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Preface

This seminar report basically consists of two chapters. In the first part, the Sobolev
and Nikol Skii Besov functions spaces are investigated and some inclusion theorems
are developed as well as some relations of the two function spaces are stated as a
particular case. As the main objective of the seminar report we formulate the
necessary and sufficient condition for the function (which is equal to the solution of
the Dirichlet problem on the boundary) on the boundary of some region, for the
solution of the generalized formulation of the Dirichlet problem of Laplace equaton
to exist. For the classical formulation of the Dirichlet problem, we, as an assumption,
take the value of the function on the boundary of some region in which the solution
is defined is continuous on the boundary. But, this does not guarantee the existence
of the solution of the problem, which is shown by Hadamard's example. Therefore,
as a conclusion, we will see that the formulation of the necessary and sufficient
condition for the generalized formulation of the Dirichlet problem of Laplace

equaton in the second chapter of this seminar report.

Before all, I thank the almighty God with out His help nothing is happened.

I would like to express my special gratitude to my advisor and teacher Dr. Tsegaye
Gedif for his unlimited help for the completion of this seminar report. I am really
lucky for his being here with me. I would also like to thank all my teachers for their

contribution to bring me to this level.

Finally, I thank my parents for all they have given me and for their prayers. Also,

[ would like to thank W /o Tobiaw Tefera, for typing this manuscript partially.

Hailegebriel Enyew



Denotations and Some Definitions

The following standard notations are used this seminar report.
N - the set of all natural numbers,
Np - the set of all non-negative integers,
Z - the set of all integers,
R- the set of all real numbers,

NJ- N, xN, -+ xN_  -the set of multi-indices (1 is the natural number

'
"

which will be used exclusively to denote the dimension),

R" - RxR --- xR
=

A number & € R is called the exact constant for a given proposition p if and only if there is
no a number less than o that satisfies p.
Lo (0,H) with 1<0 <, denotes the space of functions g of one variable , measurable on

(0, H) , for which

H

d/ 2
IIgII,_,,Wf(ﬂgﬂﬂleﬂ <w L(0,H) = L.(O,H)

0

~ - "equivalent to"
v - " for almost all"
a.e - " almost every where"

For a function f, Eyf := f (x+h)

For @ € Nj, a#0, we write:

Al +ly+ o+, o
D f=— " f( — the (ordinary) derivative of the function f of order «
OA.I 1 J\-zl v OX "

"

For an arbitrary nonempty set Qc R" we denote the following:

C(Q) - the space of functions continuous on Q.
C,(Q) - the Banach space of functions f continuous and bounded on Q with
the norm

”-f”(‘((h :S-U([? ‘ .f(.\') I ’

C(Q) - the Banach space of function uniformly continuously and bounded
on Q with the same norm.

ii



For a measurable’ nonempty set Q< R" we shall denote by:
L,(Q) (1 £ p £)- the Banach space 2 of functions f measurable on Q such

that the norm

171, = ( fifl dx]" ¢

L,(Q) - the Banach space of functions f measurable on Qsuch that the norm
"f”f - esssup| f(x)] = inf sup | f(x)| < o
= xeQ)

wmeas (w)=0 xe\w
for the case where measure(Q) # 0
and if measure(Q) =0, then we set ||f||; @ =0

We note thatif Q c R"is an open set, then for f € C(Q)”f"(_m) =7 p—

For an open nonempty set Q < R" we shall denote by:

L’f’j“ () (1 £ p € o)~ the set of functions defined on Q such that for each
compact Kc Q fe LI,(K)3,

C'(Q) (I e N) - the space of functions f defined on Q such that

Va € N, where
la|=a, +a,++a,= and Yx e Q thederivative (D f)(x) exists and

D" f e C(Q),

c” (Q):mC’ (Q) - the space of infinitely continuously differentiable functions
1=0
on Q.
For a function f,supp /= the closure of the set {x : FLx)+ 0}

(7 (Q) - The set of all infinitely continuosly differentiable functions on Q such

)

that supp / is a compact set forall f € C(Q).

B o~ =w

' "Measurable" means "measurable with respect to Lebesgue measure." All the integrals in this paper are

Lebesgue integrals.
* As usual when saying a "Banach space" we ignore here the fact that the condition ”f"" i = 0 is equivalent to the
"
condition / ~ 0 on £2 (i.e.fis equivalent to 0 on €2 < measure {x € {2 | 1x) # 0 } and not to the condition /= 0 on

€2 . To be strict we can call it a "semi-Banach space" .

¥ ~sfin L':,','" (Q) as k—> o means that for each compact K< Q f — f in L,(K).

iii



Preliminaries

1.Priliminaries

In this preliminary part of this mathematical text, we investigate some
elementary concepts that are useful in the next chapters. For instance, since the
definitions of the Nikol Skii Besov and the Sobolev Spaces are highly based on
the L, Spaces , we discuss about the L, spaces and their properties in the

following section.

1.1: The L, Spaces

We know from analysis that the collection of all measurable functions specified

on an open set Q < R” for which the norm

7 F
”f“" ) = ﬂf(\—)| dx , 1S p<w
(€2 s ' -
ess suplj ( .\:)|
xel)
is finite will be denoted as £,(Q2), 1 < p < o and the norm is called the L, norm
of f and the space of these functions is called the Z, space. In this definition ,

ess sup |f(1] denotes the minimum real number among the real numbers those
are greater than If(\] a.e.

We note that L, spaces are linear spaces. Indeed,

iH L i
[ﬂqﬂ ! dx] = |al[ J'|f| # de . <w whenever [ ﬂfl ; dx] i <o
Q Q

Q
Thus, af €L, (Q) whenever f €L, (Q).And,
17 + el < @max {|7].[el I =27 (max{ sl e} <27 (71" +1gl")

This implies the sum of two functions in L, isalsoin Z,.

The Holder and Minkowski Inequality

To prove some theorems about function spaces in the next chapter, as it is

mentioned , we make use of some facts in the L , Space ,specially , the Holder
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and Minkowski Inequalities. So we state and prove this inequalities. We establish

the following lemma before proving these inequalities.

Lemma 1.1: Let & and S be non-negative real numbers, and suppose
0<A<I1.Then
a’p <ia+(1-1)B
with equality only if a = .

Proof: Consider the function h defined for non-negative real numbers t by
hty=(1-2)+ A —1*
Then h(ty=1 - A" = A(1-1*")
Since A-1<0 wehave h'(t) <0 fort<1 and h'(t) >0 for t>1.
Thus for t #1 , we have h(t) <h(1)=0

Hence, (I - 4)+ A >t with equality only for t=1

. a a_(a)
If f#0 then by setting t=—, we get (I—/I)+/1—2(—J |
2 & B & 8\
This implies

a’ B <da+(1-2)B whileif §=0, the lemma is trivial.

Lemma 1.2: If pand g are non-negative extended real numbers such that

11
—+—=1  andiffel,and geL,, then f.g ¢ L, and

P q
[l =171, e, (1.1)

Equality holds if and only if for some non-zero constants aand f,we

78

have a|f|p =flel? ae.

Inequality (1.1) is called Holder inequality.

Proof: In the case p =1, g = » ,we have

Izl = fI7llel < fl7

ess supl gl

(§]
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= JIllel.,
el fI71
-l

Now assume 1 < p < , consequently 1<q <

2 g

Let us first suppose that "f " p = &1,

Thus by lemma 1, with @ = |f(’]p , B= |£’(’10r

| o

B s s
. 1 g & We have,

(O] < A1) + (- 2)g0)|? (1.2)
So, Integrating both sides yields

lrd<aA”+0-2)]g" =1 (1.3)

If ]|f|| = 0 and =0, the inequality is trivial.

g

So, let f and g be any elements of L, and L, with [|/]#0 and |g] 0.
Then,

and & have norm one.

WH lil,
Thus substituting this in (1.3) yields

U 1d
TR TN

&l

This results ,
Jlzel <M, el
Lemma 1.3: If fand garein L, thensois f + g

and

|7+l <l +lel, (L4)

Inequality (1.4)is called the Minkowski Inequality.

(O8]
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Proof: The cases p = 1 and p = o are straight forward hence we assume
1<p<mSince |/ +g|" < 2”0]‘"" +|g|”)have frgel,

Also,

[l7+gl" = ﬂf‘+gl”"|f+gl
< 17 +&" (1 +1gl)

=7 +a" 17+ 1f+4" el
By the Holder Inequality , we have

fr+e (<l s+,

JI7 + &l el) <l Jor + o,

: r
|+, = (J0r+ 2y p=1r + ol

Since p = g(p-1), we have

|7+ &ll; <A, +lel, )7 +&lg)

gﬂ

|+, <IA, +

The proof is complete.

or

gl,

Lemma 1.4 Consider a sequence of real numbers {ax} =1, then for 0 <p < g ,we
have

| |
1 ; ; " ’ "_,;
[gaﬂ.rj s(zw] (15)
k=1 k=1
Inequality (1.5) is called Jenssen's Inequality.

Proof: Assume 0 <p <g
Now for p = q the lemma is trivially true.

1

Thus ,It remains to show (Z'”klf]’ (ZI"J J for p<g.

k=1
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|
With out loss of generality let o= [Zl“klﬂ Jp > 0 because in case =0,

k=1

the lemma holds trivially. Thus, o/ = (ilakrj > |a,|”.

k=1
This implies

az |a,,| or

Now we define a function Z(t)=Ct , 0<C<1
Obviously , Z is not increasing,.

Thus we have Z(q) < Z(p)since p < g for all C such that 0 <C <1.

= . a,
In particular , if we consider Zi(t)= [|—‘—|] , we get
a

(MT < ([a—‘ljl , Vke{l,2,...n}.

o [24
n
P
n Z|ak|
; . I—
P 3 "
a’ = | II’
2la
k=1

1

But,

q
ths, (Sl |<(Slal |

' g
N "

Hence, {Z|akl"](’ S( la,|” i
k

k=1 k=1 /

So, the proof is complete.
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Lemma 1.5: Let f be a non-negative measurable function, the there is a non-
negative sequence of simple functions {¢, }”s=1 vanishing out side a
set of finite measure such that

1) pi<g<....<
2) gu(xy—» f as n—p o

Proof: For each positive integer 1 , we define sets
E,={x:(k=D27"< f(x)<k2"  k=0,1,2,..... n2"
Since f is measurable E,xs are measurable.
Moreover, E s are pair wise disjoint.

Now , we define ¢,(x) as follow.

n2"

27" (k-Nyx, (x) , 0<f(x)<n
k=1 "

n 5 f(x)>n

Pu(x) =

we show @,s are increasing.
i.e. ou(X) < @u+1(x) for all x.
If f(x)<mn,then thereis k such that (k-1)2-" < f(x) < k2
Now, [(k-1)2 , k2] = [ 2(k-1)2-7+1 , (2k+1) 277*1) U
[(2k+1) 241, (2k+2)2-0+1)]

Thus, if f(x)e [ 2(k-1)27*1, (2k+1) 2*1) , then @u(x) = (k-1)2"
and @u+1(x) = 2(k-1)2*1 = (k-1)2
Therefore, gu(x) = @u+1(X)
If f(x)e [(2k+1) 21*1, (2k+2)2-(*D)] , then @u+1(x) = (2k+1) 2-(+*1)

> (k-1)2n

= on(x)
Thus,  @ua1(X) = @u(x)
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If f(x)>n,then @u(x)=n, Clearly, u+1(x) 2 n
If f(x)=cw ,then @u(x)=n forall ne N
Therefore, ¢u(x) approaches infinity as n goes to infinity.
or ,
ou(x) approaches f(x) asn goes to infinity.
If f(x) <o ,then thereis m € N such that 0< f(x)< m
This implies 0< f(x)< n forall n=m
Thus, 0 < f(x) - @u(x) € 2 forall n=>m
Letting n sufficiently large , we have f(x) —¢u(x)

Therefore, we have the lemma.

Lemmal.6: Let f be an integrable function on (-« , «). Then

j S(x)dx = [ f(x + hydx (16)

Proof:

Case i: f(x) = yr (x) where E is measurable and mE < «

f is integrable. Then J'f(x)dx = J. XY (x)dx =mE

and [ £+ = j Ze (et W = [7(x)dx = m(E-h)

By translation invariance of Lebesgue measure , mE = m(E-h)

Hence,

If(x)dx = Jf(\ + h)dx

Case ii: Suppose f(x)= Z a, 7. (x) , where each E; is measurable with mE; < o

i=l
as f isintegrable.

R ny

Thus, :]‘j'(.\‘)d,\'= IZ ay; (x) = i E]G,Z,;, (x)
- =l

—en =l
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m

= Za, L]);,:‘ (x)

n %

= Y [1,@

= Y g jl’:z; (x+h) , by caseiabove.
i=l i

m

= Z Ia, X (x+h)

1=l _ep

)

= J.Z a,x; (x+h)

—oni=l

= ]f(x + h)dx

Case iii: Suppose f is a non-negative function. Then , since f is integrable
and f is non-negative, by lemma 1.5 there exist an increasing
sequence of non-negative measurable simple functions vanishing
out side a set of finite measure and such that ¢,(x) goes to f as n
goes to .

Thus, by Monotone convergence theorem , we have

lim [, (o = [ fexie

Then, J f(x+ h)dx= lim .[go" (x + h)dx , by Monotone convergence

theorem.

n—w

= lim _[(p,,(x)a’x , by case ii.

= J‘.f'(_\-)dx , by Monotone convergence theorem.
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Case iv: Let f beintegrable, thus f=f*-f-and f*and f- are integrabe and
moreover
20, Feb

Therefore, _[f(x)dx= j_f'+(1')£ir- jf"(x)dx

= I./”(X + h)dx - _—[f*(x +h)dx by case iii.

ol

= U G~ o+ bl

= "j[ F(x + h)dx

Therefore, we have the lemma for all arbitrary functions.

1.2 Difference of a function

In this text, as far as difference of a function is concerned , we consider a
function f: R"—R.
Now the differences of functions (namely, the first, the second, the third and

so on) are given as follows.
The first difference of a function f: R"—R with respect to x; with step /1 € R is
denoted by (A,, jf) and given by
(8, 4 ) = £ (x + hej) = £ ().
where 1 € Rand hej=(0, ..., 0 ,lz B0 [N |

jh -component

The second difference of a function f: R"—R with respect to x; with step 1 € R is

denoted by (Az,,, jf') and given by

(A2, JF Xx) = £ Cx + 2hej) —2.f (x + hef) + £ (x)



Preliminaries

where /1 € R and mhej=((0,..,0,h,0,...,0) ,m=1,2
jh -coOmponent
This definition is derived from the first difference .
Indeed ,
(85.0) = (A, 7A, )
(8,-/(f(x +he) = f(x))
[fCx+he, +he,) = f(x+he )]~ [f(x+he,)~ £()]

Il

Il

Flx+2hel)y—2f (m +hef) + f (x)

The third difference of a function f: R"—R with respect to x; with step /i € R is
denoted by (A, jf) and given by

@)= (8.8 1)

=[f(x+2he, +he,)=2f(x+he, + he,) + f(x + he,)] -
~[fGe+2me,) =2 (x + e,y + £(x)]
= f(x+3hej)—3f(x+2hej)+3f(x+ hej) - f(x)

th

Continuing this process , we have by induction that the " difference of a

function f: R"—R with respect to xj with step I € R which is denoted by (A‘}', ; _)j'f)

is given by
(A",',,jf) = i(—'l)k [:]f(x +(a—k)he,) for aeN
k=0

If we are given the ﬁ”' derivative Df (f) of f in the jh direction , then the first
and the second difference of D”(f) are respectively given as
(&,./D7 )= D? f(x+hej)— D? £ (x)

and

(A%, D? )= D? f(x +2hej) ~ 2D f(x+ hej) + D’ £(x)

10
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Lemmal.7: Let a € N, f: R">R be a functionand 1<p <, then

"(A”h’jfly = 2a”f||l.y|m

Ly~

Proof: ”(A" b jf1|! =

L (R)

i(—l)‘{ﬂf‘(a\‘ +(a = k)he,)
k=0

L,(R)

IA

L,(R)

i (=D [f],”f (x+ (a — k)he,

k=0

-30)

a
=1

=

lr el L by lemmalsé.
=102

A

= 21,

Therefore , we have the lemma.
1.3 Notion of the Trace of a function

Let f € L' (R") where n > 1. We would like to define the trace tr fetr, r=
f| . of the function f on R where 1 <m <n.

Denotation: For each x € R" , we put x = (u, v) where u = (x1, ..., xu) and

V= [ X1y e 4 Xn):
Now, suppose that R"(v) is the m-dimensional subspace of points (i, v) , where v
is fixed and u runs through all possible values. we represent R = R"(0).
If f is continuos, the trace tr f is defined as a restriction of f: tr f= f(u ,0),
u € Rm. However, this way of defining the trace does not make sense for
arbitrary function f e L*(R"), since actually it is defined only up to a set of
n-dimensional measure zero. In fact, one can easily construct two functions

f,he L"(R") , which are equivalent on R" , but f (1 ,0) # It (i ,0) for all u e R

17
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Finally , it is natural to define the traces themselves up to a set of m-dimensional

measure zero. The above is a motivation for the following requirements for the

notion of the trace on R" of a function f € L (R"):

1) atraceg e L*(R"),

2) ifge L(R") isatrace of f, then ¢ € L/*(R™) is also a trace of f if and only
if ¢ is equivalent to g on R™.

3) if gis a trace of f and 1 is equivalent to fon R, then g is also a trace of I1 ,

4) if f is continuous , then f (it ,0) is a trace of f.

Definition 1.1 : Tetf € L’,"" (R")and g € L’l""(R”). The function g is said to be a
trace of the function f if there exists a function 1 equivalent to f
on R, which is such that

h(.,0) —g(.)in LY(R") asv—0 (1.7)

Clearly the requirements 1) - 4) are satisfied. In fact, if ¢ is a trace of f and ¢ is
equivalent to g, then (1.7) implies (. , v)—>¢(.) in L (R")and ¢ is also a trace of f.
Next suppose that both ¢ and ¢ are traces of f, then we have (1.7) and also
H(.,v))>0() in L (R") as v—0 for some H ~ fon R" .We note that for each
compact K < R"

le =l ., <l - gl, ., BV = HCV, ( HlH G =0, -

Since i ~ H on R", h(.,v) = H(.,v) on R™ for almost all v € R*", Hence, there exists
a sequence {vs}sen, vs € R*™, such that vs — 0 as s — w0 and

”g - (0"1,,(;\'; S "h(-,".\ )= g“f,,u;)"'||H("v.-) - @”/.,(m'

on letting s — o, we establish that g ~ ¢ on R,
Finally if f is continuous, then “f(u,v) -f (u,O)"L oy S (mK) me}(x| fu,v)-f (zr_.O)I s

Hence, |/ (..v)—f (.,0)" i 0 as v —0 because f is uniformly continuous on
1
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K x B, where B is the unit ball in R, Thus, f(., 0) is a trace of f.

Let Q < R" be a domain . we say that Q is a bounded elementary domain with a
resolved boundary with parameters d , D ,satisfying 0 <d <D < o, if

Q= {xe R":a,<x,<@(X).Xe W}
where diamQ <D, x=(x,..x,,), W= {fe R"™ :a, <x, <b,i=l..n—1 }

-o<pi<bi<ow,and @ +d< (X)), XeW .

|(m <M if 1< |a|<Iwhere

If in addition, @ € C' (W) for some [ € N and ”D”(o
0< M < o, then we say that Q is a bounded elementary domain with a

C' - boundary with the parametersd, D, M.

Moreover, we say that an open set Q c R" has a resolved boundary with
parametersd (0 <d<w),D (0<d<w)and eN if there exists open
parallelepipeds V;,j=1,...,s wheres € N for bounded Q and s = w for

unbounded Q such that

1) (V)arn Q# ¢and diamV; <D
2) acJw,),.
J=1

3) the multiplicity of the covering {V] )5=1 does not exceed ,
4) there existmaps &;,j=1,...,s, which are compositions of rotations,
reflections and translations and are such that
M(V)) = {xe R":a,<x,<b,,i=l..n ‘ﬁ
and
MQAV) = e R 1a, <x, <p,(@).FW]
where ¥ =(x,,...,x, ), Wj= {fe R™ :a, <x,<b,,i= l,...n—I} :
and ay+d< @ (X)<by-d, xeW,,if V;noQ #¢

If Vic Q, then ¢ (¥)=by;
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Let © c R" be an open set with a C!- boundary . we would like to extend
Definition 1.1 to the case , in which R", R are replaced by Q , 0Q respectively
where Q is a bounded elementary domain with a C!- boundary with parameters

d,D, M.

Definition 1.2 : Let Q < R" be an open set with a Cl-boundary and f e L;(QB) for

each ball B < R". Suppose that_/':Zﬂ , Where supp f; c Vj and

J=1
fi € Li(QnVj) (where Vj's are open parallelepipeds satisfying
conditions 1) - 4) in the definition of a bounded elementary domain

above) . If the functions gj are traces of the functions f; on

VimndQ, j=1,2,...,s then the function Z g, is said to be the

/=1

trace of the function fon Q.

1.4 The Euler-lagrange Equation

Let's consider the integral
b
I= [F(y,y'x)dx (1.8)

Where a, b and the form of the function F are fixed by given considerations but
the curve y(x) has to be chosen so as to make stationary the value of I ,which is
clearly a function (more accurately a functional ) of this curve, ie. I=1(x, y).
Referring to the figure , we wish to find the function y(x) (given say the solid
line)such that first order small changes in it (for the two broken lines ) will make
only second order changes in the value of [ .

Writing this in a more mathematical form , let us suppose that y(x) is the function

required to make I stationary and consider making the replacement

y(x) = y(x) + an(x) (1.9)
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j
!
i
j
)
|
i
b

>

Fig. Possible paths for — the integral (1.8). The solid line is the curve along which the integral

is assumed stationary . The broken curves represent small variation from this path.

Where the parameter « is small and 7(x) is an arbitrary function with sufficiently
amenable mathematical properties. For the value of [ to be stationary with

respect to these variations , we require

— =0 for all 5(x). (1.10)

a=0

Substituting (1.9) into (1.8) and expanding as a Taylor series in «,
b

we obtain Iy, @)= _[F(y +an, y'+an',x)dx

b
<

= ]‘F(_v,y',x)dx + J( o

oy

an + a—Fm}')dx + O(a?)
: oy’
With this form for I (y, @), the condition (1.10) implies that for all 7(x) , we
require
b
5(1)= I(gﬁn+§£17')dr =0
PG

Where §( 1) denotes the first-order variation in the value of I due to the variation

(1.5) in the function y(x). Integrating the second term by parts this becomes

b b ;
oF oF d oF
S F v N o A —
[I] ayl‘ J.[ o dx(&v') ]l;(,\)d.\ 0 (1.11)

[
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In order to simplify the result we will , for the moment , assume that the end
points are fixed, i.e. not only a and b are given but also y(a) and y(b). This
restriction means that we require 7(a)=7(b)=0, in which case the first term on the
right hand side of (1.11) equals zero at both end points. Since (1.8) must be
satisfied for arbitrary 7(x) , it is easy to see that we require
oF _ 1[@}
dy  de\ O
This is known as the Euler-Lagrange (EL) equation , and is a differential equation
for y(x), since the function F is known.
Moreover, it can also be calculated when n independent variables are involved to

extremise the integral

I = J‘F(xi ﬂ x)dx
E-- ox, Ox

n

using the same analysis as above , we find the extremising function

ox, | Oy, ox

i=l O‘Tl X, i

1 " o
y(x) = y(x1, ..., xy) must satisfy i—F = g {i} where y_ = -
oy '

16
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2. Function Spaces

In this chapter, we see two function spaces which are very useful for the

investigation of the Dirichlet problem in the next chapter.

2.1 Sobolev Spaces
Definition 2.1 Let Q < R" be an open set, [ € N, 1< p < «.The function f belongs

to the sobolev space W ff (Q) if f e Ly(Q), if it has weak derivatives

Dy f onQ forall @ € N satisfying |a| =l and

||f|i|-1-’f’,(53]=”f".'.y((l)-i_ ;|
[rz =/

D f| o < (2.1)

In the one dimensional case ,

; - (1)
‘-f”H"’,(Q) "f"!.,,im-i-“'f“ "I‘Ptm

Theorem 2.1: Let 2 — R" be an open set, [ € N, 1< p <. Then Wff (Q) is a Banach

space.

Idea of the proof: Obviously W If (€2) is a normed space. To prove completeness,
starting with the cauchy sequence {fi}Jxen in W, (Q), deduce

using the completeness of L,(Q2) that there exist fe L,(Q) and

fae Ly(Q), whereax e N,

al =/, such that fx— f and
D f, = foin Ly(€2). From the closed ness of the weak
differentiation it follows that f,= D; /.

Hence, fx — f in W, (€2) .1

' Two norms ””I and ||“, defined on a vector space X are said to be equivalent if and only if

lefor all x e X

there are two positive reals ¢ , c2 such that ¢ IHL S’HL <

17
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Remark 2.1: Norm (2.1) is equivalent to

||f||‘;,-;,|m=( I[|f| "+ ; pEg de} " forls p<om (2.2)
Q Ia =/
and to

".f-”‘:r,’un = max{ "./'“mm ' Ilglgi?("Df'f” i IQJ} for p = w. (2.3)

ie, Vf e Wff (), C3”f”‘:r-'j,(m < |‘,f'l[l;,;(£1)s C4|]f|['n';,¢p, where c3, cs > 0 are

independent of f.

This follows, with ¢3, cs depending only on # ,p and [, from Holder's and
Jenssen's inequalities for finite sums. If p = 2, then W, (Q) is a Hilbert space with
the inner product

(R, e J(.f§+|; pey 52:} 24

A wir=(f1 -

and ”./."‘H':"IQ] is a Hilbert norm. i.e.,

Definition 2.2: Let Q ¢ R” be an open set, [ € N, 1< p < ».The function f belongs
to the semi-normed Sobolev space w*, (Q) if f € L (Q), if it has

weak derivatives D / on Q for all @ € N satisfying |a| =[ and

i [
“.1{”[(}} = !$ "Du- f
al=/

The space w*! (Q) is also complete space (the proof is similar to the proof of

0, (2.5)

I

| <
L,(Q)

Theorem 2.1). Thus w*’{, (€2) is a semi-Banach space.

Remark 2.2: W,S () = w*’P (©2) but in general W;(Q) #* w*lp (€2).
ie.
1,0, ClA w2 for some € >o0. (2.6)

18
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Remark 2.3: In particular for [ =1 and p = 2, we have the semi-Hilbert space
denoted by w;(€2) and given by

wy ()= {u:\/ D(u) <o where D(u) JZ[ a”J

O i=1

Remark 2.4: Let [, m,n e N, m <nand 1< p <o .Then traces on R” exist for all
feW,(R") if, and only if,

n—m

P

[> for 1<p <o, [2n-m for p=1, (2.7)

i.e. if, and only if,
W}: (R"™")c> C(Rn-m),

Remark 2.5:Assume (2.7) is satisfied. It follows that for each f € W, (R")
thetr f € Ly(R") and

""’J'n; (R™) sc; |’f"wj,(.'e") for some c3 >0.

Now we consider the trace space

W R = 0, f €W/ (R")
=lgel™(R"):g=uf , IF eW!(R")]

If this is considered then . W, (R") < L,(R").

2.2 The Nikol Skii Besov Spaces

Definition 2.3: Let />0, 1< p<w , 1<0<w , ,wherelis the index of

smoothness, p is the index of summability, #is additional index
characterizing smoothness and consider a function f: R" —R.

Then we say that f belongs to the Nikol Skii Besov Space B, (R”)

if, and only if fe L, (R") and

19
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"/" B,,.‘H(R”j = "f"Lﬂue") +* ;"f"ﬂ:‘“(f( ) S0

where

L AN e i |
lfuﬁ (" 6[[ N(A;,a]D_,v.f)”Lﬂ{R"' & if <o

and
-[.’—I] -
! ’ :‘? h a -DI 1 =
||j||/8,=,1-4[“”) hifup ”(Ahjj ff)”[d,ue")lf =

In this definition ,

1—7:[[ | and @ =1 whenever ! ¢N
and

[=l-1land =2 whenever [ € N.

This is a general definition of the Nikol Skii Besov Spaces for all set of values of

I, p,@and n. For a function f: R" — R, the norm of fchanges as we take

different set of values of /, p, #, and n. Now We are going to see some particular

cases by taking some different set of values of I, p, &, and n.

Casei:let n=1, 0</<Tland 1<68<w», thus the norm of a function
f: R— R in this Nikol Skii Besov Space can be analyzed as

follows.

Since 0<I1<1,wehave ?=0 and a=1

” /D f V N "(Ah ’f1|,r_p(,re) = ”f("L L h) B -f(lef.,,:m
L R

”f“ B, (7") = ”f"B’, ()
|
zuf”,.‘ﬁ”‘-, + ;"f"ﬂi , (B

20
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=||f"r,,,ul) ki ”j”ﬁ’H ()

‘ . dh %
:”_f”h‘”” +(J"f(x+ /1)— f(xmg.'.,,un W]

Therefore in this case fto be in this space, fshould be in Ly(R)

1

» o
and also "f":.,.uel +[J.||f(x + h)—f(,\-]lgf_r(m hﬁﬁ, ] <
0

Caseii:Let n=1, 0<[<1,0=o

These imply I=0and a=1

Thus for a function f: R— R ,the norm | /]| is given by

i
BP_Z{R}

A5 0= W, Supt™|f Gt )= £ Y,

This case is the same as the first case above except that &< = in the first

and &= in the second.

Caseiii:Let n=1, 0<I<1, p=wn , =w
These imply /=0 and a=1

In this case, as p=« , we have

”fllf.,,ue) =”f||f,,(,'e) - G.S‘fjellp’f(xﬂ 4

where ess supl f(0)| is the infremum of Sup g(t) as g ranges over all
xelk

functions which are equal to f a.e.

ie. esssup|/(1))=1Inf { M:m{t:f(t)>M} =0}, mdenotes the lebesgue

YER

measure of a set.

21
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Thus, |f|| Bl,._n“” = "f” B’”(R?

1.+ Supt et h)=f ),

Il

"f" s S;'”f h! ess SRuplf(.\' +h) - f(x)l
In this case, f € || j" B ®) implies f € ||f | L gy and

Sup h™ ess sup|f(x + h) - f(x)| <o

>0 xelt
This implies ||f || iy =0 and thus there is MieR such that ¥ x € R,

|f(x)|< M,and IM; e R such that V11> 0, h™ esssup|f(x+h)- f(x)< M,

XER

=5 esssup'f(x +h)- \‘}<l7

xelk

(x+h)- x}<hM

= V xeR ,
Now, let M =Max { M1 M2}

Therefore, We have the following;:

IS ||f|| B () if and only if there is a number M such that ¥V xeR X

|/(x))|<Mand forall h>0, VxeR,wehave |f(x+h)-f(x)<h'M

Caseiv:Let n=1,0<[<1,1< p<w,f=»
In this case , /=0

Thus,f € B,,(R)ifand only if fe L,(R) and

”f"f.,.m, i ‘5,11457 ]?"”f(_\' +h) - f(x)”f-p”“ =

This implies, there is a real number M such that , for all &> 0

W\ f e+ )= f(x) 1oy SM

or

TESIORNIC I
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Thus we conclude that f belongs to B, (R) ifand onlyif fe L (R)

and there is a real number M such that ||f (x+h) —_f’(,\-)" - M for

] all positive number /1.

Casev:let n=1,I=1,0=w
The above four cases are taking | such that 0 < [ <1, butin this case
we take [=1
Since [is an integer , we have ?= [-1=0and a=2

Therefore , we take the second difference of the function f.

Thus ,
”f”BII.H”“=||f||B:.‘l””: ”f”.'.,,ue) ® ‘?:i’g) h_I “(Azf"f)||.'.‘,ue:

= | om T Sf'ug) B\ f(x+2h) =2 (x+ h)+ f(x)”l’[_””

I£Cx+20) =2 f(x+ ) + f(x)|
h

L,(R)

- “f .”.'.P(re: = Sf;lfé)
Therefore , f belongs to B, ,(R)if and only if fe L, (R) and for some

positive real number M, for all >0 ”(Az,,,f)” <Mh.

L)
In caseif p=w,weget f belongsto B, ,(R)if and only if for some

positive real number M,

vx eR |f()|<Mand Vh>0,vx eR|@A}, /)|<Mh

[f(x+2m) =2 (x+ )+ f(x)| = |fx+2m) = f(x+ )= [f(x+ B) - f(x)]
<|fx+2m) - fx+ W+ ) - f(0)]

Thus, vx e R,Vh>0,

flx+h)- f(x)| <Mh implies

[fGe+2m) =27 (x+ h)+ ()] < [f(x+20) = O+ LG+ ) = £(0)]
Mh +Mh
2Mh

IA



Function Spaces

If we put M' = 2M , then we get
|f(x+2m) =2 f(x+h)+ f(x)| <MK
where M'h= 2M
But for some real number M ,v x € R, V11> 0such that |(A2,,',f)| <Mh

does not imply

forsome M'>0, vx € R, Vh>0, |f(x+h)- f(x) <2M h.

Casevi:Let n=1,0<1 <1, 15p<sw ,1<f<w
[n this case, f belongs to B}, (R)if and only if fe L,(R) and

1

| - 2 i\
"—f"hm + [ '[U? NG+ n)- 1 (x1|.'.p(k))9 ihl] <
0

or

hl+.’£a'

fe L,(R) and [Tﬂlf(x+h)—f(xj|3:.ﬂu‘-_. i} -

o dh

) 7] <o ifand only if

Fact: [ I(h~f ”f(‘ + h) - f(xll L,(R)

(I(h" |7 (e + ) - f(x]|,_w”,,)0 @} <o

h

Proof: (=)Since [0,1] c [0, ®) , we have that

{J‘(h"”f(“\- +h)- f(xm,‘y”“ i @J < [ j(h” I/ (x+h)- f(xj]f‘ﬂ(m ¥ -(&J

h h

Thue, ( (G VACSTORNAC) Y %J <o implies
0 g

[ [ LG i)- 76N, " i} -

h
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|
(e suppose ([0t )- 6, "2 ) <

g ak T . dh
Now, (J(h NG+ m)= 1 G, )" ﬂJ=[j||f(x+h)_f(x]ﬁ,,.m, /]
- (e n- o2

o T df
¥ (J”f(‘ + h)_ f(‘m Ly(R) hl+7&vJ
i

Now we consider [tﬂlf(a +h)—f(x]|” 400 dh J

h 1+1a

(ﬂl]‘ x+h)— f(\m Ly(R) iﬂ,"fﬂJ - (I(21|f||;_p”“)g hﬁﬁ,]

; " dl
A, ) jh—”—

1

o -18 =
9 —h e |

itk Jh'*”’ =lim—o— I =1 w(ﬁ_ 0 " 10

1

% all ~le
Therefore, [_ﬂlf(\ + ]1 f(lm i dh ] & 2 "f" Ly(R)
!

’; 1416 /9

Now since ”f" LG [JH f X+ h ]IH; (R) C]”m] is always finite.

dh

h|+.'£)

Therefore, since (J’”f(,\ +h)-f (x]f” Ly(R) J is always finite and by
1

hypothesis

I
{J'(h"”f(,\' +h)— () e jE di_f] is finite , we have that
0

(I (7! £+ )= £ ]‘; ) #J converges implies
0 1
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. /
[J‘(hJ ”f(-" + h)_ f(xm/.ptm )’ %] converges.
0

Casevii:Let n=1, p=w , 0<l<1

These implies /=0and a=1
Denotation: If p= 0, then B, ,(R") is denoted by B, (R").

Thus in our case ,

el

| , 8 , . dh
Uy o, Jo W)= 161, 0 2]

i dh JF

L,(R)
(i 1+
B

Il

|VMMr*]V&+M—f&1

117

o0

"f”r‘,,uu + _[ (J‘ |f(" M) = f(x)lpdx]P

0

dh
hlh’p

“f"l,,uea 2 I |f(~\‘+h)—f(x)|!’dx dh Jﬂ

Il

h 1+ip

—an

. % - ap dh )P
| Jafircesm- o 2

This is because f is integrable and the terms for the variable of integration /1
and x are separable.
Now we introduce a new variable as follows.

Let h+x=y,then h=y-x and dh=dy
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o-sel” |f f(;\)l
Clal Ia’ J- e I-H',l .[d _[ 1+,’,r
Proof: Consider the following graph.
AY

>
X
From the graph , we can see that
If(y) LG/ S - @)
j j 7 j dy j‘—;wpidx ............. (¥)
But by symmetry , we have
ooty .
— / —» y—X

Thus, i ;Mdf I ﬂf_(IJ_ﬂ,J - a2l
8 =2 ¥ : X ) — X

1+ip 1+ip
X — X

27



Function Spaces

“|f - @) (m /m|
- Ja Iﬂ_ﬁ, fd I
1+ip G I+I,~

-2

by (*) and (*¥).
_ |f(v f(\)l
2 j j

Therefore we have the claim.

. : 1% J’)—f()
Hence , "‘f"B’,.[R):”‘f”L,.'-’f' 5_[ I ———— iy, 'where Zth=j .

,f’
J*\

Case viii: When ne N,p=6, 0<I<1

In this case, like case vii it can be shown that

: : JS(x) - ()
”f”B',(R] t"-f”[‘,.u«"; + [ _[I%d\d}]

Caseix: When ne N, ,p=6, I=1

In this case , we have

;
)+ f(»)

l!+p

’f(x) -5
“f"B:,[RJ ~ "f”LPue”: + j ,[ I

R R

dxdy
L=

Casext Letn=1,1<[<2, 15p,85»

In this case, E= land a=0

| ( () Jh
Wy gy W+ Jr b ol 2

|

h'
Denotation: B, (R) = H,,(R")

In this case , f € H:: (R") ifand only if fe L,(R) and for some

number M, ”A,,._,f"(.\')[|f““"] < MAp"
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2.3 Some theorems on Nikol Skii Besov Spaces

In this section, we see some inclusion theorems to develop the relation between
Nikol Skii Besov Spaces of different Index of smoothness [ as well as different
additional index of smoothness . And, finally, we will put important theorems
which will be useful for the application on the generalized formulation of
Dirichlet problem in the last Chapter. Before we prove theorems we establish the

following important theorem.

Theorem 2.2:(Equivalent norms in Nikolskii Besov spaces)
Let 1<p, <o, (>0, then

Wl = Voo * 3 (Jl 'k
when <o
”f“.'f;,m:e“yz ”f||1,(i€)+§ Ls;?é)(h—”_m’)||('ﬁ ID;W“ f)”I,F(R"l

when 6= w
where aje N, mj eNo and ¢; + m;j > ( > mj which is called

A%, iD" “ 4 dh i
2 'l W f) ', ‘]e J 1

condition of permissibility.
In the definition of the Nikol Skii Besov spaces « is the minimum of ;’s
satisfying the condition of permissibility.
For example, for ; > ¢ and m; = 0, we have

o Vi
Ay sier* W+ 2 [I Kot ) @J

0

Proof:(forn=1,0< (<1, =)

Thus it is to show

. 1)
"-f"”,‘”” — |l‘f||."!,”” -+ Sup_ r ﬁ,-f”)
¥ h>0
(OS5
o "f”f,,.(m % SILIE? -T' ieforgg=2and2>¢>0
1>
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= ”f” *H,’,uu
Now we start with

I(Azjiﬂ|f1’fp(.f€) =2 ”(Awf)“!.,-(”)

Consequently, ||f|| ¥ e 2 “]‘" HRy T *
| | ) .
(Anf) = E(Azn,f) - 5((A},,j)

L e on-L@E -2
Ey-1= 5 (Ean - 1) 5 (En-1)

This is analogous to (x - 1) = 1 (x2-1)- %(x - 1)

2
_ I : l
Thus, ||(A,u,a.f )”L,.{R) S 5 “(AM’f )”"-r("” o 5 ”(Azf”f]L.rUel
“(An:f)"r.,,tm I l|(A1.’t’-f‘)l|I-,»tl(l I “(Azj"f)“ﬁ.-””
= 7 < S 2h) + Eh—'
=p(h) T
Iz 1|
LetM= |]*,,,, = sup h— and €= 1

o(h) < C o(2h) + %
o() < C(Co(4h) + 124—) ¥

= C2 g(4h) + (C+ 1)

NN

M

<C (Bl +(C2+ C+1) =

< Ck (2kh) + % (Ck1+ ...+ C+ 1), by induction

M
%)

< Ck (2 +

1=/

k
sincel>1 - [—]—J =1-Ck
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.,
ol = —— ==
Now If i =21, then ¢(h) < ||(Ah ,f)“ L) S 2 "f“:,,,(:e)’
choose k such that 2% > 1, then

as 2kh =1

l, o M
o(h) <2Ck "/ " Ly(R) ® 21§ )
iy k
= oh)<2 ".f”;,ﬂ(k) ¥ < T e ¥V =0 aelF :[—I"—) =

Hmmﬂhm
h.‘

o

1710y = s <2\, * Q

A
2(1 -0)

2(1 } "f" R] "f" Fi' (R) ] scvevnnnnsnnma

From (*) and (**) , we can see that the two norms are equivalent.

= "f"H,'.ue: SSH'/‘HLP(M '

<max {3

And, ")‘“h [R) ”f" LCR)

Ly .
5 "f" DSIOIS "f "f;,’,(fe)
This inequality is true for f € Ly(R)
For instance, consider f (x) = x
(#5.7) =0, @up=h
MmMWhm<Cm%MMMM+M

h' N (2h)' 2
(A, 1) (Ays 1) ,
sup " h -ff ".'_',_|R; < CSLIp " 21 ||I.f,(h’) P ﬂ, < el
h>0 h h>0 (2h)' 2
"(Ah’f)”r.,(m M ”(Af"f)"f,,un
sup i when sup ———— < w
h>0 ]7 2(1'—C‘) h>0 h
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Now we see that for n=1,0</? <1,1<0<»

”(Ah—f:)”mﬂs Cw*f l% whereC=% 4|
h (2h)" 2 7' e
w Yo
lg(m|= ["J.g(h)a %J ,u>0
0o o
The norm ] w dh
7 : h“ h
Y

a }/ ) 4
[l @), 1K |
4 (2h)' h 2|2 h' h

" Yo
: dh
2 "f " L, (%) (J.]?ng J

U

IA

Ci "f”f.,,(:u) w' Ci1>0

9 @
0 h' h

o) < Co2u) + -;-M

Y

= o) < M u>0,u— 0"

— =2(c—1)

The first part of the proof

’ 0 % . 0 /%
“j. ”(A;,,_f )”-'.,.(R) @ < 1 °]- ”(Aj'ﬂf)l[[,ﬂ[[\’) @
h' h| " 20-¢)|; h' h

0

1<f<w VfeLy(R)
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We use the following lemma 2.1 to 2.4 to prove the inclusion theorems.

Lemma 2.1: Let @ € R. Then for all monotone continuous function f, 3ci, c2 > 0
such that

6y 2enfos [ X fxdxsc ), 2R
k=—n 0 k=—w

o0 oy

Z fik) < I fix)dx < i f(k) for a decreasing functionf.

k=1 0 k=0

Proof: Consider j x* fix)dx

0
Now letx =2y = dx =2y In2 dy

and x— 0% implies y = -», x > w0 implies y —

]

Thus, | xYix)dx=1n2 [ 2% f(2r) dy

0

@ k+1

=In2 ) [ 201y f2r)dy

k=—m k
then using monotonocity of function fand property of the integral ,

we have

k
Az 200 6D fikT) < [ 2041y fiav)dy
k-1
Qlaehit £035y . gal=0 ‘
gy P iR — Av 20K 124
2—(rz+|]21ﬂ'+“ f(z ), a+1<0

There fore, J x“f(x)dx < As Z 2k K28
0

;.
u'
3

and

o

,[ X f(x)dx = Aq i 2%+ 1)) f(2k-1)
k==

0 =

o

= Ay Z 2%+ Dk2K)  substituting k-1 — k
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From convergence of the integral, it follows the convergence of the series
So, the first part of the proof is complete.

To prove the second part, we follow the same procedure as part one.

Indeed, consider j f(x)dx
0

So, we can write j f(x)dx as follows,
0

wj f(x)dx=§ j fx)dx

k+1
But J- fix)dx < f(k) as fis decreasing f(k) is the maximum value of f
K

in [k, k+1]
k+l

and J. fix)dx = f(k+1) as fis decreasing and f{(k+1) is the minimum value
k

of fin [k, k+1]

This implies i flk+1) < I fx)dx
k=0 0

< Z f(k) bychangingk+1— k,
k=0

we have

o

5 s [ odx = 3

k=0

So, we are done.

Remark 2.6: Let ¢ > 0 and g changes slowly .Thatis for ¢z, cs >0, V x, y

] X
<=<2

27y

ag(x) <g(y) < cag(x), then 3cs, cs such that

s ), 2kg(2h < ] g(x)dx < cs i 28(2)

k==
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Lemma2.2: Letae N, I, neRand f e L’,””(R). Then for almostall x eR,

(a9, k) = 3 (1) m [(Aﬁ_.”.f) (x + (a-k)h)

k=1

i—n
o

DA, ) fnnJ 28)
Proof: For a=1
The left hand side of (2.8) becomes (A, f) and thus (A, f) = flx + 1) = f(x)
The right hand side of (2.8) becomes (A,E(xtn + An-yE,) but a-k=0
Thus,
(An Eiannf ) + (Aiy Enf) = (A5 f) + (Any Eyf)
= fle+ m) = flx) + flx + 1) - fix + )
= fx + h) - £(x)
So, it is true for =1

Let =2, Then
The left hand side of (2.8) becomes (Az,,.f),

and thus
(&,..7) = e+ 20) -2fx + 1) + fw)
The right hand side of (2.8) becomes

2 2 5 3 2 d
Z (—1)2'k) (k] [{AE”,EQ_“f] &+ (_])' (A;;L;’Ek”'f)]

=2 f(x+ p+ Iy + Af(x + % 7+ ) - 2f(x + h) +

+2f([x + 2h) -4f(x+ h + % nm+2f(x+n)+
e+ 2m) = 2f(x+ ) + fix)

Cfte 20y 2f(x it ) - flx + 2n)

= flx + 2h) <2f (x + 1) + f2)

So, we are done for oo =2

we can prove the theorem by induction.

@8]
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Corollary: Leta e N, i, neR,1<p<wand f €L,(R), then

“( 7’)”; SR = (:]

Proof: By using the above Lemma 2.2 and applying the invariance of the norm

i S

7
o

(5 "f)’

’ (2.9)
. (R)

La(R)

|||| . () With respect to translations, we have the corollary.

Lemma 2.3: Let 1 < p < w, then for all & € N, there is A = A(e) such that vV 1 > 0

and for all functions fin L,](R) , we have

”(A f)” R) .[ ”( '?’f)”; o (R) (2'10)
In particular,
3 h
(CY FTES l GY0 A &L
0
where 2 is the exact constant.
Proof:
i. From the above corollary, we get for « € N, Ir, n €R
a
. A% of + (A%
"( h f)HI \'R} e (k] ( ff.' f)-'-p(R) ( h—i*r.' f)“““”
Integrating this from 0 to 1 by 7, we have
a -h h
sl s 5 (4| Thaton] ane T f>\f
* k=1 _(] a’ Ly(R) 0 '—; L ,{R}
_ih
a a (a
= = ;—(k] ,[ ”(A"’ ””1 »(R) n:? &, (H)
1';——»1

This is done by the changes of variables

k k
——npand -—n > 75
a a
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g U

k

o b

(A, f)”f @ | P

L (“J

(A%, f)“f (,,) - ,[ ”( " j)",' L(R)

@5 1),

0

=

a (kj
Letting A(a) =2a ) 53 <2a2% we have the lemma.

=1
ii. The proof of Inequality (2.11)
Let 0 < n <1, Thus
fext) ~ f(x) = flc+ ) - f(x) + fock ip-g) - fx+ )
= (80 f)* (Bien Edf)
This implies that
JCONE T TSV I YO

Integrating this by 7 from 0 to /1, we get

1[GV j la,. 0, i+ J a0

#(R) L, (R]

(2.12)

=2 :[ “(A'r’f)”;_ (R)dr] , by change of variable of 1 - 17— 7.
< ,

Therefore,

Z :
”(Ah*f)”,'.ﬁ(msz 6[ ”(A’f’f)ILT(R] a

So, we are done.

. h
G0 SN L,(8) = % (Sl. ”(A(:,-‘f)”f‘p(‘,‘,)d’?
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Lemma 2.4: Let /> 0,1<p, §< o, Then
"f"n,’,‘,,ue) = "f” *B;J(RJ

s Y an f
5.0 1) ] ,—]

= -
where A1 0 =171, o * l( i)
0

Proof: By Lemma 2.3, taking a eN

”f”n;,'“(/e) £ A(a)||‘f|'*i5:._,,(!€) (2.]3)

To show the other side,

T U P [[ I

If 7 is non-integer 7=[fland =1

il | & i
Ay | s h

If /is integer / = (-1and a=2
Yo
& ot Al o dh
AL I 7}

. Yo
* (6T L I h (7
- ”f”.' R ¥ ( h o p(n)dn ).9 dh
p( ) h
0 0

this mptes 11, = 1, | O
0

where (1) = | (a%.D" f )||

L,(R)

= "f";_f,(,() + "h"H,qa||L;(0m), where a = (/- ) - é

sc (I, o+ b ol ) c>0

0 =(E=F)
e " l[!h |

: ¢ il
=c (I (A‘i‘,,jD"f)IIMJ ‘—1]

h

38



Function Spaces

=G ”f"ﬁ,‘}.,, (1) (2'14)

where 1<f<w and a< l; -(¢-2) - Ll
0 g 6

Consequently from (2.13) and (2.14) , we get

~ | 7[*
B, a(R) - BLall)

Now , once we have the above four lemmas and theorem (2.1) , we prove the

following inclusion theorems.

Theorem 2.2:Let(>0,1<p<w, 1< 6 < 6 <w.Then

B;ﬁ;( ”) - B;.ai( ”)

Proof: For simplicity we take n =1

. ),
TP | G S I

.
@51, ) ‘”’J 0 (2.15)

W+ ([0

This is by theorem 2.1 and taking m; =0and «a >/
What we want to show is

"f" Bl e (R) <C ”f”/i;,,,,: ey for some C> 0

&, %’l
dh
2 f)"f o (R) J 7}

/o
Ul Jre Tl i ]

215) = 7], 1 * {J[ - ‘I Jea

<, 40 [ o) |

K==

where ho=Jr(“0% -1 A; >0
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(A%, f)H dn

L,(R)

and o(l) = ]l
0

which is a monotone continuous function.

3 ( IA 0> /”:
SHfHLP(,,) [2(2 L ) ] ,by Jenssen's

inequality as &) < 6

, &,
Lo Ydn |
(A,,,_f)ljw)dnJ ?] A2 >0

= Hf”.r,ﬁ(ze)-l_Az[,[(hI.l[|

) } dh /léz
W (Ol 2]
0

Yo
% dn )"
j —J bytheorem 2.1
,(R) h

“f (re)+[j[h h ”|
0
- ”f";,’;‘m (R)

This implies “f”;; o S C||f” ., for some C eR

Thus, If a function fis in B, , (R) . Then

”f”,f;, o (R) < implies by the above argument ”f ”3;, A

This implies f belongs to B}, (R)
Therefore,

B;ﬁ: (R) C Bp 0, (R)

Theorem 2.3: Let0</1<{x2<0,1<p<w,1< 6, <, Then

B:ﬂ?@z( n) = BM( ”)
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Proof: We want to show that for /1 < (> , there exists a constant C €R such that

o iy SEIT e, 150
“f”,';plﬂ[(ﬁ ) 2 f BI,?”Z(R )

foreachfe B, (R”).
Let n =1 for simplicity , we consider two cases

CaseI: &> 0 ,then

||fl|8;,",,,(f?) - ”-f”.'_p(.fé) ![h—f'“

) @J%

@01, ) 4

o dhj%'

- "f“LF(R)+ J.(h""l(A‘I,,f)“!T[R)) [_1

Ul | (!

This is by thecorem 2.1 taking @; € N such that a; > /1, {2 and m; =0

. ¥
1N, ) 2 Tor s, " 2]

L,(R)

o

@, ) o

But r](r’f‘“
1

) [re ) p+06

. dh
< PG' ”fo o(R) gl

" .t dh
<2 ||f||f,,m P

b (RJ
01 [7 |

Since “}‘” is finite, we have

L, (R)

o

I(h '"(Ah f}"l un] L is finite.
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This implies the convergence or non-convergence of “f ” / is
Bf, ) (R)

determined by the convergence or non-convergence of

kel ) 2

Thus,

e

VY
(A% f)”,' L(R) ) dh) [J-”( "”f)”ﬂj (R) /73’: ! ]

' Y
_ [ﬂ( s, 0, m)) / (it dh]

h

Using the Holder inequality with exponent % >1 as ¢ 2 6 and with

dh
measure ]— we have that
1

0 Yo,

U: & ||( I f)”, (RJ ) ,‘.(fr:-,)(}‘ 6‘2:1 ’

“--..

o Al

a1
2l a, [I— 82 )%:
41 62 ﬁ%\

T[rkesnd, '] 4 o

Since (5 ~2,)8 /

]9/ - >0, we have

oy @l

(’.‘"1)”:[]3 .

[n o ah
5 h

= A for some A € R.
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Therefore, we conclude that

10 cay <2 [||f||,_m ]
0

) % dh %
(An’f)”f,,.(ff)) _h_J

<Az ||f”f,v; (ry by theorem 2.1
pais
for some A», Az € R.

Casell: If &< 6

”f“;g;,.ﬂl ry £Gi ”f”B;,.ﬁ: (r) by theorem 2.2
-4 6, "fllglnfm (ry by case (i) for C1, C2 € R

Therefore, in any case we have ”f”s' (R) SA”f”,J.J r)» for A>0
P2 »Y2

Hence,

B“, (R)c B", (R)

17:93 P,

Remark 2.7: Let!/>0,0<e</,1<p, 6 6, h<x, then
(+e n é n l—& n
BP-QQ (R ) . Bpﬂ( ) - B,!J.B, ( )
Hence the parameter ¢ is a weaker parameter compared with the main
smoothness parameter /.
In this sequel , we have two important theorems about the relations of the

Sobolev and Nikolskii Besove spaces and about the space of traces functins and

the spaces of functions.
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Theorem 2.4: Letl eN ,1<p <. Then

B, (R")c W/ R") B, (R")

Where ¢ = min {p, 2} and & = max{p, 2}
In particular, if p = 2 then ;=0 =2

Therefore, we get Bz{_z (R ! ) :sz( !

v (

s

Theorem 2.5 Let!,m,neN,m<n,1<p<wand /> B

/s n—m n—im

=57 ()5 )

Remark 2.8: Let 7/ eN,1<p<wand Q c R" be an open set with

a C'-boundary. Then

s
|

troV'(Q) =B, " (0Q), Py

In particular , if /=1 and p = 2 ,we get

tr VYQ) = = B2(6Q) = W, (6Q)
Moreover, for a function f in w}(Q), we have

"f|"“||£[ (r?Ql || f” (g), fOI some C = O

5]

2 we refer for the above theorems and facts the book " Sobolev Spaces on Domains, V.I.Burenkov "
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3.Appliction

In the last chapter we have developed the basic concepts of the two function spaces and
we have seen some relation between them which are useful for our application purpose.
In this sequel, we will see that the two function spaces have a significant role for a
generalized formulation of the Dirichlet problem for which to have the necessary and
sufficient condition for the function ¢ to determine the existence of the solution of the
problem. First we give the generalized and classical formulations of the Dirichlet

problem in the following section.

3.1 The Dirichlet problem

Before we go to the generalized formulation of the Dirichlet problem , it is better to
remind the classical formulation of the problem.

Classical formulation

Let Q < R" be an open set and ¢: dQ—R be a continuous function then find a
continuous function # on Q such that N
1. uy exists foreachie{l,2,....,nfand Au=00onQ,

where A is the Laplace operator. 7 (31)

2. u=g@on 0Q

3. u iscontinuous on Q. d
This is the well known Dirichlet problem of great importance in Physics.
Generalized formulation
1. Au=0o0nQ a.e, the weak derivatives S?Lf exist for eachi e {1, 2, ...n} 1
xr
2. u=@on o€ s (32)

3. uelW (Q)

Where Q < R" is an open set with C' -boundary
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Now we are going to formulate the necessary and sufficient condition for ¢ for a

solution of problem (3.2) to exist.

3.2 Variational method of solving Dirichlet problem for Laplace equation

In classical formulation of the Dirichlet problem for Laplace equation (problem 3.1)

¢ € C(0Q2). But Hadamard's example shows that there is ¢ € C(6Q) such that u is not the

solution of the generalized formulation of the Dirichlet problem for Laplace equation in

problem (3.2). Thus, our aim is to find necessary and sufficient condition for ¢ insuring

the existence of the solution of problem (3.2) using the theory of function spaces and the

notion of traces of functions. We give the following Hadamard's remark before we go to

the formulation.

Remark 3.1: The generalised formulation involves the assumption that the solution
belongs to the sobolev space W, (Q). In Hadamards example , the classical
solution exists but does not belong to this space. Hence it is not the

generalized solution. So Hadamards example shows that not each

continouos function belongs to the space M/zy2 (09)

The integral D(u) given by the formula
n(ou '
D(u)= IZ(_J dx (3.3)

& =1 \ 0%,

is called the Dirichlet integral. If D(u) <, it has a physical interpretation that it

< oo
L5(0Q)

describes a potential energy.

If it is in L>(Q) and D(u) < o then u is from W, (Q) because

n

0
sz(Q) = {” ue L:(Q)*"””u-;m. :"“"L:(m + z .

s T

i=1

(]
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The position of equilibrium corresponds to the minimum of the potential energy.

min D(v) = D(u)

From the functional

J'r( ] "T xX)dx = jZ(a”J

n q f=1

by using Euler-Lagrange equation, it follows that

oF _ L[GF}=O . e g =
rla\‘ B

aux! ox

Which implies

0- ZZ (a"]=-2ma=0

i.e.
Au=0

Thus Problem (3.2) can be formulated as

'\
1. inf D(v) =D(u)
veltd ,(Q) >
2. ”Im= @ ((3"4)
3.ueW)(Q) ,where W), (Q) ={ueW (Q):u_ =0¢) )

Remark 3.2: The formulation of the problem is valid if and only if W, (Q)# ¢and

W,,(Q)# ¢ ifand only if ¢ e Wgyz(@Q)

Indeed, suppose W, (Q)# ¢and hence let u e W) (Q2)
Thus u|m= pand u € W} (Q). This implies p & 1r:, W, (Q) :Bz}é (0Q) = W{% (0Q2)

So, we are done . To show the other side let ¢ € le2 (0Q)). Thus @ € roW. 2' (€2)

which implies W, (Q) # ¢.
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The condition u| . for all u € W, () follows from the condition

inf  D(v) = D(u).

\'eli}"w(Q)
Theorem 3.1: Let Q < R be a region with C! -boundary . Then problem (3.3) has a
solution if and only if ¢ € Wzy2 (0Q).
Proof:
(=) The problem is valid if W, »(Q)# ¢, then by the above remark 3.1
o W 00).
(&) Let pe Wzy2 (0Q2) , then by the above remark W;‘ o () # ¢.

Letd= inf D(v)

vell’d ,(Q)

Then we want to show that , there exists u € W, ,(€) such that D(u) = d.
From the definition of infremum it follows that there is a sequence {vi}ken from
W, ,(Q) such that D(v) — d as k — .

Thus, D(vx) =2 d forall k € N.
Using parallelogram equality for semi-Hilbert space

=2+

2
”v - w" + ”v +w

" ov ow
b

i=1

Where,

(o) = |

Q

and

Vi

= (v,v) =D(v) = jz({%"] dx

0 =l
: vy 1%
NOW, letting v=—" and w=—%
8 > 5 !

we have

v ( 5 viﬂ V + vlli 1
D(*T) + D(*T) = E(D(vm D(v,))
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Then,

05 D) < %(D(v,()w(v,,,)) ey

+ )
Since W, (Q) is linear, % e W,,(Q).

And,
v, +v

nm

.,

|
E(Vk l Q) +vm I 6(1) = ¢'
Therefore,

+v

0 5 D) < (D0, + D) - d as D) 2d.

m

|
E5 ZD(V -v, ) —0 as k,m— »,

Thus , because of the completeness of the space w) ()

where
wy(Q) = {u :”u"“‘%lm =4/ D(u) < }

there exists 1 € w, (Q) such that ”u v, || —>0as k— oo,

2(€)
And also because of continuity of semi norms

)
”‘ k"w_!fm _)”u"“-;(m ask— o,

which means D(v,) — D(u) as k — .

Thus we have D(u) = Il(im D(v,)=d and D(u) = inf D(v).

velty ,(€1)

On the other hand according to the theorem about traces, we have

”f en”” Koy S | |, for some C>0.
If f=u-vy then
“ _‘xltnﬂ,i m,—C“H—V || =0 as k— o
which implies that
||u - (P“u‘fﬂam "
”l =9
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There fore we proved that

uel,, ()

Theorem 3.2: Let Q  R" be a region with C! -boundary, ¢ € lez (6Q2). Then if u is

the solution of problem (3.3) , then for all ¢ € C () we have

J-Zauay/ )d_o

Ox, Ox,

Proof: Let y € C;"(Q) . Then since C' () < W,(Q) ,wehave u+ty e W, (Q),t eR.

“"'W’la@=”|m+w/|m=¢’ as ty |, =0

Then D(u) = mi!p D(u+ty)

and

min D(u +ty) = min ¢(1)
el el

= ¢(0)

where

2
#(t) = D(u + 1) and D(;,+,W)=IZ(MJ 5

gy Ox

(]

Then ¢'(0) =0 as 0 is the minimum point.

D(u+f§f/)‘ll=0 ".Z(a(zla+tu/)} d Ir =0
Q i=l

!

_Cﬂ IZ[‘?HJ dx+ 2 IZ(GVH 35!/}, jz(%‘cfﬁ]zdﬂ,_{} )=0

Q i=l ol Q i=l i

2J5 (e 2 -

Thus we have the theorem.

This implies
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