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Abstract

Some outcomes regarding products of distributions are presented in this thesis. The
results are obtained in the most applicable algebra for nonlinear problems related
to Schwartz distributions, which is the Colombeau algebra of generalized functions.
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Introduction

Because of the wide application of distributions in the natural sciences
and other mathematical fields where products of distributions with co-
inciding singularities often appear, the problem of multiplication of
Schwartz distributions has been for a long time interest of many re-
searchers.

One of the most useful aspects of Schwartz’s theory of distributions in
applications is that discontinuous functions can be handled as easily as
continuous or diferentiable functions which provides a powerful tool in
formulating and solving many problems of various fields of science and
engineering .

In applications the results sometimes show that multiplications of two
generalized functions are not always allowed, so there have been made
many attempts to done products of distributions, or rather to enlarge
the range of existing products . several attempts have been made to
include the distributions into diferential algebras.

Colombeau describes the problem of multiplication of distributions
and shows how to overcome it. his theory was primarly been used for
dealing with nonlinear partial diferential equations with singularities
and was developed during the years and it has now a big appliance in a
different fields (physics, geometry, etc).

The diferential Colombeau algebra G(R) as a powerful tool for treat-
ing linear and nonlinear problems including singularities has almost the
optimal properties while the problem of multiplication of Schwartz dis-
tributions is concerned: it is an associative diferential algebra of general-
ized functions, contains the algebra of smooth functions as a subalgebra
(elements of this algebra are some equivalence classes of nets of smooth
functions), the distribution space D0 is linearly embedded in it as a
subspace and the multiplication is compatible with the operations of
diferentiation and products with diferentiable functions.

We evaluate in this thesis some products of distributions with co-
inciding singularities, as embedded in Colombeau algebra, in terms of
associated dis- tributions. the results obtained in this way can be refor-
mulated as regularized products in the classical distribution theory.
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Notation and Symbols

N: the set of natural numbers.
N0 : the set of non-negative integers.
R: the set of all real numbers.
C : the set of all complex numbers.

Nn
o : N0x . . . ..xN0 (n-times): the set of multi- indices.

Rn : n-dimensional Euclidean space and x = (x1, x2, . . . xn ) be
a variable element of Rn.

Domain Ω : an open connected region
A domain Ω in Rn : An open connected subset Ω ⊆ Rn

⟨x, y⟩ = x1y1 + x2y2 + . . .+ xnyn :The scalar product in Rn.
For an arbitrary non- empty set Ω ⊂ Rn we shall denote by:
C (Ω) : The set of all continuous functions in Ω.

C1(Ω) :The set of all once continuously differentiable functions
in Ω.
C2(Ω) : The set of all twice continuously differentiable functions
in Ω.
C∞(Ω) : The space of infinitely continuously differentiable func-
tions on Ω.
C∞

o (Ω) : The space of functions in C∞(Ω) with compact sup-
port.
D′ :The space of Schwartz distributions.
G: The algebra of Colombeau generalized functions, or G-functions,
on Ω.
F(f) = f̂ (f ∈ S (Rn)) :The Fourier transform of a function f .
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Chapter 1

Distribution Theory

1.1 Distributions (Generalized functions):

A concept of generalized function (distribution) constitutes a general-
ization of the classical concept of a function.

It is useful to give precise mathematical meaning for such quantities
as mass density or electric charge density of a material point. Such
quantities are defined as "average values", what is consistent with ex-
perimental approach in which one measures not a density at given point
but rather their average values in some sufficiently small neighborhood
of the point. As an example we shall consider the electric charge q > 0
distributed uniformly in a ball with the radius ε and center at x0 = 0.
The charge density of a configuration such as this is given by the follow-
ing function:

On a material which has point of mass 1 , assume that the point is
on the origin of the coordinates, the mean density fε(x) is given by

fε(x) =

{
3

4πε3 if |x| < ε

0 if |x| > ε

As ε→ 0, the mean density fε(x) becomes a function

δ(x) =

{
∞, if x = 0
0, if x ̸= 0

The integral of the density over the entire space yield the total mass
of substance, that is, ∫

δ(x)dx = 1 (3)
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But for the functional δ(x) defined by (2)
∫
δ(x)dx = 0. This means

that the function does not satisfy the requirement of (3).
Let us now find a somewhat different limit of the sequences of mean

densities fε(x), the so called weak limit.
It will readily be seen that for any continuous function φ(x),
Formula (1) states that the weak limit of a sequence of function

fε(x), ε→ 0 is a functional φ(0), that relates to every continuous func-
tion φ(x), a number φ(0), which is its value at the point x = 0.

It is this functional which is taken as the definition of the density
δ(x), and this is the well known Dirac δ function.

So fε(x)
weak−−−→ δ(x) as ε→ 0

The value of the function δ on the function φ (the number φ(0) ) will
be denoted,

δ(φ) = ⟨δ, φ⟩ = φ(0)

This is the value of the functional δ on the function φ.

Definition 1.1.1. Let f be a complex valued function defined on an
open subset Ω ⊂ Rn.

We call support of f and denote it by supp f = {x ∈ Ω/f(x) ̸= 0}
The support of f is the smallest relative closed set outside of which

f is identically zero.

Definition 1.1.2. Let Ω ⊂ Rn be an open set. Included in the set of
Test functions D(Ω) are all functions which have compact support and
infinitely differentiable functions in Ω. That is,

D(Ω) = {φ ∈ C∞(Ω)/ suppφ is compact }
Convergence in D(Ω) : A given sequence {φn} in D(Ω) converges to φ
in D(Ω) if
i.∃ a compact set k ⊂⊂ Ω such that suppφn ⊂ k,∀n.

ii. ∀α ∈ Nn
0 , D

αφn(x) ⇒ Dαφ(x), x ∈ Ω, as n → ∞, In this case we
shall write φn → φ, as n → ∞ in D(Ω).

The linear set D(Ω) equipped with convergence is called the space of
test (basic) function D(Ω).
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Example 1.1.1. φ(x) =

{
e
−
(

1
1−|x|2

)
, when |x| < 1
0, when |x| ≥ 1

is in D.

For |x| < 1

∂φ

∂xj
=

−2xj

(1− |x|2)2
φ(x), |x|2 = x21 + · · ·+ x2n

The φn(x) partial derivative has the form p(x)
(1−|x|2)n · φ(x); p(x) is a

polynomial.
Now put t = |x|
Then ∀x ∈ Rn\{0}, x 7→ ∥x∥ = t.
Then

φ(x) = φ(t) =

{
e−(

1
1−t2

), when t < 1
0, when t ≥ 1

Then Dnφ(t) = p(t)
(1−|x|2)n · φ(t) which is infinitely differentiable.

Also

Supp(φ) = {x ∈ Ω : φ(x) ̸= 0}
= {x ∈ Ω : |x| ≤ 1}

the supp ( φ ) is a compact set (since it is closed and bounded) and
φ ∈ C∞(Ω).

1.1.1 The Space of Distributions D′

Definition 1.1.3. A continuous linear functional on the space of test
functions D is called a generalized function /distribution/.The set of all
generalized function is denoted by D′ = D′ (Rn).

We will write the value of the functional (generalized function) f on
the basic function φ as (f, φ).

We say that f ∈ D′ if it satisfies the following conditions.

• A distribution f ∈ D′, is a functional on the space of basic function
D, that is, with each basic function φ there is associated a (complex
valued) number ⟨f, φ⟩.

• A distribution f ∈ D′, is a linear functional on D, that is, If φ, ψ ∈
D and α, β ∈ C, then
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⟨f, αφ+ βψ⟩ = α⟨f, φ⟩+ β⟨f, ψ⟩

• A distribution f ∈ D′ is a continuous functional on D, that is, if
φn → φ in D(Ω) as n → ∞, then

⟨f, φn⟩ → ⟨f, φ⟩ as n → ∞.

The generalized functions f and g specified in Ω are said to be equal
in Ω if they are equal as functional on D(Ω), that is, if for any φ in
D(Ω), ⟨f, φ⟩ = ⟨g, φ⟩. We will write: f = g in Ω or f(x) = g(x), x ∈ Ω.

Theorem 1.1.1. The space D′ is linear if we define the linear combina-
tion λf+µg of the generalized function f and g in D(Ω) as a functional
acting via the formula:

⟨λf + µg, φ⟩ = λ⟨f, φ⟩+ µ⟨g, φ⟩, φ ∈ D.

Proof. we show that λf + µg is linear and continuous function on D, i.
e. belong to D′. Let φ, ψ ∈ D and α, β ∈ C. Then,

⟨λf + µg, αφ+ βψ⟩ = λ⟨f, αφ+ βψ⟩+ µ⟨g, αφ+ βψ⟩
= α[λ⟨f, φ⟩+ µ⟨g, φ⟩] + β[λ⟨f, ψ⟩+ µ⟨g, ψ⟩]
= α⟨λf + µg, φ⟩+ β⟨λf + µg, ψ⟩

Hence, λf + µg is linear
Its continuity follows from the continuity of the functional f and g.

If φk → φ as k → ∞ in D, then

⟨λf + µg, φk⟩ = λ ⟨f, φk⟩+µ ⟨g, φk⟩ → λ⟨f, φ⟩+µ⟨g, φ⟩ = ⟨λf+µg, φ⟩ as k → ∞

Hence, λf + µg is continuous.
Therefore, λf + µg is linear and continuous on D. i.e. λf + µg ∈ D′.
Convergence in D′ : Let {fn} be a sequence of distributions. Then

fn is said to be convergent to the distribution f if and only if

⟨fn, φ⟩
n→∞−−−→ ⟨f, φ⟩ for all φ ∈ D(Ω)

In this case we shall write fn → f as n → ∞ in D′

This convergence is called weak convergence.
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Definition 1.1.4. A measurable function f : Ω → C is said to be locally
integrable if ∫

K

|f(x)|dx <∞ for all compact K ⊂ Ω.

1.1.2 Regular Distributions

A regular distribution is a distribution that can be represented as the
integral of the product of a locally integrable function and a test function
over the domain Ω. i.e functional generated by the function f(x) locally
integrable in Rn :

(f, φ) =

∫
Ω

f(x)φ(x)dx, φ ∈ D

From the property of linearity of the integral follows the linearity of
this functional:

(f, λφ+ βψ) =

∫
f(x)[λφ(x) + βψ(x)]dx

= λ

∫
f(x)φ(x)dx+ β

∫
f(x)ψ(x)dx

= λ(f, φ) + β(f, ψ)

While from the theorem which concerns proceeding to the limit under
the integral sign follows the continuity of this functional on D:

(f, φn) =

∫
f(x)φn(x)dx→

∫
f(x)φ(x)dx = (f, φ)

as n → ∞ if φn → φ as n → ∞ in D.
To show (1) is functional,we have f is locally integrable and φ is com-
pact support then (f, φ) = |

∫
Ω f(x)φ(x)dx| ≤

∫
Ω |f(x)φ(x)dx| ≤∫

Ω |f(x)||φ(x)|dx ≤ sup
∫
Ω |f(x)|dx ≤ ∞

Thus the functional defined in (1) defines a generalized function be-
longing to D′.

Examples of regular distributions are:
• The Heaviside step function ;H(x) defined by

H(x) =

{
1;x > 0

0;x < 0
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This function is locally integrable and corresponding to regular distri-
bution is defined by: H(φ) =

∫
ΩH(x)φ(x)dx

1.1.3 Singular distributions
A singular distribution is a distribution that cannot be represented as
the integral of a locally integrable function multiplied by a test function.

examples of singular distribution are:
• The dirac delta function,denoted as δ
• The function 1

x is singular distribution because
∫∞
−∞

φ
xdx is not con-

vergent.

Definition 1.1.5. For Tf ∈ D′(Ω), if there is f ∈ L1
loc(Ω) via the

formula:
(Tf , φ) =

∫
Ω f(x)φ(x)dx, φ ∈ D, are called regular distributions

and all other generalized functions are called singular distributions.

Example 1.1.2. Let x0 ∈ Ω0 be a fixed element. we consider the func-
tion

δx0
: D(Ω) → C defined by φ 7→ φ (x0) .

We have for each compact K ⊂ Ω,

|δx0
(φ)| = |φ (x0)| ≤ ∥φ∥

This implies that δx0
is continuous. we call δx0

the Dirac mass, dis-
tribution or delta function at x0. in the case x0 = 0 we will write simple
δ instead of δ0.

The distribution δx0
is not a regular distribution. this we will prove

now.
Let Ω0 = Ω\ {x0}.
Let K ⊂ Ω0 be a compact set.

Then (by definition) we have that DK (Ω0) is the set of all
φ : Ω0 → C, φ ∈ C∞ (Ω0), supp (φ) ⊆ K ⊂ Ω0.
Now we consider φ ∈ δx0

: DK (Ω0).
For this φ we have φ : Ω → C , φ ∈ C∞(Ω), supp (φ) ⊆ K ⊂ Ω0.
Therefore, we have φ (x0) = 0. since x0 /∈ Ω0, i.e. x0 /∈ supp(φ).
This implies δx0

: DK (Ω0) = 0, i.e. ⟨δx0
, φ⟩ = 0 for all φ ∈ DK (Ω0).

Now we assume that there is an f ∈ L1
loc(Ω) such that δx0

= f .
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⟨δx0
, φ⟩ = ⟨f, φ⟩ =

∫
Ω

f(x)φ(x)dx =

∫
Ω0

f(x)φ(x)dx = 0 for all φ ∈ DK (Ω0) .

immediately

f(x) = 0 for almost all x ∈ Ω0,

and therefore,

f(x) = 0 for almost all x ∈ Ω.

But this is not true, because for a function φ ∈ D(Ω) for which
x0 ∈ supp(φ) we get

⟨δx0
, φ⟩ = φ (x0) ̸= 0, i.e δx0

̸= 0

Lemma 1.1.2. The support of a generalized function f is the comple-
tion of Ωf to Ω,

so that, Supp f = Ω\Ωf : supp f is closed set in Ω. Where Ωf is
the largest open set in which f vanishes. Also, the support of f is the
smallest closed subset of Ω out side of which the distribution f is zero.

Lemma 1.1.3. Let {fk} be a sequence of distributions.

If there is a linear mapping f : D (Rn) → C such that

⟨fk, φ⟩
k→∞−−−→ ⟨f, φ⟩ for all φ ∈ D(Rn) ,

then f is a distribution.
Proof: We have only to show that f is linear and continuous, i.e.

f ∈ D′ (Rn). From

⟨f, φ⟩ = lim
k→∞

⟨fk, φ⟩

We get ⟨f, φ1 + φ2⟩ = limk→∞ ⟨fk, φ1 + φ2⟩

= lim
k→∞

(⟨fk, φ1⟩+ ⟨fk, φ2⟩)

= lim
k→∞

⟨fk, φ1⟩+ lim
k→∞

⟨fk, φ2⟩

= ⟨f, φ1⟩+ ⟨f, φ2⟩ and
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⟨f, αφ⟩ = lim
k→∞ ⟨fk, αφ⟩

=α lim
k→∞ ⟨fk, φ⟩ = α⟨f, φ⟩

i.e. f is linear.
For the proof of the continuity of f we consider a sequence (φv), where

φv ∈ D (Rn) and φv → 0 as v → ∞. we have to prove that ⟨f, φV ⟩ → 0
as v → ∞, i.e. we have to prove that f is continuous at 0 .

We assume that the last is not true. then there is an α > 0 such that

|⟨f, φv⟩| ≥ 2α for all v ∈ N .

Since ⟨f, φ⟩ = limk→∞ ⟨fk, φ⟩ for each φ ∈ D (Rn) we get particularly
⟨f, φv⟩ = limk→∞ ⟨fk, φv⟩ and therefore

2α ≤ |⟨f, φv⟩| =
∣∣∣ lim
k→∞

⟨fk, φv⟩
∣∣∣ = lim

k→∞
|⟨fk, φv⟩| for all v ∈ N

From this it follows that for each ϵ > 0 and for each v ∈ N there is
an index kv such that

2α− ϵ ≤ |⟨fkv , φv⟩| for all v ∈ N

To make it easier we choose ϵ = α. then we have that for each v ∈ N

there is an index kv such that

α ≤ |⟨fkv , φv⟩| for all v ∈ N

since φv → 0 as v → ∞ in D(Ω),then ⟨f, φv⟩ → 0 as v → ∞. then we
get that ⟨fkv , φv⟩ → 0 as v → ∞ for all k ∈ N , since fk ∈ D′ (Rn).this
implies that ⟨fkv , φv⟩ → 0 as v → ∞.

But this is a contradiction .

Example 1.1.3. We consider Cauchy’s principal value of∫
R

φ(x)

x
dx, where φ ∈ D(R).

Cauchy’s principal value is defined as

CPV

∫ ∞

−∞

φ(x)

x
dx = lim

ε→0

[∫ −ε

−∞

φ(x)

x
dx+

∫ ∞

ε

φ(x)

x
dx

]
We define the mapping,
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⟨p, φ⟩ = CPV

∫ ∞

−∞

φ(x)

x
dx

And we show that p is a distribution. first we show that the mapping
pk defined by

⟨pk, φ⟩ =
∫
|x|>k

φ(x)

x
dx, φ ∈ D(R), is a regular distribution for each k ∈ N

For this we define,

fk(x) =

{
0, if |x| ≤ 1

k
1
x , if |x| > 1

k

, k ∈ N

Then fK is locally integrable. to see this we consider an arbitrary
compact set k ⊂ R. let a = min k, b = max k and c = max

{
|a|, |b|, 1k

}
.

Then we have

∫
K

|fk(x)| dx ≤
∫ c

−c

|fk(x)| dx =

∫ − 1
k

−c

|fk(x)| dx+
∫ 1

k

− 1
k

|fk(x)| dx+
∫ c

1
k

|fk(x)| dx

=-ln(−x)|−
1
k

c +lnx|
1
k
c =-

(
ln 1

k − ln c
)
+ ln c− ln 1

k .
=2

[
ln c− ln 1

k

]
<∞.

Then we get that

⟨Tfk, φ⟩ =
∫ ∞

−∞
fk(x)φ(x)dx =

∫ −1
k

−∞

φ(x)

x
dx+

∫ ∞

1
k

φ(x)

x
dx

=

∫
|x|> 1

k

φ(x)

x
dx = ⟨pk, φ⟩ is

a regular distribution.
Now we have,
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lim
k→0

⟨Tfk, φ⟩ = lim
k→0

⟨pk, φ⟩

= lim
k→0

[∫ − 1
k

−∞

φ(x)

x
dx+

∫ ∞

1
k

φ(x)

x
dx

]
= CPV

φ(x)

x
dx = ⟨p, φ⟩

i.e p is the (weak) limit of a sequence of (regular) distributions.
Therefore, p is a distribution.

1.1.4 Multiplication of a distribution by a function f ∈ C∞(Ω)

Definition 1.1.6. Let T ∈ D′(Ω), φ ∈ D(Ω) and f ∈ C∞(Ω).

Then ⟨f · T, φ⟩ = ⟨T, f · φ⟩ φ ∈ D(Ω) is called the product of f
and T.

Example 1.1.4. Let T = δ. then

⟨f · T, φ⟩ = ⟨f · δ, φ⟩
= ⟨δ, f · φ⟩
= f(0)φ(0)

= f(0)δ(φ)

Therefore, (f · δ) = f(0)δ

Example 1.1.5. If f1 and f2 are two distributions, we cannot assign
a distribution Π(f1, f2) in the same way that it amount of the usual
product for regular distribution and is at the same time continuous in
both distribution. Let fk(x) = sin(kx) in D′(Ω). then

π (fk, fk) = sin2(kx) (i.e. π (fk, fk) = π (fk) (fk) = fk(x)fk(x)
)

Although fk → 0 in D′ as k → ∞

π (fk, fk) →
1

2
as k → ∞

Solution:-
For any test function φ, we have
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⟨fk, φ⟩ =
∫
R

sin(kx)φ(x)dx

= −1

k

∫
R

cos(kx)φ′(x)dx, using integration by part

So that |⟨fk, φ⟩|
k→∞−−−→ 0, for all φ ∈ D(Ω)

This implies that fk → 0 in D′(Ω).
Similarly

⟨π (fk, fk) , φ⟩ =
∫
R

sin2(kx)φ(x)dx

=

∫
R

1− cos(2kx)

2
φ(x)dx

=

∫
R

φ(x)

2
dx−

∫
R

cos(2kx)

2
φ(x)dx

=
1

2

∫
R

φ(x)dx− 1

2

∫
R

cos(2kx)φ(x)dx

=
1

2

∫
R

φ(x)dx− 1

4k

∫
K

sin(2kx)φ′(x)dx using integration by part.

So that, |⟨π (fk, fk) , φ⟩|
k→∞−−−→ 1

2

∫
R φ(x)dx =

〈
1
2 , φ

〉
This implies that

π (fk, fk) →
1

2
as k → ∞

Theorem 1.1.4. Let f ∈ D′(Ω) and φ ∈ D(Ω). Then
Supp(fφ) ⊂ supp f ∩ suppφ

Proof. Let Ωfφ be the largest open set in Ω which contains both Ωf and
Ωφ.

That is Ωf ∪ Ωφ ⊂ Ωfφ.

Supp fφ = Ω\Ωfφ ⊂ Ω\ (Ωf ∪ Ωφ)

⊂ (Ω\Ωφ) ∩ (Ω\Ωφ)

⊂ Supp f ∩ Suppφ
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1.1.5 The Space of basic (rapidly decreasing) functions

Definition 1.1.7. Let f : Rn → C and xα = x1
α1...xn

αn. the function
f is said to be rapidly decreasing if and only if

lim
|x|→∞

xαf(x) = 0 for all α ∈ N0
n

The space S (Rn) =
{
f ∈ C∞(Ω)/Dβf is rapidly decreasing for all

β ∈ Nn
0 } is called the space of rapidly decreasing functions.

Therefore, the space S = S (Rn) of all functions infinitely differen-
tiable inRn that decrease together with all their derivatives, as |x| → ∞,
faster than any power of |x|−1 is called the space of rapidly decreasing
functions. For instance, φ(x) = e−|x|2 ∈ S.

Convergence in S: The sequence of function φ1, φ2... belonging to S
converges to a function φ in S, denoted by φk → φ as k → ∞ in S. if
for all α and β

xβDαφk(x) ⇒ xβDαφ(x), as k → ∞

1.1.6 The Space of Tempered Distributions S ′

Definition 1.1.8. A generalized function of slow growth is any contin-
uous linear functional on the space S of test functions. We denote by
S′ = S′ (Rn) the set of all generalized functions of slow growth.

Convergence in S′ : A sequence of generalized functions f1, f2... taken
from S ′ converges to the generalized function f ∈ S ′, denoted by fk → f ,
as k → ∞ in S ′, if for any φ ∈ S, ⟨fk, φ⟩ → ⟨f, φ⟩, k → ∞. this
convergence is called a weak convergence of a sequence of functional.

The linear set S ′(Ω) equipped with convergence is termed the spaces
of generalized functions of slow growths S ′

The space S′ (Rn) is a sub space of D′ (Rn), that is, let f ∈ S ′, the
⟨f, φ⟩ is defined for all φ ∈ S but D ⊂ S.

Let φ ∈ D, which implies φ ∈ S the ⟨f, φ⟩ is defined. Since φ is
arbitrary in D, ⟨f, φ⟩ is defined for all φ ∈ D.

∴ f ∈ D′, hence S′ ⊂ D′

Convergence S ′ implies convergence D′, that is,
Let f1, f2... be a sequence function in S ′ converges to f ∈ S ′.

14



i.e. ⟨fn, φ⟩ → ⟨f, φ⟩ as n → ∞ for all φ ∈ S
As DC S, ⟨fn, φ⟩ → ⟨f, φ⟩ as n → ∞ for all φ ∈ D.
Then it follows that convergence in D′.
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Chapter 2

Schwartz distribution

2.1 Schwartz distributions

The space D′ of Schwartz distributions contains, besides the ordinary
(i.e., C, Cm and C∞ ) functions, generalized functions corresponding to
discontinuous functions and unbounded functions. While these functions
cannot be differentiated in the classical sense, they can be indefinitely
differentiated in the sense of distributions. That is f ∈ Cp (Rn).

Then whenever α, |α| ≤ p, and φ ∈ D the formula for integration by
parts,

(Dαf, φ) =

∫
Dαf(x)φ(x)dx = (−1)|α|

∫
f(x)Dαφ(x)dx = (−1)|α| (f,Dαφ)

......(2.1) is valid.

We shall also take this equation as the definition of the (generalized)
derivative Dαf of the generalized function f ∈ D′ :

(Dαf, φ) = (−1)|α| (f,Dαφ) , φ ∈ D
We shall check that Dαf ∈ D′. In fact, since f ∈ D′, the functional

Dαf , definable by the right-hand side is linear:
Let φ, ψ ∈ D′ and λ, β ∈ C,then

(Dαf, λφ+ βψ) = (−1)|α| (f,Dα(λφ+ βψ))

= (−1)|α| (f, λDαφ+ βDαψ)

= λ(−1)|α| (f,Dαφ) + β(−1)|α| (f,Dαψ)

= λ (Dαf, φ) + β (Dαf, ψ)

16



Hence Dαf is linear.
To show continuous:

(Dαf, φk) = (−1)|α| (f,Dαφk) → (−1)|α| (f,Dαφ) = (Dαf, φ)

for, if φk → φ as k → ∞ in D, then also Dαφk → Dαφ as k → ∞
in D.

We shall denote by {Dαf(x)} the classical derivative (where it exists).
It follows from the definition of the generalized derivative that if the
generalized function f ∈ Cp(G), then

Dαf = {Dαf(x)} , x ∈ G, |α| ≤ p

Dαf ∈ D′

Example 2.1.1. The Dirac measure δ on Rn defined by

⟨δ, φ⟩ = φ(0), for all φ ∈ D(Ω) is a distribution.
Let Ω = R and consider that Heaviside function

H(x) =

{
1, if x > 0
0, if x < 0

Then the derivative of H(x) in the sense of distribution is defined by:

⟨DH,φ⟩ = −⟨H,φ′⟩ = −
∫ ∞

−∞
H(x)φ′(x)dx

= −
∫ 0

−∞
H(x)φ′(x)dx−

∫ ∞

0

H(x)φ′(x)dx

= −
∫ 0

−∞
0φ′dx−

∫ ∞

0

1φ′(x)dx

= −
∫ ∞

0

φ′(x)dx

= − lim
b→∞

∫ b

0

φ′(x)dx = − lim
b→∞

[
φ(x)b0

]
= − lim

b→∞
[φ(b)− φ(0)]

= φ(0)

= ⟨δ, φ⟩
Therefore, H ′ = δ the Dirac measure.
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Proposition 2.1.1. If f ∈ D′(Ω) and α and β are multi-indices, then

Dα
(
Dβf

)
= Dβ (Dαf) = Dα+βf.

Proof.
〈
Dα+βf, φ

〉
= (−1)|α|+|β| 〈f,Dα+βφ

〉
= (−1)|β|

〈
Dαf,Dβφ

〉
=

〈
Dβ (Dαf) , φ

〉
= (−1)|α|

〈
Dβf,Dαφ

〉
=

〈
Dα

(
Dβf

)
, φ

〉
Hence Dα+βf = Dβ (Dαf) = Dα

(
Dβf

)
Lemma 2.1.2. The operation of differentiation Dα is linear and con-
tinuous from D′ into D′, that is,

Linearity: Let f, g ∈ D′(Ω) and λ, β ∈ C, we have

⟨λf + βg, φ⟩ = λ⟨f, φ⟩+ β⟨g, φ⟩,∀φ ∈ D(Ω).

then Dα⟨λf + βg, φ⟩ = ⟨Dα(λf + βg), φ⟩

= (−1)|α| ⟨λf + βg,Dαφ⟩
= (−1)|α|λ ⟨f,Dαφ⟩+ (−1)|α|β ⟨g,Dαφ⟩
= λ ⟨Dαf, φ⟩+ β ⟨Dαg, φ⟩

Continuity: suppose fk → 0, k → ∞ in D′(Ω). Then for all φ ∈
D(Ω), we have

⟨Dαfk, φ⟩ = (−1)|α| ⟨fk,Dαφ⟩ → 0, k → ∞, and this implies that
Dαfk → 0, as k → ∞ in D′(Ω).

Lemma 2.1.3. (Leibniz Rule).Let f ∈ C∞(Ω), u ∈ D′(Ω), and α a
multi-index. Then

Dα(fu) =
∑
β≤α

(
α
β

)
(Dα−βf)(Dβu) ∈ D′(Ω)

Where (
α
β

)
=

α!

(α− β)!β!

α! = α1!α2! · · ·αn! and β ≤ α means that β is a multi-index with
βi ≤ αi for i = 1, . . . n.

If u ∈ C∞(Ω), this is just the product rule for differentiation.
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Proof. By the previous proposition, we have the theorem if it is true
for multi-indices that have a single non zero component, say the first
component. We proceed by induction on n = α.

The result holds for n = 0, but we will need the result for n =
1.Denote Dα by Dα

1 .
When n = 1, for any φ ∈ D(Ω)

⟨D1(uf), φ⟩ = −⟨fu,D1φ⟩
= −⟨u, fD1φ⟩
= −⟨u,D1(fφ)−D1fφ⟩
= ⟨D1u, fφ⟩+ ⟨u,D1fφ⟩
= ⟨fD1u+D1fu, φ⟩ ,

and the result holds.
Now assume the result for derivative up to order n− 1. Then

Dn
1 (fu) = D1D

n−1
1 (fu)

= D1

n−1∑
j=0

(
n− 1
j

)
Dn−1−j

1 fDj
1u

=
n−1∑
j=0

(
n− 1
j

)(
Dn−j

1 fDj
1u+Dn−1−j

1 fDj+1
1 u

)
=

n−1∑
j=0

(
n− 1
j

)
Dn−j

1 fDj
1u+

n∑
j=1

(
n− 1
j − 1

)
Dn−j

1 fDj
1u

=

(
n− 1
0

)
D0fu

n−1∑
j=1

(
n− 1
j

)
Dn−j

1 fDj
1u+

∑n−1
j=1

(
n− 1
j − 1

)
Dn−j

1 fDj
1u+

(
n− 1
n− 1

)
fDnu

Now combine the two sume,we have

=

(
n
0

)
Dn

1fD
0
1u+

n−1∑
j=1

(
n
j

)
Dn−j

1 fDj
1u+

(
n
n

)
Dn−n

1 fDn
1u

=
n∑

j=0

(
n
j

)
Dn−j

1 fDj
1u
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where the last equality follows from the combinatorial identify(
n
j

)
=

(
n− 1
j

)
+

(
n− 1
j − 1

)
and so the induction proceeds.

Theorem 2.1.4. If ⟨fk, φ⟩
k→∞−−−→ ⟨f, φ⟩ for all φ ∈ D(Ω), then

⟨Dαfk, φ⟩
k→∞−−−→ ⟨Dαf, φ⟩ for all φ ∈ D(Ω), for all multi indices.

Proof: ⟨Dαfk, φ⟩ = (−1)|α| ⟨fk, Dαφ⟩ k→∞−−−→ (−1)|α| ⟨f,Dαφ⟩ = ⟨Dαf, φ⟩
for all φ ∈ D(Ω).

Generalized function f ∈ Cp(G), then

Dαf = {Dαf(x)} , x ∈ G, |α| ≤ p

2.1.1 Properties of Generalized Derivatives

The following properties of the operation of differentiation of generalized
functions are true.

(a) Any generalized function is infinitely differentiable.
In fact, if f ∈ D′, then ∂f/∂xi ∈ D′; in its turn (∂/∂xj) (∂f/∂xi) ∈

D′; and so on.
(b) The result of differentiation does not depend on the order of dif-

ferentiation; for example,

∂

∂x1

(
∂f

∂x2

)
=

∂

∂x2

(
∂f

∂x1

)
= D(1,1)f (2.2)

In fact, for any φ ∈ D we obtain

(
D(1,1)f, φ

)
=

(
f,

∂2φ

∂x1∂x2

)
=

(
∂

∂x1

(
∂f

∂x2

)
, φ

)
=

(
∂

∂x2

(
∂f

∂x1

)
, φ

)
from which Eq. (2.2) .
In general,

Dα+βf = Dα
(
Dβf

)
= Dβ (Dαf) (2.3)
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(c) If f ∈ D′ and a ∈ C∞ (Rn), then Leibnitz’ formula for differenti-
ation of the product af is valid. For example:

∂(af)

∂x1
=

∂a

∂x1
f + a

∂f

∂x1
(2.4)

In fact, if φ is any basic function, then

(
∂(af)

∂x1
, φ

)
= −

(
af,

∂φ

∂x1

)
= −

(
f, a

∂φ

∂x1

)
= −

(
f,
∂(aφ)

∂x1
− ∂a

∂x1
φ

)
= −

(
f,
∂(aφ)

∂x1

)
+

(
f,
∂a

∂x1
φ

)
=

(
∂f

∂x1
, aφ

)
+

(
∂a

∂x1
f, φ

)
=

(
a
∂f

∂x1
, φ

)
+

(
∂a

∂x1
f, φ

)
=

(
a
∂f

∂x1
+

∂a

∂x1
f, φ

)
(d) If the generalized function f(x) = 0 for x ∈ G, then alsoDαf(x) =

0 for x ∈ G, so that suppDαf ⊂ supp f .
In fact, if φ ∈ D(G) then Dαφ ∈ D(G) and so

(Dαf, φ) = (−1)|α| (f,Dαφ) = 0, φ ∈ D(G)

which shows that Dαf = 0 for x ∈ G.
(e) The operation of differentiation is continuous from D′ into D′,

that is, if fk → f as k → ∞ in D′, then Dαfk → Dαf as k → ∞ in D′.
Indeed, according to the definition of convergence in the space D′ ,

for all φ ∈ D we have

(Dαfk, φ) = (−1)|α| (fk, D
αφ) → (−1)|α| (f,Dαφ) = (Dαf, φ) ,

k → ∞

which shows that Dαfk → Dαf as k → ∞ in D′.

2.1.2 The Fourier transform of test functions belonging to S.

Definition 2.1.1. The Fourier transform of a function f ∈ S (Rn) is
defined by the integral.

(Ff)(ξ) = f̂(ξ) =) = (2π)−n/2

∫
Rn

f(x)e−i⟨x,ξ⟩dx
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Where ⟨x, ξ⟩ = xξ = x1ξ1 + · · ·+ xnξn.

Definition 2.1.2. The inverse Fourier transform of a function f ∈
S (Rn) is defined by the integral

(
F−1f

)
(ξ) = f̌(ξ) = (2π)−n/2

∫
Rn

f(x)ei⟨x,ξ⟩dx

Lemma 2.1.5. Let f ∈ S (Rn) and α be a multi-index.then
i) Dα(Ff)(ξ) = (−i)|α|F (xαf) (ξ)
ii) F (Dαf) (ξ) = (i)|α|ξα(Ff)(ξ)
Proof. i) Dα(Ff)(ξ) = ∂α

∂ξα

[
(2π)−n/2

∫
Rn f(x)e

−i⟨x,ξ⟩dx
]

= (2π)−n/2

∫
Rn

f(x)
∂α

∂ξα
e−i⟨x,ξ⟩dx

= (2π)−n/2

∫
Rn

f(x) (−ix1)α1 (−ix2)α2 ... (−ixn)αn e−i⟨x,ξ⟩dx

= (−i)α1+...+αn(2π)−n/2

∫
Rn

f(x)x1
α1...xαn

n e
−i⟨x,ξ⟩dx

= (−i)|α|(2π)−n/2

∫
Rn

f(x)xαe−i⟨x,ξ⟩dx

= (−i)|α|F (xαf) (ξ)

ii )F (Dαf) (ξ) = (2π)−n/2
∫
Rn e

−i⟨x,ξ⟩Dαf(x)dx

= (−1)|α|(2π)−n/2

∫
Rn

f(x)
∂α

∂xα
e−i⟨x,ξ⟩dx

= (−1)|α|(2π)−n/2

∫
Rn

f(x) (−iξ1)α1 · . . . · (−iξn)αn e−i⟨x,ξ⟩dx

= (−1)|α|(2π)−n/2

∫
Rn

f(x)(−i)|α|ξαe−i⟨x,ξ⟩dx

= (−1)|α|(−i)|α|ξα(2π)−n/2

∫
Rn

f(x)e−i⟨x,ξ⟩dx

= i|α|ξα[Ff ](ξ)

We note that the space of test functions D is not mapped in to itself
by the fourier transform since the fourier transform of a function with
compact support is an analytic function, and consequently is either not
of compact support or zero.
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2.1.3 The Fourier transform of distribution belonging to S ′.

Definition 2.1.3. Let f(x) be an integrable function on Rn. Then
its Fourier transform defined as (Ff)(ξ) = (2π)−n/2

∫
Rn f(x)e

−i(x,ξ⟩dx
for all f ∈ S ′, |(Ff)(ξ)| ≤

∫
|f(x)|dx < ∞ is a continuous function

bounded in Rn and, consequently, defines a generalized function from
S ′,

⟨Ff(ξ), φ⟩ = ⟨f̂ , φ⟩ =
∫
f̂(ξ)φ(ξ)dξ

=

∫ [
(2π)−n/2

∫
f(x)e−i⟨x,ξ⟩dx

]
φ(ξ)dξ

=

∫
f(x)

[
(2π)−n/2

∫
φ(ξ)e−i⟨x,ξ⟩dξ

]
dx

=

∫
f(x)(Fφ)(x)dx

= ⟨f,Fφ⟩
= ⟨f, φ̂⟩ φ ∈ S

Example 2.1.2. If f = δ, then

⟨Fδ, φ ⟩ = ⟨δ, φ̂⟩
= (φ̂)(0)

= (2π)−n/2

∫
Rn

φ(x)e−i(x,0⟩dx

= (2π)−n/2

∫
Rn

φ(x)dx

= (2π)−n/2⟨1, φ⟩

=
〈
(2π)−n/2, φ

〉
, φ ∈ S

∴ F(δ) = (2π)−n/2

We shall prove that the operation F−1 is the inverse operation to the
Fourier transform F , that is,

F−1[F [f ]](ξ) = f, F
[
F−1[f ]

]
(ξ) = f, f ∈ S ′

In fact, by virtue of equation (1)-(3), for all φ ∈ S we obtain the
equations
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〈
F−1[F [f ]](ξ), φ

〉
= ⟨F [F [f ](−ξ)], φ⟩
= ⟨F [f ](−ξ),F [φ]⟩
= ⟨F [f ],F [φ](−ξ)⟩
=

〈
F [f ],F−1[φ]

〉
=

〈
f,F

[
F−1[φ]

]〉
= ⟨f, φ⟩

=
〈
f,F−1[F [φ]⟩

=
〈
F−1[f ],F [φ]

〉
=

〈
F
[
F−1[f ]

]
, φ

〉
.

2.1.4 Properties of the Fourier transform

i)Differentiating the Fourier transform

If f ∈ S ′, then DαF [f] = F [(ix)αf]
i.e. Let φ ∈ S, then ⟨DαF [f], φ⟩ = (−1)|α| ⟨F [f],Dαφ⟩

= (−1)|α| ⟨f,F [Dαφ]⟩
= (−1)|α| ⟨f, (−ix)αF [φ]⟩
= (−1)|α| ⟨(−ix)αf,F [φ]⟩
= ⟨(ix)αf,Fφ⟩
= ⟨F(ix)αf, φ⟩

∴ Dα[f](ξ) = F [(ix)αf] (ξ)

ii) The Fourier transform of the derivatives

F [Dαf ] = (−iξ)αF [f ]

Proof. For all φ ∈ S (from properties of Section 1.1), we obtain

(F [Dαf ] , φ) = (Dαf,F [φ])

= (−1)|α| (f,DαF [φ])

= (−1)|α| (f,F [(iξ)αφ])

= (−1)|α| (F [f ], (iξ)αφ)

= ((−iξ)αF [f ], φ)

Thus, F [Dαf ] = (−iξ)αF [f ]
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iii) The Fourier transform of a translation

F [f (x− x0)] = e−i⟨x,ξ⟩dxF [f ]

Proof. Using defination of fourier tansformation

(Ff)(ξ) = f̂(ξ) =) = (2π)−n/2

∫
Rn

f(x)e−i⟨x,ξ⟩dx

Now substitute the translated function f(x-x0)

F [f(x− x0)] = f̂(x− x0)) = (2π)−n/2

∫
Rn

f(x)e−i⟨x,ξ⟩dx

= (2π)−n/2

∫
Rn

f(y)e−i⟨y+x0,ξ⟩dy

= (2π)−n/2

∫
Rn

f(y)e−i⟨y,ξ⟩.e−i⟨x0,ξ⟩dy

= e−i⟨x0,ξ⟩(2π)−n/2

∫
Rn

f(y)e−i⟨y,ξ⟩dy

Hence,F [f (x− x0)] = e−i⟨x,ξ⟩dxF [f ]

It is not possible to represented non-trivial distributions, such as
Dirac’s δ-function, by simple algebraic formulas or even by ordinary
limiting processes.

They can however be represented by sequences of smooth functions

D(x) := lim
ϵ→0

Dϵ(x), where Dϵ(x) ∈ D, ...(2.5)

for which ordinary pointwise convergence is not required. Instead,
what is required is ’weak convergence’ for the scalar product of D(x)
with any test functions φ(x) ∈ D, i.e., the existence of the limit

∀φ ∈ D, D(φ) := lim
ϵ→0

∫
Ω

Dϵ(x)φ(x)dx ∈ R............(2.6)

The meaning of operating ’in the sense of distributions’ is then that all
operations on distributions are actually performed on Dϵ(x), while D(x)
can be seen as a convenient symbol to designate a given distribution.
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Eq. (2.6) shows that distributions can be interpreted as linear func-
tionalsD(φ) = D(φ) defined by their effect on test functions. Moreover,
since many different sequencies may converge weakly to the same limit,
each distribution corresponds to an equivalence classes of such sequen-
cies, which all together form the Schwartz distribution space D′ .

Definition 2.1.4. Two distributions D and E ∈ D′, of respective rep-
resentatives Dϵ and Eϵ, are said to be equal (or equivalent), and one
write D = E, iff

∀φ ∈ D, lim
ϵ→0

∫
Ω

(Dϵ(x)− Eϵ(x))φ(x)dx = 0.........(2.7)

Example 2.1.3. Dirac’s δ-function is defined by the property

δ(φ) =

∫
Ω

δ(x)φ(x)dx = φ(0), .........(2.8)

so that all sequences which have this property form an equivalence
class corresponding to Dirac’s δ-function distribution, conventionally de-
noted by the symbol ’ δ(x).’ Two examples of such sequences are

δϵ(x) =
1

πϵ

ϵ2

ϵ2 + x2
, and δϵ(x) =

1√
πϵ

exp

(
−x

2

ϵ2

)
.......(2.9)

More generally, any normalizable C∞ function ρ(y) with compact sup-
port can be used to define δ-sequencies, i.e.,

∀ρ ∈ C∞
0 ,

∫
Ω

ρ(y)dy = 1 ⇒ δϵ(x) :=
1

ϵ
ρ
(x
ϵ

)
........(2.10)

The requirement that both δϵ and φ are C∞
0 (Ω) functions and the

definition (2.1) enable to derive at once a number of useful properties.
For instance, the equations

(xδ(x)φ(x)) = 0, and
1

x
δ(x)φ(x) = −φ′(0), ...........(2.11)

which are often symbolically written ’ xδ(x) = 0,’ and ’ x−1δ(x) =
−δ′(x) ’ or ’ xδ′(x) = −δ(x) ’ are the fundamental formulas of calculus
with distributions. In summary distributions are not functions in the
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usual sense but equivalence classes of weakly convergent sequencies of
smooth functions.

All operations on distributions are therefore made on these sequencies,
which are thus added, differentiated, etc., according to the operation in
question.

It is remarkable that distributions enjoy essentially all properties of
C∞ functions, including multiplication by a C∞ function, with a few
exceptions such as the impossibility to multiply two distributions in the
general.

As will be seen, the Colombeau formalism provides a non-ambiguous
notation for these formulas, i.e., xδ(x) ≍ 0, and x−1δ(x) ≍ −δ′(x) or
xδ′(x) ≍ −δ(x).

Theorem 1. (Schwartz local structure theorem) Any distribution is
locally a partial derivative of a continuous function .

Differentiation induces therefore the following remarkable cascade of
relationships: continuously differentiable functions → continuous func-
tions → distributions.

This gives a unique position to Schwartz distributions because they
constitute the smallest space in which all continuous functions can be
differentiated any number of times. For this reason it is best to reserve
the term ’distribution’ to them, and to use the expression ’generalized
function’ for any of their generalizations.

2.1.5 Multiplication and regularization of distributions

There are two kinds of problems with the multiplication of distributions:
(i) The product of two distributions is, in general, not defined.
For example, the square of Dirac’s δ function is not a weakly converg-

ing sequence. that means
δ2=limϵ→0 δ

2
ϵ=∞

(ii) Differentiation is inconsistent with multiplication because the
Leibniz rule, or even associativity, can fail under various circumstances.
For example, while Dirac’s δ-function is related to Heaviside’s step func-
tion through differentiation as δ(x) = H′(x), the algebraic identity
H2(x) = H(x) leads to inconsistencies. Indeed,

H2 = H ⇒ 2Hδ = δ ⇒ 2H2δ = Hδ ⇒ 2Hδ = Hδ!............(2.12)
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Over the years many methods for solving these problems have been
proposed. One of the simplest and most effective is ’regularization,’
which consists of modifying the functions to be multiplied or differen-
tiated in such a way that they become more regular (i.e., continuous,
differentiable, finite, etc.).

All operations are then done with the regularized functions until the
end of the calculation, and the final result is obtained by the inverse
process which returns the function from its regularization.

A particularly convenient regularization technique is based on the
convolution product. For instance, if f(x) is any function on R, its
regularization fϵ(x) is

fϵ(x) = (f ∗ ρϵ) (x) :=
∫
Ω

f(x− y)ρϵ(y)dy......(2.13)

Here ρϵ(x) is a smoothing kernel (also called regularizer or ’mollifier’)
which in its simplest form is a δ-sequence as defined in Eq. (2.10), and
ϵ ∈ (0, 1) is the (so called) regularization parameter. Consequently, in
the limit ϵ → 0, the mollifier becomes equal to the δ-function, which
by Eq. (2.8) acts as the unit element in the convolution product, i.e.,
f∗δ = f . Thus, when ϵ ̸= 0 the regularization is such that f is ’mollified’
by the convolution, while f can be retrieved by taking the limit ϵ→ 0.
The power of convolution as a regularization technique stems from the
theorem

Theorem 2. The convolution (D ∗ ρ)(x) of a distribution D ∈ D′

by a function ρ ∈ D is a C∞ function in the variable x .
Regularized functions f ∗ ρϵ and distributions D ∗ ρϵ can therefore

be freely multiplied and differentiated. Moreover, the mollified sequence
Dϵ = D ∗ ρϵ provides a representative sequence of the type (2.5) of any
distribution D ∈ D′.

2.1.6 Applications of distributions

Fundamental Solutions of Linear Differential Operators

The Fourier transform is applied to construct the fundamental solu-
tions of linear differential operators having constant coefficients. Natu-
rally, only fundamental solutions of slow growth can be obtained by this
method.

1. Generalized Solutions of Linear Differential Equations.
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Let
m∑

|x|=0

aα(x)D
αu = f(x), f ∈ D′ (2.14)

be a linear differential equation of order m with coefficients aα ∈
C∞ (Rn). Introducing the differential operator

L(x,D) =
m∑

|α|=0

aα(x)D
α, D =

(
∂

∂x1
,
∂

∂x2
, . . . ,

∂

∂xn

)
we shall rewrite this equation in the form

L(x,D)u = f(x)

Each generalized function u ∈ D′ which satisfies this equation in the
region G in a generalized sense, that is, for any φ ∈ D, supp φ ⊂ G

(L(x,D)u, φ) = (f, φ) (2.15)

is known as the generalized solution of Eq. (2.14) in the region G.
Equation (2.15) is equal in effect to the equation

(u, L∗(x,D)φ) = (f, φ), φ ∈ D(G)

where

L∗(x,D)φ =
m∑

|α|=0

(−1)|α|Dα (aαφ) (2.16)

In fact,

(L(x,D)u, φ) =

 m∑
|α|=0

aαD
αu, φ

 =
m∑

|α|=0

(aαD
αu, φ)

=
m∑

|α|=0

(Dαu, aαφ) =
m∑

|α|=0

(−1)|α| (u,Dα (aαφ))

=

u, m∑
|α|=0

(−1)|α|Dα (aαφ)

 = (u, L∗(x,D)φ)

We shall formulate the converse result as the following lemma.
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Lemma 2.1.6. If the generalized solution u(x) of Eq. (2.14) in the
region G belongs to the class Cm(G) and f ∈ C(G), then it is also the
classical solution of this equation in the region G.

Proof. Since u ∈ D′∩Cm(G), the classical and generalized derivatives
of the function u up to and including the order m coincide in the region
G . Since u is the generalized solution of Eq. (2.14) in the region G,
then the function L(x,D)u−f which is continuous in G vanishes in the
region G in the sense of generalized functions. According to Du Bois
Reymond’s lemma , L(x,D)u(x)− f(x) = 0 at all points of the region
G, so that u satisfies Eq. (2.14) in the region G in the classical sense.
The lemma is proved.

2. Fundamental Solutions. Let L be an operator with constant coeffi-
cients aα(x) = aα :

L(D) =
m∑

|α|=0

aαD
α, L∗(D) = L(−D) (2.17)

The generalized function E ∈ D′ which satisfies equation

L(D)E = δ(x) (2.18)

in Rn is said to be the fundamental solution (the function of influence)
of the differential operator L(D).

The fundamental solutionE(x) of the operator L(D), generally speak-
ing, is not unique; it is defined accurately as far as the term E0(x), which
is an arbitrary solution of the homogeneous equation L(D)E0 = 0.

In fact, the generalized function E(x) + E0(x) is also a fundamental
solution of the operator L(D),

L(D) (E + E0) = L(D)E + L(D)E0 = δ(x)

Fundamental Solution of a Linear Differential Operator with Ordinary
Derivatives

dnE

dtn
+ a1(t)

dn−1E

dtn−1
+ · · ·+ an(t)E = δ(t)

the fundamental solution of this operator is expressed by the formula

E(t) = H(t)Z(t)
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where Z(t) satisfies the homogeneous equation LZ = 0 and the initial
conditions

Z(0) = Z ′(0) = · · · = Z(n−2)(0) = 0, Z(n−1)(0) = 1

Specifically, the functions

E1(t) = H(t)e−at, E2(t) = H(t)
sin at

a
(2.19)

are fundamental solutions, respectively, of the operators

d

dt
+ a,

d2

dt2
+ a2

Fundamental solutions of Laplace’s equation

Fundamental solution of Laplace’s equation in n dimensions is defined
as a solution of the following distributional equation(

∇2Dn(z), φ(z)
)
= (δn(z), φ(z)) (2.20)

Applying the Fourier’s transform method we get(
∇2Dn(z), φ(z)

)
=

(
∇2F−1

[
D̃n(k)

]
, φ(z)

)
=

(
F−1

[
(ik)2D̃n(k)

]
, φ(z)

)
and for RHS of equation (2.20)

(δn(z), φ(z)) =
(
F−1[1(k)], φ(z)

)
The transformed equation is then of the form(

F−1
[
−k2D̃n(k)

]
(z), φ(z)

)
=

(
F−1[1](z), φ(z)

)
(2.21)

or equivalently (
k2D̃n(k) + 1, F−1[φ](k)

)
= 0 (2.22)

where k2D̃n(k) ∈ S ′ and F−1[φ](k) ∈ S. Solutions of equation (2.22)
strongly depends on dimensionality of the problem. In fact, expression

D̃n(k) = − 1

|k|2
(2.23)
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is a correct solution of distributional equation |k|2D̃n(k) = −1 for
n = 3. In lower dimensions n = 1, 2 expression (2.23) has a non-
integrable pole at |k| = 0, hence it must be substituted by properly
regularized function.

Solution in n = 2

Expression − 1
|k|2 in n = 2 is not a distributional solution! A correct

solution can be introduced by means of regularization scheme:

D̃2(k) = reg

[
− 1

|k|2

]
= −P 1

|k|2
(2.24)

where

(
P 1

|k|2
, φ

)
:=

∫
|k|<1

φ(k)− φ(0)

|k|2
d2k +

∫
|k|>1

φ(k)

|k|2
d2k (2.25)

Plugging this expression to (D2(z), φ(z)) one gets

(D2(z), φ(z)) =
(
F−1

[
D̃2(k)

]
(z), φ(z)

)
= . . .

=

(
1

2π
ln |z|, φ(z)

)
(2.26)

and finally

D2(z) =
1

2π
ln |z| (2.27)

Solution in n = 3

The inverse Fourier transform of D̃3 reads

D3(z) =
1

(2π)3

∫
R3

eik·z
[
− 1

|k|2

]
d3k (2.28)

This integral can be easily evaluated in spherical coordinates in space
of the vector k

k · z = kz cos θ, d3k = k2 sin θdθdϕ (2.29)
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where k ≡ |k|, z ≡ z. One gets

D3(z) = − 1

(2π)3

∫ ∞

0

k2dk

∫ π

0

sin θdθ

∫ 2π

0

dϕeikz cos θ
1

k2

= − 1

(2π)2

∫ ∞

0

dk

∫ 1

−1

dueikzu

= − 1

(2π)2

∫ ∞

0

1

ikz

(
eikz − e−ikz

)
dk

= − 1

(2π)2
2

∫ ∞

0

sin(kz)

kz
dk = − 1

2π2
1

z

∫ ∞

0

sin(x)

x︸ ︷︷ ︸
π
2

dx (2.30)

and finally

D3(z) = − 1

4π|z|
(2.31)
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Chapter 3

Colombeau generalized functions

3.1 Colombeau generalized functions

A Colombeau algebra G is an associative differential algebra in which
multiplication, differentiation, and integration are similar to those of C∞

functions.
Colombeau and others have introduced a number of variants of G

but all ’Colombeau algebras’ have in common one essential feature:
The C∞ functions are a faithful differential subalgebra of G, a fea-
ture that Colombeau discovered to be essential to overcome Schwartz’s
multiplication-impossibility theorem.

With hindsight it is easy to understand why: If we suppose that G
is an algebra containing the distributions and such that all its elements
can be freely multiplied and differentiated just like C∞ functions (i.e.,
in a way respecting commutativity, associativity, and the Leibniz rule),
then C∞ must be a subalgebra of G because C∞ ⊂ D′.

Thus, to define G, it suffices to start from a differential algebra E
containing the distributions, and then to define G as a subalgebra of E
such that the embedding of the C∞ functions in G is an identity. In
formulas: if [g] ∈ G represents an object g embedded in G, then for
all f ∈ C∞ we want that [f ] = f , whereas for any other function or
distribution D ∈ D′ we may have [D] ̸= D.

This simple observation gives a powerful hint for an elementary con-
struction of G because by Definition 3 there is a one to one correspon-
dence between any arbitrary distribution D(x) and a class of weakly
convergent sequence of C∞ functions Dϵ(x), and by Theorem 2 any rep-
resentative of that class can be written as a convolution of the form
(2.13). Thus, the starting point is to consider for E the set of mollified
sequences
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E := {fϵ : (η, x) 7→ fϵ(η, x)} ....(3.1)
which are C∞ functions in the variable x for any given Colombeau

mollifier η, and depend on the parameter ϵ ∈ (0, 1) through the scaled
mollifier.

ηϵ(x) :=
1

ϵ
η
(x
ϵ

)
, normalized as

∫
η(y)dy = 1.........(3.2)

The distributions f ∈ D′ are then embedded in E as the convolution

fϵ(x) := ηϵ(−x) ∗ f(x) =
∫

1

ϵ
η

(
y − x

ϵ

)
f(y)dy

=

∫
η(z)f(x+ ϵz)dz.....(3.3)

where, in order to define G ⊂ E , the Colombeau mollifier η may need
to have specific properties in addition to the normalization (3.2).

To find these additional properties we have to study the embeddings
of C∞ functions. We therefore calculate (3.3) for f ∈ C∞, which enables
to apply Taylor’s theorem with remainder to obtain at once

fϵ(x) = f(x)

∫
η(z)dz + . . . ....(3.4)

+
ϵn

n!
f (n)(x)

∫
znη(z)dz + . . . .....(3.5)

+
ϵ(q+1)

(q + 1)!

∫
zq+1η(z)f (q+1)(x+ ϑϵz)dz, .......(3.6),

where f (n)(x) is the n-th derivative of f(x), and ϑ ∈( 0, 1). Since
f ∈ C∞ and η has compact support, the integral in (3.6) is bounded so
that the remainder is of order O

(
ϵq+1

)
at any fixed point x.

Then, if following Colombeau the mollifier η is chosen in the set

{∫
η(z)dz = 1, and

∫
znη(z)dz = 0, ∀n = 1, . . . , q ∈ N

}
, .......(3.7)

all the terms in (3.5) with n ∈ (1, q) are zero and we are left with

∀f ∈ C∞, fϵ(x) = f(x) + O
(
ϵq+1

)
.......(3.8)
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Therefore, provided η is a Colombeau mollifier and q can take any value
in N, it is possible to make the difference fϵ(x) − f(x) as small as we
please even if ϵ ∈( 0, 1) is kept finite.

In terms of the embeddings (3.3) the condition [f ] = f insuring that
the smooth functions are identically embedded in G is that [fϵ] (x) =
[f ](x) = f(x) for all f ∈ C∞. Thus, comparing with (3.8), we are led to
consider the set N of the so-called negligible functions, which correspond
to the differences between the C∞ functions and their embeddings in E ,
i.e.,

∀f ∈ C∞, ∀q ∈ N, fϵ(x)− f(x) = O (ϵq) ∈ N ........(3.9)

To define G we need a prescription such that the differences (3.9) can
be neglected, i.e., equated to zero in G. Moreover, for G to be an algebra,
that prescription must be stable under multiplication.

That means that all elements g ∈ G have to have the property that
any of their representatives gϵ ∈ E multiplied by a negligible function
are negligible.

In mathematical language, N has to be an ideal of the subset {gϵ} =
EM ⊂ E of all representatives of all elements of G. Or, in simple lan-
guage, the negligible functions have to behave as the ’function zero’
when multiplying any function of EM.

It is however very simple to characterize this subset: Following Colombeau
we call the elements of EM moderate (or multipliable) functions, and we
define

∀gϵ ∈ EM : ∃N ∈ N0, such that gϵ(x) = O
(
ϵ−N

)
.......(3.10)

Indeed, as q in (3.8) is as large as we please, and N in (3.10) a fixed in-
teger, the product of a negligible function by a moderate one will always
be a negligible function: N is an ideal of EM. Moreover, the product of
two moderate functions is still moderate: They are multipliable.

For example, the Colombeau embeddings (3.3) of the δ and Heaviside
functions are

δϵ(x) =
1

ϵ
η
(
−x
ϵ

)
, and Hϵ(x) =

∫ x/ϵ

−∞
η(−z)dz, ...........(3.11)
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which are moderate functions with N = 1 and 0 , respectively. More
generally, it can easily be proved using Schwartz’s local structure theo-
rem that:

Theorem 3.1.1. (Colombeau local structure theorem) Any distribution
is locally a moderate (i.e., multipliable) generalized function.

Therefore, N ⊂ (C∞)ϵ ⊂ (C)ϵ ⊂ (D′)ϵ ⊂ EM. It is also a matter
of elementary calculation to verify that EM and N are algebras for the
usual pointwise operations in E . Moreover, EM is a differential algebra,
(i.e., stable under partial differentiation) of E in which N is a differential
ideal.

The fact that N is an ideal of EM is the key to defining G. Indeed, if
we conventionally write N for any negligible function, then

∀gϵ, hϵ ∈ EM, (gϵ +N ) · (hϵ +N ) = gϵ · hϵ +N ..........(3.12)

Thus, it suffices to define the elements of G as the elements of EM
modulo N , i.e., to define the Colombeau algebra as the quotient

G :=
EM
N
............(3.13)

That is, an element g ∈ G is an equivalence class [g] = [gϵ +N ] of
an element gϵ ∈ EM, which is called a representative of the generalized
function g.

If ’ ⊙ ’ denotes multiplication in G, the product g ⊙ h is defined as
the class of gϵ · hϵ where gϵ and hϵ are (arbitrary) representatives of g
and h; similarly Dg is the class of Dgϵ if D is any partial differentiation
operator.

Therefore, when working in G, all algebraic and differential operations
(as well as composition of functions, etc.) are performed component-wise
at the level of the representatives gϵ.

G is an associative and commutative differential algebra because both
EM and N are such.

The two main ingredients which led to its definition are the primacy
given to C∞ functions, and the use of Colombeau mollifiers for the em-
beddings.

In fact, Colombeau proved that the set (3.7) is not empty and pro-
vided a recursive algorithm for constructing the corresponding molli-
fiers for all q ∈ N. He also showed that the Fourier transformation
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provides a simple characterization of the mollifiers. But,in most appli-
cations of the Colombeau algebras, the explicit knowledge of the form of
the Colombeau mollifiers is not necessary: It is sufficient to know their
defining properties (3.7).

For example, let us verify that δϵ(x) given by (3.11) has indeed the
sifting property expected for Dirac’s δ-function. Starting from (3.11)
and employing Taylor’s theorem we can write

δϵ(φ) =

∫
δϵ(x)φ(x)dx =

∫ ∞

−∞

1

ϵ
η
(
−x
ϵ

)
φ(x)dx =

∫ ∞

−∞
η(−z)φ(ϵz)dz

=

∫ ∞

−∞
η(−z)

(
φ(0) + φzφ′(0) +

(φz)2

2!
φ′′(0) + . . .

)
dz.......(3.14)

Then, in Schwartz theory, we take the limit (2.6), i.e.,

ηϵ(x) :=
1

ϵ
η
(x
ϵ

)
, normalized as

∫
η(y)dy = 1.......(3.15)

which is the expected result by the normalization (3.2). However, in
Colombeau theory, there is no need to take a limit to get the sifting
property because in the development (3.14) the conditions (3.7) imply
that all terms in zn with 1 < n < q + 1 are identically zero. Thus

δϵ(φ) = φ(0) + O
(
ϵq+1

)
, ∀q ∈ N......(3.16)

where the remainder is an element of N so that in G the sifting property
of δϵ is an equality rather than a limit. It is this kind of qualitative
difference between the Schwartz and Colombeau theories which makes
it possible in G to go beyond distribution theory.

3.1.1 Interpretation and multiplication of distributions

To construct the Colombeau algebra we have been led to embed the
distributions as the representative sequences γϵ ∈ E defined by (3.3)
where η is a Colombeau mollifier (3.6). We can therefore recover any
distribution γ by means of (2.7), i.e., as the equivalence class

γ(φ) := lim
ϵ→0

∫
γϵ(x)φ(x)dx, ∀φ(x) ∈ D, ...............(3.17)
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where γϵ can be any representative of the class [γ] = [γϵ +N ] because
negligible elements are zero in the limit ϵ → 0. Of course, as we work
in G and its elements get algebraically combined with other elements,
there can be generalized functions [gϵ] different from the class [γϵ] of
an embedded distribution which nevertheless correspond to the same
distribution γ. This leads to the concept of association, which is defined
as follows

Definition 3.1.1. Two generalized functions g and h ∈ G, of respective
representatives gϵ and hϵ, are said to be associated, and one write g ≍ h,
iff

lim
ϵ→0

∫
(gϵ(x)− hϵ(x))φ(x)dx = 0, ∀φ(x) ∈ D..........(3.18)

Thus, if g is a generalized function and γ a distribution, the relation
g ≍ γ implies that g admits γ as ’associated distribution,’ and γ is
called the ’distributional shadow’ (or ’distributional projection’) of g.

Objects (functions, numbers, etc.) which are equivalent to zero in
G, i.e., equal to O(ϵq) ,∀q ∈ N, are called ’zero.’ On the other hand,
objects associated to zero in G, that is which tend to zero as ϵ → 0,
are called ’infinitesimals.’ Definition (3.18) therefore means that two
different generalized functions associated to the same distribution differ
by an infinitesimal.

The space of distributions is not a subalgebra of G. Thus we do
not normally expect that the product of two distributions in G will be
associated to a third distribution: In general their product will be a
genuine generalized function.

For example, the square of Dirac’s δ-function, Eq. (3.11), which cor-
responds to

(
δ2
)
ϵ
(x) = (δϵ)

2 (x) = ϵ−2η2(−x/ϵ), has no associated
distribution. Indeed, making a Taylor development as in (3.14),

lim
ϵ→0

δ2ϵ (T ) = lim
ϵ→0

∫ ∞

−∞

1

ϵ2
η2

(
−x
ϵ

)
T (x)dx = lim

ϵ→0

1

ϵ

∫ ∞

−∞
η2(−z)T (ϵz)dz

= lim
ϵ→0

1

ϵ

∫ ∞

−∞
η2(−z)

(
T (0) + ϵzT ′(0) +

(ϵz)2

2!
T ′′(0) + . . .

)
dz

= lim
ϵ→0

T (0)

ϵ

∫ ∞

−∞
η2(−z)dz + T ′(0)

∫ ∞

−∞
zη2(−z)dz = ∞.

............(3.19)
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But, referring to (3.10),
(
δ2
)
ϵ
(x) is a moderate function with N = 2.

The square of δ(x) makes therefore sense in G as a ’generalized function’
with representative

(
δ2
)
ϵ
(x) = η2(−x/ϵ)/ϵ2. Moreover, its point-value

at zero, η2(0)/ϵ2, can be considered as a ’generalized number.’
On the other hand, we have in G elements like the n-th power of

Heaviside’s function, Eq. (3.11), which has an associated distribution
but is such that [Hn] (x) ̸= [H](x) in G, whereas Hn(x) = H(x) as a
distribution in D′. Similarly, we have [x] ⊙ [δ](x) ̸= 0 in G, whereas
xδ(x) = 0 in D′. In both cases everything is consistent: Using (3.18)
one easily verifies that indeed [Hn] (x) ≍ [H](x) and [x]⊙ [δ](x) ≍ 0.

These differences between products in G and in D′ stem from the fact
that distributions embedded and multiplied in G carry along with them
infinitesimal information on their ’microscopic structure.’

That information is necessary in order that the products and their
derivatives are well defined in G, and is lost when the factors are iden-
tified with their distributional projection in D′.

For example, since [Hn] (x) ̸= [H](x) the inconsistencies displayed in
(2.12) do not arise in G.

Nevertheless, if at some point of a calculation it is desirable to look at
the intermediate results from the point of view of distribution theory, one
can always use the concept of association to retrieve their distributional
content.

In fact, this is facilitated by a few simple formulas which easily derive
from the definition (3.18). For instance,

∀f1,∀f2 ∈ C ⇒ [f1]⊙ [f2] ≍ [f1 · f2] ,........(3.20)
∀f ∈ C∞,∀γ ∈ D′ ⇒ [f ]⊙ [γ] ≍ [f · γ],...........(3.21)
∀γ1,∀γ2 ∈ D′ ⇒ [γ1]⊙ [γ2] ⊁ [γ1 · γ2] ,........(3.22)
∀g1,∀g2 ∈ G, g1 ≍ g2 ⇒ Dαg1 ≍ Dαg2.........(3.23)

For example, applying the last equation to
[
H2

]
(x) ≍ [H](x) one

proves the often used distributional identity 2[δ](x)[H](x) ≍ [δ](x).
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3.1.2 Results on some products of Distributions

Theorem 3.1.2. The product of the generalized functions ln |x| and
δ(s−1)(x) for s = 0, 1, 2, . . . in G(R) admits associated distributions and
it holds:

l̃n |x| · ˜δ(s−1)(x) ≈ (−1)s

s
δ(s−1)(x) (3.24)

Proof. For given φ(x) ∈ D(R) we suppose that suppφ(x) ⊆ [−l, l],
without lost of generality. Then using the embedding rule and the sub-
stitution v = (y − x)/ε we have the representatives of the distribution
ln |x| in Colombeau algebra:

l̃n |x| (φε, x) = ε−1

∫ x+lε

x−lε

ln |y|φ
(
y − x

ε

)
dy =

∫ l

−l

ln |x+ εv|φ(v)dv

Similar,

δ̃(s−1) (φε, x) =
(−1)s−1

εs
φ(s−1)

(
−x
ε

)
Then, for any ψ(x) ∈ D(R) we have:

〈
l̃n |x| (φε, x) · δ̃(s−1) (φε, x) , ψ(x)

〉
=

∫ ∞

−∞
l̃n |x| (φε, x) δ̃(s−1) (φε, x)ψ(x)dx

=
(−1)s−1

εs

∫ lε

−lε

(∫ l

−l

ln |x+ εv|φ(v)dv
)
φ(s−1)(−x/ε)ψ(x)dx

=
(−1)s

εs−1

∫ l

−l

φ(s−1)(u)ψ(−εu)
∫ l

−l

ln |εv − εu|φ(v)dvdu. (3.25)

using the substitution u = −x/ε. By the Taylor theorem we have
that

ψ(−εω) =
s−1∑
k=0

ψ(k)(0)

k!
(−εω)k + ψ(s)(ηω)

(s)!
(−εη)s (3.26)

for η ∈ (0, 1). Using this for (3.25) we have:

〈
l̃n |x| (φε, x) · δ̃(s−1) (φε, x) , ψ(x)

〉
=

s−1∑
i=0

(−1)s+iψ(i)(0)

i!εs−i−1
Ji +O(ε)
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where Ji =
∫ l

−l φ(v)dv
∫ l

−l ln |εv−εu|u
iφ(s−1)(u)du and i = 0, 1, . . . , s−

1. Next using integration by part we have:

Ji =

∫ l

−l

φ(v)dv

∫ l

−l

ln |εv − εu|uiφ(s−1)(u)du

=
1

i+ 1

∫ l

−l

φ(v)dv

∫ l

−l

ln |εv − εu|φ(s−1)(u)d
(
ui+1 − vi+1

)
=− 1

i+ 1

∫ l

−l

φ(v)dv

∫ l

−l

[(
ui+1 − vi+1

)
ln |εv − εu|φ(s)(u)du

− 1

i+ 1

∫ l

−l

φ(v)dv

∫ l

−l

ui+1 − vi+1

u− v
φ(s−1)(u)du

]
.

The first term above is zero, and we have

(i+ 1)Ji =
i∑

k=0

∫ l

−l

vi−kφ(v)dv

∫ l

−l

ukφ(s−1)(u)du =

∫ l

−l

uiφ(s−1)(u)du.

So, the only non-zero term we have it for i = s − 1 and that is
Js−1 =

(−1)s−1(s−1)!
s .

〈
l̃n |x| (φε, x) · δ̃(s−1) (φε, x) , ψ(x)

〉
=

(−1)sψ(s−1)(0)

s
+O(ε)

=
(−1)s

s

〈
δ(s−1)(x), ψ(x)

〉
+O(ε).

Therefor passing to the limit, as ε → 0, we obtain equation (3.24)
proving the theorem. When nonlinear operations are used, a more gen-
eral theory of nonlinear generalized functions is needed.
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Chapter 4

Summary

We have evaluated some products of generalized functions, involving
derivatives of the Dirac delta function, in Colombeau algebra in terms of
associated distributions. this is significant because products of this type
are very often used not only in physics, especially in quantum physics,
but in other natural sciences and engineering, too, Colombeau differ-
ential algebra of generalized functions contains the space of schwartz
distributions as a subspace, and the product of elements in it is general-
ization of the product of distributions, and thus all the results obtained
in this way can be reformulated as regularized products in the classical
distribution theory.
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