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PREFACE

This is a report of two seminars, which is conducted, in the first and second semester.
The main objective of this seminar is to prove the theorem
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and for a special conditions
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But to prove this theorem different expressions and propositions should be examined.
For this the seminar has 4 chapters.
Chapter 1- preliminaries
Chapter 2 - Definitions and some facts on Nikolskii-Besove space.
Chapter 3 -- Iterated norms for Nikoskii-Besove spaces.

Chapter 4 - Iterated norms in Nikolskii-Besov space with generalized smoothness.

Before all I like to thank the heavenly father almighty God, with the help of WHOM

this seminar come to reality.

My special gratitude to My Advisor and teacher Dr. Tsegaye Gedif not only for his
continuous advice but also to provide me his unpublished results to the completion of

my seminar and to show me the bright future.

I am really lucky to have him as my advisor; with out his kind help this seminar

would have been impossible.

Finally I am indebted: to all of my previous teachers and friends who wish my

progress, to W/o Tobiaw Teferra to print my report.
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CHAPTER 1

Preliminaries

I.1 Notations and basic inequalities
The following standard notations are used through out this paper.
N - the set of all natural numbers,
Nj - the set of all non-negative integers,
Z - the set of all integers,
R- the set of all real numbers,
C- the set of all complex numbers,

NI- NyxN, -+ xN, -the set of multi-indices (n is the natural number

n

which will be used exclusively to denote the dimension),

MxMx...xN
\—r—l

n

"J? n .

For a € Ny, a# 0, we write:

Ay o, f

. G ; e
D" f= ~— the derivative of the function f of order «

ax e v

n

For an arbitrary nonempty set Q < R" we denote the following:

C(Q) - the space of functions continuous on Q.
C,(Q) - the Banach space of functions f continuous and bounded on Q with the

norm

71, q) =sup1 £,

For a measurable nonempty set Q < R"we shall denote by:

L,(©) (I £ p <) -the Banach space of functions fmeasurable on Q such that

the norm

llf”Lp(g) =[J|f|dl] < @0 il & p<
O !



7], o =esssupl f(x)| = inf sup|f(x)| <o ifp=w
v xe)

wmeas (w)=0 xel\w
for the case where measure( ) # 0

and if measure( Q) =0, then we set “)’" 0

L)

We note that if Q= %"is an open set . then for / € C(Q) ||_f||(.{m = ”f"f.,(m'

For an open nonempty set  Q c %" we shall denote by:

L’;,’"(Q)(l < p <) - the set of functions defined on Q such that for each compact

KecQ fel, (K)'.

c'()(r eN) - the space of functions f defined on Q such that Y& e N where

la|=a) +ap ++a,={ and Vxe L thederivative (D% f)(x) exists and
D fe C(Q),

= Q=" - the space of infinitely continuously differentiable functions on Q.
/=0

a.e - almost every where.

1.2. Basic inequalities
Hdolder's inequality.

q
Suppose that ‘},‘ o ‘:,‘ =1 gy & = a—1 for | <q< ow,p= o forq=1and

p=1forq= 0.
Iffe LI, (Q) and g € L‘I(Q) .thenfg e L, (Q)and

I 721,00 < 1, wlel, (.0

3]



Minkowski's inequality. Il f g € L (Q),thenf+ ge L (Q)and

" f * g”:.,,cm e “-f.”.f,_‘,lQ: * ”g”.'_,,-:m' (1'2)

Minkowski's inequality for integrals.
In addition, let A € R" be a measurable set. Suppose that /is measurable on A x

Qand f(-,y) e L,(Q) foralmostally € A. Then

< [lrenad, (L3

’/.j, (Q) 4

u [
A
if the right-hand side is finite.

Generalized Minkowski's inquality
For any finite N of elements x’, x*, ..., x" of a normed linear space E we have the

inequality

< S (1

obtained by induction from the basic inequality " x+y|| < "l” + ||v|| (x, y €E).

further, if x is the sum of a series Zx" which is convergent in the norm in the space E,
k=1

which means

— 0 asN — o then

N
- Lk
-3

(=1

lim > || = i"“ || (1.5)

IA

(o8]



Now applying (1.4) and (1.5) to elements of the space /, and L, we obtain

(Minkowski's) inequalities

IA

] (il% |J (l<p<w) (1.6)
k=1

k=1

@0 "
S S,
=1

and

[ ﬂi/;(x)
oli=

Where it is allowable to put m = e on condition that in this case the sums of the

IA

dx}ﬁ (fl L@ 1] (1<p<w) (1.7)

o0
series Zak, are understood as numbers «, such that

i=l

— 0 as m—»w

and the sum Zf, (x) is understood as F(x) €L, to which the finite sum

Z_ﬂ(.r) — F(x) as m — o with respect to the metricof L . i.e.
i=|

,')
dx — 0 (m—w0).

ﬂF(x) WA

Inequality (1.7) involves summation with respect to the discrete index 1 =1, 2, ...,
on which fj(x) depends. As an analogue of (1.7) we can write generalized Minkowiski's

inequality

2 s
[J{ﬁ F(x.y)|va a’x} < j(ﬁ F(,\',_v)l”de dy (1.8)

i\ Q Q



If F(x,y) = 0 outside 2 x G inequality (1.8) can be written as

r G i
[[ [ 7, y)lafv} dx < j{ [[RaeX14 de dy (1.9)
RUNR"

RO\ R

In generalized Minkowski's inequality (1.8) and (1.9)the parameter y takes the
role of the summation index 7 in (1.7) and integration instead of summation is carried out

with respect to y.

1.3 On Generalized derivatives

Definition 1. Let QQ < R™ be an open set. Set A is said to be compact (strictly

contained) in Q if A is bounded and (the closure of A, Ac Q). To denote that A is

compact in Q we write as A € < Q.

Definition2. . A measurable function fis said to be finite in Q if it vanishes a.e. out side a

certain set Q' « < Q. That is

f(x)=0 VxeQ\Q' and

f(x)#0 YreQ

Definition 3. The support of a continuous function ¢ defined on Q is symbolized as supp

¢ 1is the closure of the set {\ e Q| p(x)# 0} 1.2, {x e Q| p(x) + O}

Note: If Supp ¢ < c €, then ¢ is finite in Q.



Definition 4. A function f'is said to be locally integrabe in Q ( f'e Li’j"(Q) )if fe
L’;"(K) for every compact subset K < Q).
Definition 5. ( The set of basic functions D(€J) )

All functions finite or infinitely differentiable functions in € whose supports are

compact subsets of Q are called basic functions in Q. i.e.

D(Q) = {(p eC”(Q) | xeQ |p(x) =0} cc Qj.

Definition 6. Any linear continuous functional f on a space of basic functions D'(Q) is
called a generalized function specified on an open set Q2. The value of the
generalized function on the basic function ¢ € D(Q) will be written as (f, ¢).

From the definition of generalized derivative the n-z’,” generalized derivative with respect

to x; for any locally summable function f'is given by

(DY f,9)x) = [D," f(N)p(x)dx Yo e D(Q)
=(=1)" J‘.]"(A‘)Dj""go(x)dr (using integration by parts)
- (41),”’ (‘f,Dfm’go)(x)
Generally . the m_’f’ generalized derivative of generalized function [ with respect

to x; is defined by

m

(DY f.o)x) = (=D"(f.D," p)x)

1.4 Equivalent norms

Let Zyand Z, normed vector spaces.
I. 7, isembeddedinZ, (7Z,c> 7Z,) iff Z,c Z, and ”]{“; SCZHf“a
forall f e 7,

2, ”f”z i “f“z, iff there exist C; and C, such that

1., <elA, ana I, <alA,.

6



CHAPTER 2

The Nikol'skii-Besov spaces
2.1. Difference of a function

Definition 2.1 Let # € 8 and /: R"— R be a measurable function. The difference
of f with respect to x,, j €{1,2,---, n} with step h, denoted by (A, jf )(x )is defined by :
(A4 JF )OO = Fr sk, + By x,) = f(X %5005 X,)
=f(x+he) ~ f(x) (2.1)

Here ¢; is a unit vector (0,---.%,---,0) ;
A

o C‘OHT,()()H(’JH

Applying the above definition twice on the function / we extend our definition

to the 2" difference of / with respect to x;, with steps h.
(A2 £, £)x) = Fx+2he, ) =2 f (x + he, ) + f(x) (2.2)

Indeed:

(@, 1)@ = (. /8,0 )k

=(A,  J(fCr+he, ) - £(x)

=f(x+he, +he,) - f(x+he,)-(a,,./)
=f(x+2he)) — fx+he )= f(x+he,)+ f(x)

S FE+ 208 J—2 %+ 176_, )+ f(x).

The third difference of a function /: " —9N with respect to x; with step h € R is denoted by

(A“,,._[f) is given by:

(A"h*;-/.) - (Aw.f(Azhs,f))



=(f(x +2he, +he,)—2f(x+he, +he )+ f(x +hej))—(f(x+ 2he ;) — 2f(x+he'j)+f(x))

= f(x+ 3he) = 31 (x + 2hej) + 31 (x + hej) — £(x)

h

Continuing this way by induction that we get the &" difference of a function

iR =N with respect to x; with step 7 € R, denoted by (A”,,,jf) given by:

(e

(a2, f) = Z(_l)k(ﬂf(ﬁ(a—k)he,) for o eN (2.3)

k=0

Lemma 2.1 Let / be an integrable function on (-0, ®). Then

Jf(x)dx: Jf(x + h)dx @.4)

Proof Casei: f(x) =y, (x) where E is measurable and mE < . Since the function

f is integrable,
E}f(x)dx = _[lg(x)dx = mE
On the other hand
L f(x+h)dx= J:Z(\ + h)dx = J:?;(”:‘_m(x)dx =m(E - h)

But Lebesgue measure is translation invariant i.e mE = m (E-h).

Hence,

J f(x)dx= j‘f(x + h)dx

m

Case ii: Suppose f(x)= Za,;gf_w (x) , where each E; is measurable with mE; <o
i=1
as [ isintegrable.

Thus, f;_f‘(x)dx = J‘;ia,g(x) dx
e



= i J: a,y, (x)dx
1=l

m

W= Za, J: X (X)dx
I=[

= ia, J:Z" (x)ddx
1=l

m

Za' ,[; Zfz', (x+ /’I)d,\' 3 b)f case (l) above.
=1 )

m

= Z E a, y (x+h)dx
i=1 '

.[7; i a,y(x+h)
=l

[ £

Il

Case iii: Suppose f is a non-negative function. Then. since / is integrable and f is
non-negative, there exist an increasing sequence of non-negative measurable simple

functions vanishing out side a set of finite measure and such that ¢, (x) ——"— f .

Thus, by Monotone convergence theorem , we have

l[im J‘; @,(x)dx = L f(x)dx

n—yo

Then

f f(x+ h)dx= I.iim fga,, (x + h)dx , by Monotone convergence theorem

1l

lim f @, (x)dx ., by case ii.

n—<x

[: f(x)dx , by Monotone convergence theorem.

Case iv: Let f be integrable , thus f=f"-f and f and f  are integrable and moreover

¥ ’ >0, f 20. Therefore,

[ = [ 7 ede- [ f (o



- J: J 7Gx+ R - J: JT(x+h)dx by case (iii)

[1f7Geamy= f~(x+h] dx

= [;f(x + h)dx

We shall consider the following properties of the difference of f*, which will be invoked

in the proof of the theorem in the following sections. These properties are stated forn = 1.

Properties:
L. Azf"f‘”;ﬁ(;en e 2”A”f”i,ﬂu€) )
Proof: & /] T [rGe+2m =27ty + £,
S VCERORNACER0 IS EPICEORWIC)
= |f@e+m+m=feenl, Hrecrn-7e),
- ||A”f”f.,.:.'n+||A"f”.'_,}(m
- 2||Ahf”f,],{,'€)-
2. A f = Sy f - S (2.6)

(A, )(x) = (X)) _ [fa+2m - fo)]-[fr+2m) =2 f(x+h) + f(x)]
2 2

N 2f(x+h)+ ()]
2

= ( Ah.f )(X)

Proof:




Remark 1. If Ej, is a operator defjed on the space of functions /: R” —R by
(Enf) (x) :=f(x +h) and | is the identity operator, then (2.6) can be adapted to the
operator equation:
E,—1=L(E,-D-LE,-1I),
which reminds us the property

x—I=1(x-D-1(x-1)® xeR.

.0 | '";,,,.R, < 21l @.7)

o!

Proof: From (2.3) A} f = Z( N’ f(H—ah) for all o e N, where 7 =
= r ri(oc-r)!

Il

Thus

AL

‘I.F(R;

i i [C:]f(—\‘ + f‘h)!
r=0

Ly(R)

IA

5 (e rml,

=0\ T

T o )
=0 \F ”f et h)”.',,( R)

IA

= e, Z["J

r=0

= "f (x )“f_,,ue)za

Lemma 2.2 Let c eN: s ne R

k=1

(A‘T,f) Z (= 1)“ (A% f) x+(o-Kh)+ DT (AT, )+ k) (2.8)
fl-;l]

O‘

Proof: For o =1

The left hand side of (2.8) becomes (Anf) and the right hand side becomes

+ A, E )butc—k=0

(ag—k)h h-n*n

(AI]E
=(a,f+8,.,E,)

=™~ n

= [+ ) - f) S+ ) —flx+ )



=flx + h)—Ax) =(4n ).
thus it is true for ¢ = |

Let o = 2, starting from the right- hand side of (2.7) ,

2 A 2 5 " 3 g
3 (4)“*’[k]{[Ag”.qz4¢f]-+(—IY{Ag_Eanhbe}

=2 f(x +n+h)+4f(x + %n)%— 2fix +n) + 2f(x + 2h) —4f(x + h + %n) +2f(x +n) +
+fix+2n)-2f( x + )+ f(x)-fix+2h) +2 fix + h + ) — f(x + 2n)

= f(x + 2h) =2f (x + h) + f(x)

=(a} f).

Then the assertion is valid for o= 2.

Therefore; proceeding by induction the lemma holds true for all o € N.

Corollary 2.2. For a € N; h, n € R, we have

”?“”hgz (]Ai P (2.9)
' o' L) o 1, ()
This is a direct application of translation invariance of the norm "”: ®) *
Lemma 2.3 Let | <p <o, then forall @ € N, there is A = A(o) such that
¥ h > 0 and for all measurable functions fon R, we have,
A@) ¢ e
H”w“m_h f”mﬂwﬂn (2.10)
In particular,
2
Hmﬂhmﬁgf AW L @.11)

Proof: From the above corollary, we get for aeN; A, neR

o
“f”f (R) iR (/{J

Integrating this from 0 to & with respect to 7, we have

_|_
L,(R)

85 f

h—iljl

s L, (R)



IA

A% ]
k,

a

dn + f

&, f
L,(R)

==
a

k=1

5 [7)[F

and h- iry—) n

) . t)

L 26! 5 DY

A, ., <3 ﬁﬂf

dn
L,(®)

. o k
] dn + f,i,, SRR, ] a’q]dn This is so by = =N

AL L

262

k=1 * 0

=3
A
= " f“,' (n) (O-) .E |I f”f o ()
where A(c) = ZGZT <262°, we have the lemma.
k=1

Now, in particular foro = 1. Let 0 <n < h. One can easily verify that

Af = A f + AES, where (E,,flx) = f(x+7mn)

Thus
) = f() = f(x+m)- f)+ fx+n+h-m— f(x+1)
= ”Ah-fl|f,,,(‘<'l'] = "A’n’f“!,,,(:n) i I|A" g :‘f”/ ()

o fal, w = “A”‘f”f-,,w" + "AjH]f||me (2.12)

Integrating both sides with respect to 1 from 0 to A, we get

hl'Ah-f".'_y[:II) - .l:, “A’Ij‘",',r(gli)dn £ JT “A""’-'-fl L,‘('.H)drl

=2 f ||A,]f"1,(mdn, by change of variable of h— 17— 1 as h— 0.



2.2 Definition and particular case on Nikolskii-Besov Space

2.2.1 Definition
Definition: Let/>0,1<P<0and1<0<w. Letf R"— N be a measurable
function and h be any variable

fe B,, (R") (the Nikolskii-Besov space ) iff

fe Ly(R") iff

| n
llfi[.'f[,‘,i‘.li") - “/ "l,,,uli"a ¥ giﬂ‘flllf,‘,_,,_,(:ﬁ”J =0
where
Yo
I By Uu."'ﬂ A5 mf_;‘|L W})"%’ where O < @
0 ph-

and

where 0 = o

= sup n"= a7 inf j
550 ’

||-’f||/3]',_,,.,nn“ ) lf.i,(‘.lf" )

7= 77]is the greatest integer which is less than /.

Il

I if (is not integer
2if lis an integer
7 is the index of smoothness of a given function P and 6 are index of summability

and index of characterizing summability respectively.

Related to this definition we can consider different particular cases.
2.2.2 Particular cases

I.  Letn=land0</<1,1<0 <o, the norm of a function f in the Nikollskill-Besov
space is given by as follows
n=1=f R->N

0<l<]1 =¢ =0,6=1



SO,

2

¥ ||,' (R "Ah f“f (W)
(FACSZORNIC) M

h, j

" - | n .
“-/”H;, (M) o il-‘{".',,.(:l? ) T z}”‘ll[/j;,‘o..(f“ )

- ||~f||,r_pu|{") + "-f”ﬁ/‘,‘,,’(:n;

o
| e

sofe By, ®"= ||,

B! ,,(ln

Letn=1,0</<1,0=0= ( =0,c=1land : R > N

4 Pl V1 AU L VICSYORIAC) P

Letn=1 O0<é<l,p=w0,0=w
= (=0, o=1
710 = 171, = sup vari Ifc)

supvari |f()|=In f { M: m{ t: f(t) > M} =0}
en
m is the lebsgue measure of a set.
There fore

T —— sup vari [f(x)| + suph™ sup vari [f(x + h) — f(x)|
e h>0 xel

Sofe |rly . iff 1)fe L(NR)and

2) suph™ supvari [f(x + h) — f(x)| <

h=0 xem

= |l <

= IM, such that Vx eR, | f(x) | £ M, and Yh > 0, 3M; such that

h™ sup vari lf(x i h) = f(.\)' <M,

xel

= sup vari [f(x + h) — f(x)| £ M5h'

xe



But [f(x + h) — f(x)| <sup vari |f(x + h), almost ,Vx €N

xeNn
=For almost, Vx eR, |f(x + h) - f(x) | £ M;h'
Let M = Max {M,, My}
~.fe B, (N)iff 3IM such that for almost for all x in R, [f(x)| £ M and Vh > 0,
almost Vx e ., |f(x +h) —f(x) < Mh'
4, n=1,0<¢<I1,1 £p<ow, O =oc0, itisthe same as the second case

feB,,(R)=feLy(N)and

suph™ [[f(x —h) — f(x) “; oy S P

h>0

= Vh>0,3M: h'[[fix + h) = fX)||, ) <M
= [ f(x+h) = fx)], , <Mh

so,feB,, (N)iff

) fely(®)  2)AM:|[fix + h)— f(x) | < Mh', Yh >0

Letn=1,{=1.0=w0= _ff=0,6=2

5o 1S Nl @) = Al + supi 851

L,(R)

=171, on+ s}u(}]:);:,- IR+ 2h) ~26(x + ) + )

f €eBpo (R) < f e Ly(R) and Vh> 0, . < Mh for some M > 0.

If p = we have

fe B, (R) < 3IM>0 almostVx eR, |f(x)| <M and Vh > 0, almostVx R,

< Mh.

NS

[f(x + 2h) — 2f(x+h) + f(x)| < |[f(x+h) —f(x+h)] — f[x+h) — f(x)]|
< [f(x+h+h) — f(x+h) | + [f(x+h) — f(x)|
Thus Vx €N, Vh > 0, |f(x+h) — f(x) | £ Mh

16



= [f(x+2h) - 2f(x+h) + f(x) | < [f(x+2h) — f(x+h)| + [f(x+h) — f(x)]
< Mh + Mh = 2M'h.
6. n=1,0<{<1,1<p<wand | <0 <o,
It is the same as case I, But let’s consider the convergence.

feB., (R)iff

f eLy(R) and

o ; o dh
[ N8 o ) ﬂ 4 <o
0

I I -

J i("] f
dl /
claim Iiv . || ,,f", (,,77 <o iff f” ”Ahf”, () 6:? "
Proof [0, 1] < [0, )
dh di
—- J.h L ||Ah]‘"rj 1 7 =0 lmplles J-h_ig ||A f”,l () /1 o

0

dh

To show the other side, let J’n L ||A,,f||, o) l <o

s T | dh _ T L
Thus J‘ |A /”‘, o) h - ! || .'lf"[ ) hl+10 lJ MA"’j"LP(‘JHW

Let us consider oj- ||A;,.f "H =
|

Ly(R) pl+td

db T dh
J. Hf‘('}'h)_](\) ||; L) W— j. ” “f",l R h|+r(1 _"u"f".f (M) ,[ ;1:”

oo . —a h —4
But j f{fjg = lim I = lim L = b.
V= Y R = VY

Tl e 2 W
h -

!(Ii;/i a

17



o Mo _
2

Since ”.f”.',,,(tln =D 9

— J "Ah f”/ () ]I-Hf? <oand J ”Aff/".' (9) }

dh dh
S0, .[ ” frf”,' (H;W OO:>.[ "Ahf”f (|tnm<w

7- n=|,p=9.0<€<l,€=0,9=l
It p=0then B,,(R") = B,(N")

J
‘ di
50 Uy = I/ * | JO7 Iu D1 JJ

A

dh /”

h'l|+.f

= jﬂﬂv+m e

Vo

- f ﬂfu+m fuw

I+fp

-t

h>0,leth+x=y,h=y—-xdh=dy

= T L/W-/&1,

l ¢ |yt %

T If(.V)—f(X)I” | f ) -]
But |dx : Ix d
w for | Lt = Ja | 210 s
S0 [l = W, + 4T 712010000

8. Forp=0,0</<1,fR"> R / =0,ando =1

n
“f ".’f,‘,l:lt"l - ”}( ||,',Fg:u"; B ZI “f ",';;”p_u“,
j=

. b
||‘f“,‘f;”|\_li {J"" ” fr'r"; (n)‘th



g R dh /
||.f||,'f,‘,r_(:li") - [gh " hf"‘, L) h]

" dn 4
mfa+hwx—fum o
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CHAPTER 3

Iterated norms for Nikolskii-Besov spaces

3.1  Definitions and notations

Definition 3.1. A vector space over R is said to be a semi-normed space if and only if
there exists

||-“: X—R such that
[0 Vre X
"m” =|a| ”\“ VxeX and VaeR

|x+ v < x| +]y] veyex
Definition of irerated norms

Let QR " beanopenset. Forall§>0let Q; ={xeQ|p(x,00)>38}

={xeQlinflx-» >}

v €
Let Z( €2, ) be a semi-normed space of functions defined on €, let 10 < » and let
£ =l &5 s £0) where ¢, =0;
o =( 0y, 03, ...,0,) where o; are positive integers and
m = (m_my, ..., m,) where the m; are non-negative integers.
Wesay fe 4, (Z2(Q)= ;""" (2(Q))if f e L*(Q) (f locally integrable on )

and

| S 11

[ vz

+ <w |, (3.1)

n
); 1”./'“13;_”(&5:))

where the sum is taken over those j for which 7> 0, and for ¢;> 0,



m

oo |
# Loto.d)

“ h_({'f -m;)

171 B (Z()

Here DT, f denotes the m_,”1 generalized derivative of f with respect to x;

m

Ty i . . . . ~ .
An; Dy J denotes the o," difference of the m"™ generalized derivative of f with respect

to x; with steps 4.

Moreover, we shall assume that the triple /,o,m is permissible. That is for those j €

{12 e
such that / j >0

b; +m;> &, > m, (3.3)
Now, if £ ; >0 replacing
lell, o b Dolzca,
In the definition of anisotropic' Nikol'skii-Besov spaces, we set the following definition:
& = ] 4 P
171 3¢ 2 ”f ”Z(g) 175z

and thus

G o (L, (Q))

B'PH(Q)( the relation between these two notation will be

cleared latter)
In (3.1) and (3.2) further set

¢ = (,}3 : = (ﬂ_‘)]. 633,...,€2u)
g = 0y & { O, 00, i)
m:= may = (M2 M, ..., M)

H:=H,, and Z(Z(Q;) = g, (L,(Q,)) = p,(Q,)

with parameters O, m,, ¢ ;and H,.

We then obtain the norm of the form ||/| 24 1o4i)
B (B (L, (Q)

Continuing this process, we obtain the following norms, which we naturally call them

iterated norms. For all integers k > 2
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"f”B k nn (L, ()~

Bg¥ (Bgh~ (- Bgk (L, (€))-+)) (3.4)
k-1
and the corresponding spaces B o Lo g L (RN )

are called Nikolskii-Besov spaces with iterated norms. We have to point that for

each spaces p '

the remaining parameters are respectively oy, my, and Hy, where it is supposed that
for all

se {l,2,....k} the triples ¢, o, m; are permissible.

3.2. Properties of iterated norms for Nikolskii-Besov spaces.

Lemma 3. 1.  (On the fractional differentiation of an inequality)
Let 1,> 0, let Q < Mn be an open set, and for each pe [ 0, i,) let a set of function
T(Q,) and

semi-normed function spaces X(€2,) and Y(€2,) be defined such that

T(€2,) N Y(€2,)  T() N X(,) (3.5)
and
vy < 1, Ve T@D A Y@, (3.6)

If Q, = ¢ for some y, we assume that “f",\-'m,::: "'f"J'tQ,l =0 and foru =0

Q,=9Q) .

Further let 1 < 0 < oo, let ¢,0; 1 be permissible triple and let

-1
U< H < 5 (maxa_,) (3.7)

1< j<n

= 0<H maxo, < y,

1€/<n

o 0< puy— H[maxajj.

1S jsn

[28]
[§S]



Then

Y ue [0, M, —H max O'j) (3.8)

1<j<n

and Vf e T(Q,) N 4, (Y(Q,)) such that Vj e {1,2,...,n}

Af,{_,. D" [ e T(Q ) Vh e(0.H) (3.9)

pra

The following inequality is satisfied

<|s
" f (XN T f

(3.10)

2 (Y(€2,)

Proof: Let u € [0, My —H max 0‘_1) and fe T(Q )N /fg' (Y(€2,)) then by (3.9) for

t+a
1< j<n 4 ’

all j € {1,2,....n} andall # € (0, H) we have A}, D" e T(Q

,u+cr’,h) ¥
Moreover f € 4, (Y(Q,)) < f € Y(Q,) and Z' "f”ﬁ,{_\,[Q < oo, Then by

substituting

T(Q,.,) by Y(Q,.,,) in(39) weget A}, D" € ¥(Q,,,,).

Consequently, by (3.6) for almost all /# € (0, H) we have that

<

X(Qy 0 )

T IH’ a HJ.
&, 0] 8 D My

u+oh

{=ty)

Multiplying both sides of this inequality by h and applying the L, (0, H)

norm we obtain

(L —u) || ao m
”f“ﬂ"(.\'(n y ||h o Ah{-"‘ Dj]f” V(O )
0! n TN e s (0,H)
h—((r—ﬂf) AJ" ijf
< i 0y )
ura 7| (£ (0,H)

” ”,rJ(,j']()'(QH )]

(R ]
(%]



and from (3.6) we have “f“ . Combining these two inequalities,

< |/
X,) Y lira,)

we get

n
o, St
J=

& 171, < |71 -
i By (X(Q,) f By! (¥ (1))

n
< Wlhia, + 21,
'ﬁfj;{,:.\"rﬂﬂn / Q) = f Bl (X (9,0

Corollary 3. 1. II'Vu e [0, i, —Hia% J,J and Vfe T(Q, ) ‘/;'H’(Y(Qﬂ )) condition

1<j=n

(3.9) is satisfied for all j € {1, 2,...,n}, then for all u [0, Uy —H maxo, Jwe have

I<j<n

”-f‘”,t;{;f,(,\‘myn < ”f“fj{:fjg)'(gﬂn 3.11)
Corollaryl claims that condition (3.9) can be established if /e T(Qu)n 7, (¥(Q,))

Vje {1,2,...,n} and Vhe (0, H)ysince fe 4, (Y(Q,))

= =m;) a m g
s J ; i i <
”f“ﬂ;-fl.{z(ﬁ)) h Ay,D, f“Z(Q ) *
. S V0N
U,‘ Hﬂj
= Ah,) 'D,,' /e Z(Q"';"’)'

Then the proof follows as in Theorem [, by assuming conditions (3.5) and (3.6)

Corollary 3. 2. Let condition (3.6) and (3.7) be satisfied. Let 1 €0 <oo; ¢, o), my, ...,

, ok my be permissible triples and let

k

ZH‘ maso ;< iy (3.12)
J=1 15_;5:;
then VYue|ll,u, - ZH\ 12?2;0-’» (3.13)

and Vf e T(Q,) N _/)'J;; (il A’;' (Y (Q)) ...) which are such that Vj,e {1, 2 .....n}
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Ay B Dy Dy S €T ( z} Vi = l0H,) 343
the following inequality is satisfied

1.0 (3.14)

g (g 1 X Q) ’ 2% (i1 Y (Cu))..)
And equivalent norm on the space B, (..B,' (L,(€)...), which is more convenient

estimates, will be introduced in the next Lemma.

We set

= i o)
”f“h"‘":..Ji;*(f.j,:Qn‘.‘)_ “f",',w(g)) Z Z Z ||f||b,p }“: By n il (L, (Q))..) (-3[5)

r=li air=li,.

g #ip(s21)

Lemma 3. 2. For all considered values of the parameters

" 5 .. (L, (Q))..) (3.16)

where ~ denotes equivalence of the norms.

Gk (i (L () |

Lemma 3.3 Letl <p,0<owand 0<H<ow, Then
“f".i} @) — |||f“,',' ;3“ (L, (G)) (3]7)

for all permissible triples 7, oy, m; and /3, G2, m>

' €46, 1 = >
( S g R i H) and ¢ | depends only on min {c.02}

Corollary 3.3 For any natural k, and for | <p, 0 <0, and 0 < H < 0.
k-1
“f“ﬁé’(,’,w((f)) < CZ ”f"ﬁ;(_‘.ﬁ{‘,(.'_[,(un..‘) (3‘18)

for any permissible triple /, 5, m and ¢; depends only on 0(( = fhkodm:H )

3.3 Equivalent norm to the space Bk B X))

Note: For all considered values of parameters We then obtain that

n
H f 2(_/5"([_,1,(9)))"‘ ” f ” )+Z‘ f” " ’l + ZH f ||ﬁ;'3,';'2(LP(Q))

J2

Bl 2, L, @)

+$zw>f|

i)

25



& 7]

Then for k = 2, it holds true by induction.

5f 2 4
A (L)) 4 " (4 (L (),

Note: We notice that for all considered values of parameters

" f“ﬁ;‘?( (L,Q)) ‘

LB L@

(A = m )y —(Ay,=m,) a,.” "oy
h, h; A HiEupEes

(3.18)

h, i L, (Q

hivahy |7 *
G (N +a@ ah; L()((]‘Hl) Lo‘(()h’,)

For following sections we shall consider the one - dimensional case, i.e. n = I.
And let

G=(a,b), where —w<a<b<w,

Lemma3.4.let] < p<cow and0<H <. Then

o<l £l
” / ”ﬂa’ (LG b B (B2 (L, G (3.19)

for all permissible triples 7 oy m; and £, o5 m;

€ +8, (t s o 4oy, mp+myifl .
ﬁa = )89 and C) depends only on min {o, , 62}.

Proof: It is enough to prove (3.28) for m; = m; = 0. This is so because in the
general case it is enough to apply this particular case to £ *" := D" *" f Without

loss of generality, let o) < o,. We employ the inequality, which was proved in section ...

a
Ah-

f-ILMGa;.l < A(o)— _["A f"L(GM]dq (3.20)

The constant in this inequality does not depend on G.
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Thus,

e in\?
8,1 =
L Geyp)

0 d e <4 J"
L,,iGcrr,l} 7 a (o—) )

S P

Ly (0.h)

l6A, 6, < A(a)[ih {154

=A(o)

Furthermore;

SR T S A

)
oah crlh)

< A(o,))

A 8% f] |
h=h f LF((GJE,I,) )
o 4
Ly (0.h)

Efl 49—t AT AC2 £
< Alo)h “’7 ”AvAh -f”L,,(G L{;(().H).

a,q.rr:h)

From which we obtain

| ‘ Loy - o1 = ERGHR LAY
\ f ”[j() P TG “h Ah f Lr=(G(a' c ]fr) *
L+ L (0.1)
7
VICAVE el NI
LIJ(GGL);+O'31'J) L(;(O.H)
L, (0.H)

-7

fy, 1H 07
ﬂu 1T ([30"2 QH(LP(G)))

Therefore ,

S [
"fnﬁ(,‘ 2(L,(G)) I f By (B2 (L, (G)) -
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In general, for m; # 0 and m; # 0 we employ the substitution f'™ " := D"™*" fin

place of /', which will provide us the same result as done above for the particular case m,

=my=0.

Corollary 3.4 . For any natural number k, and for | € p,@ < ;and0<H< @,

"f"ﬁ.v (L,(G) < q ’" f"ﬁ’ By Gy (3:21)
H—J

k

(For any permissible triple /, oand m C,depends only on o).

Note : Since n =1 G is an open set in R' and hence Gu=(a-p,b-pn).

Now to generalize our result for m # 0 it suffices to apply the substitution /*™ in

place of the function f in (3.31).

Corollary 3.5 . Let Q — R be an open set. Then under the condition of Theorem 3 of

section

| f

where ¢ is a constant as in (3.30)

By L)) ” ! ”ﬁ, (B2 (Ly(Q)) (3.22)

Proof: € being a open set in R , it can be written as a union of countable

collection {Gm}:\.;, of open intervals, where s € N or s = . That is

For | < p <o we have

dn

o r
n

—— -
= |

In

=

—~

Q

= |-
.

22711, 6

zl ”Ar’: f”’fl,,,(( G, h) Lr((Guy) ”)

ah)



1 ) " P\
,.l(a);{;(j_ <D‘.(r7)dr;] )

’

I (o ;l—”j"m (n)di
: ok 7 7

i
¥

=5

where @R(n)=|[A3’,f||LP((Gk) ) and _Erd)(q)dr]:{f@k(r])dr]}:
(%) ah

Now using generalized Minkowiski's inequality for integrals the inequality

Hf(b(n)dn“, < f||<1’(77)ll,ﬂdn

holds true.

Thus we obtain

P
s

f)
. I
”Ahlf ||Ll'(G{I h) . A(O')F PLIF(((I'(.#))(T.'])(II?}

[ [l s

k=1
1

[ ) 0 ; ” "
:/1(0)7(;(L (DA.(J;)JU) J

= a@) || ® onan

i

The rest steps are then exactly the same as that of the proof of theorem 3.

Using analogous argument, our assertion holds also for p =co. This completes

the proof.

Corollary 3.6 Let 1< p,@ <w. Let ¢4, o), m;; £, o3 my and £ ,+£, o3 m; be

permissible triples. Then



| 7]

BB G ” ! ”ﬂ’,‘,“’ G) (3.23)

corollary 3.7 Let 1< p,@ <o ,0<H< w and 7, o, m be permissible triple. Then

| 7 SR
< Al N
’f') /%I (1 (G))- C ”f ||,' ()

where C4 depends only on /7 and o.

Proof: Making use of theorem 2 and theorem 4, it suffices to show the assertion for

1 <6 <.

To this end.

L - 3 . 3 k|| prke1+2
Iy = “f”ﬂ,}’-'(.--ﬂg-'u.,,(c;nw) s 4 ”f

1, (G0

Taking into account the symmetry of the integrand with respect to hy, ha, ..., hy we

get
fk - k! dehl J-ayhz . J-( h )—l -8(f- IH)”Ah h .f'(km)“ e dh.‘..
! k J'.,.((ip,“.“.m. )
Since
o/ o ~[kl]+2
’ AY, f"[,,“‘ <2 P gy el | -

where the integers s and f,s20, 0< f <o are chosen so that o s+ S =[k (¢ - m) |+2

Now
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[ dm, e [ 0 A [ R [ By [ B,

|
-1y esile-s))

this completes the proof.

Theorem : Let 1< p,@d<wo,ke Nand 0 < Hg <o V.s-e{l,-~,k+]}. Let the triples

Letly, o), my, ...0yop my and (£ + {4+ ... (), Okst, Myes be permissible. Then the

following are true:

|. Foranyopenset Q € R".

7t (o g (L @) )« AT @) (3.24)
i.e. there exists an embedding, and the embedding operator is bounded.
2. If] in addition, for any set Q € R " there exists a bounded operator

S: B.'P!.;f:+-‘v+f‘ (Q) - B’I‘+f1+“-+’.* (RI'I) (3.25)

P

Then in order for the equality

Ayt (e iy (L, (@) =+ ) = B () (3.26)

X
to hold and for the corresponding norms to be equivalent, it is necessary and sufficient
that

k ¢
max

I - < 1. (34
|]S’s”(‘;,+“'+(}k, ( )

$=

(if £, ++--+£, =0 for some i we put ¢ :=0 )

(98]



Proof: According to corporally 3. 2 and the commutative property of (3.28), for any

penset Q € R' and forallj e { 1.2, ..,n} we have
||f||b;,_‘,;ff””‘f Q) s¢ "f ”ﬁ,jf‘{f (e By (L))
Summing up these inequalities and adding ”f”: (o, 1o both sides, we obtain the desired
3

inequality, taking into account that the sum on the right hand side does not exceed

Ilf" Bo't ¢ Boh (L)
(Since we have established most of our theorems based on the above equivalent

norm introduced by theorem).



CHAPTER 4
Iterated Norms in Nikoliskii-Besov space with

generalized smoothness

4.1 Definitions and common properties of related spaces

4.1.1 definitions
Definition 4. 1. Let f € Ly(R") such that ,x = (xi, X2, ..., Xn) €eR", ] <p<w0 and
the spac L., (R")will be usually understood as the space C (R") of all bounded uniformly
continuous functions .

The /" order difference of function f with step h in the direction of x;, is defined by

Ay, f0 = D (=1)"" Clf(x+vhy) (4.1)

v=0

where / eNand (>21,j=1,2,3,...n e, unit vector in the direction of x; he R

Cases

1 if ¢=1, A',,.‘Jf(x):i(ﬁl)““ C! fix+vh, ) = fx+ h, )—1f(x)
v=0

2) if (=2, A, fx)=fx)+f(x+2h, )-2f(x+ h,)
= f(x + 2k, )+ f(x) - 2f(x + 1, )+ f(x)

Definition 4. 2 The /™ order module of continuity of function f L,(R") in the

direction of x; is defined by

f)

@, (fu)= sup | A

hej
heWR | hi<u

), (ISp<e, L,=C) . (4.2)

I,,u(:l} "

{

And “A’,,(_,,.f " = [ ﬂ/_\.',wf |de] ! for 1 <p <o,
R"

Lp(R")

Definition 4.3 Let B> 0 and ¢ = I by Q,(c) we denote the cone of all functions ¢(u)

increasing on [0, 1] such that

(%)
1w



1) lim @(u) =0

w—0

2) o(v)vP <c o) u® [%S c%] JorO<usgsv<l (4.3)

that is (p(u)u'ﬁ is almost decreasing

Q:=JQ, (@

cz2l

Note: For fe Ly(R"), @, . (fu)e Q2

Px;

Let 1 <p<o,0<0 <o, k= (ki k. ... kal <kj eN,and & () = fo, ()}’
be give continuous vector function on [0, 1] such that ®;(0) = 0, and @ (u) is an
increasing function on [0, | Jand oi(1)=1,j € {1,2, 3, ...n}.

Function@ (u) plays a role of comparison function for module of continuity. We call

this function of smoothness.

By using these conditions we have the following definition.

Definition 4. 4  Anisotropic Nikol" skii-Besov space Bf;')(‘.ﬁ") is the set of all

functions

fe L,(R") and for which ||£]

BO (R
where
Tt ] doa |
d o y - wpfx U CUj (“) .
TR - - fe d 4‘4
W =W, + 5| [l 0 s

J=

z o) (f.u) ,
"f"ff;fj;,‘ma"; . ”f”.f_!,(‘.ﬂ") + Zsup —i if@ = 4.5)

;=1 O<u<l CUJ(‘H)

For © = | this expression becomes a norm, where for 0 <0 < [ it is a quasinorm.

If we fix @ (u) and p then the space Bfg) (R") is becoming wide with growth of 0
The widest space we denote by H%" (R") = B9\ (R")

poe

Claim [f we put oj(u) = hY, 0< f;<k;forje{1,2,...n} then



By (R") = B, ,(R")

Proof

Let oj(u) = A" and take m;= 0
1 Suppose fe B (R") ,itimplies ”f” -

= A,y <

il
ol S| alp)| .
9 h h'

w (1 2
= o2 Isug (h_" A;;;l_'fa F’dhjn <o
Josns

' i}
A(:,'f[ @]0 <m
A h

and

NgE

-
I

=

[Ms
S
=
I

~
I

From | and 4 ||f[| <o

Bl a(W")

= fe B,,(®R")

=  B'®" c B,,@®"
2 Suppose fe B,,(R"),itimplies ||f‘||yr‘,_9{~_li") %

By using similar argument this implies

,(H )
@(.) rgpaN
= fe B2 (R"

= B (") o B OF)

B, (R") = BJ,)(9")
In isotropic case that is where o;(u) = ® (u)

= kj=k,j= 1,2, ...n, we obtain isotropic space B (R")



4.1.2 Common Properties

i) The condition m; (0) = 0 guarantees the presence of ristrictions on behavior

wf,"_‘_.f (fu), as u — 0. Other wise the corresponding summands in (4.4) and (4.5) are finite

for any function f e Ly(R").

In isotropic case Bjg (R") # L,(R")iff wi(0)=0 (4.6)

i) If f e Ly(N") and not equivalent to zero then 3 ¢ > 0: (of,f_‘., (f, u) = cu .
4
a 0
1 k
” Yiel daw (1
Tl1ereforer‘j"f,f(€R“) #.J0} < J{” } ) <w f0<ow 4.7)
0| @ @,

kl
and sup [“A (v):! <o if@=o
J

For j=1, 2, ...,n condition(3.7) guarantees the embedding

WE®R") o B (4.8)
Where W,f (R") is a soblev space with norm
_ N
iy = Wy + 2 5 (4.9)
r i ) i
j=1 aj\’j 1)

If ByY (R is non-empty then embedding (4.8) guarantees rich reserve of

7,

B(ﬁ(.) (g‘nl]) ]

no
iii) Dealing with space H:f"’(‘.ﬂ”) (0 = ), without loss of generality, it is possible to
assume that oj(u) € QA_H(I),j =1,2,...,n

So if wj(u) ¢ le (1), then it is possible to replace w;(u) by a function

yi(u) € €, (1) without changing the space.

HIO Ry = HY(RY), where 7 (u) = {yj(u)} ", (4.10)



Some authors A . S Djapharov, V.P. lllin and others for 6 < « define the Nikolskii-

Besov spaces in another way.

n

. where @j(u) be continuous function on [0, 1],

To be exact let @ (u) = {o;(u)}
|<p<o, 0<0 <o,

And instead of @ (.), by taking ¢ (u) = {@;(u)}"_, where @;(u) is a continuous function on

[0, 1], 1 <p <o, 0<0 <o we get the following definition.

Definition 4. 5 The space Bf:’_ff‘,’ R") is the set of all functions such that

I. feLy®"
[k 0F 40} i Yo
- @ 1,,,7(' J.u ] 5
2 W =M+ 3, J{W] B a1
& el 0 J

If oj(u) = @(u) for j € {1, 2, ...n}, then we obtain the isotropic space B’ (R").

Analogies to i and ii we restrict

; l 0 3 i 0 1 g
I i:mand J. « l‘<0’3j=1,2,...,n (4'12)
ol @) u § e | u

In particular, the conditions of non triviality in isotropic case will have the form

I 0
BYG(R") #L(R") j {ﬁ—l } L (4.13)
sole, )| u
: ut ’ du
Bﬁ_‘,,’(‘-nn) {0} < I |:-—:| — < (4.14)
o Leu) u
Definition (4.4) and (4 .5) in general lead to the same spaces. Specifically
BYR") = B (R (4.15)
1
if we put @j(u)={1+86 I (p_i(u)0 v'dv }yﬂ 7= 1,2, wuu Nl (4.16)

u

Indeed the norms (3.4) and (3.11) coincide since
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dw, (u) __ du 02 4 &1

w )" o, w)u

The question when the descriptions (4.4) and (4.11) are equivalent with one and the same

function of smoothness that oj(u) ~ qj(u) is very interesting, And the answer is as

follows:

o;j(u) = @j(u) < 3oy > 0 : ()™ almost increasing on [0, 1]

From now and onwards we will use definition 5 with some additional assumptions.

4.2

Let

Definition of iterated norms for Nikol'skli-Besov Space with Generalized

Smoothness

[. Q< N bean open set
Qs = {x € Q: p(x.0Q) > d)}, V>0,

Z(Q;) be a semi normed space of functions defined on Qs

=W N

1<0<wand o=(0) 02, ...,0,) 0jeN

5. ®(o.0) be a class of functions such that @= (¢;...9p,) € ®(o .0) satisfying
the following conditions

a) oi(h)>0, Vh>0, b) @j(h) be an increasing function

c) hlﬂp @i(h) = 0 and @; obeys Sq property that is

Im; < oj: i(h) & decreasing almost every where

e, ezl 1" <gi(s) s forO0<s<t<o.

Definition4.6 A function fe 5’ (Z (Q)) = 477" (2(Q)) iff

L.

Where “f"/jn, Nz ”CD;I QI 7o, )

f L' (Q) (i.e fis integrable on all compact set A, A Q) and

170z = Ml + lel_f‘llﬁgw‘,,(m <o 4.17)
S

(4.18)

L5 (0.H)

and (Ac;f_; f)denotes the G.,th different of f with respect to x; with step h and
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L, (0, H)with 1 <0 < 0, denotes the space of function g of one variable measurable on

2 dh]%
<w

N

H
(0,H) for which ”g"f,,',(u.m 1= (II g(h)|
0
L o.4y= Ltony
and 2 denotes that we are summing over this j for which ¢; > 0.
More over we will assume that the pair ¢, o is permissible. That is for these
j € {1,2,...,n} such that ¢; > 0.
5> ¢i(h) > 0,

Comparison of 7 - smoothness and Generalized smoothness.

- smoothness Generalized smoothness

I weuse =(l,, b, ..., €,) I weuse @,(.)= (91, 92, ....0n)

2  weuse 0= (0). 02 ...0,) 2 the same

3 weuse m=(m;,ma, ....my,) 3 m=0

4 weuse BT 4 weuse ;' (h)

5 weuse (A‘,’,j,D:”"f') S since m =0, we have (A‘,T,{,f)

6 he(0,H) 6 he(0,H)

Note: %’0\)

l. form=0. If we defineg; = B~ ™" = h™" then the generalized smoothness is the
same as / smoothness.

2 Since m = 0, on Generalized smoothness we don’t consider the partial derivative
of f.

3 7 smoothness is the particular part of the generalized smoothness.

The above definition is obtained by replacing ||||I i) by |l-||zmo ) in the
definition of anisotropic Nikol'skii-Besov;,Space B"f,ﬂ Q)
Thus  » (L,(Q) =B%,(Q)

In (4.17) and (4.18) we now set @:= @, = (@,,,....0,, )



BL

p.o

(Q5) with

G = &= (021, .. G ), Hi = Hy and 2(Q0) = 47 (L,(Q,))

parameters o and H,. We then obtain the norm of the form ||f|| P11 ol
o (5" ey

Continuing this process, we obtain the following norms, which we naturally call iterated

norms for all integers k > 2.

- () 5 () o= " _ i
”.f”_ﬁ:k (.. ﬁb‘pl (LP[QD”') = s ,,;k(')(/,'{JW(')"_l(..../;WI(') ) (4.19)

k k—1

and the corresponding spaces

C e /J;‘b(')'([,p(Q))...) which we call Nikol'skii — Besov spaces with

iterated norms and generalized smoothness.

If () =....= () = @() we then obtain the norms Z*XZ—R)

P
ﬂ o) @o0) : ] B} )
N /Hv ( ‘D (L;)(Q)))l = ”f” IH'M l(_ /”w( ]”. Iﬂw{ )(LP (Q)})} (420)
'
k k=1

with which the posed problem is connected.
4.3 Formulation of the problem and its results

In works of professor V.I.Burenkov iterated norms of Nikol’skii-Besolv’s spaces were
defined and with the help of these norms it is proved that the solutions of partial
differential equations with constant coefficients are infinitely differentiable. In our work
we consider iterated norms in spaces of Nikol'skii-Besov’s type with generalized

smoothness @where @ e® (5.0), | <p < wand 1 <0 < . The results obtained by

professor V.| Burenkov.

Theorem 1 (about iterated norms with generalized smoothness).

Let 1 <p <o, | €8 <00, 6= (G4, Oy On) 8N4 G= (01 2500 Q) ECD((T',G) open
parallelepiped G < " with faces parallel to the coordinate planes

and ¢, = { gf)f ,w; ; qaf; +. Then the following assertions are true.
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1) There exists an imbedding and the imbedding operator is bounded.

32407 (L,(G)).)) <. B, (G)

k

2) [f, in addition, for an open parallelepiped G < R" there exists bounded

extension operator
S: B,(G) - BE,(0) (4.20)
then the following holds true:

o L] (G))...)) B,(G)

k

with equivalence of norms.
Note that the conditions under such a bounded extension operator exists were described

in the works of V.I.Burenkov, Yu.A Brudni, O.B. Besov,V.P.llin, S.M.Nikol’skii and

P.A. Schurtzman.

4.4 Properties of iterated Norms with Generalized smoothness

The following Lemma will be used repeatedly

Lemma 4.1  On the frictional differentiation of an inequality.

) Let po >0, Q c R" be an open set and for each pe [ 0, p,). Let a set of

functions T (€2,) and seminormed functional space x(€2,) and y(€2,) be defined

such that T(,) N Y(,) < T () N X (€2) (4.21)
and [ /], | < ”f")zu,,a Ve TEQ) N Y (Q) (4.22)
(for 2 =¢ |/l ,:=I1,,
i) Let1 <0 <wand ¢, o, 0 bea permissible triple and
let 0<H < pg [?(1;2{}:0 ]-l (4.23)
then Ve [ 0, pp — H max ¢)) :== A (4.24)

andV fe T(Q) N BV (Y(Q)):=B
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Vje{1.2,..n} suchthat A ,".7 €T (a,,, ,) Yh e (0, H). (4.25)

Then the following inequality is satisfied.

(4.26)

%

) < )
7P (X(Q,) —“jn@“WﬂQg>

Proof Let peA and f €B then by (5) for Vje { 1,2, ...n} and Vh e (0, H) we have

A Jf € T(Qﬂm’,,)and by the definition of the space ./)”qu(') (y(Q. fe ../}Jggp(.) (y(Q)

= |7

W@,

= < oo

LY
S M Qpiayn)

= (a7, 7) €5(0,0,)
Consequently by (4.22) almost for all h €(0, H)

Y 8T (4.27)

! <

‘_Y(Q,,m,,, L'(Q,.-g,n, ]
By multiplying both sides of (4.27) by ;" (h)
gives

¢, (h) &, f

<ot s,

‘.\'(nu.g,,. e

and by applying the Z; (0, H) we get

A

il

%

= _l(
ﬂtT.J:l I(‘\’(Q!’ ) qu" h# & (Q - .'J .
TN B (0 EF)

- ”f" ’;,’;“ (X0, (428)

Ly (0.H)

< H@;_I(hﬂ AL (2,00 )

By combining (4.28) and (4.22) we get

A 50, vy ws 1L 60y
L0 @ = Vg )
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Corollary 4.1
If 1) Yue [0, pp— H max o,)and

1< j<n
2)  VfeT@)n 4@,

Condition (4.25) is satisfied for Vj € {1, 2, ..., n) then for all pe [0, po - H max o) we

1< j<n

have

71,60 < 71, @6
“ “'/’6 (X(qu)) [ ”,A’g (Y(Q#))

Note

If fe. /jgg32 ‘/,)0@1 (z(€2,) then we have the following.

'(z(Q))Jr L ”f”,e“-’ a7 (2 (2))

Ja=1 \___v___/

=k

“f" a72 (32 (20N

T @op(h ) ;zf

a7 :(Qg: 2 )

e L (0.H5)

.fr,l

=3 Czjs
5= An’l;,_l'g*fH:{Qa

ﬂ(ﬁ] n )]
=F

ATV A
hljl A f

r= q’).‘l,l (" )

0'1 aha+ Um-’n] "
j2
I,g(n_Hl)

The above expansion is by using the definition

Corollary 4. 2

I<j<n

-1
L. Let conditions (4. 22 ) and (4. 23) are satisfied i.c 0 <H < [max GJ

"f”.\’(Q,,; = ”f"y,“ﬂ, vie T(QH) nY (‘QH)



Letl <O8<wandlet ¢, 5,0, ... ¢,,0,,0¢ be permissible triples and

k
Let éff\ max o < g (4.29)
k
then Vpe [ 0, W, - ZH_‘, max Gis) (4.30)
P <Jjsn :

and Vf e T(Q) N %" (... (%" (Y(Q)...) such that Vj € { 1, 2,...n}

by o AZ;‘“ feT (Qw » j Vhs € (0, Hy) (4.31)
”’r L < (0 1) 8 IS / A (el VEL, )
(4.32)
By induction
For k = 1, it is proved by the Lemma 4.1
Let us show for k =2
Fork=2 @, = (@21, 922, 23 ..., P2n)
@, = (P11, P12, P13, .. Pin)
jS € {jhj:‘.}' HS € {I'lls [_]2}
Let pp>0,letn e [0, po - Z H, max @)
= £jsn
vieT@n 4%(2ble,))
Y. Vj2€ {1, 2,...,n}, Yhie(o, H)), Yhae (0, H»)
Fi:= AL A" f € T(Quea) by (4.31) (4.33)

where a= o, h +0,,,h,
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and f (P /);@2( /)(: " (V(Q.u )))
= ”R" A (.V(me:,:h; )) .
Where F,= (AU: h )

hy oSy

= F,e . 4" (1’(Qj,mlr,:n2)) and > e y(Qwa:,zhz)

= alyq,,.) <=

= l:l = (glu-f-n)
so from (4.33), (4.35) and (4.22)

5],y < Wl

Multiplying both sides of (4.36) by qp,f,'l (h,)

we get

gol_fl. (hl ) ”Fl II\ (o i ) = qal—rll (hl) ||FI "} i)

On (4.37) by applying the norm L, (0, H,

=5 “(0 ;_,Il (hl ) ”Fl “\ @,..)

=5 [

2

BN (X (R, BSOE:, 0))

Where b = Gg_ighg

n

= 2 |A

A=l

2

BE(X(9,,0)

|7,

AP (Y (2,.4))

And from (3.33) F> € T(Q,+) N Y(,4) again (22)
||

-"(n,.m) = "Fz ".“[Q..m )

Combining (4.40) and (4.41) (by adding) we get

"FE" 7 \"(Q )) 5 "F2|| @y
o A\ ph % U Q.tl+h)

Multiplying (4.42) by @3, (h,) and applying the L; (0, H,) norm

45

I5(0,H S”(pl_f];(‘hl)"FIIL--(Q )

(4.34)

(4.37)

(4.38)

(4.39)

(4.40)

(4.41)

(4.42)



AU 2 PRAPSONN) I NS L PEYCTONN) I (4.43)
= Wy 0 (ct0) <Vl a2 (e, ) (4
On (4. 44) by applying 2"
W g 20 (i@, ) = 2 Vgpr o (e, ) (4.45)
But fe 4% (y(€,) N T(Q,) by the Lemma when k = |
= Wi, ¢ Vhette,) (449

By combining (4.45) and (4,46) (by adding) we get

o x(@,)) = Vg 2 ve,))

. Itistrue fork =2

", By Induction it is true for any natural number k.

Remark I If gy = o then the Lemma and its corollaries become simplified: it is not
necessary to apply bounds on H (consequently not on Hs), and inequalities (4.21), (4.22)

and (4.26) are satisfied forall p >0

Remark 2 Ifinstead of (4.22), we consider the more general inequality

o, < 2erll, ) (4.47)

where cr > 0 and y/(Q,) is a seminormed space for r €{l,..., ro}, then analogous

statement, are valid. It is necessary to consider the seminorm

|/ “_.‘(m) - ZC’ |/ ‘”.r,fﬂ,ﬁ

and to take into account that, by the definition,

50 (0s,) < 7 0(@,)
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On the following Lemma we will introduce on .,«;-(;“((.4’;@“.... 7Ad (LP(Q))..) an

equivalent norm which is more convenient for estimates.

We set

0 ) =

W+ Y X > If

=l Bl = e

ﬂrw dr le ( (Q))) (4.48)

Lemma 4. 2, for all consider values of the parameters

I71.

Proof: Let k =2, Then according to the definitions,

7k 2 (L, (Q)) "f” a0 (L, @)) (4.49)

”f” L@) ”f i (1, (@) ¥ Z gp;;: (hszrfi'i‘ff 2 (1, (@)
fsl 4 15(0.01,)
zll-f".'.,,(nj w Z (DU'( 1 . A )|| i
Ja=l La(0.H1)
“ 3 for 0 { w30
i f2= 1 (0.4,).
Where

Ao.,,vz e A?'f! oo iy 1 AR08 Jy & A Lyoey B

o= i

Making use of the fact that for non negative functions ¢

n n
(”+I Z"‘;D ”IMGH ) = Z"D‘ o Z"(p" "":"”‘”2’

§=0 Ly(0.Hy)  ¥=0
and taking into account that

q’z_;: (hz )A 0./ ”f.:;(ﬂ-f!:) - ”f “,rjfj":’-:r: (L,(@))°

U’l flAU wJ2 f’”
& Hands "'ﬂ (an il +e2 t!"'l)

Ly (0.H,).
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and or
j1 € {l,...n}

A CYLVIN PP v (205 (0 @))

We obtain that

||’r " W0 (0, @) = ”7r "L,(n) i Z:I "f
£5=

gl (L, @) ¥ ; “f“ﬁ,‘:”,;’ (1, (@)

55 Wi (o)

Which is (4.48) for k = 2, The case k > 2 follows by induction. We notice further that for

all considered values of the parameters.

” f”/: (1, ()
-1 Ty =
gDH ]’.'1| (UI h s t) Ly(0.4,) 1 (0.H2)

- ”(pl—: (‘7)"(0 '(thal &y S )Il o012 )M (0.01,) s

=| £ (e (@)
Note
I "f”/f;: (Q)} |§01 3(/7’ ;, T f‘,r (s J I! s
2 ||f||ﬁ Ul Q) ”(;01 I h,,', f‘ L (QaIJJ i ”L;{(LHI) (45 l)
Remark : By using the above Lemma we can proof corollary 2 for k = 2
Proof

) |, s, by22 (R1)

b) From (4.28) the proof of the Lemma |
17 s (vle,) = 171 s (vle, )
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=2 Moy = 2 Wiyve, R2)
= J=

(c) From (4.34) we show that
hevio,, Jamdmetlo,, )

=l Pl Y 42) ®

By multiplying both sides of (R3) by ¢ (h,) and applying L; (0, /,) norm we get

Ilqoz_: (hz) IIFl ”\ hssyencd 5 gpz_;l: (/13) "FZ ||1'(§zw,2,2,,2]

LgloH)  —
ad /4 PRI VA PR Sl
= Z. 1705527 i, < Z U PR (R3)
LetF = A5 A7 1 F anda=9Q, ..
From (4.38) we show that
”qo,',: (7 (@,..) [l .n) S"(“’I_.rl. (h,)“F“_r(Q wen ) 20,
By multiplying both sides of R6 by ¢! (i, )and applying Z, (0, 7, ) norm we get
i (5, ) < W g (o 0,
-\ 25
= ":‘.,im” < iibm (R8)

From a), R1, R2, RS and R8 and by definition we get

I (6o, < VL (0 (0@,)
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Lemmad.3: Let| <p,0<w;0<H=<w; ¢, ¢, € (D((&,Q),then

ﬂ:mm:'”(!.,,lﬁ)) < C| ||f"ﬂ:"l f3:4.0) (I_,,[G I) 7 (452)

for all permissible @io); and @21.03;.
Where G is arbitrary open parallelepiped with sides parallel to coordinate axes, c;
depends only on min {o;, 63}, and

ﬁw“(')¢2f(') @ ()92, ().0y+0, H
0 = Pe

Proof. Without loss of generality let | < &,.

From chapter 2 we have |7 /] <A (o) — ﬂlA ||! i (4.53)

L, (R)

from this we get

. 1
A(;‘f |Jf.,,u.'mrnS A (G) 7,; 6ﬂ|A€;F“,’,p[(mﬁ)d,?
= Butfor1 <0 <w
= |, S M., o) s form (4.53) it follows that

I e n]

h
851, oy <A@ [111 /

1 )

s

< A(o) j

A(o)

" .
, (sincehzmn, —<—)
L, (Gah) J',",(O,h) f'] ]7

Furthermore

a,+r.r f‘"

A

L,(G(oy+0o, )h) L,(Go,)ah)

a7 a7 /]

A tl-.'ia:h Vo)

<A(Gl)‘

1y (0.17)

from this we get
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|/

| cr +0,
Qe jLhay v+ H —— 1 “
e quu (}’)ﬁgv j f; T P

IA

Ao) eo;,‘(hﬂcvu(ﬂﬂ” Ay f|| Gomso - .10
o) (0.1

14(0.4)

(since @1i(h) = @1i(n), and n < h)

A(o1) “f

poeH (ﬁ;’lf (Do :H (Lp (G))) (4.54)

e L J))):CIHf ﬁg”{z);%’(')(fm(a))))

Corollary 4. 3: For any natural number k and for [ <p,8 <wand 0 <H < w

11zt o ey < €37 (4.55)

(..A/;:;f (f'p(("”‘“)
for any permissible ¢(.) o and ¢, depends on .

?) _ et ka0 H
o =Fa :

Proof: From Lemma,4.3 , (4.53) and (4.54)

4 ,l(lrrr"f Cu) < A(O’)Hf

ﬁfﬂ; .. H[ 37" o H ([‘P (Gu)))

for p =2 0. According to Lemma | (with py = o) we

”f ﬂ;’;‘(,l,c'.H [ﬁ;’('}‘gﬂ (ﬁg;( ) i (Lp (GF))D

/3;:” l.a.H[ﬁ;ﬂf( )20 H (Lp (G,u))] < A(O‘) ”f

for all u = 0. Again for this by using (4.53) and (4.54)

ﬁ;q‘;”_,mH (!-,u(G,U)) < AE(O")Hf ﬁ;o,.(.).a.la' (ﬂf,(.).o.ﬁ [ﬂ;p,u.a.u (Lp (Op)))]

So, for k =2, and k = 3, it holds true. Therefore by mathematical induction it is true for

all natural number k.



Lemma 4.4 Foranyopenset Qc R, Q= U:G(,‘, where s € N or s = o0 and Gy, is

an open interval, and for k # ¢ Gy, N G,y ={ }

That is every open set of real numbers is a union of a countable collection of disjoint

open intervals. (i.e. If O is open there exists {[“}m open intervals such that I, N I, = { }

n=1

forn=mand O = [ J7,

n=|

Proof Let O be an open set. Foreach x €0 let bx =sup{y:(x.y)c O} =T # { } and ay

=inf {y: (y,xx) c O}, S={y: (v,x) c O} #{ }
Let [x = (ax, bx)

Claim 1 1) I, c O, 2) a.. b, ¢0.
Proof

1) Letw ely, thenw=x orw <x. If w=x then weO.

Without loss of generality assume w < x. Since a, < w < X w is not a lower
bound of {y: (y.x) < 0}. Hence there exist y such that y <w and (y, x) < O.

Hence (ay —€x) c O

= a,-€ €S
=4 a, — & > a, since a, = inf S it is contradiction.
08 soay & O.

Similarly by ¢ O.
From the above I, = 0 for VxeO

= UI.\- c 0

xe()

and for each xe0, then 31, : xely

~0=|J1,

xel?
Claim I,nIl,=¢orl =1

Proof supposecel,n |y

let Iy = (ay, by) and Iy = (ay, by) since ce(ly M Iy) ay < ¢ < by and a, < c<b,
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from the above a,gO

= ay € (ay, by) and a, <b,

= ay < ay

similarly a,¢ (ay, by) and a, < by
= ay < ay
= a8y ay

similarly bx = by

s 1f Iy N Ly then Iy =1,

So In the collection {I,. x €0} Ifx,y e0and x#y then Iy "1, = ¢

Let E = {I; : x €O} be the collection of all distinct intervals from {I;:x €O}

Ifl, lyeEthenx#y=I,n1,=0. and 0= | JJ

For each | €E pick a rational number r; # rj consider A = {r, [eE}. A is a countable set

define a function f: A — E by f(r)) = |

fis | — 1 and onto

= A ~cand A is countable

=X E is countable

e E={l,} and0= Olu

n=l|

Remark LetQ = U:G(k) g {Gm}‘l‘ is a collection of pair wise disjoin sets.

[fede = [fe) = [fde+ [fadx+ ...+ [fxx

Uw‘“ua Gy

= If(.\‘)ci\'

k=1 G (k)

Corollary4d. 4 Let Q < R be any arbitrary open set.

Lemma 3.

I/

iiasl

Then under the condition of

o (ﬁ;'z (z, (@))) with constant C; as Lemma 4.3 (4.56)



By Lemma 4. 4, Qg = U:G(,(W, . Guoen is any open interval in R, and for

k # 7, Guoyeh M Gioon = ¢ By using this and the above remark

% ’ &
[[ flsstan| } a3 e

k=l G(k)ah
5
H ﬂ/_\ f| dx} ]
= (k)ah

D

= ”A

1!

k=1

| 7
- |\azfr|:,,ma,,)—( f M,J
|

2
D[
e e
= A(G)—(—h)[ 1{6‘- n L(q o ’7)}

}®k(ﬂ)dﬁ

IA

. A(c) 9”'(h)

tp

where @y(n): = Af,f )and

‘1. (Gl yom

o]

Using a consequence of the generalized Minkolski inequality for integrals

h

X%

0

p

J®k(’])d]]

1 h
0

h
< [lg (o), an
0

[§2]
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From this we obtain that
h
[9.7], o <A@ 0"y [l (N,
4 0

=A@ () j[ZH 7. ]/

= A(0)p™(h) ﬂlA“fH

L (Qa

so 1/ o

(Qey)

L, (Qalr)

< A(o)g"(h) :ﬂlA‘;j '”,,,,

After this by replacing Gg, by Qg we get

I A = A5}

I[(o'o‘i

AL

L, (Q0h) 15 (0.0)

b) <Ay (1) o ()] &5 45 7]

577,
NGa+a5)h) L,(Qop+osyh) Lo (0.H)

From these we get

/

ﬂfmsﬂ 5 Hf

ﬁg;"lfl-al +o . H (Q) < A(Gl) Hf ,GXJI (ﬁ;fziazﬂ (L,n (Q)))

A7

By ﬁfﬂ )])

Lemma 4.5

Let l<p< o ,1£0< 0 @ ed( 7.0).then

1A PP ) 1A 77 L () (4.57)
Proof:
Consider function f f= i f*9, (4.58)
=
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where 8y is a function such that Supp F3, c P\ P,

Po={ & eR" [l < vi(k) and vi(k): oj(vi(k)) =2" }

and we use the fact that

|
2 7
||f||Bfg(‘J?”) - [g(zk”‘f*S*fle(:n”))oJ

and for iterated norms

0 a
Wge e ny [zu(zﬂ-”f*9k||Bq.,aw))g]
k= p.

P, () P

by definition we have

(h)

“f“BV’ J(B7 (A1) ||f”B¢ () +Z 0 (AT,

BY (%)
p.o

Let Si =/l (o) and

p.0

v, 00|a7;

i=1

hj

B? (RN)
.6 L;(O, oc)

Then from (4.59)

D |-

k=0

0~ (S ol |

~

L;(O,ao)

SJ—Z

j=1

qD’ (h) J;Jf

‘ # (PN
,,_g(']? )

20, 7]
' Ly (0.0)

) AC

36

150

(4.59)

(4.60)

(4.61)



{ Iw"’(h)[g

|

1 E
j o | dan
hj( *Sk i’L (‘J?”) ) }?

L,

1
0
k| | (f e i
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Since § =4, =0 for m # k and G, * & =8, we have the following:
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Corollary 4. 6

R

.60 Bﬁi"f (‘Ji ! )

87 (82,88 ,(m") ~ “f

Proof when k =2 itis proved on Lemma 4.5. For any natural number k > 2, it can be

proved by mathematical induction.

Proof of theorem 1
1) According to corol]ary@—ﬁ) for every open parallepiped G < R" with faces

parallel to coordinate planes and Vje {1, 2, ... n}

1, ) <Ci 7l (- (e (7))
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Summing up these inequalities and adding ||f”/ @) both sides, we obtain the
n

desired inequality. taking into account that the sum on the right -hand side doesn’t

exceed ||..7(A||.,{;1'(..._ff“'(f...({-‘))--']

[

= ”f”n;f_,,(r;) =G |f”ﬁ;;!, (82 582 4 (G)-)

o B (80 o B (x o)

2. By condition 5.20.1 there is a bounded extension operator
S: B?,(G) — B%,(R").
To prove existence of imbedding in the direction opposite to that of the
imbedding in condition (§) GM*)
B,f_.() (W) (- Bf,{) ("'Bﬁﬂ(G)"')
G

it is sufficient to carry out the proof for the case G = R". And it is carried out in
[Lemma 4.5

Therefore the theorem is proved.

Remarks

I In these spaces if @j(h) = "' then we obtain the results which are described by

Professor V.l Burenkov.

@,(h)

&

2. If ¢ (h) satisfy the following additional condition J& > 0: is increasing on

(0. H] (for example ¢j(h) = h' ﬁny,(%) a; > 0 yjeR), that is the space

g (LP (G)) possesses “exponential” reserve of smoothness.

Therefore the theorem ensures the increment of smoothness by interrelating norms, which

permit to attain any index of smoothness of exponential order after finite steps.
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