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ABSTRACT

The classical two - body problem has been considered and the exact solution of
Kepler's problem has been obtained for the general case.
Using this solution the spectrum of the radiation from the system of two charged
particlies with Coulomb interaction is briefly discussed. In addition the angular
distribution of the average power radiated by the system 1is precisely
"calculated.The effect of the radiation on the system and the spectrum is deeply
investigated. Relativistic circular motion of a charge and the spectrum of the
radiation is considered in the second part in which the direct way of evaluation
of the average power radiated by the system is considered. The interfernce of the
radiation from a system of two charges in a circular motion is also considered.
The Lagrange expansions of the electromagnetic potentials of a relativistic
charge in a c¢ircular motion is considered for far zone. The exact expression of
the simultaneous electromagnetic potentials of the charge for any distance is
also considered as well as their spectrum for a circular motion.




CHAPTER

CHAPTER

CHAPTER

Ry : S e ST e B Y S U S S
P B o I T L e L e .

CONTENTS

Page
INErOoAUCEION 4t vt v sttt s v st vonensensnnesseeseness 11

1.

3.3.

Classical Kepler Problem

c-o..ootnl--o-'--lounnl

Review of classical Two-body Problem ......c00.. 1
Fourier-Series Expansion for Kepler’s Problenm

in terms of Bessel Functions

trasestsusseararees 6

"Quantization" of Energy and Angular Momentum of

the system

L I B R R R R I I N A DR R I N DL T T TR T I Y T I Y 12

Radiation from Non-relativistic Charges and its

Effects . 16

L N A I N R B R I I I Y B I S TR I I I I I B Y 'Y

Introduction

tlcc.tIcll!l..-'ll-llllll.‘ll!.!l‘16

Radiation in the Case of Coulomb Attraction .. 21

¢ ot

The Spectrum of the Radlatlon-:nu.iiﬁf.}..w,auﬂ' 27

Effects of the Raagatlon on the uygtcm' ;Jf : . 29

11
[

¢
HR

L PEOM o hiviecassas. 136

The Collapse of Lhe ;Class] Lca

. [ i
( o

Radiation Wldths of Spectzdl Linms‘~{5..,cul... 41

et I

¢ ;rﬂ‘ PR

[
3 P
i
St

e ft

Radiation from Relativistic Charge Moving in a

Circular Orbit ......iiiiiieeirieinernnnneansass 48
Fields from a Charge in a Circular Orbit ...... 48
Angular Distribution of the Radiation ......... 51

Interference Effects in the Radiation from a

System of Two Chardes ....¢c0svvevtrascnssenas 61




CHAPTER 4. Simultaneous Expression for the Potentials of a
Charge in Circular Motion .....svseesssveesase 68
4.1. Lagrange Expression for Far Zone Fields Produced
by a Charge in Circular Motion .....cvsvneves.. 68
4,2, The Exact Expression for the Field of a Charge

in a Circular Motion .....ceeevevcoceessennesas 73

Conclusion and Main Results ...ecvevessenecees 80

Appendix LA N B B N L L A O B O B B B I B N A LA B B A A 84




ii

Introduction

It is well known that the two-body problem is a basic
problem in physics. It can be used as a model for the simplest
possible structure of an atom. The classical two-body problem
for charged particles in their electromagnetic interaction has
no exact solution due to the radiation from the two particles
and the impossibility to determine the simultaneous interaction
of the particles. The radiation causes the instability of the
classical model of hydrogen atom, which led N.Bohr to formulate
his famous semi-quantum theory for such a system. He developed
his theory for circular motion of an electron around a proton
assuning that the circumference of the circle is guantized. Yet,
it is to be noted that he took for granted that an electron in
its 1lowest orbit does not radiate. While the Bohr theory
correctly predicts the spectral series of hydrogen atom it is
incapable of being extended to treat the spectra of complex
atoms having two or more elctrons each, A more general theory,
Qauntum theory, was then developed to give detailed explanations
of atoms including their interactions. The theory, however, had
some preconditions (assumptions) which enable it to overcome the
guestion of stability of atoms. Some of the assumptions are the
wave function of quantum particle must be continuous and finite
every where and should vanish at infinity. With these

assumptions in mind Quantum theory could be used to solve the




iii
two-body problem for charged particles even to the extent of
arguing the stability of atoms.

The mystery of non-radiating electron while it Iis
accelerating is till left open for question. For this reason the
classical solution of the two-body problem failed to describe
the structure of a simple atom, thus, the paradox of radiative
collapse of hydrogen atom in classical electrodynamics could be
sclved only in terms of guantum theory.

Therefore we strongly believe that the deep investigation
of the KXepler problem for charged particles may help in
understanding the whole physics of atoms, particularly in
accounting for the stability of an atom. The problem is equally
important in plasma physics too, since collisions between two
charged particles play crucial role in the establishment of an
equilibrium state.

It is evident from classical electrodynamics that an
electron initially set to revolve around a certain attractive
force center can not repeatedly trace its original orbit due to
radiation. The radiation carries away with it energy and angular
momentum from the system. This loss to radiation brings about
the decrease of the energy and angulaf momentum of the system
that can keep the electron in flight. Hence the electron will be
forced to deviate from its original orbit. However, if the
electron is moving non-relativistically justifiable
approximations show that the electron nearly retraces the orbit
many times before falling to the center. Relativistic charges

(electrons) would rather deviate more from their original orbit
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because relativistic charges radiate more. On the other hand,
electrons can be made rotating around a given circular orbit by
applying external fields such as magnetic field as in the case
of an electron in a synchrotron radiation. Still, despite the
presence of magnetic field, a relativistic electron may deviate
from its original orbit due to radiation reaction if the field
is homogeneous as is discussed by R Lieu(1987).

In fact the Kepler problem with drag has been considered
by P GL Leach (1987) to describe and estimate the deviation from
an original orbit due to drag. His considerations are mainly
devoted to neutral bodies with drag law proportional to the
velocity and inversely proportional to the radial distance. The
result he got shows that due to the drag the body keeps on
spiralling and sooner or later falls into the center of force.
Although spiralling is the natural consequence of the radiation,
his results can not be used for charged particles because the
law of drag he considered is different from the law of drag for
the charged particles. That the law of drag for charged
pa;ticles is not proportional to it$S inverse radial distance
for one thing, and is not also proportional to its velocity for
another.

The direct measurement of the deviation in the atomic scale
is rather unthinkable. In this case an indirect measurement is
possible by investigating the spectrum of their radiation. When
an electron is maintained to move in a perfectly periodic
motion, the radiation fields will have precisely repeated values

in every period T=2w/w,, and its Fourier analysis would have
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consisted of discrete radiated frequencies w=n(2n/T)=nw, that
are integer multiples of the fundamental w,. Any deviation from
the original (preceding) orbit would spoil the periodicity of
the motion and abandon the use of Fourier-series expansion. In
such cases the discreteness of the spectrum disappears.

As a matter of fact no spectrum is discrete in physically

realized situations. Each of the so-called discrete frequencies
emitted by atoms, for instance, is broadened in accordance with
w= 2m/Aat by the finite duration At of the states of motion that
supply the radiated energqgy.
There is at least a so-called natural broadening just because
the losses to radiation must change the energy of the motion
(some estimates will be made in sec.(2.5)). For similar reasons,
electrons in a synchrotron tend to spiral out of their orbits
and this may broaden each of the harmonics w= nw, sufficiently
to result in a continuous spectrum.

The angular distribution of the power radiated for non-
relativistic circular motion is the example given in every
standard electrodynamics books. It is found to have simple
dependence on the angle of radiation and the plane of the orbit,
but does not depend on the angular position of the position
vector of the charge. Although elliptic orbit is a possible
orbit, the angular distribution of the radiation from such an
orbiting charge is not easy to find. Unlike the circular motion
the power radiated by the charge depends on the angle of its
position vector. Its radiation is also discrete.

Normally when calculating the power radiated from a non-
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relativistic charge in circular orbit, for example, it turns out
that the dipole radiation is the only term considered and we
usually say the dipole radiation corresponds to the non-
relativistically moving charge. In spite of their presence,
higher multipole radiations are neglected compared to the first
multipole radiation, the dipole radiation. This result follows

from the following conditions that must be fulfilled:

i) the point of observation be in the far zone {r>>r’)

and in the radiation zone (kr>>1) and,

ii) the particle’s speed be much less than the speed of

light (wr’<<c).

If, however, elliptic motion of the charge is considered every
multipole radiation becomes comparable to its neighbours and all
harmonics w=nw, appear distinctively despite the above
conditions.

Interference effects lead to another aspect of the
radiation from the system of more than one charge. It is an
experimental fact that a circular curfent-carrying wire does not
radiate despite the presence of accelerated charges constituting
the current. This, we believe should be explained in terms of
the interference of the fields produced by the <charges.
Specifically, the fields must be interfering destructively in
this case.

Another thing one would like to know is the electromagnetic
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interaction of two <charges, VYet, one may ask for the
simultaneity of their interaction. It is always necessary to
know where one particle is when the field is emitted by the
other and vice versa. The simultaneous expansion of the fields
produced due to a relativistic charge is a more convenient
method to describe the electromagnetic interaction of charges.
For this the Lagrange expansion method can be of great help as
is done in the papers of A.N Gordeyev (1975) and ch G van Weert
(1976) .

The aim of this research is the relativistic generalization
of two-body problem for charged particles. This is very
important for the consideration of electromagnetic radiation
from such a system. It is also important to investigate the
interference effects in the coherent radiation from both
particles constituting the system. The progress in that
direction will be also of great value for the understanding of
relativistic particles with electromagnetic interaction. |

In this thesis work we shall divide our study into four
main chapters. In the first chapter a short, precise and concise
survey of classical Kepler problem will be made. The two
particles will be considered to have different masses and
considerations will be limited to bounded motion . With the two-
body problem reduced to single body problem, the orbit equation
will be derived using vector analysis only and will be shown to
be elliptic. The additional constant of motion peculiar to
potentials proportional to 1/r will get 1little emphasis.

Followingly we shall give the derivation of Kepler’s problem
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which will be solved using Fourler-series expansion. The
solution of Kepler’s problem will permit us to find the explicit
time dependence of the coordinates of the position vector of the
particle. Finally the "quantization" of energy and angular
momentum of the system will be made apparent in terms of the
fourier components of the rectangular components of the position
vector.

The second chapter will be mainly devoted to radiation from
two non-relativistic charges that are interacting with coulomb-
interaction. In the first section of this chapter we develop the
basics behind the theory of radiation from a non-
relativistically accelerated charge. In particular we shall
first find the fields from the periodic motion of a charge using
Fourier-series expansion and evaluate the power and angular
momentum radiated into the mth-multipole using the Fourier
components of the fields, The assumptions (approximations) made
in evaluating the radiation are the distance of the observation
point is much greater than the size of the charge distribution
(for zone) and the wavelength of the emitted wave (radiation
zone). Above and all non-relativistic motion is considered in
this chapter . The approximations made will permit us to
evaluate the radiation in terms of the fourier component of the
dipole moment of the system. The mathematical facilities laid in
chapter ane will enable us to evaluate the fourier component of
the dipole moment of the system. Then it will be shown that the
spectrum of the radiation is discrete. Further more the spectrum

in some different cases (having same energy but different
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initial angular momentum) will be given. Consequently comparison
of which harmonics radiate more will be made. The effect of
radiation in the absence of an external field is then discussed
in the subsequent two sections. The first will be on the effect
of radiation on the orbit, the gradual collapse of the systenm
and some estimates of the collapsing time of the system will be
made. Of course results will be compared with some known
results. Thev second will have brief discussions of the
broadening of each spectral lines due to radiation.

The radiation from a relativistic charge in circular motion
will be considered in the third chapter. The magnetic field
produced by the charge will be expanded in Fourier-series and
the exact expression for the angular distributionﬂthe power
radiated into the nth multipole of w, will be determined. In the
process, of course, we come across a long and difficult
derivations. Some of them are derived there and some postponed
to appendix. Following this,attempt'wi%} be made to find the
radiation from two charges and thgfégééét will be considered.
More attention will be given to non-relativistic charges moving
on the same circle but on the opposite ends of a diameter. We
shall also investigate the distructive / constructive nature of
the interference for same / opposite charges.

The last chapter is devoted to simultaneous expansions of
the fields from a relativistic charge. The main advantage of
this is the possibility to exclude independent consideration of

the radiation field of the particles since it will be expressed

completely in terms of the characteristics of the motion of the
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particles., The first half of the chapter considers the
evaluation of the fields in far zone., The second half is devoted
to evaluation of the exact simultaneous fields for any point
outside the charge, which is true irrespective of its velocity.
This will enable one to deal with the electromagnetic
interaction of charged particles.

Finally appendix is given in which much of the mathematical
derivations that are neceséary for this work are given. We come
to the end this work by making some conclusions and giving main

results.
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CHAPTER ONE

CLASSICAL KEPLER PROBLEM
1. 1 Review Of Classial Two-Body Problem

To understand and describe the motion of two interacting
bodies, what we almost always do is we reduce the two body
problem into a single body problem for certain suitable
interaction potentials. In this respect, the non-relativistic
notion of two particles, that are interacting with attractive
potentials which are inversely proportional ..
to the distance between the particles, can be described by

the following constants of motion?

<E> = Yur: + 1% -k (1.1.1)
2ur: r

<L> = I X §UY = Wr?eé, S (1.1.2)

C =¥ xL - k& (1.1.3)

Where <E> and <L> are the total energy and angular momentum
of the system. C is a third additional constant of motion
peculiar to the above mentioned type of potential. It is
called the Laplace-Runge-Lenz vector. The existence of the
further integral of motion is due to the degeneracy of the
motion associated with potentials of the coulomb form k/r.
In the above equations g is the reduced mass, r is the
distance between the particles, k is a constant, &; is a
unit vector normal to the plane of motion, &, is a unit

vector in the direction of r and the velocity v is the time




derivative of r. The dots in (1.1.1) and (1.1.2) indicate the
time derivative of the variables. The time average sign < > in
egqns (1.1.1) and (1.1.2) are to be kept just to
facilitate the discussion in the next section. However, it is
worth while to note that E and L are actually constants for
non-dissipating systéms and they can replace <E> and <L> in
egns (1.1.1)and (1.1.2) respectively. |

Egm: (1.1.1) contains three different terms on its‘right
hand side. The first is the kinetic energy of the systen,
the second is the centrifugal potential energy and the last
term is the interaction potential energy of the two
particles,

The orbit equation can be obtained easily if we take

the scalar product of C with k:
r.c = rC Cose (1.1.4)

Where r={r|, C = |C] and 8 is the angle measured from C to

r. Oon the other hand,from eqn (1.1.3) we can write

L.

o
i
"
i<
”
[S)
I
~
(2

(1.1.5)

Noting that

r.(¥xL)= L.(rxV) = L?

and substituting it in egqn(1.1.5) and rearranging together

with egqn (1.1.4) gives

r(e) = L? fuk
l+c Cos(6) (1.1.6)
k

The magnitude of C can be found from the scalar product of




eqn (1.1.3) with itself :

C2 =|V x Li? + k? - 2k L2. (1.1.7)
pr
But
I\_] X le = ViI;2
because V and L are ;. . perpendicular to each other . Where

V=|t| is the magnitude of r. Substituting this in egn(1.1.7)

gives

Cc = k(1+ 2EL2)* (1.1.8)
pk?

after some rearrangements. Therefore the orbit equation

takes the form !

r(®) = A (1.1.9)
1+eCos (8)

Where A= L2 /uk and € = Y1+ 2EL?

Egqn (1.1.9) is the equation of a conic section with one focus

at the origin. The eccentricity € of the orbit is given by

€= C = f1+ 2EL=)* (1.1.10)

c
k uk?

In the equivalent problem of two particles interacting
according to the attractive potential mentioned before, the
orbit of each particle is a conic section with one focus at
the center of mass of the two particles.

It can be seen from (1.1,10) that, if - pk?/212 < E < O
then 0<e<1l, i.e the orbit is an ellipse with semi-major axis

a and semi~minor axis b given by (see fig 1.1.)
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a =% = A (1.1.11)
2| E| 1-¢?
b = avi=er = L (1.1.12)
v2u|E|
&
)
. 9\_
» A é
—ae xS
b S
2
fig. (1.1)

Since the motion is finite (0O<e<1), then it will be a

periodic one with a periecd given by

T = 2m(pad)’ (1.1.13)
W52

The corresponding angular frequency of the motion is then
related to a or E by

W o= = - g3 (1.1.14)

k
ua3 uk?

The more is the semi-major axis, the less frequent the motion
repeats itself. It may be useful to note that w depends only
on the energy of the system and not on its angular momentum.
But € depends on both E and L.

The two body problem (Kepler Problem) is said to be
completely solved if one can determine the coordinates (r,8)
or (x,y) as an explicit function of time. The determination

can be facilitated if we make the following transformations:

X = a(Cos¢ - €) "(1.1.15)




[ — e

S i e d a3 B S AT T ST S e B LA 2 A e M i e s DT A i el s e e e e

Y = b Sing (1.1.16)

Sgquaring and adding egns (1.1.15) and (1.1.16) and

substituting it in r = (x2+y2)% vyield
r = a (1-eCosg). (1.1.17)

The relation between 8 and ¢ can be found from egns (1.1.9)

and (1.1.17) (noting that A = a (1-€?) from (1.1.11)) to be

tan 8 = fite tan @ (1.1.18)
2 1-¢ 2

We learn from egns (1.1.15)-(1.1.18) that if we can determine
¢ as an explicit function of time, then we can determine x,y,r
and 9 as explicit functions of time at least in principle{
Using the orbit equation, egns (1.1.17), (1.1.18) and the
‘statement of Kepler’s second law that

wmab dt = irz2de
T

We can find ¢ as an implicit function of time given to be

wot = ¢(t) - € Sing(t) (1.1.19)
Egqn(l.1.19) is called Kepler’s problem. In the next section we
investigate the behavior of ¢Sing(t) and expand it in Fourier-

series to find ¢(t) as an explicit function of time t.
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1.2 Fourier—-Series Expansion Of Kepler’s Problem

Interms Of Bessel Functions,

Before trying to expand € Sing into a Fourier series

let’s re~write eqn (1.1.19) as

U(t’) = t/ + eSinU(t’) (1.2.1)

just to make writing economical. Where

tf = w,t and U(tr)= ¢ (t(t’})).
Then we shall show that eSinU(t’) is a periodic function of
t’ of period 2w.
Egn (1.2.1) defines U(t’) as a strictly increasing
function of t’, because up on Qdifferentiating (1.2.1) with

respect to tf we get

[e}

- = 1 (1.2.2.)
dt’ i~eCoslU

Which is always greater than zero. conversely, t’ can be also
considered as a strictly increasing function of u for a
similar reason.

It is clear that at a certain fixed t’/ =t/
U(t’,)- €SinU(t’,) = t7/, (1.2.3.)

and

U(t’, +2m) - esSinU(t’/ +27) = t’/ +27

S




But also

U(t/y)+2m ~ eSin(U(t’,) + 2m)=t’, + 27

since t/ is a strictly increasing function of U, the solution

of (1.2.3) is uniquely determined, so that

U(tr+2m) = U(t’,) +2nm (1.2.4)
Hence, SinU(t’) is a periodic function of t’ of period 2m. We
can also demonstrate that SinU(t’) is an odd function of t’.

From eqn (1.2.3) it is clear that

U(-t’,)~ e€SinU(-t’,)

i
|
t
-
o

and

- U(t!,)-€Sin(-U(t’,)) = - tg
The uniqueness of the solution of (1.2.3) requires that

U(=t’,) = -U(t’,) (1.2.5)

Then it follows that

SinU(-t’,)= -eSinU(t’,)
Showing that SinU(t’,) is an odd function of t’/,. In addition
to the above two properties we also have SinU(w)=0 because
U(n)= 7 ; see eqn (1.2.1)

We can now make use of the theory of Fourier-series to
expand €SinU(t’) in a uniformly convergent sine series as
follows:

2]

€Sin U(t’) = 2i A, Sin(nt’) (1.2.6)
N+ .




with
m
A, =2 J €Sin U(t’/)Sin(nt’)dt’
4
]

n 1'2,3--‘

Integrating by parts yields

n kL4
A, = =2¢ SinU(t/)Cos(nt’)|+ 2_ sCos(nt')g(eSinU) dt
nm | nm dt
O <]
(1.2.7)
Which reduces to
A, = 2_ (dU ~1) Cos(nt’)dt’

nmw 2 at’
if we use egn (1.2.1). Expanding the integrand yields

T
I Cos(nt’/)dt’
0

A, = 2

n du Cos{nt’)dt’- 2
nmw

! nw

ou——h:‘
d-

The last integral vanishes and in the first integral we

replace t’/ by U - €SinU to get

14
A, =211 Cos (nu~neSinvU)du = 2 J,(ne) (1.2.8)
n|mu o n

The expression in the square bracket, [ ],is the integral

representation of Bessel functions, J,(n€¢), of integral order

n and argument ne. Eqn (1.2.6) can therefore be written as

eSin U(t’)= ¥ 2 J,(ne)Sin(nt’)
Nz n .

(1.2.9a)
and egn (1.2.1) is solved by the series
w .
U(t’) =t/ + 3 2 J,(ne)sSin(nt’) (1.2.9b)
N1 n

Going back to our original notations w t=t’, ¢(t)=U(t’(t)) we
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can write the solution of KeplerS§problem (i.e ¢ as an explicit
function of time t ) as
® .
¢p(t)= Wt + E 2 J,(ne)Sin (nw,t) {1.2.10)
-' n
If we do similar steps to expand €CosU(t’) as was done for

€SinU(t’) we arrive at

[2:)
eCosU(t’) = 2 2¢ J’',(ne)Cos (nt’)- €2 (1.2.11)
i H 2

=

Where J/,(ne)is the derivative of Bessel function with respect
to 1itS . argument. The explicit time dependence of the
coordinate x on t can be found by substituting egn (1.2.11) in
eqn (1.1.15)
0
x(t) =2 a, Cos(nw,t) - 3lea (1.2.12)
Rt n 2

where

ap = a (J,-1(ne)~Jpy(ne)) = 2a I’ (ne) (1.2.13)
Similarly Substituting (1.2.9a) in (1.1.16) yields
0 .
y(t) = t? b, 8in (nw,t) (1.2.14)
H ] n

where

b, = a¥l-€? (J,.1(ne) + Jg(ne)) = 2avi-€?J, (ne)
€
(1.2.15)
It is also possible to find r(t) using egn (1.2.11) in

eqn(l1.1.17)

r(t) = a[l—gi + ¥ 2 3',(ne) Cos (nwot)} (1.2.16)
2 hsy n
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Note that in expressing (1.2.13) and (1.2.15) as the
difference and sum of Bessel functions we’ve used the
recurrence relations for Bessel function. It is also to be
noted that we also come across expressions containing 1/r(t)
in dealing with Kepler’s poblem. To find 1/r(t) in a rather
easier form than taking the inverse of (1.2.16), 1let’s
substitute (l-eCosd) by 1/(dU/dt’) from egn(l.2.2) in egn

(1.1.17) to get

L

1 =

i 1 du
r{t) a

at’
Differentiating egqn(1.2.9b) with respect to t’; changing t’ by
w,t and substituting it in the preceding equation yields

1 =1 [1+ g 2J'n(n€)Cos(nwot)] (1.2.17)
r(t) a n:

Now that we have got x(t), y(t) and r(t) as explicit
functions of time let’s make some comparisons and remarks on
averaging over the angle ¢ and time t before we close this
section. A comparison between (1.1.15) and (1.2.12) shows that
while the ¢ -average of X gives -ae¢,the time average of X
gives -3ag/2 i.e.

The physical meaning of the time average of x is that the

particle spends much of its time to the left of the origin
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than to the right of it. This is justifiable from the point of
view of the conservation of the energy of the system. The
constant total energy of the system is the sum of kinetic and
potential energies. Since the potential energy is proportional
to ~1/r then, the smaller is r the higher is the potential
energy (negatively )} and the higher is its kinetic energy
corresponding to faster velocity v. So when v is high the
particle spends shorter time in the region where r is small
(see. fig_l;l) and vice versa.

So it has to be noted that the time t-averaging and the
angle ¢ averaging are different. This difference is expected
because

dp = W (1.2.18)
dt l-eCosg¢

To take the time average of functions involving ¢ only
like egn(1.1.15) one should change dt by ((l-eCos¢)/w,)dU in
the process of averaging

If we look at egns (1.1.16) and (1.2.14), however, the ¢

-average and the t-average of y give equal value that is zero.

<y(t)>y = <y(¢)>5 = O (1.2.19)
This is natural because the motion is symetric about the x-

axis.
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1.3 "guantization” Of Enerqgy And Angular Momentunm

Of The S8System

Consider the energy of the system written in the form
E=3% u(k +9?) -k (1.3.1)
r

Where the dofs indicate the time derivatives of the variables.
The first term of egn (1.3.1) is the kinetic energy and the
second is the potential energy of the

system. Differentiating egns(1.2.12) and (1.2.14) with time t,
squaring them, using egqn (1.2.17) and substituting it in

egqn(l.3.1) yield

00
E = ggoi 3%4 ( ajaSin(nw,t)sSin(mw,t) +
[r 0]
'F (byb, Cos(nw,t)Cos (mw,t) -
, Ma|
[~}
k ( 1+ T ¢ Cos(nw,t) )
a Az,
(1.3.2)

Where
C, = 2 J,/ (ne)
But does this mean that ¢ depend on time ? To answer this
consider the following from egqns (1.1.15) and (1.1.16)
%X=-a ¢ Sing
y= b $ Cosg
This after being squared followed by the substitution in to

the kinetic energy term of eqn(l.3.1) yielad
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T = pa*w,?(l-¢?2Cos?g) (1.3.3)
2(1-eCosg¢ )?

In which we have substituted w?2_/(1-eCos)? by ¢ 2. The

potential energy term of (1.3.1) can be also expressed as

U=-k =~ puw,2a? (1.3.4)
r (1-€Cosg)

if we use egns (1.1.17) and (1.1.14). This togather with
(1.3.3) yield
E=T+ U ==k (1.3.5)

Which is actually a constant. On the other hand, the time

average of (1.3.2) gives

00
<E> = - ‘{ uw 2 (a,t+b,?) = - nz-:t< E, > (1.3.6)

nay 4 -

00

= - pugtal B Jpt+ lmeidps (1.3.78)

- 62

Where
< E, >= pwgtaz ( Jp2+ 1-€? J,.?) (1.3.7b)
62

The series on the right of (1.3.7a) can be summed (see
appendix) and it is exactly %. This and eqn (1.1.14) reduces

(1.3.7a) to

<E>= =Xk (1.3.8)
2a

Comparison between eqns (1.3.5) and (1.3.7a) shows that, with
or with out averaging, E remains the same -k/2a and does not

show any time dependence. Hence, egn (1.3.2) can be said to




AT ML IR TR i T e e PN S Y e L G Tt L T

e SRS W

14
show the apparent (fictitious) dependence of E on t.

We can also write I, interms of x, y and their time

derivatives as

L=p(xy-yzx) &

(1.3.9)S8imilar to (1.3.2) the apparent dependence of L on t is

given by

o0

erd
L= 3% 3 nw, ayb, (bos(nwot)Cos(met) + 8in (nwot)sin(mwot))
= n m

izl Az

0
- 36;1wcg ﬂz;l b, Cos (nwg,t) &,

(1.3.10)
The same procedure as was done for E using eqns{l1.1.15) ,

(1.1.16) and (1.2.18) in eqgn (1.3.9)'can be made to see that

L is also a constant given by

L = pwoatvi-e? &,

On the other hand the time average of (1.3.10) yields

20 o0
<L >=3% (uwoa b, )&y = rF <L,> &, (1.3.11)
=1 n B
0
= 4w azyl-¢g? 5 J I (1.3.12)
€ A2y 'n
Where
<L,> = Apv,a?yl-¢c? J (ne)J’ (ne) (1.3.13)
ne

The series on the right of(1.3.12) can be summed and it is

R
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equal to e€/4. Therefore (1.3.11) reduces to

< L > = pwoatvl-e? &, .

With or with out averaging L also remains a constant. This
shows that L in (1.3.10) is just seemingly dependent on t
being actually a constant

Egns(1.3.6) and (1.3.11) reflect the fact that the energy
and angular momentum of the system are "quantized". The energy
E of the system, for example, is the sum of the discrete
energy levels <E,>. The discreetness of E or L of the systenm,
however, disappears for e¢-o. This shows that the origin of
"quantization" is the presence of €. But it has to be
remembered that, the energy E and angular momentum L of the
system can take any value as far as classical mechanics is
concerned, And that value of E or L can be expressed as the
sum of discrete levels, There is no forbidden E or L unlike in
guantum mechanics. More over the dependence of E or L on n is
different from that in quantum theory. In short, this is to
say that the sense of quantization in our case and that in

guantum theory are different both in origin and dependence on

nl
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CHAPTER TWO
RADIATION BY NON-RELATIVISBTIC CHARGES

AND IT8 EFFECTS

2.1 Introduction

Up to now we have been discussing the mechanical
properties of the motion,of two bodies that are interacting
with each other with forces that are central and proportional
to the inverse square of the distance between them. The
developed properties are based on the assumptions that the
system is isolated, does not have any interactions with other
systems, and under no circumstances loses/gain energy or
angular momentum. In other words, the enerqgy and angular
momentum of the system is conserved. Now it will be the
subject of this chapter to givé detailed study of the non-
relativistic motion of the system if it loses energy and
angular momentum due to radiation.

Among all possible motions governed by the law of force
mentioned above, coulombic attraction of two oppositely
charged particles is a case in point. We shall assume only
non-relativistic motion. We begin to study the motion by
first establishing the basis behind the radiation of an
accelerated charge.

Consider a charged body in arbitrary motion. The retarded
vector potential due to the moving charge (see fig 2.1) is
given by

A (r,t) =1 I J(r’ . t-R/c ). dv’ (2.1.1)
R

c .

4
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(Fig.2.1)

Where J is the current density, dv’ is the volume element

and R = {r ~r’}. If Fourier-Transform is made such that

o0

\ o
A (r,t) =1 JA(:.,.W) e Wty = 4 [A,(r) e"i¥t aw
27 2T
-0
(2.1.2a)
and
o0 oo
J(r,t’) =1 ] I(rr,w) e ay =.hi-J T (r’)e ™Vt ay
21 b0 27 4
(2.1.2b)
then substitution in egn (2.1.1) gives
A, (r) = 1 I J.(r’) et*® ays (2.1.2¢)
c R

Where t’=t-R/c, k=w/c is the magnitude of the wave vector and
A,(r} = A(x,w) and J,(r‘)=J(r’,w) are the Fourier Components,

For r>>r’ (in far zone )

R=r(l~2n.r’ +;L?1/2 N Y - ﬁ.g'+ r'fr’ 1—(3.5')2]
r r? 2v rr

(2.1.3)

Therefore :-
elkR 5 Glikr e‘ih-s'[1+ikrf;i (1-(ﬁ.ﬁ')z)] (2.1.4)
or

Where




i8
K = kk= kfi
is a wave vector directed toward the field point and fi’ is a
unit wvector along r’. The last term of (2,1,4) is to be
discriminated if we assume that r>>(a/x)a. Where A= 1/k and

a = max l;’i. Under this condition we write egn(2.1.4) for a

non-relativistic motion (ka<<1) as
~ etk (1-ik.r7) (2.1.5)
All these being considerations regarding the retardation

factor el*R in (2.1.2¢) we now turn our attention to the

denominator of the integrand of eqgn(2.1.2c)

= 1 (1-—2n.r' + r_w)‘*f (2.1.6)
r

1
R r r?

In far zone

1= 1 (1+1’1.:')
R r r

Multiplying egns(2.1.5) and (2.1.6) yield

ikR _ gikf( 1+ ﬁ.;f) (1-ik.x’)
r r

e

~ ikt f(1-ik.r’+ ﬁ.;v) (2.1.7)
r ( r

Where we have neglected a term proportional to (x’//x)r’in
accordance to the condition r>>(a/i&)a. When this is used in
(2.1.2c) we find the Fourier-component of the vector potential

as follows :
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B, (x) = gz‘“’{ f Tutmnav +(1 -1 )j(-ig.;')_qw(rw dv'}

r ikr
(2.1.8)
This expression consists of two terms. The first term is

called the electric dipole term and the second contains terms
called the magnetic dipole and electric quadrupole combined
together. In the non-relativistic case (krf<<1) the first term
is dominant over the second. The radiation that would be
calculated from the first term of (2.1.8) only is called the
dipole radiation. Therefore the dipole radiation correspond to
a non-relativistic motion and higher multipole radiation arise
due to relativistic corrections. In what will follow more
emphasis will be given to the former case.

Let’s consider the vector resulting from the divergence

of the dyadic tensor (outer product) in

Vidur) = (Y30 +(3,-¥) &’ = iwpr’ + g, (2.1.9)

Where the operator ¥’ is to operaﬁe on the space variables
(x,y",27). The complete divergence on the left has a zero
resultant upon integration over an entire source, and so
J,{(r’)in the first term of eqgn(2.1.8) can be replaced by
—in; to vield

A,(r) = -ik D, el®* (2.1.10)

corresponding to non-relativistic cases. Where
D, = J;:'Fw(;') av’ (2.1.11)

is the Fourier component of the dipole moment. Now that we
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have evaluated A, (r)that is valid in the far zone (r>>r’j},
let’s also find the fields B, and E, for kr>>1 (radiation zone),
With D, independent of the field point r the curl operation

in B, = V x A, yilelds

ikr (2.1.12)

0}

A
B, (r) = k? (kxD 1 -1
B,(r) ( w)( ikr)

™%

The second curl operation needed for E = (Y %xB,) / {-ik) can be

also carried out to yield

E, (r)=k? [k x (@, x k)] e'* + sh(h.p,)-D, (1-ikr) el**
r r

(2.1.13)

It can be seen that the long range term proportional to r-1 is

just the radiation field for the case of kr’<<l and the

shorter range terms reduce to the static form of a dipole
field in the limit k=w/c —+o

The resulting outward flux of energy radiated by a single

monochromatic component averaged for the period of the motion

is given by

AR A
<8,> = ck* x|k x p,|2+ cx3 (1 + _1 )ik x (D¥ xD
8mr? 8>

(2.1.14)
This is the result of electric dipole radiation consisting of
two major terms. The first has radial (longitudinal) direction
‘ A [] L) . 1)
=k and is 1inversely proportional to r2, The second is
transverse to the radial direction and 1is inversely

3

proportional to r°. In calculating the power radiated per unit

solid angle by a single monochromatic component only the first
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term will contribute

A A
< dp,> = rik. < §,> = ck? |k x D,|? ( 2.1.15)
aa 8w

only the second term of egn (2.1.14) will be involved in the
evaluation of the angular momentum radiated per unit time per

unit solid angle

4 (Q_I_:w))= r x r:<g >/c (2.1.16)
da\ dt

We’ve established the general results for monochromatic
sources. It remains now to use the results developed for our

considerations of two-body problem.
2.2,_Radiation In The Case Of Coulomb Attraction,

Consider now the motion of two opposite charges with
coulomb inter-action. If the masses éf the two charges are
different then their non-relativistic motion is well described
by the classical kepler problem discussed in chapter one. We
can therefore use the results developed in chapter one, for
example, the coordinates as expressed as explicit functions of
time and the energy and angular momentum expressed as the sum
of discrete levels.These together with the results of section
(2.1)will help us to calculate the energy radiated by the two
charges. Egns(2.1.15) and (2.1.16)reveal the fact that to
evaluate the radiated energy and angular momentum of a system
regquires the evaluation of fourier components of the dipole
moment of the system. To simplify the evaluation let’s shift

the origin of the coordinates of Fig(l1.l1) by 3¢a/2 to the
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left. See fig(2.2)

fig.(2.2)

In the new coordinates the corresponding egns of (1.2.12) and

(1L.2.14) are given by

o]
x/(t)= E.g“ Cos (nw,t) (2.2.1)
*'n

v (L) =:§| b, Sin(nw,t) (2.2.2)
'n

The dipole moment of the system is
Where e 1is the magnitude of the charge carried by each
particles and &; and &, arehunit vectors along x’ and

y/respectively. Using eqns (2.2.1) and (2.2.2) in (2.2.3) we

find the required fourier component of D as

D, = e(gn &, + i b, éz) (2.2.4)
n
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Since the motion considered is periodic, w=nw, is the
frequency of the nth harmonics. From now on we shall represent
the Fourier components by a subscript "n" to indicate the nth
harmonics for periodic motions.

To evaluate the power radiated per unit solid angle of
(2.1.15) we need to evaluate Ii X Qn|=. But let’s first
express % in terms of spherical coordinates and the unit
vectors &,, &, and &, as

k = sine cos¢ &, + sine sing &, + Cose &, (2.2.5)

This together with (2.2.4) yield

.
{kxD,| %= et { (a 2+ byz) + [anchsch + bn2sin2¢] sin?e ]
n

(2.2.6)
We can calculate the power radiated into the nth
harmonics by substituting egn (2.2.6) into (2.1.15) and after

some rearrangements yield

.@n> = g2 (nwo)4{(a nitb,?) -~ (anZCosch + bnzsinzqs)sinze]
an sme? n?

(2.2.7)
Expressing this interms of Bessel functions by using the

definitions of a, and b, we get

dPﬁ> = azez(nw )4 J n MHl-g? (Jn)z]
dn 2mcs €2

-1 [Cosz¢ (Fp")2+1-¢g? Sin2¢(Jh)2]Sin29 }
n? €2

(2.2.8)
The angular distribution of the entire power radiated

can then be evaluated just by summing up the preceding
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equation for all possible n as follows:

QHE = (aew02)2 {on nZ[(JnI)Z 4+ l___.iz Jn3]
dn 2nc’ Azt €?

® , Lo} , :
~[ Cos?¢ I n?(J,’')? + 1z€? Sin?¢ I n3J,? ] Sln’O]

iz €2 Nz
The serieses on the right of this equation can be summed (see

appendix) to yield

dp = [(aew,?)? 4(2+e2) - (4 + €2 + 2¢2Cos?¢) sinze}
an 327c (1*62)5/2{

This shows that the more is &€ the more is radiation . More
over we see from egn (2.2.8)here that the spectrum is
discrete. It is useful to note that the Bessel functions in
(2.2.8) do not depend on the polar angles ¢ and 6. Therefore
integration of (2.2.8)over the solid angle is possible for

each harmonics. Integrating (2.2.7) over the solid angle yield

<P,> = 27W,%n? [ pa w,? (an2+bn2)} (2.2.9a)
4

because a, and b, are independent of the angles 8 and ¢.

Or

<Pp> = 27ug? (Ui at) n? [(Jn')z+ 1-¢? (Jn)Z] (2.2.9b)
4 e

Which could also be expressed as
<Pp> = 2tw,in? <E > - (2.2.9¢)

The last equality follows from the use of egn(1.3.7a)

in (2.2.9b). Here 71 = 2e2/3f1c3= 6.3x10"2%sec, is a time
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constant for pusmg, (mass of an electron). Egns (2.2.9%a)-
(2.2.9¢c) represent the power radiated in to the nth harmonics
averaged over the period of the motion. It is also to be noted
that <P, >is proportional to <E,>, the average energy of the
nth harmonics. The power radiated as to for which component it
is stronger is to be discussed later in this chapter.

There is also angular momentum radiated by the system. It
can be seen from eqn(2.1.14) that in the evaluation of the
radiated angular momentum the contribution comes only from the
second term. This consists of two terms: one varying as 1/r3
and the other as 1/r5. The r dependence of the first vanishes
in view of egqn(2.1.16) but the second remains to vary as 1/r?,
Thus the second is not dissociated from the source and can not
be considered as radiation. The evaluation of the radiated
angular momentum also requires the evaluation of iﬁ X (Qg b

A A
D,) and k x [ik x (D} % D,)]. It can be shown that

ik x (D) x D) = 22 ap by sine &,
n

and

kx[ikx(D¥, x D,)]

= 2§f a, b, Sin8[~Cos0 (Cos¢ &; + Sing &,)+Sin6é;))

if we use edans (2.2.4) and (2.2.5). Therefore the radiated
angular momentum per unit solid angle per unit time is given
by

a {AL\= [nwc¥3(2e2a b )sine[(sine &, = Cos®(Cos¢é +Singé )}
<dn(dtn 8wc nzn ! ’ ! 2

(2.2.10)
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Integrating this over the total solid angle yield

<_d_Ln>= ~pTWoS N oagb, & (2.2.11)
dt

= - 4gwoa211—62 (twyin) J,'J, &, (2.2.12)
€

= - TWoin? < L, > (2.2.13)

Egn (2.2.13) shows that the average radiated angular momentum
in to each harmonics is proportional to, and oppositely
directed to its average angular momentum.

The results of eqns(2.2.8) and (2.2.10) could be used to
deduce what one would expect if the orbit was circular instead
of elliptic. This can be seen by taking the limit € * o. To
see this clearly it is useful to note that when e&-#o0,
(J,’(ne))2—=>% and ((1-€2)/€?) (T, (ne))2—=% (see appendix).

Therefore,

lim < gp, > —» dPl = (eaw,?}? (1+Cos?@) (2.2.14)
€>0 dﬂ > 8mc

ang

lim d = 2w (ea)? (2.2.15)
€—>0 <dt dn )>‘ <dt > 3c?

for circular non-relativistic motion. These are well known
results which can be found in any standared books on

Electrodynamics,
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2.3 The 8pectrum Of The Radiation

It was mentioned in the last section that the spectrum of
thé radiation is discrete., The discreetness is a direct
consequence of the presence of €. This can be understood from
eqns(2.2.14)and (2.2.15) in which the discreetness disappears

in the limit e+ 0. To make some comparisons of the strength of

the radiation from different harmonics 1let’s write eqn.

(2.2.9b) as
<P,> = niz, (2.3.1)
Where
A= T w? (pW,2al) (2.3.2)
4
and
By = (Tp-1)? + (Tpep)? - 20 (2.3.3)

The form of %, is obtained after using the recurrence
relations for Bessel functions of egqn (2.2.9b). We shall
consider A to be a constant by choosing particular value for
a or W,.This will make the energy of the system to be fixed,
see egs(1.1.11) and (1.1.14), but L, to be arbitrary. We shall
fix L by giving different values for e¢. Hence, the spectrum we
are going to compare is for systems of the same energy but
different angular momentum. Note that the more is ¢ the less
is the angular momentum of the system for fixed a, see eqn

(1.3.14).
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= 0.1
P,/a 1.0
0.99
0.5
C.04
‘0.001
] i i
W, 2V 3W, 4w,
fig(2.3)
= 0.5
P,./a 1.0
0.76
0.68
0.41 0.5
0.23
0.01
| , ] -
Wy 2W, 3w, 4w, 5w, 6w,
fig(2.4)
= 0.7
n Po/a
1 0.56
2 0.83
3 0.90 . |
4 0.84 Wo 2Wg 4 10w,

fig(2.5)
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The spectrum shown have some qualitative features, For
€=0.1 the radiation from lower harmonics is stronger. The
first harmonics is practically dominant. For €= 0.5 the
radiation from the lower harmonics is still dominant. Unlike
the €=0.1 case the strength of the radiation decreases gently
as one goes from lower harmonics to higher harmonics. For
€=0.5 the power radiated by the third harmonics is the
strongest. Unlike the €=0.1 and €=0.5 cases, the €=0.7 case
the strength of radiation keeps on increasing, reaches a

maximum and then falls off for higher harmonics.

2.4 Effects Of Radiation On The Systenm

It is clear that as long as there is a loss of energy and
angular momentum, however small, the system can not exist
indefinitely on its initial state. If the system is to remain
unaffected, in the presence of radiation, there should exist
a forcing agency to off set the losses due to radiation. In
this case the forcing agency can Keep the trajectory of the
orbit wunchanged. In the absence of the forcing agency,
however, the orbit of the motion will be changed. This change
can be seen from the change of the parameters describing the
orbit. If we come to our particular case of elliptic orbit,
the change can be seen from the change of the semi-major axis
and the eccentricity ¢ of the orbit. The radiation takes away
with it energy and angular momentum. This brings the change on
the semi-major and semi-minor axes and the eccentricity, see
egns (1.1.10), (1.1.11) and (1.1.12)

Since our treatment is completely non-relativistic, the
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losses due to radiation during one period of the motion is so
small that we can consider the changes of the parameters to be
adiabatic. In this case the new orbit will not do into a
different type of orbit, rather it will have almost the same
form but with small change of the size of the orbit. In our
particular case of elliptic orbit, after one period we will
get another elliptic orbit with slight decrease of the semi-
major axis a, semi-minor axis b and the eccentricity € of the
orbit.

The gualitative description of the change of the orbit is
now to be made quantitative by first evaluating the average
rate of change of the energy and angular momentum of the
system and then evaluate how € varies with time.

The average rate of change of the energy of the systenm is
equal to the negative of the average total power radiated by

the system. So we vrite

o0
<g_g_ = - <P>=- % <P, >
dt LiER]
[-=]
= =27TwW?2 T NZ<E >

(2.4.1)

We shall no more use the subscript "O" for W because W is no
more a constant in the absence of the forcing agency.

Expressed interms of Bessel functions eqn(2.4.1) takes form

[+n]
g_fg>= -27W? (gngaz) % 4nt (J/ 2+ 1-€2 J.2] (2.4.2)
dat 4 N g
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The series on the right of (2.4.2) can be summed to yield

dE\ = 1w2(2+e=) < E > {2.4.3)
at (1-€2)

Where

D
LT n*{d.*+ _1-e J,2] = 2+€?
n=4 n ez 4({1-€2)5/2

(see appendix }, and

< E > = - uwta?
2
is the instantaneous average energy of the system. One can also

perform the summation over all harmonics of eqn (2.2.12) seo that

[
‘<QL = -Tw? pwa? (1-€?)*® 4 I nJ3, 'J, (2.4.4)
dt € iz

is the average rate of change of angular momentum of the system.
Where L is the magnitude of its angular momentum. The preceding

equation can be written as

aL, = - 1w? <L >. (2.4.5)
dt (1~e2)3/2

Where we have used the mathematical relation ’gan'an = ¢f4(1-
€2)3/2 to substitute the series on the right of (2.4.4) (see

appendix ) and
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<L > = pwatyi-er
is the inétantaneous angular momentum of the system. Note that
(2.4,.3) does not have minus sign unlike eqn (2.4.5). This is so
because <g> 1is negative. Therefore the energy increases
magnitudewise but its angular momentum decreases with time due
to radiation. We shall assume that E and L of the system don’t
« ‘preciably change during one period of the motion. In view of
th 3 we shall drop average sign in egns(2.4.3}) and (2.4.5).0f
coul @ our assumption is guite reasonable for systems of atonic
size. he reasonability of our assumption in atomic scale can be
seen fi m the following: consider the ratio of the radiated

energy dt ing one period to that of the instantaneous energy E

A = 2nTw 2+€? (2.4.6)
ﬁeriod (1-¢€2) /2

in atomic scale where w ~ 4x101%5™}, 1 = 6.3x1072%sec. and for
0<€<0.9 the ratio is always less than 4.87x107%. But our
assumption fails for e-+»1. So, for large part of the range of ¢
( O<exl) our assumption remains reasonable.

With this in mind let us re-write egns (2.4.3) and (2.4.5)

as

dE = 1w3(2+€2? E (2.4.7)
dat {(1-€2)

= o~ 7wt L (2.4.8)
(T-er7372

Q-|Q.a
t
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It should be clear that egns(2.4.7) and (2.4.8) can not be
integrated at once because € and W are also functions of time.
We can find the rate of change of the eccentricity by

differentiating egn(1.1.10) with respect to time and noting that

(2.4.9)

Q-Iﬁa
el

(g
AR

o,
(-r
k=t i

Using egqn(1.1.10) to find the partial derivatives of ¢ with
respect to E and L and using the results of eqns(2.4.7) and

(2.4.8) the preceding eguation becomes

de = - 37Ty?¢ (2.4.10)
dt 2(1-€2)3/?

We can also find the rate of change of w using egns (1.1.14) and

(2.4.7) as
aw = w dE = 3 rw2(2+e=? W (2.4.11)
dt E 4t 2 (1-€?)

It remains now to find the explicit time dependence of €, w, E
and L. To facilitate these we divide one of the equations
(2.4.7), (2.4.8), (2.4.10) and (2.4.11) by the other and make
evaluation (integration ) simple. To start with, divide (2.4.8)

by (2.4.7) which gives

Q-]Q.r
[l e

= —( 2+g? ) E
1-¢€1 L

R N T T T T TV . : . ) e e sl e -
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Using the expression for ¢ from egn (1.1.10)}) we write the
preceding differential eqguation as an equation involving E and

L and their differential only,

dE = pk? {3 + 2EL (2.4.12)
dL 2L ( [N.< )
Which when integrated yield
E = -pk? (1—-(Lf) +(_E_O)L (2.4.13)
2L? Ly L,

Where E, and L, are the initial Values of the energy and angular
momentum of the system respectively. corresponding to E, and L,
there are also initial values of the eccentricity €, and angular
frequency W,. Interms of € and ¢, egn{(2.4.13) can be re-expressed

as

E = re31 1+ (e, fe)? =1 (2.4.14)
g, ()

Dividing eqn (2.4.7) by (2.4.11) also gives
dE = _2_(@) (2.4.15)
aw 3 Vw

Which, upon integration becomes

(%0‘)3= (% )2 (2.4.16)

Similarly, dividing egn(2.4.8) by (2.4.10) and integrating the

differential equation that would arise containing € and L gives
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)z (2.4,17)

Using egn (2.4.14) in (2.4.16) we can get (w/w,)? expressed

interms of €/¢, as

(&)z =(€go)4 (;Li—Ti_?_zj’ (2.4.18)
o] Q

Egn (2.4.17) expressed as

€= eo(%?)B/z
o

Shows that if the initial eccentricity is zero (e, = o) then ¢
always remains to be zero independent of the va}ue of L. That is
if the initial orbit is circular then the subsequent orbits will
also be circular but with smaller radius. This is the result of
our assumption that the energy loss in one period is very small
compared to the instantaneous energy. Similarly ¢=0 for €, =0
unless for L=o. - Substituting eqgn(2.4.18) in (2.4.10) to

eliminateﬂhependence of de/dt on W yield

de = =~ A (1-¢2)3/? (2.4.19)
dat €

Where

TW,? et (2.4.20)
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The expression on the right of (2.4.19) depends only on €. It’s

integration with time is so simple that it gives

1-€Z + 1 = 1 - At (2.4.21) '
1-¢2

Where

2 (2.4.22)

One can also re-write egn (2,4,21) as

(g)z = (1- 1;t):—4[[1+4((1— At)z-4)~13% - 1} (2.4.23)
eo

To show the explicit time dependence of ¢ on t.ft is useful to
note that A and { depend on the initial values of ¢, and w,. The
explicit time dependence of E and L can be also obtained by

substituting eqn (2.4.23) in (2.4.14) and (2.4.17) respectively.

2.5 The Collapse Of The Classical Atom

In trying to apply our results in atomic scale we consider
the positively charged particle to be the nucleus and the
negatively charged particle to be the electron of Jjust a
hydrogen atom . Our non-relativistic results are applicable
here because electrons in atoms have very law speed compared to
the speed of light. The effects of radiation in the first few

revolutions is very small, but their gradual accumulation over
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many revolutions gives them great importance to the basic
concepts of physics. They lead to the problem of accounting for
the stability of atoms. On the classical basis, orbiting
electrons must be expected to continue radiating and should
eventually fall into the oppositely charged nucleus as they lose
the energy that can keep them inflight.

The time of fall of an orbiting electron from different
possible orbits have been determined in many different
electrodynamics books (see for example ref 8 ). There, it is
shown that the time of fall from outer orbits is longer than
that from inner orbits. In our part here we shall consider the
time of fall from any orbit with different initial conditions
specified by w, and €¢,, The time of fall of the electron into the
nucleus is termed as the time of collapse of the atom.

It can be seen from eqn(2.4.21) that ¢ becomes zero after a

certain time t, given by

te = 1-2 (2.5.71.)

=_2 1 (1-%}2_)5/2(2-.%2 -z(l-eoz)’f) (2.5.2°)
31wt €o

At t=t, when ¢ becomes zero, L/L, becomes zero and E/E, —x (see

egns(2.4.17) and (2.4.14) ). see also fig(2.6) for the feature

of their time dependence. l
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This shows that the system sooner or later will collapse due to
radiation. The time t., is called the collapse time of the
system.

The collapse time t. is different for different initial
values of €, and v, For a given value of €,, the collapse time
is longer for small values of w, and is short for large w,. This
is what should be expected because fast moving charges radiate
more and the more is radiation the sooner the atom collapses., On

other hand, for a given w,, t, takes different values for

C
different values of €,. When ¢, is large t;, is very short. The
large €, corresponds to small initial angular momentum for given
W, (see eqn(1.3.14». That t, is short for large €, can be also
seen from egn (2.5.2' ). The more is € the more is radiation and
hence the faster the atom collapses. In geometric terms, more
elliptic orbits collapse sooner for a given w,

Note that egn(2.5.2 ) is seemingly divergent as e ¥#o.

To see the actual dependence of t_ on €,, when ¢, is small, let’s

expand (1-€,2)% and (1-¢,2)%/? for small eg:

(1—<~:C,2);i ® 1= €,2 -

Substituting these in eqn (2.5.2 )} yield

te® 1 1 (1- geoz) = a, (3, 3(1 -56,7)  (2.5.2))
6T Wl 2 4C ac) 2

I A AL I a I e L A T P 0 L e I e e e e e T T 3 e e
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Where a, = e?/uc? is the classical electron radius (for p % mg;
mass of an electron) and a, is the semi-major axis corresponding

to w,. t, in eqn(2.5.3 ) tends to a constant value when e,—+o0:

t, =+ 2. ( acj (2.5.4)
¢ a,

This is the time of collapse for an initially circular orbit of
initial radius a,.

The following table shows values of t, for different values
of €, and constant w, = 4,12x10%% g7t ¢ a, which corresponds to

chosen w, is of the order of 1%% Bohr’s radius).

Wo=4.12x101%sec™?

€o [ tox1071lsec

0.000 2.39
0.001 1.56
0.100 1.53
0.500 0.87
0.750 0.54
0.900 0.05

The above table shows that the time of collapse t, gets shorter
and shorter when €, is made larger and larger. That is, if the
orbit is more of circular then it collapses later and if it is
more of elliptic it collapses sooner.

The time of collapse is of the order of 10 1lsec. This time

is a very short time compared to the multi-billion-year-long
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life of universe,But on the atomic scale, this time is enough
for the charge to make about 7x10% revolutions.

A little more is to be said about transition time from
nth to (n-1)th state predicted by correspondence principle for
large guantum number of circular orbits. The principle states
that for large guantum number n the transition time from nth

state to (n-1)th state is given by

hw/P (2.5. 53)
Where P is the power radiated by the fundamental. For circular

orbits of hydrogen like atoms

1=2er  (_ex gc=) 1 5.5
T 3 hce e ) ('h n® (2 b)

Where 7 is the transition time. Can the result of our model give
the same result? To see this let’s evaluate P of (2.5.53) from

eqn (2.2.9b) for e€=o. The only term surviving is only the n=1

term
Py= % %% az wt (2.5.6 )
Let’s make the substitution
a = r,=nhz_
pe?

and
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into(2.5.6"), then

substitution in to (2.5.54) yield

T = hw = | 2e? nzﬁzaz(ez‘f 1 h
p [30 (uez ua]

or

1 zgz_(e= 4(&) 1
T 3 he \hce il n®

exactly the same as @.5.5&. So our model also gives the same

result,

2.6, Radiation Widths Of Spectral Lines

As treated in Sec(2.3) an orbiting charge yield radiations
of ideally discrete frequencies w,,2w,,... because it was
presumed that a periodic motion of orbital frequency w, was
perfectly maintained throughout each radiation process. In
atoms, such well-defined periodicities can be maintained by the
internal forces like the energy-conserving nuclear coulomb force
only in so far as the mechanical system remains unperturbed by
the radiative reactions (or by other conceivable dissipative
effects) and as the constant energy needed to maintain a perfect
periodicity is conserved. AT least the losses to radiation will
not permit this, having consequences like the continuous inward
spiraling of the charge, discussed in the preceding section. The

radiatively perturbed motion becomes aperiodie, and its Fourier
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decomposition will have a continuum of frequencies replacing the
unperturbed discrete frequencies.

Since radiative effects on motion are very small
(proportional to 17), the continuum departures. from each
unperturbed frequency will have a small effective range Aw,
with the result a small broadening of each spectral line. Direct
measurements of such radiation width have value for conclusions
about the dynamics of radiating systems.

Evaluations of the effect are generally approached though

the solution of the non-relativistic equation of motion

pY = - ez r + pr¥ (2.6.1)

Where the first term on the right hand side of (2.6.1) is the
usuall coulomb attraction force and the second is the radiation

reaction. Egn(2.6.1) is equivalent to the two equations

X - 1¥ = ~ §2_3x (2.6.2)
uxr

¥V -1y = - 9_2_3y (2.6.3)
nr

From the solutions of the kepler problem eqns(1.1.15)-

(1.1.17) and eqn(1.1.19) it can be shown that

X =1 2 (1 (2.6.4)
r3 a be(r)

and
Y = - Jfi-g: a_(;) (2.6.5)
r3 awe dt\r
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Substituting these into (2.6.2-3) yleld

¥ - 1% = e 1 (2.6.6)
ga r
V - 17 = - _Ji-et 9 (_1_) (2.6.7)
awe Jt\T

Leaving this as it is, 1let’s also re-write egns(1.2.12),
(1.2.14) and (1.2.17) after substituting (1.2.13) and (1.2.15)

for a, and b, as

00
x(t) = -3ae¢ + a & J,/(ne) 2cos(nwt)
2 L o
0
y(t) = a¥i-¢? 2 J,{(ne) 2sin(nwt)
€ LETI !
1 = _4{} + g Jn’ (ne) 2 cos(nwt)]
r(t) a =

These can be also expressed interms of exponentials as

x(t) = - 33€ + a| % J,/ (ne) el™t 4 $ I (ne) e~invt
2 nuy n [LERY n
(2.6.8)
m N w i
y(t) = avl-€? | ® J, (ne) e*™t - T _J (ne) e inWt
€ =y in Ns in
(2.6.9)
oo = _
1 = 1|1+3% J,(ne) elnwt 4 = Jn(ne)e-xnwt
r(t) a Az A

(2.6.10)
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If we make the change of variable n bé—n in the first serieses

of the preceding equations we araive at

-0 ' 0
x(t) - ,gﬁ + a[:z J_ (-ne) et 4+ % gJ 7(ne e"i“Wt]

sy -n fea n
(2.6.11)
0
y(t) = ayl-ez [ % J_(~ne) e Wt — 5 J (ne) e inwt
. € LB -n e n
(2.6.12)
-~ 00 oo
1 = 1|1+ % J_ (-ne)e ™t 4+ 5 J (ne)einvt
r(t) a =y fiey
(2.6.13)
Using the properties of the Bessel functions
J n(x) = (-1)" Jn(x) and Ja(=x)= (-1)an(x)

it is easy to see that

Jop{-ne) = J, {ne) and

J_pn’ (-ne) = =J, " (ne}
The latter can be proved easily if one uses the recurrence
relation
207, (%) = T 1 (X) = JTpe1(X)

Therefore we can write

0
x(t) =32 ar e im™t . ar = aJ ’(ne) for n = o
n
a’y, = -3¢€a for n=o
2
(2.6.14)
2 ~inwt
y(t) = Z b/ e ; bp’=  Jy(ne) for n=o
hz0 in
b’, = 0 for n=o
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o
1 = % cre”iwt . ocro= g (ne for all n
r(t) o a

(2.6.16)
We consider w as an unknown freguency which must be found by
substituting the above equations into the equations of motion.

Substituting(2.6.14) and (2.6.16)in (2.6.2)yield

S o0
T(-inw)2a’ et - ¢ T (-inwt)3 a’e”itvt =
iz -0 N=z-0o

°E° (—e* 'ac’r)e"i“‘”’t
N pna ge

Which can be satisfied only when

(-nzwz- ir(nw)3) aJg’, = _ce? 3J,(ne) = -e*n J,
n uaz de pa?
or n2wz+it nwd = ain?
pa
That 1is
wt = w2 - intw’ (2.6.17)

Where

Wo2 = e? Juad
is the frequency defined in egn (1.1.14). It is worth while to
note that we can also substitute egns(2.6.15) and (2.6.16) in
(2.6.3) and will result in the same equation eqn (2.6.17). The
unperturbed(7-+ 0 ) roots of (2.6.17) are w—+iw,, and at these

values the radiative correction adds only a fraction of

magnitude W,. In all relevant situations it is more than
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adequate to evaluate the radiative term of (2.6.17) as + iw:f
for the respective unperturbed roots iw,, and then the results
are

WoR oW (1t :Lwom');i &~ +W0“iﬁ§zfn (2.6.18)

Substituting this into egn (2.6.15) yields

0
x(t) = I A (t)exp-inv,t
EN)
Where

A (t) = a’exp(-T',t/2)

Thus the solutions of each harmonics in eqns (2.4.14-16)
will have oscillations proportional to exp(+inw,t) modulated by
an exponentially decreasing amplitude proportional to
exp(~T,t/2) with

Fp= n?w 2t {(2.6.19)
This defines the width of each spectral line and shows that the
higher harmonics have larger width. Thus, the spectrum becomes
continuous due to widening of the spectral lines when,
WiT ™ W,

that is for

1 & 2000
TWg

=
r

When w,=4.12x10%"1g. Therefore, the spectrum instead of being
consisted of sharp lines as was shown in the previous section
will show some broadening in which the broadening is highly

pronounced for n>> 1 see fig.(2.7).
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figea.1)
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CHAPTER THREE

RADIATION FROM__RELATIVISTIC CHARGE

MOVING IN A CIRCULAR ORBIT

3.1 Fields From A Charge In Circular Orbit

Accelerations of a particle perpendicular to its velocity
are characteristics of deflections by an imposed centripetal
force. The centripetal force could be due to an imposed magnetic
field on a moving charge.These occur, for example, in the
synchrotron devices for accelerating particles, and emissions
arising from deflections of high velocities by any magnetic
field in any circumstances are customarily referred to as
synchrotron radiation. It is to be noted that our consideration
of circular path 1is not a matter of choice, but on the
realization of its applicability. In addition, towards the
middle of this chapter we shall see the analogy of the spectrum
from elliptic and circular paths,

For accelerated charge in non-relativistic circular motion,
the angular distribution of the radiated power shows a simple
cos?0 behaviour, as seen on page eqn(2.2.14), where 0 is the
angle measured from z/ to r, see fig(2.2). Its dependence for
relativistic charges |is, however, complicated due to
relativistic effects.

If we remove the last restriction, Ka<<l, imposed in deriving

the radiation of non-relativistic charges 1leaving the
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restriction only r>> a and r>>(a/f3)a, then our consideration
will be more general which includes both relativistic and non-
relativistic cases. But still we have to impose a new
restriction: Ka<l or a<A, That is the size of source should be
strictly less than %7 of the wave length of the emitted field.In
other words this means that the speed of the particle must be
less than the speed of light. Combining all the restrictions in
a simple form is r>>X>>a?/r. The field point is still in a far
zone and kr>>1(radiation zone )

For particles under going periodic motion we expand the
field variables in a Fourier-Series and corresponding to eqns

(2.1.2a), (2.1.2b) and (2.1.2c¢c) we have

<]

A(r,t) = n.E_:w.a_n(z)exp(-*inwot) (3.1.1a)
oD

I(r’,t") =I§ In{x’)exp(-inw,t) (3.1.1b)
200

and
A, (r) = g“‘”] To(rr)e tBE"  gvr (3.1.1c)
cr

Where k = nw,/c . The last equation is the result of the
substitution of egqns (3.1.1a) and (3.1.1b)in to egn (2.1.1) and
analyzing it for r>> } >>at/r _ The Fourier component of the
current density is

T

J J(r,'t’)exp(-inw,t’) dt’ (3.1.2)
) .

Io(xl) = 1
T

It must be clear that the fields can be also expanded in
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Fourier-Series and their §ourier components are given by

B, = V x A,
and E, = Yx B,
-ik

For r satisfying the condition r?>> X >> a?/r, the fourier

components B, and E, take the form

(3.1.3)

fiod
=
L"i
i
et
=
%
g
=1
I~

E,(x) = - k x B, (r) (3.1.4)

This shows that both the electric and magnetic vectors are
transverse to the propagation direction k through the field
point, have equal magnitudes, and are transverse to each other
(with §n=ﬁ x E,;) exactly as in free space plane waves moreover,
the phase factor is exp(ikr) =exp(ik.r), exactly as in plane
wave, and has magnitudes that are constant over large sectors of
the spherical front at the very remote distances.
Electromagnetic radiation has thus been generated and the energy

it carries away from the source is evaluated next.
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3.2. Angular Distribution Of The Radiation.

The energy flux-density carried away by any electro-

magnetic wave is

s=c_|B|* k (3.2.1)

and it is directed precisely out ward, in the direction of k=t
because of the asymptotic transversality of the field (3.1.3)

and {3.1.4) to the radial direction. It measures the intensity
of the radiation as energy per unit time passing through unit
areas on a very large sphere of radius r, centered on the
source. Thus the power radiated into a solid-angle element dn

that subtends an area é. ds= rzdN on the sphere is given by

dP = c¢cr: |B|? (3.2.2)
dn 4T

Since B can be written in Fourier-series as

T
0
B = r\E B,(x)exp(-inw,t) ; Bn=idj'§(r,t)exp(inwot) dt
-0 T
o
then
IB|2 = 3% B,.B* exp[-i(n-m)w,t] (3.2.3)

n,m?‘n
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And B, =B
(3.2.4)
because the magnetic field is real. The power radiated per unit

solid angle is then

o0
dP = cr2 3 B,.B'exp[-i(n-m)w,t]
dq 4w Nkz-w0

This when averaged over time gives

T
<gg>= crz 3% B,.B*, 1 Jexp—i[(n-—m)wot] at
an T

ol
<g_13 = cr2fS |B,l? + T |B_,|? + Boz} (3.2.5)
an amw L=

Assuming that the average of the field

T
Bo = 1 j B(r.t) dt

T
0

to be zero and using the fact that B, = B*_ , eqn (3.2.4 ) may be

written as follows

-~ o0
(QE>= erz ¥ |B,lt = T dp,
dn 2m Nz n= 4N
where
dP, = cr? |B,|? n=1,2,3 ... (3.2.6)
dqa 27

is the power radiated per unit solid angle into the nth
multipole
To give the complete description of the power radiated, we

have to express B, in terms of the given quantities, the charge
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of the particle, its velocity and the distance from the origin
to the point of observation. Finally we compute the power
radiated in the far zone. Substituting egn (3.1.2) into (3.1.1c)
and substituting the final result into egn (3.1.3) yield
T

By= nw,  iel** £ x ]ei“‘“’“' dt’]é(z',t')exm-ilﬁ-r.’) av’

Trc? !

For a point charge in motion the current density is given by
J(x, t') = e v(t’) §(r'-r,’)

Where e is the charge carried and v(t’) is the velocity of the

particle. Therefore

T
B, = & nw,? jelkr ’ expi(nw,t’-k.r) k x v dt’
r 2nc? o

(3.2.7)

Substituting this into (3.2.6) yield

T 2
dp, = e2n2w54 (k x v) expi{nw,t’-k.xr’, ] dt’ (3.2.8)
dnn (2mc) lé ° °

Egqn(3.2.8) can be used to find the spectrum of radiation from an
accelerating charge in any possible type of motion following any
kind of trajectory as far as we can integrate the integral in
that eguation. In particular it can be used to find the spectrum
of the radiation from a relativistic point charge moving in a

c¢ircular orbit. The non-relativistic circular motion case, has
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already been deduced from the general type of orbit, elliptic
orbit, in chapter two. In this section we shall investigate, the
exact expression for the spectrum of radiation from a
relativistic charge in circular motion.
For a circular orbit of radius a and period of motion T=

2n /v, (see fig (3.1) )

figeu

A
k x V(t/)=-w,a{cosBcos¢pé&,, +cosbsing’&,-sinBcos(¢p-¢’)&,)

g‘—'ﬁ (302.9)

and

K.rxr’', = nv,a sinfcos (¢-¢’)

C
= nBsinBcos(¢p-¢’)

or

K.r,/ = X cos (¢-¢') (3.2.10)
where

B = wW,a and x = nBsing
C

Let’/s evaluate
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T

i-= ; k x ¥ expi[nwt’ - k.r,’] dt’ (3.2.11)
)

for the circular motion. Using eqns (3.2.9) and (3.2.10) into

(3.2.11)

T
i = -acose l expi[nw,t’ -xcos(¢-¢’)] cosg’ d(w,t’) &l
o

T

-acos® expl[nw,t! ~xcos(¢-¢’)] sing’d(wyt’) &2

My,

=]

T
+ asine E expi[nw,t! -xcos(¢-¢’)] cos(¢p-¢’) dA(wyt’) el
° (3.2.12.)
If ¢’= o at t=o then ¢’ (t)=w,t’ and d¢= d(w,t’). using this fact

we shall evaluate (3.2.12) component by component

T
jx = -acose rexpi[n¢ ~-xcos (¢g=¢’)] cos¢’de’

-]

4
-acos0 f{ expi((n+l)¢’—-xcosa] + expi[ (n-1)¢’-xcosa] }da
2 8
(3.2.13)

The last equality is obtained by substituting % (el?’ +e™i¢') for
cos ¢’ and changing the variable : ¢-¢'=-a
Let’s once more pay attention only to the first integral of

eqn{3.2,13) leaving the coefficient for a moment.

aw-9 ur-$
Il‘ = Eei(n-i-l)(cp-m)-xcosa) da = ei(n+1)¢ ;ei[(n-&l)a-xcosa] da
9 -9

If we make the change of variable a-—>a-m/2 then the last

integral becomes
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1.4
= gintl)e [t i[(n+1)a - xsi da
I ?TE¥TT" S expi[(n+l)a xsina) da
’Wl’¢
or
I, = elintl)¢ ° expi[ (n+l)e - xsina] da
1 1 (n+l) {
£4

in
+ 5 expi[ (n+l)a - xsina)] da
[+]

ul
- J expi[ (n+l)a - xsinae] da }
[ 1

-4
If we make once more the change of variable a—#a-27 in the last
integral of the preceding equation and noting that
exp(-2m(n+1)i) = 1 then it can be seen that it is the same as
the first integral of the preceding equation. Hence the first

and the last terms of I, add up to zero leaving

2Tt

= i(n+tl)¢ [i{n+1}X =~ xsina) 3.
I, 2 %Tn [ 5% S e T da ] (3.2.14)
0

The expression in the square bracket of (3.2.14) is the standard

representation of Bessel function of order (n+l)

= gl(ntl)¢
I, %_(nﬂ) 27 Jpeq (X) (3.2.15)
Where J,,,(x%) is Bessel function of order (n+1). Similar
procedures can be traced to evaluate the second integral of

eqn(3.2.13) to give

= oi(n-1)¢
I, = 2md _1 (% 3.2.16
2 ﬁ}jETIT n-1(X) ( )
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Combining all these and substituting into (3.2.13) yields

Jjx = —macose [ %i(g::l)w Jner (X)) + Qi((?‘j)f Jn-1(¥) ]

(3.2.17)
The only difference between the first component and the second
component in egn (3.2.12) is that the first has cos ¢’ in its
integrand and the second sing’. This will bring a sign of minus
between the first and the second integrands of (3.2,13) and a
factor of 1/i for that equation and hence exactly the same
expressions as egns (3.2.15) and (3.2.16) can be found so that

the second component of (3.2.12) will be

c o i(n+1)¢ 7 - ai(n-1)¢
3y Wacgse [?TE?TT n+1 (X) QIFqu. Jn_l(X)]

(3.2.18)
What remains now is to do similar procedure for the third
component of egqn (3.2.12). If we make the change of variable

¢ - ¢'= - @ in the third component then

21-¢
j,= asine eine J el(na - xcosa) ,nay du (3.2.19)
-¢
art-¢
= a sing i oM 3 ] gl{na ~xcosa) g4 (3.2,20)
—%x -¢

The integral in egn (3.2.20) can be again rearranged so as to

reduce it to the standard form of Bessel function. Therefore

j, = 2mia sine ein(¢-7/2) g r(x) (3.2.21)
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Where J,’(x) is the usual derivative of Bessel function with
respect to its argument. Now we have to find j,*, j,* and i) to

find |j|?. Let’s see the first component

S0

Iy

Jjg? = m*a?cos?® [ J? 4402y - 2c0S(2¢)T,-1Tn41 )

Similarly we have

Jy? = m2acost® [J2, 4 +J%, 4 + 2c08(2¢)T,-1T541 ]
and
jz? = 4m?a?sin?e J’/?
Therefore
[il? = 2wzazcosze (J2,,, + Jz, ;) + 4m?za?sinzedp?

(3.2.22)
Note that the dependence of |j|? on ¢ disappears and hence we
shall see that the spectrum does not depend on ¢. Egn(3.2.22)
can be also written as

[1]? = 4m?a? (Jn’z + cotz@ an) (3.2.23)
A2

if we make use of the recurrence relations for Bessel functions

Jn_l(X) + Jn+1(X) = 2n Jn(X)
X
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Tp-1(X) = Ty (X)) = 23,7 (%)

and make the substitution x = nBfsind. The spectrum of the

radiation can thus be given as

dp, = erw.%az n? [[J'(nBsine)]2 + cot?2e [J (nBsine)]z]
aa" 2GS . At "
(3.2.24)
after substituting egn (3.2.23) into (3.2.8). When B—+0 the only

term out of (3.2.24) that can exist 1is the first term, n= 1

dp, ,dP; = e?*w,a? (1l+cos?e) {3.2.25)
dn an 8nC

which is the dipole radiation. Like that in (2.2.8) the spectrum
is discrete. The origin of the discreetness in (3.2.24) is the
presence of higher multipole radiation. We have dipole
radiation, gquadruple radiation and so on corresponding to
Wg2W,, - - . frequencies. Egns(2.2.8) and (3.2.24) have similar form
but quite different contents. Unlike (2.2.8), (3.2.24) depend on
¢. The most interesting thing of this is that one can distingush
between elliptic and circular orbits of a charge Jjust by
observing the spectrum of the radiation with out actualy
observing the trajectory. The dependence of the spectrum of the
radiation on ¢ is charactorstics of the radiation from elliptic
motion of a charge and independence on ¢ 1is that of circular
motion.

The arguments of the Bessel functions in (3.2.24) contain
a factor of sin® but those of (2.2.8)’s do not. As the result

of this (3.2.24) can not be easily integrated over the solid
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angle but (2.2.8) can. If we perform the summation over all n of
eqn (3.2.24) we get

dP\ = etw.2a? | ¥ n?[J./(nx)]? + Cot2@ ¥ n?[J,(nx)]? ]
'dﬁ> 2nC Az Bz A

(3.2.26)
This is an exact expression for the angular distribution of the
average power radiated. The serieses on the right of (3.2.26)

can be summed up to yield

dP\ = e?a?yw, | 4(1+cos?@) - B2 (1+38%) Sine (3.2.27)
<dn 327C [ (1-Bzginze) '/
Where we’ve used the mathematical relations (see appendix )

¥ ne [T,/ (nx)]? = 4 + 3x?
n=1 16 (1-xz ) 5/2
and

; nz {J,(nx)1? = X2 (44x2)
Az 16(1-){2)7/2

Expression (3.2.27) is again exact for relativistic and non-
relativistic motion., It is reasonably simple to integrate eqn
(3.2.27) than (3.2.24). Integrating (3.2.27) over the solid

angle, thus, gives

<p> = 2e? aw, (3.2.28)
3¢3 (1-B2)2

Which means fast moving charges radiate more.
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3.3 Interference Effects In The Radiation

From A System Of Two Charges

Consider two charges moving in a circular orbit being on

apposite ends of a diameter. see fig (3.2)

fig. (3.2)
The n*! Fourier-component of the magnetic field due to the two

chardes is given by
B, = Bj, *+ Bp, n = integer (3.3.1)

Where B;, is the fourier-component of the field due to q; and
B,, is due to g;. Egn(3.2.7) can be used to find the fields
produced by both charges to yield the net nth multipole field as

follows :

N SRS
B, = q; nw,’ ielkr.[dt'(kxyl)expi(nwot’— K.r5s)

r 2uc?
o

T

A

+ g, nwW.? ieikr‘idt'(kxgz)expi(nwot’— Ko-Xoo)
r 2uC:?

° (3.3.2)

The two terms represent the fields produced by each charges

independently. g; and ¢, are in general diferent but we shall




62
consider two possible cases: ¢; = -4, and g; = q, and leave them

moving being on the two ends of a diameter so that

Case I---o--cutt--l-ql = —q2 (3-3-4)

In this case B, will be

T A
B, = dnw,? jelkr [ jdt'(k x v) expi(nwttk.r’,)

2Mc? r o

T
+ s dt’(k x v) expi(nw,t’/+k.r’)) ]
[+]

(3.3.5)
Which 1s obtained after substituting q for ¢y and -g for qy; £’ 21,

and -r,’ for r’,, and v for v; and -v for ¥, in egn(3.3.2) as
required by (3.3.3) and (3.3.4) . The first integral of the
preceding equation is exactly the expression in egqn (3.2.11)
which is integrated in sec.(3.2) component by component. $§ee
egqns(3.2.,17) (3.2.18) and (3.2.21). After some rearrangements

the first integral of egn (3.3.2) may be written as
i = -2miael(¢~7/2)n [(coscpJ;(ne) - (i/€) sing Jn(ne)cose)él
+ (Sinqun’(ne) + (i/ﬁ)cosqun(rus)cosﬁ)é2

~8in® J,’ (ne) &, ]

(3.3.6)
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Where &,, &, and &; are unit vectors as indicated in fig. (3.2)
and €= Bsin 6, The second integral of (3.3.5) is the same as the

first one, except that ¢ is to be replaced by -¢ because r, 1=

-

o2

+

i, = -2ﬂiaei(¢“dz“’[(cos¢Jn’(-ne)—(i/~e)Sin¢Jn(-ne))cose &,
+ (SingJ,’ (-ne)+(i/-€)cos¢d, (-ne))Cose &,

- 8in0J,’ (-n¢) é3] (3.3.7)

Using the properties of Bessel function that
Ja(-x) = - (-1)° Jn(X)_ i In(-x)= (-1)"J,(x)
the second integral can be re-written as
i =- (-1)" i (3.3.8)
so that the resultant Fourier component of the magnetic field is

B,(x)=

(1-(-1)")n ggﬁzexpﬁ(¢—§;—g) <'cos¢J;(ne)—isinQJn(ne))Coseél
rc? a 2 €

+ ( 8ingJ,’ (ne)+ icos¢ J,(ne) ) Coso &,
€
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It is clear from this that B,(r) is non-zero only for odd n. We

then write it as

Bops+r () =

2gaw? (2m+1) exp[i(2m+1) (¢-§r—~1r_)] (cos¢pIbi1-18ingT, ., Cos® &,
re? a 2 €

+ (sin¢J§m+1+icosQJ2m+1) cose &, —- sineJ’ e, €5 } ]
€

(3.3.10)
In which the argument of the Bessel functions is (2m+1)Bsiné and
m is an integer.
The power radiated per unit solid angle into the mth-

multipole is obtained by substituting this into egn (3.2.6)

@2m+1 =4 (gawog z (2m+1) 2<{J2m+1( (2m+l)e) ]2+ Cot? 9[J2m+1 (2m+1) 6]2)
an 2mC B?

(3.3.11)
where m = 0,1,2,... . The average total power radiated can then
be calculated by summing up the contributions from all

multipoles

o0
<gg = 4(gaug?)? I (2mt1)? ( (T 2me1) P+ COLIO (Tppeq)? )
dan 2nc m:o B2
(3.3.12)
Egn(3.3.12) can not be integrated over the solid angle to
give the angular distribution of the power radiated by the
system of the two charges. Because, unlike the series in eqgn

(3.2.26), the series in eqn (3.3.12) can not be summed to give
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the explicit dependence of < dp/dN> on the polar angles. But
just to make some feeling of the effect of interference let’s
evaluate the series for small B. Let’s first find

1im [(Tpne1)? + Cot2e (J2m+1)]=
B—¥ol B2

lim 1(J2m Jonea}? + Cos?20 p2ginza (J2m+J2m+2)=
B0 _ 4 st.‘anG

The only term that would survive is that for m=o. Therefore the

limit approaches to

1 ( 1+ Cos?e )
4

Thus

dP\—> 4 (g cz)z (1 + cos?e) (3.3.13)
an

Comparison of this with(2.2.14) shows that when charges are in
a circular motion the power radiated in the Larmor-radiation
for the two equal and opposite charges is four times that due to

a single charge.
Case II-oooooo ql =q2 (3.3.14)
In this case one would have one more negative sign in eqn

(3.3.7) because ¢, has now the same charge as q,. The resultant

magnetic field component would then be




66
B,=

(1+(—1)")ngawozexp[}(¢+&;—g)ﬁ”}cos¢J;(ne)—isinQJn(ne)]coseél
rc? a 2 €

+ (sin¢Jn'(ne)+icosQ Jn(ne))cose &, - sineJ,’(ne) &, ]
€

(3.3.15)
The non-zero contribution comes only from even n., Therefore we

write the expression for B, as

Bop=(2m) gaw,? exp[i(¢+f5_r-7)2m] (cos¢dy,’ - jl_s_meszm) Coso &,
rc? a 2 €
+(Sin¢Jm'+igg§Q ng)cose &,-8in6J, ' &,
€

(3.3.16)
substituting this into (3.2.6) yield

APy = 4(2m)? (@ayy?)? |[Jpy (2me)}? + Cot?® [ng(2me)]2]
an 2nc B2

(3.3.17)
where m is an integer , m=1,2,3,... . Note also that the angular
distribution of the radiated power is independent of ¢ in both
cases.

Let’s also evaluate the average total power radiated per unit

solid angle:

v o)
dp\ = 4(gaw 2)? = (2m)2 (Jp,? + cot2@ Jy.?) (3.3.18)
<dﬂ 211¢c Tz m Bz "

Again the sum on the right-hand side of the preceding equation
can not be summed. But to make some feeling of the effect of the

interference when q; = q,, let’s evaluate the series on the right
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for small B, To do so let’s also first see

lim ( Jp? + cot?28 Jy,%)
B0 B?

= lim  1(JTppo1~Topme1)? + €0820 B28in? 0 (JTpp_1+Tomen)?
B o 4 4 B2sin?@
When the argument tends to zero (f—+o0), the survival of Bessel
function is guaranteed only when the order is zero. In this case
none of the above Bessel functions can have order zero. Thus the
limit tends to zero in proportion to #2?. This means that the
dipole radiation by the two like charges which are moving on the
same circle with the same non-relativistic speed being on
opposite ends of a diameter is absent. Comparison between the
two cases, ¢, =-¢, and ¢,= d, shows that in the Larmor radiation
the radiation from the former is constructively interfered and

that from the later is destructively interfered.
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CHAPTER FOUR

SIMULTANEOUS EXPANSION

FOR THE POTENTIALS OF A CHARGE

IN CIRCULAR NOTION

4.1. Lagrange Expansion For Far Zone Fields

Produced By A Charge In Circular Motion

Consider a charge moving on the x~y plane as shown in

fig(4.1)

fig.(4.1)
The Lienard-Wiechert vector potential for R= |R, -rgl # o is
given by
A = gl{t’) (4.1.1)
R(t’) - R(t’}.B(t")
Where
t’ =  t- R(t’)
c
and
B=14d (t")
c cu:"‘];q
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and; r, and R(t’) are vectors as shown in fig (4.1). In far zone

q

where R, >> ng[, we can approximate R(t’) as

i

R(t’) =(Ro’ + ryt - 230-25)‘¢;Ro - ﬁ,;q(t') (4.1.2)

Where

is a unit vector. This means that
t/ & t= Ry/C + horg(t1)/C = * = (-f,rq(t’)/c)
(4.1.3)
Where
t* =+t - Ry/c
(4.1.4)

In the denominator of (4.1.1), however, we can approximate

R(t’) ~ R, so that the retarded vector potential may be written

as
A(R,,t) = gB(t?) (4.1.5)
Ry[1- A(t’).B(t")]
for R, >> !qu- If the charge is moving in a circular orbit of

radius a we can write

B(t’) = B[t +1/c ng.xg(t’)]

= aw:[ -8in( wot* + g.gq ) & + Cos{( wot* + g.;q ) éz]

Q
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2 : A
where w, is the angular frequency of the motion and k=(w,/c)n,
Using the properties of the trigonometric functions we can

re-express this as

B(t")
= By (t*) Cosk.ry(t’)] - k rq(t") Sin[K.rq(t’))

(4.1.6)
Thus the retarded vector potential of a c¢irculating charge in

the far zone takes form

A(R,,t) = a [8.(th) os;g (£7)] - kr.(t*)_sSin
- R[ S Yoo W B %u:'f‘s(t')]]

(4.1.7)
Egqn(4.1.7) is the retarded vector potential that should be
] ] X A
calculated at an earlier time t’= t- R/c + ng,.rg/c = t* +( _qyt
To evaluate this at a simultanecus time we shall
use the lagrange expansion which states that any arbitrary

function u(t’) of the retarded time t’ can be expressed as
o
U(t’) = 3 =10 _gf [(;3)‘" U(t) (1-N(t).B(t) ] (4.1.8)
Mo m! at™ c

Where the series on the right is a function of t only and
tr = t- R(t") (4.1.9)
c
We can also use the lagrange expansion for our purpose if we
replace R(t’) /c by -ﬁo.;q(t')/c and t’ by t*. The Lagrange

expansion of (4.17) is then given by
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oo
A= B.(t) = (~1"(d \" lf-k.x (t"))™ Cos(k.r (t*)l]
g o) §, C0" ()" [(maeh)” oot

(o]

e 2 g Ylgen)” sienaen

(4.1.10)
Since

A . A . : A .
n,= SinB Cos¢ &; +51n8 Sin¢g &, + cos6 &;

and

ry(t") = af Cos(wot") & + Sin(w,t*) &, ]

We can write

A
Oo-Xg(t") =1 k.rg(t")
c W,
= a Sin® Cos(W,t"-¢) = Bsin® cos(w,t"'-¢)=ecosa
c Wo Vo
(4.1.11)
where B = w,a/c; € = BSin® and ¢ = wot' - ¢ = wt-w,R,/c - ¢.

Substituting thsese in (4.1.10) yield

R
A=g ﬁq(t*) z 1 (g , (ecosa)m Cos (eCosa)
R dt

[ Y 1
o ¢ m. Wo

oo (th) T
m

s -];ﬂ! (%ty [(E_QQ.W_S;C_!.)"‘ Sin(eCosa) }

(4.1.12)

Noting that

a_ = w,d \* (4.1.13)
dt’ da

We can also re-write egn (4.1.12) as
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A=g gq(t*) s em gn (Cosma Cos(ecosa))
R, ™0 m! dao™

~kg,(t7) SEEPLI L (cOs“'a Sin(eCosa))}
c Mo m! da™
(4.1.14)
Note that for the case of positronium the first sum should be
taken over even values of m only, while the second sum over
odd values only. On thé other hand if the charges are the same,
unlike in the positronium the first sum should be taken over odd

values of m only and the second over even values of m only.

Using the evident relations

Cos®™a Sin(ecosa) = 1M M gin (ecosa)
a€2m
cos?™ 1y Sin(ecosa) = -i2™1 321 oog(ecosa)
a€2m+1
Cos?™y Cos(ecosa) = i2mHl 3_;2 Cos (eCosa)
de

and

cos?™1ly cos(ecosa)= 12™1 920l oin (¢ Cosa)
a€2m+1

We can re-write egqn (4.1.14) as follows

— = sy 2m 2m %2m *
A=g 3 (ie) <M 2 By(t™ +(€/w) Cosa
Ro[ M:o 2m! daliyeem ( )

LR, 2m+l 3 2m+l *
-ik = (ie)?mtl ¥ ) r. {t*+(e/w) Cosa
Mo (2m+1) ! 9 2™ Iy g2mtl g )

(4.1.15)
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This expression is eguivalent to the Fourier-Series but reminds
the double Taylor series. This is another representation of the

vector potential due to a circulating charge in the far zone.

4.2 The Exact Expression For The Field

Of A Particle In A Circular Motion

Consider the retarded electromagnetic potentials

produced by a moving point chargé of charge g given by

o0

S(r,t) = 2q | 6(1) S[lLrg(t/)|i- 2] dr  (4.2.1a)
-0

A(z,t) = 2a | 0(1) Bg(t)801x —rg(t)|* - 7 2] dr
-0

(4.2.1b)
Where r is the observation point at time, t, rg(t’) is the space
trajectory of the charge at an earlier time t’= t-7/c and By(t')
is its wvelocity divided by the speed of 1light, also at an
earlier time t’

Since r,? = a? is a constant for a point charge moving in
a circular orbit, one may write the expressions for the

potentials as

o0
¢(x,t) = 29 j (1) §[z + g(1) - 7¢] ATt (4.2.2a)
0
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=]
A (z/t) = 2q | o(r) Bolt-r/c) 61z + g(r) - 73] ar

" (4.2.2b)
Where
z = r?* +rg
is a constant independent of ¢ and
g(r) = -2r.rq(t - 7/c) (4.2.3)

Now let’s expand §[z + g(T) 72] in a Taylor Series around

g{t1)=0

[z + g(1) - 12] b X

H
4
[
P i
(=Y
=

kﬂ [g(7)1*
g=o

or

§[z + g(1) - 12) = % [a(r))¥ 3% 6[z - 12 (4.2.4)
keo k! 32k

Substitution inteo (4.2.2a,b) yield

oD
¢ =29 1 2% j o(r) [g(r)]¥ §(z-72) dr  (4.2.5a)
ke k! dz¥
~00
oy
A=2q% 1 2k ]Nﬂ%@quMﬂﬁﬁvﬁ]m
keo k! dzK A

(4.2.5b)

Using the property of é§-function that

[ <]
JG(T)f(T)a[F(T)} ar =3 B(r)f(r=t,) (4.2.6)
A TaF/dt !

(Where T, is a root of F(r) = o) €gns (4.2.5a) and (4.2.5b) can
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be re-expressed as

¢ =g b (-Z)k ﬁk [r.r (t-vz/c) 1K (4.2.7a)
ko Tx1 T3zk Yz

k
: (;?)k % k[gq E&;? ¢) [ E.xq(t-va/c) ]J (4.2.7b)

In obtaining egns(4.2.7a) and (4.2.7b) we have used F(71)= z-712
which has two roots +v2., The contribution to the sum on the
right of egqn (4.2.6) comes only from the positive root of
F(7)=0, due to the presence of the step function which is zero
for 7, < O,

Using the Leibitz rule of differentiation for product of two
functions and rearranging the index of variables the potentials

may be written as

6 =q% (2n)! 2012 § (_p)k ak (L_I_.q(t,))km
N:o 2n(n1)z k:o k! azk

(4.2.8a)

o
A=q% (2! z™Y2 T (-g)k pk (t')[z.zq(t'nk*“)
feo 20 (nt)2 ko ki Bz
(4.2.8Db)
Where we have used the fact that
N 1 = (—12“ (2n)! z~n-1/2 (4.2.8¢)
oz vz 2 n!

and make the change of variable
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tr =t - vz/fc

Let’s expand the potentials in the Fourier-Series.

¢ = § ¢, exp(-imw,t) (4.2.9a)
.o

A = %A, exp(-imw,t) (4.2.9D)
M:-w

Where w, is the frequency of the motion of the charge.

The Fourier-Component of (4.2.9a) is then

T

R k k+n !
b =@ 2 fam)! 1 (=2)k j ¥ rr.r.(t’) ¥ Pexpinw,t dt
" vz ™2f(nt): (4z)2“)2' kt - ] gk T °
(4.2.10)
The integral on (4.2.10) can be written as
T
Ekks[ r.ro(t’) 1% Pexplimw t) dt =
z
a o
T .
-1 )kj Ak [g.rq(t,)]}&ne-—lm%t 4t
2cve atk
]
if we note that
2 = - 2

and
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Integrating (4.2.11) by parts k times yield

§, ot ((2rog(e0)" § 1 (-dmugr.r) exrfimut]
P = 9 & (2n)! (2r.r (t')) z _1 (—'mw r.r ) explinw.t) dt
® o pyz S0P (a1 z ko k| cvVz °
o
(4.2.12)
Since
o0
1. =2 (2n) Ix"
i-x n=o 247(nl)?
and
[r 3]
et = ¥ (-ix)k
k=0 k!
We may write (4.2.12) as
T
o,(r) = _d J xp{inwoft-r. rq(t’1[ 2]} dat (4.2.13a)
T lr - _q(t’
0

Similar procedure can be made to show that

T
Am(r) = % I (L) expﬁmwoft-r.rq(t'ﬂ dat (4.2.13Db)

) Iz —rq(t')]

¢hese expressions are exact for any circular motion of charge,
valid for any 8 £ 1 and any distance r for which ¢ # rg(t’).
Differentiating these expressions (with ém = -~imw,A,) we may
find the exact expressions for the fields E and B of the moving
charge. By substituting the fields into the equation of motion

d(mgV)=q[E+l/C,‘£X§.] +  Freact.
dt

We can verify whether circular motion is possible for a

system of two relativistic charged particles with
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electromagnetic interaction only. It should be noted that with
out simultaneous expansion it is rather difficult to obtain such

expressions.

If we use the expansion

w |
o T BRI Y (90090 Yin(0,9) (4:2.14
r-x oM 1 r,

Where r_(r,) is the smaller (the larger) of r and r’;0’ and ¢’
are the polar coordinates of r/ and 0 and ¢ are of r; Yem’s are
the spherical harmonics., Using this we may write the expressions
in (4.2.13 a,b) as expansions in Bessel functions. Omitting the

intermediate steps we give the final expressions

[ gl
r!,+1
2 |
¢ = qelm(era-m/2) Z % ChunePyn: (0056) Ty ¢ f
10 ML
)
| a1+1 |
(4.2.14a)
[ gl
r1+1
A= gel™MP*aT/2)5 5 ¢y in Pins (COS0)  { m-m’)sinéJ, .8,
me
£l
L at*d]

+ m-m’ COSQ J -m’ éo + iBJm_mt é¢
me
(4.2.14b)

Where

T L Tt IR e T M A TR R e s AT et e S T T R At e Y £33 Serm gD e e
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Tiemt = Topepe (IBE)

Crmms = Ll-m’}! P;..{(cos8’) exp(im’/m/2)

(1+m") !
@ = B¥(r?+az) and a = ngl ;, radius of the circle and
a
C = _rsin 6
r?+a?

In our case 68/=n/2 and ¢’=w,t. The potentials have different
dependence on r for r<a and r>a but are continuous at r=a. It
should be noted that the series in egn (4.2.14) is convergent
only for r. = r,. However, the serieses in the expressions for
the potentials are convergent including for r=a(r.=r,) due to
the presence of the Bessel functions. Unlike the potentials the

fields E

E, and B, are discontinuous at r=a,
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Conclusions And Main Results

This thesis work can be said to consist of two main parts:
Non-relativistic and Relativistic periodic motions of charges
and the radiation from them. In the first chapter the non-
relativistic kepler problem is deeply considered to the extent
of solving kepler’s problem completely. Kepler’s problem which
seems rather difficult to be solved has been exactly solved
using Fourier-Series expansion. Using this the explicit time
dependence of the coordinates, which permit us to locate where
the particle is, at any time, is clearly determined. This not
only helped as to determine the coordinates at any time t but
also, to express the enerqgy and angular momentum of the system
as the sum of discrete levels which deserves the name
"Quantization', "Quantization"here does not mean that the system
can have only quantized energy or angular momentum as in the
case of Quantum theory.

The radiation from two charges moving non-relativistically
in the case of coulomb interaction in which the fourier
components of the dipole moment of this system is expressed
interms of the fourier components of the coordinates is briefly
considered in the second chapter. Even though our consideration
is totaly non-relativistic the spectrum of the radiation we got
is discrete. The higher harmonics, however, disappear if the

eccentricity €, of the orbit tends to zero. Then, the radiation




81
becomes exactly that of the monocromatic dipole radiation from
non-relativistic circular motion of a charge. The angular
distribution of the time average of the entire power radiated is

also determined to be

QB‘) = _(eaw,? (4(2+ez) - (4 + €2+ 2¢%cos?¢ )sinze)
dan 32nc3(1-62)5/2

It seems that this expression has not been considered

before probably because it follows from the mathematical result

o) .
bY nzJ,2(ne) = €2(4 + €)
n=1 16(1-¢2) /%

(See Appendix) that contains a misprint in main mathematical
books available. Unlike in circular motion, the angular
distribution of the power radiated depends on ¢ ( the polar
angle). This shows that the distribution is maximum parallel to
the major axis of the orbit and is minimum parallel to the minor
axis for a given angle 6. Appart from this it also shows that
charges moving in more elliptic orbits radiate more than those
chose to a circle,

Furthur@more the effects of radiation have been considered
deeply. It has been demonstrated that the system collapses due
to radiation. This explains the radiative collapse of the
classical model of a hydrogen atom. The theoretical collapse
time estimated for atomic scale systems is in the range of 10712
- 10711 gec. This is in good agreement with those given in
different electrodynamics books. The broadening of each spectrdl

line is the other aspect of the effect of radiation. Although
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the radiation from non-relativistic charge is very small, the
gradual broadening of each spectral line lead the spectrum to
become contineous at least for higher harmonics.

In the third chapter the discreteness of the spectrum of
the radiation from a relativistic circular motion of a charge is
observed. This demonstrates that in circular motion the higher
multipole radiation arise only due to relativistic corrections.
It would also be worth noting that higher multipole radiation
arise only due to relativistic corrections is not in general
true. To prove this it is enough to remember that the spectrum
from non-relativistic elliptic motion of a charge is discrete:
One of our achievements in this is we have found the exact
expression for the angular distribution of the time average of
the entire power radiated in a rather obvious and direct method.
Before the completion of that chapter‘we have alsc considered
the interference effects of the radiation field from two
charges. Unfortunately, we faced a great difficulty in summing
up the serieses in eqns (3.3.12) and (3.3.18) which prevented
us from discussing the interference effects of radiation field
from relativistic charges. The only chance remaining was to
evaluate the serieses for non-relativistic motion (8~*0). There
we found that the radiation from the same charges interfere
distructively and that from oppositeé charges interfere
constructively.

The simultaneous expansion of the fields which would make
life easier 1in investigating the interaction of charges

particularly to those in circular motion irrespective of the
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magnitude of their speed ( o £ B < 1) has been considered in

chapter four. The main results of this are :

i)

[N

[

The simultaneous fields in far zone due to a
circulating charge have been obtained. The main
advantage of these expression is that they do not need
independent considerations to evaluate the radiation
field due to more than one charge. Ih this we have
taken a first step towards the application of the
Lagrange expansion of fields first considered by A.N
Gordeyev to evaluate the fields at asimultaneous time
The exact simultaneous expression for the fields of a
charge in circular motion, at every point outside from
the particle has been found. By differentiating these
expressions for the scalar and rector potentials one
can find the fields E and B due to the charge in
circular motion. From this one can also find the
electromagnetic interaction of two charges and Jjustify

the possibility of such relativistic motion.

L . T I L RN B S R e e B T R T T e e R
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APPENDTIX

This section is meant here to prove some of the mathematical

relation ships used in this thesis work.
We first re-write the equations we already know.

¢ = Wt + esing (A.1.1) ; X(t)=:§| 2ad,’ (ne) Cos(nw,t)-3ea
n

2
(A.1.5)
X = a(cosg-¢€) (A.1.2) ; y(t)= §! 2bJ, (ne) Sin(nw,t)
- n
(A.1.6)
Y = bsin ¢ (A.1.3) ; 3¢ = W,
ot l-ecos ¢
(A.1.7)
r = a(l-ecosgp) (A.1.4) ; 29 = sing (A.1.8)
de 1-eCosg¢

i

Differentiating (A.1.2) and (A.1.5) with respect to time

yield respectively

X = - aw,sing (A.1.9)
ot 1-ecosg
0
Bxa(E) = =2aw, rElJnfsin(nwot) (A.1.10)

Multiplying (A.1.9) by (A.1.3) and (A.1.10) by (A.1.6) and

equating the results obtained gives
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n§ 4abw, J,J, 8in(nw, t) sin(mw,t)
Mz

= abw, sin?¢
€ n (1-ecosg)
The time average of this yield
® T .
2% 3.3, =, J sinz¢ dt (A.1.11)
e " n 27 l1-ecosg

Using eqn(A.1.7) the integral over time c¢an be changed to
integral over ¢ so that

o T
2.3 33,0 =1 | sintg d¢ = 1/2
€ M n 2m
Therefore
o0
Z J,(ne}d.’(ne = € (A.1.12)
HER n
Differentiating this with respect to € yield
E(Jn')z +(I I, = 1 (A.1.13)
LN

Using Bessel’s differential equation

J,"(ne)+ 1 J,’ (ne) + (1-

n ) J,(ne) =0
ne neg?
we can re-write (A.1.13) as
O‘E{J'Z J(1J'+(11)J)] 1
n = vYn = ¥Ynp T njT =+
Nz ne €? 4
@0 [+0]
or Z (Jyft + 1-e? J2) = 1+ B J,d,7
=t €2 4 Nz

ne
Substituting (A.1.12)

in the series on the right of the
. preceding equation we get the first important relation we need:?
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E(Jn” + 1-€2 J,%) =1 (A.1.14)
nsy €? 2
o0
Let’s now try to evaluate E ntJ,? (ne) .
=1
Consider

1
r ey

= ;[ 1+ 3 2J,(ne) cos(nwot)]
a

Differentiating this with time gives

@D
2 (;)n -2¥, £ n J, sin(nw,t) ( B.1.1)
it \r a Mt

Similarly from (A.1.4)

3 1y = W, € sing (B.1.2)
at( r) a(l-€cosg)’

Squaring (B.1.1) and (B.1.2) and equating yields

)
T nm J,J, sin(nw t)sin(mw,t) = €?sin?¢ (B.1.3)
By 4 (1-ecose)®

The time'average of this equation gives

© T
4m T n?J.? (ne) = J Sin?¢ _w,dt (B.1.4)
€2 N l-€cos¢)® 1-€cos¢)

Again using (A.1.7), (B.1.4) reduces to

t
4ar § negpz = J sin?e d¢ (B.1.5)
€z ™ (1-ecosg) >

o

Integrating by parts the right hand side of (B.1.5) gives

bi1P
I =1 I cos¢ do (B.1.6)

4e (1-ccose)?

[
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We shall integrate this using the theory of complex variables,

Let )
z = el {z) = 1

Which implies

dgp = dz H cos¢p = 22+ 1 (B.1.7)
iz 2z
and (l-ecos¢) = - € (2-2,) (2-25) (B.1.8)
22
Where
= 1+¥/1-€? and 2z, = 1-vI-¢? (B.1.9)
€ : €

and that |z;} > 1 and |jz,{ <1 for O0< ¢ <1,
Thus

I =_2 22 (z2+1) az (B.1.10)
ie® (z-2z1)*% (z-2,)

The integral is around a unit circle in the complex plane,

From the theory of complex variables this is

2 2ni| 4 (zz z2+1
ie® 31 (z-24)

-
Il

H
Il

%}m (B.1.11)

In which we have used the values of z; and z, from

(B.1.9). Therefore substituting this in (B.1.5) yield

Ly,
Z ntJ,2 = €2(4 + €2) (B.1.12)
n=t 16(1~e2) /2

It would be worth mentioning the miss-print in many books

on Table of Serieses and Products, that (B.1.12) is usually

TR P O X S |




written as

[3.5]
T n2J2? = €2(4 + €?) (B.1.13)
Az 16(1-¢2)1/2

in which " 7/2 " is miss-printed as " 1/2 " .

The last will be the evaluatlofn,_ - of

M8

lnz Jnlz

Consider the time derivatives of (A.1.3) and (A.1l.6),

0y = b w, cos¢ (C.1.1)
ot (1 - €Cosg)

dy(t) = 2bw, g J, sin (nw,t) (C.1.2)

5t € fa

Squaring and equating the preceding two eguations zield

4b?w,?2 T JJ.sin(nw t)sin(mwot) = b2w,2cos2¢
€? (1-ecosg)?

The time average of this equation yield

T afr
2b? w,? > J,2 = brw.? j Cos?¢ dt = E,b’j cos?g¢ do
gz 0=l T, (l-ecosg)? T ) (1-ecosg)
© aff
or 4n £ J,? (ne) =s Cosz¢_dg (c.1.3)
gz ™ (1-ecos¢)
0

The integral on the right of (c.1.3) can be integrated using
complex variables.Consider
ey
I = ! Cos?¢ de¢

2 (1L - eCos¢ )

If we let z = eiqb then
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cos?¢ = (z?+1)? i (l-¢cos¢)= -(€/22) (2-2q) (2-2,)

4z

Where z; and z, are as in (B.1.9) so that

att
I= Cos2g d¢ = - (z2+1)2 dz
{1-ecosg) 2ie(z-2q) (z-2,) 22
o]

The contour is choosen to be a unit circle in the complex

plane. Using Cauchy’s theorem the preceding integral is

I = -2mi { (22 +1)? + 3 __(z2+1)?
2ie z? (2-24) | 2=24 vz (2-z,) (%2-245) { 2=0
I=-z 2 ( 1 - 1 ) = 2 1 -1
€ € 1-¢€2 € l-g?
(c.1.4)
Substituting this in (c.1.3) yield
o
£ J2(ne) = 1 ( 1 - 1.) (c.1.5)
At 2 vi-e?
[+ 2]
E n2J,(ne)d,’ (ne = € c.1.6
E 0?3, (ne) Ty’ (ne) i ( )
Differentiating this once more result in
0 ©
T n*J. % + 1-€2 T n?J J.0 = 1+2¢?
nz €z M 4(1-€2)5/2

If we substitute for J,"(ne) from Bessel’s differential equation

the preceding equation takes form

o 0 [12]
T n2J,’? + 1-€? £ n2J? - 1 E nJ J,° = 14262
fAxy ez =1 eﬂ:l 4(1_62)5/2
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We can use (c.1.6) to replace the last series on the left of the

preceding equation to get

o0
T n2d,’t + 1-e2 E n2J? = _1_ 2te? (c.1.7)
et €2 Azt 4 (1_62)5/2

Substituting the second series of (c¢.1.7) by (B.1.12) yield

o«
z

nzJ.’? {ne = 4+3¢€? ¢.1.8
f=t n't (n€) 16 (1-€2) 572 ( _ )
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