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Preface 

This seminar report basically consists of two chapters. In the first part, the Sobolev 

and Nikol Skii Besov functions spaces are investigated and some inclusion theorems 

are developed as well as some relations of the two function spaces are stated as a 

particular case. As the main objective of the seminar report we formulate the 

necessary and sufficient condition for the function (which is equal to the solution of 

the Dirichlet problem on the boundary) on the boundary of some region, for the 

solution of the generalized formulation of the Dirichlet problem of Laplace equaton 

to exist. For the classical formulation of the Dirichlet problem, we, as an assumption, 

take the value of the function on the boundary of some region in which the solution 

is defined is continuous on the boundary. But, this does not guarantee the exis tence 

of the solution of the problem, which is shown by Hadamard's example. Therefore, 

as a conclusion, we will see that the formula tion of the necessary and sufficient 

condition for the generalized formulation of the Dirichlet problem of Laplace 

equaton in the second chapter of this seminar report. 

Before all, T thank the almighty God with out His help nothing is happened. 

I would like to express my special gratitude to my advisor and teacher Dr. Tsegaye 

Gedif for his unlimited help for the completion of this seminar report. T am really 

lucky for his being here with me. I would also like to thank all my teachers for their 

con tribution to bring me to this level. 

Finally, I thank my parents for all they have given me and for their prayers. Also, 

I would like to thank W /0 Tobiaw Tefera, for typing this manuscript partially. 

Hailegebriel Enyew 



Denotations and Some Definitions 

The following standard notations are used this seminar report. 
N - the se t of all natural numbers, 
No - the set of all non-negative integers, 
Z - the se t of all integers, 
R- the se t of all real numbers, 
N~' - N o x No . . . x No. - the set of multi-indices (n is the natura l number 

o 

which will be used exclusively to denote the dimension), 

R" -R x R··· x R 
'-------v-----' 

" 
A l1lunber a E R is called the exact constant for a given proposition p if and only if there is 

no a number less than a that sa tisfies p. 

L. (O,H) with 1 $ 0 < CJ) , denotes the space of functions g of one variable, measurable on 

(0, H ) , for which 

I 

IlgIL.(oll) = Og(h)IO c~:T < CJ) L.: (O,H ) = L.,(O,H) 

'" - "equivalent to" 
'iI - " for a lmost all" 
a.e - " almost every where" 

For a function j, Elf: = j (x+h) 

For a E N~' , a * 0, we write: 
aU I +°2 + ... +0" f 

D" l the (ordinary) derivative of the function f of order a . ax OI axa~ ... 8xu" 
~ I • 2 /I 

For an arbih'ary nonempty set D c R" we deno te the following: 

C(O) - the space of fW1Ctions continuous on O. 

C" (0) - the Banach space of functions j continuous and bounded on 0 with 

the norm 

11I11,(u) =SlIP I f(x) I, 
xeO 

C (0) - the Banach space of function uniformly continuously and bounded 
on 0 with the same norm. 

11 



For a measurable1 nonempty set 0 c R" we shall denote by: 

L,, (O) (1 ~ p ~ w) - the Banach space 2 of functions / measurable on 0 such 

that the norm 

" 
II/t"In) = U / I dX )' < w 

Lw (0) - the Banach space of functions / measurable on 0 such that the norm 

Ilfll n = esssup I f(x) I = inf sup I f (x) I < W 
f..~ {) _leO w: J/I('(I.~ (11' )=0 :reO\ ", 

for the case where measure( 0) * a 
and if measure( 0) = a , then we set Ilfll n = a '.,1 ) 

We note that if 0 c R" is an open set, then for / E C( 0) 1lIllcln) = Ilf ll,.(n)' 

For an open nonempty se t 0 c R" we shall denote by: 

L';~ (0) (1 ~ P ~ w) - the set of functions defined on 0 such tha t for each 

compact Kc 0 /E L,, (K) 3, 

c' (0) (I EN) - the space of functions f defined on 0 such that 

'd a E N~' where 

I a I=a, +a, +, " +a" =1 and 'dx E 0 Ihederivalive (D af)(x) exists and 

D" fE C(O), 

w 

Cw (O) = n c' (0) - the space of infinitely continuously differentiable functions 
1=0 

on o. 
For a function /' supp f := the closure of the se t {x : f(x) * o} 

c,~ (0) - The set of all infinitely continuosly differentiable fun ctions on 0 such 

that supp f is a compact set for all / E C,~ (0) . 

- -

I "Measurab le" means "measurable with respect to Lebesgue measure." All the integrals in this paper are 
Lebesgue integral s. 

2 As usual when saying a "Banach space" we ignore here the fact Ihat the condi lionll.riL.I' (O) = 0 is eq ui valent \0 [he 

condition! - 0 on n (i.e.fis equivalcllllo 0 all n <=:j measure {x E n I J(.'!;)":t 0 } and not to the cond itionJ = a 0 11 

Q . To be str ict we can call it a "semi-Banach space" . 

J h --> Jin L~;" (0 ) as k --+ w means (ha( for each compac( K c Q h -->J in L" (K). 

III 



Prel i minaries 

l.Priliminaries 

In this preliminary part of this mathematical text, we investigate some 

elementary concepts that are useful in the next chapters. For instance, since the 

definitions of the Nikol Skii Besov and the Sobolev Spaces are highly based on 

the L" Spaces, we discuss about the L" spaces and their properties in the 

following section. 

1.1: The Lp Spaces 

We know from analysis that the collection of all measurable functions specified 

on an open set 0 ~ R" for which the norm 

IIIII = j( fif(x)I" dX)7. 
l.p(O) n 

ess slIpl/(x)1 
.u,o 

is finiLe will be denoted as L,, (O), 1 S P S 00 and the norm is called theL" l1orm 

of f and the space of these functions is called the L" space. In this definition, 

ess sup I.l (x ~ denotes the minimum real number among the real numbers those 

are grea ter than I/C~~ a.e. 

We note that L" spaces are linear spaces. Indeed, 

Thus, a/ELI' (O) wheneverf E L,, (O).And, 

II + gl ,; (2 max {if I, Igl )" = 2" (max ~/I, IglD" S 2" ij/l" + Igl" ) 
111is implies the sum of two functions in L" is also in L" . 

The Holder and Minkowski Inequality 

To prove some theorems about function spaces in the next chapter, as it is 

mentioned, we make use of some facts in the LI' space ,specially, the Holder 
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and Minkowski Inequalities. So we state and prove this inequalities. We establish 

the following lemma before proving these inequalities. 

Lemma 1.1: Let a and fJ be non-negative real numbers, and suppose 
0 < A < I .Then 

a' fJ'-' ~ Aa + (I - A)fJ 
with equality only if a = fJ. 

Proof: Consider the function h defined for non-nega tive real numbers t by 
h(t)= (1 - A)+ AI - I' 

Then h'(t)= A - AI ),- ' = A(I _ 1'-' ) 

Since A - I < 0 we have h'(t) < 0 for t < 1 and h'(t) > 0 for t> l. 

Thus for t '" 1 , we have h(t) < h(l) = 0 

Hence, (I - A)+ AI;:: I' with equality only for t=1 

If fJ '" 0 then by setting t = ; , we get (i - A) + A ; ;:: (; r 
This implies 

a' fJ' -' ~ Aa + (1 - A)fJ while if fJ=O, the lemma is trivial. 

Lemma 1.2: If p and q are non-negative extended real numbers such that 
1 1 
P + -;; = 1, and ifJE LpandgELI" thenfg E L, and 

Eq uali ty holds if and only if for some non-zero constants 

have alii P = plgl" a.e. 

Inequali ty (1. 1) is ca lled Holder inequa li ty. 

Proof: In the case p =1 , II = 00 ,we have 

2 

(1.1) 
a and fJ,we 



Prel il1linaries 

= fl / lllgiloo 

= Ilglloo fil l 

=llgtJ/II , 
Now assume 1 < P < CIJ ,consequently 1 < q < CIJ 

Let us first suppose that III II p = Ilg II" = , 

Th us by lemma 1, with a = If(I~ P , ji =Ig(tr' 
, 

" =­p 

I 
1- " = -;;- , we have, 

So, Integrating both sides yields 

If IIIII = 0 and Ilgll = 0 , the inequality is h·ivial. 

So, let f and g be any elements of L" and Lq with IIIII'" 0 and Ilgll '" o. 
Then, 

II.~I " and II~t, have norm one. 

Thus substituting this in (1.3) yields 

. ' nigi = fJlLJR:; , 
lit IUlgll" 11ft Ilgll" 

This results , 

fl /gl :; 1I/IIpllgllq 
Lemma 1.3: Jf f and g are in Lt" then so is f + g 

and 

Inequality (I.4)is ca lled the Minkowski Inequality. 

3 
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Proof: The cases p = 1 and p = 00 are sh'aight forwa rd hence we assume 

1 < P < 00 . Since II + gl" s; 2"ij/l" + Igl ")have f+ g EL" 

Also, 

~I + gl" = ~I + gr-'II + gl 

s; ~I + gl" -' ~/I + Igl) 

= ~I + gr-'I!I + ~I + gl "-'Igl 

By the Holder Inequality, we have 

( t " Ilu + g)"-' II" = Iv + gr-')'I!, =111 + gll~ 

Since p = q(p-I), we have 

" III + gll ~ s; (11/11" + Ilgt )( III + gll~ ) 
or 

II! + gil" 4111" + Ilgll" 
TIle proof is complete. 

Lemma 1.4 Consider a sequence of real numbers (nkrk:l , then for 0 < p < q ,we 
have 

(1.5) 

Inequa li ty (1.5) is called Jenssen's Inequality. 

Proof: Assume 0 < p < q 
Now for p = q the lemma is h'ivially h·lIe. 

, , 
II " II p ( )- ( )-TIlltS ,It remains to show t;;la,l" s; t;;la.l" for p < q . 

4 



Preliminaries 

I 

( " )" With out loss of generality let a= Bla,I" > 0 because in case a= 0 , 

the lemma holds trivially. Thus, oJ' = (~ la, I") ?: 10,1". 

TIlis implies 

a ?: 10,1 or 
10,1 
- S; I likE {1 ,2, ... ,n }. 
a 

Now we define a function Z(t) = C' , 0 < C S; 1 

Obviously, Z is not increasing. 

Thus we have Z(q) S; Z(p)since p < q for all C such that 0 < C S; 1. 

In particular , if we consider Zl(t)= (I~ I)' ,we get 

(10,1)" (10,1)" ---;;; S; ---;;; , likE {l,2, ... ,n} . 

fla,I" 
= 1-1 = 1 

fla,I" 
k= 1 

But , 

TIlLIS, 

I I 

H ence, (~la, I " y S; (~Iak l " y. 
So, the proof is complete. 

5 
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Lemma 1.5: Let f be a non-negative measurable function, the there is a non­

negative sequence of simple functions (<p" 1 "''' ~1 vanish ing ou t side a 

set of finite measure such that 

'1) < < < <PI - <p2 - ... . -

2) <p ,, (x)-----. f as II ~ 00 

Proof: For each positive integer n , we define sets 

E"k = {x : (k - IV" S lex) S kZ-" 

Since f is measurable E"kS are measurable. 

Moreover, E"kS are pair wise disjoint. 

Now , we define <p,, (x) as follow. 

<p,, (x) = lZ-"I (k - I)X "", (x) 
k= 1 

11 

we show <p"s are increasing. 

i. e. <p,, (x) S <P ,,+I(X) for all x . 

k = 0 ,1 ,2 , ..... ,112" 

, Os f(x) S n 

f(x) > n 

If f(x) S /Z, then there is k sllch that (k-1)2-" S f (x) S k2-" 

Now, [(k-1)2-", k2-"] = [2(k-1)2-"+1 , (2k+1) 2-,,+1) u 

[(2k+1) 2-,,+1, (2k+2)2-(,,+I )] 

Thus, if f (X) E [ 2(k-1)2-,,+I , (2k+1) 2-,,+1), then <p,, (x) = (k-1)2-" 

and <P ,,+I (X) = 2(k-1)2-,,+1 = (k-1)2-" 

Therefore, <p,, (x) = <P,,+I (X) 

If f (X)E [(2k+l) 2-,,+1, (2k+2)2-(,,+I)] , then <P,,+I(X) = (2k+1) 2-(,,+1) 

~ (k-1)2-" 

= <p ,, (x) 

TIUIS, 

6 
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If I(x) > n, then <p,,(x) = n, Clearly, <P,,+l(X) ~ n 

If I (x) = 00 , then <p,,(x) = n for all n E N 

Therefore, <p,,(x) approaches infinity as 11 goes to infinity. 

or I 

<p,,(x) approaches I (x) as 11 goes to infini ty. 

If I (x) < 00 , then there is mEN such that 0 S; I (x) S; 111 

This implies 0 S; I (x) s; n for all 11 ~ 111 

Thus, 0 s; I (x) - <p,,(x) s; 2-" for all 11 ~ m 

Letting n sufficiently large, we have I (x) ~,,(x) 

Therefore, we have the lemma . 

Lemmal.6: Letl be an integrable function on (-00 , (0). Then 

ff(x)dx= f f(x+h)dx 

Proof: 

Case i: I (x) = xr (x) where E is measurable and mE < 00 

~ ~ 

I is integrable. Then f l(x)dx = f X ,, (x)dx = mE 

~ ~ ~ 

and f l(x+h)dx= f x ,, (x+h)dx = f XU_h) (x)dx = m(E-II) 
-~ 

By translation invariance of Lebesgue measure, mE = m(E-II) 

Hence, 

f l(x)dx = f l(x + h)dx 

'" 

(1.6) 

Case ii: Suppose I(x) = :L:a,x", (x) ,where each E; is measurable with mE; < 00 

1=1 

as I is integrable. 

(J) 0') 11/ //I 0') 

Thus, fl(x)dx= f Ia,x /C, (x) = I fa ,x l, (x) 
-CI:) -CI:) 1=01 i=1 -0') 

7 
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//I 00 

= Ia, f x ,., (x) 
1=1 -00 

= fa , lx I., (x) 
1=1 _00 

1/1 00 

= I a , f x,., (x+h) by case i above. 
1= 1 -00 

II! 00 

= I f a ,X f, (x + h) 
1=" -00 

00 11/ 

= fIa ,X ,., (x+h) 
-00 1", 1 

~ 

= f f(x + h)dx 
-~ 

Case iii: Suppose f is a non-negative function . Then, since f is integrable 

and f is non-negative, by lemma 1.5 there exist an increasing 

sequence of non-negative measurable simple functions vanishing 

out side a set of fi nite measure and such that tp ,, (x) goes to f as n 

goes to 00 . 

Thus, by Monotone convergence theorem , we have 

~ ~ 

lim f rp,, (x)dx = f f (x)dx 
11-+00 

-~ -~ 

~ ~ 

Then, f f(x+ h)dx= li m f rp ,, (x+h)dx, by Monotone convergence 
11-+00 

-~ -~ 

theorem. 

~ 

= lim f rp ,, (x)dx , by case ii , 
11 -+00 

-~ 

~ 

= f f (x)dx , by Monotone convergence theorem. 
-~ 

8 



Preliminaries 

Case iv: Let f be integrable, thus f= f+ - f- and rand f- are integrabe and 
moreover 

~ ~ ~ 

Therefore, f/(x)dx = f F (x)dx - IF (x)dx 
-~ -~ 

~ ~ 

= f.r (x+h)dx- fF (x+h)dx ,bycaseiii. 
-~ -~ 

~ 

= f[F(x+h)-F(x+ hldx 
-~ 

~ 

= f f (x + h)dx 
-~ 

111erefore, we have the lenuna for all arbih-ary functions. 

1.2 Difference of a function 

In this text , as far as difference of a function is concerned, we consider a 
function f : R"-+R. 
Now the differences of functions (namely, the first , the second, the third and 

so on) are given as follows. 

The first difference of a function f : R"-+R wi th respect to Xj with step It E R is 

denoted by (I'l ", jr) and given by 

(6", Jr'f..x) = f(x + he)) - f (x) . 

where" E Rand Itej = (0, ... , 0 '1,0, ... , 0) 

ith -component 

111e second difference of a fun ction f: R"-+R with respect to Xj with step h E R is 

denoted by (I'l~,,)f) and given by 

(1'l~,,)jXx) = f( x +2he))-2f(x+he))+ f(x) 

9 
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where II E R and mlzej = ((0 , ... , 0 , Ii , 0 , ... , 0) , Ill = 1 , 2 

i'h -ctmponent 

This definition is derived from the first difference. 

Indeed , 

(~~" jf) = (~ ", j(~ ", Jl)) 

= (~ ".j(f(x + he) - f(x» ) 

= [f (x + hej + he)- f(x+ hej )]- [f(x+he )- f(x) ] 

= f(x + 2hej) - 2f(x + hej) + f(x ) 

The third diffe rence of a function f: R''--~R with respect to Xj with step Iz E R is 

denoted by (~~" jf) and given by 

(~~"jf) = (~ ",j(~2 ", Jl) ) 

= [f(x + 2he) + he) - 2f(x + he) + he) + f(x + he)]­

- [.r(x + 2he) - 2[(x + he) + f(x) ] 

= f(x + 3hej) - 3f(x + 2hej) + 3[(x + hej) - f(x) 

Continuing this process, we have by induction tha t the a '" d ifference of a 

function f : R"--,>R with respec t to Xj with step Iz E R which is denoted by (~~".if) 

is given by 

(~~" .i[) = I (- I),(aY(x+(a-k)he) for aEN 
hO k 

If we are given the fl'" derivative D; (f ) of f in the i'h d irection , then the first 

and the second difference of D; (f) are respectively given as 

(~ ", jD;lf)= D; f(x+ hej) - D; f(x) 

and 

(~2 " ,jD; f) = D; f(x + 2hej) - 2D;J f(x + hej) + D; f(x) 

10 
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Lemmal.7: Let a E N, f : R"~R be a function and 1 $ P S 00 , then 

Proof: II(~"", Jft ,, (II) = 

11(~"" , Jf)I ,,(1I1 $ 2"llf ll ,,(lI) 

t (- I) ' (a)f(X + (a - k) he) 
k",O k Lp (l?) 

$ ~ (-I) '(: Jllf(x+(a - k)he J II ,,(II) 

= ~ ( : J Ilf (x)II ,,(II) , by lemma 1.6. 

= 11I11,.,,(lI) ~ (: J 

= 2" Ilf"',(l1) 
Therefore, we have the lemma. 

1.3 Notion of the Trace of a function 

Let f E L;OC(R " ) where n > 1. We would like to define the h'ace h'f= 11'1I. f = 
f ill_ of the functionf on Rw where 1 $ /11 < n. 

Denotntion: For each x E R" , we put x = (u , v) where II = (Xl, ... , xw) and 

v = ( XII/ +l, . . . ,x,,). 

Now, suppose that Rw(v) is the m-dimensional subspace of points (II ,v), where v 

is fixed and II runs through all possible values. we represent Rill = Rw(O). 

If f is continuos , the h'ace h'f is defined as a res triction of f : h'f= f (u ,0) , 

1I E R"' . However, this way of defining the h'ace does not make sense for 

arbih'a ry £tmction f E L;'" (R " ) , since actually it is defined only up to a set of 

n-dimensional measure zero. In fact, one can easily consh'uct two ftmctions 

f ' lz E L;'" (R " ) , which are equiva lent on R" , but f (u ,0) '" h (II ,0) for all II E Rw. 

II 
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Finally, it is na tural to define the h'aces themselves up to a set of m-dimensional 

m easure zero, The above is a motiva tion for the following requirements for the 

notion of the h'ace on R" of a function I E L~'" (R ") : 

1) a h'ace g E L~'" (R " ), 

2) if g E L~'" (R"') is a h'ace of I, then qJ E L~'" (R "') is also a h'ace of I ,if and only 

if qJ is equivalent to g on R"', 

3) if g is a trace of I and /1 is equivalent to I on R" , then g is also a h'ace of II , 

4) if I is continuous, then I (II ,0) is a h'ace of I, 

Definition 1,1 : Let I E L~oc (R") and g E L~'" (R") , The function g is said to be a 

h'ace of the function I if there exists a function h equivalent to I 
on R" , which is such that 

h(, ,v) ~ g(,) in L~'" (R "') as v~o (1.7) 

Clea rly the requirements 1) - 4) are sa tisfied, In fact, if g is a trace of l and qJ is 
equivalent to g, then (1,7) implies h(, , v)~qJ(,) in L~'" (R "' ) and <p is also a trace off 
Next suppose that both g and qJ are traces of I, then we have (1.7) and also 
H(, , v) )~qJ (,) in L~'" (R "' ) as v~o for some H ~ I on R'" ,We note that for each 

compact K c R'" 

Ilg - <pII ,,(K) $llh(" v) - gll, ,(K) + Ilh(" v) - H(" v)ll t, (K) + IIH(" v) - <pII ,,(K) ' 

Since /1 ~ H on R" , h("v) ~ H(" v) on R'" for almost all v E R"'''', Hence, there exists 
a sequence {Vs lseN, Vs E R"'''', such that Vs ~ ° as s ~ 00 and 

on letting s ~ 00 , we establish that g '" qJ on R"', 
Finally if I is continuous, then Ilf(u, v) - f(u,O)11 K $ (m K) l11a~l!(u, v) - f(u ,O)I, 

"1" ( ) il E A 

Hence, III(" v) - f("Olll" ,,(K) ~o as v ~o because l is w1ifonnly continuous on 

12 
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Kx B , where B is the unit ball in R 11 ' 111 , Thus,f(" 0) isa h'aceof f, 

Let 0 C R" be a domain, we say that 0 is a bounded elementary domain with a 

resolved boundary with parameters d, 0 ,satisfying 0 < d :<;; 0 < 00 , if 

0; t,ER":an< x ,,< ip(X),xEW] 

wherediamO:<;;O, x ;(x" .. "x". , ), W;tYER n. ' :a, <Xi <b" i;I , .. ,n- l) 
- 00 :<;; ai < bi :<;; 00 ,and an + d:<;; ip(x) , X E W , 

If in addition, ip E C' (W) for some lE N and IID a ipll _ :<;; M if 1 :<;; lul:<;; I where 
('(IV) 

0:<;; M < 00 , then we say that 0 is a bounded elementary domain with a 

(I - boundary with the parameters d , 0, M, 

Moreover, we say that an open se t 0 c Rn has a resolved boundary with 

parameters d ( 0 < d < 00 ) , 0 (0 < d :<;; 00 ) and EN if there exists open 

parallelepipeds Vj ,j ; 1, ' , , , s where sEN for bounded 0 and s ; w for 

unbounded 0 such that 

," 

2) 0 c u(V) " , 
j= ) 

3) the multiplicity of the covering {Vj )Sj=, does not exceed, 

4) there exist maps Aj, j; 1, ' , , ,s, which are compositions of rotations, 

reflections and h'anslations and are such that 

Aj{Vj); t,E R" :a'1 <x, <by , i ; I, .. ,n ) 

and 

and anj + d :<;; ip J (x):<;; bnj -d , X E WJ ' if Vj nao *¢ 

If VjC 0 , then ipJ (X) '" bllj 

13 
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Let 0 c R" be an open set with a C'- boundary. we would like to extend 

Definition 1.1 to the case, in which R" , Rill are replaced by 0 , 00 respectively 

where 0 is a bounded elementary domain with a Cl- boundary with parameters 

d ,0, M. 

Definition 1.2 : Let 0 c /I" be an open set with a CLboundary and f E L,COn B) for 

., 
each ba ll Be /I" . Suppose thatf= If; ,where supp jj c Vj and 

J= l 

Ii E Ll(On Vi) (where Vi's are open parallelepipeds satisfying 

cond itions 1) - 4) in the definition of a bounded elementary domain 

above) . If the functions gi are traces of the functions Ii on 

., 
Vi noO, j = 1, 2, . .. , s ,then the function I g J is said to be the 

J= l 

b'ace of the function f on 00 . 

1.4 The Euler-lagrange Equation 

Let's consider the integral 
h 

1= f FCy,Y' ,x)dx (1.8) 

Where a, b and the form of the fWlCtion F are fixed by given considerations but 

the curve y(x) has to be chosen so as to make sta tionary the value of I ,which is 

clearly a ftmction (more accurately a functional) of this curve, i.e. I = I (x, y). 

Referring to the figure, we wish to find the functi on y(x) (given say the solid 

line)such that first order small changes in it (for the two broken lines) will make 

only second order changes in the value of I . 

Writing this in a more mathematical form , let us suppose tha t y(x) is the fWlCtion 
required to make I stationary and consider making the replacement 

y(x) ~ y(x) + al)(x) (1.9) 

14 



Prel i mi nari es 

y 

~
"'-"'~~'-->j 

..... , j 
..... -- -_/. --.. . . . , 
I i . I 
i I 
i i .. b x 

Eig. Possible paths for the il1tegral (1.8). The solid lil1e is the curve alo l1g which the il1tegral 

is assumed statiollary . The brokel1 curves represel1t smail variatiol1 from this path. 

Where the parameter a is small and I)(x) is an arbih'ary function w ith suffiCiently 

amenable mathematical properties. For the value of 1 to be sta tionary with 

respec t to these variations , we require 

dl I - - 0 = 0 fo r all I)(x). 
da a-

Substituting (1 .9) into (1 .8) and expanding as a Taylor series in a, 

h 

we obtain 1 (y , a) = f F(y+al) ,y'+al)' ,x)dx 

" 
h h of of 

= f F(y,Y' , x)dx + f (aal)+-,al)' )dx + O(a2) 

(I 1I ~ ~ 

With this form for [ (y , a) , the condition (1.10) implies tha t for all I)(X) , we 
require 

h

f 
of of 

8(1)= (-I)+-I)' )dx = 0 
,, 0' iJ)l' 

(1 .10) 

Where 8( I) denotes tl1e firs t-order va ria tion in the value of 1 due to the va riation 

(1.5) in the function y(x) . Integrating the second term by parts this becomes 

[ ]

h h of of d of 
')-, + f[ - - - (-) jq(x)dx = 0 

011 ;:;" dx 011' 
,J II II V) J 

(1 .11) 

15 
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In order to simplify the result we will , for the moment , assume that the end 

points are fixed, i.e. not only a and b are given but also y(a) and y(b). This 

resb'iction means that we require 17(a)= 17(b)=O, in which case the first term on the 

right hand side of (1.11) equals zero at both end points. Since (1 .8) must be 

satisfied for arbitrary 17(X) , it is easy to see that we require 

of d (OF) -=--
oy cl" oy' 

This is known as the Euler-Lagrange (EL) equa tion, and is a differential equation 

for y(x) , since the function F is known. 

Moreover, it can also be calculated when n independent variables are involved to 

exb'emise the integral 

1 = fF(y,~, ... , ~,x)dx 
/?H 8x 1 8x" 

using the same analysis as above, we find the exb'emising function 

of "0 (OF J y(x) = y(X l , ... , x,,) must sa tisfy - = I - -- where 
oy ,= , ox, ~x, 

y =~ 
x, ox , 

16 



Function Spaces 

2. Function Spaces 

In this chap ter, we see two function spaces which are very useful for the 

investiga tion of the Dirichlet problem in the next chapter. 

2.1 Sobolev Spaces 

Definition 2.1 Let 0 c R" be an open set , l E N, 1:'0 P :'0 w.The function f belongs 

to the sobolev space W,: (0) iff E Lp(O), if it has weak derivatives 

D.~/ on 0 for all a E N~' satisfying lal = I and 

11/11"';(!l) = 11/11,,(01 + I~,IID~ fll",oI < 00 
(2.1) 

In the one dimensional case, IIIII"" (01 = II/II,. (0) + Il f;~.' ) II 
I' I' '-1' (0) 

Theorem 2.1: Let 0 c R" be an open set, l E N, 1:'0 P :'0 w . Then W; (0) is a Banach 

space. 

Idea of the proof: Obviollsly W; (0) is a nOl'med space. To prove completeness, 

starting wi th the callchy sequence (f klke N in W,: (0), deduce 

Llsing the completeness of LI'(O) that there exist f E LJ,(O) and 

f a E Lp(O) , where a E N~' , lal= I ,s Llch tha t fk~ f and 

D~/k ~ fa in LJ.(O). From the closed ness of the weak 

differentiation it follows that fa = D~/ . 

Hence,f k ~ f in W,: (0) .1 

1 Two norms 11.11 1 and 11.11 2 defined on a vecto r s pace X are sa id to be equivalent if and only if 

there a re two positive rea ls (I I (2 such that (1 1~1 2 :s 1~11 :5 c2 1~1 2 for a ll x E X 

17 
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Remark 2.1: Norm (2.1) is equivalent to 

I 

11/11 '11';(0) = (lirl" + )' I D~ II r )dX)7> for 1~ p < 00 (2.2) ol I ~' 
and to 

1I/Ir w~(o) = max{11/1i, o, maxIID: /II } for p = 00. (2.3) 
.,1 ) lal=' '., Ifll 

independent of f. 

This fo llows, with C3 , C4 d epending only on n ,p a nd I , from Holder's and 

Jenssen's inequalities for finite sums. If p = 2, then Wi (Q) is a Hilbert space with 

the inner product 

(2.4) 

I 

and 11.111' w{(O) is a Hilbert norm. i.e., lilli' W{,O) = V,f)~'i(O) ' 

Definition 2.2: Let Q c R" be an open set, lEN, 1~ P ~ oo.The function f belongs 

to the semi-normed Sobolev space w *;, (Q) if f E L;'" (Q) , if it has 

weak deriva tives D,~I on Q for a ll a E N~' satisfying lal = I and 

II/II ""~IO) = )' IID,~ fll, (0) < 00 . 
I~/ f' 

(2.5) 

The space '" * ~ (Q) is a lso complete space (the proof is similar to the proof of 

TI1eorem 2.1). TI1US '" *;, (Q) is a semi-Banach space. 

Remark 2.2: W; (Q) c IV *;, (Q) but in general W,: (Q) 'I' 11' *;, (Q) . 

i. e. 

18 
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Remark 2.3: In particular for I = 1 and p = 2, we have the sem i-Hilbert space 
denoted by w; cn) and given by 

( J
' II au 

"';Cn) = iu:~DCu) <w where D(ll) = II -. dx 
n i= 1 8.,\ I 

Remark 2.4: Let I , /'11 , 11 EN, rII < 11 and I S; p S; CI) .Then traces on R'" exist for all 

f E W:' (R") if, and only if, 

I 
11 - m 

>-­
p 

for 1 < P S; CI) , 

i.e. ,if, and only if, 

I ~ 11 - 111 for p = 1, 

W:, CR ,,-m ) c> C(R"·"') . 

Remark 2.5:Assume (2.7) is satisfied. It follows that for each fEW,: C R") 

the h' f E LI'(R"') and 

II/r[II, ,,111m) S; c3 11.r11",;ul") for some C3 >0. 

Now we consider the h'ace space 

/rllm W,: CR")= {tlf'! E W,;(R" ) 

= {g EL~= (R " ): g = tr[ , :=if E WI: (In} 

If this is considered then /rll. W,: CR " ) c L"CR" ). 

2.2 The Nikol Skii Besov Spaces 

Definition 2.3: Let I > 0 , I s; p s; W , I s; B S; OCJ , ,where I is the index of 

(2.7) 

smootimess, p is the index of summability, Bis additional index 

characterizing smoothness and consider a function f: R" -t.R. 

TIlen we say that f belongs to the Nikol Skii Besov Space 8;,.0 (R") 

if, and only if .f E L,, (R " ) and 

19 



Function Spaces 

where 

Ilfllp' (//',) = [r(h +-;l ll(6~, ,)D;f)11 JO d,h]* if B < C$J 

p.N., 0 L (Il") 1 , 
and 

+-;l ll( - )11 Ilfllp' (II") = Suph 6~"jD;f if 
p.N., 11>0 L (Il" ) 

" 
In this defin i tion , 

1= [1 ] anda=l whencver ll1'N 
and 

I = 1 - 1 and a = 2 whenever lEN. 

This is a general definition of the Nikol Skii Bcsov Spaces for all set of values of 

I, p, Band n. For a function f: R" -+ R , the norm off changes as we take 

different set of values of I, p, B, and 1"1. Now We are going to see some particular 

cases by taking some different set of va lues of I, p, B, and n. 

Case i: Let n = 1 , 0 < 1 < 1 and 1 ~ B < C$J , thus the norm of a fWlCtion 

f: R -+ R in this N ikol Skii Besov Space can be analyzed as 

follows. 

Since 0 < 1 < 1, we have 1 =0 and a =1 
So, 

11( 6~" jD;I)11 =11(6",ft (II) = III(x+ h)-f(xl ,(l1) 
~p(ll) p I 

Ilfll 8;,,(11") = IIIII 8;,,(11) 
I 

=llfll,,(lI) + I llfllp' (II) 
]'= I p.N.J 

20 
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= Ilft"I II ) + 1II11/3;, ,(II) 
, 

(~ dh )0 
= llfll "II/) + Jllf{x + h) - f{x~I\II/) h'+iO 

Therefore in this case f to be in this space, f should be in LI'( R) 
, 

and also 11ft, III) + (J11I{x + h) - f {x ~I\III) h~::O r < 00 

Case ii: Let 11 = 1, 0 < I < 1 , () = 00 

These imply 1= 0 and a = 1 

Thus for a function f: R -'> R ,the norm III II B' (II) is given by 
,.' 

IIIII B;)II ) = Ilfll" llI) + ~~f h-' III{x + h)- I {x l , llI) 

This case is the same as the first case above except that () < 00 in the first 

and () = 00 in the second. 

Case iii: Let II = 1 , 0 < I < 1 , P = 00 , () = 00 

These imply 1=0 and a = 1 

In this case, as p = O'J , we have 

IIIIIL"III) = IIIII,. (II) = ess sllpII(x)1 
XEU 

where ess slIpII(t)1 is the infremum of Sup g(t) as g ranges over all 
.rEi? 

functions which are equal to f a.e. 

i.e. ess slIplf(i)1 = Inf { M : 11/ { t : f (t) > M } = 0 }, 111 denotes the lebesgue 
XER 

measure of a set. 
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Thus, Ilfll B~,(II) = Ilfll B~)II) 

= IIIII, (11) + Suph -' III (x + h) - f(x~L (II) 
• h~ "r 

= Ilfll '.(l1) + SliP h -' ess slIplf(x + h) - f (x)1 
11>0 :reI? 

In this case, f E Ilf ll B~)II) implies f E lilt. (II) and 

SliP h -' eO's slIplf (x + h) - f(x)1 < ro 
h>O :reI? 

This implies Ilfll < ro and thus there is M1ER such that 'if x E R, 
" f"~ (U) 

If (x)l ::; M, and 3 M2 E R such that 'd It> 0, h-' ess slIplf(x + h) - f (x ~ ::; M 2 

=> ess slIplf (x + h) - f(x ~ ::; h' M 2 
.re f? 

=> 'd XER, If(x + h) - f(x~ ::; /t' M2 

Now, let M = Max { Ml ,M2} 

Therefore, We have the following: 

.l"e N 

f E Ilfll B~.(ii) if and only if there is a number M such that 'd XE R , 

lI(x)1 ::; M and for all " > 0, 'if x E R , we have If(x + h)- f (x ~ ::; h' M 

Case iv: Let n = 1 , 0 < I < 1 , 1 ::; P < ro , B = ro 

In this case , I = 0 

Thus ,f E 8;,0 (R) if and only if f E Lp(R) and 

Ilft,,( II) + ~~fh -' llf(x + h) - f(xAl, ,( II) < ro 
This implies, there is a real number M such that, for all It > 0 

or 

III(x + h) - f(x)II ,,(II) ::; M Itl 
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Thus we conclude that f belongs to 8 ;,,0 (R) if and only if f E L,, (R) 

and there is a rea l number M such that IV(x + h)- l(x)11 $ M III for 
1'(1 (Ii) 

all positive number h, 

Case v: Let 11; 1 , I ; 1 , (); 00 

The above four cases are taking I such that 0 < I < 1 , but in this case 
we take I ; 1 

Since I is an integer , we have I; I -1 ; 0 and a; 2 

111erefore , we take the second difference of the function f, 

Thus, 

IVII B;,(lI) ; IIIII 8;.(11) ; 1I/IL.,, (l1) + ~~f h -' IJc~~, '/)11,,( 11) 
; 11111 + Sup h-'II/(x + 2h) - 2/(x + h) + l(x)11 ) 

1,1' (In 11>0 1'(1 (If 

Ilfll S 
11/(x + 2h) - 2f(x + h) + l (xlil" ,,(lI) 

; + zp--------------------~~ 
. I.p (In h>0 h 

111erefore ,f belongs to 8 ;,,0 (R) if and only if f E L" (R) and for some 

positive real number M, for all h> ° 11(~~" f)11 $ M h. 
1,1' (Ii) 

In case if p; 00, we get f belongs to B;"o (R) if and only if for some 

positive real number M, 

v X E R II(x)1 $ M and 'if 11 > 0, 'I x E R 1(~~" f)1 $ M h, 

I/(x + 2h) - 2f(x + h) + l(x)1 ; I/(x + 2h) - I(x + h) - [f(x + h) - I(x) ] 

$1/(x + 2h) - I(x + h)I+I[j(x + h) - I(x) ] 

111l1s, V x E R , 'ifh> o ,l/(x +h) -/(x)1 $MII implies 

I/(x + 2h) - 2/(x + h) + l(x)1 $1/(x + 2h) - I(x + h)I+I[I(x + h) - I(x) ] 

$M h +Mh 

;2Mh 
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If we put M' = 2M , then we get 

If(x + 2h) - 2f(x + h) + f( x)1 s M' h 

where M' Ii = 2M 

But for some real number M ,'it x E R , If h > Osuchthat 1(t.~;J)ISMh 

does not imply 

for some M' >0, 'it x E R, If h > 0 , If(x + h) - f(x )1 s2M Iz. 

Case vi: Let n = 1 , 0 < I < 1 , 1 S P < 00 , 1 S e < 00 

In this case, f belongs to 8 ;,.0 (R) if and only if f E Lf' (R) and 

or 

Fact: (~IW/ llf (x + h) - f(x ~I )0 dh ) < 00 if and only if 
1'1'(/0 h 

o 

( I
I w/ llf(x + h) -f(x~1 )0 dh ) <00 . 

1'1' (/0 h 
o 

Proof: (=»Since [0,1] ~ [0, 00) , we have that 

TIUtS, 
(

OO[ (h -/ llf(x + h) _ f (x ~I I I )0 dh ) < 00 implies 
• 'p ( 0 h 
o 

( I
I w/ llf(x + h) - f(x~1 )0 dh ) < 00. 

'-I' (I?) h 
o 
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(<=) Suppose ( J' w'llf(x + 17) - f(x~1 )0 dh J < 00 
I,{,(I?) h 

o 

Now, (roJW'llf(X+h) - f(x~I , 11) )° dh J = (roJllf(x + h) - f(x~I O',(l1) ~::oJ 
.,,1 17 17 

o 0 

(Jllf(x + h) - f(x ~I o ',(II) 17 ~::o J 

+ Ollf(x + h) - f(x ~l o",(l1) h~::O J 

Now we consider Ollf(x + 17) - f(x~lo",(l1) h~::O l 

= 211 II 0 roJ dh ( f ,., (11) ) h ' +/0 , 
ro dh . _ h - 10 ro . 1 b -'0 1 

But J-= llIn-- I = 11111(---) =-, h'+1e h~ro IB ' b~ro IB IB IB 

(roJII ( ) (~I O dh J 2
0 Ilf llo 

',(II) 
111erefore, , f x + h - f x~ ',(II) 17' +'0 $ IB 

Now since IlfIIL,III") <w , Ollf(x+h) - f(x~I "",(II) h~~:O J is always finite, 

Therefore, since Ollf(X + h) - f (x ~I\III) h~::O J is always finite and by 

hypothesis 

( J' w'llf (x + h) - f(x~1 )0 dh J is finite, we have that 
'-{' (In h 

o 

O(l1 -' llf(X + h) -f(X~I "(II»)0 (~n converges implies 
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(rofW/llf (x + h)- f(x~1 )0 elh) converges. 
'-,, ( R ) h 

o 

Case vii: Let II. = 1 , P = 00 , 0 < I < 1 

These implies 1= 0 and a = 1 

Denotation: If p = e, then B;,.o (R") is denoted by B;, (R"). 

TI1US in our case, 
, 

Ilf IIB',.(R) = Ilf lIL ,1I1 ) + (JW/llf (x + h) - f H I/,,",)" ~T 
, 

= Ilfll /,1I1) + (Jllf (x + h) - f (x ~I /\III) h~::" y 
, 

- Ilfll" .. , + [ ~ [j 1/(' + h) -I (·li" d. n h::,f 
, 

II II (rof rofl . I" elh) " = f 1., (11) + 0 -ro j (x + h) - f(x) elx h'+II' 

, 

( ro ro elh )" Illt,lIl) + JelX Ilf(X + h) - l(x)I " h'+I" 

This is because f is integrable and the terms for the variable of integra tion h 

and x are separable. 

Now we inh'oduce a new variable as follows. 

Let h + x = !J , then h = !J - x and dll = d!J 
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Claim: ro
f dx 

OOf lf(y) - f (xf d = ~ ro
f dx 

oof lf(y) - l(x)I" d I 

I '1' +1" y 2 I _1 '+1" J - oo.t y-); _ 00 _ 00 y -~\ 

Proof: Consider the following graph, 

y 

y ~ x 

x 

From the graph , we can see that 

OOf 'I,.OOfl f(Y) - f(x)IP
d 

= oof" 'f' iI(y) - f (x)I " d" 
c", I 1'+11' Y c,Y I '1'+/" A " "" ", .",(*) 

-00 x y-x -00 -00 y - ); 

But by symmeh-y , we have 

oofd 'f lf(Y) - f(x)I " d,' = 00 00 If(y) - f(x )I " ** 
Y I 1'+1" A f dx f '+11' dy""""" ( ) 

- 00 -00 y - x - 00 _00 Iy - xl 

Tl 
oofl , oof iI(Y)-f(x)I " , - oof' _'f' lf(Y)-I(x)I P , oof" oof lf(Y)-f(x)J" 1 

1US, G ~\ I liy - C.\ I lijJ + Ci ); " cy 
I 1'+ P I 1'+" I I + I' _00 _<:rJ Y - X -00 -<FJ Y - X -<:rJ x Y - x 
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= ~fdx~fl/(Y) - I(x)I" dy + ~fdx~f lI(Y) - I(x>!" d 

I 11+1" I -11+1" y 
-<:r; x Y - X -<:r; x y - x 

by (*) and (**). 

= 2 ~fdx~fII(Y) - I(x)I " d 

I -·11+1" y 
-<:r; x Y- ..\ 

111erefore we have the claim. 

I ~ ~ I fey) - [(xli" 
Hence , III II B~( R ) = lifll Lpl ) + 2 _Idx J. Iy __ ~I I+I" dy, where x + II = Y . 

Case viii: When 11 E N , P = e, 0 < I < 1 

In this case, like case vii it can be shown that 

I 

. ( 1/(x) - I(y)I " J" I I/ I I B~( R") "'1111I L,{""1 + JJ Ix- yll+l" dxdy 

Case ix: When n EN, P = e, I = 1 

In this case, we have 

x+ y 

I I" I(x) - 1(- 2-) + I(y) 
f f dxdy 

Ix - yll+" U" R" 

Case x: Let 11 = 1 , 1 < I < 2, 1 s; P , e s; 00 

In this case, 1= 1 and a = 0 
I 

III II B~.( R ) '" lifll L,(" ) + OW(/- I) II (L~ " ,f'(X)t ,( ,,/ ~~~T 
Denotation: B;,.~ (R) " H ;, (R " ) 

lnthiscase, j E H ;, (R " ) ifand only if j E Lp(R ) and for some 

number M, II!::., , [ . (x)11 S; M h i- I 
! • / ." (In 
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2.3 Some theorems on Nikol SkU Besov Spaces 

In this section, we see some inclusion theorems to develop the rela tion between 

N ikol Skii Besov Spaces of different Index of smoothness I as well as different 

additional index of smoothness e. And, finally, we will put important theorems 

which will be useful for the applica tion on the generalized formula tion of 

Dirichlet problem in the last Chapter. Before we prove theorems we establish the 

fo llowing important theorem. 

Theorem 2.2:(Equivalent norms in Niko1skii Besov spaces) 
Let 1 ~ p, e ~ 00 , e > 0, then 

11.111.;.,(11") '" III t ,(II') + t OV1+ m') llcSJ,, }D;:,.IlII ,,(II.J ~; t 
when e< 00 

III I1 8;,(lI") '" IIIII,,(I1")+ t ~~fV1 -(l-m') IICI'.T. , jD;'~, IlII L,(II") 
when ()= 00 

where a j E N, 11Ij ENo and a j + IIIj > e > ntj which is ca lled 

condi tion of permisSibility. 

In the definition of the Nikol Skii Besov spaces a IS the minimum of a/s 

satisfying the condition of permissibility. 

For example, for a j > e and IUj = 0, we have 

Proof:(for II = 1, 0< e < 1, e= (0) 

Thus it is to show 

IICI'.", IlII, (II) 
III II"'(l1) = lil li, '") + sup ! ( , 

I' (' 11 >0 1 

I l cl'.~" It ., (II) '" III II ,. (II) + sup ! ( i.e for a j = 2 and 2 > e > ° 
{' 11>0 1 

29 



Function Spaces 

:= 11111 * H; (l1) 

Now we start with 

11(I'.~, ,ft, (II) ,,; 21ICl'.",f)IIL,(II) 

Consequently, 11111 * H;(lI) "; 21II ll f(;(l1) ................. .. ... (*) 

1 1 
Eit - I = - (E2" - I) - - (E" - 1)2 

2 2 

This is analogous to (x - 1) = 1. (x2 - 1) - 1. (x - 1)2 
2 2 

TIl us , IICI'.",ft ,(II) ,,; ~ IJcl'. 2/,,ft ,(II) + ~ 11(I'.~, ,ft, (l1) 

=> 
Ilc 1'." ,It , (II ) 1 Ilc 1'. 2/, ,It , (II) 1 Ilc l'.~, ,1)11,,( II ) 
---;--!..::....:... < - + - --~"'-'-

h' - 2'-' C2h) ' 2 h' 
'----v----' 

:=rp(lI) ":rpbh ) 

LetM= 
IICl'.~" f)II , (II) 

11111 * - sup .,. 
hI (10 - I ' 

1 
and C = -2'-( p JDO 7 

M 
Ijl(h) ,,; C (p(2h) + -

2 

M M 
Ijl(") "; C (C (p(4h) + - ) + -

2 2 

M = C2 1jl(4h) + (C + 1) -
2 

M 
,,; C3 1jl(8h) + (D + C + 1) -

2 

,,; Ck 1jl(2kh) + M (Ck.l + ... + C + 1), by induction 
2 

M ,,; Ck (p(2kh) + - - -
2C I - C) 

since 1 <: 1 _ (_1_)' = 1 -Ck 
2'-' 
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11(~ ",f)I I , (11) 

<p(h) = h" 

Now If II ~ 1, then <p(h) ::; II(~ " ,flil" ,(II) ::; 2 III II ",(1i)' 

choose k such that 2klz ~ 1, then 

<p(lI) ::; 2Ck IIIII () + M as 2kh ~ 1 
'" 11 2(1 - e ) 

M ( 1 )' ~ <p(h) ::; 211111, (11) + , \;j It > 0 as Ck = ---;::;- ::; 1 
" 2(1- e ) 2 

11(~ " ,.f)1I, (II) . M 
IIIII,,;(II) = ~~~ h" ::; 2Ilfll,,(II) + 2(1 - e) 

II '11 II II lilli ' ,,; (II) 
f H; (lI) ::; 3 I ,., (11) + 2(1 - C) 

::; max {3, 1 } ( lil li , (11) + lilli' ";(11) ) . . . .. ..... .. . (**) 
2(1 - e ) , 

From (*) and (**) , we can see that the two norms are eq uivalent. 

And, III II ,,;(II) ::; 2(1 ~ e ) III II' ";(11) 

~ lilli' ";(11) ::; IIIII,,;(II) 

This inequali ty is true fori E LI,(R) 

For instance, consider I (x) = x 

(~i,,f) = 0, (6. It j) = h 

II(~ ", .f)1I" ,(II) C 11(~ 21' ,flil,., (II) M 
- _ -:----''--- < + -

hi - (2h) ' 2 

11(~ ",f)11, (II) 11(~ 21,,flil, , (II) M 
SLIp , <CSlIP , + - , 0< C< 1 
h>0 h' - ,,,0 (2h) ' 2 

11(~ ",flil, (11) M 11(~ ", .f)1I, (II) 
SLIp f ' ::; -- when SLI p , < 00 
h>0 h 2(I- e ) ,,,0 h' 
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Now we see that for n = 1, 0 < e < 1, 1 ~ () < 00 

(~ dl JYo IlgCh)11 = /gCh)O --; , Il > 0 

[ ~f(IICill".f)IL (II) JO dhl
Yo 

The norm, f f -

u h h 

~ C [f(IICil"" ft ,, (II) JO cihl Yo + ~ [f[ IICil'" , f)lI f,'(II)]O dhl
Yo 

u C2h) ' h 2" hi h 

J 
<p( Il) ~ C <p(21l) + - M 

2 

J 

~ <p(II) ~ M, Il > 0, U ---> 0+ 
- 2Cc- J) 

The first part of the proof 

1~()< 00 '\tfEL/,(R) 
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We use the fo llowing lemma 2.1 to 2.4 to prove the inclusion theorems. 

Lemma 2.1: Let a E R. Then for all monotone continuous function f, 3 C1, C2 > 0 
such that 

~ ~ ~ 

c, I 2k(° + 1) f(2k) ~ f X
O f(x) dx ~ C2 I 2k(0+1)f(2k) 

k =-o'J 0 k=-o'J 

f f(k) ~ j f(x)dx ~ f f(k) for a decreasing functionf· 
k= 1 0 k=O 

~ 

Proof: Consider f xUf(x)dx 
o 

Now let x = 2Y ~ d x = 2Y In2 dy 

a nd x ~ 0+ implies y ~ - 00, x -> 00 implies y -> 00 

~ ~ 

Thus, f xUf(x)dx = In2 f 2uy f(2Y ) d y 
o -~ 

<rJ k+ 1 

= In 2 I J 2(0+1)y f(2Y)dy 
k=-o'J k 

then using monotonocity of fWlction f and property of the integral , 

we have 

, 
A2 2(0+1) (k-l) f(2k-1) ~ f 2(u+l)y f(2Y)dy 

,-, 

~ ~ 

There fore, f xUf(x) dx ~ A3 I 2(0+1)k f(2 k) 
0 k =-<rJ 

a nd 
~ ~ 

f xOf(x)dx ~ A. I 2(U+t)(k-l ) f(2k-1) 
0 k=-<rJ 

~ 

= A. I 2(0+1)kf(2k) substituting k - 1 -> k 
k=-«J 
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From convergence of the integral, it follows the convergence of the series 

So, the first part of the proof is complete. 

To prove the second part, we follow the sa me procedure as part one. 

w 

Indeed, consider f f(x)dx 
o 

w 

So, we can write f f(x)dx as follows, 
o 

w w h i 

f f(x)dx = I f f(x)dx 
o k=O k 

hi 

But f f(x)dx ~ f(k) as f is decreasingf(k) is the maximum value of f 
k 

in [k,k+1] 
h i 

and f f(x)dx ?f(k+1) asfis decreasing andf(k+1) is the minimum value 
k 

off in [k,k+1] 

This implies :t f(k+ 1) ~ 1 J\x)dx 
k=O 0 

~ 

~ I f(k) by changing k + 1 ~ k, 
k=O 

we have 

:t f(k) ~ 1 f(x)dx ~ 
~ 

I f(k) 
hoi 0 k=O 

So, we are done. 

Remark 2.6: Let g ? 0 and g changes slowly .TIlat is for C3, C4 > 0, V x, Y 
I x 
- ~-~2 
2 Y 

C3g(X) ~ g(y) ~ C4g(X), then 3C5, C6 such that 

~ w ~ 

C5 I 2kg(2k) ~ f g(x )dx ~ C6 I 2kg(2k) 
k =-«> 0 k= -IT) 

34 



Function Spaces 

Lemma 2.2: Let a E N, h, I) E Rand f E L~n' (R) . Then for almost all x E R, 

(6~,,fXx) = t (_l)a.k (a.J (Wi ,f) (x + (a-k)h) 
k= 1 k - 'I a 

(2.8) 

Proof: For a = 1 

TIle left hand side of (2.8) becomes (6.1" f) and thus (6.Io,f ) = f(x + il) - f(x) 

The right hand side of (2.8) becomes (""'lE(a-k)Io + 6.1,."E,,) but a - k = 0 

TI1US, 

(6. 'I,E(a-k)lf) + (6.10." ,E,!) = (""",f) + (""10." ,E,!) 

So, it is h'ue fo r a = 1 

Let a = 2, Then 

= f(x + 7]) - f(x) + f(x + h) - f(x + I)) 

=f(x+ h) - f(x) 

The left hand side of (2.8) becomes (6~, J), 
and thus 

(6~, ,f) = f(x + 2h) -2f(x + h) + f(x) 

The right hillld side of (2.8) becomes 

t (_1)2.k) GJ [( 6~,,'£(2-i)f J + (_ 1)3( 6:,+ ,£,"/ J] 
1 

=-2f(x + I) + /1) + 4f(x + -I) + II) - 2f(x + /1) + 
2 
1 

+ 2f(x + 211) - 4f(x + II + - I)) + 2f(x + I)) + 
2 

+ f(x + 217) - 2f( x + 17) + f(x) 

- f(x + 2h) + 2 f(x + h + I)) - f(x + 217) 

= f(x + 2") -2f (x + II) + f(x) 

So, we are done for a = 2 

we can prove the theorem by induction. 
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Corollary: Let a E N, ii, '7 ER, 1 $; P ~ 00 and f E L,,(R) , then 

11(~~,,f)II /(II)$; t (:) [w~/) + (~:,-~J) ] 
h<l a l'p(l?) a ," p(N) 

(2.9) 

Proof: By using the above Lerruna 2.2 and applying the invariance of the norm 

lit., (II) with respect to h'anslations, we have the corollary. 

Lemma 2.3: Let 1 $; P $; 00, then for all a E N, there is A = A(a) such that V ii > 0 

and for all functions f in Lp(R) , we have 

(2.10) 

In particular, 

2 " 11(~ " ,flil, ,( II) $; h f 11(~,I,.f)II /,(II ) d'7 
o 

(2.11) 

where 2 is the exact constant. 

Proof: 

1. From the above corollary, we get for a E N, h, '7 E R 

Integrating this from 0 to iI by I), we have 

hll(~~" f)II / , (II) $; t (:) ['f (~~,,J) d'7+ 'f 
.1: =1 0 a l'p (R) 0 

, ~ ; (: 1 [~i tA:" nt."", rl,. (~, I(A: ,ft."" dry I 

111is is done by the changes of va riables 

k k 
- --+ I) and 11- - ') --+ I) 
a a 
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a 

::;2a L: 
k: 1 

(:J 
k 

a (aJ 2aL: " 
II(IJ. a 1')11 < '"' k f II(IJ. a 1)11 d 11 ' 1.,. {Il) - h 'I' 1.,. (Il) rJ 

o 

Letting A( a) = 2a f. (: J ::; 2a2", we have the lemma. 

'"' k 

ii. The proof of [neg ua Ii ty (2.11) 

Let 0 < 'I < h, Thus 

j(x+/t) - j(x) = j(x+ 11) - f(x) + j(x+ 11+h- '1) - j(x+ 11) 

= (£1" ,f) + (£1,,-'1 ,E,,/) 

This implies that 

Integrating this by 17 from 0 to h , we get 

" " 
1I11("'h,ft ,(II) ::; f 1I(IJ." , f)II ,,(II) dll+ f 11(IJ. "-,,JliI,,(II)d l) 

o 0 

" 

(2.12) 

= 2 f II(IJ. ", f)11 () d '1, by change of variable of 11 - 11 ~ I). 
o I.,. R 

Therefore, 

So, we are done. 

. I " 
Denotation: 1I(IJ.~".f)II ,,(II) := - f 1I(IJ.~"f)11 dl7 h ,.,, (11) 

o 
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Lemma 2.4: Let e > 0, 1 S; p, e S; 00, Then 

Proof: By Lemma 2.3, taking a EN 

Ilfliu;', (111 S; A( a) IIfll \ ;.,,(111 (2.13) 

To show the other side, 

If e is non-integer e = [e] and a = 1 

If e is integer e = e -1 and a = 2 

This implies IIfll * ";',(11) = IIflL.,(II) + [j( h -(r-" I~~, dD'1J' ",,, )" dh 
h ]

10 

[~ -'" ]10 
= IIfll () + f( h - (HI-Ii ~ frp(l)) d'7 )0 dh 

/'1' U h 
o 0 

where (p( I)) = 11(1'i~1 ' D 'nil 

= IIf ll l (II) + 1117" f-I ,rpll. ,where a = -(€-Ii ) - ~ 
~ ~~ e 

S; C (lIft,(II) + 11 17" rpt;(o.~)) ' C > 0 

I., (II) 

=c (1Ift,(II) + [Oh-(I-" II(I'i~" jD'f)II ",,, r {~:'r 
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=C 11/11 11 ' (II) ,.0 
(2.14) 

I - I I 
where l $ f) $w and a< - ·-(e- e)- -<-

f)' f) f) 

Consequently from (2.13) and (2.14) , we get 

II/!Iu;, (II) '" II/II * H;, (II) 

Now, once we have the above four lenunas and theorem (2.1) , we prove the 

following inclusion theorems. 

Theorem 2.2: Let e > 0, 1 $ P $ w, 1 $ (h < fh $ W .TIlen 

BI (R") C B I (R") 1'.0, 1'.0, 

Proof: For simplicity we take n = 1 

This is by theorem 2.1 and ta king /'II j = ° and a > e 
What we want to show is 

II (II < ell/II ' for some C > ° . H;." (II) - ,,; .,' (/< ) 
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h 

and <p(iI) = fll(""~I' .nll dl7 
o I., (II) 

which is a monotone continuous function. 

( 

00 ( _ )0, )10, "IIIIII,,(II) +Al ,~oo 2 ( f + ' )' 1"(2 ' )' ,by jenssen's 

inequality as e1 " fh. 

" IIIL,(II) +A2l f(h- r
-, f 11(""~I,It'(II)dl7 r ~: t, h >0 

'" IIIt,(I/) + O( h - { II(""~, ,It ,(II) y' :h t, 
"' IIIII ()+(OOf(h-(f -e) II(",,~,' D ' f)11 )0, dhj lo' bYtheorem2.1 

"" /( '-p(/?) h o 

= IIIII II;", (1/ ) 

Thus, Ifa functionfis in B;o, (R). Then 

IIIII II:'" (II) < 00 implies by the above argument II! liB ;,y, (R ) < 00 

111is impliesfbelongs to 8:'.0, (R) 

111erefore, 

B/~ , B2 (R) c B~,o, (R) 

Theorem 2.3: Let 0 < (1 < (2 " 00,1 "P ,,00 , 1 " e" e2 ,,00, 111en 

B e, (R") c B e, (R I1) 
p,O, p,O, 
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Proof: We want to show that for e1 < 6 , there exists a constant C E R such that 

11/ 11 0" (R ") sell/ IIB" (R") 
I' .0 1 1'.02 

for each ! E B~'o, (R") . 

Let " = 1 for simplicity, we consider two cases 

Case I: (h ~ e, ,then 

This is by theorem 2.1 taking aj E N such that aj> el, 6 andmj = 0 

But 

= [2 a,a Ilfll ;.~, (lnf' 
e, f I 

Since Ilfll,., (II) is finite, we have 

~ 0, 

f(h -(' II(L1~" flll ) dh is finite. 
'.,(11 ) h 

I 
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TIlis implies the convergence or non-convergence of 11 / 11 0' (R) is 
,..01 

determined by the convergence or non-convergence of 

TI1US, 

(j(h-t
, 11(~~Jt'(IIJ"' (~:' y~' = O"(~~,,f)" ~~'(II) h '~~:" t, 

= O[ (h-" "(L~~" .llt,(tl) r lYe, h(" -" )o ~:' t, 
Using the Holder inequality with exponent B2 ~ 1 as (h ~ B, and with 

B1 

dh 
measure - we have that 

h 

BYe 
Since (e, - e, )B, BYe B~ 1 > 0, we have 

B, 
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Therefore, we conclude that 

~ A3 11 / 11 8;'''' (R) by theorem 2.1 

for some A 2, A3 E R. 

Case II: If fh. < fJ/ 

11 / 11 8;',,(R) ~C, II / II B ~,., (R) by theorem 2.2 

~ c211 / 11B" ( R ) by case (i) for C" C2 E R 
f' ,0 2 

Therefore, in any case we have III liB;"., (R) ~ A 11 / 11 8;" ., (R)' for A> 0 

Hence, 

Be, (R) c Be, (R) p,o, p,o, 

Remark 2.7: Let I > 0,0 < E < I , 1 ~ p, fJ, (h, fh. ~ 00 , then 

Hence the parameter fJ is a weaker parameter compared with the main 

smoothness parameter €. 

Tn this sequel , we have two important theorems about the rela tions of the 

Sobolev and Nikolskii Besove spaces and about the space of h'aces functins and 

the spaces of functions. 
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Theorem 2.4: Let I EN , 1 ~ P ~ 00. TI1en 

Where f}} = min Ip, 2) and f}2 = maxlp, 2) 

In particular, if p = 2 then f}} = fh = 2 

TI1erefore, we get Bi.2 (R") = W2
f (R II 

11- In 
Theorem 2.5 Let I, III, 11 EN, III < 11, 1 ~ P ~ 00 and 1>-­

p 

e /1 - 11/ 1/-1/1 

tr Wi (R") = B --P (R ill) = BI----;- (R III ) 
Rill P p.p p 

Remark 2.8: Let e EN, 1 ~ P ~ 00 and 0 c R" be an open set with 

a CI -boundary. Then 

I 
/--

tr w fr0.) = B P (0£1) (n p\:. p , 

In particular , if I = 1 and p = 2 , we get 

I e>­
p 

I 

trmWX0.) = = BI CoQ) = w(z (on) 

Moreover, for a function f in w; (0), we have 

11 11 II " < ell!11 for some C> 0 . an w(!(afl) - \t"~(fl) 

2 

2 we refer for the above theorems and facts the book !1 Sobolev Spaces on Domains, V.I.Burenkov II 
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App lication 

3.Appliction 

In the last chapter we have developed the basic concepts of the two function spaces and 

we have seen some relation between them which are useful for our application purpose. 

In this sequel, we w ill see that the two function spaces have a significant role for a 

generalized formulation of the Dirichlet problem for which to have the necessary and 

sufficien t condition for the function rp to determine the existence of the solution of the 

problem. Fi rst we give the generalized and classical formulations of the Dirichlet 

problem in the following section. 

3.1 The Dirichlet problem 

Before we go to the generalized formulation of the Dirichlet problem , it is better to 

remind the classical formulation of the problem. 

Classicnl fOrl1ltllntioll 

Let Q c R" be an open se t and rp : oQ~R be a continuous function then find a 

continuous function II on Q such that 

1. U.I'i exists for each i ElI , 2, .... . , nl and 1'.11 ; 0 on Q, 

where I'. is the Laplace operator. 

2. II ; rp on oQ 

3. Il is continuous on Q. 

This is the well known Dirichlet problem of great importance in Physics. 

Genernlized fo/'l1l11lntio/'l 

1. 1'.11; 0 on Q a.e, the weak derivatives 0
2

1: exist for each i E lI, 2, ... ,nl 
ox, -

2. II ; rpon oQ 

3. II E W,' (Q) 

Where Q c R" is an open set w ith C1 -boundary 
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Appl icati on 

Now we are going to formulate the necessary and sufficient condition for !p for a 

solution of p roblem (3.2) to exist. 

3.2 Variational m ethod of solving Dirichlet problem for Laplace equation 

In classical formulation of the Dirichlet problem for La place equation (problem 3.1) 

!p E Q30 ). But Hadamard 's example shows that there is !p E Q 30) such that II is not the 

solution of the generalized formulation of the Dirichlet problem for Laplace equation in 

problem (3.2). Thus, our aim is to find necessary and sufficient condition for !p insuring 

the existence of the solution of problem (3.2) using the theory of function spaces and the 

notion of b'aces of functions. We give the following Hadamard 's remark before we go to 

the formulation. 

Remark 3.1: The generalised formula tion involves the assumption tha t the solution 

belongs to the sobolev space W,' (0 ). In Hadamards example, the classical 

solu tion exists but does not belong to this space. Hence it is not the 

generalized solution . So Hadamards example shows tha t not each 

continouos function belongs to the space w,r, (30 ) 

The integral 0 (11) given by the formula 

( )' II au 
D(u) = f:L - dx 

(} ,,,, I ax, 

is called the Dirichlet integral. If D(lI ) < 00 , it has a physical interpreta tion that it 

describes a potential energy. 

If /I is in 1.2(0) and D(u ) < 00 then /I. is from W,' (0 ) beca use 

{ . ~ } W,' (0 ) = II: U E L, (0 ) ,llull ll'!(o) = 11uI1,,(o) + 8 3x, ~(~ 
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TIle position of equilibrium corresponds to the minimum of the potential energy. 

min D (v) = D(u ) 
" 

From the functional 

( J
' au au " au 

I F( lI,-, ... ,-,x)dx = II - dx 
n ax, aXil n 1=' ax, 

by using Euler-Lagrange equation, it follows that 

, where 
au 

u = -
x, a 

X i 

Which implies 

I.e. 
t;. 11 = 0 

Thus Problem (3.2) can be formulated as 

1. inf D (v) = D (Il) 
I'EWL, (O) 

2. ul e<> = rp 
(3.4) 

3. II E W,' (n) , where w,' .• (n) = { II E W,' (n) : HI e<> = rp } 

Remark 3.2: The formulation of the problem is va lid if and only if W,' .• (n) * ¢ and 

w,' .• (nl *¢ if and only if rpE W;, (an) 

Indeed, suppose W,'. (n ) * ¢ and hence let Il E W,'. (n ) 

TIllis ul e<> = rp and II E W,' (n ) . This implies rp E Iran W,' (n ) = B~ (an) = w;, (an ) 

So, we are done. To show the other side let rp E W;' (an ). Thus rp E IranW,' (n) 

which implies W,' .• (n) * ¢. 
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The condition ul iG = rp for all 11 E W,' (£1) follows from the condition 

Theorem 3.1: Let £1 c R" be a region with Cl -boundary. Then problem (3.:!j:) has a 

solution if and only if rp E W;' (0£1). 

Proof: 

(~) The problem is valid if wi.~ (£1)'" ¢ , then by the above remark 3.1 

rpE W;' (o£1). 

(.:=) Let rp E W;' (0£1) , then by the above remark W,' .• (£1) '" ¢. 

Let d = inf D(v) 
I'Ewl .. , (n) 

Then we want to show that , there exis ts II E W,'.~ (£1) such that 0(11 ) = d. 

From the definition of infremum it follows that there is a sequence !vklkeN from 

W,'.~ (£1) such that D(vk) -> d as k -> (I) . 

Thus, D(vk) ~ d for all kEN. 

Using parallelogram equality for semi-Hilbert space 

Where, 

(" a" ow} (v, w) = f I - . -. Ix 
n 1=1 ax j Ox l 

and 

') II ov ( )' 11vI1 - = (v, v) = D(v) = 18 ox, dx 

. v 
Now, lettmg v = -' and 

2 
HJ=~ 

2 ' 
we have 

v - v v+v 1 

D( , 2 ",) + D( , 2 ",) = 2 (D(v,) + D(v", )) 
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v - v I v+v 
O S D( k 2 "' )S"2(D(v, )+D(v", )) - D( ' 2 "') 

1 Vk + vlI/ Since W, (0) is linear , -'-_!!!'" 
2 

E W,',~(O) , 

And, 

TIlerefore, 
v - v I 

O S D( ' "' ) S- (D(v, )+D(v",))-d 
2 2 

I 
<=:> -D(v, -v", ) -> 0 as k, 1'Il -> 00 , 

4 

Thus , because of the completeness of the space w; (0) 

where 

there exists II Ell' : (0) such that Ilu - v, II ' A -> 0 as k -> 00, 
- 1I',(u) 

And also beca use of continuity of semi norms 

which means D(v, ) -> D(u) as if -> 00. 

TIluS we have D(u) = lim D(v,) = d and 
, ~OO 

D(u) = inf D(v) , 
l"Ewt,,(O) 

On the other hand according to the theorem abou t h'aces, we have 

Ilfl an II "",v, wn) S cllfll ,,~( n) for some C > O. 

If f = II-Vk then 

IH an - v , I an II IV,Y, (an ) S Cllu - v,t ;(n) -> 0 as k -> 00. 

which implies that 
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There fore we proved that 

II E W,'. (n) 

Th eorem 3.2: Let n c R" be a region with Cl -boundary, rp E W;' (on). 111en if II is 

the solution of problem (3.3), then for all '1/ E C,~ (n) we have 

I( f. ~ Oljl }tx= O. 
n ,=d ax, ax, 

Proof: Let '1/ E c ; (n) .Then since C; (n) c W,' (n) , we have II + t'l/ E W,' .• (n ), t E R. 

Il + t'l/ Ian = 11 Ian + t'l/I an = rp as t 'l/I an = 0 

Then 0(11) = min D(u + 1'1/) 
IEll 

and 

min D(lI + I '1/) = min ¢(tJ 
lEU lEU 

= ¢(O) 

w here 

( )' II a II +1 
¢(t) = D(u + 1'1/) and D(u + fiji) = II: ( '1/) dx . 

n ,=1 ax, 
Then 1/1'(0) =0 as 0 is the minimum point. 

D( ) '1 =~ If' (0(U + I'I/) )2d'l U + fiji 1",0 L...J X 1=0 cli " ,=, ox, 

( )' ( } ( )' cI II AU II all a II a 
= - ( II: - . clx + 21 II: - . ....J!... x + I ' II: ....J!... clxl ,=0 ) = 0 

df 0: ,=1 all n 1= 1 a); , a~l i n ;=1 aX I 

This implies 

Thus we have the theorem. 
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