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PREFACE 

This is a report of two semi nars, wh ich is conducted , in the first and second semester. 

The main objective of th is seminar is to prove the theorem 

fi/ ( .Ii'/ .. . (fi/ ( ,1/' (L p (C »). .. )) c B~o (G ) 
~---~----~ 

k 

and for a special conditions 

<P c <P ( <P C ,, <p ( (G)) )'\ = B"' (G) Ag A g .. . Ag /;g L p ... ~ 1'.0 

~---------,,--------~ 
k 

But to prove this theorem di fferent expressions and propositions should be examined. 

For thi s the seminar has 4 chapters. 

Chapter I - preliminaries 

Chapter 2 Definitions and some facts on Nikolskii -Besove space. 

Chapter 3 Iterated norms for Nikoskii-Besove spaces. 

Chapter 4 Iterated norms in N ikolskii-Besov space with generali zed smoothness. 

Before all I like to thank the heavenl y father almighty God, with the help of WHOM 

thi s seminar come to reality. 

My special gratitude to My Advisor and teacher Dr. Tsegaye Gedif not only fo r hi s 

continuous advice but also to provide me hi s unpubli shed results to the completion of 

my seminar and to show me the bri ght fut ure. 

1 am really lucky to have him as my advisor; with out hi s kind help thi s seminar 

wou ld have been impossible. 

Finall y I am indebted: to al l of my prevIOus teachers and fi-i ends who wish my 

progress, to W /0 Tobiaw Teferra to print my report. 
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CHAPTER I 

Preliminaries 

I.l Notations and basic inequalities 

The fo ll owing standard notations are used through out thi s paper. 

N - the set of all natural numbers, 

No - the set of al l non-negative integers, 

Z - the set of a ll integers, 

9,- the set of all real numbers, 

C- the set of all complex numbers, 

N: - .No x No . . . x No , - the set of multi-ind ices (n is the natural number 
/I 

which will be used exclusive ly to denote the dimension), 

~n x 91 x ... x ~ll, 91 n _ . 

n 

For a E N~ , o-:t- 0, we write: 

DOl 
, a, +a, + ... +a [ o . " 
----~'-- the derivat ive of the fun ction f of order a 
i3xG1 i)x G 2 

••. i3x a" 
I 2 I I 

For an arbi trary nonempty set Q c ~Hn we de note the fo llowing: 

C(O) - the space offunctions continuous on O. 

C,, (O) - the Banach space offu nctions[continuous and bounded on Owith the 

norm 

11/1(0) = sup I l(x) I, 
.re O 

For a measurable nonempty set 0 c 9, n we shall denote by: 

LI' (O) ( I <; p <; (0) - the Banach space of fu nctionslmeasurable on 0 such that 

the norm 

" 
lilt, In) = U I I dx r < 00 if I <; P < 00 



Ilfll, ( 0 = esssup I f(x) I = inf sup I f(x) I < ao ifp = ao 
"r) .TeO ,r : JIII,'(lx( II') :O.TeO \ w 

for the case where measure( Q) * 0 

and if measure( Q) = 0 , then we set Ilfll = 0 
10",( 0 ) 

We note that if D c 'lin is an open set , then forf E C( D) Ilfllc(o) = IlfL"(o) ' 

For an open nonempty set D c 'li n we sha ll denote by: 

L';:' (D) (I ~ p ~ ao) - the set of functions defined on D such that fo r each compact 

c' (DW e N) - the space of functions f defined on D such that \;fa E N ~ where 

lal= a l +a2+ "' + a n =£ and \;fxE D Ihederivalive (Daf)(x) ex ists and 

DafE CCQ), 

c~(D) = nc' (D) - the space of in fin itely continuously differentiable functions on D. 
1=0 

a.e - a lmost every where. 

1.2. Basic inequalities 

Holder's inequality. 

Suppose that I. e. , P 
q 

q _ I for I < q < cx), P = 00 for q = I and 

p = I for q = 00 . 

If fE L,, (D) and g E Lq(D), then fg E L,(D)and 

( I. I ) 

2 

1 
I 

I 
I , 



Minkowski's inequality. Iff, gEL" (0.) , then/ + gEL" (0.) and 

( 1.2) 

Minkowski's inequality for integrals. 

In add ition, let A c R'" be a measurable set. Suppose that/ is measurable on A x 

0. and fe-, y) E L" (0.) for almost all YE A. Then 

fIc.y) :0; fllf(-,y) c!vll" (0) ( 1.3) 

" A 

if the ri ght·hand side is fini te. 

Generalized Minkowski's inquality 

For any finite N of elements x' , /, ... , xN of a normed linear space E we have the 

inequality 

( 1.4) 

obtained by induction from the basic inequality II x+ yll :0; IIxII + Ilyll (x, y EE). 

~ 

further, if x is the sum ofa series I x' which is convergent in the norm in the space E, 
k=1 

wh ich means 

Ilxll = limll±x' il 
N-+a:J k= 1 

i:llx' II 
k=! 

( 1. 5) 
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Now applying ( 1.4) and ( 1.5) to e lements of the space lp and Lp we obta in 

(M in kowski 's) inequalities 

and 

( rli:.r. (x) " dX); ~ 
~L:l 

~ 

~U r.(X) I" dX)' ( I ~ P ~ 00) 

( 1.6) 

( 1.7) 

Where it is allowable to put m = 00 on condition that in thi s case the sums or the 

~ 

se ries Ia" are understood as num bers a, such that 
1: 1 

as J11 ---t 00 

~ 

and the sum I f (x) is understood as F(x) E LI" to which the finite sum 
,,,,I 

'" I f. (x) --7 F(x) as 111 --7 00 with respect to the metri c of LI" i.e. 
,,·1 

rl '" II' J(x) - ~r. (x) dx --7 0 

Ineq uality ( 1.7) in volves summation with respect to the di screte index i = 1, 2, ... , 

on which f,(,:,) depends. As an analogue of ( 1.7) we can write generalized Minkoll'iski's 

inequality 

~ 

{ II F(x,y) II' dx J' dy 
~l (; 

( 1.8) 
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If F(x,y) = 0 outs ide QxG inequal ity ( 1. 8) can be written as 

~ 

[JJi F(x,y) Ie!)' r dx r ~ ~ 

,(I,I F(x, y) I" dx J dy ( 1.9) 

In general ized Minkowsk i's inequality ( 1.8) and (1.9)the parameter y takes the 

role of the summati on index i in ( 1. 7) and integration instead of summation is carried out 

with respect to y. 

1.3 On Generalized derivatives 

Definition 1. Let Q c R" be an open set. Set A is sa id to be compact (strictlv 

contained] in Q if A is bounded and (the closure of A, Ac Q ). To denote that A is 

compact in Q we write as A ce Q. 

Definition2 . . A measurable fun ction / is said to be finite in Q if it vanishes a.e. out side a 

certain set Q' ce Q. That is 

lex) = 0 lix E Q \ Q ' and 

lex) "* 0 lix E Q' 

Definition 3. The support ofa continuous fu nction <p defined on Q is symbolized as supp 

<p is the closure of the set {x E Q I q:>(x)"* o} i.e. {x E Q I q:>(x) "* o} 

Note: If Supp <p ce Q , then <p is finite in Q. 

5 



DefInition 4. A function/is sa id to be locally in tegrabe in 0 (f E t ;;' (0) ) if f E 

t ;;' (K) for every compact subset K c O. 

Defin ition 5. (The set of basic functions D(il)) 

All fun ct ions finite or infinitely differentiable fun ctions in 0 whose supports are 

compact subsets of 0 are cal led bas ic functions in O. i.e. 

D(O) = {tp E C(O) I {x E 0 I tp(x);t oj cc O}-

Definition 6. Any li near continuous functiona l f on a space ofbasicjill1cliol1s D'(O) is 

ca ll ed a generali zed function specified on an open set O . The va lue of the 

generalized function on the basic fu ncti on cP E D(O) wil l be written as (j, 'pl. 

From the defi niti on of general ized deri vative the "'; ' generali zed derivat ive with respect 

to Xi for any locally summable fu nction f is given by 

(D;'" f,tp)(x) = fD/'" f(x)tp(x)dx Vtp E D(O) 

=(_ I)"'i f f(x)D/" Jtp(x)dx (using integration by parts) 

= (-I) "" (f , D/" ' tp)(x) 

Genera ll y , the 111;' generali zed derivat ive ofgeneralized functi on f with respect 

to x} is defined by 

(D;"i f,tp)(x) 

1.4 Equiva lent nonns 

Let ZI and Z2 normed vector spaces. 

I . ZI is embedded in Z2 (Z I c> Z2 ) iff ZI c Z2 and IlfL, ~cJfL, 

fo ra ll f E ZI. 

2. II f llz2 ~ Il f llzl iff there ex ist C I and C2 such that 

6 



CHAPTER 2 

The Nikol'skii-Besov spaces 

2. 1. Difference of a function 

Definition 2.1 Let h E 91 andf : 91 " ---7 91 be a measurable fu nct ion . The difference 

of f with respect to x )' j E {I ,2, .. ·, n} with step h, denoted by (L'l " jf ) (x ) is defined by : 

(L'l " jf ) (x) = f(x" .. ·,x, +h, .. ·,x,, ) - f(x" .. ,x, ," · ,x,, ) 

= f(x + he) - f(x) 

Here ej is a unit vector (0 ... I ... 0) , 'i' , . 
/It compol/em 

Applying the above definit ion twice on the functi on f we extend our defini tion 

to the 2nd difference of f with respect to Xj, wit h steps h. 

(L'l~J. ,/)(x) = f(x + 2he) - 2f(x + he) + f(x) 

Indeed: 

(L'l~" ,f)(x) = (L'l", J(L'l",,f ):kx) 

=(L'l " ,j(f(x + he» - f(x» ) 

= f(x+he ) +he,) - f(x+he)- (L'l"'jf) 

= f(x+2he) - f(x+ he)-f(x+hej )+f(x) 

= f(x + 2he) - 2f(x + he) ) + f(x) . 

(2.1) 

(2.2) 

The third difference ofa fU ll ctionf: ~11 " ---7~H with respect to Xj with step h E 91 is denoted by 

(6~" jf) is given by: 
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= (r(x + 2he) + he)- 2/(x +he/ + he) + I(x + he))- (r(x + 2he)- 2f(x + he) + I(x)) 

~ 

I(x + 3hej) - 3/(x + 2hej) + 3f(x + hej) - I(x) 

Continuing this way by induction that we get the a'" di ffe rence ofa function 

f : 9\ " ---+1]\ with respect to xi with step h E 9, , denoted by (L',~" J ) given by: 

(L',~" J ) I(- I)k(alr-(x+(a-k)he) for aEN 
1=0 k Y 

Lemma 2.1 Let! be an integrable function on (-00 ,00). Then 

ff(x)dx = fl(x + h)dx 

Proof Case i: f(x) = x" (x) where E is measurab le and mE < 00 . Since the fun ction 

f is in tegrab le, 

[/(x)dx = [X(x)dx = mE 

On the other hand 

[/(x + h)dx = [x(x + h)dx = [X(I'-" I (x)elx = m (E - h) 

But Lebesgue measure is translation in va ri ant i. e mE = m (E-h). 

Hence, 

f l(x)dx = fl(x + h)dx 

m 

Case ii: Suppose I(x) = La;XI:, (x) , where each E) is measu rable with mE) < 00 
10' 1 

as f is integrable. 

Thus. [/(x)dx = [Ia,x(x) dx 
1=1 

8 
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m 

= '" [ a x .' (x)dx ~ <» 1"/., 
1=1 

m 

= La, [X h, (x)elx 
1= 1 

m 

= La, [X h, (x)elx 
1=01 

fa , [X h, (x+h)dx by case (i) above. 
1= 1 

m 

L [a,b, (x + h) elx 
1=1 

= [fa,X(x+h) 
1= 1 

= [I(x + h)elx 

Case iii: Suppose I is a non-negati ve function. Then, sincer is integrab le and I is 

non-negative, there ex ist an increasing sequence of non-negat ive measurable simple 

functions va ni shing out side a set offinite measure and such that 'P ,, (x) "~~ ) I . 

Thus, by Monotone convergence theorem , we have 

lim [ 'P ,, (x)d, = [ _ I(x)dx 
11-+00 C» ~~ 

Then 

[I(x + h)dx = ,I, ~:! ['P,,(x + h)elx , by Monotone convergence theorem 

= lim [ 'P" (x)elx , by case ii. 
11-+aJ 0'} 

[I(x)dx , by Monotone convergence theorem. 

Case iv: Let I be in tegrable , thus I =I + -F and I + and F are integrabl e and moreover 
+ 

I ::> 0 ,j::> O. Therefore, 

[I(x)dx = [r(x)elx- [r(x)dx 
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= L .r(x+h)dx-LF(x+h)dx ,by case (iii) 

fJF(x+h)- F(x+h] dx 

Lf(x+h)dx 

We sha ll consider the fo ll owi ng properties of the di fference of f , which wi ll be invoked 

in the proof of lhe theorem in the foll owing sections. These properties are stated for n = I. 

Properties: 

1. II~~JII / ,, (I? ) S; *"[11/,(11) (2.5) 

2, 

Ilf(x + 217) - 2f(x + h) + f(x)II" ,( !?) 

S; Ilf(x + 217) - f(x + 17)11,. ,,(11) + II - f(x + h) + f(x)t ,,( !? ) 

Ilf((x + h) + h) - f(x + h)II /,(!?) +llf(x + h) - f(x)II" ,( !?) 

II~ "fll/,,(l1) + II~ "fll/ ,(lI ) 

= 2 1 1~ "[11" (II) 

ProD f: ".,( ~--,'""IJ,__,)'_'.( ,\--,' )_---'('--~""~J'__')'_'.( ,--,-x) [re x + 217) - f(x) ]- [rex + 217) - 2f(x + h) + f(x) ] 

2 2 

2 [rex + h) +f(x) ] 

2 

= (~J)(x) . 

10 
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Renllu'k 1. If Eh is a operator dellved on the space of functi onsf : 91 " ~91 by 

(Ehf) (x) :=f (x +h) and I is the identity operator, then (2.6) can be adapted to the 

operator eq uation: 

E - I =J. (E - /)- J.(E _I)' II 2 211 2 II , 

wh ich rem inds us the property ' 

x - I =f(x-J)-f(x-J)' xE91. 

3, (2 .7) 

Proof: From (2.3) !:J.~ f = jor all a EN , where = '. (a) a' 
. I' r!(a -r)! 

= 

5 ~(:)f(x+rh)IL ' (II) 

5 ~ (:)f(X+h)IL,(l1) 

= Ilf(x+h)II / '( II)~(:) 
Ilf(xJlI/,(1I)2G

• 

Lemma 2 .. 2 Let a EN; h, '7 E 91 

Proof: For a = I 

The left hand side of (2.8) becomes (lO.hf) and the right hand side becomes 

(!:J. 'I E(G _')" + !:J. "_'I E,,) but 0 - k = 0 

= (!:J."f + !:J."_,, E,, ) 

= f(x + 17) - .I(x) + f(x + h) - .l(x + 'I) 

II 



~/(x + h) - fix) ~ (L'J,,, /). 

thus it is true for cr ~ I 

Let cr ~ 2, starting from the right- hand side of(2.7) , 

~ (2 ·k) (2J [( 1 'J 3( 2 JJ ~ (- I ) !::. , , E(2-kli + (- I) !::. " E"J k -'I 11--1/ k;1 ' 2 2 

~2 f(x + 11 + h) + 4f(x + -'--11) + 2f(x + 11) + 2f(x + 2h) - 4f(x + h + -'--11) + 2f(x +11) + 
2 2 

+ f( x + 211) - 2f( x + 11) + f(x) - f(x + 2h) + 2 f(x + h + 11) - f(x + 211) 

~ f(x + 2h) - 2f(x + h) + f(x) 

~ (6 ;' f). 

Then the assertion is va lid for a ~ 2. 

Therefore; proceed ing by induction the lemma holds true for all a E N. 

Corollary 2.2. For a E N; h, I) E 91 , we have 

This is a direct applicat ion of translation invariance of the norm II·II,., (R) . 

Lemma 2 .. 3 Let I S; P S; 00, then for all a E N, there is A ~ A(cr) such that 

V h > 0 and for al l measurab le funct ionsfon 91 , we have, 

In pa rti cu lar, 

Proof: From the above corol lary, we get for (lE N; h, I)E91 

Integrat ing thi s from 0 to h with respect to I), we have 

12 
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hI16~lt, ( R ) ~ I (:) [1' 6~/ d11 + l' 6~,_!/ d17] 
h i (1' I,,,(R) 0- '-peR) 

~ t ; (:)[ f" 116~,fII ,,(R ) d ll + L~" Ii"".l ll. .(.,"" ] d'7]d11 ThiS iSSO bY;---> l1 

k 
and h - - '7 ---> '7 

a 

=> 

~ el 
where A(cr) = 2cr I - ~ 2cr2G

, we have the lemma. 
k= 1 k 

Now, in part icular for cr = I . Let 0 < 11 < h. One can eas ily verify that 

6 1 - /:,. j' + /:,. £ / where (£"l\'x) := .f(x + '/) " -" "-p , , A 

Thus 

l(x + h) - lex) = l(x + '7) - lex) + I(x + '/ + h - '/) - l(x + '7) 

=> 116,JII"(,,,)::: 116 .,111"(,,,) + 116 "-.,£.,111,,(,,,) 

~ 116 ,JII "(,,,) ~ 116 .,111" (,,,) + 116 "-.,111 ,,.(,") (2.12) 

In tegrating both sides with respect to 11 from 0 to h, we get 

= 2 J,' 116 ,,111,,(,,,) d'Il , by change of va riable of h - 77 ---> '7 as h ---> O. 

13 



2.2 Definition and particular case on Nikolskii-Besov Space 

2.2. t Definition 

Definition: Let e> 0 , I S; P S; e and I S; 8 S; w. Let f: \J1 " ---+ \1l be a measurable 

fun ction and h be any va ri able 

f E 8 ;'0 (91") (the Niko lskii-Besov space) iff 

f E Lp(91") iff 

where 

and 

II/II , ,, " = [~J("-"-')116';. m7/1 )0 d" lYo where 8 < 00 
P1·,tI.,(·i 1 . t ('11") II o '/' . 

II/ li n' ,,,,", = sup ,,-(f-' ) 116';.. 'D7;1 where 8 = 00 
1~IUI_, 11>0 ~ /", (~li") 

e = [ e 1 is the greatest in teger which is less than e. 
cr = {I if e is no/ int eger 

2 if' e is an int eger 

e is the index of smoothness ofa given function P and 8 are index of summability 

and index of characteri zing summability respectively. 

Re lated to thi s definition we can consider different particular cases. 

2.2.2 Particular cases 

I. Let n = I and 0 < e < I , I S; 8 < 00, the norm of a function f in the Niko ll ski II-Besov 

space is given by as follo,,,s 

n = I =:> f: 9l ~\n 

o < e < I =:> e = 0, cr = I 

14 



so, II~~, A ' fll "(",,,) = 11<'1"/11 "(,,,,,) 

= Ilf(x + h) -f(x)II, ,(,,) 

= Ilfll ".(,,,,,) + Ilfllp;,.(,,,) 

(~ 0 dh J10 
= Ilfll" .(,,, ,, ) + l }lf(X + h) - f(x)II "(,,,) h'+'o 

so f E Bf.o (91") => IIIII ";" ("I) < Cf) 

2. Let n = I, 0 < e < I, e = Cf) => e = 0, cr = I and f: 91 --+ 91 

IIIII",',,( "I) = Ilfll" ,( ,,,) + sup h·
e III (x + h) - I(x>ll" (,,, ) 

. 1,>0 

3. Let n = I ° < e < I, P = Cf) , 0 = Cf) 

=> e = 0, cr = I 

IIIII",,,,, = IIIII" ("1) = ~~~,f vari If(t)1 

sup vari If(t)1 = In f { M : m{ t: f(t) > M} = O} 
l e ~ll 

m is the lebsgue measure of a set. 

There fore 

11/ 11 11, (,II) = " 'P va ri If(x)1 + sup 1'-' SlIp vari If(x + h) - f(x)1 
'lO.'" XE ~l! 1,>0 XE ~I! 

So f E I I/II"~ < ,,,,) iff I) f E L",(91) and 

2) sup 1,-' sup vari If(x + h) - f( x)1 < Cf) 

=> III II ,«,II) < Cf) 

=> :l M[ such that 'Ix E~ll , I f(x) I S; M) and Vh > 0, :1 M2 sllch that 

1,-' S"P vari If(x + h) - f(x)1 S; M, 
,lE:I! 

=> sup va ri IF(x + h) - f(x)1 S; M, h' 
xe:l! 

15 



But If(x + 11) - f( x)1 ~sup vari If(x + 11), almost ,'dx E91 
XE~lf 

=>For almost, 'd x E91 , If(x + h) - f( x) I ~ M2h' 

Let M = Max {M J, M2) 

: . f E B~.~ (91) iff 3M such that for almost for al l x in 91, If(x)1 ~ M and 'dh > 0, 

almost'dx E91 , If(x + h) - f(x) ~ Mh' 

4. n = I, ° < e < I, I ~ P < 00, 8 = 00. it is the same as the second case 

f E B;,~ (91) => f E Lp(91) and 

sup h" Il f(x - h) - f(x) 11,., ("" ~ 00 
h>O 

=> 'dh > 0, 3M: 1'-' II f( x + h) - f( x)II,.,.(,") ~ M 

=> II f(x + h) - r( x)11 ' ,("" ~ Mh' 

so, f E B;'~ (91) iff 

I) 2) 3M: Il f(x + h) - f(x) II ~ Mh', 'dh > ° 
Let n = I , e = I. 8 = 00 => e = 0, (J = 2 

so II I 1111, . (91) = III II,,(,") + ~,~rh -' II(L'.~J)II" , (,") 

= lilli, (~H) + supJ, Il f(x + 2h) - 2f(x + h) + f(x) II , ('11) 
.1' /1>0 h ./' . 

f E Bp.", (91) <=:> f E Lp('H) and 'd h > 0, IIL'.~JII ~ Mh for some M > 0. 
I.p(~!) 

Ifp = 00 we have 

f E B~.", (91) <=:> 3M> ° ,a lmost'dx E91, If(x)1 ~ M and 'dh > 0, almost'dx E91 , 

1L'.~ fl ~ Mh. 

If(x + 2h) - 2f(x+h) + f(x)1 ~ I[f(x+h) - f(x+h)] - flx+h) - r(x)]1 

~ If(x+h+h) - f(x+h) I + If(x+h) - r(x)1 

Thus'dx E91 , 'dh > 0, If(x+h) - rex) I ~ Mh 
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=> If( x+2h) - 2f(x+h) + f(x) I S; If(x+2h) - f(x+h)1 + If(x+h) - f(x)1 

s; Mh + Mh = 2M 'h. 

6. n = I, 0 < e < I, I S; P < co and I s; e < co. 

it is the same as case I, But let 's cons ider the convergence. 

f E Lp(~H) and 

[~I -, 0 dh J Yo o (h II t::,.J 11/." ,,>1) ) h < co. 

~II -(0 II j'llo dh <=> 1 /:j. h. 1'1'(~11) h < 00 
o 

claim iff [,,- 10 IIt::,.JIIO 
., dh < co 

o 1.,, (.1) h 

[0, I] S; [0, co) 

~II -I O II 11° dh 
1 D.,,/ 1'1>( ~11) h < 00 

o 

To show th e other side, let l"-'O 11t::,. ,JI I ~'I") (~' < co 

TI ~II -IO lit::,. rll o 
dh - I' lit::,. rll o 

dh 
1LIS 1 h. 1.,. (:11) h - f,. ",,(:11 ) h1 +f O 

o 0 

·ct ~I II j'IIO dh Let LI S con SI er /).11 I 1'1\ ) ~ .,. h , 

~I fi I fi 11° dh ~I2° II 11° dh 2°11 110 ~I II (x+ 1) - '(x) 1.,,( ,>1) hl+(O S; .r 1., 1"1 ) h'+10 S; .r 1.,1 0>1) 
I I I 

[ ]" ( J ~ dh . _ 111-'0 . i b-'o 
But I -- = illn = Ilin - ---

h'+'O IH~ ee h~~ ee ee 
I , 

11.r11 ~' I") <co ee 
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since II f'll < (fJ 29 IIIII ~, (,, ) < (fJ 

. 1.,,( :111 ' UJ 

~ , 
=> f IIL',,JII~,( ,,, ) h~~;O < (fJ and f IIL'"JII~" ,,,) ;~h < (fJ 

, 0 

7. n = I , P = e, 0 < e < I , e = 0, e = I 

It P = e then 8 ;'0 (91 " ) '" B;' (91 " ) 

(~~ dl J1" 
= lnf(x+h)-f(x)I:;, h '+:" 

_ [ ~ .~ If(x + h) - f(x) I" )1" 
- fel.\ f h'+I" dh 

-~ 0 

h > 0, let h + x = y, h = Y - x dh = dy 

~fdx ~f I fey) - f(x) I d 

I -xl'+'" Y 
-a;l x Y 

But ~fdx oof I fey) - f(x) I" dy = ~ oofdx ~f I fey) - f(x) I" dy 

_~ -x I y - X 1'+'" 2 - 00 _~ I y - x 1'+'" 

8. For p = e, 0 < e < I, f: 9ln -+ 9l e = 0, and (J = I 

" Ilfll,,;, ':I'O) = IlfL",,,") + L 11111";, (,,,.') 
1=1 
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9. 

= [~If ")~ JI (x + he)) - f(x)11 ~ 
o It+~ 

I.I'(~II) 1 

= [l f flf(y) - f (x) I" JY" 
2 ",""," Ily, - x, r'" dxdy 

Ilfll ();.(",,, ) = Ilft,( ,,,") + f [l f f l f(y) - f(x) I" JY" 
," I 2 II 11'+( dxdy ~ll" ~I!" y, - X, II 

p = 8 e- l -e , - , = 0, IT = 2 

IIIIIH;W) = IlfIL,(,,,") + f 
;=1 

1 If(x) - 2f( x + Y ) f(Y) I" 1" 
-;- f f 2 
-"",,," Ily -xr'" 

= II/~ () (,'!") = Ilfll + ~ 
I' I'r ( ~l!") L..,; 

1=1 [
+ f f 1/( .<)1- T + 1(;')1" lY" 
_ ~ ! " ~ll " IIYI _ XIW+fJl d'(dy 
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CHAPTER 3 

Iterated norms for Nikolski'i-Besov spaces 

3.1 Definitions a nd notations 

Definition 3.1. A vector space over 9\ is said to be a semi-narmed space if and onl y if 

there ex ists 

HI: X--+9\ such that 

114~ 0 't/X EX 

II ax II = ialllxli 't/X E X and 't/a E 9, 

II x + y II s IIxII+II y II 't/ x ,y E X 

Definition of iterated 1I0rm,' : 

Let 0 c 9\ " be an open set. For a ll Ii> ° let O. = {x EO I p (x ,a~) > Ii } 

= {x EO I infllx - yll > t5} 
)' EGO 

Let Z( 0 . ) be a semi-narmed space of functions defi ned on 0 ", let IS 0 S 00 and let 

where e i :2: 0; 

a :=( ai , a2 . .. . ,0;,) where Gj are positi ve integers and 

m := ( 111 ], 111 2, ... , mn) where the II1j are non-negati ve integers. 

We say f E fi; ( Z(O) ) '" 4:·am
:
1l 

( Z(O) ) if f E L LOC(O) (f loca ll y integrab le on 0) 

and 

II II , f "-(2(0)) 

" L 1I / IIp 'J (z (n )) 
I '" I O .J 

< 00 (3 .1 ) 

where the sum is taken over those j for which e j > 0, and for e j > 0, 
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IIIII,t/J(Z(O» := 
O.J 

(3.2) 

Here D:" I denotes the m/, generalized derivative of f with respect to xi 

(Y - III"! I',/D } denotes the 0/' difference of the m/, general ized derivative of f with respect 
I.J J 

to ~j with steps h. 

Moreover, we shall assume that the triple e, a-,m is permissible. That is for those j E 

{ 1,2, ... ,n} 

such that e j > 0 

(3 .3) 

Now, if fI. j > 0 replacing 

In the definition of ani sotropic I Nikol 'skiT-Besov spaces, we set the fo llowing definition: 

and thus 

clea red latter) 

s' (0) ( the relation between these two notation will be 
/1 .8 

In (3 . 1) and (3.2) further set 

e := e 2 : = ce 21, e 22, ... , e 2,,) 

with parameters (7/ , m/, e / and I-II. 

We then obtain the norm of the form IIIII oi' 18;' \1., 10))) . 

Continuing thi s process, we obtain the following norms, which we naturally call them 

iterated 110r1l1S. For all integers k 2: 2 
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(3.4) 

and the correspond ing spaces jJ;' ( ... jJ ;. ( L ,. (n )) .. 

are ca ll ed Nikol~~kiT-Besoli spqces with iterated norms. We have to point that for 

each spaces B;' 
the remaining parameters are respect ively 0"" m" and H" where it is supposed that 

fo r all 

S E { I, 2, ... , k} the tri ples e" 0"" 111, are perm iss ible. 

3.2. Properties of iterated I/orms for N ikolskii-Besoll spaces. 

Lemma 3. 1. (On the Factional difjerentiation of an inequality) 

Let Jio> 0, let D c 91n be an open set, and fo r each ~l E [ 0, Jio) let a set of function 

T(D,,) and 

semi-norlned fun ction spaces XeD,,) and Y(D,,) be defined such that 

T(D,,) n Y(D,,) c T(D,,) n XeD,,) 

and 

(3.5) 

(3.6) 

If D" = ~ fo r some 1', we assume that 1I/IIx(",) := 1I/IIy(",) := ° and for Ji = ° 
DJ' = D ) . 

Further let I ::; e ::; 00, let e ,0", I' be permi ss ible tri ple and let 

0 < H < Po ( max 0"/ ) - ' 
I S}$/I 

(3.7) 

<=:> 0 < H max 0" , < Jio 
1's}S" 

° < 1'0- H( maxO",) . 
I S)SII 
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Then 

V p E [0, po- r-r max{JJ) 
ISjSII 

and VI E T(nl') n ./Jo' o'(n ,,» such that Vj E {I, 2, ... , n} 

6.:~J D;'" I E T(n"M/J Vh E(O, J-J ) 

The fo ll owing inequality is sat isfied 

II IL,'(x(o,,)) :s II I t ., (l'(O,,)) 

(3.8) 

(3 .9) 

(3 .1 0) 

Proof: Let 11 E [0, Po - H max (JJ) andl E T(n .. e ,,) n ...6'0' (Y(n ,, » then by (3 .9) for 
Is /SII J J 

all j E { I ,2, ... ,n} and all h E (0, J-J ) we have 6.:~j D;"j E T(n , .. e
,
,, ) . 

substitut ing 

Consequently, by (3.6) fo r almost all h E (0, J-J ) we have that 

Multiplying both sides of thi s inequali ty by h-(Ij-"j) and applying the L~ (O , J-J ) 

norm we obtai n 

= 
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and from (3 .6) we have Ilfll xlo,,) s; Ilfll . ° . Combining these two inequa li ties, 
) ( /,) 

we get 

" s; Ilfll llo,,) + ~llfllp~:,IYIO,,)) 

IlfII H;'lxIO,,) s;llft;I,(lIO,,)) 

Corollary 3. 1. If lfp E [ 0, flo - maxCT j ) and IffE T(Q ,) n j1o' (Y(Q ,, )) condition 
I ~J~II ; 

(3.9) is sati sfied for a ll j E { I, 2,. " ,n}, then for a ll fl E [ 0, fl o - H max CT ) )we have 
l$j5, /I 

Ilfll ll;IIYIO,, )) , (3.1 1 ) 

Coro ll a ry I claims that condition (3 .9) can be establi shed if f E T(Qfl) n fio' (Y(Q,, )) 

Ifj E { 1,2, ... ,n} and IfhE (0, H) since fE fio' (Y(Q ,, )) 

Ilfll;/l (Z(O)) = 
0. ) 

h -1"-"" )111':,0, D"'lj'll < ro 
h. ) 1 Z(O ) 

a j ll • 
/,o(O.H) 

Then the proo f fol lows as in Theorem I, by assuming conditions (3.5) and (3.6) 

Corollary 3.2. Let conditi on (3.6) and (3 .7) be sati sfied. Let I S; 0 < w; e /, CT/. 111 /, ... . 

e k. CTk, I11k be permiss ible tripl es and let 

k 

L H , I11GSCT ) < Po (3 .12) 
1'=1 IS: J s: I I 

then Ifp E[O,P" - LH" maxCT , ) 
1$).:$11 . . < 

(3 . 13) 

and Iff E T(Q ,, ) n./l:' ( ... ( A:' (Y(Q)) .. . ) which are such that IfjsE { I, 2 '" .,n} 
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\lh, E(O, H ,) (3.13) 

the follo wing inequality is sati sfied 

IIIII ",~~ (. .. A," X(O,,)) ... ) ~ IIIIL:': ~ ( Ji," Y(O,,)) .. ) (3. 14) 

And equ iva lent norm on the space B~" ( .. .8;' (Lr(D)) ... ), which IS more convenient 

esti mates, w ill be introduced in the next Lemma. 

We set 

IIIII"" ( .. "i' (I.,. (n )). ,) = 
k k /I 

IIIII" .lo) + L L . L IIIII";';;" I II;:;;" IL"IO))) 
1" == 1 il .. .. . lr", ) I I •... ,},=) 

i , ~ 'l ls~ ' ) 

Lem ma 3. 2. For all considered values of the parameters 

IIIII »," ( r,;" (I.,,(m)) - IIIII' ;;;," (.. ;i,/' (1.,,(0 )) .. ) 

where - denotes equ iva lence of the norms. 

Lemma 3. 3 Let I ~ p, 8 ~ ro and 0 < H ~ roo Then 

IIIII"" ", (/,IG) ~ cIIIIII ,,;, (11; ' (1,1(;))) 

for a ll permiss ible triples C], ai , m l and C2, a2, m2 

(f3~I + e 2 == p : l+r , .CT1+O'l.lIII+III!j H) and e 1 depends only on min {CJ ),G 2} 

Corollary 3.3 For any natura l k, and for I ~ p, 8 ~ ro, and 0 ~ H ~ roo 

Illllp;'II,I(;)) ~ C;-' 1IIIIpJIPJII,.( ;)) ) 

(3 .15) 

(3. 16) 

(3. 17) 

(3.18) 

for any permissible triple e, a, m and c, d epends only on a( (/3;' ,,/3;l.ka .km fI ). 

3.3 Equiva lent norm to the space .9J'k ( .. . /f '(X(O,,))"') 

Note: Fo r a ll considered va lues of parameters We then obta in that 
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Then for k ~ 2, it holds true by induct ion. 

Note: We notice that for all considered va lues of parameters 

(3 .1 8) 

For foll owing sections we shall consider the one - dimensional case, i.e. n = I. 

And let 

G =(a , b), where - 00 :-:; a < b :-:; 00 . 

Lemma 3.4 . Let I :-:; p :-:; 00 and 0 < H :-:; 00 . Then 

(3. 19) 

fo r a ll permiss ib le triples { I. 0"" 111 , and e 2. 0"2, 1112 

(
a C1+ C2 _ a e l+ e2'UI + CT 2, 1II1 + 11I 2;t-, ) 
P o = P o and C, depends onl y on min {O", , 0"2}. 

Proof: It is enough to prove (3 .28) fo r 111 , = 1112 = O. Thi s is so because in the 

genera l case it is enough to app ly this particular case to I (m, + m,) := D m, + m'l . Without 

loss of genera lity, let 0", :-:; 0"2. We employ the ineq uality, which was proved in section .. . 

(3.20) 

The constant in th is ineq ual ity does not depend on G. 
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Thus, 
, ' 

11t.~.rt,,(Gu") ~ A(o-{i 1'11t.:.rllo L,,(G
u

/ 1J r ~ A(o-{ 1'11t.:.rllo L,,(Gu ,, ) ~;7 r 
= A(o-) 11t.~ .rt, (Gu"l' ' 

1'6 (0.") 

Furthermore; 

11t.~' + u, .rt,(G,., .• " ,,1 = 1 1t.~' (t.~' .r)11 L, ( (Gu ,,, lu "l , 

~ A(o-,) 11t.~: t.~' .rt"«(G
u

,,,) ) 
• r7 'I 

I 1.;<0,11 ) 

From which we obta in 

~A(o-, )h " 1("\\ '(" IIt.:' t.~'.rt (G )\\. 
I' (11 1/+ 0 2

" 

La (O,N) 

L; (0,/-1) 

Therefore , 
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In genera l, for 111 / * 0 and 1112 * 0 we employ the substitut ion j(m, + m, l := Dm, + m, j in 

place off, which wi ll prov ide us the same resul t as done above for the pa rticular case 111 / 

= /112= O. 

Corollary 3.4. For any natural number k, and for I $ p,e $ 00 , and 0 $ H $ 00 . 

(3.21 ) 

(For any permi ss ible triple e, o-and 111 C2 depends only on 0-). 

Note ' Since n = I G is an open set in R I and hence Gfl = (a - fl , b - fl ). 

Now to generalize our resul t for m * 0 it suffices to app ly the subst itu tionjk!TI) in 

place of the fu nctionj in (3.3 1). 

Corollary 3.5 . Let Q c R be an open set. Then under the condi tion of Theorem 3 of 

section 

(3.22) 

where c, is a constant as in (3.30) 

Proof: Q be ing a open set 111 R , it can be written as a union of countable 

co ll ection \C(kl t, of open in terva ls, where SE N or s = 00 . That is 

., 
Q = U C(k) . 

.1: ::: 1 

For I $ p $ 00 we have 

I 
I 

11~ ,,[k(Go") = [ t, II~~/ II :I' (( GI")o ) r ,; A(a) ;, ( t il fI16~,/tl' « G(k))o/'lr 
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A(u) J...(t ( f 
h h i 

II (cr ) +,- ll r (I> ( 'I ld 'I II" ' 

where <1) , (1) ) = 11L'.~Jt,' ( G(ki)) and f <1>(1))dI7 = {f <1> k ('7 )d'7 t: . 
a h 

Now using generali zed Minkowiski 's inequality for integrals the inequality 

holds true. 

Thus we obta in 

I 

11 L'. ,,f t (Cahi = A(O")t[ til nL'. ~,f Il P Lp( G(kl )a,/ i'l rr 
=A(UlJ...(t ( i:' 

h k ", I 
<J:> , (" lei 'I )" )~ 

= A(O")Hi"<1> ('I)d'lll, . 
, 

The rest steps are then exactly the same as that of the proof of theorem 3. 

Us ing analogous argument, our assertion holds also for p = ro . Th is completes 

the proof. 

Corollary 3.6 Let I :> p,e :>ro . Let f " 0", , 111 ,; £ 2, 0"2, /11 2 and £ ' +£ 2, 0"3, 1113 be 

permiss ible triples. Then 
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(3.23) 

corollary 3.7 Let I S p,e S 00 , 0 < 1-1 < 00 and f. , (J , /11 be permissible trip le. Then 

where C4 depends on ly on f. and (J. 

Proof: Making use of theorem 2 and theorem 4, it suffices to show the assert ion for 

I se <00 . 

L 

l ' , 

get 

To thi s end, 

.= 

Taking into account the symmetry of the integrand with respect to h" h2, ... , hk we 

1, = k! r dh f dh, ... f (h .. ·h )"'O(t''''l ll!;U ... !;u [ (''''lll dh . 1 ! - I k hi iI." 1.~, (Ghl " " ' ''I' ) k 

Si nce 

II!;~, ... !;~,Jt~«(;", . . ", l s2
u h{~, h;. , . , ... h; 11.llkl l+'II,.,((; ) 

where the integers sand f3 , s ~ 0, 0 S f3 < (J are chosen so that (J S+ f3 =[k ( e - /11) ]+2. 

Now 
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< I 
- ((ev - I)' e'-' s!(k - s))' 

th is completes the proo f. 

Theor'em: Let 1$ p,B $w, kEN and 0 < I-I s $ w lisE {I, ... ,k+ I}. Let the trip les 

Let e I , a,!, 171 1, ... e k O'k, /11k . and (e I + e 2 + ... e k)' 0'k+ 1, /I1k+ 1 be perm issib le. Then the 

foll owing are true: 

I . For any open set Q E R " . 

(3.24) 

i.e. there ex ists an embedding, and the embedding operator is bounded. 

2. If, in add ition , for any set Q E m " there ex ists a bounded operator 

(3 .25) 

Then in order fo r the equality 

/I. r, ( ... /I. c, (L (n» ... ) = B C, +I, +··+(, (n) 
, 0 . 0 f1 p,o (3.26) 

to hold and for the corresponding norms to be equ iva lent, it is necessary and suffic ient 

that 

k e L: max ----",-­
., = 1 1$ / SII€ +·,,+ e k, 

$ I. (34) 

(if e I, + ... + e k. = 0 fo r some i we put % :=0 ) 
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Proof: According to corporally 3. 2 and the commutative property of(3.28), fo r any 

pen set n E R 1 and for all j E { I, 2, .. . , n } we have 

1IIIIb;~{:"'+(~J (O ) ~ c1 Ilfllp;.'} (,,, P;,I.~ (l.p(n)) .. ) ' 

Summing up these inequa lities and adding II.lt.,,(OI to both sides, we obtain the desired 

inequality, taking into account that the sum on the ri ght hand side does not exceed 

Ilfll' P;'/ ( p; '~ (1.,( 011 I · 

(S ince we have establi shed most of our theorems based on the above eq ui va lent 

norm introduced by theorem). 

32 



CHAPTER 4 

Iterated Norms in Nikoliskii-Besov space with 

generalized smoothness 

4.1 Definitions and common properties of related spaces 

4.1.1 definitions 

Definition 4. 1. Let f E Lp(91n) such that ,x = (X l, X2, ... , Xn) E91n, I S; P S; 00 and 

the spac L", (91n)will be usuall y understood as the space C (9, n) of all bounded uniforml y 

continuous func tions. 

The e'h ord er difference offunction f w ith step h in the direct ion of Xj , is defi ned by 

r 

11;", f(x) = I (_ 1)' +1 C,: f(x +vhcj) (4.1 ) 
1, ,,, 0 

where e EN and e ~ I , j = I , 2, 3, ... n e
J 

unit vecto r in th e direction of Xj h E 91 

I ) if e= I , 
, 

11'" f(x) = "(- 1)"+' C,: f(x+v h. ) = f{x + h, ) - f(x) 
rj ~ CJ , 

1'",0 

2) if e = 2, 11~,., f(x) = f(x) + f(x + 21\ ) - 2 f( x+ 1\ ) 

= f(x + 2 h. )+ f(x) - 2f(x + h . ) + f(x) 
1: ) C j 

Definition 4. 2 The e'h order module of conti nuity of function f E Lp(91") 111 the 

directio n o f Xi is defined by 

w' (f,u) = sup 
p,x } 

hE~H . l h l :S; 1I 

(4.2) 

[ J"" A nd 1111~' J ill = nl1~"JIP dx for I S; P < 00. c . l.p (~ll") JI J 

/?" 

Definition 4.3 Let [3> 0 and c ~ I by O p(c) we denote the cone of all fun ctions <jl(u) 

increas ing on [0 , I] such that 
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I ) lim <p(u) = 0 
II -~O 

2) <p(v) v-P $ c <p(u) u-P ,( rpv~) $ c ~;::)) ,for 0 < u $ v $ I 

that is <p(u)u -p is almost decreasing 

( 4.3) 

Q p : = U Q p (c) 
c2: 1 

Note: For f E Lp(91"), llJ;." (f, u) E Q,(2 1
) 

Let I $ p $oo, 0 < 8 $00, k = (kl, k2, ... , k,, 1 $ kj EN, and w(u) = \llJ/u)t, 
be give continuous vector fu nction on [0, I] such that wiO) = 0, and w (u) is an 

increasing functi on on[O, I ]andwll) = I, j E {1,2,3, ... n} . 

Function w (u) plays a role of comparison funct ion for modu le of cont inuity. We ca ll 

thi s function of smoothness. 

By using these conditions we have the fol lowing defin ition. 

Definition 4. 4 Anisotropic Nikol ' sk ii-Besov space B,~Jlc91") is the set of all 

function s 

and for which Ilfll ." " < 00 
• IJ ,),/1 (:l! ) 

where 

Ilfl!, + 
','(~"l 

if8 <00 and 

" [llJ kJ (j,U) ] II/IIH""(>II") = II/III ,,,,'') + L sup I'XI ( ) 
/dl J' J= l 0<11<1 OJ j U 

if8 = 00 

For 8 <! I thi s expression becomes a norm , where for 0 < 8 < I it is a quasi norm. 

If we fi x w(u) and p then the space B,~Jl(91 ") is becoming wide with growth or8 

The widest space we denote by H ,"(.) (91") = B '"(.) (91") 
p ' ".0Il . 

Clai m If we put wiu) = h'i, O<ej< kj forj E{ 1,2, ... n}then 
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B';() (91n) = B' (91n) 
1',0 " ,0 

f 
Let wiu) = h i and take mj = 0 

_l_Suppose f E Bf~"~ (91 n) , it im plies Ilflln." (,,,") < 00 
, H . 

, 

and i: ['rl (U~ ,x/ (X) ]O d&;:' )]" < 00 

J=' ~ l h h 

f- ('f ( ' II k ilO e dh)~ L. sup h - , Ii ,:, f _ J_ < 00 

J=l Oosh SI j h 

From I and 4 Ilfll , ,,< 00 
IJp .o ( ~1 ) 

.1 Suppose f E B;'.0 (91 " ) ,it implies Ilfll";,(,, ,, ) < 00 

By using similar argument thi s implies 

11ft ''' (''' '' ) < 00 ,.' 

=> B f (91") C B"( ) (91 n) 
1'.0 - p.(} 

. B ' (91") = BW(,) (91n) . . ",0 ' p.O • 

In isotrop ic case that is where w;Cu) = w (u) 

=> kJ· = k,.i = 1, 2, ... n, we obta in isotropi c space B'"() (91 n) p.O 
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4.1.2 Common Properties 

i) The condition wi (0) = 0 guarantees the presence ofr istri ctions on behav ior 

l1J :'~ v (f u), as u ~ O. Other wise the co rresponding summands in (4.4) and (4.5) are finite 

for any function f E Lp(91 n). 

In isotropic case B~~) (91n) * L,, (91 " )iffwj{0) = 0 (4.6) 

ii) If f E Lp(~H n ) and not equ iva lent to zero then 3 c > 0: l1J:'~." (f, u) ;:: cu'; 

I 

[ ~ ,]O J" - u ' dl1J .(u) 
Therefore B;~~ (9, n) * {O} ~ -- ) < 00 

o (1)) ( v ) OJ, 
ifS < 00 (4.7) 

and sup [Ulw)(v) ] < 00 ifS = 00 

Forj = 1, 2, ". ,n cond ition(3.7) guarantees the embedding 

w; (91 " ) C B "C) (91 n) 
.> /1.0 ' (4.8) 

Where W; (9, ") is a soblev space with norm 

" L: (4.9) 
J=l 

If B;~.V (9,n) is non-empty then embedding (4.8) guarantees ri ch reserve of 

B"!) (9,n) 
1'.0 . 1 . 

iii) Dealing with space H;~() (91 " ) (S = (0), without loss of generality, it is poss ible to 

assume that wiu) E fl , (I), j = 1, 2, . '" n. , 

So if wiu) l1' fl, (I), then it is poss ib le to replace Wj(u) by a function , 

\vj{ u) E fl , (I) without changing the space. , 

(4. 10) 
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Some autho rs A . S Djapharov, V.I'. Ill in and others for e < 00 define the Ni kol sk ii­

Besov spaces in another way. 

To be exact let .p(u) = {tpj(U)} ~=l where tpj{u) be cont inuous funct ion on [0, I], 

1 ~ P ~ 00 , 0< e < 00. 

And instead of di(.) , by taking .p(u) = {tpj{U)} ~= l where tpJ(u) is a conti nuous funct ion on 

[0, I], 1 ~ P ~ 00, 0 < e < 00 we get the fo ll owing defi ni tion. 

Del1nition4.5 The space B;'.~ (91") is the setofal l fu nctions such that 

f['rlW ;:'XI U,U)]O duJYo <00 
j=l ~l 'P j (1I) U 

1 f tp/ u) = tp(u) for j E {I , 2, ... n}, then we obta in the isotrop ic space B;.~) (91"). 

Ana logies to i and ii we restrict 

1 [ ]0 I du f -- -= Cf) and 
o 'P j (u) U 

1 [Wk' ]O du . f - -<oo J = 1, 2, ... ,n 
o 'P/u) U 

In parti cu lar, the cond itions of non triv iali ty in isotropic case will have the form 

1 

B;~(91 !!) '" Lp(91") ~ f 
o 

[ ]

0 
I du 

-- -=Cf) 

'P
j 
(u) U 

B':~ (91") '" {O) ~ f _1_' - du < Cf) 
1 [ k]O 

f 0 'P(u) u 

De finiti on (4.4) and (4 .5) in general lead to the same spaces. Specifica ll y 

B0() (91") = B'"() ('H") 
1'.0 ".0 

1 

if we put wiu) = { 1 + e f tpj{u)o v·'dv }Yo j = 1, 2, . .. , n 
!! 

Indeed the norms (3.4) and (3. 11 ) coincide si nce 
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dW
J 
(u) 

>VJ(u) '+o 

du ---:;- ° < U S; I 
CfJ) (U) BU 

The questi on w hen th e desc riptions (4.4) and (4.11) are eq uivalent w ith one and the same 

fun cti on of smoothness that Wj(u) - epiu) is very interesting, And the answer is as 

fo ll ows: 

Wiu) = (Pj(u) <=> 3uj > ° : ep.l (ut a} almost increas ing on [0, I] 

From now and onwards we w ill use defin ition 5 w ith some additional assumptions. 

4.2 Definition of iterated norms for Nikol' skli-Besov Space with Generalized 

Smoothness 

Let I. D c 91" be an open set 

2 Do: = {x E Q : p(x.oD) > oj} , \7'0>0, 

3 Z(Do) be a semi normed space of fu nctions defined on Do 

5. CI>( B ,8) be a class o f functio ns such that ijJ = (ep l"'(P,,) E CI>( B ,8) sati sfying 

the fol lowing cond itions 

a) (Pih) > 0, \7'h>O, b) epih) be an in creasing function 

c) lim epih) = ° and ep j obeys Sos property that is 
11_0' . 

3 m j < Cl".l : (Pih) h -"'} decreasing a lmost every where 

i. e. 3c ~ I: (Pit) , -"', S; epis) S - "'} fo r ° < s S; t < 00 . 

Definition4.6 A fun cti on f E jil() ( Z (D)) " jl/ (),;UI (Z(D)) iff 

I. f E L Loc (D) (i.e f is in tegrabl e on a ll com pact set A, A s;; D) and 

~ 

2. 11/1,"'lzlfl) : = 11 ~ lz(rl) + Lllfll p:~"I Z I O )) < w 
j =,] 

Where Ilfllp;':,"IZlrlll : = IICfJ; ' (h) II fo..:~J II Z(oa,o, )II /;lo,l ) 

and (fo..::j')denotes th e Cl"/h di ffe rent off with respect to Xj w ith step hand 

38 

(4. 17) 

(4. 18) 

"1 
i 



L~ (0, J-f) with I "e < 00 , denotes the space of function g of one variable measurable on 

(

H dl )Yo 
(O,H) for which IIgll /. 0 : = II g(h) 1° _1 < 00 

'O( .11) h 
o 

and L: denotes that we are sum ming over thi s j fo r which (jlj > O. 

More over we will assume that the pair ifJ, (j is permi ss ible. That is for these 

j E { 1,2, ... , n) suchthat (jlj > O. 

a j > (jllh) > O. 

Compari son of e -smoothness and General ized smoothness. 

e- smoothness Genera lized smoothness 

we use e = (e" e2, ... , e,,) we use ifJJ(.)= «(jll, (jl 2, ... ,(jl,,) 

2 we use (j = (ai, a 2, . .. a ,,) 2 the same 

" we use in = (m] ,11l2, ... ,l11n) 3 m = 0 J 

4 we use h _If , - III , ) 4 we li se rp; '(h) 

5 (et' D "" f) we use h, j I 
5 since m = 0, we have (t:,.:'Jf) 

6 h E (0, H) 6 h E (0, 1-1) 

Note: - r 
'U}.) 

I. for m = D. If we define1i1 = h-((, -"', I= h-" then the generali zed smoothness is the 

same as e smoothness. 

2. Since m = 0, on Genera li zed smoothness we don't consider the pa rt ia l deri vati ve 

off. 

3. e smoothness is the particular part of the genera li zed smoothness. 

The above definition is obtained by replac ing 11·11 ( ) by 11·11 In the 
/., Oa, " Z(Oa,") 

defin ition of an isotropic N ikol' ski i-Besovjl.)pace B ;'.0 (0) 

Thus // ); (L,, (O)) = B;,o (O) 

In (4.17) and (4.18) we now set ifJ := ifJ, = (ifJ2I , ... , ifJ,,,) 
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parameters IT I and H I. We then obta in the norm of the form IIIII iiJ, ;J, () . 
"0 (~o (I.,. n ) 

Continuing th is process, we obtai n the following norms, which we naturally call iterated 

norms fo r all integers k ~ 2. 

Il f ll • (J , () .= 
. /J k (. .. .4 I (L (0 ))) 

o 0 p 

(4.19) 

k 

and the corresponding spaces 

. ./1'.' (\ ... ( /jiiJO, (L (0)) .. . ) wh ich we ca ll Nikol'skii - Besov spaces with 
o 0 p 

iterated norms and generalized smoothness. 

If ip, O = . ... = ip.(.) = ipO we then obtain the norms :2!: ~Ol (lop (Q) 

11111/8<,<)( . 4'(\Lp(0 )))) 
I. v~---~' 

(4 .20) 

k k- I 

with whi ch the posed problem is connected. 

4.3 Formulation of the problem and its results 

In works of professor V.I.Bu renkov iterated norms of Nikol' ski i-Besolv' s spaces were 

de fin ed and with the help of these norms it is proved that the so lutions of partial 

differentia l equati ons with constant coeffic ients are infinitely differentiab le. In our work 

we consider iterated norms in spaces of Nikol ' skii-Besov ' s type with generali zed 

smoothness ip where ip E (1) (a,e) , I < P < 00 and I < 0 < 00. The results obtained by 

professor V.I Bu renkov. 

Theorem 1 (about iterated norms with general ized smoothness). 

Let I < P < 00, I < 0 < 00, a = (IT I, IT2, ... , ITn) and ip = (<pI, <P 2, ... <Pn) E<1J(a,e) open 

paralle lepiped G c 91 n with faces parallel to the coordinate planes 

and ip, = { \O,' , \0; , ... \0,; }. Then the fo llowing asserti ons are true. 
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I) There ex ists an imbedding and the imbedding operator is bounded . 

. h;/ C1o~ .. .J'i/ (L p(G» ... )) c > B:.~ (G) 
~-~--~ 

k 

2) If, in addition , for an open parall elepiped G c 91" there ex ists bounded 

ex tension operator 

S: Bip' (G) -) Bi>' (91") 
1'.0 ".0 (4.20') 

then the fo ll owing holds true: 

/l/ (/l/ ... /l/ (Lp(G)) .. )) = B;,~ (G) 
k 

with equivalence of nonns. 

Note that the conditions under such a bounded extension operator ex ists were described 

in the works of V. I. Burenkov, Yu.A Brudni, O.B. Besov,V.P. ll in , S.M.N ikol 'skii and 

P.A . Schurtzman. 

4.4 Properties of iterated Norms with Generalized smoothness 

The fo ll owing Lemma wi ll be used repeatedly 

Lemma 4.1 On the frictional differentiation of an inequality. 

i) Let 110 > 0, ° c 91" be an open set and for each IlE [ 0, 110)' Let a set of 

functions T (0") and seminormed functional space x(O") and y(O") be defined 

such that T(O,,) n Y(O,,) c T (0,,) n X (0,,) 

and IlfIL(o" I S 11ft",,,, ' I;If E T(O,,) n Y (0") 

(for 0 " = ~ Ilft(o, I : = IlIt,n" : = 0) 

ii) Let I S e S 00 and ijJ , if , 0 be a perm issible trip le and 

let 0< H < 110 ( max CT ) - ' 
l:'>j:5:11 J 

then 'v' ~l E [ 0, 110 - H max Gj) := A 

and 'v' f E T(O,,) n Bstj ( Y(O,,)): = B 
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'ij E {I , 2, ... n} such that 6. )/, a, ,f E T (0 ,,,",,.l 'ih E (0, \-I). (4.25) 

Then the fo ll owing inequality is satisfied . 

(4.26) 

Proof Let fl EA and f E B then by (5) for 'ij E { 1, 2, ... n} and 'ih E (0, \-I) we have 

6.~' if E T(Qp.a/, )and by the definition of the space .':t1giP( .) (y(Q,,), f E .':t1giP(.) (y(Q") 

=> Ilft: ,,!),!O,,)) < (jJ 

=> 116.~jll,,(o'H""') < (jJ 

=> (6.~jJ) E y (Q 'Ha,") 

Consequent ly by (4.22) a lmost for all h E(O, \-I) 

By mU ltiplying both sides of(4.27) by rp j' (h) 

and by applying the L~ (0, \-I ) we get 

By combin ing (4.28) and (4.22) we get 
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Corollary 4.1 

If I ) V~l E [0, ~O - H max (3 ) ) and 
I :s; j5. /I 

Condition (4.25) is satisfi ed for Vj E { I, 2, ... , n) then for a ll ~l E [0, ~o - H max (3 ) ) we 
1 .s )$.n 

have 

Note 

If I' E . ./7/'2 . .6'/1 (z(Q,,) then we have the follo wing. 

11.r11 4 2(412 ( =«(2 ))) = I I ft:. I (z(Q)) + fl ll/ llp;"Ji' (.;;/'(=( 0 )) ) 
)2- '----~-~ 

=1 

·", r 

The above expans ion is by using the definiti on 

C orollary 4. 2 

I. Let cond itions (4. 22) and (4. 23) are sati sfied i. e 0 < H < ~lO ( maXIJi ) -1 
IS}::;1I 
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2. Let I ~ 0 ~ 00 and let rp" 0'"0,, ... rp" a" Ok be permiss ible tr iples and 

, 
Let L H , max a js < ~o 

s=d I S}S II 

, 
then 'Ii>tE [ 0, ~o - L H , max Gis) 

IS,:::: 11 . 

and 'li f E T(n,.) n ./i/' ( .. . (./i/' (Y(n,,)) ... ) such that 'lij E { I , 2, ... n} 

then 

Ilfll ~/' c .. "t'l.qn,, )). .. ) $ 11ft,:, ( ... fit' (In,,)) ... ) 

Proof By induction 

For k = I, it is proved by the Lemma 4.1 

Let us show for k = 2 

For k = 2 rp , = (Cjl ,1, Cjl22 , Cjl 2J .... , <P 2n) 

" 
Let ~o > 0, let >1 E [0, ~o - L H , max (Y 1' ) 

.~ :: I l !OJ ::;" 

'lij l, 'lij2E { I, 2, ... ,n}, 'lihIE (O, H,), 'lih2E (0, H2) 
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and f E . 4-' (~-' ~(O" ))) 

~ IIF,II /1,/' ~(O'HU',,,,, )) < OCJ 

Where F 2 = (t;.~:~jJ ) 

~ F2 E ·4;;' ~(Oi'+U"'''' )) and F2 E y(O"+u" ,,,, ) 

~ F, E Y (0,. +,) 

so from (4.33), (4.35) and (4 .22) 

11 F;llx(o".J S; 11F;II,(o,.J 

Multip lying both sides of(4.36) by rp,~', (h,) 

we get 

On (4.37) by app lying the norm L~ (O, H, 

Combin ing (4.40) and (4.41) (by addi ng) we get 

IIF,II '/ ' (X(O,,+,, )) S; IIF,II /1,/' (l (O'H" )) 

Multip lying (4.42) by rp;;, (h2) and app ly in g th e L~ (O , H, ) norm 
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11q>;;, (hJIF, II ~/,. (X(O"+b ))II,.,o,,, ) 5 11q>;;, (hJF,II 9J'/' (y(o p+jl,." ",) (4.43) 

~ IIIIl(J"h/l.~' (X(O ))) 511fIl fJ"h""iji, (y(n ))) (4.44) 
.Oll 0 jI Oll 0 }I 

On (4.44) by app lying L" 

(4.45) 

But f E A/" (y(n")) n T(n") by the Lemma when k = I 

1I11l 4' (x (OJ) 5 IIIIl /l:' (y(nJ) (4.46) 

By combining (4.45) and (4,46) (by addin g) we get 

.. It is true for k = 2 

.. By Induct ion it is true for any natu ra l num ber k. 

Rema,'k I If Fu = 00 then the Lemma and its co ro llari es become sim plified: it is not 

necessary to apply bounds on 1-1 (consequent ly not on I-I s), and inequ aliti es (4 .21), (4.22) 

and (4.26) are sati sfied for a ll F ~ 0 

Remark 2 If instead of (4.22), we consider the more genera l inequality 

", 
IIlt(n,, ) 5 Iel'lI/lIy,(n,,) 

r=o 1 

(4.47) 

where cr ~ 0 and y,(n ") is a seminormed space for I' E{ I" " , ro}, then analogous 

statement, are va li d . It is necessary to consider the seminorm 

IIIIl,.(n,) : = i: C,IIIIl,.,(o,) 
r '" I 

and to take into accou nt that, by the de fi nit ion, 
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On the fo ll owing Lemma we will introduce on ·4;;' «( 4;;'" ... 4;;' (L,, (Q)) .. ) an 

eq ui va lent norm which is more conven ient for estimates. 

We set 

I l fll~;, ( fl:' (/., (0)) .) : = 

:= Ilf t ,(n) + ± ± i: 1I/ II pn;" ( d:~,J' (L" (0))) 
r== 1 'I .... J,:\ }I .... },.: I 

Lemma 4. 2 , for all consider values of the parameters 

11I11 ,,/ k ( ;;/' (L" (0))) - 11/[,.. (.. 4' (L, (n )) ) 

Proof: Let k = 2, Then according to the definitions, 

Where 

Making use of the fact that for non negative functions <Ps 

and tak ing into account that 
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and or 

J I E { I , ... ,n} 

IIIP;;, (h, )/\ j,.;, L~ (Of{ , ) = Ilf IlfJ:";' (p:~;:' (I, (0 ))) 

We obtain that 

/I /I 

+ ~ f,; Ilfllp:,;;' (pr';:' (1,, (0)))' 

Which is (4.48) for k = 2, The case k > 2 fo llows by induction. We notice further that for 

all considered va lues of the parameters. 

Note 

2. 

Ilfll p;"" (P;" (' (I., (0 ))) 

= IIIP;; (h ~IIP(~ I (17 ~ILl~," Ll~," 111 " (00''''0,'' l ; (OH, ) II ,~ (0.11 ,) = 

= IIIPI-,1 (77 ~k; (h ~ILl~' Ll~,' 111" (0 0 "'0 ,J/; (OJJI,; (OH , ) 

= III ll fJ:" "(/J;li"(i,, (O))) . 

Re mal'k : By using the above Lemma we can proof coro llary 2 for k = 2 

a) IIIllx(o,,) ~ 11111 1'(0,,) by 22 

b) From (4.28) the proof of the Lemma I 

11111 P;'j: (x(o,,)) ~ 11111 fJ:'j: (I'{o,,)) 
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n n 

=> ~ Ilfll p:,:" (x(n,,)) ~ ~ Ilfllp:,;" (I'(n,)) (R2) 

(c) From (4.34) we show that 

102 E Y (OI'M'h'" ) and F2 E T (OI'M'h'" ) 

(R3) 

By multiplying both sides of(R3) by CP;;, (hJ and apply ing L~ (O,H, ) nann we get 

Ilcp;;, (h,) IIF,ll x(n, .• ",., ) 11 /~(OIl ' ) ~ Ilcp;;, (h2 ) IIF,II "(n, .• "" ,) 

=> IlfIIN~;' (x(n,, )) ~ Ilfllp:;;, (>0 (n" )) (R4) 

II n 

=> ~ IIfllp: ',;, (x (n" )) ~ ~ Il fllp;;;" (I'(n,,)) (RS) 

Let F := /:l uI," }! 6~/ n i ,l and a = .0 .... II + .... II 
I I 1 vIII I "'21Z l 

From (4.38) we show that 

By multiplyi ng both sides ofR6 by CP;;, (h, )and app lying L~ (O, H, )nonn we get 

IlfllfJ:;,,' (p,':' "(,(n,.))) ~ Ilfll/};;},' (P:',:' (y(n , )) 
~~ ~--~--~ 

: mjlh = h 1112 

(R8) 

From a), R I, R2, RS and R8 and by definition we get 
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Lemma 4. 3: Let I ::; p, 8 ::; co; 0 < H ::; co; rp" 0, E cP ((iT,e), then 

Ilfllp;"""""(L,,(G))::; Cl ll f ll p;" ift''' (/ ,,(C ») ] (4.52) 

for all permiss ib le (p ,;a ,; and tp 2j,a 2j . 

Where G is arbi trary open parall elepi ped with sides paralle l to coordinate axes, c, 

depends only on min {a,;, a2j}, and 

Proof. Without loss of genera lity let a, ::; a2. 

I /, 
From chapter 2 we have II"'~JII . ::; A (a) - nl"'~ FII dq 

l.p( .II) h JI I'p (:ll) 
o 

(4.53) 

from th is we get 

=> But for I ::; 8 ::; co 

=> Ilt;(olo)::; Ilt,(olo) so form (4.53) it fo ll ows that 

(

10 d )Yo 
::; A(a) fll"'~J ll ol (C' )....!L 

o 'r 1(1"1/ '7 

A( a) 1111'" ~J II . II (since h 2: 11 , .!. ::; .!. ) 
1' 1, ((1 (111 ) J. ~ (o.,,) h '7 

Furthermore 

from th is we get 
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(s ince <pli(h) ~ <P l;(ll ), and 11 ~ h) 

A( al) Ilf llps" ( )al' II (p;'; (),a,;" (L" (c ))) (4 ,54) 

Carollan 4.3: For any natural num ber k and fo r I ~ p, 8 S; 00 and ° < H ~ 00 

(4,55) 

for any permissible <p(,) a and C2 depends on a, 

~;; " fJt kaoll
) 

Proof: From Lemma,4,3 , (4,53) and (4,54) 

Ilill p;;"'a II (L,, (Gp )) ~ A( a) 11111p;j o ll (fJbj O Il (L p ( G il ))) 

fo r ~l 2 0, According to Lemma I (with ~o = 00) we 

for all ~ ~ 0, Aga in for thi s by using (4 ,53) and (4,54) 

Ilill fJ;5, )Ja II (L" (Gp)) ~ A \ a) 11111 fJ; j (Jail (fJb; (Jail (fJ? ()a /1 (L p (Gp ))) ) 

So, for k = 2, and k = 3, it holds true, Therefore by mathemat ical induction it is true fo r 

all natural number k, 
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Lemma 4. 4 For any open set D c:; 91 , D = U ,'G(k) where sEN or S = CI) and G(k) is 

an open interva l, and for k '" e G(k) II G(t! ={ } 

That is every open set of rea l numbers is a un ion of a countab le collection of disjoint 

open intervals. (i.e. If 0 is open there exi sts {/"t, open interval s such that I" II I", = { } 

ro 

fo r n '" m and 0 = U I" 
11 =1 

Proof Let 0 be an open set. For each x EO let bx = sup {y:(x ,y) c:; O} = T * { } and a, 

= inf {y: (y,x) c:; O}, S = {y: (y,x) c:; O} '1'{ } 

Let Ix = (ax, bx) 

C laim 1 I ) 2) 

Proof 

I) Let w EI" then W ~ x or w < x. If w = x then WE O. 

Without loss of genera lity assume W < x. Since ax < w < x w is not a lower 

bound of {y: (y,x):> OJ. Hence there ex ist y such that y < wand (y, x) c:; O. 

Hence (ax - E,X) c:; 0 

=> ax - E > ax since ax = inf S it is contradiction. 

2. so ax 11' O. 

Similarl y bx 1i"0. 

From the above Ix c:; 0 for itXEO 

and for each x E 0, then :l lx : x E Ix 

.. 0 = Ul, 
X€() 

Cla im Ix II Iy = ~ or Ix = I,. 

Proof suppose CE Ix II I,. 

let Ix = (a" bx) and Iy = (a)' , by) since CE (Ix II Iy) a)' < c < bx and ax < c<by 
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from the above ax'" 0 

=> a,x = ay 

simi larly bx = by 

:.If Ix n il' *<1> then Ix = II" 

So In the collect ion {Ix, x EO} Ifx, y EO and x * y then Ix n Iy = <I> 

Let E = {Ix: x EO} be the co ll ection of all di sti nct intervals from {Ix:x EO} 

If I" II' E E then x * y =:> Ix n Iy = e. and 0 = U 1 
/eH 

For each I EE pick a rational number 1', * rj consider A = {r" lEE}. A is a countable set 

define a function f: A --+ E by fer,) = I 

f is I - I and onto 

=:> A - c and A is countable 

=:> E is countab le 

~ 

=:> E = {I" t, and 0 = U /" 
n=l 

Remark Let n = U ;'G(k) , (G(kJ: is a collection of pair wise di sjo in sets. 

fl(x)dx = fl(x) = fl(x)dx + Jl(x)dx+ ... + f l(x)dx 
n U ;ri(J) G(I) (;~ l ) rip} 

= i: j l(x)dx 
k= 1 (i(k) 

Coro llarv4. 4 Let n c 91 be any arbitrary open set. Then under the cond ition of 

Lemma 3. 
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By Lemma 4. 4, O ah = U: G(, )"" , G (k)ah is any open interval in 91, and for 

k '" e, G (k)ah n G (e)ah = ~ By using th is and the above remark 

[( f Il\~fl" dXJY,'j" = ~l\~fl" dx = t ~l\~JI" dx 
lam/ 0 "" k=IC(k)oil 

= t[( ~l\~fl" dXJY"." 
k"' l l (;(k)all 

=> 

" = A(cr) cp"(h) fcD ,(ry)d 77 
o ep 

Using a conseq uence of the genera li zed Minko lski inequality for integra ls 

II h 

f cD, ('7)d '7 :0; ~I¢, ('7 ~I r"d '7 
o [I' 0 
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From this we obtai n that 

" 11[<.:/t,(Clol') :<; A(a) cp.l(h) ~1¢k (17~L/77 
o 

I, 

= A(a)cp·l(h) ~1[<.~/t ,(Clm/17 
o 

" 
So 11[<.~JII, ,(Clol') :<; A(a)(p·l(h) ~1[<.~ft,,(Clm/17 

o 

After this by replac ing Gcrh by Dcrh we get 

a) 

b) 

From these we get 

Ilfllfi:I~2,o-I +a2 H (D) :<; A(al) Ilfllp;1 (p%'U,H (Lp(O))) 

... Ilfllpgw, (Lp(O)) :<; Cillfilpsi (Pg' (Lp(n))) 

Lemma 4.5 

Let 1< p< (f) , 1:<; 8:<; (f) tp E C[.J ( (j ,8) ,then 

Proof: 

Consider funct ion f 
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where lh is a function such that Supp F'<h c 1\ +1\ Pk 

Pk ={ S E 91 n :ISjl < vj(k) and vj(k) : <rj(vj(k)) =2k } 

and we use the fact that 

1 

11/118q; (9111 ) ~ (f (2'11/*.9,IIL (9111))O Jo 
p,O '=0 p 

and for iterated norms 

1 

II/liB: 0 (8:,0 (91 11 )) ~(t, (2' III * .9, liB: 0(9111 ) )0 r 
by definiti on we have 

Let SI =11/118" (9111 ) and 
p.O 

S, = ~ - I (h)II /l.Uj /11 
- ~ rp j /.,) 8" (~nl1 ) 

pO L~ (O,OO) 

Then from (4.59) 

I 

SI ~ (t, (2' 11/* .9,IILp (91 11 ))0 Y and 

- I h 2' /l.Uj *.9 " ( ~ II ( ~I ~ rp j ( ) ~ ( hi r k L (9!") 
p 
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then 

I 

S,+ S,- (~(2' llf * 911 )0)0+ 
- ~ . k L ('.H") 

k=O P 

I 

- [ ~2'{IIf'9.II:p(,,") + [t ~;'(h)II~;,:, (f'9. t,,,, .. ) ",oJ] J 

I 

- (~(illf* 9k I I B~. 1I (9ll1/ J 
Since 8, *9,,, =0 for 111 '" k and 9k * 9k = 9k we have the fo ll owing: 
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Ilf *.9k I IB~o - (2 111 111 * 9 k * 9111 11 1." ( 91 ") ! ~ = 

(2kl lf*9k II Lp (91")"~ = 2k llf * .9k lir
p

(91"). 

Furthermore 

B~ CHII) 
p , B 

o 

1 

[,t, [2"111 ' ", II~ p (.") 17 
_ 11111 Hi (9l'1) 

p,B 

Corollllry 4. 6 

Proof when k = 2 it is proved on Lemma 4 .5. For any natural number k > 2, it can be 

proved by mathematica l induction. 

Proof of theorem 1 

I) According to corollary t3) for every open para ll ep iped G c 91 " with faces 

para ll e l to coord inate planes and Vj E { I, 2, ... n} 
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Summing up these ineq ualities and add ing Ilft,((;) to both sides, we obtain the 

desi red inequality, taki ng into account that the sum on the right -hand side doesn' t 

exceed 11.r11 ~: ( ./ (I.,, (fi))) 

=> 1IIIIfi;:,(G) ~ C I II.rL~, k ' fi~' ((;))) 

=> B~.o ( .. B::o (G) . )c> B;,o (G) (:;«; r<If' ) 

2. By cond ition 5.20.1 there is a bounded extension operator 

s: B~' (G) -> B~' (91"). 
1'.0 (1.0 

To prove existence of imbedding In the direction oppos ite to that of the 

imbedding in cond it ion (:'6 ) 0<~) 

B¢' (lIf"') c> B0 ( ... B0 (G) ... ) 
" .0 1',0 1'.0 

G.-
it is sufficient to carry out the proof for the case G = 91". And it is carried out in 

Lemma 4.5 

Therefore the theorem is proved. 

Remarks 

I. In these spaces if <p,;(h) = hI; then we obtain the resu lts wh ich are descr ibed by 

Professor V. I Burenkov. 

2. If q; (h) satisfy the following additional condit ion 3s > 0: rp~~,) .. . 
IS Increasll1g on 

( (2H ) (0, H] (for example <p,;(h) = h ; e"y, h . exj > 0 YjE 91), that IS the space 

/;;to (L ,, (G)) possesses "exponent ial" reserve of smoothness. 

Therefore the theorem ensures the increment of smoothness by interre lating norms, which 

permit to attain an y index of smoothness of exponentia l ord er after finite steps. 

59 

! 



Reference 

I. V.I.BURENEKOV 

A theorem on iterated norms for Nikoli skii-Besov space and its application, 

Proceedings of the Steklov Institute of Mathemati cs 1989, Issue 4. 

2. Tsegaye Gedif A YELE 

Abo ut smoothness of so lutions and condition oflocali zation for spectral 

decompos ition of operators with constant coefficien ts PhD dissertation in 

phys ico-matheamtical sciences Moscow, 1999 

3. Tsegaye Gedif A YELE 

Spaces of Iterated norms in Niko li skii -Besov type with generali zed 

smoothness. Moscow, 1999 - Dep V VlNITI RAN 31.03.99 No 1027 - B99 

4. Tsegaye Gedif A YELE 

Short notes on Nikoli skii -Besov spaces. 


