ex* = 0, 

one finds 

D 00 (l_a)i(~)i+k (i+2j)! 
P(n, t) = 2:= n!.jY"kO i!j!k! (i+2j-n)! 

'tl, ;::; 

Thus applying the property of the Kronecker delta symbol described by (2.11), one can 

easily see that 
i + 2j = n, 

i + 2k = n, 

from which follows 

j = k, 

i = n - 2j. 

Since factorials are defined for nonnegative integers, we note that 

when n is even and 

. n 
J <­- 2 

n-l 
J'<-­- 2 

(4.12a) 

• 
(4.12b) 

when n is odd. Consequently, the photon number distribution for. the signal mode is 

expressible as 

in which 

D In} (A)2i . n
l 

P(n,t) = .jY~ '2 (l- at-2
) (j!)2(n'-2j)!' 

[n) = . . 
n-l for n odd 

2 

( 4.13) 

{ 

~ for n even 

This result indicates that there is a finite probability of finding an odd number of signal 

photons in the cavity. 
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Now we consider three special cases of interest. We first take the case for which r = O. 

For this case application of (2.91) in expression (2.98) leads to 

(4.14a) 

2 
a= ) 

a, + a3 
(4.14b) 

A = 0, (4.14c) 

so that combination of these results and expression (2.90) along with (4.13) yields 

2 (n] ( 2) n-2j n! 
P(n, t) = ( + ) L 1 - ("')2 ( 2·),OO,2 j • a, a3 . a, + a3 J. n - J . 

]':::;0 

Then making use of the property of the I(ronecker delta symbol again we have 

(4.15a) 

On account of relation (3.3) and the Q-function (2.99), the mean photon number for the 

signal mode in this case takes the form 

( ' T' ') - a, + a3 1 aa=n= -
2 

and substituting this result into expression (4.15a) we get 

(nt 
P(n, t) = (n + 1)n+1 

(4.15b) 

(4.15c) 

This is the photon number distribution for the signal mode in the absence of the squeezed 

vacuum reservoir. 

In the absence of damping, substituting expression (2.94) into (2.98) results in 

Y = 1, 

a = 1 - b~ = 1 - tanh2 K-"'(ot, 

A= 0, 

and in view of these results expression (4.13) can be put in the form 

2 [n] (tanh2 Ki'{otr n! 
P(n, t) = sech "lot f; (j!)2 (n _ 2j)! OO,2j' 
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( 4.16b) 
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Then making use of relation (2.11) we have 

P(n, t) = [tanh
n 

K"lot] 2 
cosh K"lot 

(4.17) 

This is the photon number distribution for the signal mode produced by the non degenerate 

parametric oscillator in the absence of cavity damping. 

Now we would like to calculate the photon number distribution in the absence of 

parametric interaction and at steady state. For this case expressions (3.20) reduce to 

al = e-' cosh r, 

az = e' cosh r, 

a3 = all 

a4 = az· 

Then substituting these results into expressions (2.86) and (2.87), one easily gets 

b
l 

= at + az = 1 
2alaZ ' 

at - az 
b4 = = - tanh T. 

2alaZ 

Furthermore, application of these results in (2.98) yields 

a = 1, 

A = - tanh T, 

and on the basis of these results, (4.13) can be put in the form 

[nl (tanhT)2j n! 
P(n,t)=sechrl:= --2- (j!)Z(n_2j)!Oo,n-zj. 

)~o 

Applying relation (2.11) once more, we see that 

. n 
]=-

2 
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(4.18a) 

( 4.1Sb) 

(4.18c), 

( 4.18d) 

(4.19a) 

(4.19b) 

(4.19c) 

( 4.19d) 

( 4.20a) 

(4.20b) 

( 4.20c) 



and hence 

P(n,t) = sech)' (_ ta~h)') n [(;;!P' 
However, factorials are defined for nonnegative integers only and as a result we have 

{ 

0 
P(n) -

- tanhrlr (_1)n(n!)2 
n! 2" coshr [(~)!J2 

if n is odd 

if n is even 

Finally, the photon number distribution can be expressed as 

in which 

P(n) = _l_tanhnl' H~(O), 
n! 2n cosh)' 

( 4.21a) 

(4.21b) 

is a Hermite Polynomial. Expression (4.21a) is identical to the photon number distribution 

for a single-mode squeezed vacuum state. This result shows that for K = 0 and at steady 

state (t -> co) what we have in the cavity is only the squeezed vacuum reservoir A. One 

can also see that (4.21a) has the same form as the photon number distribution of a 

degenerate parametric amplifier with r replaced by K'(ot. 

4.2 Photon Number Distribution of the Signal-Idler Modes 

Next, we seek to obtain the photon number distribution for the signal-idler modes ap­

plying the Q-function. Then substituting expression (2.85) into (4.6), the photon number 

distribution for signal-idler modes produced by the nondegenerate parametric oscillator 

coupled to two uncorellated squeezed vacuum reservoirs can be put in the form 

D f)2nf)2m 
P(n, m, t) = n! m! f)a.nf)anf)(3*mf)(3m exp[(l - b1)(a*a + (3*(3) + bz(a(3 + a*(3*)] 

X exp [a3( a(3* + a* (3) + ~ (a
Z + a*z + (3z + (3*Z)] la"=a=~'=f3=o (4.22) 

In order to carry out the differentiations, it proves to be convenient first to expand 

the exponential functions involved in expression (4.22) in power series: 

(l-bda'~ _ f-- (1 - bd! a'! a! 
e - ~ f! ' 

!=o 
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00 bh h(3h 
lna{3 _ '\' 2 a 

e - L, h! ' 
h=O 

b a'{3' 2:::00 b~a'i(3.i 
e 2 ::::: '1 ' 

i==O t. 

r~O 

Introducing these expressions into (4.22), we see that 

x ~ ((a,)f+i+k+2P] \ _1 ~ (1- bl)g(~)q+r 
oa,n , m! L, g! q! 1'! 

a =:0 9,Q,r=O 

X omm (((3y+h+k+2Q] \ 8:
m 

(((3"y+i+i+
2r

] \ . 
0(3 {3=O 0(3 (3'=O 

Application of (4.10) and the condition a == a' == (3 == (3' == 0 leads to 

D 
P(n,m, t) == I" 2::: n. 

f,h,i,j,k,l,p=O 

(1- bl)fb~+ib~+k(~)I+P U + h + j + 2/)! 
/! h! i! j! k! /! p! U + h + j + 2/- n)!O/+h+

i
+21,n 

U+i+k+2p)! 1 00 (l-bl)g(~)Q+r (g+h+k+2q)! 
XU+i+k+2p_nl!"f+i+k+2P,nm! 2::: g!q!1'! (g+h+k+2q-m)! 

g,q,r=O 

(g + i + j + 21')! 
XOg+h+k+2Q,m ( +' +' 2 )IOg+i+i+zr,m. gtJ+r-m. 

('1.23) 

Making use of the property of the Kronecker delta symbol, one gets 

/ + h + j + 2/ - n == 0, 
( 4.24a) 
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I + i + k + 2p - n = 0, 

g + h + k + 2q - m = 0, 

g + i + j + 2r - m = 0, 

so that, in view of these results, expression (4.23) takes the form 

P(n,m,t) = D L 
f ,9 ,h,i ,j ,k,{ ,p,q ,r 

n! m! (1 - br)f+9 b~+i b~+k (~)I+p+q+, 

I! g! h! i! j! k! /! p! q! r! 

This is the photon number distribution for the signal-idler modes .. 

(4.24b) 

( 4.24c) 

(4.24d) 

( 4.25) 

Now we proceed to obtain the photon number distribution for the three cases previ­

ously considered. In the absence of squeezed vacuum reservoirs (r = 0), application of 

expressions (2.90) and (2.91c) in (4.25) leads to 

1 
P(n,m,t) = - L 

ata2 

n! m! (l - bt)f+9b;+i6j+k.0 61+p+q+r,0 

j! g! h! i! j! k! I! p! q! r! 
f ,g ,h, i ,i,,!; ,l,p,q ,r 

from which, in view of (2.11), one easily obtains 

j = k = I = p = q = r = O. 

Then substituting (4.27) into expression ('1.24), we get 

I + h -n = 0, 

I + i - n = 0, 

g + h -m = 0, 

g +i - m = O. 

It then follows that 

h = i, 

I = n - h, 

g =m - h, 

and consequently expression (4.26) takes the form 

1 min(n,m) I I (1 _ b )n+m-2h b2h 

) 
'\' n. m. t 2 

P(n, m, t = ala2 D h! (n _ h)! h! (m - h)! 
h=O 
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Furthermore, when n = m, we obtain [2] 

I n [ ! ]2 n. 2(n-h) 2h 
P(n,n,t)=-I: h!( -h)! (I-h) b2 · 

ala2 h=o . n . 
(4.29 ) 

When the port-mirror is assumed to be hundred percent reflective h = 0), substituting 

(2.94) into (4.25), one can easily verify that 

00 

P(n, m, t) = sech2 "-'(ot I: 
f ,g,h,i,j,k,l,p,q,r=O 

n! m! (- tanh "-Iot)h+i 0 I+g,OOj+k,O OI+p+q+r,O 

f! g! h! i! j! k! /! p! q! r! 

( 4.30) 

Now applying relation (2.11) in this expression, we get 

f=g=j=l=p=q=r=O 

and in view of these results, (4.24) reduce to 

h - n = 0, 

i - n = 0, 

i - m = 0, 

h-m = 0, 

which leads to 

h = i = n =m. 

Consequently, expression (4.30) turns out to be 

P( ) = [tanh
n 

"-lot] 2 n,n,t , 
cosh "-'fot 

(4.31 ) 

which represents the photon number distribution of the signal-idler modes produced by the 

nondegenerate parametric amplifier. Comparison of expressions (4.17) and (4.31) shows 

that the photon number distributions for the signal mode and the signal-idler modes are 

identical. This indicates that, in the absence of damping, the probabilities of observing n 

signal photons and the joint probability of observing n signal and n idler photons are the 

same. 

Lastly, we consider the case when there is no parametric interaction inside the cavity 

(x; = 0). Application of (3.20) in expressions (2.86) and (2.87) yields 

D = _1_ = [1 + (1 _ e-2'Yt ) sinh2 rfl , 
ala2 
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b
l 

= al + a, = (1 - e-~') sinh' r 
" 2ala, 1 + (1- e-'~')sinh' r' 

b, = b3 = 0, 

b4

" __ al - a, __ - (1 - e-~') sinh I' cosh r. 
2ala, 1 + (1 - e-''''') sinh'r 

(4.33a) 

( 4.33b) 

( 4.33c) 

Then substituting (4.33b) into expression (4.25) and making use of relation (2.11), one 

can easily verify that 

h = j = i = k = 0, 

and on the basis of this result, (4,24) reduce to 

J + 2/- n = 0, 

J +2p - n = 0, 

g + 2q - m = 0, 

g + 21' -m = 0, 

from which we see that 

/ = p, 

l' = q, 

J=n-2/, 

g = m - 2q, 

Consequently, expression (4.25) takes the form 

where 

[nJ,[mJ (1 _ b1)n-,r (~),r n! (1 _ bdm-,q (~),q m! 

P(n, m, t) = D r~ (h!)2 (n _ 2/)! (q!» (m - 2q)! ' 

[n] = { ~ 
n-I 

2 

for n even, 

for n odd, 

( 4.34) 

and with a similar expression for m. From this expression we note that there is a finite 

probability of finding an odd number of photons associated with each squeezed vacuum 

reservoir mode. This is due to the fact that, although photons in each reservoir exist in 

pairs, there is some probability for an odd number of photons from each mode to enter 

through the port-mirror. 
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At steady state, expressions (4.32) and (4.33) reduce to 

D = sech' 1', ( 4.35) 

bl = 1, (4.35a) 

b, = b3 = 0, (4.35b), 

b4 = - tanh r. ( 4.35c) 

Applying once more (2.11), one can readily obtain 

n - 21 = 0, 

m - 2q = O. 

Thus, in view of these results, expression (4.34) takes the form 

1 tanhn+m r, , 
P(n,m) = I 12+ h Hn(O) Hm(O), n. m. n m cos r 

(4.36) 

in which Hn(O) or (Hm(O) is the Hermit Polynomial described by (4.21b). From the 

property of the Hermite Polynomial, we see that the joint probability of finding an odd 

number of n photons of the squeezed vacuum reservoir A and m photons of the squeezed 

vacuum reservoir B is zero. Expression (4.36) represents the photon number distribution 

for two independent squeezed vacuum reservoirs. When we made a comparison between 

expressions (4.21a) and (4.36) we see that, at steady state, the photon number distribution 

for two independent squeezed vacuum reservoirs is the product of the photon number 

distributions of each squeezed vacuum reservoir. 
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5. Conclusion 

We have derived the time evolution of the reduced density operator for a two- mode 

light coupled to two uncorrelated squeezed vacuum reservoirs. Employing the resulting 

equation, we have obtained the master equation for the signal-idler modes produced by a 

non degenerate parametric oscillator coupled to two independent squeezed vacuum reser­

voirs and consequently the pertinent Fokker-Planck equation for the Q-function. We have 

solved this Fokker-Planck equation applying the propagator method developed by Fesseha 

[1]. 

We have calculated the intracavity quadrature fluctuations for the signal mode and 

signal-idler modes using the pertinent Q-functions. We have also obtained the quadrature 

fluctuations for the signal mode and the signal-idler modes for three cases of interest. 

We have seen that the signal mode at steady state is in a squeezed state for certain 

values of r. We have also shown that the signal-idler modes produced by the nondegen­

erate parametric oscillator coupled to two squeezed vacuum reservoirs are in a two-mode 

squeezed state at any time t and for any value of r. Furthermore, we have shown that 

at steady state and at threshold it is possible to produce an arbitrarily large squeezing 

(approaching 100%) in the first quadrature with enhanced noise in the second quadra­

ture. In the absence of squeezed vacuum reservoirs, at steady state and at threshold, we 

have seen that a maximum of 50% suppression of noise below the quantum limit can be 

achieved. This is in complete agreement with results obtained in Ref. [2]. 

We have derived a general expression for the photon number distribution for a two­

mode light in terms of the Q-function. Applying the resulting expression, we have obtained 

the photon number distributions for the signal mode and for the signal-idler modes. 

In the absence of squeezed vacuum reservoirs, we have shown that the photon number 

distribution for equal number of signal and idler photons has the same form as the result 

obtained in Ref. [2]. We have also seen that photon number distribution, in the absence 

of cavity damping, has the same form as the photon number distribution of a two-mode 

squeezed vacuum reservoir (38] with r replaced by "'ot. For the ca3e when there is no 

parametric interaction inside the cavity, we have found that there is a finite joint proba-
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bility of finding odd numbers of photons associated with the squeezed vacuum reservoirs. 

This indicates the possibility for odd numbers of photons to enter into the port-mirror. 

However, at steady state the joint probability of finding odd numbers of photons is zero 

and this joint probability is simply the product of the photon number distributions of the 

squeezed vacuum reservoirs A and B. 

Finally, we would like to point out that one of the main tasks in the this thesis has 

been solving the pertinent Fokker-Planck equation for the Q-function. This has been done 

by transforming the the Fokker-Planck equation in Cartesian Coordinates (2.53) into a 

schriidinger-type equation and then determining the corresponding Q-function propagator 

using the method discussed in Ref. ·[IJ. This method is applicable for obtaining an explicit 

form of the propagator associated with a quadratic Hamiltonian of arbitrary form. The 

task of evaluating the propagator using this method essentially reduces to the problem of 

solving the Euler-Lagrange equations. 
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