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Preface i

Abstract

High temperature superconductivity is an interesting and fascinating phenomenon
in which certain materials conduct electricity with zero electrical resistance and
expulsion of interior magnetic field with superconducting transition tempera-
ture higher than 30 K. This was unexpectedly discovered in copper oxide mate-
rials by Bednorz and Muller. After this discovery, a search for new high temper-
ature superconducting families began and still going on.

In this thesis, we study high temperature superconductivity involving cuprate
and pnicides theoretically. In order to look for this, we consider a model Hamil-
tonian consisting of kinetic energy term, magnetic energy term and electron-
spin fluctuation term. and we used Green function formalism to calculate su-
perconducting transition temperature and obtain an expression for the super-
conducting order parameter for high temperature superconductors analytically.
We get the superconducting transition temperatures for YBa;Cu3Og 93 and
CaNdFeAsE 92.4 K and 56 K respectively as they being high 7, materials in their
respective series. The spin fluctuation/magnon/ as a possible mechanism for
high temperature superconductivity is also highlighted, as yet there is no con-
sensus for the mechanism for high temperature superconductivity in these sys-

tem.
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INTRODUCTION

Superconductivity is the ability of certain materials to conduct electricity with
zero electrical resistance below a certain temperature, referred to as the super-
conducting transition temperature 7.. This superconducting property was first
discovered by Dutch Physicist Heike Kammerlingh Onnes in Leiden in 1911,
while cooling elemental mercury with liquid helium to about 4.2 K [1]. He no-
ticed that its resistance suddenly disappeared.

In 1933, Messiner and Orchsenfeld discovered that superconductors expelled
applied magnetic fields, which has come to be known as the Messiner-Ochsenfeld
effect [2].

Superconductivity remained an empirical science for several decades. After
quantum mechanics was introduced in the late 1920s, theorists gradually be-
gan to suspect that superconductivity and superfluidity were quantum phe-
nomena. In 1950 the phenomenological Ginzburg-Landau theory of supercon-
ductivity was devised by Landau and Ginzburg [3], this theory had great success
in explaining the macroscopic properties of superconductors. In the same year,
Maxwell and Reynolds et al found that the critical temperature of a supercon-

ductor depends on the isotopic mass of the constituent elements [4].



The first widely accepted theoretical understanding of superconductivity was
advanced in 1957 by American physicists John Bardeen, Leon Cooper and John
Schrieffer [5] . Their theory of superconductivity became known as the BCS
theory derived from the first letter of each of man’s last name. In 1971 Nio-
bium Germanium ( Nb;Ge ) with transition temperature 7,.=23 Kwas discovered
[6],this material held the record of high transition temperature from 1971-1986.
In 1991,the fullerite K3C4, become superconducting below 7,=18K [7], It has
pushed with 7,=29 K for Rb;Cg, under high pressure [8]. In 1986 Bednorz and
Muller discovered superconductivity in a lanthanum based cuprate perovskite
material,which had a transition temperature of 35 K (Nobel Prize in physics, in
1987) which is the high temperature superconductors [9]. In 2001, Nagamatsu,
etal, reported superconductivity in MgB, with 7.=39 K [10].

In 1995, the highest temperature superconductor for mercury barium calcium
copper oxide ( HgBa,Ca,Cu30, ), with 7, 135 K at ambient pressure [11] and
reaches 164 K under high pressure [12] discovered. Cuprates remained a high
priority due to its high 7, until the discovery of superconductivity in iron-pnictides
by Yoichi Kamihara who discovered that CuO plane is not a requirement for su-
perconductivity.

In 2008, the highest 7, non cuprate superconductor was pnictide (Ca;_,Nd,FeAsF
) with 7.=57 K [13]. The search for high temperature superconductors has been

going on since the discovery of the first high temperature superconductor.



High temperature superconductivity could revolutionize technologies rang-
ing from magnetically-levitated trains to electrical power transmission. how-
ever, the mechanism by which these cuprate materials become superconduct-
ing and the superconducting transition temperature had remained a mystery
for the last 30 years. Many solid state researchers are still engaged with research

on high temperature superconductors.

Research Objective
The main objective of this research is to:

1. determine the superconducting transition temperature of high tempera-

ture superconductivites involving cuprate and iron pnictides theoretically.

2. look into the the possible mechanisms for cuprate and pnictide supercon-

ductors,

3. find the relationship between the superconducting order parameter and

temperature

Statement of the problem

The discovery of high temperature superconductor is ongoing process, Theo-
rists and experimentalists in condensed matter Physics have tried to look for
new high temperature superconductor, here, we are going to study high tem-
perature superconductivity entitled on Study of Spin fluctuations induced High
Temperature Superconductivity: the case of cuprate ( YBa;Cu3QOg93 ) and pnic-
tide ( CaNdFeAsF ) involving spin fluctuations as a possible mechanism for both

the cuprates and pnictides.



Research Questions

1. What are the possible mechanisms for high temperature superconduc-

tivites?

2. How can we compute the superconducting transition temperature theo-

retically?
3. What are the pairing symmetry of HTS?

4. How do we relate the superconducting order parameter with supercon-

ducting transition temperature?

5. What sort of mathematical technique and Hamiltonian model is conve-

nient to study high temperature superconductivity?

Many theorists and experimentalists have still tried to seek solutions for the
problems HTS and search new high temperature superconductivity as well as
room temperature superconductivity.

Chapter one describes motivation of the thesis, In Chapter two summarized

presentation of the discovery and theoretical understanding of superconduc-
tivity and high temperature superconductivity will be given. Chapter three fur-
ther offers mathematical technique and derivation of equation of motions for
Heisenberg operators so as to solve our problem.

In chapter four formulation of the problem, chapter five describes the result and
discussion.

In chapter six conclusion of results is given.



REVIEW OF LITERATURE

2.1 Superconductivity

Superconductivity is a phenomena that the materials can conduct electricity
without loss of electric energy. Superconducting materials have two fundamen-
tal properties,which are:-

(@) Zero resistivity (p = 0) for all 7' < T, i.e.infinite conductivity, is carried out
in a superconductor at all temperatures below the superconducting transition
temperature 7, as depicted in Fig2.1, However, if the passing current is higher
than the critical current,superconductivity disappears. conduction electron of
a given momentum and spin get weakly coupled with another electron of the
opposite momentum and spin. These pairs are called Cooper pairs. The cou-
pling energy is provided by lattice elastic waves, called phonons. The behavior
of such a fluid of correlated Cooper pairs is different from the normal electron
gas. They all move in a single coherent motion.

Alocal perturbation, like, an impurity, which in the normal state would scatter
conduction electrons and cause resistivity, cannot do so in the superconducting

state without immediately affecting the Cooper pairs that participate in the col-
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lective superconducting state. Once this collective highly coordinated, state of
coherent super-electrons ( Cooper pairs ) is set into motion, its flow is without
any dissipation. There is no scattering of individual pairs of the coherent fluid,

and therefore, no resistivity.

Figure 2.1: Resistance versus Temperature [14]

In fig2.1,we can observe that

e above critical temperature, the material behaves like a normal conductor

with electrons scattering causing resistance

e Over a narrow range of temperatures, the resistance drops suddenly as the

material enters the superconducting state.

e Below the critical temperature, the material becomes superconducting and

the electrons are no longer scattered resulting in zero resistance.
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(b) No magnetic fields (B=0) inside the superconductor:

When a superconductor is placed in external magnetic fields which is lower
than the critical magnetic field B., the magnetic field becomes zero inside the
superconductor when it is cooled below the superconducting transition tem-
perature 7. This effect is called the Meissner-Ochsenfeld effect(Fig2.2).

Above the critical magnetic flux,superconductivity can no longer be achieved.

Figure 2.2: (a)magnetic flux distribution in the presence of a magnetic field (b)
Expulsion of weak external magnetic field in the interior superconducting ma-

terial [15,100]

If electrons flow in a circulating current around the surface of a superconduc-
tor, they will setup magnetic field which is equal in magnitude but opposite in

direction to the external field applied.
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For the case, when magnetic field is expelled from the specimen, we have

B=0=po(H+M)=po(H +xH) = poH(1+Xx) 2.1

Where M is magnetization and y is magnetic susceptibility,

x = —1.

A superconductor in magnetic field will act as a perfect diamagnet.

The other property is that superconductivity can be destroyed not only by in-
creasing the temperature but also by applying a sufficiently strong magnetic
field.

The critical magnetic field in which superconductivity is destroyed decreases
with increasing temperature.The dependence of magnetic field H.(T) is given
by

H.(T) = H.(0)[1 — (T/T.)* (2.2)

where T,-critical temperature, H.(0)-magnetic field at critical temperature ( 7.)

London equation

In 1935, H. and E London gave a phenomenological description of the basic
facts of superconductivity by proposing a two fluid type concept with super-
fluid and normal fluid densities associated with velocities v and v,,.

London equation provided the first theoretical description of Meissner effect
and correctly predicted magnetic penetration into the superconducting mate-
rial, but cannot give a microscopic picture.

Let n, and v, be super-electron density and velocity of superconducting elec-

trons respectively.



2.1 Superconductivity

The equation of motion is

du, -
= —¢
dt

m

The current density J, due to superconducting electrons is given by

-

Js - —Tls’l]_;
dJj,  dv;
a

This is the First London Equation

Combining eqn (2.4),and eqn(2.5),we get

dJs, nge?

dt m

E

Taking the curl of eqn(2.6) and using Maxwell equation V x E =

dJ, nge’ ~

FE

Vx(dt) mVx

dJ, nse? 0B

V) = e
0 nse’ -
Y . sC B —

8t[v><J+m ]=0
- 71562—»
VxJ,=— B
m

This is London Second Equation.

(2.3)

(2.4)

(2.5)

(2.6)

we obtain

(2.7)

(2.8)

(2.9)

(2.10)
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Consider the differential form of Ampere’s circuital Law:
V x B = g, 2.11)

where B is magnetic flux density and J; is current density.

Taking the curl on both sides of eqn(2.11)

—

V x (V x B) = uo(V x J,) (2.12)

— —

V x (V x B) = V(V.B) — V°B (2.13)

Plugging eqn(2.13) and London eqn(2.10)into eqn(2.12), we get

g
V(V.B) - V2B = —[%] (2.14)
But
V.B=0
(Maxwell’s Second equation or Gauss law for magnetism).
Therefore, eqn(2.14) becomes
) A
_ B
V25 = [ 2 (2.15)
m
V°B = 52 (2.16)
>\L

Where ) is known as London’s penetration depth and it has a unit of length.

m

:u’Ons62

ol

Ap = ( (2.17)
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The solution of differential equation(2.16)is

—

B = B(0)e: (2.18)

where B(0) is the field at the surface and « is the depth inside the superconduc-

tor

50

Suppose =z = A\, eqn (2.18) becomes

London penetration depth

The London penetration depth is the distance inside the surface of a super-
conductor at which the magnetic field reduces : times its value at the surface.
The London penetration depth depends strongly on temperature and becomes

much larger as temperature (7') approaches critical temperature 7,

= m

2.1
4nge? (2.19)

where m-mass of electron, n,-density of superconducting electron and e-charge
of an electron

A small value of penetration depth implies that the magnetic field is effectively
expelled from the interior of a sample. The number density of superconducting
electrons is dependent on temperature as well as the penetration depth.
According to London model, the penetration depth rises asymptotically as the
temperature approaches to the critical temperature 7.. Thus the field pene-
trates further and further as the temperature approaches the critical temper-

ature 7, and does so completely above the critical temperature 7. [16]
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Coherence length

Coherence length is a measure of the distance over which two electrons com-

bine to form a cooper pair. It is determined by energy gap.

. 2h7jf

§ TE,

It is also governed by the Landau-Ginzburg equations

When % > 1 Itis type /I superconductor and When % < 1 Itis type I super-

conductor.

Type | Type 11

Qutside Inside Outside Insicle

Wagnetic Piedd W Wivefnction, w [R—— Wavelnction, w

Figure 2.3: a)Type-I superconductor where the penetration depth is shorter
than the coherence length. b)Type II superconductor where the coherence

length is shorter than the penetration depth [16]
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Types of superconductors

Superconductors could be classified into different types of superconductors based

on different criteria, The most common classifications are,

1. By their response to a magnetic field: Superconductors can be Type-I, if
they have a single critical magnetic field, above which all superconductiv-
ity is lost, In this Type-I superconductors, the penetration depth is shorter
than coherence length.

Superconductors can also be Type-II, if they have two critical magnetic
fields between which they allow partial penetration of the magnetic field.
In addition to this, in Type-II superconductors, the coherence length is

shorter than the penetration depth.

2. By the theory to explain them:
Superconductors can be conventional if they are explained by BCS the-
ory.Superconductors can be Unconventional if they are not explained by

BCS theory.

3. By their superconducting transition temperature:
Superconductors can be high temperature superconductors if the super-
conducting transition temperature is greater than 30 K Or Low temper-
ature superconductors if the superconducting transition temperature is

smaller than 30 K.
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2.2 The BCS Theory

The microscopic theory of superconductivity was first proposed by John Bardeen
and his graduate assistants Leon cooper, and Robert Schrieffer in 1957 [5]. They
proposed a microscopic explanation that would later be their namesake: the
BCS theory.This theoretical explanation later earned them the Nobel Prize in
1972, making John Bardeen the only man in history to be awarded this honor

twice for the same subject. The two principal features of BCS theory are:-

1. Electrons form pairs called Cooper pairs, which propagate through out the

lattice and

2. Such propagation is without resistance because the electrons move in res-
onance with phonons, therefore, the interaction described by BCS theory

is known as the electron-phonon interaction.

BCS theory could successfully explain the existence of an energy gap between
the ground state ( superconducting state ) and first excited state.

Consider a pair of electrons excited above the Fermi surface ¢ . Assume that the
ground state of this pair will have zero net momentum and zero net spin (singlet
spin state).

Let 71 and 7 be the positions of two electrons, assume that the two-particle wave

function has the form:
U(ry,ry) = = D(k)e*riet (2.20)

where V is volume
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so the total momentum of the pair is zero.

Since the electrons are above a filled Fermi sphere, we must have
D(k) =0, forall |k| < kp

since these states are already occupied. If V (7, 7) is the interaction between

two electrons, the Schrodinger equation is
ﬁ2
— 2—[v2 + V2 + V (7, 7))V = BV (2.21)
Using the fourier transform
1 i —73)
=7 > Ve (2.22)
q

Plugging eqn(2.18) into Schrodinger eqn(2.17), we get

) 1 =
_Z ]{?—f—l{? ) ik. (ri— 7’2)_|_ Zvezq 1—73) )ezlc (r1—732) — EvZD(k)elk
k

(2.23)
Let us substitute ¢ = k — &’ in the potential term
h2k:2
> = Z Vi_wD(K) — ED(k)]e™ =3 — ¢ (2.24)
k
h2k;2
Z ViewD(K) = ED(k) (2.25)
D(k) = 0 for|k < kgl (2.26)
Using
R2k?
ok 2m
, we have
1
(E = 2e)D(k) = + > s D(K) (2.27)



2.2 The BCS Theory 16

To simplify this, we take a crude approximation

— ,Zf Ek, Ek! within th Of EF
Vk—k! — (2.28)

0, otherwise

The density of state is
w(3 X D))
D(k)=—"> 2.29
( ) B — 25k ( )
where Z/ means a sum over ' such that |k| < kp and % <ep+ hwp
Now sum both sides over &
/ 1 !/ / 1
(2 D) = =05 > DI ) (230
K ¥ K K
Canceling Z, D(K') from both sides, we obtain
1 1
1= —vy—= 2.31
”Ovzk:(E—ng) @31
ept+hwp D(g)
1=—v de (2.32)
0 /5F E— 28k
ep+hwp 1
1= —vyD d 2.33
" (sp)/aF e (2.33)
U0D<€F) 2€F—E+2th
1= | 2.34
a( 2%p— E ) (2.34)
Solving for £
2hw
E=2p——>-2 (2.35)
eDEmw — 1

For weak potential, voD(¢r) << 1, we have
E — 2ep = —2hwpePErm

since the pair of electrons, in the absence of of the attractive potential V, would

have a minimum energy of 2¢ 5, the binding energy of the pair is

E = E — 25 = —2hwpe e (2.36)
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The energy gap represents the energy required to break a cooper pair, hence,
larger energy gaps correspond to more stable superconductors according to the

BCS theory. The energy gap at 7'=0 is given by

2A(0) = 3.5K 5T, (2.37)

where K is the Boltzmann constant

BCS theory predicts that the transition temperature related to wp

B 1.14dwp =1

T e POV (2.38)

Kp
where D(0)V = A, X is coupling parameter which expresses the material de-
pendent strength of the coupling of electrons to the bosonic mode that leads to
cooper pair formation.
The regime where this parameter is small, A << 1, is called the weak coupling
limit, which is the limit where BCS theory is valid. On the other hand, the regime
where this parameter is large, A >> 1, is called the strong coupling regime,

where BCS theory is not valid.
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The other important parameter associated with superconductivity, which
follows from BCS theory, is the presence of coherence length. It is defined as
the distance over which two electrons combine to form a Cooper pair. The BCS
theory makes a crucial assumption at the beginning that an attractive force ex-
ists between electrons [17].

In Type I superconductors, this force is due to Coulomb attraction between the
electron and the crystal lattice. An electron in the lattice will cause a slight in-
crease in positive charges around it. This increase in positive charge will, in
turn, attract another electron.These two electrons are known as a Cooper pair.
If the energy required to bind these electrons together is less than the energy
from the thermal vibrations of the lattice attempting to break them apart, the
pair will remain bound. This explains (roughly) why superconductivity requires
low temperatures- the thermal vibration of the lattice must be small enough to
allow the forming of Cooper pairs. In a superconductor, the current is made
up of these Cooper pairs, rather than individual electrons. So, Cooper pairs
are formed by Coulomb interactions with the crystal lattice. This is also what
overcomes resistance. An electron inside the lattice causes a slight increase of
positive charge due to Coulomb attraction. As the Cooper pair flows,the leading
electron causes this increase of charge, and the trailing electron is attracted by
it.

This BCS theory prediction of Cooper pair interaction with the crystal lattice has
been verified experimentally by the isotope effect, that is, the critical tempera-

ture of a material depends on the mass of the nucleus of the atoms.
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If an isotope is used ( neutrons are added to make it more massive ), the crit-
ical temperature decreases. This effect is most evident in Type I, and appears
only weakly in Type II. The Cooper pairs are some what related to Bose-Einstein
Condensation. The Cooper pairs act somewhat like bosons, which condense
into their lowest energy state below the critical temperature, and lose electrical
resistance [18]. BCS theory could also successfully predict the observed phe-
nomena of isotope effect. The critical temperature varies inversely proportional

to the isotopic mass (M )

const

]\41/2TC = constant = T, = AZ

(2.39)

An electron with wave vector k emits a virtual phonon with wave vector q which
is absorbed by an electron. This scatters an electron with k into k-q and into as

shown in fig(2.4), where q is phonon wave vector.

Figure 2.4: Electron-phonon interaction mediated by emission and absorption

of a Virtual Phonon [19]
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2.3 High Temperature Superconductivity

High temperature superconductivity (HTS) is the phenomena that is charac-
terized by zero resistance and expulsion of magnetic field inside the supercon-
ductors, with a superconducting transition temperature 7, above 30 K. It was
believed that the mixture of itinerant electrons ( holes ) together with some im-
portant antiferromagnetic correlations ( or fluctuations ) are important ingredi-
ent for the emergence of high temperature superconductivity [20].

In 1986 Bednorz and Muller discovered superconductivity in a lanthanum based
cuprate perovskite material, which had a transition temperature of 35 K. Lan-
thanum strontium cuprate oxide ( La;_,Sr,CuQ, ) discovered in the same year
[21]. In Jan, 1987, Y BCuO was discovered with a superconducting transition
temperature T.= 92 K [22].

In 1988, Bi,SroCaCu,0.,, ( bismuth Strontium calcium copper oxide ) discov-
ered with superconducting transition temperature T=108 K [23] and Thallium
barium Calcium Copper Oxide ( TBCCO) or TIBa,Ca,Cu4340, also discovered
with superconducting transition temperature 7,=127 K [24].

Recently, the highest temperature superconductor (at ambient pressure)is mer-
cury barium calcium copper oxide ( HgBa,Ca,Cu30, ), with T, is 134 K [25] and
reaches 164 K under high pressure [26]. Cuprates remained a high priority due
to its high T, until the discovery of superconductivity in iron-pnictide be led by
Yoichi Kamihara who discovered that CuO plane is not a requirement for super-

conductivity.
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In 2008, the highest T, non cuprates superconductor is pnictide (Ca;_,Nd,FeAsF
) with 7= 57 K, currently reported [27].

The search for high temperature superconductors has been on going process
since the discovery of the first high temperature superconductor.

The main goal of all this research is to get the High temperature superconduc-
tivity and room temperature superconductivity.

A graph of the high temperature superconductors and the year of their discov-

ery is depicted in fig (2.5).

Figure 2.5: Graph represents the highest temperature superconductors and the

year of discovery [28].
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The application of high temperature superconductors, in general, could be clas-

sified into two categories:

Large scale and small scale: Large scale applications include: -high speed trains,magnetic
energy storage,magnetic resonance imaging ( MRI ) for medical applications,

and high energy Physics experiments, whereas small scale applications include:
Josephen devices, superconducting quantum interference devices, microwave

devices and so on [29].

2.3.1 Mechanisms of high temperature superconductivity

The mechanism of high temperature superconductivity is still highly controver-
sial, this being due to mostly the lack of exact theoretical computations on such
strongly interacting electron systems, however, there are different scenarios for
mechanisms for high temperature superconductivity [93], namely, exciton, Bi-

exciton, polaron, Bi-polaron and magnon.

1. Exciton: bound state of electron and hole which are attracted to each other
by electrostatic force. It is an electrically neutral quasi particles,and has
slightly less energy than the unbound electron and hole. The electron and
hole may have either parallel or anti-parallel spins. The spins are coupled
by the exchange interaction, giving rise to exciton fine structure. An exci-
ton can move through the crystal and finally, the electron and hole recom-

bine.

2. Bi-exciton: It is a bound state of two exciton.



2.3 High Temperature Superconductivity 23

3. Polaron: An electron in a material may cause a distortion in a lattice.
The combination of electron and distortion ( which is a cloud of phonon )
is a polaron. It is the interaction between electron and phonon via polar-
ization. The physical properties of the polaron differ from the band elec-
tron, particularly it is characterized by its binding energy, effective mass,

by its response to external electric and magnetic field.

4. Bipolarons: Bipolaron is a bound state of two polaron.

5. Magnon/spin fluctuation/: A magnon is a collective excitation of elec-
tron’s spin structure in a crystal lattice. It is a quantized spin wave. A
magnon carries a fixed amount of energy and momentum and it also pos-
sesses a spin of 4. Magnon as the name indicates are intimately related to
magnetism. At low temperatures far below the temperature of magnetic

ordering, magnon can be considered as weakly interacting bosons.

Despite these mechanisms, most solid state researchers have believed that magnon/
magnetic spin fluctuation could be the possible mechanism for superconduc-

tivity in high temperature superconductors.

2.3.1.1 Explanation of the spin fluctuation mechanism

Even though the mechanism of high 7, superconductivity is not clearly under-
stood, most rigorous theoretical calculations, including phenomenological and
diagrammatic approaches, led to magnetic spin fluctuations as the pairing mech-
anism for these systems. The qualitative explanation is as follows:

In a normal conductor, a hole is created whenever an electron is moved. This

causes a resistivity because charge neutrality must be conserved and as elec-
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trons move under an electric field, they drag holes behind them through de-
fects and thermal oscillations in the system. In contrast, in a superconductor,
one gets an unlimited supply of electrons without creating holes behind. This
is through the creation of so called Cooper pairs in a superconductor. Cooper
pairs are pairs of electrons. In a normal conductor, creation of an electron leads
to creation of a hole, which conserves the number of particles.

But in a superconductor, it is possible to create a Cooper pair without creat-
ing holes and therefore not to conserve the number of particles, hence leading
to the unlimited supply of electrons [30]. In a conventional superconductor,
Cooper pairs are created as follows.

When an electron moves through the system, it creates a depression in the atomic
lattice through lattice vibrations known as phonons. If the depression of the lat-
tice is strong enough,another electron can fall into the depression created by
the first electron the so called water-bed effect and a Cooper pair is formed [31].
In a high 7, superconductor, the mechanism is extremely similar to a conven-
tional superconductor, except, in this case, phonons virtually play no role and
their role is replaced by spin-density waves. As all conventional superconduc-
tors are strong phonon systems, all high 7. superconductors are strong spin-
density wave systems, within close vicinity of a magnetic transition to, for ex-
ample, an antiferromagnet. When an electron moves in a high 7, superconduc-
tor, its spin creates a spin-density wave around it. This spin-density wave in
turn causes a nearby electron to fall into the spin depression created by the first
electron ( water-bed effect again ). Hence again, a Cooper pair is formed.

Eventually, when the system temperature is lowered , more spin density waves
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and Cooper pairs are created and superconductivity begins when an unlimited
supply of Cooper pairs,denoted as a phase transition happens. Note that in high
T. systems, as these systems are magnetic systems due to the Coulomb interac-
tion, there is a strong Coulomb repulsion between electrons. This Coulomb re-
pulsion prevents pairing of the Cooper pairs on the same lattice site, the pairing
of the electrons occurs at near-neighbor lattice sites as a result.

This is the so called d-wave pairing, where the pairing state has a node ( zero )
at the origin [32]. Superconductivity in the cuprates has been a problem stand-
ing for more than two decades and there is still no agreement on the pairing

mechanism.

2.3.2  Pairing symmetry

Pairing symmetry is a property of Cooper pairs, It is the bound electron pairs
that is a distinctive characteristics of all superconductors, whether high temper-
ature or conventional superconductor. The paired electrons act as if they were
a single particle, and the energy required to break Cooper pairs is measured by
the superconducting gap. The symmetry of the superconducting gap is known
as the pairing symmetry. Pairing symmetry is an important characteristic of
Cooper pairs that is intimately related to the mechanism of superconductivity.

In conventional superconductors, the Cooper pairs have s-wave pairing sym-
metry, which takes the shape of a sphere. In contrast, Cooper pairs in the cuprate
family of high-temperature superconductors exhibit d-wave pairing symmetry,
which looks a bit like a four-leaf clover. The leaves, or lobes, are areas where

the superconducting gap is finite. At the points where two leaves join, known as
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nodes, the superconducting gap goes to zero.

What holds the Cooper pairs together?

In an ordinary superconductor, phonons provide the glue. A passing negatively
charged electron draws the positively charged ions in the material slightly closer
together in its wake, and that concentration of positive charge then pulls along
the second electron. The subtle ripples in the crystal lattice are the phonons.
But theorists say phonons do not pull hard enough to keep electrons paired at
the sky high temperatures which are still far below the freezing point of water
achieved in high temperature superconductors. Instead,many think the glue
originates in interactions among the electrons themselves, such as waves of
magnetism called spin fluctuations [33]

Symmetry of the gap can be s-wave, p -wave and d-wave, etc. the superconduct-
ing order parameter or gap function is a complex function with both amplitude
and phase that describes the macroscopic quantum state of cooper pairs. Its
amplitude can in general depend on momentum direction and can change sign
through its phase component. It is isotropic ( s-wave symmetry ). Strong evi-
dence has been deduced that the attractive electron pairing interaction in HTS
cuprates is magnetic in origin [34].

In s-wave state, the energy gap A(7) is isotropic, i.e A(k) is constant over the
Fermi surface.

For extended s-wave state, the energy gap A(7') is anisotropic, i.e A(k) exhibit a
variation over the Fermi surface which has the same symmetry of crystal.

The d-wave state, the energy gap A(k) is anisotropic, but with a symmetry that

is lower than the symmetry of the crystal.
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s-waves 1 = 1 d o_ o-wave: 13 = cos(2)

Figure 2.6: Pairing symmetry [35]

Conventional BCS theory assumes an S-wave symmetry of the superconducting

gap function

A pnictide superconductor possesses a spin-singlet extended s.-wave symme-
try, in which the superconducting order parameter changes its sign between the
Fermi surfaces.

The cuprates superconductor on the other hand posses a d-wave gap function,

leading to nodes and sign changes as a function of momentum
A(k) = Agcos(2¢) (2.40)

where ¢ the angle of k-vector.

For S-wave (anisotropic) with basis function
m(k) =1 (2.41)
and For d,2_,2-wave with basis function

(2.42)

ns(k) = %
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The gap equation ( the order parameter ) can be expanded in the basis function

Alkp) = Ai(Ky) (2.43)

2.4 Cuprates superconductivity

There are family of copper oxide compound collectively called cuprates. Cuprates
superconductors are quasi two dimensional materials with their superconduct-
ing properties determined by electron moving within weakly coupled copper
oxide CuO, layers. Neighboring layers containing ions such as lanthanum, bar-
ium, strontium, or other atoms act to stabilize the structure and dope electrons
or holes onto the copper oxide layers. The undoped parents or mother com-
pounds are Mott insulators with long range antiferromagnetic order at low tem-
perature [36].

The cuprates superconductors take on a perovskite structure. The copper-oxide

planes are checkerboard lattices with squares of O?>~ ions with a Cu*" ion at the
center of each square. Chemical formula of superconducting materials gener-
ally contain fractional numbers to describe the doping required for supercon-
ductivity . The pairing symmetry for the cuprates materials have unconven-
tional d-wave symmetry , meaning the wave function of cooper pairs has orbital
angular momentum equals two [37]. The majority of superconducting cuprates
are hole doped. The number of electron doped cuprate is very limited for exam-

ple Nd,_,Ce,CuO, and Pr,_,Ce,CuO, [38].
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2.4.1 Phase diagram for cuprates superconductivity

Phase diagram is a graphical representation of the states under different condi-
tions of temperature and doping level. A typical phase diagram has temperature
on y-axis and dopinglevel on x-axis. The fundamental properties of cuprate ma-
terials is the existence of copper oxygen planes in their unit cell. The number
of these planes changes between the different cuprates. The oxidation number
of the atoms in the CuO; can be controlled by changing the molecular formula
( this process is called doping ) [39]. Doping changes the chemical and physical
properties of the material. Most of the compounds are doped by adding holes
(P type) , while some are doped by electrons (N type ) . There are several critical
doping levels in the phase diagram of the cuprates at which the ground state
changes.The first critical doping level is when the long range antiferromagnetic
order of the undoped parent compound is destroyed and replaced by a spin
glass state, next superconductivity emerges then the spin glass is destroyed and
finally, superconductivity is destroyed and replaced by a metallic state. These
critical levels exist in the phase diagram of all cuprates which can be doped over
a wide range such as YBa,Cu;0,, but they vary between compounds [40]. The
cuprates phase diagram is even more complicated and includes other phases,
and it is still under investigation. Several attempts have been made to construct
a universal phase diagram but thus far only partial diagrams, of only one or
two phases, have been achieved.The doping process is very difficult to describe
quantitatively because it involves many different electronic orbital and energies

[41].



2.4 Cuprates superconductivity 30

Figure 2.7: Typical cuprates phase diagram [42]

There are different phases of cuprates superconductor:-

1. Mott insulator: With no doping the cuprates are poor conductors.They are
believed to be an example of the so called 'Mott insulator’. The Mott in-
sulator is fundamentally different from a conventional (band) insulator.
In the latter conductivity is blocked by the Pauli Exclusion Principle. In
a Mott insulator conductivity is blocked instead by the electron-electron

Coulomb repulsion [43].

2. Pseudo gap: The most mysterious part the phase diagram of cuprates comes
after the loss of the antiferromagnetic ordering because of doping. Com-
monly known as the 'pseudogap’ this phase it is a conductor but with
properties much different from the properties of the usual conductors (
generally Fermi liquids ). Pseudogap state actually shares many common
properties with the superconducting state for example the form ( d-wave)
of the gap in the electron spectrum is the same. The common view is that

this is the region where the battle between two different types of order (
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Mott insulator and superconductor ) is fought. On the opposite side of the
phase at a very high doping and temperature there is a cross-over to the

'normal’ Fermi liquid behavior [44].

3. Superconductor: Increasing the doping in the pseudo gap state leads even-
tually to the Superconductive 7. becomes higher and higher until it reaches
maximum (optimal doping) and then starts decreasing. Like conventional
superconductor the current carriers are electron pairs (Cooper pairs). Ac-
cording to the conventional BCS theory after forming the condensate of
Cooper pairs there is a uniform ( hence the name s-wave ) gap in the k-
space electron spectrum. In High 7, superconductor there is still a gap but
it is anisotropic with d-wave symmetry, However, the microscopic mech-
anism of the superconductor is still uncertain. It is clear that the electron-
phonon interaction that is responsible for the conventional superconduc-

tor is too weak to do the same in the cuprates.

Superconductivity in the cuprates has been a puzzle for more than two decades
and there is still no consensus on the pairing mechanism. Cuprates supercon-
ductors do not occur in nature, and have been synthesized in the laboratory.
There are several hundred different cuprate materials.

The general formula of cuprate can be written as

(CUOQ)nAnle, (244)

where n is a positive integer, A is an alkaline Earth or rare element or Y, X is an

arbitrary collection of elements possibly including Cu and or O
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Yttrium barium copper oxide ( YBayCu3O7_, )

Yttrium barium copper oxide,often abbreviated YBCO is a crystalline chemical
compound with the formula YBa,Cu30;_,. Its nickname [YBCO-123,Y123] and
it has a fully ordered orhtorhombic crystal lattices, the doping distribution is
squared. This material, a famous high temperature superconductors because it
was the first material to achieve superconductivity above boiling point of liquid
Nitrogen.

The superconducting properties of YBa,Cu30;_, are sensitive to the value of =,
its oxygen content. only those materials with 0 < x < 0.65 are superconducting
below 7. and when = ~ 0.07 the material superconduct at highest temperature

of 95 K [45].

2.4.2 Structure of cuprates superconductor

The crystal structure of cuprate superconductor is of a perovskite type and it is
highly an isotropic. Superconductivity in cuprates occur in CuO, planes. The
CuO, layers in Cuprates are always separated by layers of other atom such as
Bi, O, Y, Ba, La, e.t.c which provides the charge carriers into the CuO, planes
[38]. Cuprate superconductors like Las_,Sr,CuO4(LSCO), T'lsBa;CaCuy0g (TI-
2212), HgBa,Cu,06(Hg-1212), andY Bas,CuzO; ( YBCO ) type compounds with

significant cations substitution have a tetragonal crystal structure.
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Figure 2.8: Structure of cuprates: YBa;Cu3O,_, [46]
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Figure 2.9: Structure of cuprates: LaCuO [46]
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2.4.3 Layer of cuprates

Figure 2.10: layer of cuprates [47]

2.4.4 Fermi surface of cuprates

The Cooper pairs in the cuprate family of high-temperature superconductors
exhibit d-wave pairing symmetry, which looks a bit like a four-leaf clover. The
leaves, or lobes, are areas where the superconducting gap is finite. At the points

where two leaves join, known as nodes, the superconducting gap goes to zero

Figure 2.11: Fermi surface cuprates [48]

D wave nodes in K-space where gap vanishes and the gap is largest along the

K, and K,,-direction.
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2.5 Pnictides superconductivity

Pnictides are any binary compound of Pnictogen and less electronegative el-
ement, Pnictogen: Z=7 nitrogen (N), Z=15 phosphorus (P), and Z=33 arsenic
(As)etc.

Pnictogens have 5 electrons in the outer shell: 2 electrons in the s sub shell, 3
unpaired electrons in the p sub shell.

Pnictides are a relatively new class of superconductors discovered by group at
the Tokyo Institute for Technology led by Yoichi Kamihara [49]. Pnictides are a

type-1I superconductor and thus produce vortices between H,.; and H.,.

2.5.1 Discoveries of pnictides superconductors

The first pnictide superconductor, LaFePO,was discovered in 2006 with super-
conducting transition 7.=4 K [50], After this discovery, by doping some of the
oxygen sites with fluorine, the critical temperature could be increased to ~ 26
K for LaFeAsO;_,F, (0.05 < = < 0.12) [51], which was discovered by Kami-
hara et al in Feb,2008. These crystals are formed by stacking LaOF and FeAs
layers alternately. Each iron atom is surrounded tetrahedrally by four As atoms,
and each FeAs layer is constructed by connecting the edges of the As tetrahe-
dra. Moreover, subsequent studies clarified that replacement of La by other rare
earth elements increases the transition temperature markedly.

41 K for Ce (CeF,0O,;_,FeAs) [52], 52 K for Pr (PrF,0,_,FeAs)[53],

52 K for Nd (NdF,O,_,FeAs [54],

55 K for Sm (SmF,0O,_,FeAs [55] and 56 K for Gd,_,Th,FeAsO [56].
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There are three groups of iron-arsenide ( materials which contain layer of FeAs
) [57].

The first group contains the materials of the type ReOFeAs where Re stands for
rare earth element and AeFFeAs where Ae stands for Alkaline earth. Members
of this group of materials are often refereed to as the 1111 type compounds.
Second group contains compounds of the type AeFeAs and AFe; A,

with A=Ba, Sr, Ca (alkaline). These material refereed to as 122 type compounds.
The third group consists of only material AFeAs and it is referred to as a 111 type
compound. The recent discovery of high-7,. superconductivity in iron pnictides
and related compounds has strongly intensified the research activity in solid-
state physics.The highest transition temperature attained in iron pnictides is
about 57 K to date, i.e ( Ca;_, Nd, FeAsF with 7.=57 K) [58]. It is the highest 7.

non-cuprates superconductors.

2.5.2 Phase diagram for pnictides superconductivity

Experiments suggest that carrier doping is important method for controlling
iron-pnictide superconductivity. It has effect on transition temperature and
pairing symmetry. Carrier doping is the chemical substitution of atoms, only
shifts the chemical potential and retains rigidly the band structure. They are
distinct regions in the phase diagrams of iron pnictides, namely, antiferromag-
netic, pseudogap, and superconducting region as depicted figl.10. As the dop-
ing concentration increases, the superconducting transition temperature in-
creases and reaches a maximum at some point, later on, superconducting tran-

sition temperature decreases monotonically, lastly, it vanishes.
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The superconducting transition temperature 7. drops around high doping
levels where the electron or hole pockets disappear. Pnictide superconduc-
tors’exhibit ant-ferromagnetic order in the parent phases and superconductiv-
ity emerges by suppressing magnetism upon doping. The pnictides exhibit a
property called magnetic frustration, a particular atomic arrangement that sup-
presses the natural tendency of iron atoms to magnetically order themselves in
relation to each other. These frustration effects enhance magnetic quantum
fluctuations, which may be responsible for the high temperature superconduc-

tivity [59].

Figure 2.12: phase diagrams of pnictides [60]

2.5.3 Structure of pnictides superconductor

Pnictides are layered, similar to cuprates. The iron-arsenic plane is responsible
for the superconductivity in pnictides. For example, the critical temperature of

LaOFeAs was found to increase with a doping of fluorine. The doping was found
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to increase the number of carriers in the conductive layer [61]. The iron, Fe?*,
forms tetrahedrons within the layers.and the pnictide’s Fermi level is formed by
3d,,, 3d,., or 3d., orbitals. This is markedly different from cuprates,which form
a square, planar structure and where there is 3d,._,» symmetry [62]. The pro-
posed pairing symmetry in pnictides is a spin-singlet extended s, -wave sym-
metry, in which the superconducting order parameter changes its sign between
the Fermi surfaces. Parent compound of pnictides is poor conductor or some-
times also semiconducting. Magnetism plays a key role in iron pnictide super-

conductors’ crystal structure.

Figure 2.13: Structure of iron pnictides (1111), ROFeAs, R= rare earth [63]

Figure 2.14: Structure of iron pnictides (1111) ,(A,R)FeAsE A= Alkaline [63]
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Figure 2.15: Structure of iron- pnictides (111), AFeAs [64]

Figure 2.16: Structure of iron pnictide 122, BaFe,As, [65]

Figure 2.17: Structure of 11, Fe (S,Se, Te) [66]
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2.5.4 Fermi surface of pnictides

The Fermi-surface topology is a key ingredient for high temperature supercon-
ductivity in iron-based layered pnictides. The so called s, model predicts su-

perconducting gaps of one sign on the Fermi surface.

Figure 2.18: Fermi surface of pnictides [67]

2.5.5 Layer of pnictides

Layer of iron-Pnictides FeAs (Iron is purple and arsenic is yellow )

Figure 2.19: layer of pnictides [68].
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Chalcogenides

Iron based superconductors are classified into two families iron pnictides and

iron chalcogenides. Iron pnictides are compounds containing iron and pnicto-

gen. Iron chalcogenides are compounds containing iron and chalcogen. The

chalcogens are the chemical elements in group VI of the periodic table. This

group is also known as oxygen family.

It consists of elements, oxygen (O), sulfur (S), selenium (Se) and tellurium (Te)

and polonium (Po).

Eventhough, all the group VI elements are defined chalogens, the term chalco-

genides more commonly used for sulphides (FeS), selenides (FeSe) and tellurides
(FeTe).

Many metal ores exist as chalcogenides. It is denoted by Ch.

Iron Chalcogenides show low an isotropes, high critical fields and high criti-

cal current densities. Superconductivity in layered Fe chalcogenide was initially

found in FeSe by Hsu et al. with 7, of 8 K at ambient pressure [69,91]. Reported

value of superconducting transition temperature ( T, ) in iron chalognides in-

clude 14 K in FeT,5Sy5 [70,91], 2 K in Fe; 13T¢85S01 [71,91],10 K in FeT(gSq -

[72,91]

The high superconducting transition temperature has been achieved in layered

materials such as cuprate, iron (Fe) based and MgB, superconductors. One of

the notable groups of layered superconductors is the chalcognides.
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Iron selenides (FeSe) shows a superconducting transition temperature around
10K and shows a marked increase of superconducting transition temperature
upto 65 K under pressure [73,92]. On the other hand, FeTe undergoes an anti-
ferromagnetic transition at 70 K.

However, a partial substitution of Te by S or Se suppresses the antiferromagnetic
ordering and induces superconductivity. This family is very interesting because
the physical properties markedly change upon the covalent substitutions of S,
Se and Te [74].

Krizton Maziopa reported a new synthesizing method to intercalate alkaline
metal to FeSe with general formula Ax(C;H;N),Fe,_.Se,, (A=Li, Na, K, Rb )that

shows superconducting onset 7,. ~ 45 K [75].

Figure 2.20: Temperature versus resitivity for FeTe, ;Se, ;s under pressure [76]

Fig2.20 displays that the superconducting transition temperatures depend
on the pressure and doping concentration. As the pressure increases, the su-

perconducting transition temperature for FeTe, 5Se, 5 decreaseses.
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Structure of iron chalcogenides

Figure 2.21: Structure of iron chalognides [77,66,83]

Iron Chalcogenides have low carrier density, high density of state and they are
non toxic.

There is a similarity in electronic state of Fe chalcogenides and Fe pnictides
,moreover, they share the same pairing mechanism and they have similar fermi

surface and band structure [78].
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2.6 Electronic specific heat

The electronic specific heat ( C,; ) is defined as the ratio of heat used by the elec-
trons to rise in temperature of the system.

The electronic specific heat of the electrons in a superconductor varies with ab-
solute temperature ( T ) in the superconducting state. The electronic specific
heat in superconducting is smaller than in normal state at low enough temper-
ature, but it becomes larger than in the normal state as the temperature ap-
proached to the critical temperature 7, where it drops abruptly to the electronic
specific heat in normal state for superconductors.

At sufficiently low temperatures, the normal heat capacity C,, is expressed as the

sum of an electronic and the lattice heat capacity [79]
12 T
C, =~T + E7r41?~2(§)3 (2.45)

where R is the gas constant, ¢ -Debye tetemperature of the lattice vibration ~-
constant which is proportional to the density of states at the Fermi surface and
which may depend on electron correlations and the electron-phonon interac-
tion.

The first and third powers of temperatures correspond to an electronic and a

lattice heat capacity respectively.
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The electronic heat capacity of superconductors below critical temperature

[80] is given by

= qe T (246)
T
where a and b are constants
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Figure 2.22: The electronic specific heat versus Temperature [81]

As we see from fig.2.22, specfic heat is linearly proportional to the tempera-
ture whch is in the normal state and exponential proportional to the tempera-

ture in superconducting state.

The electronic specific heat per atom of a superconductor is defined by

d 1 d

1
=) 2 < >) = il > 28 < agay 1] (2.47)

Ca = 77y

n n
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2.7 Application of Superconductivity

Superconductivites are widely used in various technologies, moreover, it is also
ongoing research. One of the most successful applications of superconductors
is in the production of very large magnetic fields, Here, let us explain some
of the most important application of superconductor in generating very large
magnetic fields, namely, Superconducting Magnetic Levitation, Magnetic Reso-

nance Imaging (MRI) devices, High energy physics [82].

2.7.1 Magnetic Levitation Train

Figure 2.23: The Yamanashi MLX01MagLev Train [83]

The tracks are walls with a continuous series of vertical coils of wire mounted
inside. The wire in these coils is not a superconductor. As the train passes each
coil, the motion of the superconducting magnet on the train induces a current
in these coils, making them electromagnets. The electromagnets on the train
and outside produce forces that levitate the train and keep it centered above

the track. In addition, a wave of electric current sweeps down these outside
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coils and propels the train forward [84].

2.7.2 Magnetic Resonance Imaging (MRI)

Magnetic Resonance Imaging (MRI) scans produce detailed images of soft tis-
sues. The superconducting magnet coils produce a large and uniform magnetic

field inside the patient’s body.

Figure 2.24: MRI (Magnetic Resonance Imaging) [85]

Magnetic resonance imaging machine

This technique uses the high field to split the degenerate spin state of hydrogen
nucleus, which can then be investigated using electromagnetic radiation in the
radio wave region. This allows the machine to image two dimensional cross-
sections which have hydrogen atoms in different chemical environments. As
the body contains many hydrogen atoms present in water, different tissues in
the body give different signals.These two dimensional slices can be built up to

form complete pictures of the area of the body being imaged [86].
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Magnetic resonance imaging machine consists of five components [87]:-

e Radio frequency coil: this emits electromagnetic radiation of radio fre-

quency, which excites hydrogen nuclei present with in the patients.

e Patient table: Allows the patient to easily and safely be placed with in the

bore of the magnet

e Scanner: These detect the radio waves emitted by the hydrogen nuclei re-

laxing into their ground state

e Superconducting magnet: These are the superconducting magnets used
to create a high enough field to split the usually degenerate ground state
of hydrogen nuclei. The wires used are often of [ NbTi ] wires which must

be maintained at cryogenic temperatures with liquid helium.

e Housing: This section of machine houses the electronics and cooling sys-

tem which keeps the superconductors at low temperature.

High Energy Physics

High strength magnets are key components in particle colliders used to probe
the most basic constitutes of matter. They used to deflect high velocity charged
particles to keep them in a circle and allow them to be constantly accelerated
(88].

An other application making use of superconductors to produce high strength

magnetic fields are electric motor, generator, and magnetic energy storage.
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Electronic application

Current micro electronics are beginning to be limited by the speed at which heat
can be removed which is produced by the electronic circuits. In order to speed
up computing power, interconnects between various components of the circuit
can be shortened. However, this creates even more heating problems due to
higher current densities which have to be used. Superconducting wires could
eventually be used to remove resistive heating and help solve this problem [89].
Josephson devices, superconducting quantum interference devices (SQUID),
microwave devices, RF and microwave filters ( e.g.for mobile phone base sta-
tions, military ultra-sensitive/selective receivers ) and resonators are some ap-
plication superconductors in small scale.

The advantage of HTS:

¢ Significantly smaller computers and increased speed of computer chips.

e HTS generators and motors are substantially smaller and lighter than cop-

per based machines.

The Disadvantage of HTS:

e Many HTS are made of toxic metals and disposal of them can affect the

environment

e Powerful computers which are made from HTS can be used by the military

to develop weapons and so on.



MATHEMATICAL TECHNIQUE

In this chapter, we will introduce the basic concept of Green functions method
as mathematical techniques which are very essential to formulate the problem
in the next chapter. In this technique, we have tried to derive the equation of
motion of Heisenberg operators which is used to determine the superconduct-

ing order parameter, superconducting transition temperature and so on.

3.1 The Green Functions Method

The Green function methods for quantum many body systems were mainly de-
veloped in 1950’s and early 60’s. This concept was first introduced by British
Mathematician Gorge Green in 1830 and that is why the function is named af-
ter him. The use of Green function method has become widespread in many
body problems, particularly in problems of Solid state physics where a number
of new results have been obtained.

The Green function method is an important part in the modern theory of super-
conductivity. This method permits a formulation of the theory in a very trans-
parent and convenient form and provides a powerful tool to solve more com-

plicated problems in high temperature superconductivity. A Green function is

50
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used to solve inhomogeneous differential equation with boundary conditions.
There are various types of Green function. Some of these are:- Advanced Green
function, Retarded Green function, casual, zero temperature, one particle, two

particles and so on. To investigate the physics of high temperature supercon-

ductors based on many body theoretical models, the methods adopted for study
ing the microscopic Hamiltonian could be double time Green functions.

Green function or correlation function defined for two operators a and b which
do not need to be hermitian, The operators & and b are:- fermions or bosons,
creation or annihilation operators or displacement of an atoms in a lattices or
current or charge densities.

For an arbitrary linear differential operator L in three dimension,the Green func-

tion G(t,t') can be defined as
LG(t, ') = 6(t, 1) (3.1)

The Retarded Green function and the Advanced Green functions are defined as

~ ~

G, (t,t) =< a(t),b(t’) >,= —iO(t — t') < [a(t),b(t")] >, (3.2)

~

Golt,t) =< a(t),b(t') >.=iO(t — t') < [a(t), b(t")] >a (3.3)

respectively.

In addition to this, the causal Green function is also defined as

~

Go(t, ) =< at),b(t') >.= —i < T.(a(t)b(t')) >.

where < ..... > represents the Green function, ©(¢ — ') is called Heaviside step
function. It is also called unit step function.

Heaviside function is a discontinuous function whose value is zero for negative
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argument and one for positive argument. It was named after the English poly-

math Oliver Heaviside.

o(t,¢') = (3.4)

<.....> denotes averaging over a grand canonical ensemble which can be de-
fined as <.....>=Z"1Tr(e~"")
where 7 is the grand partition function,

The Heaviside function is the integral of the Dirac delta function.
t
0(t,t'") = / ot —t") (3.5

a(t) and b(¢') are annihilation and creation operators respectively.

[@(t), ()] = a(t)b(t) — nb(t)a(t)
The sign 7 is chosen depending on the operator, 7 is negative sign if a(t) and b(t)
are fermions operators, and 7 is positive sign if they are are boson operators.

T. is a time ordering operators in chronological order.

Again, we have for the operators in Heisenberg representation.

(3.6)

3.7

In Heisenberg picture(Heisenberg representation), the state vectors are time
independent and the operators (observable) incorporate a dependence on time

[97].
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To drive the equation of motion for Heisenberg picture, we can proceed as

follow:-

Letting h=1, We got

and

[a(t),b(t')] denotes for commutation or anti-commutation.

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)
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The Green function

i dw ; ’
Gt ) =< bra®) | 6, () = [ §2Gual)e ) (3.17
For Nambu operators
dk,a
ko = (3.18)
@'y,
":70 = (d;a dhg) (319)

wheres = —¢

The fourier transform of the matrix Green function

Gll (w) G12 (w)
Gro(w) = (3.20)

G21 (w) G22 (w)

Gro(w) Fio(w)
Gro(w) = (3.21)

F,:U(w) —G _jo(—w)

where

G = Gro(w) =< ago | af , >

is normal component of the Green function,
G}f =Fo(w) =< app | a_p5 >

anomalous component of the Green function

In explicit way

Llpe | G ,> Llpo |0 gz >
Gro(w) = (3.22)

<atlaf, > <at,|age >
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The Decoupling Green function G}, is

1
0 —
Gho(w) = — "OFY (3.23)

where GY_(w) is the Green function of non-interacting electrons

The coupling Green function

a () = 1
) = T T S ) 3.2

> %(k,w) is the self energy describing the effects of electron-electron inter-

action

ho () = w—e(k) + =) (kw)]™ (3.25)

Replacing

Gho(w) = [w —e(k) + 4™

We obtain
po (@) =[G @)™ = (k,w)] (3.26)
[GR, (W)™ =) (k)]G (w) = 1 (3.27)
b (W) = G (@) + ) (kW) Gy (W) Gy (w) (3.28)
(W) = GRy (W) + GY,(w) Y (k, w) Gy, (w) (3.29)

g

The Wick time ordering operator 7, sorts operators in a product according to

their time arguments:

~ ~

To(a()b(t')) = 0(t — t')a(t)b(t') + €0(t — ¢)b(t)a(t) (3.30)

The ¢ makes it distinct from the Dirac time ordering operator. The spectral

density is another very important function of many body theory [101].

~ ~

Sap(t, ") = QL < la(t),b(t)]e > (3.31)

™
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The spectral density contains the same information as the Greens function.
We now prove the fact that Greens function and spectral density are homoge-

neous in time if the Hamiltonian is not explicitly time dependent.

o 05 G t) = Gt~ ), fa = rad

Su(t, ') = Saup(t — t) (3.32)

We only need to prove that for the so called correlation functions

~ ~ ~

< a(t)b(t") >, < b(t")a(t) > (3.33)

The proofis based on cyclic invariance of the trace

~ ~ iHt —iH(t—t) —iHt'

<a(t)bt) >=Tr{e P a(t),bt)} = Tr{ie " e a(0)e™ = b0)e = }

—iH(t—t")
h

— Trfe P15 4(0)e b(0)}
< a(t)b(t’) >= Tr{e P a(t — t')b(0)} (3.34)
Thus
< a(t),b(t') >=<a(t —t")b(0) > (3.35)
Similarly

~ ~

< b(t)a(t) >= Tr{e P"bt'),a(t)}

iHt iH(t—t') _iHt

nb(0)e 7 a(0)e n }

= Tr{e e

< b(t"),a(t) >=<b(0),a(t —t") > (3.36)
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3.2 Equation of motion for Heisenberg operators
Let us now derive the equation of motion for Heisenberg operators

G(t, ) =< a(t),b(t') >= —iO(t — ') < [a(t),b(t")] > (3.37)

Differentiating both side with respect to t

dG(t,t') — .do(t—t) AN i da(t) .,
g = i < [a(t),b(t")] > —iO(t —t') < [—dt (1)) >
multiplying both side by »
AdG(t, ')  do(t —t) Y o da(t
i = < [a(t),b(t)] > +O(t —1t') < | pn b(th)] >
dG(t,t')  dot —t') 2N i ida(t
i =g < [a(t),b(t)] > —iO(t —t') < [ o ,b(t)] > (3.38)
From section 3.1, we have equations
0t — ) / 5t — 1) (3.39)
ot —t') ot —1t)
dt 2 (3.40)
da(t) . -

Now plugging eqn(3.39), eqn(3.40) and eqn(3.41) into eqn(3.38), we obtain

idGE;; t’) _ 5(t2; t/) < [a(t),b(%’)] > —i@(t . t/) < [a(t),b(t’)] S (3.42)

G(t, ) = / G(w)e ™)t
Differentiating with respect to time,t

dG(t, 1)
dt

= —iw/G(w)e‘iw(t_t/)dt
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Replacing
G(t,t) = / G(w)e @t dt

we obtain

dGt,7) _ —iwG(t, 1) (3.43)
dt
Plugging eqn(3.3) into eqn(3.2), we get
N O(t—=1) R /

wG(t,t) = 5 < la(t),b(t')] > + < [a(t), H],b(t') > (3.44)
w < a(t)b(t) >=< [a(t),b(t)] > + < [a(t), H],b(t') > (3.45)

This the equation of motion for Retarded Green function (correlation function)
which is indispensable for formulation of the problems.

Generally, for all three Greens functions formally have the same equation of mo-
tion

m%@ = h3(t —t) < [a(t), b(t")] > + < [, H], b(#") >°

~

w < a(t),b(t') >%=< [a(t),bt)]. > + < [a, H], b(t') >° (3.46)

where a = (r,a,c¢), r stands for retarded Green function, « stands for ad-

vanced Green function, c stands for causal Green function
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The Transverse spin susceptibility is defined by
Xt (q,7)=— < TS (q,7)S (—¢q,0) > (3.47)

Where 7 is the imaginary time, 7’ is time ordering directive.

S - Z k+qo 2 O’“’

koa’

S is electron spin operator
+- 1 + +
X (g 7) = =5 D < TGy g1 Cru(m)Cl_y  Crr (0) > (3.48)
k

_ 1
X(aT) = =5 Y < T 4(7) G 1(0) >0< TrCp ()G (0) >0
k
_ 1
X g,7) = N Z < T;Ck g1 (0)Cy 4 (1) >0< T Cr (1) G (0) >0
@) =5 Zka (1)GRu(7) (3.49)

The fourier transform as a function of the bosonic Matsubara frequency iv is

B A
xg (¢ w) = / dre™ 7 x¢ (g, 7) (3.50)
0

1 1

1 1
T (g w) = — — (3.51)
Xo (q N ; 6 - ZVn €k+q an fk




FORMULATION OF THE PROBLEM

In this chapter, we have tried to solve and determine the superconducting order
parameter and the superconducting transition temperature (7¢)using a model

Hamiltonian with Green function formalism.

4.1 Cuprate superconductivity

Cuprate superonductor could be either a hole doped or electron doped super-
coductor. For optimal (hole ) doped superconductor (YBaCu30Og 93 ), the Hamil-

tonian for the system is given by
H=Hy+Hy=H+H+Hg 4.1)
where H, = > o EkoGiars  describes the itinerant electrons.
[’L = Jl Z SZS] + J2 Z SZSJ ~ Z hwz;;gi)ko
ko
the localized electrons which yield the magnetism
Hy = Z ol no + Z ha}i)]—;—?)ko’ 4.2)
ko afs
where {, = ¢, —

60
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E JS;:.O'?’U/CALZ_UCAL]C/J

!
kK a0

is the spin-fermion interaction between two sets of electrons.

sf—JZSk akak/)

ko,

where
o Pauli matrix, S Spin operator

Employing the above expression

> 880" = Sio* + Sio” + So?

we know that
S,f =Sy £iS}
explicitly

Sy =5 +iS})

S, = Sg —1iS}
rearranging this,we obtain
1
Sy 5[5* + 5]
Lot
Sy = 2—[5 — 15, ]

Similarly, for Pauli matrix is expressed as

1

o = Z[o" £ioY]
2

ot = 1[0 + i0Y]
2
1

o 5[0 —i0Y|
1

o~ = —[o" —io?]
2

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)
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Again rearranging this, we obtain

ot =lo" +07] (4.10)

—0o7] (4.11)

Now, plugging eqn(4.8), eqn(4.9), eqn(4.10) and eqn(4.11)into eqn(4.5) we get

1 1 '
> Spo = Sjo* + S5 = Spllo" + o]+ o ISE - s,;]%w o] (4.12)
This reduced to
Y Spo®=Sio*+ Sfo + S0t (4.13)
Plugging eqn(4.13) into eqn(4.3),we get
Hy =Y [Sio* + Syo™ + Syolaf,we (4.14)
k. k'
1 At Ak A
Sp = 5 Z[aaak% — ag ] (4.15)
k. k'
S =Y ahaw, (4.16)
k. k!
Sp =)y (4.17)
k'

where the spin operator S, destroyed a down spin and created an up spin, while
in S, it is the other way around. We also see that S} counts the number of up

spins minus the number of down spins.
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The spin-elecron interaction Hamiltonian will be

.1
_ At o At s At A At A
Hyp =5 > Jladawr — af gl an — a5y a1+
kK’
> iy i aus + af aprdfan) (4.18)
kK
.1
_ At oA st s AF A st At oA At s At oA At s
Hsf = 5(] Z[amak/TakTak/T — akTak/Taqiakli — akiakwamak% + akiakliakiakw]—&-
Kk
> " Jahanyaf s + af gl (4.19)
Kk

The total Hamiltonian of the system is
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Employing mean field approximation
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The superconducting order parameter can be defined as

AT = 7Y <ahal, >

kK’
AT — JZ < dk/T&k'T >
kK’
AT =T " < afaf, >
kK
AN = JZ < d/ﬂfl}@ >
kK’

(4.20)

(4.21)

(4.22)

(4.23)

plugging eqn(4.23), eqn(4.24), eqn(4.25), and eqn(4.26) into eqn(4.22), we ob-

tain
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From chapter 3, we have the equation of motion

wG(t,t') = (S(tQ—;w < [a(t),b(t)] > + < [a(t), H],b(t") >
W K g, G, >=< e, 0] > + < [are, H], 0, > (4.24)
W < gy, S=< [y, 3] > + < [ag, H], af, > (4.25)
W < s gy >= 14 < [awy, H|, a5, > (4.26)

Now let us evaluate [i, H]
laxy, H] = [any, Ho) + [agr, Hg] (4.27)

[akTa HO aHTu Z gnaa TCLRT [&nTa Z MB:TBHH
[k, Hol = ) Enotinp[ang, ]
[ary, Hol = Etir (4.28)

- 1
- 15 s o At ot +y o At ot
[art, Hag] = [any, 2 Z[A Moy + AT afalh + A ay ay | + AVagaf |+

SO IS X
Gy, Hop) = §NT at + AMat (4.29)
Plugging eqn(4.34) and eqn(4.35) into eqn(4.36), we obtain
W < gl >= 14 &, < agpaf, > +§ATT < aqat > +A™Y < af af > (4.30)
N 1 - At
(w— &) < appig, > —§ATT < ahat > -AV < afat >=1 (4.31)
Similarly,
w < gy, afy >=< [af, H], af, >

Again,let us evaluate [am»H ]

[CL}F(T, [:I] [a’kTv HO] + [akT7 Ifsf] (4.32)
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afy, Hol = [, Z Enoliplnn] + [, Z e
akT’ Z é—naa,ﬁ KT anT]
[, Hol = —&xit, (4.33)

. 1 S At A S At A
[ai:rm Hsf] [%w 5 Z[AJFTTak’Tak’T + ATT“ZFTCL;T + Aﬂiakwakw + A”aaak/d+

RK

R P Ao

b, Hef] = ——A+TTa o — AN, (4.34)

Inserting eqn(4.39), eqn (4.40)into eqn(4.38), we obtain

w L AhLak >= =& < aa > —§A+TT L applify > =AM L agar >

(4.35)
(w+ &) < Gy >= ——AHT <L Qprpliygy > ATV < g Oty > (4.36)
Similarly,
w < @ ah >=< [y, 1], af, > (4.37)
when we evaluate [a;, /1]
[a§u ]:I] = [amy HO] + [aku ]_—fsf] (4.38)
[dl—:y Hia Z gHUaKTG’HT '{\L’ Z MbnT HT
akw Z gmaa,ﬁ Kl anT]
[, Hol = —&qaf (4.39)

. 1 L. . . .
[aiy H sf] [akw 2 Z[AHT%’T%’T + ATTG;T%FT + A ap + Au@aam*'

RK

A+T‘Lak/¢\ak/¢ =+ A akTam]



4.1 Cuprate superconductivity 68

[, Hef) = ——N”a oy — A, (4.40)

Inserting eqn(4.45), and eqn(4.46) into eqn(4.43), we obtain

w <L a0l >= =& < afjat > ——A*TT L gyl > — AN < aal >

(4.41)
U 1 P S
(W4 &) < afjat >= —§A+¢¢ L gyl > —AN < agal > (4.42)
w K dkia &2} >=< [&k@ ﬁ], &Z_T > (443)
When we evaluate [dy,,H]
laxy, H] = [ary, Ho) + [any, Hey] (4.44)
[y, Ho| = [a,, Z Eko U Qry] 4 [Gry, Z Eko g, Ary] + [ary, Z ﬁwi)aém]
ko ko
[y, Hol =) Erotiryfiny, af]
ko
ay, Ho) = Eray (4.45)

(g, Hap] = [any, % Z[A”Tak/ ayy + AMahal + A Hag a0 + AYaf el )+
K,k
ANy + AVafa]
gy, Hyf) = %A*“da + AMa (4.46)
Inserting eqn(4.51) and, eqn(4.52)into eqn(4.50) and then in eqn(4.49), we ob-

tain

W K gy >= & < gl > +5 A < afah, > +AN < afal > (4.47)
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We can write eqn(4.37), eqn(4.42), eqn(4.48),and eqn(4.54)in matrix terms

as
w—§& &1 AN 0 < gy, iy > 1
AT Lrg 0 AT <t ath > 0
= (4.49)
AT 0 wtg A | | <l ah > 0
0 —AY —ATN w — fk < dm, CAL:T > 0
Now, let us find the determinant D
P N
A;TT W+ fk 0 AT
D=
AL 0 wtg A
0 AN Al g
To find the solution for < a;,a;, >
W — fk 1 —AT‘L 0
%ﬁ 0 0 AT
D1 —
AN 0 w+ &, A;u
0 0 & w-g
Neglecting the last two terms, we have
AT
Di=— w? — &]
Therefore
_AHTT (wz . 52)
L >= 2 . 4.50
el 2T e - g LT o0
. (AH‘T)
Lt 4 >=— 2 (4.51)

(w? = & — 3(A¥1T)2)

Similarly, for |1
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To find the solution for < a; a;; >

w—& -2 1 0
+11
AT w + gk 0 A+N’

A+ 0 0 A

0 —ATi 0 (J.J—fk

Therefore
_A+N[w2 _ 51% + (AJFN)Q]
(W2 = ) (w? — & — (A1)

<L Gy, G >=

AN N AATH AN
F—G-IATP) g P -g- AT

L gy, Uy >=

—5AT AT
e i .
K gy Ay >= 5 & — LA+ T e (4.52)
Casel
The superconducting order parameter for singlet( /1) is given by
1
AT = 3 oI, il > (4.53)

n,k

Using

%Z = (2;)3/%3 :/: deD(€)

—1 ~ A+ A+
S B
AT = 5 Zn:/(] d€D(&)J( 5“12—'5/3—%;@*“)2 +d—— 2) (4.54)
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Since

A:ZT’Ai

kK

n A+ n AT

1 oo
N D _
A _ﬁ;/o DO g —Taarye g

For S-wave pairing n = 1, where 7 - basis function

1 o0 AT AT
AT = D(0)J= / d<[5 —4
o) ﬁ; —&a d W%+§;§+(%”)2 WT2L+€]3]

Replacing
¢t =& +(A/2)°
and
(2n+ 1)m ,
Wy = ———, W = 1wy,
B

for Matsubara frequency of fermions

1 fusm 1 1
1=D(0)J— / d&(5 —4 S
( ) B ; 0 ( <2TZ + 1)2ﬂ-2 + ﬂZCQ (2n+ﬁ1) ™ +££)

Let

Asg = JD(0)

1_)\sfz/hwmd€(5 1 4 1 )
B~ (2n 4+ 1)272 4 B2¢2 W%g

Againlet z = 5(,x = (&

1 fiom 1 1
= d —4
st & zn:/o f(5(271 +1)272 + 22 (2n + 1)272 + xQ)

Z 1 . tanh(%)
— (2n+1)*7% + 22 2z

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)
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1 frem tanh(3) tanh(5)
= — 4.60
st 5/0 dg (5 2z 2x ) ( )
Taking A™ = A
R tanh(BETBTZE) . [ tanh(2
L [ GRS R [ ey,
Ast 0 2,/& + (A)2)? 0 &k
(i) WhenT =T, = A =0, then eqn(4.67) becomes
1 Firm tanh(gﬁ) Pitsen tcmh(gf') s, tanh(gf)
:5/ df——él/ df—:/ dE————=  (4.62)
Asf 0 3 0 3 0 3
Let z = 5¢
1 §heom tanh(z)
:/ dz (4.63)
)\Sf 0 z
Integration by parts
1 huw = _In(2)
= — — 4.64
o = (/2 tamh( 5 /0 T (4.64)
= log(B.fw/2) — [—eulergamma + 1og(%)]
1 m
o = log(Behw/2) + v — log(7)]
sf
1 b [2,307%)67]
>\sf — 08 s
T, — 1.134hwm6ﬁ (4.65)

Kg
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ii) Near superconducting transition temperature 7,

1 :5/5‘“"d§tanh /2\/53 (A/2)?) _4/h‘“nd§tanh(ﬁ/2§k)
0 0

_— (4.66)
Asf 2/ + (A/2)? &k
Using Taylor expansion
tanhZ.\/& + (A/2)? _ tanh2¢ (A/2)2itanh§z| ) (4.67)
21 (8)2)? ¢ 20 dz =
B tcmhgf N (A)? d tcmhgzl
Y 8j¢fd= =
Let us simplify
d tanh'gz’
dz = ¢
d tanh§z|  z5sech*(52) — tanh(52 )|
dz =z =t 22 =
B BsechQ(gz) tanh(gz)
B z 22
tanh? — s
d tan 22|Z:§ _ Bz smh(ﬁﬁz) (4.68)
dz =z 222cosh?(5z)
Plugging eqn(4.74)into eqn(4.73)
tcmhg;/ &+ (A/2)? _ tanh2¢ N A_Q[ﬁz — Sinh(ﬁﬁz)] (4.69)
+ (A/2)? § 8 "~ 222cosh?(52)
I /“”" dgtanhﬁf /’B/QW’" & fz — sinh(fz)
Asf —Jo £ 8 0 2z2003h2( 2)
win tanh? —
1 :/ i anhs& 5_/ i Bz — sinh(f2) (4.70)
N Jo £ 8 Jo 2z2cosh?(5z)

Let us integrate the right hand side of of eqn(4.76)

lety = (B/2)z = z =2y/B,dy = 5/2dz

* Bz — sinh(ﬁz)dz B /°° 2y — Si”h@y)%d
0 222003h2(§z) 0 (2)4g—§cosh2(y)
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o 2 009, o
Bz smh(ﬁﬁz)dz _ B_/ 2?JLTT(%J)C@ (4.71)
o 222cosh?(Zz) 8 Jo  yicoshi(y)
when we integrate
2y — sinh(2y)
LA LA
/0 y3cosh?(y) Y
we will get
> 2y — sinh(2y) —14(¢(3)
y 4.72
/0 yBeosh?(y) m? e

where ( zeta function

Employing this equation into eqn(4.77)and then into eqn(4.76),we obtain

1 wm o tanhB€ A2 82 14
= dé——2> +5—(=2)[-=<¢(3 4.73
o= e s ) .73
2B.we” 2Bwe” 70A2((3)
1 =1 -
() == GAm2 K% T2
T T0A2((3)
Inl—=|=—-—-+->-—+ 4.74
W= R @74
Now, we can approximate e* ~ 1 4+ z, x = — 61%;52(?2 and ¢(3) = 1.2025
B~ c
Employing this equation into eqn(4.80)
2 _ 647r2K%T02[ B Z]
70(1.2025)° T
T
A = 6.63KpT.[1 — T]W (4.75)

c

This is the superconducting order parameter as a function of temperature

A =6.630g1/1 — % (4.76)

Let A[) = KgT,
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Case 11

The superconducting order parameter for triplet (1) is given by

1
AT = 3 I, af > (4.77)
n,k
Using
1 1 Y
- d o= K /dk: = /éF deD(¢€)
AN / Y aep(e) A2 (4.78)
B~ Jo w? — & — (nAFT)?
Since

A:ZWAi

kK

1 0 nA—&-TT/Q
AT = = / dénD(0)J
52 ), POV g Ay

For D-wave pairing 7 = %, where 7 - basis function

1 o0 AT /4
Replacing
¢? =&+ (A/4)?
1 hwm, 1
1= D(O)JE;/O d£(2n+ e (4.80)
L /fw s lanh(3/2V G ¥ B2P) sl
N o 2V/E + (A/2)? |
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(1) WhenT — 0= = o0

tanh(ic) 1
L _ / e L (4.82)
Mg Jo &+ (8

Let

£E= %tcm(u) = d§ = %secz(u)du

/ / ésec udu
§2 (A/4)2tanu + (£)2
V Vi 4
—sec 2udu
/ (A/4)Vtanu + 1

Now,multiplying sec(u)by[tan(u) + sec(u)]

/Sec(u)du _ /sec(u) (tan(u) + sec(u))du _ / sec(u)tan(u) + sec?(u) du

tan(u) + sec(u) tan(u) + sec(u)

Again,let s = tan(u) + sec(u) = du = (sec*(u) + tan(u)sec(u))du

1
/sec(u)du = /—ds = In(tan(u) + sec(u)) + constant
s

&+ (3)

/ de— 1 1n[§ TR AL (4.83)
&+ (%) 1 1
P (hw)?+ (2 hw
/ de L = In] — +
0 &+ (%)? 1 a
g 4
n[—— A +T]
hw
/ df;—ln[@] (4.84)
0 er(dp A

Plugging eqn(4.90)into eqn(4.88), we obtain

A = 8hiwe s (4.85)
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(2)WhenT =T, = A =0, then eqn(4.87) becomes

fwm tanh(8
! —/ aglomh(z8) (4.86)
AsiJo 3
Letz = §£
ﬁfuum
1 _ /2 dztcmh(z) (4.87)
ASf 0 Z
Integration by parts
1 hw 3, > In(z)
= In(B.hw/2)tanh — ——d 4.88
Asf Befw [2)tanh( 2 ) /0 cosh(z)? : (4.88)
= log(B.fw/2) — [—eulergamma + log(%)]
1 s
S log(Behw/2) + v — log(z)] (4.89)
sf
1 928, huwe
o = log] ]
sf
I log] 2hwe” ]
>\sf — 08 KBTCﬂ'
1
7 L34 o (4.90)

c e
Eventhough there is no experimental evidence for superconductivity of Y BasCuz O+
to be triplet, there is a situation where superconductivty of Y Ba,Cu3O; could be
triplet.

The superconducting transition temperature for triplet superconductors are very
small, but, with appropriate parameters the superconducting temperature could

be enhanced.
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(3) Near critical temperature 7,
1 /ﬁw détanh(ﬁ/%/éﬁ + (A/4)?)
AsgJo 2/ &+ (A/4)?
Using Taylor expansion
tanhS\/E} + (A/4)? _ tanhS¢ N (A/4)2itcmh§z| )
P+ (A7 e g & =
_tanh5¢  (A)? d tanh§z|
Y: 16/¢[dz =
Wm t hﬁ 2 _
1 :/ it an f A / i Bz — sinh(Bz) 4.91)
Asp o Jo § 16 222cosh2(22)
since
*  Bz—sinh(Bz) B*.. 14
d 3 4.92
/O z QchoshQ(éZ) ( 8 )[ 7T2 ( )] ( )
1 wm tanhﬂg A? 52 14
_ Peyi_ 22 4.
il B SR M) (4.93
Further simplifying, we obtain
2 ¥ 2
m(Zﬁcwe ) = ln(2ﬁwe - 14A%¢(3) 0,
T T 12872
2
Ly = _HA%E)5
T. 12872
. 14A%((3)
e =~ ].+I',U)h67‘€x— ]_2871‘2—_[(%'1—'02
and
¢(3) = 1.2025
=
/ T
A =938KgT.\/1— T (4.94)
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4.2 Pnictides Superconductivity

For optimal doped iron pnictide, the Hamiltonian of the system is given by

H= Z ol gy + Z hwbf e + Y gk, K )iy,

kK’

The interacting Hamiltonian is

= g(k, K"af auray
ko

The mean field approximation The superconducting gap equation

A=) gk k) < wriny > AT =" g"(k, K) < af il >
kK Kk

Plugging eqn(4.104)into eqn(4.103), we obtain

= {ATagap, + Aajal, )

kK

From equation of motion, we have
T N ST At
w<L ko Qg >=< [akU?ako‘] >+ <K [akav H]7ak0' >

w K &kT7 CAL;:T >= [dkT7 CAL;:T] >+ K [dkT> f{]a dz—T >
W <K Qpp, d:T >= 14+ < [agr, Hj, ajy >

Now let us evaluate [dy, H]

~

larcr, H) = lany, Ho] + [axr, Hy)
[y, Ho) = [ags, Z Erolirlnr] + [anr, Y hwbf i)
ko
lakr, Ho) = Eranr

[akT, H[ akT, Z A amak/ ] + [&kTv ACALZTCAL,:J
k,k'

(4.95)

(4.96)

(4.97)

(4.98)

(4.99)

(4.100)

(4.101)

(4.102)

(4.103)
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lawr, Hy) = Aaty, (4.104)

Plugging eqn(4.110) and eqn(4.111) into eqn(4.108)

(W= &) < anp, @ > —A < [al, a0, >=1 (4.105)

Similarly
W< aty, af >=< [at_yy, ] > + < [afy, H] af > (4.106)
W ity af =< ity 1), af, > (4.107)

Again, let us evaluate[a ™, i,]f[ ]

(@7 gy H] = [aF ), Hol + [t ), Hi] (4.108)
[a* e, Ho] = szgkoakTakT +laty,, > hwbbi]
ko
[0 s, Ho) = —&uaty, (4.109)

a* —K| HI akTaZA Qg ] + (G KyAamam]
.k’

[0 g, Hi) = — ATy (4.110)
Plugging eqn(4.116)and eqn(4.117) into eqn(4.114)
WL AL, U >= =&, K [T g, 0 > — AT < Jagy, 4, >
(W+&) < atp, af >+ AT <y, afy, >=0 (4.111)
Using eqn(4.112) and eqn(4.118), we can write it in a matrix terms as

w—=¢& —A < Gy, Gy > 1
= (4.112)

AT wt &) \<aly an > 0
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The Determinate

To determine the solution for

we use the determinant

Therefore,

(4.113)

(4.114)

(4.115)

(4.116)

(4.117)
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Similarly

To determine the solution for
A at
& Gy, gy >

we use the determinant

1 A
D, = (4.118)
0 w+é&
Dy =w+ & (4.119)
Therefore
D +
by, if, >= 2= Sk (4.120)

D W+ A2
For pnictide superconductors, the pairing symmetry is singlet (S = 0,]1)

The superconducting order parameter is

AT = Z <0ty 0t > (4.121)
+i
AR = Zg (k, k)= Z/ D(¢ A ~d¢ (4.122)
A*H
AT = 9 (k, k) / D(0 d
;g B Z g T Ay ¢

and n = 1 for singlet (s)

hwm, 1
:—2%;9“; %;fo df—w2—§,§+A2
ﬁwm

k. k'
Aof = Zg(k, k)D(0
Kk
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W = Wy,

Twm

Asf =3 Z / W (4.123)

Let 2° = &% — A?

Asf =3 Z / w2 +x2 (4.124)

We know that

1 1 tanh(gx)
— = 4.125
B zn: w2 + 22 2z ( )

Plugging eqn(4.132) into eqn(4.131) and then eqn(4.130)

1 hwm t h é
_ / getenh5T) (4.126)
)\Sf 0 X

(4.127)

1)
WhenT =0, = oo

i.e

AssJo £ — A

A(0) = 2hwpe s (4.128)
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2)When
T —Te(B — Be), A(Be) = 0
hwm t hé 2 AQ
: :/ PR A (4.129)
)\sf 0 \/ 62 — A2
1 _ /h‘“b dftcmhgé
A Jo 3
let
x = f¢
1 Tou tanh (%
:/ an (2>d:1:'
)\sf 0 X
Using integration by parts, We have
1 wfBe, [P log(x)
=1 W /2)tanh — ——d 4.130
o = foo(Bean 2tann(25%) - [ 0 10
1 Win B > log(x)
=1 W /2)tanh(——) — ———=d
o = loa(Bun/Dtanh () — [
1 s
v = log(Behwn [2) — [= + log(7)] (4.131)
sf
1 2 v
— log[M] (4.132)
)\sf ™
2hw, =L
T. = elme*ss (4.133)
B
e’y
v =0.577, — = 0.567
m
;1
T. = 1.13477;”16*# (4.134)

B
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3)Near critical temperature 7,

1 hw 1
Ny 2T;/0 K rre—a (4.135)
1 1 A
2T Z[m] = 2T Z[W% etz ep (4.136)

hw 1 1
ZTZH:/O wrep - " Zn:[(zn YRyl

hw 1 1 !
2Tzn:/0 (w2 + £2)2 T T ;[(271 I 1)3} (4.137)

ool “ tanh(2e)
2 = | —*=d 4.138
Zn:/o wy + & /0 &k ¢ ( )

Plugging eqn(4.144), and eqn(4.145) into eqn(4.143), and then into eqn(4.142),

we obtain
I heo tanh(’g—g’V) A2 1
Aoy /0 &k 4 - m(T2) ; (2n + 1)3 (4.139)
T A2 1
(7)) = 2@ & @ v 17 (4.140)

> (; Z€(3) (4.141)
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Now, we can approximate

A2 7
T C3) (4.142)

e ~ 1+ x,wherex = —

Plugging eqn(4.149), and eqn(4.148) into eqn(4.147), we obtain

=
8 T
¢(3) = 1.2025

T
A =3.06Tcy/1 — — (4.144)
V Tc

This is the expression for the superconducting order parameter as function of
temperature for pnictide superconductor.

where T, is the superconducting transition temperature
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4.3 Electronic specific heat
The electronic specific heat per atom of a superconductor is defined by
Cy = i(l > 28 <y >) (4.145)
dl'* N ~
(4.146)

d 1 -
Cel = ﬁ[ﬁ;%k < ag ag >]

Now let us find < a; a;, >



RESULTS AND DISCUSSION

This chapter concerns with theoretical results of high temperature supercon-
ductivity which are obtained using the equations derived in chapter 4. The main
focus is on the superconductive transition temperature, the superconducting
order paramete, coupling strength and the electronic heat capacity.

The first part is regarding the doped cuprate superconductor ( YBa;CuzOg 93 )

and the second part is concerned on doped pnictide superconductor Ca; ,Nd,FeAsE
furthermore, we analysis the results briefly.

We have determined analytically the gap equation for superconductivity, and
calculated the superconducting transition temperature. Moreover, the results

of our work are best described by plotting figures.

e Superconducting order parameter (A ) Versus Temperature (T),

e The temperature (T) versus coupling strength () )

88
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5.1 The Superconducting Transition Temperature (7) for

cuprate based superconductor

Here, we are going to calculate the superconducting transition temperature based
on the equation derived in chapter three

From eqn(4.96), we have

LiBdhoy, ]
sce = T €T
Ky PO

) (5.1)

Now, taking

hw
— —158.7TK. A~ 1.5
Kg ’

—1
T = 180K€{Ep(1—5) ~ 924K

T.. ~ 924K

This is the superconducting transition temperature for YBa,Cu30Og 93

Similarly, for HgBa,Ca,Cu30,

1.134hw,, —1
Toe = ——— 5.2
w0, Asf> (5.2)
Now taking
I
—" =225K, A~ 2.1
Kp ’

~1
T.. = 255K exp(——) ~ 158.42K
cp(513)
T, ~ 158.42K

which is the superconducting transition temperature for HgBa,Ca,Cu;0,
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Compounds Theoretical ( calculated ) value of 7. | Experimental value of T.
YBa,CuszOg 93 924K 95K
HgBa,Ca,;Cus0, 158.42 K 160 K
Bi,Ba,Sr,Ca,CusOg 108.5 K 110K
Tl;BayCayCuz 04 123K 125K

Table 5.1: Comparison between theoretical and experimental value of super-

conducting transition temperatures for cuprates

Using eqn(4.81), we can plot superconducting order parameter(A )versus tem-

perature (T),

From the fig.5.1, we can obeserve that the superconducting order parameter

Figure 5.1: Superconducting order parameter (A) versus superconducting tran-

sition temperature(7,) for YBayC'u30g.93[90]

decreases monotonically as the temperature increases and it vanishes at 7,.=92.4

K. Below T, it is the region of superconducting state whereas above 7, it is nor-

mal state.
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Again, Using eqn(4.71), we can plot superconducting transition temperature

versus coupling constant \ as depicted below.

Figure 5.2: Superconducting transition temperature ( 7. ) versus coupling

strength (\) YBa;Cu30g 93 [90]

The superconducting transition temperature increases as the coupling strength
parameter increases and slowly increases when the coupling strength parame-

ter increases further.
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5.2 The Transition Temperature(7)for Pnictides

Superconductor

From eqn(4.141),we have

1.134Aw,, —1
sc — 5.3
e exp( Asf) (5.3)
Now,taking
hw
— = 102K, )\~ 1.36
Kp ’

1
T.. = 116K exp(—) ~ 55.62K
exp({55)

T.. ~ 55.62K

which is the superconducting transition temperature for pnictides supercon-

ductor Gd,_,Th,FeAs.

1.134hAw,, -1
T, = 54
K, zp( Asf) (5.4)
Now,taking
hw
— 102K, A~ 1.4
Kp ’

T = 116K exp(ﬁ) ~ 56.8K,
T = 56.8K

which is the superconducting transition temperature for pnictides supercon-

ductor Ca;_,Nd, FeAsE
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Compounds Theoretical(calculated) value of 7, | Experimental value of T.
Ca;_,Nd,FeAsF 56 K 57K
Gd;_,Th,FeAsO 55.6 K 55K
SmO,_,F, FeAs 57.4K 55K

Table 5.2: Comparison between theoretical and experimental value of super-

conducting transition temperatures for iron pnictides

The following figure shows superconducting order parameter(A) versus tem-

perature(T).

Figure 5.3: Superconducting order parameter (A) versus superconducting tran-

sition temperature (7,) for Ca; ,Nd, FeAsF

From the fig.5.3, we can observe that the superconducting order parameter de-
creases monotonically as the temperature increases and it vanishes at 7,.=57
K. Below T, it is the region of superconducting state whereas above 7., it is

normal state.
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Using eqn(4.141), we can plot superconducting transition temperature (7 )ver-

sus coupling constant (\) as depicted below.

Figure 5.4: Superconducting transition temperature(7.) versus coupling

strength (\) for Ca,_,Nd,FeAsF

The superconducting transition temperature depends on the coupling strength
(\) and frequency of magnon ( spin fluctuation ) w,,.
Keeping the coupling strength constant, the superconducting transition tem-

perature increases linearly as magnon frequency increases.
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For Various magnon frequencies, We can plot superconducting transition temperature(7,
)versus coupling constant A as shown below.

When w,,=13.4THz

Figure 5.5: Superconducting transition temperature(7.) versus coupling

strength (\)

When w,,=18THz

Figure 5.6: Superconducting transition temperature(7.) versus coupling

strength (\)
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When w,,=11.5THz

Figure 5.7: Superconducting transition temperature (7.) versus coupling

strength (\)

When w,,=10.4THz.

Figure 5.8: Superconducting transition temperature (7.) versus coupling

strength (\)

The superconducting transition temperature increases as the coupling strength
parameter increases and slowly increases when the coupling strength increases

further.
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Figure 5.9: Superconducting transition temperature (7.) versus coupling

strength (\) [90]

A superconductor whether conventional or high temperature superconduc-
tors, the superconducting order parameter monotonically decreases with tem-
perature and vanishes at the superconducting transition temperature as de-

picted below.

Figure 5.10: Superconducting order parameter (AAO) versus (¢ = Tlc)
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5.3 Electronic specific heat

The electronic specific heat for cuprate ( YBa;Cu3Og93) superconductor is de-

termined by equation(4.164)

2D(0) »

52 ekBT

c, =225
LT NKGT?"

We have used, £ = 250K,Kp = 1.38 x 1073£,D(0) = 0.362 x 10"’per Joule

& = 3.45 x 10721J,N =number of atoms per unit volume

8.55 x 107° —250
Cel = W e T

Cq(107%1/NK)
0.7}

0.6
0.5}
0.4}

03¢

0.1}

- - - - TK)
20 40 60 80 100

Figure 5.11: The electronic specific heat versus Temperaturefor YBa,Cu30Og o3

As we noticed from fig.5.11, the electronic specific heat is very steady at low

enough temperature , and increases rapidly as the temperature increases until

it reaches the critical temperature.
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The electronic specific heat for pnictide (CaNdFeAsF) superconductor could

be computed by equation (4.164)

2D(0) , =

C, = 2 kT
L= N & e

We have used, & = 160K,K = 1.38 x 107£,D(0) = 0.217 x 10" perJoule

4.57 x 107° —160
Oel = W e T

Cq(107%1/N K)

0.8

0.6}

0.4}

T(K)
0 (K)

Figure 5.12: The electronic specific heat versus Temperature for CaNdFeAsF

As we noticed from fig.5.12, the electronic specific heat is very steady at low
enough temperature , and increases rapidly as the temperature increases until

it reaches the critical temperature.



CONCLUSION

In this work, starting with a model Hamiltonian consisting of the non-interaction
and spin-fermion interation, we have studied the high temperature supercon-
ductivity involving cuprate and pnictides theoretically with the help of retarded
Green function technique.

We have determined analytically the superconducting transition temperature
for YBa,Cu30g93 and CaNdFeAsF and the results are very close to the experi-
ment results.

We also noticed that the superconducting order parameter decreases monoton-
ically with the increasing temperature and disappear at the superconducting
transition temperature for YBa,Cu30Og 93 and CaNdFeAsE

Below superconducting transition temperature (7.), it is a region of supercon-
ducting state and beyond superconducting transition temperature, it is a nor-
mal state. Furthermore, the superconducting transition temperature is linearly

proportional to the coupling srength and magnon/spin wave/ frequency.

100
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We have also determined the electronic specfic heat in superconducting state
and plotted C; versus temperature for YBa;Cu30Og¢ 93 and CaNdFeAsE From the
graphs, we have noticed that at low enough temperature, the electronic specific
heat in superconducting state doesnot change noticeably, however, as temper-
ature increases further, the electronic specific heat in superconducting state in-
creases rapidily until it reaches the critical temperature.

Cuprates superconductors are materials with their superconducting properties
determined by electrons moving with coupled copper oxide layers.

In pnictides, the iron-arsenic plane is responsible for superconductivity.

The possible mechanism for cuprates and pnictides superconductivity is an-
tiferromagnetic spin fluctuation or spin density waves/ magnon/,and the pro-
posed pairing symmetry for cuprates is d, 2 ,2-wave symmetry where as for pnic-
tide is a spin singlet extended S, -wave symmetry in which the superconducting
order parameter changes its sign between the Fermi surfaces.

Iron-pnictides superconductors share many similarities with cuprates among
them: layered structure, antiferromagnetic phases next to superconductivity
and phase diagrams and may be a common mechanism of superconductivity
in them as in both superconductivity appears as magnetism is destroyed since

both are clone proximity with each other.
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