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Summary of the Project

This project is all about a Survey of the Riordan group which is intimately related to the Riordan
arrays in particular to the Fundamental Theorem of Riordan Arrays (FTRA) in solving
enumerative problems. We focus on counting the average number of points on the x —axis of
Dyck paths and the average number of hills in Dyck paths using the Catalan numbers, Fine
numbers, and Schréder numbers by switching between sequences and generating functions. The
project also gives a unified presentation about tackling combinatorial identities, and finally
introduce the group nature of Riordan arrays under matrix multiplication (*) defined by
(9@, f(@) * (h(2), 1)) = (g@Dh(f (), I(f(2))), where g(z),f(2),h(z) and I(z) are
generating functions in a proper Riordan array A = (d(z), h(z)) such that the k" column of a
combinatorial sequence (@ x)n =0 Of A defined by a,,;, = [2"]d(2)h(2)*.
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Section One

1. Introduction
The Riordan group, first described in 1991, and with the recent death of John Riordan

this seems appropriate to name. It is a special collection of infinite dimensional matrices,
whose entries are associated with the combinatorial sequences. We notice that we switch
freely between column vectors and their generating functions as well as switching back
and forth freely between sequences and the exponential generating functions via the
Riordan group concept for the effective and efficient computation of typical applications
in connection with

i. inverting identities;

ii. proving identities;

iii. developing combinatorial interpretations, and recursion properties in some
combinatorial objects like paths(i.e. Dyck paths, Motzkin paths, Schréder paths,
etc) , permutations, walks, and trees.

Generating functions provide a surprisingly strong tool for counting that give a formal
calculus for enumerative sequences, close to the theory of power series in real and
complex analysis. A generating function counts the number of objects using an additional
parameter n which classifies the instances of the problem according to their ‘complexity’.

Let (a,)ns0 Dbe a sequence of numbers from the field . The elements a,, are usually

nonnegative integers when we count something, but we start from more general numbers.
The generating function of this sequence is the function
f : N — R for which f(n) = a,. we redefine this as follows:

the generating function of (a,)nso IS the formal power series

o)

G(z) = Z a,z"

n=0

where z is a letter that will be called a variable. Such a power series is called



‘formal’ because we are not interested in its convergence, or its sum for any specific
values of z. Indeed, G(z) — despite its name — is not a function at all; it is just a way of
writing the sequence (a,,)nso-

Example: Let ay =1 and a; = 1. The sequence (a,),so defined by the recurrence
relation a, =a,.4+ a,_, for mn>= 2 gives the Fibonacci numbers:
1,1,2,3,5,8,13,. . .. Their generating function is thus G(z) = 1+z+2z%2+3z3 +
5z*+8z°> +..., where the next values are easy to compute, but it is more difficult to

give a formula for the general value a,,.

This project focuses on the connection of enumeration of average points on the x-axis of

Dyck paths and average number of hills with the Riordan group. Riordan arrays act on a

column array of complex numbers. For an infinite matrices M= (ai,j)i]_>0 with entries in

complex numbers C;i(z) = Yr_oanz" be the generating function of the i*" column of

M as in Shapiro et al [9, p. 230]. We now make the crucial assumption that

K
Cx(z) = g(z) (f(z)) .......................................... @)

where g(t) =1+ giz+gpz2 +g323+ - and f(z) =z + f,22 + f323 + -

according to Shapiro et al[9] notation, in which we prefer to use in this project ,while an

Italian known combinatorist R. Sprugnoli defines (*) being described in [10] as follows:

C(2) = g(@) (26(2))"
We write M = (g(z),f(z)) and say that (g(z), f(z)) is a Riordan array.

Now multiply M on the right by a column vector A = (aolal_az_._.)T, where A(z) = ay +

a;z+a,z”> + -+ and note that the resulting column vector (bolbl,bzl_.)T has the
generating function
B(z) = ayCy(z) + a,C,(z) +a,C,(2) + -
= a9 8(2) + a:8(Df(2) + a8 [f(2)]* + ---
= g(D)[a + a:f(2) + a,[f(D)]* + -]
= g(2)A(f(2))
Thus (g(2), f(2)) * A(2) = g@A(f(2)) = B(z) —--rrrmmrrmmremmemmreemeeeeee (%)



The project is basically organized based on a Survey of the Riordan Group by Shapiro
[8], in which most concepts are summarized, on the Riordan Group by Shapiro et al[9] ,

and Riordan Arrays by Sprugnoli [10].

In section three, we would like to point out, in the Combinatorics part of the concept of
Riordan arrays; how to apply the Fundamental Theorem of Riordan Arrays (FTRA) in
typical applications related to Dyck paths and proving combinatorial identities.

In the Algebra part, we consider how Riordan arrays form a group under matrix
multiplication including inverses of the Riordan arrays and types of subgroups of the

Riordan group.



Section Two

2. Preliminary concepts

>

YV VYV VY

A\ 4

A path, p, of length n from (x,y) to (x',y") with step set S is a sequence of points

in the plane (x,y), (X1,¥1), (X2,¥2), «.., Xn, yn) such that all (x;;4,yi+1)€ S.

Dyck paths are lattice paths starting and ending on the horizontal axis using
steps (1,1)and (1,—1), and never going below the horizontal axis. The number of
Dyck paths of length 2n equals the Catalan numbers C,. In short, Dyck paths are
positive paths from (0,0) to (2n,0) with S = {(1,1)(1,-1)}.

11-V1-4z

Fine numbers are 1,0,1,2,6,18,57, ... and generated by F(z) = P

Hill in a Dyck path is a pair of consecutive steps giving a peak of height 1.
Lattice point is a point on the Cartesian plane with integral coordinates.
Peak at height k on a Dyck path is a point on the path with ordinate y=k that is

preceded by a (1,1) step and immediately followed by a (1,-1) step.
Schréder paths are paths from (0,0) to (2n,0) with S' ={(1,1),(2,0),(1,—1)}.
These are counted by the big Schréder numbers 1, 2, 6, 22, 90, ...

A return is defined as a non-origin vertex having ordinate 0.
A Motzkin path of length n is a path going from (0,0) to (n,0) consisting of up
steps U =(1,1), down steps D=(1,—1)and horizontal steps H=(1,0)which never
goes below the x —axis. The (k, t)-Motzkin path is a Motzkin path such that each
horizontal step is weighted by k, each down step weighted by t and each up step is
weighted by 1.

Catalan numbers: the sequence{C,},s0 = {1,1,2,5,14,42,132,429,1430, ... },

where C,, = — (%) is called the n" Catalan number. The generating function for

1-v1-4z

the Catalan numbers is denoted by C(z) = ~

A Riordan array is an infinite lower triangular matrix of the form

D= (dn,k) n,k=0



where d,y = [z"]d (z)(h(z))k; d (z), h(z) are two formal power series with

(d(z),h(z))_1 = (g(ﬁl(z)),i_l(z)); for h(h(z) = h(i_z(z)) =z and, we

have d,x = 0,forallk > n. The entry of a Riordan matrix, R can be expressed

as
dpk = apdpk + a;dpgsr + azdpyez + azdpkes +
where { aj} ;> is a sequence that is independent of n and k. The sequence { aj} ;¢
is referred to as the A-sequence of R and its generating function is denoted
Ar(2).
Similarly, the elements of the first column of R (excluding dy, ), can be
expressed as
dnt10 = Zodno + Z1dp1 + Zzdpz + z3dyz + -
where { z;} ;>0 is a sequence that is independent of n and k. The sequence { zj} >0
is referred to as the Z-sequence of R and its generating function is denoted
Zg(2).
» The main Rules for the ‘coefficient of functionals:
1) [z"](af (2) + bg(2)) = alz"]f (2) + b[z"]g(2)
[Linearity].
2) [z"]zf (2) = [2"'1f (2)
[Shifting] .
3) [2M]f'(2) = (n + D[z"]f (2)
[Differentiation].
4) [2"1f (D) g(2) = LR=olz“1f (@) . [y"*1g ),
[ Convolution].
5) [2"1f(9(2)) = Zk=olz"1f (). [y" " 19 (1",
[Composition].
6) [z"]f(2) = S[z"‘k](]%)”, here f(z) is the compositional inverse of f(z),i.e.
f(f@)=Ff@) =z

[Inversion (Lagrange Inversion Formula - LIF)].

7) [2"]f (az) = a"[z"]f (2)



[The translation z +— az].

8) [2"1f (z") = [z""]f (2) .
[The translation z" +— z].

9) [2"][FW)lw = zp(W)] = = [z 1F (2)$(2)"
[a useful formulation of Lagrange Inversion Formula].

10) [z"][FW)|w = zp(W)] = %[Z"‘l]F (@@ (p(2) — 2¢'(2))
[another useful LIF].

11) [z"] —— =¢" .

1-tz
n 1 _ gl
12) [z ](1+rz)(1+sz) o -5 =D
n 1 _ 2(o)"*1sin(n+1)0 _ _1 V4c-b? ]
13) [Z]1+bz+cz2_ — ,0=tan"' ——+71;[b > 0]

where denominator is an irreducible polynomial of second degree.



Section Three

3.1. Fundamental Theorem of Riordan Arrays (FTRA)

Definition: An infinite lower triangular matrix, L = (ln,k)n‘k20 is a Riordan matrix if
there exist generating functions g(z) = Ym0 9nz" f(2) = Xn=0/nz2™ fo=0,f1 # 0
such that Lo = gn and Tnsy lni 2" = g(2) (f(2)*.

From the definition it is clear that a Riordan matrix L is completely defined by the
functions g(z) and f(z). Hence L is called Riordan and we write L = (g(z), f(2)), or
simply L = (g, f).

The bivariate generating function of a Riordan array is given by

d(Z: t) = Zn,kzo dn,kZntk = Z?:O(Z;o:o dn,kzn)tk

= 3120 [d(@). (zh(2) | t*, where d = d(@) (zh(2))"

o K
=d(z) Zk:o(z- t. h(z))
_ __d@
" 1-tzh(z)
Therefore d(z,t) = %;)(Z)

In the squel we always assume that d(z) # 0 ; if we also have h(z) then the Riordan
array is said to be proper. In the proper case the diagonal elements d,, are different
from zero for all n € N.

Definition: Proper Riordan arrays can also be defined in terms of the two sequences,
A = {a;};ey With ap =0 , called the A-sequence and Z = {z,,24,%,,...} IS the Z-
sequence such that every element d,, ;141 Can be expressed as a linear combination with
coefficients in A, of the elements in the preceding row, starting from the preceding
columns:

dn+1,k+1 = aodn,k + a1dn,k+1 + azdn,k+2 + e



and such that every element in column O can be expressed as a linear combination ,with
coefficient in Z, of all the elements of the preceding row:
dny1,0 = Zodns1,0 + Z1dns1,1 + Z2dpyq 2 + oo
The generating functions A(z)and Z(z) of these sequences are related to the
pair(d(z), h(z)) by the formulae:
h(z) = A(h(2))

d(2) = %@())
Example: For the Pascal Triangle P, we have:
A(z) =1+z
Z(z) =1.
Actually, we have
r 1
11
P=G5| 1531
1464 1

the A- sequence is (1,1,0,0, ...) and the Z-sequence is (1,0,0,0, ...).

Theorem 3.1.1: An infinite lower triangular array D = (dn,k)nk>0 is a Riordan array if

and only if a sequence A = (ap # 0,a, a,, ... ) exists such that for every n,k € N

dnt+1k+1r = Qodnk + Ardnr + A2dnprz + - = XjZo @jdngyy - 1)
holds;

where its proof is given in Sprugnoli [10] and let us use with a modified definition of

Riordan arrays, i.e. using C,(z) = g(z)(f(z)) ¥, for each column C; ,i = 0,1,2, ... instead

of Cx(z) = g(z)(zf(z))k along with He et al[6].

Proof: Let us suppose that D is the Riordan array (d(z), h(z)) and let us consider the
Riordan array (%h(z),h(z)) ;

We define the Riordan array (A(z), B(z)) by the relation:



_ h
(12.8@) = (dDh@) "+ E2D )

or (d(2), () * (A(2), B(2)) = (CZ*2, h(2))

By performing the matrix product, we find:

d(z)A(h(2)) =
The latter identltylmplles B(z) = z.

LD and B(A(2)) = h(2)..ovoeroeeiroeneeeen )

Therefore, we have

(d(2),h(2) * (A@2), 2) = (22, h(2)).
The element f,, ,, of the left hand member is
fok = (2" d@DR(2)* A(R(2)) = T7o0dnj @G-k = Xj=odnj+k @ , by composition
rule of coefficient of functionals; if as usual we interpret a;_,as O when j < k.

The same element in the right hand member is:

w dDRDR@D)"
] Z

= [2"*d(Dh(@)** = dnirjen

By equating these two quantities, we have the identity in (1). We remark that the first

d(z)h(z)

relation in (2) is equivalentto zA(h(z)) = h(z) since d(z)A(h(z)) = and d(z)

is a formal power series.

For the converse, let us observe that (1) uniquely defines the array D when the elements
of column 0 (i.e.d ¢0,d 1,0,d 20, ...) aregiven.

Let d(z) be the generating function of this column and A(z) the generating function of
the sequence A and define h(z) as the solution of the functional equation h(z) =
zA(h(z)) , which is uniquely determined because of our hypothesis a o # 0.

We can therefore consider the proper Riordan array D = (d(z), h(2)) by the first part of
the theorem, D satisfies relation (1) above, for every n,k € N .

Therefore, by our observation, it must coincide with D. [
Example: Consider a Riordan array F defined by dp(z) = (1 —z — z?)™1,

so that column 0 is composed by Fibonacci numbers, shifted by one place. Besides, the
A-sequence is Ar = (1,1,1,1,...), that is, any element F,,; x4 is obtained by summing all

the elements in the previous row, starting from column k. The Riordan array F is



Z .
1-hp(z)

he(2) = zAr(h(2)) =

this equation has two solutions, but we know that Az(0) # 0 so that we should consider

the solution with the minus sign:

1—-+V1—-4z
hp(z) = — = zZ4 2% +223 +52% + 1425 + 4227 + 1322z + -

the well-known Catalan numbers. Therefore we have:

Fe o
n\k] O 1 2 3 4 5 6
0 |1
L |1 1
2 2 2 1
303 5 3 1
4 15 12 9 4 1
5 8 31 26 14 5 1
6 |13 & 77 46 20 6 1

Table 3.1 The Fibonacci triangle F

Questions; Prove the following identity;
n n — n-1
Proof : to prove the identity
Thok(i) =n2™t
let there are n students in our school. We could select a group of k students to serve in

the council of our school and then choose the president from the council:

i. Choose k students from the n students as the council, where 1 < k < n. This can

be done in (E) ways;

ii. Select a president from the k students;
iii. Sum over all the possible numbers k, and we will get the left hand side (LHS) of
the identity.

10



There is also another way as follows:

Choose one of the n students as the president. There are n possible choices. Then there
are 211 different choices to select the rest of the council from the other n-1 students.
Therefore, there are n2™~1 distinct ways to do this which is exactly the right hand side of
the identity.

Thus, the two methods applied for doing the same thing and hence they are equivalent to
each other, that is, we get the above identity.

Let us see an important theorem, its proof is provided in Shapiro et al [8, p.7] , [9,
p.230].)

Theorem 3.1.2: The Fundamental Theorem of Riordan Arrays (FTRA).

a (Do
aq b,
aZ b2

Let (9@, f(aN|as| = [by| - *)

where the generating functions of the two column vectors are A(z) and B(z),
respectively.

Then the identity in (#) above is true if and only if the following equation holds:
9(2)A(f(2)) = B(2)

n= k) 6%, and we want to find a closed form expression for

Example: Let b, = ZE:o( K

b,,.
Proof: we have to follow the important procedures in tackling this identity. These are

Step 1. The summation can be written as row sum for k = 0,1,2, ..., n.
() =1
() =1
@ + ()6 =7
@) + (e =13
@ + Qe + ()6? =55

11



Step2.Set them up as a matrix product

" SERNEE
11 ol |1
62| |7
12 L=
63|~ |13
13 6*| |55
14 3 MRS

Step3. Here, we can see from the columns of the matrices at LHS that the generating
functions can be identified as

1 22 1
9(2) :E,f(Z) = Eand A(z) = —
Step4. By FTRA, we have

(1 zz> ( 1 ) 1 1 1

* = =
—_ 1 — _ _ 2 o _f,2
1—-z1-—2z 1—6z 1 2(1_612_2) 1—2z—6z

_ 1 _ l( 3 2 )
T (1-32)(1+22) 5 \(1-32) @ 1+2z/)°

=17 (2 3 2 — 1 (an+1 _1\non+1
Then b, = [z ](5 ((1_3Z)+1+22)> = 2 (3™ + (-2,

which is the sequence of the right hand side.

For the general case, we look at the Riordan arrays (g(z),f(z)) column by column, and

multiply it by the column vector on the left hand side

a
| !

g gf gf?

Table 1: Column of Riordan arrays
This yields
aog +a gf + a,gf? + - =g(ap +a,f+a,f?+-)
=g(2).A(f(2)) = B(2),

and we have our result as shown in Shapiro et al [9]. This allows us to switch easily
between the matrix form and generating functions.

12



Example: Let

r 1 17 117
2 1 2 4
M=l 541 3| _|4?
14 1461 4 43
424827 8 1 5 4%

be a matrix identity. For this matrix identity, let g(z)be the generating function for
Catalan numbers (1, 2, 5, 14, ...):
g(z) =1+ 2z + 5z% + 1423 + -
We can rewrite this multiplying by z and adding 1 on both sides of the equation:
1+2z9(z)=1+2z+2224+523+- =C(2).
C(z) 1 = C2(z) = (1 \/W) _ 1—Zz—m'

- 272

Solving for g(z) , we obtain: g(z) =

since C(z) = 1 + zC(z)%.
1- ZZ—\/l -4z

ZZ

Therefore g(z) =

From the second column of M and given g(z), we get f(z) = zg(z2),
where f(z) =z + fo,2° + fz3z3+--and f, =0, f;=1.
From the recurrence relation
Ai+1,j+1 = Aij + 204541+ Qg j42,
We can derive the generating function for the sequence in the j**, (j = 0) column in the
matrix given above as
M1 (2) = g(2)(zg(@)) .
Now we have the Riordan array M= (g(z),zg(z)).Since the generating function of

(1,2,3,4,..) equals A(z) = it follows that B(z) = g(2)A(zg(2)) = — — is the

)2’
generating function for the rlght hand side of M. Thus we obtain the identity M above.
Example: When we return back to the above Question, in student council problem in

applying the FTRA, let us follow certain steps:

Step 1: For n=3 and 4, we have (i.e. using Y.p_,k (E) =n2""! above)

() x0s @)1+ (D) xzs () xa=3x23

13



(3)x0+(3)x1+(3) x2+(3)x3+(F)xa=4x2°

respectively.
Step 2: Then we will change it as a lower triangular matrix times a column vector equals

a column vector:

1 07 0

11 1 1x 20
121 2| _|2x2?!
1331 31 13 x22
1464 1 4 4 x 23

Step 3:The generating functions of the first three columns are

Z

D=2, gOfF@D == ad gD (2 =2

T (-2’
So, fz)=—=

Here, also the generating functions of the two column vectors on the left hand side (LHS)
and the right hand side (RHS) above will be

Z VA

A(z) = ey and B(z) = el
respectively.
Now, by the Fundamental Theorem of Riordan Arrays
(9@.f(2) *A@ =B(@)
1 Z z 1 é
1) 0" 1, 7 \2
(1 z'1 z) (1-2) 1-z (1_E)
_ Z
T (1-22)2
Since B(z) = —— =27+ 2(22) + 3(22)? + - + n2""1z" 4 ... = Y2170

(1-22)2
we have the generating function for the column vectors on the right hand side.

Question: In a matrix L, how can we find f = f(z2)?

i.e. Having been given a matrix L and g(z) in which we suspect is Riordan, how can we
find f(2)?

Method1: Comparing the coefficients of gf and g .

Example. Let

14
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In this matrix, the first two columns with generating functions are gf and g. As we

know, g(z) = i.Then, we find f = f(z) by comparing the coefficients of gf and g as

follows:
9@ f (@) =1+ 1z+1z* + 12° + - (1)
f(z) = Z + 22 + 73 4 - (2), (1) and (2)implies (3)
g@)f(z) =0+ 1z + 2z% + 3z3 + --- - (3)
Therefore, we can guess that f = f(z) = é = zf(z).We can then compute g(z)f(2)¥

for k=2.3,... to see if we are getting the coefficients of the next column.

We can identify a Riordan matrix by its generating functions or by its dot diagram. A dot
diagram is a symbolic representation of the recursions which define the matrix.
Let R be a Riordan matrix with entries r,,  forn,k > 0 .
Definition: We say that [by, by, bs, ..; @, @1 Gy, ... | is the dot diagram for R if
Tno = b1iTn—10 + baTy_11 + b3ryp_1, +--forn>1
and
Tk = QoTn-1k-1+ ATn_1k + Aol + - fOrnk =1

provided that 1y, = g(0) = 1.

Method 2: From the recurssion or ‘‘dot diagram’’.

Example. (dot diagram for Pascal triangle) For

11
121 1z
1331 1-z 1-z
14641 -

15



Figure 3.1(a) A dot diagram for Pascal triangle. P has the dot diagram [1;1,1].

Remark: A small Schréder path is a lattice path starting at (0,0) and ending at (2n,0) and
using steps H=(2,0), U=(1,1) and D=(1,-1) such that no step is below the x-axis and there
are no peaks at level one. Imposing this condition gives us small Schréder numbers

while without it we would have the large Schréder numbers.

Example: Consider the following small Schréder numbers arrays

1
3 1

=11 61
45 31 9 1
197 156 60 12 1

We might be interested to compute f(z) in L since 1, 3, 11, 45, 197, ... are the small
Schréder numbers . There is a recursion between four entries of any two adjacent rows as
follows:

apnk = An-1k-1 T 3an-1x + 2an-1k+1-

The picture for this is

ER R N R

Figure 3.1(b) A dot diagram for small Schréder numbers

16



From this recursion, for k >2,the a,; isthe n™ small Schréder number, which
counts small Schréder path of length 2n.

Thus, we look at the k** column and we find that

g =z(gf* ' +3gf* +2gf*),

Because we need to move down one row in the matrix, the equation contains the term z .
Dividing by gf*~1, we obtain

f=z»1+3f+2f?
1-3z—V1-6z+z2

- 4z
=z(1+3z+ 11z% + 4523 + ---).
If we denote 1 + 3z + 11z%2 +45z3 + ... by g(2), then f(z) = zg(z) and
g=1+3f +2f>=1+ 3zg9 + 2zg9f
=1+ z(3g + 29f)
g—z(3g + 2g9f) =1
_ 1 _ 1 _ 1-3z—V1—-6z+2z2
9= 1-3z-2zf 1-32-22( 1_32_\{;12_&“2) - 472
According to this, we get the following Riordan Array
L= (g9(2),zg9(2)),
1-3z—V1-6z+2z2

472

Remark: we recall that Dyck paths are lattice paths starting and ending on the horizontal

where g(z) =

axis using steps (1,1)and (1, —1), and never going below the horizontal axis.
For Dyck paths of length 2n, we have

i) the minimum number of points on the x-axis is 2;

i) the maximum number of points on the x-axis is n+1.
Question: What is the average number of points on the x-axis of Dyck paths?

Here, before we go to answer the Question,

What is the average number of points on the x-axis of Dyck paths?
on the application section below.
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3.2 Applications

3.2.1 The average number of points on the x-axis of Dyck paths
Let k denote the number of points on the x-axis of Dyck paths.

k
1 2 3 4 5
n
e 0 1
VAN 1 1
AN SNENE
JAAN 3 2 |2 1

SRIAP
" 5 |5 3|1
5 14 14 9 4 11

Figure 3.2: Dyck paths and the number of paths with points on the x-axis.

In the table on the right hand side, the numbers in the left most column denote n; the
numbers in the top most row are the number of points on the x-axis corresponding to such
paths. After we fill in the blanks with O,we get a matrix which we denote M = C(z),
since the row sum as well as two of the columns are the Catalan numbers.

Question: Is M a Riordan array?

Proof. i) we can observe that the generating functions for the columns in M are

1,zC,z%C?%,z3C3 ,... (Note, C := C(2))

Thus we have that g(z) =1
and g(z)f(z) = zC , using generating function of the second column(method 1)

implies f(z) = zC

where C represents the generating function for the Catalan numbers.

18



Thus
(9(2), f(2)) = (1,z0)
is a Riordan array.
i) Now we want to show that
(1,z0)A(z) = C,
where A(z) is the generating function for some number sequence.

From the matrix M, it is easy to verify that this is possible, since

1 (17 117
01 1 1
011 1 2
0221 11=15
05531 1 14
01414941 - 1 42

Let us denote the generating functions of the two column vectors by

A(z)and B(z) respectively, then A(z) = i; B(z) = C(2) .

Thus g(z) * A(f(z)) =1

By the Fundamental Theorem of Riordan arrays, we have the required result, that is, the

1 _ . _ 2

= C =B(z), sinceC=1+zC

right hand side column has C as its generating function as required.

iii) Now let us compute the average number of the points on the x-axis of Dyck paths of

length2n. From the table above, we obtain

1 (17 11 7
01 2 2
011 3 5
0221 41=114 |
05531 5 42
01414941 - 6 132

The entries of the vector in the right hand side (RHS) of this equation are the number of

points on the x-axis [z"*]B(z) , which are the Catalan Numbers, C,, 1.

1

The proof of this is similar to the proof of (ii) except now A(z) = G

By the FTRA,

B(z) = (1,zC) =

1

1

(1

1
—7)2

L a0 = =02
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= C2(z), the generating function for the column at the right most hand side.
= % since zC?(z) + 1 = C(2).
which is the generating function for Y72, C,, 41 z".

Thus the average number of points on the x-axis is

C — (242 4n+2
. AL AP . As n— oo , the limitis 4
Cn n_+1( n) n+2

3.2.2. The average number of hills in Dyck paths

Definition: A hill is a UD [up step-down step] pair of steps that form a peak at height 1,

and we denote the number of hills in Dyck paths of length 2n by H,,.
Example: Forn=3,C; = 5
a hill(s)

A P
i

Figure 3.3(a) Dyck paths with their corresponding hills
Thus H; = 5 and the average number of hills is g =1.

If n=4, C, = 14



Figure 3.3 (b) Dyck paths with their corresponding hills

Thus H,=14 and the average number of hills is % =1.

Question: Can we generalize that H,,=C,?

Proof: By the Fundamental Theorem of Riordan arrays, let

1
0
12 = (F.zF),
6

B o © -

1
01
301

F is Riordan, because every column (excluding f,q,the first column) can be
expressed as a linear combination of the preceding column with F(z) = (g9(2), f(2)),
where g(z) = F(z) = 1+ z? + 223 + 6z* + -+, and f(2) = zg(2).

The numbers in the k** column are the numbers of Dyck paths of length 2n with k hills,

for k=10,1,2,...

Let F(z) denote the generating function of the number of Dyck paths with no hills .Then
F(z)=1+0.z+1.2°+2.23+ 6.2* + ---.

(F = F(z): Generating function for the Fine numbers)

We can decompose Dyck paths by occurrence of hills, and we get

C=F+ FzF + FzFzF + - =F + zF? + z?°F3 + -...

F
1-zF

Where C & F are abbreviations of C(z) &F(z) , respectively, that is ,

C=GF (no hills) + GF(one hill) +  GF(two hills) +
{Notation: GF := Generating Function}.

Obviously,

R R R e
.

V1N R

.

. H
S
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since every Dyck path has some number of hills.

By the Fundamental Theorem of Riordan arrays, we have

1 1
(F, zF) * = Fl_ZF = C(2) .
We want to find the total number of hills, so

07 1l 1107 r 0 7
1 01 1 1

Fx|2[2]1 01 2| _ |2
3 2 201 3 5
4 64301 4 14

The entries of the last column vector are the coefficients of the generating function H(z)

for the total number of hills. Hence

Z zF
H(z) = (F,zF) = e F(1—zF)2

=z (1—FZF)
=2C(2)? =C(z) —1 ,since C(z) =1+ zC(z)>.

Thus the total number of hills is given by the Catalan numbers except when n = 0.

As a result, the average number of hills is exactly 1 forn > 1.

Example: Letf(z) =z, g(z) = S , and its Riordan array is

1 1

01 O0x1 1

101 1x10x21

2 301 =|2x11x30x3 1

9860 1 IXx12Xx41x60x4 1
444520 10 0 1 44 x19%x52%x101x100x51

=(=02)
This g(z) is the generating function of the number of derangements of n ordered objects.
Derangements are permutations without fixed points (i.e., having no cycles of length
one).
The number of derangements of length n, say d(n), satisfies the recurrence relations:

dn =M —1)(dn-1 +dn-2)
Withd, =1, d; =0orwithd; =0, d, = 1.
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This recurrence relation can be rewritten in a better form.
Bringing nd,,_; to the left gives:
dp—ndp_y = —dy_ 1+ (n—1Ddy_,.
Multiply by (—1)" gives:
(-D™dn —ndy-q) = (D" (dp-1 — (0 — Dd, ).

Now iterate this formula, so that ultimately on the right when n is reduced to 3 we obtain:

(-D*(d, - (Dd) =1
Thus:

(-D"(dp —nd,_1) =1
Solving for d,, gives a recurrence relation which much better than the first one above:

d, =nd,_,+ (1"

Withd, =0,and d, = 1.

In derangements, the k™ column counts permutations with k fixed points.

Remark: The product of two Riordan arrays

Question: What happens when two Riordan matrices are multiplied?

According to matrix multiplication formula , the product of two Riordan arrays is a
Riordan array; therefore, a natural question is: how do the A- and Z-sequences of the

product depend on the analogous sequences of the two factors? In order to answer this

question, let us consider two proper Riordan arrays
D; = (dy(2),h(2))

and
D, = (d2(2), h2(2))
and their product Ds = Dy D, = (dy(2)dy(hy(2)), hy(hi(2)))
so that d;(z) = dl(z)dz(hl(z)), and  hs3(z) = hy,(hy(2))
Example: Let us compute the product Q = P * F, where
P25
P T,

(Riordan array of Fibonacci numbers).
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Solution: @ = (dg(2), hg(2)) = (dp(2), hp(2)) * (dp(2), hp(2))
= (dp(2)(dp(hp(2))), hp(hp(2)))

::[(I%;'I§;) * (1—;;22'1_v§:22)]

1 [1=sz
1 (1-2)? 1-z

1-z 1-3z+z2 "’ 2

_ 1-z 1(1 1-5z
T \1-3z+22 2 1-z

dqo(2) =1_13;Zrzz , corresponding to Fibonacci numbers in odd positions; besides
1 1-5
ho(2) =~ (1~ 1_;).

The product is not commutative, so we also define
G =F+P = (dg(2),he(2)) = (dp(2)dp(hp(2)), hp(hp(2)))

for which we find

1-vV1-4
dg(t) = dp(2)dp(hp(2)) = 2(1_—2_22) =1+2z+52%2+12z3+ 31z + - , and
1-2z—-V1-4
(he(®) = hp(hr(®) = % =z + 222 + 523 + 14z* + - = C2(2)
is another version of the Catalan numbers,. The upper part of these two triangles is given
below.
k|l 0 1 2 3 4 5 @ k|0 1 2 3 4 & @
0 1 oo 1
1|2 1 1|2 1
2 |ls 4 1 z | & 1
3 |12 14 & 1 2 (12 14 & 1
4 | 24 48 2z o8B 1 4 |21 46 27 o8 1
6| &0 186 111 44 10 1 ol ®s 150 108 44 10 1
6 | 233 BT 443 210 65 12 1 & | 248 493 410 W06 65 12 1

Tabla 2: The triangles ) = P+ F and < = F+ P

Note: the sequence 1, 2, 5, 13, 34, 89, 233, 610,..., a(n)= 3a(n — 1) — a(n — 2), with
1-2z
1-3z+z2 "

a(0)=a(1)=1, and its generating function G(z) =

It counts:
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¢+ Number of ordered trees with n+1 edges and height at most 3 (height=number of
edges on a maximal path starting at the root);
¢ Number of directed column-convex polyominoes of area n + 1;
% Number of 31-avoiding words of length n on alphabet {1,2,3} which do not end in
3; (e.g. n=3, we have 111,112,121,122,132,211,212,221,222,232,321,322 and
332).
% Number of permutations of [n + 1] avoiding 321 and 3412. E.g. a; = 13 because
the permutations of [4] avoiding 321 and 3412 are: 1234, 2134, 1324, 1243, 3124,
2314, 2143, 1423, 1342, 4123, 3142, 2413, 2341.
¢ Number of 1324-avoiding circular permutations on [n+1];
On the other hand, from the second table above at the right, the sequence of the first
column counts the number of n-node binary trees fixed by the corresponding

automorphism (s), which is the convolution of Catalan and Fibonacci numbers, with

Ja=(1-42)

generating function , G(z) = T
The A- and Z-sequences of these triangles can be computed by means of the formulas
in the previous section; however, we will now find them in a more direct way by using
the corresponding sequences of P and F. In general, we know that h(z) = zA(h(z)) and
consequently h(z) = z/A(z), where h(z) represents the compositional inverse of h(z).
We recall that the typical column of (h(z),1(z)) is h(z)[1(z)]¥ and yields the matrix
multiplication

(8@, f@) * (h(2),1(2)) = (8(@)h(£(2)), 1((2))).

This is a multiplication with identity I = (1, z) and group inverse

1

(8@.f@) " = (575 /@)
where  f(f(2)) = f(f(z)) =z, f(z) is the compositional inverse of f(z) . The

existence of a unique compositional inverse inC[z], set of complex numbers is

guaranteed by the formal power series (z) = z + f,z% + f3z3 + ---for f; = 0 and f; = 1.
Hence, the set of Riordan matrices, ® forms a group under matrix multiplication, termed

as the Riordan group (R,*) which we denote by R.
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3.3. The Riordan group

Definition: The Riordan group
(g(z), f(z)) : (g(z),f(z)) is a Rirdan array, g(z) = g, + g1z + g,z% + -+,

R = g, =1,and
f(@) =f,+fiz+ 22+,
( where f, =0,f, =1 )

each member of R is a lower triangular matrix with 1’s on the main diagonal.
The matrix multiplication (*) in R is
(g(z), f(z)) * (h(z),l(z)) = (g(z)h(f(z)),l(f(z))) ................ 1)

The identity is again I = (1, z) as mentioned above.
The inverse of (g(2),f(2)).(g(@),f(z)) " = < ) f(z ))

where f(z)is the compositional inverse of f(z), i.e., f(f(z)) =f(f(z)) =z

Example: From Shapiro et al[3] let us take the Pascal triangle ,
1
11

P=11%3, |=(&5) =@ .

14641 -

The generating function for the first column of P is

g(z)=i=1+1.z+1.zz+1.z3+ -------------------------------- )

Let us recall that if A(z) = ay + a;z + a,z% + azz3 + -+, then

AR — =ao + @ +2a)z+ (ag + a1 +a,)722 + -+ = Lo (Tig a)z"-— (3)
c(2) = g(2) f(2)* = i (é)k, hence a Riordan array.

. -1
Since P = (g(2),f(z)) and (g(z),f(2)) (g(ﬂ oL f(z)) where

( (z)) f(f(2) =z, implies that f (z) = —

-1 _ zZ (L 2 )\ (L =

Thus P ( g(f(z)’ ( )) (g(1+z) 1+Z) - (1—L' 1+z> - (1+Z' 1+z)'

Moreover,
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PPt = (55) () = (Gem) s () =P P= o,
the identity element of R.

The next example is the other version of the Pascal triangle

0]

- O

To compute the generating function f(z), we have to form the rule of B in which each

entry is the sum of the elements to the left and right in the row above, that is
bn+1,j = bn,j—l + bn,j+1 Jjz 1

From the first column, which are central binomial coefficients except alternating zeros

and hence we use z2 instead of z in the other generating function g(z) = @.
Thus
Cx(z) = zCx_1(z) + zCy 41 (2).
That means
gD [f(D]* = 2@ [f(D)]*" + 28 [f(D)]**,
implies that

f(z) = z + zf(2)? .
Solving for f(z), we get

f(z) = 14212‘7.
From f(z) =z +zf(2)* = z(1 + f(2)?),

it follows immediately using compositional inverse f(z) substitution on z that

z = f(z){1 + z?}

So
f(z) = 1+ZZZ , Where f(z) is the compositional inverse of f(z),
1 _ Z 2 _ 1-z2 _ 2 2 4
and g(f2) 1= 4(1+ZZ) 1422 1—22° +22° — 227 — -~
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Therefore,

1 )
0 1
-2 01

_ 1-z2 z 0—-3 01

B =) = 2 0—-40 1
0 5 0-501
-2 0 90-601

Example: prove the following identity using the Riordan group

n
n
— 7n
2,()=
k=0
Proof: In Pascal triangle, in the RHS the sum of the numbers in Row n equals 2™ , as
shown below.

FOW 01 Jam ] = 2°

Fow 1: 1+ 1laz=2!
Row 21t 1+ 2+ 1o 4= 2f
Fow 2: 143 +3+1lagazd

Fow 4: 1+4+6+4+ 1=l = 2"
Fow S5: 1+ &+10+10+ & + 1227 - 25
Fow 6: 1+ 6 +15+20+15+ 6 + 1= g4 = 2F
Fow 7t 1+ 7+21+35+35+21+ 7+ 1= 128= 12"
1 8§ 28 5 T S6 28 8 1
1 9 36 84 126 126 84 3 9 1
1 10 45 10 110 281 210 1M 45 10 1

1 11 &5 165 2330 482 462 330 165 55 11 1

On the other hand, the left hand side (LHS) can be shown as
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-1
11 17 17
12 1 1 2
13 3 1 1 4
14 6 4 1 1| _ |8
1510105 1 1| ~ |16
16152015 6 1 1 32
“ee 1 64

() ) - ()
- (1—122) =9@).

This g(z) = — s the generating function of the column of the matrix product at the
1-2z

right hand side, that is the row sum of numbers in the Pascal triangle ]

3.3.1 Subgroups of the Riordan Group
The Riordan group, R is a mathematical structure which lies in the intersection of

Algebra and Combinatorics. In essence, it is a special collection of infinite dimensional
matrices whose entries are associated with the combinatorial sequences.

Example: LetD={L € R:L = (g(2),f(2)|f'(z) = g(z)} a subset of the Riordan group.
Show that D is a subgroup of R.

Proof: Sincein (1,t),t'=1andI = (1,t)eD implies D # g.

Closure: Forany (g1(2), f1(2)), (92(2), f2(2)) €D,

we have f'(2) = g1(2), f2'(2) = g,(2).

Because (91(2)»f1(z)) * (gz(z)'fz(z)) = (91(Z)gz(f1(z))'f2(f1(Z)))

and [fz(fl(z))]’ = le(fl(z))fll(z) = gZ(fl(Z))gl(Z)v

S0 (g1(2), f1(2)) (g2(2), f>(2)) eD.Hence D is closed under matrix multiplication.
Associativity: Because D is a subset of a group, it is obvious.

Identity: Since z' =1, I = (1, z)eD.

Inverse: For any(g(z), f(2) )eD, the inverse is (g(f(z)) ) f(z)).

But f(f(2) =z yields 2= Z(f(f@) = f'(f@) '@ =1
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Thus f'(z) =

(f(z)) g(fl(z)> and (g(2),f(2)) teD .

There are several subgroups of the Riordan group R which are of particular combinatorial
importance :
1) The Appell subgroup,
M={A€eR:A=(g(2),2), for some g}

We have a Riordan matrix collection M under matrix multiplication(x).
Claim: (M ,*) is a subgroup of R = (R,*), where R is set of Riordan matrices.
Proof: For any A = (g(z),z)with g(z) # 0 (i.e. 0 column matrix) is in M, we have
M + Q.

1) Closure: Let (g(2),z), (d(2), z) be two elements in M. We want to show that
(g(2),z) * (d(2), z) is in M for some generating functions g(z) and d(z).
Now, by using the matrix product we have

(9(2),2) * (d(2),2) = (9(2)d(2),2) = (a(2),2),

(a(z),z) is inM for somea(z) since the product of two Riordan matrices is again
Riordan as mentioned earlier. Thus closurity holds.

2) Associativity: obviously holds since matrix multiplication is associative.

3) ldentity: we want to show that (1,z) is an identity element in M. i.e.

Forany (g(2),z) e M, (9(2),z) * (1,z) = (1,2) * (9(2),2) = (9(2), 2).

Here, (g(2),2) * (1,2) = (9(2).1,2) = (9(2),2)
and
(1,2) * (g(2),2) = (1.9(2),z) = (g(2),2).Thus (1, z) is the identity element in M.

4) Inverse: We recall that for any (g(z), f(z)) in R, its inverse can be defined as

(6. f@) " = ( o) ))

Similarly, for (d(2), z) in M, (d(2),2)"! = (ﬁ) z) is also in M and

1
W@,2)* (352) = (3552) * (555.2) = ).
Hence every element in M is invertible for (d(z), z) being arbitrary [

Therefore, (M,*) is an Appell subgroup of R.
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Example. Let

oo NR -
oA DNR PP
N N

N ==

1
1 1

1

Claim: A is an Appell subgroup of the Riordan group R.

Proof: Let R be set of Riordan arrays with matrix multiplication () satisfying
R={ (R,*)}, is a Riordan group.
We want to show that

I)A is subset of a Riordan array R ;

i){(A,*)}.isagroup, i,e. Appell subgroup.
i) Now, let A = (apx)nk=0 = (9(2),f(z)) be an infinite matrix with
ank = [2"g@f ()X, nk =0,
Where g(z) and f(z) are two generating functions of the k* column of A in which
ago # 0.
From the matrix columns (the first) given above,
g(z)=1+1.z+2.22+4.23+8.2* +16.2> + ---
=1+z(1+z+2z+4z% +8z3 + 162* + )

z
2z

=1+

1_
_ 1-z
127

And to find f = f(z) by comparing g(z) and g(z)f (z) from the second column (k = 1),
g2)f(z)=0+1.z+2.22+4.23+8.2* + 16.2° + -

=23
Implies that f = f(z) = z.Hence A = (g(2),f(2) = (11__222,2) is a subset of the

Riordan array R.

ii)Then we have left to show that { (A,*)} is a group.

Associativity: holds because A is a subset of R.
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Identity: I = (1,z) is the identity element in Awith g(z) = 1 since for any (g(2), f(z))

in A,
(9@, f@) * (1,2) = (-=,2) (1,2) = (==.1,2) = (9(2), f(2))and
L2+ (9@).f@) = L2+ (2=,2) = (L.2=,2) = (g(z),f(z))-

Inverse: For any (g(2),f(2)) € A, the inverse is (( o) ,f(2)). But f(f(z))

yields f(z) = z . Thus <( o) fz )) ( = )=(h(z),z)EA.

Then we get what desired, A is an Appell subgroup |

I1) The Associated subgroup
L={LeR:L=C(,f(z)),for some f}.
Proof: To show that (£,*) is the Associated subgroup of R, for £ # @.
1)Closure: Let (a(z),b(2)),(d(z),h(z)) € Asuchthata(z) = d(z) = 1. Then

(1,b(2) = (1,h(2)) = (1, h(b(z))), is in £ in which h(b(2)): = f(2) € R.
Thus (*) is closed in L.

2)Associativity: with the same argument as in (1) above.

3)Identity: For any (1, f(z)) € L for some f, we want to show that (1, z) is an identity
element of £ under (). First, incase f(z) =z, (1,z) isin L.

Next, (1,(2)) * (1,2) = (1, f(2)) and (1,2) * (1, f(2)) = (1, f(2)).

Thus (1, z) is the identity element of £ under (x).
4) Inverse: Forany (1,b(z)) € £, (1,b(2))™* = (1,b(2)),
where b (E(z)) =b(b(2)) =z

Therefore, (£,*) is the Associated subgroup of R u

Example: Let
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—
1
Soo<cCcor
BTN P =
N

1
3
1 9

1
41
In this case, L = (1,f(z)) where f(z) = zC(z).
[11) The Bell subgroup
B = {B€R:B = (g(2),29(2)), for some g}

Claim: (B,*) is a subgroup of R, the Riordan group.
Proof: 1)Closure: Let (g (2),zg9 (z)), (d(z),zd(z))be two elements of a non —
empty set B. We want to show that (g(z), zg(2)) * (d(z),zd(z))is in B.
Then by matrix product
(9(2),29(2)) * (d(2), 2d(2)) = (9(2) (d(29(2)) ), 29(2)d(29(2))), which has a form
(a(2), za(z) for some generating function a(z) = g(2) (d (zg (z))).
Thus the result is in B.
2) associativity : holds obviously with similar case for (I)and (I1) above.
3)ldentity: For g(z) = 1in (g(z),zg(z)) of B, (1,2) € B.
We get the matrix product

(a(2),za(2)) * (1,2) = (a(2) 1,za(z) = (a(2), za(2)

and

(1,2) = (a(z),za(z)) = (1 a(z),za(z)) = (a(z),za(z)).
Thus (1, z) is the identity element of B under (*).

4) Inverse: For any (g(z),zg(z)) € B,

(9).29(2) " = <g(Z;(Z)),zg<z>> = §(2),2§@) € B.

Therefore, (B,*) is a subgroup of R |

Example: The Pascal triangle, P = (%i) ie.

-z 1-z
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!
11
_ 121
P=11331
14641
is an example.

Another important subgroup is hitting time subgroup,

# = {(d(@), h@)|d(z) = 22},

h(z)

Example: The Pascal triangle P belongs to the hitting time subgroup.

Proof: Here we have from the preceding Example that

h(z) == |

1-z
and compute d(z) in terms of h(z).

= (A)(A)zro 2 1z ggdt@_, 1 _ 1.
So d(z) = 1-z (1—2) (l—z)z T (1-2)2 z ,and h(z) Z(l—Z)z L 17

1
1-z

That is d(z) = '(Z))

Z:(Z , satisfies the definition of a hitting time subgroup.

Hence, the Pascal triangle is an example of hitting time subgroup.

Claim: We can decompose R as the semi direct product of the Appell subgroup and the
Associated (Lagrange) subgroup.

Proof: (g,f) = (9,2)(1,f)
= (E z) (E f), since in the Appell subgroup f =2z while g =1 :? in

VAN
the Associate subgroup.
— 9z f
=& 2.0 .
Example:
! 1 1
01 0 1 0 1
1 2 1 1 0 1 0 2 1
R=12 9 6 1 =12 3 0 1 0 6 6 1
9 44 42 12 1 9 8 6 0 1 0 24 36 12 1
44 265320 130 20 1 44 4520 10 0 1 0120240 120 20 1
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(In the Appell subgroup) (In the Associate subgroup)

3.3.2 Generating Functions and the Riordan Arrays

A generating function counts the number of objects using an additional parameter n
which classifies the instances of the problem according to their ‘complexity’.

Definition: Let (a,),so be a sequence of numbers from the field E. The elements a,

are usually nonnegative integers when we count something, but for generality we (must)
start from more general numbers. The generating function of this sequence is the function
f: N— R forwhich f(n) = a,.we redefine this as follows:

the generating function of (a, )¢ is the formal power series

[ee)

G(z) = Z a,z"

n=0
where z is a letter that will be called a variable. Such a power series is called ‘formal’
because we are not interested in its convergence, or its sum for any specific values of z.
Indeed, G(z) — despite its name — is not a function at all; it is just a way of writing the

sequence (ay)nso-

Example: Let a, =1 ana,; = 1. The sequence (a,)nso defined by the recurrence
relation a, =a,_1+ a,., for mn=> 2 gives the Fibonacci numbers:
1,1,2,3,5,8,13,. . . . Their generating function is thus F(z) = 1+2z+2z2+3z3 +
5z*+8z°> +..., where the next values are easy to compute, but it is more difficult to
give a formula for the general value a,,.

Remark: Riordan Array transformations are among the most important
transformations related to Riordan Arrays:

Rule (A): The general summation rule of Riordan Arrays (d(z), h(z)):
> dusfi = [2"1d@F (h()
k

Proof:

Lk dnpfi = Lilz"1d(@Dh(@)* fic = [2"]d(2) Zi fie (h(2))* = [2"]d(2) f (h(2)).
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Rule (B):

n+ ak e Cm o .
Z(m+bk) LS =21+ ) f (2P (L+t2)Y) b <0.

Proof:

(Ilrll:ilf() tm+bk — [Zm+bk](1 + tz)n+ak = [z™](1 + tz)" (Z_b(l + tZ)a)k.

Therefore we have a Riordan Array and we apply the general rule (A):
Dk (::Zf() tmrbE = [2™(1 + t2)" Tk fie (27° (1 + t2)D)F

= [z"(1+t2)*f(z A +t2)*) ,b<0 n

This rule can also be applied when b = 0, provided the generating function f(z) is a polynomial; in
that case, the rule will be denoted by (B*).

Example: Prove the identity

S (=070
Proof: To show the identity, we simplified
MO =520 =0) ¢
So
Z“ o =0 I e
k=0 k/ \k) \k n k=0 \n — k
= (y) (1 4+ z)Y [(1 — Wi, _ ] , by applying Rule (B).

=) a2 = (0007 .

3.3.3 Exponential Generating Functions

The Riordan group is a useful tool for many combinatorial enumeration problems. The

two main enumeration techniques involve ordinary and exponential generating functions.
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Until recently, the theory in the ordinary case was a bit richer but recently Emeric
Deutsch has introduced a pair of first order differential equations

R(F@) = f'(2) o |

C ( f (Z)) _ % E.Deutch’s differential equations

Where ,R(z) =15 + iy + oy? + -, and C(z) = ¢o + ¢,y + c,¥% + -+,

for the exponential case which parallels some of the developments in the ordinary case
asin [7].

The exponential Riordan group is a set of infinite lower-triangular integer
matrices where each matrix is defined by a pair of generating functions g(z) = g, +
g1z + g,z* + -+, and f(2) = fiz + f,z* + ---, where g, # 0 andf; # 0 . In what
follows, we shall assume g, = f; = 1.

The associated matrix is the matrix whose k' column has exponential generating

( the first column being indexed by @). The matrix corresponding to

g0 f(0)F
function =

the pair f, g is denoted by (g, f). The group law is given by
(9.f) * (b, 1) = (g(hof), lof).

The identity for this law is I = (1,z) and the inverse of (g,f) is (g,f)" ! = (ﬁ,f)

where f is the compositional inverse of f. We use the notation eR to denote this group. If
M is the matrix (g,f), and U = (up)nso IS an integer sequence with exponential
generating function U(z), then the sequence Mu has exponential generating function
9(@)U(f (2)).

Thus the row sums of the array (g, f) have exponential generating function given by

g(z)e @since the sequence 1, 1, 1,. .. has exponential generating function eZ.

Example: Consider the binomial matrix B is given by B = ( eZ,z).
By the definition above, the exponential generating function of its row sums is given by
e? x e? = e?t? = 2% gs expected since e?Zis the exponential generating function
of 2™.
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Conclusion: The Riordan arrays are special collection of infinite dimensional matrices,
whose entries are associated with the combinatorial sequences.

Proper Riordan arrays are more likely related to the Riordan group under matrix
multiplication.

Generating functions provide a surprisingly strong tool for counting combinatorial
objects (such as Dyck paths, hills, etc) by Riordan arrays using the Catalan numbers with

generating function C(z) = 1o 12_42., the Fine numbers with generating function
_ 11-+1-4z - .
F(2) = P and others few auxiliary results are:

a) Cx(z) = g(z)(f(z))k, the k" column of the Riordan array (g(z), f(2)).
0 (9(2), f(2)A2) = g(DA(f(2)) =

B (Z ) the Fundamental Theorem of Riordan Arrays, FTRA.
0) (g(2).f(2) * (h(2),1(z) = (g(x)h(f(2)),1(f(z))), the Riordan matrix Product.

d) (g(z),f(z))_1 = (ﬁ,f(z)), the inverse of the Riordan matrix (g(z), f(2)).
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