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Abstract

In this thesis we employ Bethe Salpeter Equation(BSE) under Covariant Instanta-

neous Ansatz(CIA) to calculate: (A) The cross section of double Charmonium pro-

duction from electron-positron annihilation at the CM energy 10.6GeV through the

process e++e− → J/ψ+ηc, which has recently been observed at B factories and whose

measurements were done by Babar and Belle groups. (B) The decay width for the ra-

diative decay of equal mass vector mesons through the process h→ h′ + γ(h=vector

meson, h’=pseudoscalar meson and γ=the emitted photon.) (C) Decay width for

strong decay of excited vector mesons through the process h → h′ + h”(h=excited

vector meson, h’=vector meson and h”=pseudoscalar meson.) The calculated results

are in reasonable agreement with data.
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Introduction

Quantum Chromodynamics(QCD) is regarded as correct theory for strong interac-

tions. Quarks and gluons are the degrees of freedom of QCD. Investigation of bound

states of quarks and gluons is one of the most effective methods to study the dy-

namics of its constituents. Understanding of hadronic properties is one of the most

challenging tasks in strong interactions physics research. Although QCD is well es-

tablished, there is still no consistent and straight forward way to describe low energy

hadronic properties from QCD alone due to the fact that confinement potential can

not yet be derived from QCD Lagrangian. Further due to large strength of run-

ning QCD coupling constant αs at low and intermediate energies, the perturbation

theory(which is quite successful in QED) will not work. Hence since the task of cal-

culating hadron structures from QCD itself is very difficult(as can be also seen from

various lattice QCD methods), one can rely on specific models to gain understand-

ing of hadronic properties at low energies. This study can be most effectively be

accomplished by applying a particular framework to a diverse range of phenomenon.

The quark model for hadrons was first proposed by Gell-Mann and Zweig(1,2) as a

realization of basic representation of SU(3) group. After this there has been a lot of

work on various hadronic models that can calculate mass spectrum, decay widths,

transition amplitudes of hadrons and hence explain properties such as confinement in

1



2

QCD. Some non-perturbative methods, such as lattice QCD calculation(3,4), nonrela-

tivistic potential models(5) etc have been developed. However they have severe limi-

tations. Nonrelativistic potential models are good for heavy quarkonia but they lack

the Lorentz invariant dynamics needed for light quarkonia. Thus in potential models,

the nonrelativistic character stands in the way of calculating anything meaningful be-

yond mass spectra and a few simple nonrelativistic transition amplitudes. The lattice

gauge theory which is designed to solve strong interaction problem of QCD through

discretization techniques tend to rapidly saturate the available computer size even

in big institutions since results rely on numerical accuracy. Any realistic dynamical

programme for a composite hadron must incorporate at minimum Lorentz and color

gauge invariance for a consistent treatment of internal motion of constituents within

a hadron. A natural dynamical link from low energies(mass spectra) and high en-

ergies(transition amplitudes) is most easily provided by a dynamical equation based

approach if requirements of Lorentz and color gauge invariance are met. Standard

dynamical equation for light quark physics is Bethe-Salpeter Equation(BSE). BSE

is a conventional non perturbative approach in dealing with relativistic bound state

problems in QCD. It is firmly established in the framework of quantum field theory

and from the solutions we obtain useful information about the inner structure of

hadrons which is crucial not only in low energy hadronic decays like h → h′γ and

h → h′h”(studied in the latter part of this thesis) but also high energy hadronic

scattering and production processes like e+ + e− → J/ψ + ηc(studied in the first

part of this thesis). Despite its drawback of having to input model dependent kernel,

these studies have become an interesting topic in recent years since calculations have

shown that BSE framework using phenomenological potentials can give satisfactory



3

results as more and more data is being accumulated. We get useful insight about the

treatment of various processes using BSE due to the unambiguous definition of the

4 dimensional BS wave function which provides an effective coupling vertex(hadron-

quark vertex) of hadron with all its constituents(quarks). Thus hadron-quark vertex

is considered to sum up all the nonperturbative QCD effects in the hadron. However

the complexities of BSE have tended to encourage different version of this equation

mostly based on 3 dimensional reduction techniques such as the Covariant Instan-

taneous Ansatz(CIA) which we employ in our work. The purpose of this work is

to test Bethe-Salpeter Equation(BSE) under CIA and to provide justification to the

theory proposed about the substructure of hadrons. The main focus of this work is

to calculate the cross section and the decay widths of some hadronic processes at

low and high energies. This thesis is organized as follows: Chapter 1 deals with a

brief review of the SU(3) gauge theory(QCD). Chapter 2 deals with Bethe-Salpeter

Equation. Chapter 3 deals with the calculation of cross section of high energy pro-

duction process: e+ + e− → J/ψ + ηc at center of mass energy 10.6GeV which is

recently observed at B-factories and whose measurements have been performed by

Babar and Belle groups. Chapter 4 deals with some low energy hadronic decays pro-

ceeding through triangle quark loop diagrams such as (i) radiative decays of ground

state vector mesons through the process h → h′γ and the strong decays of excited

vector mesons through the process h → h′h”. We have proposed a way of handling

complexities which appear in triangle loop diagrams in BSE under CIA. Chapter 5 is

devoted to summary and conclusion.



Chapter 1

Quantum Chromodynamics(QCD)

1.1 Introduction

Quantum chromodynamics (QCD) is considered as the gauge theory of strong inter-

actions. For some earlier classic reference see reference(6,7). The physical degrees of

freedom are quarks and gluons. Gluons are the quanta of gauge fields which are in

some ways analogous to photons in QED. The crucial difference is that gluons couple

directly to each other, whereas photons do not. A consequence of the self-coupling

of gluons is that the force between quarks does not vanish at large distances but

becomes a constant FQCD ≈ 800MeV fm−1 ≈ 15, 000N (8). This is in contrast to the

coulomb force between two charges which goes as ∼ 1
r2

and hence vanishes at large

distances. It would, thus, require a vast amount energy to separate quarks out to a

macroscopic distance. Indeed, long before the separation becomes large enough to

measure, the energy stored in the gluon field ”sparks” into quark-antiquark pairs.

This phenomenon of QCD explains why freely propagating quarks are not observed

in nature, and it is called confinement.

QCD is a non Abelian SU(3) gauge theory in contrast to QED which is an Abelian

4



5

U(1) gauge theory. The most widely used theoretical tool for quantum field theories is

relativistic perturbation theory, as developed for quantum electrodynamics (QED) by

Feynman, Schwinger, Tomonaga and others sixty years ago (9). Perturbation theory

provides the key connection between the mathematical theory with experiments in

QED and the Glashow-Weinberg-Salam theory merging QED with the weak nuclear

force (10).

A textbook example of perturbative quantum field theory is to calculate how virtual

pairs induce a distance dependence on the coupling in quantum gauge theories. In

QED, one considers the fine structure constant,

α =
e2

4π~c
, (1.1.1)

where -e is the charge of the electron. In QCD, one has the strong coupling αs , related

to the gauge coupling g by analogy with Eq.(1.1.1). When virtual pairs are taken into

account, α and αs are not constant but depend on distance; they are said to ”run.”

The running, depicted in figure 1(8), is completely different in the two theories. In

QED α becomes constant at distances r > ~
mec

(the electron’s Compton wavelength),

but at short distances it grows. In QCD αs grows at long distance; perturbative

running no longer makes sense once r is in the confining regime. At short distances-

or, equivalently, high energies-the QCD coupling is small enough that perturbation

theory can again be used. For example, the cross section for an electron- positron

pair to annihilate and produce a quark-antiquark pair can be reliably computed as

a power series in αs. The quark and antiquark each fragment into a jet of hadrons-

mostly pions, but some protons and neutrons, too-and general properties such as the

energy flow and angular distributions of these jets can be traced back to the quark

and antiquark. In this way, the experiments can measure quark properties, and these



6

are found to agree with theoretical calculations (11). In this thesis we will use natural

units, i.e.; ~ = c = 1, e > 0, and α = e2

4π
≈ 1

137
.

Figure 1.1: Running of (a) the QED and (b) the QCD coupling with distance. For
QCD the lower curve shows the perturbative result, and the higher shows the effect
of confining forces.

1.2 QCD Lagrangian and it symmetries

The gauge principle has proven to be a tremendously successful method in elementary

particle physics to generate interactions between matter fields through the exchange

of massless gauge bosons (for details see reference(7)). The best known example is, of

course, quantum electrodynamics(QED) which is obtained from promoting the global

U(1) symmetry of the Lagrangian describing a free electron,

Ψ→ e(iΘ)Ψ : £free = −Ψ(γµ∂µ +m)Ψ→ £free, (1.2.2)

to a local symmetry, where Ψ is the electron field and Ψ = Ψ†γ4. In this process the

parameter 0 ≤ Θ ≤ 2π describing an element of U(1) is allowed to vary smoothly

in space time, Θ → Θ(x), which is referred to as gauging the U(1) group. To keep
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the invariance of the Lagrangian under local transformations one introduces a four

potential Aµ −→ Aµ − ∂µΘ

e
. This method is referred to as gauging the Lagrangian

with respect to U(1):

£QED = −Ψ(γµ(∂µ − ieAµ) +m)Ψ− 1

4
FµνFµν , (1.2.3)

where Fµν = ∂µAν − ∂νAµ. The covariant derivative of Ψ,

DµΨ = (∂µ − ieAµ)Ψ, (1.2.4)

is defined such that under a so called gauge transformation of the second kind

Ψ→ e[−iΘ(x)]Ψ, (1.2.5)

Aµ → Aµ −
∂µΘ(x)

e
, (1.2.6)

it transforms in the same way as Ψ itself:

DµΨ→ e[−iΘ(x)]DµΨ. (1.2.7)

In Eq.(1.2.3), the term containing the squared field strength makes the gauge potential

a dynamical degree of freedom as opposed to a pure external field. A mass term M2A2

2

is not included since it would violate gauge invariance and thus the gauge principle

requires massless gauge bosons.

In the same analogy, the QCD Lagrangian obtained from the gauge principle reads

£QCD = −
∑

f=u,d,s,c,b,t

qf ( /D +mf )qf −
1

4
Gµν,aGµν,a, (1.2.8)

where qf is the quark field and qf = q†γ4. For each quark flavor f the quark field

qf consists of a color triplet(subscripts r, g, and b standing for ”red,” green,” and

”blue”),
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qf =


qf,r

qf,g

qf,b

 (1.2.9)

which transforms under a gauge transformation g(x) described by the set of

parameters Θ(x) = [Θ1(x), ...,Θ8(x) according to

qf → q′f = e[−i
∑8
a=1 Θa(x)

λca
2

]qf = U [g(x)]qf . (1.2.10)

c indicating the action in color space and λa being the generators of the gauge group

which satisfies [λa
2
, λb

2
] = ifabc

λc
2

where fabc are the structure constants of SU(3) and

antisymmetric. Because SU(3) is an eight parameter group, the covariant derivative

of Eq.(1.2.8) contains eight independent gauge potentials Aµ, a,

Dµ


qf,r

qf,g

qf,b

 = ∂µ


qf,r

qf,g

qf,b

− ig 8∑
a=1

λca
2
Aµ,a


qf,r

qf,g

qf,b

 . (1.2.11)

We note that the interaction between quarks and gluons is independent of the

quark flavors and we define g as the strong coupling constant. Demanding gauge

invariance of £QCD imposes the following transformation property of the gauge fields

λca
2
Aµ,a(x)→ U [g(x)]

λca
2
Aµ,a(x)U †[g(x)]− i

g
∂µU [g(x)]U †[g(x)]. (1.2.12)

Again, with this requirement the covariant derivative Dµqf transforms as qf , i.e.,

Dµq → D′µq
′ = U(g)Dµq.

So far we have considered the matter field part of £QCD including its interaction

with the gauge fields. Eq.(1.2.8) also contains the generalization of the field strength

tensor to the non Abelian case,

Gµν,a = ∂µAν,a − ∂νAµ,a + gfabcAµ,bAν,c. (1.2.13)
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Given Eq.(1.2.12) the field strength tensor transforms under SU(3) as

Gµν =
λca
2
Gµν,a → U [g(x)]GµνU

†[g(x)]. (1.2.14)

In contradiction to the Abelian case of QED, the squared field strength tensor gives

rise to gauge field self interactions involving vertices with three and four gauge fields

of strength g and g2, respectively. Such interaction terms are characteristic of non

Abelian gauge theories and make them much more complicated than Abelian theories.

Substituting Eq.(1.2.11) and Eq.(1.2.13) into Eq.(1.2.8), the full Lagrangian is given

by

£QCD = −
∑
f

qf (γµ∂µ +mf )qf

+ig
∑
f

qfAµ,a
λa
2
qf

−1

4
(∂µAν,a − ∂νAµ,a)2

−g
4
Aµ,bAν,cfabc(∂µAν,a − ∂νAµ,a)

−g
4
fade(∂µAν,a − ∂νAµ,a)Aµ,dAν,e

−g
2

4
fabcfadeAµ,bAν,cAµ,dAν,e. (1.2.15)

The first term in Eq. (1.2.15) is Lagrangian for the matter fields and using the Feyn-

man rules, it is represented by the diagram shown in Fig.(1.2).

Figure 1.2: Diagram for the interaction of matter
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Similarly the second term(interaction Lagrangian) is represented by the diagram

shown in Fig.(1.3).

Figure 1.3: Diagram for the interaction part

The third term (the gluon kinetic term) is represented by the diagram shown in

Fig.(1.4).

Figure 1.4: Feynman diagram for the kinetic part

The fourth and fifth terms(self interaction among three gluons) are represented by

the diagram shown in Fig.(1.5).
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Figure 1.5: Self interaction among three gluons.

Finally the last term (self interaction among four gluons) is represented by the dia-

gram shown in Fig.(1.6).

Figure 1.6: self interaction among four gluons.

1.3 Higher orders, divergences and renormaliza-

tion

If we wish to calculate the amplitude (or cross section) for a particular process in

lowest order, we must evaluate the amplitudes contributing from all possible lowest

order graphs using Feynman rules. Lowest order graphs are called Born diagrams

and involve only tree diagrams; that is, diagrams which can be constructed without

closed loop. On the other hand, if we wish to calculate the cross section for a partic-

ular physical process to order n in the perturbation series expansion, then all possible

diagrams which can give a contribution to this order must be evaluated. Now these
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diagrams contain graphs containing loops. Graphs containing loops lead to divergent

integrals in the evaluation of the cross sections and thus present an additional theo-

retical problem in QED and QCD. In order to get a finite value from the divergent

integral, the integral must first be regularized. Next, the potentially divergent parts

are renormalized in terms of physically measurable quantities (mass, charge). The

final result should not depend on the regularization methods and also it should be

gauge invariant result. Dimensional regularization is one of the powerful methods

of regularization. It is widely employed in QED and QCD. In the next section we

will employ dimensional regularization to calculate the running coupling constant of

QCD.

1.4 Renormalized coupling constant of QCD

For QED, the renormalized coupling constant as a function of momentum Q2 is given

by

α(Q2) = α(0)

1−α(0)
3π

Log(Q
2

m2 )
, Q

2

m2 � 1,

where α(0) = 1
137

is the fine structure constant. The variation of α(Q2) is small as Q2

increases. Thus, perturbation theory is very well applicable for any accessible energy

regimes.

We shall now use dimensional regularization(12) to calculate the renormalized QCD

coupling constant to lowest order. The divergent graphs contributing to the renor-

malization of g belong to three classes, shown in Figs. 1.7, 1.8, and 1.9. Let us work

them out one by one.
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Figure 1.7: The vacuum polarization of QCD.

Figure 1.8: The self energy graph of QCD.

Graph (al). We start with vacuum polarization, in particular with the fermion

graph (al) in Fig. 1.7. This graph is depicted in greater detail in Fig. 1.10. One may

wonder why the quantum numbers of the outgoing gluon k′, a′, µ′ are not identical

with those of the ingoing gluon. Of course, this is the most general case. It will turn

out that indeed a = a’ and k = k′ (momentum conservation), but µ′ 6= µ.

Using the QCD Feynman rules it is easy to write down the polarization tensor:

Π
aa′(al)
µµ′ (K) = −

Nf∑
1

g2

∫
d4q

(2π)4
Tr[

(−iγ.(K + q) +m)γµ(−iγ.q +m)γµ′

[(K + q)2 +m2 + iη][q2 +m2 + iη]
Tr(

λaλa′

4
).

(1.4.16)

Nf is number of quarks and using dimensional regularization (12) Πµµ′(K) is given by

Π
aa′(al)
µµ′ (K) = ig2 nf

16π2

2

3
(
1

ε
− LogK2 + const)(δµµ′K

2 −KµKµ′), (1.4.17)

where ε is a very small number and closer to zero and when it is zero the above

equation will be infinity but in the renormalization it will be subtracted out and

absorbed in the coupling constant. For details see reference (12).
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Figure 1.9: The vertex correction graph of QCD.

Figure 1.10: The variables chosen for the quark loop contribution to vacuum polar-
ization.

Graph (a2). Next we calculate the gluon loop with two 3-gluon vertices as shown

in figure below.

Figure 1.11: The chosen variables from the first gluon loop contribution to vacuum
polarization.

Using Feynman rules, the gluon loop tensor is given by:

Π
aa′(a2)
µµ′ (K) =

g2

2

∫
d4q

(2π)4
fabc[δµλ(K − q)ν + δνµ(−q − 2K)λ + δλν(2q +K)µ]

xfa′bc[δµ′λ(−K + q)ν + δνµ′(q + 2K)λ + δνλ(−2q −K)µ]

x
1

[(q +K)2 + iη]

1

[q2 + iη]
. (1.4.18)
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From the above integral, one can obtain

Π
aa′(a2)
µµ′ (K) = 3i

g2δaa′

16π2

1

12
(
1

ε
− LogK2 + const)(−19δµµ′K

2 + 22KµKµ′). (1.4.19)

This expression is not gauge invariant(KµΠaa′

µµ′ 6= 0). Gauge invariance is only restored

by including the ghost terms. More precisely the ghost fields are constructed such

that they cancel the contribution from the unphysical degrees of freedom of the gluon

field. These unphysical degrees of freedom violate the gauge symmetry.

Graph (a3). To see how this happens we next calculate the ghost contribution. The

details of graph(a3) is shown in figure below.

Figure 1.12: The chosen variables for the ghost loop contribution to vacuum polar-
ization, b and c describe the color of the ghosts .

Using Feynman rules, the ghost loop tensor is given by:

Π
aa′(a3)
µµ′ (K) = −g2fabcfa′bc

∫
d4q

(2π)4

qµ′(K + q)µ
[(q +K)2 + iη][q2 + iη]

. (1.4.20)

Using the technique used for quark and gluon loops, we can obtain

Π
aa′(a3)
µµ′ (K) = 3i

g2δaa′

16π2

1

12
(
1

ε
− LogK2 + const)(−δµµ′K2 − 2KµKµ′). (1.4.21)

Summing over the contributions from the gluon loop(Fig.1.11) and ghost loop(Fig.1.12)

we get

Π
aa′(a2)
µµ′ (K) + Π

aa′(a3)
µµ′ (K) = i

3g2

16π2
δaa′(

1

ε
− Logk2 + constant)

20

12
(KµKµ′ − δµµ′K2).

(1.4.22)
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Thus we see that

Kµ(Π
aa′(a2)
µµ′ (K) + Π

aa′(a3)
µµ′ (K)) = 0, (1.4.23)

which is gauge invariant.

Graph (a4). The contribution for graph(a4) is proportional to
∫

d4q
q2

= 0.

The total contribution from Fig.(1.7) is given by

(KµKµ′ − δµµ′K2)
g2

16π2
(
1

ε
− LogK2 + const)(

20

12
c2 −

2

3
nf ), (1.4.24)

where c2 is color factor(=3) and nf is number of quarks.

Graph (bl). Next we calculate the self-energy graph. To simplify let us ignore the

mass of the quark. The details of the self energy graph is shown in figure below.

Figure 1.13: The chosen variables for the self-energy graph.

The contribution from the self energy graph is given by

b∑
(K) = g2

∫
d4q

(2π)4

γµ/qγµ
λa
2
λa

2

1

[(q +K)2 + iη]

1

[q2 + iη]
. (1.4.25)

Using the same methods in the above cases, one can obtain

b∑
(K) =

4

3
g2 i

16π2
(
1

ε
− LogK2 + const) /K. (1.4.26)

Graph (cl). The vertex corrections.

The details of the vertex correction graph is shown in figure below. Let us ignore

the mass of the quark.
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Figure 1.14: The chosen variables for the vertex correction graph.

The contribution from Graph(c1) is given by

Γµa(c1) = −ig3

∫
d4q

(2π)4
fabc[δµλ(K − q)ν + δνµ(−q − 2K)λ + δλν(2q +K)µ]

λbλc
4

γν/qγλ

[(q +K)2 + iη]

1

[q2 + iη]2
. (1.4.27)

Using dimensional regularization we get

Γµa(c1) = ic2
λa
2

3g3 γµ
32π2

(
1

ε
− LogK2 + const). (1.4.28)

Graph (c2). Adopting again the same kinematics as for the calculation of (cl), the

contribution from the second vertex graph Fig. (1.15) is

Figure 1.15: The chosen variables for the second vertex correction graph.

Γa(c2)
µ = g3

∫
d4q

(2π)4

λb
2
γλ
λa
2

(/q + /K)γµ/q
λb
2
γλ

1

[(q +K)2 + iη][q2 + iη]2
. (1.4.29)

Using dimensional regularization we obtain,

Γa(c2)
µ = ig3(

4

3
− c2

2
)
λa
2

γµ
16π2

(
1

ε
− LogK2 + const). (1.4.30)
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Summing one loop contributions from Fig.(1.14) and Fig.(1.15) to vertex correction,

taking into consideration the exchange diagrams as well, we obtain

Γµ(K) = 2(Γa(c1)
µ + Γa(c2)

µ ), (1.4.31)

which is given by

Γµ(K) = i
g3

16π2

λa
2
γµ(cF + cA)(

1

ε
− LogK2 + const), (1.4.32)

where color factor cF = N2−1
2N

, cA = N, and N is number of colors. We have already

seen that the total contribution from sum of one loop corrections to gluon self energy

in Fig.(1.7) as

Πµµ′(K) = i
g2

24π2
Nf (

1

ε
− LogK2 + const). (1.4.33)

Now the total vertex modification with contributions from tree level to one loop level

can be shown diagrammatically as in Fig.(1.16). The contribution from Fig.(1.16)

Figure 1.16: Higher order corrections diagrams from tree level to one loop level .

can be expressed as

i
δµµ′

K2
Γ[u1(ig

λa
2
γµ)u1] = u1Γtotalµ u1, (1.4.34)



19

where Γ = g0 + g3

16π2 (11
3
cA− 2

3
NF )(1

ε
−LogK2 + const), cA is number of colors and NF

is number of flavors. The renormalized coupling constant is obtained from the above

equation by subtracting the value of the correction at some renormalization energy

scale M2 as,

gR = g0 −
g3

16π2
(
11

6
cA −

1

3
NF )(

1

ε
− LogK2 − 1

ε
+ LogM2), (1.4.35)

which can expressed as

gR = g0 +
g3

16π2
(
11

6
cA −

1

3
NF )Log

K2

M2
. (1.4.36)

After a series of steps it can be shown that the QCD running coupling constant(12)

can be expressed as,

αs(Q
2) =

12π

(33− 2NF )Log[ Q2

Λ2
QCD

]
, (1.4.37)

where Q2 = K2 and ΛQCD is taken as the energy scale where the effective coupling

becomes large at sufficiently low Q2. At Q2 � Λ2
QCD, αs(Q

2) is small and a pertur-

bative description in terms of quarks and gluons interacting weakly makes sense. For

Q2 ≈ Λ2
QCD, the perturbative expansion will not make sense since quarks and gluons

are strongly bound into hadrons. Thus we can regard ΛQCD as s boundary between

a world of free quarks and gluons and a world of mesons, baryons, etc. The value of

ΛQCD is not predicted by theory but is free parameter to be determined by experi-

ment. One expects ΛQCD to be of the order of a typical hadronic mass. Most works

take ΛQCD value to be in the range of 0.1GeV to 0.5GeV. For K = XΛQCD, where

x is any positive number and NF = 6, the variation of αs as function of momentum

is shown in figure below. As we see from Fig.(1.1) and Fig.(1.17), αs increases as the

momentum transfer Q2 is smaller (or as separation(r) increases) and vice versa. From



20

Figure 1.17: The plot of the variation of the running coupling constant of QCD as
function of momentum.

these results one can conclude at high energy(closer to infinity) quarks are free. This

is called asymptotic freedom and in low energy regime, quarks are not free. They are

bound in the hadrons consisting of them. This is called confinement. Further more

perturbation expansion is not applicable in low energy regime. Therefore, in low en-

ergy regime, we need nonperturbative treatment to consider hadronic processes. One

of these nonperturbative methods is using Bethe-Salpeter equation. We derive Bethe

Salpeter Equation(BSE) in the next chapter. The other nonperturbative approaches

are: lattice gauge theories, potential models, chiral perturbation theory etc.



Chapter 2

Bethe Salpeter Equation

The Bethe-Salpeter equation describes the bound states of a two-body (particles)

quantum mechanical system in a relativistically covariant formalism. Examples of

two-particle systems described by the Bethe-Salpeter equation are positronium, bound

state of an electron-positron pair. The Bethe-Salpeter formalism is generally accepted

to represent the appropriate framework for the description of bound states within rel-

ativistic quantum field theory. Within this formalism, a bound state is described by

its Bethe-Salpeter amplitude, which is defined as the time-ordered product of the field

operators of the bound-state constituents between the vacuum and the bound state.

In principle, this bound-state amplitude should be found as a solution of the ho-

mogeneous Bethe-Salpeter equation. However, apart from a very few special cases

such as the famous Wick-Cutkosky model which describes the interaction of two scalar

particles by exchange of a massless scalar particle the Bethe-Salpeter equation turns

out to be practically not tractable. One of the main reasons for this fact is the appear-

ance of time-like variables in the equation of motion. Consequently people usually

consider some three dimensional reduction of the Bethe-Salpeter equation. The most

popular among these three-dimensional reductions is based on the assumption that

21
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the interaction between the bound-state constituents is instantaneous in the center-of

momentum frame of the bound state. The result of this is called the ”Salpeter equa-

tion” or ”instantaneous Bethe- Salpeter equation”. This equation may be formulated

as eigenvalue problem for the mass M of the bound state. Its dynamical quantity is

the ”Salpeter amplitude,” obtained from the Bethe-Salpeter amplitude by equating

the time variables of the involved bound-state constituents. In this thesis we will

employ a BSE formalism based on Covariant Instantaneous Ansatz(CIA) which is a

Lorentz invariant generalization of Instantaneous Approximation(IA).

To derive the Bethe-Salpeter equation first it is necessary to start from the one

particle Dirac propagator then generalizing to the two particle propagator.

2.1 Two Particle propagator

We know from propagator theory that one particle propagator in an external field

can be expressed as an iteration series

K(x1, x2) = K0(x1, x2)− e
∫
d4x3K0(x1, x3) /A(x3)(K0(x3, x2)

+(−e)2

∫
d4x3d

4x4K0(x1, x3) /A(x3)K0(x3, x4) /A(x4)K(x4, x2) + .... (2.1.1)

This is the propagator series equation for a one particle in an external field Aµ(x).

We now generalize the expression for the propagator obtained for one parti-

cle in an external field to two-particles in mutual interaction. The two particle propa-

gator for simultaneous propagation of two non interacting particles, K0ab(x1, x2;x3, x4)

can be written as the product of two single free propagators as,

K0ab(x1, x2;x3, x4) = K0a(x1, x3)K0b(x2, x4). (2.1.2)
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To find the form of the propagator for these two-interacting particles, let us

consider the simplest case(Moller interaction, e− + e− −→ e− + e−).

The two particles are governed by Coulomb interaction and the Coulomb potential

is given by

V =
e2

rab
(2.1.3)

where rab = ra − rb is the separation between them.

In Eq.(2.1.3) the Coulomb interaction potential is not in covariant form. To

write it in a covariant form first 1
rab

has to be transformed in to momentum space by

Fourier transform. The Fourier transform of 1
r

in momentum space is

1

|r|
−→ 1

|p|2
. (2.1.4)

Therefore, the Fourier transform of 1
rab

can be written as

1

|rab|
−→ 1

(p1 − p′1)2
. (2.1.5)

Still Eq.(2.1.5) is not in its covariant form. By introducing Dirac γ matrices, it is

possible to write this potential covariantly as

V =
e2γaµγ

b
µ

(p1 − p′1)2
,

V = −γaµe2(
−1

q2
)γbµ (2.1.6)

where q=(p1 − p′1). To generalize a single particle propagator for two particles prop-

agator we replace

eγµAµ −→ iγaµe
2DF (x − x′)γbµ. For a single photon exchange between two inter-

acting particles,

DF (x− x′) =
−1

(2π)4

∫
d4q

eiq.(x−x
′)

q2
. (2.1.7)
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For a general case of one quantum exchange between two interacting particles in

mutual interaction, DF would be the corresponding gauge field propagator. That

means DF denotes the photon propagator in QED and the gluon propagator in QCD.

The first order correction to two particles propagator for simultaneous propagation

from space time point (x3, x4) to space time point (x1, x2) with the exchange of a

single quantum will be

K1ab(x1, x2;x3, x4) =

∫
d4x5d

4x6K0ab(x1, x2;x5, x6)I(x5, x6)K0ab(x5, x6;x3, x4),

(2.1.8)

where I(x5, x6) = ieaebγ
a
µDF (x5, x6)γbµ. The letters a and b are indices for the two

interacting particles. Here I(x5, x6) plays the role of /A(x3) in Eq.(2.1.1) for one

particle propagator. The corresponding Feynman diagram to Eq.(2.1.8) is shown in

Fig.(2.1).

Figure 2.1: Feynman diagram to the first order correction for two interacting particles.

The second order correction to the two interacting particles propagator will be

K2ab(x1, x2;x3, x4) =

∫
d4x5d

4x6d
4x7d

4x8K0ab(x1, x2;x5, x6)I(x5, x6)

×K0ab(x5, x6;x7, x8)I(x7, x8)K0ab(x7, x8;x3, x4), (2.1.9)

and the corresponding Feynman diagram to Eq.(2.1.9) is shown in Fig.(2.2).

If we iterate only one quantum exchange as above, we arrive at an integral
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Figure 2.2: Feynman diagram to the second order correction for two interacting
particles.

equation

Kab(x1, x2;x3, x4) = K0ab(x1, x2;x3, x4)

+

∫
d4x5d

4x6K0ab(x1, x2;x5, x6)I(x5, x6)K0ab(x5, x6;x3, x4)

+

∫
d4x5d

4x6d
4x7d

4x8K0ab(x1, x2;x5, x6)I(x5, x6)

×K0ab(x5, x6;x7, x8)I(x7, x8)K0ab(x7, x8;x3, x4) + ..., (2.1.10)

which can be written as

Kab = K0ab +K1ab +K2ab + .... (2.1.11)

The corresponding Feynman diagram to Eq.(2.1.10) is shown in Fig.(2.3). Eq.(2.1.10)

Figure 2.3: Ladder approximation diagram for two interacting particles.

can be written exactly as

Kab(x1, x2;x3, x4) = K0ab(x1, x2;x3, x4) +

∫
d4x5d

4x6K0ab(x1, x2;x5, x6)I(x5, x6)

×Kab(x5, x6;x3, x4). (2.1.12)



26

2.2 Bethe-salpeter two-particle wave function

In non-relativistic quantum mechanics for a particle propagating from a space-

time point (~r′, t′) to a space-time (~r, t), if the wave function at (~r′, t′) is known, then

the wave function at (~r, t) is given by

ψ(~r, t) =

∫
d3~r′K(~r, t;~r′, t′)ψ(~r′, t′). (2.2.13)

The above condition can be applied for a system of particles propagating simultane-

ously from space-time x3, x4 to space-time point x1, x2. That is if the wave function

of the bound system at x3, x4 is known, then the wave function at x1, x2 can be given

as

ψ(x1, x2) =

∫
d3x3d

3x4K(x1, x2;x3, x4)ψ(x3, x4). (2.2.14)

By substituting for K(x1, x2;x3, x4) from Eq.(2.1.12) into Eq.(2.2.14) we obtain

ψ(x1, x2) =

∫
d3x3d

3x4[K0(x1, x2;x3, x4)

+

∫
d4x5d

4x6K0(x1, x2;x5, x6)I(x5, x6)K(x5, x6;x3, x4)]ψ(x3, x4).

(2.2.15)

Thus

ψ(x1, x2) = ψ0(x1, x2) +

∫
d3x3d

3x4d
4x5d

4x6K0(x1, x2;x5, x6)

×I(x5, x6)K(x5, x6;x3, x4)ψ(x3, x4). (2.2.16)
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But

∫
d3x3d

3x4K(x5, x6;x3, x4)ψ(x3, x4) = ψ(x5, x6). (2.2.17)

Substituting Eq.(2.2.17) into Eq.(2.2.16), one can obtain

ψ(x1, x2) = ψ0(x1, x2) +

∫
d4x5d

4x6K0(x1, x2;x5, x6)I(x5, x6)ψ(x5, x6). (2.2.18)

This is Bethe-Salpeter Equation. ψ0(x1, x2) is the free two particles wave function.

BOUND STATE SYSTEMS:For bound states systems, ψ0(x1, x2) drops out of Eq.(2.2.18).

Thus for bound states, Eq.(2.2.18) will be reduced to

ψ(x1, x2) =

∫
d4x5d

4x6K0(x1, x2;x5, x6)I(x5, x6)ψ(x5, x6). (2.2.19)

Eq.(2.2.19) can also be written in another form if one multiples with free Dirac opera-

tors γµ∂1µ+m1 and γµ∂2µ+m2. Multiplying Eq.(2.2.19) by γµ∂1µ+m1 and γµ∂2µ+m2

from the left, one can obtain

(γµ∂1µ +m1)(γµ∂2µ +m2)ψ(x1, x2) =

(γµ∂1µ +m1)(γµ∂2µ +m2)

∫
d4x5d

4x6K0(x1, x2;x5, x6)

I(x5, x6)ψ(x5, x6). (2.2.20)

Since one particle propagators obey the relation

(γµ∂1µ +m1)K0(x1, x5) = −iδ(4)(x1 − x5),

(γµ∂2µ +m2)K0(x2, x6) = −iδ(4)(x2 − x6) (2.2.21)

it follows that

(γµ∂1µ +m1)(γµ∂2µ +m2)ψ(x1, x2) =∫
d4x5d

4x6(−iδ(4)(x1 − x5))(−iδ(4)(x2 − x6))I(x5, x6)ψ(x5, x6). (2.2.22)



28

Thus Eq.(2.2.19) becomes

(γµ∂1µ +m1)(γµ∂2µ +m2)ψ(x1, x2) = −I(x1, x2)ψ(x1, x2), (2.2.23)

where I(x1, x2) = ie2γaµD(x1, x2)γbµ = iK(x1, x2). Now K(x1, x2) is an interaction

kernel and is given by K(x1, x2) = e2γaµD(x1, x2)γbµ. Then the BSE can be written as

(γµ∂1µ +m1)(γµ∂2µ +m2)ψ(x1, x2) = −iK(x1, x2)ψ(x1, x2). (2.2.24)

This is also another form of Bethe-Salpeter Equation(BSE) in coordinate represen-

tation. For practical purposes there is another useful form of this equation obtained

by transforming it into momentum space. In the center-of-mass frame, the center of

mass coordinate is given by

X̄ =
m1x1 +m2x2

m1 +m2

. (2.2.25)

If we consider the condition m1 = m2 = m then the center-of-mass coordinate be-

comes

X̄ =
x1 + x2

2
(2.2.26)

and the relative separation between the two particles is also given by

x = x1 − x2. (2.2.27)

From the above relation we can get

∂1 =
∂

∂x1

=
∂X̄

∂x1

∂

∂X̄
+

∂x

∂x1

∂

∂x
=

1

2
∂X̄ + ∂x,

∂2 =
∂

∂x2

=
∂X̄

∂x2

∂

∂X̄
+

∂x

∂x2

∂

∂x
=

1

2
∂X̄ − ∂x. (2.2.28)
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Now by using X̄ and x we can write ψ(x1, x2) as follows. That is

ψ(x1, x2) = ψ(X̄)ψ(x), (2.2.29)

where

ψ(X̄) =
1√
V
eiP.X̄ . (2.2.30)

Substituting for ψ(x1, x2) from equation (2.2.29) into equation (2.2.24), one can obtain

(
1

2
/∂X̄µ + /∂xµ +m)(

1

2
/∂X̄µ − /∂xµ +m)eiP.X̄ψ(x) = −iK(x)eiP.X̄ψ(x). (2.2.31)

Differentiating with respect to ∂X̄ , Eq.(2.2.31) will reduce to

(i
1

2
/P + /∂xµ +m)(i

1

2
/P − /∂xµ +m)ψ(x) = −iK(x)ψ(x). (2.2.32)

where /P=γµPµ and P is the total momentum in the CM frame. Here in the above

equation, K(x) is taken as a function of x only. This is by assuming that the in-

teraction between the particles depends on the relative separation between the two

particles. Now by taking the inverse Fourier transform of ψ(x) and K(x) as

ψ(x) =
1

(2π)4

∫
d4qeiq.xψ(q),

K(x) =
1

(2π)4

∫
d4keik.xK(k), (2.2.33)

where q is the relative momentum. Thus, Eq. (2.2.32)will be

(
1

2
i /P + /∂xµ +m)(

1

2
i /P − /∂xµ +m)

1

(2π)4

∫
d4qeiq.xψ(q)

=
−i

(2π)4

∫
d4q′eiq

′.xψ(q′)
1

(2π)4

∫
d4k′eik

′.xk(k′).

. (2.2.34)
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Thus

(
1

2
i /P + i/q +m)(

1

2
i /P − i/q +m)

∫
d4qeiq.xψ(q)

=
−i

(2π)4

∫
d4q′d4k′ei(q

′+k′).xψ(q′)K(k′). (2.2.35)

Let k′+q′=q for a given value of q′. Then d4k′ = d4q. Therefore, the BSE in mo-

mentum space for bound state of two particles(with momenta p1, p2) and internal

momentum q can be written as

(i/p1
+m)(i/p2

+m)ψ(q) =
−i

(2π)4

∫
d4q′K(q − q′)ψ(q′). (2.2.36)

Eq.(2.2.36) is the Bethe-Salpeter Equation(BSE) in momentum representation(For

some classic references on BSE see reference(13−16).

Bethe-Salpeter Equation(BSE) is notoriously difficult to solve. Finding the exact

solution of the above equation is very difficult but one can approximate, say for

example, using covariant Instantaneous Ansatz(CIA). We will deal this topic in the

next section.

2.3 The Bethe-Salpeter Equation under CIA

We briefly outline the BSE framework under CIA. For simplicity, lets consider a qq

system comprising of scalar quarks with an effective kernel K, 4D wave function

Φ(P, q), the 4D BSE can be written as,

i(2π)4∆1∆2Φ(P, q) =

∫
d4q′K(q, q′)Φ(P, q′), (2.3.37)

where ∆1,2 = m2
1,2 + p2

1,2 are the inverse propagators for the two quarks, and m1,2

are (effective) constituent masses of quarks. The 4-momenta of the quark and anti-

quark, p1,2, are related to the internal 4-momentum qµ and total momentum Pµ of
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hadron of mass M as p1,2µ = m̂1,2Pµ ± qµ, where m̂1,2 = [1 ± (m2
1 −m2

2)/M2]/2 are

the Wightman-Garding (WG) definitions of masses of individual quarks. Now it is

convenient to express the internal momentum of the hadron q as the sum of two

parts, the transverse component, q̂µ = qµ− q.P
P 2 Pµ which is orthogonal to total hadron

momentum P (ie. q̂.P = 0 regardless of whether the individual quarks are on-shell or

off-shell), and the longitudinal component, σPµ = (q · P/P 2)Pµ, which is parallel to

P. To obtain Hadron-quark vertex, use an Ansatz on the BS kernel K in Eq. (2.3.38)

which is assumed to depend on the 3D variables q̂µ, q̂′µ
(17−21) i.e.

K(q, q′) = K(q̂, q̂′), (2.3.38)

(A similar form of the BS kernel was also earlier suggested in ref. (22). Hence,

the longitudinal component, σPµ of qµ , does not appear in the form K(q̂, q̂′) of the

kernel. For reducing Eq.(2.3.37) to the 3D form of BSE, we define a 3D wave function

φ(q̂) as,

φ(q̂) =

∫ +∞

−∞
MdσΦ(P, q). (2.3.39)

Substituting Eq.(2.3.39) in Eq.(2.3.37), with the definition of the kernel in

Eq.(2.3.38), we get a covariant version of the Salpeter equation which is in fact a 3D

BSE:

(2π)3D(q̂)φ(q̂) =

∫
d3q̂′K(q̂, q̂′)φ(q̂′). (2.3.40)

Here D(q̂) is the 3D denominator function defined below whose value is obtained
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by evaluating contour integration over inverse quark propagators in the complex σ-

plane by noting their corresponding pole positions (18−20)as,

1

D(q̂)
=

1

2πi

+∞∫
−∞

Mdσ

∆1∆2

=
1

2ω1
+ 1

2ω2

(ω1 + ω2)2 −M2
, ω2

1,2 = m2
1,2 + q̂2. (2.3.41)

Since the (Left hand side) LHS of Eq.(2.3.37) is independent of q′ and d4q′ = d3q̂′M ′dσ′,

we can perform the pole integration over M ′dσ′ in the right hand side (RHS) of

Eq.(2.3.37) which is equal to the RHS of Eq.(2.3.40). Thus, the LHS of Eq.(2.3.37) is

exactly identical to the LHS of Eq.(2.3.40) by virtue of Eq.(2.3.38) and Eq.(2.3.39).

We thus have an exact interconnection between 3D BSE and the 4D BSE, and hence

between the 3D wave function φ(q̂) and the 4D wave function Φ(P, q)(17−20):

∆1∆2Φ(P, q) =
D(q̂)φ(q̂)

2πi
≡ Γ(q̂), (2.3.42)

where Γ(q̂) is the Bethe-Salpeter Hadron-quark vertex function for a meson compris-

ing of scalar quarks.

The 4D BS wave function Φ(P, q) can be reconstructed from the 3D BS wave

function φ(q̂) as:

Φ(P, q) =
1

∆1

Γ(q̂)
1

∆2

, (2.3.43)

where ∆i = (m2
i +p

2
i ),(i=1,2) are the inverse propagators for scalar quarks which flank

the hadron-quark vertex Γ. This 4D hadron-quark vertex Γ(q̂) satisfies a 4D BSE with

a natural off-shell extension over the entire 4D space (due to the positive definiteness

of the quantity q̂2 = q2−(q·P )2/P 2 throughout the entire 4D space) and thus provides

a fully Lorentz-invariant basis for evaluation of various transition amplitudes through

various quark loop diagrams. Due to these properties, this framework of BSE under

CIA can be profitably employed not only for low energy studies but also for evaluation
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of various transition amplitudes at quark level all the way from low energies to high

energies. However this 4D hadron-quark vertex Γ is still unnormalized and can be

normalized as will be shown in the realistic case of fermionic quarks next.

For fermionic quarks the BSE under CIA can be written as:

i(2π)4Ψ(P, q) = SF1(p1)SF2(−p2)

∫
d4q′K(q̂, q̂′)Ψ(P, q′), (2.3.44)

where the scalar propagators ∆−1
i in the above equations are replaced by fermionic

propagators SF . Further the Hqq̄ vertex would be a 4× 4 matrix in the spinor space

for which we should incorporate the relevant Dirac structures. For incorporation of

the relevant Dirac structures in Γ(q̂), they are incorporated order-by-order in pow-

ers of inverse of meson mass M , in accordance with the power counting rule devel-

oped in reference (19). The aim of developing the power counting rule was to find a

”criterion” so as to systematically choose among various Dirac covariant from their

complete set to write wave functions for different meson (vector meson, pseudoscalar

meson etc.)(19,20). In another recent work, leptonic decay constants of unequal mass

pseudoscalar meson like π,K,D,Ds and B and radiative decays of equal mass pseu-

doscalar meson like π0, ηc were studied by taking into account both the leading order

(LO) and Next-to-Leading Order (NLO) Dirac covariant and relevance of various

Dirac covariants in decay calculation was studied. It was found that the contribution

of leading order (LO) covariant to decay constants was maximum (about 90-95 per-

cent) for heavier meson composed of c and b quarks like D, Ds, B and ηc(for details

see reference (21)), while there was little contribution from NLO covariants. Among

the LO covariant, it was also noticed that for pseudoscalar meson, the contribution

from covariant, γ5 was maximum and similarly for vector meson, the contribution of
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LO covariant iγ.ε was maximum. This was our motivation to use these most lead-

ing covariants in our calculations such as (i)e+ + e− → J/ψ, (ii)h → h′ + γ and

(iii)h → h′ + h” in this thesis. The full fledged normalized 4D BS wave functions

for a qq̄ meson with quarks total momentum P and relative momentum q and with

individual quarks with momenta p1 and p2 can be written as:

Ψ(P, q) = SF (p1)Γ(q̂)SF (−p2) (2.3.45)

where the 4D BS hadron-quark vertex function which absorbs the 4D BS normalizer

N is,

Γ(q̂) = NΓiD(q̂)φ(q̂)/2πi (2.3.46)

where Γi = γ5, iγ.ε, ... are the relevant Dirac structures for pseudoscalar mesons,

vector mesons etc. The 4D BS normalizer N which is determined from standard

current conserving conditions and is worked out in the framework of Covariant In-

stantaneous Ansatz (CIA) to give explicit covariance to the full fledged 4D BS wave

function, Ψ(P, q) and hence to the Hadron-quark vertex function, Γ(q̂) employed for

calculation of transition amplitudes at high energies.

Thus the 4D hadron-quark vertex function for Pseudoscalar meson is,

ΓP (q̂) = γ5NPD(q̂)φ(q̂)/2πi, (2.3.47)

while the 4D hadron-quark vertex function for vector meson is,

ΓV (q̂) = iγ.εNVD(q̂)φ(q̂)/2πi. (2.3.48)

Here D(q̂) is the denominator function, and φ(q̂) is the 3D BS wave functions for the

meson, while ε is the polarization vector for the vector meson, NP and NV are the 4D
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BS normalizers for Pseudoscalar and vector meson respectively which are determined

through the current conservation condition which is given by(17−21)

2iPµ = (2π)4

∫
d4qTr[Ψ(P, q)

∂

∂Pµ
S−1
F (p1)Ψ(P, q)S−1

F (−p2)] + (1 � 2). (2.3.49)

As far as the input kernel K(q, q′)(17−21), in BSE is concerned, it is taken as one-

gluon-exchange like as regards color [(λ(1)/2)·(λ(2)/2)] and spin (γ
(1)
µ γ

(2)
µ ) dependence.

The scalar function V (q − q′) is a sum of one-gluon exchange VOGE and a confining

term Vconf . Thus we can write the interaction kernel as (17−21):

K(q, q′) =

(
1

2
λ(1)

)
·
(

1

2
λ(2)

)
V (1)
µ V (2)

µ V (q − q′),

V (1,2)
µ = ±2m1,2γ

(1,2)
µ ,

V (q̂ − q̂′) =
4παS(Q2)

(q̂ − q̂′)2
+

3

4
ω2
qq̄

∫
d3r

[
r2(1 + 4a0m̂1m̂2M

2r2)−1/2 − C0

ω2
0

]
ei(q̂−q̂

′)·r,

αS(Q2) =
12π

33− 2f

(
ln
Q2

Λ2

)−1

.

(2.3.50)

The Ansatz employed for the spring constant ω2
qq in Eq. (2.3.50) is (17−21),

ω2
qq = 4m̂1m̂2M>ω

2
0αS(M2

>), M> = Max(M,m1 +m2). (2.3.51)

Here m̂1, m̂2 are the Wightman-Garding definitions of masses of constituent quarks

defined earlier. Here the proportionality of ω2
qq̄ on αS(Q2) is needed to provide a more

direct QCD motivation to confinement. This assumption further facilitates a flavor

variation in ω2
qq̄. And ω2

0 in Eq. (2.3.50) and Eq. (2.3.51) is postulated as a universal

spring constant which is common to all flavors. Here in the expression for V (q̂− q̂′), as
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far as the integrand of the confining term Vconf is concerned, the constant term C0/ω
2
0

is designed to take account of the correct zero point energies, while a0 term (a0 � 1)

simulates an effect of an almost linear confinement for heavy quark sectors (large m1,

m2), while retaining the harmonic form for light quark sectors (small m1, m2) (17−21)

as is believed to be true for QCD. Hence the term r2(1 + 4a0m̂1m̂2M
2
>r

2)−1/2 in the

above expression is responsible for effecting a smooth transition from harmonic (qq)

to linear (QQ) confinement . The values of basic constants are: C0 = .29, ω0 = 0.158

GeV, mu,d = 0.265 GeV, ms = 0.415 GeV, mc = 1.530 GeV and mb = 4.900 GeV

which have been earlier fit to the mass spectrum of qq meson(17) obtained by solving

the 3D BSE under Null-Plane Ansatz (NPA). However due to the fact that the 3D

BSE under CIA has a structure which is formally equivalent to the 3D BSE under

NPA, near the surface P.q = 0, the qq mass spectral results in CIA formalism are

exactly the same as the corresponding results under NPA formalism(17,18,23). The

details of BS model under CIA in respect of spectroscopy are thus directly taken over

from NPA formalism (For details see reference (17,23)). As far as the 3D wave function

φ(q̂) is concerned, it satisfies the 3D BSE on the surface P.q=0, which is appropriate

for making contact with the mass spectra (17)). Its fuller structure is reducible to

that of a 3D harmonic oscillator. The ground state wave function deducible from this

equation has a gaussian structure and is expressible as φ(q̂) ≈ e−q̂
2/2β2

, where β is

the inverse range parameter which incorporates the content of BS dynamics and is

dependent on the input kernel and is given as (17,19,20):

β2 = (2m̂1m̂2Mω2
qq̄/γ

2)1/2, γ2 = 1−
2ω2

qq̄C0

M>ω2
0

. (2.3.52)
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2.4 BS normalizer NP and NV

The BS normalizer NP for pseudoscalar mesons and NV for vector mesons are deter-

mined from the current conservation condition which is given by

2iPµ
(2π)4

=

∫
d4qTr[Ψ(P, q)

∂

∂Pµ
S−1
F (p1)Ψ(P, q)S−1

F (−p2)] + (1⇐⇒ 2.) (2.4.53)

We consider first the pseudoscalar case and followed by vector case.

2.4.1 Pseudoscalar meson normalizer NP

Substituting Eq.(2.3.45) and Eq.(2.3.47) in Eq.(2.4.53), one can obtain

2iPµ
(2π)4

=
N2
P

(2πi)2

∫
d4qD2(q̂)φ2(q̂)Tr[SF (−p2)γ5SF (p1)

∂

∂Pµ
S−1
F (p1)SF (p1)γ5SF (−p2)

S−1
F (−p2)] + (1⇐⇒ 2.) (2.4.54)

To simplify the above equation, note that

∂

∂Pµ
S−1
F (±p1,2) = ±iγµm̂1,2 + iγµσ, SF (−p2)S−1

F (−p2) = −i (2.4.55)

and

SF (±pi) = −i∓iγ.pi+mi
∆i

,

where ∆i = p2
i + m2

i and i stands for the quark number in the mesons. Substituting

the above expressions in Eq.(2.4.54), one can obtain

2iPµ
(2π)4

= i
N2
P

(2πi)2

∫
d4q

D2(q̂)φ2(q̂)

∆2
1∆2

(m̂1 + σ)Tr[TR] + (1⇐⇒ 2, ) (2.4.56)
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where [TR] is the trace over the product of the gamma matrices coming from the

hadron- quark vertex functions for the meson and the internal quark propagators,

and can be expressible as

Tr[TR] = Tr[(iγ.p2 +m2)γ5(−iγ.p1 +m1)γµ(−iγ.p1 +m1)γ5]

= 4i[2(p1.p2 −m1m2)p1µ −∆1p2µ]. (2.4.57)

Since p1 + p2 = P, where P is the total momentum, one can obtain 2p1.p2 =

P 2 − p2
1 − p2

2 = P 2 −∆1 −∆2 +m2
1 +m2

2 and then

Tr[(iγ.p2 +m2)γ5(−iγ.p1 +m1)γµ(−iγ.p1 +m1)γ5] = 4i[(P 2−∆2 + δm2)p1µ−∆1Pµ],

(2.4.58)

where δm = m1 −m2. When 1 replaced by 2, p1µ → p2µ,∆1 → ∆2, and m̂1 + σ →

m̂2−σ and thus Tr[...]1→2 = 4i[2(p1.p2−m1m2)p2µ−∆2p1µ], or Tr[...]1→2 = 4i[(P 2−

∆1 + δm2)p2µ −∆2Pµ]. Therefore, Eq.(2.4.56) becomes

2iPµ = 16π2N2
P

∫
d4qD2(q̂)φ2(q̂)[

(m̂1 + σ)((P 2 −∆2 + δm2)p1µ −∆1Pµ)

∆2
1∆2

+
(m̂2 − σ)((P 2 −∆1 + δm2)p2µ −∆2Pµ)

∆1∆2
2

]. (2.4.59)

Multiply both sides of the preceding equation by Pµ and divide both sides by M2,

one can obtain

N−2
P =

8iπ2

M2

∫
d4qD2(q̂)φ2(q̂)[

(m̂1 + σ)((P 2 −∆2 + δm2)P.p1 −∆1P
2)

∆2
1∆2

+
(m̂2 − σ)((P 2 −∆1 + δm2)P.p2 −∆2P

2)

∆1∆2
2

]. (2.4.60)

To simplify let us consider equal mass case, i.e., m1 = m2 = m, m̂1 = m̂2 = 1
2
. In

terms of the total momentum, P and relative momentum, q, p1 = P
2

+ q, p2 = P
2
− q

and hence

P.p1 = −M2(
1

2
+ σ), P.p2 = −M2(

1

2
− σ). (2.4.61)
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Substituting Eq.(2.4.61) into Eq.(2.4.60) and since d4q = 4πq̂2dq̂Mdσ, one can obtain

N−2
P =

32iπ3

M2

∫
Mdσd3q̂D2(q̂)φ2(q̂)[

(1
2

+ σ)(M2(M2 + ∆2)(1
2

+ σ) + ∆1M
2)

∆2
1∆2

+
(1

2
− σ)(M2(M2 + ∆1)(1

2
− σ) + ∆2M

2)

∆1∆2
2

]. (2.4.62)

Unfortunately the (1
2

+ σ)2 and (1
2
− σ)2 in the numerator cause a negative contribu-

tion to the σ− integration. To overcome this problem, one may consider, following

reference 17, that the ’charge’ is concentrated on one of the quark lines, say p1, which

amounts to taking the derivative w.r.t. p1 instead of w.r.t. P as above. A more

symmetrical possibility consists in interchanging p1 with p2, and weighing these two

contributions with the momentum fractions m̂1,2, respectively . The result for the

pseudoscalar case, after simplification

N−2
P =

32iπ3

M2

∫
Mdσd3q̂D2(q̂)φ2(q̂)[

M2(M2 + ∆2)(1
2

+ σ) + ∆1M
2

∆2
1∆2

+
M2(M2 + ∆1)(1

2
− σ) + ∆2M

2

∆1∆2
2

]. (2.4.63)

Since ∆1 = −M2(σ + 1
2
)2 + ω2,∆2 = −M2(σ − 1

2
)2 + ω2, where ω2 = q̂2 +m2 we

can perform the pole integration over σ and thus the integrand will be a function of

q̂. Hence, the numerical value of the BS normalizer is, therefore, obtained from the

above equation by performing numerical integration over q̂.

2.4.2 Vector meson normalizer NV

The vector meson normalizer NV is obtained from Eq.(2.4.56) by replacing γ5 by iγ.ε

before evaluating the trace. ε is the spin polarization vector of the vector meson.

Thus,

2iPµ
(2π)4

= i
N2
V

(2πi)2

∫
d4q

D2(q̂)φ2(q̂)

∆2
1∆2

2m̂1Tr[TR] + (1⇐⇒ 2, ) (2.4.64)
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where [TR] is the trace over the product of the gamma matrices coming from the

hadron- quark vertex functions for the meson and the internal quark propagators,

and can be expressible as

Tr[TR] = Tr[(iγ.p2 +m2)iγ.ε(−iγ.p1 +m1)γµ(−iγ.p1 +m1)iγ.ε]

= 8i(−2p2.εp1.εp1µ + ∆1p2.εεµ)− 8im1m2p1µ − 4(−p1.p2p1µ + ∆1p2µ).(2.4.65)

The second term corresponding to (1⇐⇒ 2) leads to,

Tr[(iγ.p2 +m2)iγ.ε(−iγ.p1 +m1)γµ(−iγ.p1 +m1)iγ.ε]1→2

= 8i(−2p2.εp1.εp2µ + ∆2p1.εεµ)− 8im1m2p2µ − 4(−p1.p2p2µ + ∆2p1µ).(2.4.66)

Following a logical sequence of steps we can express the v meson result analogous to

Eq.(2.4.63) as

N−2
V =

32iπ3

M2

∫
Mdσd3q̂D2(q̂)φ2(q̂)[

M2(M2 − 2
3
q̂2 + ∆2)(1

2
+ σ) + ∆1M

2

∆2
1∆2

+
M2(M2 − 2

3
q̂2 + ∆1)(1

2
− σ) + ∆2M

2

∆1∆2
2

]. (2.4.67)

In the trace calculation we have also average over the vector meson polarization

according to

< εµεν >=
1

3
Θµν ,Θµν = δµν +

PµPν
M2

. (2.4.68)

Analytic integrations over dσ are first performed in the complex σ-plane by noting the

corresponding pole positions of ∆s. Then numerical integration over d3q̂ is performed

giving numerical results for NP and NV .



Chapter 3

Application of BSE under CIA to
calculate the cross section for
double charmonium production in
electron-positron annihilation at
energy

√
s= 10.6 GeV

The exclusive production of a pair of doubly heavy mesons with c-quarks in e+e−

annihilation at B-factories has attracted considerable attention in the last years. This

is due to the fact that the cross section of the process e+ + e− → J/ψ + ηc at center

of mass energy 10.6GeV which was measured in the experiments on Babar(24) and

Belle detectors(25,26) at the energy
√
s = 10.6 GeV has great discrepancy with the

theoretical predictions.

To reduce the discrepancy many efforts have been made. For example,

as discussed in(27), corrections from pure electromagnetic interactions are introduced

into the non-relativistic QCD (NRQCD) factorization formalism. The next-to-leading

order contributions of strong interaction are taken into account in(28,29). In(30),the

authors take into account corrections to the J/ψ leptonic decay width and the scale

41



42

dependence of the leading-order prediction; etc.

Discussions given in reference (28,29) suggest that to reduce the large dis-

crepancy between the experimental results and the theoretical predictions based on

NRQCD for the process e−e+ → J/ψ + ηc with the final state which is composed of

two charmonia, large next-to-leading-order (NLO) corrections may appear (the ’NLO’

contribution is about 1.8 to 2.1 times of the leading-order one). Including this large

NLO contributions, their results are close to the lower bound set by the Babar and

Belle collaborations for the double-charmonia production. The authors also indicate

that including the relativistic corrections can further enhance the estimated value.

In the present work done in this thesis, by properly including relativistic

effects, we try to calculate the cross section for the process of double heavy quarko-

nium production e−e+ → J/ψ + ηc by applying the two-particle Bethe-Salpeter (BS)

wave equation. The BS equation is in principle established in the frame work of

relativistic quantum field theory. Therefore, it is supposed to include all relativistic

effects. We make use of BSE under CIA to solve this problem. In order to simplify

the calculation we will use the heavy quark approximation(q � M) which is only

intended to simplify the loop integrals. However, we do not employ the non covariant

heavy quark limit.

3.1 Calculation of amplitude and cross section for

the process e+ + e− −→ J/Ψ + ηc

There are four Feynman diagrams in the leading order (LO) of QCD for the process

e+ + e− −→ J/Ψ + ηc. Two of these are depicted in Fig.3.1. The other two diagrams
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can be obtained by permutations. The details of momentum labeling of Fig.3.1a is

shown in Fig.3.2 below. With reference to the momentum labeling in Fig.3.2, the

adjoint BS wave function for ηc meson can be written down as:

Ψ(Pb, qb) = SF (−q2)ΓP (q̂b)SF (q4), (3.1.1)

while for J/ψ meson, the adjoint BS wave function can be written as:

Ψ(Pa, qa) = SF (−q3)ΓV (q̂a)SF (q′1), (3.1.2)

where qa, qb are the internal momenta of the hadrons J/Ψ and ηc respectively with

the corresponding hadron-quark vertex functions ΓV and ΓP given in Eq.(2.3.47) and

Eq.(2.3.48).

Figure 3.1: Two of the lowest order Feynman diagrams for the production of a pair of
doubly heavy cc mesons in e+e− annihilation. Other two diagrams can be obtained
by permutations.

Using Feynman rules, one can obtain the amplitude for each of the diagrams in

Fig.3.1. The scattering amplitude corresponding to process in Fig.3.1a (described in

detail in Fig.3.2) is given by

Sfi =
me

EeV

1

(2π)12

∫
d4qd4q1d

4kd4q′1d
4q2d

4q3d
4q4v

(s2)(−→p 2)(ieγµ)u(s1)(−→p 1)(
−iδµν
q2

))

×Tr[TR]
λaλa

4
(
−iδαβ
k2

)(2π)16δ4(p1 + p2 − q)δ4(q − q1 − q2)δ4(q1 − k − q′1)

×δ4(k − q3 − q4)δ4(Pa − q′1 − q3)δ4(Pb − q2 − q4), (3.1.3)
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Figure 3.2: Momentum labeling of the first of the two Feynman diagrams shown in
Fig.3.1

where

Tr[TR] = Tr[Ψ(Pa, qa)γβSF (q1)γνΨ(Pb, qb)γα]. (3.1.4)

After integrating the above equation over q, q1, and k, one can obtain

Sfi =
me

EeV

1

(2π)12

∫
d4q′1d

4q2d
4q3d

4q4v
(s2)(−→p 2)(ieγµ)u(s1)(−→p 1)(

−iδµν
q2

))

×Tr[TR]
λaλa

4
(
−iδαβ
k2

)(2π)16δ4(Pa − q′1 − q3)δ4(Pb − q2 − q4)

δ4(p1 + p2 − q′1 − q3 − q2 − q4). (3.1.5)

To integrate the above equation over momenta q′1, q2, q3, and q4, it is useful expressing

these momenta in terms of the total momenta Pa(b) and relative momenta qa(b). Thus,

in terms Pa(b) and qa(b), d
4q′1d

4q3 = d4Pad
4qa, and d4q2d

4q4 = d4Pbd
4qb. Using these
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relations in the above equation and integrating over d4Pa, and d4Pb, one can obtain

Sfi = (2π)4δ4(p1 + p2 − Pa − Pb)Mfi, (3.1.6)

where Mfi is the scattering matrix element and is given by

Mfi =
me

EeV
cδµνeeQg

2
s

1

s
v(p2)γµu(p1)

∫
d4qad

4qbTr[Ψ(Pa, qa)γβSF (q1)γνΨ(Pb, qb)γα]
δαβ
k2

(3.1.7)

which can in turn be expressed as,

Mfi =
me

EeV

cδµνeeQg
2
s

s
v(p2)γµu(p1)

∫
d4qad

4qb

×Tr[SF (−q3)Γv(q̂a)SF (q′1)γβSF (q1)γνSF (−q2)Γp(q̂b)SF (q4)γα]
δαβ
k2

(3.1.8)

where c =4
3

is the color factor, the Mendelstam variable s is defined as, s =

−(p1+p2)2 and eQ = 2e/3 is the electric charge of the charmed quark. The momentum

relations of the quark and anti-quark in the final state are:

q′1 =
1

2
Pa + qa, q3 =

1

2
Pa − qa, q4 =

1

2
Pb + qb, q2 =

1

2
Pb − qb, (3.1.9)

and the momenta in the gluon and the quark propagators are given by

k = q3 + q4 =
1

2
(Pa + Pb)− qa + qb, (3.1.10)

q1 = q′1 + k = Pa +
1

2
Pb + qb, (3.1.11)

respectively. As each of quark momenta in the quark propagators as well as the gluon

propagator is going to depend upon the internal hadron momenta qa and qb, the

calculation of amplitude is going to involve integrations over these internal momenta

and will be quite complex. Hence, we simplify the calculation, by employing the heavy
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quark approximation on the quark propagators, where we take the quark masses to

be much larger than the internal momenta qa and qb of the hadrons. In this heavy

quark approximation,we can use the approximation, qa << Ma, qb << Mb. Thus we

can write,

qa(b) � Pa(b) ∼Ma(b), k =
1

2
(Pa + Pb)− qa + qb ≈

1

2
(Pa + Pb),

q1 = Pa +
1

2
Pb + qb ≈ Pa +

1

2
Pb. (3.1.12)

With the above approximation, k2 and q2
1 are given by k2 ≈ − s

4
and q2

1 ≈ − s
2
−m2

c .

The propagators for the quarks and anti-quarks in momentum space are given by

SF (qi) = −i
iγ.qi+mc

=−i(−iγ.qi+mc)
∆i

, where index i labels the quark in the diagram.

Using the preceding expressions for the gluon and the quark propagators, the

amplitude Mfi can be written as:

Mfi = − me

EeV

26

32s3
g2
se

2v(p2)γµu(p1)

∫
d4qad

4qb
1

∆2∆3∆4∆5

[TR]

×NvDv(q̂a)φv(q̂a)

2πi

NpDp(q̂b)φp(q̂b)

2πi
. (3.1.13)

Here [TR] is the trace over the gamma matrices appearing in the quark propagators

in Eq.(3.1.8). Noting that the 4-dimensional volume element d4q = d3q̂Mdσ, we

then perform contour integrations in the complex σ-plane by making use of the cor-

responding pole positions. The pole integrations over dq0
a = Madσa and dq0

b = Mbdσb

in Eq.(3.1.13) can be expressed as: 1
2πi

∫∞
−∞

Madσa
∆3∆5

= 1
D(q̂a)

and 1
2πi

∫∞
−∞

Mbdσb
∆2∆4

= 1
D(q̂b)

,

where values of denominator functions D(q̂a) and D(q̂b) evaluated by contour inte-

gration in the complex σ- plane are expressible as in Eq.(2.3.41). After calculating

the trace part in the above equation and employing the heavy quark approximation
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on relative momenta given in Eq.(3.1.12), one can obtain:

Mfi = − me

EeV

214π2αemαsm
3
c

32s3
εαµλσεαPbλPaσ

∫
d3q̂ad

3q̂bNvNpφv(q̂a)φp(q̂b)[v(p2)γµu(p1)]

(3.1.14)

where αem = e2

4π
, while αs = g2

s/4π and is given in Eq.(2.3.50). Let’s define ξa =∫
d3q̂aNvφv(q̂a) and ξb =

∫
d3q̂bNpφp(q̂b), which are values of wave functions at origins

of J/ψ and ηc respectively.

Thus we can express the amplitude Mfi as,

Mfi = − me

EeV

214π2αemαsm
3
c

32s3
εαµλσεαPbλPaσ[v(p2)γµu(p1)]ξaξb. (3.1.15)

Here Np and Nv in ξa,b are the BS normalizers for ηc and J/ψ respectively which are

evaluated from Eq.(2.4.63) and Eq.(2.4.67).

The values of BS normalizers thus obtained for J/ψ and η mesons are Nv =

.0504GeV −3 and NP = .0410GeV −3 respectively.

The total amplitude for the process e+e− −→ J/Ψηc can be obtained by summing

over the amplitudes of all the four diagrams shown in Fig.3.1. For that matter the

amplitude obtained from the first diagram is the same as the amplitude from each

of the remaining three diagrams in Fig.3.1. Thus, the total amplitude is 4 times the

amplitude from the first diagram. The unpolarized total cross section is obtained by

summing over various J/Ψ spin-states and averaging over those of the initial state

e+e−. To calculate the cross section, we need to calculate the total average probability

per unit time,
|sfi|2
T

and then the differential cross section is given by

dσ =

|sfitot|
2

T

|
−→
J in|

d3−→P a

(2π)32Ea

d3−→P b

(2π)32Eb
, (3.1.16)
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where |
−→
J in| is the current density which is given by

|
−→
J in| =

1

V
|
−→p 1

E1

−
−→p 2

E2

|. (3.1.17)

In covariant form |
−→
J in| can be expressed by

E1E2|
−→
J in| =

1

V

√
(p1.p2)2 − (m1m2)2. (3.1.18)

The total average probability per unit time,
|sfi|2
T

is obtained from the scattering

amplitude. That means probability is given by

|stot|2 = |Mtot|2[(2π)4δ4(p1 + p2 − Pa − Pb)]2. (3.1.19)

The square of the Dirac delta function in the above equation can be written as

[(2π)4δ4(p1 + p2 − Pa − Pb)]2 = (2π)4V Tδ4(p1 + p2 − Pa − Pb). (3.1.20)

Thus, the total average probability per unit time is the sum over the final spin

states and average over the initial spin states and is given by

|stot|
2

T
=

1

4

2∑
s1=1

2∑
s2=1

3∑
s′=1

|Mtot|
2
[(2π)4δ4(p1 + p2 − Pa − Pb). (3.1.21)

Therefore, the differential cross section will be

dσ = V E1E2

|stot|
2

T√
(p1.p2)2 − (m1m2)2

d3−→P a

(2π)32Ea

d3−→P b

(2π)32Eb
. (3.1.22)

To obtain the total cross section, we need to know the value of the scattering matrix

element, Mfi. This is because when we perform the integrations over d3−→Pa and d3−→Pb,

Mfi is a function
−→
Pa, and

−→
Pb.
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Calculation of |Mtot|2

The total scattering matrix is the sum of the contributions by each of the four

Feynman diagrams but each diagrams contribute equally. Therefore, the total scat-

tering matrix element is 4 times the contribution from the first Feynman diagram.

Thus,

Mtot = − me

EeV

216π2αemαsm
3
c

32s3
εαµλσεαPbλPaσ[v(p2)γµu(p1)]ξaξb, (3.1.23)

|Mtot|2 = MtotM
†
tot, (3.1.24)

where M †
tot is given by

M †
tot = − me

EeV

216π2αemαsm
3
c

32s3
εα′µ′λ′σ′ε

∗
α′Pbλ′Paσ′ [v(p2)γνu(p1)]†ξaξb, (3.1.25)

and

[v(p2)γνu(p1)]† = −[u(p1)γνv(p2)]. (3.1.26)

In order to find |Mtot|2, we need to average it by taking sum over the final spin states

and average over the initial spin states and hence the average of |Mtot|2 is given by

|Mtot|2 =
1

4

∑
sum

|Mtot|2. (3.1.27)

Using(31)

2∑
s1=1

u
(s1)
1 (−→p 1)u

(s1)
1 (−→p 1) =

−iγ.p1 +me

2me

,

2∑
s2=1

v
(s2)
2 (−→p 2)v

(s2)
2 (−→p 2) = −iγ.p2 +me

2me

,

3∑
s′=1

εαε
∗
α′ = δαα′ −

PαPα′

P 2
, (3.1.28)
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one can obtain

|Mtot|2 =
1

16

232π4α2
emα

2
sm

6
c

34s6E2
eV

2
ξ2
aξ

2
bHµµ′Lµµ′ , (3.1.29)

where Hµµ′ is the hadronic tensor which is given by

Hµµ′ = εαµλσεαµ′λ′σ′PbλPaσPbλ′Paσ′ , (3.1.30)

which is also expressible as

Hµµ′ = δµµ′(P
2
aP

2
b − (Pa.Pb)

2)− Paµ(Pbµ′P
2
b − Pa.PbPbµ′) + Pbµ(Paµ′Pa.Pb − P 2

aPbµ′),

(3.1.31)

and Lµµ′ is the leptonic tensor which is given by

Lµµ′ = 4[p1µp2µ′ − δµνp1.p2 + p1µ′p2µ]. (3.1.32)

Thus, substituting Eq.(3.1.32) and Eq.(3.1.31) into Eq.(3.1.29) and after some math-

ematical calculation, one can get for the total cross section σ which is given by

σ =
4m2

e

32π

√
s− 16m2

c

s
3
2

∫
1

4

∑
spin

|Mtot |
2
dcosθ (3.1.33)

where the masses of the leptons are ignored in the calculation. Explicitly |Mtot |
2

is

given by

1

4

∑
spin

|Mtot |2=
230π4α2

emα
2
sm

6
c

34s54m2
e

(−32m4
c + t2 + u2)ξ2

aξ
2
b (3.1.34)

where t = −(p1−Pa)2 and u = −(p1−Pb)2 are the Mandelstam’s variables. Therefore,

in the CM frame, the total cross section is given by:

σ =
230π3α2

emα
2
sm

6
c

835s4
(1− 16m2

c

s
)
3
2 ξ2
aξ

2
b (3.1.35)
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3.2 Numerical Results:

The basic input parameters in the calculation are just four: C0 = 0.29, ω0 =

0.158GeV , QCD length scale, ΛQCD = 0.200GeV , and the charmed quark mass,

mc = 1.530GeV (19,23). The numerical values of inverse range parameter β calcu-

lated from Eq.(2.3.52) are βJ/ψ = .4989GeV and βηc = .4388GeV . To calculate

the values of β, for the two hadrons, the experimental hadron masses are taken as,

MJ/ψ = 3.096GeV and Mηc = 2.982GeV . With these parameters the total cross

section for the above process at
√
s = 10.6GeV is calculated to be σ = 21.75fb.

3.3 Discussion

In this section we have calculated the cross section of the exclusive process of e+e− −→

J/Ψηc at energy
√
s = 10.6GeV in the framework of BSE under CIA(20,21,32) using only

the leading order (LO) diagrams in QCD. We find the theoretical value of σ[e+e− −→

J/Ψηc] = 21.75fb(33), which is broadly in agreement with the Babar’s data σ[e+e− −→

J/Ψηc] = (17.6± 2.8± 2.1)fb (24) and the Belle’s data, σ[e+e− −→ J/Ψηc] = (25.6±

2.8± 3.4)fb (25,26).

It had been noticed earlier that NRQCD predictions (34,35) for the above process

at
√
s = 10.6GeV using leading order diagrams alone give cross sections which are

much less than data(24,25,26). Such a large discrepancy between experimental results

and theoretical predictions has been a challenge to the understanding of charmonium

production through NRQCD. Many studies were performed to resolve this problem.

For instance Braaten and Lee(27) first showed that results on cross section are found

to improve considerably when relativistic corrections are incorporated. Then it was
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found that to obtain cross sections from NRQCD which are consistent with data,

one has to incorporate NLO QCD corrections (28,29). However in these studies it

was found that the value of total NLO contribution to cross section is nearly twice

the LO contribution. In the present calculations under the relativistic framework of

BSE under CIA, we obtained results for cross sections which are in good agreement

with data (24,25,26) using leading order QCD processes alone though we have employed

the heavy quark approximation (q << M and P ∼ M) on the quark and gluon

propagators on lines of (36). However we have not made use of the non-covariant

heavy quark limit as in Eq.(3-4) of Ref.(36) and work with the exact propagators of the

quarks constituting the two hadrons. This is a validation of the fact that BSE which

is firmly rooted in field theory and which incorporates relativistic effects within its

premises is ideally suited to describe not only low energy processes, but even processes

at high energies such as high energy hadronic scattering and production processes.

The approach in this thesis is quite different from the approach in Ref.(36) in the

sense that we employ the framework of BSE under CIA which is a relativistic gen-

eralization of Instantaneous Approximation (IA). Further, to calculate their results,

Ref.(36) has made use of heavy quark limit on the propagators of all the heavy quarks

and anti-quarks, where the propagators have been simplified as in their Eq.(3) and (4)

which in fact is non-covariant. Also to simplify their calculation of amplitude in their

Eq.(22), (36) makes use of the heavy quark approximation, in that the propagators of

quark and gluon are independent of relative momenta qa and qb of the two hadrons

since the masses of quarks are large compared to their relative momentum. However

in this thesis, we only make use of the above heavy quark approximation (q << M

and P ∼M) only in the sense of simplifying the integrals for amplitude calculation as
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done in (36), but we do not employ the non-covariant heavy quark limit on the quark

and anti quark propagators and instead work with the full quark and anti-quark prop-

agators for the quarks constituting the hadrons. In doing so using CIA, we also see

that our results on
∑

s |Mtot|2 in Eq.(3.1.34) and cross section in Eq.(3.1.35) of our

thesis are not exactly similar to results of(36). In this regard, we wish to point out

that our amplitude and cross sectional formulae involve the 4D BS normalizers NV

and NP which are calculated in the framework of CIA and whose numerical values

are explicitly worked out for both the hadrons, J/ψ and ηc as Nv = .0504GeV −3 and

NP = .0410GeV −3 respectively. These normalizers enter the amplitude and cross

sectional formulae through the definitions of values of wave functionsξa and ξb of

the two hadrons at their origins, which is not so in case of Ref.(36). Further, the

input BSE kernel and hence the input parameters employed by us and by Ref.(36) are

completely different. While we employ ”vector” confinement, ie. we make use of a

common form (γ
(1)
µ γ

(2)
µ ) for both one-gluon exchange as well as confining terms in the

kernel as in Eq.(2.3.50) (for details see references (17−21)) , Ref.(36) employs a scalar

(1(1).1(1)) form for confinement, while vector form (γ
(1)
µ γ

(2)
µ ) for one-gluon exchange.

Further the scalar form of confining potential in (36)is also different from our case.

Whereas Ref.(36)uses linear confinement (∼ r) which is true in case of heavy quark

(c,b) systems, we have used a general form of confinement potential in Eq.(2.3.50)

which simulates the effect of linear confinement (∼ r) for heavy quark sector (large

m1,m2) while retaining harmonic form (∼ r2) for light quark sector (small m1,m2)

. As far as the numerical results on cross section in this thesis and Ref.(36) are con-

cerned, they are quite close. This may be due to the fact that for systems comprising
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of heavy quarks (c,b), the CIA results may lead to IA results when heavy quark ap-

proximation is imposed. However this may not be so for systems comprising of light

quarks (u,d,s).

However in the present calculation, we used only the first of the leading order(LO)

Dirac covariants (γ5 and iγ.ε)in hadron-vertex functions for J/ψ and ηc mesons re-

spectively. They were identified as most leading covariants in accordance with our

power counting scheme. These covariants give maximum contribution to calculation

of meson observables such as decay constants etc. It can also be seen here that the

results on cross section for the process e+e− −→ J/Ψ+ηc employing these most lead-

ing of the LO covariants brings theoretical results close to data (30,31,32). We now also

intend to see the effect of incorporation of both LO and the NLO Dirac covariants (to

the vertex functions of these mesons) on cross section for the process studied. The

contribution from NLO covariants is expected to be much lesser than the contribution

from LO covariants in line with the recent studies on meson decays(19,20,21). And this

is more so for heavy mesons comprising of c and b quarks. It is expected that the

results of cross section will improve further with incorporation of both LO and NLO

covariants and without employing the heavy quark approximation on the quark and

gluon propagators. This calculation will be quite rigorous.



Chapter 4

Low energy application of BSE
under CIA

4.1 Radiative decays of light equal mass mesons

through the process h→ h′ + γ

In this section we study the radiative decays of equal mass vector mesons through

the process, h→ h′γ taking h and h′ as equal mass vector and pseudoscalar mesons

respectively. This process has been studied in the framework of Bethe-Salpeter Equa-

tion (BSE) under Covariant Instantaneous Ansatz (CIA).

4.1.1 EM transition amplitude

In lowest order, the Feynman diagrams for the process: h→ γh
′

are shown in figure

below, where h is the vector meson in the initial state and h
′

is the pseudoscalar

meson in the final state.

The scattering amplitude for this process for Fig.(4.1a) is given by

sfi = (2π)4Maδ
4(P − P ′ − k), (4.1.1)

55
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Figure 4.1: Electromagnetic transition amplitudes for the process: h → γh
′

via the
quark triangle loop diagrams.

where the electromagnetic transition amplitude for Fig.(4.1a) is,

Ma =
1√

2ωkV

∫
d4qTr[Ψ(P ′, q′)(−ieQγ · ε∗γ)Ψ(P, q)(iγ · p2 +m2)] (4.1.2)

where ψ(P ′, q′) is the adjoint 4D BS wave function for pseudoscalar meson, while

ψ(P, q) is the 4D wave function for vector meson. eQ is the electrical charge of quark

No.1 with which the photon couples. ε∗γ is the polarization vector of the photon.

Inserting the forms of 4D BS wave functions and the corresponding Hadron-quark

vertex functions from Eq.(2.3.45-2.3.48) in Eq.(4.1.2), one can write the above am-

plitude corresponding to the first triangle diagram, Fig.(4.1a) as,

Ma =
1√

2ωkV

∫
d4q

×Tr[SF (−p2)Γp(q̂′)SF (p
′

1)(−ieQγ · ε∗γ)SF (p1)ΓV (q̂)SF (−p2)(iγ · p2 +m2)].(4.1.3)

This can in turn be written as,

Ma = (−ieQ)
1√

2ωkV

1

(2πi)2
NpNV

∫
Dp(q̂′)DV (q̂)φp(q̂′)φV (q̂)

∆1∆2∆′1
d4q[TR] (4.1.4)
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where the trace part over the product of Gamma matrices, [TR] is expressed as:

[TR] = Tr[(iγ ·p2 +m)γ5(−iγ ·p′1 +m)γ ·ε∗γ(−iγ ·p1 +m)γ ·εh] = −4mεµνλβP
′

µε
∗
γνPλεhβ.

(4.1.5)

Here εh is the polarization vector of the vector meson. Similarly, the amplitude, Mb

corresponding to the process in Fig.(4.1b)is equal to the amplitude corresponding to

Fig.(4.1a), except for the value of eQ which will be the electric charge of quark No. 2

with which the photon couples to in Fig.(4.1b). The total amplitude for the process:

h → h′γ is given by Mtot = Ma + Mb. For the ρ and ω mesons which involve the

lightest u, d quarks, the total amplitude can be conveniently expressed as,

Mtot =
4me√

2ωkV 4π2
NpNV εµνλβP

′

µε
∗
γνPλεhβ[χ],

χ =

∫
Dp(q̂′)DV (q̂)φp(q̂′)φV (q̂)

∆1∆2∆′1
d4q (4.1.6)

where eu = 2
3
e and ed = −1

3
e are taken as the electric charges of u and d-quarks

respectively. And χ is the 4D integral over the poles of all the quark propagators

involved in the process. In the expression for Mtot, NV and NP are the 4D BS

normalizers for vector and pseudoscalar mesons respectively which are evaluated from

Eq.(2.4.63) and Eq.(2.4.67).

The numerical values of BS normalizers for ρ±, ω and π0,± mesons so obtained

are listed in the section on Numerical Calculations.

4.1.2 Calculation of the 4D integral, χ

The evaluation of this 4D integral in Eq.(4.1.6) over the poles of the quark propagators

is one of the most difficult tasks of this work. In the expression χ, the denominator
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functions for vector and pseudoscalar mesons are given respectively as:

DV (q̂) =
1

2πi

∫ ∞
−∞

Mdσ

∆1∆2

, Dp(q̂′) =
1

2πi

∫ ∞
−∞

M
′
dσ
′

∆2∆′1
. (4.1.7)

From conservation of 4 momenta, we have P = P
′
+k, p1 = p′1 +k, where P = p1 +p2.

We then express the individual quark momenta p1,2, p
′
1, ∆1,2 and ∆′1 in terms of total

hadron momenta, P, P ′ and internal hadron momenta, q, q′ as:

p1 =
P

2
+ q,

p2 =
P

2
− q =

P ′

2
− q′,

p′1 =
P
′

2
+ q

′
,

∆1 = p2
1 +m2 = −M2(σ +

1

2
)2 + ω2,

ω2 = q̂2 +m2,

∆2 = p2
2 +m2 = −M2(σ − 1

2
)2 + ω2. (4.1.8)

Since in Fig.4.1a p2 = p”2, we can also express ∆2 as,

∆2 = p”2
2 +m2 = −M ′2(σ

′ − 1

2
)2 + ω

′2,

ω
′2 = q̂′

2
+m2, (4.1.9)

and ∆′1 as,

∆′1 = p′1
2 +m2 = −M ′2(σ

′
+

1

2
)2 + ω

′2. (4.1.10)

From conservation of 4 momenta , we can express the momentum of the emitted

photon as, k = P − P ′. And from the relation p2 = P
2
− q = P

′

2
− q′ one can obtain a

relation for q
′

in terms of the independent variable q as,

q′ = −k
2

+ q. (4.1.11)
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In the rest frame of the initial meson, we can express, P = (0, iM), P
′
= (
−→
P
′
, iE

′
), k =

(
−→
k , iωk) = (−

−→
P
′
, iωk), q = (q̂, iMσ) ,and q

′
= (q̂

′
, iM

′
σ
′
).

Also,

P · q′ = −k · P
2

+ P · q. (4.1.12)

We can further express,the scalar products of momenta P · q′ = −MM
′
σ
′

and P · q =

−M2σ. Similarly, we can obtain a relationship between the time like momentum

component σ
′

of pseudoscalar meson in terms of the time like momentum component

σ of vector meson as

σ
′
=
M

M ′ (σ −
1

4
) +

M
′

4M
. (4.1.13)

We can also define the dependent variables ω
′
, and q

′
in terms of the independent

variables σ, ω and q by making use of the expression for ∆2 for quark No. 2 as,

∆2 = −M2(σ − 1

2
)2 + ω2 = −M ′2(σ

′ − 1

2
)2 + ω

′2. (4.1.14)

The above equation leads to the relationship between ω′ and ω as

ω
′2 = ω2 +

M2

2
(1− M

′

M
)2(σ − 1

2
) +

M2

16
(1− M

′

M
)4, (4.1.15)

and which implies that for equal mass meson case considered here (where, ω2 =

m2 + q̂2 and ω′2 = m2 + q̂′2), we get the relationship between square of the transverse

component q̂2 of internal momentum of vector meson with the square of the transverse

component q̂′2 of internal momentum of pseudoscalar meson as,

q̂′
2

= q̂2 +
M2

2
(1− M

′

M
)2(σ − 1

2
) +

M2

16
(1− M

′

M
)4. (4.1.16)

The appearance of time like momentum components σ of vector meson in the expres-

sion for square of the effective 3D momentum vector, q̂′
2

for pseudoscalar meson can
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be noticed in the above equation. We can also define ∆′1 in terms of the independent

variables σ, and ω, which after some steps can be expressed as,

∆′1 = −M2(σ − 1

2
+
M
′

M
)2 − ωf

M2
, (4.1.17)

where

f = 1− MM
′

2ω2
(1− M

′

M
)2. (4.1.18)

Finally, we can also express the 3D ground state wave function for pseudoscalar

meson, φP (q̂′) as

φP (q̂′) = e
− q̂2

2β
′2 .e

− M2

4β
′2 (1−M

′
M

)2(σ− 1
2

)
.e
− M2

32β
′2 (1−M

′

M
)4

. (4.1.19)

As seen from Eq.(4.1.16), the square of the effective 3D vector for pseudoscalar meson

q̂′
2

involves not only the square of the effective 3D vector for vector meson, q̂2, but also

the mixing from the time like momentum components σ of the vector meson. This is

what leads to appearance of time-like momentum components in the gaussian factors

associated with the vertex function of pseudoscalar meson as pointed out earlier in

reference (17) and is the root cause of complexity in the calculations of transition

amplitudes for such processes involving triangle loop diagrams like the above. We

now try to show how to handle such problems and calculate meaningful results. We

can decompose the 3D wave function for pseudoscalar meson, φP (q̂′) in above equation

as,

φP (q̂′) = KφP (q̂)φP (σ),

φP (q̂) ≡ e
− q̂2

2β
′2 ,

φP (σ) ≡ e
− M2

4β
′2 (1−M

′
M

)2(σ− 1
2

)
,

K ≡ e
− M2

32β
′2 (1−M

′

M
)4

. (4.1.20)
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Thus we note that the effective 3D BS wave function φP (q̂′) which enters in the

expression for the 4D integral χ in Eq.(4.1.6) is completely expressible in terms of

independent variables, q̂ and σ. In the integral χ, there are Denominator functions

DP (q̂′) for pseudoscalar meson and DV (q̂) for vector meson which are to be evaluated.

DV (q̂) is a function of the independent variable, q̂ and is easily calculated in its rest

frame by the usual procedure of evaluating the contour integral,

DV (q̂) =
1

2πi

∫ ∞
−∞

Mdσ

∆1∆2

(4.1.21)

by noting the pole positions of the poles of ∆1 and ∆2 which occur at:

∆1 = 0⇒ σ±1 = ± ω

M
− 1

2
∓ iε,

∆2 = 0⇒ σ±2 = ± ω

M
+

1

2
∓ iε (4.1.22)

and can be worked out as:

DV (q̂) = ω(4ω2 −M2). (4.1.23)

However, the expression for denominator function for pseudoscalar meson, DP (q̂′) is

quite complicated. And further we need to express it in terms of the independent

variable q̂. To calculate it, we start with its definition as,

Dp(q̂′) =
1

2πi

∫ ∞
−∞

M
′
dσ
′

∆2∆′1
. (4.1.24)

Here dσ′ = M
M ′
dσ from Eq.(4.1.13). Now to carry out integration over dσ, we note

that σ integration poles occur at

∆2 = 0⇒ σ±2 = ± ω

M
+

1

2
∓ iε,

∆′1 = 0⇒ σ±1 = ± ω

M

√
1− M2x(1− x)2

2ω2
+

1

2
∓ iε (4.1.25)
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(where Eq.(4.1.17) is used for ∆′1). If the semi-circular contour is closed from below

the Re(σ)- axis, residues from σ+
2 and σ+

1 poles will contribute to the integral. However

if the contour is closed from above the Re(σ)- axis, the residues from σ−2 and σ−1 poles

will contribute to the integral. The results of σ- integration in Eq.(4.1.24) where the

contour can be closed either from above or from below the Re(σ)- axis yields the

expression for DP (q̂′) as,

Dp(q̂′) =
2ωf [(1 + f)2ω2 − x2M2]

1 + f
,

x =
M ′

M
,

f = 1− M2x

2ω2
(1− x)2. (4.1.26)

Thus we have been able to successfully express DP (q̂′) in terms of the independent

variable q̂ along with φP (q̂′) done earlier. Now we try to evaluate the 4D integral χ

in Eq.(4.1.6). We can also simplify 1
∆1∆2∆′1

in the integral χ as

1

∆1∆2∆′1
=

1

ωkMx
[

1

∆1∆2

− x

∆2∆′1
− 1− x

∆1∆′1
] (4.1.27)

where ωk = M2−M ′2
2M

. Therefore one can express χ as

χ =
1

ωkMx

∫
d4qDV (q̂)DP (q̂′)φV (q̂)φP (q̂′)[

1

∆1∆2

− x

∆2∆′1
− 1− x

∆1∆3

]. (4.1.28)

Putting φP (q̂′) from Eq.(4.1.19) into the above equation, we can express χ as,

χ =
K

ωkMx

∫
d3q̂DV (q̂)DP (q̂′)φV (q̂)φP (q̂)

∫ ∞
−∞

φP (σ)[
1

∆1∆2

− x

∆2∆′1
− 1− x

∆1∆′1
]Mdσ

(4.1.29)

where the quantities K,φP (q̂) and φP (σ) are defined in Eq.(4.1.20). Thus we can

express χ as,

χ =
K

ωkMx

∫
d3q̂DV (q̂)DP (q̂′)φV (q̂)φP (q̂)(χ1 + χ2 + χ3) (4.1.30)
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where

χ1 =

∫ ∞
−∞

φP (σ)Mdσ

∆1∆2

, (4.1.31)

χ2 = −x
∫ ∞
−∞

φP (σ)Mdσ

∆2∆′1
, (4.1.32)

and

χ3 = −(1− x)

∫ ∞
−∞

φP (σ)Mdσ

∆1∆′1
. (4.1.33)

We note the pole positions for σ integration for ∆1,∆2,∆
′
1 in the above integrals from

Eqs.(4.1.22) and Eq.(4.1.25) above.

If the semi-circular contours in the 3 integrals above are closed from below the

Re(σ)- axis, residues from σ+
1 , σ+

2 and σ+
1 poles will contribute to the above integrals.

However if the contours are closed from above the Re(σ)- axis, the residues from σ−1 ,

σ−2 and σ−1 poles will contribute to the above integrals. The results of σ- integration

in above equations where the contour can be closed either from above or from below

the Re(σ)- axis yields the analytic expressions for the integrals, χ1, χ2 and χ3 as:

χ1 = −2π{ e
[
(1−x)2M2(1− ω

M
)

4β′2
]

2M(M − 2ω)ω
+

e
[
−(1−x)2Mω

4β′2
]

2Mω(M + 2ω)
}, (4.1.34)

χ2 = x(2π){− e
[
−(1−x)2Mω

4β′2
]

2ω(−x2M2 − 2xMω − ω2 + fω2)

+
e

[
(1−x)2M2(x−

√
fω
M

)

4β′2
]

2
√
fω(x2M2 − 2

√
fxMω − ω2 + fω2)

}, (4.1.35)

χ3 = (1− x)2π{ e
[
(1−x)2M2(1− ω

M
)

4β′2
]

2ω(−M + xM + ω +
√
fω)2

}. (4.1.36)

These expressions for χ1,2,3 obtained above are put in Eq.(4.1.30) to finally obtain

the numerical value for the 4-D integral, χ which will be employed for decay width

calculation for various processes in the next section.
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4.1.3 Decay width calculation

We can now come back to the decay width calculation. From Eq.(4.1.6) for total

amplitude, Mtot, one can obtain

|Mtot|2 =
m2M4αemN

2
pN

2
V

3ωkV π3
(1− x2)2|χ|2. (4.1.37)

To calculate the decay width, we need to know the average probability per unit time

per unit volume and it is given by

|stot|2

V T
= (2π)4|Mtot|2δ4(P − P ′ − k), (4.1.38)

and the decay width(37) is given by

dΓ =
|stot|2

V T
2M

V d3−→k
(2π)3

d3
−→
P ′

(2π)32E ′
. (4.1.39)

After performing the integration, one can obtain

Γ =
|Mtot|2V
4πM2

|
−→
P ′|2, (4.1.40)

where

|
−→
P ′|2 = ωk = M2−M ′2

2M

and then the decay width for the process h→ h′γ is given by

Γh→γh′ =
αemN

2
PN

2
Vm

2M3

24π4
(1− x2)3|χ|2. (4.1.41)

4.1.4 Numerical calculation

The input parameters employed in the calculation are: C0 = .29,Λ = .200GeV,

ω0 = 0.158GeV, mu,d = 0.265GeV. Experimental meson masses are taken as: Mπ± =
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.140GeV, Mπ0 = .135GeV, Mρ± = Mρ0 = .770GeV, Mω = .782GeV. The values of

BS Normalizers are: Nπ0 = .599GeV−3,Nπ± = .618GeV−3,Nρ± = Nρ0 = .359GeV−3,

Nω = .347 GeV−3. The calculated values of the decay widths are given below(38)

along with the corresponding central values of data in brackets as:

Γ(ρ± → γπ±) = .959× 10−4GeV(Expt. = .671× 10−4GeV(39)))

Γ(ρ0 → γπ0) = 1.110× 10−4GeV(Expt. = .894× 10−4GeV(39))

Γ(ω0 → γπ0) = 5.810× 10−4GeV(Expt. = 7.029× 10−4GeV(39)).(4.1.42)

4.1.5 Discussion

In the first section of this chapter, we have employed Bethe-Salpeter framework under

Covariant Instantaneous Ansatz (CIA) to calculate the radiative decay widths of equal

mass vector mesons (ρ, ω) through the process h → h′γ using Feynman diagrams

in lowest order. We have calculated the radiative decay widths for the processes:

ρ± → γπ±, ρ0 → γπ0 and ω → γπ0. The motivation for this work was our intention

to resolve the problems involved in the calculations of triangle quark loop diagrams

which appear in processes such as radiative meson decays, strong decays of hadrons

etc. in BSE under CIA, which gives rise to extremely complex 4D loop integrals (as

pointed out earlier in Ref.(17)) due to appearance of time like momentum components

in gaussian factors associated with the vertex functions of the participating hadrons.

In an effort to study such processes in BSE under CIA, we first try to highlight the

above problem arising in radiative decays of equal mass vector mesons (ρ, ω), and

then demonstrate a mathematical procedure which might lead to calculations of such

processes involving triangle loop diagrams in CIA and calculate meaningful results.
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In these processes involving quark triangle loop diagrams, it is to be noted that

the square of the effective 3D vector for pseudoscalar meson q̂′
2

(Eq.4.1.16), involves

not only the square of the effective 3D vector for vector meson, q̂2, but also the

mixing from the time like momentum components σ of the vector meson, and hence

leading to the appearance of time-like (σ) momentum components in the gaussian

factors in the 3D wave function, φP (q̂′) associated with the vertex function ΓP (q̂′)

of pseudoscalar meson. This is the root cause of complexity in the calculations of

transition amplitudes for such processes involving triangle loop diagrams like the

above. In this work we have tried to show how to handle such problems and calculate

meaningful results.

For instance, the calculation of 3D denominator function DP (q̂′) for pseudoscalar

meson (appearing in the expression for 4D integral, χ (Eq.(4.1.6) is itself an integral

defined in Eq.(4.1.7) and is quite complex since it has to be expressed in terms of

the independent variables σ and ω (or q̂). However one can derive the analytic

expression for DP (q̂′) in Eq.(4.1.7) by evaluating this contour integral so that DP (q̂′)

is a function of entirely of the independent variable, q̂. However, the calculation

for the 3D denominator function DV (q̂) for vector meson (which is in its rest frame

in this process considered) is straight forward. The most significant problem which

then remained was the calculation of the four dimensional integral, χ (defined in

Eq.(4.1.6). This integral χ was handled once we defined each term in this integral

in terms of independent variables, σ and q̂. The analytic integrations over dσ in the

complex σ-plane were performed so that χ was completely expressed in terms of a

single independent variable,q̂ over which the numerical calculation were then carried

out. This was done using Mathematica. The theoretically calculated values of the
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decay widths for the above processes are found to be in reasonable agreement with

data(39).

Our results for decay widths in Eq.(4.1.41) can also be compared with results

of some other calculations (40,41,42). In a calculation under BSE framework (40), the

decay widths calculated were: Γ(ρ± → γπ±) = .38 × 10−4GeV, Γ(ρ0 → γπ0) =

.38 × 10−4GeV and Γ(ω → γπ0) = 3.35 × 10−4GeV. In a recent calculation using

Salpeter Equation based model (41,42), the results of radiative decay widths were:

Γ(ρ± → γπ±) = .35 × 10−4GeV, Γ(ρ0 → γπ0) = .35 × 10−4GeV, and Γ(ω → γπ0) =

3.15 × 10−4GeV. In another calculation using Salpeter equation by the same group

but using a different form of confining potential(41,42), the results of decay widths

were: Γ(ρ± → γπ±) = .21 × 10−4GeV, Γ(ρ0 → γπ0) = .21 × 10−4GeV and Γ(ω →

γπ0) = 1.85 × 10−4GeV. These results of other models are in broad agreement with

our results in Eq.(4.1.41).

With this successful application of CIA framework to radiative decays of equal

mass vector meson, we will also apply this framework to decays of other processes

involving quark-triangle diagrams like strong decays of mesons (h→ h′h”) in the next

section as a test of this CIA dynamics.

4.2 Strong decays of vector mesons through the

process h→ h′ + h′′

The strong decays of hadrons, (h→ h′ + h′′) have been of a considerable interest for

any dynamical programme for hadrons. These hadronic transition amplitudes which

involve quark triangle loops represent sensitive probes into the internal dynamics of
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qq hadrons. These amplitudes are particularly convenient for testing finer details of

any model for strong interaction dynamics and are evaluated through hadron-quark

vertex functions Γ(q̂) operative at the three vertices. In this connection, we wish

to mention that though a considerable amount of work has been done in decays of

equal mass ground state vector mesons such as, ρ→ π + π, not much work has been

done so far in decays of radially excited vector mesons such as ω(1420) and ρ(1450)

regarded as 1st radial 2S1 excitations of ω and ρ mesons. For some of the recent works

on these mesons in various models, see Ref.(43−46). It is seen that although there is

general consensus on the existence of these states, there is considerable discrepancy

on their decay widths. Also their experimental status is not very clear as can be seen

from the recent PDG Tables
(47)

, which shows a wide range of variation in data on

their decay widths (eg. of ω(1420)). Thus further investigations both in theory and

experiment are required. The theoretical study of radially excited mesons is expected

to provide us with a deeper understanding of internal structure of hadrons and of the

effective inter-quark interactions. Towards this end, we study the strong decays of

excited vector mesons, ω(1420) and ρ(1450) through the process h→ h′ + h′′, taking

h as radially excited equal mass vector meson, while h′ and h” as equal mass ground

state vector and pseudoscalar mesons respectively in the framework of Bethe-Salpeter

Equation (BSE) under Covariant Instantaneous Ansatz (CIA) which has earlier given

good predictions for electromagnetic decay constants of vector mesons through the

process V → e+ + e−(19), weak decay constants of unequal mass pseudoscalar mesons

through the process P → l+νl
(20,21), two photon electromagnetic decays of equal mass

pseudoscalar mesons through the process P → γ+γ(21), radiative decays of equal mass

vector mesons through the process,h → h′ + γ(38) as well as the recent high energy
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tests of this model in the study of double charmonium production in electron-positron

annihilation at energies
√
s = 10.6GeV through the process, e− + e+ → J/ψ + ηc

(33).

4.2.1 Transition amplitude for process h→ h′ + h′′

Figure 4.2: Leading order quark triangle diagram for h→ h′+h′′. The other diagram
is obtained by reversing the arrows of internal fermionic lines

The leading order quark-triangle diagram for the hadronic transition, h→ h′+h′′

is shown in Fig.4.2, where the masses of hadrons are: (M,M ′ and M ′′) respectively

with four momenta (P, P ′ and P ′′). The other diagram contributing to this process

is the one with the directions of all internal fermion lines in the quark loop reversed.

In this problem we will consider the two processes: ω(1420) → ρ(770) + π(140) and

ρ(1450)→ ω(782) +π(140). Here ω(1420) and ρ(1450) are radially excited 2s1 states

on which not much work has been done so far. There is considerable amount of
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discrepancy on their decay widths both as regards predictions of various models are

concerned as well as experimental data. The labeling of quark momenta is(48):

p1 = p′1,

p3 = −p′2 = p′′1,

−p2 = −p′′2. (4.2.43)

Due to the above equation, we can write the individual momenta of the three quarks

in Fig. 4.2 as,

p1,2 =
P

2
± q,

p′1,2 =
p′

2
± q′,

p′′1,2 =
P ′′

2
± q′′. (4.2.44)

This ensure the overall momentum conservation, P = P ′ + P ′′ via the connections

P = p1 + p2, P ′ = p′1 + p′2, and P ′′ = p′′1 + p′′2. The internal four-momenta of the

hadrons are given by,

2q = p1 − p2,

2q′ = p′1 − p′2,

2q′′ = p′′1 − p′′2. (4.2.45)

These give rise to relations:

q′ = q +
1

2
P ′′,

q′′ = q − 1

2
P ′. (4.2.46)

The scattering amplitude for the process h→ h′ + h′′ is given by:

Sfi = Mfi(2π)4δ4(P ′ + P”− P ), (4.2.47)
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where Mfi ≡ Mtot is the total invariant amplitude, which is the sum of amplitudes

for diagram in Fig.4.2 and a diagram where the directions of arrows of all internal

fermionic lines are reversed. The contribution from the second diagram is the same

as the diagram in Fig.4.2. Now, the invariant amplitude Mfi is,

Mfi =

√
2

3
(2π)8

∫
d4qTr[Γh(q̂)sF (p1)Γh′(q̂′)sF (p3)Γh”(q̂”)sF (−p2)] (4.2.48)

with
√

2
3

being the color-isospin factor. Here, the color factor is 1/
√

3, while the

isospin factor is
√

2 (which involves a factor 2 coming from taking into account both

the diagrams in Fig.4.2). It is further to be mentioned that this isospin factor which

involves trace over the product of flavor matrices for all the three mesons h, h′ and

h′′ is the same for both the processes, ω(1420) → ρπ and ρ(1450) → ωπ on account

of cyclic property of Trace. The 4D hadron-quark vertex function for ground state

(1S) vector meson (h′) in the final state of the process h→ h′ + h′′ as,

Γh′(q̂′) = iγ.ε′Nh′Dh′(q̂′)φh′(q̂
′)/2πi, (4.2.49)

while the 4D hadron-quark vertex function for ground state (1S) pseudoscalar meson,

h′′ in the final state of the above process can be written as,

Γh′′(q̂′′) = γ5Nh′′Dh′′(q̂′′)φh′′(q̂′′)/2πi. (4.2.50)

Here, φh′(q̂
′) and φh′′(q̂

′′) are the ground state 3D BS wave functions for vector

meson, h′, and pseudoscalar meson, h′′ (with internal momenta q′ and q′′ respectively

emitted in the final state of the above process), which satisfy the corresponding 3D

BSE (on the surfaces P ′.q′ = 0 and P ′′.q′′ = 0), which is appropriate for making

contact with O(3)-like mass spectrum (for details see(17) and references therein), which

is reducible to the equation for a 3D harmonic oscillator with coefficients depending on
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the mass M and total quantum number N . The ground state wave functions(17,19,21,46)

deducible from this equation have gaussian structure and are expressed as:

φh′(q̂
′) = Exp[−q̂′2/2β′2],

φh′′(q̂
′′) = Exp[−q̂′′2/2β′′2], (4.2.51)

while the 4D hadron-quark vertex function for 1st radially excited (2S) vector

meson, h (with internal momentum q) is:

Γh(q̂) = iγ.εNhDh(q̂)φh(q̂)/2πi (4.2.52)

where the unnormalized 3D BS wave function φh(q̂) for the 1st radially excited

(2S) vector meson, h (which may be either, ω(1420) or ρ(1450) depending on the

process) in the harmonic oscillator basis used above can be easily guessed as:

φh(q̂) = (−3β2 + 2q̂2)e−q̂
2/2β2

, (4.2.53)

(a similar form for 2S wave function in harmonic oscillator basis using variational

arguments has been used in(49). Here, β is the inverse range parameter which incor-

porates the content of BS dynamics and is dependent on the input kernel K(q, q′)

(for details see(17,21,33)).

Plugging the forms of the hadron-vertex functions Γ(q̂) given in Eqs.(4.2.49,4.2.50)

and Eq (4.2.52), for all the three mesons involved in this process, the quark propaga-

tors, SF (±pi) = −i∓iγ.pi+m
∆i

, ∆i = p2
i +m2

i (where pi being the momentum of the ith

quark) and ε and ε′, the polarization vectors of h and h′ vector mesons in the above
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equation, we can express Eq.(4.2.48) as,

Mfi =

√
2

3
(2π)8[TR]

NhNh′Nh′′

(2π)3
χ,

χ =

∫
d4q

Dh(q̂)Dh′(q̂′)Dh′′(q̂
′′)φh(q̂)φh′(q̂′)φh′′(q̂”)

∆1∆2∆3

,

[TR] = Tr[iγε(−iγ.p1 +m)iγ.ε′(−iγ.p3 +m)γ5(iγ.p2 +m)], (4.2.54)

where [TR] is the trace over the product of the gamma matrices coming from the

hadron-quark vertex functions for the three mesons and the internal quark propaga-

tors, and can be expressible as: [TR] = i4mεµνλαεµε
′
νPλQα, (2Q = P ′−P ′′ being the

difference of momenta of the two outgoing mesons), while χ is the four-dimensional

integral over d4q given above. Thus, one can obtain the invariant amplitude for the

process as(50),

Mfi = i4

√
2

3
(2π)5mNhNh′Nh′′εµνλαεµε

′
νPλQαχ. (4.2.55)

In the expression for Mfi above, Nh′ and Nh′′ are the 4D BS normalizers for vector

and pseudoscalar mesons respectively in the final state, while Nh is the BS normal-

izer for vector meson in the initial state. These BS normalizers are evaluated from

Eq.(2.4.63) and Eq.(2.4.67). The numerical values of BS normalizers for ω(1420),

ρ(1450), ρ(770), ω(782) and π(140) mesons so obtained are listed in the section on

Numerical Calculations.

4.2.2 Calculation of the four dimensional integral, χ

To calculate the integral, χ, in Eq.(4.2.54), which involves integration over d4q =

d3q̂Mdσ, we first express internal momenta q′ (of hadron h′) and q′′ (of hadron h′′))

in terms of q (of hadron h) and then try to express the integrand in terms of the

variables, q̂ and σ. From the relations between the momenta in Eq.(4.2.43-4.2.46),
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we can express the momentum of the third quark, p3 = −1
2
P ′ + 1

2
P ′′ + q, which can

in turn be written as

p2
3 = −M

2

4
+ q̂2 −M2σ2 −M ′′2σ′′ +M ′2σ′ (4.2.56)

eventually giving rise to, ∆3 = m2 + p2
3 as,

∆3 = −M
2

4
−M2σ2 −M ′′2σ′′ +M ′2σ′ + ω2, (4.2.57)

where ω2 = q̂2 +m2. Since p2
1 = P 2

4
+P.q+q2 = p′1

2 = P ′2

4
+P ′.q′+q′2, one can obtain

−M2(σ +
1

2
)2 + q̂2 = −M ′2(σ′ +

1

2
)2 + q̂′

2
, (4.2.58)

from which one can express the square of the transverse momentum of hadron h′ as,

q̂′
2

= q̂2 −M2(σ +
1

2
)2 +M ′2(σ′ +

1

2
)2. (4.2.59)

Also since, p2
2 = P 2

4
− P.q + q2 = p′′2

2 = P ′′2

4
− P ′′.q′′ + q′′2, one can obtain

−M2(σ − 1

2
)2 + q̂2 = −M ′′2(σ′′ − 1

2
)2 + q̂′′

2
, (4.2.60)

and thus the square of the transverse momentum of hadron h′′ is given as,

q̂′′
2

= q̂2 −M2(σ − 1

2
)2 +M ′′2(σ′′ − 1

2
)2. (4.2.61)

As we see from Eq.(4.2.57), Eq.(4.2.59) and Eq.(4.2.61), each of ∆3, q̂′
2

and q̂′′
2

are

not only functions of the integration variables σ and q̂, but also functions of dependent

variables σ′ and σ′′. However, from Eq.(4.2.46) one can obtain P.q′ = P.P”
2

+ P.q. In

the rest frame of the initial hadron P = (0, iM), M being its rest mass, the momenta

of hadrons, h′, h′′ in final state are: P ′ = (
−→
P ′, iE ′) and P ′′ = (

−→
P ′′, iE ′′) respectively.

Since q′ = (q̂′, iM ′σ′), M ′ being the rest mass of one of hadrons h′, P.q′ = −MM ′σ′,
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P.P ′′

2
= −ME′′

2
, where E ′′ is the energy of hadron h′′ (ie. the pion) in the final state,

and P.q = −M2σ. Hence,

σ′ =
M

M ′σ +
E ′′

2M ′ . (4.2.62)

Similarly, from Eq.(4.2.46) one can also obtain P.q′′ = −P.P ′

2
+ P.q. And since q′′ =

(q̂′′, iM ′′), M” being the rest mass of the pion, we get P.q′′ = −MM ′′σ′′, and −P.P ′

2
=

ME′

2
, where E ′ is the energy of the h′ meson. Thus,

σ′′ =
M

M ′′σ −
E ′

2M ′′ . (4.2.63)

Now, substituting the above equations for σ′ and σ′′ into Eq.(4.2.57), Eq.(4.2.59)

and Eq.(4.2.61), one can express all ∆3, q̂′ and q̂′′ in terms of only the integration

variables σ and q̂(or ω). Moreover, E ′ and E ′′ are determined from conservation of

energy and which are given by E ′ = M2+M ′2−M ′′2
2M

and E ′′ = M2−M ′2+M ′′2

2M
. This allows

us to express the time-like momenta σ′ and σ′′ of the two emitted hadrons in terms

of the time-like momentum, σ of the initial meson as,

σ′ =
M

M ′σ +
M2 −M ′2 +M ′′2

4MM ′ ,

σ′′ =
M

M ′′σ −
M2 +M ′2 −M ′′2

4M ′′M
. (4.2.64)

Thus from Eq.(4.2.59) and Eq.(4.2.61), we note that the squares of the transverse

components of internal momenta of the two emitted hadrons, h′, h′′ involves the time-

like momenta of the initial hadron, h as:

q̂′2 = q̂2 −M2(σ +
1

2
)2 +M ′2[

M

M ′σ +
M2 −M ′2 +M ′′2

4MM ′ +
1

2
]2,

q̂′′2 = q̂2 −M2(σ − 1

2
)2 +M ′′2[

M

M ′′σ −
M2 +M ′2 −M ′′2

4MM ′′ − 1

2
]2. (4.2.65)

Hence the two 3D gaussian wave functions, φ(q̂′) = e
− q̂′

2

2β′2 and φ(q̂′′) = e
− q̂′′

2

2β′′2

(in Eq.(4.2.51)) in final state corresponding to two emitted hadrons will involve the
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time-component of momentum of the initial hadron,σ. Due to the fact that there

are three hadron-quark vertex functions entering the triangle quark diagram in the

process, h → h′ + h′′ (with two gaussian functions corresponding to two hadrons in

final state), the calculation of loop integral χ is more complex than the corresponding

problem encountered in calculation of radiative decays of vector mesons through the

process h→ h′γ (where only one gaussian function φ(q̂′) corresponding to one hadron

in final state was involved)(46) dealt recently.

We now try to solve this problem in the context of strong decays of hadrons

through the process, h → h′ + h′′. Now the 4D integral, χ in Eq.(4.2.54) involves

the denominator functions, Dh(q̂), Dh′(q̂
′) and Dh′′(q̂

′′). Though Dh(q̂) is simple to

evaluate by direct contour integration over the complex σ plane by noting the positions

of poles through ∆1,2 = 0, and is given by the first two equations of Eq.(4.2.69) below,

and is thus expressed as:

1

Dh(q̂)
=

1

2πi

∫ ∞
−∞

Mdσ

∆1∆2

= [ω(4ω2 −M2]−1, (4.2.66)

the evaluation of Dh′(q̂
′) and Dh′′(q̂

′′) is not simple, since their evaluations involve

integrations over dσ′ and dσ′′ and also over the poles positions of ∆3, which is quite an

involved expression given in Eq.(4.2.69) below. But from Eq.(4.2.64), we can obtain

M ′dσ′ = Mdσ, and M ′′dσ′′ = Mdσ. Now we have to get expressions of denominator

functions Dh′(q̂
′) and Dh′′(q̂

′′) in terms of the integration variables q̂ and σ of the

initial meson. They are expressed as,

1

Dh′(q̂′)
=

1

2πi

∫ ∞
−∞

M ′dσ′

∆1∆3

=
1

2πi

∫ ∞
−∞

Mdσ

∆1∆3

,

1

Dh′′(q̂′′)
=

1

2πi

∫ ∞
−∞

M ′′dσ′′

∆2∆3

=
1

2πi

∫ ∞
−∞

Mdσ

∆2∆3

. (4.2.67)
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To calculate Dh′(q̂
′) and Dh′′(q̂

′′), we first express the quantity ∆i = m2
i + p2

i , (corre-

sponding to ith quark, with i = 1, 2, 3) in terms of the integration variable σ as,

∆1,2 = −M2(σ ± 1

2
)2 + ω2,

∆3 = −M
2(M −M ′ −M ′′) + (M ′ −M ′′)2(M ′ +M ′′)

4M

+M(M ′ −M ′′)σ −M2σ2 + ω2. (4.2.68)

Then, to calculate these integrals over dσ, we note the positions of poles of the

propagators in the complex σ-plane as:

∆1 = 0⇒ σ± = ± ω

M
− 1

2
∓ iε,

∆2 = 0⇒ σ± = ± ω

M
+

1

2
∓ iε,

∆3 = 0⇒ σ± =
4M2(M ′ −M ′′)−

√
f

8M3
∓ iε,

f = 16M3 ×

[−M3 + (M −M ′ −M ′′)(M ′ −M ′′)2 +M2(M ′ +M ′′) + 4Mω2] (4.2.69)

so that the analytic expressions for both denominator functions, Dh′(q̂′) and Dh′′(q̂”)

can be worked out and are expressible in terms of ω (which involves the 3-D integration

variable q̂). These two expressions are quite lengthy and we do not present their full

forms here. Moreover, we can also express the corresponding 3D wave functions of

hadrons in final state, φ(q̂′) and φ(q̂”) in terms of the integration variables σ and q̂

corresponding to hadron in initial state through Eq.(4.2.51). Thus, the integrand of

4D integral χ in Eq.(4.2.54) is fully expressible in terms of time-like variable σ and

3D variable, q̂. Integration over dσ is first done analytically followed by numerical

integration over the 3D variable d3q̂ using Mathematica, giving us numerical value

for the 4-dimensional integral, χ appearing in Eq.(4.2.54) which will be employed for
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decay width calculation for various processes in the next section.

4.2.3 Calculation of the decay width

To calculate the decay width, we need the form of the invariant amplitude Mfi,

which is given in Eq.(4.2.55). Now, in the rest frame of the initial hadron,
−→
P = 0

(i.e.
−→
P ′ = −

−→
P”), the total decay rate can be worked out as:

Γ =
|
−→
P ′|

8πM2
|Mfi|

2
, (4.2.70)

where the spin averaged invariant amplitude squared, |Mfi|
2

= 1
3

∑3
s1=1

∑3
s2=1 |Mfi|2

can be expressed as,

|Mfi|
2

=
64(2π)10

81
m2M2N2

hN
2
h′N

2
h′′ |
−→
P ′|2|χ|2. (4.2.71)

Thus, the total decay rate is equal to

Γ =
16(2π)9m2N2

hN
2
h′N

2
h′′

81
|
−→
P ′|3|χ|2, (4.2.72)

where |
−→
P ′| is given by

|
−→
P ′| = M

2

√
1 +

M ′4

M4
+
M”4

M4
− 2

M ′2

M2
− 2

M”2

M2
− 2

M ′2M”2

M4
. (4.2.73)

The decay widths for the processes studied are given in the next section.

4.2.4 Numerical calculation

The input parameters employed in the calculation are: C0 = .29,Λ = .200GeV,

ω0 = 0.158GeV, mu,d = 0.265GeV(19). In the process, h → h′ + h′′ studied here,

the mesons in initial state are: ω(1420) and ρ(1450), with their experimental masses
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1.420GeV and 1.450GeV respectively. The experimental meson masses appearing in

the final states in the above process are taken as: Mπ = .140GeV, Mρ = .770GeV

and Mω = .782GeV. The numerical values of BS Normalizers for mesons in the initial

states are calculated to be: Nω(1420) = .556GeV −3 and Nρ(1450) = .525GeV −3, while

their values for those in the final state are: Nπ = .599GeV −3, Nρ = .359GeV −3, and

Nω = .347GeV −3. The calculated values of the decay widths are given below(50) along

with the corresponding central values of data in brackets as:

Γ(ω(1420)→ ρ+ π) = 141MeV(Expt. = (125.8− 174.7)MeV(47))

Γ(ρ(1450)→ ω + π0) = 98.6MeV(Expt. = 84MeV(47)). (4.2.74)

4.2.5 Discussions

In the second section, we have employed Bethe-Salpeter framework under Covariant

Instantaneous Ansatz (CIA) to calculate the strong decay widths for the processes:

ω(1420) → ρ + π and ρ(1450) → ω + π using Feynman diagrams in leading order

which happen to be the triangle quark-loop diagrams. These triangle loop diagrams

are more complex than the two-quark loop diagrams which are involved in processes

like V → e+ + e−, or P → l + νl and are represent sensitive probes of the internal

dynamics of qq hadron. In the first section, we were involved in solving the problem

h→ h′ + γ, which also proceeds through triangle loop diagram.

The main motivation for these two works is to test the applicability of our BSE

formalism under CIA to processes which proceed through triangle quark-loop dia-

grams, and in the process to resolve the problems involved in the calculations of such

diagrams in BSE under CIA, which give rise to extremely complex 4D loop integrals
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(as pointed out earlier in ref.(17)) due to appearance of time-like momentum com-

ponents in gaussian factors associated with the vertex functions of the participating

hadrons. We made use of similar techniques employed in resolving complexities in

amplitudes for such triangle loop diagrams in BSE under CIA in h→ h′+ γ to study

strong decays of radially excited vector mesons, h→ h′h′′ in the second section, which

is a more complicated problem due to presence of two hadrons in the final state as

explained below.

Regarding the relative complexities of the calculations involved in (i) h→ h′+h′′,

and (ii) h→ h′+γ, it is to noted that the invariant amplitude Mfi in the former case

is more complex than that in the latter case due to presence of three hadron-quark

vertices operative at the three corners of quark-loop, in contrast to only two hadron-

quark vertices operative in h → h′γ. This in turn makes the 4D loop integral, χ in

Eq.(4.2.54) in present calculation on h→ h′+h′′ more complex than the corresponding

4D loop integral in h → h′γ due to presence of an extra [D(q̂)φ(q̂)] in its integrand

corresponding to an extra hadron h′′ in the final state.

Thus, in this more involved process, h → h′ + h′′, due to three hadron-quark

vertex functions operative in the diagram, there are three gaussian wave functions

φh(q̂), φh′(q̂
′) and φh”(q̂”) in the 4D loop integral χ (instead of only two gaussian

functions in the corresponding 4D loop integral in h → h′ + γ). We further see the

mixing of time component of momentum σ of initial vector meson in the squares of the

effective 3D vectors and hence in the Gaussian wave functions for both vector meson,

Exp[−q̂′2/2β′2] as well as the pseudoscalar meson Exp[−q̂′′2/2β′′2] (due to Eq.(4.2.65)

in the final state of the process h → h′ + h′′ in contrast to h → h′ + γ where there

is mixing of time component of initial meson in the Gaussian wave function of a
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single pseudoscalar meson in the final state. Due to this, the calculation of the loop

integral, χ in h → h′ + h′′ is more complex than the calculation of the loop integral

in h→ h′ + γ.

However, though the expression for trace over the gamma matrices, [TR] in both

processes looks similar, the [TR] in h→ h′h′′ involves polarization vector of both the

vector mesons h and h′ involved in the process, in contrast to [TR] in h→ h′γ, which

involves polarization vectors of a vector meson h and γ. Due to this, the decay width

expression (which involves calculation of |Mfi|2) is again more involved in h→ h′+h′′

than in h→ h′+γ. In the second section we have shown explicitly how to handle this

problem and calculate meaningful results for h→ h+h. The calculated values of the

decay widths for the above processes are given below(50) along with the corresponding

central values of data in brackets as:

Γ(ω(1420)→ ρ+ π) = 141MeV(Expt. = (125.8− 174.7)MeV(47))

Γ(ρ(1450)→ ω + π0) = 98.6MeV(Expt. = 84MeV(47)). (4.2.75)

We present in Table 4.1, the results of our model along with those of other models(43−46)

and experimental data (47).

BSE-CIA NJL(43) 3P0 Decay(44) Chiral(45) (46) Expt.(47)

ω(1420)→ ρ+ π 141 225 328 422 820 125.8-174.7
ρ(1450)→ ω + π 98.6 75 122 165 280 84

Table 4.1: Values of Decay widths Γ (in MeV) in various models along with central values

of experimental data (in last column) for processes, ω(1420)→ ρ+ π and ρ(1450)→ ω + π

The wide range of variation of experimental data on decay widths for ω(1420)(47)

is to be noted. We further see that different models also seem to have a wide range of



82

variations in values of decay widths for both these processes. Though our results of

BSE under CIA (in 1st column of Table 1) are in rough agreement with experiment,

as regards comparison with other models is concerned, there is some resemblance of

our results particularly with regard to ρ(1450) decay width with the corresponding

results of NJL model (43) and 3P0 decay model(44) . However our results of ω(1420)

decay width is small in comparison to the results in both these models. Also, our

results are much lower in comparison to results of Chiral model(45) ,as well as the

results in(46) whose values are on the higher side. The large variations in the results

of various models as well as experimental data signifies that there is still lack of clear

understanding with regards the decays of these mesons and requires further work.



Chapter 5

Summary and conclusion

This thesis is organized as follows: chapter 1 deals with a review of QCD gauge theory.

Derivation of Bethe-Salpeter equation (BSE) is done in chapter 2. Application of BSE

to some high and low energy processes is done in chapter 3 and 4. QCD is regarded

as the non Abelian gauge theory for strong interaction dynamics. The fundamental

degrees of freedom are quarks and gluons which interact through color charge. Color

is to QCD what electric charge is to QED. The force between two quarks is medi-

ated by the exchange of 8 colored gluons unlike in QED where the force between

two electrons is mediated by exchange of a photon. However due to the non Abelian

nature of QCD, the gluons can also self couple with one another leading to 3 gluons

and 4 gluons vertices, unlike in Abelian QED where the photons do not self interact.

This self coupling of gluons in QCD leads to interesting properties of asymptotic free-

dom(QCD coupling constant becoming small at large momentum transfer, Q2) and

confinement(QCD coupling constant becoming large at small momentum transfer,

Q2.) This behavior of QCD coupling constant αs(Q
2) is in complete contrast to the

behavior of QED coupling constant α which is small at low Q2 and large at high Q2.

Thus in chapter 1, as a mathematical preliminary we first review QCD gauge theory.

83
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The full QCD Lagrangian is first derived using the principle of local gauge invariance

on free Dirac Lagrangian. We then study the fundamental one loop diagrams in QCD

corresponding to the processes of self energy, vacuum polarization and vertex correc-

tions. These graphs containing loops lead to divergent integrals. The renormalization

of these integrals is done using dimensional regularization. The running coupling con-

stant αs(Q
2) is then derived. Due to small values of αs(Q

2) at high energies, the QCD

perturbation theory is only applicable to high energy processes. However in the con-

finement region(low Q2), αs(Q
2) is large and we need non perturbative methods. One

of the popular non perturbative approach is the one employing Bethe-Salpeter Equa-

tion(BSE) which is firmly rooted in field theory. The detailed derivation of BSE is

presented in chapter 2. We also presented here the derivation of 4D hadron-quark

vertex function Γ in BSE under Covariant Instantaneous Ansatz(CIA). This CIA

is a Lorentz invariant generalization of Instantaneous Approximation(IA). This 4D

hadron-quark vertex function Γ(q̂) provides a fully Lorentz invariant basis for evalu-

ation of various transition amplitudes through quark-loop diagrams. The calculation

of BS normalizers NP and NV for pseudoscalar and vector mesons is also presented

in detail in this chapter. In chapter 3 we studied the high energy production process

e+ + e− → J/ψ+ ηc at center of mass energy
√
s = 10.6GeV which has recently been

studied at B-factories and whose measurements were done be Babar(24) and Belle(25,26)

groups. We studied this process in BSE framework under CIA to calculate the cross

section whose value we worked out as σ(e+ + e− → J/ψ + ηc) = 21.75fb(33) which is

in broad agreement with Babar data σ(e+ + e− → J/ψ+ηc) = (17.6±2.8±2.1)fb(24)

and Belle data σ(e+ + e− → J/ψ + ηc) = (25.6 ± 2.8 ± 3.4)fb(25,26). In chapter 4



85

we employed BSE under CIA to calculate low energy processes: (i)the radiative de-

cay widths of equal mass vector mesons (ρ, ω) through the process h → h′γ and

(ii) strong decays of radially excited vector mesons ρ(1450) and ω(1420) through the

process h → h′ + h” using leading order Feynman diagrams. We have calculated

the radiative decay widths for the processes: ρ± → γπ±, ρ0 → γπ0 and ω → γπ0.

The motivation for this work was our intention to resolve the problems involved in

the calculations of triangle quark loop diagrams which appear in processes such as

radiative meson decays, strong decays of hadrons etc. in BSE under CIA, which

gives rise to extremely complex 4D loop integrals due to appearance of time like

momentum components in gaussian factors associated with the vertex functions of

the participating hadrons. In these processes involving quark triangle loop diagrams,

it is to be noted that the square of the effective 3D vector for pseudoscalar meson

q̂′
2
, involves not only the square of the effective 3D vector for vector meson, q̂2,

but also the mixing from the time like momentum components σ of the vector me-

son, and hence leading to the appearance of time-like (σ) momentum components

in the gaussian factors in the 3D wave function, φP (q̂′) associated with the vertex

function ΓP (q̂′) of pseudoscalar meson. This is the root cause of complexity in the

calculations of transition amplitudes for such processes involving triangle loop dia-

grams. In this work we have tried to show how to handle such problems and calculate

meaningful results. Our results for decay widths in Eq.(4.1.41) can also be com-

pared with results of some other calculations (40,41,42). In a calculation under BSE

framework (40), the decay widths calculated were: Γ(ρ± → γπ±) = .38 × 10−4GeV,

Γ(ρ0 → γπ0) = .38 × 10−4GeV and Γ(ω → γπ0) = 3.35 × 10−4GeV. In a recent

calculation using Salpeter Equation based model (41,42), the results of radiative decay
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widths were: Γ(ρ± → γπ±) = .35 × 10−4GeV, Γ(ρ0 → γπ0) = .35 × 10−4GeV, and

Γ(ω → γπ0) = 3.15×10−4GeV. In another calculation using Salpeter equation by the

same group but using a different form of confining potential(41,42), the results of decay

widths were: Γ(ρ± → γπ±) = .21 × 10−4GeV, Γ(ρ0 → γπ0) = .21 × 10−4GeV and

Γ(ω → γπ0) = 1.85×10−4GeV. These results of other models are in broad agreement

with our results.

In the third problem we have considered strong decays of radially excited 2s vector

mesons ρ(1450) and ω(1420) through the processes ω(1420) → ρπ and ρ(1450) →

ω + π0 using Feynman diagrams in lowest order. Using the techniques developed in

the above problem h → h′ + γ, the calculated values of the decay widths are given

below(50) along with the corresponding central values of data in brackets as:

Γ(ω(1420)→ ρ+ π) = 141MeV(Expt. = (125.8− 174.7)MeV(47))

Γ(ρ(1450)→ ω + π0) = 98.6MeV(Expt. = 84MeV(47)). (5.0.1)

The results of our model along with those of other models and data are given in

Table 4.1 in chapter 4. The wide range of variations in results of various models and

experimental data is to be noted. Our results are in rough agreement with experiment.

In the calculation h → h′ + h” we attempted, we were mainly motivated by the

desire to address the problems associated with triangle loop diagrams in BSE under

CIA in the context of strong decays of excited vector mesons. We wish to mention

that in the present work, we employed only the most leading of the Dirac structures

iγ.ε and γ5 in the hadron-quark vertex functions for vector and pseudoscalar mesons

respectively. We do hope that our results can be further improved by including the

Next-to-leading order (NLO) Dirac structures in accordance with the power counting
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rule developed in(21). However, the techniques involved in these calculations for han-

dling triangle loop diagrams in CIA, developed in this work can in turn be employed

to calculations of many other processes.

With this successful application of CIA framework to radiative decays of equal

mass vector meson, we now intend to generalize this framework to decays of unequal

mass vector mesons (which involve unequal mass kinematics) and also the application

of this framework to other processes involving quark-triangle diagrams.

The techniques involved in these calculations for handling triangle loop diagrams

in CIA, developed in this work can in turn be employed to calculations of high en-

ergy production processes involving quark -triangle diagrams like double charmonium

production in electron-positron collisions such as e− + e+ → J/ψ + ηc. In chapter

3 this process was done employing heavy quark approximation which simplified the

loop integrals considerably. We now intend to study this process (without using the

heavy quark approximation) by making use of the techniques developed in this thesis

for our next study.

In conclusion, BSE under CIA is one of powerful tool to investigate hadronic

processes right from low energies to high energies the results of which are in reasonable

agreement with data.

Finally, we hope this work leads to a deeper understanding of hadronic structures

and their interactions.
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